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AnBOoTanusa

B pabore mbI paccmarpuBaeMm 0000IIeHHBIE MHOrO0Opa3us KeHMmoIly, Mbl BBOAUM YETBED-
TOe M TATOe (PyHIAMEHTAIbHBIE TOXKIECTBA OOOOIEHHBIX MHOroobpasmit Kenmorry, BBOIATCS
MEePBBIii U BTOPOH CTPYKTYPHBIE TEH30pPbI 0O0DOIIEHHBIX MHOrooOpasmuit Kenmory u moka3aHbl
UX CBOHCTBA, BBOAUTCS HOHATHE LIPUCOEAUHEHHON QQ-aireOpbl Jjisd 0600IEHHBIX MHOrOOOpa3uii
Kenwmorry. /lokazano, uro 06001merHoe MEOr00Opasne Kernmolry, a Takke CremuaabHbie 0000IeH-
ubie MmEOro0oOpasus Kenmorny 11 poma nMeroT aHTHKOMMYTaTUBHY O TPUCOEInHEHHYT0 (Q-areopy.
A wmuoroobpasust Kenmory u cnenuasbabie 00001enHbe MEOrOOOpasus Kenmorry I poma mme-
for abeseBy mpucoenuHernyo Q-anre6py. BBoauTcsi KOHTAKTHBIM aHATIOP MOCTOSHCTBA TUTA U
TOAPOOHO HCCIEAYIOTCs 0000IeHHbIe MHOTOOOpa3us Kenmory moctosHHOro Tuma. llomyderst
YCJIOBUST TOUEYHOTO MOCTOSTHCTBA TUTIA ODODIIEHHBIX MHOTO00Opa3uii Kenmolry Ha mpocTpaHcTBe
npucoenuaenuoit G-crpykrypsi. Jlokasamno, uro kiacc GK-mHOr0006pa3uii Hy/1€BOro moCTOSHHO-
r'0 THUIA COBMAJIAET C KjaccoMm mMuHOTo0Opasuii Kenmorry, a kiaacc GK-muOroo6pasuit HeHy1eBoro
MTOCTOSTHHOTO TUTIA KOHIIUPKYISPHBIM MPEe0OPA30BAHUEM MEPEBOJUT-CSI B IOUTH KOHTAKTHOE MET-
puYeckoe MHOrooOpasue JOKATbLHO YKBUBAJIEHTHOE TPOU3BEIECHUIO [IIECTUMEPHOTIO COOCTBEHHOIO
NK-muOroo6pasus Ha BEMIECTBEHHYIO MIPAMYIO.

Karwuesvie caosa: muoroodpasus Kenmorry, o6obmennbie MEOT000Opa3us Kenmorry, creru-
aJbHBIe 00001eHHbIe MHOT00Opasus Kenmory 1 poma, creruanpabie 0000IIIEHHBIE MHOIO0Opa-
aua Kenmorty IT poma, GK-MHOr00OGpasus moCTOSTHHOrO THUIA, TOYHEHIE KOCHMILIEKTHIECKOe
MHOT000pa3ue.

Bubauoepagus: 15 HazBaHuUii.
g nmuTupoBaHus:

A6y-Cameem Axwman, A. P. Pycranos, T. JI. Menexuna. O6obimennbie MHOroobpasust Kemnmorry
nocrosiaoro Tuna // Yebsimesckuil cbopuuk, 2019, 1. 20, Bein. 2, c. 7-21.
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Abstract

In this work we consider generalized Kenmotsu manifolds, we introduce: the fourth and
the fifth fundamental identities of generalized Kenmotsu manifolds; the first and the second
structural tensors of generalized Kenmotsu manifolds (and we prove their properties); the
concept of adjoint Q-algebra for generalized Kenmotsu manifolds. We prove that gene-
ralized Kenmotsu manifolds and the II kind special generalized Kenmotsu manifolds have
anticommutative adjoint Q-algebra. And the Kenmotsu manifolds and the I kind special
generalized Kenmotsu manifolds have Abelian adjoint Q-algebra. The type constancy contact
analog is introduced and the constant-type generalized Kenmotsu manifolds are thoroughly
examined. We have identified the type point constancy conditions of the generalized Kenmotsu
manifolds in the adjoint G-structure space. We prove that the zero constant type GK-
manifold class coincides with the Kenmotsu manifold class and the non-zero constant type
GK-manifold class can be concircularly transformed into the almost contact metric manifolds
locally equivalent to the product of the six dimensional NK-eigenmanifold and the real straight
line.

Keywords: Kenmotsu manifolds, generalized Kenmotsu manifolds, the I kind special
generalized Kenmotsu manifolds, the II kind special generalized Kenmotsu manifolds, constant
type GK-manifolds, most precise cosymplectic manifold.

Bibliography: 15 titles.

For citation:
Abu-Saleem Ahmad, A. R. Rustanov, T. L. Melekhina, 2019, "Generalized Kenmotsu manifold
constancy of type", Chebyshevskii sbornik, vol. 20, no. 2, pp. 7-21.

1. Introduction

Contact and almost contact structures are one of the most substantial examples of differential
geometrical structures. Nevertheless the most important geometrical properties of almost contact
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metric manifolds are revealed when the additional limitations are applied to them. The most natural
limitation is the isotropy condition.

The almost Hermitian manifold isotropy can be characterized by the constancy of their type
[1], [2]- The type constancy of approximately Keller manifolds was introduced by A. Gray [2] and
proved to be very useful for approximately Keller manifold studying. The complete characteristics
of approximately Keller manifolds were obtained by V.F. Kirichenko [3].

In this work we consider the type constancy contact analog for generalized Kenmotsu manifolds
which were introduced in the thesis work of Umnova S.V. [4]. In the work [4] Umnova S.V. singles
out two subsets of generalized Kenmotsu manifolds, called special generalized Kenmotsu manifolds
(shorter, SGK-) of the T and II kind. In the work [4] it’s proved that generalized Kenmotsu manifolds
of the constant curvature are the Kenmotsu manifolds [5] of the constant curvature (-1). Moreover,
it’s proved that the class of SGK- manifolds of the IT kind coincides with the class of almost contact
metrical manifolds received from the most precise cosymplectic manifolds [6] through canonical
transformation of the most precise cosymplectic structure and the local construction of these
manifolds is given. In this article we explore the generalized Kenmotsu manifolds of the constant
type and give their complete local characteristics.

This article is organized in the next way. In Section 2 we present the preliminaries for the
next statements, build the space of adjoint G-structure and put down the first structural equation
group on the adjoint G-structure space. In Section 3 we give the definition of generalized Kenmotsu
manifolds, give the full structural equation group, we prove that a generalized Kenmotsu manifold
in a dimension different from 5 is a special generalized Kenmotsu manifold of the II kind and we
provide fundamental identities of generalized Kenmotsu manifolds.

In the Section 4 we consider the adjoint Q-algebra of a generalized Kenmotsu manifold. We
establish the theorem which is the basic result of the present paragraph and which means that the
adjoint Q-algebra of a generalized Kenmotsu manifold is anticommutative. Three Conclusions are
given for this theorem; they characterize the adjoint Q-algebras of generalized Kenmotsu manifold
special cases.

In the Section 5 we explore the generalized Kenmotsu manifolds of a constant type. It’s
proved that the generalized Kenmotsu manifolds of the non-zero constant type are the generalized
Kenmotsu manifolds of the 1T kind and we received their local structure. Generalized Kenmotsu
manifolds of the non-zero type coincide with the Kenmotsu manifolds.

2. Preliminaries

Assume, that M is a smooth manifold of dimension 2n+ 1, X (M) — C* is a module of smooth
vector fields on the manifold M. Further all manifolds, tensor fields and the like are supposed to
be smooth of the class C*.

DEFINITION 1. [7] An almost contact structure on the manifold M is the triplet (n, &, ®) of tensor
fields on this manifold where n is a differential 1-form which is called a contact form of structure,
¢ is a vector field which is called characteristical, ® is the endomorphism of module X (M) which is
called structural endomorphism. Here

1) n(€) =1; 2) no®=0; 3) &) =0; 4) &' = —id +n®¢&. (1)
Besides, if such a Riemannian structure g = (-, -) is fixed on M that
(@X,0Y) = (X,Y) —n(X)n(Y), X,Y €X(M). @)

quadruple (n,&, ® g = (-, ) is called almost contact metrical (shorter, AC-) structure. The manifold
where an almost contact (metrical) structure is fixed is called an almost contact (metrical (shorter,

AC-)) manifold.
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Skew-symmetric tensor Q(X,Y) = (X,®Y), X, Y € X (M) is called the fundamental form of
an AC-structure [7].

Assume, that (n,&,® g = (-,-)) is an almost contact metrical structure on the manifold M?"+1.,
In the module X'(M) two mutually complementing projections m = 7 ® ¢ and [ = id — m = —®>
[8]; are internally defined in the way that X(M)=L & M, where £ = Im(®) = kern — a so-called
contact distribution, dim£=2n, M = Imm = ker(®) = L(£) — a linear span of a structure vector
(also [ and m are the projectors for submodules £, M accordingly). Obviously that distributions £
and M are invariant towards ® and are mutually orthogonal. It’s also obvious that ®2 = —id,
<<i>X, <i>Y> = (X,Y), X,YE X(M), where & = ®|;. Consequently {®,,g,|c} is a Hermitian
structure on the space £, (p — some point of M).

The complexification X (M)® of the module X' (M) disintegrates into a direct sum

X(M)° =Dy oDV e DY

of structural endomorphism ® own spaces corresponding to their own values v/—1, —/—1 and 0
accordingly. Besides, the projectors for the summands of this direct sum will be endomorphisms
(7, B): # =00l =3+ V/=10), 7 = 5ol = 3(—0? + \/=1®), m = id + 2, where
o= 3(id — /=1®), 6 = 3(id + V/—1®).

The depictions o), : £, — Df and 0, 1 L) — D;ﬁ are the isomorphism and the anti-
isomorphism of Hermitian spaces, accordingly. That’s why to every point p € M?"*! it’s possible
to add a family of reference frames of space Tp(M)C of the kind (p, €9, €1,-..,€n, €, .., €,) where
€ = V20,(eq), €2 = V25,(eq), 00 = &, where {e,} is the orthonormalized base of the Hermitian
space Lp,. This reference frame is called an A-reference frame [8]. It’s clear that matrices are the
element of tensors ®, and g, in the A-reference frame; they have the according forms of:

| 0 0 0 10 0
(@) =1| 0 -1I, 0 (gij)=10 0 I, |, (3)
0 0 —/ =11, 0 I, O

where I, is the unity matrix of the n-order. It is well known [7], [8] that the aggregate of such
reference frames determines the G-structure on M with structural group {1} x U(n) represented by

1 0 0
such matricesas [ 0 A 0 |, where A € U(n). This G-structure is called adjoint [7], [8].
0 0 A

Assume that (M?"*+1 & &g = (-,-)) is an almost contact metrical manifold. We will make a
convention that in this entire work indices 4, j, k, [ run through values from 1 to 2n, indices a, b, ¢, d,
— through values from 1 to n, and let’s assume that ¢ = a + n, a= a, 0 = 0, unless it is stated
otherwise. Let (U, ¢) be a local chart on manifold M. According to the tensor analysis fundamental
theorem the assignment of the structural endomorphism ® and the Riemann structure g = (-,-)
on the manifold M inspires on the total BM space of a bundle of frames above M a system of
functions {@3}, {gij}, complying in the coordinate neighborhood W = 7=}(U) C BM with a
differential equation system of the following form

d®% + D50;, — LY = D4, k)'wF, dgij — gri0f — gind} = gijaw”, (4)

where {w'}, {9;} are the components of the solder forms and the Riemannian connection,

correspondingly; <I>§- o 9ij.k are the components of the covariant tensor differential ® and g in this
connection correspondingly. Moreover, because of the Riemannian connection definition Vg = 0,
and it means that

9ij .k = 0. (5)



Generalized Kenmotsu manifold constancy of type 11

With account of (3) and (5) relations (4) on the adjoint G-structure space can be put down as
17, 18]
oy, =0, @‘g’k =0, ¥f, =0,

o = V5 1or Wk, 07 = —YTlaf Wk,

6?0 = V-1@5 Wwh, 08 = —\/— <I>O Lwh, (6)
—/= <I>27kw , «9& = V—l@%kw ,
0 +6.=0, 65=0.
J

Besides note that because of the real type nature of the corresponding forms and tensors
wi = W, 9’ = 62 VCIﬂ k= V<I> , where t — £ is a complex conjugation operator.

Wlth regard to the obtalned relations the first structural equation group of the Riemannian
connection dw* = 0; Aw’ on the adjoint G-structure space of the almost contact metrical manifold
can be formulated as the first group of almost contact metrical manifold structural equations [7],

[8]:
dw = Coupw® A WP + C%w, A wy 4+ CPw® A wy 4 Caw A w® + C% A wg;

dw® = =09 Aw® + B%®.w® A wp + B%wy, A we + By, + B%yw A w; (7)
dw, = 92 A wp 4+ Bapwe A w? + Bapew? A w€ + Bapw A w® 4+ Balw A wy,

0

where w = w
o
M7 Wi = gijw-,

= 7*(n); 7 is a natural projection of the adjoint G-structure space on the manifold

B, = —ﬂqﬂ o Bat=YHel, B = @@@,,

B = — W@gc, B = V=184, B’ =—/~1¢¢

0,0’
B = V=L@ - lqbﬁ‘ o) Bav=—V=1(2f, — 3P5,), (8)
— /10 /_— b __ ./ 0 0
= 1¢[&j)]7 @[a b Ca —_— 1((1)5,0, + (pa’B)7

—V/— (I)&,07 Cy = \/—1<I>2,0

3. Generalized Kenmotsu manifolds

Assume that (M2, ®, £, n,g = (-,-)) is an almost contact metrical manifold.
DEFINITION 2. [4]. The class of almost contact metrical manifolds characterized by equality
Vx (@)Y +Vy(P)X = —nY)PX —n(X)PY; X, Y € X(M), (9)
is called generalized Kenmotsu manifolds (shorter, GK- manifolds).

The full group of GK-manifold structural equations takes the form [9]:

1) dw = Fypw® A w? 4+ F®w, A wy;
2) dw® = =07 A Wb 4+ Oy A w, — SF“bw A wb +djw A w®
3) dwg = 0% A wp + Capew® A W€ — %Fabw AwP 4 6w A wy;
4) dog = —0% N 05 + (AW — 209U Oy — SFUF )0 A wy +
+(—3208Feq + 200 Fgp + 268 Fpe)w’ Aw?d 4 (300Fd — 25¢Fda — 250 1), A wy;
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5) doabe 4 Cdbceg T Cadceg n Cabdeg _ (abedy,, 25([111 Fbelyd — cabey,. (10)
6) dCape — Capetd — Coged? — Capad? = Capeaw® — 25fszbc]wd — Capew;
7) dF® + F9e + Focgh = —2F %y,

8) dFyy, — Fpll — Fucly = —2F jpw;

where

Cobe = Y12 5 Cupe = — Y5105 Ol = 0 Clypg = Cles
Cobe = Capey F* = /=100 15 Fop = —v/ =100 ;
Fob 4 FY = 0; Fop+ Fho = 0; F = Fp; Al = 470 = 0;
colbed) = Spalbped Copeg = 3FypFug; FaaC™® = F*Cg, = 0.

PROPOSITION 1. [9]. If C%¢ = Cp. = 0 and F® = Fy, = 0, then a GK-manifold is a Kenmotsu
manifold.

Differentiating externally (104 - 10g) we get:

1) dAgd + Ahdoe + Aghgd — Agdoh — Agdoh = Agd wh 4+ Agdhw, + A4
) dcabcd 4 CthdQZ 4 Cahcda}l; 4 Cabhdez 4 Cabchez —
— Cabcdhwh 4 Cabcd(]w; (11)
3) dCuaped — Chbedd? — Cancadlt — Caphad? — Copendt =

h
= Capedhw" + Coapedow-
Herewith:

dh
1) Agd, =0; 2) A =0,
3) Agd = —2A99 4 FUFy, — 200 FU Fy — 260 F Fyy, — 200 F F;

4) (A4, = 2097 Cy1)Clglan) = 0; 5) (A ale _ galelf| ¢y, )Clold) = 0

6) (Aff[h SFFyo) Fipyg =05 7) (Aa[d SFeldpy,) Fitle = o;
8) Cuabeldn] — _g(Cabe pdh 4 1(cadh fhe | Cbdn frea | credh prab
L Cabh fde | acd prhb | Cahc Fib 4 dbe pah | (hbe pdayy,
9) Cabedd — _(gcabed  pabped | pocpds | pad pbe).
10) C9C 4y, = 0; 11) C¥hFyy = 0; (12)
12) Copefan) = —2{CavcFan + 5(CadnFoe + CoanFea + CednFap + CaveFan +
+ChveFaa + CacaFrv + CancFav + CapaFen + CapnFae) };
13) Caped” = (AT — 209" C,) Cope + (AL} — 209" C11) Coge +
+(AZ) — 2091 Cpeq) Capy;
14) Capedo = —(2Caped + FapFea + FacFap + FaaFye);
15) CapegC9%h = 0; 16) Copen F' = 0.

Differentiating externally (107) and (10g), we get:
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1) A%CCthb o AZCéFha — %Faththb _ %deicFha;
2) 2F®F.q = (04F., — 62 Fy,)FM" + (80 Fyp, — 69 F.) Fh;
3) 2Fachd — Fachb 4 Fadec; (13>
4) Fop APd — By Ald = 3(FqFyn — FoaFon)Fhe;
5) 2Fp F = (S5 F — §LF") Frq + (03F — 65 F) Fyy;
6) 2FpFeq = FacFap + FaqgFpe.

As a useful consequence (132) we prove the next theorem.

THEOREM 1. [9] A GK-manifold of dimension different from 5 is a SGK-manifold of the II
kind.

The identity
(Agﬁ: — QCangfb[C)C‘gwh] =0 (14)

we call the first fundamental equality of GK-manifolds [10].
The identity

(Aff ~ SFhFye) Fpjg = 0 (15)

we call the second fundamental equality of GK-manifolds [10].
The identity

2Fachd — Fachb + Fadec (16)

we call the third fundamental equality of GK-manifolds [10].
The identity

FoqyCe = pedCy . =0 (17)

we call the forth fundamental equality of GK-manifolds.
The identity

CabegC9" = 0 (18)

we call the fifth fundamental equality of GK-manifolds.

The system of functions (C%¢ Cgup.) determines the tensor (2,1) which is called the first
structural tensor, the system of functions (F%, F;) determines the tensor (1,0) which is called
the second structural tensor. The structural tensors of a GK-structure have the following
equations [10]:

1) C(X,Y) = —3® 0 Voy (®)®X = —1®% 0 Voy (®)P2X;; (19)
2) F(X)=®0Vgrx(P) — P2X = —Po Vy(P)f — P2X = —Vyé — 02X =
= P20 Vex ()¢ — P2X = —D o Vgyx(P)E — P2X; X,Y € X(M).

DEFINITION 3. [4] A generalized Kenmotsu manifold with a zero first structural tensor is called
a special generalized Kenmotsu manifold (SGK-, for short) of the I kind.

DEFINITION 4. [4] A generalized Kenmotsu manifold with a zero second structural tensor is
called a special generalized Kenmotsu manifold (SGK-, for short) of the II kind.
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4. Q-algebras of generalized Kenmotsu manifolds

In this section we discuss the Q-algebra adjoint to a GK-manifold.

DEFINITION 5. [11] A Q-algebra is a triplet {V,((-,-)),*} where V is a module of the
commutalive associative ring K with nontrivial involution; ({-,-)) is a non-degenerated Hermitian

form on V; *is a binary operation x : V. x V. — V antilinear for each argument for which the
Q-algebra axiom is accomplished ((X «Y,Z))+ ((Z+x X,Y)) =0, X,Y, Z € V.

If K=C, then Q-algebra V is called complex.

DEFINITION 6. [12] Q-algebra V is called:

- Abelian, or commutative Q-algebra, if X «Y =0, (X, Y € V);

- K-algebra, or anti-commutative Q-algebra, if X xY = -Y x X, (X,Y € V);
- A-algebra, or pseudo-commutative Q-algebra, if

(XY, 2) + (Y« Z,X) + (Z+ X,Y) =0, (X,Y,Z€V).

We recall [13] that in the module X(M) of an almost contact metrical manifold the structure
of Q-algebra Re is naturally introduced over the ring of complex-valued smooth functions with the
operation

X+Y = T(X,Y) = i{wéx(@)@y C BVgey BBV} XY € X (M) (20)
and metrics
(X, 7)) = (X, V) +V-1(X,®Y); X,Y € X(M). (21)

This Q-algebra is called adjoint.
Assume that M is a GK-manifold. In the C*°(M) — module X (M) of smooth vector fields of
manifold M a binary operation ” x” is introduced by the formula

X+Y = T(X,Y) = i{@qu((I))‘I)Y C BVgey (P)DIY): XY € X (M)

THEOREM 2. The GK-structure has an anti-commultative adjoint Q-algebra, h.e. a K-algebra.

Proof. From Definition 2 it is easy to follow that ®Vex (®)PY +PVey (P)PX; X, Y € X (M),
SO @V@X((I))CI)Y = —@V@y(@)@X; XY e X(M)
And it means that ®Vge y (2)02Y = —®Vgey (9)82X; X,Y € X(M). Then

T(X,Y) = 1{O®Vox(P)PY — Vg x (P)P*Y} =
= —HOVaey (@)X — PV4gey (@)22X} = ~T(Y, X); X,Y € X(M).
H.e. the adjoint Q-algebra of GK-structures is a K-algebra.

COROLLARY 1. SGK-manifolds of the I kind and Kenmotsu manifolds have Abelian adjoint
Q-algebra.

Proof. For SGK-manifolds of the I kind and Kenmotsu manifolds the identity is realized ([9])
DVax(P)PY = —DdVay (®)PX = 0; X,Y € X(M), and it means that

1
T(X,Y) = Z{@bvcpx(cb)@by — OV 24 (®)P2Y} = 0;

X,Y € X(M), h.e. adjoint Q-algebra is Abelian.
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COROLLARY 2. SGK-manifolds of the Il kind have anti-commutative adjoint (Q-algebra.

Proof. From (9) we have ®Vgx (P)PY 4+ ®Vaey (P)PX; X,Y € X(M), than according to the
obtained equality

XY =T(X,Y) = {{®Vax(P)PY — ®Vg2x(P)P?Y} =
= —HoOVey (2)2X — ®Vg2y ()D2X} =
=-TY,X)=-XxY; XY € X(M),
h.e. the adjoint Q-algebra is commutative, h.e. a K-algebra.

COROLLARY 3. Kenmotsu manifolds have an Abelian adjoint Q-algebra.

Proof. For Kenmotsu manifolds the equality is executed ([11])
1
T(X,Y) = Z{c1>vq1>x(<1>)<I>Y — DVg2x (®)P?Y} =0,X,Y € X (M),

h.e. the adjoint (J-algebra is Abelian.

5. The type constancy of generalized Kenmotsu manifolds

In this section we consider a contact analog of the type constancy and examine it in detail for
generalized Kenmotsu manifolds.

DEFINITION 7. [14] The complex K-algebra Re is called the K-algebra of constant type, if
JeeC VXY €Re: ((X,Y)) = 0= X« Y|P = | X[ Y]

DEFINITION 8. The GK-manifold M is called a pointlike constant type manifold, if its
adjoint (Q-algebra has a constant type in each point of manifold M. Function c, if it exists, is called
the type constant of the GK-manifold. If ¢ = const, than M is called a global constant type
GK-manifold.

Assume that M is a GK-manifold. Let us consider Q-algebra Re, adjoint to manifold M, with
operation * : X(M) x X(M) — X (M), defined by the identity
1
XY =T(X,Y) = {®Vax()0Y — DV g2 x (P)D?Y};

X,Y € X(M). From (9) it follows that on the GK-manifold ®Vgy (®)®Y = —®Vgax (P)P%Y;
X,Y € X(M). Thus X Y = 10Vex(P)PY = —10V4ox(®)D2Y}; X, Y € X(M). Because of
(21), the condition (X,Y) = (X, ®Y) = 0 equals the condition ((X,Y’)) = 0. Thus, the following is
true

THEOREM 3. A GK-manifold is a manifold of pointlike constant type c then and only then, when
VXY € X(M) ((X,Y)) = 0= [[C(X,Y)|* = c[|X|*|[Y]*. (22)
We introduce into consideration a 4-form
CX,Y,Z, W)= (XY, ZxW)) = ((C(X,Y),C(Z,W))).

It is directly verified that it has the following properties:
1) Antilinearity at the first pair of arguments

V=IC(X,Y, Z,W) = —C(®X,Y, Z,W) = —C(X, ®Y, Z,W).
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2) Linearity at the second pair of arguments
V-1C(X,Y, Z,W) = —C(X,Y,®Z, W) = —C(X,Y, Z,®W).

3) Skew symmetry at the first and second pairs of arguments
CX,)Y,Z,W)=-CY,X,ZW)=-C(X,Y,W, Z).

4) Hermicity
C(X,Y,Z,W)=C(Z,W,X,Y),X,Y,ZW € X(M).

Because

XY, X,Y) = (X Y, X x¥)) = ((C(X.Y),C(X,Y))) = |C(X, V)|,
GK-manifold M is of a pointlike constant type ¢ then and only then, when
CX,V,X,Y)=c|X|P|Y|?, X,Y e X(M), ((X,Y))=0. (23)

We polarize this equality, replacing Y with Y + Z, where Z € X (M), ((X,Z)) = O0:
C(X,Y+Z,X,Y+Z)=c|X|?|Y + Z|*. After distribution through its linearity and the required
reduction considering (23), we get

C(X,Y,X,Z)+C(X,Z,X,Y) = c|[X|* (({Y, 2)) + ((Z,Y))). (24)

Replacing Z with ®Z here, while considering the properties 1) and the non-degeneracy of
endomorphism ® we get:

C(X,Y,X,Z) = C(X,Z,X,Y) = c| X|* (- ({Y, 2)) + (Z,Y))). (25)

Summing the identities (24) and (25) term by term we get:
C(X,Y,X,Z) = c|X|*((Z.Y)). (26)
Let now Y, Z € X(M) be arbitrary vectors. Let us distribute them over the linear hull of vector

X and its orthogonal complement: Y = <<H1;)H(2>>X +Y" 7 = <<Hi)ll(2>>X + Z'. Considering (26) and

the property 3) after the required reduction we get:

C(X,Y,X,2)=C(X,Y', X, Z') = c|X|]*((Z,Y")) =

-l (e i)

= {({ZY) IX]* = ((Z, X)) (X, Y))}.

So,

C(X,Y, X, Z) = {((Z,Y) |IX]* = {(Z, X)) (X, Y))}. (27)
Let us replace Z with W in the obtained equality, then

C(X,Y, X, W) = c{(W,Y) | X7 = (W, X)) (X, Y))}.

In the last identity we replace X with X + Z and after removal through linearity and after the
required reduction while considering (27) we get:

CX,Y, Z, W) = c{{((W,Y)) (2, X)) = (W, X)) ((£,Y))}. (28)

Inverse, it is obvious that because (28), (23) is fulfilled, thus, M is a GK-manifold of a pointlike
constant type c.
Thus the following theorem is proved.
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THEOREM 4. A GK-manifold is a manifold of pointlike constant type c then and only then, when
the following is realized

C(X,Y, 2, W) = (C(X,Y),C(Z,W))) {{(W,Y)) ((Z, X)) =
— (W, X)) ((Z, YD)}

We introduce the following theorem giving the structural tensor properties.
THEOREM b. GK-structure structural tensors have the following properties:

1) o C(X,Y) = —C(®X,Y) = —C(X,dY);
2) Do F = —Fo®;

3) (C(X,Y),2)) + (Y, C(X, Z))) = 0; (29)
4) F(§) = 0;
5) no F =0.
Proof. 1) After covariant differentiation of the equality ®* = —id + 7 ® &, we get

Vy(®)PX 4+ PoVey (P)X =EVy(n) X +n(X)Vy€. In the last equality we change X — ®X, and
the received identity will be influenced by operator ®2, then we get ®oVy (®)®X = ®2oVy (P)P2X.
In the received identity we change Y — @Y, then

P o Vay (P)PX = % 0 Voy ()P’ X; VX, Y € X(M). (30)

In the received identity we change X — ®X, then we get ®oVgy (P)P2X = —®20Vay (P)PX;
VX,Y € X(M). Considering the last identity, from (19) we have

1 1
PoC(X,Y) = ficp? o Vay (P)OX = —®o Vay (®)P2X = —C(®X,Y)

and

C(®X,®) = —1P 0 Voy (@) 02X = 100 Vg x ()PY =
= 13?0 Vg2x ()@Y = —18% 0 Vgoy (@) 2 X =
= —2® 0 Vg2y (@)X = C(X, DY).

2) From the analytic expression of the second structural tensor and from the expression
F(X) = =02 0 Vox(®)6 — ®2°X = —P o Vax(P)¢ — ®2X; VX, Y € X(M), it follows that
boF =—-Fod.

3) Considering (18) and (21) we have

(CXY).2)) = (C(X.Y),Z) + V-T(C(X.Y),92) =
= (=300 Vey(®)PX,Z) + V—1(—30 0 Voy (®)0X,0Z) =
= —3(PX,Voy (0)® > 1F<<1>X Voy (®)82Z) =

3 (X, 20Vay(2)2Z) — 3vV—1(X, P 0 Voy (®)P*Z) =
—%(X P o Vey (®)PZ) — 1/—1(X, 020 Voy (P)Z) =
- (X, 0, 2)) - F<X,<I>C(Y72)>=—<<X7C(Y,Z)>>-

4) Because ®(£) = 0, we have F(§) = —® o Ve ()¢ — 92 = 0.
5) Because the almost contact metrical manifold has equalities no ® = 0 and n(Vx¢&) = 0, then
n(F(X))=-n(Vx€&) —n(®2X) =0, he.no F =0.
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Let us find the representation of the equality (28) of the adjoint G-structure. We fix the point
p € M, orthonormal frame r = (p, e1, ..., e,) of space T),(M), that is considered as a C-module, and
the corresponding A-frame

r= (p7 €0,€1,---y€En, 617 ceey 6ﬁ)7

where €, = v20,(eq), €a = V20,(eq), €0 = &p. Putting into (28) X =e,, Y =ep, Z = e, W = e,
we get an equivalent (in point p) identity

Cleq,ep, ec,eq) = ((Cleq,ep),Clec, €q))) =
= c{((ed ev)) ((ec, €a)) — {(€d €a)) ({€c; €n))}- (31)

Because
({easen)) = (7ea, aer) + V=1 (geq, 0es) = 2 (0€q, 0e) = (€are”) = 3L,
which also comes from the orthonormal nature of the frame r. Because C%¢ = %C(ei), €z)*, then

(Cleases)s Cleesea))) = (Cleasen), Clecs ea)) + V=T (Cleas e8), Clecs ea)) =
=2 <O'C(€a, eb)’ 5’0(60, ed)) =2 <C(6€a7 561))7 0(0'607 0'6d)> =
= % <C(6d7 61})7 0(607 6d)> =2 <Chab€h, Cgcd€g> =
= 2C’habc’gcd <€h, €g> = QChangcd = QCathhcd_

Then relations (31) can be formulated as C®"Cjoq = 5698, where 62 = 5264 — 696¢ is a Kronecker

delta of the second order. Through this we prove the following theorem.

THEOREM 6. Let M be a GK-manifold. Then the following statements are equivalent:
1) M is a GK-manifold of a pointlike constant type c.
2) The first structural tensor of a GK-manifold satisfies the identity

(C(X,Y),C(Z,W))) = (W, Y)) {(Z, X)) = (W, X)) (Z,Y))}.
3) On the adjoint G-structure space the following relation is correct
CPh Oy = gacd%. (32)
Let us differentiate externally the following equality (32)
dCathhcd + Cabhdchcd = 2dc5§fi’.
Considering the structural equations of GK-manifolds we have
(—C9bhge — Coshgh — Cabagh 4 Cabhay, — 2610 FHIl9 —
_Cabhw)chcd + Cabh(Cgch}gL + Chgdeg + Chcgecgl + C’hcdg(")g -
_25fth0d]w9 — Cheqw) = 25ggdc.
Opening the brackets and collecting similar terms considering (32), (1219), (1214), (11), we have
(C'Chega — 2F®Cyeq)w? — (CM9Cheq + 2CPIFg)wy — 4c6% =
= 20% (w9 + Iwy + cow).
From here we have
1) (52‘309 = Cabhchcgd — %F“ngcd; (33)
2) (52‘5’09 = _Cahgbcfhcd — %chCabQ; 3) co = —2c.
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Contracting equalities (331) and (332) at first by indices a and ¢, and then by indices b and
d, considering the equalities F,qC%¢ = F*Cy, = 0 and C“bchgdh = Cabch’gdh = 0, we get
n(n —1)eg = n(n —1)c? =0, h.e. either dimM =3, or ¢y = ¢ = 0.

Thus dc = —2c¢. Differentiating the last equality externally we get cdw = 0, which, considering
(101) will be written as: ¢(Fpw® A w® + F®w, A wy) = 0, hee. cFpw® Awb + cF%w, Awy, = 0.

Therefore either ¢ = 0, or F,, = F* = 0.

Thus the following theorem is proved.

THEOREM 7. AGK-manifold of a constant non-zero type is a SGK-manifold of the II kind.

Assume that M is a SGK-manifold of the II kind then we will perform a complete convolution
(23): X ae |C%c|* = C™Cpe = 2cn(n — 1), where n is a complex dimensionality of the contact
distribution L. This implies that ¢ > 0, ¢ € R, at that ¢ = 0 then and only then, when C%*¢ = 0,
h.e. M is a Kenmotsu manifold. Thus it’s proved that

THEOREM 8. The class of SGK-manifolds of the II kind of the zero constant type coincides with
the class of Kenmotsu manifolds.

We have to investigate SGK-manifolds of the IT kind of the non-zero constant type. According
to [4] SGK-manifolds of the II kind of the non-zero constant type are concircularly transformed
into most precise cosymplectic manifolds which, in turn, are locally equivalent to the product of
own (h.e. non-Keller) almost Keller eigenmanifold and the real straight line. Because the class of
almost Keller manifolds of the non-zero constant type coincides with the class of six-dimensional
almost Keller eigenmanifolds ([3], [14]), we can formulate the following theorem.

THEOREM 9. The class of SGK-manifolds of the II kind of the zero constant type coincides with
the class of Kenmotsu manifolds. The class of SGK-manifolds of the II kind of the non-zero constant
type is concircularly transformed into the almost contact metrical manifolds locally equivalent to the
product of the siz-dimensional NK-eigenmanifold and the real straight line.

Theorems 8 and 9 can be combined into the following Fundamental theorem.

THEOREM 10. Fundamental theorem. The class of GK-manifolds of the zero constant type
coincides with the class of Kenmotsu manifolds. The class of GK-manifolds of the non-zero constant
type s concircularly transformed into the almost contact metrical manifolds locally equivalent to the
product of the siz-dimensional NK-eigenmanifold and the real straight line.

6. Conclusions

In this work fully research generalized Kenmotsu manifolds constancy of type. The local
characteristic of these manifolds is obtained. The main theorem gives a complete solution to the
assigned task.
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AnHOTanMs

Jlannas pabOTa MOCBSIIEHA, BOMPOCAM OIIEHKHW KOHCTAHTBI COBMECTHBIX IUOMAHTOBBIX MPHU-
OvKeHui Jj1s 1 JefiCTBUTEIbHBIX dncesl. B pabore pa3BuBaeTcs moaxol, 3ajoxkenubrit . /-
Bernnoprom u /Ixx. B. C. Kaccencom. I'. JI9BeHIOPT OOHAPYKUIT CBSI3b MEXK/Iy 3HAYEHUEM KPH-
THYECKOTO OINPEIEJIUTENs 3BE€3/JHOIO TeJIa U ONEHKOI HEKOTOPbIX (hopMm. B wacraoM ciaydae 310
MO3BOJISIET, BRIYUCINE KPUTHYIECKHI onpeaesnTent (n+1)-MepHoro 3se3mHoro Tea J3Bennopra

Fy : |zol 1r£1ia<xn|xi\" <1,

MTOJIYy9UTh 3HAYEHNE KOHCTAHTHI COBMECTHBIX NUOMAHTOBBIX npubankennii. OqHAKO, BBIYHUCITE-
HU€ KPUTHYECKUX OIpPeJe/IUTeNel s Tell TAKOrO BUA SBJISETCS CJIOXKHOHM 3amadeil. IlosTomy
Ix. B. C. Kaccenc neperresn 0T HEIIOCPEICTBEHHOTO BBIYUCIEHUsT KPUTHIECKOTO OIIPEIeTUTEs,
K OLIEHKe €ro 3Hadenusd. J1jig 3T70ro 0OH HCIOIb30Bas OLeHKY HauboJibliero 3uadenud V;, s — 00b-
eMa TapaJIIesIeNuIeia ¢ IIeHTPOM B Hauajle KOOPIMHAT, HAXOSAIIErocst BHyTpH (n + 1)-MepHOrO

3BE3JHOTO TeJIa
n

1 s
Fn,s:fn,szgl_['xzz—’—x?Jri‘ H ‘xl‘ <1l
i=1 i=2s+1

STI/I pe3yabTaThbl CBOAAT 3aJa4vy OMEHKNW KOHCTAHTHI COBMECTHBIX ﬂHOCbaHTOBBIX HpI/I6HI/I—
JKEeHMiT K OIeHKe 00beMa HambosbInero mapajienenunena V, ;. Panee omenkn ana V,, , 6b1m
mosygensl B paborax JIx. B. C. Kaccenca, T. Kpiozuka, C. Kpacca. Jannas pabora mocss-
meHa MeTonuke (POPMHUPOBAHUA I'UIIOTE3 O 3HAYEHHAX V), ¢ Ha OCHOBE PE3YJIbTATOB YUCJIECHHDBIX
KCIIEDUMEHTOB. B CTaTb€ M3JIOZKEH IIOAXOA K IIOJIYYEHHIO IIapaJijiesIelIuIIe10B, COACPZKAINXCA
BHYTPH 3BE3JHOTO TEJNa U O0JIAIAI0IMINX HAMOOJBIITIM 00BEMOM. DTOT MOIXOM] COUETAET B cebe
HUCIOJIb30BaHNE KaK YUCJIEHHBIX, TAK U aHAJIUTUICCKUX METOIJ0B.

Karouesvie caosa: Hauiydinre COBMECTHbIE TUOMDAHTOBBL IPUOJIMKEHNSA, T€OMETPHUS TUCEJI,
3BE3/IHBbIE TeJIa, KPUTHUIECKHNE ONPeIeSTNTEH.
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Abstract

This paper is devoted to the estimation of the constant of sumultaneous Diophantine
approximations for n real numbers. The approach developed by H. Davenport and J. W. S. Cas-
sels. H. Davenport discovered the connection between the value of the critical determinant of a
star body and the estimation of some forms. In the particular case, this allows calculating the
critical determinant of the (n + 1)-dimensional star body of Davenport

Fy, : |zol 1r£1ia<xn|xi\" <1,

get the value of the constant of joint Diophantine approximations. However, the calculation of
critical determinants for bodies of this type is a difficult task. Therefore, J. W. S. Cassels moved
from directly calculating the critical determinant, to estimating its value. For this, he used the
estimate of the largest value of V,, ; — the volume of a parallelepiped centered at the origin of
coordinates located inside the (n + 1)-dimensional star body

S n

1
Fn,s:fn,s:§H|x?+x§+i‘ H ‘xl‘<1
i=1 1=2s+1

These results reduce the problem of estimating the constant of joint Diophantine appro-
ximations to an estimate of the volume of the largest parallelepiped V,, ;. Earlier, estimates for
Vin,s were obtained in the works of J. W. S. Cassels, T. Cusick, S. Krass. This paper is devoted
to methods of forming hypotheses about the values of V,, ; based on the results of numerical
experiments. The article outlines the approach to obtaining parallelepipeds contained within a
star body and possessing the largest volume. This approach combines the use of both numerical
and analytical methods.
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determinants.
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1. BBenenue

Hannas pabora MOCBAIIEHA BOIIPOCAM OIEHKH KOHCTAHTBI COBMECTHBIX JUOMAHTOBBIX MPUB/IH-
KEHUIT 114 1 AefCTBUTE/IbHBIX YUCEJI.

Mub1 6ynem ciaegosars nogxony I. Tapennopra, Tx. B. C. Kaccenca. I'. Issennopr [4] obuapy-
JKUJT CBSI3b MEZK/TY 3HAUCHHEM KPUTHUYIECKOTO OIpe IesuTesist (OIpeIeseHne CM. 5) 3Be3IHOrO TeJia 1
oneHKOH HekoTopbix opM. B gacTHOM Cirydae 3T0 MO3BOJISET, BBIMACAUB KPUTHIECKUI O1peieiu-
tenb (n + 1)-meprHoro 3Be3amoro Tena ssermopra

Fy, : |zol lrg?él\xﬂ" <1,

TMOJIYUYUTh 3HAYEHWE KOHCTAHTHI COBMECTHBIX IMOMaHTOBBIX mpubamxkenuit. OgHAKO, BBIUNC/IE-
HUe KPUTUIECKUX OMpeAesuTes el g Tea TAKOTO BUIA ABIAETCA CI0XKHONW 3amadeit. [TosTomy
. B. C. Kaccec [2] meperiest 0T HEITOCPEICTBEHHOTO BBIUHUCIEHNUS] KPUTHIECKOTO OMPEETUTES,
K OIeHKe ero 3HadeHud. /Ijis 3TOoro OH MCIOoJB30Bas OINEHKY HauOoJbInero sHadenud V,, s — 00b-
eMa mapaJjulesleluie/la ¢ MeHTPOM B Hadaje KOODIMHAT, HAXOMAIIErocs BHyTpH (n + 1)-MepHOTO

3BE3JHOTO TeJIa
S n

1
IF‘n,s : fn,S = ?H "rZQ +x§+i| H ‘$1| <L

i=1 1=25+1

[Tapannenemmnensl, uMetontae oobeM Vi, s, B JajbHelimeM Mbl OyJeM Ha3bIBATH HAUOOALULUMU.
Taxum ob6pazom 3a7a4a OMEHKH KOHCTAHTHI COBMECTHBIX JUO(MAHTOBBIX MPUOJIMKEHUN CBOIUTCS
K OIleHKe ofzema Haubosvwezo napairesenuneda. Onenku nis V;, o 6bin mosydens! B paborax JIx.
B.C. Kaccesnca 2|, T. Kstozuxka [3], C. Kpacca [9, 10]. B pa6ote [17| npeacrasiens onenku aasd Vs o
n Vg 3. B mamnoit paboTe MBI COCPeTOTOYMMCH Ha MeTOuKe (POPMHUPOBAHHUA THIIOTE3 O 3HAYCHAAX
Vi,s Ha OCHOBE DEe3yJIbTATOB YHCICHHBIX SKCIEPHMEHTOB. ByneT m3/oxeH HOAXOM K IIOJIYYeHUIO
MapaJIIeIEIUIE 0B, COAEPKAIIUXCS BHYTPU 3BE3HOT0 TeIa U 00JIaJaf0NnX HanboIbITNM 00bEMOM.

2. Heobxoaumbie 0003HaAYEHUS

Cdopmynupyem 3aj1ady HAMIYUIIUX COBMECTHBIX JUO(MAHTOBBIX NPUOIMKEHNI N IeHCTBUTE/b-
wbix uuces. [lycrs
o = (0417 a2, ..., an)

— NPOU3BOJIBHBIN BEKTOD JEHCTBUTENbHBIX ducesi. Hac OyayT wHTEpecoBaTh TpubiKenus & pa-
MHOHAJBHBIMU JApOoOIMU

5 g eeey

P_(r p2 pn)
q q q q

OTNPEJAENEHUE 1. Mepotl kawecmsa COBMECHBT NPUBAUNCEHUT NEPEo20 poda 6exmopa &
DAUUOHAALHDEM BEKMOPOM D/ q HASBIBAEMCA BEAUBUHA
— = n
D(d, p/q) = max q|qo; — pi
i=1,n
ONPEAEJNEHUE 2. Koncmanmot nauayuwwur duoparmosvix npubauscernuts C (L) daa eexmopa
T HA3VBAEMCHA MOUYHAA HUNCHAA 2Patt seausunbs C', 0as KoOmopotd cywecmsyem beCKoOHeyHOE YUCAO
PAYUOHANLHBIT BEKNOPOS D/, YOOBAEMBOPANOULUT HEPABEHCMBY

D(Z,p/q) < C.
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ONPEAEJEHUE 3. Koncmanmot nauayywux duoparnmosus npubasusicenuts C, HA3BIEAEMCA
mounaa eeprnan epans wucaa C(Z) no ecem sexmopam T pasmeprocmu n:

C,, = sup C(Z).
reRs
HanoMHIM HEKOTODBIE TIOHSITUS U3 T€OMETPHU YUCeT.

ONPEAEJNEHUE 4. ITycmov aq, ..., 0, — AUHEGHO HESABUCUMBLE MOUKY GEULLCTNEEHH020 EGKAU-
dosa npocmpancmea. Mnoocecmso ecex movek

T =uUra1 + ...+ uUpan

C ULABMU KOIPHUUUEHMAMY UL, . . . , Uy HA3BBGEMCA peuemKolt A. Beauuuna
d(A) = | det(ay, . .., an)|

naavisaemcs onpedesumenem peusemuu A.

OnPEAENEHUE 5. Iycms F — moueunoe meno. Ecau pewemxa A ne umeem 6 F omauynmx
om Q@ mouex (O € F), mo A donycmuma daa F uau F-donycmuma. Tounyro wuorcrnioro epans

A(F) = inf d(A)

onpedeaumeneti d(A) ecex F-donycmummz pewemor A naswearom kpumuveckum onpedesumene
muoorcecmea F. Ecau F-donycmumvix pewemox nem, mo F asasemea muoocecmseom beckoHewHnozo
muna u A(F) = co.

ONPEAEJEHUE 6. 1100 36e30HbIM MEAOM NORUMAIONM MHOHCECTNEO, 00AGIGIOULEE CAEIYHOULUMU
ceolicmeamu

o CYWECMBYEM MOYKA, HA3VBAEMASA "HANGAOM ™, KOMOPAA ABAAEMCHA BHYMPEHHET MOUKOT MHO-
slcecmsa;

o 110607 Ayy, eotrodausut u3 "Hauanre”, AUO0 He NEPECEKAECa C 2PaHULET MHONCECTNEG, AUOO
uMeem ¢ Heth MoABKO 00HY 0OULYI0 MOUKY.

I'. IsBermnoprom|4]| 6bLT Oy UeH Caeayomuii (pyHIaMEHTATbHBIN PE3yIbTaT.
IMycts F,, — 910 (n + 1)-MepHOE 3BE31HOE TEIO

Fy, @ |zo| max |z;|" < 1,
1<i<n

a AF — ero kpurudeckuii onpeneanrean. Torma

TEOPEMA 1.

JOKABATEILCTBO. Cwm. [18]. O
Jx. B.C. Kaccenc [2, 3] moay4un crenyroryto onerky st AF,,.
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TEOPEMA 2. Ilycmo

n

1 S
e | (R | ] )
=1

1=2s+1
u 2"V, s 0b65em HAUB0ABWEZO NAPEALCAUNUNECIE C UECHMPOM 6 HAYAAEC KOOPOUNAM, COOEPIHCAULE20CA
BHYMPU PUYPoi
fos < 1. (3)

Hycmb An,s HAUMEHDUWEE ADCONMOMHOE 3HAYEHUE aUC%'pUMUHGHmG, deticmeumenbnozo noss
cmenceHu n—|—1, Komopoe umeem s nap KOMNAEKCHO-CONPANCEHHBIT (L/LZ€6p(lU’%€C%’U$ wucen (mo ecmos

2s <n-+1). Tozda
AIE?n < \/ An,s/Vn,Sa (4)

uAU IHCE
Cn Z Vn,s/ \V An,s- (5)

JOKABATEILCTBO. Cwm. [3]. O

Buavennst A, ¢ U3BeCTHBI Jjs obnmpHoro koiamdecrsa n (cm. [21]). Tem campim, Kax yKe oT-
MEYaJI0Ch BBIIE, TEOPEMA 2 CBOJIWT 3334y OIEHKHW CHU3Y KOHCTAHTBI COBMECTHBIX NMO(DAHTOBBIX
pubJIIKeHuit K OleHKe cHu3y Vj, ;. Panee ObLIM MOTydenbl CieIyIomiue OneHKn

Vop=2,Vo1 =1 (/Ix. B.C. Kacceuc) [2]
Vi1 =2, Vao= % (T. Keto3uk) [3] (©)
Vig > Vi1 >2 V>4 (C. Kpacc) [9, 10]
V52 >2.3932... (C. Kpacc) [10]

W3 3mux 3HaUEeHM MOXKHO MOJYUYATH CAEAYIONINE OIEHKN KOHCTAHTHI HAWIYUITAX COBMECTHBIX
nohaHTOBBIX TTPUOIMKEHT I

2 2 16
Cy>2 Cy>— Oy —— 7
=7 5= /275 4= 91609 (7)

Bosee moxpobuo ¢ ucTopueii 0IeHOK KOHCTAHTH COBMECTHLIX ANOMDAHTOBBIX IPUOIHKEHNT MOXK-
HO 03HAKOMUTHCH B pabore [16].

Bamernm, 4ro e nocseanue onenku (7) noaygarorcs u3 (5) npu nojcraHoske s = [n/2].
llosTomy B HanbHEHIIEM MBI COCPEOTOMUMCS Ha OleHKe V), 1, /9).

3. IlpeaBapureabHbIe PacCyKIeHUA

PaccmoTrpum maTpumy n-oro mopsaka

ai; a2 ain
A, = az; a2 -+ A2n : (8)
anl  Aan2 Ann
"
bi1 bi2 bin
A1 — ba1 b2 ban
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IIycts E — 310 n-mepHbIi e/ iuHuYHbBIH Ky0, COCTOAIIMI U3 TOYEK
€= (e1,€2,...,€n), 0<e <1, i=1,n.
Marpuna A npeobpa3yeT ero B n-MepHBIii TapaJsiie/enunes
A:a=A-¢ (9)

3amMeTnM, 9T0 ONUCAHABIM BhIIIE 06Pa30M KasKI0MY N-MEPHOMY HapaJIIEIeAe ly COOTBETCTBY-
et marpurna A. O6bem sTOTO MapamTenenune s pases 2" det A.
ITycrs [y, s — 9TO n-MepHOE 3Be3/HOE TEJI0

IE‘ln,s : fn,s <1,

rae fns 370 (2).

B pamkax omenkn V), ¢ Hac 6yIyT HHTEpECOBATL MapaJiIelenuneasl A, HaXOAAIMeCs BHYTPH
3Be3gHOro tefaa Fy . MOXKHO OPeIIoKUTE CIIeAyONHit METO IPOBEPKHI TOT0, HAXOMUTCS Jin A
suyTpu I, ¢ win mer. CocTaBUM ONTUMHU3AIHOHHYIO 331a4dy

fn,s — max,
|b11x1 + browe + ... + bipx,| < 1,
|b2121 + bogwa + ... + bopxy| < 1, (10)

|br121 + bpowa + .. + bunzs| < 1

Ecym pemenne 3agaqu < 1, To mapasiesennnes A II0JHOCTBIO JIEXKUT BHYTPH 3Be3HOr0 Teqa [y, g,
B IPOTUBHOM CJIydYae, YaCTh €r0 HAXOUTCs BHE 3BE3THOTO Tejia. Takum 00pa3oM, 3ajiaua ornpeieie-
HUA, JIEXKUT JIU TapaJesenune] A BHyTpu 3Be3gHoro Tena [y, ¢, cBoauTed K 3ajatue MHOTOMEPHOM
onrumunzanuu. OueBuIHO, 4TO ec/u napajuieaenunel A j1exxuT BHyTpy 3se3jHoro resa [y, o, umeer
MECTO OIEHKA,

Vin,s > det A. (11)

Harmeit nesibto siBjisieTcst mocTpoenne Marpuibl A Takoro Buia, 9Tobel 3amada (10) umena pe-
menne max fr, s < 1. Ilapasmienermnensr A g koropbix det A "Besinko” OyzieM Ha3BIBATH HAUOOAD-
wumt. COOTBETCTBYIONIYIO HANOOJIBINIEMY TapaJLIIe/IeIuIely MATPUIY Mbl Tak:kKe OyaeM Ha3LIBaTh
naubosvwet. Takum obpazom, 3a7a1ua HAXOKIEHUSA HAMOOJIBINTEr0 TMapasljIe ennea TaKKe ABJId-
€TCd OIITHMM3ANUOHHON 3aJadeii.

4. YucjeHHbIe YKCIIEPUMEHTHI

B PaMKaX HCCJICTOBAHUA 6]:)I.HI/I OPOBEACHDBI BBITMHUCIUTEC/IBbHBIC IKCIIEPUMEHTHBI TI0 YUCJICHHOMY
HAXOK/IEHUIO HAMOOIbIINX 3HadeHuil Vi, ;. DTO CTaJ0 BO3MOMKHBIM, IOTOMY YTO HCXOJHAS 3a/1a4a
CBCJIaCh K KOMIIO3UIIHNN OINTHUMMU3AIMOHHLIX 3aJa4. B Ka9eCTBE MHCTPYMEHTA YNUCJICHHBIX MCCICT0-
BaHuii 6611 BeIOpaH MarTemarndeckuil naker Wolfram Mathematica.

W aeqa sxcmepumenTa cocTouT B caeayionemM. Bymem mpon3BoauTs HAIPABICHHBIN epebop MaT-
purt A (em. (8)) ¢ mesbio HajiTu MaTpuity, obaagaronyo HauboasmuM det A U yI0BIETBOPSIONLY 0
yeaosuto (10). TIponece nepebopa cieayromuii: nocrpoum "cerky” u3 kK03 duinenTos Mmarpuibl u
6yeM TOCTEIeHHO CYKaTh €€ B CTOPOHY, COOTBETCBYIONTYIO DOBIMIM 3HadeHusM det A.

Takoii oAX0/I UMEeT MPABO Ha CYIIECTBOBAHUE IO CJICAYIONINAM TTPUIHHAM:

e Bo-neperix, HEOOIBITIOE U3MEHEHNE TAPAMETPOB MapaJsiieenuiesa A TPUBOAUT K HEOOJIBIIO-
My M3MEHEHHIO 3Ha9eHHd Max fy ; Ha HeM. DTO II03BOJIeT NPUMEHUTh K 3aadi UTePaIlioH-
HBIE METOJIBI TIOUCKA YKCTpeMyMa. Hampumep, aemenne momnasam. [Ipuvenerne rpaIneHTHBIX
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METOJIOB B JJAHHOM CJIY9ae HEBO3MOXKHO, TAK KAK HAM HHUYEr0 HEM3BECTHO 00 aHAJIUTUIECKOM
[PEJICTABIECHUH ONTUMU3IUPYEMOU PYHKIIUN

F*(A) = |det A|, npwu ycioBun max fns <1

g cykeHust MHTPEBaja MOUCKA MbI OyJ/IEM UCIIOJIB30BATH CJIEIYIONIYI0 3BPUCTUKY — JIEJTUM
TeKyIuii nHTEpBaJ Ha TPHU 4YacTH (MyCTh JJIMHA 4aCTU PaBHA h;) 110 KaXKJIOMy H3MEDEHUIO,
HAXOWUM CPEJTH Oy IeHHBIX TOUeK TOUKY, Ie 3Hadenue F*(A) MakcuMaabHO, CTPOUM BOKDYT
9TOl TOUKN TMApAJIESETHIIe CO CTOPOHAMHU 2h; U TPOJIOAXKAEM TTOUCK B HEM.

OTMmernM, 4TO B IEPBOH WTEpALWH IEIeCO00PA3HO JE/NUTh TeKYIN HHTEPBAJ HE Ha TPH, &
Ha OOJIBIIICE YUCJIO YaCTEeH.

e Camoiil coxkHOU TToA3aa4eil KOTOPYH HEOOXOIUMO DPENIuTh B paMKax paboThl aJrOpUTMa
SABJIAETCH HAXOMXKIEHNE mjhx fn,s — 9TO 337a49a ONTUMH3AIMN HeJUHENHON MYHKIMN IPH JIU-

HeMHBIX orpaHndeHnax. Kak IIoKa3blBaeT IPaKTHKa, OHa MOMKET OBITH JOCTATOYHO YCIIEIIHA
pereHa ¢ MOMOIIBI0 CHCTEMbl KOMIIbIOTEpHON anrebpel Wolfram Mathematica. IloxpoGree
9TOT BOTIPOC paccMaTpuBaercs B pasupese 4.1.

SaMernM TakxKe, YTO B ODOIEM CIydae ONMCAHHBIN BBHIIIE TOAX0/] HE TAPDAHTUPYET CXOIAUMOCTH
K JIOKAJLHOMY 9KCTPEMYMY M COOTBECTBEHHO He II03BOJgeT HafiTn abcotiorHOoe Hanbosblmee 3HA-
YeHue Vms JUTsT KaKOW-TO KOHKpeTHOH paszMepHocTr. C Apyroil CTOPOHBI, 9TOT MOAXOL MTO3BOIAET
MOJIYINTE IPEIBAPUTENbHDBIE PEe3YAbTATHl B BBIABUHYTH HIIOTE3LI O CTPYKTYPE HamOOJILIIEro IIa-
pasuiesennmesa A.

4.1. MeTonuka OmeHKN Max f,

OTenpHbI BOIPOC BCTAET O TIPOBEPKE JOMYCTHMOCTY KOHKPETHOro napasenermnena A (Haxo-
aurcst i A BHyTpr 3Be3g4aToro Tea [y, ¢.). Kak yke ormMedasocs Bbliie, 17151 9TOTO JOCTATIHO Pe-
mnth 337aay (10). Ha npakruke BbisscHUIOCH, 910 Maremarndeckuii naker Wolfram Mathematica,
He BCerJia KOPPEKTHO MOXKET PeIINTh JaHHYI0 ONTHMHU3AINOHYIO 3a7ady. [lasee Mbl ONUIIEM Tex-
HUYECKHUEe TIPOG/IEMbl BO3HUKIIINE B IPOIECCe YUCIEHHOTO pernernst 3agaqau (10).

Tax kak HamM HeOOXOAMMO HAWTHM MAKCUMyM 3Ha4YeHWs (DYHKIUHM, Mbl MCIOJIH30BAIN METOI
NMaximize f, . llomumo onTuMmsnpyemoit pyHKINH ¥ OIpDaHUYEHHN OH MMeeT CJeaylolye Iia-
paMeTpsl

e AccuracyGoal m PrecisionGoal — TOYHOCTB NOJYUYEHHOTO PE3YyJIBTATA;
e WorkingPrecision — TOYHOCTE BBIYMCJICHUIA;

o Method — meTom, Bo3MOXKHBIE BapuaHTHI DifferentialEvolution, NelderMead,
SimulatedAnnealing, RandomSearch.

IlorennuaabubiMu criocobaMu MOBBICUTH TOYHOCTD [TOJIYYEHHOI'O PE3Y/IbTATA SABASECTS U3MEHe-
Hue yrux napamerpos. Ilossienue AccuracyGoal, PrecisionGoal, WorkingPrecision na npak-
TUKE HE IMEET 0CODOT0 CMBIC/IA TAK KAK, BO-TIEPBLIX, 3HATUTEIHHO YBETUINBACT BPEMS BHITIOTHEHUST
NMaximize, a BO-BTOPBIX, YAIlle BCET'O HE PEITAET IPOOJIEMBl CXOIUMOCTH K “HEMPABUILHOMY  JIO-
KAJIBHOMY MUHUMYMY. DTOT 3((EKT TOCTATHOUHO HAIJISIIHO WIIIOCTPUPYETCS Ha 3aja9e

1\ 2
g(a:,y):—x2+( —2> — min, x2+y2§4
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local maximum

N /\
global maximum :
21 . —s— . g

-2 -1 0 1 2

Puc. 1: Tlpumep HECKOMBKUX JTOKATBHBIX MUHUMYMOB

['paduk 3nagenwii byukimu g(x, y) n3odpaxen va pucynke 1. Ha Hem BumHO, 9T0 B JaHHO 061aCTH
CYIIECTBYeT [IBA JIOKAJbHBIX MUHUMYMA, W ONTUMHUBAIMOHHBIE AJTOPUTMBI TEOPETUYECKU MOTYT
CXOJIUTHCA K JHODOMY U3 HUX.

Tenepsr ocTaHOBMMCH HA 3aBUCUMOCTH PE3y/AbTaTa onTmMu3anuu oT napamerpa Method. Brisc-
HIJIOCh, 9TO B ciaydae 3a7ad Tumna (10) pe3ysbTaTel MOTYT 3HAUUTENbHO pasandarbed. Hanpumep,
JULs 33124

1
f= € (—ya +ys) <a2y% + b (—y2 + 1/3)2) (52 (y2 +y3)® + ¢ (ya + y5)2> ,

e a = 0.657, b= 1.138, ¢ = 0.893,
—1<yl <1 -1<y2<1, -1<y3<1, —-1<yd<1 -1<y5<1

Pe3y/IbTaThbl UMEIOT CJIEYIONIUI BU/L

Meron Suagenne Touxka
DifferentialEvolution | 1.18409 | (-1,-1,-1,0.3333,1)
NelderMead 1.04968 | (1, 0.2113, -1, -1, 1)
SimulatedAnnealing 1.18409 | (1,1,-1,-1,-0.3333)
RandomSearch 1 (-1,-1,-1,-1, 1)

Ilosromy ObLIO pereHo: BO-IEPBBIX OTKA3AThCd OT MCHO/Ab30BaHus MeT0n0B NelderMead wu
RandomSearch, a BO-BTOPBIX — TPOU3BOUTE TIPE/IBAPUTENLHYIO TPOBEPKY 3HAUEHUI f, ¢ B BEPIIH-
Hax, Ha pebpax U IUaroHaJIAX TapaaeIuIuIe a. ITO MO3BOJIAET, BO-TEPBLIX OTCEUb 3HAUNTEILHY O
4ACTh HEKOPPEKTHBIX 3HAYEHUIT, JarKe He Pelas ONTUMA3ANNOHAYIO 3a0a4y (Ha Permenne 9Toi 3a-
naan Tpebyercs 3HAUUTEIbHOE KOJMIECTBO PECYPCOB, MOITOMY TAKOW TOJXOJ TaKyKe sIBJIAETCS U
ONTUMA3ANNENH CKOPOCTH ), & BO-BTOPBIX 3TO MOXKET HUBEIUPOBATH OIMUOKH BO3MOXKHBIE TIPU paboTe
dyuknun NMaximize.

TMosHy0 HPOrpaMMHYO Peasn3aliio SKCIePUMEHTOB MOXKHO HaiiTu B pabore [16].
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4.2. Pe3ybTaThl YUCJIEHHBIX 3KCIIEPUMEHTOB

B pesyapTare sKCIepuMEHTOB, TPOBOMIUMBIX [T pPa3MepHocTel 3 u 4, BBISCHUIOCH, ITO CyTIe-
CTBYeT MHOXKECTBO HAUOOJIBIINX MATPHIIL (& COOTBECTBEHHOTO U MAPAJIIEICIHIIETIOB) ¢ OJHHAKOBBIMA
det A. TloaToMy OBLITO TPOMBBECHHO MCCAEIOBAHUE C TIEABIO TOIYINTh HAMOOIBITYT0 MaTpury A ¢
Hanbosiee mpocToil cTpyKTypoit. OKa3a/j0Ch, YTO MOKHO HANTH HAMOOIBIILYIO MATpUIly A Cieayio-
niero Buga (IpuMephbl TAKMX MATPUIL CM. B ILYHKTE 5)

a 0 0 0 0 0 0
0 a 0 0 0 0 0
0 0 a 0 0 0 0
A= 0 0 0 aq ai 0 0 (12)
0 0 0 —a; aq 0 0
0 0 0 0 0 ap  ag
0 0 0 0 0 —ar Qg

Crout ormeruTs ciejytomme MoMeHThl [17].

Bo-nepBrIx, HCXO/s U3 BUJA MATPUIbl A, MOKHO OIHCATH CTPYKTYDPY mapaJjuienenunesa Vi s —
BCE €r0 TPAaHU MPSIMOYTOJBHUKY (MPUYeM 9acTh W3 HUX — KBaJIpaThl), pebpa jmubo mapasiieasHbl
0CAIM KOODPAWHAT, b0 00pasyior ¢ nuMu yroa 45°.

Bo-Bropeix, yxke 1 n = 7 Haubosbinas Marpura Ay MoxkeT ObITH IOJIydeHa KaK KOMOMHAIMS
nanbospimux marpun Aj u A} (Todumble UX 3HaYeHUs CM. B pasieiie 5)

fo%1 0 0
A§ = 0 (651 (e73]
0 -] Q1
as 0 0 0
| 0 e 0 0
4= 0 0 \/EOQ \/50[2

0 0 —vV2a V2az

as 0 0 0 0 0 0
0 a3 O 0 0 0 0
0 0 a3 0 0 0 0
Ar=| 0 0 0 +V2a3 V2a3 0 0
0 0 0 —V2a3 V2a3 0 0
0 0 0 0 0 a3 as
0 0 0 0 0 —Q3 Q3
~—
A} Ax A}

Boobmie, n1a n > 6, ckopee Bcero, marpuily Ay MoxHO moiayuuth u3 A¥_, u Aj. Drtor dakr
cxoX ¢ pesynbraToMm, noaydenabiM C. Kpaccom [9]

Vn,svn’,s’ < Vn+n’,s+.s’7 (13)

TOJIBKO BMECTO 3HAKa HEPABEHCTBA 376Ch CTOMUT paBeHCTBO. llosToMmy, Hac B maabHeiimeMm OymyT
MHTEPECOBATH TOIBKO ONeHKn g n < 6, a mvmenno V31, Vio, V5o m Vg 3.
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5. BeiBog 3uauenuii A,

OCHOBHO# WHTEpPEC /T HAC TIPEICTABIAIOT He YNCTeHHbIe 3HAUSHNsT MaTpHT, A,, a ux aHaInTH-
deckue mpejcrapiaeHus. Jjis ux HaXOKJIEHUsT TOCTYyIuM CjeayiomumM obpazom. MoxHo mocrapars-
Cd OIPeJIeJIUTh TOYKHU, B KOTOPBIX Haubosbinuil nmapaJsienenuiesn A, “kacaercs’ 3Be3JHOTO Teja
Fyy,[n/2], BPIMACATH B 9TUX TOYKAX TPAHWTHBIE YCJIOBHSA W HA OCHOBAHWM TUX YCJIOBHIl MOJY9INTH
mapaMeTphl TapaJIeTenunesa A, .

Haunewm ¢ paccmorpenus ciaydast n = 3. B 9ToM ciiydae B pe3ysibTare YUCICHHBIX SKCIIEPUMEHTOB

OBITa, HalIeHa MATPHUTIA
0
1

o
w2z
I
O O =
e )

—1

Paccvorpum marpuiy suja (12)

S|

0
Al = b

o
S o O

0 —b

IlocTopum 3amaay obparuyro (10). Buibepem mabop TO4YeK B KOTOPLIX f31 JOMXKHa OLIThL < 1
P y 00p y P P p ;
(Ecim BeiGpars B kadecrse Hero Bce To4kH Af (HAOOD Opgz), TO MATpPHIA TAPAHTUPOBAHO Oyger
yaosiaerBoparh 3ajgade (10)). Ilpu dukcupoannom Habope 6y TOUEK OyAeT MAaKCHMU3UPOBATH 3HA-
qenne det A3. Ecsiz det A5 cosuager ¢ det Az naubosibrieit Marpuisl j4jis n = 3, 910 OyJer 03HAYaTh,
YTO MOXKHO mnepeiitn npu nposepke 3agaan (10) or Habopa e, K HAbOPY 0. Cyxkast nabop dy 10
MHUHEMYMA, MBI IIOJIyIUM I'DAHUYHbIE TOUKH B KOTOPHIX f31 = 1.

Bbuto pemeno wagarh ¢ Habopa Touek 01 €O 3HAUeHUsIMU Koopamaar —1,0, 1 (Ha emAMIHOM Ky-
6e, e JUHMYIHEIN Ky0 ¢ TOMOIILIO Tpeobpasopanus (9) npusoauTces K A%). IIporpamma, mposepsrorniast

) y peoop P 3 porp ; IIPOBEDP

3TOT HAbOp ToUeK, Ha a3bike Wolfram Mathematica mmeer BH,

transform = {{a, 0, 0}, {0, b, b}, {0, -b, b}};

£f31 = Function[{x1, x2, x3}, (x1°2 + x2°2)*x3/2];

m = {Det[transform]};

Do[AppendTo[m, Abs[Apply[£31, transform. point]] <= 1],
{point, Tuples[{-1, 0, 1}, 31}1;

NMaximize[m, {a, b}]

ee pe3yJibrar
{2., {a -> 0.999978, b -> 1.00001}}

OnBITHBIM TyTeM OBLIO BBISIBJIEHO, UTO B €CJIM B KAUECTBE MPAHNYHBIX TOYEK B3ATH HADOD TOJTBKO
u3 oxuoit Touku dy = (1,1,0), pe3ysbrar ONTUMA3ANNA HE H3MEHUTCHA. DTO WITIOCTPUPYET CJIeTy-
IOIIAs TPOTPAMMA

transform = {{a, 0, 0}, {0, b, b}, {0, -b, b}};

£31 = Function[{x1, x2, x3}, (x1°2 + x2°2)*x3/2];

m = {Det[transform], Abs[Apply[f31, transform.{1, 1, 0}]] <= 1};
NMaximize[m, {a, b}]

Touka (1,1,0) ¢ nomompto npeobpazosanus (9) npespamiaercs B Touky (a,b,b), uro npusogur
HAC K 3a/a9e
2ab?> — max,

1
— (a2 +12)b=1.
5



32 IO. A. Bacasnos

PeH_[I/IB STy 3a;paqy MbI HO.)'[yLII/IM TOYHOE 3HAQYEHUE
0

* J—
Af = 1

OO =
e =)

-1

V3,1 > det A§ = 2.

5.1. Cuyuait n =4

CrouT OTMETUTH, 4TO Tepexon oT Habopa 01 K HAbOPY dg MOXKET OBITH JOCTATOYHO TPYI0EMOK.
[TocTpaeMca yupoctuTh 3Ty mpouenypy. Tak Kak y Hac y:Ke ecTh IpHMEpHLIe 3HAYEHHsT MCKOMOM
MaTpPHIbI, MBI MOYKEM BBIYHC/IUTH 3HAYEHHE f, ; B I'PAHUYHBIX TOYKAX U B3ATh TOJILKO Te, IJe
abcomoTHOe 3HaueHue fn, 6iusko K 1. Ilpumenum sToT moaxox ainda n = 4. B sroMm ciydae, B
pe3y/IbTare YUCIEHHBIX IKCIIEPUMEHTOB DbLIa HalijeHa MaTPUIa

0.81649 0 0 0

AN ~ 0 0.81649 0 0
4 0 0 1.15469  1.15469
0 0 —1.15469 1.15469

Pacemorpum matpurty Buga (12)

o O O R
o O O

o> OO
o OO

Bo-niepBrix, ybexgaemMcs, 9T0 B Ka4eCTBE OIPAHUYIEHNN MOYKHO B3ATh MHOXKECTBO TOYEK C KO-
opaunaramu 0, 1

transform = {{a, 0, 0, 0}, {0, a, 0, 0}, {0, O, b, b}, {0, 0, -b, b}};
f42 = Function[{x1, x2, x3, x4}, (x1°2 + x3"2)*(x2"2 + x4°2)/4];
m = {Det[transform]};
Do[AppendTo[m, Abs[Apply[f42, transform.point]] <= 1],
{point, Tuples[{O0, 1}, 4]}];
NMaximize[m, {a, b}, Method -> "DifferentialEvolution"]

ajiee, ¢ IOMOIIBIO IIPOIIE Y PhI
) p yp

transform = {{a, 0, 0, 0}, {0, a, 0, 0}, {0, O, b, b}, {0, 0, -b, b}};
f42 = Function[{x1l, x2, x3, x4}, (x1°2 + x3"2)*(x2"2 + x4°2)/4];
w = {};
Do[AppendTol[w, Simplify[Apply[f42, transform.point]]],
{point, Tuples[{0, 1}, 41}];
Do[v =x /. a -> 0.81649 /. b -> 1.15469; If[Abs[v] > 0.999, Print([x]],
{x, Union[w]}]

HAXOAUM MWHUMAJILHBI HAOOD OrpPaHuIeHUt

4
@iy, D

|
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Drum orparmuenusam coorsectByer Toukn (1,1,1,0) u (1,1,1,1). TTomyuaem 3amaqy

2a°b? — max,
1 2
1 (@) =1,
1
Za2 (a2 + 4b2) =1,

OTKY/1a

5.2. Cayuait n =5

Jlist n = b 9gucjeHHble YKCIePUMEHTDI JA0T CASAYIONYI0 MATPUILY

0.67958 0 0 0 0
0 1.13157  1.13157 0 0
AY ~ 0 —1.13157 1.13157 0 0 :
0 0 0 0.84550  0.84550
0 0 0 —0.84550  0.84550

det AY ~ 2.48831. ..

Paccmorpum marpuiy

a 0 0 0 O
0O b b 0 0
A;=1 0 —c ¢ 0 O
0O 0 0 b b
0 0 0 —=b b

B srom ciyuae ncxonHbIil HAOOpP TOUEK HE OIPAHUYUBAETCS MPOCThIMHU 3HaueHusmMu —1,0,1 u
yrajJiaTh ero He mnojyuntcd. B camom jene

transform = {
{a, 0, 0, 0, O},
{0, b, b, 0, 0},
{0, -b, b, 0, 0},
{0, 0, 0, c, cI,
{0, 0, 0, -c, c}
+;
£f52 = Function[{x1, x2, x3, x4, x5}, (x1°2 + x3"2)*(x2"2 + x4~2)*x5/4];
m = {Det[transform]};
Do[AppendTo[m, Abs[Apply[f52, transform. point]] <= 1],
{point, Tuples[{-1, O, 1}, 51}]1;
NMaximize[Union[m], {a, b, c}, Method -> "DifferentialEvolution"]

JlaeT 3HAUNTEeNBHO Oosbitiee 3Hadenne 2.71746. CHOBa, BOCIIOIB3YEMCS TEM, UTO HAM U3BECTHBI TIPH-
MepHBIe 3HaueHus a, b, c. PemmM 3anady HaXoXKIeHHA MAKCOMyMa [y s OTCEKad YaCThb IT'PDAHHIHBIX
TOYeK HapasesTuInIess
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a = 0.67958; b = 1.13157; c = 0.84550;
NMaximize [{(a~2*y1l~2 + b~2x(-y2 + y3)~2) *
(b~2x(y2 + y3)°2 + c™2x(y4 + y5)~2) *cx(-y4 + yb) / 4,

-1 <=y1 <=1,

-1 <=y2<=1,

-0.9 <= y3 <= 0.9,

-1 <=y4 <=1,

-1 <=y5 <=1
¥, {y1, y2, y3, y4, yb}, Method -> {"DifferentialEvolution", RandomSeed -> 10}]
U IOJIy9UM TOYKY C fns = 1 — 3T0 (1, 1,v5 —2,—1, 1). AHATOTHYIHO TTOTYHIAeM €ITe OHY TOUKY
(1, 1, -1, %, 1). Beps eme onpny Touky (1,1,1,—1,1), mosyanm 3amaqy

4ab*c® — max,
2a°b%c =1,

287(a2 + 4b?%)c? =1,
(8- VB) 1 (a2 + (3-V5) 0?) e =1.

C pelleHneM

10/134 + 30\/5) V5 —1 1
=\/7-3V5- = b=a-\|—— = —55
@ V5 \/ 27 ’ @ 8(4v/5 — 9)’ T 22

Vig > det Af = | =27/

5.3. Cayuaii n =6

g n = 6 B pe3yJsibTaTe YUCACHHBIX SKMIEPUMEHTOB ObLIa BhIOpaHa MaTpUIlA

0.62510 0 0 0 0 0
0 0.62510 0 0 0 0
AN A 0 0 1.04085  1.04085 0 0
6~ 0 0 —1.04085 1.04085 0 0
0 0 0 0 1.04085  1.04085
0 0 0 0 —1.04085 1.04085
3aMeHuM ee Ha
a 0 0 0 0 0
0a 0 0 0 O
|00 b b 00
6“1 00 b b 0 0
00 0 0 b b
00 0 0 —b b
B 9TOM C.HyLIae, HOCTyHaH AHAJIOTUYHO Cﬂyqafo n = 5, HO.Hy‘{aeM ABE€ T'DaHWYHbIEC TOYKH:

(1,1,1,1,1,1) un (1, 1,vV5—-2,1,1, 1). CooTBercByolas 3a1ada IMeeT BII
4a’b* — max,
1
§a2b2 (a2 + 462) =1,

i (3= V/B) b (a2 + 4b%) (a2 +(3-v5)° b2) — 1.
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Fe pemrenne

 6/8(30v/5 - 67) b_656+25\/5
“= 1 - 88
9+5v5
%,3ZdetA6—K.

6. 3akJIroueHue

Wamoxkentnoe B JanHoi paboTe cOUETAHNE UNCTCHHBIX W AHAJUTHIECKHUX TOXOIOB TTO3BOJIHIIO
mpeobpa30oBaTh 33,1449y ONEHKH KPUTHYIECKOTO OTIPETETUTENS 3Be3,1H0T0 Tesa JIasernopTa B KoMOu-
HaIMIO ONTHMU3AIAOHHLIX 33034 U HO-HOBOMY B3IVISHYTL Ha 3aJady OIEHKH KOHCTAHTLI COBMECT-
HBIX TUO(PAHTOBBIX TPUOIMKEHMIA.

Tlonyaennnie pe3yabTars! Ajid pasMeprocT 1 = 3 u n = 4 copunagaioT ¢ pesyabratamu 1. Kbio-
suka 3] u C. Kpacca [9]. Lnst n = 5 un = 6 moryueHHbIe Pe3y/IbTATHI TO3BOISIOT 3AIHCATH (TaK KAk
A5 o = 28037, Agz = 184607, cm. [21]) caepyroniue ONEHKN KOHCTAHTLL COBMECTHBIX JHO(MAHTOBBIX
npubJKeHmi

v, 27 (9 +5v/5 Vi 9+ 5v5
Cs > 22 > ( v5) ~0.014860...  Cg> -2 > V5

~ 0.004269...
~ A5 88 - 28037 ~ Agz  111/184607

YTO HPEBOCXOANT U3BECTHBIE paHee 3Hadenusi. Hanpuwvep, onenka @. @ypreennepa [6, 7| maer

1 1 1 1
~ 0.010128... Ce > = ~ 0.002327...

= Ass  /OT7AT = Nos /184607

a orerka C. Kpacca [10] maer

Vis 16 Vio 16
Cs > 22 > ~0.010617... Cp> %
® = Ay T 928037 ©= A¢s ~ 9184607

Jna momydenust 6oJiee CHJIBHBIX OIEHOK, CKOPee BCEro, MOTPebYIOTCS TPUHITHITHAIBRHO HOBBIE
moaxoabl. Ha 9T0 ykasbiBaeT mosydeHHass HaMu B paszesie b wHdbopmarmsa o ToMm, 91o A¥ MOXKHO
IPe/ICTaBUTh B Buje Komnosurum Ay, n Aj.

~ 0.004137...

B kauecTBe BO3ZMOXKHOTO MOAXOJIA MO YCHJIEHUO ONeHOK C), CHU3Y MOXKHO MPEIOXKUTH HElo-
CPECTBEHHYIO OIEHKY 3HAYEHUs KPUTUIECKOTO OMpeIeanTess 3Be3mHoro Tema IF,. DTO CI0XK-
Hagd 3a7a4a, HO B CAyYae OIMEHKHU CBEPXY OBLIM IMOJIYYEHBI JOCTATOIHO 3HATUTE/IHHBIE PE3YIHTATHI
[11, 12, 13, 14, 15, 19].

CronTr TakKe OTMETUTH, UYTO NPEIIOKEHHbBI B JaHHON paboTe moaxom MOXKeT OBIThH IIPUMEHEH
JUUTsT OIEHKW CHU3Y 3HAYEHUN KPUTUIECKODO OMPEJeSIUTEs OTPAHUIEHHOTO TOUYEUHOTO Teja. JTa
3aJ1ada JOCTATOYHO CXOKa C 33/1a4eit onenku V,, ;. Ha mam B3rian, npumenenune onucanHoit B paboTe
METO/IMKM MOYKET JIaTh OIPE/IEJICHHbIE PE3Y/ILTATHL B 9TON 00/1aCTH.
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1. Introduction

Denote by P, the class of integer polynomials P of degree n. For a given polynomial
P = ap2™ + ap12" ' + ...+ a1z + ag € Py, define H(P) = maxo<j<y |a;| to be the height of
P.

Given a parameter @ € N5, let

Pn(Q) ={P(x) € Z[z],deg P = n, H(P) < Q}

denote the set of integer polynomials P of degree n and height H(P) < Q. Throughout, D(P) will
stand for the discriminant of a polynomial P which is defined by

1<i<j<n

where ai,as,...,a, € C are the roots of P (see [15]). The discriminant contains the information
regarding the distance between different algebraic numbers, and it was important tool for the solving
Mabhler’s conjecture by Sprindzuk [14] as well for a various generalisations of Sprindzuk’s techniques
3,4, 5,8, 11].

In what follows we will use the Vinogradov symbols < (and >>) where a < b implies that there
exists a constant C such that a < Cb. If a < b < a then we write @ < b. The cardinality of a set B
will be denoted by #B. Positive constants which depend only on n will be denoted by ¢(n); where
necessary these constants will be numbered ¢;j(n), j =1,2,....

Given v € Ry, define the subset of P, (Q) as follows:

Pa(Q,v) = {P(z) € Pa(Q) : 1 <|D(P)| < Q¥ 7?72},

Establishing exact upper bounds and lower bounds for #P,,(Q, v) have been the subject of numerous
papers in recent years, and became a new branch of Diophantine approximation. We now briefly
recall the results that have been obtained to date. In the case of quadratic polynomials it was
shown in [13] that #P2(Q,v) =< Q372" for 0 < v < 3/4 and in the case of cubic polynomials it
was established in [12] that #P3(Q,v) =< Q*5/3 for 0 < v < 3/5. Establishing the lower bounds
for an arbitrary n has been the subject of numerous papers including [1, 2, 6]. The most general
and best estimate for the lower bound with arbitrary n was found in [2] where it was shown that
#Pn(Q,v) > Qnti-(t2v/n 0 < v < n — 1. It is much harder to get the upper bounds for
#Pn(Q,v) with arbitrary n.

There are also p-adic [7] and mixed analogues [9, 10] of the above problem, which along with
the size of the discriminant take into account their arithmetic structure.

Let aq,ao,...,a, € C be the roots of P € P,(Q,v) ordered so that

lag —ag| < |lag —az| < ... < ag — ay, (1)

and satisfy
a1 — | <1, 3<j<n. (2)

Also, define the real number p such that
lay —aa| =Q7", p20. (3)

Let P/ (Q,v) denote the set of irreducible polynomials P € P,(Q,v) which have only one root
ag close to aj. Thus, we investigate the set of irreducible polynomials P € P,(Q,v) with the
roots satisfy (1)—(3). In this paper we obtain an upper bound and lower bound for the number of
polynomials P € P/ (Q,v).
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TrEOPEMA 1. Let n € N, n > 2 be given. For any € > 0 and for any sufficiently large Q) the
following estimates

#P(Q,v) > Qi
BP0 < QU g

hold if
0<v<(n+2)/4—e¢,

where the constant implied by the Vinogradov symbol depends on n only.

2. Lower Bound

2.1. Preliminary results

Now we give several lemmas which are used to obtain lower bounds for the Lebesgue measure
of certain sets. In what follows given a Lebesgue measurable set A C R, |A| stand for its Lebesgue
measure.

LEMMA 1. [2] Let n > 2 and vy, v1,...,v, be a collection of real numbers such that
vo+vi+...+v,=0and vo=vi>=...=>v, > —1. (4)

Then there are positive constants dyg and co depending on n only with the following property. For
any interval J C [—1/2,1/2] there is a sufficiently large Qo such that for all Q > Qo there is a
measurable set Gy C J satisfying |G j| = |J|/2 such that for every x € Gy there are n+ 1 linearly
independent primitive irreducible polynomials P € Z[x] of degree exactly n such that

50Q " < |P(2)| < 0@, 60Q ™% < [PY(2)| Q™™ (1<) <n). (5)
LEMMA 2. [2] Let n and v; be the same as in Lemma 1. Let
dj =vj_1—v; (1<j<n). (6)

Suppose that
dizdy>2...2d, 20 (7)

and that for some x € C and Q > 1 inequalities (5) are satisfied by some polynomial P over C of
degree deg P = n. Then there are roots aq,...,a, € C of P such that

|z — oy < QY (1< j<n) (8)
where

2¢con! 2¢;n!
do(j + Dn—j =1 jin—j!)

clzncodo_l and cj+1:max< ) (1<j<n—-1).

2.2. Obtaining a lower bound in Theorem 1

Let v, v1,...,v, be given and satisfy (4) and let the parameters d; be given by (6) and (7).
Consider the system

50Q7" < |P(x)] < coQ™, §Q ™" < |P(2)] < coQ "60Q < [PV (2)| < co@ (2<j<n). (9)

Therefore, we have v9 = v3 = ... = v, = —1. From (4), we have

n
Uo—l—vlz—Zvi:n—l. (10)
i=2
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Let J = [—%, %}, Q be sufficiently large and x € G, where G is the same as in Lemma 1. By
Lemma 1, inequalities (9) are satisfied for some irreducible polynomial P € Z[z] of degree n. Then
by Lemma 2 we have (8). Hence, for any pair of integers (i, j) satisfying 1 < ¢ < j < n we have by
(8) that

i = ay] < |z — aif + [ — oy < QY. (11)
By (9), we have that H(P) < @, where the implicit constant depends on n only. Therefore, using
D(P) = a?"2 [Ticicjcn(ci — a;)?, we have that

1< ’D(P)| < Q2n7272 Z?:Q(ifl)di_ (12)

Note that the left hand side inequality is due to the irreducibility of P. By (12), inequalities
1 < |D(P)| < Q?"~27% are fulfilled if we impose the condition

n

D (i - 1)d; =v. (13)

i=2
By (9), we have that
di=v9g—v,do=v1+1,d;=0,3<i<n. (14:)
Thus, from (13), we get d2 = v. By (10) and (14), we have that

vp=v—1, vp=n—w. (15)

Next we obtain that dy = vg — vy = n + 1 — 2v. A quick check shows that di > dy > 0 for
0<wv< "%rl Using (3), (11), (14) and (15), it can be shown that p > v.

Now, we estimate the number of polynomials that can obtain this way. By (8) and Lemma 1,
for every x € G5 we have that |z — a1(P)| < Q~%, where P arises from Lemma 1. Therefore, we
have that

Gy C Upepy(u) Uizt {lz — oj(P)] < Q"1
Hence,
3 3 —d ,
1= Z\J’ L Q™M H#PL(Q,v).
This results in the required lower bound

#PL(Q,v) > QU > @t~

for0<v<”T1.

3. Upper Bound

3.1. Auxiliary results

The following Lemma is a quantitative description of the fact that two relatively prime integer
polynomials cannot both have very small absolute values in an interval.

LEMMA 1. Let §,m,u € RT and let Qo(d,n) be a sufficiently large real numbers. Furthermore,
let P(x),T(x) € Zx] be polynomials of degree n > 1 without common roots such that
max(H(P),H(T)) = Q", where Q@ > Qo(d,n). Assume that the interval I C (—n,n) C R with
|I| = Q~". If there exists T > 0 such that for all x € 1

max(|P(z)],[T(x)]) < Q7

then
T+ p+ 2max(7 + p —n,0) < 2un + 9. (16)
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Lemma 1 is proved in [3].
For a given number ¢; > 0 let T = [e;'] + 1, where [a] is the integer part of a € R. For a
polynomial P € P/ (Q,v) the real number p was defined in (3). Also define the integer [ by

(1—1)/T < p<I/T.

It is not difficult to show that the number of integers [ is finite and depends only on €; and does not
depend on @ and H(P). Define the class P/ ,(Q,v) which consists of the polynomials P € P}, (Q,v)
corresponding to an integer [. ’
In order for the polynomial P(x) to belong to the class P/ (Q,v) it is necessary and sufficient
that the inequality
p=v

holds. By (2)—(3) and using the fact that |D(P)| > 1 for the irreducible polynomial P, we have

p<n—1

3.2. Obtaining an upper bound in Theorem 1
In this section we are going to obtain the upper bound
#Pn(Q,v) < QU2 (17)

for the number of polynomials P € P, (Q,v) with only two close roots a7 and as.
Assume that the estimate (17) does not hold, so

#P(Q,v) > QM2
Then there must exist an interval I C R of size |I| = Q77, v = 0, containing a root of P such that
g
#P(Q,v, I) > QT

where P/ (Q,v, 1) is the set of polynomials P € P, (Q,v) which have a root in the interval I. Since
#1 < 1 there exist an integer [ such that

#P(Q, v, 1) > Q=2

where P! ,(Q,v,I) denotes the subset of P/, ,(Q,v) which have a root in the interval I.
Expand the polynomial P &€ Pq’u(Q, v, I) into its Taylor series in the neighbourhood of a; to
obtain

il

" PO (o) (x — ay)
Px) = Play) + Y tenlr o)t
=1

Using (1)-(3) and estimating each term, gives

Plade-a)] < Q7
PO(a) (@ — )| < Q7 2<i<n,

for x € I. Thus
|P(z)| < Q> if y<p

P@)| < QP if 13p 18)

for z € I.
For sufficiently large @, we have that #P/ ,(Q,v,I) > 2 for v < n+ 1 — 2v. Next we show that
the assumption that at least two irreducible polynomials without common roots have small values
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in the interval I will lead to a contradiction. Suppose that two polynomials Py, Py € 'P;LJ(Q,U)
without common roots belong to I, i.e. ay(P1) € I and a1(P») € I. Then the estimates (18) hold
for P;, i = 1,2, on the interval I.

Consider the following three cases.

Case A: =12V 4 ¢ < p < /2 + 3¢/4.

Choose v = 2n — 3p + 3e. Applying Lemma 1 to polynomials P; and P with 7 = —1 4+ p 47,
n =, i =1, leads to a contradiction in (16) for § < 3e.

Case B: n/2+3¢/d<p<n+1—-2v<n—1forv>1lorn/2+3¢/4<p<n—1forv<l.

Choose v = p. Applying Lemma 1 to polynomials P; and P, with 7= —-14+2y, n=~, u=1
leads to a contradiction in (16) for ¢ < 3e.

Case C:n+1—-2v<p<n—1forv>1

Choose vy = n+ 1 —2v. Applying Lemma 1 to polynomials P; and P, with 7 = —1+2v, n =7,
1t =1, leads to a contradiction in (16) for § < 8¢ and v < 2 —e.

Thus it has been shown that #P/(Q,v) < Q"1~2" for p > % +eand v < ”T‘*'Q — €.

Y
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AnHOTanusa

B crarse paccmarpuBaeTcst mpobjIeMa TOJIYyYeHUsT OIEHOK YHCJIa MUHUMAJIBHBIX EJI0YNC-
JIEHHBIX TIOJMHOMOB P () cTeneHu n u BbICOTHI He 6oJiee () TaKUX, YTO NPOU3BOAHAS ITOJUHOMA
B OJTHOM M3 €ro KOpHeii a orpanmdena, |P'(a)| < Q™Y nis mekoroporo v > 0.

Hanuasg mpobeMa ecTeCTBEHHBIM 00Pa30M BOBHAKAET BO MHOTHX 33/1a9aX METPUIECKOl Teo-
PUU YHUCEJI, CBSI3aHHBIX € TIOIydeHneM 3(PQMEKTUBHBIX OIIEHOK MEPhI TOUEK, B KOTOPHIX IEJI0YNC-
JIEHHBIE TIOJIMHOMBI U3 HEKOTOPOTO KJIacca MPUHUMAIOT MaJible 3Hadenusi. Hampumep, B pabore
P. Beiikepa 1976 roma momo0HBIH pe3yIbTaT MCIOIB30BAJICH JJIsi OIEHKN CBEPXY Pa3MEPHOCTH
Xaycmopda B mpobiieme Beiikepa-IIImuara.

Hokazano, 4ro yuciao noauHoMoB P(x), oupezeseHHbIX Bbillle, ¢ KOPHAME (¢ HA MHTEPBAJIE
(f%;%) HE TPEBOCXOJIUAT cl(n)Q"“’%” npu @ > Qo(n) u 1.5 < v £ %(n + 1). Pesysnbrar
OCHOBaH Ha ycujeHHol Bepcuu JiemMbl u3 Monorpadun A.O. Teasdonga "Tpancuenaenrabe u
anrebpandeckue ancyaa" 0 BIIENIEHHH MAJIOTO JEJUTENS MEeTOYHCIEHHOTO TOJTHHOMA.

Kaouesnie cao6a: mnodanTOBBI MPUOIMKEHIS, Pa3MEePHOCTD Xaycaopda, TpaHCIeHIeHTHBIE
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Abstract

In the paper we consider the problem of obtaining estimates for the number of minimal
integer polynomials P(x) of degree n and height not exceeding @, such that the derivative is
bounded at a root a, i.e. |P'(a)| < Q'Y for some v > 0.

This problem occurs naturally in many problems of metric number theory related to
obtaining effective estimates for the measure of points at which integral polynomials from some
class take small values. For example, in 1976 R. Baker has used such an estimate for obtaining
an upper bound for the Hasdorff dimension in Baker-Schdimt problem.

We prove that the number of polynomials P(z) defined above having roots « on the interval
(—2;3) doesn’t exceed c1(n)Q"1=5Y for Q > Qo(n) and 1.5 < v < (n + 1). The result is

2
based on an imrovement to the lemma on small integer polynomial divisor extraction from A.O.

Gelfond’s monograph "Transcendetal and algebraic numbers".

Keywords: Diophantine approximation, Hausdorff dimension, transcendental numbers,
resultant, Sylvester matrix, irreducible divisor, Gelfond’s lemma
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1. BBenenue

Muorue pobjieMbl B METPUYECKON Teopun Ju0MAHTOBBIX NPUOJIUKEHUNE U TEOPUU TPAHCIIEH-
MEHTHBIX 9uCea (DOPMYJUPYIOTCI B TEPMUHAX MHOXKECTB BEIECTBEHHBIX, KOMILIEKCHBIX, W P-
AJUYEeCKUX YUCe, YI0BJIETBOPLAIOIINX HEPABEHCTBAM

[P(x)| < H(P)™™, |P(z)| <H(P)™™, |P(w)|, < H(P)™, (1)

rie w; > 0, z € R, z € C, w € Qp, 1 GecKOHETHOro UMCIa TOJMHOMOB P(x) W3 HEKOTOPOTo
kiacca P C Z[x]. MuoxkecTBa, 3amaBaeMble HepaseHCTBAME (1), YCTPOEHBI KAK TMPABUIIO CJOXKHO,
HOSTOMY X BKJIIOYAIOT B 60ﬂee TPOCTHhIE MHO2KECTBa: BEIIECTBECHHBIC MHTEPBAJIbI, KOMIIJICKCHBIC
KPYTH, p-aIndecKue MUIRHAPHL. IIpr 3ToM HE0OX0AMMO, YTO0BI MEPHI BKJIIOYAIONIAX W BKIYAEMbBIX
MHOYKECTB OBbLTH KaK MOXKHO 0oJiee OJIM3KMH.

s nenounciaensoro nosmaomMa P(z) = apz™ + ... + a1z + a9 € Z[zr] obo3naunm Kak
H(P) = max |aj| ero seicory u xak deg P = n ero cremenb. MHOXKeCTBA [EJIOUHCIEHHBIX 110
0<j<n

JINHOMOB OFpa,HI/ILIeHHOﬁ CTETIeHN W BBICOTHI 0D03HAYNM KaK

P :={P(z) € Z[x] : deg P < n},
Pn(Q) :=A{P(x) € Zz] : deg P <n, H(P) < Q}.

Jst marpuner M € R™*™ = (a;;) onpenenM ee TepMaHEHT KAk

Z Alo(1) * ++ * Amo(m), T <,
permM = oc€P(n,m)
perm MT m > n,
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rje P(n,m) — mMHOKecTBO BCex m-1epecraHoBok {1,...,n}.
PaccmorpuM, Hanpumep, BemecTBeHHbIN cirydaii (1). Permenns nepsoro sepasenctsa (1) mpu-
Ha/JiezKaT MHTePBAJIaM BUAQ

& — an| < 2"7H|P(a)[|P'(an)| 7,

riae ap — Oumkaiinmit Kk © kopedb P(x). DTn mHTEpBaJbl MOIYT OBITH JOCTATOYHO BEJUKHU MPU
MaJibix 3HaueHusx |P'(aq)|. EcTecTBeHHBI MOIXOM K PEIEHH0 9Toil mpoGaeMbl — HANTH ONEHKY
CBEPXY IS 9UCTA TIOJTMHOMOB € MaJoOil TPOM3BOAHON B KOPHE.

Dror moaxon Gl HCToNb30BaH B pabore P. Beitkepa [1]. mst mekoroporo memoro n > 1 m
BerectBerubix H > 1, v > 0 Befikep paccmarpuBaer MHOKECTBO 75n(H ,V) IPUMUTUBHBIX HEPHU-
BOJIMMBIX TIOJIMHOMOB P(z) cTermenn n u BBICOTHI H, KOTOPBIE TaK¥Ke SIBIAOTCS JUAUDYOMUAME (&
WMeHHO, |a,| = H), ana koTopbix Haiijercs koperb ay € C ¢ yerosmem |P'(aq)| < HI7V. Beiikep
nokazalt, uro npu 0 < v < 1 u gocrarouno bosbiux H crnpaseiinBo

#Py(H,v) < er(n)H"™", (2)

rae ¢1(n) — HEeKOTOpasi BeJIMYMHA, KOTOPAst 3aBUCHT TOJLKO OT 1. VICHO/IBb3yst 3TOT PE3y/bTar, OH
TONYyIWSI JJIst N 2> 3 U wy > %(n2 +n — 3) TOYHYIO OIIEHKY CBEpXy pasMepHocTu Xaycaopda
MHOXKECTBa uucesn r € R, mjig KOTOpBIX HalieTcs 6eCKOHETHOe YHCI0 TMEJOUNCTEHHBIX TOJTUHOMOB
CTENEeHn 7, YAOBJETBOPSAIONMX TepsoMmy HepasencTBy (1). TIpobmema BBIYUCIEHUS PA3MEPHOCTH
Xaycnopda sToro MHO)KecTBa OblLTa OKOHUATETRHO pemieHa B. Bepuukom [4] ¢ mcmosb3oBannem
Apyrux Mero/0B. Tem He MeHee, OeHKH Bua (2) MOTYT HAWTH MPUMEHEHWE BO MHOTHX TPOOIeMax
METPUIECKOi Teopun TuohaHTOBBIX TpHOIMKeHnit, Takux Kak [12, 8, 11,9, 2, 7, 3, 6].

