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JaHubIil BHITYyCK HeObITIeBCKOTO COOpPHUKA TTOCBAIIEH
BbIJIaONIMCcs npeacrasureaam maremaruku Cankr-IlerepOypra:
75-smetuio npodeccopa Ceprea Baamumuposuda BocTokoBa,
80-seTuto mpodeccopa bopuca BennamunoBuya Jlypsbe,
80-seTuio npodeccopa Auarosusa BiaagunmupoBuua fKoBjiesa.

K coxkaJjienmnio, 22 aBrycra He CTaJio mmpodeccopa
Bbopuca beannamunosuyua Jlypbe.
Pepaknusa YebpinmeBcKOro cOOpHMKa BhIpaXkaeT cOO0JIe3HOBAHUHA
POAHBIM, IPY3bdaM U KoJieramMm bopmca benmamuHoBu4a.
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BLopuc Benuamunosuy Jlypve

22 aprycra 2020 roga ma 81-m rogy xwu3uu ckomvasicss bopuc Beamamumuosuu Jlypoe, mokTop
duznKo-MaTeMaTHUECKUX HAYK, MHOToJeTHUi corpyaauk Caukr-Ilerepbyprckoro otnesienust Ma-
Temaruwaeckoro wacTuryra uMm. B. A. Crexsoa PAH, anen Canmkr-ITerepbyprekoro Maremarnte-
ckoro obmecrsa ¢ 1980 roma, MuOTOIeTHII KasHadedi Maroobiecrsa.

Vxe B gercree B. B. yBiékcs MareMarukoil, B CTAPIINX KJIACCAX IMKOJBl 3aHUMAJCS B MaTe-
maTuaeckoM Kpyxke Jsopra [lnonepos (cpenu ero npemogasaresneit 6611 A. J1. Beprep), ycnemnrso
yuacTBoBas B onmMnmasiax. B 1957 r. cran CcryZeHToOM MaTeMaTWKO-MEXaHUYeCKOTO (haKy/IbTeTa
Jleaunrpajickoro roc. Yuusepcurera, ¢ 1962 r. g0 nocnemuux gueit padoras B IIOMU — Canxt-
[Merepbyprekom Otnenennn Martemarnyeckoro nactutyTa uM. B.A.Creknosa Poccuiickoit Akate-
mun Hayk (panee — Jlennnrpazckom Oresnernn).

B. B. Jlypbe cuagana yumics, a 3areM 10Jroe Bpems paborad o pykoBoacrsoMm Amurpus Kon-
crantuHoerda Dagaeesa. Crenkype . K. Qagneesa mo reopun lasya, npouwntanssiit B 1961-62 1.
onpeennt HayuHble wHTepechkl B. B. B kauecre mummomuoit paboter B. B. (mo cosery . K. ®asn-
JleeBa) BBIOPAI 33J1ady MOTPYKEHUs MOoJIell ¢ HEKOMMYTATHBHBIM SIIIPOM MOPSAJIKA 8 —- TPYTIOi
JIA3PA.

Chenyer ckazaTh, 4TO 3aJ1a49a MOTPYKEHUS TIOJIEH B 9T TOALI ObLIa BECHMa MOTYJISIPHA, OJHAKO
pPACCMATPHUBAIACEH TIOYTH MCKJIFOUNTENBHO JIJIsT ciydas abeeBa siipa (1 BCKOpe ObLIa perieHa Japy-
rum yaernkom JI. K. @agneesa — A.B.fkosnesbiv). B. B. JIypbe mepseiM HAUAI CHCTEMATHYECKOE
HCCIEI0BAHNE 337]a4U TTOTPYKEHUs TIOJIEH ¢ HEKOMMYTaTUBHBIM SJIPOM.

Crauana B. B. Halmes ycIoBus morpysKaeMOCTH I HEKOMMYTATHBHBIX f/ep Topsaaka p°, (3na-
YUTETHHO M032Ke, B coaBTopcTBe ¢ B. B. UIMxaHOBBIM, B HECKOIBKUX CTAThAX ObLT pa3obpaH cydaii
pY). Viamocs pemmrs 3a1ady MOrpyKeHns AT TOKATBHBIX TI0JIEf, KOT/IA SO COAEPIKUTCS B TO/I-
rpynne @parrunu rpynns lajgya BCKOMOTO 1M0JIs. DTH U HEKOTOPBIE JIDYTUE PE3yJIbTaThl BOILINA B
KaHIUIATCKy0 aucceprammio b. B.



8 C. B. Bocrokos

B meckonpkux paborax B. B. JIypbe ucciaegosan yemosue corytacaoctu Pasneena-Xacce — HeoO-
XOJIUMO€ yCJIOBUE PA3PEIIUMOCTH 33/a49u HorpyKeHud. B pesysibrare 9T0 yCj0BUe yAaja0Ch CBECTH
K CJIyYal0 p-TPYII, & Jjad YUCIOBBIX M JIOKAJIBHBIX IOJell — K ciayuaio abenesa sijapa. Bour 06-
HAPYKEH KJIACC «YHHUBEPCATHHO Pa3pElIMMbIX» 3aJad Horpyxkenud |1, 2|, KoTopelil mupe Kiaacca
MOy IPsIMBIX 3aja4 (910 mo3sosnio 2K.-I1. Ceppy BBECTH MOHSATHE «HHUYTOXKHBIX KOTOMOJIOTHINY ).
Boin mnocturayT CyImecTBeHHBIN TPOTPECC TPYU UCCAETOBAHNN TPUCOSIMHEHHBIX 33129 TOTPY XKEHUS,
¥ 3TO TIO3BOJIUJIO PEIATH 33a4y MOTPYKEHUS C siIPOM, N30MODGHBIM 3HAKOMEPEMEHHOM IpyTie
IIeCTH JIEeMEHTOB. DBhII0 HailIeHO 0YeHb MPOCTOE AOCTATOYHOE YCJIOBHE HEPA3PENIuMOCTH & Palu-
KaJjiaX HEIIPUBOJIMMOIO yDaBHEHUs ITPOCTON CTENEHW. DTU PE3YIbTATH JIETJIM B OCHOBY JIOKTOPCKO
mucceprammu b. B. Jlypoe.

B 1990 r. Boimma kuura «3aaua norpyxkenus B Teopun l'anyay, nanucannas /1. K. QanneeBbim,
B. B. Umxanoseim u B. B. Jlypse, cogepxkarias CHCTEMATHIECKOE U3/I0KEHNE TEOPUH TTOTPY KEHU ST
U BCe CKOJIbKO-HUOY/Ib 3HAUMMBIE PE3YJIBTATHI 10 9T0if TemaTuke (m3maresnbcrBo «Haykas — [5]). B
1997 r. BeIIeT aHTTHACKUY TEPEBOJT ITON KHUTH.

B nocienane roger B. B. obparuicsa tak:ke K TeMe MOMCKA PAIMOHAJJIbHBIX TOYEK HA DJLIWII-
TUYECKUX KPUBBLIX. VM TpemioyKeH HOBBIH ajrOpuTM TaKOTO MOWCKA W HaleHbl 3JIeMEHTapHBIE
HEOOXOIMMBIE YCJIOBUST KOHIPYIHTHOCTH Juces |3, 4].

b. b. Ben u npenosaBaTesibCKYIO JIeATeIbHOCTD, ObLI COBMECTUTEEM Ha Kadeape anredpol u
Teopun gmces MaT.-Mex. dakyabrera. O MHOTNO paboras co mKoJbHUKaMU. B dyacTHOCTH, OBLIT O
HUM 13 IEPBBIX npenojasareseir FOuomeckoit Maremaruyeckoit [llkosbl, Bén kpyxku Bo JBopie
[Muonepos, yuaurenbcrsosaa B Axagemuueckoit ['mmuazum um. JI. K. @anneesa. Cpejau yueHUKOB
B. B. memaso 3amegarenbubix yaéubix. Jlexkun u cemuaapsl b. B. Bcerma cobupasin MHOTO CayTITa-
Tesieit U OTJIMYHBIX OT3BIBOB.

B meuenne muorux ger B. B. aBasiica copegakTopoM «3anncoK HayIHBIX ceMuHapoB [IOMI»,
Hosiee verBepTH Beka ObLT KazHuaudeeM l[lerepbyprekoro Maremaruueckoro Obmecrsa. b. B. Jlypbe
YBJIEKAJICA TAK:Ke MaXMaTHON KoMno3unueii. Vm omybinKoBaHO HECKOJIBKO JECATKOB ITAXMATHBIX
9TIONOB ¥ PETPO33,/1a4d.

B. b. Jlypbe — 6bLIT XOPOIINM CEMBSTHHHOM, OTIIOM U JeIoM (2KeHa cKoHdasaachk B 2016 r.). Ero
coia [laBesr — W3BECTHBIN yIeHDBIN, UPAHUCT.

Bripaxkaem rimybokoe cobomesnoBanne poacTBeHHIKaM U Apy3baM Bb. B. lo6pbie BocmoMuHAHST
o B. B. #a BCro XKW3HB OCTAHYTCA B CEPAIaX BCEX 3HABIINX €0 JIIOIEH.

CIIUCOK IIUTUPOBAHHOI JIUTEPATYPHEI
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Cepeeti Baadumuposuy Bocmoxos

13 ampena 2020 rosia UCIOTHUAOCE 75 JET KPYTHOMY POCCHUCKOMY MAaTEMATHKY, 3aBEAYIOMIEMY
radeapoit Beictieit aarebpol u Teopun guces CIIGLY, Ipesugenty Pourma Jittepa Ceprero Biasu-
MHUpOBHYY BOCTOKOBY.

ITouru Bea xku3ap Ceprest Biuaguvmuposuda ceszana ¢ ropojgoMm Ha Hese. 3mecs o poaumicsd,
3neck okorum 222 mkony («llerpumryse» ), rae npenomasas mosonoit Bopuc I'epmanosua 3us. B
1963 rogy C. B. BocrokoB nocrymaer Ha MaTeMaTUKO-MeXaHuIecKui pakysbrer JIeHnHIPajICcKoro
rocygapersennoro yausepeurera (JITY), 3arem tam ke — B acnmpanTypy 1o kadepe BbICIei aj-
rebpol n Teopun uncea. B 1973 1. oH 3alIuTil KaHAUIATCKYIO JUCCEPTAINIO Ha TeMy «AIIUTHBHLIE
Moy Lajya YuCI0BBIX TToJIeity nof pykoBoacTeoM 3. M. Bopesnua, 8 1980 1. — HOKTOPCKYTO AUC-
cepTalnnio Ha TeMy «ZIBHBIN 3aKOH B3aUMHOCTH B moje ajrebpandeckux ducess. B 1982 r. Cepreii
Bragnmuposua Boctokos cramosuTces mpodeccopoM kKadenpsl anredbpsl n Teopun uncesn JIIY, a ¢
2015 r. Bosrnasiser a1y kadeapy. B 2013 rony C. B. Bocrokos 6b11 Harpaxaen npemueii CII6IY
«3a HaygHble Tpyabl», & B 2014 rogy Beicieit npemueii Cankr-Ilerepbypra mjist MaTeMaTuKOB —
npemueii um. I1. JI. Yebriména.

Inasubie nayunbie paborsl C. B. BocTokoBa MOCBSIEHBI TEOPUH JIOKAIBHBIX TOJIEH — OJIHOMY U3
IEHTPAJIbHBIX pa3JiesioB ajrebpandeckoir Teopun guceji. lurepec K 910it 06/1aCTH CAOXKUIICH ¥ HETO
eIré B CTYAEHYECKHE U aCITUPAHTCKIE IOJIbI 0J1ar0aaps OOIeHn o ¢ yauTeaaMn — 3eHoHoM BarnoBu-
1eMm BopeBuuem n Jmurprem KorcrantunosmaeMm PajieeBbIM, a TaK2Ke MOCKOBCKAM MaTEMaTHKOM
Nropem Pocruciasopuyem Iladapesuyem. B kanauparckoit pucceprauuu Cepreii Biajaumuposuy
TTIOJIY49a€T HOBBIC PDE3YJIBTATHI B NCCJICIOBaAHUN a,,ZL,Z[I/ITI/IBHOI‘/'I TPYNILI JIOKAJIHBHOTO TTOJIA KaK MOJYJIA
lanya, mpomoskas HapaBaeHue uccaeoBanuii, Hauaroe 3. V. BopeBudem. 3aTeM oH HAUMHAET pa-
6OT3,TL Ha TeMON dBHOTO ONUCAHUY JIOKAJIHHOTO CUMBOJIA HOPMEHHOI'O BbIYe€Ta, TO €CTh JIOKAJIHLHOT'O
MHOXKHUTEJIS B 3aK0oHe B3auMuocTu ['misbepra. B 1978 nosiByisiercst opus magnum C. B. Bocrokosa —
pabora «fBrast popma 3akoHa B3aumHocTny [1]. B Heil nokasana crasiast 3HaMeHUTOl sBHAsT GOp-
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MyJ1a JJIst CHMBOJIa HOPMEHHOTO BbideTa (a,b), B TepMHUHAX PA3/I0KEHUN @ U b B CTCHEHHBIE PJIBL.
Omna BRJTIOUaeT B cebsi paHee mosydeHnbie dhopmysbl (Hampumep, pesyabrar W. P. ladapesnda)
KaK 4YaCTHbIE cjaydan. JIOKaJbHBI CUMBOJI HOPMEHHOI'O BBIYETA 33JIa€TCH HE3ABUCUMO OT TEOPUH
1oJjiefl KJ1acCoB, YTO CO3/Ja€T BO3MOYKHOCTH <«aIlOCTEPUOPHOr0» ITOCTPOEHUs JIOKAJIBHON TEOPHUH I10-
JIeli KJTacCoB TIpHU oMoIty 1ot hopmyssl («cumsosia Bocrokosas ). IloyueHnblil pe3yabTaT HAIIET
MHOYKECTBO TTPUMEHEHUS B BAYKHBIX TEOPETUKO-UHUCIOBLIX paboTax, B ToM uncie y D. Yaitiza u K.
Karo.

B page namsueitmux pabor C. B. Bocrokosa 31oT pesyabrar 060611aeTCs ¢ MYJBTUTIIAKATHB-
HOif TPYIIBI JIOKAJIBHOTO TIOJIsI HA CAydail paziandHbix (GOpMaBHBIX TPYII F', onpeaeséHHBIX Ha/l
€ro KOJIBIIOM TIeJIBIX. JTO 03HAUAET, 9TO BMECTO ODBIYHOTO CHMBOJIAa HOPMEHHOTO BBIUETA, TO €CTh

CIIapUBaHMUSI
KX (K" < K (K5 =y,

IJie [ipn — TpyINa KOpHe# u3 1 crenenn p", CTpOUTCA CIIapUBaHUE
K* /(K" x F(mg)/[p"]F (mg) = Ker[p"],

riae F(mp) — MakcuMasbHBIA 1/ean KoJblia 1eJblX B JIOKaJIbHOM 1osie K co crpyKTypoil Momysist
(HaJ1 KOJIBIIOM HEJIBIX P-aU9IeCKUX HUcesl Z;, WK ero Ha/IKOIbIOM ), 3a1aBaeMoil (hopMasIbHOM rpy -
noit F', a [p"] — ymHoxkenue Ha p" B 910M Mojysie. COOTBETCTBYIOIIME PE3y/IbTaThl ObLIN T10/IY YeHbI
rocJjieioBaTeIbHO st (bopMaabHBIX rpynn JIrobuna-Taiita, 0bobiénaeix rpymn Jlrobuna-Taiira,
rpymn Xouab!l U ux 00600menuit — rpynn Jlemuenko.

Haubosiee BrieuaTigronmuM npoJiBUKEHUEM CTAHOBUTCS 0000ITIeHe SBHOM (DOPMYJIBL /I CHM-
BOJIA, HOPMEHHOI'O BBIYETA HA C/Lydall MHOTOMEPHBIX JIOKAJIbHBIX 0J€H. N-MEPHBIE JIOKAJIbHBIE 110,151
6 BBEJEHbl B Konme 1970-x romos mezasucumo B paborax A. H. IMapmmna n K. Karo. Ounn
OTIPEIEJISIIOTCST PEKYPPEHTHO: TOBOPAT, UTO Ha 1ojie K BBeJeHa CTPYKTYpa Nn-MEPHOTO JIOKAJbLHOTO
mosisd, ecan Ha K 3a7aH0 AUCKPETHOE HOPMUPOBAHWE, OTHOCUTEJLHOTO KOTOpOoro K mosHO, u Ha
0JTe BBIYETOB 3aj[aHa CTPYKTYpa (n — 1)-MepHOTO JIOKAJIBHOTO TIOJIsT; TIPU 3TOM 1107, -MEepHBIME T10-
JIIMU TI0IPA3yMEBAIOTCs KOHeuHbIe o1, (B panpHeiimem paccmarpuBaicsa u 6otee obmwmii corydai,
KOTJIA «TIOCJIEJTHEE TI0JI€ BBIYETOBY — IPOU3BOJIBHOE COBEPIIEHHOE MI0JIE€ BBIYETOB IIPOCTOM XapaKTe-
pUCTHKH, HE 00A3aTETHHO KOHETHOE. )

Hns stux momeit A. H. IMapmmaeiv n K. Karo 6buta mocTpoera Teopusi mojieil KJIaccoB, TEH-
TpabHbIi hakT KOTOpOil — cylecrsosanue juis Takoro K romomopdusma KK — Gal(K%/K),
KOTODBIl 7yisi JTI000r0 KoHeuHOTo abeseBa pacumpenns L/K wusaynupyer m3oMopdm3aM MexIy
K, K/Np g K,Lu Gal(L/K). 3neco K}, K — n-s K-rpynna Munnopa nons K, npodaxropusosan-
Hasl [0 MOATPYIINE, COCTOAIIEH W3 BCeX DECKOHEUHO MEJUMBIX 3jeMeHTOB. COOTBETCTBEHHO OIpe-
JEJIEH «MHOTOMEPHBI#i» CHMBOJI HOPMEHHOTO BbIUeTa (3/1€CH TIPEIoIaraeTcs, 9to moje K umeer
xapakTepucTuky (), & ero nepBoe MmoJie BLIYETOB — XapAKTEPUCTUKY p > 0).

C. B. BocrokoB B pabore [2]| mokazay, 9rTO STOT CHMBOJ HHIYIHUPYETCs OTOOpAKEHHEM
K, (1K — pyn 1 osryans aBHyIo (popMyy [ 3Toro oTobpaxkenus. Kak u B oHOMEpHOM Ciiydae,
9TO CO3JIAET BO3MOXKHOCTH SIBHOT'O [IOCTPOEHUs TEOPHUH TI0JIE KJIACCOB JIJIsl TTOJIel YKA3aHHOTO THUIIA.

B 1993 r. AMS usznaér monorpaduio C. B. Bocrokosa u . B. ®ecenko «JIokaibHbIE O/ 1 UX
pacipenusi: KOHCTPYKTUBHBIM TI0JIX0/T», KOTOPas BKJIOYAET KAK COBPEMEHHOE BBEJIEHUE B TEOPUIO
JIOKQJIBHBIX T0JIeH, TaK W TMOCTPOSHUE TEOPHM MOJIeH K/JIACCOB B IBHOM BHJIE HA OCHOBE (DOPMYJIbI
JUTsi CUMBOJIA HOPMEHHOI'O BbideTa u 0€3 MCI0Jb30BaHus Koromosoruii. OHa ObICTPO CTaHOBUTCH
BaxKHEHITUM MCTOYHUKOM MHQPOPMAIUK O JOKAJIbHBIX OJIAX JJIsd BCEX, KTO u3ydaer ajarebpaunte-
ckyto Teopuio unces; B 2002 1. BRIXOANUT B CBET HOBOe, pacimmpennoe n3ganve [3|. B naasueiimem
Cepreit Bragumuposrud BocTOKOB MOJIyYuns MHOXKECTBO HOBBIX PE3Y/IBTATOB B VK€ HA3BAHHOM U
CMEXKHBIX HAIMPABJICHUIX, BKJOYAd pa3andnabie 0600menns GopMy/Ibl 1jid CHMBOJIA HOPMEHHOTO
BBIYETA, KJIACCUMPUKAIINIO HPOPMATBHBIX IPYII HAJ KOJIBIIAME TIEJIBIX JIOKAJbHBIX TOJIEN, ONUCAHTEe
crpoerus momyneit Lamya u ap. @akruuecku C. B. BocTOKOB COBMECTHO ¢ yUeHMKAMU CO3TA W
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pasBUBaeT HOBOE HAIIPABJICHNE B TEOPHU YHUCE] — «KOHCTPYKTHBHYIO TEOPHIO 10JIeil KiaaccoBy ([4],
[5]). Hakowner, wHegasaue paborsl Cepres BiragnmupoBnda ObLIH TOCBSIIEHBI TIPUIOKEHUAM SIBHBIX
GOpPMYJI K TTOCTPOEHUI) KPUITOIPAPUICCKIX CUCTEM.

Y C. B. BocTokoBa MHOTO YUEHHUKOB, CO3/IaHHAs UM HAyUHAs IMIKOJIA — 3aMETHOE siBJeHUEe B
MaTeMaTHIeCKON Ku3Hu cTpanbl. Cpeau Tex, KTO y HEr0 YUIUJICS U 3allUIIAJICS — podeccopa, pa-
Horaromue B yuusepcurerax Poccun, Benukobpuranuu, Mosmossr, @panruu. U Tyt ne1o He TOIBKO
B HAYYHOM U TTCJATOTMICCKOM TaAJIAHTE Cepreﬂ ]3.]1EL,ZLI/IMI/IpOBI/ILIa7 HO W B TOM OI'pOMHOM YeJIOBEYEe-
ckoM BHUMaHWM, KoTopoe Cepreit BiraguMupoBuy OKa3piBaeT yUe€HUKaM, JYNIIEBHON TOIEPKKE,
KOTOPYIO OHU OT HETO MOJIYJafOT.

Muorue romer um mecarwnerusa paboraer «apudMeTHUecKuiiy CEeMUHAP TOJ PYKOBOIACTBOM
C. B. Bocrokosa, 111e obmenuBarorca ujesymu yuenunku C. B., nmpunajiexariye pa3HbIM OKOJIE-
wusim. Cepreit BiraguMupoBrda opranu3oBast psiji KOH(MEPEHIHii 10 ajaredpanviecKoil TeOpuu Inuces
u apudmerudeckoit reomerpun B Cankr-llerepbypre, cobupapimux KpynHEHINNX CIEIUAJIUCTOB CO
BCEr0 Mupa.

Cepreii Bragumuposut BocToKOB yesisieT MHOTO CUJT U BpEeMeHU 0DIIEeCTBEHHBIM JTe/TaM, TPeK/Ie
BCEr0 — CBSI3aHHBIM C MaTeMaTwdeckuM obpazoanmem. Emé B 1960-sie rogasr C. B. 6v11 opranu-
satopom tepBbix JIMIIL (seTHux Maremarwdaeckux mkost) mpu JII'Y, npuamMan yuactue B pabore
KpykK0B HOHOIIECKO# MaTeMaTnaecKoii mKoIbl, B gaabheiimem — B pabore OMIT-45 (Akagemu-
geckoit rumuasun CII6IY). B 2006 1., B mpeaapepun obmies Diiepa, co3maéres Mex TyHapoTHbIi
6s1aroTBOpUTEIbHBIA (DOHJI HOJIEP:KKH MaTeMaTuku uMenu Jleonapaa Jitiepa, u C. B. Bocrokos
CTAHOBUTCsI €r0 NPE3UIEHTOM. 3aIlyCKAETCHd IeJIbIH PsiJi MPOrpaMM I10 TO/JIEPKKE YUIEHBIX, CTY-
JIGHTOB, IMKOJBHUKOB, yauTejeil mMaremMaruku. B gacraoctu, nox pykosojgcreom Ceprest Birasu-
mupoBuua exeroguo ¢ 2007 r. mpoxonur Onumnuaga yuureseit maremaruku Cankr-llerepbypra
u Jlenmrarpajckoit obgacru. C. B. pykoBoguT paboToii MHTEPHET-IIKOJbI « Y HUITAHCY, OPraHUBYeT
TPOXOAdIre 2—3 pa3a B TOJ BhIE3IHBIE CEMUHAPHI JJIsi yAWTeael W MKOJbHUKOB JIeHWHTPAJICKON
obnactu. Cepreit BiaaguMupoBud MHOTO JjileT aKTUBHO yuacTByeT B pabore Cankt-lIleTepbyprckoro
MaTeMaTu4eckoro obiecrsa, on Buie-npesugent Obmecrsa.

Hakonerr — mocsentee mo nmopsiiky, HO OTHIOL He 110 3Hauennt0 — Cepreit Biagumuposny yxe
5 JIeT, HECMOTPsS Ha BCe CJIOKHOCTU HBIHEITHEr0 BPEMEHU, YCIIENTHO PYKOBOAUT HaIe# Kadeapoit.

Hoporoit Ceprett BraaiuMupoBud, 0T HUMEHH YIEHHKOB W KOJLIEr To3Apassstio Bac ¢ obureem!
7Kejraio HOBBIX yCIIEXOB B HayKe, paboTe ¢ yaeHmKaMu, OOIMECTBEHHBIX Ae/1aX, HOIEPKKN CEMbHU U
JIpy3eit, 3TOPOBbs U J0JTUX JeT!
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Anamoauti Baadumuposun Hrosres

4 mag 2020 r. ucnoamiocs 80 ser Amaronmio Bragmvmuposuay Axosnesy.

MaremaTndeckoe mapoBanume AnaTonans BraauMupoBHYa TPOABHIOCH T0CTATOUHO pano. OH
ObLT 100EIUTEIEM BCEX MATEMATUIECCKUX OJMMIIMAJ, IIPU 9TOM B KPY2KKax He 3anumasics. B 1957 1.
A. B. cras cTymeHTOM MaTeMaTHKO-MeXaHUIecKoro (hakyabTeTa JIeH. roc. YHUBEPCHTETa, W C TeX
mop ero cynpba Beerjga OpL1a cBsg3aHa ¢ PaKYIBTETOM. Bynyun CUIBHEUIIINM U3 CTYIEHTOB KypCa,
A. B. monyuan JIeHUHCKYO CTUIIEH IO, U TI0 OKOHYaHUU B 1962 1. OBLI OCTaB/IeH B acUpaHTYpe.

A. B. dxosneBy mosezno ¢ yumrenamu. docrarouno BemomunTs mMmena M. I1. Harancowna,
B. A. Benkora, B. A. 3amsramtepa, H. A. Jlebeaena, 3. U. Bopesuua, B. A. Poxiura. Ho ero rias-
oeiM yuanTeseM craid JIvurpuit Koncrantunosuy @ajiteeB, KOTOPBIM Beerja TOPAUACT TeM, UTO V
Hero Takoit 3ameuarenbubiii yaenuk. Croenkype J1. K. @ajgjeesa, nocsamiguusiit Teopun [anya u, B
TMEPBYIO 0Yepe/ih, 3a/1a4e TOTPYKEHI TOel, OTpeIen HayIHble nHTepeckl AnaTons Braamvu-
poBuua Ha MHOTHE robl, Tpuuém A. B. u cefiuac nocTosHEO obparmaercs K 3Toi npobjeMaTuke.

Yxke Oyayau crygenToM, A. B. momyumn cBoit mepBbIii BECOMBIN Pe3yabTaT — peIleHre 3a,7a-
YM IOTPY2KEHMd C IUKJIMIECKUM sApOoM, U n3jaokui ero na 4-m Bcecorosznom Maremarunueckom
chesze (Jlemmnrpam, 1961). Ho Bees 3a amuM mocsieoBaia CeHCAIUS — TIOJHOE PETEHne 331891
MOTPYZKEeHUsT ¢ abeseBbIM siIpoM |1], KoTopasi cpa3y BBIIBHHYJIA COBCEM MOJIOJOTO YUEHOTO B ps-
Ibl Kpymaeimnx aaredbpancros. Ha zammre ero kammmaarckoir auccepraruu . P. ladapeswu,
caM MHOTO 3aHUMABIIHCs 9Toi 3amadeit, cpapuma A. B. ¢ puMckuM TpuyMbaTopoM, BEIBOIUBITIM
Ha CBOH TpuyM@ MOGEXKIEHHBIX COMEPHUKOB. DTO JocTmKenue BeicOKO orerun u 2K.-I1. Cepp, y
xoroporo A. B. craxxuposajcs B [lapmxke B 196768 .

CrenyommmM 3aMevuaTeTbHBIM JOCTAXKEHUEM CTaJI0 OMUCaHne Ipynnbl Lamya aarebpandeckoro
3aMbIKaHUS JIOKAJBHOTO MOJId B TEPMUHAX OOpPa3yIOMMUX W COOTHOIIEHUH, JIErIiee B OCHOBY €ro
JIOKTOPCKO# auccepranuu, 3amminénioit B 1972 r. B xoze sroii paborsr A. B. fkosies 060061mu1
TEOPHUI0 CUMILIEKTUYECKUX [IPOCTPAHCTB C oleparopaMu, HadaTyio B paborax . K. Pajjeesa.

Mo>KHO MHOIO HEPEUYUCIATh 3aMedare/ibHble JoCTvKeHust Anaronust BiajuvmupoBuda 3a ero
Joryio pabory B Hayke. OTMETHM JIWINTH CaMble TJIABHBIE: BBEJIEHHOE UM MOHATHE «YHUBEPCAIBLHO
COTVIACHBIX» 3aJ1a4 MOTPYKEeHNUsI (IaBIee HOBBIH MoIX01 K 00paTHOil 3aade Teopun [amya); omuca-
HUe CTPOEHUsT MY/JIbTUILINKATUBHON TPYIIIIHI TOKAJBHOTO MO/ KAK TPYIIIGI C OEPATOPAMU; TEOPHUst
asirebp Xora; Teopud IMeJIOUUCICHHBIX U P-aJUYeCKUX [IPEJICTABIECHUN; TEOPUsT NOMOJJOTHUYECKON
onpeneéHHOCTH; Teopust abesieBbIxX rpynn 0e3 Kpydenus. 3a 1mukya pabor «[Ipsaubie pasnoxennn
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abesesbix rpymn u Moayaeits A. B. dxosies B 2003 roxy 6611 yaocroen npemun uM. A. V. Masibriesa
Poccniickoit Akagemun Hayk.

BoJtee nonyeexa Anarosnit BirajumMupoBud npenoaér Ha MaTeMaTuKO-MEXaHUIeCKOM (DaKyJib-
rere Camkt-Ilerepbypreckoro (pamee — Jlemmnrpajckoro) ynupepcuTera. Ero Jeximm oTamdaeT
CTPOTOCTb U TOHATHOCTH W3/I0XKEHWUsI, PazHoobpa3me MeTO0B, BHICOKAS MaTeMaTHdecKasd U 00-
meve/ioBedecKasd KyabTypa. Ero BiamsgHue ncmbiTam Ha cebe MHOrme MOKOJIEHHWS TeTepOyprcKkux
MaremaTnkos. Uwncao yuennko A. B. fxosnesa orpommo. Hazowsém smmes umena A. A. Cycnou-
Ha (6esBpemenno ymemnrero seaukoro yuénoro), H. JI. Topaeesa, A. C. Mepkypresa (mocnemamne
nsoe Obutn acnupantamu A. B.). B redenme mMuormx jier Amarosmit BiraguMupoBud BO3TIABIISLI
radepy aarebpbl U TEOPUHU YHCEN, U €70 PYKOBOJACTBO CKA3BIBAETCS HA 3aMeUaTeTHbHOM KJIMMATe
Ha kadeape, cpOpMUPOBABIIEMC IPH ero npedmecrsennnkax — B. A. Benkope, /1. K. ®agzgeese,
3. 1. Bopeeuue. A. B. — neuzmennsbiii wien Yuenoro Cosera Ghaky/abreTa, MHOTHE TObI BO3TIABJISAI
METOINIECKUH coBeT oTaemeHus MareMaTuku dakyabreta. C 1995 1. A. B. pykoBomuT ob1eropo-
ckum aarebpamueckum cemuunapom nm. . K. @aeesa.

Boawmoe pamvanme A. B. yaenser u pabore co mronpbauKamMu. O mpenomasat B HOHormeckoit
Maremarngeckoii IlIkome (FOMII) B roxer eé cranoBiennust, B 45-M GU3NKO-MATEMATHIECKOM HH-
repuare (abiHe — Aranemundeckas ['mvuasus nm. /1. K. @agneesa), ObLT 9I€HOM U TIPEICEIATETIEM
ZKIOPHU TOPOJCKOA MaTeMaTUYCCKON OJIMMIINAIBL.

A. B. {xoByieB — € ero TaJaHTOM, UYBCTBOM J0JITa, WHTEJJTUTEHTHOCTHIO, JEMOKPATHIHOCTHEO,
J0OPOXKENTATETHHOCTBI0 — CJIYKUT TEM KOMIIACOM, HA KOTODPBIH CTPEMSITCS PABHATHCS €10 KOJLIETH,
YYE€HUKHN 1 BCE€ TE€, KOMY ITOBE3JIO €I'0 3HATh.

Mpur mozpasasiem Anartosmst Biaagnmuposuda JKoBeBa ¢ ero CIABHBIM IOOMIEEM W JKETaeM
eMy KPEIKOro 3J0POBbA U AOJITUX JIET >KU3HU.
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AnaHOTanusa

Haiinena onenka TpUTOHOMETPUIECKONH CyMMBI BHIQ

g — Z 2mif(ts)

a<ts<b

rae a > 0,a < b — BellecrBeHHbIE YUCIA, Ts — BO3pacraminas K OECKOHEYHOCTH II0C/Ie10Ba~
TeNIbHOCTh HEOTPHIATEHHBIX Unces, f(t) — riaakast BerecTBeHHas QyHKIHS.

31ech TakKe JOKA3bIBAIOTCA anajoru ¢gopmyn Jitnepa, Connna, [lyaccorna u Ban nep Kop-
myTa JIJIsi PACCMATPUBAEMON CYMMBI.

IIycTe 3amana moCaeq0BaTebHOCTE A TOYEK

O=th<ti<ta<--- <ty <..., lim t, =400,
n— o0

Ha TOJOKUTEJIBHOU TTOJIyOCH BEIIECTBEHHONH MPAMOIA.
st HEOTPULATEIILHOIO YUCJIA & OLPEIEIUM aHAJIOr LeJIOi YacTu [T]A, oTBedauii nocsie-
noBaTesbHOCTH A : [2]a = ts, ecm ts < @ < tsy1,8 > 0. Ipobuas wacTh {2} onpenensercs

PaBEeHCTBOM
{o}a= 20
I = ——
terl — s ,
ecn ts < < tsp1,8 >0, mpuuém 0 < {z}a < 1.
Onpenennm anagor dbynakmmn Beprysum, orsedaommii nocaemosareabaoctn A @ pa(z) =

= 0, 5— {1‘}A
Tornma cupaBemmus ciaeayomuil aHaaor Teopembl BaH aep Kopoyra mgns pasbuennii. ITycrs
A = {t:},0 = tg < t1 < -+ < tg < ..., — pasbuenue nojyocu t > 0 BemecrBeHHOL
mpamoii, §s = tsp1 — ts > 1,8(a,b) = max, PA(z) u mycre 3azama HOCIEHOBATENDHOCTD
a<lz<

Ao = {us}, ps = 0,5(ts + ts41),8 > 0, m Toukn a,b € Ag, nycrs, taxxe, f'(x) aprsercs
HeNpepbIBHOH, MOHOTOHHOI U 3HAKOIIOCTOSIHHOI (DYHKIIEH B mpoMexxyTke a < r < b, mpuuém
HaiAéTCst mocrostHAAsA 0 Takast, 9To 0 < 266 (a,b) < 1 H 9TO I BCeX T M3 STOTO IPOMEKYTKA
crpaseguso Hepasercrso |f'(z)| < §. Torga umeem

b

Z e2mif(ts) — /p’A(x)eQMf(x) dx+109w

0l <1.
(aa b) , ‘ ‘ a
a<ts<b

a
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Abstract

The estimate of the trigonometric sum of the kind

S = Z eQTrif(tS)’

a<ts<b

where a > 0,a < b are real numbers, ¢ is increasing to infinity of non-negative numbers, f(t)
is a smooth real function, is found.

Here also there are proved the analogues of Euler’s, Sonin’s, Poisson’s and van der Corput’s
formulas for considering sum.

Let be given the sequence of A points

O=tg<t;<tag<--<ty<..., lim ¢, =+4o0,
n—oo

on the positive half-axis of the real line.

For non-negative number 2 we define the analogue of the integer part [x]a, meeting to the
sequence A : [x]a = ts, if t; < x < ts41,5 > 0. The fractional part {x}a is defined by the
equality
T —tg

A = ———
{ } ts-l—l - ts ’
ifts <a <tsy1,s8 >0, moreover 0 < {z}a < 1.

We define the analogue of the Bernoulli function meeting to the sequence A : pa(x) = 0,5—

—{z}a.

Then is valid the following analogue of the van der Corput’s theorem for subdivisions.
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Let A = {t;},0 = tg < t1 < -+ < ts < ..., be a subdivision of the half-axis t > 0
of the real line, 65 = ts41 — ts > 1,0(a,b) = max, p'A(x), and let be given the sequence
Ao = {us}, ws =0,5(ts +tsy1),s > 0, and points a,b € Ay, let, also, f'(x) be continuous,
monotonic sign-constant in the interval a < x < b, moreover there exists the constant ¢ such
that 0 < 256~ '(a,b) < 1 and that for all x from this interval is valid inequality |f'(x)| < 4.
Then we have

b
Z e2mif(ts) — /p’A(m)eQ’”ﬂx) dx + 100

a<ts<b

4]

_ <1.
o1 St

a

Keywords: subdivision of the real axis; the trigonometric sum modulo subdivision; Van der
Corput’s theorem on replacing a trigonometric sum modulo subdivision to an integral; the
Euler’s, Sonin’s, Poisson’s summation formulas on points of subdivision.

Bibliography: 16 titles.

For citation:
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1. Beenenue

Hacrosmyto ctarhio aBTOpBI TOCBATIAIOT cBeTiol mamaru [ . Apxumnosa.

B pabore [8] (cm. [9], c. 355-357, [5], [1], c. 25) Bbuia joKazaHa Cieyroas TeOpeMa, yTOUHSI0-
masi ocTaToYHbIH e B dhopmyle Ban gep Kopryra [3], [4] o 3amene TpuroHomerprdeckoii cyMmbl
Ha MHTErpaJl.

TEOPEMA 1. ITycmov a u b — noayueanie wucaa, f(x) — sewecmeennan dynryus na (a,b),
npuwém f'(x) nenpepwsna u monomonna na (a,b) u |f'(x)] <6 < 1. Tozda cnpasedausa dopmyaa

b
Z o2mif(n) — /e2m'f(r) dz + Ry,

a<n<b a

20e

Ry < ——.
Hennio HacTOsIIIEH pabOTHI SIBJISIETCS OIEHKA TPUTOHOMETPUUIECKON CyMMBI S 110 MOIYJIIO pas-
OreHUsT TIOJIOKUTETBHOM TTOJIYOCH BEIECTBEHHON MPSIMOif,

S — Z e?ﬂ'if(ts)’

s<P

rze ts — BO3PACTANOIIA TTOCIE0BATEIFHOCTE HEOTPUIIATEIBHBIX Yuces, f(t) — raagkas BemeCcTBeH-
Has QpYHKIHS.

DT0o mpesnoaraeT n3yIeHne TPUTOHOMETPUIECKUX CYMM JIjIst DJaJIKuX (PYHKIWH U QyHKIIAM
OTPAHMYEHHON BapPHUAIMHA Ha “BPeMEHHON” II0C/IeI0BATEeILHOCTH, ITO MOXKET IPUBECTU K PEIIeHUI0
3aJa9 MaTeMaTuIeCKOl (DU3nKHU.

31ech qoKasbiBaloTCs aHasgoru dopmyn Ditiepa, Conuna, [lyaccona n Ban mep Kopryra mist
pasbuenus A.

Paccmorpum nocienoBarebHOCTh A TOYEK

O=tg<ti <to<---<tg<..., lim ¢, =400,
n—oo
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Ha II0JIyOCU BEILIEeCTBEHHON IPAMOIL.

i HeOTpUIATEIHLHOrO YUC/Ia & ONPEEUM aHAJOr 1eJION JacTu [T]A, oTBevaomuii mocsie-
nosarebaocTH A ¢ [x]A = ts, ecom ty < x < tgy1,8 > 0. JIpobnas wacts {x}A onpegensiercs
PABEHCTBOM

xr—ts
ts—&-l - ts,
ecan ts < @ < tsp1,5 > 0, mpuuénm 0 < {z}a < 1.

Omupeennm Takke anajaor dbyuximu Bepuynam, orsevaommuii nocieposarebuoctu A : pa () =
=0,5—{z}a

TEOPEMA 2. (Teopema Ban nep Kopmyra masa paséuennit). [Tycmo

A={t;},0=tg<t1 <---<tg<...,
— pasbuenue noayocu t > 0 sewecmeennol npamot, ds = tsy1 —ts > 1,0(a,b) = Igai(bp/A(x) u
a<zx

nyemo 3adana nocaedosameavrocms Ng = {us}, s = 0,5(ts + tsy1),s > 0, u mouxu a,b € Ay,
nycmo, maxoice, ['(x) asanemcs menpepuienot, MOHOMONHOG U 3HaKONOCMOANHOT PyHnKyued 6
npomesicymxe a < x < b, npuuém natidémesa nocmoannas § maxaa, wmo 0 < 266 1(a,b) < 1 u wmo
0as 6CeT T u3 3M020 npomexcymra cnpasediuso nepasencmso | f'(x)| < 4. Tozda umeem

b

. , )
2mif(ts) _ / 2mif(x)
g e /pA(x)e dx + 1091 — 551

.10 < 1.
(l<ts§b (ajb)

a

2. BcrmomoraresabHble YTBEPXKIeHUA

JIist HeOTPUIATEIHHOIO YHC/IAa X ONPEeIUM aHAJIOr 1eJNoi 4acTu [T|A, OTBevatoImmii mocse-
nosarebHOCTH A @ [x]A = ts, ecu ts < x < tgy1,s > 0. dpobuas gacts {z}a ompeessercs

PaBEHCTBOM

r—ts

{zta = —F,
ts+1 - ts

ecmn ts < < tgy1,8 >0, mpuaém 0 < {x}a < 1.
Omupegennm Takxke anasor dyukimn BepHysam, orsevarormii nocsiegoarenbroctn A : pa () =

=0,5—{z}a

JIEMMA 1. (Qopmyna JI. Ditepa ais pasbuennit.) [Hycmo f(x) — eaadkas dynrxyus npu
x> 0. Tozda

T

> fts) = pa@)f(x) = —/ (Pa(u)f(u) + pa(u)f'(u)) du— pa(a)f(a).

a<ts<zx a

JOKABATENBCTBO. IlpaBas gacTh paBeHCTBA PABEHCTBA MPEACTABIMET (DYHKITHIO F(x), a Jie-
Bast yactb — byuknuio G(z) ua orpeske [a,b]. Ha 31oM oTpeske 06e QyHKIUM — HEIPEPBIBHBI,
NOCKOIBKY B TOUke & € A “ckadok cymmbl racurcsa ckaukom byaxiuu —pa (z) f(z)”, dyuxinus
G(z) menpepbiBHa 110 cBOICTBY nHTerpasia PuMana Kak (DyHKIMU BEPXHEro Ipejiesia HHTerPUPOBa-
uus. B octanbubix Toukax dyukmun F(x) u G(z) muddepeHImpyeMbl 1 UX MTPOU3BOIHBIE DABHBI
— (P (u) f(u) + pa(u) f'(uw)) . Kpome Toro, F(a) = G(a) = —pa(a) f(a). Toraa, kak neppoobpasubie
F(z) = G(z) nna moboro z € [a,b]. Jlemma noxkazana. O

T
Hanee onpenemv dyuxmuo oa(z) = [ pa(u)du. U3 dopmymst JI. Dittepa cymMMupoBaHusT
0

BHAYEHWH TJIAJIKON (DYHKIUN TIO TEJTBIM TOYKAM, OTBEYAIONIHM TOCTETOBATEILHOCTH A, TMeeM WH-
TerpupoBaHueM 10 acTsaM aHajgor dgopmysasr H. 4. Conmna.
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JIEMMA 2. (@opmyna H. {. Conuna mna pasbuenwit). [Tycms dynrxyus f(x) umeem nenpe-
DPOIBHYI0 NPoussodnyto na noayocu x > 0. Tozda

xT

> 5t =~ [ Pa@) @) do -+ pa(o)f(@) - pala)fla)-

a<ts<x a

T

—oa(@)f'(z) + oa@) () + / oa(@)f" () dr.

a
JIEMMA 3. (Ocrarok psga @ypbe nepuoausnpoBanuoil neppoit pyukuuu Beprysm). [Tyemo
" sin (27maz)
pla) = 0,5 — {a}, sula) = 3 T sy,

mwm
m=1

Tozda npu A1060M HAMYPAALHOM N CRPABEDAUBE HOPMYAG
p(x) = sn(x) + on(z),

20e
4

1+ n2sin? 1z

lo@)| < rn(z) =
JIOKABATENBCTBO. Cwm. [10], c. 440, Teopema 1. O

ITycts, kak u pasbiie, A = {t;},0 =1ty <t; < - <tg < ...,05 = ts41 — ts, s > 0. 3amaaum
nocaegosareabHoctb Ag = { s}, ps = 0,5(ts + ts+1),s > 0.

JIEMMA 4. (Dopmyna [lyaccona mms pasbuenwmit). [lyemv a < b € Ay, u Pynxyua f(x)
uMeem HenpepuieHYo NPou3eodnyto Ha ompeske |a,b], npuuém natdémes wucao M > 0 maxkoe,
ymo |f'(z)] < M na |a,b].

Tozda dns 4106020 HAMYPAALHO20 YUCAE T CNPABEIAUBH POPMYAG

n b

S s =Y [A@s@eT e R,

a<ts<b m=—n’,

20e ny |
Ry| < (b—a:b(l—% nn).

JIOKABATENBCTBO. J[lamee Bocnosnb3yemcst dopmysioii JI. Ditnepa (nemmva 1). Nmeem pa(a) =

= pa(b) =0,
b

5= / (o () £ (&) + pa (&) () e

SaMerum, 4TO OTCIOA IpH § > 1 cjieayer paBeHCTBO

Hs

f(ts) = / (Pa(@)f(z) + pa(@) f'(x)) do.

Hs—1

[Mpu ts < x < tsy1,n > 1, HAXOAUM

pA(x):0’5_{90}&:0’5_{95:8}:p<x;t5> . (x;ts>+an <x;t5>7
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TJIe 17151 JI000T0 BEIeCTBEHHOTO Y

sn(y) = 3 ST o )] < ) =

7k
k=1

4
1 + n2sin®(7y)

Hanee npencrasum S B Buge S =T, + R, rae

ne ([ (R e g2 e [ (552 s ) ).

a<ts<b a1 ts
ts s
—ts_ —ts
|R,| < Z / Tn (56511> f/(g;) dzr + /Tn <x . > f/(x) dx
a<ts<b \,7 | 5= Y s

Nurerpupyst o gactsm, npeodbpasyem 1,,. Cragana npu a < ts < tg41 < b HaxoAUM

ts+1 ts+l —t
—I-/s;l <m6 S)f(x)d:nz
s s
i

S

ts+1

_ / Sn <$6—Sts> Fllz)de = — f(z)sn (:L;sts>

S

Takum obpazom

ts+1

- [ @) - / (xé_sts>f’(x)dx=

ts

2mik(z—ts)

AnamornaHo, ToIyIuM

ts+1 ts+1

_ / (@) f(x) do — / on (xgt) 2)de — Z 71 P

Hs Hs
Hs Hs ( :
, 271'7,/91 ts
_/pA(x)f(ac)dw—/sn< 5. > x)dx = Z / dzx.
Ls fs k:——n
CreoBarenbHO,

b
T, = [ ph@) @) o
Onennum |Ry,|. Umeem
b b
Ra| =| / on({2}a) f/(x) dz| < 4M / ra({z}a) da

[Mockombky npu ts < o < tgy] COPABEIINBA [ETOYKA COOTHOITEHMIA

0,505

b
dx
a/ ra({z}a)dr =8 O/ e
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0,56sn~1 0,565
dsd 1+1
<8 / dz + 8 / L
2n n
0 0,56sn—1

TOJTYIUM
Ry| < AM (b — aZL(l + lnn).

Jlemma gokazana. O

3. /loka3aTesbCTBO TEOPEMBI 2

Chauasa Oy/emM mpejnosararh, 9To Ha nHTepBase (a,b) HAXOANUTCs He MEeHee JIByX TOYeK MocJie-
nosareabaocT A. Bes orpanuuenus o6MIHOCTH MOYKHO npeanoaarath, aro f'(x) > 0. Bocnoab3sy-
emca dopmysioit [lyaccona cymmuposanus 3Haueruii GyHKIIH 110 nocaegoBareabroct A. Uveem
a<b,a,be Ay lonoxnm n = [8(b—a)ln(b—a+1)] + 1. U3 semmer 4 crexyer, aro

Z f(ts) - Z U(m)+Rna

a<ts<b m=—n

rae

b
U(m) = / P (@) f ()75 de, R, < 6.

3aMerum, 4To

Ouennm U(m) npu m > 1. Vmeem

Ulm)=Y_ (U(m,s)+ Us(m) + Uy(m),

a<ts<b
e
ts+1
U(m’ 5) = / p/A(x)eZWZ(f(x)—"m{x}A) d.fU,
ts
al
Uatim) = [ ph()e2m U 12) g,
a
b
Uhtm) = [ pis()emi @it dg,
bl
TPUIEM a — OamKafmmit K TOUKe @ 9JeH I0C/eI0BATeIbHOCTH A, IpPeBOCXOIANHi a, u v —

OinKafmmii K TouKe b wiIeH IOCIeI0BATEeNLHOCTH A, He IPEeBOCXOIIIHIA b.
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3akJo4deHne

OcHOBHBIM pe3yJibTaTOM paboThl siBjsgeTcs 0bobiienue gopmysbl BaH Jiep Kopryra Ha Tpuro-

HOMETPUYECKHUE CyMMbI 110 Pa30MEHUI0 HEOTPUIATEIbHON II0YOCH BEIECTBEHHON MPAMO Ha I10-
CJIeTIOBATE/IbHOCTH, CTpeMdrnelicsa K beckoneqnoctu. CeIyiommM MIATOM HCCASTOBAHUS SIBJISIETCS
dopmyna Kopoyra — Bunorpamgosa, Io3BOASIONIAA 3aMEHUTE 9Ty CyMMy OoJiee KopoTkoii. Ilocmen-
Hag GOPMy/Ia MOYXKET HANTH NPUIOKEHUS B MaTEMAaTUIECKOH (pu3mKe.
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Abstract

This paper proves that additive categories that occur as hearts of weight structures are
precisely the weakly idempotent complete categories, that is, the categories where all split
monomorphisms give direct sum decompositions. The work also gives several other conditions
equivalent to weak idempotent completeness (some of them are completely new) and discusses
weak idempotent completions of additive categories.
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1. Introduction

The goal of this note is to study additive categories that can occur as hearts of weight structures
on triangulated categories.? Actually, an answer to this question can be extracted from Theorem
4.3.2(LIL) of [3]; yet the corresponding calculation of hearts does not contain all the detail. For
this reason, in the current paper we study the corresponding weakly idempotent complete (additive)
categories and weak idempotent completions in detail. Another notion important for this paper is
the weak retraction-closure (of a subcategory; see Definition 1).

Let us briefly describe the contents of the paper. An additive category B is said to be weakly
idempotent complete if any B-split monomorphism gives a direct sum decomposition (see Definition
2(1)); obviously, any idempotent complete category is weakly idempotent complete. B is said to be
weakly retraction-closed in B’ D B if for a B’-isomorphism Y = X @ Z the object Z belongs to
Obj B whenever X and Y do. In §3 we prove that B is weakly idempotent complete if and only if it
is weakly retraction-closed in a (weakly) idempotent complete category B’ O B. These conditions
are equivalent to the existence of B” C B and an idempotent complete B’ O B such that B equals
the corresponding weak retraction-closure of B” in B’. Moreover, the weak retraction-closure of B
in the idempotent completion Kar(B) gives a canonical weak idempotent completion wKar(B) of
B, and we prove that the universality of the Kar-construction also yields that of the wKar-one.
Furthermore, B is weakly idempotent complete if and only if any contractible bounded B-complex
splits (into a direct sum of isomorphisms; see Proposition 1(7)).

In §4 we recall some basics on weight structures. Recall that these are given by classes C',<o
and C,,-( of objects of a triangulated category C; the heart Hw of w is the additive subcategory
Cw<o N Cy>o- The aforementioned Theorem 4.3.2(LII) of [3] (along with the somewhat stronger
Corollary 2.1.2 of [5]) gives an almost complete characterization of bounded weight structures. Loc.
cit. implies that any (additive) connective subcategory B of C gives a canonical bounded weight
structure w on the smallest strictly full triangulated subcategory D of C that contains B, and Hw
consists of D-retracts of objects of B. Now, Theorem 1 implies that Hw is equivalent to wKar(B);
thus Hw is equivalent to B whenever B is weakly idempotent complete. Moreover, the results
of §3 easily imply that weakly idempotent complete categories are precisely the ones that occur
as weakly retraction-closed subcategories of triangulated categories; they are also the categories
equivalent to hearts of (bounded) weight structures. Furthermore, we prove that a full embedding
B — B’ induces an equivalence of K°(B) with K°(B') if and only if B’ is essentially a subcategory
of wKar(B), and K344 (B) = K344(B’) if this is the case.

*Recall that weight structures are certain "cousins'of t-structures (see Remark 4 below) that were introduced in
[3] and [8]; in the latter paper they were called co-t-structures. Weight structures have several interesting applications
to representation theory, motives, and algebraic topology; see [5] for some references.
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2. On additive categories and (weak) retraction-closures

All categories and functors (including embedding ones) in this paper will be additive.

e Given a category C' and X,Y € ObjC we will write C(X,Y") for the set of morphisms from
X toY in C.

e For categories C’ and C we write C' C C if C’ is a full subcategory of C.

e Given a category C' and X,Y € ObjC, we say that X is a retract of Y if idx can be factored
through Y.3

e A class of objects D in (an additive category) B is said to be retraction-closed in B if it
contains all B-retracts of its elements.

e For any (B, D) as above we will write Karg(D) for the class of all B-retracts of elements of
D.

o We will say that B is idempotent complete if any idempotent endomorphism gives a direct
sum decomposition in it; cf. Definition 1.2 of [1].

e The idempotent completion Kar(B) (no lower index) of B is the category of “formal images” of
idempotents in B. Respectively, its objects are the pairs (B, p) for B € ObjB, p € B(B, B),
p? = p, and the morphisms are given by the formula

Kar(B)((X,p), (X",p) ={f € BX,X): p'of=fop=[}.

The correspondence B — (B,idp) (for B € Obj B) fully embeds B into Kar(B), and it is
well known that Kar(B) is essentially the smallest idempotent complete category containing
B; see Proposition 1.3 of ibid.

Now we will give definitions that appear to be (more or less) new.

DEFINITION 1. Let B’ be an (additive) subcategory of B.

1. We will write wKarg(B') for the full subcategory of B whose objects are those Z € Obj B such
that there exist X,Y € Obj B with X @ Z =Y. We will call wKarg(B') the weak retraction-closure
of B' in B.

2. We will say that B’ is weakly retraction-closed in B if WKarE(ﬁ/) = B.

Below we will need the following simple statements.

LEMMA 1. Let B’ be a subcategory of B.
1. If B’ is retraction-closed in B then it is also weakly retraction-closed in B.
2. wKarg(B') is weakly retraction-closed in B.

Proor. 1. Obvious.

2. For an object Z of B and X,Y € ObjwKarp(B’) such that X@ Z = Y we should
prove that Z is an object of wKarg(B') as well. Now we recall Definition 1(1) and choose
X1,X5,Y1,Ys € ObjB’ such that X@X; = Xp and Y @Y, = Y. Then ZP(Xo @ Vi) =
YPYVIPX: = Yo X;. Since both Xo @Y7 and Yo P X; are objects of B’ we obtain the
result. O

3Clearly, if C is triangulated then X is a retract of Y if and only if X is its direct summand.
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3. On weakly idempotent complete categories

Let us give some more definitions. Throughout this paper B will be an (additive) category.

DEFINITION 2. 1. We will say that B is weakly idempotent complete if any split B-mono-
morphism i © X — Y (that is, idx equals p o i for some p € B(Y, X)) is isomorphic to the
monomorphism idx @0 : X — X @ Z for some object Z of B.

2. Assume that B is essentially small. Then the split Grothendieck group Kgdd(ﬁ) 1s the abelian
group whose generators are the isomorphism classes of objects of B, and the relations are of the
form [B] = [A] 4 [C] for all A, B,C € Obj B such that B= A@C.

Now we prove that this definition is equivalent to several other ones.

ProrosiTiON 1. The following assumptions on B are equivalent.