Jlnis mHekoroporo nogmuoxkecrsa D C C, nenoro n > 1 u geiicrsurensubix @ > 1, v > 0 obozna-
auM Kak Pp(Q, v, D) MHOKECTBO TPUMUTHBHBIX HETPUBOAUMBIX TTOJHHOMOB P € Py, (Q) ¢ monoxu-
TeJLHBIM CTAPIIIM K09(hDMUIMEHTOM, KOTOPhIe HMeloT Kopenb o € D raxoit, uro |P'(a)| < Q7.
[To ompenenenuto, MuOKECTBO Pp(Q, v, D) COAEPKUT TOTHKO MUHUMAJIBHBIE TTOJUHOMBI, CJIEI0Ba-
TEJIbHO, MOACYUTBIBAsE 3j1eMeHThI B Py, (Q, v, D), MbI 110 CyTH HOACIATHIBAEM AJre0PANIECKUE YUC/IA
C OIpejieIeHHBIMU CBOIICTBAMU.

Mg OyzmeM paccMaTpuBaTh ajredpanvyecKue Uncia Ha wHTEpBaje Iy = (—%, %) Panee 6pu1a
MOJTy9eHa OTEHKA CBEPXY BUA (2) st HECKOJBKO (O0JIee TMUPOKOTO JUAA30Ha, .

TeorPEMA 1 ([5]). Jua n > 1 natdymea c1(n) > 0 u Qo(n) > 0 makue, wmo das 4106020
Q > Qo(n) u das scex 0 < v < 3 sepro

#Pn(@, v, IO) <0 (n)Qn+1_U-

B reopeme 1 muamazon v He 3aBUCUT OT N, UTO 3HAUUTETHHO OIPAHUUNBAET TPUIOKEHUS T
GonpImux 3Havennii n. [loaydena ciaemyromnas OreHKa CBEPXY, KOTOPas TACTHTHO Pa3PeIaeT TaHHY 0
mpobemy.

TEOPEMA 2. Jlaan =9 natdymesa c1(n) > 0 u Qo(n) > 0 maxue, wmo daa awbozo Q > Qo(n)
u oas ecer 1.5 < v < %(n + 1) cnpasedausa ouenxa

n+l—v
#Pn(Q,v,Ip) < c1(n)Q" 177, (3)
_3
2de v = ¢.
JlokazaTeabCTBO TEOPEMBI 2 TOCTATOYHO OOHLEMHO, TIOITOMY MBI IIPUBEIEM JIUIITH €I0 OCHOBHBIC
maru. BaykHoil 9acThio T0Ka3aTeIbCTBA ABAIETCS caeayiomada JeMmMa n3 paborer K .M. Tumenko.

JIEMMA 1 ([13, memma 3.3]). ITyems danwve noaunomw Py(z), Py(z) € Clz], deg P, = n; > 0.
Haz awbozo € € C pesyavmanm noaunomos Py u Py pasen onpedeaumento mampuuys, Cusveecmpa
Oas uz cdeunymuz anarozoe Si(x) = Pi(x 4+ &) u Sa(x) = Pa(x +§).
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B mokazarenncrse Oymer mpuMeHATHCH aJANTUPOBAHHAS BEPCHS JIEMMBbI 1, KOTOPYIO MBI [PH-
BOJTMM HUZKE. 3aMETHM, UTO €CJIA B34ATh B (4) HepMAaHEHT ¢ OJHUM CTOJIOIOM, MBI MOJIYIUM JEMMY
A.O. Tenbdonpa [10, riasa 3, §4, nemma V|, a (5) sasaserca paciumpennoit sepcueil semmbr B
Bepuuka [4, memma 12| fra crydas MOJUHOMOB Pa3HBIX CTEIEHEH U BBICOT.

JIEMMA 2. Hycmo 3adans yeavie wucaa ni,ny = 1 maxue, 4mo ni + ng < N 0ad HEKOTMOPO20
yenozo n, a maxace deticmeumenvnve wucaa A1 = 0,Ay > 0,Q > 1. ITyemv Py(x) € Py, (QM),
Py(2) € P—p,(Q?) — yesaowuciennvie nosuroms: bes obuus xopret u & € (—%, %) Has arobozo

HAMYPAALHO20 k < N1 + No cnpasedauso

P - [PPe

| <, perm B sz) (5) Qn1)\2+n2)\1’ (4)
Py © - [P
Py ()

D) =PI (@)Q™, j>0,i=1,2.
Ecau 3 < ny + ng u donoanumeavno |Pi(§)] < Q77,1 € R, i = 1,2, daa ecex mouex £ € I
nexomopozo unmepsana I C (—%, %), wil = Q7" n > 0, moada das awbozo § > 0 u daa ecex

Q > Qo(n,d) cnpasedauso

20e PV (x)

3min{7’1+)\1,Tg+)\2}—277<n1)\2+n2)\1+5. (5)

2. OcHOBHBIE TTAaru J0KAa3aTeJIbCTBA TEOPEMBI 2

[TpeamoI0KuM, 9TO BLIIOIHAETCS TPOTHBHOE, 8 IMEHHO, HAMJAeTCa n > 9 Takoe, 9To 715 JTH0H0T0
c1(n) > 0 cymecrByer 6eckonearo muoro nap (Q,v) ¢ Q — oo u 1.5 < v < %(n + 1), 1t KOTOPBIX

#P’n(Q) v, IO) > C1 (n)Qn+1_v’ya

U noryduM npotusopedne npu Q > Qo(n).
ITycrb J — MUHEMAIbHOE TOKPBITHE HHTEpBasa [j HElepeceKaomUMUCs TOJTYOTKPBITHIMEA HH-
repBasiamu J C R gauaer QY. OueBujHo,

#j =n QU’ Pn(Qavv-IO) g U P’n(Qava J)7 #PH(Q7U7IO) < Z #PH(Q7U7J)

JeJ JeJ

Badukcupyem HEKOTOpPOE J0CTATOUHO Masioe 3Hadenne A(n) > 0, ¢ HTOMOIIBI KOTOPOTO MBI Oy1em
KOHTPOJIMPOBATH TOYHOCTH Harmx orerok. Hampivep, ¢(n) < QA" aas Q > Qo(n) aast moboro
dbukcupoBannoro 3uadenns c(n). B cOOTBeTCTBUM ¢ MPUHIMNOM SMMKOB Jlupnxjie, Haiiercsa nH-
repsas J € J ¢ yeaosuem #Pn(Q,v,J) >, Q1147 Onnako, Ham moHaso6HTCH HECKOIBKO
GoJlee TOUHOE yTBepyKJeHue, NPUBeJeHHOe HIKe.

IMPENIOKEHUE 1. Jaa wobozo ca(n) > 0 wmatidemca ci(n) > 0 makoe, wmo das ecex
Q > Qo(n) cywecmeyem deticmeumenvroe wucao p, 0 < p < U, U MHONCECTNEO UHMEPEANOE

KcJ,

#K > QU2 m < U K) >Q 8,

Kek
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Kaotcduti unmepsan K € K uz xomopozo ydosaemeopsem
#Pu(Q,v, K) > CQ(?’L)QTH_I_U“""Y)"'I)'

Cpenu unrepanoB K € IC Beibepem criennajbHblil wHTEPBaT K, TOUKM KOTOPOTO YIAJIEHBI OT
aarebpanveckux Ynces OTPAHMYEHHON CTEIEHW W BHICOTHI. B JaHHBIX TOYKAX, MMes OIEHKY JIJIs
3HA4YEHUIl [TOJIMHOMOB, Mbl MOXKEM OIEHUTH 3HAYEHUs UX IIPOU3BOJHBIX.

[IPEAJIOKEHUE 2. Jasa arwbozo @ > Qo(n) natidemcsa unmepsas Ky € K u usmepumoe
muooicecmeo By C Ko, u1Bg > %MIKO; makoe, wmo Oaf 4106020 YLAOWUCAEHHOZ20 NOAUHOMG S(T)
¢ yeaosuem degs = m < n, H(s) = Q < Q2, u daa moboti mouru € € By cnpasedausco
[8'(€)] < |s(€)| QA4

Toukm MHOKECTBA By ABIAIOTCS B HEKOTOPOM CMBICTIE OCODEHHRBIMI. B 1acTHOCTH, eCan HEKOTO-
DBIit TesTouncaeHHbIi monHoM R(x) nocrarodno mMai B Touke § € By, TO COTIACHO MPe/IOKEHUIM
3 u 4, onun u3 ero geauTeNel TPUHNMAET HAMHOTO MEHbIee 3Hadenne B Touke £ € By, 4eM ocTaib-
uele. OTMeTHM, 9TO Tpejsiokenue 4 spiasgercs ycuienuoi sepcueit gemmbl A.O. Tenbdonma |10,
asa 3, §4, nemma VI|.

IIPE/JTOKEHUE 3. [Iycmo 3adam yeaowucaennoiti noaunom S(x) € Pepn(QY), 2 < m < n,
0 < A, Komopwli ABAAEMCA NPOUIGEIEHUEM O0BYL UCAOHUCAEHHBT NoAuHomos S1(x) u So(x),
degs; = m; = 1,H(s;) = QY < QM2 ne umernwur obwur Kopuel, u 6 Hekomopol mouke
£ € By 6unoaHsemcs:

1SEOI=Q77, si(§) =R, i=1,2

‘81(6)‘ _ —T1i—\1 —To—Xo __ ‘82(5)‘
H(sl)_Q <@ ~ H(s2)’

Ecau makorce T > p+mA + 5A, mo das Q > Qo(n) cnpasedauso caedyrowee:

n>T— 1m)\ + 1ml)q + l(m —mi)(A— A1) — A.
2 2 2
Mb1 10Ka3BIBAEM MPEIOKEHNE 3, UCIOTh3yst IepManeHT (4) ¢ AByMs CTOIOIAMY, U OCTAB/IAA
onenku it sy (z) u sh(x) u3 npepmoxennust 2. OKa3plBaCTCs, B PA3JIOKEHUN IT€PMAHEHTA CJara-
embie Buna |s1(x)sh(z)| u |8 (z)s2(x)| HE MOryT MOMMHMPOBATE, MOITOMY JOJIXKHO JOMUHUPOBATH
ciaraemoe |sa(x)s2(x)|, 9ro maer mcromyto ornenky. 13 npennokenns 3 HEIOCPEICTBEHHO ClleLyeT
npeanoxkenue 4.

TTPE/TOKEHUE 4. ITyema 3adan npumumuenvd yeaouucaenmoiti noaurom R(x) € Pey(QN),
2<m < n,0< A< 1, komopwi asaaemea npoussedenuem k, 2 < k < n, ecmeneneti t;(x) = p;(x)®,
e; € N, pasausnvlz npuMumueHoir HENPUSOOUMbBIL UCAOWUCAEHHBT NoAUHOMOS Di(T). Ecau 6 nexo-
mopot mouxe & € By cnpasedauso |R(E)| = Q77,7 > p+mA+TA, mo daa 00nozo us muooscumenet

ta(x) = ti(x) npu Q > Qo(n) swnoansemca:

degty =mg > 2, H(tq) = QM, [ta(€)| = Q™ ™,

1 1 1
Tg>T— —MA+ —mgAg + *(m — md)()\ — )\d) —A.
2 2 2
Wcnonw3ya mpustun ammkoB Jlupuxie, Mbl MOXKEM HaXOAWTh MOOJUHOMBI W3 MHOMKECTBA
Pn(Q, v, Ky), crapiue Koo dunueHTb KOTOPBIX 6/in3KN. BhranTast ux, HOJIyIrM HOBBIE TIOJTHMHOMBI
R, (z) nist pasmuaHbIx m.
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MMPEAJIOKEHUE 5. ITyems my — yeaoe wucio ¢ yeaosuem v(1+v)—p—1 < mg < v(1+v)—p.
Mootcno cuwumamo, wmo v(1 + ) > p + 2, nosmomy mgy = 2. Ecau ewbpamov ca(n) docmamouno
boavwum, mo dan Q > Qo(n) u das ecex ueavir my < m < n Hatidemes NPUMUMUBHBIT UEAOHUC-
aernvit noaunom Ry, (x) ¢ yeaosuem:

2 < deg R, <,
m _ v(14y)—2—
H(Rm)gQ)\ 7)\771*%7

[Rn ()] < Q'72F4 V€ € Ko,
|R,(6)] < Q'7"F2 V€ € K.

Y kaorcdozo Ry, (x) natidemea deauments tgm, (), KOmopuill A6AAEMCA CIMENEHBIO HEKOMOPO2O NPU-
MUMUBHO20 HENPUEOOUMOZ0 YEAOHUCAEHHO20 NOANUHOMA, C YCAOBUEM

degtam = kam = 2, H(tgm) = Q™ [tam(E)] < Q7m V€ € Ko,

1 1 1
Tdm = (2v—1) — im)\m + Ekd’m)\d’m + E(m — kd,m)(/\m — )\d,m) —3A,
1
Tdm > 5 (p + 1)(3 — ’Y) + kd,m)\d,m — 1) — 3A. (6)

IIPEATOKEHUE 6. Jeaumenu tqm,(z) scex nosunomos Ry (x), mog < m < n, aeasomcs
CMENEHAMU 001020 U MO20 JHCE NPUMUMUEHOZ0 HENPUBOIUMOZO YEAOUUCAEHHO20 NOAUHOMG Do (),
m.e. tqgm(x) = po(x)®m. Hycmo te(x) = po(x)™ " ¢m. Tozda t.(x) ydossemsopaem caedyrowemy:

degte =me <mg<v(l+7)—np,

v(1+w)—2—p+é
n

H(t.) = Q/\e <Q el )
te(&)] < Q7T V¢ € Ky,

2de T, ouenusaemca (6).
Uctons3ysa (5) ans te(r) u mexkoroporo P(x) € Pp(Q, v, Ko) ua unrepsaie Ky, 1okaxem

IMPEANIOKEHUE 7. IToaunom t.(x) umeem obugue xopru ¢ xaswcowm P(x) € Pp(Q,v, Kp).
Omciroda caedyem, wmo ece noauromvr P(x) € Pp(Q,v, Ko) umerom obuyue xopru, 4mo npomueo-
pexuso no onpedesenuio. Imo 3asepuiaem Jdokazamesbecmseo meopemut 2.

3. 3akJIroueHue

Wcronn30BaHHbBINl METO WMEET MEPCIEeKTUBRI I JAJBHENINero Pa3sBUTHI W MOJTyYeHusd 60-
Jiee CUIBHBIX OMeHOK. C TOMOINBI0 MHIYKTUBHOTO MEPexX0/a K MOJUHOMAM MEHbBINeH CTeneHu B
TEeopeMe 2 MOYKHO TIOJIYYUTH 60ﬂee CHJIbHBIC OICHKMW JOJ14 HpOI/ISBO,Z[HOI‘/’I TTOJIMHOMa B TIPpEaJIoZKe-
nun 2. Taxoke B IpeIOzKeHUH 5 MOKHO JOIMOTHATENIBHO PACCMOTPETh HOJTMHOMBI [y, ) € yCI0BHEM
(m—1)A > v(14+7v) — 2 — p u goKa3aTh, YTO WX JETUTEN tq,m \(2) TAKKE SABISIOTCH CTEMEHIMM
po(x). DTu paccyxaeHus Ial0T Goiee CHIbHBIE OMEHKN TSt [te(§)|. ABTOpBI MOJIArafoT, 9TO JTaHHBIE
ujien Mo3BOJIAT WM MOJTYyUUTh OueHKy (3) ¢ v = 1.
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AnHOTanus

Bormpocer, cBs3aHHbIE ¢ UCCIEI0BAHNEM PAdo6 Jlupusie

+oo
f(s)= Z anpn—?°
n=1

M WX CYMMATOPHBIX (DYHKINI

O(x) = Z an

n<lz

dopMUPYIOT OIUH U3 IEHTPATBHBIX PA3/IeJI0B KJIACCUIECKON TEOPUU THCEJI.
IIpu onpeneeHHBIX yCIOBUSIX HA P

f(s) = Z ann”®

dbyukuua ®(z) moxker ObITh BhIpaxkena 4depe3 GyHKIuIO f($), KOTOPYIO B 9TOM CjIydae Ha3bl-
BaIOT NPoudeodawels Gynryuet ora xospduyuenmos pada Jupurse. Jra CBI3b BHIPAIKALTCS
u3BeCTHOR dopmyaoti [leppora

1 co+i00 s

T
Z an = 5— f(s)—ds, ¢y > oq,
n<z U co—100 S
rje psj
o0
5
n=1

mis f(s) abCoOMIOTHO CXOAUTCA TIpU o > 0. TouHee, Kilaccuveckas CXeMa MCCJIEJI0BAHUS CyM-
MaTOPHOH (DyHKIIII
O(x) = E an

n<x

ko3 purmenTor paga Anpuxie
[o ]
f(s) = Z apn”?°
n=1

otpaercs Ha GhoOpMyily, DU OIPEIEJIEHHBIX YCJIOBUAX Bbipaxkaioulyoo dyukuuo P(x) uepes
WHTErpaJ
1 [PHT f(s)as

b ds.
21t Jy_ir s
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B 1972 r. A. A. Kapamyba mosyuns "uHTerpajbayo” hpopMyIy Takoro poia, KOTopas CBsi-
3bIBaeT
x
/ ®(y)dy
1

1 b+iT f(5)$s+1
27TZ b—iT S(S + 1)
Y9TO MO3BOJIAET TIOJIYyYUTHh HOBBIE PE3YJIbTAThI IIPU UCCJICJOBAHUN COOTBETCTBYIONIUX TE€OPETUKO-

YUCIOBBIX BOIPOCOB.
B mannoit cTaThe mpeacTaBieHa HOBash GOPMYTIA, BRIPAXKAIOINIAS CYMMATOPHYIO (DYHKITHIO

O(x) = Z an

n<zx

C WHTErpajoM

ds

)

psma Jdupuxe
+oo
f(s) = Z anpn”?®
n=1
yepes f(s), poacrsennas dpopmysie Ileppona u unrerpasnbuoii popmyse A. A. Kapauy6ot. Umen-
HO, JTOKA3aHO CJIEIYIOIee YTBEPKIEHNE.

o [Tycmov psd
+oo
f(s) = Z apn”?®
n=1

abcomomuo cxodumesa npu Res > 1, a, = O(nf), 2de £ > 0 — npouseoavro manoe deti-
CMEUMENLHOE HUCAO, U NPU 0 — 1+ umeem mecmo ouenKa

Z lan|n= =0((c —1)7%), a > 0.
n=1

Tozda npu a0bbx b>byg > 1, T >1, 2 =N +0,5, H > b umeem mecmo dopmysra

1 bl x°H
o) = ap=— 7 g
(@) Z “ 27t Jy_im f(S)S(H —s) st

n<z

b 14¢
x’H " Hlogz Hilog = x
O gz | + O (2t ) + 0 (w5557 (14 1))
#0 (o) +o () ro o T
Haub6osee n3Bectanim psimom dupuxie spasercsa g3era-dynknus Pumana, mpu Res > 1
oTpeJiesisieMasi PABEHCTBOM
“+oo
C(s) =) n~"

n=1

Bozsenenune nzera-bynknun Puvmana B k-1o crenens npu Res > 1 nact nam psax Jupuxie
+oo
k —
CH(s) = S mlmpn
n=1

rae Tix(n) — YUCI0 HATYDAJIbHBIX PElleHul YpaBHEeHUs X1 - ... - T = n. CymmaropHasa QyHKIUsA
K03(pPHUITHEHTOB ITOTO PAIA

Dk(x) = Z Tk(n)

n<x

€CTh 4YHMCJIO TOYEK C HATyPaJIbHbIMH KOODJAUMHATAMHU 110 IUIEPOOIMYECKON II0BEPXHOCTHIO
Z1-... X = x. 33729y 00 ACKMITOTHYECKO# OlleHKe CyMMbI Dy, () TPUHATO HA3BIBATH NPOOAEMOT
deaumeneti Jupuzae.
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B mammoit cTaThe MBI JOKA3bIBAEM JIBE TEOPEMbI, JAIOIINE HOBBIE ACUMITOTHIECKHE (DOPMYIIbI

st (PYHKITHH
> Tk (n) - Ty (0)

n<z

pozcrBenHbix GyHrmuu Dy (x).

[ ]
Z T, (0) « oo« T, (n) = Py (logz) + Qxlffgm_Q/s(C’log x)™,
n<zx
2del >1,ky,....ki >2, m==ky ..k, P, — muozouren cmenenu m—1, 0 — xomnaexcroe
5
wucno, |0 <1, m < logs z, C' > 0 — abcostommnas nocmosHHas.

Z me(n?) = zP,, (logx) + ft-rsm (Clogz)™,

n<x

k(k+1
2dek >2,m= %, P, — mnozouaen cmenenu m—1, 6 — xomnaexcruoe wucao, 0] < 1,

5
m < log® z, C' > 0 — abcorromnas nocmoaHHaA.

Jlpyrum XOpoIimo u3BECTHBIM TpuMepoM psifaoB lupuxie spasiorcs L-byaknun upuxiie,
npu Res > 1 ompenensieMble paBeHCTBOM

L(s,x) = ) x(n)n™*,
n=1

rie x — xapakrep Jupuxie no nekoropomy moayito D. Ipoussenenne neckoabkux L-QyHKITmit
Hwupuxne naer nmpu Res > 1 pan

L1(87X1) Teee Lk(87Xk:> = chn—s7
n=1

cymMmarpHas QYHKIHS KOIMDPUITHEHTOB KOTOPOTrO UMEET BU]

C’k(f):ZCn: Z x1(na) - - X (ne)-

n<zx ny...np<T

Bagaua 06 acumnroruyeckoii onenke Gynkuuu Ci(z) apusercs o6obimenueM 1pobIeMbl Jeiu-
reneil JIupuxie n cBg3aHa ¢ IpobJIeMoil JeIuTeNeil B YMCIOBBIX IOJIAX, B YACTHOCTH, KBaIpa-
THYHOM U KPYTOBOM.

B mammHOii cTaThe MOIYYeHbI HOBBIE ACUMITOTHYIECKHE (POPMYIBI IJIS CPEIHUX 3HAYMCHWI
apudmMernueckux (QyHKIUH Tﬁ(n) e T,fl((n) u 7 (n?), poncreennbix byHKIHHE genuTened
Te(n), B kBagparmunom nome K = Q(v/D), D — GeckBaapaTHOe GHCIO, I t-KPYTOBOM IOJIE

K =Q(s), s =1, ¢ xoucrauroii ¢ = %3 B IOKA3aTeJIe OCTATOYHOIO 94JICHA.

Kmouesnie caosa: panel Jdupuxie, cymmaropubie GpyHkmuu Koddgdunuentos psaos Jdupux-
ne, m3era-pyuknus Pumana, L-dyuknun dupuxie, byHxnus nenureneii, npobieMa aeaunresneit
Hupuxe.

Bubauoepagpus: 22 Ha3BaHus.
s muTupoBaHus:

JI. B. Bapyxuna. M36pannble Bopocs Teopun cymmaropHbix dyHkuuii psagos Jdupuxie // Hebbi-
meBckuti cbopuuk, 2019, 1. 20, Brim. 2, ¢. 55-81.
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Abstract

Investigation of Dirichlet series

f(s) = Z a,n”?®
n=1

and the adding functions

O(x) = Z an

n<zx

of their coefficients forms one of central domains of classical Number Theory.
Under some special conditions for

+o00o
f(s) = Z ann”°,
n=1

the function ®(z) can be represented using f(s). This connection is given by the famous Perron

formula
1 co+100 s

Z an =5 f(s)—ds, co> oo,

4 S
n<z co—100

where
o0
E anpn”?
n=1

for f(s) is absolutely convergenting for o > o¢. More precisely, classical scheme of a research of
the adding function
d(x) = Z an

n<zx

of coefficients of

f(s) = Z apn”?®

n=1

leans on a formula, which (under certain conditions) is expressing the function ®(x) through
the integral

1 T f(s)xsd

2mi /b—iT s >

In 1972, A. A. Karatsuba received an "integrated formula of such kind, which connects

[ ey
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with the integral

1 b+iT s+1
L QLN
210 Jy_ir s(s+1)

This formula allows to receive new results in the research of corresponding number-theoretical
questions.
In this paper we presernt a new formula, expressing the adding function

d(x) = Z an

n<zx
of
+oo
f(s) = Z a,n”?®
n=1

through f(s), related to the Perron formula and to the integrated formula of A. A. Karatsuba.
In fact, the following statement is proved.

e Let the row N
f(s) = Z anpn”?®
n=1

is absolutely convergenting for Res > 1, a, = O(n®), where ¢ > 0 is any small real
number, and for o — 1+ there is an estimation

oo

> lann™7 = 0((o = 1)7), a > 0.

n=1

Then for any b >by>1,T >1, x = N + 0,5, H > b we have the formula

1 b+iT oS H
@)= a, = — Ty
(z) Z “ 27t Jy_ir f(s)s(H —5) st

n<z

2P H 2 Hlogx e Hlog —= x
+0 (TQ(b—l)a>+O<T2)+O($ e z+0,5 <1+E)>

The most famous Dirichlet series is the Riemann zeta function ((s), defined for any s = o+t
with Res=0 > 1 as

=Y —

ns’
n=1

The square of zeta function is connected with the divisor function
T(n) = Z 1,
d|n

giving the number of positive integer divisors of positive integer number n. Generally,

CF(s) = Z Tk(sn), Res > 1,
n=1

n

where function

Tr(n) = Z 1

n=mni-....Ng

gives the number of representations of a positive integer number n as a product of k positive
integer factors. The adding function of the Dirichlet series ¢*(s) is the function

Dy(z) = Z T(n);

n<z
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its research is known as the Dirichlet divisor problem.
In this article we prove two new asymptotic formulas for the functions

ZTkl(n) . ...-Tkl(’n)

n<lx

ZTk(nz),

n<z
connected with Dg(x).

Z Ty (M) + oo T (n) = 2Py (log ) + Hml_Tls"fz/B(Clog x)™,
n<x
where | > 1, ky,....k; > 2, m = k1 - ... - k;, P, is a polinomial of degree m — 1, 0 is a

complex number, |0] <1, m < log% x, C' >0 is an absolute constant.

Z me(n?) = xP,, (logx) + fyl-1am (Clogx)™,
n<x

E(k+1)
2

0] <1, m< log® x, C' > 0 is an absolute constant.

where k > 2, m = , P, is a polinomial of degree m — 1, 0 is a complex number,

Other well-known example of Dirichlet series is given by Dirichlet L-function

e
L(s,x) = 3 x(mn ™", Res > 1,
n=1

where x is a Dirichlet character modulo D. A product of several L-functions gives for Res > 1
a row

Ll(sa Xl) T Lk(sa Xk) = Z Cnnisa
n=1
with adding function

Ck(x)zzcn: Z x1(na) - X (ne)-

n<zx ni-....np<x

The problem of asymptotic behavior of Cy () is a generalisation of the Dirichlet divisor problem.
It is connected with the divisor problem in number fields, in particular, in quadratic fields and
in cyclotomic fields.

In this article we give new asymptotic formulas for the mean values of the two functions

TR (n) - ... - T8 (n) and 7/(n?), connected with the function 74(n), in the quadratic field
K = Q(v/D), D is squarefree integer number, and in cyclotomic field K = Q(s), ¢! = 1,
with the constant ¢ = 1—13 in the exponent of the error term.

Keywords: Dirichlet series, adding functions of the coefficients of Dirichlet series, Riemann
zeta function, Dirchlet L-function, divisor function, Dirichlet divisor problem.
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1. BBenenue

Bormpocsl, cBsizannbie ¢ ucciaegoBanueM pados Jlupuxae, TO eCTb BbIPaXKEHUN BUia

F(s) =3 aun™, (1)

n=1

TJe 4, — KOMIJIEKCHBIE YHUCIa, HasbiBaeMble Kospduyuenmamu pada Jupuzaie, a s = o + it — Kom-
IUIEKCHAS IIepeMeHHast, (POPMUPYIOT OOUH U3 IEHTPAJLHLIX PAa3lesioB KIACCHUCKON TEOPHH UHCE

(11, 121, [15], [16], [21] u ap.).
C pamom f(s) = > apyn™ (1) Tecno ceasama dynkiHS

- E Qn,
n<x

KOTOPYIO HA3BIBAIOT CYMMamoprol gynkyuet xoopduyuenmos pada Hupuzae (1).

ITpu oupepenennnix ycaobusx Ha psj (1) dyrkius $(z) moxer Obirh BIpazkeHa uepes PyHK-
o f($), KOTOPYIO B 9TOM CJIydae HA3bIBAIOT Npouseodawet gynkyuelt 0aa Kospduruenmos pada
Jlupuzae. Dra CBsI3b BBIpAXKAETCST U3BECTHON (hopmy.aot [eppona (cMm., Hampumep, [17]):

Z n = 27rz

n<x

co+i00 s
f(S)?dS, Cco > 00,

co—100

rie pan (1) mua f(s) abcoqOTHO CXOMUTCA TIpU 0 > 0.
Tounee, Kmaccuveckas cxeMa ncc/Iei0Banus cymymaropoit gyakimm ®(x) = 3, . a, k03ddn-
enToB psga Jupuxe (1) OHI/IpaeTCH HA cbopMyﬂy7 IPY OTIPEJIEEHHBIX YCIOBUAX BBIPAYKATIOIILYIO

dynkiuio ®(z) uepes unrerpan 5 [, btilt f “" ds. VIMEHHO, MMEeT MeCTO CJIe/IyIOee YTBEepIK JeHue
([8], c. 75).

yemo pad f(s) = St ay,n™ dan f(s) abeomommno cvodumesn npu Res > 1, |a,| < A(n), u
npu o — 1+

+o00
Z lap|n™7 =0((c —1)7%), a> 0.

n=1

Tozda npu a6z b > by > 1, T > 1, x = N + 0,5 umeem mecmo dopmyaa

o) = an = 2% o f(s)%sds 10 (T(bx_bl)a> +0 <”“"A(2xT)1°g”’) .

n<x b—iT

B 1972 r. A. A. Kapauy6a nosyuuns HOBYIO “unTerpasbHyio dopmysy takoro poxaa ([6]), ko-
“P(y)d 1 b+iT f(s)a:erld

Topas cessbiBaer [|° ®(y)dy ¢ mnrerpamom w— [ {571y @5, 9TO IO3BOJIHAET HOJyIHTH HOBBIE

peByJIbTaTbI opu UCCaeaJ0BaHUNA COOTBeTCTByIOH_H/IX TEOPETUKO-YUCJIOBBIX BOIIPOCOB. I/IMeHHO, nMeerT

MECTO CJIEJIYIONIee YTBEPKICHHUE.

JIEMMA 1. ITyemov pad f(s) = :{:& apn~% dasn f(s) abcoarommuo crodumces npu Res > 1;

nycmo ®(§) = an Gp, U MPU Hexomopom b > 1

+o00
B(b) = /1 fbﬁ)'dg

Tozda npu a0bvx x > 1, T > 2 umeem mecmo Gopmyaa

T B 1 b+iT F(S):L‘S+1
[ ot o= [ DO ik ria),
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R(z) < C <B(b)xb+1 + 2P (f“og“’ +logT ( max M(g)]))) .

T T 0,50<E<1,5z

Bo BTOpOM pasmesne JaHHON CTATHYM NMPEJCTABIEHA HOBasi (DOPMYJ/Ia, BBIPAKAIOMASA CyMMATOD-
nyto bynkimio ®(x) = > . a, pana dupuxie (1) gepes f(s), poacrsennas dopwmyse Ileppona
(|8]) m mnrerpanbhoii hopmyne A. A. Kapany6sr ([6]).

TEOPEMA 1. (Crp. 66) IIycmo pad f(s) = :2 ann~ % abcomommuo cxodumes npu Res > 1,
an, = O(n%), 2de € > 0 - NPous6oALHO MaAL0E DETICMBUMEALHOE HUCAO, U NPU 0 — 1+ umeem mecmo

OUEHKA
[e.9]

Z lap|n™7 =0((c —1)7%), a> 0.

n=1

Tozda npu a6z b>byg>1,T>1, =N +0,5 H > b umeem mecmo dopmyia

1 b+iT SH
O(x) = n==— —d
(z) Za 2700 Syt f(8>s(H —s) ot

n<x

z"H 2 Hlogx e Hlog —= x
+O<1—QU)—1)O‘>+O<W)+O<$6 +0,5 (1+E)>

Hawubonee uzsectanim pagom upuxne apasgerca azera-dyuknua Pumana, mpu Res > 1 ompe-
JensieMast paBeHCTBOM

“+oo
C(s) = Zn_S,Res > 1.
n=1

Uctons3ys moowcdecmeo Ftaepa ([8], c. 61)

+oo
Zn‘s = H(l —p )7L, Res > 1,

n=1 peP

MOZKHO TIOJIY9UTh HEKOTOPbIE CBA3aHHbIe ¢ a3eTa-dyukimeit Pumana paner Jlupuxsie, cyMMaToOpHbIC
dyuxnnn KO3MDUIUEHTOB KOTOPHIX UTI'PAIOT BaXKHY0 POJIb IIPU PEIIEHUN Psia KJIACCHIECKUX 33124
veopun wncest (e [3], [4], [6], [7], [10], [11], [12], [13], [14], [18], [19], [20], [22] u ap.).

Tax, saozapupmuveckas NPou3eooHas CC((SS)) m3era-dyuknun Pumana nmpu Res > 1 3amaerca

psanom Hupuxiie

C(s) = Jri:.O/X(7”L)TL_“(” Res >1
¢(s) ’ ’
n=1
Ko GuImeHTaMIn KOTOPOTO ABIAI0TCH 3HadeHud gynkyuu Manzoavdma A(n).
Cymmaroproit hyHaKmeir Koo GUIMEHTOB 3TOr0 psifa Oyaer u3BecTHast GyHKkuus debviuwesa

Y(x) =Y An).

n<x

Ucnonezys dopmysry Ileppona u cBemenus o rpanuie wyseit n3era-pyuximmn Pumana B kpurnde-
CKOIi T0JI0Ce, HETPY/HO Oy YuTh AJist ¥(x) acummroTudeckyio dopmyry ([8])

P(@) =D A(n) =z + O(ze”1VIET),

n<x
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YTO PABHOCHJILHO GCUMNMOMUYECKOMY 3aK0RY pacnpedesenus npocmus wuces ([8])

n(z) =Y 1=liz+ O(ze %3C1VIET),

p<z

Xopomo u3BecTHO m creayomiee npeacrasaenue dpyaximun debpimesa () B Buge CyMMbI 10
Hys1sM 113eta-pynknun Pumana ([8], ¢. 80):

2
by =a— 3 x+o<xlﬁm)

[Im p|<T P

mmexr =N+0,5NeN 2<T <z up=7L+iy — nempusuasvrovie vysu dzema-pynryuu
Puwmana ((s).

JlamHoe COOTHOTIIEHNE ABIAETCS KIACCHIECKAM TIPUMEPOM STBHBIX (POPMYJI, CBI3BIBAIOIINX Pa3-
JIMYHBIE CYMMBI TI0 TIPOCTBIM 9UCJIaM ¢ HYIaMu ((S).

B pa6ore E. 1. lesa u JI. B. Bapyxunoii [4] nonydeno aHajorudHoe pasJioxKeHHe 110 HETPU-
BUAJIBHBIM HYJISIM j3eTa-pyukimn Pumana jgaa aByx apudmerndeckux (ByHKIUN, POICTBEHHBIX
dyuknnn Yebdoirena:

Y1(z) = Z(ﬂf —n)A(n) ma(z) = Z A(n)log %

n<lx n<lx

Bospenenne m3era-dyuknnn Pumana B k-1o0 crenens npu Res > 1 macr mam paa dupuxie

+oo
¢k(s) = ZTk(n)n_S, Res > 1,
n=1
rae Ti(n) — YUCI0 HATYDPAJBHBIX DEIIeHUH YPaBHEHUS X1 - ... - T = n. CymMmaTopHasi (DyHKIUs

K03 PUIMEHTOR ITOTO PAIA

Dy(z) =) 7i(n)

n<x

€CTh YUCJI0 TOYEK C HATYPAJbLHBIMHU KOOPIMHATAMHY II0J] THIEPOOINIeCKO HOBEPXHOCTHIO
Ty ... Tk =,

B 9aCTHOCTH, g k = 2, moa rumepboioit 1 - o = .

Bagady 06 acCHMITOTHYIECKOl OTfeHKe CyMMbI Dy () IPUHSATO HA3BIBATL Npobaemoti deaumenet
Jupuzae. Hapany c npobaemotl Taycca o wucse ueavis modex 6 kpyze, OHA SIBIIETCA UACTHBIM
caydaeM TpobeMbl O YUCIIE TeJIBIX TOYeK B HEKOTOPOU 3aMKHYTON 0bJsacTu.

Tlosnp3yscs dopmynoit [leppona, HETPYAHO MOIYyIUTH COOTHOIIEHNE

1 c1+100 . s
Dy(z) =Y mi(n) = 27”/ o) ds, e > 1
n<x Cc1—100

s k zs
[lepenocsa mpaAMYI0 WHTErPHPOBAHES BJIEBO, MBI TIepeiizem depes nomoc dynrkmmm ¢ (s)%- mopaaka
k ¢ poraerom Py (logz) B Touke s = 1, e Py — Muorousien crenenn k — 1. Takum obpasowm,

Dk(x) = Q:Pk.(log l‘) + Ak(l‘),

rae

1 c2+100 B s
Ag(x) = ¢ (s)gds, 0<cp <.

21 5 — 1700
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Kunaccuueckue Teopembr Tupuxie (1849 r., [20]) n JTanzay (1912 1., [22]) aator miis ocrarogHoro
wrena Ag(z) onenky
Ap(z) = Oz ),

rje )
A. A. Kapany6a (1971 r., [5]) gokaszadst, aT0
c

nosyuus, kpome Toro (1972 r., [6]), onenky Ag(x), paromephyto o Bcem 2 < z < log z. (Passep-
HYTYIO HCTODHIO BOIIPOCA CM., HAIpuUMep, B [3].)
B pabore TMaunresneesoit (Jesa) E. 1. (1988 r., [10]) 6buia nosyuena onenka

<l———==,k>2
R T S TE R
paBHOMepHas 10 BceM 2 < k < log x.
B crarse [3] E. 1. [le3a u E. 1. BapyxuHoii yganiock yjiydiiuTh 3Ha4€Hne KOHCTAHThI C B [IOKa-

_.—2/3
3arese ocTaToqHOro uiena O(xl=¢F 7 +e)

HOJIyYUB BEJIUUUHY C = %
Awnanornuneie pesynbrarel (yaydmatomue [12]) MOryT GbITh MOIyYeHbI W JJist CPEHUX 3HAUE-
HU JBYX ApyTUX apudmerndeckux (QyHKIUM, Mo00HbIX (DYHKIHEN geanTeseit. MenHo, B gaH-

HOIl CTaThe MBI JOKA3BIBAEM JBE TEOPEMBI, MAIONINE ACUMITOTHYECKHEe (hOPMYJbl mid (DyHKITUI

anac Tky (n) Tt Thy (TL) n anx Tk(nZ)'

TEOPEMA 2. (Ctp. 69) Hmeem mecmo gopmyaa

acumnroTHdeckoit bopmysst mig Dy(x) =Y - Te(n),

Z Ty () - oo - Ty (n) = 2Py (log ) + gt 1sm (Clogz)™,

n<x

2del>1,ki,....k; >2, m=ki-...- ki, Py, — mnozounsen cmenenu m— 1, 0 — xomnaexchoe 4ucao,
0] <1, m < logs &, C >0 — abcostomnas nocmoannaa.

TrEOPEMA 3. (Ctp. 70) Hmeem mecmo gopmyaa

Z 7(n?) = 2P, (log x) + fal-1sm (Clogz)™,

n<x

1
2de k > 2, m = k(k; ), P, — mmnozousen cmenenu m — 1, 0 — xomnaexcruoe wucao, 0] < 1,

5
m < logs x, C' > 0 — abcoarommnas nocmosnnasa.

JlpyruM Xopormo m3BeCTHBIM npuMepoM paaoB lwpuxsie asasgiorcs L-dyuknnu Jlupuxie, mpu
Re s > 1 onpejensiemMble paBeHCTBOM

L(s,x) = 3 x(m)n~* Res > 1,
n=1

rme x — xapaktep Jupuxise mo mekoropomy moxayao D. Ilpomzsenenme weckoabkux L-dynrrmit
Hupuxie maer nmpu Res > 1 pan

Li(s,x1) - - Li(s,xx) = chn*S,Res >1,
n=1
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cymMmarpHas QyHKIUS KOIDPUAITHEHTOB KOTOPOr0 UMEET BUL

Ce(@) =Y ea= Y xa(na) - xe(me).

n<x ni-...npg<T

Bagaua 06 acumnrornyeckoii onernke dyukiyn Ck(x) siasiercs o6obmenneM npobJeMbl ejuTeseit
Jupuxsie u cBs3aHa ¢ MpoOJIeMOit JeuTesell B YUCAOBBIX TOJIAX, B YaCTHOCTH, KBAIPATUIHOM U
{-KpyTrOBOM.

Krnaccuaeckumu B 9T0# obmacTu aBsttores pesyabrarsl Jlamgay (1912 r., [22]), Koropstii mosry-
qun gnag Ck(x) acumnrormaeckyto dbopmyry

Cr(z) = Z c(n) = Ress=1 Las:x1) - L (s, xk) + O (2 T€),

S

n<x
e
<1--2  p>o (4)
« — T, = 4.

A A |

OrMeTuM, 9TO 3Ta OIEHKA ABJISIETCS YJIyUIleHneM Pe3y/ibrara
1
ap <1-— %7 k> 27

KOTODBIi citeyer u3 paborsl dupuxie [20].
A. A. Kapauy6a (1972 r., [7]) nosyuws jis oy, OLEHKY

c
akgl—w,k’ZZ, (5)
e k — (UKCUpOBaHHOE HATYPAJBHOE UUCTO, X1, ..., Xk — XapakTepbl [lupuxie mo HEKOTOPHIM
dbukcupoBaHHbIM MOIYAIM D1, ..., D, a ¢ — abcosoTHas TOCTOTHHA.
B patore Ilanreneesoii ([Jesa) E. 1. (1988 r., [10]) 6pi1a nostyuena oneHka
<1 2 k>2
BTV E7E M

pasHOMepHas 1o BeeM 2 < k < logx, mpudeMm 3/1eCh ObLTa YUTEHA BO3MOXKHOCTH HEKOTOPOTO POCTA
MoxayJett Dy, ..., Dy, IO KOTOPBIM paccMaTpUBAIOTCs XapakTeps! Jdupnxie x1, ..., Xk-

B crarwe lesa E. 1. u Bapyxunoit JI. B. [3] 66110 10Ka3aH0, 9T0 MOXKHO 3aMEHUTH KOHCTAHTY 32—1
B IIOKa3aTese OCTATOIHOrO IIeHa Ha KOHCTAHTY ¢ = %3 DT0 JAJI0 BO3MOXKHOCTD YJIVUIIATD OCTATOY-
HbIe 9JIeHbI TpobIeMbl AeanTe el B IUCA0BLIX MOIIX, KMEHHO, B KBaApaTHIHOM moje K = Q(\/T)),
rae D — 6ecksaapaTHoe uncsio, u B t-kpyrosom mone K = Q(s), rae ¢t = 1, t > 1 — marypanbroe
Tucsto ([3]).

Hosbie pesynbrars 0 nosegeaun pyrkuuu C () 1M03BOJISIOT HAM HOJIYYUTh HOBBIE ACUMIITO-

TUIecKre (DOPMYJIBI J/TsT CPeTHUX 3HAYeHUN apudMeTudecKux OyHKITH Tlf (n)=>" N(Ur-...Ug)=n 1,
T,ff (n) - ...- T,fl( (n) m 7(n?), poncreenmbix dbynxmun KeuTeseit Tk(n), B KBaIPATHIHOM TOJIE

K = Q(vD), D - 6eckpaspartoe uncio, u t-kpyrosom mose K = Q(s), ¢¢ = 1, ¢ xoncranToii

c= % B TOKa3aTeje OCTATOYHOTO WiIeHA. JTO YTOUHSET U 00001aeT pe3yabTarsl pabors! [lamre-
. s 2

neesoit (Mleza) E. 1. ([12]), rae coorsercrayiomue dbopMyibl ¢ KOHCTAHTOR ¢ = 57 B HOKasaTe.ge

OCTATOUHOTO UJI€Ha OBLIN MOy eHbl IS KIACCHIECKOT0 Caydast QyHKIuit Tk, (n)-...- Tk, (n) 1 7(n*)

B 110JIe PAIMOHAJIBHBIX YUCes, a Takyke paborsl [18], rie s ciaydas KBaJpaTUuIHOrO U KPYrOBOIO

moaei IIOJIYYE€HBI OIEHKHW OCTaTOYHOI'O YJjieHa C KOHCTaHTOI %

TEOPEMA 4. (Crp. 70)Jns xeadpamuunozo noas K = Q(vVD), D — Gecksadpammoe wucao,
uMeem mMecmo Popmya

Z Tlg(n) G T,fl((n) =xzP,,(logx) + Hxl_%mim(Clog z)?m,

n<x
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5
20el>1,ki,...k; >2 m=ki-...-k, Py, — mnozouren cmenewu m—1, m < logs x, |D| < log? z,
0 — Komnaexcroe wucso, |0] <1, C > 0 — abcosromnas nocmoasnHaa.

TEOPEMA 5. (Ctp. 73) Jlas xeadpamuurozo noss K = Q(\/E), D — becksadpamnoe wucio,
UMEET MECTNO POPMYAL

Z 78 (n?) = 2Py (logz) + ka%m_z/g(C'log x)?m,

n<x

5
2de k> 2, m= @, P, — muozounen cmenenu m—1, m < logs x, |D| < log? z, 6 — Komnaexc-

noe wucao, |0] <1, C >0 - abcomommnaa nocmoarnHaa.

TrOPEMA 6. (Ctp. 75) Jas t-wpyzoeozo nosa K = Q(s), ¢t = 1, umeem mecmo dopmyaa

Z T,ff(n) Ce T,ff(n) =zPy(logz) + Pl 15 (P (Hm) 2/ (C'log z)?Hm,

n<x

2de t > 1 — namypaavHoe wucio, t K log5/6 z,l>1,k,....kg>2 m=Fk-...- ki, Py, — mMHo20usen
5

cmenenu m — 1, m < logéz, o(t) = {x € N: x < t,(z,t) = 1}| — Pynxyusa isepa, 0 —

Komnaexcnoe wucao, |0 <1, C > 0 — abcoaromnas nocmoanna.

TEOPEMA 7. (Ctp. 77) Jas t-wpyzosozo nosa K = Q(s), ¢t = 1, umeem mecmo dopmyaa
—2/3

Z 5(n?) = 2Py (logx) + Gt~ 15 (2(t)m)

n<x

(Cloga)?m,

2de t > 1 — namypasvroe wucao, t K 10g5/6 z, k>2 m= k(k;l), P, — mnoz20usen cmenenu

m-—1,m< log% z, p(t) = {z € N:z <t/ (x,t) = 1}| — Pynxyus Iaepa, 0 — xomnaexcroe
wucao, 0] <1, C > 0 - abcoarommnas nocmosHHaA.

2. Ormenka cymMaTOpHBIX (byHKIUil paaoB /lupuxJe

B sTom pazgene mbl npesicTaBiisieM HOBYIO GOpPMYJy, CBA3BIBAIONIYIO psii dupuxiie u ero cym-
MaTopHY GyHKINI. IMEHHO, TMeeT MECTO CJeAYIONas TeOPEMA.

TEOPEMA 1. ITyemw pad f(s) = ;:g ann~* abcomommuo cxodumes npuRes > 1, a, = O(nf),

2de € > 0 — nPou3eoavHo Manoe JelCMEUMEALHOE YUCAO0, U Npu 0 — 14+ uMeem Mecmo oyeHra

(e e}
D lan|n™7 =0((e —1)7%), a > 0.
n=1
Tozda npu awbviz b>byg > 1, T >1, x =N +0,5 H > b umeem mecmo dopmysra

b+iT s
o)=Y an= 2 [ Ty

211 ’
n<ac T Jy—iT

="H z'Hlogx e Hlog —2 x
‘|‘O (1_,2([)_1)&>+O<1_,2>+O($6 c+0,5 <1+E)>
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JIOKABATEJILCTBO.
I. Toxaxxem cragasa, 910

. b
L b+iT asH s — 1+0 <7T2C|Ll§éa\> s a>1,
2mi b—1iT S(H - S) —(ZH + O (%) s O0<a<l.

1. Ilycte @ > 1. Paccmorpum xoutyp I' ¢ Bepmmuamu b &+ i1, —U + T, tne U — npowusBobHOE
JeficTBATeNFHOE uncao, bomabimee b. Torga

1 a’H a’H
27 Jp s(H — s) s €8a_05(H —5) “ ’
OTKYy/Ia
1 b+iT asH
— S P
2mi /biT s(H — s) s T

rae Iy, Iz, I3 — maTErpasol mo BepxXHelt, HUKHel U JeBoit cropornaMm KoHTypa ['. Unterpansr [1 u o
0 BepXHEN W HUXKHEH CTOpOHAM KOHTYpa ' OIeHuBaroTCd OQUHAKOBO:

1 b o H b
|11|=\12!§/ ¢ dUSQ/ a’do =
2 )y o2 +T%-\/(H—0)2+T? T° )y

b H(a’ —a™Y) a’H

Ha?
— J— < .
T2loga — T?|logal

- Tloga

Jlist marerpasia I3 mo neBoii cropone kouTypa ' mMmeer MecTo oreHka

1 T aVH a VH T 2Ta~ U
[I3] < — dt < dt < .
21 ) VU2 + 82 /(H+U)? +¢2 (H+U)U J-r U
CL_U

Tak kak g a > 1 npu U — +00 umeer mecto cootHomenne “— — 0, 10

1 b+iT SH bH
— 2T gs=1 + 0 ).
2 Jy_ir S(H — 8) T2|log al

2. [Iycts 0 < a < 1. Paccmorpum koutyp I ¢ Beprmuaamvu b+¢1", U +4T, tne U — npou3BobHOE
JeficTrBuTeNBFHOE uncao, bombimee H. Torma

1 a*H a*H . (s—H)a*H _y
27 Jp s(H — s) s 6SS_HS(H —5) s B s(H — s) @
OTKY/Ia
1 b+iT asH
— —— ds=a -1, - LTI
2mi /biT s(H — s) = L2

rae Iy, 1o, I3 — nHOTErpaJsbl o BepxHell, HUKHell W JeBoit cTopoHaMm KOoHTypa I';, cooTBeTcTBeHHO.
WNarerpans: I; u I no BepxHeil n HUXKHEH CTOPOHAM KOHTYPa ' OIeHMBAIOTCA OJMHAKOBO:

1 u a®H u
L =|I §/ dag/ a’do =

_ H(a®—dY) a’H
T?|logal — T2?|logal
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Jlist marerpasia Is mo eBoii cropone konTypa ' mMeer MecTo oreHka

1 [T aVH a"H T 2TaV H
[I3] < dt<—" | dqr< -
2 ) VIR 2 J(U—H?+ £ UU-H) /) -r UU - H)

Tax xak g1 0 < a < 1 mpu U — +00 uMeer MecTo COOTHOIIEHUE U — 0, To

1 b-+iT SH bH
— 0 ds=a T+ 0 ().
27 Jy_ir S(H — s) T2|1og al

IL. Pag f(s) abcomoTHOo m paBHOMEDPHO cxoauTcs npu s = b + it. Torma

1 b+iT o5 H 1 b+iT [ +o0 oSH
L () s = I e
271 Syt s(H — s) 2mi Jyir \ i s(H — s)
+oo b+iT  (T)\s z\b
1 (3)°H (7)'H
= n| &5 - TN n 1
S (o L i) = (10 () )
x\H (2)°H
+Zan <_ (g) + 0 (W)) = Zan+R1+R2,
n>x n n<x
e
VYH x\H
Z%(ﬁmy\R%’;%&)'
pyruMu ciioBaMu,
1 b+iT oS H
d(z) = y = — ——— ds — R; — Rs.
(z) Za 270 Syt /() s(H — s) s ! 2

1. Ouennm cyMMy Ry. llycres Ry = R1 + Rl, rae Rl COZIEPIKUT Cllaraembie, st KoTopbix - < 0,5
x
n
|log 7| > 2, u, ¢ ygeroM omeHKn Z:{i’i ann "% = O((b — 1)™%), MBI HOIyUaEM, UTO

/ fEbH
&:O<ﬂw—nﬁ'

Yemosue 0,5 < 7 < 2 paBHOCHIBHO yCI0BUIO 5 < n < 2T, TO €CTh

WIN % > 2, a R1 comepKUT caaraemeie ¢ 0,5 < < 2. Torma misa R1 BBITIOJTHAETCS OITeHKA

" b
Rl - O E ‘Qn ‘nfb xif
n

Eciun = N, To

g _1og N0 (L 1 L 1o
og— =log——— = — ===t ... == > —.
En T % TN oN ] T 2N T 8N? “ON 8NZ <14

Ecrun =N —1, 10

x N405 0 15 L5 2,25 1
T8 - N-1) N_1 2N_12 " " =aN
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Ectun =N +1, 1o

N+0,5 0,5
‘logx’:'lo +‘ ‘1 g( )‘
n

N+1 N +1
| o5 02 | 05 025 1
T N+1 o 2(N+1)2 S N+1 2(N+1)2 T4

Torna, ¢ yuerom oneHku a, = O(n®), Mbl MOIyYaeM, 49To

b € 1+e
W\ 2H \ _(2*HN\  [(z't°H
O\, 2 ) g -o( ) =o(*5)-

N—-1<n<N+1

Tax kak npu 5 <n < N —1umnpu N +1 <n < 2x umMeeT MeCTO OIEHKa

‘log—‘ + Z llog—’ O(xzlogz),

7<n<a:7— T+35 L en<2z

" 2 Hlog x

2. Onennm cymmy Ro. C yuerom onenku a, = O(nf) noayaum, 4ro

H =
=0 |an| z ) =0 (;UH nHJrE) =
() o X,
+o00o
< ( (N +1) H+€+/ u‘H+5du>> =
N41

( (N+1 J~H+e 4 (N+1)‘H+5“>> _

H—-—e-1

N+1
(N+1)(14+——— || =
1 <+H—5—1>>

5> - <1+;;>) o (et 14 3).

TO

0((“%

/ 1 bH 1+€H1 og —Z Zz
By R4 Ry =0 (it ) + 0 (T g0 ) 0 (e s i)

Takum obpazowm,

b—1 T2

OTKY/Ia CJEJYET YTBEPKJIeHUE TeopeMbl. O

3. Cpemnane 3HaveHnsa PyHKINI, POACTBEHHBIX (DYHKIIUN JeInTeseii

B sToM paszgene Mbl mpexkje BCEro TMPEACTABIAEM JIBE TEOPEMBI, JAMONINE aCUMITOTHIECKUE
i 2
bopmyner st byrkmit Yo, o) Tk (0) <o TR (R) WY, o TR(PT).

TEOPEMA 2. Hmeem mecmo dopmynra

Z Tk () - oo - Ty (n) = Py (log ) + fal-13m (Clogx)™

n<x

2del>1,k1,...kk>2 m=ky-.. -k, Pp — muozouaen cmenenu m — 1, 0 — xomniexcroe 4ucao,
5
0] <1, m < logs x, C >0 — abcomommuas nocmosrHas.
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JOKABATEJBCTBO. Jloka3areabcTBO TEOPEMBbl 2 MOXKET ObITh MOJTyYIEHO TI0 CXeMe, TTPUBEICH-
HOiT B [12], ¢ ucmosib30BaHIEM HOBBIX PE3YJIbTATOB 00 OleHKe M3eTa-byHKIMH PrMana B KpuTute-
cKoii tosioce, nostyaenHoii B [3]. IloapobHoe u3soxkenne ykazaHHON CXeMbl B HECKOJIbKO GoJiee 0b1em
caydae Mbl IPUBOJIUM HUKE IIPHU JI0KA3aTe hCTBe TeopeMbl 4. O

TEOPEMA 3. Hmeem mecmo dopmyaa

Z 74(n?) = Py, (log ) + fal-1sm (Clogz)™,

n<x

k(k+1
2de k > 2, m = (; ), P, — mnozousen cmenenu m — 1, 0 — xomnaexchoe wucao, 0] < 1,

5
m < logs x, C' > 0 — abcoaromnan nocmoaHHaa.

JOKA3ATEJILCTBO. [lokazaTesbCcTBO TEOPEMbBI 3 MOXKET OBITH MOJIYYEHO TI0 CXEME, TPUBE/IEH-
HOM B [12], C MCIIOJIb30BAHNEM HOBBIX PE3y/abTaTOB 00 orenke m3era-dyakiuu Pumana B Kpurude-
cKoii mostoce, moaydennoii B [3]. [logpobroe nsnoxkeHne yKazaHHON! CXeMbI B HECKOJIBKO GoJtee obIem
cJiydae Mbl ITPUBOJIMM HUYKE TIPU JIOKA3ATEIbCTBE TeopeMbl 5. O

Anasormunbie pe3ysIbTATBl MOTYT OBITH TOJIYYEeHBI IS COOTBETCTBYIOMMX aprdMeTHIeCKIX
dbyHRIAE B 9MCIOBBIX MOJAX. B Teopemax 4 m 5 JAHHOTO pasjesia Mbl IOJYIMM HOBBIE aCHMII-
o K K K(,2
ToTHaeckne GopMynbl A5 AByX apudmermiecknx gynkmmit 7 (n) - ... 7 (n) 1 7t (n%), poacrsen-
v K _ —
HEIX QyHKIME genuresnei 7; (n) = ZN(Ul-...-Uk):n 1, B kBajgparuuaom none K = Q(vD), D —
HeckBaIipaTHOE YUCIO.

TEOPEMA 4. Jlaa weadpamuunozo noas K = Q(VD), D — 6Gecksadpammnoe wucao, umeem
mecmo dopmyaa

Z T,ﬁ(n) cae T,fl((n) =zP,(logz) + 0:61_%9’"_2/3(0105; x)Qm,

n<x

20el>1,ki,...,ky>2, m=ki-.. -k, P — mnozousen cmenenu m—1, m < logs z, |D| < log? z,
0 — xKomnaexcroe wucao, |0] < 1, C' > 0 — abcosrommuan nocmosrnHas.

HJOKA3ATEJNBLCTBO. 1. zera-dynkuus Hdenekunna ksagparuanoro noias K = Q(v D) umeer
BUJT

Cr(s) = C(s)L(s, x),
rme X — HervaBHBbIH xapakTep mo mogyaw |D|. Torma mpu Res > 1 aist HATYpaabHOTO YHC/IA

m =ky - ... - kj uMeeT MeCTO PaBeHCTBO

m m m - 1 S TWIf(n)
R(s) =ML (s ) =Y — > 1=y
n=1

n
n=1 N(U;-...Un)=n

Paccmorpum dyukmuio @, (s), mpu Re s > 1 3amaBaeMyto paBeHCTBOM
Op(s) = [J(1+ a1p™ + a2p ™ + ... + am_1p~ ™ 7D9),
P

IJIe MPOU3BEACHIE B3SITO IO BCEM IMPOCTLIM YHCIaM, a KodddpunmenTso! a,, v = 1,...,m — 1, ompe-
IesigaoTed 1o hopMysie

. <k oA 1) (’fﬁ;_—;— 1> ()

A=1
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[Tpu srom a1 = 0. Orcroma cieayer, 910

CR(5)Pm(s) = [J(1 + 7 (D)0 ™" + 7 0°)p ™ + ..)-

(It ap™® +agp > + o+ amap ") = [JA+0ip™" + bap ™ + ),
p
g @) FTa (0 e+t (P)aio +ai, i <m -1,
’ K + K5 Vay + ... + K@ Va1, i>m — 1.

[Tonp3ysach TOXKIeCTBOM

mim, kE+mp—1 kE+m, —1
(P ..pp) =

mi my
U OIPEIETCHACM BEJIMYHH @y, MOIYIAM COOTHONICHHE
b; = T,ff(pi) c T,fl((pi).
Taxum obpaszom,
R Pm(s) = [JO+7E®) - 7 ™ + 7 (D) - oo T (07D + ),
P

orkyzna npu Res > 1 mosyguaem paBeHCTBO

oo K (Y. K (n
() Pm(s) = 3 b ()7 ()

n=1

ns
Cyvmarophas dyHKIUs KOIPDUITUEHTOB 3TOr0 PAa UMEET BU/T

DE() =) "mi(n) .- 7 (n).

n<x

II. B xoze jo0Ka3aTe/bCTBa HAM HOTpebyerca oneHuTh cepxy semmunny |DE (€)]. Urober nc-
LOJIb30BATh JIJIsi 9TOI0 U3BECTHYIO JiemMmy Mapzkanumsuin (9], ucnosssyem Hepasencrso ([12])

Ty () oo Ty (1) < Ty ().

BOCHOJ_[]:)3OBaBH_H/ICb JAHHBIM HEPaBEHCTBOM U JIEMMOM MapAKaHI/IH_[BI/IJH/I, MbI IIOJIYYUM TEIIEPb
K :
aist | Dys (€)] caeayroryio oneHKy:

log & +2m — 1)2m—1
(2m —1)!

0< [DEE <D 7am(n) < f(

n<g

I11. /I uccnemosanns cymMmaTopHoii dbyakmm DE () MBI MorKeM TpEMEHNTH HHTErpaabHyio
dopmyny A. A. Kapamy6er. Bosemem

F(s) = (R (5)Pm(s) = (" ()L™ (8, X)Prn(s),
an =1 (n) ... T,fl{(n),

A =D =D _tEm) ... 7 (n),

<
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b= 1+(log;1:)_1, e2<T<uz

Torna

T L [PHT () L5, ) ()
/1 A(&)dE = 2 Jy s(s + 1) ds + R(x),

oo (¢ s 1
Ry <0 ([ gl 2 (T o (| s 14c0)) ) )

Kak 6n1710 jokazano B myakte 11,

e

(log & +2m — 1)2m—1
(2m —1)! ’

+oo
B(b) = /1 A0 g¢ < (410820,

§b+1

|A(§)| = DR (& < ¢

IO3TOMY

OTYyJa CJAEIYET, UTO

[\

[R(2)| < Z(Cloga)™™.

Base n=1— ((2(1 +¢&)am) %3, a = 15,24, T = 2'~", paccmorpum mHTErpa
/Cm Lm 8 X) ( )x8+1d
s
T omi +1)

o kouTypy I' ¢ Bepmmuamu b + i1, n +¢T. Ilo Teopeme Kormn,

¢™(s) L™ (5, X) P ()t
s(s+1)

I = Resg—1

Oyuxius Dy, (s) aasiercs perynspuoii npu Res > 0,5, u B OKpecTHOCTH TOYKHU § = 1 MMeeT MecTo

pasJjioxkeHue
"

m(1)
21
Awnamormano Bezer cebst u dbyHKIus L(S, x), HOCKOIBKY XapaKTep X He sIBJIsIeTCs MIaBHBIM. Kpome
TOTO,

Bn(s) = (1) + &, (1)(s — 1) 4 2mB g 2y

((s) = S_%+70+71(s—1)+vz<s—1>2+....

Haxomner,
2

2+l = <1+ lofx( —1)+1°§'”3(s—1)2+...),

(s+1)' =boz+bra(s — 1)+ ...

Orcrona cieayer, 410
I = 2P, (logx).

CrenoBarenbHo,

b+iT rm m s+1
i C (S)L (S,X)‘I)m(S)l' dS:I—[l _1'2_[37
271'2 b—iT S(S -+ 1)
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rae Iy, 1o m I3 — waTerpasibl 1o BepxHeli, HuXkHEH u geBoit croponam koutypa ['. Mcnonb3ys onenky
m3era-byskun PruMana B KPUTHUIECKOi T0JI0Ce, TOKAa3aHHYIO B [3|, W aHAJOTWIHYIO OlEHKY L-
dbyukiuii Jlupuxsie u3 TO# Ke CTaThU, MBI IIOIY9aEM, YTO UHTErPAJIBI 110 BEPXHEN, HUKHEN 1 J1eBOit
croporam KouTypa I’ onenmsarorcs pemmamnoit 2711 (Clog )%™ -

max{|I1],|L], |I3]} = 0z'T"(Clog z)*™.
Orcrona ciieyer paBeHCTBO

1 b+iT gm(S)Lm(S’ X)‘I)m(s)$s+l
2mi /b—z'T s(s+1)

ds = 2* P, (logz) + 0z T1(Clog z)*™.
Taxkum 06pazsoM, MBI TIOJIydaeM, ITO

/ ’ A(€)de = 2* P, (log ) + 02 T1(Clog z)*™.
1

141
Bosbmem h = 272 . Tax kak dbynknus A(§) MOHOTOHHO He yOBIBaeT, TO

T z+h
w7 [ A <A@ <1 [ A

C apyroit cToponsl, ucnosb3ys onenky A(§) n dopmyny KoHedHbIX Tpupariennit Jlarpamka, momy-
UM

-1 eth 1+n k
h A(y)dy = zP(logx) + 601272 (Clogx)”.
Ananormgno,
h1 / A(y)dy = 2P, (logz) + ng#(Clog z)k,
z—h
Torna

147

A(z) = 2Py (logx) + Oz 2 (Clogx)®™.
[Tpu 3aganHOM 1) UMeeM
1+n 1 —2/3
L S
2 221+ )P

rae a = 15,24 — korcranTa u3 onenku ((s) B Kpuruueckoii mosoce. IlockoapKy

1
0,5(2(1 +€)15,24)~ %% > 15
TO
1+n L 93

LI R
5 St ™M

M MBI TIOJTyIaeM (hOpMYTy
ST n) - 7 (n) = 2Py (logx) + 215" (Clog )™,
n<x
Teopema nmokazana. O
TEOPEMA 5. /Jlaa keadpamuunozo noas K = Q(vV D), D — 6ecksadpammoe wucro, umeem,
MECTO POPMYAG

Z 78 (n?) = 2Py (logz) + lefﬁm_Q/s(Clog x)?m,

n<x

5
ede k > 2, m = k(k;l), P, — mmozowaen cmenenu m — 1, m < logs z, |D| < log®z, 6 —
Komnaercroe wucao, 0] <1, C' > 0 — abcosromuas nocmosrnHas.
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JTOKABATEJNLCTBO. 1. /Izera-dynkuua Tenekuna ksaaparuanoro noas K = Q(v D) umeer
BUJL

Cr(s) = C(s)L(s, x),

rae X — HersaHbli xapakrep 1mo moaysato |D|. Torga npu Res > 1 jys HaTypaabHOTO uuc/ia

_ @ CTIpaBeJINBO PABEHCTBO
00 x© K
1 T (n
Cx (s) =¢"(s)L™(s,x) = s Z 1= Z mns )
n=1" N(Uj-...-Upn)=n n=1

ITpm Re s > 1 paccmorpum psan JIupuxie

“+00
S Al =[A+ @) + 7 + ).
n=1 p

Tax xax 74(p?) = k(k;l), u ipr Re s > 1 umeeT MeCTO paBeHCTBO

5 = [T+ ey ),
p

a dynrxua L(s, x) peryaspra B nomymiockoctu Res > 0,5, o

+oo
ZT,?(n%niS =("(s)L™ (s, x)®(s),Res > 1,
n=1

rae ®(s) — perynapuag B momymnockoctu Res > 0,5 dynknus. Cymmaropuas dbyHKIUS 3TOr0
psja IMeeT BUJ
K K/ 2
n<x
I1. B xoze jokazaTenbcrTBa HaM morpebyercs ornenntsh cepxy seqmunny | DX (€)]. Tns sroro
UCIOIBb3YeM JIOKazaHHoe B [12] HepaBeHCTBO

7 (n?) < Troen (0).
2

Bocromszosasnmich gemMoit Mapmkanumsmans [9], Mbr nomy«my Tereps aia |DE (€)] cnemyronmyio
OTIEHKY:
log & +2m — 1)2m—1

(2m —1)!

0< DE©)] <Y ram(n) < €

n<g

II1. [duist ucciieoBanust CyMMaTOPHON (DyHKITHI Df,f(x) BHOBDL IIPHMEHNM MHTErPAJILHYIO (POp-
myay A. A. Kapary6s1, B3sB

F(s) = ¢"(s)L™(s,0)®(s), an =7 (n?), A(€) = D (&) =) _7i (n®),

z<g

b=1+ (logz)~!, €2 < T < 2. Torxa, meficTByd MO CTAHAAPTHON CXeMe, MBI TIOJIYTHM PABEHCTBO

T

A(€)de = 2* P, (log ) + 02 T7(Clog z)*™.

—
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147
BssiB h =2 2 1 IPHMEHsIsl METOJ| ACHMITOTHIECKOro AU epeHIMpOBAHHST, MBI 10Ty UM ACHMII-
TOTUYIECKYIO (DOPMYITY
14
A(z) = 2Py (log ) + b2 2 (Clog z)*™

qTO TIPU 33JlaHHBIX TTapaMeTpax JaeT YTBepxKaeHune TeopeMbl. Teopema JoKazaHa.

B cnemyomux mIByX Teopemax JAaHHOTO pasiega Mbl IMOJYIUM HOBBIE ACHMOTOTHIECKHE (hOp-
MyJIbI A1 AByX apudmMernaeckux (PyHKIIiA Tﬁ (n)-..- T]fl( (n) u 7 (n?), porcteenmbix dyrKIIM
nemmreneit 75 (n), B t-xpyrosom moe K = Q(s), ¢t = 1.

TEOPEMA 6. Jlaa t-kpyeosozo noas K = Q(c), ¢t = 1, umeem mecmo dopmyaa

S () - T (n) = 2Py (log ) + 62t FOM T (O log )P Om

n<x

2de t > 1 — namypaavHoe wucro, t K log“r’/6 z,l>1,k,....ki>2 m=Fk-...- -k, Py, — mMHo20usen
5

cmenenu m — 1, m < logsz, p(t) = [{z € N : z < t, (x,t) = 1} - Ppynxyus isepa, 0 —

Komnaexcroe wucao, [0) <1, C >0 — abcoaromnas noCmMOAHHAA.

JOKA3ATEJILCTBO. Hzera-dyukiusa legeknnaa t-KpyroBoro mojs uMeeT B

Cr(s) = C(8)La(s,X2) - Loy (8, X))

IJe X5, ... X;(t) — HerJIaBHBIe XapaKTepsl M0 Moy tsaM da(dalt), ..., dy)(dpe[t)-
Torya npu Res > 1 st HarypaabHoro wucia m = kp - ... - kj ClipaBeJIJIMBO PaBEHCTBO

00 1 o0 K
CR(s) = CM (LB (5, x3) o Ly (5 X = 2 s 2 1=3""
n=1

n=1 NU;-...Un)=n

[Toab3yach co00pazkeHuaAME, TOAPOOHO PACCMOTPEHHLIMH BBIIIE, U YIUTHIBas, 9T0 L-pynkumnu -

puxJie, BO3HUKAIOMME B pecTaBiennn a3era-dyaknnn Jlegeknnia t-Kpyrogoro moJis, ectb pyHK-
o 00 K —s

MK C HEIVIABHBIMU XapaKTePaMH, Mbl MOXKEM IIEPEHTH OT pala y -~ 4 Ty (n)n~° K HyKHOMY HaM

psty Yo% Ty Km)- ... T,fl((n)nfs, UCIIOJIb30BaB BerioMoraresbuyo GyHkinuo P, (s). Umenno, npn

Re s > 1 nmeer MecTo paBeHCTBO

XK ). T,f{(n)

S ) ()@ (s),

nS

n=1

e O,,(s) — peryasipras B mosymiaockoct Res > 0,5 dbyukima. Cymmaroprast byHKINA K03bh-
PUNMEHTOB YTOTO Psjia UMEeT BUJL

n<x

II. B xoze J0Ka3aTe hLCTBA HAM TIOTPebyeTcs OmeHuTh cepxy Bemanmy |DE (€)|. Tlockomnky,
Kak OBLJIO JIOKA3aHO paHee,

Ty () + oo - Ty () < Thoyy (1),

TO, BOCHOJIB30BABIINCEH JJeMMol Map/IKauuImBUIN, MBI TOTYIUM IS \ng (&)| caemyonyio oleHKy:

(log & + p(t)ym — 1)#Om 1
(p(t)m —1)! ‘

0<|DE©I<¢
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II1. /T mccmemoBanust CyMMaTOPHOM PyHKITHN Dg(a:) MBI MOXKEM TTPUMEHUTH JjiemMy 1. Bo3b-

MeM
F(5) = CR(8)Bon(5) = C(5)LE (5, X5) - -+ L% (5 X)) Bo(5),
an = T,f(n) S T,fl((n),
A©) =D () =Y it (n) . i (),
<
b=1+(logz)™!, & <T <.
Torna ©
_pK (log € + p(t)m — 1)#trmt
4] = IDi(e) < LBEEAm = LT
TO9TOMY

B(b) = /1+OO 2 e < (a10g ),

0Ty CJAEIYET, UTO

Base n=1— (((1+¢e)ale(t)m))~2/3, a = 15,24, T = 2", paccmorpum naTErpan

I 1 Cm(S)Lgn(&X;) T Lgl(t)(sa X;(t))q)m(s)xs+l

= ds
27 Jr s(s+1)

no kourypy I' ¢ Beprmnamu b+ 4T, n £+ ¢T. Herpyano nokaszars ([12]), aro

I =2°P,(logx).

CaegoBare/ibHoO,
) bHT (M (SIS (5, X5) - . - L:?(t)(s’ XZ;(t))(I)m(S):US+1d [T —T —1
o o 3(3 + 1) s = 1 2 3

rae Iy, Is w I3 — mHTErpasnol Mo BepxHelt, HuKHell u JeBoit cropornaM KoHTypa I'. cnmonp3yda onenky
nzera~-dpyHKmun PuMana B KpuTudeckoil moJioce, J0Ka3aHHyto B Teopeme [3], 1 aHATOTHYHYIO OlleH-
Ky L-dbyuxnmii Jdupuxie, Mbl TOJIydaeM, 9T0 WHTErPaJbl II0 BepXHe, HUKHEH U JeBOi CTOpOHAM
kouTypa I' onennparorcs semmannoit 217! (C log 2)#™

max{| 1], | Lo, |Is|} = 02" *7(C log )#)™.

Taxum 06paz3omM, MBI TOTyYIAEM, ITO
T — p— —
/ A(&)de = 2°P,, (log ) + 021 (Clog ) # ™.
1
Bass h=a2 % n TOJIB3Y$ICH CTAHIAPTHBIMA PACCYXKICHUIMU, TTOTYIUM PABEHCTBO

[Ipm 3amanHOM 7) UMEeM
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rje a = 15,24 — koncranta u3 onenku ((s) B Kpurudeckoii nosoce. ITockosbky

1
0,5((1 4 ¢)15,24)" %/ > —|
13
TO 1 i 1
n L 2/3
5 <1-3let)m)

U MBI TIOJTy9aeM popMyJTy

> )1 (n) = Py (logx) + O’ 5 (C'log z)#Om

n<x
Teopema jokazana. O

TEOPEMA 7. Jlaa t-kpyeocozo noas K = Q(c), ¢t = 1, umeem mecmo dopmyaa

Z Tlf(nQ) = zPp(logz) + le_%(‘P(t) m)~2/3 (C'log x)tp(t)m

n<zx

(k+l) P,

2det > 1 — namypasvroe wucso, t < log 565 k> 2, — MHO20MAEH cmeneru M — 1,

m < log6 z, o(t) = {z € N:z <t (z,t) = 1} - dﬁymmu;z dtisepa, 0 — KomnAEKCHOE YUCAO,
0] <1, C >0 — abcoatomnas NOCMOAHHAA.

JIOKABATENBLCTBO. Kak 6p110 mokazano panee, n3era-dyuxiua Jlegexknma t-KpyroBoro mois
UMeeT BUJL

CK(S) = C(S)L2(S>X§) T Lga(t) (&X;(t))a

TIE Xy ey X:;(t) ~ HerJaBHble XapakTeps! 0 Mogysiam do(dzlt), ..., dy (dy)lt)-
T _ k(k+1)
oryia mpu Res > 1 jy1s HATYPaIbHOIO YUC/IA, M = ——5— CIPABEJIINBO PABEHCTBO

m m m * .- 1 S T”I'f(n)
CR(s) = CMO)LE (5,X5) oo L (5 Xo = D 5 >, 1=,
n=1

n=1 N(U1-...~Um):n

Vaursipag, 9o L-pyaxknun upuxie, BOSHUKAOIME B TpeacTaBieann a3eta-pyukiun Jlenexknn-
1a t-KpyroBoro IoJjisl, €CTh (DYHKIINK C HEIVIABHBIMH XapaKTepaMH, Mbl MOXKEM IIePEeHTH OT PAIa,

S B (n)n™ k myxnomy nam psay Yo% 7 (n?)n s, ucnonnzosas senomoraresbuyio byHk-

o P(s). Vmenno, nmpu Re s > 1 umeer MecTo paBeHCTBO

+oo K (n)

> = GR(9)D(s),

n=1

e O(s) — perymspras B nosymiockoctr Re s > 0,5 dyuknus. Cymvaroprast dyuknus kodhdu-
OUEeHTOB 3TOI'0 PAlda UMeeT BU/
K, 2
= Z T (n7).

n<x

K (¢
I1. B xozne nokaszarennpcrTBa HaM HMOTpedyercs oreHka csepxy Besaudaunsl | D, (€)]:

(log & + p(t)m — 1)#Om 1
(p(t)m —1)! ’

II1. /Tna uccmemoBanust CyMMaTOPHON dyHKITHN Dnlg(m) MBI MOXKEM TTPUMEHUTH jiemMy 1. Bo3b-
MeM

0<[DE©I<¢

F(s) = (R (s)®(s) = (" (s)L3"(8,X3) + -+ L) (85 X)) P (5),
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Torna

1 bHiT Cm(s) En(s’ X;) o Lgb(t)(s7 X;’;(t))q)(s)xSJrl

/1 A(§)ds = 2 Jy S5+ 1) ds + R(z),

e

400 A xb-i—l ooz
R(x)§0</1 |£b(f1)|dgT+2b< ;g +logT< max |A(§)|>>>.

0,52<E<1,52

Base = 1—(((14+€)ale(t)m))~2/3,a = 15,24, T = '~ u ucmonp3ys crangapTHBIE PACCY K ICHMS,
MBI TIOJTyIUM DABEHCTBO

/ A(€)dg = 2" Pp(log ) + ' (T log z) ™.
1

Lt
Bzgs h = ™2 u mpumMenad MeTOn aCHMITOTUYIECKOTO MU QEPEHITNPOBAHNS, MBI IOy IUM, 9TO

1+n
2

A(z) = xPp(logz) + 2272 (Clog x)g&(t)m’

qTO TIPU 33JIaHHBIX TTapaMeTpax JaeT yTBepxKaeHmne TeopeMbl. Teopema mokazana. O

4. 3aKJII0YeHue

[TosrydeHnble pe3yabTaThl HAXOASIT CBOM MPUMEHEHHs] B PA3JUYIHBIX BOIPOCAX aHATUTHIECKON
Teopun dncesn. Tak, moib3ydach odbmmumu POPMyIaMu, MOYXKHO TOJTYIUTH COOTBETCTBYIOIIUE DE3YTh-
TaTel st Kosblia G = Z[i| nensix aucen laycca: Z[i] = {a = a + bila,b € Z}. Apudmernyeckas
dbyurmua T]?(n) = ZN(QI.._'.%):nl, al, ..., € Z[il,n € N, naer KoJu4ecTBo HpejiCcTaBjeHui
HATYypaIbHOrO YHMCIa N KaK HOPMbI npoussegenus k uucen Iaycca. IToCKONBKY JJIsl TIEJIOT0 HOJIO-
AKHUTeILHOT0 uncia m ero Hopma N (m) eruucisercs no dopmyie N(m) = m?2, 1o dynxmusa 7 (n)
apjsiercs obobmennem yHkuuu geaureneii 7 (n). Takum o6pasom, JOKa3aHHBIE BBIIIE TEOPEMBI
MOryT ObITh MCHOJIB30BAHBI 1IPU HOJIYYEHUM ACUMITOTHYECKUX (DOPMYJI /sl CPEJIHUX 3HAYeHMit
dyHRIIMM geauTestei TkG (n), paBHO Kak W A5t ABYX apudmerndeckux QyHKIHi Tg (n)-..- Tg(n)
u 7 (n?), poncreennbix Gynkuu Aenmreneii T (n), B Kombue neasx ancen Laycca (e [13]).

C npyroit cToponbl, 66110 GBI MHTEPECHO PACCMOTPETH KOHKPETHbIE 331491 HA IIPUMEHEHUE T10-

JydeHHO# B paszzesne 2 dopmyssl, pogcreentoii dpopmyse [leppona (cm. [14]).
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AuHOTanua

B pesysbrare muOrosleraux ucciegoBanuit B rapmonundeckom anasiude @ypobe ObL1 BbIIeIeH
KJIACC JIMHEWHBIX WHTErPAJIBHBIX OmneparopoB KambaepoHa—3urMyH1a, OTPAHUYEHHBIX B MPO-
crpauctBax LP ma R? ¢ mepoit JleGera mpu 1 < p < oo. B. MakenxayToM ObLIM HaiiIeHbI
yCIIOBUS HA BEC, HEOOXOIUMBbIE W JOCTATOYHBIE JJI OTPAHMIEHHOCTH OmeparopoB Kasbaepona—
Burmynza B npocrpancrsax LP ¢ oguum Becom. OHu reneps u3BecTHbl Kak Ap-ycrous Maken-
xayra. [.X. Xapau u JIx.J. Jlutnsyzom (d = 1) u C.JI. CobosesbiM (d > 1) 6bLna JoKazaHa
%). B. Ma-
kenxayT u P.JI. Bunen namu A, ,-ycioBue Ha Bec 1711 OfHOBecOBOH (LP, L7)-0rpaHHueHHOCTH
norenmuasia Pucca. Baxkubim 00o0mmennem morentnaia Prucca cran morennuan Jlarnkas—Pucca,
onpenenennbiit C. Tanraseny u FO. Iy B eBrimmoBom mpocrpancree ¢ mepoit Jdankis. s
norenupana Jdankns—Pucca namu Obuta pokazana (LP, L7)-orpaHuYeHHOCTb C JBYMs DaJiu-
aTHHBIMIA KYCOTHO-CTETIEHHLIMI BecaMn. B macrosmeit pabore Mb1 ompenensem A, w Ap .-
ycaosus Makenxayta, j71s BecoB B R? ¢ mepoit JIaHK/IS 1 BBISCHSEM, KOTJIA OHU BBITOTHAIOTCS
JIJIS KyCOYHO-CTEIIEHHbIX BECOB. 110/IyueHHbIe PE3y/IbTaThl MOKA3bIBAIOT, YTO ycaoBus (LP, L7)-
orpanumdeHHoctu moreHnmasta Jlankisg-Pucca ¢ ofHIM KyCOYHO-CTEITEHHBIM BECOM MOTYT ObITh
OXapaKTEPU30BaHbL C IOMOIIBIO Ap o-yCia0BHud. JTO HO3BOJIAET LIPEIOIOKUTD, YTO YCJIOBHUA
(LP?, L?)-orpannuennoctn norennuana JJaakias—Pucca ¢ OZHAM IPOM3BOJIBHBIM BECOM MOTYT
TaK>e OBITH 3aIMCAHBI C TTOMOIIBIO A, ;-YCIOBHS.

(LP, L9)-orpanunvennoctsb norenmaia Pucca I, npu 1 < p < ¢ < 00, a = d(% -

Karoueevie caosa: BecoBasi GyHKIust, yciaoBus MakeHnxayTa, KyCOUHO-CTEIIEHHOH BeC, Mepa
Hankms, morernnuan Janknga—Pucca.
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Abstract

As a result of many years of research in the Fourier harmonic analysis, a class of linear
integral Calderon-Sigmund operators was defined that are bounded in the spaces LP on R?
with the Lebesgue measure for 1 < p < oco. B. Muckenhoupt found conditions on weight that
are necessary and sufficient for the boundedness of the Calderon-Zygmund operators in LP-
spaces with one weight. They are now known as the Muckenhoupt Ap-conditions. G.H. Hardy
and J.E. Littlewood (d = 1) and S.L. Sobolev (d > 1) proved (LP, L9)-boundedness of the Riesz
potential I 4ipne for 1 < p < ¢ < 00, o = d(% — %) B. Muckenhoupt and R.L. Wheeden
found A, ,-weight condition for one weight (LP, L?)-boundedness of the Riesz potential. An
important generalization of the Riesz potential has become the Dunkl-Riesz potential defined
by S. Thangavelu and Yu. Xu in Euclidean space with the Dunkl measure. For the Dunkl-
Riesz potential, we proved (LP, L?)-boundedness with two radial piecewise-power weights. In
this paper, we define the Muckenhoupt A4, and A, ;-conditions for weights in Euclidean space
with the Dunkl measure and find out when they are satisfied for piecewise-power weights. The
obtained results show that the conditions of (L?, L?)-boundedness of the Dunkl-Riesz potential
with one piecewise-power weight can be characterized using the A, ,-condition. This suggests
that the conditions of (L?, L9)-boundedness of the Dunkl-Riesz potential with one arbitrary
weight can also be written using the A, ;-condition.

Keywords: weighted function, Muckenhoupt conditions, piecewise-power weight, Dunkl
measure, Dunkl-Riesz potential.
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1. BBenenue

Iycrs RY — neficreurebHoe d-MepHOE €BK/INI0BO IPOCTPAHCTBO CO CKATSPHBIM IIPOM3BE/ICHAEM
(z,y) u vopmoit |z| = \/(z, ), S* ! = {z € R%: |z| = 1}— eBxummosa cdepa, LP(R?), 1 < p < oo,
— mpocrpancrsa Jlebera ¢ vopmoit || fllp = ([ga |f|F dz) VP < o

Mwr 6ymem mmcarh M < N, ecniu M < CN c¢ xoucrautoti C > 0, zaBucsmeifi TOJb-
KO OT HeCyInecTBeHHbIX mapamerpos, u M =< N, eciu M < N u N < M. Kak o6bru-
Ho, it p > 1 p/ = ]% — CONpPSIKEHHBIH TEIBIEPOB MOKa3aTe b, Xg(X) — XapakTephucru-
veckass ynkums Muoxkectsa F C R B — mpom3BOJIBHBIH 3aMKHYTHIH EBKJIMIOB IIAp BH/IA
B(xg,R) = {x € R%: |z — 29| < R}, Q — npousBo/bHBIA 3aMKHYTHIH Ky6 CO CTOpOHaMH, Iia-
paslIeJIbHBIMI 0CAM KoopauHat, Q(zg, R) = H;lzl[:coj — R, zo; + RJ.

B rapmonunueckom aHajimze Pypbe BarKHOE MECTO 3aHUMAT MCC/IEIOBAHUSI OIPAHUYEHHOCTH
JIMHEHHBIX HHTErpajibHbIX onepaTopos B npocrpancteax LP(R?). B pesymbrare sTux mccieaona-
HUIi OBLT BBIIETEH KJIACC CUHTY/ISIPHBIX MHTErPATBHBIX omepaTopos Kaibmepona—3urMysma (Kaace
CZSIO), nns KOTOPBIX OrPaHWYEHHOCTh uMeeT MecTo npu 1 < p < oo (em. [1, Chapter 4], |2,
Chapter 8]). JokazareascTBo 51010 (baKTa B 3HAUNTETBHON CTEEHN OCHOBAHO HA OTPAHHYEHHOCTH
B LP (Rd), 1 < p < oo, makcumaabHON Gyarmr Xapau—J/lurtasyma M f.

B nanbHeilieM orpaHHYeHHOCTH WHTErPAIBHBIX OMEPATOPOB MCCIEI0BAIACH B IIPOCTPAHCTBAX
LP(R?) ¢ Becom. Becom w HA3BIBAIOT JOKAIBHO HHTErpupyeMyio dbyHkimio B RY, mpuauMaionyo
suaveHus B uarepsase (0,00) mouru Bewoay. B 1972 rogy b. Makenxayt [3] mokazas, 9to omHOBE-
COBOE HEPABEHCTBO

lwMflly S Jwfl, 1< p< oo,

CIIPABEIIMBO TOT/Ia, M TOJBKO TOIVIA, KOT/IA I Beca w = wP BBIIOJHEHO CJIEIYIONIee YCIOBHE:

p—1
sup wd:c /w p— ldac < 00,
QL/ \@

rae |Q| — mepa Jlebera xy6a (). o ycnosue uzsecTHO Tenepb Kak Ap-ycaosue Makenxayra. A,-
YCJIOBHE OKA3a/JI0Ch HEOOXOAMMBIM M JIOCTATOYHBIM U J/1s BecoBoil orpanmiyennoctu B LP(R?) ome-
paropos u3 kiacca CZSIO [2, Chapter 9].

Ilorennuan Pucca wiu npobublit mHTErpas

If(x /f o —yl*~tdy, 0<a<d,

He ABJAeTcs orpaHmdenHbM onieparopoM B LP(RY). I.X. Xapmm u JIx. M. Jurtisyz [5] (d = 1) n
C.JI. Cobones [6] (d > 1) nokasam, 4TO 3TOT TOJOKMUTELHEIA orneparop orpanuden u3 LP(R?)

BLIRD mpu 1 < p<g<ooma= d(f — 7) B 1974 roay B. Makenxayr u P.JI. Bujen [4]

nokazaau, yro upu 1 < p<g<ooum a = d(% — %) OJIHOBECOBOE HEPABEHCTBO

lwlafllq S llwfllp

CIIpaBeINBO TOTJa U TOJIBKO TOrNA, KOrJa IJd Beca w = w? BBEINOJIHEHO TaK Ha3blBaeMoe Ay -

YCIIOBHE:
a
sup / wdx / dw P < oo.
1Ql |Q!

OrMeTnM, 9TO yCa0BUS Ap,p u A, coBIaIAIOT.
Iycrs S = {a1,...,a,} C ST! — MHOXKECTBO PA3TUYHBIX EIUHIIHBIX BEKTOPOB, (QYHKITU
. = — m . k; J— .
k: S — Ry, crenennoit sec tuna Mankns vg(z) = [[JL [(aj, )%, tne k; = k(a;). Knaccn-
yeckuil Bec JIAHKJISI MOJIydaeTcsi B TOM CJIydae, Korja S siBJS€TCs CHCTeMOil KOopHeii, a byHK-
g k WHBAPWAHTHA OTHOCUTE/THHO KOHEYHON TPYIITLI OTPAXKEHWH, MOPOXKIEHHONW OTPAXKEHUAMUI
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oux = = — 2(a,2)a, a € S. Eskmumoso npocrpancrso RY ¢ mepoit Jankaa duy(z) = vp(z)de
JOIIYCKAeT COJepKaTeabHblii rapmonmdeckuii anann3 Jdanksas (cm. |7]). Ucnoswssys ero, C. Tan-
rasesy u FO. Iy [8] onpepemama noremmman Jankns—Pucca IFf. B [9, 10, 11] mns noremmu-
ana JanknaPucca IFf mpr noxasanu Becosble (Lp, Lqy)-HEpaBeHCTBa C JAByMs CTEII€HHBIMU WX
KYCOUHO-CTEMEeHHbIMU BecaMu. OTMETUM, UTO TI0 CPABHEHUIO C 3TUMHU paboTaMM, MBI OITYCKAaEeM B
Bece Jamkig HecymecTBeHHYO 3/ech KoHCTaHTy Maxponanbaa—Mera—Cenbbepra.

Hacrostmas paboTa mocBsmieHa mn3ydeHuto A, u A, ,-yCJIOBHH [T paJUalbHBIX KyCOUHO-
cremenubix Becos B R? ¢ mepoit JIaHK/IS M aHAIN3Y UX POIM B BECOBBIX (Lp, Lq)-HepaBencTBax
s noTenrmana Jamkaa-Pucca. B pasnesne 2 mogydeHbl TOPSIKOBBIE OIeHKH Mephl Jlankms mra-
POB 1 KY6OB U yCJIOBUA YABOCHUA OIA PAAUAJIBHBIX KYCOYHO-CTEIICHHBIX BE€COB B IIPOCTPAHCTBE C
mepoit Jlanknd. B pasgene 3 ana Hux ucciaenyorea A, n Ay -yciaoBus.

2. YcaoBugd yaBoeHHs OJid KYCOYHO-CTENEHHBIX BECOB B ITPOCTPAaH-
ctee RY ¢ mepoit Jlankd

Iycrs z,y € RY, r = lzla’, y = |yly, o',y € S41, d(z',y') = arccos (z',y') — reomesudeckoe
paccrosame ma ST B(zf,r) = {2’ € ST d(xf,2") < 0} — cdepudeckas manodka ¢ IEHTPOM B
zo u pagaycom 0 € (0,7), |Elqy, = [5 dpx — Mepa Hankis muoxecrsa E C Re, w(x) — Becosast
bynxnus B RY, | E| a0 = fE wdpg, dp = d+ Z;”zl kj — obobiiennasi pa3MepHOCTh HPOCTPAHCTBA
R? ¢ mepoit JJanks.

TEOPEMA 1. s 6cex w9 € R4, R >0
m
- pd k;
|B(w0, R)|ayy, =< R* [[ (a5, 20)| + R)™ (1)
j=1
¢ KOHCMAHMAMU, HE 3G6UCAUUMU Om To U R.

JTOKA3ATEJLCTBO. Pacemorpum nBa caydast |xg] = 3R u |zo| < 3R.
ITycrs chauana |zg| > 3R. Vimeem

|on—R
|B(0, R)|gp, = / A / P / XBao.r) (2o (&) do (&) dr
B(mo,R) ‘xo‘—R Sd—1

_ ol +R dp—1 / /
= cd/ r /~ vg(2") do (") dr, (2)

zo|-R B(z,6(r))
e cq > 0. Uz coorromenwit || = r, |z|> + |z0|? — 2|z||z0|(zf, 2") = R? BBBOIIM:

_ ‘.%'0‘2 + 7’2 — R2

cos O(r) 3] ,
§in0(r) — \/(|x0| +7r+ R)(|Jzo| +7— R)(Jzo| + R—7)(R+ 71 — |x0|)’ (3)
27|z
R TR 2R
sinf(r) < —, 0(r)<— < —.
) |o| ) 2lzo|  |@ol
ITonoxum
_ 3R , 3R
= : i — = : i = — 7.
A={jelml: loat) < o} B={7eLml: lag,ab)] > 7o)
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Tycrs 2’ € B(x),0(r)). Cornacuo (3)
2R

Iag, )] = ag, 24) < leos dfag, ) — cosd(as, )] < dla’, ) < 6(r) < [

i

TIO3TOMY

TT ttos o) < TT(2R)™, TT a1 = TT Mg, )

jeA jeA o] jeB jeB
IIpumenssa (2), (4), moryanm

R \kj
vp(2') do(2') < —
/E(xg,e(r)) g 1_[(’350|>

JEA

B0, R)|ap, < /

|zo|—R

() T (gn)” I st

ol jeA
SR RY [T aj 20)® S BT [ (I(ag, o)l + R)™
jEA jEB Jj=1

Onenka cBepxy B (1) mpu |zg| > 3R ngokasaHa.

Homyanm omerky camsy. B [13, Lemma 5.5] nokasano, uto ansa mexoroporo € € (0,1/2), me

3aBHUCSIIEro oT o U R, u y, € B(x(,0(r)/2)
Blyp,0(r)) C B(x,0(r)) wu |(aj,2')| > €0(r) nan @’ € Blyp,e0(r)), j € A,

Orciona n u3 (4)

') 2 [T@@)" I l(ag.20) %, o' € Blyp, <6(r)).

jEA jEB

Ecmu r € [|zo] — R/2,|xo| + R/2], o u3 (3) 0(r) 2 |, CJIeJIOBATEIILHO

oo . it
B(:B{),@(r)) B(y, O,e@(r)

2 (w) IT o 5 L e 4

Z\/

- JEA B(yg,e6(r))
2 ( )H’%@Mk (r)*-
jeEA
d—1
2 (g) H<| )" Il e s

jeEA

|zo|+R/2
oWz [ () T () s

2 R RS [T lag,z0)™ 2 R H(|<aj, z0)| + R)"

jeA jeB j=1



Vesosust MakenxayTa Jijist KyCOYHO-CTEIIEHHbBIX BECOB . . . 87

Ouenka cHu3y u B 1esoM coorHouenue (1) npu |zg| > 3R nokasaHo.
ITycts Teneps |zp| < 3R. B sTom ciaygae

H (aj, 20)| + R)" = R™ =< |B(0, R)|ay,

Ecmu |zo| < R/2, To B(0,R/2) C B(zo,R) C B(0,3R/2) n
|B(20, R) |y, < R™.
Eciu R/2 < |zo| < 3R, vo B(zg, R/6) C B(zo, R) C B(0,4R). CneoparensHo,
B0, B)las, < |B(0,4R)|a, S R
Ecmu R = R/6, o |xo| > 3R. Cayuait mapa B(zg, R) yxe 6bu1 paccmorpen. On aer
|B(20, B)layy. = |B(wo, B/6)|dyu. Z B™.

Teopema 1 moxaszama. [J

CAEACTBUE 1. Mepa Janwas ydosaemeopaem ycaosuo yYyoeoeHus:

|B(0,2R)|dy,. S |B(zo, R)ldp,-
Tax kak npocrpancteo (R?, duy) omsopoaso, To ciegcrsue 1 Taxxke BoTekaer u3 [12, Chapter

1].
Broxenus B(zg, R) C Q(z, R) C B(z, Vd R) nator

CAEACTBUE 2. Hmeem

|Q(@o, B)dp, = R H(|(aj7$0)\ + R)kj

j=1

|Q(w0,2R)|qy,, S 1Q(x0, R)|duy,-

PaccMOTpHEM CIydail panaIbHOTO KyCOTHO-CTernennoro seca. s o € RY, v = (71,72) € R? om
uUMeeT BUJL

Uy (2) = |2 xp, () + |2 x5 () = uS(|2]),

rae Bi = B(0,1), Bf = R?\ B(0,1), a ud(r) = " x01)(r) + r"X(1,00)(r)- Tpnt v = 11 = 72
HOJIy4aeM CTeleHHol Bec u(z) = |z|7.
13 tpeboBaHus JOKAIBHON HHTETPUPYEMOCTH BECOBOH (DYHKIUU U (Z) BHITEKAET HEOOXOAMMOE
ycjIoBUe
7 > —dg.