1. B is weakly idempotent complete.

2. B is weakly retraction-closed in any (additive) category B’ containing B as a strictly full
subcategory.

3. B’ is a weakly retraction-closed subcategory of some weakly idempotent complete category B'.

4. The obvious embedding of B into the category wKar(B) = wKarga.py(B) (see Definition 1
(1)) is an equivalence.

5. B is equivalent to the category wKar(B") for some (additive) category B”.

6. There exist additive categories B” C B C B’ such that B’ is idempotent complete and
B = wKarg (B").

7. If a bounded B-complex is contractible (i.e., it is zero in K°(B)) then it splits, that is, it has
the form @ idyi[—i] for some N € Obj B.

PrOOF. Obviously, condition 1 implies condition 2, and condition 4 implies condition 5. Next,
replacing B by its isomorphism-closure in Kar(B) we obtain that condition 2 implies condition
4. Moreover, if B is equivalent to the category wKar(B") then we can replace B” and Kar(B")
by equivalent categories so that B” € B C B’, B’ is equivalent to Kar(B"), and B is a strict
subcategory of B’. Hence condition 5 implies condition 6.

Next, applying Lemma 1(2) we obtain that condition 5 implies condition 3; note that B’ is
weakly idempotent complete since it is idempotent complete.

Now assume that B’ is a weakly retraction-closed subcategory of a weakly idempotent complete
category B’. We should prove that any split B-monomorphism i : X — Y is isomorphic to the
monomorphism idx @0 : X — X @ Z for some object Z of B. Since B’ is weakly idempotent
complete, we obtain that Z as desired exists in the category B’ D B. Since B is a weakly retraction-
closed subcategory of B’ and X @ Z = Y, we obtain Y € Obj B; hence B is weakly idempotent
complete indeed.

Lastly we prove the equivalence of conditions 1 and 7. If p o4 = idyx for some B-morphisms

X 5V & X then the complex
S0 X BYYEPY R X 50

is easily seen to be split in K (Kar B); hence it is zero in K(B) as well. If it is also split in K(B)
then i and p come from a B-isomorphism Y = X € Z; thus condition 7 follows from condition 1.
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Let us establish the converse implication by the induction on the essential length of a complex
M = (M?); that is, we look for the minimal I > 0 such that the terms M? are zero for i < m and
i > n, where n —m = [. Contractible complexes (over an arbitrary additive category) obviously
splits if its essentiall length is at most 1. Now, assume that M is contractible of length [ > 2, and
all contractible complexes of length less than [ split. Clearly, the contracting homotopy provides
a factorization of idy/m through the boundary d™ : M™ — M™% Hence the complex M is
isomorphic to Cone(idpm)[—1—m] @ M’, where M’ is of length [ — 1. Obviously, M’ is contractible
as well and we conclude by applying the inductive assumption. O

REMARK 1. 1. The notions of a weakly retraction-closed subcategory and of the weak retra-
ction-closure are obviously self-dual.

Hence conditions 2, 4, 5, 6 of our proposition are self-dual as well; this is also true for condition
7 (that is, these assumptions are fulfilled for B if and only if they are valid for B?). Thus
the notion of weak idempotent completeness is self-dual. Hence weak idempotent completions
can also be characterized by the duals of conditions 1 and 8 in Proposition 1. In particular,
we obtain Lemma 7.1 of [6].

2. We will call the category wKar(B) = wKark,.(p)(B) the weak idempotent completion of B
following Remark 7.8 of [6]. We will justify this terminology and also prove and extend the
clatm made in loc. cit. in Corollary 1 below.

3. Let R be an (associative unital) ring. Let us describe certain categories that fulfil the
assumptions of Proposition 1(6).

Take B" to be the category of free left finitely generated R-modules and B’ to be the category
of all left R-modules. Then the corresponding category B = wKar(B") is just the category of
finitely generated stably free left R-modules.*

This example demonstrates that weakly idempotent complete categories do not have to be
idempotent complete and gives a nice example of weak idempotent completions (along with
weak retraction-closures).

4. The argument used in the proof of the implication (1) = (7) easily implies that any bounded
above or below contractible B-complex splits as well.

On the other hand, Proposition 10.9 of [6] says that arbitrary (unbounded) contractible B-
complezes split if and only if B is idempotent complete.

These statements (along with our arguments above) are closely related to Remark 1.12 of [9].

COROLLARY 1. Let F': B; — By be an additive functor.

1. Then there exists a natural "idempotent complete version"Kar(F') : Kar(B;) — Kar(B,) that
restricts to a functor wKar(F') : wKar(B;) — wKar(B,).

2. Consequently, if By is (weakly) idempotent complete then F extends to an additive functor
from Kar(B,) (resp. from wKar(B;)) into B,.

3. Assume that B is essentially small. Then Kar(B) also is, and wKar(B) consists of those
M € ObjKar(B) such that the class of M in Ko(Kar(B)) (see Definition 2(2)) belongs to the
image of the obvious homomorphism K34(B) — K34 (Kar(B)).

PrROOF. 1. It is easily seen that F' yields a canonical additive functor Kar(F') that sends (B, p) for
B € ObjB,, p€ B,(B,B), p* =pinto (F(B), f(p)) indeed.

Next, it X @ Z =2 Y in Kar(B;) then Kar(F)(X) @ Kar(F)(Z) = Kar(F)(Y). Thus if an object
Z of Kar( 1) belongs to wKar(B;) then Kar(F)(Z) belongs to wKar(B,) indeed.

“The authors are deeply grateful to Vladimir Sosnilo for this nice observation.
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2. If B, is idempotent complete then it is equivalent to the category Kar(B,); hence one can
modify Kar(F') to obtain the extension in question.

Similarly, if B, is weakly idempotent complete then it is equivalent to the category wKar(B,)
(see condition 4 in Proposition 1); thus one can modify wKar(F') to obtain the result.

3. The essential smallness of Kar(B) obviously follows from that of B.

Next we note that the definition of Ky(Kar(B)) immediately implies the following: we have
[M] = [N1] — [N3] for some objects N; of B (being more precise, here we consider the objects
(N;,idp,) of Kar(B)) whenever there exists B € ObjKar(B) such that M @ B N2 = N, P B.
Since B is a retract of an object of B, this is equivalent to the existence of B’ € Obj B such that
M@ B @ Ny = N PN B'. Our assertion follows immediately. O

REMARK 2. Let us now relate the terminology in the current paper to that in earlier ones.

It appears that the term "weakly idempotent complete"for a category B was introduced in [6,
Definition 7.2]. In [7] (probably, this is where this notion was originally introduced) it was said
that retracts have complements (in B),> whereas in Definition 1.11 of [9] it was said that B is
semi-saturated. Most of the conditions in Proposition 1 and Theorem 1 were not mentioned in these
papers.

Recall also that weak idempotent completions were called small envelopes in Definition 4.3.1(3)
of [3] and semi-saturations in §1.12.1 of of [9].

4. Weight structures: short reminder

Let us start from the definition of a weight structure (note however that the only axiom of
weight structures that we will mention explicitly in this text is the axiom (i)). The symbol C in
this paper will always denote some triangulated category.

It will be convenient for us to use the following notation below: for D, E C ObjC we will write
D1FEifC(X,Y)={0}forall X e Dand Y € E.

DEFINITION 3. 1. A couple (C,<q,Cy>0) of classes of objects of C will be said to give a weight
structure w on C if the following conditions are fulfilled.

(i) Cyeo and C,~q are retraction-closed in C (i.e., contain all C-retracts of their objects).

(i) Semi-invariance with respect to translations.

Qw<0 - QwéO[l] and Qw}O[l] - QwZO'

(i4i) Orthogonality.

ngo 1 Qw}O[l]'

(iv) Weight decompositions.

For any M € ObjC there exists a distinguished triangle

LyM — M — RyM—L,M]|1]
such that Ly,M € C\,q and Ry,M € C,,5o[1].
We will also need the following definitions.

DEFINITION 4. Assume that a triangulated category C is endowed with a weight structure w,
1 €.

1. The full category Hw C C whose objects are C,_y = C,,5o N C\yeq 18 called the heart of w.

2. Cysi (resp. Coey, resp. Coy—y) will denote the class C,5oli] (resp. C,<oli], resp. C—olil)-

®Recall that the main Proposition of ibid. says that weakly idempotent complete categories closed with respect
to countable coproducts are idempotent complete.
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3. We will say that (C,w) is bounded and C is a bounded weighted category if ObjC =
= UiezCly>i = ViezClpgi-

4. Let D be a full triangulated subcategory of C.

We will say that w restricts to D whenever the couple wp = (C\,coNObjD, C,~oMNObjD)
is a weight structure on D.

5. We will say that the subcategory H C C is connective (in C) if Obj H 1 (U;~o Obj(H]i])).b

6. The smallest strictly full triongulated subcategory of C containing H will be called the
subcategory strongly generated by H in C.

7. We will say that a class P C ObjC is extension-closed if P contains 0 and for any C-
distinguished triangle A — C — B — A[l] the object B belongs to P whenever (both) A and
C do.

REMARK 3. 1. A simple (and still quite useful) example of a weight structure comes from the
stupid filtration on the homotopy category of cohomological complexes K (B) for an arbitrary additive
B; it can also be restricted to the subcategory K°(B) of bounded complexes (see Definition 4(4)).
In this case K(B)w,,<0 (Tesp. K(B)w.,>0) is the class of complexes that are homotopy equivalent to
complezxes concentrated in degrees > 0 (resp. < 0); see Remark 1.2.3(1) of [5] for more detail.

The heart of the weight structure wg is the retraction-closure of B in K (B); hence it is equivalent
to Kar(B) (since both K~ (B) and K*(B) are idempotent complete).

The restriction of we to K°(B) will be denoted by w®,; in Theorem 1 below we will demonstrate
that its heart Huw?, is equivalent to wKar(B).

2. In this note we use the “homological convention” for weight structures. This is the convention
used by several papers of the first author (including [5] and [4]). However, in [3] the so-called
cohomological convention was used; in this convention the functor [1] "shifts weights"by —1. This
is one of the reasons for us not to cite ibid. below; another one is that the exposition of the theory
of weight complexes (that we will apply in the proof of Theorem 1) in §3 of [3] is rather inaccurate.

Let us now recall the relation of connective subcategories to weight structures.

ProroSITION 2. Let C be a triangulated category.

1. Assume that w is a weight structure on C.

1. Then the classes C., <o, Cy>o, and C— are extension-closed; consequently, they are additive.

2. Let v be another weight structure for C; suppose that C\,<o C Cyeq and Cn9 C Cyeq. Then
w = (i.e., the inclusions are equalities).

II. Under the assumptions of Definition 4(5) there exists a unique weight structure wg on
the category D = (B) whose heart contains B. Moreover, this weight structure is bounded and
D, = Karc(Obj B).

Proor. I.1. See Proposition 1.2.4(3) and Remark 1.2.3(4) of [5].

2. This is Proposition 1.2.4(7) of loc. cit.

I1. Immediate from Corollary 2.1.2 of ibid. O

In earlier texts of the first author connective subcategories were called negative ones. Moreover, in several
papers (mostly, on representation theory and related matters) a connective subcategory satisfying certain additional
assumptions was said to be silting; this notion generalizes the one of tilting.
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5. On hearts of weight structures

THEOREM 1. The following assumptions on (an additive category) B are equivalent as well.

I~

. B is weakly idempotent complete.

2. There exists a triangulated category C such that B is its weakly retraction-closed subcategory.
3. B s equivalent to the heart of a weight structure.

4. B is equivalent to the heart of a bounded weight structure.

5

. B is equivalent to the heart Huw® of the weight structure w®, on the category K°(B) (see
Remark 3(1)).

D

. For any category B" such that the embedding B" — wKar(B") factors through a fully faithful
functor B — wKar(B") and B" is connective in a triangulated category C (see Definition
4(5)), there exists a unique weight structure w on the triangulated subcategory D of C strongly
generated by B" such that the heart Hw is naturally equivalent to B (that is, Hw contains
B" and the embedding B” — Hw factors through an equivalence of B with Hw).

ProOF. Clearly, condition 5 implies condition 4, and 4 implies 3. Next, we can take B” = B in
condition 6. Since B is connective in the category C = D = K°(B) and strongly generates it, we
obtain that condition 6 implies condition 5.

Now, axiom (i) of Definition 3 implies that Hw is retraction-closed in C' (note that it is an
additive subcategory by Proposition 2(I.1)). Thus condition 3 implies condition 2.

Furthermore, any triangulated category is easily seen to be weakly idempotent complete since
for X and Y as in Definiton 2(1) we have Y = X @ Cone(X — Y'). Thus condition 2 implies that
B is weakly idempotent complete (i.e., that condition 1 is fulfilled); see Proposition 1(3).

Thus it remains to verify that any weakly idempotent complete category B fulfils condition
6. The existence and the uniqueness of a weight structure w on D such that B” c Huw follows
immediately from Proposition 2(IT); we also obtain the existence of a fully faithful functor
Hw — Kar(B"), whereas the latter category is clearly equivalent to Kar(B). Moreover, Hw is
weakly idempotent complete (recall that we have just proved that our condition 3 implies condition
1); hence Corollary 1 implies that the embedding B — B” factors through a full embedding of B
mto Hw.

Since B is weakly idempotent complete, it remains to verify that for any M € D, _, there exist
objects X and Y of B such that M @ X = Y. We will deduce this statement from the existence
of splittings of contractible complexes in K?(Huw); for this purpose we invoke the theory of (weak)
weight complex functors as provided by Proposition 1.3.4 of [4].

Part 6 of loc. cit. associates to M its weight complex ¢(M) € Obj K(Hw). Parts 4 and 10 of
loc. cit. imply that t(M) = M (in the homotopy category K(Hw)). On the other hand, parts 4
and 9 easily yield that ¢(M) is homotopy equivalent to a complex N € Obj K*(B") ¢ K(Hw).
Hence there exists a K(Hw)-morphism f : M — N such that Cone(f) is contractible. Since
Cone(f) € Obj K*(Hw) and we have already proved that Hw is weakly idempotent complete, we
obtain that Cone(f) splits in K®(Hw). Now, if N* € Obj B” are the terms of N, then this splitting
yields M @,z N2i—1 > D,z N2, This concludes the proof. O

REMARK 4. Weight structures are well known to be closely related to t-structures (as introduced
in §1.3 of [2]). However, the properties of weight structures are significantly distinct from that of
t-structures. Recall in particular that the hearts of t-structures are precisely the abelian categories.
Hence there are plenty of additive categories that are hearts of some weight structures and cannot
occur as hearts of t-structures; cf. Remark 1(3).
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The following statement gives one more characterization of weak idempotent completions as
well as certain Grothendieck group isomorphisms.

COROLLARY 2. 1. If B C B’ then the corresponding embedding K*(B) — K%(B') is an
equivalence if and only if the embedding B — wKar(B) factors through a fully faithful functor
from B’ into wKar(B).

2. Consequently, if B’ is essentially small and B C B’ C wKar(B) then the obvious
homomorphism K44(B) — K34(B') (see Definition 2(2)) is bijective.

PROOF. 1. Assume that the embedding K*(B) — K°(B’) is an equivalence. Then we can assume
that the stupid weight structure on K?(B’) (see Remark 3(1)) gives a weight structure v on
C = K"(B). Since the classes C,, and C, are closed with respect to isomorphisms (see the
axiom (i) in Definition 3), we obtain Cup <0 €Ly and Copp 59 C . Thus w?, = v according
to Proposition 2(1.2). Since Hw?, is equivalent to wKar(B) (see condition 5 in Theorem 1), this
clearly gives a fully faithful functor from B’ into wKar(B).

Now let us prove the converse implication. We should prove that D = K°(B’), where D is the
closure of K*(B) in K°(B’) with respect to isomorphisms, if B’ is equivalent to a subcategory of
wKar(B). Now, D is a strictly full subcategory of K°(B’) that essentially contains wKar(B) (see
condition 6 in Theorem 1). Since K°(B’) is clearly strongly generated (see Definition 4(6)) by B/,
we easily obtain the equality in question.

2. According to assertion 1, the embedding K?(B) — K°(B’) is an equivalence in this case.
Thus it suffices to recall that for any essentially small (additive) category A the group K394(A) can
be computed as a certain triangulated Grothendieck group of the category K®(A); see Definition 2
and Theorem 1 of [10]. O

REMARK 5. 1. One can also prove that a category B’ O B is essentially a subcategory of Kar(B)
if and only if K(B) = K(B'); this is also equivalent to K+(B) 2 Kt(B') and K~ (B) 2 K~ (B').
To prove the "if"implications here one can apply stupid weight structure arquments similar to the
one in the proof of Corollary 2, and one can invoke either Remark 3.53.2(2) of [4] or Remark 1.12.4
of [9] to obtain the converse implications.

2. This observation along with Proposition 1(7), Proposition 10.9 of [6] (see Remark 1(4)),
and Remark 3 justifies the following vague claim: Kar(B) is the "extension"of B corresponding to
unbounded B-complezes, wheras wKar(B) "corresponds to"K°(B).

3. One can also prove Corollary 2(2) more explicitly; cf. Corollary 1(3).

CIIMCOK ILIUTUPOBAHHOII JINTEPATYPhI

1. Balmer P., Schlichting M., Idempotent completion of triangulated categories// Journal of
Algebra 236, no. 2 (2001), 819-834.

2. Beilinson A., Bernstein J., Deligne P., Faisceaux pervers// Asterisque 100 (1982), 5-171.

3. Bondarko M.V., Weight structures vs. t-structures; weight filtrations, spectral sequences, and
complexes (for motives and in general)// J. of K-theory, v. 6(3), 2010, 387-504, see also http:
//arxiv.org/abs/0704.4003

4. Bondarko M.V., On weight complexes, pure functors, and detecting weights, preprint, 2018,
https://arxiv.org/abs/1812.11952

5. Bondarko M.V., Sosnilo V.A., On constructing weight structures and extending them to
idempotent extensions// Homology, Homotopy and Appl., vol. 20(1), 2018, 37-57.

6. Biihler T., Exact categories// Expo. Math. 28 (2010), 1-69.



38

M. B. Bongapxko, C. B. Bocrokos

9.

Freyd P., Splitting homotopy idempotents, in: Proceedings of the Conference on Categorical
Algebra, La Jolla, CA, 1965, Springer, New York, 1966, 173-176.

. Pauksztello D., Compact cochain objects in triangulated categories and co-t-structures// Central

European Journal of Mathematics, vol. 6(1), 2008, 25—42.

Neeman A., The derived category of an exact category// J. Algebra 135 (2), 1990, 388-394.

10. Rose D., A note on the Grothendieck group of an additive category// Vestn. Chelyab. Gos.

Univ., 17(3), 2015, 135-139.

REFERENCES

1.

9.

Balmer P.; Schlichting M., 2001, “Idempotent completion of triangulated categories”, Journal of
Algebra, 236, no. 2, 819-834.

. Beilinson A., Bernstein J., Deligne P., 1982, “Faisceaux pervers” Asterisque, 100, 5-171.

. Bondarko M. V., 2010, “Weight structures vs. t-structures; weight filtrations, spectral sequences,

and complexes (for motives and in general)”, J. of K-theory, v. 6(3), 387-504, see also http:
//arxiv.org/abs/0704.4003

. Bondarko M. V., 2018, “On weight complexes, pure functors, and detecting weights”, preprint,

https://arxiv.org/abs/1812.11952

. Bondarko M. V., Sosnilo V. A., 2018, “On constructing weight structures and extending them

to idempotent extensions”, Homology, Homotopy and Appl., vol. 20(1), 37-57.

. Biihler T., 2010, “Exact categories”, Fzpo. Math. 28, 1-69.

Freyd P., 1965, “Splitting homotopy idempotents”, Proceedings of the Conference on Categorical
Algebra, La Jolla, CA, Springer, New York, 1966, 173-176.

. Pauksztello D., 2008, “Compact cochain objects in triangulated categories and co-t-structures”,

Central European Journal of Mathematics, vol. 6(1), 25-42.

Neeman A., 1990, “The derived category of an exact category”, J. Algebra 135 (2), 388-394.

10. Rose D., 2015, “A note on the Grothendieck group of an additive category”, Vestn. Chelyab.

Gos. Univ., 17(3), 135-139.

Mosyaeno 29.06.2020 .
[Ipuaaro B mevars 22.10.2020 1.



WMarerpan [laupesbmana 1 aHaaor HHTErPaIbHON Teopembl Kot . . . 39

YEBBIINEBCKNIT CBOPHUK
Towm 21. Beimyck 3.

YVIK 511 DOT 0.22405/2226-8383-2020-21-3-39-58

Nurterpan IlIaupesrbmana n aHAJIOT MHTETPAJIbHON TeopeMbl Komm
JIJIS. IBYMEPHBIX JIOKAJIBHBIX ToJieii!

C. B. Bocroxos, T. FO. [Tammkos, C. C. Adanacbesa

Cepreit Banagumuposud BocTokoB — goxTop (Gu3mko-MareMaTHIeCKuX HayK, mpodeccop,
Cankt-Ilerepbyprexuit rocynapersentbiii yausepeuter (1. Cankr-Ilerepbypr).

e-mail: s.vostokov@spbu.ru

Tumodeii FOpbesuu IlMamkos — Cankr-llerepbyprekuit rocy1apcTBEHHBI  YHUBEPCUTET
(r. Cankr-Tlerepbypr).

e-mail: 7197163Q@mail.ru

Codba CepreeBna AdanacbeBa — KauuaaT PU3NKO-MATEMATUICCKUX HAYK, MWHZKEHEP-UCCTIE-
noBaresb, Cankt-Ilerepbyprekuit rocyaapersennsiii yauusepcuret (r. Cankr-Ilerepbypr).

e-mail: sonya.afan@gmail.com

AnHOTanusa

3amaua paboThl BO3HUKJIA U3 MOTPEOHOCTH MCCIEIOBAHNS CBSI3€H MeXK Iy Teopueil moJeit aj-
rebpamdeckux auces u reopueir byukmuit. Oaun u3 camMbix OYHIAMEHTATBHBIX U KJIACCUIECKUAX
PEe3yIBTaTOB U3 KOMILIEKCHOTO aHnanu3a «Marerpanpuas Teopema Kormms wMeer TUCKpETHBIN
AHAJIOT JIJTsl CJIy4asi O[IHOMEPHBIX JIOKAIbHBIX Toseit. CiieoBaTelbHO, BOSHUKAET €CTEeCTBEeHHbBIN
BOIIPOC MOXKHO Ji 00600mmTh ananor Marerpanabuoit reopembr Kot Ha cirydait 1ByMEPHBIX MO~
seit. Jlanunast paboTa OTBEYaeT Ha TOCTABJIEHHBIN BOMPOC, 00001as naTterpasia [laupenspmana
¥ TOKA3bIBas aHAJIOT WHTErpasbHoil Teopembr Kommu. Kak ciencreue, momydena CBA3b MEXKIY
cumBosiom ['mianbepra u waterpajom Illaupenbmana.

Kamouesne caosa: Nurerpan Illuupenbmana, aHamsor mHTErpaabHO Teopembl Kormm s
JIBYMEPHBIX JIOKAJIbHBIX MOJIEH.

Bubauoepagus: 15 HazBaHUIL.

s 1nmuTupoBaHus:
C. B. Bocrokos, T. IO. lamxos, C. C. Adanacresa. Unrerpan llluuperbmana u aHaaor wH-

rerpasibHOil Teopembl Komm jiyisi iByMepHBIX JI0KaabHbIX 1oJteit // Yebbiuesckuii cbopauk, 2020,
1. 21, BHITI. 3, c. 39-58.

"Mccnenosanne Brimomreno mpy mommepxKke Poccuiickoro may«uroro donma (mpoext 16-11-10200).



40 C. B. Bocrokos, T. FO. lamkos, C. C. Adanackesa

CHEBYSHEVSKII SBORNIK
Vol. 21. No. 3.

UDC 511 DOI 0.22405/2226-8383-2020-21-3-39-58

Schnirelmann’s integral and analogy of Cauchy integral theorem
for two-dimensional local fields

S. V. Vostokov, T. Yu. Shashkov, S. S. Afanas’eva

Sergey Vladimirovich Vostokov — Doctor of Physical and Mathematical Sciences, Professor,
Saint Petersburg State University (Saint-Petersburg).

e-mail: s.vostokov@spbu.ru

Timofei Yurievich Shashkov — Saint Petersburg State University (Saint-Petersburg).

e-mail: 7197163@mail.ru

Sofya Sergeevna Afanas’eva — Saint Petersburg State University (Saint-Petersburg).

e-mail: sonya.afan@gmail.com

Abstract

The problem studied in the thesis arose from the need to find connections between algebraic
field theory and theory of functions. The Cauchy integral theorem, which is one of the most basic
and classical results of the complex analysis, has a discrete analog in the case of one-dimensional
local fields. The natural question then arises whether it is possible to generalize the same result
to two-dimensional local fields. The present paper contains the definition of Schnirelmann’s
integral and the proof of an analog of Cauchy’s integral theorem for two-dimensional local
fields. As a consequence, links between the Hilbert symbol and Schnirelmann’s integral are
established.

Keywords: Schnirelmann’s integral, analog of Cauchy’s integral theorem for two-dimensional
local fields.

Bibliography: 15 titles.

For citation:

S. V. Vostokov, T. Yu. Shashkov, S. S. Afanas’eva, 2020, "Schnirelmann’s integral and analogy
of Cauchy integral theorem for two-dimensional local fields" , Chebysheuvskit sbornik, vol. 21, no. 3,
pp. 39-58.

1. BBenenue

OsiHO# U3 MEHTPAIBHBIX TEM B aJredPanvecKoil TeOPUU YUCEN SBJISIETCH 3aKOH B3AUMHOCTH JIJIst
JIOKAQJILHBIX TOJIeH 1 ero mpuioKennst. [lepBriii pe3y/IbTaT B 3T0M Hanpas/ieHnn 0611 mostyden J1. Dii-
gepoM u K. I'ayccom, m3BecTHBIN KaK KBaApPATUIHBIN 3aKOH B3AMMHOCTH, CBSI3LIBAIONTNN CHUMBOJIBI
Jlekanapa HEYETHBIX MPOCTHIX YKUCEJI:

(2) (@)=

rjie p,q — HeYeTHbIE IPOCTble YUCTA, a (%) u (%) — cuMBoJsl Jlexkanmpa.

Jlnst KOHeUHBIX pacimpennii mosst p-agudecknx aucen Q, (obo3naumm Takoe mose depes E) u
CpaBHEHMH MPOM3BOJIBHON cTemeHn, OBLI0 oAy deH0 0600IIeHre KBaIPATHIHOTO 3aK0HA B3ANMHOCTH
(mauamo 20-ro Beka), CBA3BIBAIOIIEE TIPOU3BE/IEHNE CTETIEHHBIX BBIYETOB ¢ cuMBOJamu ['manbepra:
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()2, ~IL(5),

plnoo

rae (%ﬁ) — cumBos ['mnbepra, a «, f — HEHYIEBbIE 9JEeMEHTHI PACCMATPUBAEMOTO TTOJIS.
n

TlepponauanpHOe ompenenenne cuMBosa ['marbepra OBIITO JOCTATOYHO CJOXKHBIM W BO3HUKJIA
MOTPEOHOCTh B HAXOXKJIEHUN AJTbTEPHATHBHOIO Criocoba (BHON (DOPMYJIBI) JJIsI MOJCUeTa CHMBOJIA
I'mnbbepra. B 1950 1. B My bTHILINKATUBHON TPYIIIE JIOKAJIHHOTO TI0JIs, COMEPYKAIIEr0 BCE KOPHU
p"-oit crenenn u3 equnnisl, 1. P. Hladapesuaenm (cm.[15]) 611 TocTpoer 6a3uc, KOTOPBIiT OKA3aCs
yIOOHBIM 71 Bhraucaenus cumBosia ['mnpbepra. Okorgaresbuas dhopmyrna bbita monyydena B 1978
roxy C. B. BocrokoBeiM (cM. [5]), 4To m0oBseKII0 3a cob0il MacCy pasaUuYHBIX TPUIOKEHHUI.

Haxoxienune siBuoit opmysibl st cumBosia I'miabbepra 0Ka3a/oCh CyIIECTBEHHBIM TAIOM B
Pa3BUTUU KOHCTPYKTUBHONU TCOPUHU II0JI€H KJIACCOB JJid JIOKAJIbHBIX OJIeH (KOHequIX pacimmpenmit
MOJIST P-3TUIECKAX TUCET).

IToMuMO 9TOTO, MOXKHO M3y4aTh TEOPUIO TOJIEH KIaccoB maa (hpopMarTbHBIX MOy el (Momy/ieit,
ITOCTPOEHHBIX HA MAaKCUMAJbHOM HJI€AJIe JIOKAJTBHOTO TI0JIsi C TIOMOIIBI0 (POPMATBLHOTO TPYIIIIOBOTO
3aKOHA). BaxKHBIM 00HEKTOM 3/1€Ch BBICTYMAIOT JLINITHYECKIE KPUBBIE, HA KOTOPBIX MOXKHO 3aBe-
CTH CTPYKTYpPy abesieBoil rpynnsl. B ¢BOIO odepenb, 9/INITHYECKHEe KPUBLIE CHIFPAIN KIIOUEBYIO
posib B mokasarenbcrBe Bemmkoit Teopembr @Pepma.

1.1. CBa3p Mekay 3aKOHOM B3aMMHOCTU U MHTETrpajibHOI Teopemoit Kornn

OJMH U3 caMbIX BaXXHBIX PE3YJIBTATOB TEOPHH KOMILIEKCHOIO aHaju3a — VHTerpajabHas Teo-
pema Kormu, cBa3piBaoIias KOHTYPHBINH nHTErpas mepoMmopdmoit dyukimu ¢ ee Borueramu. Jms
OJIHOMEPHBIX JIOKAJIBHBIX TI0JIell HYJIEBOH XapaKTEPUCTUKU MOYKHO OIIPEIEJINTh aHAJIOI KOHTYPHOI'O
unrerpasa (uarerpan [Ilanpenbmana), mist koroporo Oyger BepHa GopMyaMpoBKa Teopembl Korm.
AmaJjior 310t TEOpEMBI J7Id 0 THOMEPHBIX JOKATBHBIX T 0611 mokazan C. B. Bocrokosbim 1 M. A.
UsanoseiM B paore [8]. DT0 MO3BOIMUIO, B CBOI OYEPETh, HANTH CBsI3b Mexk 1y uHTerpasoM [IHu-
pesbMaHa U cUMBOIOM ['minbepra u, KaK CAeACTBUE, MOJYIUTh AJHTEPHATUBHLIN BAPUAHT TBHOMN
dopmysbl g cuMposia ['nabbepra.

Takum 06pa3oM CyIeCcTByeT aHAIOTHA MEXKAY 00BHEKTaMU JAUCKPETHON M HeNPEePBbIBHON TPUPO-
JIBI, 9TO MTO3BOJIAET TJ1yDKe TIOHUMATh CYTh Belllell 1 KOMOMHUPOBATH METOJIBI PA3HON PUPOJIBI JIJIs
perrenus 3a7a4.

Bosuukaer ecrecTBeHHBIN BOIIPOC O TOM BO3MOXKHO Ji 0DOOIIEHNE BBINIENEPEUUCTEHHBIX Pe-
3yJABTATOB, CBA3aHHBIX ¢ mHTerpasaoMm [llaupensmana, ¢ OJHOMEPHOTO C/AydYas HA MHOTOMEPHBIH.
OxkasbiBaeTcst, /sl JIByMEPHBIX 10JIENl OTBET MOJI0KUTEJIbHBIN, U 3aja4a 9T0# paboThl Kak pas3 3a-
KJIIOYaeTcsd B ucciaenopannu naTerpaia [laupenbmana u ero CBONCTB /10 ABYMEPHBIX JIOKAJIBHBIX
nosteit xapakTepucTuku (.

Henbio HacTosIel PADOTHL ABAIETCS 0000IEHNE PE3YIBTATOR, CBIBAHHBIX ¢ nHTerpaaoM [Iuu-
pesibMaHa U TOJTyIEeHHBIX JJIsi OJIHOMEPHBIX JIOKAJBLHBIX T0Jiel xapakrtepuctuku 0, HA caydail aBy-
MEPHBIX JIOKAJbHBIX TI0JIEN HY/IEBOI XapakTepuctuku. B 3Toit pabore 0606111eHO TOHATHE NHTErPaJIa
[MTawpensmana mgasa mosiel yKa3aHHOTO BUIA W JOKA3aH aHAJIOT MHTErPAIbHON TeopeMbl Kot mis
JIBYMepHbIX 1ojielt. Kak ciencreue nHTErpaabHOit Teopembl Kotu, Obla MojydeHa CBs3b MEXKITY
unrerpasom [Tanpensyana n cuvsosom [unbbepra (paccmarpusarorces nosst Buga K = E{{t}}).
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2. O6o3HaveHUd U IPeABAPUTEIBHBIE CBEIECHUS

2.1. MHoromepHbI€e JOKAJbHBIE MOJIA

Jloka/bHast Teopust 110/ KJ1aCCOB PA3BUBAETCS U /ISl MHOI'OMEPHBIX JIOKAJIbHBIX 110J1e# (cM. [12,

3, 4] u |14]).

OnPEAENEHUE 1. Tloae K 6ydem Ha3ui8amb N-MEPHBIM AOKAALHUIM NOAEM, ECAY 300GHG Ue-
noyxa noseld K = kn, kn_1,...,k1, ko, 2de ki11 — noanoe duckpemno HOPMUPOSAHHOE TLOAE C TLOAEM
suuemos ki, o kg — xoneurnoe noge.

Wnorma mpeamnomaraeTcss, 9To kg — COBEPIIEHHOE ToJie MpPOCTO# XapakTepucTuku. B pabore
Hymem mpenmosaraTh, aTo K — nBymepmHoe JOKaIbHOe mose xapakTepuctuku 0, a F — KoHeuHOoe
pacIpenue IIoJid p-aJuaecKux quces Q.

Beegem ocrnoBHBIE 0003HAMEHNS, KOTOPBIE OYIYT UCIOIB30BATHCS B PAOOTE IaJIbIIIE.

ITycts ( — KOpeHb W3 enuHUIbl cTeneHn ¢ = p"* (Ayis pe3ysIbTaToB, CBA3AHHBIX C CHMBOJIOM
Cunsbepra, 6yeM JOTOJHUTEIEHO TPeOOBATE, YTOOBI  OBLT 3aeMeHTOM oyt K).

v=(v1,1n) : K* — Z ® Z — nuckpernoe Hopmuposanue panra 2 (cum. [10]). Byaem caurars,
4T0 Ha rpynne Z & Z 3anan nekcukorpadbudeckuii mopsinok: (iq,42) < (ji1,j2), €CaM U TOJBKO eciin
gnbo i1 < j1 amubo i1 = j1, 12 < jo. g yupomienus 3anuceii B paboTe MEPUOANIECKH IBYMEPHBIN
nokazaresb Oyaer cpasauBaThes ¢ 0. B sTom caygae mon 0 mornmaercsa wa camom geqe (0,0).

VE — JAWCKPETHOe HOPMUpOBaHMe Ha F.

Ok — KOJIBIIO TIEJIBIX MHOTOMEPHOTO JIOKAIBHOTO moJig K, To ecTh MHOXKecTBO {x € K : v(x) >
> 0}.

K% — anrebpamdeckoe 3aMBIKAHHE JOKAILHOTO moJist I .

K9 — nononnenne anarebpamdecKoro 3aMbIKaHHs JOKAILHOrO mous K.

|- |p — p-amudeckast HopMa (a TOUHee OJHA U3 KJIACCA SKBUBAJIEHTHOCTHU), & V) — p-a[HIeCKuil
TTOKA3aTENb.

Ilycrs kg, k1, ko — mocienoBaTeIbHOCTE TIOIEH:

e ky — KOHEUYHOEe TI0JI€,
e k; 1 — moJie BbIYETOB Ans k;, k; — TIOJIHOE NUCKPETHO HOPMUPOBAHHOE MoJe, ¢ = 1,2,
o k=K.

t1,ty — cucreMa JIOKaJIbHBIX mapamerpos k, r.e. to — mpocroit snement noast K, v(ty) = (0,1).
Unorna mpocroit simement mossa K Gymnem 0603HAMATE depe3 7 (TPAAUIMOHHO OH Tak 0003HATAETCS
B CJIy4ae OJHOMEPHBIX JIOKAJIbHBIX MOJIEiH).

2.2. Knaccudukanug MHOTOMEPHBIX JIOKAJbHBIX MOJEH

s TOTHOTO AMCKPETHO HOPMUPOBAHHOTO TOAA E TTOI0KNAM

+oo
E{{t}} = Zaiti\ai € E, infvg(a;)) > —oo, lim vg(a;) = 400
P 1——00
J71st MHOTOMEPHBIX JIOKAJIBHBIX [OJIel M3BEeCTHA CJIefylonas Kiaccudbukannontas Teopema (Ilap-
mma AH., [12]).

TEOPEMA 1. Ilycmo n > 2. Tozda a1060e n-mepHoe A0KAALBHOE TOAE AUOO UOMOPHHO TOAI0
Fq((t1))((t2))...((tn)), aubo usomopdro noato euda k((t1))..((tn—1)), aubo aeasemeca nodnosem 6
noae k{{t1}}...{{ti—1}}((tix1))...((tn)), 20e k — woneunoe pacwupenue noas p-adUECKUT “YUCER, G
g — cmenexb NPOCcMo20 “YUCAG P.
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Mpgr 6ymem paboTaTh C AByMEPHBIMH JIOKAJILHBIMHA TIOJISIMEU XapakKTepucTuky (), mo3TOMy HAM J10-
crarogno byuer paccmarpusarh ciaydan K = E{{t}} u K = E((t)), rne E — KoHe4YHOE paciupeHne
Qp a rakxke ux noanons. Ha camom gesie J0CTATOUHO PACCMATPUBATBH TOJIBKO LEPBbIE 2 Cilydast,
IIOCKOJIBKY TOIIOJIOTHS [O/I0JIs Oy1eT WH/ Y IIUPOBAHHO U BCe YTBEPIZKICHHU IIPO CXOAUMOCTD [OCTIe
CYZKEHUST COXPAHSITCA.

Hopmuposanwe jgist noseii Buga K = FE{{t}} ycrpoeno ciemymomum o6pasom: mycrb & =
= Y/ _ait! € K, Torma v(z) paBmo mBymepHOMY BekTopy (v1(7),10(z)), Tae vi(z) =

= min;ez(ve(a;)), vo(z) = min{ilvg(a;) = v1(z)}.
+0oo .
Hnst monss K = FE((t)) HopMEpoBaHHE YCTPOEHO Tak: it & = . a;i' BBIITOJHEHO
k=—m
v(z) = (v1(x),v2(x)), rae vi(z) — vmmmMaTbHOE 4, 1718 KoToporo a; # 0, v2(z) = vE(a,, (2))-

2.3. CumBoJa I'miasbepTa

JLtst n-MepHOTO JOKAIBHOTO Mo K cyimecTByeT KaHOHUYECKUit roMoMopdu3mM
Y : KM(K) — Gal(K*/K),

rme KM(K) — K-dbyakrop Munsopa (cw.[13, 11]), K* — maxcumanbuoe aGesneBo pacimpenue

nong K. Ipeanosnoxum, 4ro none K conep:KuT rpynmy [i, KOPHeil CTelenn ¢ U3 eJIMHUIbI.
Cumpos ['unbbepTa, urparonmit KJa09eByi0 POib B JIOKAJIBHON TEOPHUH TOJIEi KJIACCOB U CBSI3bI-

BaOIMi mocaenuion ¢ Teopueii KymMmmepa, MoXKeT OBITL OIpeesIeH CASIYIONNM 00pa3oM:

() : KM(K) /KM (K)T — pq,
(a1, ., an), B)g = {;/Btb({m,.‘.,an})_l'

B pabore [6] 6b110 TOJIydeHO siBHOE BhIpakeHue st crnapupanus [ uiasbepra. Beuio B siB-
HOM BHJE IIOCTPOEHO MYJIbTUILIMKATHBHOE II0 BCEM apryMEHTaM, KOCOCHMMETPHIHOE 0TOOpaKeHIe
' K* x...x K* — [i4, C HOMOIIBIO KOTOPOTO MOXHO 33JaTh HEIPEPHIBHOE W HEBLIPOXKICHHOE
CIIAPUBAHNE

(- KY(K) /K (KT x K K™ — gy
(,y)r =T(a1,...,an,y).

Cuapusanue (-, -)p coBuajaer ¢ cuMBoioM ['niabbepra, a 3HAUUT 33/12€T €r0 B IBHOM BUJIE.

DTOT PE3yIBTAT MO3BOIAET HE3ABUCUMO CTPOUTH TEOPUIO TTOJIeH KJIACCOB MHOTOMEPHOTO JIOKAJIb-
HO TIOJIsI, & TakyKe OYIeT MCIOb30BAThCS B HACTOsIEH paboTe.

Orobpazkerue I' 3aaercs cireayronmM 06pa3om

F(Oél, ey an) — Ctrres<1>/5’

rje tr — omeparop ciaena B nomanose uaepiyn T nos K, a psapl @ u s OyayT OnucaHbl HEXKE.

B nacrosieii pabore mbl Oygem paccmarpusarh caydait K = E{{t}}. Ouumem psigbt @ u s B
s1oM cirydae. T n30MOpdHO MOJII0 YaCTHBIX KOJIbila BekTopoB Burrta W (ko).

Or — KOb1O meabix moss 1.

R = Or{{t}}.

A — aromopduzm Ppoberuyca.

Ilycts m — mpocroit smement, pasiokuM ( Kak pag mo 7w ¢ Koddpdunmentamu u3 R. Torma
MOYKHO ompenesnTsb coorBercrBytormmii psag z(X) nz R((X)). dasa yaobersa Oynem 0603HATATE 31€-
MeHTHl K* u coorBercTBytomume psijibl ¢ Koadduunentavn uz R oguoit 6yksoit. B kosbie R{{X }}
onepaTop /\ jeicTByeT Ha TepeMeHHble t1, X Kak BO3BeJeHHe B P-I0 CTeleHb, a Ha KO3 MOUIIMeHThI
KakK 00braHbIN aBTOMOpdu3M Ppobennyca B MOIIOIE WHEPITUN.
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O6oznaunm vepes s(X) psy s(X) = 2(X)? — 1. Taa aoboro a u3 R{{X}} koppekrHo 3aman
(cm.[6]) pan ,
la) = Z;108;(0413_A)

co 3nagenusimu B R{{X}}. Hanee, 1yis psajga « BBeJeM cieayrorime 0603HATCHUS:

_10a
ot;’
0

ni(a) = 6i(a) — %l(a), rme 1 =1, 2.

5i(a) = a roaet=1,2

Jlis1 3/1eMeHTOB (1, o, g w3 K™ psa @ ompepenisiercss CieayronmM obpa3om
@(Oq, o9, 013) = l(al)Dl — l(Ozg)DQ + l(ag)Dg,

e

_ m(az) ne(az) _ S1(ar)  Oz(on) B 51(ar) da(an)
D1 = det (7]1(043) 7]2(063)> , Do = det (771(043) ?72(043)) , D3 = det (51(a2) (52(042)) .

3. BcnomMmoraresibHBIE TOMMOJIOTUYECKNE CBOMCTBA JIBYMEPHBIX JIOKAJIb-
HBIX II0JIEei

IIpex e, vem popMynpoBaTh U T0KA3BIBATE MHTErPAILHYIO Teopemy Kormm reobxoanmo bymer
3a(PUKCUPOBATH HECKOJIBKO BaXKHBIX TOHOJIOTHYecKux cpoiictB K u omnpenenuts uarerpas Iluu-
pesibMaHa Jijist AByMEPHbBIX JIOKAJIbHBIX MI0JIEH.

3.1. Tonostorusi ABYMEPHBIX JIOKAJBbHBIX moJieii u 6a3oBbie OKpecTHOCTH () 115t

noseit E{{t}} u E((t))

TIpex e Bcero mamomumM, Kak ycrpoena Haza oxkpectunocteit 0 moas K.

Ilycts V; — 6a3a oxpectrocteit 0 B moste E (MmoxHO cantars, uro V; = {x € E : vg(x) > m;}),
rjge m; — Ienaoe WM —oo (YTO COOTBETCTBYET CJIy4ar0, KOIJIa OKPECTHOCTH COBHAJAeT CO BCEM
nostem E).

Pazbepem 2 ocHoBHBIX cayuasd:

Caywait 1. K = E{{t}}

Baza okpecrHoCTEil Hy/IA B pacCMaTpUBacMOM CIydae ounpegensercd Tak (cu. [1], [7]):

ITycts {V;}iez — mocrenoBarenbaOCTh 6a30BBIX OKpecTHOcTel 0 B F Takas, 4To:

1. CymecrByer 4ucio ¢ € Z takoe, 9410 MHOXKeCTBO {z € E : vg(z) > ¢} aexur B V; 1is Beex
LEJIBIX 1.

2. Jlnsa moboro nesnoro | € Z muoxkectso {x € E : vg(x) > I} gexur B V; st 10CTaTOqHO
BOTBIINX §.

Hycte Uy, = {>_bit' : b; € V;}. Toraa see muoxectsa Uy, obpasyior 6asy okpectrocteii 0 B K.
Cayuaii 2. K = E((t))
Cormacuo [1] u [7] B 9TOM ciaygae 6a3a OKpeCTHOCTEH HYyJIsI 3a/1aeTCsT CAEAYIOMNM 00pa3oM:
Kak u B caiyuae K = E{{t}} npeanonaraem, uro V; — 6aza okpecrHocreii Hysis B noje E| Ho
HA 3TOT Pa3 HEMHOTO C JIPYTHMHU yCJIOBUAMME:

1. Vj_1 C Vj pna moboro 1emoro j.
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2. V; = E png 10CTaTovHo 0OJIBIINX J .

Kak u B mepBoM ciiydae, Touku 6a30B0il OKpecTHOCTH OyIyT UMeTh BUI Y | a;t’, Tae a; € V;.
Totostorust A7t MOANOJEN — WHIYITUPOBAHHALA TOIIOJIOTHS.
Jlst IByMepHBIX JIOKJIBLHBIX T10JIeH BEPHBI CIeytolme yreepxKaenus (cM. [1], nanpumep):

I[TPEA/IOXKEHUE 1. ITyeme K — deymeproe aokaavroe nose. Toeda
1. K — noanoe monoaoeumeckoe npocmparcmso.
2. Ymnoorcenue 1a HENYACBYIO KOHCMAHMY — 20MEOMOPHUSM.

3. Caooicenue — HenpepvieHAA ONEPAUUA, O YMHONCEHUE — CEKEEHUUAADHO HENPEPLIEHAA, MO
ecms ecau an — a, 6 b, — b, mo mozda anb, — ab u, kpome mozo, ecau by, b # 0, mo
an _y a
- — b
JIEMMA 1. Tyemo K — deymeproe aoxarvnoe nose (euda E{{t}} wau E((t))), 2de E —

xoneunoe pacwupenue Qp, a, — nocaedosamesvrocms saemenmos us K, x € K.

Tozoa

1. ecau v(x) > 0, mo nocaedosamesvrocms T cmMpemumes K HYA0 npu N — +00;

2. ecau an — 0 npu n — 400, a by, — 02ZPUHUNENHAA NOCAEOOBAMEADHOCTID IAEMEHMOE U3
E, (mo ecmv maxas, wmo nocaedosamesvrocms wuces Vg (by) oepanusena cHudy KOHEUHbIM
UEABLM HUCAOM), TO NOCAEIOEAMEALHOCTVD Gpby, — 0 npu 1 — +00.

+00 400 400 +oo  +oo
3. Iycmw pad Y. a, cxodumes u a; = Y. a;xtt. Tozda Y. an = Y. (3 a;p)th.
n=0 k=—o00 n=0 k=—o00 =0

(6 caywae K = E((t)) cuumaem, wmo noumu éce Koahuyuenmos npu ompuuamesvtul cme-
newazr pasnol 0).

+00
4. Ecau a, — 0 npu n — +00, mo pad >, a, crodumca.
n=0
JOKABATENBLCTBO. [lepswrit ciyuait: K = E{{t}}.
JokaxkeM cHavaJia [epBoe yTBEPKIEHIE JIEMMBI.
ITycts Uy, — 6a3oBag okpectHOCTD HyJs. HyzKHO mMokazars, aTo cymecrsyer N > 0 Taxoe, 9TO
2™ € Uy, nns moboro n > N.

Pazbepem 2 ciyuasi:
“+oo

L) >0 (x= Y ait’, tme min(vg(a;)) > 0, v(z) = (v1(z), 2(x))).

1=—00
Torma vi(z") = nvi(x) > n. [lockonbky no mepsomy cpoiictBy Uy, CyInecTByeT n, 9To BCe
koaddunmenTer gexkar B V;, 2" € Uy, 171a g0cTaTovHO OOJBINNX 7, 8 9TO TO, ITO HYKHO.
2. vi(z) =0, vo(x) > 0. Torga jeMeHT T MOXKHO IIPEJCTABUTH B BUJIE

0 400
r =T Z bjt]—&—tlchtj,
j=—o00 7=0

rae i >0,c0#0, b ucj €Op (re. vp(bj) >0 u vg(c;) > 0), a ™ — npocToit S7I€MeHT.

TIo cBoitcTBy 1 6a3bl OKpECTHOCTH CyIecTByeT k € 7 Takoe, 9TO Jjisd JI000T0 IEJIOT0 j MHOXKe-
crBo {x : vp(x) > k} aexur B Uj. Ilockonbky vg(a;) — +00 mpu ¢ — —00, TO CyIIECTBYET II€JI0e
qucsno My, aro vg(am) > k mias ao6oro m < Mj. Cunraem aus ynobersa, aro My < 0.

Pazobvem psan g x Ha 3 CyMMbL:
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+oo My 0 +o0o
Z a;t' = Z a;t* + Z a;t* + Z a;t".
1=—00 i=—00 i=Mi+1 =1

TMockonbky st 1:060r0 11€10r0 Yucia i Hopmuposauue Vg (a;) > 0, HeTPYAHO HOHSTH, YTO MO~
cJie PaCKPBITUS CKOOOK (IIpW BO3BEICHUN B CTEIEHb N CyMMbI Bua (a + b+ ¢), T7ie a COOTBETCTBYET
nepBoMy psily pasbuenusi, b — BTOPOMY M € — TPeTbeMy) CJAraeMble, KOTOPBIE COIEPKAT MHOMKH-
Tesib @ Oy/IyT, OUEBHIHO, JIesKaTh B MHOKecTBe Uy, (Tak Kak NX HepBasl KOOPANHATA HOPMHPOBAHHS
Byuser xors 661 k).

SuauuT u3 3aMKEyTOCTH Uy, OTHOCHTENIBHO CYMMBI JOCTATOYHO IPOBEPATH HAIlle yTBEPXKCHNE
B Upeioja0kenuu, 4ro a = 0.

Takum 06pa3oM MOXKHO CIUTATH, 9TO

Z Cjtj,

“+o00
Jj=0

0
T=m Z bjtj + ¢
j=—m

rae @ > 0,c0 # 0, bj, ¢;j € Op nag mo60ro j, m — 1ejaoe HEOTPUIATETHHOE THCIIO.

ITo Bropomy cBOiiCTBY ompesenenus 6a30Bbix okpectHOCcTell {x € E : vg(z) > 0} C U; ans
J0CcTaToYHO Gosibiux j (6osbimnx, ckaxeM, ducaa M').

Ilycrs M — marypasnbhoe uuc/io, bosbiiee, qem w

Bosemem n > M. Ilocse packpeitust cko60K (b + ¢)™ y HAC MOJYIATCS CyMMa CJIaraeMbIX BHIA
bl tae 0 < 1 < n. TlokaskeMm, 9TO Kas<j0€ CIAraeMoe JIEKUT B PACCMATPUBAEMO 6a30BOi
okpecraoctu 0. 3amerum, gro ecau ! > k, Torjja 3T0 BEpHO 1O BBIOOpPY k. 3HAYUT OCTATOYHO

JOKa3BbIBATL 3T0 g | < k.
+oo .
Mycrs ble"t = 3~ s;t0. Tlokaxem, aro s; = 0 gna roboro s < M'. fcro, wro sToro Gymer
j=—oo
JOCTATOYHO 110 BBIGOPY M.
HerpynHo BHAETH, 9TO MHHIMAJbHAS CTENEHb, IIPH KOTOPOit Kosdduruent ne pasex 0, Gyzer

He meHbIe, yem —ml + i(n — ). Ouernm 910 4MCI0 CHU3Y:
—ml+i(n—1)=in—1({i+m)>iM —k(i+m) > k(i +m)+ M — k(i +m)= M.

Buaunt geicrsurensuo s; = 0 g moboro j < M.

OTcrofa IeiiCTBUTEILHO CIEIyeT, 9To ' JIeXKHUT B Ha3oBoil okpectrocTH 0 gd yoboro n > M.
Buaunt 10 onpegenenuto npegena r — 0 npu n — +oo upu v(x) > 0. [lepsoe yTBepxeHnMe
aeMMel ist corydaa K = E{{t}} noxkasaHo.

JlokakeM BTOPOE YTBEPKICHUE:

o0
_ i
Iycrs mocen0BaTebHOCTb PANOB Ay = Y ant" cxogures x 0. Takxxe pacemorpum Uy, —
1=—00
okpecrrocts 0, e V; = {x € E : vg(x) > m;}. Honaruo, 4ro st 1ocTarodHo GOJIBIINX 7

an; € {z : vp(x) > m; — c}, rue ¢ Taxoe nenoe uucio, 4ro vg(b,) > c. Torma vg(anb,) > m;
qutst 6osbiux . OTCoa cpasy cjemyer, 9To dn,by, momnaso B 6a30ByH0 OKPECTHOCTD, & 3HAYUUT €CTh
cxomuMocThb K 0.

Hokaxxkem yrBepxkaenne 3. [TOCKONIBKY Psji CXOAUTCHA, TO CYINECTBYET HOCJIEA0BATEILHOCTH
—+00 “+o00 K
b; € E, Takas, 90 Y, an, = ». bit”.
n=0 k=—o00
—+00
Ilokaxewm, uto by, = Y a; ) A aoboro nesoro k.
i=0
BameTuM, 4TO M3 CXOAUMOCTH PAJa CJIELYET, 9TO AJjd JE000H okpecTHOCTH Hyad U B mone E

n
ssieMentT by — > a; Jexut B U 11711 roctaTodHo 60IbIux n 1 Jiio6oro k. DTo 3HAYNUT, 4TO by —
i=0
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npe/jies1 YaCTUYHBIX CyMM P d; k 110 ¢. Torja 1mo onpee/ieHnio CyMMbl psjia IoJIydaeM Tpedyemoe,
YTO U JIOKA3bIBAET yTBEPXKJIeHUE 3.

Haxomer, mokakem 4-e yrBep:KieHme.

[Tockompky K — TOJTHOE TOTIOJOTHYECKOE TPOCTPAHCTBO (CM. TIPEIOZKeHue 1), TOCTaTOIHO TIPO-
BEPUTH CXOAMMOCTE psijia B cebe.

Quxkcupyem okpecraocts Uy;. llockoneky a, — 0 cpa3y moayuaem, uto a, € Uy,. Torma us
3aAMKHYTOCTHU 6&3OBBIX OerCTHOCTefI OTHOCHUTEJIbHO CJI02KCHUA TOXKE€ BEPHO W JJid KOHEIHBIX CYMM,
TO €CTh CXOJIUMOCTB B cebe eCTh, a, CJIEJIOBATENBHO, U CXOAUMOCTD Psi/Ia.

Takum obpazom B cayuae K = E{{t}} semma 10JHOCTBIO JOKa3aHA.

Teneps BrOpOit cayqait: K = E((t)).

Jlokaxkem yTBepxKaenue 1.

Quxcupyem 6a30By0 OKpecTHOCTE Hy/Id Uy;.
“+o00
1. Tlycrs vi(z) > 0. Torpa = t™ Y agtk, e m > 0, Toryia sicHo, 4To Jyist JIFOOOIO HATYPAJTb-
k=0
HOTO 1 mepBble n — 1 KoadbduimenTos psina ot ¢ 1y 2™ pasusl 0 (1, cegoBaTensHo, jgexat B Uj),
Torja Jist 6oabimx n Oyaer BepHa umimkanus: b; # 0 => U; = E (rge 2™ = ) bit"). Suaunt z”
JIEXKUT B BBIOPAHHON OKPECTHOCTH, HAYMHAA ¢ HEKOTOPOI'O 7.
+o00
2. llycrs vy (z) = 0. Buaunt © = ag + t™ Y. ajt*, rie m > 0 u vg(ag) > 0.

k=0
JanbHelimme paccyKAeHNS TPOBOIATCA KaK B TIEPBOM CITyHae.

IlyukTel 2 — 4 yTBepXKieHns HOKa3bIBAIOTCH abCOJIIOTHO aHAJIOTUYHO. [

3.2. PaBHOMepHad CXOOMMOCTh U €€ CBOKCTBa

Eime n1Ba ecTecTBeHHBIX aHAJIUTUUECKUX ITOHATHA TPUATOISATCS JIJIS OCYIIECTBIEHUS TpeebHbBIX
TePexoI0B B J0KA3aTEIbCTBE TeopeMbl Kormm:

ONPEJAENEHWE 2. Bydem 206opumv, wmo nocaedosamenvrocms gynruyuts fn,(X) pasromepro
crodumesa ¥ f(X) na mmoocecmese S, ecau das mobott U — oxpecmmocmu 0 cyuecmeyem 4ucio
M € N maxoe, wmo daa mo6ozo snemenma x € S (fr, — f)(x) € U das arobozo yeaozo m > M.