Bynem mpenmosarars, ITO OHO BBITTOJIHEHO.
Hac muTepecyroT omenkn Mepbl

’B(anR)‘d,uk,uv = / Uny d,uk
B(zo,R)

()TMeTI/IM7 qTo AJ1d KyCOLIHO—CTeHeHHbIX BECOB cnpaBemmeI cnegyfoume JIETKO HpOBepHeMble
CBOIICTBa:

c1(N)uy(z) < uy(Az) < co(Nuy(z), A >0,

Uy (2)p(2) = ty(2), (g (2)° = e (2), 5 ER ®)
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TEOPEMA 2. Ecau x9 € RY, R >0, v1,72 > —dj,, mo

m
|B(20, B)|dyeu, = 15 (o] + R)R [ [ ([(ag,20)| + R)"
j=1
JHOKABATEJILCTBO. U3 jokazaresbcrBa TeopeMbl 1 BBITEKAIOT Cjeiyfoiime oreHku. Ecim
|zo| > 3R, To

|SC()|+R

R \d-1
B0 Bl < [ b an () T (g

|@ol—R jeA

H| ajaxo

|0l

j=1
u
|zo|+R/2 R \d—1
B0 Rl 2 [ () H( RS
|zo|—-R/2 |zl cA jEB
m
2 ud(Jzo) R T [ (I(aj, z0)| + R)*,
j=1
TO3TOMY
m
|B(20, R)lduyur = u3(lzo) R [ ((aj, z0)| + R)¥
j=1
Ecan 29| < R/2, To ¢ yuerom yciaouit y1,ve > —dj
BRIZ 1o 0 d
|B(z0, B)|dpyuy < |B(0,3R/2)|au u, N/o T s (r) dr S un (R) R
u
B2 10 0 d
B0 Rlasee, > 1BOF i 2 [ 75780 dr 2 u§(RIRS,
HO3TOMY

|B(z0, R)|dpuy u, =< uf)y(R)de.
Ecin R/2 < |xo| < 3R, o amanornumo |B(2o, R)|du, u, = ug(R)de. Teopena 2 soxasana. [

ITycts w — BecoBas dyHkuus. Bymaem rosoputs, uro napa (w,dpy) yIOBIETBODSIET YCIOBHIO
yiBoerwus, ecau ayist Beex g € R u R > 0

| B(zo, 2R)’duk:w S | B(wo, R)‘dulww

¢ KOHCTaHTOM, He 3aBucsei or xo n R.
CHEACTBUE 3. Ecau v1,72 > —dg, mo napa (u., duy) ydosaemsopsem ycaosuto yosoenua.

SAMEYAHUE 1. Eeau R > 1, v1 > —di, a v2 < —di, mo
R dip—1
|B(0, R)|duy u, = Cd’k/o PR ug(r) dr

R
= Cd,k/ {0 () + 772 oy () Y dr
0

_ 1, Yo + di < 0,
T lln(R+1), 72+dy=0.
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3. YcaoBuga MakenxayTa AJd KyCOYHO-CTENIEHHBIX
BecoB B npocTpaHcTBe R’ ¢ mepoit TaHKis

Iycrb 1 < p < 00, B — eBK/AKI0BBI Mapbl. Bygem roBoputrh, 4to napa (w, dpy) yaoBIeTBOpSIeT
A,-yenosuio Makenxayra ((w, duy) € Ap), ecn

{( 1 / d 1 / ) ) < l<p<
sup M)( w” - me) } 00, p < o0,
|B’dﬂk ‘B|duk B

1
sup{( / wduk) vrai sup(wil)} <oo, p=1.
|B‘dﬂk B

TEOPEMA 3. Iapa (uy,dpy) ydosaemeopaem A,-ycaosurw Maxenzayma moeda u moavko mo-
2da, kozda —di < v1,7v2 < dp(p—1) npul <p < oo u —d <y1,72 <0 npup=1.

JOKABATEILCTBO. Heobxogumocts. M3 ycioBuit j10KaabHON HHTEIPUPYEMOCTH BECOB U,
U3 TpH 1 < p < oo BhITEKarOT HeobxomuMBbIe yeaoBus —di < v; < dip(p — 1). llpu p = 1
onn uMmeroT Baa —dy < y1 < 0.

Ecm o +dp <0m 1 <p < oo, 10 -5 +dp > 0. Orcroga, npumensisi (6) u Teopemsr 1 u 2,

st R > 1 nosyunm

17 Y2 + dk‘ < 07
|B(07R)|d#kvu'y = _
ln(R—l—l), ’72+dk—0
|B(0,R)|gy, =< R%, |B(0,R)| =Rt
dp, () PT

CrenoBarenbHO,

__1 _
oo (B e oo ™) (o fon ™ )}

R~ yy4dy, <0,
ASU
R>1

= Q.
1H(R+1) ’yg—l—dk:O

I[Tpu p = 1 amamoruano

1 / . _1
sup? [ ——— U~ dpig, ) vraisup (u
R>1{<‘B(07R)|duk BO.R) | ) B(0,R) (w3 )}

R27% oy +dy <0,
In(R+1), v2+d,=0

sup
R>1

Heobxonumocts yeioBust ve + di > 0 npu 1 < p < 00 JIoKa3aHa.
Ecmm y9 > dp(p—1) mu 1 < p < 00, 10 ¥2 + dj, > 0. Orcrona, npumensis (6) u Teopembr 1 u 2,
g R > 1 nonyunm |B(0, R)|au, 0, < R7?,

1, > di(p — 1),
Ay, (uy) P In(R+1), v=di(p—

CrenoBarebHO,

1 1 -1 -1
! (150 man / som " ) (50 AT /B<O,R> o du)" )

{R/YQ_dk(p_l)a Y2 > dk(p - 1)5

= sup
W” (R +1), 7 =di(p—1)

R>1
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Heobxomnmocts yemoBust v, < di(p — 1) mpu 1 < p < oo mokasana. Ocraerca paccMOTpeTh Crydaii
p=1mumy >0:

1 . _1
sup{ (/ u dpk) vrai sup (u )} = sup R"? = oo.
k=1 \[B(0, R)lap, JB(0,R) BOR) | R>1
Heobxoyumocrts yeaosust y2 < 0 1ipu p = 1 Takxke j0ka3aHa.

Hocrarounocts. Iycts p > 1, —di < 1,72 < di(p — 1). Cornacuo (5)

1 1 1 p—1
J, = / U~y dpig, / u~ P dpy
P <|B($0’ R)‘dﬂk B(zo,R) ! ) (|B(:U0, R)‘dﬂvk B(zo,R) ! )
1 / 1 p—1
=(— Uy by, / u__x_ dpy, .
<|B($0’ R)‘d,uk B(zo,R) ! ) (|B(:U0, R)‘d,uk B(zo,R) p=t )

[Ipumensis Teopemsbl 1 u 2 u cBoiicTBO (5) TOTyIUM

Jp = uy(Jwo| + R)(u__a_(lzo| + R))"™ = uy(|zo| + R)u—s(|zo| + R) = 1.

__
p—1

Femp=1w —di <v1,72 <0, 10

1
vraisup (u;l) =

lim (/ w7 duk:)pil =< u—y(|zo| + R)
B p=140\|B(20, R)|aw, JB(zo.R) !

Cuegosarensro, Ji < uy(|xo| + R)u—~(|zo| + R) = 1. Teopema 3 nonHoCTBIO goKa3aHa. .

IIycts 1 < p < g < oo. Bygem rosopurs, aro mapa (w,dpuy) ymoBierBopsger A, o-yCI0BHIO
MaxkenxayTa ((w,dux) € Apq), ecan

Slép{(’Biduk /deﬂk> (|B‘1dmc /Bw_z;, dluk)(l/pl} =

AHaJIOTHYHO Teopeme 3 JOKA3BIBAETCs CJEIYIONAs TEopeMa.

TEOPEMA 4. Ilyecmv 1 < p < q < 00. Hapa (uy,dpy) ydosasemsopaem A, q-ycaosuro Maxen-
rayma mozda U moavko moeda, ko2da —di < y1,7y2 < z%dk'

SAMEYAHUE 2. B onpedeaenuar A, u Ap 4-ycrosuti Maxenzayma wapve B moorcro 3amenumo
Ha Kyoor QQ U YCA08UA HA BECOBHIE PYHKUUY 6 MEOPEMAT 3, 4 OCMAHYMCA Me HCE COMBIE.

4. 3aKj04YeHne
Pacemorpum 3agady o (Ly, Ly)-uepasencrse g norennuana Jankas—Pucca ¢ ogaum Becom w:

lo T Pl ) S 10 oo ")

B [11] ycTanoBeHO, 4TO HepaBeHCTBO (7) BBHINOIHAETCS [T KyCOYHO-CTEIICHHOTO BECA, W = U_~ U
1 < p < q < oo Torga m TOJBKO TOT/A, KOT/A BBITTOTHEHBI YCA0BUL
1 1 d

d
a:dk<f—7), ——]f<71,72<—k. (8)
p q p q

C yuerom Teopembl 4 yeioBus (8) IKBUBATCHTHBI CJIEYOIIAM

11 .
a = dg (5 - §> u (ul,,dpg) € Apg.

Mur apearoJjaraeM, 9To 3TH YCJIOBUA ABJIAIOTCA HQO6XO,Z[I/IMI>IMI/I U JOCTAaTOYHBIMU JIJid IIPOU3BOJIL-
HOT'O BeCa W.
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AnHOTanua

PaccmarpuBaercs ciremyiomnias 3a1a4a o0 MOUCKe MeauaHbl Habopa CTPOK:

¢ = argmin Z d(a,b),

€U 4D

rme D C G* — koHeunbrit Habop cTpok Hajg andasurom G, U C G*, d — peJakKIMOHHOE PACCTOSI-
une JleBenmrreitHa. JTa 331293 UMEET BaXKHbIE IPUIOKEHN, HaIpuMep B OnNONH(POpPMATHKE TIPH
anasmm3e OGETKOBBIX MocaeaoBaTenbHocTeit. OmHako n3BeCTHO, 9TO B obieM caydae ang U = G*
3ajada o Meguane aiasgerca NP-caoxuoi. [lostomy st npubanKeHHOro perienus ObLIH Tpe/-
JIOYKEHBI 9BPUCTUIECKHE AJITOPUTMbI, B 9ACTHOCTH, KA/ THBII aaroputM. Mbl mpejiaraeM HOBBII
TUOKWIA TOIXO0, DA3UPYIOIMINICS HA, TJIQIKON AMMTPOKCUMAINN PACCTOSHUS JIeBeH Teiina, d. B ero
OCHOBE JIEKUT CTOXACTHIECKOE KOIMPOBAHME CHMBOJIBHBIX MTOCJIEI0BATEILHOCTEH U CJIey FOIIast
dopmyia st peIaKIIMOHHOTO PACCTOSHUS:

1
A(X1, Xz) = {511 = X3+ 1] — X7 + X - |X51],

min
(X{7Xé/)5§X1 ><X2

rae MuauMyM Gepercs 1o BceM noguocienoparesnbuoctam (X1, X)) pasuoit miuunbt. C oguoii
CTOPOHBI, CTOXACTHYECKOE KOJMPOBAHHE PACLIMPSAET KJIACC, Ha KOTOPOM HIIETCS IKCTPEMYM.
O/ HAKO Halll OCHOBHOM Pe3yJIbTaT IOKA3bIBAET, YTO MeauaHa He MeHsercd. C apyroil CropoHsbi,
Ternepb MbI MOYKEM BOCIOJI30BATHCS TJIAJKUMHU METOJAMY ONMTUMUBAINK, €CTH 3aMEHUTh MU-
HUMYM B OIPEIEJICHUN BBIIIE €r0 TJIQJIKUM MpUOInKeHrneM. Mbl TPUBOIUM JeTajIi peau3aiuu
Ha OCHOBE TI'DAIMEHTHOrO CITYyCKA, BKJIOYas PEKyPPEHTHbIE (DOPMYJIbI pacdera d. Db dexTus-
HBIA pacder HpubJIMKEHHON MeAUaHbL I03BOJISET, HAIIPUMED, IPUMEHUTb METO/I, k-CPeIHUX st
KJiacrepusaluu crpokK. Mbl JaeM crocod BU3yau3alydy 3TUX KJAACTEPOB Ha OCHOBE METO/a CTO-
XaCTUUIECKOTO BiIOXKeHnus coceneit tSNE.

Kamouesnie caosa: peTakKIIMOHHOE paccTosHue JIeBeHITeitHa, CTPOKOBAasI MeIuaHa, TJIaIKIit
MUHAMYM, TPAIAEHTHBIA CITyCK, METO/ K-CpeqHrX, BU3yaJn3alns CTPOKOBOTO KJIacTePa.

Bubauozpagus: 19 nHazBanuii.

!Pesynprarer uccnesosanms ony6iukoBanb upy duHancosoii nomuepxke Tyal'Y B paMKax Hay4HOro IIPOeKTa

Ne:HUP 2018 _28.
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Abstract
We consider the following problem of searching the median of a string set:

¢ = argmin Z d(a,b),
acU beD
where D C G* is the finite set of strings over the alphabet G, U C G*, d is the Levenshtein
edit distance. This problem has important applications, e.g., in bioinformatics in the analysis of
protein sequences. However, it is known that in the general case for U = G* the median problem
is NP-hard. Therefore, for an approximate solution, heuristics algorithms were proposed, in
particular, the greedy algorithm. We give a new flexible approach based on smooth Levenshtein
distance approximation d. It uses stochastic character encoding of sequences and the following
formula for the edit distance:

1
d(X1, X2) = 3 1% = Xalh + [ Xa | = [Xq |+ [Xe] - |X£'|}7

min {
(X],X5) e C X1 x X2
where the minimum is taken over all subsequences (X7, X% ). of equal length. On the one
hand, stochastic coding extends the class, over which the extremum is searched. However,
our main result shows that the median is the same. On the other hand, now we can use
smooth optimization methods, replacing the minimum in the definition above with a smooth
approximation. We give implementation details based on the gradient descent, including the
recursion formulas for calculating d. Effective calculation of the approximate median allows,
e.g., to use the k-means method for string clustering. We propose an approach to visualize such
clusters based on tSNE stochastic nesting method.

Keywords: Levenshtein edit distance, string median, smooth minimum, gradient descent,
k-means, string cluster visualization.
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1. BBenenue

B sT0it paboTe MBI IPUBEIEM TEOPETHIECKOE 0OOCHOBAHIE METOIa TIA KON allPOKCHMAIINN pe-
JAKIIMOHHOTO paccTosHms JleBeHmTelina B 3a/1a9¢ MOMCKa CTPOKOBOW MEIMaHbl. DTH PE3YIbTATHI
TIPOJTIOIZKAIOT UCCIEOBAHUS BTOPOTO aBTOPA, CBA3AHHBIE C TPUMEHEHHEM MeTONOB nudpepeHtiu-
DPYeMOro BBIDABHWBAHMUSI B 33/1a9aX MAITMHHOTO oOyuenus [2, 3, 4, 14, 5|. MbI npusememM 0CHOBHBIE
daKThl IUCTEHHON PeATN3AINNA METOJAMN MATEMATHIECKOTO TPOTPAMMUPOBAHNS. TaKkxKe TaeTcst
CTIOCO6 BU3YAIM3AIINN CTPOKOBOTO KJIACTEPA U €r0 MPHONNKEHHON MeTnaHb.

Mycts n € N, G, = {g1,...,9n} — andasur, |G| = n — uucno snementon, GL — MuoxecTno
CTPOK WM TocaenoBarenprocTeil a = all]...a[L] vag G, pmmasl L = |a] > 0 (mpu L = 0 umeem
mycryio crpoxy A ), G = Uy GE-

Yepes d(ai,az): G x G} — Z4 0b603HAUNM JHUCKPETHOE DEJIAKIIHOHHOE paccrosinue JleBeH-
mreiina. OHO ommpeaesadeTCd KaK MUHUMAJIbHOE KOJIMYIeCTBO OHepaL[I/IfI 3aM€EHBbI, BCTABKU W yJaJie-
HUs CHMBOJIA, HEOOXOIUMBIX JIJTsI TIpeobpa30BaHust CTPOKHU a1 B CTPOKY ag |1, ru1. 11]. Croiicrea d u
pas3Hble BapUAHTHI TIOACYETA IPUBOAATCH B IyHKTE 2.1.

CrpoKoBO#l MemaHol Wl IeHTPOuI0M KoHeduHoro nabopa crpok D C G}, Ha HOJAMHOKECTBE
U C G}, nassiBaercs crpoka ¢ = ¢(D,U) € U, ans koropoii [12]

c= argminZd(a,b). (1)

aclU beD

OcuoBubiMu siBiisitorcst ciaydan U = D u U = G}. Hazosem meguany c(D, D) nokanbHoii, a
c(D, G},) — riobambHOI.

Huckpernasi sxkcrpeMasibhast 3a1a4a (1) umeer 60JbII0E TPUKIAIHOE 3HAUECHHUE (CM., HAIPUMED,
pesyabrarhl, ynomsiHyTeie B [9, 12, 10]). Ognako, HECMOTPst HA TO, YTO CJIOKHOCThH BHIYUC/IEHWS]
paccrosiaust Jlesenmreitna mo agropurmy Baraepa—®uinepa moswHoMuaabHas (eM. myHKT 2.1), 110-
Ka3aHO, 9TO 33392 MONCKa riobaabuoit meauansl nabopa D Oymer NP-cioxmoit, ecim KOIndaecTBO
U JJINHBI CTPOK B D MOTYT 6BITH TPOU3BOIbHBIME. JJTst DOJICTBEHHON 331291 0 MHOYKECTBEHHOM BbI-
pasauBanuu 3101 dakT 661 yeraHossed B [19]. NP-cioxuocts 3amaun (1) B pabore [9] mokasana
npu moMomnn cBedeHuss K NP-cIoKHOo#i 3amade 0 HAXOXKICHAN JINHHEHITeH obIIeil moamocaes0Ba-
TeIbHOCTH CTPOK u3 D.

Buutu npejiiokenbl passindHble METOJIBI i TPUOJINKEHHOIO HAXO0XKJIeHUud Mejuanbl. CaMblii
HPOCTOfi €r1ocob COCTOUT B HOMCKE JIOKAJIBHON Meauanbl (cM., Haupumep, [12]). Dro 3azava ciox-

noctn O(L2

max
nokasbiBator, 4ro ¢(D, D) Moxker 3aMeTHO 0Tndarses o1 1uobasbHoil meauansl ¢(D, G).

|D|?), re Liax — MaxcuMagbHag anuHa crpoku u3 D. Oamako pesyabrarhi [12]

B [8] 6b11 nipesioxken KaJHBIH aaropuTM TIPUOJINKEHHOTO TTONCKA TI00aJbHOM MearnaHbl (CM.
nyHKT 2.2). OH IpOCT B peasn3aliun, OBICTD U JTAeT HeIIOX0e MPUOINKeHne, KOTOPOEe NMEET CMBIC/I
WCTIOMb30BaTh [ cpaBHenwust Mero08. CrownocTs wasmoro aaroputma O(L2, |D||G|) 3a ure-
panmio (KOTopbIx He 6ojiee 2Ly 1o JemMe 1). Beian npe/iosKenbl BADHAHTHI 3TOTO AJITOPUTMA
(cMm., nanpumep, [11]). Ormernm BapuaHT HOJTydeHNs TPUOJINKEHHON [106ATBLHON MeJInaHbl MO/IH-
dbukarmedt TokaIbHON Memmanbl, umeromuit cioxnocts O(L3 . |D||G|) 3a mrepammo [12]. B [10]
npobiema (1) cBomuTCa K 3a7a4e e I0YUCIeHHOTO TTPOrPAMMUPOBAHMUS.

B pabore [15| npumeHsieTcss BEpOSTHOCTHBIN MOAXO0]] HA OCHOBE IIPEJCTABICHNS CHMBOJIOB CTO-
XaCTUYICCKUMU BEKTOPaMM. HaM HOTpe6yeTCH TakKoe IIpeACTaBJJICHUE, ITOTOMY HAIIOMHUM, YTO
BEeKTOp w = (wi,...,Wy) HA3BIBACTCA CTOXACTUICCKAM (BEPOATHOCTHBIM) WJIH BECOBBIM, €CJIU
Wi,y Wy €10,1] mwwy + ... + wy, = 1. MHOKecTBO Takux BEKTOPOB 0603HaduM uepe3 W,.

Mg oTchaeM K yIOMAHYTHIM Bbiiie padoram 3a 60jee noapodHbIM 0630poM TTPOBIEMBbI.

B namnOii pabore mpe/raraeTcst MeTo/| IPUOINKEHHOTO BBIMHCICHNST MEIHAHBl Ha OCHOBE CTO-
XACTUIECKOTO KOAWPOBAHUS TOCTIEI0BATENBHOCTEN W TUIAAKOM ammporcnMarieit paccrostaus Jle-
BemITeitHa d. Mbl IpeamosaraeM, 9to MAKCHMATbHAS ITHHA Lyax TOMIOCIEIOBATEILHOCTH 13 [
muoro menbiie |D|. [TogpobHee ujest COCTOUT B CII€YIOIIEM.
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IMycts E, = {e1,...,en}, tne ej = (0,...,0,1,0...,0) € {0,1}" — GuxapuBIii BeKTOD C €/u-
Hunef Ha j-M Mecte, j = 1,n. 3akonupyem cumBon g; € G BekTopoMm €. Torma nmpomsBosbHAS
nocsepoBaresbaoctb a = all]...a[L] nax andasurom G, GuekTuBHO 0TOOpAXKAETCSE B OMHAPHYIO
nocienosareabaocts B = B[1]... B[L] wax andasurom FE,.

Hemycryto mocienoBaTebHOCTE B TakyKe MOXKHO HHTEPIPETUPOBATH KAK OUHAPHYIO TPSMO-
yronbHyto MaTpuity co crpokavu Bli] = (B[i, 1], ..., B[i,n]), i = 1, L, u snevenTamu

. 1, ecmm ali] =g;, .
Bli,j] = ] =1 n.
0 wnage,

B urore umeem E); = G}, 1 MOXKHO He Jle/1aTh Pa3/iMyms MexK/y OMHAPHBIMU 110C/1€J0BATEIbHO-
cTsMU (MATPUIAME) U CHMBOJIBHBIMH TIOCJI€I0BATEIBHOCTSIML.
r *
Merpuxy JlepenmreiiHa MOXKHO IepeHeCTH Ha OMHApHBIC MATPHIBLl U3 L) ¢ momMompio ciei-
creust 1 n3 mynkTa 2.1:

. 1
A(ByBo) = min {CIB - Byl + Byl - B]| + |Bal — B} &)
1Po)e=

Torpa 3amaga o crpokosoit Menuane Habopa D C EY ma nogmuoxecrse U C E) S5KBUBAJIEHTHO
3aIICHIBAETCS KaK

S(D,U) = min Y d(A,B), C(D,U) € argS(D,U). (3)
BeD

MmuoxecrBo E, sBisercss MHOKeCcTBOM Kpaitaux Todek W,. Cuenys [15] Baoxum muckper-
HOe MHOXecTBO EY B HenpepwiBHoe mnpocrpancrso W) nocneposarensrocteil (marpur) buia
X = X[1]... X[L], rae X[i] — croxacTuaeckuii BEKTOD:

Xl €01, > Xli,jl=1, i=1L L=|X|>0
j=1

(L = 0 orBewaer mycroit marpurie A). Bymem Ha3bIBATH TaKMe MATPUIIHI UK TTOCIEI0BATETHHOCTH
BECOBBIMH.

Oxpyrnenuem round (w): E, — W, croxactuueckoro sekropa w € W,, HasbiBaercs GuHADHDBII
BEKTOD €, B KOTOPOM €JMHAIA CTOUT Ha MeCTe MaKCUMAJIBHOIO w; (€C/IH TAaKUX HECKOJIBKO, TO BbI-
bupaercs nocueanuii). Coorsercreenno, okpyriuenuem round (X): W — E secosoit marpunpt X
Ha3LIBAETCH OMHAPHAS MATPHUILA, KOTOPad COCTOUT M3 OKPYTJIEHHHA CTPOK X .

Dopmyaa (2) cupasejyimBa st HPOU3BOJILHBIX Becosbix marpun X1, Xo € W, Ilosromy 3a-
nady (3) mMoxkHO paccmorpers Ha Gosee mmpokom muOokectBe U = W, Creayromas ocHOBHAsI
TeopeMa MOKA3bIBAET, YTO MUHUMYM He U3MEHUTCS U perieHne (3) MOXKHO BOCCTAHOBUTE, TIPUMEHSIsT
OKPYTJIEHHE.

TEOPEMA 1. Jasa awbozo sonewnozo nabopa D C EY umeem
S(D,E;) =S(D,W}), C(D,E})=round (C(D,W)).

Boruncienne S(D, W) coaurcsa K pemenuio cepuu 3ajad miny g pd(X, B), rne X € Wy
u | X| dukcnposano. IIpocrpancreo W,y nenpepnisro, oguako dynxuus X — > popd(X, B) ne
Besne auddepeHnupyeMa u3-3a B3sATHS MUHEMYMa B (2). DTO He TO3BOJIsIET NPUMEHUTH 3dhdexK-
TUBHBIE METO/IbI MATEMATHIECKOTO TPOTPAMMUPOBAHUS, B YaCTHOCTH, IPAJHEHTHOTO CITyCKa. UTOOBI
000UTH TOT MOMEHT MBI BOCIOJIB3YEMCH TJIAJTKON AITpOKCHMAaIneit d paccrognud Jlepenmretina,
OCHOBAHHOHN HA NPUMEHEHUN [JIAJKOr0o MuHUMyMa. Jid 3¢ dekTuBHOr0 Bhiuncaennsd QOyHKITNHA du



HoBrrit moaxo/ K MOMCKY CTPOKOBO# MEAMAHBI ¥ BU3YaIU3AIMS CTPOKOBBIX KJIACTEPOB 97

ee rpaJeHTa MPeIaraloTca PeKYPPEHTHBIX (hOPMYJIbI, ABJISIONMECT aHaIoraMu (hOPMYJIhl JTUHA-
MHUYECKOTO TIPOrpaMMUpPOBaHus jiist d. JlaHHble pe3yabTaTbl ObLIM [IOJyYeHbl BTOPBLIM aBTOPOM B
pabore [14].

Crpykrypa pabora cieyorias. B pasiese 2 npuseieHbl OCHOBHBIE YTBEPIKIEHUsI OTHOCUTETHEHO
PENAKIMOHHOTO PaccTOsAHus JIeBeHmTelHa: HeoOXOUMBIE T MOHUMAHUS KJIACCHICCKUE PEe3y/Th-
Tarbl (myHkT 2.1), cBemeHns 0 KaaHOM ajropurMe (MyHKT 2.2), 10Ka3aTeLCTBO OCHOBHON Teope-
mbl 1 (myskT 2.3). B pasmgene 3 marorcs ocHOBHBIE hakThl 11t TU(DOEPEHITUPYEMOTO PeTaKITHOH-
noro paccrosmns (JIPP) d: onpenenerme JIPP (mynkr 3.1), pexyppenranie bOpMy/Is! JJIs pacaera
(myakT 3.2), meranm rpajaueHTHOro cmycka (myHKT 3.3). B pasgenax 4 mw 5 mpuBeneHbl KpaTKue
CBEJICHUS O BU3YAJM3AIAN KJIACTEPOB CTPOK W BO3MOYKHOM Pa3BUTHH TEMbI COOTBETCTBEHHO.

2. OcHOBHBIE YTBEPXKJIECHUS

2.1. PemaknuoHHoe paccrodgHue JleBeHITeitHA

MbI BOCIIOJIB3YEMCsl XOPOIIO W3BECTHBIME DPEe3yJIbTaTaMi, CBA3aHHBIMU C PAcCTOsiHueM JIeBeH-
mrefina d, B3areivu u3 |1, rr. 11].
Hus crpoku a = a[l]a[2]...a[L] € G} uepes

alil = ali, ..., i) =afi1]...alig] Ca, 1<ip<...<iy<L,

0603HAYAETCSL TIO/IIOCIIeA0BATEbHOCTD JAynHbl ¢ (mycrast nupu £ = 0 wan L = 0), onpejensemast
HHIEKCAME 1 = i1,...,17, ali:j] = ali]a[i + 1] ... a[j] — mogcTpoka or mHIEKCa @ 70 j (mycTas upn
i>7j), a[l:i] — upedukc pnuub i = 0, L.

[Iycry manee a1 = ay[l]...a1[L1], ag = az[l]...a2[Ls] n

6(Z7j):d(a1[12}7a2[1j})7 iZO,Ll, jZO,LQ.
,HJIH BBEIIHUCJICHUA PACCTOAHNLA JleBenmmreitna OpUMEHAETCA CIeAYIOIIad PEKYPpPeHTHaA (bOpMyJ'[aZ
d(al, CLQ) = 5([/1, LQ),

rae 0(i,0) =14, 0(0,j) =junpui,j > 1
0(i,j) =min{d(i,j — 1)+ 1,6(: — 1,j)+1,0(i — 1,5 — 1)+ 6}, 0=

Arta dopMysa JEeKUT B OCHOBE aJITOPUTMA AWHAMAYECKOTO MporpaMMvuposaans Barrepa—®@urrepa
u mossosiger 3a O(LjLy) oneparwii Beraucautsb (L1, Ly), a Tak:Ke ONTHMAIBHOE PETAKIIHOHHOE
peJIucanne — CIUCOK JInHbI d(aq, a2) HEODXOJANMBIX 3aMEH, BCTABOK ¥ YA eHui.

Paccrosnue JlepeHmTeliHa yIOBAETBOPIET BCEM AKCHOMAM METPHKK 1

|a1] = |az|| < d(a1,a2) < max {|ai], |az]}. (5)

MoxKHO JaTh JApyroe BBIpayKeHne I PaccTOsAHus JIeBeHInTelina, UCIoab3ys TEPMHUH BbIPAB-
HUBaHWe Tocsegoparenbrocteit [1, ra. 11]. TiobanbHbIM BRIPABHUBAHNEM JBYX CTPOK HA3bIBAETCS
BCTaBKa B CTPOKHU TPOGETOB (B TOM UHCAE W Ha WX KOHIAX) /10 PABHOW JJIMHBI TaK, ITOOBI i-it
CUMBOJI MM TPOOE/T MEPBOi CTPOKM OTBEYAS i-My CHUMBOJTY WU MPO6GETy BTOPOil CTPOKM ISt BCEX
i =1,2,... (mapa mpobea—npobesn He momyckaercs). [IpuBesem mpumep BeipaBHuBanus u3 [1| mist

CTPOK vintner m writers:
v _ 1 n t ner _
w or i t e r s)’
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[To BBIpaBHUBAHUIO JIETKO MOAYYUTH PEAAKITMOHHOE IPEANUCAHNE W HA0OOPOT: COBIAIAONIAS T1a-
pa CEMBOJI-CUMBOJI MPOIYCKAETCsI, HECOBIIAAIONIAS Tapa CUMBOJI-CHMBOJI OTBEYAET 3aMeHe, Mapa
po0eI—CUMBOJI — BCTABKE W CUMBOJI—TIPObes — ypajenuto. [y mpuMepa BbIIIe MMEEM [PEJITICa-
HUE JJWHBI 5, KOTOPOe SIBJASETCA ONTUMAJJTHLHBIM.

IIponsBoIbHOE BHIpaBHUBAHUE TOCTEIOBATEIBHOCTEH 1, Ao MOYXKHO TOCTPOUTH, 3a/aB CIIMCOK
map cuMBOJ—CUMBOJI. CUMBOJIBI 3TUX Map 00Pa3yioT MOAMOCIEI0BATEILHOCTH OIUHAKOBOM JIJIMHEI.
Jlist mpuMepbl BhIle nMeeM viter m witer. OcTaBimecss CHMBOJIBI OyAyT OTBedaTh IIpobemaM.
B cBsai3m ¢ 3TnM BBeseM creytomee onpenenenne (rue «e» B mHuekce o3uadaer equal length).

ONPEJAENEHUE 1. (1) Coomsemcmeuem (ay,ay)e C a1 X ay nocaedosameavrocmeti ay, as
HA3BIBAETNCA NPOUZEOALHAA Napa nodnocaedosamenvnocmels af = a[ty, ..., 1), a5 = asif,..., 1]

pashoti daunw £ = |ay| = |af], 2de 0 < ¢ < min{L;, Lo} (¢ = 0 omeewaem nycmomy coom-

sememeuro). 3decv cumeon ailil] nepsoti nocaedosamenvrocmu omsenaem cumeory aslil] emopoi

nocaedosamenvhocmu, s = 1,£.

(2) Taxorce nonoorcum oy = ay[1]...a €], aff = af[1]...a5[l], ede a)[s] = ai[i}], a[s] = as]i?].
(3) Coomeememesue (a),al))e 00nosnauno onpedessemes undexcamu nodnociedosamenvrocmed
(i",i")e € 1,11 x 1,Lo, ede i’ = 4,...,1, i" = i{,...,i] (daa nycmoezo coomsemcmeusn umeem

nycmot 1abop undercos).

B BhIpaBHUBAHAM, HOCTPOEHHOM 110 COOTBETCTBHIO (), a})e, L1 —{ CUMBOJIOB 1ePBOii CTPOKH, He
BOIIEIINNUX B COOTBETCTBHE, OIKHBI OTBEYATh TpobesaM BTOPOil cTpoku, a Lo — ¢ cCuMBOJIOB BTODOi
crpokn — npobesnam nepsoit. Hanpumep, aus coorsercreust (vine,rite). uMeem BblpaBHUBAHKE

_ v in t nerr _ _
wor it e r s/

HecMoTpst Ha TO, 9TO MPOOETBl PACCTABIAIOTCA HEOJHO3HAYHO, JJINHA MPEANUcanns OyaeT Beeraa
pasra 8. OHa CKJIaIBIBALTCS U3 2 Pasandmii B COOTBETCTBIY (3aMeHbl), 3 mpobesioB BBepxy (BCTaBKMN)
u 3 pobesioB BHU3Y (yIaJsieHust).

Takum obpazom, B 00IIeM CIydae JIUHA TPEIITUCAHN, OTBEYAIONIET0 COOTBETCTBHUIO

(a},a3)e C ar x as,

Oymer comepxkarh |ai| — |a}| nosummit aas Berasok u |ag| — |af| ans ynanenwit. Ipu sTom umcno
3aMeH ONPe/IEsIAeTCs YHCIOM PA3JINYIUil B IOAIOCIE0BATEIbHOCTSX @], (Y, KOTOPOE MOXKHO 3a,1aTh
€ TIOMOIIbIO PACCTOSTHUST XEMMUHTA,

dp(ay, a3) = |{iz ai[i] # a5li], i =1,0}].
(pasHo mysro ipu £ = 0). B urore, nmosydaem ciemyroriee

IIPEATOXKEHUE 1. Paccmosanue Jlesenwmetina meocdy cmpokamu a1, as € G pasHo

dlaran) = min {dy(d},0f) +]ar| - [a| +]aa] ~ a3}
1)02 )e=

OTMeTuM, 9T0 MBI HE BCTPEYAIN STO YTBEDP:KJIEHHUE B JTUTEPATYPE.
IIpeamoxenwne 1 cienyrommm 06pazom 0000IIaeTCH HA OMHAPHOE TIPEICTABICHHUE [TOCIEI0BATE /b
HOCTeI.

CHEACTBUE 1. Ilycmo By, By € EY. Toeda

. 1
AByBy) = o omin {0 = Bl Byl = B+ 1B~ B (6)
1»Pg )e=D1 2
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2de dan ¢ = |B}| = |BY|
l L n
1BY = B3|y = > ||Bili) - B3lilll, = > > [Bili. gl - Bli. j]]
i=1 i=1 j=1
(nyav npu £ =10).

JOKABATENBCTBO. ocrarouno nokasars, uro |B] — BY||1 = 2dy(By, BY). D10 nerko ciaenyer
U3 CJIeAYIOIEr0 PABEHCTBA JJIst CTPOK MaTDHIL:

iy " 0, B.li]=BIl], .
o - gl - {5 i~ P o

OHO BEepHO, TaK KaK B KaXKJOM 13 OMHApHBIX BeKTOpoB Bj[i], BY[i] TonbKo mo oaHoil eauaume. O

CHEACTBUE 2. (1) @opmyaa (6) nozeoasem onpedeaums pedaryuonnoe paccmosanue d( X1, Xo)
0as npouseosvunz secoens mampuy Xi, Xo € W,
(2) QPynryusa d(X71, X2) no-npescnemy ydosaemeopsem nepasencmeam (5).

JOKABATEJLCTBO. YacTb 1 ciaelcTBUS OYeBHTHA.
YHacrs 2 Beirekaer u3 (6). [Iycrs qs onpenenennoctn | Xi| < | X2|. CoorBercTBHEM MaKCHMATh-
Hoit gymubt Oyger (X1, XY), | X1| = | X4, nosromy

1 1
d(X1, X2) < B X1 — X3 ||1 + | X1] — [X3] + [ Xo| — |X5] < B (IXall 4+ 1X2 1) + [ X2 — [ X351,
Nnmeem
| X1 n | X1]
IXule =D Xl ]l =D 1= X4,
i=1 j=1 i=1

anasnornano | X1 = |XY|. TTosromy
d(X1, Xs) < [X35| + [ Xo| — | X5] = [ Xa.
C apyroit CTOPOHBI, JIs JIFOOBIX COOTBETCTBUI
X = Xl 1]~ (X X — X > X0+ X — 2] = [Xa] — X)),
orkya caemyer, 4to d( X1, Xo) > | Xa| — | X1| u, anamornuno, d(X1, Xs) = | X1| — [Xe|. O

Mg mokazarenbcrBa TeopeMbl 1 HaMm moTpebyercd ciemytormas jgeMma (rae «-» 0003Ha9aeT
CKAJISIPHOE TIPOU3BEJIEHNE BEKTOPOB).

[IPEATOXKEHUE 2. [lyeme X € W), B € E}. Toeda

1X|
d(X,B) = |X|+|B| - max > By lil - X, (7)
(1,i")eC1,IX[x1,|B| ;2§
edei =1dy,...,4, " =1d,... i) — undexco. coomsememeui, 0 < ¢ < min{|X|, |B|},

_ Bli",jl+1, i=4d, secl,¢,
Bt (T 0

0 uHaYE,
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JIOKABATE/ILCTBO. Wcnomssys uagekcer (i',1”). qia samanus coorsercTBmst
(X/,B”)e, X/ — X[i,], B// B[ //]’

o dopmyste (6) HAXOIUM
d(X,B) = min {— | X" — B"|ly +|X| - |X'|+|B|] - |B”|}.
Yurem, uro X — Becoas marpuna, a B — 6unapnas. Ilosromy X|[il, j] € [0,1],

n
> X4l =1
j=1

u B[i!] = ej, nns nekoroporo js. Orciona cremyer, 41o

{ n
1 1 o
I X' =B — X =18 = 5 3 D |XliL. i = Bl )| - 2 =
s=1 j=1
1 ¢ 1 ¢ 14
ZQZ(ZX[i'sajHl—X[i;,js])—25:22(2—2X[37JS])—2€=—Z(1+X[i;7js])=
s=1 “j#js s=1 s=1
L n
__Z<ZX sﬁ] +ZB s?.j s?ﬂ) :—ZZX[’L';J](B[Z'/S/J]"‘U:
s=1 j=1
X n |X]

:_ZZX'L] 11”1.] ZBI 1”

i=1 j=1
Taxknm obpazom,
1X|
1 !/ " !/ /i s . .
2 IX7 = Bl + X[ = [ X' + |B] = |B7| = X[+ |B| =Y Buwli) - X[il,
i=1
OTKYJIa CJIeJyeT yTBep:XKIeHue jJeMMbl. [

Kak xopo111o u3BecTHO MaKCUMyM KOHEYHOTO YUCJIa JIUHEHHBIX (DYHKIHH — BBITYK/Iasd KyCOTHO-
sHeliHas dynkuus (cm. [7, upumep 3.5]). Orcrona u U3 1UpeIozKeHnst 2 HEMEJIJICHHO BblTeKaer

CABACTBUE 3. Jlaa xasicdozo i = 1, L dynwyua X[i] — d(X[1]...X][i]... X[L], B) na mmo-
orcecmee W, asasemcea eunykaol (61u3) xycouno-aunetdnot dynxyued.
2.2. ZKaaubIii aaroputm

2Ka bl aropuT™ MONCKa CTPOKOBOI MeTHaHbl OBbLT IpeioKeH B padore [8]. Hanomunm, aro
perraeTcs JUCKPETHAs 3a/1a49a OITUMU3AIII

¢ = argmin F'(a) Zdab D C G,
gl beD

st wzectroro a dyuknust F'(a) Berancasierca adbdexrusno mo aaropurmy Barnepa-®umepa.

LEMMA 1. ITycmo Lp = 1 Z pep || — cpednan dauna cmpoxu 6 nabope D. Tozda das daurw
MeAuarvL Cnpasediusa ouem{:a
lc| < 2Lp. (8)
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JOKABATEIBLCTBO. [ns mycroit crpokn umeem F(X) = 37,5 [b].
Ecau |c| > \%I > bep |b], TO B cuy (5) maxommm

F(e) = d(e,0) > 3 llel = bl > [ (el = D] = [1Dllel = S 1l] > > 1ol = FA).
beD

beD beD beD beD

[Tosromy ¢ He mMoxkeT ObITH Meananoii u (8) Bepro. O
Ilazu scadnozo anzopumma. Haunnaem ¢ npucsansanuii o = A u Fy = F(co) = >, p |b].
Hamee g k=0, 1,... perraercsa 3a1a4a,

ck+1 = argmin{F'(a): a =crg, g € G}, Fry1 = F(ckt1)s

T.e. Iepebopom 1o g € () K TeKyIeidl CTpoke c¢p J00aBIgeTcss CUMBOJ ¢ U CPeJM TAaKUX CTPOK
4 = Cg BBIYUCISIOTCS MUHUMAJIbHOE 3HadeHwe Fjy1 dbyurnuu F(a) ¥ COOTBETCTBYOMAS OITH-
MaJsibHas cTpoka Ci41. Caoxkuocts sroro mara O((k + 1) Lyax|G||D]), rie Lyax = maxpep |b]-
Ecin Fiy1 < 1rninl.:07,C F;, o nreparuu 1poJionKaoTes U Cipy1 HOBOE HPUOJIMIKEHHE MeUaHbI.
WNuate aJropuT™M OCTaHABINBACTCA W CTPOKA Cj OTBET.
Yucmo wreparuilt B Cuiy JeMMbl 1 OrpaHUIEHO 2Lp.

2.3. /Toka3aTeJbCTBO TEOpPEMBI 1

Iycrs D,U C Eyy, Fp(X) = Y pep d(X, B). HamomunmM, 9T0 B MATPUYHOH [OCTAHOBKE MEJIH-
ana C = C(D,U) onpegensiercsa u3 perieHus TUCKPETHON 3a1a9u

S(D,U) = g(neir[}FD(X), C=C(D,U) €argS(D,U).

TToxaxxem, aTo

S(D, Ey) = S(D, Wy).

ITo memme 1 ¢ yuerom cirenCcTBUA 2 HAXOINM

in Fp(X) = mi in Fp(X 9
Win Fp(X) = min  min Fp(X), (9)
IXI=L
IIO3TOMY AOCTATOYHO JOKA3aTh
S(D, Ey) = S(D,Wy). (10)

[Ipu L = 0 3r70 paBeHCTBO OYEBWIHO U peaju3yercs Ha mycroit marpure. llostomy nycrs L > 1.
OquHgHo, 4TO MUHUMYM B HerpepbiBHoii 3a1aue S(D, W,L) nocruraercs na nexoropoit Becopoii
marpume X € WK, Dror MEHEMYM MOXKHO HCKaTh CIIETyIOMHM 06Pa3oM:

DW= min ... min Fp(X
SID,Wy) = min .. min Fp(X)

B cuny caencreus 3 dyukuus X[i] — Fp(X[1]... X[i]... X[L]) Boinyknas na muoxecrse W,. Ilo-
STOMY €€ MIUHHMYM JJOCTHTAETCs B HeKOTOPOi Kpaftieii Touke (Gunaprom sexrope) X [i] = ejo € En.
Dto mokassBaer (10).

B o6mem caydae MUHIMYM MOXKET TAaK¥Ke JOCTUIAThCsl B BBIMYKJIONH KOMOWHAIIMN KPAHAX TOYEK
X[i] = 3™ wjej,, 1 < m < n. Torga 10 ONpeJe/IeH o 0Ky IeHHs BekTop round (X[i]) coBua-
JAeT ¢ OJIHUM W3 ej, W Takxke maer permenue. Cremosaresnbho, round (X) — pemenue S(D, EL).
Teopema 1 mokaszama.
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3. 'nagkas anmpokcmMmalius paccrogaus JleBeHmITeitHa

Heranmu ryagkoili ammpoKCHMAIMU PacCTOsHUs JleBenmreitna moapobHo maHel B pabore [14].
3/1eCh Mbl IPUBEJIEM OCHOBHbIE (DAKTHI.

3.1. 'nagkoe paccrogHue

Ilo Teopeme 1 menmany C € E} muckperHoro Habopa D C E’ MO0KHO UCKaThb B HENPEPBIBHOM
npocrpancree Becobix mMarpui, W¥. Ilng sroro ¢ yuerom (9) mus xkaxgoro 0 < L < 2Lp wmercst
meanana Cp 3ajaHHol JiuHbL L:

Cr =round (C1), Cp = argmin Fp(X), (11)
Xewlk

rze, manomanM, Fp(X) = Y 5 p d(X, B). Tnobansras meauana C' onpegenseTcs Kak JIydimas u3
meauan Cf,.

JIist 3312491 ONTHMU3AIMK Ha HelpepbiBHOM npoctpancrse W ecrecrsenno socrosbzoBarh-
cd TaagkuMu Mertomamu omrtuMmusanuu. OnHako dyakimsa X +— d(X, B) B cuay caenacrsus (3)
SIBJISIETCsT TOJIBKO KycouHO-Auddepennupyemoii. ITosromy B [14] 6b110 1peioKeHO 3aMEeHUTh B
ompeseaennn (6) MUHIMYM Ha €00 IVIAKYIO AIPOKCUMAIINIO, HA3BIBAEMYTO TIAKAM MIHAMYMOM.
DTOT TpueM W3BECTEH B BBIMYKJION onTuMu3aIun | 7).

Jlst konewnoro MuOkecTBa Y C R raagknii 7-MUHUMYM OTIPEIEIeTCa PABEHCTBOM

ZyEY yeTy
ZyEY ey’

rae 7 < 0 — mapamerp anmpokcumanuu (mpu 7 > 0 umeem raakmit MakcumyMm). Herpyaao noka-
3aTh, UTO

smin (Y;7) = (12)

minY < smin (Y;7) < minY 4 Ce™, (13)

rae C = |Y|(meanY —minY) u A = miny ey |y —y"|. Orcrona cremyer, 4o rmajKuii MEHIMYM
CTPEMHTCS K OOBITHOMY 3KCIIOHEHITHATBHO OBICTPO. [lamee napaMerp T 9acTo OIyCKaeTCsl, €CJIH 9TO
HE BBI3LIBACT HEI0PA3yMEHUIL.

OnpPeAENEHUE 2. Hycmo X1, Xe € W), 7 < 0. [nadkoti annpokcumayueti paccmosanus Jle-
BEHUWMETHA HA3BIBAETNCA PYHKUUA

1
d(Xy, Xo:7) =  smin {f X! — XV +X—X’+X—X”}. 14
(X1, Xo;7) (X1 X)eC X1 % X 2” 1 2|11 ’ 1’ ’ 1’ | Xo| — | 2‘ (14)

W3 onpenenenns TaKOTO0 MUHUMYMa, CJIEAYET, YTO (DyHKITUS J(X 1, X9) 6ymer nuddepennupy-
emoii 110 aprymenTam, moruvMast mog rpajmentom dyrxman || X[ = S35 S | X[, t]| marpuunyio
PYHKIIIO

V|X|i = (sign X[s.1]), s=T.L, t=Tn. (15)

[MosTomy d Takxke HazbBaeTca auddepeHTnpyeMbiM pegakunoHabM paccrogauem (JIPP).
PP obsagaer ceoiicTBaMyu CUMMETPUYHOCTH W HeoTpuliareabHocTH. OIHAKO, B OTJUYUU OT
opuruHaIbHOIO pepakimontoro paccrosaus, d(X, X) # 0. ITosromy Takxke BBOIUTCS CIIeIyIOIIee

ONPEAEJEHUE 3. Hecmewennvm PP nazwsaemes Gyrnkuus
- - 1, -~ -
do(X1, X2) = d(X1, X32) - 5 (d(X1, X1) + d(X2, X2)).

"3 (13) cnemyer

TIPE/IVIOKEHUE 3. ITpu T — —00 axcnonenyuassio ouempo do(X1, Xo; 1) — d(X1, X2).
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3.2. PexyppenTHabie (pOpMYyJIbI

Pacuer IPP d HanpsMyto 1o opmysie (14) 3arpyaHuTeseH n3-3a mepebopa COOTBETCTBYM, INC-
JIO KOTOPBIX PACTET IKCIOHEHIMAILHO ¢ pocToM | Xi| n | Xo|. Hamomuum, 40 [yist KIacCHIeCKOTO
PETAKITMOHHOTO PACCTOSIHUS d MaHHas MpobieMa permaeTcst TpHU TOMOIIH PEKYPPEHTHON dhopMy-
7l (4) ¥ OCHOBAHHOW Ha HEH ajrOpUTMe JUHAMUYECKOrO IporpamMMupoBanus Barnepa—®@umepa,
KOTODBIH TIO3BOJISET BEITUCINUTD d 38 TOJHHOMAATHHOE BPEMS .

B [14] amamorudnbie pexyppeHTHble (OPMYJIbI YCTAHOBJIEHBI st d. Mycrs X1,Xo € W),
| X1| = L1, |X2| = Lo, @ = 0,L1, j = 0,L, €;; — MHOXKECTBO BCEBO3MOXKHBIX COOTBETCTBHIL
(X1, X)e € Xq[1: 4] X Xo[1: j] m nst Takux coorsercrruit aymab k = | X | = | X7

1
Rij(X1, X3) = 3 | X7 — X3y +i+7— 2k

TTosoxum
! /i Rz XI,X//
Qij = aij(X17X2) = Z Rij(Xl,X2)eT 3 (X1 2)7
(X71,X5)e€;
Ri' X/,X//
By =Bi(X1,X2) = > Rl
(X1,X4)e€;

YTO OTBEYAET YMC/AUTE/II0 M 3HAMEHATE 0 B rnagkom muaumyme (12). Torga

d(X1, Xo) = gzljz.
142

TrEOPEMA 2 ([14]). Jaani=1,L1, j=1,Ls

aij = (aj—15+ Bic1j + ij—1+ Bij—1)e” + (-1 -1+ ﬂifl,jfléij)eq—dij —(@i—1j-1+2Bi-1,-1)e*",
Bij = (Bi—1,j + Bij—1)e” + Bi—1,j—1(e™% — €7,
20e 1
aip =i€"",  agj =je, Bio=e", Poj=¢€", ;= 3 [ X1[] — Xalj]ll1-

PexyppenTtabie dhopmysnbl u3 TeopeMbl 2 matoT 3¢ dekTuBHbIil crnocod Bbruncaenns d(Xi, Xo)
3a nosmHOMEanbHOEe Bpemsa. nddepennuposanne stux dopmyn ¢ yuerom (15) moszsossier mosry-

IUTH PEKYPPEHTHBIE COOTHOIIEHN /1715t 3hbeKTnBHOTO pacdera rpaanenta V x, d(X1, X2). Orcroga
moJTyvuaeM 3HadeHne u rpaauerT mecmermennoro /JIPP.

3.3. 'paaueHnTHBIIT CITyCK

PacemoTpuy 3a71ady TPUGIIKEHHOTO BhIYHCTenns Meananb: O, na maoxecrse WE (em. (11)).
N3 onpenenenns WnL MMEEM 33/1a4y YCJIOBHON onTuMu3armi. BO3MOKHOCTE BEIYHC/ICHUS I'PAIACHTA
wecmerenroro PP mo3BosisteT BOCTOIR30BATHCST METOLOM TIPOEKIINN TPaINeHTa.

B kauecTBe HauaabHOTO TpmOMMKenns Xo Geperca caywaitmas marpura w3 W,E. Ouepenmas
UTepanud MMeeT BT

1 ~
X1y = Xk — Dl > Vx(do(X,B)(Xp),  Xig1 = Pr(Xjsqp), (16)
BeD

rae v, > 0 — mar Metoma u npoeknus Pr: REX™ — WL onpenenserca pasenctsom

Pr (Y) = argmin ||Y — X||3.
Xewk
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JIist npaxTHYeCKUX MPUIOKEHNH BazxKeH Crydall, Korga aucao crpok | D| Benmmko. B sTom cayuae
MOZKHO IIPUMEHUTE CTOXACTHIECK Ui TPaTMeHTHBI ciycK, Korga B (16) Bmecto D Gepercs cirydaiinast
110/1BbI60pKA 13 D MHOrO MeHblnero pasmepa [16].

Buimo mposeneno cpaBHEeHHE MPEIIOKEHHOTO MOAX0Aa ¢ YKAJHLIM aaropuTMoM. s aroro mpo-
BeJIeH BBIUMCIWTENBHBIN DKCIEPUMEHT HA CHHTETHYECKHX JaHHBIX. [emepuposasochk 100 Habopos
caydailubix crpok D naj asdasurom n3 4 6yks gauaHONE o 5 10 20 cumposios. asee Ha sToMm
MHOXKECTBE BBITTOJHSIJICS TIOUCK MEJIMAHbI AByMsi ajropurMamu. OIeHnBaIaCh BEJUINHA

5(D) =) (d(C,B) - d(Cy, B)),
BeD

rae C' — MeanaHa, HailleHHAdA TPETOKEHHBIM aaropuT™oM, a Cy — XKaaubM. Brito ycranosmieno,
uto aysg Habopos u3 10 ctpok mean §d = —0.23, std & = 0.034 ua yposue 3uauumoctu p = 0.99. Do
O3HAYAET, YTO B JaHHOM I[IPHUMepPe TOYHOCTEL AJITOPUTMA UyThL BEIIIE KaaHoro. QIHAKO ¢ yBeInde-
HUEM 9HCJIa CTPOK OHW CPABHUBAIOTCH 110 TOYHOCTH, TTO3TOMY TPeOyeTcs JaTbHeRIee NCCIe0BaHIE
IPOOIEMEL.

4. Buzyaau3annga KJIACTEPOB CTPOK

O,ZLHO N3 MHTEPECHBIX W BaXKHBIX HpI/IJ’[O)KGHI/H?I CTpOKOBOﬁ MEJNAHbI ABJIACTCA BU3YAJIU3AIUA
CTPOKOBBIX KJACTEPOB. DTa 3ajada UMeeT NMPUKJIAIHOe 3HAUEHHE, HAallpuMep, B OuonmH(opMaTHKe.
[Tpu sTOM waCTO AOCTATOYHO 3HATHL MEAUAHY TTPUOIUKEHHO, HAIPUMED, TIPYU BU3YATU3AIUN OOTh-
MIUX JTAHHBIX.

Pacemorpum gamnyio 3agagy. Umeercs wabop crpok S. Tpebyercs pazdouts S Ha Hemepeceka-
IOIIUecs KJIACTePHl S = Ule Sk, TaK 9TOOBI CTPOKHU KAXKJIOTO KJiacTepa ObLIu OJIM3KK 110 peaK-
[MOHHOMY DACCTOSIHUIO K COOTBETCTBYIOIMM Meguanam ¢(Sy). B ciyuae BEKTOPHBIX JaHHBIX JJIsi
DeIleHs STOH 3a1aqu TPUMEHSIETCsT oMY ISPHBIN aaroputM k-cpenaux (cum., Hampumep, [6, tir. 3|),
MTO3BOJIAOITHI HAXOIUTh 3aJlaHHoe Yncao kjactepoB. OH OCHOBAaH Ha HAXOXKJIEHUHU IEHTPOUIOB.
s cTpok 1eHTpouIoM sBjsdgercd Meguana. llosromy jura ananranum Meroja k-cpeiaux K cTpo-
KaM BayKHO 3(PQEKTUBHO HAXOAWTH MEANUaHy, IyCTh npubsrkento. Pe3yiabrarsl manHO#f paboTh
ITO3BOJIAIOT 3TO cAeiarh. OTMeTuM ere ajaropuTM k-mMesionsoB, B KOTOPOM CpEJIHEE HINETCs CPEIu
TOUueK KjacTepa. B ciydae cTpok 310 OymerT oTBevUaTh JIOKAAbHON Memmane. OJHAKO STOT METOJ
HUMeET CBOM OIPAHUYCHUsI, B 9aCTHOCTH, OH TpebyeT 3HaHus MaTpuilsl paccrosanii (d(B;, Bj))g‘zl.
Kpome Toro, kak y»)e 0TMEUAIOCH, JIOKAJBHAS MeIMaHa MOXKeT ObITH JaJeKka 0T TJI0GATBHOM, 9T0
MOXKET MPUBECTH K CMEIIEHUO KJIACTEPOB.

Yro6bI MpOaHATU3UPOBATH MOJIYYUBIITHECS KJIACTEPHI, MHTEPECHO WX BU3yAIn3npoBaTh. OCHOB-
Has npobseMa cocTouT B 60JBINON pasMepHOcTH JaHHBIX. CTaHIAPTHBIM MTOAXO0M B 9TOM CJIyYae
SBJIAETCS MTPOEKIHsT JTAHHBIX B MPOCTPAHCTBO HU3KOM PA3MEPHOCTHU (JIBa UM TPH) C COXPAHEHUEM
MeTPHIECKNX CBOHCTB (CM. Kiaccmaeckne paborsr [18, 17]).

HOHyJ'[HprIM METOAO0M BU3YaJIU3aIINN, aKTUBHO UCHOJIB3yEMOM B MAITTMHHOM O6yqu[/H/I, ABJIA-
eTCsl METOJ[ CTOXACTUIECKOrO BJIOKEHWs coceleii ¢ t-pacnpepenennem (tSNE), mpemmoxeHHbIil B
pabote [13]. danubIii MeTON MO3BOJISIET BU3YAIM3UPOBATH MHOIOMEDHBIE JIAHHBIE IIyTEM WX HEJIW-
HelHO! MPOEKIINN Ha MPOCTPAHCTBO MaJIol pa3MepHOCTH. B OTJIWYNHN OT KJIACCHUIECKUX JTUHEHHBIX
AJrOPUTMOB CHUYKEHUs pa3MepHocTH 18] qarHbIl MeTo 1 siydine oTobparKaer CTPYKTYPY MHOIOMep-
HBIX JaHHBIX. OH T03BOJIIET PACCUYNTATH KOOPAUHATHI IPOEKIIN CTPOK HA OCHOBE MATPHIIHI TAPHBIX
paccroguuii. B mannoMm ciydae BBITHCIEHNE TAKOW MATPHUIIBI HE SBAAETCA TPODOIeMOM, TTOCKOIBKY
JUTsT BUBYaJIU3alIK JOCTATOYHO HCIIOIb30BATh HEDOBIIUE MTOJIBBIOOPKY KJIACTEPOB.

Ha pucynke npuBejes nmpumvep BU3yagmnsarun Kjaacrepos ¢cTpok. On caenan B Python ¢ momo-
mipto Kiacca TSNE u3 nakera mamurtoro obyuenus: Sklearn. JIBymepHssiii rpaduk (ciesa) mosyden
dyukimeit scatter mz maxera Matplotlib, npeanazuadennoro gst nocrpoenna 2D-rpadukos. g
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BBIBOJIA TpexMepHoro rpaduka (crnpasa) npumensiiack dyaknusa pointsdd u3 nakera nayanoii 3D-
Busyasauzanuun Mayavi.

- TTGGAAAGGC

=10 =5 0 5 10

5. 3akJiroueHue

B pabote mpemioxeHo Teopernueckoe 000CHOBAHNE HOBOTO TIOIXOA JJIsT TIOMCKA CTPOKOBOM Me-
JHUAHBI C MOMOIIBIO TJIAJKAX METOI0B onTHMu3anuiu. OCHOBHBIM IIPEUMYIIECTBOM JAHHOTO MOXO0Ia,
IO CPABHEHUIO C CYIIECTBYIOIIMMHU JUCKPETHBIMUA METOJAMHU SIBJITETCSI €r0 TMOKOCTb. DTO TO3BO-
JIgeT MPUMEHSTDh ero B 337a49aX ITOMCKA MEIUAHBI ¢ OrPAHHYIEHHUSIME, & TaKyKe BO MHOTHX IPYIHX
CBA3aHHBIX TIpobJieMax CTPOKOBOM onrumusanuu. Baarogapsa tomy, aro JIPP asnsgerca muddpen-
nupyeMoit PyHKITHEH ee MOXKHO UCIOJIb30BATE JIJId CPABHEHUS IIOCIe0BATEILHOCTE B COCTaBe Pas-
JUYHBIX IrhdepeHmpyeMbIX MOIEIIX MAIIMHHOTO OOyUYeHMsI, BKIOUas HelipoHHble ceTn. Takme
33291 CTPOKOBOI OMTUMUBAIMA B TOM YHCJIE UTPAIOT BAYKHYIO POJIb TPU BU3YAJIUIAIIMH CTPOKOBBIX
maHubIx. [lnanupyercs nccaeaoBaTh NepedncaeHHbIe HAIPABICHHUSI.
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Abstract

In the paper geometrical characteristics of metric spaces appearing in explicit formulas for
the Gromov—Hausdorff distance from this spaces to so-called simplexes, i.e., the metric spaces,
all whose non-zero distances are the same. For the calculation of those distances the geometry
of partitions of these spaces is important. In the case of finite metric spaces that leads to
some analogues of the edges lengths of minimal spanning trees. Earlier, a similar theory was
elaborated for compact metric spaces. These results are generalised to the case of an arbitrary
bounded metric space, explicit formulas are obtained, and some proofs are simplified.
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1. BBenenue

«IIpocrpancTBa TPOCTPAHCTBY W «IPOCTPAHCTBA TOJIMHOXKECTBY YaCTO TOSBJISIIOTCS B TaKHX
BaXKHBIX TPUIOKEHUTX KAK CPABHEHNE W PACITO3HABAHIE 00Pa30B, & TAKKE NUMEIOT OUEBUIHYIO TEO-
PETHYECKYI0 3HAYUMOCTD, TIOITOMY IIPUBJIEKAIOT BHUMAHWE CIIEIUAJUCTOB HA MPOTIKEHUN MHOTHX
JIET. O,ZLI/IH U3 €CTECTBEHHBIX IIOJAXOA0B K U3YYCHUIO TaKUX IIPOCTPAHCTB — OIpEAC/IMTh Ha HUX
GYHKIINIO PACCTOSHUST KaK «MEPY HECX0XKECTH» COOTBETCTBYIOMuX 06bekToB. B 1914 rogy @. Xay-
caopd [1] BBEJI B PACCMOTPEHNE HEOTPHUIATE/IFHYI0 CUMMETPUIHYIO (DYHKIUIO HA TTapax HEIYCThIX
ITOIMHOYXKECTB METPUYECKOI0 MpOCTpaHcTBa X, PaBHYIO TOYHON HUXKHEW I'DAaHU TaKUX YUCET T,
UTO KaXKJI0e U3 9TUX MHOXKECTB COMEP:KUTCS B 7-OKPECTHOCTHU OCTABIIET0CsS. DTa (PYHKIINS Mpe-
BpaIaerT CeMeficTBO 3aMKHYTBIX OIPAHUYEHHBIX MOAMHOXKECTB X B METPUUIECKOE TTPOCTPAHCTBO.
[Mosnnee, cm. ucropudeckuii 0630p B 2], . Dasapic [3] u, wezasucumo, M. I'pomos [4] o6obrmmin
KOHCTPYKIHIO Xaycaopda Ha CeMENRCTBO BCEX KOMIAKTHBIX METPUUIECKUX MPOCTPAHCTB, UCIOIb3Y ST
UX MU30METPUYECKUE BJIOZKEHUSI BO BCEBO3MOXKHBIE 00BEMJIIONINE TTPOCTPAHCTBA, CM. OIpEJeIeHIe
mmke. [omyuennas pyHKkins Ha3zbiBaeTca paccrogumeM no ['pomoBy—Xaycaopdy, a COOTBETCTBYIO-
Iee METPUUYECKOe MIPOCTPAHCTBO M MeTPpUYECKUX KOMIIAKTOB, PACCMATPUBAEMbBIX C TOYHOCTBIO JI0
W30MEeTPHUU, — MPOCTPaHCTBOM ['pomoBa—Xaycaopda WM TUNepIpocTPaHcTBOM. [eomeTpust 3TO-
I'0 IIPOCTPAHCTBA OKA3aJaCh JOBOJILHO IPUYY/JIMBON M aKTUBHO H3YyYaE€TCd B IMOCJIE/IHEE BPEMSI.

2The study was performed under the partial support of the Program of President of Russian Federation for support
of leading scientific schools of Russia (Project NSH-6399.2018.1, the Agreement 075-02-2018-867), RFBR, research
Project 19-01-00775-a, and the program of support of scientific schools of Moscow state University.
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Xoporro u3BecTHO, 910 M — JIMHEIHHO CBsI3HOE, MOJIHOE, cenapabesbHOe IPOCTPAHCTBO, a TaKXKe,
410 M He SABJISETCS OrPAHUYeHHO KOMIAKTHBIM. [101pobHOe BBEIeHIe B TEOMETPHIO IIPOCTPAHCTBA
I'pomosa—Xaycaopda MoxkuO Haiitu B [5, 1. 7] wiu B [6].

BaJjlaua BBIYUCIEHUS PACCTOAHUs 110 ['pomMoBy—Xaycaopdy Mexy ABYMsl KOHKPETHBIMU IIPO-
CTpaHCTBAMU BeChbMa HeTpUBHasbHa. JlayKe B cIydae KOHEUHBIX MPOCTPAHCTB 3(D(DEKTUBHDIH aaro-
PUTM HE M3BECTEH, a MPAMOI epedbop, OCHOBAHHBIN HA TEXHUKE COOTBETCTBWH, CM. HUXKE, ABJISTETCS
SKCIIOHEHIIHATLHBIM U He paboTaeT y¥Ke JJist IPOCTPAHCTB, COCTOSIINX U3 AeCATKOB TovYek. O THAKO,
TeXHWKA COOTBETCTBUI, aKTMBHO Da3BMBAIOIIASICSA B HOCIeHee BpeMs, cM. Hanpumep [7], [8], [12]
[14| wam [9], mO3BOJISIET U 3/1€CH TOIYIUTH HEKOTOPHIE TTPOIBUKEHUS.

B nanmoit pabore nsygaerca 3amada Beraucaenus paccroguuit I'pomoBa—Xaycmopda oT mpomns-
BOJIBHBIX OIPAHUYEHHBIX METPUIECKHUX MPOCTPAHCTB JI0 TaK HA3BIBAEMBIX CUMILIEKCOB — MeTpH-
YECKUX MIPOCTPAHCTB, B KOTOPBLIX BCE HEHYJICBBIC PACCTOAHNA OAWMHAKOBLI. BHaHI/Ie TaKUX PaCCTOA-
HUl MeXKJ1y KOHEYHBIMU METPUYECKUMU MPOCTPAHCTBAME U KOHEYHBIMU CUMILIEKCAMU HO3BOJIIIIO,
HAIIPUMED, LOJIyYUTh HOBYIO MHTEPIPETALMIO JJIMH pebep MUHUMAJIbHOIO OCTOBHOrO Jepesa [10].
TakzKe CUMILIEKCHI U PACCTOSHUS JIO HUX MIPAIOT BaXKHYIO POJIb B U3y9YEeHUM TPYIIIbI CUMMETPHI
mpocrpancTBa M, cM. [8]. B pabore [11], B psie YacTHBIX CJIy4daen, ObLIN BBIYUCIEHBI PACCTOSHUS
OT KOHEYHBIX CUMIIJIEKCOB JO KOMIIAKTHBIX METPUYICCKUX ITPOCTPAHCTB. B YaCTHOCTH, TTOJIYyYE€HHDBIC
PE3YILTATHI TIO3BOJIMIN TPUBECTH TIPUMED JIBYX HEM30METPUYHBIX KOHEUHBIX POCTPAHCTB, OT KO-
TOPBIX PACCTOAHUA O BCEX KOHEYHBIX CUMIIJIEKCOB OAMHAKOBBI.

B nacrosmeii pabore Mbl He OrPaHUIUBAEMCS] HU KOHEYHBIME CHMILIEKCAMY, HU KOMIAKTHBIMI
IPOCTPAaHCTBAMM. Mbl omnpeagesadaeM pdad AOIIOJITHUTEIBHBIX XaPaKTEPUCTUK OTPDaHWMYeHHBIX METPH-
YeCKUX MPOCTPAHCTB, B TEPMUHAX KOTOPBIX MBI WJIM IIPUBOIUM TOYHbIE (DOPMYJIBI JIJIsI PACCTOSHUST
['pomosa—Xaycaopda 10 TPOU3BOIBHBIX CUMILICKCOB, UJIN JaeM TOYHBIC BEPXHUE U HUYKHWUE OIEHKH
3TUX PACCTOAHUMN.

2. OcHOBHBIE OTIpEIEJIEHUS U TIPEABAPUTEIbHBIE PE3YTbTATHI

Ilycts X — mpousBosibHOe MHOXKeCTBO. Hepe3 #X 6Hynem 0603HAYATE MOWSHOCTG MHOYKECTBA
X.

Ilycts X — mpowmsposibHOE MeTpPHYecKoe MPOCTPAHCTBO. PaccTognme Mexmay ero TOYKaMu T
u y G6ymem obosHauarh wepes |ry|. Ecim A, B C X — HemycTble MOJAMHOXKECTBA, TO TTOJOKUM
|AB| = inf{|ab| : a € A, b € B}. Ecom A = {a}, 10 Bmecro |{a}B| = |B{a}| Gysem nucarsn
laB| = |Bal.

Jng xaxaoit roukn x € X u gucna r > 0 ugepes Up(z) Gymem 0603HAUATH OTKPBITHIN 11ap
¢ TIEHTPOM B TOYKE T W PAJUYCOM 73 I Kaxkaoro memycroro A C X u gncia r > 0 TMOM0KAM

UT(A) = UaeAUr(a)'

2.1. Paccroguus Xaycamopda u I'pomoBa—Xaycmaopda

Jna nenyeroix A, B C X moJsoxum

du(A,B) =inf{r >0: A C U,(B) u B C U,(A)} = max{sup [aB|, sup|Abl}.
acA beB

[lonyuennas BenudanHa Ha3bIBaeTCA paccmoanuem Xaycdopga meocdy A u B. Xoporro uzsecTHo [5],
[6], uro paccrosinue Xayciaopda, paccMarpuBacMoe Ha MHOKECTBO BCEX HEILYCThIX 3aMKHY ThIX OIDa-
HUYEHHBIX MMOAMHOMKECTB U3 X, SBISIETCS METPUKOI.

[Iycts X u' Y — merpuueckue mpocrpanctsa. Tpoiiky (X', Y, Z), cocTosinyio us MeTpuaeckoro
npocrpaHcTBa Z u aByX ero noamuoxkects X' u Y/ uzomerpuunbix coorsercrsernno X u Y, Hazo-
BeM peaausayuets napv. (X,Y). Paccmoanuem dgp(X,Y) no I'pomosy—Xaycdopdy meocdy X u'Y
HA30BEM TOYHYTO HUKHIOK TPAaHb 9UCEJ T, st KOTOPBIX cymectByer peammsanus (X', Y’ Z) mapet
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(X,Y) rakas, uro dy (X', Y') < r. Xopomo ussecrno [5], [6], aro mHa MHOXKeCTBE M BCex KOMIAKT-
HBIX METPUYECKUX ITPOCTPAHCTB, PACCMATPUBAEMBIX C TOYHOCTHIO 0 m3oMeTpuu, PyHKIud dgp
ABJIAETCA METPUKOMA.

g Boraucienus paccrodnusi ['pomoBa—Xaycaopda y100HO BOCIOIB30BATHCH TEXHUKON COOT-
BETCTBUI.

IIycts X n Y — npousBosibHbIE HEyCcThle MHOXKeCTBA. HamoMHUM, YTO OmHOWeHUEM MEXKITY
MHOXKecTBaMu X 1 Y Ha3bIBaeTcs KayKJ0e MOJIMHOXKECTBO JIeKapToBa npouspeaennsd X X Y. MHo-
JKECTBO BCEX HEITYCTHIX orHouleHuil Mexay X n Y o6osnaunm depes P(X,Y). Bygem cmorpers
Ha KaxkJoe orHomenne o € P(X,Y) Kak Ha MHOrO3HATHOE OTOOpayKeHWe, KOTOPOE MOXKET MMETh
obJtacTh onpemeeHns MEeHbIny0, dem X . Torma, mo amajorum ¢ TeM, KaK 3TO MPUHATO s 0T0D-
paxenuit, 1as Kaxkaoro © € X u Kaxaoro A C X ompejeseHsl X o6pass!

o(z)={yeY :(z,y) o} u o(A) = U o(a),

a g Kaxkaoro y € Y u kaxkgoro B C Y — ux npoobpasbl

o Hy) = {zeX:(z,y) € R} u o Y(B) = U o H(b).
beB

Otnomenme R € P(X,Y) naswBaerca coomeememeuem, ecma R(X) = Y nu R7Y(Y) = X,
MHuoxecrBo BCex coorsercrBuii Mexay X u Y obosnaunm yepe3s R(X,Y).

Ilycts X u Y — mpowusBoJibHBIE MeTpUUECKHe TpocTpancTBa. Hekaocenuem diso ommowenus
o € P(X,Y) mazosem uucio

disor = sup{ ||oa'| — lyy/|| : (2,9), (+',9/) € o }.

Jlerko BUzmETH, 9TO ISt JFOOBIX OTHOIIEHUIT 01,09 € P(X,Y) takux, 9ro 03 C 09, BBIIOJIHIETCSA
diso; < disog. UnbivMu caosamu, orobpaxenue dis: P(X,Y) — R monoronno, ecian na P(X,Y)
pPaccMaTpUBACTCI IaCTUIHBIN MOPA/IOK, 3aIaHHLIH BKIIOUEHUEM.

IMPEANIOKEHUE 1 ([5], [6]). Tas arobwx mempuueckur npocmpancme X u'Y umeem
1
dep(X,Y) = 5 inf{disR: Re€ R(X,Y)}.

MunumMaibHbIe 0 BKIOYeHUI0 coorBercTBus 3 R(X,Y) Hazosem wenpusodumvimu. Muoxe-
CTBO BCeX HEIPHBOIMMBIX COOTBETCTBHI Mexky X u Y obosmadmm gepes RY(X,Y).

Ormernm (eu. [13]), uro kaxioe nenpusoaumoe coorsercrsue R € RY(X,Y) sayaer pasbuennst
D§ u D{f npoctpancTB X u Y, a Takxke oueknuio fgr: D§ — D{E, JUIA KOTOPOIA

X;eDE

[pu stom, eciu #X; > 1, 1o #fr(X;) = 1, n ecm #fr(X;) > 1, to #X; = 1. Bonee roro,
KaxKaasg Omeknus [ MexKIy Mpom3BOJbHbIME paszbumenuamvu Dx um Dy npocrpancrs X u Y, yrao-
BJIETBOPHATOIIAs OMUCAHHBIM TOJBKO 9TO CBONCTBAM, MOPOXKIAET HEIMPUBOLUMOE COOTBETCTBUE 110

dbopmyse (1).

MMPEANIOKEHNE 2 ([13]). Jas xaowcdozo R € R(X,Y) cywecmeyem nenpusodumoe coomeem-
cmeue Ry makoe, wmo Ry C R. B wacmnocmu, R°(X,Y) # (.

VaurniBag MOHOTOHHOCTH MCKaXKeHud dis, MTHOBEHHO TIOJIyIaeM CAeIYIONNi Pe3yTbTaT.
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CJAEACTBUE 1. Jas aobwx mempuueckux npocmpancme X u Y umeem
1, . 0
dea(X,Y) = §mf{d13R :ReR(X, Y)}

C mOMOIIBIO COOTBETCTBHUIL JIETKO JOKA3BIBAIOTCS CAEAVIONINE XOPOIIO M3BeCTHBIE (pakThl. i
[IPOMBBOJIBHOIO METPUYECKOro 1pocrpancrsa X u yuciaa A > 0 yepe3 AX 0003Ha4YUM METPUYECKOE
IIPOCTPAHCTBO, KOTOPOE OTIHYAeTCI 0T X YMHOXKEHHEM BCEX PACCTOSHEI Ha A.

I[TPEAIOKEHUE 3 ([5], [6]). Ilycmv X uY — mempuueckue npocmpancmea. Tozda
(i) ecau X — odnomoueunoe mempuueckoe npocmpancmeo, mo dagy(X,Y) = %diam Y:

(i) ecau diam X < oo, mo
1
dep(X,Y) > §|diamX — diam Y;
(iii) deu(X,Y) < 4max{diam X,diamY}, 6 wacmmnocmu, das oeparuvennwz X u'Y umeem
der(X,Y) < oo

(iv) Odan awbwzr X, Y € M u awbozo X > 0 umeem dgg(AX,\Y) = Mg (X,Y). Boaee mozo,
npu A # 1 eduncmsennvm Npocmparcmeom, Komopoe npu maxoti onepayul He MEHACTCA,
ABAALTNCA OOHOTNOYEUHOE NPOCTNPAHCTNGEO. HIHOIMU CAO8GMU, ONEPAUUA YMHONCEHUA MEMPUKY
na wucao X > 0 asasemca zomomemuet npocmpancmea M ¢ yenmpom 6 00HOMOUEUNHOM
MEMPUNECKOM NPOCTNPAHCTNEE.

2.2. HecKOMBKO 3JIEMEHTAPHBIX COOTHOIIIEHUIA

JItst KOHKPETHBIX BhIYUCIeHM paccTosuuii I'pomoBa—Xaycaopda HaM OyIyT MOJIE3HBI CIAETYIO-
Iye HeCJI0KHBIE COOTHOIIEHNUS, TOKA3aTeIbCTBA KOTOPBIX TpuBeIeHsl B [11].

[IPE/IVIOYKEHUE 4. /[las 410661 HEOMPUUATEALHHT A U b 6bINOAHEHO HEPABEHCTNEO
max {a, [b— a|} < max{a,b}.

I[TPEATOXKEHUE 5. ITyemo A C R — nenycmoe o2panuruentoe nooMHoHCecmse0 eu,ecmsentol
npamot, u nycmo A € R. Toeda
infA+supA| supA—infA
2 + 2 )

sup |A — a| = max{\ —inf A, sup A — A} = ’)\ —
acA

MMPEANOMNKEHUE 6. I[Tyemv A C R — nenycmoe ozpanusennoe nodMHONMCECTBO 8EULECMBEHHOT]
npamoti, inf A > 0, u nyecms A € R. Tozda

sup { X, |A — a|} = max{\,sup A — \}.
acA

CHAEACTBUE 2. Jasa a106020 a 2= 0 u 4106020 X 86n0AHAENCA

max{\, |a — A|} = max{\, a — A}.

3. Paccrognue Mexk /1y OorpaHUuYEHHBIM METPUIECKNM MPOCTPAHCTBOM
U CUMILIIEKCOM

MeTrpuueckoe TpoCTPaHCTBO X HA30BEM CUMNAEKCOM, ECJTH BCE €10 HEHYJIEBbIe PACCTOSTHUST OJTH-
HakoBpl. CHMILIEKC, B KOTOPOM HEHYJIEBLIE PACCTOSHMS paBHBI A > 0, obosmaumm dyepes AA. Ilpnu
A = 1 mpocrparctBo AA Gymem Jjist KpaTkocTu 0603HaYaTh depe3 A.
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3.1. PaccTogHue A0 CUMILJIEKCOB C OOJIBIIINM YHCJIOM TOYEK
Caenyrormuit pesyabsrar o6obimaer Teopemy 4.1 u3 [11].

TEOPEMA 1. Ilyemb X — npous3sosvHoe 02PaAHUNMEHHOE MEMPUHECKOE NPOCMPAHCMBO U
#X < #AA, mozda
2dgp(AA, X) = max{\,diam X — \}.

JOKABATENBLCTBO. Eciim #X = 1, o diam X = 0 u, mo npenjoxenunio 3,
2dgr(AA, X)) = diam AA = A = max{\,diam X — \}.

IMycts reneps #X > 1. Buibepem npoussoasnoe R € R(AA, X). Tak kak #X < #MAA, To
cymectByer € X Taxoe, uto #R~1(x) > 2, mostomy dis R > A u, smaunt, 2dgy (AA, X) > \.

PaccmoTpum pon3BOIBHY IO TIOCIEI0BATEILHOCTD (X4, Y;) € X X X Takyto, uro |z;y;| — diam X.
Eciu B meit cymmecTByeT MOIIOCTEA0BATENBHOCTE (i, , Ui, ), /IS KOTOPOH IPH KAXKJIOM 4 MOXKHO
HaliTh Takoe z € AA, uro (2,;,), (2,9i,) € R, To dis R > diam X u, 3naunr,

2dga(AA, X) > max{\, diam X }.

Ecsm Takoit moAmoc/ieJoBaTeIbHOCTH HET, TO CYIIECTBYET [OIIOCIeI0BATENBHOCT (L5, , Yi, ), AJIS
KOTOPOH IPH KaXKJ0M i MOXKHO HaiflT pasiuguble 2k, W, € AA rakue, 910 (2%, 25, ), (Wk, ¥i,) € R,
n torga 2dgr(AA, X) = max{\, |diam X — A|}.

Tlo mpemoxenwmio 4,

max{\, diam X} > max{\,|diam X — A},

nosromy B sobom ciydae 2dgr (AA, X) > max{), |diam X — A|}.

Bribepem npoussosbaoe xg € X, Toraa, B cuiy npeamnoaokenus, #X > 1 u, 3HAUNT, MHOXKECTBO
X \ {zo} memycro. Tak rax #X < #AA, To 8 AA cymecTsyer moqMHOKeCTBO AA’| paBHOMOIITHOE
X\{zo}. TMycte g: AA" — X \ {20} — npomssombras 6mexmma, mw AA” = AA\ AA, Torma AA” # ().

PaccmoTpuM coorBeTCTBIE
Ry = {(z’,g(z’)) 12 € )\A'} U ({zo} x AA").
Torna dis Ry < max{)\, | diam X — )\\}, OTKY/I2
2dar(AA, X) = max{\, |diam X — \[}.

Ocrajoch IpUMEHUTD CHAeACTBHE 2.

3.2. PaccTogHuUe OT OrpaHNYE€HHOr0 METPUIECKOTO ITPOCTPAHCTBA JI0 CUMILJIEKCOB
C He MPEBOCXOAAIINM YHUCJIOM TOYEK

ITycts X — mpouwsBosibHOE MHOXKECTBO U 1M — KAPAWHAJBHOE UHUCJI0, HE MpeBOocxojsinee #.X .
Yepes D,,(X) ob6o3HaUNM CeMEHCTBO BCEBO3MOMKHBIX pasbuennit MHOKecTBa X HA M HEIYyCTBIX
IIOAMHOXKECTB.

IIycrs remeps X — merpuueckoe mpocrpanctso. Torna s kaxaoro D = {X;}ier € Dy (X)
ITOJIOK UM

diam D = sup diam Xj;.
i€l

Hauee, nysa mo0bix Hemycrelx A, B C X mycTb

|AB| = inf{|ab| : (a,b) e Ax B} m |AB|" = sup{|ab : (a,b) € A x B},
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u jgist kaxkoro D = { X, }ier € D, (X) oupepennm
(D) = inf{|X;X;|:i#j} u B(D) = sup{|X;X,| 1 i #j}.

ITycrb Tenepp AMA — cumiuieke momutaoCcTH M. Bohibepem npoussoiabaoe D € Dy, (X), amobyio
oueximio g: AA — D u 3amagum coorsercreue Rp € R(AA, X) ciaeayomum o6pasom:

Rp = |J {2} x g(2).

ZEAA

fcHo, 9TO KaxkI0e cooTBeTCTBHE Rp — HENPUBOINMOE.
Caenyrormuit pe3ybrarT HeIOCpeICTBeHHO 0006mmaeT npemioxenne 4.5 u3 [11].

I[TPEAJIOKEHUE 7. ITycmv X — npouseosvnoe 02panuientoe Mempuieckoe npocmparcmeo u
m = #AA < #X. Tozda daa awbozo D € Dy, (X) umeem

dis Rp = max{diam D, A — a(D), B(D) — A}.

CHEJACTBUE 3. Ilycmv X — npoussosvHoe 02PAHUYEHHOE MEMPUYECKOE NPOCTPAIHCIMEO U
m = #AA < #X. Tozda das mobozo D € Dy, (X) umeem

dis Rp = max{diam D, A — a(D), diam X — A}.

JTOKABATEJNBCTBO. Ormernm, uro diam D < diam X n (D) < diam X. IIpu srom, ecan
diam D < diam X, u (x;,y;) € X x X — mocaeqoBarepHOCTh, I KOTOPOii |z;y;| — diam X,
TO, HAYWHAT C HEKOTOPOTO HOMEPA ¢, TOYKU T; W ¥Y; JIEXKAT B PABHBIX djaeMeHTax paszbmenns D,
coreoBaTesIbHO, B 3ToM caydae (D) = diam X, u dhopmMyaa mokasaHa.

[Tycts reneps diam D = diam X, roraa B(D) — A < diam X u diam X — A < diam X, mostomy

max{diam D, A — (D), (D) — A} = max{diam X, A — a(D)} =
= max{diam D, A\ — o(D), diam X — A}.

Joka3aTeabcTBO 3aKOHIEHO.
Hokazkem Temepb aHasor npemtoxkenns 4.6 u3 [11], He ucnoap3yst reopemy 4.3 oTTymA XKe.

[TPEATOXKEHUE 8. ITycmb X — NpoussosvHoe 02PaHUNEHHOE MEMPUNECKOE NPOCMPAHCMEO U

m = #IA < #X. Tozda
2dGH()\A,X) == inf dis RD-
DED (X)

JOKABATEILCTBO. o crepersuto 1, 2dgu (AA, X) = inf pegoaa x) dis R, mosromy jocrarod-
HO TIOKa3aTh, 9TO /g Jiioboro mempupoammoro cootserctsus R € RY(AA, X) cymecrsyer Takoe
D € D,,(X), aro dis Rp < dis R.

Bri6epem mpomssossroe R € RY(AA, X), me npegcrasumoe B Buge Rp, Torma pasbmenie DfA
He TouedHoe, T.e. cymecTryer x € X, ayia kotoporo # R (z) = 2, mosromy dis R > .

BaﬂaﬂI/IM Ha MHOXKECTBE D?A METPUKY, ITOJOZXKHUB PACCTOAHUE MEXKAY PA3JIUIHBIMU IJIEMEHTAMU
PaBHBIM A\, TOIJIa 3TO MHOYKECTBO HpecTaBiasger coboit Hexoropeiil cummieke AA’. Coorsercreue
R nopoxkzaer ecrectBennbiM obpazom coorsercrsue R € R(AA, X): ecm DR\ = {A;}ier u
fr: DfA — D§ — OuekIus, mopoxaennas R, To

R = J{Ai} x (D).

el
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Jlerko Bumers, uro dis R = max{\, dis R'}. Kpome Toro, R’ nopoxmaercst pazouenmem D' := DI,
T.e. R = Rp/, 103TOMY, B CHJIy CIEICTBUIO 3, UMEEM

dis R = max{diam D', A — o(D"), diam X — A},
OTKyJla
dis R = max{\,diam D', A — a(D’), diam X — A} = max{\, diam D', diam X — \}.

Tak kaxk #D' < m, y pasbuenus D’ cymecrsyer noapasbuenune D € D,,(X). fcno, gro
diam D < diam D', nosromy

dis Rp = max{diam D, A — a(D), diam X — A\} < max{diam D’, \, diam X — \} = dis R,
410 U TPebOBAJIOCH.

CneacTBUE 4. ITyemo X — npoussosbHoe 02paHUMERHOe MEMPUYecroe NPoCmpatcmeo u
m = #IA < #X. Tozda

2daa(A\A, X) = Deiian(X) max{diam D, A — a(D), diam X — A}.

JI11 TPOM3BOILHOTO METPUYECKOTO TPOCTPAHCTBA X TOJIOKUAM
E(X) =inf{|zy| : 2,y € X, x # y}.

Ormernm, uro E(X) < diam X, npudem s orparudeHHOro X pPaBEHCTBO JOCTUTAETCS, €CJIU U
TOJIBKO €CJIN X ABJIACTCA CUMIIJIEKCOM.
U3 crencTBus 4 MPHOBEHHO BBITEKAET CJIEIYIONIAs Teopema, JoKa3aHHas B [11].

TrEOPEMA 2 ([11]). ITycms X — xoneunoe mempuueckoe npocmparcmeo u #AA = #X, moada
2dcr(AA, X) = max{\ — B(X), diam X — A}.

IIpuBenem psax HOBBIX PE3YIHTATOR.
JList TpOM3BOSIBHOTO METPUIECKOTO mpocTpancTtBa X, m < #X, moaoKuM

a(X)= inf «(D), an(X)=a}(X)= sup «D),

m DeDm(X) DeDm(X)
dn(X)=d,,(X)= inf diamD, di(X)= sup diamD.
DeDm (X) DEDm(X)

REMARK 1. Muw sseau ynpowennnie nepeobosnauenus oaq o (X) u d,, (X) nomomy, wmo smu

GEAUNUNDL, 6 OTAUNUYU Om UL <Oausheyoes o, (X) u df (X)), ecmpenaromes 6 npucodumvs nusice
POPMYAGL HAMHO20 HaAE.

Ormernm, uro a;,(X) = 0 Toraa u ToabKO Torma, Korga st awodoro D € Dy, (X) Bbinonnsgercs

a(D) =0.

ITpumer 1. Ilyemv X — beckoneunoe KOMNAKEMHOE MEMPUNECKOE NPOCTPAHCINEO, G M —
w0601 Geckonewnvls kKapounas, m < #X. Tozda o, (X) = 0.

Aeticmsumenvno, evbepem npoussoavroe D = {X;}icr € D (X), a 6 xascdom X; — no odnoti
mouxke x; € X;. Toeda, 6 cuary xomnaxmmuocmu X, muooicecmeo {x;}ticr codeporcum crodaugyrocs
nocaedosamenvnocms {x;, }, cOCMoAUY10 U3 NONapro pasiudnvx mouex. Ho moada | X;, X, | — 0
npu k — 00, nosmomy o(D) = 0.
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ITpumer 2. IHycmo X — ozpanudennoe GECKOHEWHOE MEMPUUECKOE NPOCTPAHCINEO, NPEICMas-
Aennoe 8 sude Ju3sOHKMH020 006edUuHEHUE N DECKOHEYHBIT KOMNAKMOS, U M — beckonewHoe Kap-
dunasvroe wucao, n < m < #X, moeda a,(X) = 0.

Aeticmsumenvno, nycmv {Z;}icy, #J = n, — pasbuenue npocmparcmea X Ha n KOMNAKMOs
Zj. Bubepem npoussoavioe D = {X;}icr € Dpp(X). Tax xax n < m, mo daa nexomopoeo j € J
cemeticmeo scex nenycmor nepeceuenuti X; N Z; obpasyem beckoneunoe pasbuenue xKomnaxma Z;.
Ocmanocs socnoavizosamsea paccysrcienuamu npumepa 1.

ITPuMEP 3. ITycmv X — c6A3HOE 02PAHUMEHHOEC MEMPUYECKOE NPOCMPAHCMEO, 4 M > 2 —
Mmobot Kapdunan, m < #X. Toeda ap(X) = 0.

Aeticmsumenvno, swbepem npoussoavhnoe D = {X;}ier € Dp(X), 6 nem — npousgoavhoe
Xi, u nosoocum X! = Uizjcr X, moeda D' = {X;, X!} € Dy(X). Tax xax npocmpancmeo X
— ceasnoe, mo | X;X]| = 0, nosmomy moocro evbpams nocaedosamenvrocmo X, , ji # i, 0

komopot | X; X, | = 0 npu k — oo, omxyda (D) = 0.
Amasormaro pasbupaercst CJeayrommii mpuvep.

ITPUMEP 4. Ilycmv X — npouzgoavHoe 02paHUNERHOE MEMPUHECKOE NPOCMPAHCINEO, COCMOA-
Wee U3 N CEAZHHBLL KOMNOHEHM, U M — KaPOuHasvHoe wucso, n < m < #X, mozda o, (X) = 0.

I3 cnencTBus 4 BEITEKAET CEAVIONMNN Pe3yabTAT.

TEOPEMA 3. Ilycmb X — npoussoavHoe 02paHUMEHHOE MEMPUNECKOE NPOCTPAHCMEO,

m=#I < #X, u ap(X) =0, mozda
2dar(AA, X) = max{dn(X), A, diam X — A}.

Pacemorpum rpaduk 3apucuvoctu Besmaunbl 2dg i (AA, X)) u3 Teopemsr 3 ot A, cM. puc. 1.

g g
diam X - A A cﬁnX—l /X
d,(X)
dm(X)
0o diam X A O diam X A

Puc. 1: Tpaduk dyukunn g(A) = 2dgm(AA, X) upn oy, (X) = 0 u pasubix 3uadenusx dpy, (X).

W3 rpaduka, mpuBeieHHOr0 HA pUc. 1, HEIIOCPEICTBEHHO MOJIYYAETCS CJIE YOI PE3y/IbTaT.

CIEACTBUE 5. IIyems X — npouscoabHoe 02PaHUMEHHOe MEMPUUECKOE NPOCMPAHCIEO,
m = #AA < #X, npuvem an,(X) =0, mozda

(i) ecau dp(X) < 3 diam X, mo

diam X — A npu

2dar(\A, X) = A<
o ’ B A npu A}%diamX;
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(ii) ecau dp(X) > 3 diam X, mo

diam X — A npu A < diam X — d,,(X),
2dgr(NA, X)) = dm (X) npu  diam X — dp, (X) < X < d,(X),
A npu A = dp(X).

Eie oqun gactHblii coaydait nosydaercs, ecim dp, (X ) = diam X, uro ciyuaerca B TOUYHO TOT/A,
koraa diam D = diam X miag secex D € Dy, (X).

[TPUMEP 5. Jlasa wasicdozo cumnaexca X = AA, xapdunasvrozo wucaa 0 < m < #AA u 1106020
D € D, (X) umeem diam D = X\ = diam X, noamomy dp,(X) = diam X .

I[IPUMEP 6. IIycms X = S' — cmandapmnas edunusnas oxpyscnocms na e6xAud06ot naoc-
xocmu, um = 2. Tozda dy,(X) = diam X = 2.

Aeticmsumenvno, npednoaosicum npomusnoe, m.e. cywecmeyem D = { X1, Xo} € Dy (X) ma-
xoe, umo diam D < 2. Taa x € X uepes &' 0603nauum Ouamempasvio npomuGonosoncHyIo T MoKy
oxpyorcrnocmu X . Uz cdeaarnozo npednososicenus svimexaem, wmo 0aa xasicdozo r € X1 mouka
x' seocum ¢ Xo emecme ¢ nexomopoe ee OmEPuMOT 0KPeCmHocmvI0, noamomy Xo — omrpovimoe
MHOCECTNB0. Anarozuuno, X1 — OMEDPHIMOE MHONCECMEO U, IHAHUM, OKPYICHOCTID DPA3OUAACH HG
d6a HENYCMBLT OMEPBIMBIL MHONCECTNEA, YMO NPOMUBOPEUUM, CEAZHOCTTIU.

CIEACTBUE 6. Ilycms X — npouscoabHoe 02PaHUMEHHOE MEMPUHUECKOE NPOCTMPAHCIIEO,
m = #AA < #X, npuvem dp,(X) = diam X, mozda

2dcr(AA, X) = max{diam X, A — an(X)}.
B wacmnocmu,
(i) npu A < diam X + a;, (X) umeem 2dgp(AA, X) = diam X;
(1) npu A > diam X + a;(X) ewnoansemesn 2dgrg(AA, X) = X — an(X).

Pacemorpum Teneps obmuit caydait. OKasbiBaeTCsl, U 3J€CH TOXKE YAALTCS Oy YUTh HEKOTOPHIE
aBHBIE (DOPMYJIBI, HO yKe He s Bcex A. Ilycts A — rouka mepecedennd TpadukoB QyHKIMI
diam X — A\, A € [0,diam X], u A — o, (X), A > a,,(X). Paccmorpnm pasnnvHble BapHaHTHI
B3aUMHOIO PACIIOJIOKEHHsT TOYKU A 1 TOpU30HTaILHOMN 11010Chl S Mexk Y dp (X) u df (X).

(1) Touka A jexkut Huke 110y10cbl S. COOTBETCTBYIONIAS WLTIOCTPAINs IPUBEIEHA HA
puc. 2.

Beprukasibable NYHKTHPHBIE JIMHUU JEI4T PUCYHOK HA TPU YaCTHU: JIEBYIO, CPEIHION U IIPABYIO.
B jieBoit w mpaBoit gacTsx KUpHAd JUHAK JaeT TOYHOE 3HadeHWst (DyHKIMU ¢g. B cpenneit gactu
JKUpHAas JIMHUS OrPAaHUYUBAET POoMO: MMEHHO B HEM JIEXKAT BCE TOUKH (a(D),diam D), ITO3TOMY
«BEPXHsS U JIeBas YaCTH» I'PAHUIBI POMOA JIA€T BEPXHIO OlEHKY Ha (DYHKIWIO ¢, & «HUKHAS U
npaBas YaCTH» — HUMKHIOK OIEHKY.

Boraucnsiss KoOpimHATBI TOYEK MepeceveHusi TPAPUKOB, MOy IaeM CIeJAYONUl Pe3yabTaT.

CIEACTBUE 7. Ilyems X — npouscoabHoe 02PaHUMEHHOE MEMPUYUECKOE NPOCTMPAHCIIEO,
m = #AA < #X. IIpednonosicum, wmo diam X — o, (X) < 2d,,(X), mozda

o ccau N < o, (X) + dn(X), mo
2dar(AA, X) = max{diam X — X, dn(X)};

o ccau ap (X) 4+ dp(X) < A< an(X) + df (X)), mo
max{A — o (X),dn(X)} < 2der(AA, X) < min{X — o, (X), d} (X) };
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diam X

d.(X)

diam X - A

d,(X):

f

Ol a,(X) a (X) diamX A

Puc. 2: I'padux dbyurnuum g(A) = 2dgr(AA, X)), Touka A jexur HUZKE TOJOCH S.

o ecau X = an(X) +d}(X), mo
2 (AA, X) = A — apm(X).

(2) Touka A nexkut B nosioce S. CoOTBETCTBYIOINAS WITFOCTPAIMS TPUBEIEHA HA PUC. 3.

g

diam XX diam X - A

d.X)

d.(X)

Ol a,(X) a,(X) diamX A

Puc. 3: Tpadux dyukunu g(A) = 2dgr(AA, X), Touka A aexur B niosoce S.