OMPEJEJEHUE 3. Bydem zosopumv, wmo nocaedosamenvrocmo Gynruuts fn,(X) pasnomepno
cxodumcea 6 cebe na muoocecmse S, ecau Oas aobol U — oxpecmuocmu 0 cyujecmeyem “ucao
M € N maxoe, wmo das a106020 snemenma © € S (fm — fn)(x) € U u daa a06uz yeawx wucea
m,n > M.

Ecmun mocnenosarensrocts dyaknmit fp,(X) pasaomepro cxommres k f(X), Oyaem mumcarn

fm(X) = f(X).

SAMEYAHUE 1. PasHomepuyio czodumocmsb d0Cmamowno npoeePAMs Ha 64306bLL OKPECMHO-
CMAT.

Cdopmynupyem elre OJHO HECJ0XKHOE, HO I0JIe3HOE YTBEPXKJIeHNEe, KOTOpoe OyIeT HCIOJIb30-
BAThCH B JIOKA3ATEIbCTBE OCHOBHOW TEOPEMBI:

YTBEPXKAEHUE 1. ITyemv dana nocaedosamenvrocmsv dynkyut fom(X) u dynwyus f(X),
maxue, 4mo fp(X) = f(X) na muoocecmese {x : v(x — x9) = v(r)},

u Pynryus g(x) makas, wmo g(x) € E dasn aobozo x uv(g(x)) — Koneuwnoe wucao, ne 3a6ucauiee
om x, das ecex x u3 {x : v(x — xo) = v(r)}. Toeda fn,(X)g(X) = f(X)g(X) na mnoocecmse
{z:v(z —z9) =v(r)}.
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JIOKABATEJILCTBO. He ymanss obmpoctn moxkem cumrarh, 9to v(g(r)) = 0 aia Bcex x (unade
MOJIEJTMM Ha KOHCTAHTY, KOTOpas HUKAK He BIWsIET Ha CXOAuMocTh). Kpowme Toro, jis yaobersa
6yaem caurarb, aro xg =0 u f(X) = 0.

Ilepseriit cayqait: K = E{{t}}.

Hy»xuo mokazars, uro st 06oit okpecrroctn nyng Uy, cymecrsyer nenoe M, aro fp,(X)
9(X) € Uy, nnst moboro m > M. Takoe cBOHCTBO BEpHO IS TOCTEA0BATETBHOCTH [, (X). Ecom
Vi={z € F:vg(x) > a;}, rue a; — Kakoe-To 1es10€ 9KUCII0, a Vg — HOpMuUpOBaHue B F, To Torma
YMHOXKeHre Ha 0001 aeMenT g(x) He BBIBOANT fr, (X )g(X) 3a npemesnbr okpecTHOCTH (IIOCKOIBKY
s r000ro & — 310 3nement n3 E ¢ mopmuposanmem, pasubiM (). OTcroga nosgydaercs, 9To
TpebyeMoe CBOFICTBO BBLINOIHEHDI U /Il OCTEA0BATETBHOCTH fry (X)g(X).

Cayuaii, korma K = E((t)) pasbupaercst TOYHO TaK ¥Ke.

BHaunT TOMHOXKEHUE Ha (DYHKIMU TAKOTO BHJA COXPAHSIIOT PABHOMEPHYIO CXOIMMOCTE. [

BAMEYAHUE 2. Yeaosue ymeepotcoernus MOHCHO 0caabume, npednosazan pasHOMEPHY 02pa-
nusennocms g(x) na muoocecmse {x|v(x — o) = v(x)} u mpebya no-npescruemy, wmobw, g(x) € E
das ecex x.

Cdopmyaupyem erre 0HO UHTEPECHOE U BaYKHOE CBOWCTBO PABHOMEDHOI CXOIMMOCTH PSIIOB.

[IPEJUIOKEHUE 2. ycmb nocaedosameavnocmo dynkuut fn(X) = f(X) na muoscecmse
r{x € E : vg(x) = 0} (6ce asemenmuv, dommnooicaromes na 1), 20e asemenmos v, a € K, npuvem
v(a) # v(r).

Tozda

fnlX) (X0
(X—a) (X —a)

HOKABATENBLCTBO. Ilycts K = E{{t}}.
Bo-niepBrix MOKHO cuuTarh, 9T0 © = 1 (nHawe nogenum wa 7). Torma x € F u v(x) = 0.
Iepseiit cnyaait: v(a) > 0.
Pacemorpum 6a3oByro okpectHOCTh HyIg Uy,. He ymanasg obmmocTn MOXKHO CIHTATh, 9T0 V; —
BO3PACTAIONIAST TOCIEI0BATETHHOCTb.
[lepemnurrem pa3HOCTH TIOC/IEI0BATETEHOCTEIH:

fmX) FX) _ 1 _ _ L1
(X—CL) (X—CL)_(X—CL)(fm(X) f(X)) X(l—%)

(fm(X) = f(X))

[TepBoiit MHOKUTE/TH, OUEBUIHO, HE BJIANIET HA PABHOMEDHYIO CXOAMMOCTH, MOXKHO €ro Jajbllle He
paccMaTpUBaTh.

Herpymuo momsars, aro
+00

J=0
m )
Heitcrsurensno, » (¢)(1—-%)=1— (%)erl. Tornma uz croiicta 3 nmpeanoxenns 1 n yTBepxKie-
J=0
aus 1 jjemMmbl 1 ciemyer HyKHOe paBEHCTBO.

TTokaxkem, a0 ﬁ(fm(X) — f(X)) crpemurcst k 0 paBHOMEPHO.
X

Ilycrs
400 400
Fn(X) = F(X) = D (O, aa" = > ansth.
k=—00 k=—00

IIycrs x € E, vg(x) = 0.
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MMepenumrem u_%l)((fm — f)(x)) cneayromum obpazom:

+o0 oo i +00 IxX Ix,. k|
(Z mek($)tk> Z(g) = < Z fm,k(l')tk> Z Z —pk

k=—o00 7=0 k=—00 k=—o00 j7=0
400 k +o00 a
- ()3 Gkt ) g
> (% fo 3
k=—0c0 \i=—00 7=0

3/1eCh MBI BOCTIONB30BAJINCH YTBEPKICHUEM 3 U3 JIEMMBI 1.

TMockonbky fm(X) = f(X) cymecrByer takoe Harypasibuoe M, uro jus jroboro m > M,
706010 1161010 Kk 1 1106010 2 (U3 paccMaTpUBAEMOrO MHOXKECTBA) fi k() € V.

JokazkeM, 9TO {;”_(3 ~ (x)) € Uy, nng soboro x u nesoro m > M. s 9T0oro J0CTaTovHO
TMOKAa3aTh, ITO JJIsT JTI0DOTO T ¥ 1eJa0T0 Kk BRITTOTHEHO

k +oo . .
3 fm,i(x)z‘g“ﬂ;c’“j‘l Vi
p

1=—00

Aj k—i

fcHo, 9TO IOCTATOMHO IMOKA3ATh, YTO fi, () 25— € Vi, HO 3TO 0YeBHJHO, IOCKOJIBKY

vp(HE= 7) >0.

Bropoit ciaywaii: v(a) < 0.
JlefictByem Tak ke, KaK U B ITEPBOM CJIydae:

foX) X)L ey () = — 1(1_1)

(X—a) (X—a) (X —a)
Janee, IpoOBOJS PACCYXK/ICHAS KAK B IIEPBOM CJIydae, MOXKHO JOKA3aTh PABHOMEPHYIO CXO/1H-

(fm(X) = F(X)).

MOCTb.
[Iyct K = E((t)), v(a) > 0.

Kax u B mepBoM cirydae pacnuiieM pPasHOCTD:

fmX)  fX) 1 N 1 1

fm(X) = f(X)).

OHHTB Ke HepB])IfI MHOXKUTEJIb HE BJINACT Ha PAaBHOMEPHYIO CXOANMOCTD.
1
PasnocTh r%)(fm(m) — f(x)) MoxkHO TIEepenucaTh B BUIE

(8 o) (B60) (£ ) (50)-

k=—00 7=0 k=—00 7=0

= Ix > L .
_ ( $ fm,k<x>tk> S8 ity

SaMerTnM, UTO CyIIEeCTRYeT Teoe n u mneaoe M, aro s aoboro m > M nroboro x w3 paccMmat-
PHUBAEMOT0 MHOXKeCTBa U Jii060oro N < n BBIIOJHEHO fr, n(z) = 0. HeficTBUTe/IBHO, IYCTh HE TaK.
Torja AwaroHaJ BHBIM METOJOM MOXKHO MOCTPOUTH 0A30BYH0 OKPECTHOCTH, B KOTOPYIO HE MOMAIeT
HUKAKOI 9JIEMEHT U3 MOCIEI0BATEIBHOCTH (IS HEKOTOPBIX 3JIEMEHTOB), 9TO OY/IEeT IPOTHBOPEIUTH
PaBHOMEPHON CXOAWMOCTH.
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Taknm obpazoM MOXKHO OBLIIO € CAMOTO HAYAIa CUATATH, ITO JJs BCeX M,k < n U T mMeer
mecto fp () = 0.
Tora sicHO U3 PAaBHOMEPHON CXOAUMOCTH, UTO JIJId HAEPe  3a1aHHoro ducia k cymecrsyer M,

uTo Tipu M > M B pa3ioxKeHuu psia ﬁ( fm(x) — f(z)) Bce KO3 D DUIUEHTHI TPU BCEX CTENEHSX,

MeHbBIUX k paBHbl 0, ¥ TOrA HECJOKHO OTCIOJIa BBIBECTU YTBEPIKJIEHUE TIPe/IJIOKEHNUSI.

Cayuait v(a) < 0 pazbupaercs aHaJIOrMYHO.

YTBepKAEHNE TOTHOCTHIO JToKa3ano. O

BaKHbIM YaCTHBIM CJIYYaeM PABHOMEPHON CXOAMMOCTH, KOTOPBIA HAM TIPUTOIUTCS B JalbHei-
meM OysleT SBJSAThCA PABHOMEPHAS CXOJAMMOCTH CTEIIEHHOTO Psijla Ha MHOXKECTEBe. B cremyromem
HOAMYHKTE BYIeT JOKA3aHO 2 BAXKHBIX PE3Y/IbTaTa, KOTOPbIe OYAYT KIIOYEBLIMA B IOKA3ATETLCTBE
WHTErpaabHOi Teopembr Korrm.

3.3. PaBHOMepHad CXOAUMOCTH PSAI0B

+00 +00 .
[IPENJIOXKEHUE 3. IIycmo pad Y. a;, 20e a; € K cxodumca. Toeda cmenennot pad Yy, a;x’
J=0 J=0

crodumcsa pasromepno na muoocecmee {x € E :vp(z) = 0}.

JOKABATE/ILCTBO. Byjewm, kak 06br4Ho0, cunrars, uro K = E{{t}} (cnyuaii K = E((t)) pa36u-
paercsi aHaJIOIMYHO )

3aMeTuM, 9T0 TaKOW CTENeHHON Pl CXOAUTCS TTOTOUYEUHO.

+oo &
IIycts an = Y, apit”.
k=—o0

Cortacuo yTBepK JeHI0 1 mpetoxenus 1 K — HOJHOe TOMOJOMHIECKOe IPOCTPAHCTBO, 3HAUNT
JOCTATOYHO IIPOBEPATEH CXOAUMOCTD ITOCIEA0BATEILHOCTH YaCTHIHBIX cyMM B cebe. Kak 06br4no, 3a-
dbuxcupyem oxpectrocTs Uy,. 3aMeTHM, ITO HOCIEJ0BATETBHOCTD YACTHIHBIX CYMM H3HAMATIBHOTO

psna Takyke cxomautTcd B cebe, a 3HauuT a, — 0 npu n — 4o0o0. Takum obpazom, cymecrByer M,
+00

Takoe, 9TO 4 = Y an,ktk nexur B Uy, nna moboro n > M, To ectb a, i € V;. Ilycts Teneps
k=—00

n > m > M. Torma umeem:

+0o0o n

> (O et

i=—00 j=m

n

E' d —
a;r’ =

j=m

Hockonbky an; € Vj mra moboro j u @ > M, u, kpome toro, 2/ € E u vg(x) = 0 mra soboro
n
J € Z, nomygaem, uro », a;x’ € Vj.
Jj=m
SHAUNT P CXOLUTCS B cebe, U CAeJOBATENBHO CXOAUTCA TOTOUYEUHO.
IIpoBeprM paBHOMEPHYIO CXOJMMOCTH psijia Ha PacCMaTpHBaeMoM MHOXKecTBe (¢ Temu ke Uy,)
u M.

Ilo yTBepxkaennto 3 semMmbl 1 nMeem:

+0o0 +oo  +oo
YIIED SY) SIS
n=0 k=—o00 =0
400 .
Hoxaxem, ato | a;pz’ € Vi, qns moboro memoro k u moboro marypaabaoro n > M. 910 cpady
i=0

BHIHO JUisd a; ,¢'. Pa3 910 BepHO 171t KazKOr0 C1araeMoro, To, pasyMeercs, i i CyMMBbI PsiIa.
3HAUUT [0 OIpeIeIe N0 PABHOMEPHOH CXOANMOCTH HAI DSl CXOJUTCSI PABHOMEDHO Ha MHOZKE-
cree {z:z € E,vg(x) =0}. O
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+0o0 .
CneacTBuE 1. Iyemov pad . a;x’ cxodumcea das kaxozo-mo o eéuda rqo, 20e v € K u we

=0
+oo .
pasen 0, a qo € E, npuvem vg(q) = 0. Toeda > a;x" crodumca pasHoMeEpHO HA MHOICECTNGE
=0

{z:2z=rq,q € E} (na mHoocecmse npedcmasumvis 6 maxom 6ude sNeMeHmos).

) Foo
JOKABATENBLCTBO. Ilycrs b; = a;zfy. Torga pan Y b; cxomuresa. CiiejoBaTesibHO, 0 IPEIIOKe-
i=0
+oo .
HIO 3 psan Y bjx' paBHOMepHO cxoanTcst Ha MHOXKecTBe {z € E : vgp(x) = 0}. Ilepenmimem psij
i=0
+00 .
> a;x’ gepes b;:
i=0
+oo +00 x i 400 q i
Yo=Yt (5) =2 ()
=0 i=0 o iz 10
+oo .
Otcroa SICHO, 9TO Y | @;" CXOJUTCST PABHOMEDPHO Ha PACCMATPUBACMOM MHOXKECTBE, ITO ¥ Tpe-
i=0

00BaJIOCH JTOKa3aTh. O

4. Onpenesenune naTerpaJsia IHIaupearmana

OnpeAENEHUE 4. ITocaedosamenvrocmo muozounenos gi(X), ..., gn(X), ... € Z[X] naswea-
emca donycmumoti, ecau

. . l
1. Jaa aobozo j mmozousen g;(X) ne umeem wpammnuz xopuet 6 Qp Y.

2. 9;(X)=X" +c¢j 1 X" + ...+ ¢, X"r + ¢y, ede cj; uco € L.
3. |njlp =1.

4. v(co) =0.

5. nj —nj1 — +00 npu j — +o0.

6. nj, — +00 npu j — +oo.

ONPEJEJNEHUE 5. Humeepan Hlnupeavmana dynxyuu f(X) : U — K99 (U — xaxoe-mo
NOOMHOINCECTNGO K“lg) C UEHMPOM 6 Lo € Kalg paduycom r € K9 no onpedeaeruro pasen

/ f(z) = lim Z Talf(xo +ray),
w0y T a0
2de cTOOUMOCTND NOHUMAEMCA 6 CMBICAE TNONOA02UY J8YMEPHOZO AOKAADHOZO NOAA,
a 0 — KOPHU MHO204AEHA g5 (UT POBHO M 6 CUAY MO20, YMO MHOZOUAEH PACCMAMPUELEMCA
6 A2EOPAUNECKOM 3AMUKANUL U Y NE2o Hem Kpamuns kopued), aeocam 6 Qi (m.e. ne sasucam
om t).

ONPEAENEHUE 6. Ilpu mex oce oboznauenuar 6ydem 2060pumo, wmo dyurxuyus f unmezpu-
pyema na mnoorcecmee {x : v(x — xg) = v(r)}, ecau unmezpas 6 Kpyze ¢ UEHMPOM 8 Ty U PaduYca
r xoppexmno 3adan. U3z meopemv. Kowu bydem caedosams, 4mo uHME2PUPYEMOCTD HE 3A6UCUIT
om evibopa nodrodawel nocaedosamesbHocmu muozousenos gj(X).
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SAMEYAHUSA 1. 1. 3mo onpedeserue deticmeumenrvno obobwaem urnmezpan IInupesvmara
dna odnomepnozo cayywas (onpedeserue 0 OOHOMEPHBIT AOKAALHYIL NoAET cMm. 6 [8]).

2. Mw paccmampusaesm maxol unmezpas moavko npu ycaosuu, wmo muozouaen f(X) sadan e
COOMBETNCTBYIOWUT TNOYKAT U NPedes onpedeieH.

3. B smux onpedesenuar Huzde, no cyulecmsy, He UCnosb3068aACA U0 J8YMEDPHO20 AOKANBHORO
NOAA, NOIMOMY onpedeserue 200UMCA OAA NPOUZBOADHO20 IBYMEPHOZ0 AOKAALHO20 NOAA. Bo-
A€e M020, JOCAOBHO MAK dce MOHCHO onpedesums unmezpan IlInupesvmana 0as npoudsosn-
HO20 N-MEPHO20 AOKAABHO20 NOAA U MAKUM 00pa3om npednosazaemca darvretiwee obobwenue
NOAYUEHHBLL HUICE PESYALBMAMOE OASL NPOUIBOADHOIL MHOZOMEPHHLT NOAET.

4. U3 onpedesenus donycmumoti nocaedosamesvbHocmy MHO20%AEHOE CPA3Y CACOYEm, ™Mo
V(o) =0 daa scex 1.
Aeticmsumenvro, ecau v(a;) > 0, mo v(g;(a;)) = v(co) = 0 wmo we sepro.

Ecau orce v(oy) < 0, mo nempyoduaa nposepka nokasmeaem, wmo v(gj(a;)) = njv(oy) < 0.
CHosa npuzodum K NPomMuEoOPeYUI.

Taxum obpazom, eduncmeennvili sapuanm smo v(a;) = 0.

5. IIpocTeiiiniue cBoiicTBa MHTErpaJa

Ilepen mokazare/bCTBOM OCHOBHOM TEOPEMBI 3T0H PabOThl COPMYSIUPYEM U JIOKAXKEM HECKO/Ib-
KO IPOCTBIX, HO BasKHBIX CBOICTB MHTErpaJia.
Bymem ucnonb30BaTh Te XKe 0003HAUEHUsI, ITO U B TPEIBIAYINEM TYHKTE.

Byzaem caurars, uro K = E{{t}} wm K = E((t)).

CBOMCTBO 1. Hnmezpana auneen, mo ecmo das amobux gynkuyud f(z), g(x) u aremernma noas ¢
Joorg(F @)+ 9(@) = Joy g F@) + [0 9(2).

JIOKA3ATEJILCTBO. Cregyer uz nuHeHOCTH Tipegena. O

CBOMUCTBO 2. Ilycmo f,(X) — nocaedosameavrocms unmezpupyemus na mmogcecmee {x
v(x —xo) = v(r)} dynkyud, u nocaedosameavrocms fn,(X) cxodumes pasnomepro wa {x : v(x —
—xo) = v(r)} ® dynkyuu f(X), komopaa mosice unmeepupyema na smom muosncecmse. Tozda

z0,m,g z0,m,g

JIOKABATENBCTBO. Ilpexe Bcero Mmoxuo cuntars f(X) = 0 (auHeRHOCTH MHTErPaIa), a TOUKY
xo = 0.

IIycre Uy, — 6azoBag oxkpecrHOCTh Hy/s. HyXHO IOKa3aTh, uTo cymiecrByer nejoe M Takoe,
aro [y fm(2) € Uy, sna moGoro m > M.

fm(z) = lim Z re fm(ray).

0 nj
g gj()=0 J
MBoKnTENb 7 HE 3aBUCAT OT j W M W HE BJUAET Ha CXOAUMOCTH K 0, TO3TOMY €ro MOKHO HE
yuurbiBathk. Ilycts V; = {x € E : vg(z) > a;}, rjge a; — Kakoe-TO 1eJI0e 9nucio, a Vg — HOP-
muposanme B E. fcno, ato v(7t) = 0 n ecmu fi,(z) € Uy, ana moboro z € {z : v(z) = v(r)}
J
.- o o .
(311€CH TOJIB3yeMCsl PABHOMEDHOI CXOMMOCTBI0 yHKIuUit), TO » g5(c)=0 1 fm(ra;) € Uy,. Torna u
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MHTETrpaul fo g fm(:v) TOXKE JIEXKUT B 3TOM OKPECTHOCTH. 3HAUUT MMOCEI0BATEIBHOCTh MHTEIPAIOB
10
OEACTBUTENBHO CXOIUTCH K HYJII0, CBOMCTBO AOKa3aHO. O

SAMEYAHUE 3. Ha camom dese 8 dopmyasuposke ceoticmea 2 unmezpupyemocmsv [ neobasa-
meavHo mpebogamv. Ona caedyem u3 pagHOMEPHOT CTOOUMOCTU UHMELPUPYEMOT HYHKYUT 48Mo-
MAMUYECK.

JTOKA3ATEJILCTBO. Cunraem, kKak 00braHO, o = 0. 3amMeTuM, 9T0 TOCIETOBATENHLHOCTE HHTET DA~
JIOB meg fm (x) cxonures. JelicrBurenbHo, pukcupyeMm 6a30By0 OKPECTHOCTD HyJisi U 1 BOCIIOIB3Y-
eMCs TeM, 9TO TOCIEI0BATEBHOCTE fr, paBHOMEpPHO cxoauTcs B cebe. Torma sicHO, 4T0 JOMHOMXKEHME
Ha Z‘—; U B3STHE CYMMBI HE HAPYIIAET 9TO CBONCTBO. OTCI0/Ia HECJIO?KHO BBIBECTH, UTO HOCJIEI0BATE b
HOCTBb MHTErpPaJjiOB PaBHOMEDPHO cxojuTcd B cebe. Torja u3 mosHOTH pacCMaTpUBaEMON TOIOJIOTUN
IIOCJIEA0BATEAbHOCTh MHTEIPAJIOB CXOAUTCH.

Ucnons3yst paBHOMEPHYIO CXOAUMOCTE (PYHKIINH K f JIETKO MOJYIUTh, 9TO

rog

lim flra;) = lim fm(X),
j—+oo n; n—+oo fg .
g(0;)=0 g
4TO U O3HAYaeT MHTerpupyemocts f. O
Jamee B pabore OyayT cHOpMySTMPOBAHBI U AOKA3AHLI 2 PE3Y/IbTATA — AHAIOT WHTEIPATHLHON
Teopembl Kotn jijisi IByMEDHBIX JIOKAJbHBIX TI0JIel U CBsi3b Mexk iy uHTerpajsom lllnupensmana u
cuMBoJioM I'mabbepra.

6. NnrerpasbHasg TeopemMa Koim ajig 1ByMepPHBIX JIOKAJIBHBIX TTOJIE
SadurcupyeM sJeMeHTH X, 1 € K.

TEOPEMA 2. [lycmo P(X) € KI[[X]] cxodumca na mnoocecmee {x : v(x — x9) > v(r)}, a

muoeounen Q(X) € K[X] ne umeem xopueti na muoocecmse {x : v(z —xg) = v(r)}.
Tozda:

P(x
1. f ( ) KoOpperxmer HeE 3a6UcCuIn om nocAedo8aAMeALHOCTIU donycmummz MHO20YAEHOG (.
zo,T,9 Q($) J

|

X)
(x

2. fx“g ggﬁ% PAGEH CYMME GBMEMOE PYHKUUY
{z:v(x —x0) > v(r)}

no 6CEM NOANOCAM GHYMPU MHOHCECTNEQ

O

3. Ilyemv P(X) xax u svawe, a Q(X) = X™(1 — R(X)), 2de R(X) € K[[X]], maxot, wmo
v(R(x)) > 0 das awbozo x € {x : v(z — x0) > v(r)}. Kpome mozo, npednoaoorcum, wmo
v(r) > 0.

—

Tozda das dpobu f(X) = gg) seprb, ymeepoicdenus 1 — 2 amoti meopemot.

Taxum 0b6pazoM U3 3TUX TPEX MPEIJIOKEHUH TOJyIaeM KOPPEKTHOCTH OMpPeesIeHNusT U JIayKe
MEeTO/], TIOJICYETa, MHTETPATIA.

CHEJCTBUE 2. Mootcno onyckamv uHIEKCH U CHUMAMD NOCAEI08ATMEABHOCTD MHO20UAEHOE
("konmyp") maxot:
gi=X" -1, (nj,p) =1, nj = 400 npu j — 400

JOKA3BATEJLCTBO. Ilpocrtag nmposepka O

Teneps Oynem mOKa3bBIBATHL TEOpEMY 2:
JOKABATEILCTBO. Crepsa 3aMeTHM, 9TO MOKHO CYUTATh, 9T0 To = 0 (T.e. mpeamoiarad, 9T0 03
9TOrO CJIydasi JErkKo BBIBOAUTCS obumit coydait). s ynobersa obosuaunm f(y) := f(zo + y).
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JleiicTBUTEIBHO, IO ONIPEIeTEHIIO

[ s@=m Y e = tm Y e = [ ).
xo,7,9

Jj——+oo n; J—=+oo n 0
gj(a)=0 7 gj(ai)=0 "7 "9
P(x) P(x)
Hamee, wHTETpa mey% paBeH CyMMe BBIYETOB 3 MO0 BCEM TMOJIOCAM BHYTPH MHOMKECTBA

{z :v(z) > v(r)}. Bamernm, aro

P(z ) 1 a1 o~
resay =lim ———=——— (2 —a)" L(z) =
Q(z) e (n—1)dz"
dnt P(x)
= lim ——————(z2—a—20)"  f(z + 2o — x0) = res —.
z—ra+xo (n - 1)' d.CUn_l ( ) f( ) xO—HIQ(l‘)
[TosToMy MOXKHO ¢ CaMOro Hadaj a CIUTaTh, 9T0 Lo = 0.
HanbHeiiee 10Ka3aTeIbCTBO MBI OyJIeM IPOBOUTH B HECKOJIBKO ITAIOB (CIYUIaeB).
1. Oycrs f(X) = X*, tye k € Z.
ro
f(x) = lim Z “flray)
0,r,g J—+oo j
w 9j(ei)=0
Toy )= L1 k41
3ameTuM, 9TO Zgj(ai):o n (rag) = n Zgj(ai)zo(ral) .
Pazbepem 3 ciyyast:
(a) k>0.
ITo Teopeme Buera koadduumentsr muorodnena g; npu cremenax 1,..,k + 1 pasubr 0
IIPH JIOCTATOYHO OoJIbIINX j (Tak Kak nj, — +00). Torja gcHo, 9To M CymMMa CTpeMHUTCS
K 0.
13 nureiiHOCTY cpas3y MmoJiydaeM, 9To WHTerpaJ oT Jiiob0oro MHOrodieHa pasex 0.
(b) k = —1. IlockoabKy KOpHeit y gj POBHO n; MOJIydaeM, 4TO fO,r,g% =1.
(c) k < —1. Ilyers B; = oc% Torma HeTPYJHO MOHSTH, YTO pacCMaTpPUBAEMas CyM-

Ma — TO MHOTOWIeH OT cyMM (1 + ... + By, B1f82 + ... + Bn_18n ¥ Tak jajsee OT
B1B2...Bk + oo + Bn—k1...Pn — M3 yCAOBHA Nj — Mj1 — +00 IpU j — 400 CJEAYIOT,
YTO PAHO WJIM TO3IHO BCE ITU CHMMeTpudeckue (pyHKIuu cranyT paHbr (.

Takum o6paszom mpu k < —1 fOrg xik =0.

2. Mycrs f(X) = Ij((i(cf,P(X) € K[X], v(a) > v(r). I3 Teopembr Besy u nepsoro mnyskra

JOKA3aTeIbCTBA TOIyIaeM, ITO TOCTATOYHO J0Ka3biBarh it P(X) = 1.

k

1 11 1 *i’f ( a )k 1 i‘f a
X-a X1-% X X/ X rX
k=0 k=0 r
HOCKOJ’[be B OIIpeJe/ICHNN UHTETPAJJId TOACTABJIAIOTCA TOJBKO TOYKU BUJTA "G, TO IO YTBEP-

+o0 k

wkaernto 4 jemmbr 1 psig Y <("X)> CXOIATCA MOTOYEUHO IJId T = T'(y;, CICIOBATEALHO II0
k=0

PEJJIOKEHIIO 3 ITOT PsIJT CXOAUTCA Ha MHOXKECTBE {T : & = T, TJIe (y; — KOPEHb MHOTOUIEHA

gj I HEKOTOPOTO j} PABHOMEPHO. 3/eCh CTOUT OTMETHUTh, YTO KOPHHU (¢; BOODIIE TOBOPS He

T
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00s13aHb! J1e)KaTh B F, HO yTBEDXK/I€HUHA, HA KOTOPBIE 31€Ch UIYyT OTCHLIKA B JAHHBIM CJIY-
Jae OCTAI0TCs BEPHBIMU, IIOCKOJIBKY (; OepyTCs M3 KOHEYHBIX ajrebpamdecKuX paciuiupeHuit
OJIHOMEPHOI'0 JIOKJIbHOI'O 110151 Q).

n
1 a\k
[lo mpenmoxkenuio 2 mMOIyIaeM, 9TO MOCAEOBATETLHOCTh YACTAYHBIX CYMM 5 > (Y) CXO0-

IUTCSI PABHOMEPHO K OECKOHEYHON CyMMe ¥ TOTIa IO CBONCTBY 2 MHTETPAJIOB IMOIYYIaeM,
—+o0
1 a\Fk . 1 a\k
= (—) — lim = (—) .
X X n——+oo X X
k=0 k=0

0,r,9 0,r,g

Torma u3 ciayuaes 1b u 1c nmogyuaem, 9To 3T0T mIpeaes pasex 1.

Ananoruano, ucnosib3ys ciaydan la-lc pazbuparorcs ciiydau:

3. f(X) =25 p(X) e K[X], v(a) < v(r).

4. Cayuait Q(X) = (X —a)", v(a) # v(r).

5. Teneps paszbepem ciayqait, korna P(X) € K[[X]], a Q(X) = (X —a)" u v(a) > v(r).

P(X) cxomures Ha mHoxkectBe {z : v(x) > v(r)}, 3HAYUT TOCTEA0BATENHHOCTH MHOTOYICHOB
P (X) cxogurea P(X), tae P, — cymma mepseix m wieHoB psiga P(X). [lo npegnoxennto
3 nosyuaem, uro P, (X) cxomurcs pasHomepHo K P(X) Ha muOXkectBe {7 : * = roy;, a; —

KOpPeHb ¢; I HEeKOTOPOTO j 2 Pm (X) PX) 11
j POTO j} T TO MPETOKEHHo 2 TMOMyTaeM, 9T0 Ky =3 (x gy 110
P (X)

" P(X)
cBoiicTBy 2 muTerpasios [[lumpensmana mosydaeM, 9To meg X—ay® fo,r,g X—a)
[Ipumedanue: cTporo roBopsi a; MOTYT He JieXKaThb B F, HO OT mepexoja K ajaredpaniecKum

PaCIINPEHUAM TI0JIA FE YTBEPKACHUA, Ha KOTOPbIC UAYT OTCBIJIKW OCTAIOTCA TO-TIPEXKHEMY

BEPHBIMU.

3aMeTnM, 9TO OTCHJIa HEMEJJIEHHO I0C/Ie/1yeT Tpedbyemoe:

(HpI/I m — +OO) Torna ACHO, 9TO 1 fO r,g (:IEDEZ())" = resaf(X).

W3 Bcero cka3aHHOrO BLIIIE ciaeayer HyzKHad CXOAUMOCTD.

HokazarenscTBo caydasd, Korma v(a) < v(r) NPpHHIUNHAIGHO HHYEM HE OTardaeTcst. BakHo,
ToJbKO, 4o V(a) # v(r).

6. O6mmuit caygait. Ilycrs s3namenarens Q(X) = (X —ap)* (X —a2)*?...(X —a,)*" (BO3MOKHO,
IPUAETCS TepeiiTn K KOHedHOMY pacimupennto mois K, B koropom Q(X) packiagbiBaeTcs
HA, JTUHEHHBIE MHOKUTE I, JIJI JTAJIbHERTINX PACCY 2K IEHNH 3T0 HEMPUHIMIHUAIBLHO), TOTJIA 110
mrHeitroMy passoxkennio HO/ cymecrsytor muorowrenst A(X ) (X —aq)“ +B(X)(X —ag)*2...
(X — ap)* = 1. Toab3ysch TUM MOYKHO CBECTH IOJICYET WCXOJHOIO MHTErpasa K MOJCUeTy
HHTErpasioB 0T (DYHKIWMI, y 3HAMEHaTes el KOTOPBIX KOJIMYECTBO DAa3/IMIHBIX KOpHeH Ha 1
MEHBbIIIe, YeM 61:)1.7[0 MHOT'OY1JICHOB. B UTOore MOJIy9IrnM WHTErpPaAJIbl U3 IPEABIAYIIETO CAy4dad 1
HeTPy/HAs aKKypaTHas IPOBEPKA ITOKA3bIBAET, ITO NCKOMOE PABEHCTBO BEPHO.

YTBepxaennda 1-2 mpoBepensl.

Ocrajioch yTBepKIeHue 3.

+o00o
Psn #(X) = kzo R(X)* (mockombky v(R(X)) > 0).
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Torma 0 CeKBEHIUAIBLHON HEMPEPBIBHOCTU TPOU3BEICHUS MOy IaeM, 9TO

P(X) 1 &
Xm(l1—-R(X)) Xm

[Tpumensis caydaii 1 mosygaem, 9TO TOCTAe PACKPBITHS CKOBOK W TPUBEIEHUsT MOJIO0HBIX BCE
craraembre psaga P(X)R(X)F obmymsrca (korma or HEX BO3bMEM HHTErPas), KPOME CIAraeMoro
npu crenenn —1. VI3 Kypca aHammsa Mbl 3HaeM, 970 Koaddunuent npu crenean —1 6ymer cooTBer-
creoarb Bbruery B 0. Kpome Toro, sicho, uro na muoxecrse {z : v(x) > v(r)} y dyuxuun f(X)
0CODEHHOCTH €CTh TOIBKO B (.

Taxkum 06pazom, B 9T0M C/iydae JeHCTBUTEIbHO UMEET MECTO yTBepzK/ieHue reopembl Koru.

VrBepxaerue 3 mposepeno. O

SAMEYAHUSA 2. 1. Takum 06pa3om MoncHO ONYckams uHdexc g nod uHmezpasom.
2. Pesyavmam meopemor 2 AGAAEMCA OUCKPETHOIM GHAAOZOM UHMELPAALHOT meopemvs Koww
OAA JBYMEPHBIT AOKANOHBIL TLOAET.

7. CBa3b mHTerpaJaa IIaupessmana ¢ cumBosom I'manbepra

13 waTerpanbuoit Teopemer Komm mosydaem ciaecTBUsI, KOTOPLIe CBA3LIBAIOT mHTerpaJ lmm-
pesbMana ¢ cuMBosioMm ['mipbepra s ABYMEPHBIX JIOKAJBHBIX MTOJICH.
Bynewm 3nech cuanrars, aro none K umeer sug E{{t}}, rne E — koneunoe pacumpenue mos Q.

CJAEJICTBUE 3.

/ D(a1, a2, a3) _ reSX(@(Oél,Oéz,Oés))
0.p S S '

JIOKABATENBLCTBO. Psan @ (o, g, a3) cxoguresa na muoxkecrse {x : v(z) > 0} (cm. [1]).

Yro6bl IPUMEHUTD YTBEPKICHHUE 3 TEOPEMBI 2 HYIKHO yoeauThest, uTo Q(X) nmeer Buil, Kax B
Teopeme (BOZMOXKHO, C HEHYJIEBBIM KOHCTAHTHBIM MHOKUTETIEM ).

Pacemorpum 3uamenarens s(X) = z(X)? — 1. Ilyers 2(X) = 20(X) + 1.

Torga s(X) = (20(X) + 1) — 1 = 20(X)(20(X)?! + ... + q) (Bunom Heroroma).

ITycts ¢ = 1 + . Torma umeem (1 + (p)? = 1 u, ouesunto, (y # 0.

Packpoem 1o Bunomy Herorona: (1+ ()% =1+ ()¢ + ()G + ... + (¢ = 1. YuursBas, uaro
(o # 0 mosryuaem, 9To (%) + (g) C&+...+§871 = 0. Orcroga cpasy caemyer, ato v((yp) > 0 u, yauTeiBas
HEapXUMEI0BOCTH HOPMUPOBAHUS I/ UMEEM PABEHCTBO:

nv(p) = (p" — 1)r(Go) > 0.

Torga acuo, uro zo(X) nmeer myKHubIH By, OCTAIOCH TO TPOBEPUTH JIst BTOPOIO MHOMKUTE IS
(B 3HAMeHaTeTE IPOOH).

Tockoubky v(p) > 1 nonygaenm, uro v(z3 ' + ... 4 2z (4)) > v(q).

Tora MoxHO orciofa BeiBectr, uro Q(X) = aX™(1 — R(X)), rae a — HeHyJIeBOil MHOKUTEIb,
a R(X) ynoBieTBopsieT yCJIOBUSIM TEOPEMBI.

IMpumenss yTBep:kaeHre 3 TEOPEMBI 3, TIOJyYaeM B TOTHOCTH TpebyeMoe, CJeICTBIE JTOKA3AHO.

O

B cuny siBHO# bopmyanbl gt cumBosia [uibsbepra (em.[6]), moaydaem Hy>KHYIO CBSA3b:

Plag,ag,y)

CnenctBuk 4. ({a1, a2}, y)q = S

,HOKA3ATEJH:>CTBO.
@(oy,20,y) D(ay,a9,y)
tr( 2leno2.v) t
({or, 00}, y)g = ") =¢ Mo — 5 ),
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8.

3akJIIoueHue

JlokazaHHBIN B paboTe aHAIOT XOPOIIO W3BECTHON B aHAJIN3€e MHTETPAILHON TeopeMbl KOIn sIBHO

BBIPAYKAET CBsI3b MEXK/y Teopueil anrebpandeckux 4uces U Teopueil ajaredpandecKux pyHKIHI.
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AnaHOTanusa

B crarbe u3yuarorcs p-pacimpenusi MOJTHBIX JUCKPETHO HOPMUPOBAHHBIX TIOJIEH CMEITaHHOM
XapPaKTEPUCTUKH, [Je P — XaPAKTEPUCTUKA I[I0JIs BHIYETOB PACCMATPUBaeMOro mnoJisi. 3sectno,
410 J11000€ BIOJIHE pa3BeTBIeHHOEe paciupenue [anya crenenu p ¢ HEMAKCUMAJIbHBIM CKA9KOM
BETBJIGHUs] MOYKET OBITh 3a1aHo ypasHenuem Apruna-IlIpaiiepa; npu 3TOM OrpaHUYeHne CBEp-
Xy Ha CKAYOK BETBJIEHWS COOTBETCTBYET OTPAHUYEHUIO CHW3Y HA HOPMUPOBAHWE MPABON YaCTH
ypaBHeHus. 3aa4da MOCTPOEHUs PACIIMPEHUi ¢ 33JaHHOi rpynmoi [amya mpou3BOIBHOTO KO-
HEYHOTO MOPS/IKA HE PeIleHa.

B paborax NnaObl paccMaTpUBAIUCh P-PACIIAPEHUS MMOJEHl XapaKTEPUCTUKA P, 3aJaHHDIE
MaTpuaHBIM ypasHenuem X (P) = AX | koTopoe MBI 37ech HazbiBaeM ypasHenem Mna6er. B sTom
ypasrennn X (P) 060o3HaTaET MATPHILY, TTOTYIEHHYIO BO3BEICHUEM KAYKIOTO JIEMEHTa KBAIPAT-
HOU MaTpuipl X B CTENEHBb P, & — HEKOTOpPAs YHUIIOTEHTHAs Marpunia A HaJl JAHHBIM TOJIEM.
Takoe ypaBHeHHE 33/1a€T TOCJIEIOBATEIHFHOCTD PACIITUPEHUIT TIOJIEl, KayK/10€ N3 KOTOPBIX 331aH0
ypapaenueMm Apruna-Illpaiiepa. Bouio mokasano, aro a060e ypapaenne NHabbl 3a1aeT paciiu-
penme Lanmya, u oOparHo, J1I000€ KOHETHOE p-paciiupenue Lamya 3a1aeTcsa ypaBHEHHEM TaKOIO
BHIA.

B macrosimeit pabore a1 o€l CMEIanHOi XapaKTePUCTHKU JOKA3aHO, UTO pACIINPEHHe,
3agaBaemoe ypapuenneMm HaObI, ABIgeTCa pacimupenneM lajya, eciu HOpMHUPOBAHHUS dJ1eMEH-
TOB MATPUILI YIOBIETBOPSAIOT HEKOTOPHIM OIEHKAM CHU3Y, T.€. €CJIU CKAYKU [TPOMEXKYTOYHBIX
pacmupeHuii CTeleHu p JOCTATOYHO MAJIbL.

JlaHHas KOHCTPYKITUS MOYKET TPUMEHSITHCS TIPU PEIIEHUN 33/ Ia9W TIOMPYYKEHUsT PACIITUPEHUT
mosieii. Y papHenune VMHaObI 33/1aeT MOC/IEI0BATEILHOCTD PACITHPEHNH TOJIEH, Oy YeHHYIO O~
CJIeIOBATEIbHBIM MTPUCOEINHEHUEM JJIEMEHTOB [TUArOHAJIeH MATPHUILI. DTO O3HAYAET, 9TO, €C/IH
pacummpenue L/K 3anano ypasuenunem Wuabbl, u Mmarpuna A BbiOpaHa Tak, 9TO HA JMATOHA-
JIAX € OOJIbIIMMY HOMEPAMU 3aIMCAHBI HYJIM, TO MOXKHO IOJIy4YaTh PACHIMPEHUSs, COIEePKAIIUe
L/K, 3aMeHsist HyIn IpyTUMH 3jieMenTamMu. B pabore moka3ano, 4To Jrob0e HeIMKINIEeCKOe Pac-
IIIpEeHre CTeeHn P2 ¢ JOCTATOYHO MAJEHLKIME CKAUKAMH MOYKHO HOTPY3HTh B PACIIHPEHHE ¢
rpymmoit [amya, n3oMOpGhHHON IPyIie YyHUIOTEHTHBIX MATPUIL 3 X 3 HA/T TOJIEM U3 P SJIEMEHTOB.

B konne crarbu chopMyaIupoBaH Pl OTKPBITHIX BOIPOCOB, MPHU HUCCIEIOBAHUU KOTOPBIX,
BO3MOKHO, OKAXKeTCsl II0JIE3HON JAHHAS KOHCTPYKIIUA.

Karouesoie ca06a: TNCKPETHO HOPMUPOBAHHOE TTOJIE, CKAYOK BETBJICHNUsI, YpaBHEeHNne ApTrHa-
[MIpaiiepa.

Bubauoepagpus: 15 nazBaHuIii.

"Mccnenosanne Brimomreno mpy mommepxKke Poccuiickoro may«uroro donma (mpoext 16-11-10200).



60 C. B. Bocrokog, 1. B. 2Kyxos, O. KO. Banosa

g nmmTupoBaHus:
C. B. Bocrokos, 1. b. 2Kykos, O. FO. lpanoBa Pacmupenns VHaObl 0JIHBIX T0JIEHl XapaKTepH-
cruku 0 // Yebbiesckuit cbopruk, 2020, 1. 21, Bbur. 3, ¢. 59-67.

CHEBYSHEVSKII SBORNIK
Vol. 21. No. 3.

UDC 512.623 DOI 10.22405/2226-8383-2020-21-3-59-67

Inaba extension of complete field of characteristic 0
S. V. Vostokov, I. B. Zhukov, O. Yu. Ivanova

Sergei Vladimirovich Vostokov — Doctor of Physical and Mathematical Sciences, Professor,
Saint Petersburg State University (Saint—Petersburg).

e-mail: s.vostokov@spbu.ru

Igor Borisovich Zhukov — Doctor of Physical and Mathematical Sciences, Saint Petersburg State
University (Saint-Petersburg).

e-mail: 1.zhukov@spbu.ru

Olga Yur’evna Ivanova — Candidate of Physical and Mathematical Sciences, Saint Petersburg
State University of Aerospace Instrumentation (Saint—Petersburg).

e-mail: olgaiw80@mail.ru

Abstract

This article is devoted to p-extensions of complete discrete valuation fields of mixed
characteristic where p is the characteristic of the residue field. It is known that any totally
ramified Galois extension with a non-maximal ramification jump can be determined by an
Artin-Schreier equation, and the upper bound for the ramification jump corresponds to the
lower bound of the valuation in the right-hand side of the equation. The problem of construction
of extensions with arbitrary Galois groups is not solved.

Inaba considered p-extensions of fields of characteristic p corresponding to a matrix equation
X®) = AX herein referred to as Inaba equation. Here X () is the result of raising each element
of a square matrix X to power p, and A is a unipotent matrix over a given field. Such an
equation determines a sequence of Artin-Schreier extensions. It was proved that any Inaba
equation determines a Galois extension, and vice versa any finite Galois p-extension can be
determined by an equation of this sort.

In this article for mixed characteristic fields we prove that an extension given by an Inaba
extension is a Galois extension provided that the valuations of the elements of the matrix A
satisfy certain lower bounds, i. e., the ramification jumps of intermediate extensions of degree
p are sufficiently small.

This construction can be used in studying the field embedding problem in Galois theory. It
is proved that any non-cyclic Galois extension of degree p? with sufficiently small ramification
jumps can be embedded into an extension with the Galois group isomorphic to the group of
unipotent 3 X 3 matrices over IF,,.

The final part of the article contains a number of open questions that can be possibly
approached by means of this construction.
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1. BBenenue

B crarbe Haber [4] Gbu10 110Ka3aHO, 4TO MaTpUYHOE ypaBHeHue Buja X ) = AX, rne X®)
obo3HATALT MATPUILY, TMOJYIeHHYI0 n3 X BO3BEJEHWEM KAXKIOrO SJeMeHTa B CTemeHb p, a A —
YHUIIOTEHTHAs KBaJparHas Marpuna xal mojgem K xapakrepuctugu p > 0, 3a7aéT p-pacimpenHue
lanya mosis K, m 9T0 mpou3BOJILHOE KOHETHOE p-paciiupenne [agya MoxKeT OBITH 3aJaH0 ypaBHe-
HUEM TaKOTO BUA.

B nacrosimelt pabore Mbl nposepsieM, uro ypasuernue X P) = AX rakiKe 3a1a8T p-paclIIpeHue
lanya, ecin K — mostHOE JIMCKPETHO HOPMUPOBAHHOTO TOJIsT XapakTepucTuku () ¢ IpOu3BOIBHBIM
OJIEM BBIYETOB XapakTepucTuku p > (0, a HOPMHUPOBAHUS 9JeMEHTOB A yIOBIETBOPAIOT OMpeie-
JIEHHBIM OIfeHKaM cHu3y. [loxkazamo, Kak 3TOT pe3yabTaT MOXKHO TPUMEHUTH K PEIeHUI) 33/ad
TIOTPY?KEeHud JIJIsd paCH_[I/IpeHI/Iﬁ C MaJIBIMU CKaYKaMW BETBJICHUA.

B sakaounrenproM maparpade cOpMySUPOBAH Psiji OTKPBITHIX BOMPOCOB, PEIIATh KOTOPBIE
MOXKHO C UCIO/Ib30BAHUEM JIAHHOUW KOHCTPYKIIUU.

2. O60o3HaveHUsd U IPEeABAPUTEILHBIE CBEIEHUS

B nammoit crarke wepes K o06o3HaUEHO TOTHOE AMCKPETHO HOPMHUPOBAHHOE TOJST XapPaKTe-
puctukn (0 ¢ TPOW3BOJILHBIM TI0JIEM BLIYETOB XapakrepucTuku p > 0, depes ) anrebpanmveckoe
sambikanue K, wepe3 v — HOpMupoanme Ha () (IPOJO/KEHHE JUCKPETHOrO HOPMUPOBAHUS HA
K), mopmasimzoBantoe yciaosueM v(p) = 1, depe3 ex — abCOTIOTHBIA WHIEKC BETBJICHUS II0-
ag K, 1oe e = (w(K*) @ Z). Oua crpoku D = (Dq,...,D;) u3 snemenros ) cauraem
v(D) = min(v(D1),...,v(Dy)).

TMonoxkum m = {z € Q|v(x) > 0}.

ITox yuumorenTHO#t Marpuieit Mbl Oymem (Kak u B [4]) moHMMATE BEpXHETPEYTOJBHYIO KBaJI-
PATHYIO MaTpuIly, y KOTOPOil BCE 3JIeMEHTHI Ha TJIaBHON jwaroHann pasubl 1. Eeom A =
= (a;5) € M,(K) — rakag Marpuna, To Mbl Oymem mnomarate A[k,l] = aipp u Alk] =
= (Alk,1],..., Alk,n — k]) pnst Bcex 1 < kK < n—1,1 <1 < n—k; upu stom A[k] 6ynem Ha-
spiBaTh k-ii quaronasbio Marpuisl A. Yepes AP) Gynem oGo3Hauarh MaTpuILy (afj) € M, (K).

Yepes U, Oyzer 0603HAYATHCS MHOKECTBO yHUIIOTEHTHBIX Marpun u3 My (Z,), Bce /1eMeHTb
KOTOPBIX — 3yteMenThl Tajixmiomnaepa, T. e. npunagnzexar R = p,—1 U {0}; gepes U, — rpymma
yuunorenTHerx Marpur u3 My (Fp).

JIEMMA 1. 1. IIycmwv a € K, v(a) > —I%, x €Q, 2P — 2z = a. Toeda K(x)/K — pacwupe-
nue Taaya. Ecau v(a) < 0 u pterv(a), mo K(x)/K 6noane paseemeneno u CKA%0K 6eMEAEHUSA
s(K(x)/K) = —egv(a).

2. Ecau o € K, v(d' —a) > 0, mo y mnozousena XP — X —a’ ecmov xopens 6 K(x).

JIOKABATENBCTBO. Ileproe yrBepxjenune 6b110 gokaszano B [6] (cm. nzmoxenue B [2, ru. I11));
GoJtee IpoCTOE JOKA3ATEILCTBO € UCHOJIB30BaHIeM (hOpMaIbHBIX IpyI Jloobumna-Taiita mosy4deno
B [10] (cm. Takzke [12]). Bropoe yrBepzK eHre I€rKO BLITEKAECT U3 LEPBOrO € UCIOIb30BAHUEM JIEMMBI
lenzena. O

3. OcHOBHOI1 pe3yabTaT

ITycrb n — HaTypanbHOE YUCIIO; ( — PAIMOHAIBHOE YKo, MeHbinee 1/(n — 1).
ITycts A € M, (K) — yaunorenTHast MaTpuiia takasi, 910 v(Ali, j]) > —ia npu Beex j. Obosna-
qnM gepe3 X Jro0yio yHUIOTeHTHYIO Marpuny u3 M, () takyro, 410

XP) = AX. (1)
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DTO MATPUYHOE YPABHEHNE SKBUBAJEHTHO HAOOPY ypaBHEHU(

OTKY/Ia WHJYKIMEH 10 § MBI [0JIy9aeM cylecTsosanue scex X [i,j] € Q.
IMonoxum K; = K(X[1],...,X[l]),l=0,...,n.

TEOPEMA 1. ITyems X — xaxoe-aubo pewerue mampuurozo ypasuenus (1).

1. Umeem v(X[i]) > —% npu 6cex i.

2. Jaz mo6ozo o € Gal(K) natidémea eduncmeennan mampuya Ay € U, maxas, wmo
X =XAs+ Ay, A, € My(m).

3. IIpu omom v(Ay[i]) > 1 — i npu ecex i.
4. Ki/K — pacwupenue Ianrya npu écex i.

JJOKABATEJILCTBO. OcHOBHasI mjest COCTOUT B TOM, UTO MBI 6yaeM CTponTh Marpuiy A, To-
caenoBaresibHo or 1-it o (n — 1)-#f auaronanm, npoBepsis IPU STOM BBIIOJHEHHE BCEX YCJIOBHMIl
npumennTenbho K X [i], Ay[i] uw Ay[i] mnst i ot 1 1o n — 1.
Byzem obo3nauars uepe3 Ay marpuily u3 U, TAKYIO, 9TO
AMU] _ {Aﬂ[j]v ] < Z:,
0, 7>

DTa MarTpula ONpere/eHa, KakK TOJBKO TOCTPOEHBI 3jeMenThl A, Ha guaroHasx ¢ 1-if mo i-o.
Herpynao BumeTh, 9TO yTBEpKJIeHWE 2 TEOPEMBI CBOANTCSH K BBITIOJHEHWIO CAETYIOMIETO YCJIOBUSI
PN BCEX §.

2. Ilns moboro o € Gal(K) nHaifnércs eauHCTBeHHAs CTPOKa A, [i] M3 s1eMeHTOB R Takas, 9To
X°[i) = XAJ[] + Aolil,

rie v(Agli,j]) > 0 upu Beex j =1,...,n —i.
Mb1 fokazkeM WHIYKIHEN 10 ¢, 9TO BBIOJTHSIOTCS yTBep:xkaeHus 1, 27, 3 u 4.
N3 (2) nveem
1
p
v(Ali = 1,7]1X[1,i 4+ 5 — 1)), v(A[i, 51))

v(X[i, 5] > - min(v(A[1,§]X[i — 1,5 +1]),...,

1 1 1 1
2—fmax(a—i—lia,Qa—i—z—a,...,(i—l)a—i—fa,ioc)
p p p

Hanee, sadurcupyem o € Gal(K) u moaoxkum
Y = X% — X . A1
Iockomsky (X7)P) = AX?, mveem
(Y0 — )i = (X7)P ~ X°)i] - (XAEH - XAL)

+ (y(p) _ (XU)(p) + (XA[Uifll)(p))[i]
= D1+ D3 + Ds,
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rae

(A = B)X)li] - (X = )AL,
Dy = (XOALY — (X AL ),
Dy = (Y — (X)) + (XL @)

3neck F, — eIWHWYIHAA MATPHIIA.
O1eHNM CHH3Y HOPMHPOBAHUA BCEX /IEMEHTOB cTpoK D1, Do u D3; B 9aCTHOCTH, TIOKAXKEM, UTO
5TU HOPMHUPOBAHUS OJIOXKUTEIHHDI.

TTockombKy (C’AE_H)[Z‘] = (CA,)[t] post 060t crporo BepxHaeTpeyrosbHoi marpursl C) B 9acT-
woctn, 11st C = A — E,, u ginss C = X®) — X nonyuaem

Dy = (A= En)(XAL™ + A0))[] = (XP = X)AL"[i] = (A = En)Ag)].

(Ormernm, aro Ay[1], ..., Ay[i — 1] y2Ke oupenesensr. )
Orcrona

v(D1) Z min(v(A[1]) +v(Agli = 1)), ..., v(A[i = 1]) + v(As[1]))
>min(—a+1— (i —1)a,. —Za—i—l—oz)—l—zoz}O

s onenkn v(D2) u v(D3) BOCIIOIB3yeMcs TEM, 9TO

v((a+b)P —aP —bP) > 14 pmin(v(a),v(b)).

910 maér
min(v(D3),v(D3)) = 1 + pmin(v(X][1]),...,v(X][i])) > 1 —ic.
Taxuy obpazom, v((YP) — )[z}) > 1 —ida > 0. Orcioga momyaaem, uro v(Y[i]) > 0, u
v(Y[i,j]P — Y[i,j]) > 0 (5 = ,m — i) gro osmadaer Y[i,j] = A; mod m 1is HEKOTOPOrO

)\j eR.
Iycts 6; = Y[i,j] — Aj u d = (01,...,0n—;). Torma nmeem

N+ 8P = (N +6;) = (VP —Y)[i, j],

orkyga v(d) = 1 —ia.
Tenepnb nosmoxum Ay[i] = (A1,. .., Ap—q). Homyaaem

(X7 = XA)li] = (X7 = XA
= (X7 = XA + (X(AGY = Al
)

DTO JOKA3BIBAET BBHITOTHEHNE yeaosuit 2° u 3 jaist maHHoro 3. OcTamoch TpoBEPUTH YCIOBHE 4.

s sroro 3amerum, uro K; = K;_1(X[i]), npu srom sementst X [i] cayKaT KOPHIMU ypaB-
nennit Apruna-Illpaiiepa (2) nag K;_1, 1 HOpMUpPOBaHUE NPABON YACTU KaXKJOI0 YDABHEHUS HE
MOYKET ObIThH MEHBITE —% > —1 (cp. (3)). Takue ypasnenust Apruna-Illpaiiepa 3agaror pacmm-
perns [amya (cM. memmy 1), m rem cambim K; HOpManbHOo Hag K;_1. UrTobbl qokasarh, uro K
HOpMaJbHO HaJ K JI0CTATOYHO MPOBEPHUTH, UTO NPH KaxA0M j n KaxaoMm o € Gal(K) BeinosHeHo
X[i, j]g € K;.