ITycrbs B — rouka nepecedenus rpadpukos dysxmmit diam X — A u A—a;, (X). CHoBa Beprukaib-
Hbl€ IYHKTUPHBIE JINHUK JIeJIIT PUCYHOK HA TDPU YaCTU, U CHOBA B KPAMHUX YACTSIX BBIYUCISETCS
TOuHOE 3HaueHus QYHKIMKU g. B cpeifell yacTu XXKupHasl JIMHAST OTPAHNIUBAET MATHYTOJIBHUK, KO-
TOPBIH BBIPOKIAETCA B UETHIPEXYTONBHUK, €CIM TOYKA B ToXKe Tomagaer B MOJocy S: XOTs BCe
TOYKN (a(D), diam D) JieKar B poMbe, 10JIy HeHHOM [I€PEeCceueHreM 10/10Ch S U HAKJIOHHOMN 110/10ChI
T wexay rpadukavu Gysrmui A — o, (X) n A — ap(X), 3Havenne GyHKIUN g HE MOXKET OIry-
cTuThes HIKe rpaduka gyukiun diam X — \, KOTOpPBIN u oTpe3aeT oT poMba COOTBETCTBYIOIILYIO
dburypy (TpeyronpHuK B Caydae, Korga B He momasaer BHYTPb TOJOCHL S, M 4ETBIPEXYTOJIBHUK B
MPOTUBHOM CJIydae). BeIUucisist KOOpAUHATH TOYEK TepecevdeHust TPabUKOB, MOIyIaeM CJIeTy FOTITHii
PEe3YJILTAT.
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CneactBUE 8. Tycmov X — nNpoussosvHoe 02PaHUNEHHOe MEMPUBECKOE NPOCMPAHCMEO,
m = #AA < #X. Ipednoaoorcum, wmo 2d,(X) < diam X — (X)) < 24 (X), moada

o ccau A < & (0, (X) + diam(X)), mo
2dap(AA, X)) = diam X — A,
o ccau 5 (an,(X) +diam(X)) <A < an(X) + dE(X), mo
max{diam X — A\, XA — apn(X), dn(X) } < 2dep(AA, X) < min{X — a;,(X),d}(X) };
o ecau X = an(X) +df(X), mo
2dar(AA, X)) = X — a(X).
(3) Touka A ;exkuT BBINIE TOJIOCHI S. DTOT Cayuail pasbuBaercs Ha JBA MOJCAYYAs, B
3aBUCHMOCTH OT TIOJIOXKEHUS TOUKH B.

(3.1) BepxHusisi rpaHuiia mojaochl S jgexxut mexay rodkamu A u B. CoorsercrBytomas
WLTIOCTPAINd NpUBeieHa Ha puc. 4.

diam X

d.X)
d.(X)

0l 0.(X) a,(X) diam X y

Puc. 4: T'paduk dyuknun g(A) = 2dgr(AA, X), BepxHssi rpaHUIA TOJOCH S JI€KUT MEXKIY TOU-
xamn A n B.

Ha ceit pa3 «obyracTs HEOTIpee/IeHHOCTHY B CPeaHEel JacTh PUCYHKA IpeicTaBiser coboit Tpa-
MeNnuio, ecan B JIEXKUT CTPOro HUKe IMOJ0CHI S, W 9Ta TpaIelnd BLIPOXKIAETCS B TPEYrOJLHUK,
Korma B okaswbiBaercs B moJioce. Berancigga KOOPAWHATHI TOUEK TepecedeHust TPaUKOB, MOy IaeM
CJIeIYIOIUI pe3ysIbTaT.

CHEACTBUE 9. Ilycms X — npouseoavbHoe 02PaHUMEHHOE MEMPUHECKOe NPOCTNPAHCMEO,
m = #AA < #X. Ipednorosicum, wmo diam X — a,,(X) < 24} (X) < diam X — o, (X), mo-
2da

o ccau A < diam(X) — d} (X)), mo

2dap(AA, X)) = diam X — A,
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o ccau diam(X) — dF (X) < A < an(X) +d.1 (X)), mo

max{diam X — A\, A — an(X), dn(X)} < 2den(AA, X) < d(X);

o ccau N = an(X) +df(X), mo

2 (AA, X) = A — am (X).

(3.2) Touka B Jjiexkut Bbiiie moJochl S. COOTBETCTBYIONMIAS WITIOCTPAINS TIPUBEIEHA HA
puc. 3.

diam X

d(X) o
d,(X)t- // — “'// """" N — S
0l 2.(X) 0,(X) diam X A

Puc. 5: Tpaduk dynkunn g(A) = 2dgr(AA, X), Touka B jeXuUT BbIIIE MOJI0CH S.

Ha ator pas dyHKINUSA ¢ BRIMHCISETCS TOYHO TIPU BCEX .

CneacrBuE 10. ITyemv X — npouseoavhoe 02panuv4entoe Mempuieckoe npocmpancmeo,
m = #AA < #X. IIpednoaoocum, wmo 2d} (X) < diam X — a,, (X)), moeda

2dar(AA, X) = max{diam X — X\, A\ — oy (X) }.

4. 3aKJII04YeHne

Takum obpazom, B pabore HOLydeHBI WU SBHBbIE (POPMYJIbI, WA TOYHBIE BEPXHUE U HUKHUE
OlleHKH [IJis paccrosinuii ['pomoBa—Xaycaopda oT orpaHu4YeHHOI0 METPUYECKOT'O IIPOCTPAHCTBA /10
CAMIIJIEKCa — IIPOCTPAHCTBA, BCE HEHYJIEBBIE PACCTOTHUA B KOTOPOM OJWHAKOBBEI.
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AnHOTanusa

[Monsite paBHOMEPHOI'O pACHpPEIEIeHHs EJO3HAYHbIX apudMeTndecKux (DYyHKIUN B Kiac-
cax BbIUeToB 1o Moayz N 6buto BBeaeHo V1. Husenowm [3]. st MyIbTHILIMKATHBHBIX DYHKIMIT
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TOTUYECKUI Psifl, YTO JOCTUTAETCS MPUMEHEHHEM JIEMMbI 3, SBJISIONIECS TEOpeMoii TaybepoBa
THUIa, 3aMeHsommei reopemy X. lemamxka.
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Abstract

The concept of a uniform distribution of integral-valued arithmetic functions in residue
classes modulo N was introduced by I. Niven [3]. For multiplicative functions, the concept of
a weakly uniform distribution modulo N, which was introduced by V. Narkevich [6], turned
out to be more convenient. In papers on the distribution in residue classes, we usually give
asymptotic formulas for the number of hits of the values of functions in a particular class
containing only the leading terms, which is explained by the application to the generating
functions of the Tauberian theorem of H. Delange [12], although these generating functions
have better analytical properties, which is necessary for the theorem of H. Delange. In this
paper we consider the distribution of values of the Jordan function J2(n). For a positive integer
n, the value of J5(n) is the number of pairwise incongruent pairs of integers that are primitive
in modulo n. It is proved that J2(n) is weakly uniformly distributed modulo N if and only if
N is relatively prime to 6. Moreover, the paper contains an asymptotic formula representing an
asymptotic series, which is achieved by applying Lemma 3, which is a Tauberian theorem type
that replaces the theorem of H. Delange.
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1. BBenenue

Pabotel, cBa3aHHBIE C KOHIDYIHIIMAJbHBIMU CBOMCTBAMHU IEJOYUCTEHHBIX apuMeTHIECKHX
byHKIIH, CTAIN TOABAITHCA ¢ cepenunbl 20 Beka. B HUX, Kak TPaBMI0, YCTAHABINBAINCH ACMITTO-
Tyeckre hOPMYJIBI JIJIsi KOJTUIECTBA 3HAYEHUH (DYHKITHE, YI0BIETBOPAIONINX HEKOTOPHIM YCJIOBHEM
KOHI'DY9HTHOCTH, B OCHOBHOM, 110 poctomy moayso ([1, 2]).

B 1961 roxy 1. Husen [3] BBea mOHSATHE PABHOMEDPHOTO PACHPEIEICHUS B KIACCAX BBIYETOB IO
MTPOU3BOJBEHOMY MOJYJIIO U B KOJBIE Z. DTa paboTa MOJOKUIA HAYAIO U3y UEHUIO YCIOBUN HAJTUINS
DABHOMEDHOTO PACHPEIEICHUsT B KJIACCAaX BBIUETOB. YdusMa 5] Moaydmn KpuTepuii paBHOMEPHOTO
pacipejiesieHns [10C/Ae10BATE]BHOCTI 110 33/|JaHHOMY MOJIYJ/II0 W YCTAHOBUJI JBOMCTBEHHOCTbH 3TOIO
MOHATHS MOHATHIO PABHOMEDHOTO PACIIPE/IC/ICHUsT TOCTeA0BATETbHOCTH 0 MOYI0 1 (M. TakxKe |4,
wiasa V]). B 1967 roay B. Hapkesuu [6] nepenec nonsitiue paBHOMEPHOIO pacipe/iesienus QyHKIi
Ha TPYIIY TPUBEIAEHHBIX BBIYETOB 10 HEKOTOpPOMY MOay/a0 N u Ha3Bas ero ci1abo paBHOMEPHBIM
pacmpenesnerrem (c.p.p.) mo Moay/ao N. DTo MOHATHE 0KA3aI0Ch 6ojiee YAOOHBIM s MYy TBTHILIH-
karuBHbIX (yHKIWiA. B paborax [6, 7| w3y4aercss c.p.p. no mMoayiao N st HEKOTOPOrO KJIACCa
MYJIBTUILTUKATUBHBIX (DYHKITHIA.

B cratee O. M. ®owmenko [8] ycraHOBIEHO C.p.p. 1O MPOCTOMY MOJYJIIO JIJIsi HEKOTOPHIX (byHK-
i, He momagaromux B kiaace B. Hapkesuua. B padore B. M. Iupokosa [9] mepenecena Teopust
B. Hapkesnya na 6ostee mupoknit knace dbyukuuii, a B [10, 11] npusesenbl HeobxomuMble U 10CTa-
TOYHBIE YCIOBUS HA MOAY/b N 1t c.p.p. 1o Moaysaro N HEKOTOPBIX (DYHKITHI, He TMONaJaloInX B
KJIACC TIOJTTHOMOIIOMO0HBIX.
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Ormernm, uTo B paborax 0 pacrupeeseHn 3HadeHnii (hYHKINH B KJAACCAX BBIYETOB TPUBOJISAT-
Cd aCUMIOTOTUYECKHE (DOPMYJIbI JJIs KOJMYEeCTBA 3HaUYeHnit (DYHKIWH, MONAJANNX B 33/ [aHHbBIH
KJIaCC BBIYECTOB, KOTOPBIC COACP2KAT TOJIBKO IJlaBHbBIM 4JjieH aCUMIITOTHUKMN. STO 06’]35[CH5{€TC5{ TeM,
YTO JIJIS UCIIOJIb3YEMbBIX [IPU 9TOM IPOu3BoAdinux (pyHKIui npuMeHsercs Taybeposa Teopema le-
namka [12]. Ho stu mpomssosgmme byHKINE 00JIATAI0T JIyUIAMA aHAJATHIECKAME CBONCTBAMH,
9eM HeOOXOIMMO JJIsi TIPUMEHEHUs 9TOM TeopeMbI.

KiroueByro posib mpu BBIBOJIE ACUMITOTHYECKUX (hOpMYJ B Hale#l pabore urpaer JjiemMva 3,
KOTOpas mpeicTaB/sier coboit Teopemy TaydepoBa Tuma u apiagercd 6osee Tounoit dhopmoii Taybe-
posoit Teopmbl 1 paborsr [13]. Ilpod. E. B. Iloaceimanmn obparu/i Halle BHEMAaHHE HA TO, 9TO B
9TOM Teopeme He OTPaYKeHa 3aBUCHMOCTD ACHMITOTHKY B CJIYUae HEIENIOTO TTOKA3ATENsT 2 OT YUCIa
N, KOJIUYECTBA CJIaraeMblX ACUMIITOTUKH U HE sICHO, MOXKHO JIU CUMTATH ACUMIITOTHUKY ACHUMIITO-
TUIEeCKUM PAgoM. Jlemma 3 comepkut 60/1€€ TOYHBIN PE3Y/IbTAT, UeM YIOMIHYTAd BBIIE TEOPEMa
1. B Heit orpakeHa 3aBUCUMOCTH ACUMIITOTHKH OT 1. B CBA3M € 9TUM OHA IPUBOJIUTCS C MOJTHBIM
JTOKA3aTETHCTBOM.

OCHOBHBIE OBO3HAYEHUSA U ONPEJAEJEHUA. N, a, b, d, i, j, k, m, n, r — 1ieJble 4uCIa; p,
q — TPOCTBIE YNCIa; & — JeHCTBUTENBbHOE YUCI0, bosbinee 1; s = o + it — KOMILIEKCHOE UUCTIO;

(a1,...,ar) — wnanbosbmit OBIIUIA JeUTesb 9UCe ay, . . ., ag; G(N) — rpynna BbIYeTOB, B3AUMHO
mpocthix ¢ NV; x u h — xapakrepsl dupuxite o moaymto N; f(n) — MyJIbTHINIMKATHBHAS TT€T03HAY-
Has dyHKIws; | M| — KoamdaecTBo 3/eMeHTOB KoHeuHoro MuoxkectBa M; S(x,r, f) — koauuecTBo

qmcen n < x, 1ist KOTopbixX f(n) = rmod N, wiu S(z,7), KOrja u3 KOHTEKCTa siICHO, 0 Kakoil (pyHK-
mun f(n) naer pedn; s HEKOTOPOI MOCTOAHHOM ¢o > 0

3 Co

o(t) = max { 1

___ % O - .
4’ ln(|t|+2)}’ {slot) <o, —00 <t < +oo};

©(n) — dynkuua Ditnepa; ['(s) — ramma-dynkums diinepa;
q—3 1 2
A= I | — 2(x)= —— E r*—1).

ONPEAEJEHUE 1. @ynkyus f(n) nasveaemcs caabo pasHOMEPHO Pacnpedesentot no mooyso
N, ecau dan moboix a u b, s3aummno npocmuz ¢ N,

llm S(x?a7f) :17

v—o0 5(z,b, f)
npu yeaosuu, wmo muoocecmso {n | (f(n), N) =1} becxoneuno.

ONPEAEJNEHUE 2. [lapa wuces a w b wasweaemces npumumuenot no modyso N, ecau
(a,b,N) = 1.

KonuaecTBo HeCpaBHUMBIX MeKIy COOOI IO MOJIYIIO 1 NPUMUTHUBHBIX I1ap OOO3HAETCS depe3
Ja(n) n HaswiBaerca dyuknueit 2Kopnana. B nanbueiinem 6ygem obosnadars ee J(n). Ona Myib-

TUIIMKATHBHA 1 .
J(n) :n2H <1—2> .
q

qln

CeoiicTBa 910l MYHKIN U HEKOTOPBLIX ee 0boIeHwit n3yJaanck B paborax [14, 15, 16].
B mameit pabore paccmarpuBaercs pacupemenenve 3uadenuit dpyukiun 2Kopgama B Kjaccax
BBIYETOB 110 MOAY/I0 N U JOKA3bIBAIOTCS CJIEJYIONIIE TEOPEMBI.

TEOPEMA 1. Qynxuyusa J(n) caabo pasromepro pacnpedeaena no modyato N mozda u mosvko
moeda, kozda (N,6) = 1.
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TEOPEMA 2. Ecau (N,6) =1, mo das 4106020 namypasvhozo n u das sobozo r € G(N) npu
x — 00 daa Pynkyuu J(n) cnpasediusa acumnmomura

Slar) = ( lnsnHZ T(k — )\lnx

1 M S~ a) aT(n+3—2)
+<p(N) %0 (Inz)1=20) kzzo Tk — z(x)) In* & 0 <R"(1n x)n+1—A> ’

npuuem, |z(x)| < A das arwbozo x # Xo, 20e ap(x) u R, 0 < R < 1, — nocmoanmnvie, ne 3a6ucauue
om n, u KoHcmanma 6 cumsone O mooice He 3asucum om mn.

2. /Toka3aTeabCTBO Teopembl 1

g nokazaresibCTBa TEOPEMBI HAM IOTpebyeTcd Caeayolue JeMMBbI.

JIEMMA 1. Ecau (N,6) = 1 u dan zapaxmepa X 1o modysto N cnpasediuso pasencmeo

S 1) = o) L2

qg—1
reG(N) q|N
mo X — aaasnuil Tapaxmep no modyan N.

JIOKABATEJILCTBO. Ilycts crauama N = ¢F u ¢ > 7. Boraer r € G(N) mpeacraBuM B BHIE
r =aq+ b, Oéaéqk_l—l, 1<b<<qg—1.
Pasencrso x(r? — 1) = 0 BepHO TOr/ia U TOILKO TOI/IA, KOT/IA

r?> —1=0modg,

1. e. r2 = 1modq. Braunt, r = aqg+ 1 wm r =aq+q—1,0 < a < ¢ — 1. Koamuecrso taxux

BbIaeToB paBHo 2¢¥ 1. T109TOMY KOIHYIECTBO HEHY/IEBLIX CIATAEMbIX B CyMMe, CTOSIIEH B PABCHCTBE
(1), paBHO

q—3

g1

1. e. mpasoit wactu pasencrsa (1) npu N = ¢*. Tak kax |x(n)| = 1 npu ycaosuu, uro x(n) # 0, To
TS HeHY/IeBBIX CJIaraeMbIX cyMMEI B pasercTse (1) mueem: x(r2 —1) = 1. JlaabIme 10Ka3aTe bCTBO

0(q") — 24" = p(d")

IpoBeJAeM MHAYKOUEH 110 a.

Iycers a = 0. Ecrm 7 = 2, To (1) = x(3) = 1. Border r = 3 npuBoaut K pasenctBy x°(2) = 1.
[pu r = 7 noayqaem x(48) = x(3)x*(2) = x(2) = 1.

Urax, x(1) = x(2) = 1. Ecim gma r < ¢ — 1 Bepun! pasencrsa x(r — 1) = x(r) = 1, o u3
pasencrsa x(r2 —1) = 1 caexmyer, aro x(r+1) = 1. Taxum 06pasoM, A/ BCEX T, YOBIETBOPHIONINX
HepasercTBy 1 < r < ¢ — 1 mbl moayanum x(r) = 1.

JomyctuM, 9To I BCeX BBIUETOB ©' < aq +q — 1, a < ¢
x(r) = 1.

Ionoxkum @’ = a + 1. Ham gocTaTouHo mokasaTh, 9TO

k=1 _ 1 BrImosHSIETCS PaBEHCTBO

x(d'q+1)=x(a'qg+2)=1.

/
1
Ecmu o’ meverno, to 4™ < ag + ¢ — 1. Cresopatensho,

! 1
a'q+ ):1.

x(a'q+1) = X(Q)x( 5
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Hanee, oguo uz uucen a'q + 2, a’'q + 4, a’q + 6 nemurca na 3. Ecau sato a’qg + 2, To

g+ 2
@q+ ):1.

x(d'q+2) = X(3)x( 3

Ecau 310 d'q + 4, To ananornuno naxogum, aro x(a'q +4) = 1. Ho
x(a'q+2)x(a'q +4) = 1.

Buaunr, u x(a'q+2) = 1.

Ecau 310 d'q + 6, To Tak xe suaum, uro x(a'q +4) = 1, a orcioma u x(a'q + 2) = 1.

A Teneps Tak ke, kak u npw a = 0, MHAYKTUBHO ycTaHaBmuBaeM, 9to x(a'q +b) = 1 mua Beex
Takux 3Hadenuit b, aro 1 < b < qg— 1.

Ecnu xe a’ werno, To ogpo uz uucen a’'q+1, a’q+3, a’q+5 penurca na 3. Torma paccy»Kas Tak
JKe, KaK Bbliie, nojayduM, uro (a'q+1) = 1. B cury yernocru ducia a'q + 2, Kak u 0pex/ie, BbIBO-
M, ato x(a'q + 2) = 1. Onsars, nosropsast paccyxenue npu a = 0, maxoaum, uro x(a'q +b) = 1
JUIs BCeX 3HadeHuil b, ymaosiaeTBopsonmux HepaseHctsy 1 < b < g — 1.

Iycrs Temeps ¢ = 5w ¢ = 7. [pu r = 2 mueem: 22 —1 = 31 x(3) = 1. Ho 3 — mepBoo6pazmbIit
Kopemrs 1o mosyiio ¢F. TTostomy x = xo.

Ecmu N = qlfi . 'qlkl, ¢; > 3, T0, B CHJIy KUTaiiCKOii TeopeMbl 06 ocTaTkax, Kaxmomy r € G(N)
B3AMMHO OJ[HO3HAYHO COOTBETCTBYET Takoi Habop (ri,...,r), 7i € G(qfi), uro r = r; mod qfl
Kpowme Toro, xapakrep X Olpesesiercs Kak IIPOU3BEIEHUE XapPAKTEPOB X, I'PYIIL G(qf’) Canenosa-
TeJILHO,

X(r? =1 =xa(rf = 1)---xalrf = 1)
[Moxcrasum 310 B paBenctso (1). O6osnavas G; = G(qfi) u N; = qf", TOJTY M

l l

ZXl(T%—l).qu(rlQ—l) :H Z Yi(r? — 1) :H‘P(Ni)qi_?’.

i —1
reG i=1r;€G; i=1 4

Kak mokazano Bbiie, i KaxK 0 CyMMbI B TPOU3BEIEHAN CIIPABEIINBO HEPABEHCTBO

g —3
> xilr} —1)| < o(Ni)——.

‘. a—1

ri€G;
CaegoBarenbHo Juisd Kaxaoro 4, 1 < i < [,

2 qi —3

(re —1) = o(V; .

§ Xi (73 ) =¢( Z)qi—l

r,€G;

[To mokazamHOMY OTCIOHA C/IEIYET, 4TO Jjs JI000ro ¢ XapakTep X; — rvapHblil. Torma u xapakrep
X ToXKe TJIaBHBIHM. JlemMa JlokazaHa. O

Beesiem jonosnuurenbhble obo3nadenus: R(N, f) — mHoxkecTBO Tex BbideroB 1 € G(N), jst KO-
TOPBIX CYIIECTBYET Takoe mpocToe auco p, (p, N) =1, uro f(p) = rmod N; A(N, f) — noarpymma
G(N), nopoxjennas muoxecrsom R(N, f). Ina dyukunun ZKopaana nonoxum R(N) = R(N, J)
u A(N) =A(N,J).

Oyuxnus f(n) HA3BIBAETCS TOJMHOMONOAO0HOM, e 11 JI00ro HaTyPaJIbHOrO k CyIecTByeT
Takoit MuorowieH Py(z) crenenu k ¢ meabiMu KO3 pUIMeHTaMI, ITO I JOO0r0 IPOCTOr0 IUC/IA

p f(*) = Pu(p).

JIEMMA 2. Ecau 0asa naunomonodobnot mysvmunauremuenot gynkyuu f(n) ewnoansemca
pasencmeo A(N, f) = G(N), mo ¢ynruus f(n) crabo pasromepro pacnpedesera no modyao N.
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JTOKABATEJILCTBO. Jra JIeMMa €CTh HEIIOCPEICTBEHHOE cieacTBue TeopeMbl 1 paborsr B. Hap-
Kesu4a |6, c. 270]. O

IIpucrynum K jiokazarenbcrBy Teopemsl 1.

JOKABATEJILCTBO. Urak, mycts (N, 6) = 1. Jomycruwm, wro A(N) # G(N). Torna cymecrsyer
HerVIaBHBIH XapakTep x 1mo moayato N, pasubiii 1 #a noarpymnme A(N). Ecou r € G(N) u npocroe
wncsno p = rmod N, 1o J(p) = r? — 1 mod N. 3uauaut, MHOKECTBO

R(N) ={ala=7r*—1mod N,r € G(N),(r* —=1,N) = 1}.
Tak xkak R(N) C A(N), o
> 1) = R = o) [T 2=

reG(N) q|N ¢—1

Torma w3 jgemmer 1 cienyer, uto Y — riaBHbI xapakTep u A(N) = G(N). B Bugy semmvbr 2
dbyukmst J(n) c. p. p. no moxymo N.

Hawm ocranocs ybemurhest, ato ecou N gesnutes Ha 2 uin Ha 3, 10 dbyukims J(n) He obramaer
c1a60 PABHOMEDHBIM PACIPEEIEHUEM TI0 ITOMY MOAY/II0. [T0KaXKeM, 94TO B 3TOM CJTydae MHOKECTBO
M = {n|(J(n), N) = 1} koneqno.

1) IIycre N gerHo.

Ecru cymectsyer p > 2, nenamiee n, To p°> — 1|J(n) u J(n) qerno u n ¢ M. Ecim xe n = 2™,
to J(n) neuerna Toabko pu m = 0 maun 1, 1. e. MmEONKECTBO M COfepKUT HE GOJIBIIE IBYX UUCEL.

2) Ilycte N HedeTHO, HO JIETUTCS Ha 3.

Eciu n = 3*ny u (n1,3) = 1, 1o upu k > 1 uucio J(n) emurcs na 3 u n ¢ M. Iycrs n = ny
win n = 3n;. Ecim ng gerno, to B oboux cyuasix 3|J(n) u n ¢ M. Ecau n; #euerHo u He paBHO
1, To cymecTByeT p > 5, mendmiee ni. Torma u3 Tpex uncen p — 1, p, p + 1 ogHo menmrtes vHa 3 U
9T0 He 9ucio p, T. e. 3|J(n) un ¢ M. Ocraercsa TonbKO JBe Bo3MOKkHOCTH: =1 nn =3, n. e. M
KOHEYHO.

Taxkum obpaszom, ecau (N,6) > 1, To muoxecro M koneuno u dpyukuus J(n) He obnanaer c.
p- p. mo Moy N. Teopema 1 moHOCTBIO JoKa3aHa. [

3. /loka3aTejabCTBO TEOpPEMBI 2

Hawm morpebyercst nemma, KoTopasi TpecTaBigeT coboii TeopeMmy TaybepoBa THUIA, JJis PSI0B
Hupnxye. nmenno ata semma 3amMenuT Teopemy Jlegamka, 0 KOTOPOI 118 PeYhb BO BBEICHUN.

JIEMMA 3. Ilyemwv daa apudmemuyeckoti dynryuu f(n) cywecmeyrom makue nocmoannvie
A>0uB >0, umo |f(n)| < B(Inn)* u onpederennan npu o > 1 dynryusa

F(s) = Z f(z)
n=1

n

YOOBALMBOPALN, YCAOBUAM:

1) eywecmeyem makas peeyaapran 6 ) u nenpepvienas na ee epanuye Gynkyus G(s), wmo npu
o > 1 das nexomopoeo z € C

F(s) =G(s)(s —1)77, (2)

NPUYEM, ECAU Z — HEUEA0E, MO PUKCUpPyem 2aa61y10 emss In(s — 1);

2) dan npodosicenusn F(s) e obaacmu 0 cywecmeyem makxas nocmoswnas Ay > 0, wmo
F(s) =0 (|t +2)), |[t|>1.

Tozda cywecmsyem maxas nocmoannas ¢ € (0,1), wmo npu x — oo
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a) ecaw z=1,0,—1,—2,..., mo

= 3" f(n) = v(2)G(1)z + O(we=Ve),

n<x

2dev(z) =1, ecau z =1 uv(z) =0 6 npomusrom caysae;
6) ecau z ¢ 7 u & = Re z, mo das 1106020 Hamypasvhozo n

n—1
B x ay zT'(n+3-¢)
S(ﬂf) - (]n$)1fz kzo lnk xl“(k o Z) + 0 <Rn(lnx>n+1§> ’

-1

2de ay, — woapuyuernmor Tetaopa Pynruuu G(s)s™ 6 moure s = 1, a R — npouseosvroe nososrcu-
meavHoe HuUcA0, menvuee 1 u paduyca peeysaprocmu amoti pynxyuu 6 mowke s = 1, u Koncmanmaot
ar u 6 cumeone O we 3agucam om n.

JIOKA3BATEJBCTBO.
O603rauny = In"'x u 09 = 1 + 2. Ha ocroBanun teopemsr 11.3.1 B xuure K. IIpaxapa [17]
CYIECTBYET TaKas TMOCTossHHAass By > 0, uTo J7s 1mosymenoro x > 1

oo+iT

> fn) = 5 / F(s)fderO(:m;lx). (3)

nse og—1T
Ucnonssyst mpogoszkenne dbyuknnu F(s) BieBo oT mpsiMoit o = 1, 3aMeHUM KOHTYD WHTErPHPOBa-
Hud.

Ilycts 2z < 1 — nesoe umcso. OnuiieM JOMOJHUATENbHLIE KOHTYDHI.

Li:0(T)<o<o00,t=T, Lj:0(T)<o<og, t=-T,

Li:o=0), <t<T; L, J—a() -T<t< —;

Ly :0=0(), [t <; L:LjuLguLguL2 ULT.

Ob6o3HauuM Jijist HeKOTOporo Koutypa [’

B cnyuae a) dymrkmua F(s)s~ 'z 6o peryrapna B Q, ecn z < 0, b0 COmep:KUT OIMH IPOCTOI

nosttoc ipu § = 1, ecyim 2z = 1. TlosTomy

oo+iT s
1 T
— F(s)—ds = 1 I(L)|). 4
o | FO©%ds = v&)G)s + O(IL) (W
oo—1iT
Hauee,
a9
1 i
I(LPH) < — F(s)|——=d
HEDI< 50 [ PO e
o(T)
13 yciioBus 2) JIeMMBI CIIEJIYeT, 4TO CyHecTByeT Takag nocrogauad Cp > 0, uro npu T = eVIn®
zIn™ T 7 A1 s
[I(L7)] < ClT / 2%do =O((lnz) 2 ~ “we”VInT). (5)

o(T)
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Omnenka no xourypy L Oyger Takoil ke, TaK KaK MHTErPabl 110 TUM KOHTYPaM KOMILIEKCHO
COIIPSI?KEHBDI.

Ilepeitnem K onenke I(L;). Mycts tg = max{e® — 2, 0}. Ecm tg > 0m 0 < t < tg, TO
Ac(t) =2; ecaut > to, To Ao(t) =1— m(ii?w) Eciu tg > 0, To § < tp npu J0CTATOYHO GOJILIIOM
z. Ilpencrasum I(L]) cremyrormum o6pasom

to
_ 1 / (3/4+it)a®/ e /F o) + i) itral-1 4
o 3/4 +it Tox () + it ‘

5

B mepsom maTerpase dyuxnms AF (i + it) OI'pPaHUY€EHA, TT03TOMY OH MMeeT OIIEHKY O(x?’/ 4). Bo

BIOPOM — MOKHO cuntarh, 410 F(s) = O(In1(t + 2)) (yciaoBue 2) nemmpr), Tax xax npu [t| < 1
9TO yCJIOBUE PABHOCUIBHO orpanmdenHoctu F(o(t) + it), aro cupaseqmmso. Tak 410 1/ BTOPOTO

MHTerpaga HaiinyTcs takne nocrosHmbie Co > 0 1 C3 > 0, wro mpu T' = eV on He MpeBOCKOIUT
T A colnz A1+1
1 —C0
c x/ In"™* (t + 2)x700/1n(T+2)dt < Cyzem(T+2) (In(T' 4 2))™ <
t+42 A +1
to
< Cgl‘(ln m)A1+1e*(CO\/ln$)/2.
Coenunss Moay9YeHHbIE JBE OIEHKH, Oy IHM
I(L}) = O(a(lna)t1tle(covinm/2) (6)

Jlist kouTypa L3 npu v = min {i, lcn—o} CITpaBEJIJTMTBA OTIEHKA

I(Ls) = 0('™),

KOTOpast MOTJIONIAETCS TPEILIYIIAMHA, TIO3TOMY B JaTbHEHIIIEM ee MOXKHO He YINThIBAThL. Beibepem
¢ > 0 Tak, 4r06Bl ¢ < 1 n ¢ < ¢o/2. Torga npasbie gactu nepasencts (5) u (6) ouensTca Kak
O(xe‘cm). ITogcraBum mosyaeHHBIE OTIEHKH B (bopMysty (4), 3aTeM — B paBeHCTBO (3) U MOy IuM
YTBEDXKICHUE TIYHKTA a) JIEMMBI.

[Tepeiimem Kk mokazaTesbCTBY TMyHKTa 0). Jdomyctum, uro z — Hemesoe gucao. Temepb mpu uH-
TETPUPOBAHNN IO HOBOMY KOHTYPY MBI He JIOJIPKHBI TIepeceKaTs MoaynpsaMyio ¢t = 0, —oo < 0 < 1,
MO3TOMY B KOHTYpe L 3aMeHUM KOHTYpP L3 Ha KoHTYP I, cocTodmuit n3 Tpex dacreii:

Lf:0(8)<o<1, t=4

Ly:s—1=0e"%, —m/2< p < 7/2;

Ly :0(0)<o<1, t=-6.

O6o3raunM depes L' HoBBIN KOHTYD, 3amensomuii kKoatyp L. Torga
I(L))y = I(LT) + I(L) + I(T) + I(Ly ) + I(Ly) = I(T) + O(ze~ Vo), (7)

TaK KaK OIEHKM MHTEI'DPaJjoB M0 KOHTYypaM Li Li OCTAIOTCS Te Ke, 9TO U B ciaydae 1).

ITycrs R — paamyc Kpyra peryaspHOCTH cbyHKLu/H/I G(s) ¢ mearpom B Touke § = 1. Bribepem
R < 1 rak, uro6n1 0 < R < R'. MoxkHO cuntarh, uTo ToUka § = 0(0) + 40 mepecevenns KOHTYPOB
L; u LI HaxoxuTcs B Kpyre |s — 1| < R. B nporuBHOM ciydae 106aBUM KOHTYD, JiexKamuii Ha
npsMoit ¢ = 0, 0T 3TOi TOUKM 10 TOUKE o’ + 1§, Jiexkaleil B JIeBoOM moyKpyre |s — 1| < R, npudem
MHTErpaJI 110 9TOMy KOHTYDY onenntcs kak O(z7 ), o’ < 1.
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Urak, kouryp I' Haxommres BHYyTpH KpyTa |s— 1| < R, B xoropom dynxmus G(s)s~! perynsapna.
Bribepem mpomsBosibHO HaTypasbHoe ducao n > 1. Ilyers ap u R, (s) — xoaddurmenTs u ocra-
rounbiit wien B popmyte Teittopa mis bynuxuun G(s)s~! B kpyre |s — 1| < R. IIjns unrerpana 1o

xoHTYpy I' mosmyuum npuescTaBienne

n—1
1 1 ‘Rn
2—5 a/s—lkzsds+ md& (8)

2ri ) (s —1)7
=0 r

B mnTerpanax mox 3HaKoM CyMMbI KOHTYD ' 1omoIHUM 1BYyMsI KOHTYpaM#
I'f: —co<o<o(d), t=06 Ts:—o00<o<o(d),t=—0.
O6oznaunm Hy = I‘}' uI'UT'y. Torma

2%”. / (s — 1) 2ads = QLm (/— / - / ) (s — 1)**2°ds. )

Hs 1F 15

B wunTerpasie mo Hg ucnonbsyem mpeobpazoBanue s — 1 = §¢ u obozunaunm 1depe3 H KOHTYp, B
KOTOpBIi niepexouT KoHTYp Hs. Biaronaps npejcrapiennto Xankesd s [-pyHKIMM, T0JIyIuM

x5k+1 z 1

-1 k—z sd _ k—z Qd o €z i )
(s = )7 atds = =5 / ¢ C= )= Tz =)
Hj H

1

2mi

OrneHnM WHTErpaJ M0 KOHTYPY Fgr, obozHavast ero Beauunny depes [i:

o(9)

1
I, = < <5 / (o — 1+ 16)**|z°do. (10)

1
_1kz 5
2#1/(3 ) s

F+

[Iycts z = £ + in. Beuay 3akpemsienns ruiaBHoit Bersu In(s — 1) Ha F;, € HEKOTOPOIl IOCTOAHHOR
Cy4 > 0 cupaBexKIUBO HEPABEHCTBO

(s —1)7%| = |s — 1| Sem 8D < Oyls — 1] 7€, (11)

B mociennem maTErpase monoxnMm 1 — o = du. Torma

L < < 09 gop1g / ~u(y 4 1)k du,
27
(1-0(6))/6

Mo onpenenennto o(t)

. 1 co . 1 ¢g Def
1—-0(d) = e ¢ 2 S Ta( =
o () mm{4’1n(2+5)} mm{4 lnB} y

Tax kak 6 = (Inz)~!, 10 (1 — 0(8))/d > elnz. Cieposaresbo,

o0

I < 26—45'““_535 / e %(u+ 1)k Cdu.
s

elnz
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C HCKOTOPBIMHA ITOJIOZKUTEJIBHBIMHA ITOCTOAHHBIMHA C/ 148 C” B 3TOM HMHTEIr'DaJie CIIpaBea/JIMBO HEPABCH-
crBo du < u+ 1 < 'u. Ilostomy maiinerca takag nocroganasa Cs > 0, 9To

[e.e]

05.%' k—¢ —
I < (o a)FHi€ / u" e du.
elnz

IMycrs [f]=m, {=m+aunl=k—m. Tak kak 0 < k<n—1, 10 - m<I<n—m-—1.
Ecou I <0, To

o0

. 0517 [— C5$1_€
elnzx
Ecau I > 0, To
® —E&
l—a — T l
elnzx
C mexoropoii nocrogumnoii Cg > 0 3T0 IPUBOIKUT K OIEHKE
1‘1_8
I, = 1, < C I+ 1)L 13
k I+m 6 lnz ( + ) ( )
Onenxa mo xoutypy L'y Gyzer takoit xe. Ilycrb AM = max|,_j—_pg |G(s)s~ Y. Torma
lar| < MR™F. M3 dopmya (10), (12) u (13) ¢ nexoropoii nocrosmuoit Cy > 0 ciejyer
pl—e n—1 k m+
/ / s —1)F%x8ds| < g
27r2 1
Y Ty h=m
r'7% (n—m)(n —m)! z17¢ T(n+3-¢)
<G . <G . . 14
"Iz Rr "Inz Rr (14)

Ham ocTanmoch O1eHuTH MHTErpas OT OCTarOvHOro 4ieHa Ry, (s), Koropswiii Gymem paccmarpu-
BaTh Kak 0cTaToK psiyma Teitopa. Ero kosadduimenTs! y1osaeTBopsioT HepaBeHcTBy |ag| < M R7F.
CrenoBareibHO,

M|s—1|n |s—1|k
[Rn(s)] < Z ~

Tak kak KOHTYD I TIeJTMKOM JIeKUT BHYTPH KPyTa | — 1\ = R, TO CyIIecTByeT TaKOe IIOJIOKHUTEILHOE
uncao p < R, uro mag s € T' cupasemmuso HepasercTso |s — 1| < p. Ilosromy ¢ HeroTOpOit
MOJIOKUTE/IHbHOM nocTogunoit Cg uMeeM:

s—1|"
|Rn(s)] < CS|Rn|-

YunrbiBas, uro HepaBeHCTBO (11) cmpasemuBo u st KorTypa I, ¢ HeKoTOpOii mocTosiauoit Cy > 0
HOJIY YU M

L / Rp(s)a®(s — 1)"*ds

21
+
L4

gt T T(n+1-¢)
§ Cg Rn /e u édu Cgm (15)

Onenka mo xouTypy L, Takas xe.
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Ha kourype Ls: s—1 = §e'¥; mosromy |(s—1)"¢""| = 68?1 < 5™ R, (s) = O(6")R™"
pesmunHa 21 orpanmyena. C HekoTopoit mocroaruoil Chg > 0 CIpaBeIHBO HEPABEHCTBO

‘/ )(s — 1) *x%ds

U3 pasencts (8) n (9) u onenok (14), (15) u (16) monyvaem

< Crozd" 1R, (16)

n—1

_ x a zl(n+3-%)
1) = (Inx)l—= Z (Inx)*T(z — k) * O((ln:ﬂ)”“£R”>'

k=0

U3 sroro pasenctsa u dopmyn (3), (7) u (8) cieayer Bropoe yTBepKaeHre JeMMbI. Jlemma JoKa-
zana. O

Tlepeitaem K 0Ka3ATEILCTBY TEOPEMBI 2.
JOKA3ATEJILCTBO. Ilycte N — ¢ukcupoBaHHOE HATYpAJIBHOE UHUCJIO, B3AUMHO TIPOCTOE C 6.
Ucnonb3yst cBORCTBO OPTONOHAJIBLHOCTH XapaKTepoB, npejacraBuM cymmy S(x,r) B Buje

1
Sry= Y 1= WZ%(T) > x(J(n))

n<z X n<T
J(n)=rmod N

Ob6o3Ha4uM

S(z,x) =Y x(J(n)).

n<x

D10 cymmaTopHas QYHKIUS [1jisT KOIDPUITMEHTOB Psijia

5 (I -
n=1

Takum o6pa3om, 3a/a9a CBEJIACh K IPUMEHEHUI0 teMMbl 3 K psiy Jdupuxse (17). g npumenenns
JIEMMbI HY?KHO U3yYUTh aHAJIUTHYECKUe CBOicTBa GyHKimu F(S,Y) U ee aHATUTUIECKOTO [IPOJIOJI-
xenus B obyractu 2.

Oyukmus x(J(n)) myaprummkaTusaa, a psaa (17) abcoIroTHO CXOAUTCst pu ¢ > 1, MosTOMY

F(s,x) =] <1 LX) | xU) +> .

S 2s
p p p

Tak xax x(J(p*)) = x(p*2(p* — 1)) = x(p* — 1)x**2(p), 10
L Xty
Fle:x) H( p* —x(p))

H(s,x) = H (1_X(pQ_1)>_1'

S
(p,N)=1 p

Ob60o3Ha4YUM

Yuuoxum u pasgenum F(s,x) na H(s,x) n npejacraBum B Buje

F<Sa X) - A<37 X)H(S, X)
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Yepes A(s, x) obosnauena dhyHKIMSA

3)(x2(2) — x(3 21
A(s, x) = (1 + X(QS)((;ELQ(;)g )> I1 <1+ X" 1) )> X

pS
p|N

- (1 X = D))~ 1>>>'

ps(p* — X2(p))

Oynkuus A(s, x) peryiaspaa u orpanndena npu o > 3/4. Jljs KOHEYHOTO POMU3BEEHUsI 110 TIPO-
CTHIM YucJIaM, JeasmuM N, u p = 2 370 sicHo. 1IpoBepuM 3T0 JJisT TPOU3BEIEHUS 110 BCeM p > 2,
e mensmuM N. B Buny mepasencrsa

’x(p2 — DO () —x(* — 1)) ’ 2 4
P*(p* — x*(p)) Spt(pr—1) T pd

9TO IPOU3BEJEHNE CXOANTCs abDCOIIOTHO U PABHOMEPHO B YKa3aHHOU 00JiacTu, a €ero 3HavdeHue orpa-

araeno. Takmm obpazom, aTo0bI TPOIOKNTh F'(S,X) B 061acTh (2, HYKHO HaiflTH MPOIOJIIKEHIE
H(s, x). dns sroro pacemorpum Lin H (s, x), BBIOUpas Ty BETBb, JJist KOTOPOil pu o > 1 crpasej-

JINBO PABEHCTBO
2
x(p* — 1)
InH(s,x)=— Z In (1_ps .
(p,N)=1
Pagencrso Oyzmer BepHo, ecau UpH 2, = x(p? — 1)p~* abcomoTHO cxonaTCa PAbI
Z In|l—2%,] u Z arg (1 — zp).
(p,N)=1 (p,N)=1
[lepBriit psia abBCOMIOTHO CXOONUTCA B BUIY OLEHKI
|2p] 1
1|z ~p7 =1

[T 1 = z,[| <

Tak Kax |2,| < p~7, TO BEIONPaEM Ty BETBb, JJIsT KOTOPOil CIIPaBeIINBO HEPABEHCTBO

|Zp‘ < < 1

2| < —.
]1—&—21,]\’7" p°

larg (1 — z,)| < arctg

Jlist BEIOpaHHO BETBU
—1) —1)
InH(s,x) = Z Xp —I— Z pr . (18)
(p,N)= (p,N)=1 k=2

O6o3uaaunM BTOpOe ciaaraemoe B dopmyste (18) gepes B(s, x). Dra dDyHKIUs peryasipHa U OrDaHU-
4eHa B obsactu 0 = 3/4. D10 ciejyer U3 HepaBEHCTBA

k2 ‘
Z X" (p 1)‘ < 1 < 2p3/2,
p°(p? —1)

[Ipeobpasyem mepBoe ciaraemoe B paBeHcTse (18) cremyronmv obpaszom

> Xp_l = > x*-1n > pr=

(p,N)=1 r€G(N) p=r (mod N)

- (1) S X - DR Y M2

s
hmod N ¥ re€G(N) P p
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Pan no npocteiv wncaam cesikem ¢ L-pynkumedt L(s, h) ¢ moMonpio paBeHCTBA

k
lnL(s,h):Zh;f)—i—ZZ};;]i)’

p P k>2

IJie BeTBb Jiorapudma BIOUpAETCT aHAJOTHYHO TOMY, KaK 3T0 cienano Ha c. 134. Oboznadnm

Cls,h) ==Y

p k=2

hk(p) n z —L 7“2— 77"
e " Aeh) = >reGZ<N)X( DA():

®ynkuus C(s, h) Tak xe, kak u B(s, x), peryasipua u orpanndena B obsactu 2. Torja u3 pasencrea
(18) momytmm

InH(s,x) = B(s,x)+ Z z(x,h)(lnL(s,h)—l—C’(s,x)).
hmod N

Orcrofa npuxo UM K Tipejictasienuto st H (s, x):

H(s,x) = B0 T (L(s, h)eCEm) "M,

hmod N
CrenoBarensro, 11 F(s, x) mveem:
F(s.x) = As. )" [[ MO T (£(s, ) Y. (19)
h h

Tak xax |z(x, )| < 1, To MEOKATETH

A(S, X)eB(S,X) H eZ(X:h)C(S,h)’
h

KaK I1I0Ka3aHO BhIIe, €CTh PEery/isdpHasi U orpaHuueHHas npu o > 3/4 dyukuua. [Ipoussenenue
L-dyuxmnmii mo xapakrepam h B paserctse (19) samumiem B Buje

(s = 1)~ (L5, ho)(s — 1)) T (L(s, h)" ",
h+#hg

rae z(x) = z(x, ho). @yuknua (s — 1)L(s, hg) perynspra B obnactu ) n He obparraerca Tam B
0. B mpomssegenne mo xapaktepaMm h # hg BXogar L-QpyHKINH, KOTOpPBIE PETyASpHBI B 00JaCTH
Q u, eciu h? # hg, 10 u He obpamaoTca Tam B (. BO3MOXKHBIH /I/Is BEIIECTBEHHOI'O XaPaKTepa
TaK HA3BIBAEMBIH 3UTEIEBCKUI HY/Th MOXKEM CUHTATH JEXKAIUM BHe obsactu (), Tak Kak MOIY/Ib
XapakTepos h GPUKCHPOBAH, U Ha, OCHOBAHWM TEOPEMBI SUTEJIsT YMEHBIIEHUEM TOCTOSTHHON ¢o MOXKHO
OTOABUHYTH rpanuity obaactu {) TpaBee 9TOTO HYJIs.

Tax kax BbIOOp BerBu In L(s,h) yxe cmenan Ha c. 135, To jis xkaxmoro h # hg dbyHKIWS
(L(s, h))*%") raxske perymspra B obmactu .

Nrax, dyukmnmsa

G(s,x) =
= A(s, X)eB(S’X) H 2 (X:h)C(s:h) (L(S, ho)(s — 1))Z(X) H (L(s, h))z(x,h)
h hho

peryasipaa B obgactu ). [Ipuw momoru paBeHCTEa

G(s,x)

F(s,x) = m
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dbynkums F(s, x) npogomkaerca anagutudecku B o0gactsb (), npudem ays In(s — 1) 3akpernsena
IJIaBHAs BETBb.

[Tokazxkem, uro F'(s,X) yIOBIETBOPSIET YCIOBHUIO 2) jgeMMbI 3. [Ij1d 9T0r0 ncmosib3yeM mpecTas-
nenne F(s,x) pasencrsom (19). ITpoussesenne

A(s, x)eB ) T exoemCte)
h

orpanndeno ua Beeit obnacru Q. s L-dbyuxmmii L(s, h) B obnactu Q npm |t| > 1 cnpasennusa
ouerka L(s,h) = O(In(|t| +2)) [17, [nasa IV]. O6osnaunm 7 = arg L(s, h). B Buay sbiGopa Bersu
In L(s,h) na c. 135, Bequunna 7 orpanuvena. Ecau monoxum z(x, h) = & +in, To

|(L(s, )M = L (s, )€™

Ecm € > 0, o nupu |t| > 1
(L(s,1))"M = O (n(Jt| +2)).

Ecm & < 0, To myxma onernka L~ (s, h) = O(In® [t| + 2) ¢ mekoropoit mocrosaroit B > 0. st
h = hg oHa clexyeT u3 Taxoif ke onenkn aua ¢ 1(s) [17, c. 83]. Ecim h # hg To 0Ha TOKa3bIBACTCH
AHAJIOTUYHO.

Taxkum obpasom, F(s,x) yaosiaerBopsier yciaosuio 2) jeMMbl 3. Jljisi KaxKgoro xapakrepa X
K bysknun F(s,y) npuMensiem jgemmy 3 ¢ mokazareseMm z = z(x). /st TIaBHOrO XapakTepa 9TOT
nokasaresnb z(xo) = A. Ecan x # X0, 10, B cuay semmsbt 1, [2(x)| < A, a rorga u ero geficreurenbaast
qactb £() € (=, \). Oboznauas gepes ay () Kosbdurmments pama Teiinopa byskmmm G(s, x)s
B TOUKe § = 1, ¢ HeKOTOpBLIM uncyioM R, 0 < R < 1, mogyunm

n—1

B x ak(X) F(n+3—-¢&()z
520 = =0 2 T sty e * 0 ()

[Mopcrasum Besmaunbt Sz, x) B hopMyty
1
Sz, r) = —— x(r)S(x, x
(21 = g SRS

N3 ¢(N) BXopammx B TPABYK YacTh OCTATKOB BbIbepeM OJMH C TokaszareseM . Tak Kak
(Inz)¢0) = O((Inz)*), 10, BELIEIAS CTaraeMoe ¢ X = X0, TOIYHHM

1 T
S(z,r) =
(&) @(N) (Inz)!= AZr k— )\ ln T

1 s . ag(x) T(n+3—\)

chiZxo k=0 2(x)) "z

JokazaTeabCTBO TeopeMbl 2 3aBepiieno. O

4. 3akJ/ro4eHue

IIpuBenenuas B pabore Teopema 2 MOKA3BIBAET, UTO MPOU3BOsue (HYHKIUN, C TOMOIIHIO KO-
TOPBIX BBIBOJISITCS ACUMIITOTHYECKHE (POPMYJIbI JJjIs pacipejesenust 3HadeHnit HyHKIUH B KIac-
cax BBIYETOB, 00J1aa10T CBOMCTBAMU, MO3BOJISIONIMME MTOJYYIATh 0016 TOYHBIE ACHUMITOTHIECKUE
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dopmysbl, yem npu npumenenunn teopembl lenanxka. Hanpumep, B pabore B. Hapkesuua [6] st
dbyuknun Diisnepa ¢(n) JO0KA3BIBACTCS yTBEPKICHUE:

Eeau N ssaumno npocmo ¢ 6, mo npu x — 00 ¢ nexomopolt nocmoannot C

Cx

S($7T7¢)NW7

rie
q—2
A= —
=
qlN

DTOT pe3yabTaT MOXKET ObITH YCUJIeH Tpu boJiee JeTalbHOM U3YUEeHUH COOTBETCTBYIOIEH MPOU3BO-

pameit dynakmun. ITycrs

200 = (—x(-1)*MTJa -1,

qlN
rae w(n) — KOJIMYeCTBO MPOCTHIX geaurenei n 6e3 yuera kparnoctu. MoKHO j0Ka3aTh, 9T0

ecau (N,6) =1, mo npu x — 0o ¢ nexkomopvimu nocmosnnvimy C u C(x) cnpasedauso caedy-
ouLee Pasencmeo

_ Cz C)z r
S(x,r, ) = m + x; (lna:)l_Z(X) +0 <(lnx)2)‘> ’
0

DTO paBeHCTBO Jaer jJemMma 3 npu Beibope n = 1. Ho moxHO BBIGpaTh Jit0boe n > 1 u noayanThb
OoJiee TOUHOE PABEHCTBO.

TakoMmy ke yTOIHEHUIO MOTYT OBIThH TOABEPTHYTHI BCE ACUMITOTHIECKHE (DOPMY/IBI, BCTPEUIAIO-
muecst B paborax [1, 2, 6, §].
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AnHOoTanusa

B nammoit paboTe pacCMOTPEHBI TPOOIEMbI, CBA3aHHBIE C MOCTPOEHUEM U UCCJIEIOBAHIEM KO-
HYCOB M MHOTOIPAHHHAKOB OOOOITIEHHBIX METPHUIECKAX CTPYKTYP: KOHEUHBIX KBA3HUIIONIYMETPUK,
KOTOPBIE SIBJISIOTCS HECUMMETPUIHBIMHU AHATOTAMH KJIACCHIECKUX — CHMMETPHUYIHBIX — IOJY-
METPHUK, U KOHEIHDBIX M-IIOJyMETPUK, KOTOPBIE SIBIAIOTCSI MHOIOMEPHBIMUA AHAJOTAMHU KJIACCH-
YECKUX — JIBYyMEPHBIX — TOJIYMETPHUK.

Bo BBeneHmn paccMoTpeHa HCTOPHsT BOIIPOCA, IIPUBEIEHBI IIPUMEPDI HCIIOIb30BAHMS METPHK,
KBA3UMETPUK ¥ 1M-METPUK B MaTEMATHKE W ee MPUJIOKEHWSX, JaH 0030p OCHOBHBIX HIEH
PEe3yIbTATOB, MPEICTABIEHHBIX B CTATHE.

B mepBoM pazmesne JaHbI OMpeIeIeHrs PacCMaTPUBAEMBIX B paboTe 0O60DIIEHHBIX METpHuUe-
CKUX CTPYKTYP: KOHEUHBIX METPUKHU ¥ TOJIYMETPUKHU, WX OPUEHTUPOBAHHBIX AHAJOIOB — KO-
HEYHBIX KBA3UMETPUKWM W KBA3UIOJIYMETPUKW, U WX MHOTOMEDHBIX AHAJOTOB - KOHEUHBIX 771~
METPUKHA U M-TIOTYMETPUKH.

Bo BTOpOM paszenie mpuBEAEHBI KJIACCHIECKUE TPUMEPHI COOTBETCTBYIOMMX OOOOIEHHBIX
METPHUYIECKUX CTPYKTYP. VIMEHHO, TOHATHE METPUKHU TIPOJEMOHCTPUPOBAHO HA IeThIPpeX 6A30BBIX
upumepax (JIMCKpeTHas MeTpuKa — MeTpuka Xaycaopda - Merpuka CMMMETPUYECKON Pa3HOCTH
— MeTpUKa IyTu CBA3HOrO rpada). s OpUueHTUupOBAHHOIO Cilyyasi UPEACTABIEHbL YeTbiPe CO-
OTBETCTBYIOIINX KBA3UMETPUKH, B TO BPEMsI KaK JIJIsi MHOTOMEPHOTO CJIYYasi MTOCTPOEHBI YETHIPE
COOTBETCTBYIOIIUX 1M-METPUKH.

B Tperbem pa3ziene pacCMOTpEH WHTEDPECHBIN TMPUMEpP OJHOTO CHEIHAJBHOTO CIydasi KBa-
3UMETPUKN: CPeJHEee BpeMs MEePBOrO MPOXoma s reneit Mapkosa. B xome amammsa cBoiicTs
YKA3aHHOI CTPYKTYPhI MPOJAEMOHCTPUPOBAHA €€ CBA3b CO B3BEIINBAEMBIMU KBA3ZUMETPUKAMU
W YACTHIHBIMH METPHUKAMH, & TaKXkKe C JAPYTHMHU, TOCTATOYHO IK3OTHIHBIMH, METPHUIECKUME
0O bEKTAMH.

B gerBepTOM pasmene BBeAEHBI MOHITHS BayKHEHIITHX TACTHBIX CIYYIA€B MOJTYMETPUKH: Pa3-
pe3a u myabrupaspesa. [locTpoeHbl UX OPpHEHTHPOBAHHBIE W MHOTOMEDPHBIE aHAJIOIH: OPUEHTH-
POBaHHBIE PA3PE3DI U OPUEHTUPOBAHHBIE MYJIBTAPA3PE3DI, & TAKZKE M-Iy METPUKH Pa3OueHunii.

B narom pazzene ocyImecTBiIeHO MOCTPOEHHWE KOHYCOB M MHOTOTPAHHUKOB PACCMOTPEHHBIX
000DIEHHBIX METPUIECKUX CTPYKTYP. PaccMOTpeHbl MeTprUIecKuil U pa3pe3Hblii KOHYChI U MHO-
TOTPAHHUKY HA KOHEYHOM YucJie TO9eK. [I0CTpOeHb OpreHTHPOBAHHBIE U MHOTOMEPHBIE QHAJIOTH
YKA3aHHBIX KOHYCOB M MHOTOI'DAHHUKOB. BbiIe/IeHbI CBONCTBA, CBA3BIBAIOIINE YKA3aHHbIE KJIAC-
ChI ODODIIEHHBIX AUCKPETHBIX METPUIECKUX CTPYKTYP. Ocoboe BHUMAHNE YIETeHO CHMMETPUIM
ITOCTPOEHHBIX KOHYCOB. IIpecTaBieHsbl pe3yabTaTbl BEITUCICHHUH, TOCBAIIEHHBIX KOHYCaM MOJTY-
METPHUK, Pa3pe30B, KBA3UIIOIyMETPUK, OPHEHTUPOBAHHBIX PAa3pe30B, OPUEHTUPOBHHBIX MYJIbTH-
pa3pe30B, M-TMOJYMETPUK U M-TIOJIyMETPUK pa3oueHuii Ha MajioM uncie sepriud (ua 3,4,5 u 6
TOYKaX). YKaA3aHbI PA3MEPHOCTb O0BEKTA, YUCJI0 IKCTPEMAJILHBIX JIyueil (BepIiuH) u ux opouT,
9HCJIO TUIIEPrpaHeil u uX OopOUT, AUAMETPHI CKEJIeTOHA B pebepHoro rpada.

B zakiroduenun mpeacTaBIeHbl BBIBOIBI UCCJIETOBAHNS .
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Abstract

In this paper the problems of construction and research of cones and polytopes of generalized
metric structures are considered: finite quasisemimetrics, which are oriented analogs of classical
— symmetric — case of semimetrics, and finite m-semimetrics, which are multidimensional
analogs of classical — two-dimensional — case of semimetrics.

In the introduction the background of the research is considered, examples of use of metrics,
quasimetrics and m-metrics in Mathematics and in Applications are given, a review of main
ideas and results presented in the article is represented.

In the first section definitions of main generalized metric structures considered in the paper
are given: finite metrics and semimetrics, their oriented analogs — finite quasimetrics and
quasisemimetrics, and their multidimensional analogs — finite m-metrics and m-semimetrics.

In the second section classical examples of the corresponding generalized metric structures
are given. The concept of a metric is shown by four basic examples (discrete metric — Hausdorff
metric — symmetric difference metric — path metric of connected graphs). For the oriended
case four corresponding quasimetrics are presented, while for the multidimensional case four
corresponding m-metrics are constructed.

In the third section an interesting example of a special case of quasimetrics is reviewed: the
mean first passage time for Markov’s chains. During the analysis of properties of this special
structure its connections with weightable quasimetrics, partial metrics and other, rather exotic,
metric structures are shown.

In the fourth section the most important special cases of semimetrics are considered: cuts and
multicuts. Their oriented and multidimensional analogs are constructed: oriented cuts, oriented
multicuts and also partition m-semimetrics.

In the fifth section creation of cones and polytopes of the considered generalized metric
structures is carried out. Metric and cut cones and polytopes on n points are considered.
The oriented and multidimensional analogs of these cones and polytopes are constructed.
The properties of these classes of generalized discrete metric structures are marked out.
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Special attention is paid to the questions of symmetries of the constructed objects. Results
of the calculations devoted to cones of semimetrics, cuts, quasisemimetrics, oriented cuts and
multicuts, m-semimetrics and partition m-semimetrics on small number of points (3, 4, 5 and
6 points) are presented. In fact, the dimension of an object, the number of its extreme rays
(vertices) and their orbits, the number of its facets and their orbits, the diameters of the skeleton
and the the ridge graph of the constructed cones and polyhedrons are specified.

In the conclusion the main research results are presented.

Keywords: Semimetric, cut, multicut, cones and polytopes of semimetrics and cuts, quasi-
semimetric, oriented cut and multicut, cones and polytopes of quasisemimetrics, oriented cuts
and multicuts, m-semimetric, partition m-semimetric, cones and polytopes of m-semimetrics
and partition m-semimetrics.

Bibliography: 29 titles.
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1. Beenenue

HOHHTI/IQ PaCCTOAHUSA ABJIACTCA OAJHUM M3 OCHOBHBLIX BO BCEI 4YeI0BeYEeCKOn AedTeJIbHOCTH. B
MOBCEJIHEBHOMN JKU3HU TEPMHUH PACCMOAHUE OOBIYHO O3HAYAET HEKOTOPYIO CTENeHb OJIU30CTH JIBYX
busruecknx 06HEKTOR UK WAECH, B TO BpEeMS KaK TEPMUH MEMPUKE TaINe UCTIOIb3yeTCa KAK CTaH-
JapTHOE MOHATHE Mepbl WK U3MepeHus. B Haleil paboTe paccMaTpUBaeTCsl MaTEMaTHIECKOe 3Ha-
YEHNe 3TUX TEPMHUHOB, KOTOPOE MPEACTaBIsgeT cOB0 abCTPaKIMio N3MePeHHS.

Maremarndeckne mOHATHS MeTpukn Ha MHOXKecTBe X Kak dyukmun d(z,y) n3 X x X B R,
yaosaersopsitoreii yeiaosusim d(z,y) > 0 ¢ pasercTBoM TosbKO ipn x = y, d(x,y) = d(y,x) n
d(z,y) < d(z,z) + d(z,y), n merpuueckoro npocrpaucrsa (X,d) GblIM BBeJieHbl B OOpalieHne B
Hadase nBajaroro seka M. @peme (B 1906 1.) u O. Xaycaopdom (B 1914 1.), npexkae Bcero - B
Ka9eCTBe CIEeNUAIBHOTO Cay4as 6ECKOHEYHOrO TOMOJOIMIEeCKOr0 MPOCTPAHCTRA. BrpodeM, yrmoMs-
HYTO€ BBIIIE HEPABEHCTBO Tpeyrosbhuka d(x,y) < d(x, z) + d(z,y) MoxkHO HaiiTu yxke y Epxaunma.
B /:[aﬂbHeﬁHleM T€ UJIN UHBIEC 6eCKOHeLIH]:)Ie METPpHUYICCKUE IPOCTPAHCTBA IMOABJIAJINCH B PA3JTUIHBIX
MPUIOKEHUSTX 0ObITHO KaK 0000IIEHNsT eCTeCTBEHHON METPUKY | — Y| Ha MHOXKeCTBE JIefCTBUTE b-
HBIX yucesl. OCHOBHBIME MX KJIACCAMHU CTA/IM M3MEPUMBbIE IIPOCTPAHCTBA (100aBUM Mepy ) u GaHAXOBbBI
POCTPAHCTBA (106ABUM HOPMY U MOJHOTY ).

Onnako, vaawnast ¢ K. Menrepa (koropsrit B 1928 r. BBes MOHSATHE METPHYIECKOTO TPOCTPAHCTBA
B reomerputo) u ocobenno JI. M. Baromenrans (1953 r.), pe3ko MOBBICHICS MHTEPEC K KOHEUHBIM
METPHYECKHAM TpocTpancTBaM. Jpyroit Tenienimeii ¢Taao To, YTo MHOTHE MaTeMaTHIeCKUe TEOPUH
B mporecce nx 0000Imenus cTabnIn3npoBaIuCh UMEHHO Ha YPOBHE METPHYECKOTO TPOCTPAHCTBA
(|19, 13, 16, 27)).

DTOT MPOIECC MPOIOJIZKAETCs U ceifaac. MeTpUKN U pacCTOSHUS CTAIN BayKHBIM HHCTPYMEHTOM
WCCAETOBAHMI B CAMBIX PA3HBIX O0JACTAX MaTEeMATHKH W ee MPUIOXKEHUl, BKJIYAsT TeOMeTPHIO,
TEOPHUIO BEPOSITHOCTEl, CTATUCTUKY, TEOPUIO KOJUPOBAHHUS, TEOPUIO TpacOB, KIaCTEPHBIH aHAJIN3,
aHAIN3 JAHHBIX, PACIO3HABAHIE 00PA30B, TEOPUIO CETel, MATEMATHYIECKYI0 MHKEHEPUIO, KOMITHIO-
TePHYIO rpaduKy, MAIIHHHOE 3PEHNe, aCTPOHOMHUIO, KOCMOJIOTHIO, MOJIEKY/ISPHYI0 OHOJIOTHIO U MHO-
rue gpyrue orpacau mayku. Cozmanme Hanbosee yA00HBIX METPHK CTAJIO0 NEHTPATBHON 3aa4eit s
MHOTHX uccyaegoBareseii. OCoGeHHO MHTEHCUBHO BEIYTCS MOUCKH TaAKUX PACCTOSHUIN, B YACTHOCTH,
B MaTeMaTH4IeCcKoit buonornn, cdepe pacnozHasanuu pedn u obpaszos. Hepeaku crydan, Korga oHuT
U T€ K€ METPHUKH MOABJSIIOTCA HE3aBUCUMO APYT OT JIpyra B COBEpIIeHHO pa3Hbix cdepax ([13]).

B gacTHOCTH, K NEHTPAJIbHBIM 06beKTaM JTUCKPETHON MaTeMaTHKH TIPUHAJIEZKAT METPUIECKUN
u paszpesHoii kouycel ([19, 16]). [Ipobaema marcumarvrozo paspesa, COCTOSINAS B HAXOMXK IEHUN 15T
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JgaHHoro rpada paspesa MakCHMAIBLHOTO BECA, SABJIFETCS OJHON 3 HAaMbOIee 3HAYUMBIX B KOMOMHA-
TOPHOI ONTHMHU3AIUU ¥ UMEET MHOKECTBO IIPUMEHEHNIT, B TOM 9HCJIe B CTATUCTHYECKONH MEXaHHKe.

ITpescTaBasioT 3HAYNTEBHBI HHTEPEC W APYTHE HMOIU3IPAIbHBIE KOHCTPYKINU, CBA3AHHBIC
C KOHEYHBIMM METPUKAMHU, UX AHAJOraMU U OOOOIIEHUIMU: KBA3UMETPUKAMU (HECHMMETPUYHBI
coydait), m-MeTpuKaMu (MHOTOMEPHBIN Caydaii) u ...

B nmammoit crathe Mbl gaeM 0030p BOIPOCOB, KACAIOIITHECH KOHYCOB W MHOTOTPAHHUKOB 0000IeH-
HBIX METPUYECKHUX CTPYKTYP: KOHEUHBIX TOJYMETPUK U Pa3pe30B, KBA3HUIIOJYMETPUK, OPUEHTHPO-
BAHHBIX PA3PE30B W MYJbTHPA3PE30B, IPYTUX OPUEHTUPOBAHHBIX O0HEKTOB, POJCTBEHHBIX METPH-
KaM, ¥ COOTBETCBYIOIIYI0 MHOTOMEPHYIO TEOPHUIO, B TOM YHCJIe aHATU3UPYEM PE3YJILTATH MAITHHHBIX
BBIYUCJIEHWI, TIOJIyYeHHbIe JIUIs TaKUX KOHYCOB HeGosbimx pasmepos (cum. [16, 19, 20, 17] u ap.).

2. OcHOBHBIE OMIpeIeJIeHUS: TIOJIyMETPUKN M X OPUEHTUPOBAHHBIE U
MHOTOMEPHBIE AHAJIOTU

B sToM pasjesie MBI 1aéM BCe OCHOBHBIE OIIpeJiesieHnst, HeOOXOIUMbIe B JlajibHeHIIeM.

o Mempuxoti wa n Toukax mazwiBaercs dymximma d : {1,...,n}> — Rso, mra Beex 4, j,
k € {1,...,n} ynosnersopsiomas ycaosusm d(i,i) = 0; d(i,j) # 0 upu i # j; d(i,j) = d(j,1)
(cummempuunocmo); d(i, k) < d(i,7) + d(j, k) (nepasencmesa mpeyzorvrura).

ITpu mOCTPOEHNN TIOMIAPATBHBIX KOHCTPYKIW 3HAYUTE/IHHO YI00HEe T0JIh30BATHCS CJETYIO-
UM OCIa0IeHHBIM aHATIOTOM TTOHSITHS METPHUKH.

o IToaymempuroti Ha n TOYKaX HasbiBaeTcs cuMmverpranas dynxmus d : {1,...,n}% — R>o,
st Beex 4, j, k € {1,...,n} ynosaersopsitonias ycaosusim d(i, j) = 0 1 HepaBeHCTBaM TPEyTOJbHUKA
d(i, k) < d(i,§) + d(j, k).

T'oBopst KOPOTKO, MOJYMETPUKA - STO METPUKA, O3BOJISIONIAS] PACCTOSTHIE "HOIB MEXKIY Pas-
JIMYHBIMU TOYKAMU.

Merpuku 6611 BBeJeHBI B Hadase 20-ro Beka @perre u Xaycaopdowm ([23], [25]; cMm. ucTopuio
soupoca B [13]). Ilepsoe ucciieioBanme KOHEYHBIX METPUK HTpUHaIeKUT Bitomentasto. ObmmpHast
oubsmopadus u geTaabHbI 0630p UMeroIHiica B 910l obaacTu urepaTypsl gaH B [19].

OpHUM U3 BO3MOXKHBIX 0000IIeHni METPUK (MOJyMETPUK ) ABISIOTCA KBA3UMETPUKM (KBA3UIIO-
JIYMETPHKH ), TIPEJICTABISAIONIAE CO00i aHAJIOTHYHBIE, HO HECHMMETPUIEHBIE KOHCTPYKIINH.

o Keasumempuroti Ha n Toukax HasbiBaercs dymkmmsa ¢ : {1,...,n}? — Rsg, ana Beex
i,7,k € {1,...,n} ymosaersopsitomast yciaosusim q(i,i) = 0; q(i,7) # 0 upu i # j; q(i,k) <
< q(i,5) + q(4, k) (opuenmuposarrvie HepaseHcmes mpey2oivHuKa).

JpyruMu cioBaMu, KBasMMeTpPHKa He 00si3aHa YIOBJIETBOPATH YCJIOBUAK CUMMETPUIHOCTH
q(i, j) = q(4,9)-

o Keasunosymempuroti ¢ Ha n TOYKaX HaspiBaerca ynknus q : {1,...,n}2 — Rsg, ama Beex
i,7,k € {1,...,n} ymosaerpopsttomas ycaousm ¢(i,7) = 0 U OPUEHTHPOBAHHBIM HEPABEHCTBAM
tpeyronbauka q(i, k) < q(i,7) + q(4, k).

CrenoBarelbHO, KBA3UIIOJIYMETPUKA - 3TO "HECHUMMETPUYHAS TOJYMETPUKA", WM, UTO TO XK€,
"HECUMMETPUIHAA METPUKA, TIO3BO/IAIONIAS 3HATEHNE HOIb HA PA3IUIHBIX TOUIKAX.

Ksasmerpuku 6b1tm BBeieHbl Xaycmpopdom( [25]). VIx Tomosorus paccMaTpuBaiach, HAUHHAS €
Busbcona ([29]). Konychr 1 MHOrorpaHHHKYM KBasunoyMeTpuk usydaaucs B [17, 14, 15, 20, 13].

s HAIIEro MCC/e10BaHus NPEJICTABIISIET UHTEPEC ee OJHO 0000menne Merpuk (moJrymer-
pI/IK): TaK Ha3bIBa€MbIC 1M-METPUKHN (m—HOﬂyMeTpI/IKI/I), ABJIAIOIINECAd MHOTOMEPHBIMM aHaJIOTaM"
KJIACCHYECKOTO JBYMEPHOTO CIydas.

o m-mepuxoli Ha n ToYKax HaswBaerca dymkmua d : {1,...n}"Tl — Rsg, aaa Beex
Tly ey Tma2 € {1,...,n} yaoBaerBopstomas ycaosusm d(zy,...,x1) = 0 (nososcumenvras onpe-
deaennocmn); d(x1,...,Tms1) = d(m(z1), ..., T(Tm41)) A1t ar06ON MEPECTAHOBKM T MHOMKECTBA
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{21, .., Tms1} (momasvnas cummempusn); d(zy,...,Tme1) < ZZ’:{I (X1 eeey Tie1y Tt 1y ooy T 2)

(nepasencmea m-cumnaerca).

Ocabnennas Bepcus M-METPUKH, 0ojee MOAXOAAIAS I HOCTPOCHHS IOMM3APAIbBIX KOH-
CTPYKLU#, BBINIAANT TaK.

o m-noaymepuroti wa n Toukax waswiBaercs dymkmua d : {1,..,n}™T — Rsg, s
BCEX T1,...,Tm+2 € {1,...,n} ynosnersopsiomas ycaoBusaMm d(Ti,...,Tmy1) = 0 B ciydae ec-
JIL X1, ..., Tyt HE SABJISIOTCS MONAPHO PA3IUYHBIMU (CAGOGHA NOAOAHCUMEADLHAA ONPEICAEHHOCTD);
d(x1, . @ma1) = d(m(21),y ooy T(Ti41)) /I TIOOOM TIEPECTAHOBKU T MHOKECTBA {X1, ..., Tymy1} (MO-
MaAbHAA CUMMEMPUA); A(T1, ..., Tmy1) < Z;@il A(T1y ey Tim1, Tit1y -, Tmt2) (Hepasencmesa m-
CUMNAEKCA,).

Mm-ToIyMeTpruKn ObLIn BBejieHbI B [21].

3. Knaccuveckme mpuMepbl MOJIyMETPUK U UX OPUEHTHUPOBAHHBIX U
MHOTOMEPHBIX aHAJIOTOB

Paccemorpum psii 6a30BBIX IPUMEDPOB, MILTFOCTPUPYIOMNUX (DOPMAaJIbHBIE OIIPEIENEHUS IIPEJIBITY-
IIEr0 pas/iesa.

o Jluckpemnas mempuka. ng mamaoro muoxkecTBa X, JUCKpEmMHas MeMPUKe — METPHUKA HA
X, onpenenennas Kak

[ 1, ecm x#y,
d(w,y) = { 0, MHAYE.
o Mempura Xaycdopga. Tlycre (X, D) — KOHEUHOE METPUYECKOE MPOCTPAHCTBO M X =

= X1 U...UX, — pasbuenne X. Mempuxra Xaycdopfa — merpuka na ¥ = {Xy,...,X,}, oupe-
JleIeHHas Kak
d(X;, X;) = D .
(X, X;) poax (z,y)

o Mempura cummmempuueckot pazrocmu. st 3a1aHHON aHTHATETIH MHOXKECTB

Z =A{z,y,z,...|x ¢ y anst mobbIx T # Y},

MEMPUKL CUMMEMPUNECKOT PA3HOCMU — METPUKA Ha Z, oIpeeeHHasT Kak
d(z,y) = [xLyl.

Owna paBHa YHCITY JIEMEHTOB B cummempuyeckol pasznocmu xAy = (x\y) U (y\z) MHOKeCTB T 1 Y
u3 /.

o Mempuxa nymu ceasnozo epaga. Jns cesznoro rpada G = (V, E) mempura nymu dpgn, —
MeTpHKa Ha MHOXKeCTBe V' ero BepIiuH, olpeieentas /s JI0bIX u, v € V Kak jjinHa Kpardaiinero
(u—v) mytu B G. Basewernnaa mempura nymu dypqrp, — METPHKA HA MHOZKECTBE BEPIINH V' CBA3HOTO
B3Bemennoro rpada G = (V, E) ¢ nonoxurenbabsiMu Becamu pebep (w(e))eck, OnpeeseHHas Kak
min, ¥.cpw(e), rae MunumyMm Gepercs 1o seeM (u — v) nyrsam P B G.

Tlepeiimem K pacCMOTPEHUIO COOTBETCTBYIOINIUX ITPUMEPOB [IJid OPUEHTUPOBAHHOTO CJIyYas.
o Jluckpemuaa keazunosymempura. ycres X = {1,2,...,n}. Juckpemnas Kea3unosymempura
— KBa3uWIOJyMeTpHKa Ha X, olpeJieeHHas KaK

1, ecm =z >y,
0, uHaye.

q(z,y) = {
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o Keasumempura Xaycdoppa. Mycrs (X, D) — KOHEUHOE METPUIECKOE TIPOCTPAHCTBO, u X =
= X 1U...UX,, —pazbuenue X. Keasumempura Xaycdoppa — xksazumerpuka na Y = {X1,..., X, },
OTIPE/IC/IEHHAsT KaK

X;, X;) = mi D .
¢(X;, Xj) = min max (z,y)

o Ksasunoaymemura acummempuyHoti pasrocmy. g 3a1aHHON aHTAIIENN MHOXKECTB

Z ={z,y,z,...|x ¢ y nns m0bbix T # y},

K6A3UNOAYMEMPUKE CUMMEMPUNECKOT Pa3HOCMU — KBA3UTIOIYMeTPUKa Ha £, ONpeleeHHas Kak

q(z,y) = [z\yl.

OHa paBHA YHUCJIy JIEMEHTOB B 6 ACUMMEMPUECKOT PasHoCmy T\Y MHOXKECTB & U Y u3 Z.

e Ksasumempura nymu 6 opepaghe. s cunbho ces3Horo opuentuposantoro rpada ' = (V) E)
K6a3uMEMPuKra nYmu dopperh, — KBA3UMETPHUKA HAa MHOXKECTBE V' €ro BEpIIUH, OLpeJeeHHasd JI/Id
JHO0BIX U, v € V Kak JIMHA KPATIaNImero opueATupoBantoro (v — v) nytu B L.

Hakonetr, paccMoTpuM elre 4eThipe IpUMepa — OHU UJLIIOCTPUPYIOT COOTBETCTBYIOIIME METPH-
YeCKne CTPYKTYPBI JJId MHOTOMEDPHOTO CJIydad.

o JTuckpemuasn 2-mempurxa. st 3anannoro muoxkecrsa X, | X| > 4, duckpemuasn 2-mempura —
2-MmeTpuKa Ha X, OmpeneieHHas Kak

0, ecmer =y, WMy =2, Wi T = 2
d(q/" y’ Z) — ) 7 Y Y
1, wnaue.

o 2-mempura Xaycdopgpa. Tlycrs (X, D) — KOHEUHOE METPUYECKOE NPOCTPAHCTBO, U X =
= X; U...UX, — pasbuenne X. 2-mempurxa Xaycdopda — 2-merpuka Ha Y = {X1,...,X,},
onpeeIeHHas Kak

1
X X X}) = = D D D .
d(Xi, Xj, Xy) 3<me§§3}éxj (w,y)+xe)rgzﬁéxk (z’y)ﬂe?ﬁféxj (w,y)>

o 2-noaymempura cummempureckot padrocmu. id 3aJaHHON aHTUTIETTN MHOYKECTB

Z =A{x,y,z,...|x ¢y nusg Bcex x # y},

2-MEMPUKL CUMMEMPUECKOT PA3HOCMY — 2-METPUKA HA Z, OTPEeIeeHHAT KaK

1
A,y 2) = 5 ([0Ay] + [yAz] + |2

9TO YHCJIO 3JIEMEHTOB, KOTOPBIE IPUHAIEKAT &,y WKW Z, HO HE BCEM TPEM MHOXKECTBAM X, Y, 2.

o 2-mempura nymu 8 zunepzpage. Ecam mepeiitu 0T moHATHS Tpada K TMOHATHIO THIEprpa-
da, B KoTopoM "runeppebpamu’ 6yIyT CBSI3aHbI HE Maphl BEPIIHH, 8 WX TPOHKHU, TO MBI IIOIYINM
ecrecTBennoe 0600ienne MmeTpuky 1yt B rpade, npeacrapasgionee coboit 2-merpuky. lpenmaraem
YUTATE/IO TTPOJIESIATD ITY ONEPAIIUI0 CAMUM.

Mg npuBesiu Tpu TPYIITBI MPUMEPOB [0 YETHIPE MTPUMEPA, B KAXK IO TPYIITIE: JJIsT KJIACCHIECKOTO
CUMMETPUYEOr0 JIBYMEPHOTO CJIydast, [JIsi OPUEHTUPOBAHHOTO CJIydasi W JJisl TPEXMEPHOTO (MHOTO-
MEPHOTO) Caydas. 3aNHTEPECOBAHHBII INTATETH MOKET PACCMOTPETH CBOM TIPUMEPHI, B 9aCTHOCTH,
l1-, lo- 1 lso-MeTpukn Ha R™, 1 OCTPOUTH WX OPUEHTUPOBAHHBIE AHAJOTH. DTU MOCTPOEHUS], KAK U
MHOZKECTBO JIPYTUX WHTEPECHBIX 00'bEeKTOB, MOXKHO Haiitu B [16] u [13].
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4. CoenuaJibHBIN MIPpUMeEP: CpeaHee BpeMs MePBOTO IIPOX0o/1a JJisd Iie-
neii MapkoBa

B sToMm pasmene mbr paccMoTpuM OHY 0000ITIEHHY0 METPUIECK Y0 KOHCTPYKIIWIO, KOTOPad ecTe-
CTBEHHBIM 00pa30M, HO T€M He MeHee JOCTATOYHO HEeOKUIAHHO, BOSHUKAET B MPHUJIOKEHUIX MaTe-
MaTHIECKON KnOepHeTUKH.

Ilycre T = ((ti;)) € R™™™ — mampuya nepexoda spromudeckoii oxHopoanoii menun Mapkosa ¢
cocrositusivu 1,2, ...,n. Torpa T — croxactudeckast marpuna (cMm., Hanpumep, |2, 3, 4, 8]).

Ompenienium cpedhee spems nepeozo npoxoda U3 COCTOSHUS i B COCTOSTHUE j Kak

mij = E(Fy) =Y kPr(Fy; = k),
k=1

rae E(-) — maremaruyeckoe oxkupanue, a Fj; = min{p > 1: X, = j| Xo =i}.

Cpesiree BpeMs EPBOTO TPOX0/1a, MOYKHO PACCMATPHUBATE KaK KBA3UMETPUKY HA MHOYKECTBE BEP-
muH oprpada I', coorBercTByIOmero memn Mapkosa ¢ MaTpuieii nmepexona 1. Umenno, mycts ' —
B3BeIeHHbBIH oprpad 6e3 meresb, BePIUHBI KOTOPOrO PaBHLI 1,2, ..., n, a Beca Iyr PaBHBI COOTBET-
CTBYIOIIM BepOSITHOCTSIM Tepexofa B 1. B 9ToM ciydae MBI TOBOPHUM O K6a3umempure cpedHuezo
epemeru nepeozo npoxods m wa V = {1,2,...,n}, rakoii, aro m(i,j) = m;; — oxKuIAEMOE KOIH-
YeCTBO MIATOB (JIyT) i CIydaiiHoro 6JiysKaanus Ha [, HATMHAIOIIETOCs C 4, /Uit JOCTHKEHUs j B
nepsbiit pas; 910 0 st @ = j (cm. [8]).

Mempuka KOMMYMUPYIOWE20 8PEMERY NEPE020 Nporoda ¢ Ha V OUpemendercs Temepb Kak
c(i,j) = m(i,5)+m(j,1). Kommyrupytoree Bpemst ¢(i, j) epBOro mpoxoja — CpeIHee GUC/I0 MAroB,
KOTOPBIE COBEPIIAIOT MPHU CAYIANHOM OJIyKIAHUN, 9TOOBI TOCTUYD § OT ¢ U BEPHYTHCHI K .

CyImecTByeT eCTeCTBeHHAsT CBSI3b MEXKJY CIYUAMHBIMU Oy KIaHUSIMH Ha rpadax U 3JeKTPHU-
yeckumu cersimu (cM., Hampumep, [22]). Ilycrs jnan B3BelIeHHBI CBSI3HBI HEOPHEHTHPOBAHHBIN
rpacd G; 6azoBast AJIEKTPUUECKAs] CeTh, COOTBETCTByIOIIAas (G, mpejcrasiisier coboit ceThb, TOJIY-
YEeHHYIO TTyTEeM 3aMeHbI BePITUH U pebep Aanoro rpada y3/aaMu U JIEKTPUIECKUME PE3UCTOPAMH,
cooTBeTCTBEHHO. Bec pebep coorBercTByer mpoBomumoctu. dfdexmusnoe conpomusaenue (i, )
MEXKIY JIIOOBIMY ABYMSA Y3JaMU § U j ONPEIe/deTcd KaK HalPsKeHne, KOTopoe 00pa3yerca MexK-
oy @ W j, KOrJla €IWHUMA TOKA MPOXOIUT depe3 HUX (T.e. BXOAUT B ONUH U TOKHUIAECT JPYTOM
y3en). O4eBuHO, YTO jIs BCEX Y3JI0B i, j, k uMeroT MecTo caemytonme cooruomenus: (i, 5) = 0,
Q(i,j) = 0 rorma u TosbKO TOrMA, Korma @ = j, (i,7) = (j,4). Jlerko mokasars (|28, 24|), aro
Q(1,7) + Qj, k) > Q(i, k). Takum ob6paszom, ) gpisiercs METPUKOil, HA3BIBAEMON MEMPUKOT CONPO-
musaenus ([26]).

Herpynno mokazarh, 9TO PacCTOSTHUE COTPOTHBICHUS Ha (G TECHO CBSI3aHO ¢ KBA3UMETPHUKOM
CpeIHer0 BPEMEHU MEePBOTO MPOXOAA IOCTATOUHO MPOCTOH (GOPMYIO, UCIOMB3YIONEH MAMPUUY
Jlanaaca rpacda G (cMm., Hanpumep, [8]).

TIpocreiimuit mpuMmep KBa3UMETPUKH CPEIHETO BPEMEHM TIEPBOTO MPOX0/Ia MOYXKET ObITH Oy IeH
JUTSE IPOCIo2o cay4ainoeo bayscdanus o CBA3HOMY HeB3peleHHOMY rpady G, B KOTOpoM u3 J1060it
BepIIUHBI TPada CYIECTBYET PaBHAS BEPOSTHOCTE MEPEMEITeHust B JTFOYI0 COCETHION BEPIITITHY.

DTO 03HAYAET, UTO MBI CTPOMM U3 CBA3HOTO rpada G ¢ muOKecTBOM BeprmH V = {1,2,...,n}
oprpad I' Ha Tom ke MHOXKECTBE BepiuH V'; 1Be BEPINUHDGI ¢ U j CBaA3aHbI ayravmu ¢f u ji B I Torma
1 TOJIBKO TOT/IA, KOT/Ia OHU 00pasyioT pebpo ij B G. Ecau cremens Bepruunsl ¢ € V pasna d(i) B G,
10 Bec Beex ayr ik B I' papen % Wrak, I' — B3Bemenunlit oprpad 6€3 nuk/ja0B, MHOXKECTBO BEPIINH
KOTOPOTO COBMAAET C MHOXKECTBOM COCTOSTHUIT 1enu MapKoBa MPOCTOro CAYYARHOTO OJIy K IaHusd,
a BECA JIYT PaBHBI COOTBETCTBYIOIIMM BEPOSITHOCTSIIM MTEPEXO/IA.

OKa3wpIBAETCA, UTO B 9TOM CIyYae KBA3UMETPUKA M SIBJISETCA 636€UUBAEMOT KEASUMEMPUKOT
(cm. [16, 14, 15, 13]), T.e. cymecTByeT 6ecosan dynkyus w:V — Rsp, Takast, aro ajis Beex 1,5 € V.
nMeeT MecTo coTromerne m(i, j) + w; = m(j, i) + w;.
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Mempuka xommymupyrowezo epemenu nepeozo npoxods ¢ Ha V umeer tenepb ¢dhopmy
c(i,j) = m(i,j) + m(j,i) = 2m(i,j) + w; — wj. B sToM cayvae mapa (¢, w) ABISETCT 636€WeH-
noti mempuroti Ha V', 1.e. Merpukoil ¢ Becosoil dynkuueit w: V. — Rsg, rakoil, 4yro ycaosue
sssewennocmy crusy c(i,j) = w; — w; suimosnneno ([16], rmasa 6). Kpome roro, dyuxrusa p,
p(i,7) =m(i, j) +w; = W#, OKasKeTCsl B 9TOM CIydae wacmuynot mempurot Ha V ([16]),
HOCKOJIBKY 115 BCex 1, J, k € V umetor mMecro caenytommue coorrornenust: p(i, j) > 0; p(4,j) > p(i,1);
p(i,i) = p(j,J) = p(i,j) = i = j; p(i,j) = p(j, i) (cummempun); p(i,j) < p(i, k) + p(k,j) — p(k, k)
(ocmpoe Hepasercmeo MpeyzosbHUKa,).

JIeTKo TpoBEpUTH, YTO

0,5(c(i, j) + c(i, k) — c(j, k)) = p(i, j) + p(i, k) — p(5, k) — p(i, i) =
= m(g,z) + m(z, k) - m(]v k)a
T.€. HCPABEHCTBA TpeyFOﬂbHI/IKa 9KBUBAJICHTHBI Ha BCEX TPEX ypOBHHX: B3BENIEHHON METPpHKHN C,
YACTUYIHON METPHKH P, U B3BEIIABACMON KBA3UMETPHUKH 771
Bonee Toro,
Takum obpazom, ycaosue neompuuamesvrnocmu m(i,j) > 0 ana (B3BemmBaemoiil) KBA3UMETPUKH

M SKBUBAJIEHTHO YCAOBUIO B36EUUBAEMOCTNY CHU3Y C(1,]) = w; — W, ISt B3BEMIEHHON METPHUKN ¢,
U YCAOBUIO MANEHLKUT camopaccmoanut p(i,j) = p(i,1) 1jsl 9acTHIHON METPUKH .

Kpasumerpuka cpesHero BpeMenn IepBoro NpoxoJia m TeCHO CBSI3aHa C IPYTUMEU METPUIECKAMUI
CTPYKTypaMu Ha Tpadax.

IIpu o > 0 CBA3HDIN B3BEIIEHHBIH MyAbmuzpad (TOMYCKALTCS UCMONL30OBAHNE MAPAJLISTbHBIX
pebep) G = (V, E;w) c nosoxureabHol pebepHoii Becoroiil dyukimeii w = (w(e))ecr 0baamaer
a-mempuroti neca forest® (|9, 10]). Mempuxa aeca forest ([11]) — sTo wacTHbI cydait o = 1 1
a-merpukn jeca. C a-MeTPUKOI Jleca TECHO CBA3aHA M HOPMAAUS08AHKAHA C-Mmempuka aeca p(u, v);
OHA POIOPIHUOHANBLHA (-METPHKE JIeca, HO B psjie CIydaeB 6osee ynoOHa [y NPUIOKEHMI.

OTH METPUUYECKNE CTPYKTYPBI 00/IaJal0T PSIAOM WHTEPECHBIX U TOJE3HBIX CBONCTB.

Tak, moxHOo mokasarh (|9, 10]), uro yBemwduenHas B [Ba pa3a a-Merpuka Jeca Ha G sB-
JIFETCA MEMPUKOT Conpomussenus CBa3Horo sasemennoro mynsrurpada G = (V' E';w'), roe
V=V U{0}, EF =FEU{u0:ueV} auwe) = aw(e) wa seex e € E, u w'(u0) = 1 nas Beex
ueV.

Uszsectno ([9]), 9o ama o — 0 MBI momydaem u3 d* duckpemmyro mempury d°(i,i) = 0,
d’(i,7) = 1, i # j; Gosee Toro, Mpl nosyuaem usz p® neduckpemnyio noaymempury p°(i,7) = 0.
Jnst o — +oo mbl onydaem (B caydae cBsa3uoro rpada) w3 d* weduckpemuyto nosymempury
d° (i,7) = 0, u MBI IOTy9aeM U3 p& METPUKY COMPOTUBJICHUSI.

B crygae oprpadoB MbI MOYKEM TOTYYIUThL AHATOTHIHOE TOCTpoeHne. Ha camom meste, Mbl MOXKeM
HOIBITATHLCA UCIOAB30BATH PEKYPPEHTHYIO HPOLEAYPY HOCTPOECHHS MATPHILI CPEIHErO BpPEMEHN
nepeoro npoxosa ([8]) B kauecTBe ocHOBBI Jist ocTpoenus (g, &)-keasumempuru aeca qforest® n
nopmasusosannol (g, a)-mempuru aeca gp® ua G.

5. Pa3zpe3bl, MmyjibTupa3pe3bl U UX OPUEHTUPOBAHHbIE 1 MHOTOMEP-
HbI€ aHAJIOI'’
Cpenu OrpOMHOTO YHUCTIA PABIUYHBIX TOJTYMETPUK OCODYIO POJIb UTPAIOT TaK HA3BIBAEMBIE pa3-

pe3nl M MyTLTUPA3PESHI.
e Paspezom ra n Tourax mist MHOkecTBa S C {1,...,n} Ha3bBaeTCs yHKIUS

(55:{1,...,n}2—>R,



148 E. U. Jleza

omnpeae/IeHHAd 110 3aKOHY

5oli, j) = 1, ecmm |SN{ij} =1,
’ 0, HHave,
Jlerko mpoBepuThb, 9TO JM060I pa3pes ABIASETC IIOJyMETPHKOII.
o Myavmupaspesom (ToUHEE, M-MYALMUPAZPEZOM) HA N TOUKAX Jjis Pa3ObueHus

U, S ={1,...,n}
nasbiBaercs bynknus dg, s, : {1,...,n}? — R, onpesesennas Mo 3aKoHy

. 1, ecom i€ S,,j €Sy, u a#b,
R
, )

OueBHIHO, YTO 2-MYJIBTUPA3PESBI COBIAIAIOT ¢ paspesamu. Bojiee Toro, jirboit MyabTUpa3pes MOXK-
HO IIPEJICTABUTH B BUE HEOTPHUIATEIbHON JTHHENHON KoOMOnHAIINN pa3pe30B: 5517,”7 S = 2?;1 ) 8.5

Yueo BCeX MyJIbTHPA3PE30B HA 1 TOYKAX MpEICTaBjsieT coboit wucao Beara B(n), 1o ecThb
YUCTIO BCEX PA3OMEHnit n-MHOXKECTBA.

OpueHTHPOBAHHbIE PA3pe3bl U MYJIbLTHPA3PE3bl ABIAIOTCA, B CBOIO 0U€PeJIb, CIIEAATLHBIM CITy-
4aeM KBa3WMOJIYMETPUK, HECHMMETPUIHBIM aHAJIOTOM Pa3pe3oB M MyIbTUPA3PE30B.

o Opuenmuposannvim pa3peaom Ha n ToIKax s MaokecTBa S C {1,...,n} HaseiBaercs HyHK-
st (5; :{1,...,n}? = R, onpesesennas mo 3aK0Hy

roL 1, ectu 1€S5, j&5,
05(1,7) = { 0 WHade.

Jlerko mpoBepuTh, 9TO 1000 OPUEHTUPOBAHHBIN Pa3pe3 ABIIeTCd KBAZUIIOIYMETPUKOLI.

o OpuenmuposartvmM MYAbMUPa3Pe3om (TOTHEE, OPUEHIMUPOSEHHBLM M-MYADTUDA3PEZOM) TIT
opuenTHpoBaHHoro pasbuenus U",S; = {1,...,n} muoxecrsa {1,...,n} na m gacreit Si,..., Sy,
HA3LIBAETCST (DYHKITHST 5:917._’ s, 1L n}? — R, onpeieleHAAA TI0 3aKOHY

o 1, ecmui € Sy,5 €5y, ua<b,
6;%17-'-7377L(Z7]) = { 0 ¢
)

OueBUTHO, UTO OPUEHTUPOBAHHBIE 2-MYJABTHPA3PE3BI COBIIAIAI0T ¢ OPUEHTHPOBAHHBIMI PA3Pe3aMu:
5= 5’33. OsHako, B OTVIMYME OT CUMMETPUIHOIO CJIyuasi, HE KaK/blii OPUEHTUPOBAHHBIN MYJIb-
I

nHa4e.

Tupaspes (Jaxke B MPOCTEHIIEM CIydae n = 3) MOYKHO TIPEJICTABUTEL B BUJE JMHEHHON KOMOMHAIN
OPUEHTUPOBAHHBIX Pa3pPE30B.

Yucmo BCeX OPUEHTUPOBAHHBIX MYJILTAPA3PE30B HA N TOUKAX MPEACTABAIeT cOboit wucao Pybu-
nu (ynopadounoe wucao Beasa) p'(n), TO €CTh 9UCI0 BCEX yHOPSIOYEHHBIX Pa3OUeHuil MHOKECTBA
{1,...,n}; ono pasnO Zwesym(n) 2P tne D(r) = |{i < n : a; > ai41}| ana mepecranoBkm
T =(ai,...,a,) € Sym(n).

M-TIOJIYMETPUKY Pa30meHnii TpeICTaB/JIdai0T COD0t MHOTOMEDHBIN aHAJIOr JBYMEPHOTO MYJIbTH-
paspesa.

e [Tna (m + 1)-pasbuennust Si,. .., Sy4+1 MEOKecTBa {1, ...,n} m-noaymempuroti pasbuerus Ha-
3biBaeTcs YHKIUS gy 8, .q ¢ {1, ..., 0}t — R, onpesesnennas 1mo 3aKomy

1, ecan 11 € Says oy tma1 € Sapyr, Ok # p 404 k # 1,

« Ty eyl = .
St (5 s I 1) { 0, ecmm g, i € Sq ana wekoroporo k £ t,1 < a < m+ 1.

ApyruMu cioBaMu, BeTHYHHA (S, . S,yq (41, -5 Gmt1) PaBHA 1, ecmm qig Beex 1 < j <l <m+1
SJIEMEHTHI 4 U 4 TPUHAJICXKAT PA3HBIM IIOJMHOKeCTBaM pasbuenus, u pasHa () BO BCeX 0CTaIbHBIX
ciydagax. JIerko BUAeTh, 9To g, |...S,, 11 ABIAETCS M-NOTyMeTPUKOi. na m = 1 ona npespamaercs

B 00bIUHBIN paspe3 (cM., Hanpumep, [19]).
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6. Korycbl m MHOTOrpaHHUKN OOOOMIEHHBIX JUCKPETHBIX MeTpude-
CKHUX CTPYKTYD

leHTpasbHBIM pa3/e/10M TEOPUN KOHEYHBIX TOJYMETPUK ABJSIOTCS 33a91 KOMOUHATODPHO OII-
TUMU3AIAN, PeTTaeMble TIOTU3IPATBLHBIM METOA0OM, BEAYIITUM K ITOCTPOEHUT0 COOTBETCTBYIOMINX KO-
HYCOB U MHOTOI'DAHHUKOB.

B mammoit pabore Mbl majuM 0630p KOHYCOB U MHOTOTPAHHUKOB COOTBETCTBYIOIIUX KOHEUHBIX
MOJIYMETPUK W UX OPUEHTHPOBAHHBIX M MHOTOMEPHBIX aHAJI0TOB. Bosee moapobHyio MHMOPMAIITIO
06 3TuX U Apyrux 0GOBGIEHHBIX METPHUIECKUX CTPYKTYpPaX MOXKHO HaiiTu B [16].

o Mempuueckum xonycom Ha n toukax M ET, Ha3biBaeTCs MHOXKECTBO BCEX MOJIYMETPUK HA
{1,...,n}.

e Paspesnvim konycom (nam xonycom paspesos) Ha n toukax CUT, Ha3BIBAETCS KOHUIECKAST
060/109Ka (MHOKECTBO BCEX JIMHEHHBIX KOMOMHAIMI ¢ HEOTPUIATEIBHBIME KO3(hduImenTamMm) Beex
2"~1 _ 1 memynesnix paspesos na {1,...,n}.

Crenyer 3aMeTHTh, 9TO paspesubiit Kouyc CUT,, mpeacTaBasger coboit MHOKECTBO N-TOUETHBIX
l1-noaymempusk, TO €CTh TOTYMETPUK, H30METPUIECKN BIOKMMBIX B TPOCTPAHCTBO

b= R™, [lz—yl[H)

¢ li-nopwmoit ||z]|1 = D% |z|. B npocrpancree mepol Bemanue ||z — y||; coorsercryer p(AAB),
rae A, B — mHOXecTBa, npeacrasisiomue ¢ u y ([19]).

Konycot M ET,, u CUT,, mpeacTaBisioT coboii HoTHOpa3MepHble Konycsl B R™ . [lockobKy
JII000I paspes sIBASETCS MOJYMETPUKO, TO BhITOJHSAETC odeBuaHoe Brwdenne CUT, C MET,
¢ paBeHCTBOM Julith Jjad n = 3,4. Ilockosbky Jir000it MyIbTUpa3pe3 MpeJcTaBisgeT coboil HeoTpu-
TMATENBHYIO JUHEHHYI0 KOMOWHAIIAIO PA3PE30B, TO TOBOPUTHL O KOHYCEe MYJLTHPA3PE30B CMBICTA He
UMeeT: KOHUYIecKasi 000JI09Ka MHOXKECTBA MYJIBTUPA3PE30B siBjidercst dacTbio Kouyca CUT,.

[Moawas rpynma cumMerpuit konycos CUT, u M ET,, npeacrasisier coboit rpymmny Sym(n) mis
n # 4 u rpyny Sym(4) x Sym(3) pns n = 4.

n—1)/2

o Ksaszumempuueckum xorycom Ha n toukax QM ET,, Ha3bIBaeTCsd MHOYKECTBO BCEX KBABUIIO-

aymerpuk Ha {1,...,n}.
o KoHnycom opueHmuposanruix myasvmupaspesos ua n toukax OMCUT,, Ha3biBaeTCa KOHUIE-
ckast 060s104Ka Beex p'(n)—1 HeHysIeBbIX OPHEHTHPOBAHHBIX MyJibTupaspe3os Ha {1, ..., n}. [loib3y-

sck opmynoit ds, s, =0 g +05 g, Mblnoayqaem, aro CUT, = {g+q" : € OMCUT,}.

o Konycom opuenmuposannunx pazpesos ua n roukax OCUT,, Ha3biBaeTCda KOHUTECKas 0D0JI0TKA
BCex 2" — 2 HEeHyJIEBBIX OPHEHTHPOBAHHBIX pa3pe3os Ha {1,...,n}.

ITockoNbKY B HECHMMETPUIHOM CIydae OPUEHTHPOBAHHBIN MYILTUPA3PE3 MOKET U He OBITh JIH-
HeltHO KoMOMHAIMel OpUeTUPOBAHHBIX pa3pe3os, 1o Kouycst OMCUT,, n OCUT, He coBNAIAOT.

Konyc OCUT,, upesacrapisier coboli MHOXKECTBO BCEX N-TOUYEUHBIX [1-K6G3UNOAYMEMPUK, TO
€CTh KBA3MO/LyMETPUK, BIOKUMBIX B KBazuMerpudeckoe npocrpanctso (R™, ||z — yl|or.1) ¢ opuen-
muposannol 11 -nopmot ||z||or1 = Y vy max(z;,0). Ha npocrpancrse mMepsl senuause ||z — ylor.1
coorsercrayer (B \ A), rae muoxkecrsa B, A upejcrasisior z,y ([17, 5]).

Konycst QM ET,, u OMCUT,, aBI510TCH MOTHOMEPHBIME KOHYCaMu B npocTpancree R 1)

Kpowme ouesnanbix crporux sxiouennit OCUT,, C OMCUT,,, Mbl uMeeM, ¢ PABEHCTBOM TOJIBKO
mist n = 3, Bryouenua OMCUT, C QM ET,.

B [18] nokazano, uro kouyc OCUT,, (onpesenennsiii Ha muoxkecrse {1,...,n}) ectb npoekius
konyca CUT, 1 (onpenenennoro ua {0,1,...,n}), Ha HOAIPOCTPAHCTBO, OPTOIOHAJILHOE K O {0}-

DkcrpeMasbable Jtyan Kouyca QM ET,, uccienosamuces B [17]. 3mech 6b110 J0Ka3aHO, 9TO OHU
HE ABJAIOTCA CUMMETPUYHBIMYM W WMEIOT 10 MEHBIEe Mepe n — 1 Hyseil, TO ecTh He MOryT OBITh
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paccToSHUSIMEU Ha OpueHTHpOBaHHOM rpade. OpUeHTHPOBAHHBIE MYJIBTUPA3PE3bI COOTBETCTBYIOT
9KCTpeMaIbHBIM JydaMm Kouyca QM ET,. Kpome Toro, pacrierienne s5KCTpeMaJIbHOTO JIyda BHOBD
Jaer 9KCTpeMaJIbHbIA JIyd.

B [17] 6bL1a npencTaBieHa u TabanIa HECMEKHOCTH runeprpaneii kounyca QM ET,,; 6bu10 crea-
HO TIPEAITOJIOZKEHNE O TOM, 9YTO BO BCEX OCTAJIBHBIX CJIYyYadX TUIEPTrPaHu CMEXKHbI, OTKYda CJIEAYeT,
YTO JTHAMeTp CKeJeTOHa AyaJsbHoro xonyca QM ET) pasen 2. Juamerp ckemerona QM ET,, paBen
3 anan=4,5.

Cymecteyer npennosoxkenue, auro guaMerpbl OCUT, u OMCUT,, pasus! 1 u 2, COOTBETCTBEH-
vo. Bosee roro, ecin f > 0 onpemensier runeprpans OMCUT,, To Hynaesoe pacripenne f B
OMCUT,+1 ocraneTcd THIEPTPAHBIO, KAK U B KJIACCHUECKOM cJiyuae KoHyca paspesos CUT,,.

Ipynma Sym(n) Bcex TepecTaHOBOK HA 7 TOYKAX ABJIAETCS TPYNHON CHMMETPHH KOHYCOB
QMFET, u OMCUT,. Ho cymecrByer u jpyras CHMMeTpus, Ha3blBaeMas pesepcesem. st ocy-
IECTBJICHNS OLEpPAIlNN peBepceisl HYKHO MOCTABHTH B COOTBETCTBHE KAyKJIOMY JIydy ¢ Jyd g,
OLIPEJEJICHHBIA Kak q;‘g = ;- (dpyrumu cji0BaMu, B MATPUYHBIX TEPMHHAX DEBEPCEIb COOTBET-
CTByeT TpaHCIOHHpOBaHWIO Marpwuil.) VI3 sroro dakra ciegyer, dro rpymma Zs X Sym(n) rakxke
SIBJISIETCST TPYIIIOi cuMmMeTpuit 11 kouycoB QM E'T, u OMCU'T,,. Mb1 npeamnojaraeM, 9To 3TO UX
nostHag rpynna cuvmmerpuii. g koryca OCUT,, sror dakt nokazan B [17].

o Konycom m-nosymempur HMET" Ha3pIBaeTCS MHOMKECTBO BCEX 1M-NOAYMEMPUK HA 1 TOU-
Kax.
o Konycom m-nosymempur pasbuenut HCUT," na3piBaeTcs KOHMYecKas 0O0JIOUKA BCEX M-

NOAYMEMPUK Pa3dUEHUT HA N TOYKAX.
m—+1
Konycet HMET™ w HCUT™ aBAstioTcs TIOJTHOMEPHBIME KOHYCAMH B TIpocTpaHcTe RE™
IlockosbKy KaxKjgasi m-mojyMeTpuka pa3bueHuil siBaserTcss Mm-10JyMETPUKOMR, MbI TOJIyYaeM,

qTO

HOUT} € HMET, CRES

Ouesuyno, uro see rpanu konycoB HMET!™ u HCUT]," coxpansitorcs 1pu j1t000# 11epecTaHos-
ke BeprwmH. I3 9TOr0 Ciemyer, UTO J0bas Takas MepPecTaHOBKA MOPOKIAET CUMMETPHUI0 KOHYCOB
HMET!" w HCUT;", 10 ectb Tpynmna Sym(n) sIBJISETCs TPYINOH CUMMETPUil YKa3aHHBIX IBYX KO-
HycoB. [IprMeHsisi KOMIBIOTEPHBIE TT0/CYEThI, Mbl TPOBEPHJI, 4T0 Sym(n) siBisieTcst TOJHO rpyI-
O CUMMETPHUI JJId UCCIIeIyEMbIX KOHYCOB.

o Mempuneckum muozozpanruxom Ha n Toukax M ET P, Ha3bIBaeTCsT MHOKECTBO BCEX TTOJY-
merpuk u3 M ET,,, yI0BIETBOPAIONX Hepasercmeam nepumempa di, + d;; + djp < 2.

o Paspestbim mHO202parnukom (M MHozo2pantukom paspesos) ua n roukax CUT P, na3wvisa-
eTca BHITyKas obosoura Beex 271 paspesos ma {1,...,n}.

o Keasumempuueckum mmozoeparnukom Ha n toukax QM ET P, Ha3bIBaeTcsd MHOXKECTBO KBa-
3UNOIyMeTPUK 13 QM ET,,, yI0BIeTBOPSIONINX HEPAGEHCMEAM NEPUMEMPE qk; + ¢ij + qjk < 2.

o M10202paHHUKOM OPUEHMUPOBAHHUT MYsbmupaapedos ta n Toakax OM CU'T P, ecrecTBeHHO
HA3BATH BHIIYKIYIO OGOIOUKY BCEX p (n) OPHEHTHPOBAHHBIX My/ILTHpAspesos Ha {1,..,n}, B TO
BpeMsI KaK MH0202PGHHUK OPUEHMUPOSaHHHL paspesos Ha n Toukax OCUT P, 6yner obo3navaTh
BBIYKJIYIO 000I0UKY BCex 2" OpHEeHTHPOBAHHBIX pa3pe3os Ha {1,...,n}.

Muororpauuuku CUT P, u M ET P, nHBapuaHTHBI, IOMHMO IIEPECTAHOBOK, OTHOCUTEIBHO TaK
HA3BIBAEMOTO C6UYUH2A, OCYIIECTBIISIONIETrOCs 110 3aKoHy (i,7) — 1 — d;j, ecm |SN{i,j} =1, u
(i,7) — d;j, uxade. B mesom 310 gaeT rpyIiy mopsika 2" x nl. Jlng n # 4 910 MOAHAA IPyIIIA
cummerpuit. Ijis n = 4 nojnas rpyiia cumMeTpuii umeer nopsiiok 23 x 144 ([16]).

g vuororpananka QM ET P, MOXKHO ONIPeIe/IUTh OPUEHTUPOBAHHBIN aHAJIOT OTEPAIlnN CBU-
wmara Ha M ET P, ocyiecTiseMslil aHaJIoruaHbIM 06pasoM: (i,7) — 1 —g¢;;, ecmm [SN{i,j}| =1,
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u (i,j) = ¢ij, naade. OpUEHTUPOBAHHbIN CBUYHMHT, BMECTe C IIEPECTAHOBKAME U peBepcesieM, 00-
pasyer rpynmy nopsaka 2 X n!. Mbl npeamonaraem, 9ro 3Ta IpyIIIa gBASETCA MOJTHONH I'PYIIIONR
cummerpuii gyist Mmuororpantukos QM ET P, (uposepeno juist n < 9, cm. [16]).

7. Tabaunpl MTapaMeTpoB PAaCCMATPUBAEMBIX KOHYCOB W MHOTOT'DaH-
HUKOB
B rabsmre 1 npeacrapiena mHGOpMaInsa 0 KOHYCaX OPUEHTHPOBAHHBIX M MHOTOMEPHBIX 00600-

IIEHHBIX METPUYECKUX CTPYKTYP HA MajoM uwucsie BeprmH. J[jIsi KaXKkioro KOHyca IpeCcTaB/IeHbI
ero Pa3sMEePHOCTh, TUCJI0 IKCTPEMATHLHBIX JIy4dell 1 9uCJI0 UX opouT, uncao ero runeprpaneii (dacer)

U 9UCJI0 UX OPOWT, HAKOHEIl, nuamMerphl 1-ckeneron-rpada u pebeproro rpada (em. [16, 1]).

Konyc Pasmeprocts | Tmcso sxerp. ayueit (opbur) | Umcsno runeprpaneit (opbut) | Jnamerpsr
OMCUT;=QMETs 6 12(2) 12(2) 2; 2
OMCUTy 12 74(5) 72(4) 2; 2
QMETy 12 164(10) 36(2) 3;2
OMCUTs5 20 540(9) 35320(194) 2;3
QMETs 20 43590(229) 80(2) 3;2
OMCUTs 30 4682(19) > 217847040(> 163822) 2; 7
QMETs 30 > 182403032(> 127779) 150(2) 75 2
HCUT? 10 25(2) 120(4) 2;3
HMET? 10 37(3) 30(2) 2; 2
HCUT§ 15 65(2) 4065( 16) 2; 3
HMETS 15 287(5) 45(2) 3;2
HCUT? 21 140(2) 474390(153) 2;3
HMET? 21 3692(8) 63(2) 3; 2
HCUTY 28 266(2) > 409893148(> 11274) 2; 7
HMETZ 28 55898(13) 84(2) 352
HMET$ 36 864174(20) 108(2) 752
HCUTY 20 90(3) 2095154(3086) 2; 7
HMET? 20 12492(41) 80(2) 3;2
HMET? 35 > 454191608(> 91836) 175(2) ?7; 2
HMET3 35 > 551467967(> 110782) 140(2) 752

Tabymra 1: Tlapmerpsl KOHYCOB HA N TOYKAX I MAJIbIX 1

B rabaune 2 npencrapiena wHdOpMaIng 0 9UC/Ie BEPIUH U TUNIEPrpaHeil I HEKOTOPBIX KBa-

3UMETPHYeCKUX MHOrorpanuHukos (cu. [16, 1]).

Msuororpanauk | Pasmepnocts | Yucso sepume (opbut) | Yuciao runeprpaseii (0p6ut)

OCUTPs 5 16(2) 16(2)

OCUTP; 9 64(3) 40(2)

OCUTPs 14 256(3) 1056(5)

OCUTP;s 20 1024(4) 1625068(97)
OMCUTPs 6 22(3) 20(2)
OMCUTP, 12 136(5) 1160(9)
OMCUTP;s 20 1016(7) 2(?)

QMETP, 2 544(8) 56(2)

QMETPs 20 155136(392) 120(2)

Tabauma 2: IlapMeTpsl MHOTOTPAHHUKOB HA 7 TOUKAX /I MAJIBIX N

8. 3akJiroueHue

IloMuMO HECUMMETPUUYHBIX ¥ MHOTOMEPHBIX ODOOIIEHHBIX METPUUECKUX CTPYKTYD, NPEICTaB-
JIAIOTITK CODOM aHAJIOrN KJIACCUYIECKOT0 CHMMETPHUYHOrO ABYMEPHOTO CJIydas METPHK, Pa3pe3os,
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MYJIBTAPA3PE30B U JPYIUX POJACTBEHHBIX KOHCTPYKIIWHM, MHTEPEC MPEJACTABAIIOT UX CIENraJbHbIE
YaCTHBIE CIydYad: B3BEIIMBAEMble KBA3UMETPUKHU, YACTHIHLIE METPUKHU, M-CYHEPMETPUKUA H JP.
OupejeneHust ¥ IpUMepPbl HEKOTOPBIX 00bEKTOB TAKOI0 poda ObLIi PACCMOTPEHDI B TPETheM pas/le-
Jjie paborsl. Ilocrpoenue u ucce0BaHre COOTBETCTBYIOMUX KOHYCOB U MHOIOI'PAHHUKOB HA MaJIOM
YHCIe TOYEK MOXKHO MPOBECTH TI0 TOH ke cxeMme (cMm., Hampumep, [14], [15] u ap.). Oxnako B cuty
BOJIBIIOTO YW1 UCTTONB3YEeMbIX TAPAMETPOB UCCACTOBAHNE TIOBEJCHUS TAaKNX 0OHEKTOR, MOCTPOEH-
HBIX HA MAJOM YHCJIE TOYEK, O9€Hb OBICTPO MPUBOIUT K KOMOMHATOPHOMY B3PBIBY. DTO 3aTPY/IHSIET
MPOTIECC TOCTPOEHUS! U JOKAZATENIHLCTBA TUIIOTE3 O TIOBEIEHNN KOHYCOB M MHOTOPAHHUKOB 0000IIeH-
HBIX METPUYECKHX CTPYKTYP TAKOTO POJA.
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AnHOTanusa

B pabore n3yuaercs npousBeaenune Jiiiepa Buga

otaple = T (1- 58 )

P
peP(M) P

re M — TpOW3BOJIBHBIN MOHOWI HATYDAJIBHBIX YNCEN, OOPA30OBAHHBIN MHOXKECTBOM MPOCTHIX
qucen P(M).
Jpyrum o6beKTOM u3ydeHus sBiseTcs psan Jupuxie BuIa

1
fx(Mla) = Z natrn)

neM

OxasbIBaeTcst, 9TO OHM OOJAJAIOT COBEPITEHHO pasHbIMU CBoiicTBamu. Psm Inpuxie
fr(M|«) onpenensier ronoMopdHyo (DYHKIUIO Ha BCell KOMILJIEKCHOI TLII0CKOCTH.

A sitneposo upoussenenue Pr(M|a) nms monouza M, y KOTOPOroO MHOMXKECTBO IPOCTBIX
P(M) 6eckonedno, 3a1aer Ha BCEll KOMIUIEKCHOM ILJIOCKOCTU MepOMOPGhHYI0 BYHKIMIO, ¥ KO-
TOPOI WMEETCs CYETHOE MHOYKECTBO OCOOBIX BEPTHKAIBHBIX TPSAMBIX, HA KaXKIOH M3 KOTOPHIX
CYETHOE MHOKECTBO TMOJIIOCOB.

B zakj09enun paccMOTpeHa akTyaJsbHas 3a1ada 0 Hyaax dyakuuu fr(M|a).

Karwuesvie caosa: m3era-dyukius Puvana, pan dupuxie, q3era-QyHKIMS MOHOUIA HATY-
PaJIbHBIX 9UCEJI, IMIEPOBO MIPOU3BEICHUE.
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Abstract

The paper studies the Euler product of the form

Potapio) = I (1- -2 )

a+m(p)
pEP (M) p

where M is an arbitrary monoid of natural numbers formed by the set of primes P(M).
Another object of study is the Dirichlet series of the form

1
Jx(Mla) = Z o)’

neM

It turns out that they have completely different properties. The Dirichlet series f (M| alpha)
defines a holomorphic function on the entire complex plane.

And the Euler product P, (M| alpha) for a monoid M whose set of primes P(M) is infinite,
sets on the entire complex plane a meromorphic function that has a countable set of special
vertical lines, each of which has a countable set of poles.

In conclusion, the relevant problem of the zeros of the function f,(M|«) is considered.
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1. BBenenue

3a 1moc/eHIe TOJTOPaA 1'0/1a HAYaJI0 HHTEHCHBHO PAa3BUBATHCS HOBOE HAIIPABJIEHUE UCCJIEI0BA-
HUI, CBsI3aHHOE C U3ydeHueM j3eTa-QyHKIMA MOHOU/I0B HaTypaabHbIX unces |4, 5, 6, 8, 9, 10, 11].

B nocnieaneit pabore 3 3TOro CriMcka MoKa3aHO, 9TO Teopusi J3eTa-(pyHKIIUH MOHOUIOB HATY-
PaIBHBIX UMCE BXOAWT KaK COCTaBHAsg 4YacTh B Oosiee obiyto Teoputo Asnrebpor psimor Jlupuxie
MOHOU/Ia HATYPAJbHBIX UUCET, OCHOBBI KOTOPOIl U ObLIN B HEll u3/0xKeHbl. U3 aHaam3a mpebiay-
MUX CTATEH BUIHO, YTO 0CO00E€ MECTO B JAHHON TEOPHUH 3aHUMAIOT Te paibl Jlupuxjie MOHOUIOB
HaTypaJIbHbIX YUCE], KOTOPbIE UMEIOT PA3JIOXKEHUE B IIPOU3BE/IeHne Diepa.

B macrosmmeit pabore nmeHTPaIbHOE MECTO 3aHUMAET U3YUCHWE TPOU3BEIeHN Jiaepa BIIa

Pr) =] <1 - pafﬂp)yl . (1)

p

Kpowme atoro 6yayr usyuensl u apyrue o600IIEHHBIE TPOU3BEIeHNs Diljiepa /IJid MOHOUJIOB Ha-
TYPaJbHBIX 9UCEJI.
C mpoussenennem Ditepa (1) recro cpst3an ciaenyrormuit psa Jnpuxite

Cﬂ'(a) = Z mv (2)

n=1

KOTOpBIH, KaK Oy/leT MOKa3aHo JaJiee, 3a/iaeT roJioMopdHy 0 (bYHKIINIO Ha BCEll KOMILIEKCHOM T110C-
KOCTH.

2. OcHOBHBIE OIIpeieJIeHNsd 1 0003HAYEHUS

ITycrs M C N — npousBosibHBIN MOHOM | HATYpaJIbHBIX dnces. Pacecmorpum muoxkectso P(M)
— mpoctbix smemenToB w3 M. Ecau P(M) C P, tne P — MHOXKeCTBO BCEX MPOCTBIX YHCE, TO
monous, M Gysier MOHOMJ| C OJJHO3HAYHBIM DA3JI0KEHHEeM Ha [IPOCThle MHOXKuTesu. B pabore [5]
omucad obIuil B/l MOHOUIOB C OJTHO3HAYHBIM PA3JIOXKEHUEM Ha MPOCThIE MHOKUTEH.

B pa6ore [4] nokasano, uro pasencTBo 3itneposa npousseienusi P(M|a) u n3era-dyHKImn
¢(M|e) mononma M paBHOCHJIBHO OJHO3HAYHOCTH DA3JIOKEHHs HA MPOCTHIE HJIEMEHTBI B 9TOM MO-
HOUJIE:

-1
C(M|a):Z%: H <1—1a) =P(M|la) a=oc+it, o>opy, (3)

r
neM reP(M)

rje oy — abenucca abeosorHol cxogumoctr azera-byukunu ((M|a). Kak xopomio uzsecrro [12,
15|, mas sro6oro monouma oy < 1. Ecomu M # {1} He sBisgercs TpUBHATBHBIM MOHOUIOM, TO OH
COMIEPKUT GECKOHETHO MHOTO 9JIEMEHTOB U, CJIEJ0BATELHO, oy = 0.

B pabore 4] mokazamo, 9To ms1st JI060r0 ¢ > 2 1 1060l SKCIOHEHITNATBHO TI0C/IeI0BATETFHOCTH
npocrbix uucen PE = {p1,p2,...,Pn, ...} a3era psu aus n3era-byaxnuu ((M(PE))|«) abcontorno
CXOJIUTCS JIJIst JTIO0OTO (v B TOJIYIJIOCKOCTH o > 0 M PaBHOMEPHO B HOJYILIOCKOCTH O 2= 0g I
Jroboro og > 0.

B pabore [6] nokasano, uro obacrsio rosomopduoctu azera-pyuxnuu ((M(PE)|«a) asisercs
Q-TIOJIYILIOCKOCTL o > (. Takum obpazom, B gamHoM ciaydae op; = 0.

B ciywae, Korjga HET OIHOZHAMHOCTH PA3JIOYKEHUS Ha MPOCTHIE MHOKUTEIN

P(Mlo) = 3 M2, ()

zeM
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rae k(x) — KOMm4ecTBO Pa3/IMYHBIX KAHOHUYECKUX NPEJACTABICHU YUCIa T 1 KAHOHUIECKUM DA3JIO0-
JKeHHeM 3JIeMeHTa T U3 MYJbTHILIMKATUBHOrO MOHOMa M HaTypasbHBIX YHCe] Ha3bIBAeTCs IIPe/-
CTaBJICHUE BUJIA

z=r{t.ork, 1< <...<rg, ri,...,m € P(M).

B pabore [11] 6bL10 mOKa3ano, uro psag Aupuxie fi(M|a) € D(M)g, 3a1anublii paBeHCTBOM

1
AdMla) = >
Gymer cxomurbes s jiroboro kommaekcuoro «. Tak kak D(M)g C D(M)g misa ao6oro 4ucaoso-
ro nons K, To ast soboro gmcioporo mosst K umeem: DC(M)g — muO)KecTBO pamos dupuxie,
CXOIAIIUXCS JIJIsE JTFOOOTO KOMILJIEKCHOTO (v, HEITYCTO.

Paccmorpum pag dupuxie fr(M|a) € D(M)g, 3a1aHHblil paBeHCTBOM

1
fr(Mla) =Y ot ()

neM

TeOPEMA 1. Pad Jupuzse fr(Mla) € D(M)g cxodumesa das a106020 KOMNAEKCHO20
fx(M|a) € DC(M)k.

JLOKA3ATEJILCTBO. 24 mag 1848 r. II. JI. Yebwnmér mpencrasun B Caukr-Ilerepbyprekyio
Axanemuio Hayk memyap “O6 onpemeeHun YUCIa TPOCTHIX YHCEN, He TTPEBOCXOAAIINX JAHHON Be-
mmansbl’ (IlosH. cobp. cou., 1. I, ¢. 173-190). Takum 06pazom, B OPONLIOM Oy HCIOJHIIOCH
170 7mer co mHA BHIXOAA ITON TPUHIUOIUATLHON PAbOTHI, C KOTOPO# HAYAJIACH COBPEMEHHAA TEOPUd
pacipejiesieHusi TPOCTHIX TUCET.

Bo BTOopoMm memyape oH j0Ka3aJ1 OIEHKT

x T
2..0)— < < (1,105...)—.
(0,92..) 7~ < (@) < (1,105..) -~

Ob6oznauum uepe3 ¢; = 0,92... u cog = 1,105... KoHCTaHTH U3 HepaBeHCTB YebbIéBa st

dbyukuun 7(z). 3amerum, 4ro KoHeuHast pazHoctb Am(n) = mw(n) —m(n—1) aBisercs Ha MHOXKECTBE
HATYPaJbHBIX YNCEJT XapaKTepUCTHaecKol yHKIMe MHOKECTBA TPOCTHIX YHCeJ.
N3 onenok II. JI. Yebniména caemayer, uTo

1 1 1

eaInntcon = na+7r(n) = ealnntcin’

Mg aroboro a = o + it MmazkopupyomuM psgaom st fr(M|«) 6ymer psia
S o
cin’
— noect

KOTOprfI CXOAUTCA IO MHTETPAJIBbHOMY NPU3HAKY KOH_[I/I, TaK KaK CXOAUTCA HeCO6CTBeHHbII71 NHTE-
rpaj

e.) o o0
dx dx < dx
) X =z — To 9
roe1r e’ ez ez
1 To To
20lnx
TJe T, = 1 onmpenenderca u3 yCJIOBUA & > — 26, -1 NP1 T > x,. O

Pacemorpum muO)kecTBo Dy (M) — mpoussosbHbIX psiioB dupuxiie Buga

a(n) . x
f(Oé)z E W OéZO'—i-Zt, O'>0'f>0'f,
neM
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rjae oy — abcuucca abCOMIOTHOR CXOAUMOCTH U U;Z — abcrmeca cxoamMocT. Kak XOpOoIno m3BeCTHO
[12, 15], as mo6bIx psios dupuxiie cripaBe/inBo HEPABEHCTBO 0 f < O';Z + 1.

IIycts K — mpousposibroe unciosoe mojie. Takum obpasom, Q C K C C. Ecian Bce koadpdu-
meHTs! a(n) € K, To MHOKecTBO BCex Takux panos lupuxie Oygaem obosunadars depes Dy (M )k u
OHO SIBJISIETCSI OECKOHEIHOMEPHBIM JTMHEHHBIM (DYHKIIMOHAILHBIM TPOCTPAHCTBOM Ha mojem K.

Beigesnm mopmpoctparctso DY (M )k yemosmem sup,,ej |a(n)| < co. 13 Teopemsr 1 cpasy cie-
ayer, aro D°(M)g C DC(M)k.

Ha D$°(M )k 3amaaum HOpMY
()l = sup |a(n)].

neM

OrnocurenbHo 3aganHoi Hopmbl D°(M )k siBasiercs HecenapabesnbHbiM npocrpancrsoM. OHo Oyjer
HanaxoBbIM, ecau noje K — 6anaxoBo npocrpancTso Haj nosgem Q oTHOCHTEILHO HOPMbI, 3a1aHHOM
abcosoTHON BesmmanHoi uncia n3 noss K. Tax xak orcioga cieayer, uto qubo K = R, oo K = C,
o DS°(M)g — GanaxoBo mpocTpancTBo, TobKO g K = R, sn6o K = C.

Herpyaxo mousars, uro nmpocrparctso D°(M )k wax nosem K He siBiasieTcs aarebpoit, Tak Kak
HET 3aMKHYTOCTH OTHOCUTEIBLHO Tpom3BeneHus psanos Jlupuxse. JleiicTBUTEHHO, €CIM TEPEMHO-
KuUTh /1Ba psaga Jupuxie nz DY°(M)k:

a(n b(n
fo)= 3 2 gy = 3 A

neM neM

TO IIOJIY9UM

flo)glo) = 3 2

e(n) =n™® 3 a(mp () 3 a(m)b@)mﬂ(n),ﬂ(m) (n)ﬂ(n)—ﬂ(,’;).

it M) (g)ﬂ(%)

m m|n, meM

Takum 06pazoM, OrpaHUIeHHOCTh KO3(DDUIUEHTOB ¢(n), BOOOIIE rOBOPs, OTCYTCTBYET.

3. Pan /IupuxJjie reoMeTpuieckoii mporpeccum m teopeMbl Beiiep-
miTpacca 1 Murrar—Jledpdaepa

Pacemorpum reomerprdeckyto nporpeccuio M (p):
M(p) = {17p7p27"'7pn7"'}

u psig dupuxse uz D (M(p))

el = > o (1 <

e pn(a+7r(p)) pa+7"

pa+w<p)’ .

Mg nanbrefinero Ham moTpeOyIOTCsS cBeleHust 3 paborsl (8] oTHOCHTESBHO r3eTa-(DyHKITHN
TEOMETPUYIECKON TTPOTPECCHM, KOTOPBIE TPUBEIEM 0e3 MOKa3aTeTHLCTBA.
IIpexie Bcero, paccmorpuMm 1enyio GyHKImo ¢ — 1, KoTopas nMeer 6ECKOHEYHO MHOIO HYJIe,

a, umenHo, « = 0 oy, = 21?1’; (n==41,£2,...).

JIEMMA 1. Cnpasedauco pagercmo

o0
eo‘—lze%aH 1—1—0{72 (5)
ook 4m2n2 )
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JTOKABATENLCTBO. Cum. [8]. O

CAeaCTBUE 1. Cnpasedauso pasencmo
= a?ln?q
g q2 (alng) H( PPy ) . (6)

JTOKABATENBLCTBO. Cum. [8]. O
Taxum obpazom, s netoit pyuxkiun ¢¢ — 1 Teopema Beiteprirpacca nmeer Bui:

a - a?1n?q
¢ —1=atamg I (1495 ). )

42n?
n=1

Hzera-dyuknus reomerpudeckoit mporpeccun M (q) 3amaercst hopmynoit

=1 1
:Z(n)azl_i (e =0+it, o >0). (8)
n=0 q“

U3 dopwmynsr (8) craemyer, 9ro a3era-dyHKIHS T€OMETPUIECKON MTPOrPECCHE AHATUTHYICCKAT
dyHKIMA BO BCEll Q-T1JI0CKOCTH KPoMe Touek g = 0, rze y He€ mPOoCTOil 1MOJII0C C BEIYETOM

1

Reso((M(gq)|ar) = Ing

M TOYUEK (i} = %ﬁ—g (k=+1,42,...), B KOTOPBIX NPOCTBIE MOJIOCA C BHIYETAMY

Resarix (M (q)|a) = i

Ing lnq

Orcroma caenyer, aro ((M(q)|a) — mepomopdHasg GyHKIHS Ha KOMILUIEKCHOW (-TLJIOCKOCTH,
KOTOpas MMEeT CJIeyIoINee Pas3/IoKeHne B 6ECKOHEUHOE TPOU3BEIEHUE

g > 21024\ !
corala) = AT (1+ et ) )
n=1

A cnepoBarenbho, K Heil mpuMennma Teopema Muttar—/leddaepa (cm. [16], crp. 225). Kak noka-
3ano B pabore [8], reopema Murrar—/Teddiepa st a3era-dyHKIMM reOMeTPUYECKOil Iporpeccun
BAMTUCHIBAETCS CAEIYIOTIAM 00pa3oM:

o0

(M(@la) =+ ——— 4y —2alnd (10)

2 alng  ‘=a? In? g + 4n2n2

U3 pasencrs (8)—(10) serko mosyvarorcs (byHKIMOHAJBHBIE YDABHEHUS IS 13eTa~-(byHKIMHA Teo-
METPUYCCKOI IIPOrpeCcCUun:

((M(g)la) = =¢°C(M(q)| — @), (11)
((M(g)la) =1 —((M(q)| — ). (12)

Herpymuo Busers, 9To crrpaBeyinBO PaBeHCTBO

—1 1 -1
J(M(p), ala) = (1— pm) = (1— p+<>> ¢ <M(p)

a+m7(p) — EZ) . (13)
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Orcioga crmemyer, uro pan Hupuxme fr(M(p),a|e) anammTuyaeckn TpOTOIKAETCA W 3a7a6T Me-
Y Y
poMopdHYIO QYHKIINIO HA BCEll KOMILJIEKCHOUW IIJIOCKOCTH, Y KOTOPOil OGECKOHEYHOE MHOYKECTBO

1 _ Ina
[IOJIIOCOB  II€PBOrO MOpsAAKa C OAHUM U TEM 2K€ BBIYETOM [ B TOUKAX Q0 = —7T(p) + np 4
- Ina 2kim _
ap =—7(p)+ oy + Iy (F==£1,£2,...).

s aroro psga Hupuxie reopemsl Betieprirpacca u Murrar—Jledduiiepa zamnumyres ciiejyio-
UM 00pazoM:

o) = (a+m np—Ina)?\ "
F(M(p), alar) = d [T (1 (ermmlmp=iel) oy

((a+m(p)) Inp —Ina) at el 4m2n?2
. ! 3 a+w< ) Inp — Ina)
(M (p), == | ,
fx(M(p), ala) 2 + (a+7(p))Inp —Ina +n:1 a+n(p))Inp — Ina)? + 4n2n? (15)

W3 HaiiileHHBIX COOTHOIIIEHU HEC/IOXKHO BBIBECTH (DYHKITMOHATBHBIE YPABHEHUs JIst (DYHKIIAN

fr(M(p), alev):

2lna
Fr(01(p)ale) = 1= i (M(p)a |- - 200 + 32 ). (16)
a+7r(p) na
0t ala) = =2 1 (3r(p)al -0 - 2n() + 30 ) (1)

4. Pan /Iupuxiie reoMeTpuUydeckoii mmporpeccuu m raMma-QyHKIINS
iistepa

Xoporo uzsecraa dhopmyaa (cm. [1], crp. 326)

F(la) = oe™® H (1 + %) e . (18)

N3 neé coemyer, aro

Orcionia, BBITEKAET, UTO

ﬁ 1_1_0421n2q 71:_ ailng 2F ailng r _ailng '
- 472n? 27 27 27

n=1

Ho Torga us pasencrsa (9) ciaemyer, uro

q%alnq ailng ailng
M(q)|la) = r r(- . 19
(@) = C e (SR (-2 (19)
13 dopmynsr (19) cpasy caemyer, aro ja3era-byHKIHMsT FeOMETPUYECKOH MTPOTPECCHU UMEET T10-
JIIOCA B TOUKAX (v = 21’:1’;’, (n € Z), Tak Kak ramMmmMa GyHKIH uMeeT mooca B 0 U B OTPUIATETBHBIX

IeJiblX TO4YKaX.
Taxxe n3 dhopmysant (19) cpasy cregyer dbyHKIIMOHAILHOE ypaBHEeHUE 1 13eTa~-DyHKIUNA Teo-
METPUIECKON TTPOTPECCHH:

()] — ) = ¢z (—a) Ing,, (ailnq) r (_ailnq) _ _M' (20)

472 27 27 q“
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Tak kak
lim ((M(q)la) =1 (=0 +1it),

T—00
TO

lim ((M(q)| —a) =0 (a=o0+it).

g—00

13 pasencts 13 u 19 ciemyer, uTo

atm(p)

Fo(M().ale) = B Pr r(g)r(-5). f=GtaG)ng-he @)

Ar2a3 2m 2m

5. Pan /JIupuxjie MOHOUJa C KOHEYHBIM YHCJIOM ITPOCTBIX UMCEJT

Mycts P = (p1,-..,Pn) — OPOMBBOJBHBIA BEKTOP € MPOCTBIMU P < P2 < ... < pn. depes

M (p) obo3HauMM MEHUMAJLHBIH MOHOW HATYPAJIBHBIX YHCEN, 06PAa30BAHHbIH TPOCTHIMU IUCIAMU
7

P1y.-.4yDPn, & 9CPE3 a(p) # 0 — HIPOU3BOJIbHYIO d)yHK]_[I/HO Ha MHOXKECTBE YKAd3aHHbBIX IIPDOCTHIX, yA0-

BJIETBOPsTIONIY IO yeaosuio 0 < |a(p)] <p™ P uo, <op1<...<op,raeo0, =Re (77r(p,,) + %)
(v=1,2,...,n).

Paccmorpu pax dupuxie

—1
> a™ (pl) mn(pn) - a(pl,)
fr(M@)ap)e) = > T pmnw(pn)):f[l - |
My, Mp= e rn v= 14

KOTOpBIH 33/1aeT MepoMopdHYI0 DYHKIUIO HA BCell KOMILJIEKCHOMN IIJI0CKOCTH C OECKOHEYHBIM MHOXKe-

CTBOM TIOJTIOCOB TIEPBOTO MOPSIKA B TOUKAX (y0 = —(py) + % uay,p=—7(py)+ lnlﬁ(p”) + ﬁf;”
174

(k=+1,£2,...), (v=1,...,n).

Yepes Pr(M(p),a(p)|a) Gyaem o603HATATE COOTBETCTBYIOMIEE 000OIIEHHOE IPOM3BE/IEHIE Dii-
Jepa:

n n -1
a(pPy
PLM (@), alp)lo) = [[ (@0, alp)l0) = [] (1 - ﬁ&) .
v=1 v=1 bv
Ecim B3sars a(p) = p™P), to nomyunm mzera-dynkmmo monomma M (p):

n —1
pW(M(ﬁ),pﬂp)\a):H(ula) = Y L cM@le) (a=o+it, o>0).

noé
v=1 Py neM (p)

OueBugno, uro s n3era-byaxnuu (M (p)|a) cupaseiuso paBeHCTBO

n

@) = [] S )la) =

v=1 v=1 pl/

(22)

13 pasencts (22) u (9) caenyer, uro n3era-dbyuxius (M (p)|a) — mepomopdras dyuxims Ha
KOMIIJIEKCHOM (-TIJIOCKOCTH, KOTOpast UMeET CJICYIONIee pa3ioKeHne B OECKOHETHOE MTPOM3BEICHIE

- l% ad a?In?p,\ "
M@)le) = H (alnp,, H <1+ 472m? > ' (23)

m=1

Eciau nonoxurs P(P) = p1...pn, Q(P) = lnpi...lnp,, To pasencreo (23) MoXKHO mepenucarh B

CJIETTYIONIEM BU]IE:
(<3 n o0

p) 2 alnp !
e = S THTT (14 Ty (24)
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Bysem gepes S(A) o6o3HauaTh MHOKECTBO IIOJIIOCOB J3eTa~-DYyHKIUN
1 .
C(Ala) = Z vy (o =0+it,c > 1)
neA

IPOU3BOJILHOTO MHOXKECTBA HATypaabHbix ncen A. Eciu A — xoneunoe muoxectso, To S(A) = ().
Vcnonb3ys 9Tn 0603HAYEHWS, TIOYYAM PABEHCTBO

2k
Inp,

SOU@) = | S(M(p,)) = {
v=1

kGZ,V—l,Q,...,n}.

g nzera-dynkun ((M (p)|a) cnpasemnmuBo GyHKIMOHATBHOE YpPaBHEHHE

¢(M(p)|)
P

Pacemorpum obpartnsiit psx ¢F(M(p)|a) mna mzera-byakunu (M (p)|a). Ilo nmpuanmmy sio-
JKEHHOCTH 13 paborsl 5] mosydaem, aro

(MP)| —a) = (=1)" (25)

C@y = Y M

nE]M(ﬁ) v

(M (@) = uln (1 - 1) |

neM*( p#pu (v

I
l—‘
=

rie pu(n) — obbranas dyukusg Mébmyca.

Oynrrus (*(M (p)|a) 3amaercs CBOMM SHIEPOBBIM IIPOU3BEACHIEM Ha BCEH KOMILIEKCHOI I1I0C-
KOCTH U siBJisieTcsd 1ejiol (hyHKIMel, 1 KOTOPOi MHOXKECTBO HYJIell COBIIAJAeT C MHOXKECTBOM
nosrocos S(M(p)) msera-byuxmun (M (p)|a). dna neé cupasennmmso dbyHKIMOHAILHOE YPABHEHHE

CM@P)| =) = (=D)"P@E)*C(M(p)|e).

6. O6001mEéNHBIEe MPpOU3BEeAEHNA Jdiijiepa

PaceMoTprM Tpon3BoabHyio byHkmo a(p) # 0, yrosrersopsomnyio yeaosuio 0 < |a(p)| <p™ ).
Pan Hupuxite

[ee] n a -1
FrOM) o) = Y- s = (1= 22 )

3ajaer MepoMOPPHYIO (QYHKINIO HA BCEHl KOMILIEKCHON ILIOCKOCTH C OECKOHEYHBIM MHOXKECTBOM

TIOJTIOCOB TIEPBOTO TIOPAAKA C OJHWM W TEM K€ BBIYETOM ﬁ B TouKax oy = —7(p) + mh?;p )y
. Ina(p 2ki
= —m(p) + e 4 2im (= g1 2 ).

Ilycts M — mpow3BOJIBHBII MOHOW C OJHO3HAYHBIM DA3JI0KEHHEM HA HPOCTHIE MHOXKHUTEH:
P(M) C P, rie P — MHOXKeCTBO BCeX IPOCTHIX YUCEI.

Yepes Pr(M,a(p)|a) oboznaanm 0606mEHHOE Tpon3BeeHIe Diltepa:

—1
Pr(M,a(p)la)= [] fe(M@).a)le)= ] (1—pj+(fgp)> .

pEP(M) pEP(M)

IIpu a(p) = 1 6ymem nucars npocro Pr(Ma).
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Ecau B3s1b a(p) = p™®), 1o nomyuny nzera-dyskimo monousa M:

1\7! 1
P (M, p™ P |a) = H <1—> :Z—a a=o0+it, o>oyp,
n

peP(M)

rue oy — abcrmcca abCoIIOTHON CXOQUMOCTH.
B wacrrnoctn, npu M = N nostyunm j3era-gpyukimo Pumana:

P(N,p"P|a) =(¢(a), a=oc+it, o>1.

TEOPEMA 2. Ecau a(p) # 0 — npoussosvnan ozpanuvennas GyHkyua, mo o6o0wennoe npous-
sedenue daepa Pr(M,a(p)|a) s3adaém mepomopdnyro Gynxyuro na 6ceti Komnaekcrol naockocmu,
KOMOPas uMeem BECKOHEUHOE MHONCECTNBO NOAI0CO6 Nepsozo nopadka Sy (M, a(p)):
2kim

B B In a(p) B Ina(p)
S(M,a(p))= U {Oép,o = —7(p) + np Qp k= m(p) + np + np
pEP(M)

(k = il,i2,...)} .
JOKA3ATEJLCTBO. Eciu P(M) — KoHEUHOE MHOXKECTBO, TO 0600IEHHOE TIPOU3BeIeHNe Diijie-
pa Pr(M, a(p)|a) cocTout n3 KOHEIHOrO YUCIA COMHOKUTENEH, KazK bl 13 KOTOPBIX MepoMOpdHasT
dbyHKIEs Ha BCeil KOMIUIEKCHO TJIOCKOCTH, U, 3HAYUT, YTBEPIKJIEHNE TEOPEMbI BLITIOJTHEHO.
ITycrb reneps P(M) — GeckoHedHOE MHOMXKECTBO:

P(M) ={pv, <pPvy < ... <pv, <...},

[JIe UCTIOJIB3YETCS €CTeCTBEHHAsT HyMepalius IpocThix dncea B P. Orciona caenyer, 910 m(py, ) = Vp.
Paccmorpum mocmemoBaTensHOCTE abcruee abCOMIOTHONR CXOAUMOCTH COMHOKUTEIEH

lna(P>>

PR ) alpla) o= Te (=n(p,) + 5

npujes KoTopoit paser —oo. OTCOa ciieiyer, 4To Jjist TI0DOr0 BEIECTBEHHOTO g HAMIETCST HOMED

o a(py, 1
N Takoii, 9TO TOCTENOBATENIEHOCTD — (™ MazKOPUPYeTCsl MOC/Ie/[0BATENbHOCTHIO 5z~ B LOJIy-
Un

Un

IJIOCKOCTU & = 0 + it, 0 > 0y.
Orcroza cremyer, 9TO MPON3BEJICHNE

0o -1

H 1 _ a(an)
Oé+7r(pun)
n=N Un,

B TIOJIYILJIOCKOCTH @ = O + Zt, g > 0y abCoJIIOTHO U PaBHOMEPHO CXOJUTCA, TaK KaK CXOAUTCA
IIPOU3BEICHIE

o) —1

1 1
H o p2 :
n=N Vn

Tem caMBIM TeopeMa TOJTHOCTBIO TOKa3aHa B CIJIY MPOM3BOJILHOCTH 0g. O

7. 3akJjrouyeHue

WsBectHO MorapudmMudeckoe cBOCTBO wncsta npocThix: m(xy) > w(z) + 7(y). Orciona caenyer,
o w(p™) > nw(p). Torma mug moboro o > —7(p) umeem

1\ & 1 = 1
<1 B pa+w<p>> =D ) ” 2 )
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OrMernMm, 9TO TOCAETHIH Psil aDCOTIOTHO CXOMUTCH JJIsT JIFOOOTO KOMIIJIEKCHOTO (.
Tax kak Jijis Jitob0T0 BEIIECTBEHHOIO (v MMEEM

1 1
(nm)aJrTr(nm) < natm(n)matm(m)’

TO

1 —1
fr(Mle) = Z na+7r n) H Z n(a+m(p H <1 n pot-|-7r(p)> = Pr(Mle).

neM pepP(M)n=0 P peP(M)

Dra 1enovKka HepaBeHCTB 00bsacHsieT nodeMy dyukuus fr(M|a) rosomopdna Ha Beeii TLIOCKOCTH,
a npoussenenne P (M |a) mepomopdHO, nprdém mMeeT CHeTHOe MHOYKECTBO 0COOBIX BEPTHKAIBHBIX
NpSMBIX, Ha KaXK/0H U3 KOTOPBIX UMEETCsl CIeTHOE MHOYKECTBO IMTOJIOCOB.

Nurepecto 6b1710 Ob1 BbisicHuTh: uMeet jin dbyHkius fr (M |a) Hyau Ha KOMIIEKCHOMN M7I0CKOCTH?
OueBuIHO, 9TO UX HET HA BEIIECTBEHHOM psMoii. KpoMme Toro, eciim oHU €CTh, TO OHU CUMMETPUYHBI
OTHOCHUTEJILHO BEIECTBEHHOM MPsMOi, TAK KaK 00Pa3yIOT Maphl COMPIKEHHBIX 3HAYEHUN.
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Abstract

The hypermetric cone was defined in [9] and was extensively studied by Michel Deza and
his collaborators. Another key interest of him was cut and metric polytope which he considered
in his last works in the case of graphs.

Here we combine both interest by considering the hypermetric on graphs. We define them
for any graph and give an algorithm for computing the extreme rays and facets of hypermetric
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1. Introduction

Given an integer n and a vector b € Z" such that >, b; = 1 + 2s with s € Z the hypermetric
inequality is defined as

H(b,d)= Y bibjd(i,5) < s(s+1)
1<i<j<n

The hypermetric cone HYP(K,,) is the set of functions d : {1,...,n}?> — R, such that H(b,d) < 0
is satisfied for all b € Z"™ with ), b; = 1. The elements of HYP(K,) are named hypermetric.

A priori the hypermetric cone is not polyhedral since it is defined by an infinity of inequalities.
However, the polyhedrality of the hypermetric cone was proved in [19, 9, 10]. The hypermetric cone
is interpreted in term of parameter space of Delaunay polytopes and this viewpoint was introduced
first in [3]. A complete description of the facets of the hypermetric cone was achieved in [4] for
n =6, [5, 20, 7] for n =7 and [8|.

Another viewpoint for the parameter space of Delaunay polytopes is the Erdahl cone. It is the set
of quadratic functions on R™ such that f(x) > 0 for € Z™. This viewpoint is used and developed
n [18, 17, 14].

The hypermetric polytope HYPP(K,,) is the set of functions d : {1,...,n}?> — R, such that
H(b,d) < s(s+1) is satisfied for all b € Z" with >, b; =1+ 2s and s € Z. It was defined in [8, 15]
and it is related to centrally symmetric Delaunay polytopes (see 2.2 for some summary).

In this work we define the hypermetric cone HYP(G) and polytope HYPP(G) of a graph G.
This extends the construction of cut and metric cone and polytopes of graphs (see [19, 11]). We
provide algorithms for checking if an hypermetric belong to those.

In Section 2 we provide needed preliminaries on cut, metric cones and polytopes of graphs G.
We also define the hypermetric cone and polytopes for the complete graph K.

In Section 4 we define the hypermetric cone and polytope for a graph G. In Theorem 3 we give
algorithms to test if a distance function on the edge set of a graph is an hypermetric or not.

In Section 4 we compute the facets and extreme rays of the first non-trivial case K7 — {e}. We
also prove that for graphs with k edges removed, the facet defining inequalities are obtained as sum
of at most k hypermetric inequalities. We also characterize the facets of the hypermetric cone of
graphs without K3 minor.

Characterizing the facet inequalities of other graphs is an interesting problem. In particular one
good question is characterize the graphs G for which MET(G) = HYP(G) or HYP(G) = CUT(G).

2. Preliminary definitions

2.1. Cut and metric cones and polytopes

Given a graph G = (V,E) with n = |V|, for a vertex subset S C V = {1,...,n}, the cut
semimetric 0s(G) is a vector (actually, a symmetric {0, 1}-matrix) defined as

1 if{z,yt € E and [SN{z,y} =1
0 otherwise.

ds(x,y) = {

If G is connected, which will be the case in our work, there are exactly 2"~ ! distinct cut semimetrics.
The cut polytope CUTP(G) and the cut cone CUT(G) are defined as the convex hull of all such
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semimetrics and the positive span of all non-zero ones among them, respectively. Their number of
vertices, respectively extreme rays is 2”71, respectively 2"~ — 1 and their dimension is |E|, i.e., the
number of edges of G.

The metric cone MET(K,,) is the set of all semimetrics on n points, i.e., the functions
d:{l,...,n}? — Ry satisfying d(i,i) = 0, d(i,j) = d(j,i) for 1 < 4,7 < n and the triangle
mequalities

d(i,j) < d(i, k) +d(j,k) for 1 <i,j,k <mn. (1)

The metric polytope METP(K,,) is defined as the elements of MET(K,,) satisfying the perimeter
mequalities

d(i,7) +d(j, k) + d(k,i) <2 for 1 <1i,j,k <n. (2)

For a graph G = (V, E) of order |V| = n, let MET(G) and METP(G) denote the projections of
MET(K,,) and METP(K,), respectively, on the subspace R” indexed by the edge set of G. Clearly,
CUT(G) and CUTP(G) are the projections of, respectively, CUT(K,,) and CUTP(K,,) on R”. We
have the relaxation property:

CUT(G) € MET(G) and CUTP(G) C METP(G).

DEFINITION 9. Let G = (V, E) be a graph.
(i) Given an edge e € E, the edge inequality is

z(e) > 0.
(ii) For a cycle C, and an odd size set FF' C C the cycle inequality is
#(F) — (C\F) < |F| - 1

where x(U) = >, cpy (u).

METP(G) is defined by all edge, bounding inequality z(e) < 1 and s-cycle inequalities, while
MET(G) is defined by all edge inequalities and s-cycle inequalities with |F| = 1 (see [2| and [12,
Section 27.3]).

2.2. Hypermetric cone and Delaunay polytope

By a distance matric D = (D; j)o<ij<n We mean a matrix with D;; = 0 and D; ; = D;;. We
define eg = 0, e; = (1,0,...,0), ..., e, = (0,...,0,1).

We can associate to this a n X n symmetric matrix @), a vector v € R", a scalar ¢ € R and a
function f defined on R™ by

f(x) = Qlz] + (v,2) + ¢
and which satisfies f(eg) = f(e1) =--- = f(en) = 0. The matrix D satisfies D; ; = Qle; — ¢;].

This correspondence relates the hypermetric cone HYP(K),,) with the Erdahl cone. See for
example [14]. In other words we have that D € HYP(K,, 1) if and only if f(z) > 0 for all x € Z".

If we express the problem purely in term of geometry of numbers what we have is that a distance
matrix D € HYP(K,,+1) if and only there exist a k-dimensional lattice L with k& < n, a Delaunay
polytopes P of L and D, ; = |jv; — v;||* for some vertices v; of P (see [12, Chapter 2]).

Given a D € HYP(K,,+1) which correspond to a Delaunay polytope P of dimension n. Then
the set of vertices corresponds to the set of vector b € Z"™! with H(b, D) = 0. In this respect the
set vg, v1, ..., v, form an affine basis. The set of vertices of P is then expressed as >, bjv; for
H(b,D) = 0. This can be used to describe the Delaunay polytopes and this method was used in
[13] for describing the Delaunay polytopes of dimension six.

Unfortunately, while powerful the method of hypermetric does not work out completely because
there are Delaunay polytopes which are not basic (see [16]). We found out that the Erdahl cone
provides a better replacement in many contexts (see [18, 17, 14]).

The symmetries of the hypermetric cone HYP(K,,) is Sym(n) for n # 4 (see [6]).
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2.3. Hypermetric polytope and centrally symmetric Delaunay polytope
We cite following [8, Theorem 6:

THEOREM 1. A distance function d belongs to HYPP(K,,) if and only if there exist a centrally
symmetric n-dimensional Delaunay polytope of center c, circumradius 1 and vertices v;, 2¢ — v; for
1 S 7 S n with ||’Ul - Uj||2 = 4d”

The correspondence can be made more precise. Consider the lattice

L:{xEZ”‘H s.t. ZCL‘,L'EO (mod2)}.

and the point b° = (1,0""!). We define the matrix

1 ifi=j

A(d) = (Aij)i<ijen with Ajj = { 1—2d;; otherwise.

Then we have that d € HYPP(K,,) if and only if we have (see [8]):
b'A(d)b>1 for all beb’+ L. (3)

The set of b € ¥ + L such that b*A(d)b = 1 correspond to the vertices of the centrally symmetric
Delaunay polytope of center b° for the lattice L. The points de; for 1 < i < n will always be among
those.

It is important to point out that it is unlikely that all centrally symmetric Delaunay polytopes
could be expressed in this way because of the negative result [16] but we do not know any
counterexample. However, we could construct a variant of the Erdahl cone for this centrally
symmetric setting

Erdahlcent(n) = {Q € S™ such that Qx — e /2] > 1}

with S™ the set of n x n quadratic forms. The center of the Delaunay polytope will be e;/2 and
the circumradius 1. The vertices of the Delaunay polytope will be the set of x € Z™ such that

Qlx —e1/2] = 1.

3. Definition of hypermetric cone on graphs

The hypermetric cone HYP(K,) is defined as the set of metrics satisfying all hypermetric
inequalities, that is

HYP(K,) = {d € R with H(b,d) <0 for be Z",Y b = 1} :

DEFINITION 10. Given a graph G on n vertices the hypermetric cone HYP(G) is defined as the
projection of HYP(K,,) on RE(G),

Since we know that HYP(K,) = CUT(K,) for n < 6 we have HYP(G) = CUT(G) for G on
graph on at most 6 vertices.

Another elementary property is that HYP(G) is polyhedral since it is the projection of a
polyhedral cone.

THEOREM 2. Given a graph G on n wvertices and a d € HYP(G). The set of possible distances
D € HYP(K,,) such that proj(D) = d is bounded if and only G is a connected graph.
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PrOOF. Given a d € HYP(G) with G being connected. Given two vertices v and w there exist a
path v = vg, v1, ..., vy, = w with v; adjacent to v;. By iterating the triangle inequality one obtains

D(v,w) < d(vo,v1) + - + d(Vm—1, V) = C(d)

The value C(d) does not depend on D and so the set of possible D is connected.

If d € HYP(G) then there exist at least one D with Proj(D) = d. Since G is not connected,
there exist a subset S C {1,...,n} with vertices in S and {1,...,n} — S not being adjacent. As a
consequence we have Proj(ds) = 0. Since dg € HYP(K,) we have that for all & > 0 the relation
Proj(D + adg) = d with D + ads € HYP(K,,). =

THEOREM 3. Given a graph G on n vertices, testing if a given d € RE() belongs to HYP(G)
can be done by iteratively solving linear programs.

PrOOF. We take a distance function d € R¥(®) and we want to find a matrix D with Proj(D) = d.
Thus we need to find the possible values D;; with {i,j} ¢ E(G).
We need to solve following linear program:

satisfying to H(b,D)<0
for be Z™ with ), b; =1

In other words what we have is an infinite linear program. What we can solve only is finite linear
system.

The algorithm for solving that is to start from a finite set S of vectors b and then gradually
expand it until a conclusion is reached. The finite starting point is the triangular inequalities of the
metric cone. Then we iterate:

(i) We solve the program for a fixed set S.

(ii) If the program is unfeasible then this means that the elements d does not belong to HYP(K,).
The problem is resolved.

(iii) If the optimal solution Dy of the linear program belongs to HYP(K,,) then the problem is
resolved.

(iv) On the other hand if Dy is not an hypermetric then there exist a d such that H (b, Dg) > 0.
We add b in D and reiterate.

Since the hypermetric cone is polyhedral, after a finite set of addition one will eventually obtain a
solution of the problem. m

THEOREM 4. If f(x) is a linear function defined on REG) then we can check whether f is valid
on HYP(G) by a sequence of linear program.

PROOF. Since f is defined on RP(@) we can trivially extend it to RE(n) by setting f(e) = 0 for all

e ¢ E(QG).

The idea is to consider the linear program

minimize f(D)
satisfying to H((b,D)<0
for b e Z" with >, b; =1
and Zlgi,jgn D;; < 1.
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This infinite linear programming is very similar to the one of Theorem 3 and the same iterative
strategy can be used. Let’s denote Dy the optimal solution which is an hypermetric. If f(Dy) < 0
then we have proved that f is not valid on HYP(G). If on the other hand f(Dy) > 0 then the
inequality is valid. m

In practice the implementation of the above algorithms can be fairly complex. The linear
programs are large and hard to solve. In our implementation we use cdd which uses exact arithmetic
and provides both primal and dual solution in exact rational arithmetic. However, cdd uses the
simplex algorithm and is very small in some cases. The idea is then to use floating point arithmetic
and the glpk program which has better algorithm and can approximately solve linear programs.
From the approximate solution we can derive the incidence and from the incidence get an exact
solution in most cases. If this approach fails, then we fall back to the more expensive in time cdd.
We only accept an approximate solution if we can derive a primal and dual solution. In any case of
failure we fall back to cdd.

If we have a distance matrix D checking if it belongs to HYP(K,,) is done in the following way.
This defines a n X n-rational quadratic form @, a vector v € Q™ and a scalar C' such that

with f(0) = f(e1) = -+ = f(en) = 0. What we need is check if there is a x € Z" such that
f(z) < 0.If @ is not positive semidefinite then we can find a negative eigenvalue and a corresponding
eigenvector. By approximating the eigenvector with a rational vector and multiplying with some
factor we can find a xz € Z" with f(z) < 0. If @ is positive semidefinite then take the kernel
K = {z € Z™ with Q[z] = 0} and L a subspace of Z" such that K @&z L = Z". By restricting the
problem to L we can restrict to the positive definite case. In the positive definite case, the decision
problem of finding = € Z™ with f(z) < 0 is a Closest Vector Problem and we can solve it by using
a [19].

The interest of above two algorithms is that they give an algorithm for computing HYP(G). We
can start with a list of hypermetric of full dimension in HYP(G). This is not difficult to obtain: We
can for example take the cuts and project them on REG),

Then we iterate the following:

(i) We compute the facets of the convex body defined by those hypermetrics.

(ii) For each facet we check if the corresponding facet defining inequality f(x) is also valid on
HYP(G).

(iii) If all inequalities are also valid on HYP(G) then we have computed the list of extreme rays
and facets of HYP(G).
If not then we insert the hypermetrics that were found to be counterexample to the initial
list of hypermetrics and reiterate.

Each insertion will increase the hypermetric cone until one has the complete description of HYP(G).

We haven’t implemented the algorithms of this section and it would be hard to do so. The main
measure of the complexity should be the number of edges of the graph because it is a direct measure
of the complexity of the problem. A way to speed up the process is to use the symmetries of the
graph for the computation. Based on that, the first interesting case would likely be HYP(Petersen).

All of the above is for hypermetric cone. But we can just as well define the hypermetric polytope
for a graph: Take HYPP(G) be the projection of HYPP(K,) on RF(&). The algorithms can be
adapted just as well to this case.
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4. Computing HYP(G) for some graphs

THEOREM 5. The hypermetric cone HYP(K7 — {e}) has 8782 extreme rays and 7210 facets.

Proor. The hypermetric cone HYP(K7) is defined by 3773 facet inequalities in 14 orbits and it
has 37170 extreme rays in 29 orbits (see [7]). Let us denote e = {1,2}. We consider the projection
obtained by eliminating the component d.. The normal to the equation d, = 0 is the distance
function determined by df ; = 1 if {4, j} = e and 0 otherwise.

The facets F; of the cone HYP(K7) are defined by inequalities f;(d) > 0. The facets of
HYP(K; — {e}) are obtained in two ways:

(1) The facets f; of HYP(K7) with f;(d®) = 0. The corresponding facet defining inequality of
HYP(K; — {e}) is fi(z) > 0.

(ii) The ridges of HYP(K7) obtained as intersection F; N F} of two facets with f;(d®) x f;(d®) < 0.
We can find a > 0 and § > 0 with (af; + 8f;)(d°) = 0. The corresponding facet defining
inequality of HYP (K7 — {e}) is afi(x) + B f;(z) > 0.

By using this result and computing the ridges of HYP(K7) we can get the facets of the projection
in The symmetries of HYP (K7 — {e}) are induced by the symmetries of the graph K7 — {e} and
the group is Sym({1,2}) x Sym({3,4,5,6,7}) of order 240. The total number of orbits of facets is
thus 7210 in 80 orbits.

The extreme rays of HYP(K7 — {e})) are the projection of extreme rays of HYP(K7). We check
whether the projection are extreme rays or not by using the facets. This gives us 8782 extreme rays
in 73 orbits. ®

THEOREM 6. If G is a complete graph with k edges removed then the facets of HYP(G) are
determined as a sum Y it o H(b%,d) for m <k, a; > 0 and b € Z" with > bé- =1.

PRrROOF. The method of 5 can be generated to any n. It implies that the facets of HYP(K,, — {e})
are induced by hypermetric inequalities and sum with positive coefficient of two hypermetric
inequalities. The method extends to any number of edges and give us that the facets of
HYP(K,, —{e1,...,er}) are formed by hypermetric inequalities and sums with positive coefficients
of at most k hypermetric inequalities. m

Above theorem is in a sense a relatively negative result. For graphs with few edges it gives the
facets as sums of too many hypermetric inequality to be practical.

THEOREM 7. If G is a graph without K5 minor then the facets of HYP(G) and HYPP(G)) are
induced by the cycle inequalities and the non-negative inequalities.

PROOF. By the result of [21, 1] we have that MET(G) = CUT(G) and METP(G) = CUTP(G) if
G has no K5 minor. Since we have

CUT(K,) C HYP(K,) C MET(K,) and CUTP(K,)C HYPP(K,) C METP(K,).

As a consequence we get that the facets of MET(G) = HYP(G) and METP(G) = HYPP(G). Thus
the facets of MET(G) and METP(G) are induced by the cycle and facet inequalities. m

Seymour’s theorem [21] is even stronger and states that CUT(G) = MET(G) occurs if and only
if G has no K5 minor. Could it be that MET(G) = HYP(G) occurs for other graphs that have K5
as minor?

Also interesting would be to characterize cases where HYP(G) = CUT(G). If G has at most
6 vertices then equality holds. The example of K7 — {e} shows that we cannot characterize the
equality with Kg minor.
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AuHOTanuga

s uccnenoBanus apuMETHIECCKAX CBOWCTB 3HAYEHHIT OOODOIIEHHBIX THIIEPreOMETPHIe-
cKuX (DYHKIWHA C PAMOHAJIBHBIMYU APAMETPAME OOBIYHO IPUMEHSIOT METOJ| SUresisd. DTUM Me-
TOIOM OBLIN TOJIYYeHbI HanboJ1ee 00Iye Pe3yIbTaThl, OTHOCSIINECS K YIOMSHYTHIM CBOWCTBAM.
OCHOBHOI HEIOCTATOK METOJA 3UTejisi COCTOUT B HEBO3MOXKHOCTH €ro MPUMEHEHWS K TUIEep-
reoMerpudeckuM (GYHKIUIM C HPPAUOHATbHBIME TTapamerpamu. B 3Toit cutyarun nccienosa-
Hre OOBITHO OCHOBBIBAETCS HA 3P (DEKTUBHON KOHCTPYKINK (PYHKITHOHATHLHON TPUOIHNKAIOIIEH
dbopmbl (B Meroue Buress cyliecrsoBanue Takoil GOpMbI JOKA3BIBAETCS € IOMOLILIO IPUHIMIIA
Hupuxse). TlocTpoenne u uccien0Banue mpuOInKaioneid (popMbl ABIAETCH EPBBIM IArOM B
CJIOYKHOM PACCYKIEHUHU, KOTOPOE BEJIET K MOJIyIeHUI0 apudMETHIECKOTO PEe3yIbTaTa.

Ucnonb3yst 3¢ DeKTUBHBIN METOJ, MbI CTAJKUBAEMCS 10 KpaiiHell Mepe ¢ AByMsi mpoOJie-
MaMu, KOTOPbIE B 3HAYUTEJHLHOIN CTENEHU CyKAaroT 00JIacTh ero mpuMeHuMOocTu. Bo-nepBbix,
Hen3BeCTHA DoJiee WM MeHee O0IIast KOHCTPYKIU IPUOIHKAIONIEH (OPMBI [IJIsd IIPON3BEIEHUIT
runepreomerpudeckux Qyuxmwii. cnoas3ys Mmeron 3uresist, Mbl He UMeEM JeJ1a, C TAKOi mpobJre-
Moit. Ilo 310l mpuYnHe TPUXOIUTCS PACCMATPUBATH JIUITHL BOTTPOCHI JIMHEHTHON HE3aBUCUMOCTH
HaJ TEeM WJIU WHBIM ajredpandeckuM mojieM. Beibop 3TOro mosis siBIseTCst BTOPOii mpob/ieMoii.
[Tonasssitoree GOMBITUHCTBO OMYOJIMKOBAHHBIX PE3YIBTATOB, OTHOCSIIAXCS K PACCMATPUBAEMO-
My Kpyry 3ajad, UMeeT Jej0 ¢ MHUMbIM KBaJPATUYHBLIM IHOJIEM (MM C [0JIEM PalMOHAIbHBIX
qucesn). JIUiib B OTAEJIbHBIX CJydasX YAAeTCs [IPOBECTU COOTBETCTBYIOIEE UCC/IEJN0BAHUE LISt
KaKOT0-JIM00 JAPYTOro aaredbpamveckoro moJis.

Ms1 paccMaTpuBaeM 371eCh CIydail BEIECTBEHHOTO KBAIPATHIHOTO moJisA. C MOMOIIBIO CIIEI -
AJIBHOTO TEXHUYIECKOTO MPUEMA Mbl YCTAHABIMBAEM JIMHEHHYIO HE3aBUCHMOCTD 3HAYEHUN HEKO-
TOPO# TUIEPTEOMETPUYECKON (DYHKIMU C HPPANUOHAIBHBIM [1aPAMETPOM HAJT TAKUM ITOJIEM.

Kamouesnie caosa: runiepreomerpudeckast GyHKIms, 3GOEKTUBHAST KOHCTPYKITUS, JTUHEHHAS
HE3aBUCUMOCTD, BEIIECTBEHHOE KBAIPATUIHOE TIOJIE.
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Abstract

In order to investigate arithmetic properties of the values of generalized hypergeometric
functions with rational parameters one usually applies Siegel’s method. By means of this
method have been achieved the most general results concerning the above mentioned properties.
The main deficiency of Siegel’s method consists in the impossibility of its application for the
hypergeometric functions with irrational parameters. In this situation the investigation is usually
based on the effective construction of the functional approximating form (in Siegel’s method
the existence of that form is proved by means of pigeon-hole principle). The construction and
investigation of such a form is the first step in the complicated reasoning which leads to the
achievement of arithmetic result.

Applying effective method we encounter at least two problems which make extremely
narrow the field of its employment. First, the more or less general effective construction of
the approximating form for the products of hypergeometric functions is unknown. While using
Siegel’s method one doesn’t deal with such a problem. Hence the investigator is compelled to
consider only questions of linear independence of the values of hypergeometric functions over
some algebraic field. Choosing this field is the second problem. The great majority of published
results concerning corresponding questions deals with imaginary quadratic field (or the field of
rational numbers). Only in exceptional situations it is possible to investigate the case of some
other algebraic field.

We consider here the case of a real quadratic field. By means of a special technique we
establish linear independence of the values of some hypergeometric function with irrational
parameter over such a field.

Keywords: hypergeometric function, effective construction, linear independence, real qua-
dratic field.

Bibliography: 25 titles.

For citation:

P. L. Ivankov, 2019, "On the values of hypergeometric function with parameter from quadratic

field", Chebyshevskii sbornik, vol. 20, no. 2, pp. 178-185.

1. BBenenue

Ilycrs
F(z)=> "] Bo) (1)
v=0 =1
rie a(x) n b(z) — mEOTOWeHBI, pryaeM a(x)b(x) # 0 upu x = 1,2, ... . Usyuennto apndmeTnaeckoit

npupo/sl 3Hadenuit dynkuuii Buga (1) noceamen psaj pabor; cu., Hanpumep, [4]-[13].
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Pacemorpum dynkuuio, noaygaromytocs uz (1) upu a(x) =1, b(z) = z(A + ), t.e. dyHKIMIO

- |

v=0 r=1

Apudmernueckas nTpupoga IUCENT

K(§), nK'(§), (2)

£ # 0, uzyuajach BO MHOTHX paboTax; Haubosee obIIme Pe3yabTaThl Oy YeHb TTPU PAITMOHAJIBHBIX
A, em. [1], [2], a makxe [3, 1. 6, |. B wactHOCTH, ecim A € QQ, TO MPW HEKOTOPHIX €CTECTBEHHBIX
orpaHnveHusx Ha A m & gokasaHa anrebpamveckag HezaBucuMocTh uucen (2). Ipu uppanuonarns-
HOM A U3BECTHBIE METOJIBI, KaK IMPABUJIO, ITO3BOJIAIOT JOKA3aTh JIUIIb JIMHEHHYI HE3aBUCUMOCTD
ITUX YUCEJ HAJ, COOTBETCTBYIOIIUM TIOJIEM, TTPUUEM B 3TOM CJIYyYae YIACTBYIOIIUE B PACCY XK ICHUSIX
JinHeliHble npubinxkatoire GopMbl 00bI9HO cTposT 3ddekTuBHO. B yacTHOCTH, U3 PE3YIBTATOB Pa-
6orbl [14] coiepyer smHeiinas HezaBUCUMOCTH duces (2) HaJi MHMMbIM KBa/IPATUIHbBIM [OJIEM, €CIIH A
u € 6epyrcs u3 3Toro Ke 1mossd. Hanbosibiilee BHUMaHUE B 9TOM HANPaBJIEHUN UCCIEI0BAHUIT Y €15~
eTCsI KOJTMIECTBEHHBIM pe3yabTaraM. [IpuMeHnTebHO K PACCMATPUBAEMOMY CAYIAK 9TO O3HATAET
TTOJTyI€HMEe OIEHOK CHU3Y MOy JTUHEHHON (POpMBbI

MK (€) + ho K'(€) (3)

B 3aBUCUMOCTH OT MaKcuMyMa Mojiysieli KoadduimenToB hy u he, KOTOpbIE J0JIZKHBI OBITH EJIBIMU B
COOTBETCTBYIOIIEM TIOJI€; CM. TI0 3TOMY TIOBOIY paboTh! [15]— [21]. B HEKOTOPBIX M3 MEpEUnCIEHHBIX
pa6OT TMOJIYYE€HBI TOYHbIC TTO BHICOTE OIEHKHU, a TaK2KE€ BHIYUCJIEHBI BXOAANNE B 9TU OIEHKU TTOCTOAH-
Hble. Db dheKTUBHBIE KOHCTPYKIIUY JUHEHHBIX TPUOIMKAOMNX (DOPM MOXKHO UCIOJIB30BATEH TAKIKE
JUId U3YUIEHUsT CUTYAIUMU, B KOTOPOH A m &£ JeKaT HE B MHAMOM KBAJIPATUIHOM, & B KAKOM-TU00
JIpyToM Tose agrebpantdecknx unces. OTMETHM B CBSA3M ¢ 9THM paborsl [22] — [24]. B pabore [22]
paccMoTpen caydait MEEMOro Kybudeckoro nosd. B paborax [23] u [24] usywaercs, Kak U B HACTO-
sreit pabore, caydail BEIIECTBEHHOIO KBaAPATUIHOTO oA, OteHkn jmHeHHbIX dopM Buga (3) B
JAHHON paboTe He PacCMaTPUBAETCA B OCHOBHOM WM3-3a TOIO, 9TO OXKHJIAEMbIE 3/1€Ch PEe3y/IbTaThl
BEChbMa JIAJIEKH OT OKOHYATEbHbIX.

2. Pe3yabTaThl

Ilycrs
x1(€) =1, x2(€) = ¢, x3(¢) = C(C+A);
pacemorpuM npu § = 1,2 m mpu A # —1,—2,... yHKIUN

ooxj(l/)z” Y 1
Ki(2) = .
i@=2 2 s

TEOPEMA 1. ITpu A\ = /2 wucaa

K5 (55) a-12 (4)

OMAUMHDL 0T, HYAA U UT omuowenue ne npunadaesicum noso Q(v/2).

B copmynmposanHOit TEOpeMe mapaMeTp A U TOYKa, B KOTOPO# BBIYUCISIOTCA 3HaYeHnst (DyHK-
it K () j1exkar B BEIIeCTBEHHOM KBa/IPATHUHOM [I0JI€; AHAJOTUYHAS CHTYAINA PACCMATPUBAETCS
1 B TeopeMax 2 u 3 paborsl [23], HO TaM pedb uieT O JIMHENHON He3aBUCUMOCTH Ynce (2) HaJ 1oaeM
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Q, u TouKa, B KOTOPOil BEIYUCISIOTCS 3HAUEHUST (DYHKITNHN, TAKZKE PAIMOHAJIBHA; [TOCJIE/THEE 3aMeva-
HIIe OTHOCHTCS 1 K TeopeMaM u3 [24]. B Teopeme 4 u3 23] na aucio § u3 (2) HaI0KEHB HEKOTOPLIE
criernuaJjbHble OTPAHUYEHMS, CBI3aHHBIE ¢ TMPUMEHIEMBIM TaM MeTonoM. B Teopeme 1 Hacrosimeit
paboThl MBI OTKA3bIBAEMCd OT STHX OIPAHUYECHUIl, YTO YJAeTCH CAEIaTh 3a CYeT HCIOIb30BAHUS
HOBBIX TEXHHUECKUX MPUEMOB.

3. JlemMBbI

Ilycts n — marypaabaoe uncao. PaccMOTpuM MHOTOYUIEHBI

n

s

=Y pit,
s=0

rae

L 1 Hiio(( —z)d( .
O T T Y et ?

B MOCJIEJHEM BBIPAYKEHUM Y €CTh MOJIOXKUTETHFHO OPUEHTUPOBAHHAA OKPYKHOCTH, OXBATHIBAIOIIAS
BCe TIOJIFOCHI TIO/IBIHTErPAJIGHON (PYHKITUH.

JIEMMA 1. Umeem mecmo pasencmso

2
> Pi(2)K;(2) = R(2), (6)

=1

.

20e
&) g ]
R(Z)_;} i ml;[l/\Jr:c' (7)

JokazarenbcTBo. 3amernm CHagasa, 9To (6) PAaBHOCHIBHO TOMY, 9TO TOXKJECTBEHHO 1O U BbI-
TMOTHAETCA PABEHCTBO

n 2 s—1 2n
YD pisxiv—s) [[v =) +r-2)=[[(v—2). (8)
s=0 j=1 =0 =0

Mper BuamM 371€Ch passmoxkenne B psa HeOTOHA MHOTOUIEHa OT ¥ W3 mpaBoit gacTu. M3BeCTHO, 9TO
K03 MUIMEHTHI TAKOTO PA3JIOKEHUsI BEIUUCISIIOTCA 0 hbopmymam (5); mo moBoay psiios Herorona
cM., Hanpumep, [25, ri. 4, § 4]. Jlemma jokasaHa.

JIEMMA 2. ITyemv A € Z, a £ — nenyaesoe wucao. Tozda npu n — oo

Py(€) = T\ + 20+ 1) (W+o<i>) , ()

B (A +1) 1
R(g) = A+2n+1DC(A+2n+1) <1+O <n>> (10)

HokazarensctBo. Ilycts j = 1. OueBnmno, p1g = 0; gamee, Mo TeopemMe O BBITETAX NMEEM

1\ + ) s D™ (O + 2)
s—DI—o(A +2) +T§ (s —7 =DM +2)

pls:_(
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s=1,...,n. Illpu j = 2 anamgornano nmogaygaem npu s = 0,1,...,n

_ IR+ &~ CDTIRS A+ o)
P2s = SITE_o(A + ) +Z7‘!(s —~ NS\ + ) (12)

=1

[Ipu paccmarpuBaeMbIX 3HAYEHUSIX A MOJYJIM CyMM, BXOgamux B npasbie yactu (11) u (12), one-
HWBAIOTCsT CBEPXY (IPU JOCTATOYHO GOJIBITIOM 1) BEIWIHHOL

(s +1)2¢

Cq '
S!

r2n+M\), s=0,1,...,n,

rJie moJIoKuTeNbHas nocrogaaast C 3aBucut jmnb ot A. Orcioga ciexyior coorHommenus (9). Pa-
BercTBo (10) BbiTekaer Henocpecreento us (7). Jlemma jokasana.

JIEMMA 3. ITycmv 1 u ag — HEHYACEbIE BEUWECTNEENHbIE YUCAa, a N u hy — yeavle wucaa u3
noas Q(v/2). Tozda, ecau ai/as € Q(v/2), u hiag + haas # 0, mo

|h1a1 + hzag‘ > CQH_l, (13)

2de Co > 0 — nocmoannas, we sasucauwads om hy u hy; H — maxcumym abcostOmHbr 6EAUYUN
vyuces hi, ho U uxT CONPANCEHHBIT 8 PACCMAMPUBAEMOM NOAE.

) g[OKaBaTeJIBCTBO. Ecmu hiog + hoag # 0, To u han + he # 0, rme n = «a1/ay. O6o3HauNM

hi, he u f) unCA, CONPSAYKEHHBIE COOTBETCTBEHHO hi, ho u 1 B moie Q(v/2). Torma mpu HEKOTOPOM
HATYPaJbHOM ¢, 3aBUCATIEM JIUIIb OT 7], BBIIIOJIHACTCA HEPABEHCTBO

q|(hin + ha)(hai + ho)| = 1,

u3 koroporo Beitekaer (13). Jlemma mokazana.

4. Jloka3aTeJbCTBO TEOPEMBI

ObpaTuMcst K T0Ka3aTeabCTBY TeopeMbl 1. YTBep:KIeHHe T€OPeMbl O TOM, 9To dncia (4) or-
JIMYHBI OT HYJIS, 04eBU/IHO. IIpeJonoKuM, 4T0 X OTHOIIEHHE JIEXKUT B 1I0JIe Q(\@) B nemme 3

hj = (V2)"P; (é) =K <\}§> ,j=12

BaMeruM, YTo Tak ompejeaennsie by u ho GyayT neasivu B nose Q(v/2). Utobbl ybeuThea B 3T0M,
CJIe/TyeT 3aliCaTh B BUJIE BHIYETA OTHOCUTEIHHO OECKOHETHO YIAJTEHHON TOUKN WHTErPAJ U3 MPABOi
gacru (5). Jaee,

ITIOJIOZKHM

zi:lhj%' = (V2)"R (%) 7 (14)

IprYeM IpaBasl IacTh [MOCIETHEr0 PABEHCTBA OTANIHA OT HysIs B cuity (7). U3 (9) u (10) BeITekaer,
YTO MPU YKA3aHHOM BRIOOpE umcen a; u hj, j = 1,2, uw mpn n — 0o JeBas 9acTh HepaBeHcTsa (13)
BEeCKOHEYHO Maja 110 CPABHEHUIO C MPABOIl YacTbio, T.e. 3TO HEPABEHCTBO MPOTHBOPEYUBO, YTO U
JIOKa3bIBAET TEOPEMY.
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5. 3akJiroueHue

IIpumengembIii B maHHOM paboTe TEXHUIECKUI IPHEM, OCHOBAHHBIN Ha, HCIOJIB30BAHIN aCHMIITO-

Tuku KoddduimeraTos 3PGEKTUBHO TOCTPOEHHBIX JUHERHBIX TPUOIMKAOMNX POPM, MOKET, 110~
BUIMMOMY, MPUBECTU W K PEIIEHUIO [PYTUX AHAJOTUYIHBIX 330a4. Jleslo B TOM, UTO B MOCJIEIHEE
BpeMs ONyOJIMKOBAHO JOBOJIBHO MHOTO PA3IUUYHBIX BAPUAHTOB 3(DEKTUBHBIX KOHCTPYKITH JTHUHEH-

HBIX TPUOINKAIONIIX (POPM, IPUIEM ACUMIITOTAKA BEJTHYNH, CBI3AHHBIX C 9TUMU KOHCTPYKITASMHU,
uzydeHa HejocraTouno. IlpuanHoit mociaeaHero 06cTOATENIbCTBA ABISETCA TO, UYTO HEITOCPEICTBEH-
HO HE BHUHO, KAKUM 00pPa30M MOXKHO OBLIO OBbl MTPUMEHUTH COOTBETCTBYIONIHNE ACUMIITOTHICCKNE

OIEHKH JIJIsI TIOJIyIeHUs] HOBBIX Pe3yJIbTATOB. 3aMETHM, UTO B TeOpeMe, TOKa3aHHOH B HACTOSIIEH
pabote, K ycrexy IpuBesia MMEHHO BbICOKasi TOYHOCTH oreHoK (9) u (10).

CIIUCOK IIUTUPOBAHHOI JINTEPATYPHEI

1.

10.

11.

12.

13.

14.

Siegel C. L. Uber einige Anwendungen Diophantischer Approximationen // Abh. Preuss. Acad.
Wiss., Phys.-Math. KI1. 1929. Ne 1. S. 1-70.

. Siegel C. L. Transcendental numbers. Princeton University Press. Princeton, 1949.

Mumosekuit A. B. Tpaucuenaertabie unciaa M.: Hayka, 1987.

. HMugmosckuit A. B. O TpaHCIeHIeHTHOCTH U aJIredpanIecKoil He3aBUCHMOCTH 3HAUEHNNA [IEJILIX

dyukimii HekoTopbix kiraccos // JJAH CCCP. 1954. T. 96, Ne 4. C. 697-700.

. upnosckuit A. B. O TpancuenjgeHTHOCTH ¥ aJredpamdecKoil He3aBUCUMOCTU 3HavyeHuil k-

dyHKIUA, yIOBIETBOPSIONIUX JTHMHEAHBIM HEOTHOPOAHBIM UMD (EPEeHITHAIbHBIM Y PABHEHHSIM
sroporo nopsiaka // JJAH CCCP. 1966. T. 169, Ne 1. C. 42-45.

. Mupmosckuit A. B. O6 anrebpandeckoil HE3aBUCUMOCTH 3HAYEHUH HEKOTOPBIX THIEPTEOMETPHU-

geckux F-dyukunit // Tpyast Mockosckoro maremarudeckoro obmmecrsa. 1967. T. 18. C. 55-64.

. Besorpusos U. U. O tpaHnciieH1eHTHOCTH 1 aarebpanveckoli He3aBUCUMOCTH 3HAUEHUN HEKO-

TOpBIX runepreoMerpuaeckux F-dynkuumit // JAH CCCP. 1967. T. 174, Ne 2. C. 267-270.

. Hupckuit B. I O6 apudmernydeckux cBOACTBaxX 3HAYEHUI IUEPreoMeTpudeckux (PYHKIUA C

uppanuonaibibivu napamerpavu // Becruuk MI'Y. Cepus 1, maremaruka, Mexanuka. 1978,

Ne 5. C. 3-8.

. Camuxos B. X. HenmpuBoguMOCTh TUIIEPTEOMETPUYECKUX YPaBHEHWH U ajrebpanyeckas He3aBU-

cumocThb 3Hadenuit F-dyuxnmit // Acta Arithm. 1990. 53:5. P. 453-471.

Yeperrmes M.A. O6 asrebpanvdeckoil HE3aBUCHMOCTH 3HAUCHWI THUIEPTEOMETPUIECKUX F-
dbyskuuit // Maremarngeckue 3amarku. 1995. 57:6. C. 896-912.

Camuxos B. X. Kpurepuit anrefpantdeckoil He3aBUCHMOCTH 3HAYEHUIl TUIEPreOMETPUIECKUX
E-dyuxunit (vernstit cayqait) // Maremarngeckne 3amarku. 1998. 64:2. C. 273-284.

Topenos B. A. O6 anrebpanyeckoii HE3aBUCUMOCTHU 3HAYEHUI 0DOOIEHHBIX TUIEPreOMeTpUYe-
ckux ¢ynknuit // Maremarndeckue 3amarkn. 2013. 94:1. C. 94-108.

I'operos B. A. O6 anrebpandeckux CBOWCTBAX PeIIeHNl HEOHOPOAHBIX TUIEPreOMETPUIECKIX
ypasaennit // Martemarnaeckne 3amarku. 2016. 99:5. C. 658-672.

Osgood Ch. F. Some theorems on diophantine approximation // Trans. Amer. Math. Soc. 1966.
Vol. 123, Ne 1. P. 64-87.



184 II. JI. Isaukos

15. Tamoukur A. U. Ouenku cHU3Y JIMHEHHBIX (HOPM OT 3HAYEHUN HEKOTOPBIX THIIEPTeOMeTpude-
ckux dyukuuit // Maremarnaeckue 3amerku. 1970. T. 8 Ne 1. C. 19-28.

16. Tasoukun A. M. YrouHeHue OLEHOK HEKOTOPBIX JiMHEHHbIX (hopm // Maremarndeckue 3aMeTKH.

1976. T. 20, Ne 1. C. 35-45.

17. Tanoukwu A. 1. O6 apudMeTHIeCKUX CBOWCTBAX 3HAUCHUH HEKOTOPBIX MEIBIX THIEPreOMeTpH-
geckux yukunii // Cubupcknit maremarndecknii xypuas. 1976. T. 17, Ne 6. C. 1220-1235.

18. Tamoukun A. U. O HeymydIaeMbIX 1Mo BBICOTE OIEHKAX HEKOTOPBIX JHHEHHBIX (opm // Mare-
maruueckuit cboprauk. 1984. T. 124, Ne 3. C. 416-430.

19. Kopob6os A. H. Ouenkn wexoropsix jnHeitabx dhopm // Bectauk MI'Y. Cep. 1. Maremarunka,
mexanuka. 1983, Ne 6. C. 36-41.

20. TTonos A. FO. Ilpubsmxkenuns HeKOTOPbIX crerneHeil yucaa e // JnodbanTosbl mpubanKeHms,

qacth 1. Uzg-Bo MI'Y, 1985. C. 77-85.

21. Usankos II. JI. O npubanzkennu suadennii Hekoropbix dyukuuii // Becrank MIVY. Cepus 1.
Maremaruka, mexanuka. 1994, Ne 4. C. 12-15.

22. Nsankos I1. JI. O coBMeCTHBIX MPUOAMKEHUIX 3HAYEHIH HEKOTOPBIX MEJIBIX (DYHKIHI quciaMu
u3 Kybuaeckoro mogst // Becrauk MI'Y. Cepus 1. Maremarnka, mexanuka. 1987. Ne 3. C. 53-56.

23. Wsankos I1. JI. O nuHeitHON! HE3ABUCUMOCTH 3HAYEHUN [EIbIX THIIEPIEOMETPUIECKUX (DYHKITNM
¢ uppannoHaIbHbIME napamerpamu // Cubupckuit maremaruaeckuii )yprasi. 1993. T. 34, Ne 5.

C. 53-62.

24. Usanmkos II. JI. O mpubamkeHnn 3HAYEHWI THIEPTEOMETPUUIECKON (DYHKIUH ¢ MapaMerpoM
U3 BEIIECTBEHHOTO KBAIPATHIHOTO 1moJid // MaremaTuka m MaTeMaTHIeCcKoe MOJIEJTHPOBAHME.

2017, Ne 1. C. 25-33.

25. Mapxkymesua A. U. Teopust anamutnaecknx dyuknmit, tom 1. M.: Hayxa, 1967.

REFERENCES

1. Siegel, C. L. 1929, "Uber einige Anwendungen Diophantischer Approximationen Abh. Preuss.
Acad. Wiss., Phys.-Math. KI. no. 1, pp. 1-70.

2. Siegel, C. L. 1949, "Transcendental numbers." Princeton University Press.

3. Shidlovskii, A. B. 1987, "Transtsendentnye chisla” , [Transcendental numbers| Nauka, Moscow,
448 pp. (Russian)

4. Shidlovskii, A. B. 1954, "On transcendentality and algebraic independence of the values of
entire functions of certain class Dokl. Akad. Nauk SSSR, vol. 96, Ne 4, pp. 697-700. (Russian)

5. Shidlovskii, A. B. 1954, "Transcendence and algebraic independence of values of E-functions
satisfying linear nonhomogeneous differential equations of the second order Dokl. Akad. Nauk
SSSR, vol. 169, Ne 1. pp. 42-45. (Russian)

6. Shidlovskii, A. B. 1968, "Algebraic independence of the values of certain hypergeometric F-
functions Trudy Moskov. Mat. Obsh., vol. 18, Ne 4. pp. 55-64. (Russian)

7. Belogrivov, 1. 1., 1967, "On transcendence and algebraic independence of values of certain
hypergeometric E-functions Dokl. Akad. Nauk SSSR, vol. 174, Ne 2, pp. 267-270. (Russian)



O 3HAUYEHUSX THIEPTEOMETPUIECKON (DYHKIUN C MapaMeTpoOM U3 KB IPATUIHOTO [TOJISI 185

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

. Chirsky, V. G., 1978, "On arithmetic properties of the values of hypergeometric functions with

irrational parameters Vestnik Moskov. Univ. Ser. 1. Mat. Meh. no. 5, pp. 3-8.

Salikhov, V. Kh., 1990, "Irreducibility of hypergeometric equations and algebraic independence
of values of E-functions 1990, Acta Arithm., 53:5, pp. 453-471.

Cherepnev, M. A., 1995, "On algebraic independence of values of hypergeometric E-func-
tions Mat. Zametki, vol. 57, no. 6, pp. 896-912.

Salikhov, V. Kh., 1998, "Criterion for the algebraic independence of the values of hypergeometric
E-functions (even case) Mat. Zametki, vol. 64, no. 2, pp. 273-284.

Gorelov, V. A., 2013, "On algebraic independence of the values of hypergeometric functions Mat.
Zametki, vol. 94, no. 1, pp. 94-108.

Gorelov, V. A., 2016, "On algebraic properties of the solutions of nonhomogeneous hyper-
geometric equations" , Mat. Zametki, vol. 99, no. 5, pp. 658-672.

Osgood, Ch. F. 1966, "Some theorems on diophantine approximation" Trans. Amer. Math. Soc.,
1966, vol. 123, no. 1, pp. 64-87.

Galochkin, A. 1. 1970, "Lower estimates of the linear forms in the values of some hypergeometric
functions Mat. Zametki, v. 8, no. 1, pp. 19-28. (Russian).

Galochkin, A. 1. 1976, "Sharpening of the estimates of some linear forms Mat. Zametki, v. 20,
no. 1, pp. 35-45. (Russian).

Galochkin, A. I. 1976, "On arithmetic properties of the values of some entire hypergeometric
functions Sibirsk. Mat. Zh., vol. 17, no. 6, pp. 1220-1235. (Russian)

Galochkin, A. 1., 1984, "Estimates, unimprovable with respect to height, for certain linear
forms Mat. Sb.; vol. 124(166), no. 3, pp. 416-430. (Russian).

Korobov, A. N. 1983, "Estimates of some linear forms Vestnik Moskov. Univ. Ser. I Mat. Meh.,
no. 6, pp. 36-41. (Russian).

Popov, A. Yu. 1985, "Approximations of some degrees of the number e", Diophantovy
priblizhenija, part 1. Moskov. Gos. Univ., Moscow (Russian).

Ivankov, P. L. 1994, "On approximation of the values of some functions Vestnik Moskov. Univ.
Ser. I Mat. Meh., no. 4, pp. 12-15. (Russian).

Ivankov, P. L. 1987, "On simultaneous approximations of the values of some entire functions
by the numbers from a cubic field Vestnik Moskov. Univ. Ser. 1, Mat. Meh., no. 3, pp. 53-56.
(Russian).

Ivankov, P. L. 1993, "On linear independence of values of entire hypergeometric functions with
irrational parameters Sibirsk. Mat. Zh., vol. 34, no. 5, pp. 839-847. (Russian)

Ivankov, P. L. 2017, "On approximation of the values of hypergeometric function with a
parameter from real quadratic field Mathematics and Mathematical Modelling, no. 1, pp. 25-33.
(Russian)

Markushevich, A. 1. 1967, "Teorija analiticheskikh funktsii"|Theory of analytic functions|, v. I.
"Nauka Moscow, 486 pp. (Russian)

[Mosmyueno 1.04.2018 .
[MpunsTo B meuars 12.07.2019 1.



186 O. Ivanova, S. Vostokov, 1. Zhukov

YEBBIINEBCKNIT CBOPHUK
Towm 20. Beimyck 2.

YIK 512.62 DOTI 10.22405/2226-8383-2019-20-2-186-197

O aByx moaxogax K KJacCU(PUKAIIUM BBICHINX JIOKAJIBHBIX MOJIEi
0. 10. Upanosa, C. B. Bocrokos, U. b. 2Kykos

WNUsanosa Onbra FOpbesua — Caunkr-lIlerepOyprekuii rocyiapcTBEHHBIN YHUBEPCUTET aBUAIIHOH-
Horo npubopoctpoenus, r. Cankr-Ilerepbypr.

e-mail: olgaiw80@mail.ru

Bocrokos Cepreii Buaguvmuposuu — Cankr-lIlerepbyprekuit rocyiapcTBeHHBIN YHUBEPCUTET,
r. Caukr-Ilerepbypr.

e-mail: s.vostokov@spbu.ru

2Kykos Urops Bopucosuu — Cankr-Ilerepbyprekuit rocynapcTBeHHbIN yHUBEpCUTET, I. CaHKT-
[TeTepbypr.

e-mail: 1.zhukov@spbu.ru

AnHOTanusa

OT1a cTarhd cBA3bIBaeT Kiaccudukanuio Kypuxapbl 0 MOTHBIX TUCKPETHBIX OIEHOYHBIX IM0-
JISX U TEOPUH YCTPAHEHUS JUKOTO BETBJIEHUS DIIIIA.

s 1106010 MOJIHOrO NUCKPETHOrO 10Jisd OneHKU K ¢ MPOM3BOJILHBIM IIOJIEM BBIYETOB IIPO-
CTOM XapaKTEPUCTUKN MOYXKHO OTPENeINTh HEKOTOPbIH uncienubiii nasapuanT I'(K), KoTopsbrii
JIEKUT B OCHOBe Kjaccuduranuu Kypuxapbl Takux mojeil Ha 2 tuma: nojse K umeer tum 1
TOrZIa U TOJNBKO Toraa, Koraa I'(K) mosokuTe/bHO. 3HAUEHHE TOr0 MHBAPUAHTA YKA3bIBAET,
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II0JIEM BbIYETOB. (CTaH}lapTHbIe 2—MeprIe JIOKQJIbHBIE I10JIA ABJIAIOTCA TOYHBIMU IIOJIAMU BUIA
k{t3})

Mpb1 goka3biBaeM (Ipu HEKOTOPOM MATKOM OrpaHuyeHun Ha K), 9ro s CMEIIanHOro XapakK-
TEPUCTHYECKOrO 2-MEPHOro JIOKaJIbHOro nojs tuna I K cymecrsyer onenka cuusy mis [l : kl,
rue [/k aBnsercsa pacimpenueM, takuM 4to (K sBisiercd CTaHAAPTHBIM 110JieM (CyLIecTBYIO-
wuM u3-3a reopuu Epp); sorapudm 31oit crenenu Moxker Obirb OLEHEH JIMHEHHO B TEPMHUHAX
I'(K) ¢ xoapdpummenTom, 3aBUCAIIIM TOIBKO OT €k /-
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Abstract

This article links Kurihara’s classification of complete discrete valuation fields and Epp’s
theory of elimination of wild ramification.