U3 (1) u ycaoBusa 2’ nmeeM

(X)P = X7)[i] = (A~ Ea)X7)[i] = (A~ En) XAg + (A — En)Ag)]].
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[Tpu s1om u3 (1) rakxke umeem
((XAO)(p) — XA)[i] = ((A — En)XA,)]i],

TO eCcTh 1pu KaxK oM j ypasuenue Apruna-Illpaiiepa ¢ npasoit wacrsio, pasnoii ((A—E,) X Ay)[i, ],
nmeer kopeub B K;. C apyroit cropoubr, n3 v(A[j]) = —jan v(AL)[j] >1—ja (j=1,...,i—1)
creyer

v(((A—En)A)[i]) > 1 —ia > 0.

Torga no emme 1 ypasuenue ¢ npasoit gactsio ((A — En) XA, + (A — E,)A,)[i, j] Takxke umeer
KODE€Hb (& TeM CaMBIM W P Pa3JIngIHbIX KopHeil) B K;, otkyna X|[i,j]7 € K;. O

JlaHHas KOHCTPYKIIUS MO3BOJISET JOKA3BIBATH PA3PENIMMOCTE ONPeIeIEHHBIX 3a/ad [OrpyIKe-
HUS J719 P-PACIIUPEHAN TOJTHBIX AUCKPETHO HOPMUPOBAHHBIX TTOJIEH, UMEIOTTUX JOCTATOYHO MaJIble
CKaduKW BeTBJIeHN. [lorpykeHne INKIMIECKUX P-PACIINPEHHIl B IINKINIECKIE H3YIaI0Ch B [7]; sB-
HOE IIOCTPOEHUE IMUKJINYICCKUX paCH_H/IpeHI/Iﬁ CTerneHnm p2 C MaJIBIMHM CKa4YKaMM BE€TBJICHHA 6}31.7[0 II0-
aydeno B [12] (cm. takke 9], [8]) u B [14]). Paccmorpum npocrefimmit caywaii morpykenus abenesa
pacimupenns B HeabesieBo, a UMEHHO B pacIIMpenue crenenn pS ¢ rpymnoit Us.

CHEACTBUE 1. ITyemoe L/K — enoane passemeaénnoe pacwupenue ¢ epynnot Lasya, uso-
mopdroti (Z/pZ)?, u ee0 ckauwu cemeaenus 6 6eprHeti MyMepauuy He npesocrodam e/2, 2de
e=ex > 3. Tozda L/K moocno noepysums 6 pacwupenue ¢ 2pynnot Laaya, usomopproti Us.

JIOKABATEJILCTBO. Pacrmpenne L/K mpegcrasisier coboi KOMIIO3UT JBYX [UKJIWIECKUX Pac-
MUPEHNii, CKAYKW BETBJIEHUsI KOTOPBIX MeHbine e¢/2. Beumy jsemmvbr 1 umeem L = K(x1,x3), rae
2 —x;=a; € K, v(a;) > —1/2 (i =1, 2). Buibepenm b € K rakoe, uro v(b) > —1, mojoxum

i_

1 aq b
A= 0 1 as
0 0 1

u nocrpouM paciupennst K1 /K n Ko/ K xak B Teopeme. Torma K1 = L, Ko = L(y,), tae
P
Yp — Yp = @122 + b.

Bamernwm, 9T0 comocTasienne o — Ay € Us ¢ mocaenymomeii peaykmmeii  mod m 3a1a8T BIOKEHIE
Gal(K2/K) B Us. 910 Brokenne we Hyer mzomopdusmom Tobko ecmm |Gal(Ky/K)| < p?, 1. e.
ecin yp € L. Tagkum 06pa3oM, €CiM yTBEPXKJCHAE CJIEJICTBUSA HE BBIIOJHSIETCS, TO JOJKHO OBITH
BBITIOJTHEHO ¥y € L mpm Bcex b.

B nyxe [12], o6o3nauum wepe3 my, (COOTBETCTBEHHO My ) naean Hopmuposanus nots L' = L((,)
(coorBercrBenno K' = K((,)) co caoxeHneM -+, onpeaesaseMbiM dhopManbHoil rpynmoit JIxobuHa-
Toiira (cm. [1, 15]) Go ¢ [p](X) = pX + XP, uepes w — saement K' ¢ wP~! = —p. Torna uz wy, € L/

1

caezyer wP(ai1z2 + b) € [pJmy. Ilockoabky min(v(w?(a1x2 + b)), v(wPd)) > v(wP) — 1=~ a

Go(X,Y) = X +Y + unens! crenenn > p,

To orcioma caepyer u wPayre +o wPb € [plmy. Dro BIMOAHSIETCs1, B YacTHOCTH, i b = 0, n
BuranTanueM (B hopMasbHOM Mofy/e my ) moaydaem wPb € [plmy mas seex b. o Teopun Kymmepa
umeem wPb € n, rze moMoyab N C My MOpoxKAEH wPai, wPag un [plmg. Oxnako wPb € n He MoKeT

BBITIOTHSATHCS, ecan BeIOpaTh b ¢ v(b) < min(v(ay),v(az)) u p 1 ev(b). [locaentee merko cresnars,
&

TaK KaK B [§,e) Halijércs 1eaoe umucio, ne kparuoe p. O
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4. 3akKJII04YeHue

Bosmoxknocts 3aaBars paziaunvnbie p-pacimmpenus Lasya mosig K npu nomomu ypasuenust Una-
Ol (1) gemaer aKTyaJbHBIME HOBBIE BOTIPOCHT; BO3MOXKHO, YUTATETN ITOTO TEKCTA TPUCOETUHSITCS
K MOMCKY OTBETA Ha HUX.
peK
p—1
MozkeT ObITE 3a1an0 ypapaernem Apruna-llpaiiepa (cum. [2, Ch. I1I]). MoxkHO it yTBEPKIATE, 9TO
sn060e KoHedHoe p-paciupenne ['anya ¢ 10CTATOIHO MATBLIMU CKAIKAMY BETBICHUAMHI MOYXKET ObITh
3a/1aH0 TIPH [TOMOINHU ypaBHeHus VHa0b? Bosiee KOHKPETHO: BEPHO JIU, UTO JJIs JTIOGOH KOHEUHOH p-
rpymmsl G Hadigéres € = e > 0 Takoe, uto ara moboro K moboe L/K ¢ Gal(L/K)=G u raybunoii
BeTBJIeHUS < € (MM MAaKCHMAJbHBIM CKadKOM < £€f ) 3aaéTcs ypapHenneM uaObr?

1. Mer 3naem, uro mroboe pacinmpenue lanya L/K crenenu p npu ycnosun s(L/K) <

2. MoxHo sin ocaaburh yeaosus o < 1/(n — 1) u (nm) v(A[i, j]) > —ia? MoxHo nu Moju-
durnuposarh ypaBuenne M Hadbl Ipu MOrpaHUYHLIX 3HAUYEHHUSX (¢ TaK, 9TOOLI OHO 3aaBajo Oojee
mmpokuit Kaace pacumpenuii arya (ranpumep, 103801510 661 crponTs pacmupenus Lanya K, /K,
y KOTOPBIX MaKCHMaJIbHble CKadKN BeTBJIeHNsT «10KoJst» K1 /K 6amskn K ex/(n — 1))7

3. Kaxos achdexTuBHbII cr10cOob 3a/1aBATh YuKAUYECKUE P-PACIITHPEHNS ¢ MaJI0i TIybnHo# BEeTB-
JIEHUST TIPU TToMoITH ypaBrerust Uuabwi? B wacrrocTH, Kakue Marpuiibl A MOTYT OBITEH COTIOCTABJIEHBI
BekTopaMm Burra n3 [12]| (mam momudurmpoBanHeiM BekTOpaM BurTa m3 [14]), 3amarommm nuk/m-
JecKue PaCIIUPeHus CTereHn p2?

4. Moxem i MBI 3aJaTh GoJiee MUPOKUil Kiace pacumpennit Lamya moss K (He TOJBKO p-
pacimpenns ), UCIoab3ysd ypashenus (1) ¢ He ob6si3aTenbHO yHUTIOTEHTHOH MaTpurei A (kak 310
CJIeJTAHO B XapaKTEepUCTHKe p B pabore [5])7

5. B pabore [12] 6bu10 110Ka3aH0o, 4T0 JH060E BIOJIHE PA3BETBIEHHOE [UKJIMYECKOE DACIIMPEHHEe
L/K co cKauKOM BETBJIEHUSI, MEHBIINM e /(p— 1), MOKeT ObITh BJIOXKEHO B IUK/IMIECKOE PACIIApe-
Hue cremenu p2. Moxer i 9101 pesyabrar 6bITh 0000IIEH Ha IPOU3BOIBHBIC KOHEUHBIE P-IPYIIbI?
A wumenno, paccmorpum 3agady norpyxkennst (G, H, L/K), tne G — woneunasi p-rpymma, H —
HopMmasbhaa noarpymma, Gal(L/K)=G/H. BepHo mm, 9To a1 HeKoToporo § > 0 (3aBmcsAImero ot
G n H) s1a 3ajaua paspemnmma jist obsix K u L/ K ¢ roy6unoit sersienus d(L/K) < 67 Kakoso
MakcuMasbHoe § npu 3amanabix G u H?

6. JIna nukmmueckoro pacmmpenusa L/K crenenn p? ¢ mpoMexyTouHbIM mojeM M riryGHHBI
sersyternst di = d(M/K) u dy = d(L/M) cBsi3aHBl HEpABEHCTBOM XHO/10

dy >min((p—1+p Hdi, 1 —p ' +ptdi),

cM. [3, Lemma (4-1)] nam (6e3 ucnonb3oBanng Teopun moseii kiaccos) 13, §1|. Mozkuo i 0606muTs
STOT pe3y/bTar Ha Apyrue sajgaun norpyxenus (G, H, L/K) ¢ H=7/pZ?

7. TIo0KUTETBLHBIN OTBET HA MPEBLILYIII BOMTPOC TTO3BOJTAI OBl TIPEANOJ0KATE, YTO HA «ITPO-
THUBOIOJIOXKHOM TIOJIEFOCE», TIPU CKAUKAX BETBJIEHUs OJM3KUX K MAKCHMAJIbHO BO3MOXKHBIM, 3a7a4a
MOTPY?KEHUST JIOCTATOYHOTO OOIIEro BuU/Ia He mMeeT pertenusi. VlHaue roBopsi, MOXKHO JI1 YTBEPIKIATh,
a0 g (HEKOTOPBIX) 3amanublXx G u H Haiigércs © Takoe, 9TO HukakaA 33ada TOTPYIKEHUs BU-
na (G, H, L/K) npu d(L/K) > © ne mmeer permrerus (xorst pactmapenns ¢ Gal(L/K)=G/H u
d(L/K) > © cymecrsytor). Hanmpumep, MOXKHO Ji yTBEPXKJIATH, 9TO BCE «IIOYTH MaKCHMATHHO
pasBerBIéHHBIey pacmupenns (cM. [11]) abenessr?
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O runorese Jlenraenaca, riobanpabix moaax u (/)-mrykax
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AnHOTanusa

B o630pe, koropsriit nocssmens 80-aecarunernio A.B. fkosnesa, 75-neruro C.B. Bocrokosa
u 75-stieruio B.B Jlypse, npencrasiienbl n30pannble Pe3ysIbTaThbl PEAJU3ANUH IPOrPAMMBbL JIeH-
TJIeHICa, HAJ TJIOOAIBHBIMU TOJIsiMUA. PaboThl I0OUISPOB CBSI3AHBI C AJredOpanvecKkoil Teopueit
qUCeT B €€ KaK JIOKAJIbHBIX, TAK U TJI00AJBHBIX ACMEKTAX, U C MOCTPOEHUEM COOTBETCTBYIOIIAX
Teopuii moset kiaccoB. I'umoresnr Jlenrienaca, kak ormerus V.P. Iladapesnd, nmeroT 1nesibio
"obobIIEHe TEOPUU II0JIeH KJIACCOB, aHAJOrMYHOEe ODOOIIEHMI0 Teopuu abesieBbIX (PyHKIui".
O630p sBIsgercs BBeJeHreM B nporpammy Jlanriesaca, riaobanbabe mossd, J-mrykn u KoHed-
HbIE IIITYKW HaJ IMOJIAMHA (byHKHbeI aﬂFe6paI/I‘{eCKI/IX KPUBbLIX HaJl KOHEYHbIMU I10JIAMU, U HE
SIBJISIETCST MCUepNbIBatONuM. B 3aBucuMOCcTH OT BHIOOpA OCHOBHOTO MMOJIS, PE3YIbTATHI PEaIn3a-
My TporpaMMbl JleHnrsenaca Obun moJTyueHbl u 0bcyx)aanuch Jlenrienacom, 2Kake, [lada-
pesuuem, Ilapmunbiv, Tpuadensnom, Jladdopre u apyruvu. Hamomuaum, 910 snuneiinbe as-
rebpamvecKre rPynbl HAIIN BayKHbIE TPUJIOKeHus B nporpamme Jlanrnenzaca. menno, ains
CBSI3HOM peayKTUBHON rpymibl G Hal robaibabiM nojiem K coorBercrsue JleHrsenica coor-
HocuT aBTOMOpdHBIE GOpMbI HA G ¥ TI0OAIBHBIE TTapaMeTphl JIeHTIeH1Cca, a UMEHHO, KJIACChI
COMPSI?KEHHOCTH TOMOMOPGU3MOB U3 a0COMIOTHOM rpynmsl Lanya mons K B rpymmy Jlenraes-
ca “'G. Jlna noseit anrebpandeckuX 4dmces NPUMEHEHMs W Pa3BUTHE IIPOrpaMMbl JleHriemca
MMO3BOJIMIO yCuIuTh Teopemy Baitnca o rumorese Ilumypsr-Tamnusver-Beiing n gokasars ru-
nore3y Caro-Teitra. Ipuudensn u Jladdopre uccrenobanu ciaydait obmeil tuHeiHON rpy bl
HaJ, TJI00ATBHBIM (DYHKINOHAILHBIMA TOJISAMYU HEeHyJIeBoil xapakrepuctuku (Ipundensn nis
G = GLy u Jlabdopre mia GL,, r TpOU3BOIHHOE MOJOKUTEIBHOE [EJI0e) U JOKA3aIH B 3TOM
caydae coorBercTBue Jlenrmenaca. B mporecce atux uccnenosanmit pundesanaom Obuia BBe-
JleHa KOHIlepcus F'-my9YKoB, Wi MITYK, KOTOPAas UCIOIb30BAIACH OOOMMHU aBTOPAMHU B IIPOIECCe
yCTaHOBJIEHUS COOTBeTcTBUA Jlenrsenaca. Hapsaay ¢ ucnonb3oBanneM mTyK, ObLIN IPE/1JI02KEHbI
U MCIHOJIb30BAHBL JIPYIHE KOHCTPYKIMUA. AHJIEPCEH MPEJIOAKMIT KOHIEICUIO t-MOTUBA. XaPTJilb,
€ro KOJIJIErH U YYEHUKHU TPEJIOKUJINA U UCCAEIOBATN (CBA3ZAHHBIE CO IITYKAMU, {-MOTUBAMU U
(p-TIyYKaM¥) KOHIIEIICUM KOHEYHBIX, JIOKAJIbHBIX U Tobanbabix G-mryk. B mpemiaraemoii 06-
30PHOI CTATHE MBI HAUMHAEM C KPATKOTO MIPEICTABIEHUs PE3YILTATOB IPOrpaMMbl JIeHraenaca
HaJI TOJIsAMHA aaredpanvecKux duces U ux Jokanmm3arnuii. /lajee KpaTko npeacTaBeHbl MTOIX0IbI
Xapriisi, ero KOJUIer u y9eHUKOB. DTH [OJXO/bl U UX 00CYKJIEHUE CBA3aHbI KAK C IPOrPAMMON
Jlenrmenaca, Tak U ¢ BHYTPEHHUM DPa3BUTHEM TeOpuu (G-IITYK.

ABrop npusnaTeseH AHOHUMHOMY PEIEH3EHTY 33 3aMeYaHus U COBETHI, JOKTOPY 3usta IuHry
(Zhiyuan Ding) 3a 3ameuanue, H.M. To6poBOIBCKOMY 3a MOMOLIb U MOJJEPKKY B IPOLECCE
MTOITOTOBKYU CTATHU K MEYATH.

Karwuesvie caosa: coorBeTcTBue JIeHTIeHACA, TII00aIBHOE TIoIe, MOayIh dpurdensaa, mry-
Ka, KOHEYHAsT TTYKA, JJOKAJbHBIN MOIYIh AHIEpCcOoHa, KOKacaTeIbHbIH KOMILJIEKC, (hOpMaTbHAS
TpyIIIa.

Bubauoepagpus: 48 HazBaHuUii.



O runorese Jlenrnenca, rnobanbabix nogx u (J1)-mrykax 69

g nmmTupoBaHus:
H. M. I'mazynos. O rumorese Jlenrmensca, rimobanpaeix mouax u ()-mrykax // Yebbimesckuit
coopuuk, 2020, . 21, Beim. 3, c. 68-83.

CHEBYSHEVSKII SBORNIK
Vol. 21. No. 3.

UDC 511+513.6+519.45 DOT 10.22405/2226-8383-2020-21-3-68-83

On Langlands program, global fields and shtukas
N. M. Glazunov

Nikolay Mihaylovich Glazunov — doctor of physical and mathematical Sciences, Professor,
National Aviation University (Kiev, Ukraine).
e-mail: glanm@yahoo.com

Abstract

The purpose of this paper is to survey some of the important results on Langlands program,
global fields, D-shtukas and finite shtukas which have influenced the development of algebra
and number theory. It is intended to be selective rather than exhaustive, as befits the occasion
of the 80-th birthday of Yakovlev, 75-th birthday of Vostokov and 75-th birthday of Lurie.
Under assumptions on ground fields results on Langlands program have been proved and
discussed by Langlands, Jacquet, Shafarevich, Parshin, Drinfeld, Lafforgue and others.

This communication is an introduction to the Langlands Program, global fields and to
D-shtukas and finite shtukas (over algebraic curves) over function fields. At first recall that
linear algebraic groups found important applications in the Langlands program. Namely,
for a connected reductive group G over a global field K, the Langlands correspondence
relates automorphic forms on G and global Langlands parameters, i.e. conjugacy classes of
homomorphisms from the Galois group Gal(K/K) to the dual Langlands group @(@p) In the
case of fields of algebraic numbers, the application and development of elements of the Langlands
program made it possible to strengthen the Wiles theorem on the Shimura-Taniyama-Weil
hypothesis and to prove the Sato-Tate hypothesis.

V. Drinfeld and L. Lafforgue have investigated the case of functional global fields of
characteristic p > 0 ( V. Drinfeld for G = GLs and L. Lafforgue for G = GL,, r is an
arbitrary positive integer). They have proved in these cases the Langlands correspondence.

Under the process of these investigations, V. Drinfeld introduced the concept of a F-
bundle, or shtuka, which was used by both authors in the proof for functional global fields
of characteristic p > 0 of the studied cases of the existence of the Langlands correspondence.

Along with the use of shtukas developed and used by V. Drinfeld and L. Lafforge, other
constructions related to approaches to the Langlands program in the functional case were
introduced.

G. Anderson has introduced the concept of a t-motive. U. Hartl, his colleagues and students
have introduced and have explored the concepts of finite, local and global G-shtukas.

In this review article, we first present results on Langlands program and related repre-
sentation over algebraic number fields. Then we briefly present approaches by U. Hartl, his
colleagues and students to the study of D —shtukas and finite shtukas. These approaches and
our discussion relate to the Langlands program as well as to the internal development of the
theory of G-shtukas.

Keywords: Langlands correspondence, global field, Drinfeld module, shtuka, finite shtuka,
local Anderson-module, cotangent complex, formal group.
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1. Introduction

This communication is an introduction to the Langlands Program and to (D-)shtukas and finite
shtukas (over algebraic curves) over function fields. The Langlands correspondence over number
fields in its full generality is facing with problems [1, 2, 3, 4, 5, 6, 7|. So results from Galois theory,
algebraic number theory and function fields can help understand it.

1.1. Elements of algebraic number theory and field theory.

The questions what is a Galois group of a given algebraic closure of the number field or the
local field, embedding problems of fields and extensions of class field theory belong to fundumental
questions of Galois theory and class field theory. A.V. Yakovlev, S.V. Vostokov, B.B. Lur’e works
spans many areas of Galois theory, fields theory and class field theory. The results obtained indicate
that these questions connect with module theory, homological algebra and with other topics of
algebra and number theory[8, 9, 10, 11, 12, 14, 15]. The development and applications of these
theories are discribed in papers by I.R. Shafarevich[4] and by F.N. Parshin [5] (and in references
therein). For further details we refer the reader to papers themselves. By the lack of author‘s
competence we discuss here very shortly only connection of local fields with formal modules.

1.2. The Hensel-Shafarevich canonical basis in complete discrete valuation fields.

Vostokov has constructed a canonical Hensel-Shafarevich basis in Z,—module of principle units
for complete discrete valuation field with an arbitrary residue field [11]. Vostokov and Klimovitski
in paper [13] give construction of primary elements in formal modulei. Ikonnikova, Shaverdova
|16] and Ikonnikova [17] use these results under construction, respectively, the Shafarevich basis in
higher-dimensional local fields and under proving two theorems on the canonical basis in Lubin-
Tate formal modules in the case of local field with perfect residue field and in the case of imperfect
residue field. These canonical bases are obtained by applying a variant of the Artin-Hasse function.

1.3. LG for reductive group G

Here we follow to [1, 3, 27, 28, 29]|. At first recall that linear algebraic groups found important
applications in the Langlands program. Namely, for a connected reductive group G over a global field
K, the Langlands correspondence relates automorphic forms on G and global Langlands parameters,
i.e. conjugacy classes of homomorphisms from the Galois group Gal(K/K) to the dual Langlands
group G (Qp) Let K be an algebraic closure of K and K be the separable closure of K in K.

DEFINITION 1. Let G be the connected reductive algebraic group over K. The root datum of G is
a quadruple (X*(T), A, X,.(T), A") where X* is the lattice of characters of the mazimal torus T, X,
15 the dual lattice, given by the 1-parameter subgroups, A is the set of roots, A is the corresponding
set of coroots.

The dual Langlands group G is a complex reductive group that has the dual root data:
(X, (T), A?, X*(T),A). Here any maximal torus 7' of G is isomorphic to the complex dual torus
X*(T) ® C* = Hom(X.(T),C*) of any maximal torus T in G. Let I'g = Gal(Q/Q).

Given G, the Langlands L-group of G is defined as semidirect product

LGZGMFQ.
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In the case of fields of algebraic numbers, the application and development of elements of the
Langlands program made it possible to strengthen the Wiles theorem on the Shimura-Taniyama-
Weil hypothesis and to prove the Sato-Tate hypothesis. Langlands reciprocity for GL,, over non-
archimedean local fields of characteristic zero is given by Harris-Taylor [20].

1.4. Langlands correspondence over functional global fields of characteristic
p>0

V. Drinfeld [6] and L. Lafforgue [7] have investigated the case of functional global fields of
characteristic p > 0 ( V. Drinfeld for G = GLy and L. Lafforgue for G = GL,, r is an arbitrary
positive integer). They have proved in these cases the Langlands correspondence.

In the process of these studies, V. Drinfeld introduced the concept of a F' -bundle, or shtuka,
which was used by both authors in the proof for functional global fields of characteristic p > 0 of
the studied cases of the existence of the Langlands correspondence [19].

Along with the use of shtukas developed and used by V. Drinfeld and L. Lafforge, other
constructions related to approaches to the Langlands program in the functional case were
introduced.

G. Anderson has introduced the concept of a t-motive [23]. U. Hartl, his colleagues and postdoc
students have introduced and have explored the concepts of finite, local and global G -shtukas|33,
35, 34, 36, 38, 39].

In this review, we first present results on Langlands program and related representation over
algebraic number fields. Then we briefly present approaches by U. Hartl, his colleagues and students
to the study of G —shtukas. These approaches and our discussion relate to the Langlands program as
well as to the internal development of the theory of G-shtukas. Some results on commutative formal
groups and commutative formal schemes can be found in [46, 47, 48] and in references therein.

The content of the paper is as follows:

Introduction.

1. Some results of the implementation of the Langlands program for fields of algebraic numbers
and their localizations.

2. Elliptic modules and Drinfeld shtukas.

3. Finite G -shtukas.

The author is grateful to an anonymous reviewer for comments and advice, Dr. Zhiyuan Ding
for his remark, N.M. Dobrovolsky for help and support in the process of preparing the article for
publication.

2. Some results on Langlands program over algebraic number fields
and their localizations

Langlands conjectured that some symmetric power L-functions extend to an entire function and
coincide with certain automorphic L-functions.

2.1. Abelian extensions of number fields

In the case of algebraic number fields Langlands conjecture (Langlands correspondence) is the
global class field theory:
Representations of the abelian Galois group Gal(K%/K) = characters of the Galois group
Gal(K®/K)

correspond to
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automorphic forms on G'L; that are characters of the class group of ideles. Galois group Gal(K®/K)
is the profinite completion of the group A*(K)/K* where A(K) denotes the adele ring of K.

If K is the local field, then Galois group Gal(K%/K) is canonically isomorphic to the profinite
completion of K*.

2.2. [ - adic representations and Tate modules

Let K be a field and K its separate closure, E, = {P € E(K)|nP = 0} the group of points

of elliptic curve F(K) order dividing n. When charK does not divide n then E,, is a free Z/nZ
-module of rank 2.

Let [ be prime, | # char K. The projective limit T;(E) of the projective system of modules Ejm
is free Z;-adic Tate module of rank 2.

Let Vi(E) = Ti(E) ®z, Q. Galois group Gal(K/K) acts on all Em, so there is the natural
continuous representation (l-adic representation)

pey: Gal(K/K) — Aut T)(E) C Aut V/(E).

Vi(E) is the first homology group that is dual to the first cohomology group of [-adic cohomology of
elliptic curve E and Frobenius F' acts on the homology and dually on cohomology. The characteristic
polynomial P(T") of the Frobenius not depends on the prime number .

2.3. Zeta functions and parabolic forms

Let (in P. Deligne notations) X be a scheme of finite type over Z, | X| the set of its closed points,
and for each = € | X| let N(x) be the number of points of the residue field k(x) of X at x. The
Hasse-Weil zeta-function of X is, by definition

()= [[ 1= N@)y™)™

z€|X|

Tn the case when X is defined over finite field Fy, put ¢, = N(z), deg(z) = [k(x) : Fy], s0 gz = ¢%9®).
Put t = ¢=°. Then

Z(X,t)= [ @—ePoteh~1,
z€|X|

The Hasse-Weil zeta function of E over Q (an extension of numerators of (g (s) by points of
bad reduction of E) is defined over all primes p:

L(E(Q),s) = [[(1 = app™* +e(p)p' )",

here €(p) = 1 if E has good reduction at p, and €(p) = 0 otherwise.
Put T = p~*. For points of good reduction we have

P(T) =1—a,T +pT? = (1 —aT)(1 - BT).

For symmetric power L-functions (functions L(s; E; Sym™), n > 0; see below) we have to put

n

By(T) =[]0 - o' 'T).

=0

For GLs(R), let C be its center, O(2) the orthogonal group.
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Upper half complex plane has the representation: H? = GL2(R)/O(2)C. So it is the
homogeneous space of the group GL2(R).

A cusp (parabolic) form of weight £ > 1 and level N > 1 is a holomorphic function f on the
upper half complex plane H? such that
a) For all matrices

g= ( Z Z),a,b,c,dEZ,azl(N),dE I(N),c=0(N)

and for all z € H? we have

f(92) = f((az +b)/(cz +d)) = (cz + d)" [ (2)

(automorphic condition).
b)
()P (ITm2)*

is bounded on H?2.

Mellin transform L(f,s) of the parabolic form f coincides with Artin L-series of the
representation py.

The space M,,(NN) of cusp forms of weight k£ and level N is a finite dimensional complex vector
space. If f € M,,(N), then it has expansion

f(z) = Z cn(f) exp(2minz)
n=1

and L-function is defined by

L(f,s) =Y eal(f)/n’.

n=1

2.4. Modularity results

The compact Riemann surface I'\H? is called the modular curve associated to the subgroup of
finite index T' of GL2(Z) and is denoted by X (I"). If the modular curve is elliptic it is called the
elliptic modular curve.

The modularity theorem states that any elliptic curve over Q can be obtained via a rational map
with integer coefficients from the elliptic modular curve.

By the Hasse-Weil conjecture (a cusp form of weight two and level N is an eigenform (an
eigenfunction of all Hecke operators)). The conjecture follows from the modularity theorem.
Recall the main (and more stronger than in Wiles [21] and in Wiles-Taylor [22] papers) result by
C. Breuil, B. Conrad, F. Diamond, R. Taylor [24].