For any complete discrete valuation field K with arbitrary residue field of prime characteristic
one can define a certain numerical invariant I'(X) which underlies Kurihara’s classification of
such fields into 2 types: the field K is of Type I if and only if T'(K) is positive. The value of this
invariant indicates how distant is the given field from a standard one, i.e., from a field which is
unramified over its constant subfield & which is the maximal subfield with perfect residue field.
(Standard 2-dimensional local fields are exactly fields of the form k{{¢}}.)

We prove (under some mild restriction on K) that for a Type I mixed characteristic 2-
dimensional local field K there exists an estimate from below for [l : k] where [/k is an extension
such that [ K is a standard field (existing due to Epp’s theory); the logarithm of this degree can
be estimated linearly in terms of I'(K') with the coefficient depending only on eg ;.

Keywords: Higher local fields, wild ramification
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1. Introduction

In the current paper we develop and compare two approaches to the classification of 2-
dimensional local fields in the mixed characteristic case. Here a 2-dimensional local field is a complete
discrete valuation field K such that its residue field K has, in its turn, a structure of a complete
discrete valuation field with perfect residue field of characteristic p > 0.

If char K = char K, the field K can be identified (non-canonically) with the field of formal
Laurent series K ((X)). However, if char K = 0 and char K = p, there is no explicit description and
exhausting classification of such fields K. Here are some known results in this direction.

First of all, there is an important subclass of such fields K, so called standard fields. For any
complete discrete valuation field K with the residue field of characteristic p > 0, one can introduce
its constant subfield k£ which is a maximal subfield of K with perfect residue field. It can be proved
that in the mixed characteristic case such k is unique. The field K is said to be standard if ex/, = 1,
where eg /. is defined in 2.1.

This rather abstract definition working for any complete discrete valuation field with imperfect
residue field, takes a very explicit form if K is a 2-dimensional local field. Namely, if K is standard
and k is its constant subfield, then

K~ E{t}} = {f: ait', wv(a;) > —oo, wv(a;) - oo};
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conversely, if K = k{{t}} for a (one-dimensional) local field k, then K is standard, and k is its
constant subfield (see [8] or [14]). Note that in the very classical case, when the residue field of K
is finite, k£ can be constructed as the maximal algebraic extension of QQ, inside K.

Obviously, any 2-dimensional local field K with local parameters (m, ) is a finite totally ramified
extension of its standard subfield Ky = k{{t}}, where k is the constant subfield of K, and 7, t are
as in 2.2 A non-trivial result following from Epp’s theorem on elimination of wild ramification (see
[1], [13]) is that for any such K there exists a constant (i. e. defined over k) finite extension K'/K
such that K’ is a standard field. In fact, there is a huge freedom in the choice of such K’/ K, see [6].
However, the minimal degree d,,,(K) of such K'/K can be arbitrarily large even in the simplest case
[K : Ko] = p. Thus, d,,(K) seems to be an interesting invariant in the classification of 2-dimensional
local fields.

Another approach to classification of mixed characteristic complete discrete valuation fields was
initiated by Kurihara in [7| to study Milnor K-groups (see [9] or [4]), These groups are applied
in class field theory (see [10], [11], [4], [5]). Kurihara subdivides such fields into 2 types. For this,
one considers any non-trivial relation a - dm + b - dt in the module of differentials of the given field
K over its constant subfield k, where (m,t) are any local parameters of K. The field K belongs
to Type I if vk (a) < vk (b) and to Type Il otherwise (see |7], corollary 1.2 and definition 1.3). In
particular, all standard fields belong to Type I since m can be chosen from k, and one can take
a =1, b = 0. Kurihara showed that the structure of extensions for the fields of Type I and Type 11
is very different. For example, K has cyclic wild (resp. ferocious) p-extensions of any degree if and
only if K is of Type I (resp. Type II).

A refinement of this classification along with a number of new properties has been given in |2, 3].
It was suggested to consider values like

1

A(ﬂ', t) = — (UK (dﬂ'tL) — VK (dttL>),
eK

where t7, is a second local parameter in a certain standard field L containing K, and the partial

derivatives are used in the usual sense via identification L = [{{t1}}. It is easy to see that

A1) =~ (oke(b) — vic(a).
€K
so, the field K is of Type I if and only if A(nw,t) > 0 for any choice of local parameters 7, ¢. It can
be shown that for the fields of Type I A(m,t) does not depend on the choice of ¢. For such fields,
the value
I'(K)= sup A(m,t)
v(m)=1

is an invariant of K measuring resemblance between K and standard fields. In particular, I'(K) = oo
if and only if K is “almost standard": a certain unramified extension of K is a standard field.

In this article we obtain a lower bound for d,,(K) for a mixed characteristic 2-dimensional local
field of Type I, in terms of I'(K') and ramification index of the field over its standard subfield. This
is accomplished under a certain mild restriction on K (Corollary 5.3.1).

We are grateful to the referee of the first version of this article for valuable remarks.

2. Notation and basic definitions

The following notation is used throughout the paper:
p always denote a prime integer;
vp(z) is the p-adic exponent of an integer number z.
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2.1. Discrete valuation fields

For a discrete valuation field F, we denote its valuation by vy and its residue field by F. For
any such F it will be always assumed that char F = p > 0. If char F = p > 0, we put er = vp(p).
An element 7 such that vp(mp) = 1 is said to be a uniformizer or F.

Denote

Op ={z € F|vp(x) >0}

Up ={z € F|vp(x) =0}

Ur(n) ={z € F |vp(x —1) > n} forn € N.

Let L/F be an extension of valuation fields, vy, be a valuation on L, and vy, induces the valuation
w on F'. We denote by ey, /r the index of w(F*) in vy, (L*).

A finite extension E/F of discrete valuation fields is said to be

e unramified, if ep,p = 1, and E/F is separable;

e tame, if p{ eg/p, and E/F is separable;

e ferocious, if eE/F = 1, and E/F is purely inseparable;

e totally ramified, if eg/p = [E : F|.

By vg we denote the valuation on any field normalized so that vo(p) = 1.

For a Galois extension L/F of degree p we denote by s(L/F') the (Swan) ramification number
of any generator o of Gal(L/K):

s(L/F) = :ciean* vp(o(x)z™t —1).

2.2. Two-dimensional local fields

Let K be a two-dimensional local field; denote by K1) = K its first residue field, and
by K© = K@) its last residue field. It is always assumed in this article that char K = 0,
char K = p > 0, and K© is perfect.

Any two-dimensional mixed-characteristic local field K satisfies the conditions of 2.1. We will
use the same notation, that is ex = vk (p), Ox = {x € K | vg(x) > 0} and vy is such that
vo(p) = 1.

For the valuation of rank 2 on K we use notation vx = (vi, vk): K — Z?; here Z? is linearly
ordered as follows: (a,b) < (¢,d),if b<dorb=dand a < c.

Since 8 € K© is a perfect subfield in K = K, for § € KO its Teichmiiller representative in
Ok is well defined. We denote it by [6].

Given vg, we can define local parameters: a uniformizer = with vx(7) = (0,1), and a “second
local parameter"t with U (t) = (1,0).

The constant subfield of K is its maximal subfield such that its residue field (with respect to
vk ) is perfect. In particular, if the last residue field of K is finite, the constant subfield of K is the
algebraic closure of Q, in K.

In what follows K denotes always a two-dimensional local field, and k is its constant subfield.

The field K is said to be standard, if ey, = 1.

A finite extension L/K is said to be constant if L = [K where [ is an algebraic extension of k.

2.3. Kurihara’s classification and related invariants

Let Ko = k{{t}} be a standard 2-dimensional field. For = € K its formal derivative % is defined
as follows. If x = > a;t with a; € k, then

0 ,
78? = E iaitlil .
ox

It is easy to see that %7 is a well defined element of Ko.
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Let Ko and Lg be standard fields with Ky C Lo, and let ¢, be second local parameters of these

fields. Then
ox B Oox Ot

ot ot ot
where the first factor in the right hand side is the image in Lg of the respective element of Kj.
Let Ko be a standard field, ¢ a second local parameter of Ko, and a,b € K{j. Introduce

0 ab
cla,b) = vo( g5 ) —vo( 55 ) — vola) + v (D)
Now we check that c(a,b) is independent of the choice of K and the second local parameter t.
Let K; and K be standard fields with the second local parameters ¢; and to, and let ¢;1(a,b) and
ca2(a, b) be functions corresponding to these fields. There exists a standard field E containing both
K1 and Ks. Let tg be any second local parameter of . We have

() =u(g) +ulg) i1

therefore,

c1(a,b) — ca(a,b) = Uo((§z> — g ((gtbl) — g <§ta2> + U()(gtl;) =
= (i)~ (gs) ~ 0 (ary) +0((iy) =0
Note that for any x,y, z we have

c(:c,y) - C(SC,Z) - C(y,Z), C(.%',y) = _C(yvx)'

In [2, 3] the notation A (m,t) was used for vg (dth) —Vg (dttL), where 7, t are local parameters
of K, and ¢y, is a second local parameter of a standard field L which is a finite extension of K. In
this article we redefine Ag (7, t) using vy instead of vy, i. e.,

A(m,t) = Ag(m,t) = v (dﬂ'tL> — g (dttL>.

It is shown in [7, 2] that if the condition Ag(m,t) > 0 is satisfied for some local parameters
m and t of K, then it is satisfied for any pair of local parameters. A field K is of Type I if this
condition is satisfied and K is of Type II otherwise (see [2]|, proposition 4.3). For a field of Type I,
A(m,t) is independent of the choice of the second local parameter ¢ (see [2], Cor. 4.4); its value will
be denoted by Ak (m). Note that

Ag(m,t) = c(m,t) +vo(m) — vo(t) = c(m, t) + ;{.

For a field K of Type I, denote
I'NK) = max(Ag(m)|m € K*, vg(m) = 1),

I'.(K) = max(Ag(m)|m € K*, vg(m) =1) — ;.

Then for any second local parameter t of K we have

I'(K) = max(c(m, t)|m € K, vg(m) = 1).
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3. Properties of c(a)

3.1 Proposition. Let a,b € K. Then:
1. min{c(ab, a), c(ab,b)} > 0.
2. c(a=t,a) = 0.
3. ¢c(aP,a) = 1.

Proof. Direct calculation.

3.2 Lemma. Let K = k{{t}} be standard, and let m be a uniformizing element of k. Then any
a € K can be represented (non-uniquely) as

N
4= a0+ Y T fr, (1)
r=0

where aoe € k, N 20, o € Z, and for each r either f, =0 or
fr= Z[er,i]tpri,
1€Z
O € KO egists i such that 0r; #0, pti.
For any such representation we have

v()(@) = min (areg! +7).
ot v oo K

Proof. See |2, Lemma 4.5]|.

3.3 Proposition. Let K be of Type I. Let a € Ok ; assume

a=7"fmod ™ Ok, (2)
F=Y [t
1EL

0; € K(O), exists i such that 0; £ 0. Then

min{c(7™ f,a),c(x™ f,m)} = 0.
Proof. It is sufficient to prove that

(™ f,t) = min(c(a,t), c(m,t)).
Let L be a standard field, L D K, and let ¢, be a second local parameter of L. For any x € L let

d(x) = vg (d:rtL>.
We have
d(a) = c(a,t) +vo(a) — d(t) = M + mej — d(t)

with M = min(c(a,t),c(m,t)). Note that the value of d for each term in the expansion (1) for a
cannot be less than d(a); it follows

TTmer g apM—d®)
(e a € k((t

))- (3)
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In particular,
_ M —d(t)

W;eL/Kﬂ' € E( (tp

) (4)
Let

r = min{v,(i) | 6; # 0}.
Combining (2), (3) and (4), we conclude that r > M — d(t). Terefore,

c(f,t) =c(f,tp) +dt) =r+d(t) > M.
Applying Lemma 3.1, we obtain
o(x™ £,4) > min(c(m, ), (£, 1)) > M.

Let us say that f € k{{T}} is normalized if either f € Uy, or f € Opyry and [ ¢ k(T")).
Let 7, t be any local parameters of K.

3.3.1 Corollary. Let u € Uy, where K is of Type I. Then

w= ]+ £")),

120

where for any i either f; = 0 or f; is normalized and n; > 0, and for any such representation we
have

min{c(1 + 7 f;(t7""), u), c(1 4+ 7' f; "), )} > 0
for any 1.

Proof. This follows from Propositions 3.3 and 3.1 by induction.

4. Behavior of ¢(a) in field extensions

4.1 Lemma. Let K'/K be a finite extension of 2-dimensional local fields, and let x1, vo € K’ be
conjugate over K. Then c(x1,x2) = 0.

Proof. Let L;/K(x1) be a finite extension such that L; = {1 {{t1}} is a standard field. Then there
exists a field Ly D K(x2) and an isomorphism 7 : L1 — Ly over K such that 7(z1) = 2.

The field [; is exactly the set of elements of L, algebraic over k. Therefore, ly = 7(l1) is the
constant subfield of L.

For any z € L1, we have Uz, (7(2)) = Uz, (2), since for any L/K the valuation Tx has a unique
extension to L. Therefore, e, = er,, er,/1, = er,;, = 1, L2 is standard, and t3 = 7(¢1) is a second
local parameter of Lo.

Next, for any z € L it follows from 7(l1) = lo and 7(t1) = t2 that

0z o(t(z
(5) =250

and

(1) =7 (")

Since e, = er,, the same relation is true for vy instead of vy, and vr,. Applying this to z = 1,
we obtain ¢(z1,x2) = 0.

4.1.1 Corollary. Let K'/K be a finite Galois extension. Then the for any x € K' we have
c(Ngr /g (), ) = 0.
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Proof. This follows from Lemma 4.1 and Proposition 3.1.

4.2 Lemma. Let K'/K be a finite totally ramified Galois extension, and let K' be of Type I. Then
K is of Type I, and T.(K') < To(K).

Proof. The field K is of Type I by [7, Proposition 1.7].

Set s = T'o(K'), if T.(K’) is finite, and denote an arbitrary number by s otherwise. We claim
that T.(K) > s. Let t’ be a common second local parameter of K and K’. Let mx be a uniformizer
of K" such that ¢(ng/,t') > s. Then mxg = Ny /g (mg) is a uniformizer of K. Applying Corollary
4.1.1, we obtain

LK) > c(ng,t') = c(ngr, ') + e(ng, mxr) = s + ¢(Ngor e (), ) = 8.

4.3 Lemma. Let K'/K be a tame extension. Then K and K' are of the same type, and, if they
are of Type I, then T'.(K') =T (K).

rank
Our definition of T'(K) is tailored for fields of Type I only, and we do not know how a parallel
result for Type II case can look like.

Proof. The fields K and K’ are of the same type by [7, Corollary 1.6].

Assume they are of Type L. Let M /K be the maximal unramified subextension in K’/K. Then
M/K' is totally ramified. We will prove that I'(M) = T'(K),T'(K’) = I'(M). It is sufficient to check
the inequalities:

[(K) <KTe(M) KT (K') KT (M) <T(K).

Denote by tx and tp; arbitrary second local parameters of K and M. Then ¢, is also a second
local parameter of K’. We will prove that

cltr,tar) = 0. (5)

Let L be any standard field containing M, and t; be its second local parameter. The extension
M /K is separable; therefore,

i -t
tK = Oéitjw7

where o; € M, and there exists i such that p{1i, a; # 0. It follows

o (i) =)

and so C(tK,tM) = C(tK,tL) — C(t]w,tL) =0.

1) We prove I'.(K) < I'o(M). Denote s = I'.(K) if T'.(K) is finite, and let s be arbitrary
otherwise.

Let mx be a uniformizer of K such that ¢(mg,tx) > s. Then 7 is also a uniformizer of M.
Using 5 we obtain

Lo(M) > ce(mg,ty) = (T, ti) = .

2) Now we prove I'o(M) < T (K'), To(M) < To(K). In view of 5, it is sufficient to prove that for
any uniformizer my; of M there exist uniformizers mx and mg+ of K and K’ such that ¢(mx, ) > 0
and c(mgs,mpr) = 0. Let E be either K or K'. Denote

[|M:K|, E=K
C\IK' M|, E=K'"’
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Naygmm, E=K
T = .
TTM E=K'

In both cases we have x € E and vo(z) = ¢eg.

Let 751, tp be arbitrary local parameters of E, and let § € E©) 51 € Z, u € Ug(1) be such
that 7TqE71 = [H]tSEl uz. Denote by t a second local parameter of any standard field which is a finite
extension of K’ and denote by r any integer number with vo(sy — rq) > Uo(%); put s = s; —rq.
We will prove that the uniformizer

TR = t;Jru_l/qﬂE,l

is appropriate. Since 7%, = [0]t%,x, we have

1015 _ O(rh) _ O([0)tye)

qr _ _ 1 atE 8$
E- ot ot ot

Taking into account

Uo<[9]sts_1 %) > vo(s) = vo ((97:10)’

B o ot
we obtain 5 5
TE X
_ > 7
w( Gy ) + (= Dew > ()
and

co(rg,z) = (vo(égf) - vo(ﬂ'E)) - <vg<%§> - vo(x)) > 0.

In the case ' = K’ we obtained the desired inequality, whereas in the case E = K it is a consequence
of the above formula and Corollary 4.1.1.
3) It remains to prove I'.(K’) < T'.(M). This follows from Lemma 4.2.

5. Estimate

We generalize the notion of “being not in touch"introduced in [15] in the prime characteristic
case. Let L;/F and Ls/F be totally ramified Galois extensions of degree p, and denote
s1 = s(L1/F), sa = s(Ly/F). The extensions Li/F and Ls/F are said to be not in touch if
either s1 # s9 or s(L/F) = s1 = sy for any subextension L/F in LiLs/F of degree p.

Next, finite totally ramified Galois p-extensions L;/F and Lg/F are not in touch, if for any
intermediate fields FF C S; C T; C L;, where S;/F is normal and T;/S; is a Galois extension of
degree p (i = 1,2), the extensions 7752/5152 and S17%/S152 are not in touch.

The idea behind this notion is that we consider extensions “in general position"such that the
ramification of their compositum can be computed in terms of ramification of the original extensions,
compare [12, 4.3].

We say that an extension K'/K is constant free, if K'/K is not in touch with any constant
extension of K. For example, for K = k{{t}}, where k contains a primitive pth root of unity, a
Kummer extension K (¢/1+ nja)/K with a € Uk is constant free iff @ ¢ k.

5.1 Lemma. Let L1/K and Lo/ K be Galois extensions of degree p that are not in touch. Assume
that L1La/ K is totally ramified. Then:
1. S(Lng/LQ) 2 S(Ll/K);

2. If S(Ll/K> = gefi, then S(Lng/Lg) > S(Ll/K).

Proof. The first part follows immediately from Lemma 3.3.1 in [12]. (It is assumed there that the
residue field is perfect but the proof goes through assuming only that Ly Ls/K is totally ramified.)



On two approaches to classification of higher local fields 195

For the second part it is sufficient to notice that s(La/K) < E%5. Indeed, if

(LK) = s(Lo/K) = 5,

and LjLo/K is totally ramified, then L;/K and Lo/K are always in touch; this can be seen from
the explicit form of Kummer equations (after adjoining a primitive pth root of unity).

5.2 Lemma. Let K contain a primitive pth root of unity. Let K1 /K be a totally ramified extension
of degree p; denote by w1 any uniformizer of Ki. Let u € K be such that K(¥/u) is not in touch
with K1 /K and either vic(u) =1 or 0 <wvg(u—1) < B ptog(u—1). Assume that c(u,tr) > N
and ¢(m1,tr) = N for some integer N > 3 and for some standard field L = [{{t1}} containing K.

Then uw = uibP, where u1,b € Ky are such that p{ vk, (u1 — 1) and c(uy,tr) > N — 1.

Proof. Let ¢(x) = ¢(z,tr) and let ip = vg(u — 1). By Corollary 3.3.1

w=m" O T+ i)

12pig
with f; normalized or f; = 0, and c(1 + @i f;(#?"")) = N. It follows for f; # 0 that
o1+ [ > N
and by Lemma 3.2
n; = c(f;(t""")) = min(c(m), e(xi fi(#7))) = N —ieg.

We conclude that n; > 0 for i < Neg;,.

Denote i1 = min{i : f; # 0, p{i}; we have i; < peg,/(p — 1) < Neg, since N > 3. Introduce

Lt 7 i (07)
(1 mify (@)

ur = [[@+ain@™) =< ]
1211 i()<i<%

= (14 S1)(1 + S2).

Here ¢ denotes application of Frobenius automorphism to the coefficients of a power series from
T}

We see from Lemma 5.1 and [12] that

PeK,

vl = 1) < =7 = (K (Gu) /K
< D = s(K (/) /K) (6)
() ek

Since vg, (S1) = i1 and vk, (S2) = ek, + 9, we obtain that the initial terms in S and Sz do
not cancel, whence vg, (S1 + S2) is exactly min(vg, (51), vk, (S2)). If ig # 0, this gives p{ v(u; — 1),
since both 41 and eg, +1ig are not divisible by p. If i9p = 0, we still have p { v(u; —1). Indeed, in this
case we have a strict inequality in (6) by the second part of Lemma 5.1, whence v(u; — 1) = i;.

Obviously, we have u = u1bP with

1

b=m <" T (+aiss @™

’LQS’L<;1

)~
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It remains to estimate ¢(1 + wif}‘f[l (ti’"prl)). Denoting f£71 by g, by definition we have

1

c(1+ Wlig(tpnpi_ ) = min(vg (Wi_lg(tpnm_l)dth),

Yo (p"m'*lw; Y g L) )
> min(ie;é +c(m), (npi — 1) + iel_{i + ¢(t))
> min(ie;! + N, N — pieg! —1+ie;! +c(t) > N —2.
It follows ¢(b) > N — 2, and ¢(u1) = min(c(u),c(b7P)) > N — 1.

5.3 Proposition. Let K be of Type I, not almost standard, with T'.(K) > n+3, where n = vy(eg/i,)-
Assume that K/k{{t}} is constant free (for some choice of t). Let K'/K be a constant extension of
degree p. Then K' is of Type I, not almost standard, and T.(K') > T.(K) —n — 3.

Proof. Let K’ = k'K, where k'/k is an extension of degree p.

By Lemma 4.3 the proof is reduced to the case of cyclic totally ramified k¥'/k and K'/K. We
have K’ = K(z¢), where zf, = a € k*.

Consider a chain of subfields

KyCK C- CK,=K,

where each K;;1/K; is totally ramified of degree p, and Ky/k{{t}} is tame.

Denote by L any standard field containing K'; put ¢(z) = cp(x,t1).

Let m, = 7 be a uniformizer of K with ¢(w) = N, where N = I'.(K), and let m; = N, m; we
have ¢(m;) > N, 0 < i < n (by Corollary 4.1.1).

Applying Lemma 5.2 to K1/Ko, ..., K,/K,—1, we obtain that K/ = K(z), 2 = u € K,
pto(u—1), ¢c(u) > N — n. In particular, K'/K is totally ramified, whence K’ is not almost
standard. We have

clx —1)=c(x) +vo(x) —vo(x — 1) =
:c(u)—l—vo(x—l)2N—n—1—L1>N—n—3.
p J—
Pick integers i and j such that vg:(7') = 1, where ' = (z — 1)*77. Then
c(r') > min(c(x — 1),¢(r)) = N —n — 3,
and this proves that K’ is of Type I with

Fo(K') = e(n’) > Te(K) —n — 3.

5.3.1 Corollary. Let K be as in Proposition 5.3, with T(K) > m(n + 3), where n = vy(eg /i),
m a positive integer. Assume that l/k is an extension such that IK is almost standard. Then the
inequality [l : k] > p™ holds.

Afterword

Thus, we have established, under some restrictions, a relation between two invariants measuring
how far is a given 2-dimensional local field from being standard. We expect that this relation, in
some refined form, can be extended to all higher local fields.
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Mepr mcenenyem, KOTIa CHILHO PErysspHbIi rpad Jgokaabao Xueya. Mbr okycupyemces Ha
[PEJIII0JAraéMOM CUJIbHO perysspHoM rpade ¢ mapamerpavu (v, k, A\, u) = (85,14, 3,2), koro-
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We investigate when a strongly regular graph is locally Heawood. We focus on a putative
strongly regular graph with parameters (v, k, A\, u) = (85,14, 3,2), which is the only candidate
for such a graph. Assuming that the graph is locally Heawood, we analyze its structure, finally
arriving to a contradiction, which allows us to conclude that no strongly regular graph is locally
Heawood.
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1. Introduction

Let T be a k-regular graph with v vertices such that each pair of adjacent vertices has A common
neighbours, and each pair of nonadjacent vertices has p common neighbours. Such a graph is said
to be strongly regular with parameters (n,k, A, u), or SRG(n,k, A\, u) for short. Note that for a
given parameter set, there may be one strongly regular graph, or there may be more or none at all.
Looking at the tables of feasible parameters of strongly regular graphs by Andries E. Brouwer [2],
one finds only 10 open cases on at most 100 vertices, see Table 1.

n k A o o T me ms | graph # of edges
o1 65 32 15 16 | 3.531 —3.531 32 32 | 2-graph\*? 1040
02 69 20 7 5 5 -3 23 45 690
03 85 14 3 2 4 -3 34 50 595
04 8 30 11 10 5 -4 34 50 | S(2,6,51)7 1275
05 85 42 20 21 | 4.110 —5.110 42 42 2-graph\*? 1785
06 88 27 6 9 3 —6 55 32 1188
o7 96 35 10 14 3 -7 63 32 | pg(5,6,2) 2030
08 99 14 1 2 3 —4 55 44 693
09 99 42 21 15 9 -3 21 7 2079
010 | 100 33 8 12 3 -7 66 33 1650

Tabnuna 1: Feasible parameters of strongly regular graphs on at most 100 vertices, with their
parameters, spectrum, some graph information and the number of edges.

Related to the open case O8, John H. Conway asked if there is a graph on 99 vertices in which
every edge belongs to a unique triangle and every nonedge to a unique quadrilateral (see [5], cf. [1])

Out of all these 10 cases, O3 has the smallest number of edges. The graph induced by the
neighbours of a vertex is a cubic graph (i.e., all vertices have degree 3) on 14 vertices. It is known
that there are precisely 509 connected cubic graphs on 14 vertices [6]. If we add the restriction
that each pair of nonadjacent vertices has at most one common neighbour, then we are left with
only 36 potential candidates. Among them, the Heawood graph has the largest girth, namely 6.
One can describe it as the cycle C14 (labeled with elements of Z14), where we add the following
chords: x ~ xz + 5 for all even = € Z1y4, and © ~ x — 5 for all odd x € Z14. Three more possibilities
are shown in Figure 1(b, ¢, d). There are also three more possibilities in the case the local graph
is disconnected. In each case, one component is Ky, while the other component is either (a) the
Petersen graph, (b) the cycle Cy (labeled with the elements of Zg), with 3 triangles (z ~ x 4 2 for
x =0,3,6) and the vertex 9 adjacent to 1, 4 and 7, (¢) the 3-prism with vertical edges subdivided
and the new vertices adjacent to one more vertex.

We will prove that no strongly regular graph is locally Heawood.
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(a) (b)
Puc. 1: (a) The Fano plane. (b, ¢, d) Some trivalent graphs on 14 points.

2. Preliminaries

It is easy to see that a strongly regular graph is either a disjoint sum of complete graphs (if
A=k —1), or a connected graph with diameter 2. We may generalize the latter case.

Let T' be a connected graph of diameter d and assume that there exist constants a;,b;,¢;
(0 < ¢ < d) such that for each pair of vertices u, v at distance i, there are precisely ¢; neighbours
of v at distance ¢ — 1 from wu, a; neighbours of v at distance ¢ from w, and b; neighbours of
v at distance ¢ + 1 from wu. Such a graph is said to be distance-regular with intersection array
{bo,b1,...,b4_1;c1,C2,...,cq}. Clearly, such a graph is k-regular for k = by, and k = a; + b; + ¢;
for all i (0 < i < d). Furthermore, we see that we always have ap = ¢ = by = 0 and ¢; = 1.
Equivalently, we could say that a graph is distance-regular if all of its distance partitions (the
partitions of vertices with respect to the distance from a fixed vertex) are equitable (the number of
neighbours a vertex u has in a part C' only depends on C' and the part containing u) with the same
parameters (which are precisely the numbers a;, b;, ¢;).

Given an intersection array of a distance-regular graph, it is possible to compute the intersection
numbers p?j (0 < h,i,j < d) counting the number of vertices at distances i and j from any pair
of vertices at distance h [3]. Just like in the case of strongly regular graphs, there might be zero,
one or multiple distance-regular graphs with a given intersection array. It is easy to see that a
graph SRG(n, k, A\, 1) of diameter 2 is distance-regular with intersection array {k,k — A — 1;1, u}
— conversely, every strongly regular graph with A # k — 1 arises in this way. For more on strongly
regular and distance-regular graphs, see BROUWER, COHEN & NEUMAIER [3].

Let T' be a graph with n vertices, and let u be a vertex of I'. We define I';(u) as the set of
vertices at distance ¢ from w in I' (also called the i-th subconstituent). We abbreviate I'1 (u) as I'(u).
For vertices u, v of I', we also define I'(u, v) = I'(u) NT'(v). By abuse of notation, we will also denote
by I'(u) the local graph at u, i.e., the graph induced by the set I'(u). If there is a graph A such that
['(u) is isomorphic to A for every vertex u of I', then the graph I' is said to be locally A. If u and
v are vertices of I at distance 2, then the graph induced by I'(u,v) is called a u-graph of T.

Let A € {0,1}™*™ be the adjacency matrix of I". An eigenvalue of the graph I' is a number
f such that there exists a vector x for which Ax = 0z holds. The subspace of all such vectors is
called the eigenspace of the eigenvalue 0; its dimension is the multiplicity of 6. The multiset of all
eigenvalues of I' counted with their multiplicity is called the spectrum of I and is usually written
in the form 6, 65,"2 ... 6, where the eigenvalues 6; (1 < i < {) are given in decreasing order,
and the numbers m; represent their multiplicities.

For sets P of points and LL of lines and an incidence relation T C P x L, we define an incidence
structure as the triple (P,L,7Z). A pair (p,f) (p € P, £ € L) is called a flag if p Z ¢ and an antiflag
otherwise. A projective geometry PG(d, q) is an incidence structure (P, L, €) in which the points are
1-dimensional subspaces of Fg (i.e., the d-dimensional vector space over the finite field of size ),
the lines are 2-dimensional subspaces of Fg, and the incidence relation is inclusion (i.e., for p € P
and ¢ € L, p € £ holds whenever p < £). Such an incidence relations has precisely ¢% + ¢ + 1 points
and ¢? + ¢ + 1 lines.
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o 2 1/3;\ 1 3
14 10 3 Uz 2
12 0 0 0
(b)

Puc. 2: Distance partitions of (a) SRG(85,14,3,2), spectrum 14! 43* —3% b = 10, ay = 12,
ky = 70, p3, = 57, ply = 60, ..., and (b) the Heawood graph, which is the (3,6)-cage and is
bipartite with spectrum 3! \/56 —\/56 —3L

3. Locally Heawood

Let F = (P,LL,Z) be the Fano plane PG(2,2) and H its incidence graph, which is known as the
Heawood graph (see Figure 1(a)). It is the unique distance-regular graph with intersection array
{bo,b1,b2;1, 0,3} = {3,2,2;1,1,3}. We try to construct a strongly regular graph with parameters
(n,k,\,u) = (85,14,3,2) denoted by I' that is locally Heawood. Figure 2 shows the distance
partitions of I' and H.

Let co be a vertex of I'. As T is locally Heawood, we identify the vertices of the local graph I'(oco)
with points and lines of F', with a point and line adjacent when they are incident in F'. Now consider
the second subconstituent graph I'2(co). It has 70 vertices that are divided corresponding to their
p-graphs into

(i) 42 = 2 - 7 - 3 vertices that correspond to signed flags of F: by A\ = 3, there are 2 vertices per
each flag, which we denote by (p,¢)™ and (p,¢)~, where p € ¢, and

(ii) 28 = 7 - 4 vertices that correspond to the antiflags of F: by u = 2, there is one such vertex for
each antiflag, and we denote it by (p, ), where p & ¢.

Therefore, VI = {oo} U (PUL) U (AU B), where
A={(p,l)|pePltel,pgt} (the antiflags), and
B:= {(p, 0)° ‘ pePlel,pelde{+, —}} (the signed flags)
and we have established all adjacencies when both vertices do not belong to I's(00):

VpeP:oo~p

Viel:c0o~/¢
VpelPlel: p~Y{ Speld
VpeP,(gm)€A: p~(gm) & p=gq
Viel,(gm)eA: L~ (qgm) & {=m

VpeP (¢m)’ €B: p~(gm) & p=g
VieL,(gm)leB: (~(gm) e l=m
However, we can also say something about adjacencies in I's(00).

LEMMA 1. Let e = (p,k) and f = (q,0) be flags of F', and g = (r,m) and h = (s,n) be
antiflags of F. Then the following statements (i)-(iv) hold:

(i) signed flags corresponding to the same point or line (or both) are not adjacent, i.e.,

(p=qVk=10) =€ & f° forall 6¢c€{+ -},
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(ii) antiflags corresponding to the same point or line are not adjacent, i.e.,
(r=sVm=n)=gh,

(i1i) a signed flag is adjacent to two of the four antiflags corresponding to the same point or line,

() any antiflag is adjacent to precisely one of the signed flags f+ and f~ corresponding to the
same point or line, i.e., ((=rVL=m)= (ft~g& f~ +£g),

(v) two distinct antiflags corresponding to the same point or line have precisely one common
neighbour in T'a(00), which is a signed flag corresponding to the common point or line.

(vi) the signed flags f+ and f~ have no common neighbours in T's(00),

In particular, the second subconstituent graph I'a(c0) has diameter 3 and only the opposite signed
flags are at distance 3 in it.

PRrROOF. Let us consider the local graph I'(p) (resp. I'(¢)). Then
{0} U (I(p)NT(e0)) U ([T()NB) U (T(p)NA)

is its distance partition as a Heawood graph H, where the last two sets consist of signed flags and
antiflags corresponding to the point p, respectively. A similar distance partition can be obtained for
a line ¢. As H is bipartite, (i) and (ii) follow immediately. The parameter by = 2 implies (iii), and
the parameters ca = 1 and ¢z = 3 of H then imply (iv). Considering (ii), (v) also follows. Finally, the
signed flags f* and f~ are nonadjacent by (i) and their common neighbours are ¢, ¢ € I'(00), so (vi)
follows by = 2. Let f = (p, ) be an antiflag or a flag of F', i.e., f¢ € I'y(c0), where ¢ € {0, +, —}.
Suppose that there exists an antiflag or signed flag g° € T's(occ) (where 6 € {§, +, —}) that is not
adjacent to f° and has no common neighbours with it in I'y(co). Then T'(f¢,g°) = {p, £} C I'(c0)
and T'(p,£) = {oo, £, g°}. Since |I'(p,£)| = 3, we conclude f is a flag and g = f, § = —e. Therefore,
each antiflag is at distance at most 2 from every other vertex in I's(00), so the diameter of the latter
graph is 3 by (vi). O

LEMMA 2. Let g = (q,m) be an antiflag of F'.

(i) The graph induced on T'(g) N A is an induced subgraph of a hexagon.

(i) Let f = (p,£) be a flag of F such that 0 is adjacent to g for some 6 € {4+, —}. Then there is
a signed flag (r,n)° € B with ¢ = r or m = n for some € € {4+, —} that is adjacent to f* and
g.

(iii) Let f = (p,?) be an antiflag of I' such that g ~ f. Then p & m or q ¢ {.

(iv) Let e = (s,k) and f = (p,£) be flags of F such that e, f° and g are mutually adjacent for
some 0, € {+,—}. If s=gq, thenp &€ m. If k =m, then q & .

(v) Lete = (s,k) and €' = (s, k") be distinct flags of F, and let f = (p,£) and f' = (p/, V') be flags
or antiflags of F such that g, e, £ and g, € , £'° induce triangles for some 6,8 € {0,4, -}
ande,e' e {+,-}. Ifs=s'=qandl#m, ork=k =m andp # q, then p £ p' and L £ V'

ProOF. Consider the local graph I'(g) = H. It contains the nonadjacent vertices ¢ and m, whose
common neighbours oo and g are both outside I'(g). Therefore, ¢ and m are at distance 3 in I'(g).
Let D; be the set of vertices at distances i and j from ¢ and m in I'(g). Since the Heawood graph
has p3, = p3; = 3, we have |Di| = |D?| = |D3| = | D3| = 3, and these four sets cover all the vertices
of I'(g) except ¢ and m. By ¢a = 1, there are matchings between D% and D%, D% and D2, and
between D? and D3. by = 2 implies that each vertex from D2 or D3 has two neighbours in Dj or
Dg, respectively.

By Lemma 1(iv), the antiflag g is adjacent to six signed flags (g, n;)% € D3 and (r;,m)% € D?
for i = 1,2,3 with n; # n; and r; # r;j if i # j. Since, by Lemma 1(ii), the vertices in D3 U D?
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are all flags, it follows that I'(g) N A C D3 U D3. The graph induced on D3 U D3 is bipartite on 6
vertices of valency 2, i.e., a hexagon. This proves (i).

Let f be a flag of F' such that f0 ~ g for some § € {+, —}. Then we have f° € DiUD?UD2UD3,
so f9 must be adjacent to a vertex in D} U D? and (ii) follows.

Let f = (p,£) be a flag or antiflag such that f? is in D2 (resp. D3) for some ¢ € {(), +, —}. Then
there is a flag e = (s, k) such that s = g and e° € D] (resp. k = m and e° € D7) and €° is adjacent
to f° for some e € {4, —}. Each signed flag in D? (resp. D}) is nonadjacent to f°, and their pu = 2
common neighbours are g and another flag or antiflag of I'(g). Therefore, p # r; (resp. £ # n;) for
i=1,2,3,1i.e., p&m (resp. ¢ € {), so (iii) and (iv) follow.

Now let f/ = (p/,¢') be another flag or antiflag such that 9 is in D3 (resp. D3) for some
8" € {@,+,—}. Then f° and % are at distance 2 in I'(g), so their u = 2 common neighbours are
g and another flag or antiflag of I'(g). Therefore, p # p’ and ¢ # ¢/, which proves (v). O

LEMMA 3. Let f = (p,£) be a flag of F and 6 € {+,—}.

(i) The graph induced on T'(£9) N B is an induced subgraph of an octagon.
(ii) Let g = (¢,m), g’ = (¢,m') and h = (r,n) be three distinct antiflags adjacent to f° with
eitherp=q=¢q andm=mn, or{ =m=m' and q=r. Then h ~ g’.
(iii) Let g = (q¢,m) and g’ = (¢',m') be two distinct antiflags adjacent to f°, and e = (s,k) and
e’ = (s, k') be two flags with f°,g ~ € and f0,g" ~ e for some g,&' € {+,—}. If either
p=q=q¢,m=kandm' =K, orl=m=m',q=s5and ¢ =5, then s # s and k # k.

Proor. Let f = (p,£) be a flag of F, and consider the local graph I'(f?) = H. Tt contains the
adjacent vertices p and ¢, two antiflags (p, m), (p, m") adjacent to p, and two antiflags (q,¢), (¢, )
adjacent to £. Let D; be the set of vertices at distances i and j from p and ¢ in I'(f°). Then
D} = {(p,m), (p,m")}, D} = {(q,0),(¢,£)} and |D3| = |D3| = 4 by pl; = 4. These sets cover all
vertices of T'(f?). By by = 2 and ¢z = 1, each vertex in D3 or D3 has two neighbours in D3 or D3
and one neighbour in D} or D?, respectively.

Since the vertices in D3 U D? are all antiflags, it follows that I'(f°) N B C D2 U D3. The graph
induced on D% U Dg’ is bipartite on 8 vertices of valency 2, and since I'( f‘S) is square-free by co = 1,
it follows that it must be an octagon. This proves (i).

Let g, g’ be the two antiflags in D3 (resp. D?), and h an antiflag in f° corresponding to the
same line (resp. point) as g. Since g and h are nonadjacent by Lemma 1 and their g = 2 common
neighbours are f° and the common corresponding line (resp. point), it follows that they must be
at distance 3 in T'(f?). The vertices at distance 3 from g are in D? U D3 (resp. DY UD3). Asr #p
and n # ¢ by Lemma 1(iii), we have h ¢ D} U D?. Therefore, h must be adjacent to g’ and (ii)
follows

Let g, g’ be the two antiflags in Dl (resp. D?), and e° and e’® be two signed flags in D?
(resp. D3) adjacent to g and g’, respectively, with each adjacent pair corresponding to the same
point (resp. line). As T'(£9) is bipartite, e° and €’ ¢’ must be at even distance in the octagon induced
on D2 U D3. But as T'(f?) has girth 6 and c3 = 3, two vertices at distance 4 in this octagon must
have a common neighbour in D3 U D?. Therefore, e and e’ ¢ are at distance 2 in the octagon. They
are nonadjacent, with their ¢ = 2 common neighbours being f° and an antiflag or signed flag in
the octagon. It follows that e® and e’ ¢ cannot correspond to the same point or line, so (iii) holds.
O

LeMMA 4. The following hold.

(i) Let e = (p, ) and f = (q,m) be flags and g = (r,n) be an antiflag such that e ~ g ~ f° for
some d,e € {+,—}. Ifp=rorl=mn, andq=1r orm =n, then I'(e?)NT(f°)NT(g)NA = 0.
(i) Fach antiflag g € A has 3 neighbours in A and 9 neighbours in B.
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(i) Each signed flag f° € B has 6 neighbours in A and 6 neighbours in B, of which no two
correspond to the same point or line.

(iv) Let g = (r,n) and h = (s,k) be two adjacent antiflags. Then there are flags e = (p,f) with
p=rorl=nand f = (q,m) with g =s or m = k such that g and h are adjacent to both
e and fO for some 6, € {+,—}.

PrROOF. Let e = (p,£) and f = (¢, m) be flags and g = (r,n) be an antiflag such that e ~ g ~ f9
for some 8,6 € {+,—}. If p = ¢ = r (resp. £ = m = n), the common neighbours of e and f°
are p (resp. ¢) and g — in particular, no antiflag adjacent to g is among them. If p = r # ¢ and
m =n # {, then e and f° are at odd distance in I'(g), so they do not share a common neighbour
with g. This proves (i).

Consider two distinct signed flags (p, £)° and (p, m). By Lemma, 1(i), they are nonadjacent and
their = 2 common neighbours are p and an antiflag corresponding to p (or £if £ = m and § = —¢).
Therefore, a signed flag can be adjacent to at most one signed flag corresponding to a chosen point
(and by a similar argument, a chosen line), i.e., a signed flag can have at most 6 neighbours in B
and therefore at least 6 neighbours in A. Thus, there are at least 42 - 6 = 252 edges between A and
B.

Now consider the local graph T'(f°). By Lemma 3(i), the at most 6 adjacent signed flags of
f° are on an octagon, and by Lemma 1(i), they are not adjacent to ¢ and m, which are also in
the local graph. The remaining vertices must then be antiflags. Consider only the four of them
that are adjacent to ¢ or m. There are at least 2 antiflags in I'(f°) adjacent to one of them. By
Lemma 1(iv) and picking all possibilities for f°, each antiflag occurs six times in this position (for
signed flags corresponding to the same point or line), and in each local graph I'(F?) it has distinct
adjacent antiflags by (i). Therefore, there are at least 42-2 = 84 ordered pairs of adjacent antiflags,
so the average valency on the graph induced on A is at least 84/28 = 3. Thus, there are at most
28 - (12 — 3) = 252 edges between A and B.

We have thus established that there are precisely 252 edges between A and B, i.e., on average,
an antiflag g € A has 3 neighbours in A and 9 neighbours in B, while each signed flag f° € B has
precisely 6 neighbours in each of A and B — this proves (iii). Consider the quotient matrix M of
the partition of the vertices of I into {oo}, I'(c0), A and B

14

O O = O
D W kO
D © O O

3
2
2

with average valencies between parts as entries. Its spectrum is 14! 4! —32, which interlaces the
spectrum of T" tightly. The aforementioned partition is therefore equitable (see [4]). Hence, (ii) holds.

Let g = (r,n) be an antiflag. The above argument shows that each edge between g and another
antiflag lies in the local graph I'(e®) for precisely one choice of e = (p,¥) with p = r or £ = n, and
e € {+,—}. Let h = (s, k) be an antiflag that is adjacent to g and one of the aforementioned signed
flags e®. By applying the same argument to h, we see that there is precisely one flag f = (¢,m)
with ¢ = s or m = k such that f° is adjacent to both g and h for some § € {4, —}. This proves
(iv). O

We are now ready to prove the main result.

THEOREM 1. No strongly regular graph is locally Heawood.

PrROOF. We have k = 14 and A\ = 3, therefore | k(k — 1 — X) = 140 and hence p € {2,4,5,7,10},
ie., n € {85,50,43,35,29}. By examining the tables by Brouwer [2], we see that only the first
possibility is feasible. We therefore continue with the labels introduced above.
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Consider an antiflag g = (p,¢) and a point ¢ # p such that ¢ & ¢ (resp. a line m # ¢ such
that p € m). They are not adjacent, and no point or line or co is among their common neighbours,
which must then be two antiflags or signed flags corresponding to the point ¢ (resp. line m). Since
these are not adjacent to p or ¢ and they are distinct for the 3 possible choices of ¢ (resp. m), it
antiflags and three signed flags, each one of which corresponds to one choice of ¢ and one choice
of m. Therefore, any antiflag (¢, m) adjacent to g must have p ¢ m and ¢ € ¢, and there are three
such neighbours (actually, all three antiflags satisfying the condition), so the graph induced on the
antiflags is the Coxeter graph with intersection array {3,2,2,1;1,1,1,2}.

Since the Coxeter graph is triangle-free, the three common neighbours of two adjacent antiflags
g = (p,¢) and h = (¢,m) are all signed flags: by Lemma 4(iv), one corresponding to p or ¢ and
one corresponding to g or m, and by Lemma, 4(i), another signed flag f° for f = (r,n), r # p,q,
n # £, m and some 6 € {+, —}. In the local graph T'(f?), the antiflags g and h are not adjacent to
r or m, so they are adjacent to an antiflag g’ = (r,¢') and an antiflag h’ = (¢/,n), thus forming a
path g’ ~g~h ~ h’ or g’ ~ h ~ g ~ h’. Since there are 28-3/2 = 42 edges in the Coxeter graph,
it follows that such a path of four antiflags occurs in the local graphs at each of the |B| = 42 signed
flags.

Consider a signed flag f° for f = (r,n) and some § € {+,—}, and a line ¢ such that r ¢ ¢’
(resp. a point ¢’ such that ¢’ € n). They are not adjacent, and by Lemma 4(iii), precisely one of
their two common neighbours is a signed flag corresponding to ¢’ (resp. ¢’), so the second common
neighbour is an antiflag g’, also corresponding to ¢’ (resp. h’ corresponding to ¢'). For a fixed choice
of £2, Lemma 1(iii) implies that the antiflag g’ is (r,¢') (resp. h’ = (¢’,n)) for precisely two of the
four possible choices of ¢’ (resp. ¢'). Therefore, the two antiflags g = (p,¢) and h = (¢, m) adjacent
to fO with r # p,q, n # ¢,m have r € ¢,m and p,q & n. By the above argument, g and h are
adjacent, so p € m and g € £ also holds. As p, q, £, m cover all points and lines of the Fano plane F',
we are forced to conclude that r and n are not on the plane F, contradiction. Thus, the statement
follows. O
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AnBOTan s

970 0030p PE3yJBTATOB MO METPUYECKONW TeOpwuu INOMAHTOBBIX TPUOJMKEHUN HA MHOTO-
00pa3usx B N-MEPHOM E€BKJIMIOBOM IIPOCTPAHCTBE, B JOKA3ATEIHCTBE KOTOPHIX HCIOJIB3YIOCT
TPUTOHOMETPUYECKHE CYMMBI.

Mb1 npuBOuM KaK KJIACCHYECKHE TEOPEMBbI, TAK U COBPEMEHHBIE Pe3yJIbTAThl JIjIs MHOI000-
pasmii T', dim T' = m, n/2 < m < n. Mbl TakKe MOKa3bIBaeM, KaK MPOMCXOIUT MEPEXOT], OT
3aa9u 0 AuO(AHTOBBIX TPUOINKEHUIX K OIEHKE TPUTOHOMETPUIECKOW CyMMBbI UJIH TPUTOHO-
METPUYECKOr0 WHTErpPaJia, ¥ MPUBOAUM HEOOXOAMMbIE COOOPAXKEHUST TEOPUU MEDPHI.

Eciu m < n/2, To 06bI9HO MCHOIB3YIOT Apyrue MeToubl. Hanpumep, MeTol CyIecTBeHHbIX
Y HECYIIECTBEHHbIX 00JiacTell niim MeTO/Ibl IPIOAUIECKON TEOPHH.

3mech maHbl ABe (DyHIAMEHTAIbHBIE TEOPEMBI paccMaTpuBaemoit Teopuu. OmHY W3 HUX B
1977 r. noxkazan B. I. Copunmxkyxk. Ipyryio teopemy B 1998 r. momyumam 1. U. Kneitnbok
u . A. Maprynuc. IlepBas Teopema ObLIa JIOKa3aHa METOIOM TMPUZOHOMEMPUYECKULT CYMM.
Bropast reopema — memodamu ap2oduneckoti meopuu. s ee T0KAa3aTEIbCTBA ABTOPAME ObLIA
HafiZieHa CBA3b MEXK/y AuO(DaHTOBBIMYU IPUOIMKEHNSA U OTHOPOIHBIMYU [TUHAMUIECKUMU CUCTE-
MaMH.

B 3akiroduennn KpaTko YIOMUHAEM O TEHICHIMAX PA3BUTHUS METPUYECKON Teopuu auodaH-
TOBBIX MPUOJINKEHNI 3aBUCUMBIX BEJINYWH, A€M CCHLIIKYM HA, €€ COBPEMEHHBIE ACIEKTHI.

Knouesvie crosa: nuodanToBbl IPUOINKEHN, METPpUIECKasd Teopus, auddepeHupyembie
MHOT000pa3usi, TPUTOHOMEeTpHYIeckne cyMMbl, Meto Ban aep Kopmyra, MeTos Tpuronomerpn-
geckux cymm VM. M. Bunorpazosa.
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Abstract

It is a survey with respect to using trigonometric sums in the metric theory of Diophantine
approximation on the manifolds in n-dimensional Euclidean space.

We represent both classical results and contemporary theorems for I', dim I' = m,
n/2 < m < n. We also discuss reduction of a problem about Diophantine approximation to
trigonometric sum or trigonometric integral, and indicate measure-theoretic considerations.

If m < mn/2 then usually it is used the other methods. For example, the essential and
inessential domains method or methods of Ergodic Theory.

Here we cite two fundamental theorems of this theory. One of them was obtained by
V. G. Sprindzuk (1977). The other theorem was proved by D. Y. Kleinbock and G. A. Margulis
(1998). The first result was obtained using method of trigonometric sums. The second theorem
was proved using methods of Ergodic Theory. Here the authors applied new technique which
linked Diophantine approximation and homogeneous dynamics.

In conclusion, we add a short comment concerning the tendencies of a development of the
metric theory of Diophantine approximation of dependent quantities and its contemporary
aspects.

Keywords: Diophantine approximation, metric theory, differentiable manifolds, trigonometric
sums, Van der Corput’s method, I. M. Vinogradov’s method of trigonometric sums.
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1. BBenenue

Ora pabora pacmupser u gonoasser [7], [8]. Mbl nupuBojuM Kak KJIacCHUECKHe TeOpeMbl, Tak
M COBPEMEHHDIE Pe3YIbTATHI TI0 METPUUIECKOH Teopun JHO(PAHTOBLIX TPUOIMKEHNN Ha MHOTOOOpa-
3UAX.

B reopun juodanroBbix upubinKenuii BblAe 0T Tpu 104x04a [14]. Oqun ux Hux, 2406646110,
n3ydaeT oOIIre 3aKOHBI AINMTPOKCUMAIIIN, CIIPABEJJINBbIE JIJIST BCEX YMCEJ ONPEJIETeHHBIX KJIaCCOB.
Bropoit, undusudyasvhsiti nodrod, mMeeT JeI0 ¢ ampOKCAMAITMOHHBIMA CBOWCTBAMHU CHIENUATHHBIX
uncesn. Hampumep, e, m, In2, /2 u 1. 1. Tpernit, mempuyeckui nodrod, 3aHIMAET TPOMEKYTOTHOE
TOJIOKEHWE MEeXKIY JBYMsI HA3BAHHBLIME W TpeOyeT I OMHCAHUS ANTPOKCHMAITMOHHBIX CBONHCTB
quces IPUMEHeHHsI TOHATHI meopuu mepos [14].

Hamomuawmm, a0 MmeTpuyeckass Teopus AuodaHTOBBIX TPUOINKEHUN HA MHOTO0O0PA3WAX HATAIA
dbopMHUpOBATECA BO 2-if TIOJIOBHHE IIPOILIOTO CTOJIETH Iociae nogsienus pabor M. I1. Ky6umo-
ca [10], [11], Jx. B. C. Kaccenca (1951) (em. [3] v 7, c. 161; 197), B. M. Ilmuxra (28], [29] u
B. I'. Copunmkyka (1964 r., cm. [12]). DTa Teopus 6blia cBA3aHa ¢ PEIIEHIEM 33/1ad, MOTHUBUPOBAH-
Hbix kiaccudukanusamu K. Manepa (1932 r.) u x. Kokembr (1939 1.) TpaHCUEH/IEHTHBIX quCedL.
Tounee, ¢ ompenenennem Mephl Jlebera muokecTB "naoxo"n "xropowo" annpoxcumupyemvixr wucen
panroHanbHEIME JApobsMu. C TeX Top MHOTHE aBTOPBI BHECTW OGOJBINON BKIAJ B UCCJIETOBAHUE
1m0 a0 aHTOBBIM TPUOIMKEHNSIM Ha MHOT000Pa3naX, YCTAHOBUB WX apu(PMETHIECKUE W TeOMEeT-
pudeckne croiicTBa. B wacTHOCTH, mist Hosiee TOMHOTO OMMCAHUST MEPHI YKA3aHHBIX TOYEK OLLIA
HCIOJIb30BaHa pasMepHOCTh Xaycaopda [2], [17]-[23].



Tpuronomerpuwyaeckne CyMMbl B METPUUIECKOHN Teopuu AuOMAHTOBLIX TPUOINKEHU 209

K nacrosimemy Bpemenu chopMUPOBAIOCH HECKOJBKO METOJOB JIIs UCCAe0BaHust Tu0ohaHTO-
BBIX IpubJIMKeHuit Ha MHOrooOpasusax: (1) memod mpuzonomempuueckus cymm, UCTIOTB3Y FOTITHI
MeTO/Bl MaTeMarndeckoro ananusa (1], [2] (. 3, § 2), [4]-[8], [10], [11], [16], [21]-[23], [26], [28],
[29]; (2) memod cywecmeennux u necywecmeennuxr obaacmet B. CupuHmKyka, OCHOBAHHBIH Ha
CTIENMANBHBIX CBOMCTBAX IEJIOUMCICHHBIX MHOrOWIeHoB, (2], [9], [12], [13], [17]-[23]; (3) memodu
apeoduueckol meopuu [20], [24], [25].

1t IOTHOTHI M3I0KeHust oT™MeTnM Takxke mybaukarwm [30], [31] u mpuioKeHust METPUIECKOT
Teopun O aHTOBBIX TPUOJIMIKEHNH K 3ajadam MaremMarndeckoii dusnkn [24] (u3ydenne siBieHust
DE30HAHCA) U K 3a]a9aM TeOpUr KoMMyHuKanmii [15] (perysmmposka nomMex mpu mepeiade CUrHAJIOB).

2. OcHoBHag 3ajia4a

IIycts Y1, .., Y € R, mwmyers w(71, . . ., Yp) 00603HATAECT TOUHYIO BEPXHIOK TDaHb TakuX w > 0,
JIJIS KOTOPBIX HEPABEHCTBO

i1 + -+ manll <@, a= max |a;| #0, (2.1)
1<i<n
rae ||z|| — paccrosirme or x € R g0 Gamkaiiniero mesoro, uMeer 6eCKOHEYHO MHOTO perleHuil B

HAbOpaX TMETBIX Iuces (A, ..., ay,).
W3 "onpunamuma smwkos" dupuxse ciemyer, 94To

w5 ) 2 N

B 1926 r. A. d. Xunuun nokazan, aro w(yy, ..., Yn) = N g noaru Beex (Y1, ... ,7vn) € R™. 3uech
u jajiee Mbl IMeeM B BUAY Mmepy Jlebeza.
Bmecro HepasencTBa (2.1) MOXKHO pacCMaTpUBATH CHCTEMY HEPABEHCTB

max ([[yiql],-- -, [|mal]) <q¢™% v>0, qeZ\{0}. (2.2)

[Iycts v(v1,...,7n) 0003HAYAET TOUHYIO BEPXHIOK TpaHb Takux v > 0, /g KOTOPBIX CHCTEMA,
HepaBeHCTB (2.2) mmeer GECKOHEYHO MHOrO pemeHuil B neabix unciaax ¢ > 0. B srom ciayuae us
"mpuniuna aiukos" Jlupuxiie mosiyuuM HEPABEHCTBO

U('Yl,- . 7771) > l/n

Baech HKHsIs Tparna Takxke goctrknma (A, Xunann, 1925 r.) mus mouru seex (Y1, . ..,7,) € R™.
B cuny "mpunnuna meperoca XuHUYHHA CYIIECTBYIOT ONPEJEJTEHHBIE COOTHOIIEHUST MEXKY BEIU-
quHaMH W(Y1, ..oy Vo) ¥ O(Y1, .-, Tn) [14] c. 65. B wacTtHOCTH, paBeHcTBA

WYL,y Y) =0y, V(Y1) = 1/n (2.3)
IKEUBAACHIMHDL.

Onpenenenne 1. Bydem naswsamv wucaa Yi, ...,V "maoxo’ annpoxcumupyemvimu, ecau 0aa
HUT GWNOAHAIOMCA Hepasercmea (2.3).

3ech MBI UMEEM B BUY, 9TO OHM "TIJI0X0" AMMPOKCHUMUPYIOTCA PAIMOHAJBHBIMU JPODAMU C
OJIHUM U TEM K€ 3HAMEHATEeIEM, TaK KaK JJIsl HUX CHCTeMa HEPABEHCTB (2.2) MMeeT TOTHKO KOHETHOe
YUC/I0 pemenuii B nesbix uucaax ¢ > 0 gusg v > 1/n.

OcHoBHag 3aj1a4a COCTOUT B CJEAYIONIEM: dumo onucanue mrozoobpasud I' in R™, dim I' < n,
NOYMU 6Ce MOYKU KOMopux (6 cmoicae mepvl 1a L) AGAANOMCA CUCTIEMAMU NAOTO ANNPOKCUMUDY-
EMBLT HUCEN.

Onpenenenne 2. Muozobpasue I', ydosaemeoparousee smomy Ycaosuio, HaA3BGAETNCA IKCTPE-
masvhom (cormacuo [14] c. 137).

OrMmeTnuM, 9TO paHbIlle BeexX ObLIM HalIeHBl 3KCTpeMajibHble MHOroobpazus [ pasmeprocTH
dim I" =1 & [10]-{12], [29].
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3. HexoTopbie pe3ybTaThl

CdopmMynupyem 1ecTs TeOpeM, B JOKA3ATETbCTAX KOTOPBIX IPUMEHAETCA MeMmod MmpPuzoHOMem-
puneckur cymm. Boaee nosnyto nndopmanuio moxxuo Haiitu B [2], [13]-[14], [22], [23]. Muorobpaszue
I' B 9THX TeopeMax MMeeT 60AbW Y10 PA3MEPHOCT, T. €.

n/2 <dimI <n.

Tax kak dim I' < n, To Mmexx iy Toukamu Ha [' cymecTBytoT dpyHKIMOHANBbHBIE CBsA3u. Tak Bo3HU-
KaeT MeTPUYECKash TeOpHs AUOMAHTOBBIX MPUOJIMIKEHNN 3a6UCUMBIT 6€AU4UH, KOTOPAs UCCIETyeT
MHOTO0Opa3us Ha IKCMPEMANLHOCTD.

Yrob6bl yIpocTuTh (hOPMYIMPOBKY Pe3yabTaToB, GyiaeM mpeamnoaarats ([14], c. 66), aro I' omnpe-
nenerno B R dim I = m,

F:(t17"')tmafl)"'afn) (31)
e ti,...,t, — HE3aBUCHMBIE ITEpEMEHHBIE B HeKOTOPOit obmactu ) C R™, fi, ..., f, — Hempepsis-
Hble GyHKIWUA OT (f1,...,ty) C . DTo MpeanosoKeHne He ABIIeTCS KAKUM-JII00 OrpaHUICHUEM,

TaK KdaK Ha F BCerga MOXKHO BbI6paTb JIOKAJIBHBIC KOODAWHATHI TaK, qTO6bI TNOJIy9UTh IIpeJcTaB/JI€HNEe
I' B Buge (3.1). Hanee, ecau Oymer ycranoBiaeHa "moKagbHasg" 9KCTPEMAIbHOCTH [, TO, 09€BHIHO,
MOJIyIuM # ero "TobanbHyto" 9KCTPEeMaTbLHOCTD.

Korma Mb1 gesaeM mepexon OT He3a8UCUMbLE BETUIUH K 346UCUMBIM BETUINHAM, TO TIEPBOHA-
JabHO uccaenyercs caydait "ciaboit" zapucumoctu. VTak, paccMOTPUM TOTIOJIOTUIECKOE TTPOU3BE-
JTeHe

=T x--xTpy, (3.2)

e m — JdoCcmamouHo 6eAUKO TI0 CPABHEHWIO C PA3MEPHOCTAME KOMIOHEHT L.

DKCTPEMAJIBHOCTE CJIEYIONNX JABYX MHOrooOpaszuii I' obyciosieHa apupmemuneckumu cBO-
crBamu. 3gech umeem dim I'; = 1 (1 < ¢ < m). B mokasarenscrBax COOTBETCTBYOIMIUX TEOPEM
UCIIOJTB3YETCS MEMOd OUerKy mpuzonomempuieckur cymm U. M. Bunozpadosa.

Teopema 3.1 (|26]). [Tycmw k1, ... km € N, K = max(ki, ..., kp), K > 1, k =min(ky, ..., kn).
IIpednonosicum, 4mo JeticmeUmMENvHBIE YUCAG N1, . . ., Ay, MAKOEDL, YMO NEPAGEHCTNEO

IA\1a1 + - + Amam|| < (@) ---a, )", a; = |ai| + 1,

npu nexomopom durcuposarmom v, 0 < v < (ki + -+ + kp)m ™2, umeem moavko KoHeunoe “ucao
peueHuti 8 UCABLT YUCAAT G1, . . . , Ay . 1020a npoussedenue MH02006pa3Uli

Fi == ()\i,)\il‘,)\ixz,...,)\i:ﬂki) (Z = 1,...7m) (33)
Owempemarvro, ecau 1) m =2, K=1,u2)m> K%k 'InK, K > 2.
B caepyromeii Teopeme MmaOT006pasne 3a1aeTcCa K6aIPAMUNHHLMU MHOTOUITCHAM.
Teopema 3.2 ([5]). Jas arobozo dannozo 6 > 0, nepasencmeo

IT ltall TT litatjall <q'° (3.4)

1<i<m I<iysm

UMEETN, MOABKO KOHEYHOE YUCAO PEWeHUTl 6 yeans wucaax q > 0 das nowmu ecex (t1,. .., ty) € R™.

DKCTPEMAJIBHOCTE CJAEAYIONIEr0 MHOr000pasus 06yCa0BIeHa ONPEIeIEHHBIMU CBOCTBaMHU nd-
depennmpyembix dyuxmumit. Iycrs I; (1 = 1,...,m) — unrepsans B R. Iycts ki, ..., ky, onpeje-
Jienbl Kak B Teopeme 3.1. IlycTn

fi@) (G =1,... ki)
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— (k; 4+ 1)-paz nenpepwsno duddpepenyupyemoie neiicreurenbabe (GyHKIuM Ha uATEpBaNTax I, n

GPOHCKUAHbL
/

W(feee o ) 20 (i=1,...,m) (3.5)

nouru Berogy Ha I;. Paccmorpum muoroo6pasue (3.2), rae

3/1ech KazK 1ast KOMIIOHEHTA ABJIETCH 00HoMePHbLM MHOTOOOpasueM obriero tumna. B 1] 6puto Haiie-
HO IIPOCTOE YCJIOBHE, CBI3BIBAIOIIEE BEIUINHBI M, K1, . . . , ky, U TAPAHTHAPYIOIIEE SKCTPEMAJIBHOCTD [

Teopema 3.3 ([1]). Mnoeoobpasue I', onpedeaennoe 6 (3.2), (3.5), (3.6) axcmpemanvro, ecau

K2<1+ki4 -+ kp.

B nokazarenbcree Teopem 3.2 u 3.3 ucnosibdyerca memod Ban dep Kopnyma nis oneHKM Tpu-
TOHOMETPUIEeCKUX cyMM. OTMETHM, UTO TPUBEIEHHBIE TEOPEMBI SIBJIAIOTCS mpuMepamu "raagaknx"
(mudbdepenupyemMpIx) SKCTPEMATBHBIX MHOTOO0ODA3HIL.

Teneps mpuBegem oaun n3 GYHIAMEHTAIBHBIX PE3YIBTATOB METPUIECKON Teoprun Ir0(haHTOBBIX
npubsKeHnit Ha MHOT000pa3usix, J0OKA3aHHBI METOJIOM TPUTOHOMETPUIECKUX CYMM.

Teopema 3.4 ([14] c. 78). ITyecmv m,n € N, 1 < n < m. ITycmo Q — obaacmo 6 R™, u nycmo
fi=filti,...,tm) (1 <j < n) — deticmeumenvuvie Pynxyuu, onpedeaennvie 6 ), ydosaemesops-
0ULUE YCAOBUAM:

a) wacmuwve npoussodnvie 9% f;/0t;0t) nenpepwenn ¢ Q (1< j<n), (1 <ik<m);

6) onpedeaumentv (axobuan)

det(82fj/8ti8tk)j,k:1,2w7n #0 noumu eciody e ,
B) 410004 AUHETHAA KOMOUHAGUUA
h(ty) = c1(0° f1/0t10t) + - - - + cn (0% fn ) Ot10t)

C UEABLMU KOIPPUUUEHRMAMU C1, . .., Cn, DGCCMAMPUBTEMAA Ka% YHKUUA 00HOT nepemennots ty
(1 < k < n) npu PukcuUPOBAHHBIT OCTNANDHYE NEPEMEHNBIT, MAKOBA, MO 410601 UHMEPEaL, 2de 0N
onpedenera, MONCHO PA3OUMD HA 02PAHUNEHHOE, HE 3ABUCAUEE OM C1, . . . , Cp HUCAO NOJBIHMEPBANOG,
na Komopwuix h(ty) monomonna.

Tozda T, onpedeasemoe no (3.1), sxempemanvro.

B sroii Teopeme 3KCTpeMasybHOCTL [ 06ycaoBIeHa OOIMIUMI GHAAUMUSECKUMY TPEIIOCHLIKA-
Mu. YCI0BUE B), HMEKONIEE JJINHHYTO0 (DOPMYTUPOBKY, IPOCTO 110 COMEPKAHUIO W BBIOIHAETCS JIJIsi
"cramnaprueix" dyuxnuii ([14] c. 78). Ecan xe f; — anaaumuveckue byHKIUM, TO yCJIOBHE B) BCe-
IJIa BBITOJHACTCS, B €0 MOXKHO MCKJIIOUNTD u3 GopMyMpoBKr. HEeKoTopbIe JeTann 0Ka3aTe/bCTBa
9TON TeopeMbl Oy IyT HpuBeeHbl B §§4 — 7 HacTOsIIedl paboThl.

Creayromas Teopema sIBJISIeTCsl BYMEPHbIM aHaaorom pedysbrarta [TImugra [29).

Teopema 3.5 ([6]). IIycmv noseprrocms I' C R sadana ypasnenuem z = f(x,vy), 20e dynxyua f
—mpuoicou nenpepviero duddepenvyupyema s R2. IMycmv obwaa (2ayccosa) Kpueusna noseprrocmu,
I' omauwna om nyas nowmu eciody 6 R?. Tozda T' axcmpemanva.

okazaTeabcTBO 9TOi TeOpeMbl OCHOBBIBaeTC Ha Teopeme 3.4 (n = 1,m = 2).

Crenyromast Teopema, sBISETCS HOBBIM PE3yJbTATOM B TEOPHUH SKCTPEMATHHBIX HEMpPephIBHO
b bepeHImpyeMbIx m-MepHbIX MHOT00Opasuii I' = (f1(Z), ..., fv(Z)),z € E™ =[0,1)x---x[0,1)
B RY (1<m < N).
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Ilycts h > 1 — nenoe gucao, mh > N. Paccmorpum npeobpasoBanue
@; E™ 5 RN
OIpeaeasIeMoe YpaBHEeHUIMK

Marpuna Sro6u sroro npeobpazosauus (T1,...,ZTn) — (p1(T), ..., pN(T)) umeer Busm
8501 . 8Lp1
O0z11 T hm
J((pl,_’gph) — | .o
Opn .. Opn
or1y OThm

Teopema 3.6 ([16]). Ecau das nexomopozo wucaa h, onpedeaentozo eviwe, akobuar
J(p1,. .., Qn) umeem munumarvrodl panz nowmu sctody ¢ E™, mo mmnozoobpasue I sxcmpemanvro.

B nokazarenncrBe TEOpEMBbI MCIOJIBL3YETCS TEOPHUS 3HAKOMEPEMEHHBIX WHTErPAIOB u (hOPMYIa
Ilapcesana.

4. PanmoHaJibHbIE TOYKH BOJIM3U IVIAAKNX MHOroobpasmii

Pacemorpum muoroobpasue I', ompenenentoe B (3.1), TOUKE KOTOPOTO YIOBJIETBOPSIIOT HEPa-
BeHCTBY (2.2), e n 3amenstercs Ha m + n. TTokaxkem, 9T0 JOKA3ATENHCTBO SKCTPEMATBLHOCTH [
MPUBOJIUTCA K OTBICKAHUIO OIEHKU CBEPXY LISl UUC/IA PAYUOHAADHHLT MOYEK, UMEIOIUX OIUH U TOT
JKe 3HaMeHaTenb ¢ u Haxomdmmxcs BOam3u 1. Umea Takoro npusemenusa npunaiexxut Kaccency
(1950) (cm. [3] 1. 7).

AcuMnToTHYecKas OIEHKa YHUCIA 3TUX TOUYEK MPU ¢ — 00 J0JKHA OBITH "HeysrydImaeMoii T. e.
HMeTh HOPSIOK HCTHHHOTO YHCIa Taknx Todek ([14] c. 82-83). DToro MOXKHO JOCTUTH IPH OIpeie-
JIGHHBIX Oorpanndenugx vHa [', kak B Teopemax 3.1-3.6.

IIycrs E™ = [0,1) X -+ x [0,1) 8 R™, u nycts fi,..., fr, — #peficrBurenbubie dyHKIOU OT
t1,...,tm, oupeaenentbie B E™ ¢ HENPEPBIBHBIMU TPOU3BOIHBIMHI
0% f
g =1,2,...,m).
oo, (B )
Paccmorpum cucremy muodhaHTOBBIX HEPABEHCTE
max(|[trgll,. .., [[tmall; [ frgll, - - [ fnall) <™ (4.1)

171t Touek MHOToOOpasmus I'. 13 (4.1) ciaemyer, aro
ti —ai/gl < ¢ (1
fi—bi/al <a™ 7" (1
I[P HEKOTOPBIX LEJBIX YHCIAX a;, bj. OTcrona Haxomum
filtn, o ootm) = filar/a, . am/q) + Olg™ '),

llafi(ai/q,...,am/Q)|| < ¢ (1 =1,2,...,n), (4.2)
e 0 < a; < g, Tak Kak nepemenHble t; mpuHaiexkar E™. 3anuce X < Y skpuBajeTHa 0H603HA-
gennto X = O(Y'). Takum o6pasom, Mbl BUAMUM, YTO [IPU 33JaHHOM ¢ Mepa MHOXKECTBA TeX TOYEK
(t1,...,tm) € E™, mst KoTOpBIX BBIOTHSIETCS (4.1), OIleHNBAETCS BETUTHHOLN

< ¢ ™HIN,(g),

rae Ny(q)— 9ucmo permenwnii B MEabIX IUCTAX A1, - - . , Gm, 0 < a; < ¢, cucTeMbl HepaBercTs (4.2).

<i<m),
<j<n)
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5. Penykimmsa K TpUTOHOMETPUYIECKOI CyMMe WJIN TPUTOHOMETpUIe-
CKOMY MHTErpaJLy

Crenyromast JieMMa TO3BOJISIET TOJYUIUTh OIMEHKY CBEPXY JJId YUCIA PEIeHWH CUCTeMBl THO-
dhaHTOBBIX HEPABEHCTB, He TIpuderad K pasaokenuio B psaabl Oypbe xapakTepucTudecknx pyHKImit
COOTBETCTBYIOIMUX MHTEpBaoB. QHA JlaeT BO3MOXKHOCTH Cpa3y paboTaTb ¢ KOHEUYHBIMU CYyMMaMU
BMeCTO beckorednbix psjos. . Ky6Gmroc [11] 6BL1 1EPBBIM, KTO IPUMEHUJI 9TH KOHCTPYKTHBHBIE
COOOPaAKEHNSI.

Jlemma 5.1 ([14] c. 81). Ilycmov n,q,Q — namypaavhvie wucaa, gij,r; > 0 — deticmeumenvvie
yucas (1 <i<n, 1 <j<Q). ITycmov N(q,Q) — “ucio maxux wuces j, 0ia KOMOPHIT 6EAUHUNDL

G1j»- -+ Gnj 00HOEPEMENHO YIOBACTNEOPAIOM HEPAGEHCTIEAM
gl < g™, llgnsll < ¢ (5.1)
Tozda
V@ €q Y e 3 |Senemon),
|Cl‘<qu ‘Cn|<q7‘n :

2der =114+ T U CuMBon K CKPHIBALM BEAUNUHY, 3ABUCUCAULYI MOALKO OM N.
Dra jeMMa NPUMEHseTcd IpH JoKasarenbcrsax TeopeM 3.1, 3.4 u 3.5.

Crenyrorast ieMma T03BOJISIET CPa3y ONEHUBATH MEpPy TOUEK (t1,...,tn,) € E™, misa KOTOphIxX
BBHITIOJTHSIETCsT, HampuMep, (3.4), 6e3 mepexoa K TPOMEXKyTOYHBIM HepaBeHcTBaM Tuma (4.2). D10
WCTIOTB3YeTCd B J0Ka3aTeabcTBe TeopeM 3.2, 3.3, 3.5 u 3.6.

Jlemma 5.2 ([14] c. 99-100). Jua sadarwnor namypesvhor wucea m,n u Q nycmo f;(T) —
deticmeumenvhsie usmepumovie Gynryuu, onpedeaennve 6 E™ (1 < j < n), u nyemo r; > 0 xax 6
aemme 5.1. Obosnawum wepes [1(q) mepy mmoocecmea mex mouex T € E™ daa Komopwx 6vinoa-
HACTNCA CUCTNEMA HEPABEHCTNG

max[|f;@I <¢™ (<5 <n).

Tozda
M << q Z Z | 27ri(01f1+"'+cnfn) df|,

le1]<g™ len|<gq™

2der =114+ Ty U cumeon K CKPBBALM 8EAUNUHY, 346UCUCAWLYIO TNOADKO O N.

6. YnoporeHns, NCHOJJIb3YIOINe COOOparKeHns TeOpUuu MePbI

B. HImuar [29] 6611 nepebiM, KTO npeyioKus Takue ynpoienusi. OHu 110 pOOGHO M3JI0KEHbI B
[14] c. 85-87. MsI mokazkeM ux mpuMeHeHue Ha mpumepe teopeMbl 3.3. CoryacHo yeaoBusiM (3.5)
/ /
9TOI TEOPEMBI MOKHO CUHUTATH, 4TO 8ponckuarot W (f;1, ..., fir.) YAOBIETBOPHIOT HEPABEHCTBAM
T

0<a<W(fi- o fir,) <B (L<i<m)

C HEKOTOPBIMH YHCJIAMHE (v, 5 U 9TO OHH MOHOTOHHBI Ha COOTBETCTBYOIINX MHTEpBaiax I;.
HeficTeuresnbho, st 3agansoro 6 > 0 nycrs A;(0) — MHOXKeCTBO Takux To4dek x € I;, s
/ / / /
kotopeix |W(fi1,..., fip. )] > 0. Tax xax W(f;,..., f;x.) — HempepsiBHasg yHKnusda, o A;(0) —
K2 K2

OTKPBITOC MHOXKECTBO, T. €.
00
k=1
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rae I;;(0) — mHTEpBa/bI M 3HAK CyMMBbI O3HAYAET O0bHEIMHEHNE HENEPecekarouurca MHOKECTB. 113
’ ’
roro, uro W(f;1,..., ;) # 0 mourn Bcrony mHa I; cienyer, uro |A;(0)] — |I;|, xorna 6 — 0.
7
[Tosromy, paccmarpuBas MHOKECTBO

AL(8) X X A (8) = Y Tigy (8) X -+ X I, (6),
k1, km

Bmecto I = I} X -+ X I, MBI CiejiaeM TIepexosl K MHOYXKECTBY, Mepd KOTOPOrO IIPHU JOCTATOYHO
MaJIOM O OYIET CKOoAb Y200HO MAAO OTIUYATBCA OT MEPb UCTO0H020 Muodcecmaea. ClaenoBarTeb-
HO, JIOCTATOYHO JI0Ka3arb SKcTpeMaabHocTh ' Ha unrepBanax Ik, (9),...,Ink,, (0). Ho Ha s1ux
/ / ! ’
unTepsanax pouckuansl W(f;, ..., fi,) yrosiaersopsior nepasencrsam |W(fiy, ..., fi)| > 0,
u Oyaydu HenpepbiBHbIMM (DYHKIMSIMUA, OHU OIPAHUYEHBI B JIIOOOM 3aMKHYTOM [OJbIMHTEPBAJIE.
Heckomhko ymeHbITIUMB JLIMHBI HATEPBAIOR, Lk, (6), ..., Ik, (0), MBI TIEDEiiIEM K 3QMEHYMbIM TH-
TepBajaM, Ha KOTOpuIX [W(f;1, ..., fip)] < A < oo. Kaxkaplii Taxkoit mHTEpBaJI MpeICTaBIIsSeT CO-
1
/

o ’
Goit 1e boaee uem CHemnyIo CUCTeMY NOJBIHTEPBaIOB, Ha KOTOPBIX W (fi1, ..., fir.) Monoronns [14]

/ / /
c. 86. Heiicrsurensro, dyukuun W (f;1,..., f;; ) HEIPEPHIBHBI 10 YCIOBUIO TEOPEMBI, i MHOXKe-
T
/ / ! !
crea {x @ W(fiy,-.o, fir,) > 0F, {z : W(f;1,.., fi,) < 0} OTKpbITHI M npejicTaBasior coboit ne
/ / /
GoJiee geM CUETHBIE CHCTEMBI MHTEPBATIOB, Tak 910 W (fiy, ..., f;r.) He boaee wem cuemmoe wucao
1
PA3 MEHACTN, 3HAK.

Taxkum obpazom, nosyuensl pazbuenust uaTepBasos Ik, (9), ..., Ik, (), B KOTOPBIX 0beciiedeHo
BBITIOJTHEHUE YCJIOBHH, YKA3aHHBIX B Hadase 3Toro maparpada. He mpuberas k HOBBIM 0603HATEHH-
M, OyJeM MOoJIararTh, 9YTO 9TU HOBbIE MHTEPBAIbI U eCTb I, ..., I,. Bosee Toro, moxem cumrarsn,
aro Iy, .-+ , I, — uHTEpBaJIBI e JUHUIHON MauHbl [14] c. 87.

Hasee, ciaeayer obpaTnTh BHUMAHUE HA Caeayiommii hakT: coryiacHo jemme Bopeas-Kanmeanru
[14, c. 10| daa mozo, wmobw doxasamv sxcmpemanvrnocms I, docmamouno yemanosums crodu-
Mocmy pada Zzil ¢ ™UHVIN,(q), 20e N,(q) onpedeneno 6 wonue §4, npu aobom v > 1/(m + n)
(cm. [14] c. 83). OueBumuHO, 3TOT iy CXOAUTCs, ecau pu v > 1/(m + n) cxogures psijy

oo
Y a " MIN(g), (6.1)
q=1
rae N(q) — wuucao perennii cucrembl HepaseHcts (4.2) npu v = vy = 1/(m + n), Tak Kak
Ny(q) < N(q). lonyuernne onenkn
N(q) < gmittvolite, (6.2)

rae € > 0 — Kak yrojHO MaJo0, JOCTATOYHO s obecnevenus cxomumoctu psaga (6.1) mpu mobom
v > V9.

7. HekoTopshie 3Tambl JoKa3aTesIbCTBA TeopeMbl 3.4

OcHoBbiBasich Ha §§4—06, 06CY UM T0KA3ATETLCTBO TeopeMbl 3.4. UTobBI OTIEHUTH YUCTIO PEIleHn i
HEPABEHCTB BO BTOPOIi crpoke dhopmyr (4.2), npumennm jgevmy 5.1. Torga nomyunm

N(q) < quio Z | Z e27rin(a/q) ’7 (71)

rae F(ti,...,tm) = c1f1 + -+ + cufn, BekTOpBI T € Z" ¢ ycnouem |¢| < ¢%°, Bekropwr a € Z™
UMEIOT KOOPJIUHATEL 1, . . . , Ay, YAOBJETBOPIONHE YCIOBUAM

0<a;<q (1<i<m). (7.2)
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Hanee, npumensiem caepytomue aprymentst [14] c. 84-85. Tlycrs g — nesioe 4uciao u3 uHTEp-

Bama [¢7")/2] < qo < 2[¢17)/2], rue [x#] — nenas wacts & € R. Pasmemmm mmozxkecto A(q)
BCEX 1EIBIX TO9EK @ = (a1, ..., dy,) C KOOPAMHATAMU, YAOBJAETBOPAOMUMY (7.2), HA TOJAMHOKECTBA
Asz(qo), monaras @ = qos + Go, Go = (@o1,---,00m), 0 < apgi < qo (1 <i<m), 5= (51,...,5m),

0< s <S=][gq"] (1 <i<m). Cobupaem B As(go) Bce BEKTODHI @ ¢ OTHEM T TeM ke 5. [lomyamy

_ m g B
fi(=) = fj(qos) + (1]2 gf](q%qs)am + O(q—l—vo)
i=1 "

q

< |

st @ € As(qo). CaeoBaresbHO, COOTBETCTBEHHO Pa3indHbIM MHOXKecTBaM Ag(qg) cucrema Hepa-
BEHCTB BO BTODO# cTpoke dhopmysnl (4.2) pacnagaercs Ha < S™ cucreMm Buja

llaos + 3 Bijanill < q ™ (i =1,....n), (7.3)
i=1
TIe _ 9 _
qos qos
Qoj = ij(7)7 Bij = %fj(Y)

uag €7Z,0<ay < qo (lézém)
Yrobe! onennts Ny — uucio perennii cucremst (7.3), npuvenny gemmy 5.1. Tloayanm

Ny < g™ Z | Z 2™ 5= ¢ (05 + 3%, Bigeoi)} |
¢ a

e ¢ € 2", o] < ¢, mag € Z™, 0 < ap; < qo (1 < i< m). danee, cymmupys 110 Gg, HAXOIAUM

No < g ™y ][ min(qo, ||IL:(@)]| ), (7.4)

c 1=1

e

s 0 5. .
Lz(é):Z/B’L]C]7 62]267]0](%) (1217“'7m7 .]:]-7'”7”)7
=1 i

rr(l%xlcj\ <q" (j=1,...,n).
j

Jlaee s ONEHWBAHWS COOTBETCTBYIONIMX TPUTOHOMETPUUECKUX CYMM TIPUMEHSETCs MeTon Ban
dep Kopnyma. Barem, cymmmpys Haiigenusie s (7.4) ONEHKU M0 PA3JIUIHBIM TIE€JBIM BEKTOPAM S,
noyauM otenky st N (q) uma (6.2). Ipyrue gerann T0Ka3aTeIbCTBa TeOPEMbI 3.4 MOXKHO HAWTH

B [14] § 8.

8. 3akJroueHue

371ech JaanM KpaTKUil KOMMEHTAapPUi OTHOCUTEILHO TEHIEHIINI PA3BUTHS METPUIECKON TEOpUN
mrnodanToBeX npubsmzKenwii B 80-e 1 90-e roxbl mpormeamrero croserus (cM. Takxke [22]). Cospe-
MeHHBIE aCIeKThl pa3BuThs u pesyabrarsl cM. B [9], [15]-21], [23], [27], [31].

1) Bumecto (2.1) M0kHO paccMaTpuBaTh 0000IIEHHOE HEPABEHCTBO

l[via1 + - +yman|| < ¢¥(a), a= max |a;| # 0,
1<i<n

rae ¢ : N — RT, (a) | 0, xora a — oo n

Z " (a) < oo.

ai,...,an=1
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Takmne TOYKH V1, . . ., Vn HABBIBAIOTCI -GNNPOKCUMUDYEMBMU.

2) OrMeTnM, 9T0 GOTBITHHCTBO TEOPEM, KOTOPBIE MBI PACCMOTPETH, MOYKHO YCUJIUTD, €CJTH IKC-
TPEMaJIbHOCTH 3aMEeHUTh Ha "ycusernyro" sKCTpeMasbHOCTD (OeHUBATH NPUO/INKEHNS B TEPMUHAX
npoussederus Ko3DOUIMEHTOB, & HE B TEPMUHAX 6bicomb, auHeinbix dopm). Hampumep, cm. [5],
18], [22].

3) Crour ynomauyTs cregyiomyio pabory: V. Sprindzuk "Eine diophantische Eigenschaft der
Traectorien der Brownischen Bewegung". Wiss. Z. Friedrich-Schiller-Univ. Jena/Thiiringen, 21
(1972), p. 157-160. 3aech g0KA3aHBI JBE TEOPEMBI O TPUOIMIKEHUSIX HA TPACKTOPUAX CAYHALIHOIT
npoveccos. llpuseaem onHy n3 HUX.

Teopema ([14] c¢. 113-116). ITyemw» £(t) — sepoammocmubiii npoyecc 6POYHOBCKO20 JBUNCEHUA.
Tozda caywatinoe wpuewe I' = (t,£(t)), 0 <t < T, ¢ sepoamuocmoio 1 sxcmpemanviol.

4) Merpuieckasi Teopust JrnoMaHTOBBIX TPHOAMKennii oy anaa passutie n B mousx C, Qp,
R x C x Qp, paccMaTpUBaeMbIX C COOTBETCTBYOIIUME apXUMEIOBBIMI UM HEAPXUMETOBBIMU MeT-
pukamu (cm. [18], [22], [23], [27]).

5) Ormerum, uto B 1972 r. Cupus/KYK ¢HOPMYTHPOBAJ IIEHTPAJBHY0 MPOBIEMY pacCMaTpH-
Baemoit Teopun ([13], cm. Takxe [14] c. 136):

Ecau fi(x), ..., fo(z) —deticmeumeavrvie anasumuseckue Gynrkyuu, onpedeaentvie Ha UHMED-
sane I, npuuem 1, fi(x),..., fu(x) aunetino nesasucumvr 1ad nosem OCUCMEUMEALHOIT HUCEN, TO
MHO02000DA3UE

I'=(fi(z),.... fu(z)), x€l,
IKCMPEMAADLHO.

. Kneitntok u I'. Maprysuc B 1998 r. mokasasn 910 yrBepxaenue [25]. OHM HAILIH CBSA3H MEXKTY
,ZLI/IOCbaHTOBbIMI/I HpI/I6ﬂI/I}I{€HI/IHMI/I n OJHOPOAHBLIMU AUHAMWUYECKUMU CHUCTEMaMW W HCIIOJIbB30BaJIn
METOJBI SPIOJUIECKON TEOPUN.

CIIUCOK IIUTUPOBAHHOI JIUTEPATYPHEI

1. Bepuuk B. U., Kopanesckast 9. U. DrcrpemManbHOe CBONCTBO HEKOTOPBIX MOBEPXHOCTEH B 1~
MEPHOM eBKJINI0BOM pocrpancTse // Marem. 3amerkn, 1974, T. 15, Ne 2. C. 247-254.

2. Bepuuk B. U., Megpuuuyk FO. B. /IuodanToBbl NpubAMKEHU U PA3MEPHOCTL Xaycaopda. —
Mumnck: Hayka u Texnnka, 1988.

3. Kaccenc Jlx. B. C. Beenenne B Teopuio muodanToBbIX mpubjmxkenuit. M: WuocTp. jant.
1961. (nepesox ¢ amrm. A.M. Tlonocyesa); Cassels J. W. S. An introduction to Diophantine
Approximation. Cambridge Tracts in Math and Math. Phys., 45. Cambridge Univ. Press. 1957.

4. Kosanesckasa 9. . "Tunepbosmaeckue" muodaHTOBl TPUOIMKEHNST HA aHAJTUTHIECKAX MHO-

roobpasusx // Hokn. AH BCCP, 1975, T. 19, Ne 3. C. 200-203.

5. Kopanerckas 3. 1. InodanTosl npubinkenns ¢ KBapaTuIHbIMU MHOrouaeHamu // Beci

AH BCCP. Cep. dis-mar. 1. 1975, Ne 4. C. 5-14.

6. Kosanesckast 9. I1. OHo reomeTprueckoe CBOMCTBO SKCTpeMasbHOi mosepxuocTr // Marem.

samerku. 1978. Ne 23(2). C. 177-181.

7. Kosanerckas 9. W. TpuronoMerpudeckrne CyMMbl U METPUUECKAS T€OPUsS JUOMAHTOBBIX MPH-
6mzkennit Ha MHOTOOpasusix. Marepuasbl Koudepennnn // XV Mex gyHapomtast KoHbepeH-
st "Anrebpa, Teopus UnCe M SUCKPETHAsT TEOMETPUs: COBpEMEHHBIE MPOBJIEMBI U TTPUJIOKE-
HUsI TOCBSIIEHHAS CTOJIETHIO CO JIHSI POXKJIEHUS JOKTOPA (PUBUKO-MATEMATUYECKUX HAYK, IPO-
deccopa Mockosckoro rocymapcreennoro yuusepcurera nmenu M. B. Jlomonocosa, Kopobosa



Tpuronomerpuwyaeckne CyMMbl B METPUUIECKOHN Teopuu AuOMAHTOBLIX TPUOINKEHU 217

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Hukonaa MuxaiioBnaa: T€3uchl JOKIa0B Mex 1yHapoanoii kondepenrun (Tymna, 28-31 mas

2018 1.). — Tyua, 2018. C. 257-260.

. Kosaneeckas 9. . T'eomerpuueckoe u apudMeTHIeCcKOe OMUCAHNE IKCTPEMAIbHBIX MHOI0OOPa-

3uit B METpUIecKoil Teopun nuodaHToBbIX npubamxenunii. Marepuansl koudepenrun // XVI
MexnynapoHast KoHdepennus "Anrebpa, TEOPUa UUCeT U JUCKPETHAS TeOMETPHUST: COBPEMEH-
HBIE TPOOIEMBI U TPUIOKEHU U TPODIEMbBI HCTOPUM TIOCBAIIeHHAS 80-JIeTUI0 CO THS POXKICHUST
npocdeccopa Murens lesa.: Te3ucsl A0KIaI0B Mex TyHaponHoit Koudepennun (Tyma, 13-18
mag 2019 r.). — Tyma, 2019. C. 239-241.

. Kosaneeckasg 2. ., Prikosa O. B. Pazpurne Mero/ia CymiecTBEHHBIX W HECYIIECTBEHHBIX 00-

JacTel IS OACTeTa BEKTOPOB ¢ AeHCTBUTENbHBIME ANTe0pandecKuMm KOOpAnHaTaMu BOIM3n
riaIKux mosepxuocredi // Uebwimesckuit coopuank — Tyma: Usn-so TIITY, 2013, T. 14, Beim. 4.
C. 119-126.

Ky6uoc . 1I. O MMPUMEHEHUHN MeTO/Ia aKaJleMiuKa BrHOTpajoBa K PEIeHnui0 OJHON 331891
merpudeckoil reopuu unces // Joksn. AH CCCP. 1949. Tom 67. C. 783-786.

Kyouatoc U. TI. O mpuMenenun MeToma akageMuKa BUHOTPAIOBA K PEIEHUIO OFHON 33134

merpudeckoit reopun uncen // Hoxm. AH CCCP. 1949. Tom 67. C. 783-786.

Cupurpkyk B. T'. TIpobsema Masiepa B merpudeckoit Teopun unces // Munck: U3n-so Hayka
n Texauka, 1967. 184 c.

Copurmxkyk B. I MeTog TpUroHOMETPUIECKUX CYMM B METPUYECKONH Teopun An0oghaH TOBBIX
npubanzxkennit 3apucuMbix Beawand // Tpyaer Marem. nn-ra AH CCCP, 1972. T. 128, Ne 2.
C. 212-254.

Cropunmxyk B. I. Merpuueckast Teopusi muodanToBeix mpubiamxkennit / B. I. Cipuamxkyk //
Mocksa: Uzj-8o Hayka, 1977. 144 c.

Adiceam F., Beresnevich V., Levesley V., Velani S., Zorin E. Diophantine approximation and
applications in interference alignment // Advances in Math. 302. 2016, P. 231-279.

Bayramoglu M., Jabbarov I. Sh., Kazimova L. G. On some theoretic-functional results
concerning the theory of extremality and their application // Proc. Inst. Math. Mech. Natl.
Acad. Sci. Azerb. 44(2). 2018, P. 229-237.

Beresnevich V., Bernik V., G6tze F. Integral polynomials with small discriminants and
resultants // Advances in Math. 298. 2016, P. 393—412.

Beresnevich V., Ramirez F., Velani S. Metric Diophantine approximation: aspects on recent
work. In Dynamics and Analytic Number Theory. LMS Lecture Notes Ser. 437. 2016 (eds. D.
Badziahin, A. Gorodnik, N. Reyerimhoff). Cambridge Univ. Press (Cambridge. 2016). P. 1-95.

Beresnevich V., Lee L., Vaughan R. C., Velani S. Diophantine approximation on manifolds and
lower bounds Hausdorff dimension // Math. 63. 2017. P. 762-779.

Beresnevich V., Velani S. A note on three problems in metric Diophantine approximation. In
recent Trends in FErgodic Theory and Dynamical Systems, Contemp. Math. 631. 2015. Amer.
Math. Soc. Providence. R. 1. 2015. P. 211-229.

Beresnevich V., Vaughan R. C., Velani S., Zorin E. Diophantine approximation on manifolds
and the distribution of rational points: contributions to the convergence theory // Int. Math.
Research Notices. 2016. P. 1-24.



218 9. N. KoBajnesckas

22. Bernik V. I., DodsonM. M. Metric Diophantine Approximation of Manifolds. Cambridge Tracts
in Math. Vol. 137. Cambridge University Press. Cambridge. 1999.

23. Bugeaud Y. Approximation by algebraic numbers. Cambridge Tracts in Math. Vol. 169.
Cambridge Univ. Press, 2004.

24. Dodson M. M., Vickers J. A. G. Number Theory and dynamical systems // London Math. Soc.
Lecture Note Ser. Vol. 134. Cambridge Univ. Press. 19809.

25. Kleinbock D. Y., Margulis G. A. Flows on homogeneous spaces and Diophantine approximation
on manifolds // Ann. Math. 1998. Vol. 148. P. 339-360.

26. Kovalevskaja E. I. Metric theorems on the approximation of zero by a linear combination of
polynomials with integral coefficients, Acta Arith. 1973. Vol. 25. P. 93-104.

27. Kovalevskaya E. The convergence part of a Khintchne-type theorem in the ring of adeles //
Tatra Mountains Math. Publ. 59. 2014. P. 39-50.

28. Schmidt W. M. Uber Gitterpunkte auf gewissen Flichen // Monatch. Math. 68. 1964, No. 1.
P. 59-74.

29. Schmidt W. M. Metrische Siitze Uber simultane Approximationabhingiger Grossen // Monatch.
Math. 1964. Vol. 68, No. 2. P. 154-166.

30. Schmidt W. M. Diophantine Approximation. Lecture Notes in Math. Vol. 785. Springer-Verlag,
1980.

31. Steuding J. Diophantine analysis. Course notes from a Summer School. Trends in Math.
Birkhauser. Springer Int. Publ. AG. 2016.

REFERENCES

1. Bernik V. I., Kovalevskaja E. [. Extremal properties of some surface in n-dimensional Euclidean
space, Math. Notes, 15(2). 1974, pp. 247-254.

2. Bernik V. 1., Melnichuk Yu. V. Diophantine approximation and Hausdorff dimension. Nauka i
Nechnika, Minsk, 1988. 23. Cassels J. W. S. An introduction to Diophantine Approximation.
Cambridge Tracts in Math and Math. Phys., 45. Cambridge Univ. Press. 1957.

3. Cassels J. W. S. An introduction to Diophantine Approximation. Cambridge Tracts in Math
and Math. Phys., 45. Cambridge Univ. Press. 1957.

4. Kovalevskaja E. I. "Hyperbolic"approximation on analytic manifolds, Dokl. Akad. Nauk BSSR,
vol. 19(3), 1975, pp. 200-203.

5. Kovalevskaja E. I. Diophantine approximation with quadratic polynomials, Vesci Akad. Navuk
BSSR. Ser. Fiz.-Mat. Navuk, 4, 1975, pp. 5-14.

6. Kovalevskaja E. 1. One geometric property of extremal surface, Math. Notes, 23(2), 1978,
pp- 177-181.

7. Kovalevskaya, E. I. The trigonometric sums and the metric theory of Diophantine approximation
on manifolds, Proc. XV Int. Conf. on Algebra, Number Theory and Discrete Geometry:
Contemporary Problems and Applications devoted to centenary of professor N. M. Korobov.
Tula, Russia, 28-31 May 2018, P. 257-260. (In Russian)



Tpuronomerpuwyaeckne CyMMbl B METPUUIECKOHN Teopuu AuOMAHTOBLIX TPUOINKEHU 219

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

. Kavaleuskaya, E. I. Geometric and arithmetic description of extremal manifolds in the metric

theory of Diophantine approximation, Proc. XVI Int. Conf. on Algebra, Number Theory and
Discrete Geometry: Contemporary Problems, Applications and Problem of History, devoted to
eighty of professor Mishel Deza. Tula, Russia, 13-18 May 2019, P. 239-241.

. Kovalevskaya, E. 1., Rykova O. V. The development of the essential and inessential domains

method for the calculation of vectors with real algebraic coordinates near smooth surfaces,
Chebyshevskii Sbornik. — Tula: 14, 2013, pp. 119-126.

Kubilius I. P. On the application of I. M. Vinogradov’s method to the solution of a problem of
the metric theory of numbers, Dokl. Akad. Nauk SSSR, 67, 1949, pp. 783-786.

Kubilius I. P. On the metrical problem in the theory of Diophantine approximation, Trudy
Akad. Nauk Litov. SSR, Ser. B, 2(18), 1959, pp. 3-7.

Sprindzuk V. G. Mahler’s problem in metric number theory. Mingk: Izdat. Nauka i Tehnika.
1967. English translation by B. Volkman. Transl. Math. Monographs, 25, Amer. Math. Soc.,
Providence, RI. 1969.

Sprindzuk V. G. The method of trigonometric sums in the metric theory of diophantine
approximation of dependent quantities, Proc. Steklov Inst. Math. Akad. Nauk SSSR, 128(2),
1972, pp. 212-228.

Sprindzuk V. G. Metric theory of Diophantine approximations. Izdat. Nauka. Moscow, 1977.
English translation by R. A. Silverman. John Wiley and Sons. New York — Toronto — London,
1979.

Adiceam F., Beresnevich V., Levesley V., Velani S., Zorin E. Diophantine approximation and
applications in interference alignment, Advances in Math., 302 2016, pp. 231-279.

Bayramoglu M., Jabbarov I. Sh., Kazimova L. G. On some theoretic-functional results
concerning the theory of extremality and their application, Proc. Inst. Math. Mech. Natl. Acad.
Sci. Azerb., 44(2), 2018, pp. 229-237.

Beresnevich V., Bernik V., G6tze F. Integral polynomials with small discriminants and
resultants, Advances in Math., 298, 2016, pp. 393-412.

Beresnevich V., Ramirez F., Velani S. Metric Diophantine approximation: aspects on recent
work. In Dynamics and Analytic Number Theory. LMS Lecture Notes Ser., 437, 2016 (eds. D.
Badziahin, A. Gorodnik, N. Reyerimhoff). Cambridge Univ. Press (Cambridge. 2016), pp. 1-95.

Beresnevich V., Lee L., Vaughan R. C., Velani S. Diophantine approximation on manifolds and
lower bounds Hausdorff dimension Math., 63, 2017, pp. 762-779.

Beresnevich V., Velani S. A note on three problems in metric Diophantine approximation. In
recent Trends in Ergodic Theory and Dynamical Systems, Contemp. Math., 631, 2015, Amer.
Math. Soc. Providence. R. 1., 2015, pp. 211-229.

Beresnevich V., Vaughan R. C., Velani S., Zorin E. Diophantine approximation on manifolds
and the distribution of rational points: contributions to the convergence theory. Int. Math.
Research Notices, 2016, pp. 1-24.

Bernik V. 1., Dodson M. M. Metric Diophantine Approximation of Manifolds. Cambridge Tracts
in Math, 137. Cambridge Univ. Press. Cambridge, 1999.



220

9. N. KoBajnesckas

23.

24.

25.

26.

27.

28.

29.

30.

31.

Bugeaud Y. Approximation by algebraic numbers. Cambridge Tracts in Math., 169. Cambridge
Univ. Press, 2004.

Dodson M. M., Vickers J. A. G. Number Theory and dynamical systems, London Math. Soc.
Lecture Note Ser., 134. Cambridge Univ. Press, 1989.

Kleinbock D. Y., Margulis G.A. Flows on homogeneous spaces and Diophantine approximation
on manifolds, Ann. Math., 148, 1998, pp. 339-360.

Kovalevskaja E. I. Metric theorems on the approximation of zero by a linear combination of
polynomials with integral coefficients, Acta Arith., 25, 1973, pp. 93-104.

Kovalevskaya E. The convergence part of a Khintchne-type theorem in the ring of adeles, Tatra
Mountains Math. Publ., 59, 2014, pp. 39-50.

Schmidt W. M. Uber Gitterpunkte auf gewissen Flichen, Monatch. Math. 68(1), 1964, pp. 59—
74.

Schmidt W. M. Metrische Sitze Uber simultane Approximationabhingiger Grossen, Monatch.
Math., 68(2), 1964, pp. 154-166.

Schmidt W. M. Diophantine Approximation, Lecture Notes in Math., 785. Springer-Verlag,
1980.

Steuding J. Diophantine analysis. Course notes from a Summer School. Trends in Math.,
Birkh#user. Springer Int. Publ. AG, 2016.

[Mosryueno 14.05.2019 1.
[MpunsTo B meuars 12.07.2019 1.



QakTOpPHO JIeJIMMbIE TPYIIILI U IPYIIIbI 0€3 KPyYeHusd . . . 221

YEBBIINEBCKNIT CBOPHUK
Towm 20. Bermyck 2.

YVIK 517 DOT 10.22405/2226-8383-2019-20-2-221-233

DaKTOPHO JIeJIMMbI€ I'PYIIILI M I'PYIIIbI 6€3 KpydeHn4,
COOTBETCTBYIOMIE KOHEYHBIM a0eJIeBbIM I'PyHIam

E. U. Komnannesa, A. A. ®omun

Komnannesa Exkarepuna UropeBHa — H0KTOp TEXHUYIECKUX HAYK, AOIEHT, mpodeccop xade-
pbl aiarebpbl, MOCKOBCKH TeIaroruyecKuii ToCyJapCTBEHHBIH YHUBEPCUTET; Npodeccop Kadeapo
TEOpUH BEPOSATHOCTEH 1 MaTeMaTndeckoit crarncruku, Puuancopwiit yuusepcurer npu [IpaBurers-
cree P® (r. Mocksa).

e-mail: kompantseva@yandex.Tu

Dovmun AsexkcaHAp AJEKCAHJIPOBUY — JOKTOP (DUBMKO-MATEMATHIECKUX HAYK, mpodeccop,
MockoBckwmii earoruaeckuit TocyaapcTBennslii yausepenteT (r. Mocksa).

e-mail: alexander. fomin@mail.ru

AnHOTanusa

Kareropus nocnenosarensnocreii S 6bu1a Beegena s [1, 2, 3]. O6bekramu kareropuu S siBJlsi-
IOTCSA KOHEYHBIE [OC/IEI0BATENbHOCTU BUA (1, - - ., (p, TJE SJIEMEHTBL 1, . . . , Gy, TPUHAJIEZKAT
KOHEYHO MPEJICTAaBUMOMY MOJIYJIIO HaJI, KOJIBIIOM TOIHAIUIeCKUX duce] Z. Koblo noanaamde-

CKUX 1ucesN Z = [| Z, — 9T0 mpou3BeieHne KOJIel] IEeNbIX p-aJHIeCKHX THCEN [0 BCEM IPOCTHIM
2
quciaam p. Mopdusmamu kareropuu S u3 00bEKTa a1, . . ., G, B O0BEKT by, . .., by ABIAIOTCS BCe

Bo3MozkHbIe mapet (¢, T), rae ¢ @ (ay,...,an)z — (b1,...,bg)5 — roMomopdusM Z-momyiei,
HOPOXKICHHBIX JAHHBIMHA 3JIeMeHTaM’, U T’ - NeJoYrCIeHHas MaTPHIa pa3Mepa k X 1, KOTOpble
YJOBJIETBOPAIOT CJICAYIOMEMY MATPUIHOMY PABEHCTBY

((Palv <. '7§0an) = (bh .. 7bk)T

B [2] nokazano, uyro Kareropus S SKBUBaJEHTHA Kareropuu D cMemaHHbIX (DAKTOPHO JeTH-
MbIX abeJieBbIX I'PYIII ¢ oTMedeHHbiMu Gasucamu. B [3] mokazano, uro kareropus S nBoiicTBeH-
Ha kareropun J abesieBbix rpymn 6e3 KpydeHusi KOHEYHOI'O PAaHra C OTMEYEeHHbIME Oa3ucamu,
Mo/ 6a31COM MBI TIOHMMAEM 37€eCh JII00YI0 MAKCHMATBHYIO JIMHEHHO HE3aBIUCHMYIO CHCTEMY dJIe-
MeHTOB. KoMmo3uIius 3T0if SKBUBAJIEHTHOCTH W ABOMCTBEHHOCTH SIBJISIETCS IBONCTBEHHOCTHIO,
BBesIeHHOM B [1] U B [4], KOTOPYI0 MOXKHO TakKe pacCMaTpUBATh KaK BEPCHIO JTBOMCTBEHHOCTH,
BBEJIEHHOIA B [5].

Eciu obbekT kareropuum S COCTOUT U3 OFHOTO IJIEMEHTA, TO €My COOTBETCTBYIOT I'DYIIIIbI
panra 1 B kareropusix D u F. Dror cayyait pazobpau B [6]. [Ipu srom asoiicrBennocts S > F
Jaer HaMm Kisaccudeckoe onucanue P. Bapa [7] rpynn 6e3 kpyuenusi panra 1. DKBUBAJIEHTHOCTD
S + D cormacyercst ¢ ormcannem O. W. Tapbinoroit [8] dakTopro menmnMbIx rpymm pasra 1.

B nmacrosmieil crarpe Mbl paccMarpuBaeM JIPYyroil BbIDOXKIEHHbIN ciydvail. Jliobast mepuo-
JuHeckas abesieBa TpyTma MOXKET PacCMaTPUBATHCA KakK MOJYJb HaJ KOJBIIOM MOJHAIMIeCKAX
quces. [Ipu 3ToM mepuoanyueckas rpyria SBsieTCs KOHETHO MPEACTABIMBIM Z-MOJLYJIEM TOTIa 1
TOJIBKO TOT/Ia, KOTa OHa KoneuHa. Cje0BaTe/IbHO, /11 JTI000# CHCTeMbI 00Pa3YIOMIUX g1, - - - , Gn
s000# KoHeuHO abeseBoit rpymmbl (G TOCIeI0BATEILHOCTD (1, . . . , Jy SBJIAETCS O0BEKTOM Ka-
reropuu S. Bosee Toro, Takue 00bEKTHI OMPEIETAIOT HOJHYIO MOJKATEIOPUIO KATErOPUH S.

B nannoii crarbe mokazano, 9To 00bEKTY g1, . - . , §p KaTeropuu S COOTBETCTBYET B KATETOPUN
D dakropro gemumast rpynna Buga G @ Q" ¢ orMedeHHbIM 6A3UCOM g1 + €1, . .., gn + €y, Te
€1, .. .,En — CTAHIAPTHBIH DA3UC BEKTOPHOTO MPOCTPAHCTBA Q" HAJI MOJIEM PAIMOHAJIHHBIX YUCET
Q. B xareropun F maHHOMY OOBEKTY COOTBETCTBYET CBOOOIHAS IPyTIa A, yIOBIETBOPSAIONMIAS



222 E. U. Kommnanresa, A. A. @omun

yeaopuam Z® C A C Q" u A/Z" = G*, tne G* = Hom(G,Q/Z) — nyanbuas rpymma. Mbi
TaKKe PACCMATPUBAEM IOMOMOP(U3MBI I'PYII, COOTBETCTBYIOIINE MOP(U3MaM KaTeropuu S.

Kaouesnie caro6a: abeneBbl TPYIINbI, MOLYJ/IH, JBOWCTBEHHBIE KATETOPHH.
Bubauoepagus: 36 Ha3BAHUIL.
s muTupoBaHus:
E. . Kommanmesa, A. A. @omvus. PakToOpHO A€ UMble TPYIIBI U TPYIIBI 663 KPYUYEHUs, CO-

OTBETCTBYIOIIHE KOHEYHBIM abesesbiM rpymmam // Uebwimesckuit coopuuk, 2019, 7. 20, BbIm. 2,
c. 221-233.
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Abstract

The category of sequences S has been introduced in [1, 2, 3]. Objects of the category S
are finite sequences of the form as,...,a,, where the elements ay,...,a, belong to a finitely
presented module over the ring of polyadic numbers Z. The ring of polyadic numbers Z =[] Z,,

is the product of the rings of p-adic integers over all prime numbers p. Morphisms ofp the
category S from the object ai,...,a, to an object by,...,b; are all possible pairs (¢, T),
where ¢ : (a1,...,an)5 — (b1,...,bx) 5 is a homomorphism of 2—modules7 generated by given
elements, and 7" is a matrix of dimension k x n with integer entries such that the following
matrix equality takes place

(pai,...,pa,) = (by,...,bg)T.

It is proved in [2] that the category S is equivalent to the category D of mixed quotient
divisible abelian groups with marked bases. It is proved in [3] that the category S is dual to the
category F of torsion-free finite-rank abelian groups with marked bases, a basis means here a
maximal linearly independent set of elements. The composition of these equivalence and duality
is the duality introduced in [1] and in [4], which can be considered as a version of the duality
introduced in [5].

If an object of the category S consists of one element, then it corresponds to rank-1 groups
of the categories D and F. This case is considered in [6] and we obtain the following. The
duality S <> F gives us the classical description by R. Baer [7] of rank-1 torsion-free groups.
The equivalence S <+ D coincides with the description by O.I. Davydova [8] of rank-1 quotient
divisible groups.
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We consider another marginal case in the present paper. Every torsion abelian group can
be considered as a module over the ring of polyadic numbers. Moreover, a torsion group is a
finitely presented Z-module if and only if it is finite. Thus, for every set of generators g1, ..., gn
of every finite abelian group G the sequence ¢, ..., g, is an object of the category S. Such
objects determine a complete subcategory of the category S.

We show in the present paper that the object g1, ..., g, of the category S corresponds to an
object of the category D, which is of the form G ® Q" with the marked basis g1 +e1,. .., gn+en,
where eq, ..., e, is the standard basis of the vector space Q™ over the field of rational numbers
Q. The same object g1, ..., g, corresponds to an object of the category F, which is a free group
A, satisfying the conditions Z" C A C Q™ and A/Z"™ = G*, where G* = Hom(G,Q/Z) is the
dual finite group.

We consider also the group homomorphisms corresponding to morphisms of the category S.

Keywords: abelian groups, modules, dual categories.
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1. BBenenue

Bee paccmaTtpuBaemble rpynbl ABAgOTCA abenebiMu. Z, Q, Z,,, Zp, 0003HAYAI0T COOTBETCTBEH-
HO KOJIBIIa IIEJIBIX, PAIUOHAJIBHBIX, HEJIBIX P-aJUYCeCKUX YNCeJI M KOJIBIO KJIdaCCOB BBIYETOB IIO MO-

ayiao n. Tak ke obo3HavaloTcs ux agaurusnble rpynsl. Kosbio mommaandeckux ucenr Z = [ [ Z,

p
— 9TO IIPOU3BeJCHNEC KOJIEI IEeJIbIX P-aJUYCCKUX YUCeJI II0 BCeM IPOCTBIM YHCIaAM P.

ITox xapakTepucTukoit X = (M) MOHMMaeTCs J00As MOCTeIOBATENLHOCTD IeTbIX HEOTPUIA-
TeTbLHBIX YHCEJ I CHMBOJIOB 0O, 3aHYMepOBaHHAs BCEMU MPOCTLIMU YUcIaMu. ra KaxKaoil xapak-

TepucTHKE X = (mp) ompexmensiercst KOAblo Z, = || K, Kak mponsBefeHme mo BCeM HPOCTBIM
P

ancaam p xosen Ky, rae K, = Z,mp, npu m, < oo wm K, = Zp IpH My = 00 .

Ecau ay,...,a, — snementsl Moaynst M Haj KOMMYTaTHBHBIM KOJbIIOM R, 1o (ai,...,an)R
0603HAYAET TOIMOJIY/Ib, TIOPOKIEHHbIH TaHHBIME JEMEHTAMu, (a1, ..., dy,) — MOATPYIIIA, TTOPOK-
JIeHHAsT STUMHU JIeMEHTAMH, (A1, ...,0n)s — CEPBAHTHAS ODOJIOYKA ITUX IJEMEHTOB, KOTOpasl CO-
CTOUT W3 TAKUX dJeMEHTOB a € M, IJisi KOTOPLIX CYIIEeCTBYET Iejioe Iucao m # 0, Ipu KOTOPOM
ma € (ai,...,a,). Mogyab M Ha3bBaeTcsi KOHEYHO MPECTABUMBIM, €CIH JJisi HEKOTOPBIX [EJIbIX
MMOJIOYKHATETFHBIX YUCETT M W N CYIIECTBYET TOUYHAA MMOCJIeI0BATENLHOCH R-MoTyneit

R™ - R"— M — 0.

JI1000# KOHEYHO TpeaCTaBUMBbIN MOIY/1b M HaJ KOJBLIOM MOJUATUIECCKUX TUCE]T 7 mveer BUT
M=2Z,®...0Zy,. llpu 10IOJIHATEILHOM yCIOBHM X1 < ... < Xy DOCIEJOBATEIBHOCTE XapaK-
TEPUCTUK OIlIpejesena opHo3Ha4vHo. st 106010 KOHEYHO MOPOXKIAEHHOro 1oAMonyas N KOHEUHO
MIPEJICTABUMOTO Z—MOI];yJIH M ob6a momyasst N u M /N SIBJISIFOTCS KOHEYHO MPEICTABUMBIMI.

Abemena rpynma A HazpIBaeTCsT PAKTOPHO JEAUMON, €CIN OHA COJEPYKUT CBOGOTHYIO TTOIPYIITY
F koneuHoro paHra Takyio, uro dakroprpynna A/F sBisiercss nepuoundeckoil geanmMoii Tpymoit.
[Ipwm sToMm cama rpymma A He COMEPKAT HEHYIEBBIX TETUMBIX TTEPUOTHIECKUX TOATPYTIT. CBOGOTHBIMH
Hazuc rpynnel F' HasbiBaeTcs 6azucom akTopHO geaumoit Tpynnsl A. Panr rpynmer F' HazbiBaeTcs
panroM GaKTOPHO AeJUMOM rpynmbl A.

DaxTOPHO JeTUMBIE TPYTIIBI B HACTOSIIIEE BPEMST aKTUBHO UCCIETYIOTCST DA3HBIME aBTOPAMHE (CM.
[9-23]). Mb1 paccmarpuBaem kareropuio D hakTOPHO JEJIUMBIX IPYIII ¢ OTMEYEHHBIMI Da3UCaMH.
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Ob6bexkramu Kareropum D sapisitorcst mapbl A;aq, ..., an, cocrodimme w3 (HaKTOPHO AETUMOL
rpyunsl A u Kakoro-nubo 6asuca ai,...,a, 3Toi rpynsl. Mopdusmamu u3 obbekra A;aq,...,a,
B 00bekT B;by, ..., b apasiorca mobbie romomopduambl rpynn f @ A — B, g KOTOPhIX MaTPUIA
T pasmepa k X n, onpejenseMas paBeHCTBOM

(fal, . .,fan) = (bl, e ,bk)T,

cocToMT U3 mesbix uucesn. B [2] 6bumm mocrpoenb japa koBapuaHTHBIX QyHkTopa © 1 D — S m
U : S — D, kKoMII03ulisd KOTOPBIX B JIDOOM TOPsiIKe U30MOPQHA TOXKIECTBEHHOMY (DYHKTOPY, TO
ectb VO =2 idp u PV = idg. Takum obpasom, kareropuu D u S 9KBUBAJIEHTHEI.

AnayoTHIHBIM 06PA30M OIIpeesseTcst KaTeropus F abeeBbix Tpymn 6e3 KpydeHns KOHETHOTO
paura ¢ ormedennbiMu Oazucamu. 1lox 6azucom rpyiibl 6€3 KpydeHus: 3/1€Ch MOHUMAETCs JI00ast
MaKCUMaJIbHAS JIMHEHHO HE3ABUCUMAS CUCTEMa, 3JIEMEHTOB 3TOM TPYIIIIhI.

ObberTaMu KaTeropuu JF ABAA0TCT Tapbl A;aq, .. ., Gy, COCTOAININE W3 TPYNNLI He3 KPyUeHHsT
KOHEeUHOTO panra A m kakoro-mubo Gasuca ai,...,a, 3T0f rpynnsl. Mopduzmamu n3 obbekTa
A;ay,...,a, B 00bekT B;by,...,by aBasgworcsa aobbie ToMoMopdusMmel rpynn f @ A — B, misa
KOTOpBIX MaTpuiia 1 pasmepa k X n, onpegenseMast PaBeHCTBOM

(falv"'afan):(bla"'vbk)Tv

cocTonT n3 mesbix uncen. B [3] (cm. Takike [1]) 6L TOCTPOEHBI /1BA KOHTPABAPUAHTHBIX (DYHKTOPA
A:F—>8Su0:8 — F, KOMIO3UIMA KOTOPBLIX B JIIOOOM HOpsijiKe M30MOP(MHA TOXKIeCTBEHHO-
My (DYHKTOPY, TO ecTb OA = idr m AO = idg. Takmm obpazom, kareropun F u S SIBISTIOTCS
ABOMCTBEHHBIMMA.

3amMernm, 9TO B Kareropusax D u F MarTpuibl MOpMU3IMOB OJIHO3ZHAYHO OIPEIEIEHBl COOTBET-
CTBYIOIINMYU FOMOMOP(U3MaMHU TPYTIL. DT0, BOOOIIE TOBOPs, He Tak B Kareropun S. Hanpumep, s
00'beKTa KaTeropuu S, COCTOSINIEro U3 n HyJiell, MOp@U3MBI 13 3TOro 00beKTa B cebsi PeICTABIISIOT
coboii napet (o, T), r1e ¢ — OJIMH U TOT XKe Hy/IeBOH roMOMOpdU3M MOmy/Iel, a B KadecTse T MOXKHO
B34Tb JIHOOYIO TEJIOUUCIEHHYI0 MATPUILY pa3Mepa n X n.

Mbi 10HUMAEM Z-audecKoe Honosenne A rpynnbl A Kak 0OpaTHBIN TPENes CIeAYIOnero 0b-
PATHOTO CITEKTPa TOMOMOPM)U3IMOB

m .
' A/mA — A/nA
It Bcex map (m,n) HATYPAIbHBIX 9YHCE]T TAKUX, 9TO YUCIO N ABASETCH AEJUTEIEM UHUCIa M.

o
Baecy m' (a +mA) = a + nA. Dnement a = (ay,az,...) rpymsl [ A/nA HazpBaeTcs ceThbio,
n=1
ecan 7" (Gm) = @y 11 1060it maps! (m,n) HATYpPAJIbHBIX YUCET TAKOH, 9TO n genuT m. Jlerko
e ] ~
BUJIETH, YTO BCE CETH COCTABIAIT moarpymniy rpynnsl [[ A/nA. Dra nogrpynmna A sisasiercst 06-
PaTHBIM TIPEJIEJIOM JIAHHOTO CIIEKTPA, TO €CTh Z—a,ZLI/I‘{eCTIlijﬁ\/[ nonosHerneM rpymisl A. s moboro

semenTa a € A, mocesosarenshocth p(a) = (a + A,a +24A,a + 3A, . ..) apngerca cerpio. Taxkmm
06pa30M MBI IIOJIy9aeM eCTeCTBeHHBI roMoMopdmam i : A — A, KOTOpBIT MBI TaKyKe Ha3bIBAEM
Z—a’ZLI/ILIeCKI/IM TIOITO/THCHUEM TI'DYIIIIbI A BaMeTI/IM7 YTO KOJILLIO ITOJIMQIUYICCKHUX 9UCeJI Z\ ABJIAETCA
Z-aJIIMecKAM TOIOJTHEHIeM KOJIbIa He/BIX Mhces Z, a nonosHenne A mo6oii rpymmsl A spigerca
TAKKE MOJYJIEM HaJl, KOJIBIIOM Z.

Bce ocranbuble onpejesnennst 1 0603HAYEHNS CTAHAPTHBI W COOTBETCTBYIOT KHUTe [24].

2. ®akTOpHO AeUMbIe TPYHNbI

TEOPEMA 1. Ilycmo U - deauman epynna 6€3 Kpywenus panaa n o uy, ..., u, € U — makcu-
MAALHAA AUHETHO HE3GBUCUMAA cUCema remenmos, G — npoudsosvhas KOHEYHaA 2pynna, no-



DaKTOPHO JIEJIMMBIE TPYIIIbI U TPYIIhI 0€3 KPYICHUST . . . 225

POHCOEHHAA INEMERNAMY 1, - - -, Gn. T020a epynna G & U asaaemca Paxmopro desumots epynnot
¢ 6a3ucom g1 + Ui, ..., gn + Un.

JOKABATEJBCTBO. fcHO, 9TO cucTema 3JIeMEHTOB ¢ + UL, . . . , §p + Uy ABITETCT MAKCUMATHLHOMN
nuHeiHo HesaBucuMoil B rpynne G @ U. Iloarpynmna F' = (g1 + u1,...,gn + Uyp) sBasiercd cBobOI-
HOPi TpymIoii co cBOGOIHBIM 6a3UCOM g1 + U1, ..., gy + Up u dakroprpyuna (G @ U)/F sasusiercs
IIepHoOaNYIecKoil rpymnmoit. PacecMoTpuM mpon3BosibHbIN ameMenT g +u € GO U,g € G,u € U, n
TPOUBBOIBHOE TET0€ TOJTORKUTETHHOe 9rCa0 M. Tak KaK 97eMeHTHI g1, . . . , §p TOPOKIAIOT TPYIITY
G, TO Mg TMOAXOAAIMINX EJbIX KOI(M@UITHEHTOB NMEeT MECTO PAaBEHCTBO g = k191 + ... + kngn.
Torna snement (g + u) — (k1(g1 + uw1) + ... + kn(gn + up)) npunagnexur rpynne U u mosromy
nenures B rpynne G @ U wa m. CiueroBaresibho, Jjitoboit ssemenT rpynnbl G @ U 110 MOIy/I0 10/1-
rpynnsl Fnenures na Jsiroboe 11esioe MoJIOKUTEIbHOE 9UCI0. ITO 03HAYAET, 9TO (PaKTOPIPYIIIa
(G ®U)/F smasierca nemwmoii rpynmnoit, To ecth rpynma G @ U apisercs GakToOpHO JAeanMoii ¢
6a3mucoM g1 + Ui, ... Gn + Up. O

Kaxk mzBecTHo, M106as7 KOHEYHAST TPYINa TTOJHA B CBOEH Z-aTHIecKON TOTOJIOTHH, T. €. G=G.
Ob6ozuaunm wepes A = G @ U daxropuo geaumyio rpymnmny uz Teopemsr 1. Tomomopdusm Z-
AIMIeCKOro TomoHeHust ¢ : A — A copnaziaer ¢ npoeknueirt G @ U — G. Takum obpazom,
romomopdusm u : A — A MEePEBOIUT ITEMEHTBI ¢ + U, ..., Jn + Uy COOTBETCTBEHHO B DJIEMEH-
TBI §1,--.,0n- 1AK KaK 3JEMEHTHI g1, ...,y TOPOXKAatoT rpymny G = ﬁ, TO rpynma A aBiasercst
(baxTOpHO AEIUMOIL elre U 10 TeopeMe o Baokenuu 3.3 [2].

Corutacuo oupejesennto dynxropa @ : D — S (Teopema 6.3 [2]), ® nepeBogur dakropHo jie-
JIIMYTO TPYIy A ¢ OTMEUeHHBIM 6a3ucoM g1 + Ui, . .., gn + Up B 00beRT (g1 + u1), ..., p(gn + un)
kareropun S, T.e. B 00BEKT (1,...,Gn. C APYro#l CTOPOHBI, COLIACHO OIPEEJIEHUI0 (DYHKTODA
U : S — D (Teopemst 6.3 u 3.5 [2]), ¥(g1,...,9,) COBIATaET ¢ cepBaHTHON 060JIOYKOI DeMeH-
TOB g1 + U1, ..., gn + U B Tpymme A = G @ U, T.e. ¢c camoii rpymmoit A.

Samernm, uro U = Q" u B KavuecTBe MAKCHUMAJIBHON JIMHEHHO HE3aBUCUMON CHUCTEMBI MOXK-
HO B3sTh crTaHgaprHbii 6asuc u; = (1,0,...,0),...,u, = (0,...,0,1) BeKTOpPHOrO MpoOCTpaHCTBA
U = Q™ maj oseM pammoHaababIx unces Q. [logsemem uTor BceMy BBIMTECKA3AHHOMY B CJIEIYIOTIEH
Teopeme.

TEOPEMA 2. Ilycmv G — KoHeuwHaA 2pYnna, NOPOAHCOEHHAA INEMEHMAMY (1, . .., Gn. 1020a
axsusasenmuocmv S < D cmasum 6 coomeememeue 06sexmy gi, . - . , gn, Kamezopuu S GaxmopHo
deaumyro epynny G & Q" ¢ basucom gy + Ui, ..., Gn + Uy, 20e U, ..., U, — cmandapmusiii 6a3uc

8exmMopHo20 npocmparcmes Q" Had nosem PayUOHAALHHL “wuces (.

CneactBUE 1. Iocaedosameavrnocmu us n uyset 0,...,0 ¢ xamezopuu S coomsememaeyem
epynna Q" co cmandapmuvim basucom 6 xamezopuu D.

Tenepsb MBI pacCMOTPUM TTPOUBBOIBHBIN MOPDU3M

(1) (0, T):g15---yGn —> h1,..., hg

kareropun S. 37eCh 97eMeHTHI Ay, . .., b Tak:Ke mOpokKaaloT KoHeunyio rpynny H = (hy, ..., hg).
I'pynnosoit romomopdusm ¢ : G — H cBa3aH ¢ nemoauncyiennoit marpuiieit T MaTpudHbIM pa-
BEHCTBOM (g1, ...,0gn) = (h1,...,hg)T. Cornacuo Teopeme 2, obbexTy hi,...,h; KaTeropuun S
coorBeTcTByeT B Kareropun D dpakropHo genumas rpymmna H & Qk ¢ basucom hi +v1,..., hy + vk,
TAe V1,...,U, — CTaHIAPTHBINH Gaswc BekTOpHOro mpocrtpancrea QF. Ilemounciaenmas MarTpuia
T pasmepa k X n ompegenser romomopdusM fr : Q" — QF mpm TOMONIM CIeAYIONero Mat-
puunoro pasencra (fr(ui),..., fr(un)) = (vi,...,v;)T. HakoHer, Mbl OnpejenseM roMoMop-
busm dakropro gemumbix rpynn f = U(p,T) : G © Q" — H & QF cremyomumM ofpazowm:
flg+u) =¢(g) + fr(u),g € G,uec Q.
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TEOPEMA 3. Tomomopdusm darmopro deaumvix zpynn f : GO Q™ — H ®QF, coomsemcemey-
rwul mopdusmy (1) aeanemes moppusmom xamezopuu D ¢ mampuuet T

JOKA3ATE/ILCTBO. HyXHO MOKa3aTh, 4TO 3TOMY TOMOMOP(MU3IMY COOTBETCTBYET EIOUUCTCHHAS
Marpuria 1T’ OTHOCUTE/THHO BBIAETEHHBIX 6as3ucon. elicTBuTebHO,

(flgr+u1),-- -, flgn +un)) = (p(g1) + fr(ur), ..., 0(gn) + fr(ua)) =
= (p(g1)s---sp(gn) + (fr(ur), ..., fr(un)) =
= (h1y...,h)T + (v1,...,0)T = (h1 +v1,..., hg + vi)T.

O

IIpumep 1. IlpexnmnogoxkuM, 94TO BCE IJTEMEHTHI (1, ..., Jn UMEIOT OJIMHAKOBBIN MOPSIIOK M U
rpynna G packiajpiBaercs B npsamyto cymmy G = (g1) @ ... @ (gn). Torga coorsercraytomias dax-
TOpHO aAesumas rpymmna G & Q" Takike pacK/aaJbIBAETCA B MPIMYI0 CyMMY (DaKTOPHO JeJTMMBIX
rpynn parra 1, G Q" = Z1 & Q" = (Z, ®Q)", 1. e. Takasl IPYIIIa SBJSETCSI OJHOPOIHOI BIIOJIHE
pasz/IoKuMOit (PaKTOPHO JeuMOii rpymnoii. B obiem ciydae moJi 0HOPOIHOM BIIOJTHE PA3I0KUMOiT
daxTOpHO AesmMOi IPyHoil Mbl moHuMaeM rpynmy Buga R", roe R — npousBoibHas PpakTOPHO Jie-
JuMas rpymna padra 1. Takum rpynnam nocssimena crarhbd [9]. B Heit, B wacTHOCTH, TOKa3bIBACTCSA
ciaeayromas Teopema. Ec/im B KOPOTKON TOYHOM MMOC/I€10BATE/IbHOCTH (PAKTOPHO JIEJIUMBIX [PYIIL
0B — A— C — 0rpynna A aBiasgeTcss 0JHOPOIHON BIIOJHE PA3IoKUMOL, To Tpyumsl B u C
TaKXKe SBJISIOTCS OHOPOIHBIMU BIIOTHE PABIOKUMBIME U TTOCAEI0BATEIBHOCTD PACITIEIISETCS. DTa
Teopema sIBJIsieTCsl Jlyanmsanueil kaaccudeckoit reopembl P. Bapa [7] o Tom, uTo cepsanTHbIE 110/
IPYIIBI OJTHOPOJHON BIIOJTHE PA3JIOKUMON IPYIIBI 6€3 KPYUeHUs BBIISIAITCA B KATeCTBE MPSIMBIX
CJIara€MBbIX.

3. I'pynmbl 6e3 Kpy4denus

ObbexTamu KaTeropuu F siBJAOTCHA IPYIINbI 663 KpyUueHus KOHEYHOTO PAHra C OTMEYEeHHBIMU
fasucamu (MaKCUMAJBHBIMY JHHEHHO HE3ABUCUMBIMYU CHCTEMAMHU /1eMeHTOB). Hajmuuune BbIgeIeH-

Horo Oasuca ai,..., 0, B Ipylie A onpenesnser BIOKEHHE 3TOH IPYIIILI B BEKTOPHOE IIPOCTPAHCTBO
Q" Haj 1oJIeM pauMOHAILHBIX uncesl (). Beskuii sjeMeHT a € A OJHO3HAYHO LPEIACTABILAECTCH B
BHIE @ = 1101 + ...+ rpay, TOE T1, ...,y € Q. Torma BIoKeHHE OIPeaeaseTCs IPABUIOM
n
a— (r1,...,m) € Q™.

[Ipu sTOM 3s1eMeHThI Ha3uca IePeXo/IsdT B SJIEMEHTHI CTaHIapTHOrO Ha3uca
ap — (1,0,...,0),...,a, — (0,...,0,1).

MbI MO2KEM OTOXKIECTBUTH OOBEKT KATEropuu J € MOJArPYIIONR aJTMTUBHON IPYIIBI BEKTOPHOIO
npocrpancTBa Q" TO ecTh cauTaTh, uTo Z" C A C Q™. Ilpm 5T0M POIH OTMEUEHHOTO Da3nca BCeraa
Oyser urpaTh CTaHAAPTHBINA 6A3UC FTOr0 BEKTOPHOI'O POCTPAHCTBA.

Ormerum, uro, coracHo [24], arobast KosiblieBast CTpyKTypa Ha rpyiie 6e3 kpyderust G paHra
N BKJIQJIBIBAETCS B OJTHO3HAYHO OIpEJIeJIEHHOE KOJIbIO Ha JieauMoit obosiouke rpymmbl G, KOTOPYIO
MO2KHO 010Xk jecTBuUTh ¢ Q™. Cam repmun HakTOpHO Jeaumast rpyiiia 6bu1 BBeEH B [25] jyist onuca-
Hug rpynn 6e3 KpydeHns: KOHETHOrO PAHTA, JOMYCKAMOIMIMX KOJIBIEBYIO CTPYKTYPY, KOTOpas WHIY-
IUpYeT Ha AeJUMOi 000JI0YKe TPYIIIILI TOJYIPOCTYIO aarebpy. BoaMoKHOCTL BIOKEHUS KOJIbIA He3
KPydYeHus KOHETHOTO PAaHTa B KOHETHOMEPHYIO cemapadenbHyio aarebpy, CTpoeHne KOTOPOil OMMUChI-
BaeTCs OCHOBHOI Teopemoit BemgepbepHa, M03BOJISET H3yUaTh KAK CAMU I'PYIIBI, TAK U KOJIbIA HA
Hux (cMm., Hanpumep, [26-30]).
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id
PaceMOTpEM KOPOTKYIO TOUHYIO HOCIENOBATEabHOCT 0 — 27 25 Q" 2 (Q/Z)"—0, rne nep-

BbIl romomopdusm id : Z™ — Q™ ABJIMeTCS TOXJIECTBEHHBIM BJIOKEHUEM, BTOPOH roMoMOpdu3M
q: Q" — Q"/Z"™ aBasercsd KAHOHUIECKUM. 3aMeTuM, 4ro rpynibl A co csoiictBom Z™ C A C Q"
HAXOJATCSA BO B3AMMHO OJJHO3HAYHOM COOTBETCTBUM C nmoarpynnamu rpynmbl (Q/Z)"™. Takum obpa-
30M, 4TOOBI 33/1aTh OOBEKT KATEropuu J J0CTATOYHO YKa3aTh KaKyr-sinbo nonrpynny G IpyIiibl
(Q/Z)™. Torma nosmbiit npoobpas vroit moarpynnsl Z" C A = ¢ 1(G) C Q" asnserca rpymoii
6e3 KpydeHus panra n ¢ ormedeHHbM 6azmcom u; = (1,0,...,0),...,u, = (0,...,0,1), To ecrb
00 bekTOM KaTeropuu JF.

Mycrs Z¥ ¢ B € QF - apyroit o6wext xareropun F u v1 = (1,0,...,0),...,v; = (0,...,0,1)
— ero orMeuenublit 6azuc. llycts f : B — A — npousBosibHBIN ToOMOMOpPhU3M rpynn. OH TpoaoI-
JKaeTcs 10 JmHeiiHoro orobpaxkenus [ : QF — Q" u ompenensier marpuny T pasmepa n X k ¢
DAITMOHAJIBEHBIMH 3JIEMEHTAMH, [IJIs1 KOTOPO#i BBITOJTHEHO PaBeHCTBO (fuy, ..., fug) = (u1,...,uy)T.
Jlerko Buzers, uto ecm (r1,...,1;) € Byry,...,rp € Q, 10 f(r1,...,rk) = (r1,...,76)T, tae Tt -
TPaHCTIOHWPOBAHHAA MaTpuiia. PaccMoTpuM uarpaMMmy

0 — ZF = QF — (Q/2)F — 0
\ Lf 1
0 - Z" - Q" — (Q/Z2)" — 0.

Juneiinoe orobpaxenne f : QF — Q" mHAyNUpYyeT IBa APYIUX BEPTHKAJBHBIX [OMOMOP(HIMA
KOMMYTATUBHON AMArpaMMbl TOLJA W TOJBKO TOT/A, KOUAa MaTpura 1 COCTOMT M3 IE/IbIX TUCE,
TO ecThb ToMoMmopdusM f : B — A asagerca mopdusmom Kateropun F. B arom ciydae Bce BepTH-
Ka/IbHbIE TOMOMOP(MU3MBI IPEICTABIAIOT COOOH JOMHOKEHNE CTPOKK ClipaBa Ha Marpuiy 1.

Paccmorpum peiicreue KoHTpaBapuanTHOro gpyukropa © : & — F Ha obbekTe g1, ..., g, Kare-
ropun S, rie rpyrmna G = (g1, .. ., gn) sBAseTCs Koueunoit. O6ozuaunm gepes G* = Hom(G,Q/Z)
nayasbHyto koneunyio rpynmy. Cormacuo [3] onpegernnm romomopdusm wg @ G* — (Q/Z)" cue-
aytomuM obpasom: wa(y) = (v(91),-.-,7(9n)) € (Q/Z)",v € G*. Taxk Kak 3JeMEHTHI g1, . .., gn
nopoxgator rpyminy G, 1o wg(y) = 0 Torga n Tonbko Torga, korjga v = 0. CrepoBaresbHo, T0-
MomopbusM wg @ G* — (Q/Z)" asnsiercst BrokernueM. COracHO BBINNE CKA3aHHOMY MOJTDYIIIA
Im(wg) C (Q/Z)"™ onpenensier obbexT Kareropuu F, 1o ectb rpyiy Z™ C A C Q" ¢ orMedeHHbIM
CTaHIAPTHBIM 6a3uCcOM Takyto, uto A/Z™ = G*. Tak kak rpynna G* aBJseTcst KOHETHO, TO TPYIIa,
A gBngercd cBoOOIHON rpynmoit panra n. MbI MOTydaeM CHeIYIONIYI0 TEOPEMY.

TEOPEMA 4. Ilycmbv G — KoHewHaA 2pYynna, NOPONHCIEHHAA SAEMEHMAMY (1, ..., n. 10204
dsoticmeennocms S <> F cmasum 6 coomeemcmeue o0sexmy gi, . .., gn Kamezopuu S c80600HYy10
epynny A panea n maxyro, umo Z™ C A C Q" u daxmopepynna A/Z" uzomoppna dyasvhoti epynne
G*. Ommenennvim 6a3ucom 6 epynne A A6AAMCA CMAHIGPMHBLT 6a3UC BEKMOPHO20 TLPOCTNPAHCTNEA

Qn
CHEACTBUE 2. Hocaedosamesvrocmu ud n nyset 0,...,0 6 xamezopuu S coomsememayem &
Kamezopuu F ceobodnaa epynna panaa n co c60600HvM 6G3UCOM.

TeoPEMA 5. Hyemv (0, T) : g1,...,9n — hi,...,hi — moppusm (1) ramezopuu S,
2de G = (g1,...,gn) u H = (h1,...,hg) — xoneunwvie epynno. lycmv npu smom obsexmanm
Jls---30n U h1,..., hy coomsemcmeytom 6 xamezopuu F ceobodnvie 2pynnoe A u B maxue, wmo
ZnCcAcQMZFcBc QM A)ZM =G, B/ZF = H*.

Tozda moppusmy (1) kamezopuu S 6 kamezopuu F coomsememeyem 2omomoppusm g : B — A,
Komopuitli onpedeasemcs Jomrodcernuem cmpoky (11, ...,1,) € B enpasa na mampuyy T', mo ecmo
g(r1,...,rg) = (r1,...,7)T € A. IIpu amom 2omomoppusm g : B — A undyyupyem 20momop-
dpusm xonewnws epynn g : BJZF — AJZ", 20e g(b+ ZF) = g(b) + Z", womopwiti cosnadaem c
dyanvhoim 2omomoppusmom * : H* — G*. Mampuueti 2omomoppusma g : B — A omuocumenvo
ommeuennur 6a3UCos AGAAEMCA MpaHcnoruposarnas mampuya TC.
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JOKABATEJIBCTBO. Paccvorpum muarpammy

o 5 G
(2) wH | lwag
Q/2)F — (Q/zZ)"

B KOTOpoii romomopdusm ¢ : H* — G* gapiagerca ayaabHbIM romMomopdusmy ¢ : G — H u
onpenensiercs paBeHCTBOM (¥ (7)) (z) = v(¢(x)),x € G,y € H*. Broxkenns wy n wg ONPEAETIAIOT
coorsercTBenHo rpymmsl ZF C B C QF uw Z" € A C Q". Huwxumit romomopdusM auarpamubr (2)
SIBJISIETCS JJOMHOXKEHHEM CIpaBa Ha Marpuiy 1, T. e.

(m+Z,....rk+2Z)—=> M+ 2Z,....,1.+ 2)T € (Q/Z)".

[To onpenenenuto mopdusma (¢, 1) : g1, ..., Gn — h1,. .., hi KaTeropun S UMEET MECTO MATPUIHOE
paBeHcTBO (©g1, ..., ¢gn) = (h1,...,hx)T. DT0 PABEHCTBO BJIEYET CJAEAYIONIYIO IEMOYKY PABEHCTB
Jutst moboro v € H*:

(veg1,- - v09n) = (YR, . YRE)T
(" ()(g1)s - -5 (" (V)(gn)) = wu (V)T

wa(¢™ (7)) = wu (V)T

[ocsreiHee paBeHCTBO O3HAYAET, UTO JAHArpaMMa (2) KOMMYyTATHBHA.

Taxum 06pasom, ecan ompesesuTs roMoMopdusm g : B — A Kak JOMHOXKEHWEe CIpaBa Ha MaT-
pury T, To, BO-TIepBBIX, OH Oy/er mpaBuibHO ompesnenen. leficrBurensuo, ecau (r1,...,7%) € B,
vo (r1+2,...,rx + Z)T € Im(wg) n nosromy (ri,...,7)T € A. A BO-BTOPbIX, HUXKHUII [OMO-
MopduaM B marpamve (2) COBNAJeT ¢ MHAYIMPOBAHHBIM ToMoMopduaMom § : B/ZF — A/Z™,
rae g(b + ZF) = g(b) + Z". DroT e TOMOMOPMU3M COBHATACT C IyATbHBIM TOMOMOPMI3MOM
©* : H* — G*, ecoiu Tpon3BECTH OTOXKIECTBJIEHNE TI0 BJIOKEHUSAM Wiy W wWg. O

Kowmmnozumus skpusanernoctu S <+ D u ABoMcTBeHHOCTH S < F SIBJISIETCS IBOACTBEHHOCTLIO. B
[5] 6bL1a TOCTPOEHA AaHAOrMYHAS IBOCTBEHHOCTD JIJIs KATETOPHIi, B KOTOPBIX 00bEKTaMU SIBJISLIUCD
rpymmnel (6€3 BBIIEJEHHBIX 6A3UCOB), a MOPMUIMAME — KBA3UTOMOMOD(OU3MBI.

Crenymormiasg TeopeMa, BBITEKAET U3 MPEIBIAYIINX TeOPEeM U MOKA3BIBAET KAK HAIA JTBOHCTBEH-
HocTh D » F neficrByer Ha Mopdu3Max CBOOOIHBIX TPYIII B Kareropuu J.

TEOPEMA 6. IIycmv A u B — c60600nvie 2pynnoi, ¢ OMMEHEHHBMU MAEKCUMAADHLMY AUHETHO

HE3ACUCUMDBLMYU CUCTIEMAMY INEMEHMOE A1, ...,0, € A u by,..., by € B u
f A = B 2omomopdusm zpynn, 0aa KOmMopozo mampuus pasmeps k X n, onpedeseHHaA paseH-
cmeom (fay, ..., fan) = (bi,...,bp)T cocmoum us yeawz wucea, mo ecmv f : A — B asasemcas

MmopPuamom wamezopuu F .

Obosnavum G = Af{a1,...,an) u H = B/(b1,...,bx). Tax xax mampuya T cocmoum us yeavix
wucen, mo eomomopdusm f : A — B undyyupyem zomomopdusm woneunmz epynn f : G — H, npu
xwomopom f(a+ (a1,...,an)) = f(a) + (b1,...,by).

Tozda dsoticmeennocmo F < D cmasum 6 coomeemcemeue epynnam A u B ¢ ommeuennomy
basucamu darmopno desumnie zpynno. A° = G* © Q" u B° = H* ® QF marorce ¢ nexomopoimu
ommenennumy basucamu. soticmeennocmsy F <> D cmasum 6 coomeemcmeue 20MOMOPHUIMY
f A — B 2omomoppusm garxmoprno deaumuiz 2pynn f°© . B° — A°. Mampuua amozo 20mo-
MOPPUIMA OMHOCUMENDHO OMMEUCHHYT OAZUCOS AGAACMCA MPAHCNONUPOsarnoti mampuuets T°.
Hpu smom ozpanunenue 2omomoppusma f° 1 B° — A° wna nepuoduneckyro wacmov H™ zpynnovt
B° = H* ® Q" coenadaem c zomomopdusmom 7* : H* — G*, xomopuidi asaaemca 0yarvHvim
comomopusmy f : G — H 6 cmvicae d60TCmMEenHOCTIU KOHENHBIT 2pynin.
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IMpumep 2. TIpeamonoxumM, 94TO BCE JEMEHTHI (1, . . ., §p UMEIOT OJMHAKOBBIA MOPAI0K 1M W
rpynmna G packaaapiBaeTcs B OpaMyto cymmy G = (g1) @ ... @ (gn) (cm. [Ipmmep 1). Torma o6b-
€KTY g1, ..,Jn KaTeropun S COOTBETCTBYeT B Kareropuu JF cBobomnas rpymnna A ¢ orMedeHHbIM
6azmcom ag,...,a, € A Takag, 9T0 UMEET MECTO PABEHCTBO MOATPYHO (ai,...,an) = mA. llpu
9TOM sicHO, uTo A/{a,...,a,) = G. Ilo Teopeme 4 momxkuO 6bLTO ObI OBITE G*, HO MBI HATTOMHUM,
UTO B JIBONCTBEHHOCTH KOHEUHBIX TPYIIT UMeeT MecTo uzomopduzm G* = G misa 000l KOHETHOI
rpynnsl G.

IMpumep 3. [Ipeanosoxkum, 910 00BEKT KaTETOPUN S UMEET BUJL g, . . . , §, T/ SJIEMEHT ¢ TIOPSII-
Ka m MoBTOpsieTcs n pa3, G = (g) — MUKJINUEcKas: IPYINa TOPSIIKA 7M. ITOMY 00bEKTY B KATErOPUN
F coorBercTByeT moarpynna A rpynnsl Q7 mopoxkgeHHas 1+ 1 3//eMeHTOM: CTaH aPTHRIM 6a3ucoM
e1 = (1,0,...,0),...,e, = (0,...,0,1) u s1eMeHTOM (%, %, ce %) CrapmapTHLIil 6a3uC ABIsIET-
ca ormedeHHbIM. fcuo, aro A/{eq,...,e,) = G. B kareropun D Hamemy 0ObEeKTY COOTBETCTBYET
dakropHo gemumas rpymia G G Q" ¢ orMedeHHBIM 6a3uCOM g + €1, ...,9 + €n.

4. 3akKJIr04YeHue

Cunraerca OOIENPUIHAHHBIM TOT (PAKT, 9TO KJjacC abejeBbIX TPy 6e3 KPyJueHUs KOHETHOTO
paHra siBJIsgeTcs Ype3Bbldaiino ciaokabiM. CHadana A. B. fxosries [31] mokasas, aro 9T0T KJacc
spasiercst 'nuknm''c ToYKM 3peHusi Teopun npejcrasiaenuit, morom C. Tomac [32] mokaszan, uro
CJIOKHOCTEH BO3pAcCTaeT ¢ yBedWdeHweM panra. B cmiay msoficTBennocTrn D > F MOXKHO CKa3aTh,
YTO KJIaCC CMEIIaHHBIX (baKTOpHO JACJIUMbBIX T'PDYIIN ABJIACTCA HE MEHee CJIOXKHBIM. KpOMe TOrOo, OH
erre sIBJISIeTCA MaJIo M3YUeHHBIM, TaK KaK ObLT BBEJIEH OTHOCHTEIBHO HEJTaBHO [5].

Tem GosbIHit HHTEPEC TPEACTABISIET TOIX0, TTPH KOTOPOM 062 KJacca MPYIl U3ydalTcs O
HOBpPEMEHHO B TepMuHAX Kareropuu S. Ha 3ToM myTu 1moka mpojiesiaHo CJIe Iy rolee:

1. Cnyuaii, xorga obbekT Kareropuu S mpecTaBsier cob0i MOCaAeT0BATEILHOCTD U3 OHOTO
semenTa, pazobpan O. U. /asbiiosoii [§].

2. Cayuqait, Korjga 06beKT Kareropun S MPEICTABASIET COOOH MOCIET0BATEIBHOCTD JJIEMEHTOB
cBobozmoro 6aszuca cBO6OIHOrO Z,-MOAyis, pasobpan B |9]. Ilpu 9T0M MBI HOMy4YHIH HOBBIH pe-
3yAbTAT JJisi (PAKTOPHO JAEIUMBIX T'PYIII, KOTOPBINA SABASETCI AYaan3arueii KJIacCuIecKoi TeopeMbl
P. Bapa.

3. Cuyuait, Korjga o0bekT Kareropuu S NPEJCTABISIET COOOH MOCTEI0BATEIBHOCTD EePUOIUIE-
CKHUX JIEMEHTOB pa300paH B HACTOLAIIEH CTATbE.

Murepecno ormeruts, 9To Ha J1060# HaKTOPHO je MOl rpyiine panra 1 MoxkeT ObITh ompee-
JIEHO XOTsi OBl OJTHO KOJIBIIO C HEHYJIEBbIM YMHOXKeHueM. B To BpeMs Kak jijist IpyIin 6e3 KpydeHus
paHra 1 9T0O BEPHO TOJIBKO B TOM CJy4dae, KOTJIa OHM SIBJILAIOTCH (PAKTOPHO J€/JUMBbIMU, 00 3TOM
cMoTpu, Hanpumep, B [2]. B ¢Bsi3u ¢ 9TMM nHTEPECHO MCCIeA0BATH KOJIbIA Ha (GAKTOPHO JEJMMBIX
rpynmnax B cruie pabot [26-30].

B zaksrouenive Mbr chopMyIupyeM HEKOTOPBIE 33291, KOTOPbIE, HA HAI BTV, TPEICTABISIIOT
HosbIIT0l UHTEpEC:

Bagaqa 1. UcciemosaTh Koabila Ha (DaKTOPHO JEJUMBIX TPYITax.

Bajiaua 2. Pacemorpers B kareropun S 1OCJEI0BATEBHOCTH U3 JIBYX 9JIEMEHTOB. 10 €CTh COo-
OTHECTH KJIACCHYECKOe orncanue rpyni 6e3 kpyuenus panra 2 Briomonra n Ilupca [33] ¢ mnammnwm
MTOIXOIOM U TIOJIYIUTE omucanue (baKTOPHO JeTUMBIX TPy panra 2. CMOTpU B 3TOii CBSI3U TaKkKe
crarbio [22].

Basgaqa 3. PaccMoTpeTh TO/THBIE TONKATETOPUU KATETOPUU S, 00BEKTHI KOTOPBIX ABJISIOTCS UUC-
JIOBBIMMU IIOCJICJOBATCILHOCTAMM. HaHpI/IMep, TOJIMaJNYIeCKHue 9ncCjia, NJiIn 9JIeMEeHThI KOJIbIla ZX JJIA
HEKOTOpOil XxapakTepucTuku X (cMm. [34]), B gacTHOCTH, Teble p-aaudeckne quciaa (cm. [35]), mm
HCEeBAOPAIMOHAIbHEbIe uncaa (cM. [36]).
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Bagaua 4. yaan3upoBarsk pe3yJibTaThl O MOYTH BIIOJTHE PA3IOKUMBIX IpyInax 663 KpyJdeHus B
kareropuio S u B Kareroputo D B ayxe crateu |23].
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AnHOTanua

Mbr u3ydaeM 1OJIs PEAIU3AIUU U [EJOYUCICHHOCTh XapAKTEPOB [IUCKPETHBIX ¥ KOHEYHBIX
noarpyni S Lo (C) u cBSI3aHHbBIE C HUM DEIeTKH, a TaK¥Ke IEJOYNCIeHHOCTh XapaKTepoB KOHeY-
HbIX Tpynn G.

Teopusi XapakKTepOB KOHEYHBIX U OECKOHEYHBIX IPYII UTPAET HMEHTPATBHYIO POJb B TEO-
pHUU IPYII, TEOPUH [IPEJICTABICHAN KOHEYHBIX IPYII U aCCONMUATUBHBIX airedp. Knaccuaeckue
PE3YJIBTAThI CBA3AHBI ¢ HEKOTOPBIMEH apu(DMETHICCKUME 33[a9aMU: OIMUCAHUE EJT0IUCTIEHBIX
MPEICTABJIEHNT CYIIECTBEHHO JIJIT KOHEYHBIX TPYIIT HAJ KOJBIAMY IEJIBIX YHCEN B YHCIOBBIX
MTOJIAX, JIOKAJIBHBIX MOJIAX WK, B O0ojiee O0IeM cirydae, s 1€ IeKUHIOBBIX KOJIEII.

CymiecTBeHHas 9aCcTh 9TOH CTATHU MOCBAIIEHA CJIELYIOMIEMY BOIPOCY, BOCXOmsAIeMy K B.
BepHucaiiay: kaxkaoe i MpeIcTaBICHIE HAJ 9UCTOBBIM MOJEM MOMXKET ObITh CIEIAHO MET0IUC-
JIEHHBIM.

Besikoe sin smueitnoe mpencrasienne p : G — GL,(K) koHeunoit rpynmbl G Haz YHCIIO-
BbIM TiosieM K /Q compsizkeno B GL, (K) c npeacraenennem p : G — GL,(Ok) Hax KOIbIOM
nenbix gucesn Ok mons K7 YToObl u3yuuTh 9TOT BOIPOC, UCIIOIH3YETCS CBSI3b MEJTOYNCIEHBIX
MpPeICTABJIEHUI U PEIIeTOK.

OTOT BOIPOC TECHO CBsA3aH C IVIODATBHO HEHPUBOAMMBIMU TPEICTABICHUSIMEI; KOHIIETIIHS,
npemyioxkennas Jxx. Tommconom u B. I'poccom, 6puta nzydena @am Xory Tuenom n 06obmena
®. Ban OiicraeaoM u A. E. 3amecckuM, 0JHAKO OCTAETCS MHOTO OTKPBITHIX BOIIPOCOB.

Hac wmaTepecyror apudmernyieckne acrueKThl IeJ0YNCACHHON PeAJTN3yeMOCTH TPEICTABIIE-
HUI KOHEYHBIX PYII, W, B 9ACTHOCTH, PACCMATPUBAIOTCS YCIOBUS PEATH3YEMOCTH B TEPMHUHAX
cuMBOJIOB I'mipbepTa n anrebp KBATEPHUOHOB.

Kamouesnie crosa: T'unepbosimdeckne pemeTKu, IPYIIbI, TOPOXK/IEHHBIE OTPAKEHUIMHE, Xa-
PaKTEPhI JUCKPETHBIX M KOHEYHBIX rpymi, uHaekc lllypa, meIeKuHIOBBI KOJIBIA, TJI00ATBHO
HEMIPUBOAMMbBIE TTPEICTABJIEHNUS, IPOCTHIE AJIT€OPhI HAJT YUCIOBBIMHU TOJISIMA, KBATEPHUOHBI, De-
IIeTKU B IMPOCTHIX aaredpax, CUMBOI ['map0epTa, pobl, MO PACIIEIIeHNs.

Bubauoepagus: 29 HazBanuii.
g nmuTupoBaHu:

D. Malinin. On some characters of group representations // Yebwimesckuit c6opruk, 2019, 1. 20,
BBIT. 2, c. 234-243.
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Abstract

We study realization fields and integrality of characters of discrete and finite subgroups of
SLs(C) and related lattices with a focus on on the integrality of characters of finite groups G.
Theory of characters of finite and infinite groups plays the central role in the group theory and
the theory of representations of finite groups and associative algebras. The classical results are
related to some arithmetic problems: the description of integral representations are essential for
finite groups over rings of integers in number fields, local fields, or, more generally, for Dedekind
rings. A substantial part of this paper is devoted to the following question, coming back to W.
Burnside: whether every representation over a number field can be made integral. Given a linear
representation p : G — GL, (K) of finite group G over a number field K/Q, is it conjugate in
GL,(K) to a representation p : G — GL,(Ok) over the ring of integers Ox? To study this
question, it is possible to translate integrality into the setting of lattices.

This question is closely related to globally irreducible representations; the concept introduced
by J. G. Thompson and B. Gross, was developed by Pham Huu Tiep and generalized by F. Van
Oystaeyen and A.E. Zalesskii, and there are still many open questions. We are interested in the
arithmetic aspects of the integral realizability of representations of finite groups, splitting fields,
and, in particular, consider the conditions of realizability in the terms of Hilbert symbols and
quaternion algebras.

Keywords: Hyperbolic lattices, groups generated by reflections, characters of discrete and
finite groups, Schur index, Dedekind ring, globally irreducible representations, simple algebras
over number fields, quaternions, lattices in simple algebras, Hilbert symbol, genera, splitting
fields.
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1. Introduction

In this paper we are interested to study the integrality of characters of discrete subgroups of
SLy(C) and related lattices.

Hyperbolic lattices in dimension three, that is, discrete cofinite subgroups of SLo(C), show
a preference for having integrally valued character functions, see [29]. Probably, the first known
lattice with non-integral character seems to be the one presented by Vinberg at the very end
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of his fundamental paper [29] where it plays the role of an example for reflection groups. We can
present a version of this example and then discuss a series of lattices which contains, most probably,
infinitely many with no integer valued character. This is a lattice in three-dimensional hyperbolic
space generated by reflections. Let P be the solid in H? described combinatorially as a prism with
two opposite triangular and three planar quadrangular faces.

Proposition 1. (Vinberg [29]). The group I' generated by reflections on the faces of P is a
cofinite but not cocompact lattice in hyperbolic space H?. It is not arithmetic.

Consider the following presentation of a subgroup I'; of I':
Generators: o1, 09, 71, T2,
Relations:

(1) 0f = 03 = (0171)? = (0271)? = (0272)? = (73 '11)* = 1,

(2) (o172)® =1,

B)h=78=1

Proposition 2. T’y has trace field equal to Q(v/—3), the field of cube roots of unity. Its character
values (squared) are unbounded at the nonarchimedian valuation at the prime 2 and integral at all
other non-archimedian places. It is cofinite with exactly one cusp.

The character of I'y is determined by the following representation

G — GL,(C)
- 2 (0

B ﬁ;Si V2i B \/%+i 0
n= 3 \/52—31‘ T2 0 \/%—i

In [10] H. Helling considered explicit hyperbolic manifolds obtained by Dehn surgeries of type
(4n,n) on the figure of eight knot 4;. These share the properties of an earlier paper [15] and
the above propositions of having associated lattices SLy(C) with non-integrally valued character
functions. See also [15] and [27]. This gives a series of examples of lattices SLy(C) having non-
integral characters.

Sl

2. Integrality of characters for finite groups

Starting from this section in this paper we focus on the integrality of characters of finite groups
G. Though the traces of g € G are always algebraic integers, the representations G — G L, (K) are
not always realizable in the rings of integers of algebraic number fields K.

Let us consider the following

Assumption 1. Let G be a finite group, K a number field with the ring of integers Ox and
p: G — GLy(K) an irreducible representation of G. We denote by M the associated irreducible
KG-module.

Definition. The representation p : G — GL,(K) is integral, if and only if p(g9) € GL,(Ok)
for all ¢ € G. We say that p(G) can be made integral, if and only if there exists an integral
representation G — GL,(Og) which is equivalent to p. We call My integral if p(G) can be made
integral.

In other words, p(G) can be made integral if and only if we can apply a base change such that
all matrices have integral entries.
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W. Burnside asked the question whether every representation over a number field can be made
integral. To study this question, it is possible to translate integrality into the setting of lattices.

Question. (W. Burnside, 1. Schur, later W. Feit, J.-P. Serre). Given a linear representation
p: G — GL,(K) of finite group G over a number field K/Q, is it conjugate to a representation
p: G — GL,(Ok) over the ring of integers O ?

There is an algorithm which efficiently answers this question, it decides whether this repre-
sentation can be made integral, and, if this is the case, a conjugate integral representation can
be computed. Integral realizability of p ver the ring of integers O depends strongly on the class
number clg of K. The following proposition is well-known, see e.g. [4].

Proposition 3A. Assume that one of the conditions hold:

(i) We have K = Q.

(i) We have clg = 1.

(i1i) We have the greatest common divisor GCD(cli;n) = 1.
(iv) We have clg /cl3 = 1.

Then the representation p : G — GL,(K) can be made integral.

In the papers by D. K. Faddeev (1965, 1995), see [6] and [7], some new ideas on generalized
integral representations over Dedekind rings were discussed.

The following theorem is contained in [2].

Theorem 1 (Cliff, Ritter, Weiss, [2]). Let G be a finite solvable group. Then every absolutely
irreducible character x of G can be realized over Z[(m], where m is the exponent of G.

Example. The metacyclic group G = (z;ylz® = 3! = 1;9* = y") admits an absolutely
irreducible representation G — GL3(K) which cannot be made integral, where K is the unique
subfield of Q((s7) of degree 12.

Theorem 2 (Serre, [28]).

Let G =Qs, K = Q(vV/—d), and d > 0. Then

1) G is realizable over K, p: G — GLy(K), if and only if d = a® + b + ¢ for some integers
a,b,c.

2) G is realizable over O, p: G — GLy(Og), if and only if d = a® + b? for some integers a,b
or d = a® + 2b% for some integers a,b.

The starting point of studying absolutely irreducible representations of finite groups with the
property of irreducibility modulo all primes was the concept of of global irreducibility. The notion
of globally irreducible representations for the ring of rational integers appeared in papers by B. H.
Gross, see [8], [9] in order to explain new series of Euclidean lattices discovered by N. Elkies and
T. Shioda using Mordell-Weil lattices of elliptic curves.

The concept of global irreducibility for arithmetic rings has been introduced by F. Van Oystaeyen
and A.E. Zalesskii: a finite group G C GL,(F) over an algebraic number field F' is globally
irreducible if for every non-archimedean valuation v of F' a Brauer reduction reduction of G (mod
v) is absolutely irreducible. The following theorem is proven in [25].

Theorem 3 (F. Van Oystaeyen and A.E. Zalesskii, see [25]).
Op-span OpG of a group G C GL,(OF) is equal to M, (Op) if and only if G C GL,(OF) is
globally irreducible.

The natural problem is to describe the possible n and arithmetic rings O such that there is a
globally irreducible G C GL,,(OF). In our particular situation it is interesting, what happens for
n = 27 This question was considered in [20], [22]. The answer is given in the theorem below, see
[22], Theorem, p. 9.
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Theorem 4 ([22]).

1) Let G = Qum be the group of generalized quaternions, and let H = G = Qg be the group of
quaternions. Then there is a quadratic subfield K; C K and an Ok, H-module I which is an ideal
in an extended field Ly = K;(i), such that: G = Qu, is realizable over Ok if and only if H is

realizable over Ok, , and all Hilbert symbols <_d’N+1/Q(I)) =1 for all p|d.

2) If G = Qum, is not realizable over Ok, the minimal realization field such that H is realizable over
its ring of integers is a biquadratic extension Q(+/dy,v/d2), where d = dyds and dy, do are integers
not equal to + 1 or to £+ d.
3) The explicit computation of I in Ly = K;(i) is relevant to a representation of the integer
d=a%+b%+c2 Nrp, /K, of either of these ideals is a principal ideal in O, if:

(1) b = ¢; then d = a® + 2b* ((a,b) = 1) - equivalently, d has no prime factors p = 5(mod8)
and p = 7(mod8), or

(2) ¢ =0; then d = a® + b* ((a,b) = 1) or equivalently, d has no prime factors p = 3(mod4).

Let G be a finite group and y its complex irreducible character. A number field K/Q is a
splitting field of y, if there exists a representation of G over K affording x. A splitting field K is
of the minimal degree, if there is no splitting field of x with degree smaller than K. We say that a
splitting field K of y is integral, if any representation of G over K affording y can be made integral.
Otherwise, the splitting field K is nonintegral.

Let x be an irreducible complex character of a finite group. All minimal splitting fields of x
have the same relative degree over the character field Q(x), which is called the Schur index of x
over Q, [18] . Let us use for this degree the following notation: mgqy)(x)-

For each place v of Q(x), there is an associated local Schur index of x at v, denoted by mQ(x)y (x),
and the least common multiple

mq(y) (X) = LOMy{mgq), (x)-}

The field Q(x) C K is a splitting field of x if and only if mq(y), (x) divides [Ky : Q(x)v] for
all places v of Q(x) and all divisors w of v.

If mq(x) > 1, then there are infinitely many minimal splitting fields of x, and if mq(x) =1,
then the field of characters Q(x) is the unique minimal splitting field of x.

Do there exist integral and nonintegral minimal splitting fields of a given character? If so, how
many are there?

Let us consider the case of trivial Schur index. In this case Q(x) is the only minimal splitting
field of x. The example above shows that it can be nonintegral. On the other hand, for a character
x with Q(x) = Q the minimal splitting field of y is integral. Thus in general both cases will occur.
We will now concentrate on the case mq(x) > 1, more precisely on the case mq(x) > 1,Q(x) = Q
and deg(y) = 2.

Let G be a finite group, K a number field with the ring of integers O = Og. We will now
concentrate on a special situation, originally treated by Serre in [Ser08], for which the existence of
integral and nonintegral minimal splitting fields is closely connected to the theory of quaternion
algebras and Hilbert symbols. Below we consider (the Hilbert symbol (a,b) over Q and for a place
v of Q we denote by (a;b), the corresponding local Hilbert symbol over Q. By Bra(Q) we denote
the subgroup of the Brauer group of Q generated by quaternion algebras.

We denote by Clg the group of ideal classes of K. For a finitely generated Og-module (a
lattice) M we denote by cl(M) its Steinitz class. The simple component of QG, corresponding to
the irreducible character x, is a non-split quaternion algebra over Q, which we denote by D. The
proof of the proposition 3 below is contained in the paper by J.-P. Serre [28].
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Definition (see [28].) Let K be an imaginary quadratic number field with discriminant
—d,d > 0. We define the map

ex : Clg/Cl3 — Bro(Q);[a] — (N(a), —d).

Proposition 3 (see [28]). Let K be an imaginary quadratic number field with discriminant
—d, which splits D and which we consequently view as a subfield of D. Then the following conditions
hold true:

(i) The map ef is well-defined and injective.

(ii) Let R be a maximal order of D containing O. Then the O-module R is G-invariant. In particular
R is an OG-lattice.

(iii) If R and Ry are two maximal orders of D containing O, then cl(R) = cl(Ro) in Clg/Cl%.
(iv) Let R be a maximal order of D containing O. Then we have ek (cl(R)) = (D) - (dp; —d), where
dp is the product of all primes ramified in D including —1 if oo is ramified, (D) is the class of D

in Bra(Q).
Proposition 4 ([22], proposition 5).

~~

(1) An algebraic number field K is a splitting field for the group G of quaternions if and only if K
is totally imaginary and for all localizations K, for all prime divisors v of 2 the local degree
[Ky : Q2] is even.

(2) If K is a splitting field for the group G of quaternions, then [K : Q] is even.

(3) K is a splitting field for the group G of quaternions and K/Q is abelian, then K has a
quadratic subfield Q(v/d).

For the convenience of the reader we include the proof of proposition 4.

Proof. By the theorem of Hasse-Brauer-Noether, K is a splitting field for (G)q if and only if the
localization K, is a splitting field locally for (G)q, = QpG for all prime divisors v of p. Since the
quaternion algebra has invariants 1/2 at 2 and oo in the Brauer group, and 0 at all other primes p,
K is a splitting field for G if and only if K is totally imaginary and for all localizations K, for all
prime divisors v of 2 the local degree [K, : Q2] is even [5], Satz 2, ch. VII, sect. 5.

Since [K : Q] is the sum of [K, : Qz], it must be even, and this implies (2).

If K/Q is abelian, its degree is even, and its Galois group has a subgroup of index 2, therefore,
the fixed subfield of this subgroup is a quadratic extension of Q.

This completes the proof of proposition 4.

Let us consider the following

Assumption 2. Let G be a finite group and let x be an irreducible character of a finite group
with mq(x) > 1,Q(x) = Q and deg(x) = 2.

Consider the simple component D of QG, corresponding to the irreducible character y, which
was used in proposition 3 above. Below we consider classes of sublattices L(R) of a maximal order
R of D. Recall that a quaternion algebra is just a 4-dimensional Q-algebra with center Q. We have
the following equivalence:

(1) A quadratic field K is a splitting field of ¥,

(2) all places v of Q with mq, (x) = 2 do not split in K over Q,

(3) the field K can be embedded as a maximal subfield of D,

(4) For all places v of Q at which D is ramified, the field K, splits D, for all places w of K
lying above v.
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Let K be an imaginary quadratic field which splits D. Then we can view D as a KG-module,
which we denote by Mg, and we have seen that a maximal order R of D containing O is an OG-
lattice of M. To determine integrality, it is now sufficient to consider the set cl(L(R)) of classes of
sublattices of R or, since ey is injective, the set ex (cl(L(R))). Let K be a minimal splitting field
of the character x. Let us denote by Sk the set of prime ideals of O = Og such that a Brauer
reduction of Mk is reducible, let S” = S be the set of rational primes lying over ideals in Sk. Let
S be the intersection of all S” = S’ over all minimal splitting fields K; following [28], we denote by
e(D,K) = ex(cl(R)) for a maximal order R of D containing O. Remind that —d is the discriminant
of K.

Lemma 1.
ek (cl(L(Mk))) C e(D, K) - {Ilpes, (p, —d)|So C S}

Proof. 1t follows from [26], theorem 2.5, and the observation that the class of a sublattice of
R can only change by a square or the class of [I] € Clx/Cl%, where I is a prime ideal whose
I-reduction is reducible, that c/(L(Mk)) C cl(R) - {Il,es,[{]|So C S}. By applying the map ex to
the equation obtained, we get e (cl(L(Mk))) C e(D, K) - {Iyes, (p'1), —d)|So C S}, where f(I)
is the inertia index of f(I) in K/Q. Assume that I € Sk, but not in S and I is a prime ideal of K
above p. Then there exists a minimal splitting field L and a prime ideal ¢ of L lying above p such
that the reduction of My modulo [ is reducible, while the reduction of Mg modulo g is irreducible.
This is only possible if the residue field of I is strictly larger than the residue field of I. Thus the
norm N(I) = p? and therefore (p/(1), —d) = 1.

This completes the proof of lemma 1.

Lemma 2 (/3/, Theorem 5.3.2, see also [24], Theorem 2.8, compare also [16], sect 81, p.144,
Theorem 112). Let (a;)icr be a finite set of elements of Q*, and let (€;4)icrvep be a set of numbers
equal to £1. There exist an infinite number of x € Q* such that (a;,x) = €, for all i € I and all
v € P if and only if the following three conditions are satisfied:

(1) Almost all of the €, are equal to 1, say, €, =1 for v ¢ Py and a finite subset Py C P.

(2) For all i € I we have I,cp(€;y) = 1.

(3) For all v € P there exists x, € Q3 such that (a;,zy)y = €, for all i € 1.

Note that infiniteness of the number of  follows from Dirichlet’s theorem on primes in arithmetic
progressions which is involved in the proof.

Lemma 3. There is an infinite number of splitting fields K = Q(v/—d) of x such that
Clk /Cl3 = 1.

Proof. 1t follows from [12] that Clk/Cl3 = 1 for quadratic fields K = Q(,/—p) for
—p = 1(mod4). Let T = U;q; be the set of rational primes such that Schur indices of x at ¢;
are 2. An extension K of the character field Q is a splitting field of if all places of K above the
p € T have inertia degrees divisible by 2. The Legendre symbol (‘Z—f) = (—1)(@—1)/2 (%) for the
discriminant dg = —p. It follows from proposition 4 that for primes ¢; # 2 the character x splits
iff (%) = (=1)@*D/2 For ¢; = 2 we can see that the inertia degree is 2 iff dj, = —p = 1(mod8).
Now we can use Dirichlet’s theorem on primes in arithmetic progression to conclude that there are
infinitely many primes p satisfying the above congruence conditions for all p;. This completes the
proof of lemma, 3.

Theorem 5. Let x be an irreducible character of a finite group with mq(x) > 1,Q(x) = Q
and deg(x) = 2. Then there exist infinitely many integral minimal splitting fields of x, and there is
infinitely many nonintegral minimal splitting fields of x.
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Proof.

1) We can use proposition 3, (iv) together with lemma 3 to prove that there exist infinitely
many integral minimal splitting fields of . It follows from proposition 4 that the infinite number
of K from lemma 3 are minimal splitting fields of x.

2) Let P be the set of all finite rational primes and oco. Let Ram(D) be the set of all finite
ramified primes in D together with —1 in the case if D is ramified at co. Let for the elements
pi € S U Ram(D) the set ¢, = 1 be prescribed elements. It follows from [11|, ch 5, sect. 6, and
Dirichlet’s theorem on primes in arithmetic progressions that there is an infinite number of primes
q and integers z such that Hilbert symbols (p;, z), = €; for all indices 7.

According to proposition 3, (iv) and lemma 1, it is sufficient to prove that the unit class is
not contained in the set of classes (D) - {Il,es,(p, —d)|So C S} for any Sy C S1 = S U Ram(D)
and for an infinite number of d; D is a non-split algebra, and we can assume that Sy is not

empty. For any Sp C S U Ram(D) take elements €, £ 1,p € S; such that Ilpeg,6, = —1;
according to the above argument there are integers x and a prime ¢ ¢ S; such that D splits
at q1 and (p,@)q, = € for all p € S1, thus ((D) - Hpesy(p, —2))q; = lpes,(p,2)q = —1 since

(p,—1)q = 1. Also we can take g1 # ¢f if the corresponding S; # S7. Now we can use lemma 2 for
I =51,{ai}ict = {p}pes,, €in = €p, Po = {q1}, where ¢; corresponds to Sy C S.

The sufficient conditions for an imaginary quadratic field K = Q(y/—d), where d > 0, to be
a splitting field of D is that for all ¢ € Ram(D) the condition (¢,d), = (—1)@t)/2if ¢ # 2, or
the condition (q,d)2 = 1 if ¢ = 2 hold true; since K is imaginary, the sufficient condition at the
infinite place is also satisfied. We can also assume that since the conditions for K = Q(v/—d) to be
a splitting field affect only v € Ram(D) which do not intersect Py, and the second claim of theorem
5 follows from lemma 2.

Remark 1. A similar theorem holds in a more general settings, we have can find minimal
integral and nonintegral splitting fields for a large number of characters of various groups assuming
that x is an irreducible character of G with mq(x) > 1.

Remark 2. In some earlier papers, see e.g [21]|, the author considered the conditions of
integrality for representations of finite groups together with conditions of stability of Galois action.
The following question has a deep topological motivation, see [1].

Let p: G — GL,(C) be a complex n-dimensional representation of a finite group G. Let 7 be
an automorphism of the field C, not necessarily continuous. For g € G, we act by 7 on the matrix
coefficients of p(g) and obtain a new matrix 7(p(g)).

We obtain a new subgroup 7(p(G)) in GL,(C). Is it possible that the subgroup 7(p(G)) is not
conjugate to p(G) in GL,(C), i.e. there is no matrix X € G L, (C) such that 7(p(G)) = X p(G)X 17

Acknowledgement. The author is grateful to the referee for useful remarks and suggestions.

3. Conclusion

Theory of characters of finite and infinite groups plays the central role in the group theory
and the theory of representations of finite groups and associative algebras. The classical results are
related to some arithmetic problems: the description of integral representations are essential for
finite groups over rings of integers in number fields, local fields, or, more generally, for Dedekind
rings. In this paper we are interested to study the integrality of characters of discrete and finite
subgroups of SLy(C) and related lattices. A substantial part of this paper is devoted to the following
question, coming back to W. Burnside: whether every representation over a number field can be
made integral. To study this question, it is possible to translate integrality into the setting of
lattices.
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Question. (W. Burnside, 1. Schur, later W. Feit, J.-P. Serre). Given a linear representation
p: G — GL,(K) of finite group G over a number field K/Q, is it conjugate to a representation
p: G — GL,(Ok) over the ring of integers O ?

This question is closely related to globally irreducible representations; the concept introduced
by J. G. Thompson and B. Gross, was developed and generalized by Pham Huu Tiep, F. Van
Oystaeyen and A.E. Zalesskii, and there are still many open questions. We are interested in the
arithmetic aspects of the integral realizability of representations of finite groups, and, in particular,
prove the existence of infinite number of splitting fields where the representations are not realizable.
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AnHOTanMs

B crarbe paccmarpuBaercs: cucrema MarpudHbIX ypasuenuii JIypoe. Takas cucrema nmeer
[IPUKJIAHOE 3HAYEHHE [IPU UCCIIEI0BAHUY ACUMIITOTUYIECKON YCTONIMBOCTH COCTOSHUI PABHOBE-
cust cucrembl 1udGepeHInaIbHbIX YPABHEHUN, HAXOXK IEHUN 00JIaCTell TPUTSIKEHUSsT COCTOSTHUIMA
PaBHOBECHS, OMPEIEIeHNs YCIOBU CYIIECTBOBAHNS TPEIEIbHBIX IUKJIOB st cucteM audde-
PEHIHAIBHBIX YPABHEHU, UCCJIEIOBAHNY TVI00AIHFHOM YCTORINBOCTH, CKPBITON CHHXPOHU3AIUT
cucreM (pa30BoOi U 9acTOTHO-(PA30BOM aBTOMOACTPORKH 9aCTOThI. I3BECTHO, 9TO yCIOBUS pa3-
PEIIMMOCTH MATPUYHBIX ypaBHEHUil JIypbe Oompenessiorcs «4acToTHoi Teopemoii Akybosuya-
Kanvanay. [Iig u3ydenus Heaunelabix Kojgebanuii ha3oBbIX CUCTEM BO3HUKAET HEOOXOIMMOCTD
HAXOXK/IEHUs PEINeHNl MATPUIHBIX ypaBHeHuil JIypbe.

B nanHOit cTaThe paccMaTpUBAETCS CJIyUail, KO MATPUIHOE HEPABEHCTBO JIAMyHOBA, BXO-
JidIee B cocTtaB ypaBHenuit JIypbe, nMeer MaTpuily ¢ 1edCTBUTEIbHBIME COOCTBEHHBIMU 3HATE-
HUSIMHA, 9aCTh U3 KOTOPBIX MOT'YT ObITh HyJsIeBbIMHE. [[71s TAKOTO CJiydasi MOy 9€Hbl HEOOXOIUMbIE
1 JIOCTATOYHbIE YCJIOBHS PA3PEUInMOCTU ypaBHenuil JIypbe u onpezesen Buj pemenuit, 4ro no3-
BOJISIET TIPOBECTH UX CIEKTPAIHHBIN aHan3. ZIBHBIN BUI peleHnil MATPUIHBIX YPABHEHUN Taj
BO3MOXKHOCTB ITPOBECTU UX T€OMETPUYIECKYI0 HHTEPIIPETAINIO B 3aBUCUMOCTH OT CIEKTPA, TIOKa~
3aTh B3aMMOCBSA3b yPABHEHUS JTUHEHHON CBI3U C KBAAPATHIHBIMEU (DOPMAMU PEIreHuil ypaBHe-
uuii JIyppe. B ocHoBe mMeToa anann3a MATPUYHBIX yPABHEHUI JIEXKUT MOIXO0, Oa3uPyIOMuiics
Ha WCIIOJIHb30BAHUU IIPAMOIO IIPOU3BEIEHUs MATPUL] U [IPUMEHEHUU 0000ImEeHHO 0OPATHBIX MaT-
PHIL I HAXOXKIEHUS PEIeHNi CHCTeM JIMHEHHBIX ypaBHEeHMI. Pe3yibTarsl paboTh TIO3BOIHIN
HCCJIEI0BATH CUCTEMY TPEX MATPUYHBIX YPABHEHUI BO3HUKAIOIILYIO TPU U3ydeHnu (ha30BbIX CHU-
CTEeM FaCTOTHO-(PAB0BON ABTOMOACTPONKH IACTOTHI.

Karouesnie caosa: cucrema nuddbepeHnuaabHbIX YyPaBHEHU, MaTPUYIHbIE YpaBHEHUs JIypbe
) )
CKPBITasi CHHXPOHHU3AIUsd, CUCTEMa, 9YaCTOTHO-(A30BOI aBTOIOACTPONRKU YACTOTHI.

Bubauoepagpus: 18 nHazBaHuii.
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Abstract

The system of matrix Lurie equations is considered. Such a system is of practical importance
in the study of the asymptotic stability of equilibrium states of a system of differential equations,
finding the regions of attraction of equilibrium states, determining the conditions for the
existence of limit cycles for systems of differential equations, investigating global stability,
hidden synchronization of phase and frequency-frequency self-tuning systems. It is known
that the conditions for the solvability of the matrix Lurie equations are determined by the
"Yakubovich-Kalman frequency theorem". To study nonlinear oscillations of phase systems, it
becomes necessary to find solutions of the matrix Lurie equations.

In this paper we consider the case when the matrix Lyapunov inequality, which is part of
the Lurie equation, has a matrix with real eigenvalues, some of which may be zero. For such a
case, necessary and sufficient conditions for the solvability of the Lurie equations are obtained
and the form of the solutions is determined, which makes it possible to carry out their spectral
analysis. The explicit form of the solutions of the matrix equations made it possible to make
their geometric interpretation depending on the spectrum, to show the relationship of the linear
connection equation to the quadratic forms of solutions of the Lurie equations. The method of
analyzing matrix equations is based on an approach based on the use of a direct product of
matrices and the application of generalized inverse matrices to find solutions to systems of linear
equations. The results of the work made it possible to investigate the system of three matrix
equations arising in the study of phase-frequency frequency-phase self-tuning systems.
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1. BBenenue

Paccmorpum cucteMy MaTpUYHBIX ypaBHEHUN
AX +XAT =1L, (1)

Xqg=mr, (2)

rme A, X, L € R ¢, r € R", ?T”— tpaucnonnposanue, X, L — HemssecTHBIe MATpUILl. JI s
marpudHoro ypasuenns Jlsnywosa (1) wu3BecTHBI yciaoBusi cymiectBoBanusi permenus X [1-4].
Ecmu A\ (A), i=1,n —cobcreennsle 3navennst marpunsl A u A\ (A)+ X (4) #0, 4, j=
= 1,n , To ypasuenue (1) ojHOBHAYHO pazpenuMo s J0boit marpuiiel L . s caydas L < 0
HEOOXOIMMBIE U JJOCTATOUHBIE YCJIOBUST PA3PENMMOCTH cucTeMbl (1), (2) ompenensirorcst 9acTOTHOM
teopemoit Akybosrnua—Kamvana [5-7].

OHUM U3 METOJIOB OIpeJie/IEHUs] HeJIMHENHBIX Kosiebanuil cucreMbl guddepeHnnaabHbIX ypaB-
HeHuit siBjsiercs npuHnun Topa [6]. CyTbh 9TOro Meroza 3ak/rodaercs B HocTpoeHun B (HazoBoM
[IPOCTPAHCTBE PACCMaTPUBAEMO CHCTEMbI TOPOUIAIBHOTO MHOYKECTBa ), MOJIOKUTEIHHO UHBAPHU-
AHTHOIO JIIsi €€ DEIeHuil M He COJEpXKaIIero cocrosHuil pasHoBecusi. Jlajiee BeiGupaercs: cede-
HHUe TOPOMJIAJIbHOTO MHOXKeCTBa ) MI0CKOCTBIO P, ob/ajaioriee cBOWCTBaAMU «HGECKOHTAKTHOCTH»
U «BO3BpaIaeMocTu». Ha mosydeHHOM cedeHnn ompenensercsa dbyHknus [lyankape, KOTopas MO
JefiCTBUEM HEMTPEPBIBHOTO omeparopa 1’ orobparkaer ceuenne MHOXKecTBa ) mIockKocThio P B cebs,
TOTJIA IO TeopeMe Bpayspa cylmecTByeT HENoBUKHAs TOUKa oreparopa 1’ | KOTopasl Olpee/isier
HaYabHbIE YCJIOBHS KOJe6aTeIbHOrO TUKJIA. B HACTOsIee BpeMs HET YHUBEPCATBLHOTO TOIX0/a
MOCTPOEHHUSI TIOJIOKUTETHHO HHBAPUAHTHOTO TOPOUIATBLHOIO MHOXKeCTBa. I MOCTpOeHHusl TOpOu-
JIAJIbHOTO MHOYKECTBA MCIIOJIB3YIOTCsI PEIeHs] MaTPUIHBIX ypaBHenwii [6,8-15]. B kadecrse rpanuiy
MIOJIOKUTETHHO HHBAPUAHTHBIX MHOYKECTBA [IPEJIJIANAI0TCS SJUTUIICOUIBI U IIAJINHIPUIECKHE TOBEPX-
HOCTH, OTIpejiesieMble perernsyu ypasaenuii (1), (2).

Haxox IeHnst Ha4aIbHBIX YCJIOBUN UKJI0B HCHOAB3YEeT YHCIEHHBIE METOJIbI OIPeIe/IeHIs BPAIle-
HUsI BEKTOPHOTO IMOJI HA TPAHUIE TOPOMJIAIBHOTO MHOXKECTBA. BBIUNCIEHNE BPAIEHUS TPUBOJINT
K HEOOXO/IMMOCTH HCIIOJIB30BATh HE TOJBKO YCJIOBHS CYIECTBOBAHUS MATPUYHBIX YPABHEHU, HO U
OTIPeJIeNIeHN0 caMux perrennii [11].

B crarbe nposioskenbl necsegoBanust pabor [16,17], paccMaTpuBalOTCs MaTPUYHBIE YDaBHEHNUS,
KOTJla MaTpulla A uMmeer NeficTBUTENbHbIE COOCTBEHHBIE 3HAYEHUsI, CPEJIM KOTOPLIX MOI'YT OBIThH U
wysesbie. /st ypasuenus (1) ¢ marpuneii A, aasa xoropoit \; (A) = —a; € R, i = 1, n, chopmy-
JITPOBAHbLI HEOOXOJMUMBIE U JIOCTATOYHBIE YCJIOBHUS PA3PENIMMOCTH U MOJIYyYEHbl PEIICHUS CHCTEMBI
ypasuenuii (1), (2).

2. Marpuunoe ypaBuenue JIsmyHoBa

Ilycte  Apnxm, Bmxks Crxp — TPOU3BOIBHBEIE MATPUIEL, F, — exunnaHad Marpuna F, €
X —

€ R™"™ [Ay, m] = colon (a11, @12, ..., Gim, G215 ..y A2y -oes Anly Ap2s -y Gpym ), TOTAA CIHPABEIUBBL CO-
otHomeHus [16, 17|

[ABC) = (A= C") (B, 3)
Ansim = (B @ [En]") (4] © Em), (4)
A Bk Ciop = (En @ [B,]") (A® CT) [B] @ B) (5)
e ” ® 7 — upsimoe upoussejenue marpui [1,2,4]

TEOPEMA 1. Iycmo das mampuyve A cnpasediugo paseHcmeo

Q=A®RE+E®A, dt(A® E+E®A) =0,
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QF — obobwenno obpammas mampuya [2] das mampuys Q , mozda dan mozo umobu, ypasnenue (1)
umeno peuwierue neobxodumo u docmamouno wmobv QQV [L] = [L]. Pewenue ypasnenua (1) umeem
6ud X = X1+ Xo, [X1] = QT [L], [Xa] = (E —Q1Q)[Y], 2de Y — npoussoavras mampuuya.

JOKA3ATEJNLCTBO. Ucnonesyst coorromenue (3), ypasuerune (1) sanuiiem B Buje
(A®E)[X]+(E@A)[X]=[L]. (6)

[Iycts Q = AQE+E®A, QT — 0600menno obpaTHas MATPHIA, I8 MaTPUIIE (Q, TOTraa, HeoOX01-
MBIM ¥ JIOCTATOYHBIM YCJIOBAEM PA3PEINMOCTH ypaBHeHNs (6) SABJISETCS BBIIOJTHEHHE COOTHOIICHUST
QQT [L] = [L] |2, cTp.268], ypasuenue (6) umeer pernenne [X]|

(X]=QT[L]+ (E-QQ)[Y] = [Xi] + [Xa], (7)

rae Y — mpoussosibHasg Marpura. Ilpumenss (4) k coorromenuto (7), pemrernne X MOXKHO 3aluCaTh
B BUjE

X = (E ® [E]T) (QF[L)+[Y] - QTQY) ® E). (8)

Teopema 1 goxazana. O

Paccmorpum ypasuenne (1) ¢ marpurneit A=diag(0, ...,0, —aq, ..., —a), rae a;+a; 0,4, j =1, k.

~——
m

Marpuiia A mMeeT m HyJIEeBBIX COOCTBEHHBIX 3HAYEHUH U k JeHCTBUTETFHBIX COOCTBEHHBIX 3HATCHU
OTJIMYHBIX OT HYJIA.

Beesiem obosnavenust el = (0,...,0,1,0,...,0),¢; € R", E,; = ¢; ® el , E,; € R™". Ileppniit

N
7

WHJEKC MaTpuilbl F,; oupejessier eé pasMepHOCTb, a BTOPOM WHIEKC PACIOJIOXKEHWE EJUHUIL Ha
JTHATOHAJTH.

ITycts AT 0606menno obpaTHas MATpHUNA IId MAaTpHI, A , Torja copaBeIIuBLI COOTHOIIEHUS

k k k
A= (=) Enmpiy AT =) () Bypiyy AAT =ATA=N"Eppry,  (9)
=1 =1 =1
ATE,; =0, i=T,m, Y Epj=Ey, El =En, EnEyj =0, i #j. (10)
i=1

JLtst MaTpuITh!

Qpr=AQFE,+E,QA=FE, @A+ ...+ Epn @ A+

11
+Ep(me1) @ (1 Bp + A) + oo + Epp @ (o Bp + A) (1)

HEMOCPEICTBEHHO TI0 OPEIeIEHUI0 TOKA3BIBAETCs, ITO 000BIEHHO 00paTHAA MATPHUIIA UMEET BUJ

Q:Q = Lin1 ® At +..+t B ® A" + En(m+1)®

-1 -1 (12)
B cuny Teopewmsr 1, marpuria L ypasuenust (1) T0KHA yIOBIETBOPSITH DABEHCTBY
(QH2Q:2 — EnQ) [L] = 0. (13)

Jns naxoxgenus perenust [L] ypasuenns (13) ucnosssyem Teopemy 2 [2].
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IMycrs D,2 = anQ;:Q — E, 2, Torma ¢ yaerom (9), (10), (11), (12) momyuum

® (—apEp + A)) X (g1 ® AT + .+ By ® AT + Epniy ® (—an By + A) 7 40 (14)
+ B @ (—oEp + A7) = Bz = — (Bt 4 oo 4 Eom) @ (Ent 4 . 4+ Enm) -

[Moxaxkem, aTo 000061IeHHO OOpaTHAs MATPUIA id D2 OIpeaeasercs COOTHOIEHNEM D: =D,p.
HeicTBUTETBHO, TaK KaK

D% Dy = (Epi 4 .. + Enm) © (Eny + ... + Enm) = D2 D, (15)
Dp2D%,Dy2 = Dy2, DY D,2 DY, = DY,

TO DZZ — 0000mmenno obparHasg mMarpuna s D,2. B cuny coorHOmenns DnzD:{QOnz = 0,2 s
ypaBuernst (13) BBIIOJHEHBI HEOOXOAUMBIE U JTOCTATOYHBIE YCaA0BUg pazpermmmoctu. 113 Teopembr 2
[2] n (15) cnenyer, aro pemtenne [L] ypasaenns (13) mveer Buj

(L] = (B2 — D;;Dnz) Z]=1Z]— (Bn1+ ... + Enm) @ (Ep1 + ... + Enm)) [Z], (16)
rae Z — npousBoJibHasg Marpuia pasmepaoctu n X n . Ucnoawssys (4), (5), (16), (10) noayanm

L= (En ® [En]T) (L] ® En) = Z — (En ® [En]T) X
X ((Bn1 + oo 4 Epm) @ (Bp1 + .. + Enm)) [2] © Ey) = (17)
=Z—-—(Eu+...+Ewm)Z(Epp+ ... + Enm) -

Takum obpazoM, J0KazaHa TEOPEMA.

TEOPEMA 2. Jlasa mozo wmobo, ypasnenue (1) ¢ mampuuyett A = diag(0, ...,0, —aq, ..., —ag),
——

m
a; +a; #0, 1, =1,k umesro pewenue 1eobrodumo u docmamouro, 4mobv mampuya L umera

6ud (17), 20e Z — npoussosvHas Mampuya pasmeprocmy n X n.

CNEACTBUE 1. Ecau mampuya A ne umeem nyreswix cobemeennnis snavenuts v (a; + o) # 0,
i,7 = 1,n, mo ypasuenue (1) npu 060t mampuuye L umeem pewerue X .

IMycts s ypasuenus (1) BomosHens ycaosus Teopembr 2, Halijgem pertenue ypasHenus (1).

B cuny coornomenus (7) mas marpuiel X crnpaseqmeo paseHcTBo [X] = [Xi] + [X2] , rae
[X1] = Q.- L], (18)
[X2] = (En2 - QIZQnQ) [Y] ) (19)

Y — nponsBosibHas Marpuia pasmeprocta n X n . C yuerom (18), (4),(5),(12),(9), (10) naitzem X,

xi=(BelE) (e B = (EoB]) (Qh L e B) =

(20)
= (En1 + oo + Epn) LAY + Epyy L (A — a1 B) ' + .+ Ep L(A— i E) 7'

[puamvas Bo BanManme (14), nusa mMatpun Q,2, Q.

n2 BLIIIOJIHACTCA PaBEHCTBO

B2 —QFQu2 = —D = (Epi + .. + Enm) @ (Bnt + .. + Epm) - (21)
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Ucnonwsys (19), (21), (4), (5), natinem marpumy Xo

X9 = (Egn ® [EQn]T> ([X2] ® Eap) = — (EZn ® [E2n]T) (DY]®E) =
- (E ® [E]T> (Bnt + oo+ Engn) @ (En1 + oo + En)) [Y] @ B) = (22)
= (Bni4 o+ Eom)Y (Bat + oo+ Ep))E = (Ep1 + . + Enm) Y (Epy + .. + Enm) -

U3 (7), (20), (22) creayer, 94T0 CIPABEIUBO YTBEPKICHUE.

TEOPEMA 3. ITycmws ewnoarens yeaosus Teopemvr 2, mozda pewenue ypasuenus (1) umeem
6ud

X =(EBu+ ...+ Eyn) LA + Ep 1) LBy + ..+

(23)
+En LB+ (Epp + ..+ Enm) Y (Ep1 + o + Enm)

20de B; = (A — alE)_l . i=1,k, Y — npouseosvnas mampuua.

0 0
0 —«

2 B KJjacce CUMMETPUYECKNX MATPHUIl TOJYIUM, 9TO MaTpuna L ompenensercss  paBeHCTBOM

IIpumep 1. Paccmorpum ypasnenue (1) ¢ marpuneit A = < > ,a >0, Torma o Teopeme

L= (lo 312) . U3 dbopmynsr (23) maitnem MHOXKeCTBO perennit ypashenns (1)
12 (22

X = By LAt 4+ EyL (A — aE) ' + By )Y Ey.

0 0

Marpuna AT B cuny coornomenuit (9) nveer sug AT = (0 (—a)~!

> . CripaBeijIMBBI PaBeH-

CTBa

_ 1(2 0 1 (0 1
B=(A—aE)!' = (-2a) 1<0 1), X1 = En LAY = (—a) 1<0 (1)2>

B _ 0 0
X1 = E9oL (A — aE) 1 _ Ex»LB = (*205) ' <2[12 lgg) '

Tycrs Y = <y11 y12> , Torga ¢ yaerom (22) marpuna Xo nveer sujg Xo = E91Y Fo = (t O) ,
Y21 Y22 0 0

rre t = y11 € R. 13 Teopembr 3 nosryamuM, 4To perterne X ompeeTsdeTcad COOTHOINEHTEM

_ -1 0 l12 . -1 0 0 t 0 N | ta —112
X=r-a <0 0) ) oy 1) Tlo o) = (i o) @Y

Ucnombsyst (24) maiinem det X = o™t (=27 aly — 13,).

Ecau BLITIOMTHERO HEPABEHCTBO [25 > —2 7 1talye, To det X < 0. st MaTpumpl L MOTy<nM, 9TO
det L = —Z%Q npu 3toMm det L > 0 Topko B ciaydae Korga 1o = 0.

Eciu lis = 0, To det X = —27 tlgy. Ilyctn l19 = 0, lag < 0, Torma det L < 0. Ucnoassys Kpute-
puit CubBectpa Ajg MaTpuribl X, mogayuns, uro mpu ¢ < 0 Beimosiagercs HepaserncTso det X < 0,
anpu t > 0 cropaseuBel coorromenns det X > 0, X = X7 > 0, marpuna X sSBISETCS T0JI0XKNI-
TEJIbHO ONPEIEJICHHON.

ONPEAENEHUE 1. ITycmv A, B € M™™ Ay, = (aij) , Bnm = (bij),i = 1,n,j = 1,m nod
Adamaposvim npouseedenuem mampuy, A u B 6ydem nonumams mampuyy C = Ao B = (a;jbij),
i=1,n,j=1m.
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TrEOPEMA 4. IlTycmo

A =diag (—a1,—ag,...,—ayp), (a;+a;)#0, i,j=1n,
Bi = (A— o;E)~" = diag (bi1, biz, .-, bin) , i = 1,n, B=(bj), i,5=1,n,

moada pewenue ypasrenua (1) umeem e¢ud X = Lo B . Ecau L <0, B<0, mo X > 0.

JTOKABATEJBLCTBO. Ucnoansys ycnosue Teopembr 4, A = diag (—aq, —awo, ..., —w,) n 0603Ha-
wenns e; = colon (0, ...,0,1,0,...,0), En =e; ®el | maiinem marpuny Q

Q=(AQE+E®A) '=e10el @ (A— aE)  +..+

, (25)
+en®el ®(A—anE) = Eny @B+ Eny @ By + ... + Enm @ By,

Coornomtenud (8), (25), (3), (5), (10) mo3Bosg0T OpeAeanTDh penlenue ypapHeHus (1)
X = (E ® [E]T) (Bp1 ® By + Ep2 ® Ba + ... + By @ B,) [L] @ E) =
=E LBl +E LB + ..+ E,, LB = LoB.
Ucnonbayst, reopemy Illypa [2| aus pemennst X = L o B nosyuum, uro ecaun L < 0, B < 0, 10
X > 0. Teopema 4 moxkazama. O
3. CucreMa MaTpUYHBIX YpPaBHEHUI

Paccmorpum cucremy Marpuanbix ypasaeanii (1), (2) orHocuTensro Hens3BecTHbIX MaTput X, L.
[Iycte anst ypasHenusi (1) BbIONHEHBI ycjoBust Teopembl 3, TOrya €ro perieHue OmpeesseTcst
coorromennem (23). C yuerom (23) mag marpunst X CHpapBeinBO PABEHCTBO

X = (Bp + ..+ Eum) LAY + Ey 1) LBy + ... + Enp LBy, + X, (26)

e Bi=(A—aq;E) ™, i=1k Xo=(Eni+ ...+ Epn)Y (Eni + ... + Epp), Y — npoussosbuast
marpuria. [logcrapum pemenne X B ypaBHeHUE JUHEHHON cBs3u (2)

[(Enl + ..+ Enm) LA+q + En(m+1)Lqu + EnnLBkQ] = [T - X2Q] : (27)
Ucnonssyst hopmyay (3) u To, 4To AT = Af, Bl = B; , momyamm

[(Bn1 4 - + Enm) LATq 4 Epimy1) LB1qg + ... + Epp LByq) =

= ((Bn1 4 4 Eam) @ " AT + Eyni1y @ ' Bi+ ... + Enp ® ¢" By) [L]. (28)
[IpmanMas Bo BuuManme yciaoBusd TeopeMbl 2, A7 MAaTpuIlbl L cipaBeInBO COOTHOIIEHTE
[L] = [Z] = (Bn1 + .. + Epm) @ (Ent + ... + ) [Z] = (29)
= (Ep2 — (Bnt + . + Enm) @ (Epy + .+ Enm)) [ 2],
rie Z — nponssosibHas Marpuna. C yuerom (9), (10), (28)ounpenenmm
[(Bn1 + oo+ Eum) LAY + By ) LB1g + ... + Enn LByq| = (30)

= ((Ent+ 4 Eam) @ " AT + By ©® " Bi+ .. + Enn ® ¢ By) [Z] .

[Mpuanmas Bo BHnManue (27), (30), ypaBHeHne (2) MOKHO 3aIICaTh B BUJE
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Tae /Z — MPOW3BOJIBHAS MATPHUIIA,
K = (Bt + oo+ Enm) © T AT + Epmy1) © 7 Bi + oo+ Eny @ ¢" By, K € RV (32)
b=r— Xaq. (33)
Beenem cremnytomue obozuadenust qo = colon (0, ...,0, Gm+1, -y Gn),
Np=q"ATAq= g1+ ..+ a5, Agp, =q BiBig, i=1k.
ITo ompenmeenwio 0600IIEHHO 0O6PATHON MATPUILI TIOKa3hIBaeTcd, 910 KT mMeer B
KT =A (Bn1+ ...+ Epm) ® Aq+ Epi1) ® A;%Bl Big+ ..+ Ep® Aq‘TlBkqu. (34)
B cuay coornomenuii (32), (34) cnpaseiMBbl paBeHCTBA

KKt = A(;} (Bnt + oo+ Enn) @ " ATAq+0+ .+ 0+ Eygpyn) ® A, ¢" BiBig+..+
—— q T ——

Aqo Arp,

_ (35)
+ Enn X AquBk qTBkqu = (Enl + ...+ Enm) ®1+ (En(m+1) + ...+ Enn) ®1= Ena
Agp,
KKY = A (Bt + . 4 Enm) © Aqq" AT + Epi1) ® A;TlBlquqTBl + ..+
+ Bun ® Aty Brag” By, K KKS =K+, KKTK = K. (36)
E, En
U3 (35) Beitekaer KK [b] = [b], cienosaressno s ypasuenus (31) BBIIOTHEHB! HEOOXOIUMBIE

1 JIocTaTouHble yeaoBug paspertumoctu. B cury Teopemst 2 2] pernenue [Z] ypasuenus (31) umeer
BHJ

[Z) = Kt [b] + (E,2 — KTK) [W], (37)

rae W—npousposbHasa MaTpuiia. Begem 0b603HadeHTS
(2] = K" [t], (38)
[Z5] = (B2 — KTK) [W]. (39)

Ucmonszys (4), (38), (34), (5), (33) maiizem Z;

zi=(EeB") (20 8) = (BaB]) (K b e F) =
= A;()l (Ep1 + .. + Epm) rqm A + En(m+1)rA;TlquTB1 + .t

1 T 1 T (40)
+ EnnrAq_Tqu Bk - Aq_o (Enl + ...+ Enm) ngq A—
— A EnminX2qq" Bl — . = A7 BnnX2qq" By
Yuaureisad, 910 (Ep1 + ... + Epm) Xo = (Ep1 + . + Epn) Y (End + oo + Eam) 5 Enmgn X2 =
=0, i = 1, k Berpaxenue (40) npuver Bus
A A(;Ol (Bpi+ .. 4+ Ep) 7T A + En(m+1)rA;TlquTBl + ot EnnrA;TlquTBk— (1)
— A (Bnt + oo+ Enm) Y (Ent + ..+ Enm) qq” A.
B cuny coornomenwuit (4), (39), (36), (5) marpuna Zs onpenensercs paBeHCTBOM
Zy=W —(E@E") ((KTK)W]®E) =W — A (Eni + ... + Enm) WAqq" AT+ )

+ Aq_TlBlEn(erl)WquqTBl + ...+ Aq_TlBkEnnWquqTBk-
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U3 (41), (42), (37), (38), (39) noayumm

7 = Aq_ol (En1 + ...+ Enm) rqt A+ En(mH)TAq_TIquTBl + ..+ EnnrAq}lquTBk—
— A (Bpt + oo+ Eym) Y (Ent + oo 4 Enn) a7 A+ W = A (Eny + o+ Enm) X (43)
X WAquA+ + A;TIB1 En(m+1)WquqTBl + ot A;Q}BkEnnWquqTBk'

U3 coornomenwuii (8), (29), (43) naiinem Bux Marpuis: L

L= Aq_ol (Epi + ..+ Epm) g7 A + En(mH)TA;TlBIqTB1 +..+ EnnrAq_TlquTBk—
— A (Bnt + oo+ Bam) Y (Ent + o 4 Enm) q¢7 A+ W = A (Eny + ... 4 Enm) %
x WAqq" AY + Ary EnimiyWB19q" By + ... + A B W Biqq" By~
— A (Bat + oo+ Bam) 7q A(Bp1 + oo+ Epm) — Ay (Ent + . 4 Enm) Y %
X (Bp1 + oo 4+ Enm) 47 A(Ept + oo + Epm) — (Bt + oo + Epm) WX
X (Bn1 4 oo+ Epm) + Ay (Bt + - 4 Enm) WAqq" AT (Eny + .. + Enm) -

(44)

Torna B cuny (26), (44) pemterne X mpecTaBUMO B BUJIE

X = (En + . + Eym) LAY + Ep (1) LBy + ... + Epn LB+
+ (Bp1 + oo + Bnn) Y X (Bnt 4 oo + Eu) = Ay (Bn1 + oo 4+ Enm) ¥
x rqgt AAT — A;()l (Bp1 4 oo+ Enn) Y X (Bt + ... + Epm) gt AAT+
+ (Bnt + oo+ Ep) WAT = AL (Epy + ..+ Epn) WA x qq" AT AT —
— A;OI (Ep1 + oo+ Epn) 7qT A (Epy + ... 4 Ep) AT — A;OI (Bpi + ... + Epm) ¥
XY (Ep1+ oo + Eym) q¢7 A (Bpt 4 .. + EBpm) AT — (Bpy + .. + Ep) X
X W (En1 4 .. + Epm) X AT + Ay (Bpt + ... 4 Enm) WAqq"m AT x
X (Ep1 4 . 4 Enm) AT + By, H)rAq_TlquTBlBl + ..+ EnnrAq_TlquTBkBk—i—
+ EpminyWB1 + ... + EppyW By + A;TlBlEn(mH)WquqTBlBl + ...
+ A a7 EanWBraq" BeBi + (Bnt + oo+ Eyn) Y (Bt + oo+ B 4

(45)

rae W, Y — npou3BobHBIE MATPUTIHL.

TEOPEMA 5. Jlaa mozo wmobv, cucmema mampuunos ypaswenud (1), (2) umera pewenue
HEOOLO0UMO U JOCTNAMONHO %INO0ObL BVNOARAAUCL Ycarosus Teopemvr 2. Mampuuyw X, L cucmemnt
ypasuenuti (1), (2) onpedeasromea coommuowenuamu (44), (45).

4. IIpakTuieckoe NpuJIOXKeHEe Pe3yIbTaTOB

IIpumep 2. Paccmorpum ypasuenue (1) ¢ marpuneit A = (—861 (; ) n=2m=0k=2.
-

Crenys (41), (42) moay<aum

Zl = A;TlBl EgquTBl + A;:rlB2E22quB27

Zyo=W — A;TlBIEmWquqTBl + A;;BQEQQWBQquBQ, W e R2%2,
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13 pasencrsa L = Z = 7y + Zy naiigem, aro marpuna L = LT nmeer sus

—2r00q;t — 2gpontqy t (o + as -1 t
L=L(t)= ( ! v ) 1 -1 —1], (46)
t —2roaqs - — 2qrantqy (o + a2)
rome t € R.
B cuny Teopemsr 5 pertenue cucremsl (1), (2) ompemensiercss paBeHCTBOM
rigr '+ qatgr (o1 + ag) ™ —t (a1 +az)”"
X=X(t)= ! ! -1 —1 -1 —1),teR (47)
—t (o + a2) r2gy +qitgy (1 + ag)
2a1)"" (1 +a)t
IMycts B = 1 1 |, roraac yuerom (46), (47) BbIOIHSIETCS] COOTHOIIEHNE
(a1 + az) (2a2)

X = Lo B, uro noarBepxkaaerca pesyabraramn Teopembr 4. Cucrema Marpudnbix ypapaeranii (1),
(2) mmeer Geckonewano muoro pemennit L, X .

JIEMMA 1. Hycmo cywecmesyem t, 0as K0MOPO20 6bINOAHEHDL HEPLBEHCTIEA

filt) =1l = —2r1a1q1_1 — 2q2a1tq1_1 (a1 + ag)fl <0, (48)
—2riaqq;t — 2 at71a+o¢ -1 t
o () = 1014, qpoatq - (a1 + az) B » =0
t —2r90qy ~ — 2q1agtqy (o + )

moeda cywecmeytom mampuyse X = X1, L = LT < 0, onpedeasemvie dopmyaamu (46), (47),
ydosaemeoparougue coommuowernuam (1), (2).

,HOKASATEHBCTBO.

Hoxkazarenscrso Jlemmbr 1 cneayer u3z Teopembr 5 u npumepa 2. Pemenus cucrembr (1), (2)
OIPEJIeISETCS IUCIOM DelleHuii cucreMel ypasHenuii (46), (47). O

IIpumep 3. Paccmorpum cucremy ypashennii (1) u (2) ¢ marpunamu

0.1 0 1 —0.8
A= ( 0 —0.8) 4= <0.05) T < 1 ) , a;=-—0.1, ax=0.2.8.

Haiinem I' = —rTq = —0.75,v = rTAq = —0.12. Marpuusr L, X ompemessiorcs COOTHOMIECHN-
avu (46), (47). Ucmons3ya mepaserctBa (48), (49), ompemenum ycaosusi, npu KoTopeix L < 0.
Hosmyunm, gro ecm t < T = 11.2, vo fi(t) < 0. Ecm t € (Th;T2) = (—0.646;4.7942),
To fo(t) > 0. Takum obpasom, npu Jrobom t € (—0.646;4.7942) nnst marpunsr L Gyger Bbi-
nonHATbCsT coorHommenne L < 0. Pemrenne cucremsr (1), (2) 6ymer 3aBHCeTb OT HEepeMEHHOMN
t n npeacrasunvo B Buge (47) X = X (¢). Ilycrs R = 0.8. NU3o6pasum rpaduuecku perre-
HUe cucTeMbl Ha KoHnax wmHrepBasa (17;7%), ¢ momomsio marpur,  Xi (T1), Xi (Th). Ompeme-
gmMm auann G = {x c2TX (M) ez =—R%R= 0.8} , Go = {x 227Xy (Ty)r = —R%,R = 0.8} .

O6ozmaunm [T = cT'A, P = {a: 'z =VTR,R = 0.8}, P, = {CTJ,‘ = —VITR,R= 0.8},
P; = {lTx +ul ey = O} . Ha pucynke 1 nzobpaxkenn! quauu G1, Go, Gs, P, P, Ps.
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Puc.1 det X3 <0
ITpumep 4. Paccmorpum cucTeMy MaTPUYHBIX YPaBHEHU

ATH+ HA=L <0, (50)
Hb = —c. (51)
(- O (@ _ (a2 _ T, _ ToAn
[Iycrn A—(O —a2>’ q—b—<q2>,c—<1>— r, cb=-1<0, ctAb=v>
>0, ap = 02,00 = 1.05 ¢ = 0.04, ¢o = —0.3, Torma v = 0.3234, T' = 0.342, maTpuIb

L, H = X, onpenensiorca coorHomenusamu (46), (47). s nepasencts (48), (49) momydmm, 910
ecm t < T = 4.375, 10 f1 (t) < 0 . B t € (T1:Th) = (—44.9545; 3.5358), 10 f (t) > 0 . Taxum
obpazom, mpu garoboM t € (—44.9545;3.5358) mas marpuitel L 6y/erT BBIIOTHATHCA COOTHOIICHUE
L <0 . Pemenne cucremsr (50), (51) 6ymer 3aBnceTs OT mepeMeHHO# ¢ 1 pecTaBuMO B Bujge X =
= X (t). Dnementr marpunpst Xo (t) = X onpenesnsitorest bopmyaoit (47). Mzo6pasnm rpaduaeckn
perrerne cucreMsl (50), (51) Ha koumnax waTepBasna (11;73). C momommpio marpur Xo (11), Xa (Tk)
onpegesum juaun G = {x sl Xy (Th) x = RQ} , Gy = {a: 227Xy (Ty)r = —R%, R = 0.8} . Ha
pucynke 2 nzobpazkensl guuaun G1, Go, Gs, P, P», Ps.

Jist MOCTPOEeHUsl TOJIOKUTETHHO WHBAPUAHTHBIX U TUIEPOOJIMYECKUX MHOYKECTB cucTeM ¢a-
30BBIX CHCTEM YaCTOTHO-(ha30BOM aBTOMOJACTPONKN YACTOTHI BO3HUKAET HEOOXOIUMOCTH W3yIEHUS
CHUCTEMBI TPeX MaTPUUHBIX ypasHernii [12,18]

ATH 4+ HA = —L; — 201 H, (52)

(A+2kdc")" H + H (A + 2kdc") = —Ly + 2mycc” — 200 H, (53)
Hb = —c. (54)
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Pemenns ypasaenuit (52), (53), (54) no3sossitor onpegeants 061acTh HAYaJIbHBIX YCJIOBUIl aBTOMO-
JYJISIHOHHBIX KOJIeOaHUil U IpeIoKuTh 3 DeKTUBHBIE THCIeHHbIE METOIbI 00HAPYKEHUs CKPbI-
1Ol cunxponunsanuu [13].

lelillll 1 ,.-“'J#‘Pl
-~

-~ -1 |||I

Puc.2 Xy = X7I
Usyuenne cucrembr (52), (54) ocHOBAHO Ha WCHOJIb30BaHWE TeopeMmbl 5, KOTOpasi MO3BOJISET
naiitn marpunst H, Ly, nnga ypasmenuit (52), (53), (54). Ypasuenue (53) paccMarpuBaercss OTHO-
CUTEJIbHO HEM3BECTHON MaTpUIIBl Lo 1 3HaUeHust M. [IpakTHieckoe 3HaUeHHe UMeeT TIPeJICTaBIeHIe
marpun H, Li, Lo uepes sekropst i1 = ¢l A, ¢, b [10-15]. CupaBesyinBo cieytoiee yTBepK IeHNeE.

JIEMMA 2. Cucmema mampuyunor ypasnwenut (52), (53), (54) omnocumenvno mampuy H, Ly,

Lo u snavenus my, das caywas, xoeda H = Hy > 0, A = <_8q (21 ), c= <21>, b= (bl),
—Q2 2

d= (31), clbfl <0, czbgl <0,cb=-T<0,clAb=v>0,60 =T"1v, a = as — a1 umeem
2
pewenue H = Hy, L1, Lo, maxoe umo

Hy =viech + v, (l + I/Fflc) (l + VFflc)T , (55)

v =T71 49 = (T (a2 — o) (g0 — 1)), (56)
Ly =2m (L4 m20) [ +m20)", m =T (s0 — 1)), 2 = o,

Lo =211 (l + VQC) (l + Z/QC)T, vy = — (abQCQ)il , Vo = a1 + kcabs (dlbfl — dgbgl) ,

my = —a~ k2eaby (dyby " — daby t)? — 2kdy by
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IIpumep 5. Paccmorpum cucremy marpuunbix ypasaenwii (52), (53), (54) npu k =0, mg = 0,

B 9TOM CJIydae CHCTeMa TPEX MATPUYHBIX ypPaBHEHUIl SKBHUBAJIEHTHA CHCTEME JBYX MAaTPUIHBIX

ypasuernit (1), (2). Iycts A = <_a1 0 ), g=>b= <b1>, c= (—a2> =—r,c'b=-T <0,
0 — Q9 bQ 1

c'Ab=v>0,a; =0.2, ap = 1.05, by = 0.04, by = —0.3 , Torga v = 0.3234, I' = 0.342, BEIIOTHEHE

yenosus Jlemmbr 2. Marpuna Hi, onpegengercs: coornomenusyu (55), (56). Mzo6pasnm rpadmuue-

cxu pemenne cucremsl (1), (2) npu R = 0.8. Ha Puc.2 no6assena munust: Gz = {z : 2 Hiz = R?*}.

5. 3akJiroueHue

B cTaTbe ToyUueHbl YCJIOBHUS CYIIECTBOBAHNS PEITIEHUsT CUCTEMbI MATPUYIHBIX ypaBHeHu JIypbe.
HpaKTI/ILIeCKaH SHAYMMOCTDH MOJIYYEHHBIX PE3YJIbTATOB 3aKJ/JII0YA€TCA B BO3MO2KHOCTHU MX UCTOJIB30-
BaHMs TIPU ONpPEJIEeeHNN PEKUMOB CKPBITON CHHXPOHMU3AIMNA U CHHXPOHMU3AIMA BTOPOTO POJA B
cucremax ¢aszoBoit u yacToTHo-haz30Boil aronoacTpoiikn yacrors [6-8,10-15,18].
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AuHOTanmua

luneprpaduyaeckumu aBromaraMu Ha3bIBAIOTCS ABTOMATHI, Y KOTOPHIX MHOXKECTBA COCTOS-
HUW ¥ BBIXOIHBIX CUMBOJIOB HAJIEJIEHBI CTPYKTYpaMu runeprpadoB, COXPAHAIOMUMUCS (DYHKITH-
SIMU TIEPEXOJIOB U BBIXOAHBIMU (DYHKIUSAMU. YHUBEPCAJIbHBIE MPUTATUBAIONIHE OObEKTHI B Ka-
TErOpuHU TAKUX ABTOMATOB HA3BIBAIOTCS YHUBEDPCAJIBHBIMHU THNEPTPAMDUICCKIMHI ABTOMATAMHU.
i TaKUX aBTOMATOB MOJIYTPYIIIBI BXOJHBIX CHMBOJIOB SIBJISIIOTCS MIPOU3BOIHBIMU AJredpamu
0oTOOpasKeHn, CBOWCTBA KOTOPBIX B3aMMOCBA3AHBI CO CBONCTBAMHU AJTreOpamvIecKux CTPYKTYP
JAHHBIX aBTOMATOB. DTO MO3BOJISIET W3YYATh YHUBEPCAJIbHBIE TUNEPTpADUIECCKIE aBTOMATHI C
TTOMOIIBI0 MCCIEIOBAHNS WX TOJYTPYI BXOJHBIX CHMBOJIOB. B pabore mcciemyercs mpobdema,
aDCTPAKTHOW OIMPEIEIIEeMOCTH TAKUX aBTOMATOB WX MOJIYTPYIIIAMHU BXOIHBIX CHMBOJIOB, CyTh
KOTOPO# 3aKII0YAETCs B HAXOXK/IEHUU YCJIOBUN M30MOP(MHOCTH MOJYTPYTII BXOJHBIX CHUMBOJIOB
YHUBEPCAJIBbHBIX runeprpadpuaeckux aBroMaroB. OCHOBHOI pe3ysibrar paboThl JAaeT perieHue
9TOI 33/1a49U /U1l YHUBEPCAJIBHBIX rutieprpaduvdecKux aBroMaros uHal 3pdeKTuBHbIME ruiep-
rpadaMu ¢ p—ONpene uMbIMu pedpaMu. JTO JTOCTATOYHO ITMPOKUN ¥ BECHMA BAYKHBIA KJIACC
aBTOMATOB, TaK KAK OH COMEPIKUT, B YACTHOCTH, ABTOMATHI, § KOTOPBIX TUIEprpadbl COCTOTHMIA
U BBIXOJHBIX CUMBOJIOB SIBJIAIOTCS IIJIOCKOCTAMU (HAIIPUMED, IIPOEKTUBHBbIMY UK aduHHbIMY),
a TaKKe aBTOMATBI, y KOTOPBIX MHOXKECTBA COCTOSHUI U BBIXOIHBIX CHMBOJIOB Pa30MBAIOTCH HA
KJIACCHI HEKOTOPOH 9KBUBAJIEHTHOCTH 0€3 OTHOIEMEHTHBIX KJ1acCOB. B HacTosmei pabore 10Ka-
3aHO, YTO YHUBEPCAJIbHBIE runeprpadudeckue aBToOMATH HaL 3B MOEKTUBHBIME THTeprpadamu
C p—OIpeneIuMbIMU PEOPAMHU MOJTHOCTBIO (C TOYHOCTHIO 10 U30MOPMU3MA) OMPEIE/ITIOTCI CBO-
MMHU TOJIyTPYIIAMU BXOIHBIX CAMBOJIOB, & TAKK€ OIMUCAHO CTPOEHUE M3MOMOPMUIMOB TAKUX
aBTOMATOB.

Kaouesnie caosa: mpobiema abCTPAKTHON ONPENeasieMOCTH, aBTOMAT, rumeprpad, moJry-
TpyTITa.
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Abstract

Hypergraphic automata are automata, state sets and output symbol sets of which are
hypergraphs, being invariant under actions of transition and output functions. Universally
attracting objects in the category of such automata are called universal hypergraphic automata.
The semigroups of input symbols of such automata are derivative algebras of mappings for
such automata. Semigroup properties are interconnected with properties of the automaton.
Therefore, we can study universal hypergraphic automata by investigation of their input symbol
semigroups. In this paper, we solve a problem of abstract definability of such automata by their
input symbol semigroups. This problem is to find the conditions of isomorphism of semigroups of
input symbols of universal hypergraphic automata. The main result of the paper is the solving of
this problem for universal hypergraphic automata over effective hypergraphs with p—definable
edges. It is a wide and a very important class of automata because such algebraic systems contain
automata whose state hypergraphs and output symbol hypergraphs are projective or affine
planes. Also they include automata whose state hypergraphs and output symbol hypergraphs
are divided into equivalence classes without singleton classes. In the current study, we proved
that such automata were determined up to isomorphism by their input symbol semigroups and
we described the structure of isomorphisms of such automata.
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1. Beenenue

Kaxk ussectno [1], B asnrebpandeckoii Teopnu aBTOMAaTOB TJIABHBIH 00HEKT MCCIE0BAHNS — aB-
TOMAT PACCMATPUBAETCS KAK MHOTOCOpTHas ajrebpamdeckas cucrema A = (X, S,Y,0,A) ¢ tpems
Ha3UCHBIME MHOXKECTBAMU — MHOYKECTBO COCTOSTHUI aBTOoMaTa X, MHOXKECTBO BXOJHBIX CUMBOJIOB
S, MHOYKECTBO BBIXOJHBIX CHUMBOJIOB Y, I C JAByMs CUTHATYDHBIMU OnepanusaMu — QyHKIUS 11epe-
x070B 0 : X X S — X u BeixogHag dysrimg A 0 X x S — Y. [lpu 3toM B 3aBUCHMOCTH OT
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paccMaTpUBaEMBbIX 33189 ABTOMATHI MOTYT CTPYKTYPU3HUPOBATHCH B MOAXOANIAX AITeOpaniecKux
KaTeropusx, T.e. KOMIOHEHTbI aBTOMATOB MOIYT OBITh 00'beKTaMU HEKOTOPBIX CIIEIUATBHBIX KaTe-
ropuit. Tak, MHO2KECTBO BXO/IHBIX CHMBOJIOB @BTOMATa OOBIYHO PACCMATPUBAETCS C ACCOIMATUBHBIM
YMHOXKEHUEM U, CJIEJIOBATEJILHO, SBJISAETCH OObEKTOM KATErOpUU OJIYIPYIIIL.

C zpyroit cTOPOHBI, MHOYKECTBA COCTOSIHUIT aBTOMATa W €r0 BBLIXOJHBIX CHMBOJIOB MOTYT HaJle-
JIATHCS HEKOTOPO# ajredpanieckoil CrpyKTypoil u aBidThes odbekramu Kareropun K coorsercrsy-
OMUX anrebpandeckux CUcreM. BaKHbIME MPUMEPaMU TaKuX ajarefpandecKuX CHCTEeM SIBISIOTCS
rpadbl, YIOPSA0UYEHHBIE MHOKECTBA, JIMHEHAHbBIE TPOCTPAHCTBA, BEPOATHOCTHBIE TPOCTPAHCTBA U JP.
UccnenoBanuio CTPYKTYPH30BAHHBIX B TAKUX KATETOPUAX ABTOMATOB [OCBAIIEHBI MHOTOUUC/IEHHBIE
paboThI U3BECTHBIX aredpancToB (CM., HanmpuMmep, 0630p B [1]).

Kak ciegyer u3 1], yauBepcaibHble IPUTATUBAIONIME OOBEKTHI B KATEIOPUH aBTOMATOB, CTPYK-
TypU30BaHHBIX B JI000#1 Kareropun K, npeacraBisitoTcs yHuBepcaabHbiMu aBToMaTamu Atm(A, B)
¢ anrebpamdaeckoii cucremoii cocrosiauii A € K, anrebpanveckoil cuCcreMoil BhIXOJHBIX CUMBOJIOB
B € K u noxyrpymmoit Bxoxubix cnmBosioB S = End A x Hom(A, B). IIpn Takom mojxoie MHOTHE
pe3yIbTATH aaredpanveckoil TEOPUH aABTOMATOB MUMEIOT HEMOCPEICTBEHHOE OTHOIIEHUE K OTHOMY
W3 OCHOBHBIX Pa3/esI0B COBpeMeHHoit aarebpsr — obobimennoit Teopun [amya, KoTOpast mocBdie-
Ha U3YYEHUID MATEMATHIECKUX OOBEKTOB MYTEM WMCCJEI0BAHUA HEKOTOPBIX MPOU3BOJHBIX aaredp
OTHOIITEHNH, CIEeMNAIbHBIM 00PA30M CBA3AHHBIX C MCXOTHBIMHU O0HEKTAMH.

B marmem ciydyae n3ydaeMbiM MaTEMATHUECKUM OOBLEKTOM SIBJISIETCS YHUBEPCAIbHBIN aBTOMAT 1
TTPOU3BOIHOM aareOpoit OTHOIEHNH — ero TOJYTPYyIIa BXOIHBIX cuMBo0B. Hampumep, JI. M. I'my-
ckun, E. C. Jlammu, B. M. IMaiin, FO. M. Baxenun w apyrme asropwr (CMm., Hanpumep, 0630p
B [2]) mccaenoBamu moyrpymmbl 3HA0MOPGU3MOB rpadoB, KOTOPbIE MOIYT PACCMATPHBATHCS KAk
rpadpuyecKne moyaBTOMATHI (T. €. ABTOMATHI H€3 BBIXOJHBIX CUMBOJIOB, JIJIT KOTOPBIX CUCTEMBI CO-
CTOSTHWI SABJISIOTCsT 00bekTamu Kareropun rpados Gr). Bosee Toro, xoporio w3sectHas npobsiema
JI. M. T'nyckura u JI. A. CKOpHSIKOBa 0 MOJYTPYIIAX SHIOMOPGMU3MOB MPOEKTUBHBIX LIOCKOCTEH
MOXKeT OBbITh PacCMOTpPEHa Kak MpobiieMa OIMpeje uMOCTH TIJIAHAPHBIX TOJIYyaBTOMATOB HX IIOJIY-
IpynmamMu BXOJAHBIX cuMBOJIOB (cM. npobiemy 1.20 B [3] u ee pemenue Jlengepom [4] n nepsbim
aBTOpOM HacTosmmeil paborsl [5]). [loszke sTOT pedynpraT G611 00001IIEH B padore [6] HA aBTOMATLI
¢ BBIXOJHBIMU CUMBOJIAMU, JIJIsi KOTOPBIX CUCTEMBI COCTOSIHUN U BBIXOJHBIX CUMBOJIOB SIBJSTFOTCS
obwekTamMn KaTeropwn tiiockocreit Pl.

Hacrosmaa pabora mpomo/kaeT HCCIeIOBAHHs B 3TOM HalpaBleHnH. B Heil paccMarpn-
BAKOTCsT runeprpauyeckue aBTOMAThI, T. €. aBTOMAThI, CTPYKTYPU30BAHHBIE B KATErOPUH ['HU-
neprpados Hgr |7]. YHuBepcambHble TPUTATHBAONINE OOBEKTHI B KATETOPUU TaKUX ABTOMATOB
PEJICTABJISIIOTCA yHUBEPCAbHbIME runeprpadudeckumu apromaramu Atm(Hq, Hy) ¢ runeprpa-
dom cocrogruit Hy, rumeprpadoM BBIXOTHBIX CUMBOJIOB Ho ¥ MOMyrpymnIioil BXOAHBIX CHMBOJIOB
S = End H; x Hom(H;, Hs). s takoro asromara Atm(H;, Hg) moJyrpymnma BXOTHBIX CHUMBO-
JIOB S SIBJIIETCST POM3BOIHOM aarebpoit 0TOOpaKeHuil, U4TO TO3BOJISIET U3yYaTh YHUBEPCAJILHBIE
runeprpaduIeckiue aBTOMAaThI ¢ TOMOIIBIO UCCASIOBAHNA X MOJYTPYIII BXOIHBIX CHMBOJIOB.

Beuyy uzsecraoit upobsembr C. Yiama [8] 06 oupejesumMoctu MareMarnieckux CIpPyKTyp ux
sugAOMOpdU3IMAMEU, 0CODBIM WHTEPEC MPEeACTABIAET UCCAETOBAHNE MPOOIeMbI AOCTPAKTHOM Ompe;ie-
JITEMOCTH TAKUX ABTOMATOB MOJYTPYIIIAME WX BXOIHBIX CUMBOJIOB, KOTOpasd (GOPMYJIUDPYETCS CJie-
JYIONIM 00Pa30M: MPY KAKWX YCIOBUSX JIBA YHUBEPCAIBHBIX TUMEPTPpADUIECKIX aBTOMATa, OyIyT
UMEeTh U30MOP(QHBIE MOTYTPYIIIBI BXOIHBIX CUMBOJIOB?

ITepsbie pesysbrarsbl B 9T0M Haupas/ieHrn Obli nosydensl B pabore [6], rae jokasano, 9ro jis
JIOOBIX TIOCKOCTEH (HAmpuMep, mpOoeKTUBHBIX nan addunnnix) Hy, Hy yauBepcaabHbIil runeprpa-
buaeckuit apromar Atm(Hy, Hy) onpenesisieTcs ¢ TOYHOCTHIO 0 n30MOpdhuU3Ma CBOedi oIy TPy ol
BXOJHBIX CUMBOJIOB. B HacTosrmei crarse 5ToT pe3yabrar 060baerca Ha yHUBEPCAIbHbIE THIIePTPa-
dbuaeckue asromarsr Atm(Hy, Hs), y Kotopbix Hy, Hy siBasitorest 3G derTuBHbIMEU rumeprpadamMu
¢ p—omnpeneanMbiMu pebpaMu. DTO JOCTATOTHO MIUPOKWUI W BECbMa BaXKHBIH KJIACC aBTOMATOB,
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TAK KAK OH COJEPXKUT, B 9aCTHOCTH, HE TOJHKO aBTOMAThI, Y KOTOPBLIX runeprpadbl COCTOAHUN U
BBIXO/IHBIX CUMBOJIOB SIBJISIIOTCs ILJIOCKOCTSIMH, HO M aBTOMATBI, ¥ KOTOPBIX rutieprpadbl cOCTOs-
HUI ¥ BBIXOJHBIX CHMBOJIOB ABJIAOTCA Pa30MEHNAMU HA KJIACCHI SKBUBAJEHTHOCTEH, COMEPIKAIIIE
Gosee p s7eMeHTOB, W MHOrme Apyrue. /lag Takumx aBromaToB B pabore [9| yxe OblLia perieHa
3ajada abCcTpakTHON xapakTepu3anuu. [JIaBHBIN Pe3yabTaT AaHHON paboTbl — TeopeMma 3.5 moka-
3BIBAET, UYTO YHUBEPCAIbHBIE THHEpPrpadrdeckne aBToMATH HAM dDPEKTUBHBIME THIEPTpadamMu ¢
P—OIPETETUMBIMI PEOPAMU B TOM U TOJBKO TOM CJIyYae UMEOT N30MOP(MHBIE MTOJIYTPYIIIBI BXOJTHBIX
CUMBOJIOB, €CJIH 3TU aBTOMATHI M30MOPDHBI.

PesynbraTsr paborsl mokmagsiBauch Ha X1V Mexaynapoanoit koudepennnn «Anrebpa u Teo-
pUd IUCe: COBPEMEHHBIE TTPOOIEMBI M TPUIOKEHUAY , TTOCBATIEHHOH 70-TH JIeTUIO CO JH POXKICHUST
C. M. Boponuna u I'. 1. Apxunosa (Caparos, CI'Y um. H. I'. Yepnsimecsckoro, 2016) [10].

2. OCHOBHBIE TOHATUA

B pabore ucnonbzyercst obImenpuHATaAsT TEPMUHOJIOTHST U OCHOBHBIE TTOHATHS TEOPUH aBTOMATOB
[1], Teopun mosryrpymm [11], Teopun runeprpados |7] u aarebps oTHOmEHHU [12].

IIycts X, Y — menycrbie muoxkectsa. Berojy onpejiesieHHOe 0/iHO3HAYHOE DMHAPHOE OTHOIIEHNE
© C X XY maseiBaercd orobpakennmeM MHOXKecTBa X B MHOXKECTBO Y ¥ 0003HATAETCS CHMBOJIOM
¢ : X = Y. llocrosuuoe orobpazkenue MHOxKecTBa X B jeMeHT ¢ € Y 0003HA4YAETCH CHUMBOJIOM
C,. Toxnecreernoe orobpaKenne MHOKeCTBa X B cebg 0603HavaeTCsd CUMBOIOM Ax.

Cornacuo [7] runeprpadom masbiBaercs cucrema suma H = (X, L), tne X — 310 HemycToe
MHOXKeCTBO BepmwH Tuneprpada u L — cemMeificTBO HEKOTOPBIX TOAMHOMXKECTB MHOXKecTBa X, Ha-
3bIBaeMbIX pebpamu runeprpada. MHokecTBO BepIimH runeprpada Ha3bIBACTCS OTPDAHUIEHHBIM,
€CJT OHO COIEPXKUTCS B HEKOTOPOM ero pebpe, W HeOTPAHWUYEHHBIM B MPOTUBHOM cJjydae. Beprmu-
HbI runeprpada, TpUHAJIEKAIINE HEKOTOPOMY €ero pebpy, Ha3bIBAIOTCA CMexKHbIMU. ['uneprpad
H = (X, L) nazeiBaercs 3¢dEeKTUBHBIM, €1 T00ast ero BEPIUHA TPUHAIEXKAT HEKOTOPOMY DPeb-
py sToro runeprpada.

Ilycts p — mekoropoe marypanabuoe umucio. ['uneprpacd H Oymem HaswpiBaTh runeprpadom ¢ p-
olpesieJIUMBIME pebpaMu, ecju B KaxkJ0M pebpe sToro runeprpada Haiijercs mo KpaitHeit mepe
p + 1 Bepmmna u, ¢ APYroit CTOPOHBI, JOOBIE P BEPIIUH 3TOr0 runeprpada cojaepKarcs He boJiee,
9eM B OJHOM pebpe.

B wactroCcTH, 3pdexkTuBHBIME ruUNeprpadaMu ¢ p—OMpPeeTUMbIME PedpPaMU SABISIOTCS UCCIe-
ayemble B paborax [13]-[15] cabeie p—runeprpadsr. Kpome toro, sddexrusabivm runeprpadamvu ¢
P-ONIpEJIEIUMBIMI pedpaMu SIBJISTIOTCsT TUneprpadsbl, pedbpa KOTOphIX 06pa3yroT pasdueHus MHOXKe-
CTBa BEPITIMH Ha, KJIACCHI, comepKaime 6oee p Beprua. Hakomer, ecin pacCMaTpuBaTh MIOCKOCTH
[16] kax rumeprpadbl, BEPITHHAMI KOTOPBIX SIBJSIIOTCS TOYKH, a pedpaMu — OpsIMbIe 3THX TLIOC-
KoOCTel, TO Jr00asd MPOEKTUBHAS JIOCKOCTE U Jfobasa adduaHas MIOCKOCTE ¢ YUCIOM TOUEK Dosiee
JeThIpex ABASTCS M MEKTUBHBIMEU TUieprpadaMu ¢ 2-0npeIeuMbIMu pebpamu.

Mycrs H = (X, L), H; = (X1, L1) — nupoussosbuble runeprpadb. Tomomopdusmom runeprpada
H = (X, L) B runeprpacd H; = (X1, L) HaseiBaercsa otobpakenne ¢ MHO)KecTBa X B MHOMXKECTBO
X1, koTopoe cMmexkubie B runeprpade H BepHivHBI IEPEBOANT B CMEXKHBIE BEPIIUHBI THneprpada
Hy, T.e. BbIIOJIHSAETCS CBOUCTBO

(Vi e L)A€ Ly)(e(l) C 1.

Samerum, aTo st pebpa | € Ly Besikoe otobpaxkenune ¢ : X — | sBIsteTCS TOMOMOPQMU3IMOM
runeprpacda H B runeprpad Hi.
MHuoxkecTBO Bcex romomopduamos rutieprpada H B runeprpad Hy oboznauny Hom(H, Hy).
TFomomopdusm runeprpada H = (X, L) B cebs HasbiBaercs sumoMopdusmom runeprpada H.
MuoxkecTBO BCex sumoMopdusmoB runeprpada H ¢ oneparumeit koMmo3unuu 06pa3yer moayrpPyImy
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End H.

T'omomopdusm runmeprpados f : H — H; maswbBaeTca m3oMmopdusMoMm rumeprpada H ma
runieprpad Hi, eciou f — B3aUMHO OIHO3HAYHOE OTODparkKeHWe MHOXKecTBa X Ha MHOXKECTBO X
u obpaTHoe orobpazkenme f~! apagerca romomopdusmom rumeprpada Hy na runeprpad H, T.e.
BBITIOJTHSIETCST YCJIOBUE

(VWY CcX)(YeL<< f(Y)e€ Ly).

Ecyu cymecrsyer uzomopdusm f : H — Hyp, To runeprpadsl H u H HAa3bIBAOTCS H30MOPQHBIMA
u 3anuceBator H = Hy.

Wsomopdusm runieprpada H = (X, L) #a cebs mHasbiBaercs apromopduamom runeprpada H.

Jna runeprpadbos Hxy = (X, Ly),Hy = (Y, Ly) uepes S(Hx, Hy) o6o3raqumM 1mosyTpymimy
End Hx x Hom(Hx, Hy) ¢ acconmaruBHOii GHHAPHON omeparueil, onpeeadomeiicsa mo mpaBuLy
[1]: (@, %) - (01,91) = (w1, p31) pna map (p, ), (p1,91) € End Hx x Hom(Hx, Hy).

Caenys 1], mox aBromarom GyaeM monnmaTh anrebpandeckyio cucremy A = (X, S,Y, 4§, \), co-
CTOSILYIO M3 MHOXKECTBA, COCTOAHUN X, Oy rpyIIbl BXOAHBIX CUMBOJIOB S, MHOYKECTEA, BBIXO/IHBIX
cuMBOJIOB Y, dpyaknun mepexonoB § @ X X S — X w BeixogHoit dyukmmm A 0 X X S — Y,
TaKUX 9T0 Jis Mbbix x € X wm s,t € S BemmomHstores yeaosusa O(x,st) = 6(6(x,s),t),
Az, st) = A(d(x, s),t). s moboro s € S onpepennm orobpaxkenus: ds : X — X, s : X — Y
o dopmytam ds(x) = d(x, s), As(x) = A(z, s), rne x € X.

Wsomopdusmom apromara A = (X, S,Y, 6, \) va aromar 4; = (X1, 51, Y1,01, A1) Ha3biBaeTcs
ymopsaouennaga tpoitka v = (f, 7, g) 6unexkmmit f : X — Xy,mr: S — Simg: Y — Y,
COXPAHSATOMNINX AJTeOPAnIecKyI0 CTPYKTYPY TaKUX aBTOMATOB, T. €. T SIBJISIETCT M30MOMOPMU3IMOM
moJTyrpymibl S Ha MOJyTrpyIiny S u jisi it00bIX 3Hadernii s,t € S, x € X BBINOTHAITCA YCIOBUS
w(s 1) = m(s) - w(t), F(3(z,5)) = 01(F(2),m(5)) m (M, 5)) = M (f(x), 7(5)).

Arromar A = (X, 5,Y, 6, \) Oynem wHasuBaTh runeprpaduaecKiM aBTOMATOM, €CJIH MHOKECTBO
cocTostHU# X M MHOYKECTBO BBIXOJTHBIX CUMBOJIOB Y HAJICTEeHBI TAKUMHU CTPYKTYpPaMU THIeprpadon
Hx = (X,Lx) n Hy = (Y,Ly), 9ro npu KaxxJ0M (PUKCHPOBAHHOM BXOJHOM CHTHasIE § € S
npeobpazoBanne dg : X —> X — 3710 sumomopdusM runeprpacda Hx n orobpaxkenune A; : X — Y
— 910 romomopdusm runeprpada Hy B runeprpad Hy . Takwe aBromars Hymem Takxke 0003HATATH
A= (Hx,S, Hy,0,\).

Fomomopdusmonm runeprpadudeckoro apromara A = (Hy, S, Hy,0,\) B runeprpadudeckuii
asromar A1 = (Hx,,S1, Hy,, 01, \1) Ha3biBaercst ynopsjouentas rpoiika v = (f,m, g) orobpaxe-
Huii f X — Xy,m: 5 — S1ug:Y — Y], coxpausionux aarebpanieckyro CTPYKTYPy TaKuX
aBromaros, 1. e. f apiserca romomopdusmom runeprpada Hy s runeprpad Hx,, m — romomop-
Jusmom mosryrpynmnel S B moayrpynmy Si, g — roMmomopdu3mom rumneprpada Hy B rumeprpad
Hy, n ans mobeix 3uadennit ¢ € X, s € S semonustorcs yeaosus f(3(z,s)) = 01(f(x), 7 (s)),
9N, 5)) = M (f(@), 7(5)).

IIpumep runeprpaduaeckoro aBToMaTa JaeT ajredpandeckas CUCTeMa,
Atm(HX7 HY) - (HXa S(HX7 HY)7 HY7 5/a A/)a

rme Hx = (X,Lx), Hy = (Y,Ly) — mekoropble rumeprpadbl un s jobbix x € X,
(p,0) € S(Hx,Hy) oupenenennt suadenus 0'(z, (p,v)) = @(x), N(z,(p,¥)) = ¥(x). Jler-
KO TipoBepuTh, uT0 Atm(Hx, Hy) y/IOBJIETBODPSIET CJIEIYIOMIEMY YHUBEPCATHLHOMY CBOWCTBY: JJIsi
soboro runeprpaduaeckoro asromara A = (Hx,S,Hy,d,\) cymectByer Takoit roMoMopdhusm
m:S — S(Hx, Hy), aro ynopsigouentas tpoiika v = (Ax, m, Ay) sBasiercst romomopdusmom A
B Atm(H x, Hy). Ilo sroii npuanse takoii runeprpadudeckuii asromar Atm(H y, Hy ) HasbiBaeTcst
VHUBEPCATBHBIM runepradpudeckum aBromaroM uHaj runeprpacdavu Hx, Hy .
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3. OcHOBHOI1 pe3yabTaT

B macrosimem pasene nceaeayeTcss BOPOC 0 TOM, KakK YHUBEpCaIbHbIE TUTieprpadruaeckne ap-
ToMaThl HaJ 3DOEKTUBHBIMEU rueprpadaMu ¢ p—OoNpeaeTuMbIMU PeOPAMEU OTIPEIETIAIOTCS CBOUMHE
TOJTyTPYTITIAMU BXOJHBIX CHTHAJIOB.

O6oznaunm yepes Z(Hx, Hy) — MHOXKeCTBO npapbix Hydeil noayrpynms S(Hy, Hy ), a depes
U(Hx, Hy) — MHOYKECTBO BCeX JIEBBIX eauHull noayrpynnsl S(Hy, Hy ). 9T MHOXKECTBA B MOJY-
rpynne S(Hx, Hy) COOTBETCTBEHHO OIPEAEIAIOTCS IO CJIeTy oM (hOPMyYIaM TEOPUH MO/ TY TPYIIIL:

®(z) = (Vy)(yz = z) n ¥(z) = (Vy)(zy = y).

JIEMMA 1. ITyemv» Hx = (X,Lx),Hy = (Y,Ly) - afpexmusnne eunepzpadv. ¢ p-
onpedeaumvmu pebpamu. Tozda saemenm z € S(Hx, Hy) A6AAEMCA NPAGHIM HYACM NOAYZPYNIDL
S(Hx, Hy) mozda u moavko moezda, xo2da natidymea a € X, b € Y maxue, wmo z = (Cy,Cyp), 20e
Cy u Cy — nocmoannuwvie omobpasicernua muoscecmea X COOMEEMCMGEHHO 6 MOYKU A U b.

Hokazaresascro. B cuny addexkrupnoctn runeprpada Hy koncrants! uga C, @ X — {a}
(rme a € X) aBmnsitorcs sumomopdusmamu runeprpada Hx. Anasorngao B cuity sdhdexTusHOCTH
runeprpacda Hy Bce koucrantsl Buga C, : X — {b}, rue b € Y, asusrorcst romomopdus-
mamu runeprpada Hx B runeprpad Hy. Torma smement z = (Cy, Cp) TpUHAIIECIKUT MTOTYTPYIIIE
S(Hx, Hy).

st npon3BobHON napet § = (4, ) € S BBIIOJHAETCS:

Sz = (M?W)(Cavcb) = (:uca’:ucb) = (Cavcb) = Z.

Buauut, (Cy, Cy) — npassiit Honb noayrpynust S(Hx, Hy ), r.e. (Cy,Cy) € Z(Hx, Hy ).
O6parho, ycrsb 2z = (@, 1) — npassiit #Hoab nonyrpynnsl S(Hx, Hy). Torga mias moboro d € X
u 3nadennit a = ¢(d),b = 1(d), a € X,b € Y BrinosHsgercs:

(0, 9) = (Ca, Co)(p,¥) = (Cap, Cab) = (Cpays Cypa)) = (Ca, Cp),

re. 2 = (p,1) = (Cq, Cyp), rne Cy u Cp — TOCTOSTHHBIE 0OTOOPAZKEHUST MHOXKECTBA X COOTBET-
CTBEHHO B TOYKH a 1 b.

JIEMMA 2. ITyemv Hx = (X,Lx),Hy = (Y,Ly) - afpexmusnve eunepzpadv. ¢ p-
onpedesumvimu pebpamu. Tozda snemenm i € S(Hx, Hy) asasemca aesotll edunuyel noayzpynnok
S(Hx, Hy) mozda u moavko mozda, xozda i = (Ax,1) daa nexomopoeo 1) € Hom(Hx, Hy ).

Hoxkazarenscro. [lycrs ¢ = (Ax,v) anst wekoroporo ¢ € Hom(Hy, Hy). Bossmem mpo-
u30BOIbHBIN asement i1 € S(Hx,Hy), i1 = (¢1,%1). Umeor mecTo cremymomme paBeHCTBA:
i1 = (Ax,¥) - (e1,¢¥1) = (Ax - 01, Ax - Y1) = (p1,%1) = 1. DTO 03HATAET, UTO JEMEHT i
siBsistercst J1eBoil epunnueit nosyrpynnst S(Hx, Hy ).

Obparno, nycrsb saemenr i = (@,1) aBaserca jesoit exmanneir nomyrpynust S(Hx, Hy).
Torma gma groboro iy = (p1,%1), npuHagiexarero nonyrpynme S(Hx, Hy), BbIIosHAeTCS:

i-i1 = (p, ) - (p1,01) = (p - Q1,0 - 1) = (p1,1%1). DTO BOZMOKHO TOJBKO B ciaydae ¢ = Ax.
Crenosarensho, i = (Ax, ). Jlemma pokazaHa.

JIEMMA 3. ITyemv Hx = (X,Lx),Hy = (Y,Ly) - afpexmusnvie eunepzpadv. ¢ p-
onpedesumvimu pebpamu. Toeda dasn npoussosvnvx snemenmos s,s1 € S(Hx,Hy) caedyrouue
YCAOBUA PAGHOCUALHDL:

1) s=(p,¥) usi = (p,1) daa nekomopuz ¢ € End Hy, 1,11 € Hom(Hx, Hy);

2) s-i= 811 daa nexkomopol sesoti edunuyws i € U(Hx, Hy);
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3) s-i=s1-1 das 40600 ae6oli edunuywn i € U(Hyx, Hy).

HoxkazarenscTso. QueBuaHo, UTO U3 3) Caeayer 2).

ITycrb Bhimosasiercs: yeaosue 1), 1.e. s = (¢,v) n s1 = (p, 1) anst vekoropbix ¢ € End Hy,
¥, € Hom(Hx, Hy), u iyctb i — neBas exaununa noayrpynnsl S(Hx, Hy ), re. i € U(Hx, Hy).
Cormacuo memme 2 i = (Ax,v’) ana mekoroporo ¢ € Hom(Hy, Hy ). Vimetor MecTo paBeHCTBA:
s-i=(p, ) (Ax, V") = (pAx,p¢") = (p, 1) - (Ax,9") = s1 - i, T.e. BBINOIHsIETCS yCa0BUE 3).

Ocraercs nokazars, uro u3 2) caeayer 1). Ilycrs s snemento s = (o, ), s1 = (¢1,%1)

BBITIOJIHSIETCST S - § = §1 - & JJIsT HEeKOTopoit Jieoii enunuisl @ € U(Hx, Hy). Cormacuo gemme 2
i = (Ax, ') ans mekoroporo ¥ € Hom(Hy, Hy ). IMeioT MecTo Cieflytomue paBeHCTBa:

§-1= (907 @Z’) : (AXa ¢,) = (SDAX> 801/),) = (90’ @¢/)>
s1-1=(p1,¢1) - (Ax,¢") = (p1Ax, 01¢") = (1, 1¢).

Buauut, (¢, pY') = (1, 1¢").Crenosarensuo, ¢ = @1, T.e. BeInogHgeTca ycnosue 1). Jlemma
JOKa3aHa.

JIEMMA 4. Ilyemv Hx = (X,Lx),Hy = (Y,Ly) — aspdexmusnve eunepepado. ¢ p-
onpedesumvimu, pebpamu. Tozda dopmyaa

Qz,y) =) NP(y) A (Vi) (V(i)) = z-i=y- i)

MEOPUL TOAYZPYNT ONPEJEAAET, OMHOUEHUE IKEUBUACHIMHOCNU € HA MHONHCECMEE NPABLIT HYAeT
Z(Hx, Hy) maxoe, 4mo 6binoAHAOMCA CACOYIOULUE YCAOBUA:

1) Odasn a06wx aaemenmos s, s1 € Z(Hx, Hy) svnoansemcsa s = s1(€) mozda u moavko moeda,
koeda s = (Cq, Cp), 51 = (Cq, Cp, ) 0na nexomopux a € X,b,b1 € Y;

2)  0daa mobozo npacoeo nyan s = (Cq, Chy) noayepynno, S(Hx, Hy) xaacc 9K6u6aAHMHOCTIU
£(8) = {(Cas Cy) sy € Y.

HoxkazarenscTso. B camom mese, HeTpyJHO IPOBEPHUTD, YTO OTHOIIEHHE &€ PedICKCHBHO, CHMMET-
PUYHO M TPAH3UTUBHO, T.€. ABJSETCH SKBUBAIEHTHOCTHIO HA MHOYXKeCTBe TpaBbix Hyneit Z(Hx, Hy ).
[IycTh AJ1st TPOU3BOJIBHBIX 3JIEMEHTOB S, §1 € Z(Hx, Hy ) Bomonnsiercst s = $1(g). Cornacho jeMme
1 s=(Cq,Cp),s1 = (Cay, Chy). Tlo onpesiesiernto oTHOIIEHNST € UMEEM: S - & = S1 - JJisi J106OT0
i € U(Hx, Hy). Cornacuo nemme 2 umeem C, = Cy,. Obpatno, nycts s = (Cy, Cp), 51 = (Cq, Ch,)
Jst HekoTopbix a € X, b, by € Y. Torma cormmacuo gevMme 2 S -1 = 81 - ¢ s 000 JI€BOM e TUHATIHI
i € U(Hx,Hy). llo onpenenenuio oTHOIEHNA € moIydaeM s = s1(€).

g mobbix snementos s,s1 € Z(Hx,Hy) BoimonHsieTrcss s = $1(€) TOrAa W TOJBKO TO-
raa, korja s = (Cy,Cy), 81 = (Cq, Cp,) anst Hexoropbix a € X,b,b; € Y. Dro o3mauaer, ato
e(s) ={(Cq,Cy) : y € Y}. Jlemma noKazaHa.

JIEMMA 5. llyemv Hx, Hy, Hx,, Hy, — apexmusenvie eunepepado. c p-onpedesumvimu
pebpamu, [ — usomoppusm eunepepaga Hx wa eunepepad Hx,, g — usomopdusm z2unepzpa-
da Hy mna eunepepadp Hy, u omobpascenue m : S(Hx,Hy) — S(Hx,,Hy,) onpedesaemcas
no gopmyae © = (f2,f x g), m.e. dan mobuz (p,) € S(Hx,Hy) svnoansemcs pasencmeo
(o, 0) = (f2(p), (f x g)(1))). Tozda cnpasedausn. caedyrousue ymeeprcierua:

1) omobpasicenue m asasemcs uzomoppusmom noayepynno, S(Hyx, Hy) na noayzpynny
S(HX1 5 HY1 )7

2)  ynopadouennas mpotixa omobpasicenuti v = (f, 7, g) Aeaaemes u3oMOPHUIMOM A8TMOMATNG
Atm(Hyx, Hy) na asmomam Atm(Hx,, Hy,);
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3) ecau daa omobpasicenus x : S(Hx,Hy) — S(Hx,, Hy,) ynopadouwennas mpotixa omob-
pavicenut v = (f,x,9) asasemca uzomoppusmom asmomama Atm(Hx, Hy) na asmomam
Atm(Hx,, Hy,), mo x = .

Hokazaresscrgo. [lycrs orobpaxenue 7 : S(Hx, Hy) — S(Hx,, Hy,) onpenensercs no ¢dpop-
myne m = (f2, f x g), rne f: Hy — Hy,, g : Hy — Hy, — n3omopcdusmsl runeprpacdos. Tax
KaK JIIg Mpou3BOJIbHON mapel (¢, ) € S(Hx, Hy) orobpaxenue ¢ — sugomopdusm runeprpada
Hx u orobpaxkenne 1 — romomopdusm runeprpada Hx B runeprpad Hy, To oueBmmno obpas
f2(¢) = f~Yof — sumomopdusm runeprpada Hy, n obpas f x g(v) = f~l4g — romomopdusm
runeprpada Hx, B runeprpad Hy,. 1o osnauaer, uro 7(p,¢) € S(Hx,, Hy,). fcno, aro m —
oueknns S(Hx, Hy) va S(Hx,, Hy,).

Bosbmem npounssosibHbIe sseMenTh s = (, 1), $1 = (¢1, 1) noayrpynust S(Hx, Hy ). Tak kak
s81 = (@1, 1), TO BBITOTHSOTCS PABEHCTBA

m(s) - m(s1) = w(p, ) - w1, v01) = (F2(@), (f x 9)(¥)) - (f*(01), (f x 9) (1)) =
= (F2(@) 2 (e1), () (f x )W) = (F o f fhorf, o f f M big) =
= (froerf, fovig) = (F2(ee1), (f % g) (1)) = (ss1).

Taxmm obpasom, m — mzomopdusm nomyrpymnmsl S(Hx, Hy) va nonyrpynny S(Hx,, Hy,), T.e
CIIPABEIMBO yTBEPK AeHne 1).
Boutee Toro, mist mpoussosibHbIX T € X, s = (p, 1) € S(Hx, Hy ) UMEIOT MeCTO DAaBEeHCTBA:

F(8(z,9) = fo(x) = flo(fH(f(x

I
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1o o3Havaer, uro v = (f, 7, g) saBasercs nzomopduzmom aromara Atm(Hx, Hy ) Ha aBromMar
Atm(Hy,, Hy, ), T.e cupaseyinBo yTBepXK/eHue 2).

ITycts maa orobpakenus: x : S(Hyx, Hy) — S(Hx,, Hy,) ynopsigodeHtas Tpoiika oTobpazke-
uuit v = (f, x,9) — n3omopdusm asromara Atm(Hx, Hy) ua asromar Atm(Hy,, Hy, ). Torga st
06X smemenToB = € X, (p,¢) € S(Hx, Hy ) IMe0T MecTo paBeHCTBa:

f(0(z,5)) = 01(f(x),x(s)), g(A(x,s)) = A (f(2), x(s))-

I[To onpemeIeHno YHEBEPCAIBHOIO THIePrpaduIecKoro aBToMaTa BHIIOJHIIOTCA PABEHCTBA!
5(377 S) = 5(7;7 ((Pv ¢)) = @(56)7 )\(1‘, S) = )\(%, (%w)) = ¢($)

OBosmasm x(s) = (o1, %), 1or3a f((2) = @1(f()),g((@)) = b1(f(2), re. of = for,
vg = fi1, creaosaremmo, o1 = flof = f2p), ¥ = fg = (f X ¢)(¢). Bmawr,
x = (f%, f x g) = 7, T.e cupaseyBo yrBepxaenue 3). Jlemma joKazaHa.

Omnucannplit B JieMMe 5 ¢ ToMomblo m3oMmopdusmoB runeprpados f : Hy — Hx,,
g : Hy — Hy, uzomopduszm m = ( f?, f X g) mOIyTrPyIII BXOJHBIX CHIHAJIOB YHUBEPCAIBHBIX THIIED-
rpadudeckux apromaros Atm(Hx, Hy ), Atm(Hx,, Hy,) Ha3bIBaeTCd KAHOHUYIECKUM H30MOpPdhU3-
MOM Takux nojayrpyii. [ToMmuMo kaHOHMYECKUX M30MOPGMU3MOB TAKHE TIOJIYIPYIIIBl MOI'YT UMETh
nnble, 6os1ee CaoKHbIe n3oMopdu3Mbl. Hanpumep, mis mpou3BOILHOTO HATYPAIBLHOTO IUCIA P PaC-
CMOTPUM YHUBepCaJbHbIN runeprpaduaeckuii apromar Atm(Hx, Hy ) Hag 3bdeKTUBHBIMY TUITED-
rpadpamu Hx = (X, Lx), Hy = (Y, Ly), pebpa Koropbix 06pa3yior pa3bueHnst MHOKECTB BEPIITIH
X n Y Ha Takue KJIaCChl SKBUBAJEHTHOCTEN €x U €y, UTO KAXKJIBIH KJIACC YKBUBAJIEHTHOCTH COJEP-
xuT Hosee p sepmmn. OueBngno, uro Hx, Hy — addekTrBrbie runeprpadbl ¢ p-Ompeae/ T uMbIME
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pebpamu. na snementoB x € X mpom3BOJILHO BhIbEpeM Takue aBTOMOPMU3MBI ¢, runeprpada
Hy, KOTOpBIE COXPAHAIOT BCE KJIACCHI 9KBUBAJICHTHOCTH £y, T.€. BBINOJHACTCS (4 (1) = 7 /I JIIO-
ooro x € X wm Jrroboro pedpa r € Ly.

Mg npousBosibHBIX oTobpazkenuit ¢ 1 X — X ¢ : X — Y obozuaunm 7(p, ) = (p,9¥),
ryie orobpaxenue ¥ 1 X — Y onpegensierca no dopmyne: YP(r) = gy (P(x)) ana seex
x € X. Ilokazkem, 9T10 T ABJSETCS ABTOMOPQU3MOM TOJIYTPYIIBl BXOAHBIX curHatos S(Hx, Hy)
yHUBepcaabHoro runeprpaduueckoro asromara Atm(Hx, Hy). Ecau (p,¢) € S(Hx, Hy), 10 ¢
— sugomopcdusm runeprpada Hyx n 1) — romomopdusm runeprpacda Hx B runeprpad Hy. Yoe-
JUMCsI, YTO B 9TOM cjaydae orobpaxenue ¥ : X — Y taxwxke Oymer roMoMopdU3MOM THUIEP-
rpada Hx B runeprpad Hy. Ilycts [ — mexkoropoe pebpo rumeprpacda Hx. Ilo ompenenenmio
romomopdusma ¢ : Hy — Hy waiinercsa Takoe pebpo ! runeprpada Hy, uro (1) C I'. C apy-
TO#l CTOPOHBI, A7 JA00OT0 71ementa x € X 1o ompemenennio apromopdusma g, : Hy — Hy
BoInoHsIeTcst paeHcTBo ¢, (') = I'. Torma ajist moboro anemenTa a € | BBIIOJHAETCS YCJIOBHUE
Y¥(a) = gp)(P(a)) C gp)(l') = I'. Crenosarensio, ¢ (1) C I, ¥ — romomopdusmon runep-
rpada Hx B runeprpad Hy u snement 7(p, ) upunasgexur noayrpymme S(Hx, Hy ). 3uaqnr,
T S(Hx,Hy) — S(Hx,Hy).

Bosbmem mnpoussosbible 3meMmeHTol (¢,), (¢1,¢1) € S(Hx,Hy). llo onpenenennio mmeer
MmecTo pasercTBo: (@, 1) - (p1,91) = ,(gogol,(pwl). Ob6oznauum pp; = ¢, = /. Torga
(@, 1) - (p1,91)) = m(¢,¥') = (¢',¢'7). Ho onpenenenuto

W(@ﬂﬁ) ’ W(‘Plv ’(/}1) = (()Da IW) : (8017w1801) = (908017 9077/)1@1) = (80/7w/4pl)7

T.K. O 1106010 T € X BLIIOJIHIETCA

/

1 ? (2) = P17 (9(2)) = G (p(2)) (V1 (L(2)) = Gy (2) (9¥1(2) = gpr () (V' (@) = 77 ().

D710 o3HaUaer, 9To T — sHjoMopduam noayrpymmnsl S(Hx, Hy ).

IMokaxkem, uro ast pasnmmunbix s,81 € S(Hx, Hy) ux obpassl 7(s),m(s1) Takxke pasind-
ubl. O4YeBHIHO, YTO ITO BBIMOTHsACTCH st Beex (p,1) u (p1,¢1) € S(Hx, Hy), xKoraa ¢ # ¢;.
Paccmorpum reneps (@, 1), (p,Y1) € S(Hx,Hy), tae ¢ # 1. Hockonbky ¥ # 1)1, 10 Haii-
aercss takoit ¥ € X, uro Y(x) # Y1(x). B cumy Toro, UTO gy(p) — OMEKIMS, BHLITIOIHIOTCH
crenyiomge YeTopHs: $9() = Goey (@) # oy ®1(2) = 1°(x), Te. $° # . Bamr,
(o, ) = (p, %) # (p,01%) = 7(p,11). CaenosarensHo, orobparkeHne m B3aWMHO OJHO3HAHY-
HOE.

Tlokaskem Temepnh, 9TO T — CIOPHEKITNAA.

Paccmorpum npoussosbhbiii saement (@, 1) € S(Hx, Hy). Hna awoboro saemenra x € X Haii-
nercst snement y € Y, nyist koroporo ¥ (z) = y. ITockonbky Jp(z) — ABTOMODMU3M, COXPAHATOIIH
pebpa, To HafifeTca Takoit smeMenT z € Y, 9T gu(,)(2) = y u, sHawmT, z = y(ey). Obosma-
anm z = ¢'(z). B pesyabrare nomyuaem orobpaxenme 10 : X — Y, aya KOTOporo npu mo6om
x € X somosasiercsa ¢ (z) = ¢(x)(ey). OueBnano, 910 10 MOCTPOEHUIO Jist 1106010 = € X BBI-
nosTHsAeTCs paBeHcTBo Y (x) = g;(lx) (¢(x)). Tak kak ¢ € Hom(Hyx, Hy), To auas soboro pebpa I
runeprpacda Hx maiigerca takoe pedpo I rumeprpada Hy, aro (1) C I’ u, swaunr, ¢'(z)(l) C 1.
Cnenosarensno, ¥ — romomopdusm runeprpada Hy B rumeprpad Hy, yIOBIETBOPAIONIMIL 11
moboro x € X cpoiictBy 'Y (x) = gy (Y () = gcp(m)(g;(lx)(w(x))) = 1(x). CnenoBarensHo,
(0,0 = (p,¢'?) = (¢,1) u orobpazkenue T CIOPHLEKTUBHO.

Takum obpazom, orobpaxkenune 7 : S(Hx, Hy) — S(Hx, Hy) siBisiercst aBTOMOpGU3MOM T10-
ayrpynust S(Hx, Hy).

gleno, 9To B 00mIEM CiIydae 3TOT aBTOMOPGU3M He OyIeT KAHOHUIECKAM B CHIY POU3BOJBLHOTO
HOCTPOEHUsI ceMeficTBa aBToMOpdu3MoB g, : Hy — Hy, (z € X).
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OcCHOBHOI pe3yJ/ibTaT 9TOT0 pa3ie/ia MOKA3bIBAET, YTO YHUBEPCAIbHBIE THIIEPTPAdQUIECKHUE ABTO-
MaThl HaJl 3 PeKTUBHBIME TUiieprpadamMu ¢ p—OoIpeaeTuMbIMU PeOPaMU ITOJTHOCTBIO OIIPEETIOTCS
CBOUMMU IIOJYTPYHIIaMU BXOJHBIX CUTHAJIOB.

TEOPEMA 1. Ilyemv Atm(Hx, Hy ), Atm(Hx,, Hy,) — ynusepcarvuvie 2unepepaduiecrue as-
momamo, Had aPexmuenuimu 2unepepapamu ¢ p—onpedesumvimy pebpamy, Hx, Hy u Hx,, Hy,
coomeemcemeenno. Toz0a NoAy2pyYnIbL GTOOHBLL CULHAAOE IMUTL AGMOMAMOE USOMOPPHDL 6 MOM U
moavko mom cayuae, ecau asmomamu, Atm(Hx, Hy ), Atm(Hx, , Hy, ) usomopgpnoi.

Hokazaresnscreo. ITo onpeenenuio u3 uzomopduzma asromaros Atm(Hy, Hy ), Atm(Hx, , Hy, )
cJielyeT u30MOpgU3M MOIYIPYIIT BXOJHBIX CUIHAJIOB 3TUX aBTOMATOB.

O6paruo, nycrs 7 : S(Hx,Hy) — S(Hx,,Hy,) — usomopdusm nonyrpynust S(Hx, Hy)
ua nosyrpymmy S(Hx,, Hy,). I3omopdusm 7 coxpaHgeT HCTHUHHOCTHBIE 3HadeHusi (opmya P(x),
U(x), Q(x,y) reopun nosyrpymir. Ciei0BaTEJIbHO T COXPAHAET LPABBIE HYJM YTUX HOJLYIDYIII U,
3HAYIUT, 0TOOpaykaeT MHOXKeCTBO Z (H x, Hy ) mpaswix Hyseit mosyrpymmst S(H x, Hy ) Ha MHOKeCTBO
Z(Hx,, Hy,) npasbix myaeit noxyrpymnnsl S(Hx,, Hy,), a muoxectso U(Hx, Hy) JIeBBIX eIHHNAI
nonyrpynnsl S(Hy, Hy) na muoxecrso U(Hx,, Hy,) nesbix equnun noayrpynnst S(Hx,, Hy,).
Kpowme Toro, cormacuo jemme 4 72 orobpazkaeT OTHOINEHHE SKBUBAJCHTHOCTH £ Ha MHOYKECTBE
npasbix Hyneit Z(Hy, Hy) Ha OTHOIIEHHE SKBUBAJEHTHOCTH €] HA MHOXKECTBE MPABBIX HYyJIei
Z(Hx,,Hy,). 3 gemmbr 1 nst mobeix a € X,b € Y napa (C,,Cy) € Z(Hx, Hy). Ilpu srom
7(Cay Cp) = (Cay, Cp,) ana mekoropbix a1 € Xi1,b; € Yq, me. o6pas 7(Cq, Cp) sABIAETCA NPABBIM
uyseMm nomyrpynnel S(Hx,, Hy,), n m orobpazkaer kiaacc skBupaseHtHocTH £(Cy, Cp) Ha Kiacc
sxBuBasieHTHOCTH €1(Clqy, Chy ).

Dror dakr 1mo3BOJIgeT onpenenuTs orobpaxenusa f : X — X, 9, 1Y — Y, (e € X) 1o
upasuiy: s aobbix a € X, b € Y suadenus f(a) = a1, gq(b) = b1, eciu w(Cq, Cp) = (Cay, Chy)
mia coorBercTBytommx a; € Xi,bp € Yp. Torma mo omnpeneneHWIo BBIMOJHAETCA PAaBEHCTBO
™(Ca; Car) = (Cf(a)) Cgafar)):

Herpyaro mpoeeputsh, uro orobparkenue f sapjsercs Ouekimeil MHOXecTBa X Ha, MHOMXKECTBO
X1 m mg goboro a € X orobpaxkenune ¢, ABaseTcs OMeKnueidl MHOXKECTBa Y HA MHOXKECTBO Y.
JleticTBUTEIEHO, CIOPBEKTUBHOCTD 0TOOpaskeHuil f, g, Caeayer u3 PABEHCTBA

m(Z(Hx,Hy)) = Z(Hx,, Hy,).
Kpowme Toro, mrs n0b6bix 1,22 € X, y € Y 3KBUBAJEHTHBI CJIEIYIONINE YCAOBUSA:

f(Il) = f(xZ)a Cf(:el) = Cf($2)7 (Cf(ml)vchl(y)) = (Cf($2)7ch2(y))(€l>7
W(Cwl’cy) = 77(03327 Cy)(gl)’ (CJJU Cy) = (Cl‘w Cy)(ﬁ), Cxl = Cl‘z’ Il = T2.

3Hauut, orobpakenue f B3aMMHO-OJHO3HAaYHOE U [ — Ouekius MHOXKecTBa X Ha MHOXKeCTBO X1.
Awnajoruano st 1106010 @ € X 1 JTI0OBIX Y1, Y2 € Y IKBUBAJIEHTHBI CJASAYIOMINE YCIOBUS:

9a(y1) = 9a(¥2); Coum) = Coa(n)> (Cra): Coutwn)) = (Cria)s Couun))s
W(Cmcw) = W(Cavcyg)a Cy, = Cyyy Y1 = y2.

3HAYNAT, 0TOOpaXKEeHHe ¢, B3AMMHO-OTHOSHAYHOE U (, — OMEKIINA MHOYKECTBa Y Ha MHOXKECTBO Y].
Jng npoussonbabix (0, 1) € S wa € X paccmorpum 3uauernst p(a) = b,1(a) = d. Torma gns
Jgioboro ¢ € Y uMmeeT MecTo

(Caa Cc) : (‘Pv¢) = (C’a@a Cal/}) = (Ccp(a)v C¢(a)) = (Cb, Cd),

¥, BHAYUT, [JId TOMOMOPMU3MA 7 BBHIIOJTHICTCI PABEHCTBO:

m(Ca, Cc) - (i, ¥0) = m(Ch, Cy). (1)
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[To onpenenennto orobpaxenuii f, g, (a € X) Bbrancanm 3HaYeHUsA
m(Ca; Ce) = (C(ay Cga(e))s m(Co, Ca) = (Cv): Cgy(a))-

O6osnauum 7(p, 1) = (p1,11). Torna no dopmyne (1) noryuaem

(Cta)s Coa(e) - (p1591) = (Cr): Coy(a))-

C apyroit CTOPOHBI, IO OMPEIETIEHIIO YMHOKEHUS BBITTOJHAIOTCS PABEHCTBA
(Cta), Cya(e)) - (01,91) = (Craye1, Cray¥1) = (Co (f(a))s Coon (£(a)) = (Crtys Cop(a)))

u, cregosarensno, p1(f(a)) = f(b) = f(p(a)), ¥1(f(a)) = go(d) = gp(a) (V(a)).
Taxum 06pazom, BBIIOIHAIOTCH pasencTsa fo1 = of, o1 = flof = f2(¢) n Y1 = ¥, rue
otobpazenue ¥ : X1 — Y1, onpesengerca o dopuyne: V¥ (f(a)) = gp(a)(¥(a)) ams Beex a € X.
B pesysbraTe mostydaem, 9To st J1060i mapel (¢, 1)) € S BBINOJHAETCS PABEHCTBO

(e, ) = (f2(9), %) (2)

O6oznaunm f2 = 1. OueBHIHO, UTO OTOGPAXKEHNE T AB/IAeTCs GuexImedi momyrpymms End H x
Ha nojyrpyuny End Hy, . KpoMe Toro, BEIIOIHSETCS PABEHCTBO:

m(pe) = fAee) = fled' f=fFleff I fF=(fFlef)(Fo ) = Fe)fAY) =

= (@) (¢').

CremoBarensmo, oTobpaxkerune m saBasteTcsa m3omMopdmamom moayrpynmsl End Hx wa moxyrpymmy
End Hy,. CormacHo ocHOBHOMY pe3yibrary pabotsl [17| orobparkenue f saBisiercst m30MOpGU3IMOM
runeprpada Hx va runeprpad Hx, .

Tlokaxxem, aro maa mwoboro a € X duekius g, sasagercda nzomopduamom runeprpadpa Hy ma
runeprpad Hy,. Paccmorpum npowsBoabhoe pebpo | € Ly . llo onpenenennto runeprpada ¢ p-
onpenenMBbIME pebpaMu BCAKOe pebpO COAEPKUT M0 MeHbIneil Mepe p + 1 BepiiuH, T. €. HafiyTCHA
Pa3JIMIHbIe BEPIIUHBI Y1, ..., Yp+1 € Y, IpUHAIeKaImue pebpy .

Bosbmem mpoussosibhoe pebpo r € Lx. B cuny p—onpenenumoctu runeprpacda Hx 1o pebpo
COZICPKUT TIO MEHbITeil Mepe p + 1 BepUIuH 1, ..., Tpy1.

IToctpoum orobpaxkenue ¢ : X — Y mo npasuiy:

b(x) = Ui ecan r = x; aas nekoroporo 1 <7 < p;
Yp+1, B OCTATBHBIX CIyvasx.

fcHo, aro oTobpaxkenue ¢ 6ymer romoMopduamoM runeprpadgpa Hy B rumeprpad Hy .

Pacemorpum smement (Cy, 1) € S mist mpoussosbHoro a € X. Torma mo dopmyie (2) u onpe-
nenernto orobpakenus f umeem w(Cq, 1)) = (C’f(a),wc‘l), re YO (f(x;)) = 9Cu () (W (75)) = ga(vi)
aist Beex i = 1, p + 1. Seno, uro % € Hom(Hyx,, Hy,).

IMockoubky orobpaxkenue f — usomopdusm ruueprpada Hy na runeprpad Hy,, 10 Bep-
mwuabl f(21), ..., f(Zpt1) ommosnauno ompenensiior pebpo r1 = f(r), 1 € Lx,. Torma ycmosue
¢% € Hom(Hy,, Hy,) paBHOCHIBHO TOMY, YTO MHOYKECTBO

{0 (f(@1), s 0O (f(@ps1)} = {90 (1) - Ga(Ypr1) }

— orpannvennoe (p+ 1)—saementroe MuokecTBO B runeprpadge Hy,, T. e. maiinercs pebpo Iy € Ly,
JU1sE KOTOPOTO BHITOMHAETCS {Ga (Y1), -5 Ja(Yp+1)} C li. D10 03HAUAET, uTO g4(l) C 1.
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C apyroii CTOPOHBI, AHAJIOIHYHBIM 00PA30M MOZKHO II0Ka3aTh, 4TO A4 pebpa [ runeprpada Hy,
BBIIoMHATCA g, (1) C I’ ana mexoroporo pebpa I’ € Ly . [1o mocTpoennto MHOXKecTBO g~ (I1) co-
nepxxut p+ 1 BepuH yi, ..., Yp+1, KOTOpBIE HpuHaiezkar pebpy | € Ly. B cuny p—oupegemmoctu
pebep runeprpada Hy poimommsercs | = I'. Cnegosarensno, g, (I1) C 1. 3maunr, g,(1) = 1.

TaxuMm obpazom, Ouekiuda ¢, ABagercd mzoMmopdusmoM runeprpada Hy ma runeprpad Hy,.
Torna B cuiy JteMMbl 5 yrnopsgodennas tpoiika orobpazennii (f, (f2, f X ga), §a) ABILETCH KAHOHM-
qeckuM nzomopduzmom aromara Atm(H y, Hy ) Ha aromar Atm(Hx,, Hy, ). Teopema mokazana.

Takum 06pa3oM, MOy YEHHDIH Pe3y/IbTaT IOKA3bIBAET, YTO YHUBEPCAIbHBIE TUIeprpapuIecKre
aBTOMaThl HaJL 3 PEKTUBHBIMY runeprpadamMu ¢ p—oupeeuMbIiMu PEOPaMU OIPEIeIIIOTCs € TOU-
HOCTBIO JIO U30MOP(pU3Ma CBOUMHE HOTYIPYIIIIAMYU BXOJHBIX CUIHAJIOB.

CneactBuE 1. Ilyemws Atm(Hx, Hy ), Atm(Hx,, Hy,) — yHnusepcaavhuwvie 2unepepaguneckue
asmomamu, #ad afermuenvimu 2unepepagamu ¢ p—onpedesumvimu pebpamu Hx, Hy v Hx,, Hy,
coomeemcmeenno. Tozda caedyroujue Ycao6ua IKGUCAACHTTVHDL,

1) eunepepagor Hx, Hy usomopgmuv coomeemcemeenno zunepepagam Hx,, Hy, ;

2)  cywecmeyem uzomopdusm noayepynnse 6xoonuws cuenasos S(Hx, Hy) asmomama
Atm(Hx, Hy) na noayepynny eéxodnux cuznaros S(Hx,, Hy,) asmomama Atm(Hy,, Hy,);

3)  cywecmeyem xanonuseckul usomoppusm noayepynns 6xodnmx cuenanros S(Hyx, Hy) aemo-
mama Atm(Hyx, Hy) wa noayepynny sxodnwx cuenanros S(Hx,, Hy,) asmomama
Atm(Hx,, Hy,);

4) asmomamw Atm(Hx, Hy ), Atm(Hx,, Hy,) usomopgprivs.

HoxkazarenscTBo. U3 teopembr 1 ciepyer pasHocHIbHOCTD yeaosuit 2) u 4). Ilo onpenenenuto
uzoMopdusMa aBToOMaToB M3 ycaosus 4) ciaemyer ycmosme 1). B cminy nemwmbr 5 u3 ycnosums 1)
crenytor yenosust 3),4). OueBunno, aro u3 ycaosus 3) caeayer yeaosue 2). CrecrTBue JOKa3aHO.

4. 3akJo4YeHue

Takum 06pazoM, TOMYIEHHBIN PE3YIbTAT MOKA3BIBAET, UTO YHUBEPCAJbHBIE TUEprpadraeckue
aBroMarhl Ha T 3 dEKTHBHBIME TUTieprpadaMu ¢ p—OMpeIeJuMBbIMI peGPaMU TIOJTHOCTHIO (€ TOTHO-
CTBIO 710 M30MOPDHU3MA) ONPEAETAIOTCS TTOJYTPYIIIAMA CBOMX BXOJHBIX CUTHAIOB. DTO 00OCHOBBI-
BaeT M3yUYeHHe TAKUX aBTOMATOB C IIOMOIIBI0 UCCJIEIOBAHUS UX MTOJYTPYIIT BXOJHBIX CUMBOJIOB H,
B 9aCTHOCTH, O6OCHOBbIBaeT AKTYAJIbHOCTb HUCC/ICJOBAHUA B3aNUMOCBA3U CBOWICTB TAaKHUX aBTOMAaTOB
U UX MOJIYTPYIII BXOJHBIX CUMBOJIOB.
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AnHOTanua

Bagaua nquaamuveckoil reomerpuu paccrosuus (dynDGP) — sro memaBHo BBemeHHbIH 1O-
KJIACC F€OMETPHUH PACCTOAHMSA, Il IPOOIeMbl HMEIOT JIMHAMUYECKYIO COCTABJISIONLYTO.
I'padsr
G=(VxT,E{4r})

dynDGP umeror MHOXKECTBO BEPINWH, KOTOPOE SBJISIETCS TPOU3BEICHNEM MHOXKECTBA, IBYX MHO-
JKECTB: MHOXKECTBA V, COMEpKAIIEro OObEKTHI [IJIsi AHUMAIIAN, U MHOXKECTBA, 1, TPeICTaBIISIO-
II[ero Bpems.

B »r10it crarbe OCHOBHOE BHUMAHUE yJessgercs crenuaibHbiM dK3eMiuigspam dynDGP, ko-
TOPBIE UCIOJB3YIOTC JJis [PEJACTABICHUS JIBUKEHUsI YEJIOBEKA B IPODJIEME AJlAllTaluu, [J1e
MHOXKeCTBO V' JIOTyCKaeT CKeJeTHYI0 CTPYKTYPY (S, X)-

"Paccrosinne B3amMoIeiCTBHA" — 3TO MOHATHE BBEIEHO B KAUECTBE BO3MOXKHOM 3aMEHBI €B-
KJTUI0BA PACCTOSTHUS, KOTOPOE CITIOCOOHO YIaBIUBATE HH(MOPMAITUIO O TPEJICTABICHUN TUHAMUKA
33/1a49U ¥ HEKOTOPbIE HAYATbHBIE CBOHCTBA 3TONO HOBOTO PACCTOSHUS.

Karouesvie crosa: muHaMU9eCcKas TUCTAHIIMOHHAS T€OMETPUs, TUCTAHIIAS B3aAMMOEHCTBHA,
aJanTanysa 4e/IOBeYeCKOIr'o JIBUKEHUS, peTapreTUHI, aHUMUPOBAHHbIE CKeJeTHble CTPYKTYPBHI,
CUMMETPUYHOE KBa3U-PACCTOAHUE.
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Abstract

The dynamical Distance Geometry Problem (dynDGP) is a recently introduced subclass of
the distance geometry where problems have a dynamical component. The graphs

G=(VxT, B {51}

of dynDGPs have a vertex set that is the set product of two sets: the set V', containing the
objects to animate, and the set T, representing the time. In this article, the focus is given to
special instances of the dynDGP that are used to represent human motion adaptation problems,
where the set V' admits a skeletal structure (.5, x).

The “interaction distance” is introduced as a possible replacement of the Euclidean distance
which is able to capture the information about the dynamics of the problem, and some initial
properties of this new distance are presented.

Keywords: dynamical distance geometry, interaction distance, human motion adaptation,
retargeting, animated skeletal structures, symmetric quasi-distance.

Bibliography: 22 titles.
For citation:
A. Mucherino, 2019, "Introducing the Interaction Distance in the context of Distance Geometry for
Human Motions" , Chebysheuvskii sbornik, vol. 20, no. 2, pp. 273-283.
1. Introduction

Given a weighted undirected graph G = (V x T, E,{d,7}), the dynamical Distance Geometry
Problem (dynDGP) [16, 20| in dimension 3 consists in finding a realization

x:(v,t) €V xT — (af,yl, 2l) € R3 (1)
of G in the Euclidean space R? such that the following objective is minimized:

’d((x?qh yg? 23)7 (xfn yfﬂ ZZ)) - 6(“’(]7 Ut) ’

5(“«1? Ut)

o(x) = Z 7 (ug, vt)

(umvt)EE

, (2)

where d is a distance function, and | - | indicates the absolute value of a real number.

It is important to point out the two different roles of ¢ and d in equ. (2). The former is one
of the weights associated to the edges of the graph G, which corresponds to the available distance
value between a vertex pair. The latter is instead a distance function: d associates, to every pair
of positions, their corresponding distance. In the majority of the applications of distance geometry
[19], the distance function d is the Euclidean distance:

d((x, yi, ), (2, v 23)) = \2/(% —au)? + (yh — yi)® + (2 — z0)*.

The value of 7 associated to every distance represents the “importance” of such a distance, and it
is generally referred to as the priority of the distance § [9, 16].

The vertex (v,t) of the graph G is an ordered pair that represents a given object v at a certain
instant ¢, and a realization x corresponds to an animation of the objects in V over the time steps
in T =1{1,2,...,n}. As in the equations already introduced above, the compact notations v; and
{ugq,v:} are employed for indicating a vertex and an edge of G, respectively. The coordinates of
the object v at the time ¢ obtained through the realization function x are indicated with compact
notations z¢, y! and z!. Notice that, from a formal point of view, the only particularity of the
dynDGP (w.r.t a standard distance geometry problem) is the fact that the vertex set of G is the
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set product of two sets: V' (the objects) and T' (the time). In other words, a dynDGP with 7" = {1}
is a “standard” distance geometry problem [12].

This article focuses on a particular application of the dynDGP, where the main interest is in
analyzing human motions through the study of animated skeletal structures which resemble the
human body [20]. Some initial works have shown that tools for distance geometry can be employed
in this context [2, 17], but they consider, as in the majority of the applications in distance geometry,
the Euclidean distance as a metric.

In fact, only a few examples of use of non-Fuclidean distances in the context of distance geometry
can currently be found in the scientific literature: in [4], for example, the L., distance is used to
reformulate the distance geometry problem as an optimization problem whose constraints only
include linear terms; in [13], distance geometry on the sphere is studied, where the distances can be
either Euclidean, or geodesic distances. In the present work, the possibility to replace the Fuclidean
distance with another distance function, which is able to “better” capture the features of the motion
adaptation problem, is discussed. To this aim, the interaction distance will be introduced, and some
of its basic properties will be studied.

The rest of the article is organized as follows. Section 2 will introduce more in details the
mathematical objects that are involved in motion adaptation. Section 3 will propose a definition of
the human motion adaptation problem which is based on the formulation of a dynDGP. Then, the
interaction distance will be introduced in Section 4, and some initial properties will be presented.
Finally, Section 5 will conclude the paper.

2. The objects that come to play

Human-like characters are sets of bars that represent “bones” (i.e. the rigid components) of
a human body, while the intersection points between two bars are named “joints”. This kind
of structure is widely used in applied mathematics and can be represented by a simple graph
S = (V, Eg), where vertices in V are the joints and the existence of an edge {u,v} € Eg between
two joints u and v indicates that they are connected by a bar [11].

The graph S provides information about the structure (a hand is connected through a bar to
an elbow, which is then connected through another bar to the shoulder, and so on), but it gives no
information about the morphology of the character. For a predefined accuracy level of the skeletal
representation of the character (not all human bones are generally represented, but only a few of
them, often a little more than 20 bones), in fact, it is actually possible to consider the graph S as
a constant for an entire group of characters. Then, the difference between pairs of characters can
be evaluated by simply comparing their morphology. Notice that, for the majority of the skeletal
representations, the graph S is a tree.

The simplest way to add morphology information to a character is to include in the graph S a
weight function that associates a real positive value (the bone length) to all its edges in Eg. This
way, a “tall guy” has larger values associated to the weights of its “leg” edges, in comparison with
a normal-sized guy. Naturally, lengths can be provided in absolute values for all edges:

w: {u,v} € E— w(u,v) € Ry,

or rather the propositions among them can be provided in order to obtain a more efficient character
description which is independent from the metric scale.

Even though the simple, and weighted, graph S = (V, E,w) provides enough information to
represent a character bone structure and morphology, it is typical (in the works signed by the
computer graphics community) to represent characters by skeletal structures [1, 11]. A skeletal
structure is a pair consisting of a graph (S in our case, without weights), and a function y that is
able to assign a position in R? to every joint v € V. This initial set of positions corresponds to the



276 A. Mucherino

Puc. 1: The initial pose for the skeletal structure (S,x). S is a tree and, in its realization shown
in this figure, the joint positions are computed by setting the position of its root to (0,0,0) and by
using the displacement function x to compute the coordinates of all other joints.

“Initial pose” of the character (Fig. 1 shows an example of initial pose for a human-like character).
The function y takes into consideration the hierarchical information in the graph S, and actually
provides the displacement (£2,&Y,£2) of every vertex v € V w.r.t. its parent (when S is a tree, every
vertex has only one parent):

X:v eV — (&,80,6) e R,

from which all vertex positions in the initial pose can be obtained.
The most common way to represent the animation of the character (S, x) is through the function:

p:(v,t)EVXTH(QZ, 2)7775)6}:&37 (3)

where 0!, ¢! and n! are three Euler angles (pitch: 6, roll: ¢ and yaw: ) used to control the relative
rotations of every character edge in the local coordinate system of the hierarchically lowest (closest
to the root) joint of the edge [14]. This representation has the great advantage of keeping the skeletal
structure, as well as its morphology, constant during the animation.

From the initial pose for the character, and by using the Euler angles (67, ¢! n!) for all following
time steps t, it is possible to calculate the vertex coordinates of all subsequent character poses, so
that the entire animation can be represented through a function x (see equ. (1)). This procedure is
detailed, for example, in [14]. A solutions (realization) x to a dynDGP has exactly the same form.

3. Human motion adaptation

Character animation is nowadays largely used in movie and video game industries. Typically,
a 3D model and its associated skeletal structure (S, x) are designed by an artist, then animated
either manually or using recorded motion capture data. However, it is often the case that animations
created for a specific character, or captured from a given actor, need to be reused on characters with
a different morphology: this problem is known in the specialized literature as the motion adaptation
problem.

Since the early works of Gleicher [8], and Choi and Ko [3], the problem of adapting a given
animation to the special features of a given character is taking particular attention from the
research community. The main problem consists eztracting the information about the animation
played by character A (the actor), and to ¢ransfer this piece of information to another character B
(the character to be animated), which is generally morphologically different from character A (see
Section 2 for the representation of the characters and the animations).
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Let (S, x4) be the skeletal structure that describes the morphology of character A, and suppose
that the initial animation is captured from character A; let (S, xp) be the skeletal structure of the
target character B. The two characters have a common graph S, but the two functions x4 and xp
are different. When the two initial poses described by the two displacement functions x4 and x p are
the same (different numerical values for the displacements over the three components may represent
the same pose, such as the typical T pose), one possible (and easy) approach to motion adaptation
is to simply transfer the function py (see equ. (3), representing the animation of character A, to
character B (in other words, it is imposed that pg = p4). However, the Euler angles in p4 are not
able to take into consideration the spatial relationship between pairs of character joints [2, 10], and
as a consequence undesired effects may be introduced in the animation. Typical undesired effects
include creating body contacts that were not present in the original animation, or to miss body
contacts that actually occur in the original animation.

As already remarked in Section 2, the coordinates (zf, 3%, 2!) for every joint and for every time ¢
can be computed by combining the displacement function of the skeletal structure (S, x4) with the
function p4. With the obtained representation x4 of the animation, Euclidean distances between
pairs of joints, at every time frame ¢, can be computed. As it is well-known, the Euclidean distance
is widely used in several scientific disciplines, and provides information that is easily understandable
by humans, which is, the simple measure of proximity between object pairs. A character that flaps
its hands, for example, needs to bring, at particular time frames, the Euclidean distance between
the two hands to zero in order to perform this movement; the distance provides this simple and
fundamental feature of the movement.

When the animations are represented by functions having the form of equ. (1), the motion
adaptation problem can be formulated as follows [2, 17]. Let x4 be the initial animation of
(S,x4), given in terms of absolute vertex positions. In order to capture the spatial relationships
between joint pairs in the animation, all relative distances 6, for every time frame, can be
computed. If some distances are considered to be more important than others, then a higher priority
value m can be associated to them. This procedure allows to define the simple undirected graph
G = (V xT,E,{6,7}), which represents the animation in terms of distances.

DEFINITION 11. (dynDGP-based human motion adaptation).
Given a skeletal structure (S, xp) and a simple weighted undirected graph G = (V x T, E,{6,7})
obtained from an animation of (S, xa), find an animation xp for the skeletal structure (S, xp) that
is solution to dynDGP(G).

It is important to remark that “an animation for (S, xp)” is meant to be an animation where
the morphology described by the skeletal structure is preserved. Naturally, finding an animation
for (S,x4), when G was obtained from an animation of the same skeletal structure, is an easy
problem, because all distance constraints are precise and compatible to each other [15]. When the
morphology changes from the original character to the target character, instead, it is unlikely that
the all distance constraints can be satisfied, so that the best trade-off needs to be identified by
minimizing the function o(z) (see equ. (2)).

Some initial studies where the motion adaptation problem is formulated as a dynDGP can
be found in |2, 15, 17]. However, these studies pointed out some limitations in the use of the
Euclidean distance for this particular application. The Euclidean distance, in fact, can fail in
providing information about the dynamics of the considered animation, because it focuses only on
one snapshot of the animation per time. This observation motivated the main aim of this paper: the
next section will introduce the concept of interaction distance, and will study some basic properties.
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4. The interaction distance

Immanuel Kant, whose works preceding the criticism were influenced by his readings of Newton
and Leibniz, compared time (in his early writings on the topic) to a point moving on an infinite
line |22]. Moreover, such a line was oriented, because “time instants do not depend reciprocally on
each other, it is rather the instant that precedes which determines the one that follows; this is the
reason why time admits only one dimension” [7].

In the same spirit, the main idea behind the interaction distance is to consider the dynamics of
the problem through the semi-straight lines (only the future information is taken into consideration)
defined by given joint positions at two consecutive time frames. Let v and v € V' be two distinct
joints. The orientation of the joint u at the current frame ¢ > 1 can be obtained by using two
positions: the position of u at the previous frame plt = (2f-1 y/~1 21=1) and its current position
p!,. The semi-straight line ¢, defined by p!~! and pf, having as a boundary p! and not including
p'=1 provides an approximation of the trajectory of u at further frames in the hypothesis there will
be no changes in the joint orientation. Moreover, in the hypothesis the joint speed is also constant,
it is possible to select a discrete subset of equidistant points on ¢, representing potential positions
for w at future time steps. The discrete set of potential future positions for u is therefore given by
the equation:

Pl o) = Pt + - (o — 7). aw € (1,2, oo},

Once a similar discrete set of potential positions for the joint v is computed, the interaction distance
between u and v can be measured by studying how these potential position points on the two semi-
straight lines ¢,, and ¢, approach one another.

DEFINITION 12. (The interaction distance).
Given a skeletal structure (S,x) and an animation x, the “interaction distance” D(pl,pl) at frame
t > 1 between two joints u, v € V is:

min _d(p(v, a),p(u,)), if it # pl and pit # pl,
aeN\{0}

min d(p(v,a),pﬁ), if pfjl = pf, and pffl % pfj,
aeN\{0}

d(pl, pl), if plt =pl and plt = pl,

where d 15 the Euclidean distance.

From a geometric point of view, the interaction distance gives a measure of the relative approach
between two joints by using only the information about their current position and orientation. It
follows immediately from the definition that interaction distances between joints can be computed
at every frame of the animation, except the frame 1, and that two consecutive frames are involved in
the computation of this distance. Fig. 2 shows a graphical representation of the interaction distance
for a simple animation.

It is important to r