THEOREM 1. (Taniyama-Shimura-Weil conjecture - Wiles Theorem.) For every elliptic
curve E over Q there exists f, a cusp form of weight 2 for a subgroup To(N), such that

L(f,s) = L(E(Q),s).
Here I'g(N) is the modular group

FO(N):{<CCL Z),a,b,c,dGZ,c:O (modN),det<CCL Z)zl}.

Recall that for projective closure E of the elliptic curve E we have

E(Fy) =1—a,+p.
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By H. Hasse
ap = 2./p cos @p.

CONJECTURE 1. (Sato-Tate conjecture) Let E be an elliptic curve without complex multi-
plication. Sato have computed and Tate gave theoretical evidence that angles ¢, in the case are
equidistributed in [0, 7] with the Sato-Tate density measure %sin2 ®.

We have two theorems from Serre [18] which give the theoretical explanation in terms of Galois
representations. Here we recall the corollery of the theorems.

COROLLARY 1. (Serre [18]) The elements are equidistributed for the v normalized Haar measure
of G if and only if ¢ = 0 for every X irreducible character of G, 4. e., if and only if the L-functions
relative to the non trivial irreducible characters of G are holomorphic and non zero at s = 1.

The current state of Sato-Tate conjecture is now Clozel-Harris—-Shepherd-Barron—Taylor
Theorem |25, 26].

THEOREM 2. (Clozel, Harris, Shepherd-Barron, Taylor). Suppose E is an elliptic curve over Q
with non-integral j invariant. Then for alln > 0; L(s; E; Sym™) extends to a meromorphic function
which is holomorphic and non-vanishing for Re(s) > 1+ n/2.

These conditions and statements are sufficient to prove the Sato-Tate conjecture.

Under the prove of the Sato-Tate conjecture the Taniyama-Shimura-Weil conjecture oriented
methods of A. Wiles and R. Taylor are used.

Recall also that the proof of Langlands reciprocity for G L,, over non-archimedean local fields of
characteristic zero is given by Harris-Taylor [20].

3. Elliptic modules and Drinfeld shtukas.

Let
F, be the algebraic closure of F,,
C be a smooth projective geometrically irreducible curve over [F,
K be the function field F,(C) of C,
v be a close point of C,
A be the ring of functions regular on C — v,
K, be the complation of K at v with valuation ring O,,
C, be the complation of the algebraic closure of K,,.
At first recall some known facts about algebraic curves over finite fields. We will identify the set |C|
of closed points of C with C(F,;) = Homg, (Spec Fq,C). Let k(v) be the residue field of v. Then the
degree of v is equal of the number of elements [k(v) : F].
Below in this section we follow to [30, 19, 31].

3.1. Elliptic modules

LEMMA 1. Let k be a field of characteristic p > 0 and let R be a k-commutative ring with unit
(there exists a morphism k — R). The additive scheme G, over R is represented by the polynomial
ring R[X] with structural morphism o : R[X] — R[X]| ®g R[X], given by a(X) =X @1+ 1® X.
A morphism ¢ : G, — G, of additive schemes over R is defined by an additive polynomial. If ¢ is
another such morphism, then @ o = @((T)). So the set of (endo)morphisms of additive scheme
has the structure of a ring.

EXAMPLE 1. Let a € R[X], pa = 0. Then the morphism ¢(T) = aT?", (n > 0) is additive. Any
additive morphism o(T) in characleristic p has the form o(T) = agT + ayT? + - - - + a, TP".
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PROPOSITION 1. Let k be a field of characteristic p > 0. Put Ta = aP71. There is an isomorphism
between Endy(G,) and the ring of noncommutative polynomials k{7}.

For any o(T) = agT+a; TP+ - -+a,T"" € Endy(G,) and any o(7) = ag+a17+- - -+a,m" € k{r}
Lubin morphisms [32] ¢p and ¢ are defined:
co(p(T)) = ao, c(p(7)) = ao.

Respectively we define
deg(p(T) = p",d((1)) = n.

PROPOSITION 2. Any ring morphism A — Endy(G,) is either injective or has image contained
in the constants k C k{t}.

Sketch of the proof. k{7} is a domain. Endy(G,) is isomorphic to k{7}. A is a ring with divisor
theory ® and for any prime divisor p € © the residue ring A/p is a field. From these statements
the proposition follows.

Assume now that k is an A-algebra, i.e. there is a morphism i : A — k.

DEFINITION 2. An elliptic module over k (of rank r = 2) is an injective ring homomorphism
v : A— Endi(Gg)

a — Pgq,

such that for all a € A we have
d(p(7)) = 2 deg(a),

c(p(1)) = i(a).

EXAMPLE 2. Let k = Fy(T), A =TF,[P! —v] = F,[T]. Let i(T) = T? + 1. In this case an elliptic
module  is given by
p=T>+1+ci-T+ecy 72 c1,e0 €k, ca #0.

REMARK 1. By the same way it is possible to define a Drinfeld module (over a field) for any
natural .

Now consider the case of Drinfeld modules over a base scheme. Let S be an A-scheme, £ a

line bundle over S, i* : S — Spec A be an A scheme morphism dual to the ring homomorphism
1:A— Og

DEFINITION 3. (Drinfeld module over a base scheme) A Drinfeld module over k of rank r is an
ring homomorphism
p:A— Ends(L)

a’_>¢a7

such that for all a € A we have
1) locally, as a polynomial in T, @, has the degree

d(p(7)) = 7 - deg(a),

2) a unit as its leading coefficient a,, and

c(p(1)) = i(a).
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3.2. Drinfeld shtukas.

In notations of previous subsection let © € k, a € A, ¢,(7) be a Drinfeld module of rank r. Put
L=k{r}, f(r) € L, k[A] = k ®F, A, deg, f(7) the degree in T of f(7).

LEMMA 2. Define the action of k[A] on L by the formula:

r®a- f(r)=a- f(pa(T).
Then L is a free k[A]-module of rank r.

REMARK 2. Let Ex = {f(7) € Lldeg,f(7) < s}, E = ®X Es, E[l] = @2 (FEsy1. E, E[1] are
graded modules over the graded ring and give rise to locally free sheaves F, € of rank r over C.

Put Cg=C XF, S,04= 1de @ Froby s : Cs — Cg

DEFINITION 4. A (right) D-shtuka (F'-sheaf [19]) of rank r over an Fy-scheme S is a diagram
(F 3 &€& (ide ® Froby s)*F), such that coker ¢ is supported on the graph 'y of a morphism
a: S — C and it is a line bundle on support, coker ca is supported on the graph I'g of a morphism
B8 — C and it is a line bundle on support.

If T'o NTs = 0 it is possible to give the next definition of D-shtuka [34, 37].

DEFINITION 5. A global shtuka of rank r with two legs over an F,-scheme S is a tuple
N = (N, (c1,¢2),7n7) consisting of 1) a locally free sheaf N of rank r on Cg; 2) Fy-morphisms
¢+ 8 = C (i = 1,2), called the legs of N; 8) an isomorphism 75 : ogNles (v, ur,,) =
Nles—(r.,ur.,) outside the graphs Tc, of ¢;, Te; NTe, = 0.

DEFINITION 6. A global shtuka over S is a D-shtuka if TN satisfies TN(UZN) CN onCg—T,
with cokernel locally free of rank 1 as Og-module, and TX[l (N) C O';N on Cg — I'c, with cokernel
locally free of rank 1 as Og-module.

4. Finite G-shtukas.

We follow to [19, 33, 35, 36, 37]. We start with very short indication on the general framework
of the section. In connection with Drinfeld‘s constructions of elliptic modules Anderson [23] has
introduced abelian t-modules and the dual notion of t-motives. Beside with mentioned papers
these are the descent theory by A. Grothendieck [40], cotangent complexes by Illusie [44], by S.
Lichtenbaum and M. Schlessinger [41], by Messing [42] and by Abrashkin [43]. In this framework
to any morphism f : A — B of commutative ring objects in a topos is associated a cotangent
complex L(g/4) and to any morphism of commutative ring objects in a topos of finite and locally
free Spec(A)-group schemes G is associated a cotangent complex L gpec(4)) @ has presented in
books by Ilusie [44].

4.1. Finite shtukas and formal groups

Let S be a scheme over Spec F,.

DEFINITION 7. A finite Fy-shtuka over S is a pair M = (M, Fyr) consisting of a locally free
Og-module M on S of finite rank and an Og-module homomorphism Fyy : oy M — M.

Author [36] investigates relation between finite shtukas and strict finite flat commutative
group schemes and relation between divisible local Anderson modules and formal Lie groups. The
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cotangent complexes as in papers by S. Lichtenbaum and M. Schlessinger [41], by W. Messing [42],
by V. Abrashkin [43] are defined and are proved that they are homotopically equivalent.

Then the deformations of affine group schemes follow to the mentioned paper of Abrashkin are
investigated and strict finite O-module schemes are defined. Next step of the research is devoted to
relation between finite shtukas by V. Drinfeld [19] and strict finite flat commutative group schemes.
The comparison between cotangent complex and Frobenius map of finite [F,-shtukas is given.

4.2. Local shtukas and local Anderson modules

Recall some notions and notations. An ideal I in a commutative ring A is locally nilpotent at a
prime ideal g if the localization I, is a nilpotent ideal in A,. In the framework of smooth projective
geometrically irreducible curves C over F, let Nilp4, denote the category of A,-schemes on which
the uniformizer ¢ of A, is locally nilpotent. Here A, ~ FF,[[{]] is the completion of the local ring
Oc¢,, at a closed point v € C.

Let Nilpg, ) be the category of Fy[[{]]-schemes on which £ is locally nilpotent. Let S € Nilpg,(i¢])-
Let M be a sheaf of Og[[z]]-modules on S and let oy M = M ®¢[1),0x Os|[2]], M[ﬁ} = M®og[)]

OsllAl)[ L. q

DEFINITION 8. A local shtuka of height r over S is a pair M = (M, Fy) consisting of a locally
free sheaf M of Ogl|z]]-modules of rank r, and an isomorphism Fyr : U;M[%_é] o~ M[i]

The next lemma is proved [37].

LEMMA 3. Let R be an Fy[[&]]-algebra in which & is nilpotent. Then the sequence of R[[z]]-
modules

0— R[[z]] = R[[z]] = R—0
l—2z—-¢&2—¢&

is exact. In particular R[[z]] C R[[zﬂ[ﬁ]
In the conditions of the lemma authors [37] give the next

DEFINITION 9. A z-divisible local Anderson module over R is a sheaf of Fy[[z]]-modules G on
the big fppf-site of Spec R such that
(a) G is z-torsion, that is G = ligG[z”], where G[2"] = ker(z" : G — G),
(b) G is z-divisible, that is z : G — G is an epimorphism,
(¢c) For every n the Fg-module G[2"] is representable by a finite locally free strict Fq-module scheme
over R in the sense of Fultings ([45, 37]), and
(d) locally on Spec R there ewists an integer d € Zq, such that (z — &) = 0 on wg where
wg = lImwepn) and wepn) = E*QIG[Zn]/SpeC R for the unit section ¢ of G[2"] over R.

z-divisible local Anderson modules by Hartl [33] with improvements in [37] and local shtukas are
investigated. The equivalence between the category of effective local shtukas over S and the category
of z-divisible local Anderson modules over S is treated by the authors |36, 37|. The theorem about
canonical [, [[¢]] -isomorphism of z-adic Tate-module of z -divisible local Anderson module G of
rank r over S and Tate module of local shtuka over S associated to G is given. The main result
of [36] is the following (section 2.5) interesting result: it is possible to associate a formal Lie group
to any z-divisible local Anderson module over S in the case when £ is locally nilpotent on S. We
note that related with [36] and in some cases more general results have presented in the paper by
U. Hartl, E. Viehmann [35].
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1. Introduction and Basic Facts

The presentation of an arbitrary matrix over a ring as a sum/difference of some special elements
like units, nilpotents, idempotents, potents, etc., always plays a central role in the matrix ring theory.
A brief collection of principally known historical facts in this branch is as follows: In [4] it was shown
that any square matrix over the finite two elements field Zs is a sum of a nilpotent matrix and an
idempotent matrix; thereby the full matrix nxn ring M, (Zs) is called nil-clean. This important fact
was strengthened in [13] by showing that, for any n € N and for every n X n matrix A over Zg, there
exists an idempotent matrix E such that (A— E)* = 0, while over the finite indecomposable ring Z,
consisting of four elements this relation is precisely (A — E)® = 0 (see [2] and [12] for some further
generalizations and specifications, too). In [13] is showed also that the ring []>2; M,,(Z2) is both
nil-clean and von Neumann regular but not strongly m-regular, whereas the ring [[°7 M, (Z4) is
both nil-clean and regularly nil clean in the sense of [5] but not w-regular (see [7], as well). Likewise,
in [6] was established that the ring [[>2 | M, (K) over an algebraically closed field K is regularly
nil clean even in a more thin setting by viewing that the required nilpotent is of exponent 2.

Moreover, a rather actual question is definitely the following one: Is every matriz over each field
presentable as the direct sum of a nilpotent and a potent? In that aspect, it was proved in [3] that
every n X n matrix M over a field of odd cardinality ¢ has a decomposition of the form M = P+ N,
where P4 = P is g-potent and N is nilpotent with N3 = 0 but N? # 0 in general (compare also
with the results obtained in [1]).

We, however, conjecture that this is not always true; it is rather a sum of a non-singular matrix
and a nilpotent matrix — see, e. g., [10]. But over the four element field Fy, which case is in sharp
contrast to the aforementioned result from [3], this surely implies that it is a sum of a potent and a
nilpotent, not knowing what are the exact degrees neither of the potent nor the nilpotent, however.
In this way, a rather eluding question is of whether or not M,,(Zy4) is the sum of a nilpotent of order
at most 4 and a potent?

So, we come to the following basic and intriguing problem, which complete resolution seems to
be extremely difficult:

CONJECTURE. Every square matrix A over a field F’ with at least four elements can be represented
as A = D + Q with Q% = 0 and D being diagonalizable over F.

It is worthwhile noticing that, for fields of three elements (i.e., over F3 = Z3), the conjecture fails
as illustrated in [3, Example 6]. Nevertheless, concerning the fields with |F| = 3, we are believing
that the same conjecture holds, but only for matrices A such that the exceptional 3 x 3 matrix from
[3] does not appear as a rational normal form - block of A, A+ I and A — I, where I stands for the
standard matrix identity, and also it may be the case that the matrices with such a block have to
require index three nilpotents instead of these in the stated above conjecture.

The aim of this very short article is to settle this conjecture in the case of infinite fields (in
particular, for algebraically closed fields). This will be successfully done in the sequel by stating
and proving Theorem 1 presented below. The case of finite fields seems to be rather more difficult
than we anticipate and so it remains still left-open (see Problem 1 stated at the end of the paper).

2. The Result and a Problem

We start here by completely solving the quoted above Conjecture for matrices over infinite fields
(compare also with the corresponding result from [8], where a different approach is used).

THEOREM 1. FEach square matriz over an infinite field is the sum of a nilpotent square-zero
matriz and of a diagonalizable matriz.
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PRrROOF. We shall separate our arguments related to the arbitrary square matrix A over a field of
infinite cardinality into four points as presented below:

PoINT (1). Without loss of generality, we may assume that A has the rational normal form.

PoOINT (2). Without loss of generality, we will assume that A has exactly one block, that is, A
is a non-derogatory matrix.

POINT (3). If A has characteristic polynomial f(t) = t" — sp,_1t""! + s,_ot" "2 + ... + 50, We
write the coefficient s,_1 as a sum of n pairwise different numbers a1 + ... + a,,. The presentation
below shows two matrices of which the first is diagonalizable, and the second one is square-zero.
An appropriate choice of x1,...,2,-1 can make their sum equal precisely to f(¢) as being its
characteristic polynomial (this can be seen by determining the values of all z; one-by-one from
the bottom to the top; 1 <i <n —1).

agz 0 0 ... 0 0 00 0 ... 0 =z

1 a 0 ... 0 0 00 0 ... 0 =z

1 a3 ... 0 0 00 0 ... 0 =3

S — . . . . —"_ E . . . .
0 1 ap—2 O 0 0 0 O 0 zp—1

0 O 1 ap—1 O 00 O 0 =z,

0 0 O 1 ay, 00 O 0 0

PoINT (4). Note that the sum S of the matrices is a non-derogatory matrix — in fact, the point
being that the O-th, 1-st, ..., (n — 1)-st powers of S are linearly independent. To see this, just
look at what happens below the main diagonal in these powers, which inspection we leave to the
interested reader.

PoINT (5). By what we have established above in points 2, 3 and 4, this S has the same rational

normal form as A, and hence there exists a matrix C' over the same field F' such that the equality
A = C~1SC holds.

This completes the proof after all. O
We end our work with the following challenging question of some interest and importance.

PROBLEM 1. Eztend, if possibly, the considered above property from Theorem 1 for any finite
field.
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AnHOTan s

Jlaercst 3aMKHYTOE B ce0e aIbTePHATHBHOE KOMOMHATOPHOE M3JI0KEHIE T0KA3ATEIHCTBO TEO-
pembl PasmbicioBa-Kemepa-Bopaysa o HuabnorenTHOCTH pagaukaia adunnoit PI-aarebpor mas
HETEPOBBIM AaCCOIUATHBHO-KOMMYTATHBHBIM KOJIHIIOM. B CcBOe BpeMsi COODIIECTBO HE BEPHUJIIO B
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npoc 6611 moctasaen B.H.JIaTbImeBsIM B €ro JOKTOPCKOM IMCCEPTAIINHN.

Haunem ¢ onpenenenus:

1. Anrebpa A siBisiercst addpuHHOM HaL KOMMYTaTUBHBIM KOJIbIIOM C') eci A OpoxK aercs
KaKk anrebpa wag C' KOHEYHBIM YUCIOM JIEMEHTOB a1, ..., 0¢; B ITOM CJIy9ae MbI IHUIIEM

A=C{ay,...,as}.

2. Mbr roBopuM, 4TO aiarebpa A saBjsercs KoHedHO, ecin A MOpoxkaeHOo Kak C-MOIyJIb
KOHEYHBIM 9HCJIOM 3JIEMEHTOB.

3. Anrebpnr man noseM HasbiBaioTca PI amrebpammu, eciu OHM YIOBIETBOPSIOT (HETPUBHU-
AJIbHBIM ) TIOJIMHOMHUAJIHHBIM TOXKIECTBAM.

4. Muorounen Kanenmnu Cap,, cremenu 2k ompeesnsgercd Tak:

Capp(z1, .., Zr5 Y1, -+, Yk) = Z sgn ()@ (1)y1 - T (k)YE
TESk

5. Jac(A) obosnauaer pagukan Jlxekobcona anredpnr A, koropsiit ayist Pl-anrebp asisiercs
nepecedYeHueM MaKCUMAJIbHBIX UI€aJI0B A II0 TeopeMe KaHﬂaHCKOFO.
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Abstract

A self-contained, combinatoric exposition is given for the Braun—-Kemer—Razmyslov Theorem
over an arbitrary commutative Noetherian ring.At one time, the community did not believe in
the validity of this result, and contrary to public opinion, the corresponding question was posed
by V.N. Latyshev in his doctoral dissertation.

One of the major theorems in the theory of PI algebras is the Braun-Kemer-Razmyslov
Theorem. We preface its statement with some basic definitions.

1. An algebra A is affine over a commutative ring C' if A is generated as an algebra over C'
by a finite number of elements aq, ..., ag; in this case we write A = C{ay,...,as}.

We say the algebra A is finite if A is spanned as a C-module by finitely many elements.

2. Algebras over a field are called PI algebras if they satisfy (nontrivial) polynomial
identities.

3. The Capelli polynomial Cap; of degree 2k is defined as

Capy, (1, -, Tk Y1, - Yk) = Z Sen(T) T (1)1 T (k) Yk
TESK

4. Jac(A) denotes the Jacobson radical of the algebra A which, for Pl-algebras is the
intersection of the maximal ideals of A, in view of Kaplansky’s theorem.

The aim of this article is to present a readable combinatoric proof of the theorem: The

Braun-Kemer-Razmyslov Theorem The Jacobson radical Jac(A) of any affine PI algebra
A over a field is nilpotent.
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1. The BKR Theorem

1.1. Introduction

One of the major theorems in the theory of PI algebras is the Braun-Kemer-Razmyslov Theorem
(Theorem 1.1 below). We preface its statement with some basic definitions.

DEFINITION 1. 1. An algebra A is affine over a commutative ring C if A is generated

as an algebra over C' by a finite number of elements ai,...,ap; in this case we wrile
A=C{ay,...,ap}.

2. We say the algebra A is finite if A is spanned as a C-module by finitely many elements.
3. Algebras over a field are called PI algebras if they satisfy (nontrivial) polynomial identities.

4. The Capelli polynomial Cap, of degree 2k is defined as

Capk(xlv sy Ty YLy .- 7yk) = Z Sgn(ﬂ-)xﬂ'(l)yl (k) Yk
TES)

5. Jac(A) denotes the Jacobson radical of the algebra A which, for Pl-algebras is the intersection
of the mazimal ideals of A, in view of Kaplansky’s theorem.

THEOREM 1.1 (The Braun-Kemer-Razmyslov Theorem). The Jacobson radical Jac(A) of any affine
PT algebra A over a field is nilpotent.

The aim of this article is to present a readable combinatoric proof (essentially self-contained in
characteristic 0).

Let us put the BKR Theorem into its broader context in PI theory. We say a ring is Jacobson if
the Jacobson radical of every prime homomorphic image is 0. For PI-rings, this means every prime
ideal is the intersection of maximal ideals. Obviously any field is Jacobson, since its only prime
ideal 0 is maximal. Furthermore, any commutative affine algebra over a field is Noetherian by the
Hilbert Basis Theorem and is Jacobson, in view of [28, Proposition 6.37], often called the “weak
Nullstellensatz,” implying the following two results:

e (cf. Proposition 1.11) If a commutative algebra A is affine over a field, then Jac(A) is nilpotent.

e (Special case of Theorem 2) If A is a finite algebra over an affine central subalgebra Z over
a field, then Jac(A) is nilpotent. (Sketch of proof: Passing to homomorphic images modulo
prime ideals, we may assume that A is prime PI, and Z is an affine domain over which A is
torsion-free. The maximal ideals of Z lift up to maximal ideals of A, in view of Nakayama’s
lemma, implying Z NJac(A) C Jac(Z) = 0. If 0 # a € Jac(A), then writing a as integral over
Z, we have the nonzero constant term in Z N Jac(A) = 0, a contradiction.)

Since either of these hypotheses implies that A is a Pl-algebra, it is natural to try to find an
umbrella result for affine Pl-algebras, which is precisely the Braun-Kemer-Razmyslov Theorem. This
theorem was proved in several stages. Amitsur |1, Theorem 5|, generalizing the weak Nullstellensatz,
proved that if A is affine over a commutative Jacobson ring, then Jac(A) is nil. In particular, A
is a Jacobson ring. (Later, Amitsur and Procesi [3, Corollary 1.3] proved that Jac(A) is locally
nilpotent.) Thus, it remained to prove that every nil ideal of A is nilpotent.

It was soon proved that this does hold for an affine algebra which can be embedded into a
matrix algebra, see Theorem 1 below. However, examples of Small [33] showed the existence of
affine PI algebras which can not be embedded into any matrix algebra. Thus, the following theorem
by Razmyslov [22] was a major breakthrough in this area.
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THEOREM 1.2 (Razmyslov). If an affine algebra A over a field satisfies a Capelli identity, then its
Jacobson radical Jac(A) is nilpotent.

Although Razmyslov’s theorem was given originally in characteristic zero, he later found a proof
that works in any characteristic. As we shall see, the same ideas yield the parallel result:

THEOREM 1.3. Let A be an affine algebra over a commutative Noetherian ring C'. If A satisfies a
Capelli identity, then any nil ideal of A is nilpotent.

Following Razmyslov’s theorem, Kemer [15] then proved

THEOREM 1.4. [15] In characteristic zero, any affine PI algebra satisfies some Capelli identity (see
Theorem 3.3).

Thus, Kemer completed the proof of the following theorem:

THEOREM 1.5 (Kemer-Razmyslov). If A is an affine Pl-algebra over a field F' of characteristic zero,
then its Jacobson radical Jac(A) is nilpotent.

Then, using different methods relying on the structure of Azumaya algebras, Braun proved the
following result, which together with the Amitsur-Procesi Theorem immediately yields Theorem 1.1:

THEOREM 1.6. Any nil ideal of an affine Pl-algebra over an arbitrary commutative Noetherian ring
is nilpotent.

Note that to prove directly that Jac(A) is nilpotent it is enough to prove Theorem 1.6 and show
that Jac(A) is nil, which is the case case when A is Jacobson, and is called the “weak Nullstellensatz.”
But the weak Nullstellensatz requires some assumption on the base ring C. It can be proved without
undue difficulty that A is Jacobson when C' is Jacobson, cf. [26, Theorem 4.4.5]. Thus, in this case
the proper general formulation of the nilpotence of Jac(A) is:

THEOREM 1.7 (Braun). If A is an affine Pl-algebra over a Jacobson Noetherian base ring, then
Jac(A) is nilpotent.

Small has pointed out that Theorems 1.6 and 1.7 actually are equivalent, in view of a trick of [25].
Indeed, as just pointed out, Theorem 1.6 implies Theorem 1.7. Conversely, assuming Theorem 1.7,
one needs to show that Jac(A) is nil. Modding out the nilradical, and then passing to prime images,
one may assume that A is prime. Then one embeds A into the polynomial algebra A[\| over the
Noetherian ring C[A], and localizes at the monic polynomials over C[)\], yielding a Jacobson base
ring by [25, Theorem 2.8].

Braun’s qualitative proof was also presented in [27, Theorem 6.3.39], and a detailed exposition,
by L’vov [19], is available in Russian. A sketch of Braun’s proof is also given in |5, Theorem 3.1.1].

Meanwhile, Kemer [17]| proved:

THEOREM 1.8. [17] If A is a PI algebra (not necessarily affine) over a field F' of characteristic
p > 0, then A satisfies some Capelli identity.

Together with a characteristic-free proof of Razmyslov’s theorem 1.2 due to Zubrilin [34],
Kemer’s Theorems 1.4 and 1.8 yield another proof of the Braun-Kemer-Razmyslov Theorem 1.1.
The paper [34] is given in rather general circumstances, with some non-standard terminology.
Zubrilin’s method was given in [7], although |7, Remark 2.50| glosses over a key point (given
here as Lemma 2.13), so a complete combinatoric proof had not yet appeared in print with all the
details. Furthermore, full combinatoric details were provided in [7] only in characteristic 0 because
the conclusion of the proof required Kemer’s difficult Theorem 1.8. We need the special case, which
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we call “Kemer’s Capelli Theorem,” that every affine Pl-algebra A over an arbitrary field satisfies
some Capelli identity. This can be proved in two steps: First, that A satisfies a “sparse” identity, and
then a formal argument that every sparse identity implies a Capelli identity. The version given here
(Theorem 4.4) uses the representation theory of the symmetric group Sy, and provides a reasonable
quartic bound ((p — 1)p(“;1), where u = M) for the degree of the sparse identity of A in
terms of the degree d of the given PI of A.

It should be noted that every proof that we have cited of the Braun-Kemer-Razmyslov Theorem
ultimately utilizes an idea of Razmyslov defining a module structure on generalized polynomials
with coefficients in the base ring, but we cannot locate full details of its implementation anywhere
in the literature. One of the objectives of this paper is to provide these details, in §2.5 and §2.6.1.
Although the proof is rather intricate for a general expository paper, we feel that the community

deserves the opportunity to see the complete argument in print.

We emphasize the combinatoric approach here. Aside from the intrinsic interest in having such a
proof available of this important theorem (and characteristic-free), these methods generalize easily
to nonassociative algebras, and we plan to use this approach as a framework for the nonassociative
PI-theory, as initiated by Zubrilin. (The proofs are nearly the same, but the statements are
somewhat more complicated. See [6] for a clarification of Zubrilin’s work in the nonassociative
case.) To keep this exposition as readable as we can, we emphasize the case where the base ring
C is a field and prove Theorem 1.1 directly by an induction argument without subdividing it into
Theorem 1.6 and the weak Nullstellensatz, although we also treat these general cases.

§2 follows Zubrilin’s short paper [34], and gives full details of Zubrilin’s proof of Razmy-lov’s
theorem 1.2. This self-contained proof is characteristic free.

To complete the proof of the BKR Theorem, it remains to prove Kemer’s Capelli Theorem.
In §3 we provide the proof in characteristic 0, by means of Young diagrams, and §4 contains the
characteristic p analog (for affine algebras). An alternative proof could be had by taking the second
author’s “pumping procedure” which he developed to answer Specht’s question in characteristic p,
and applying it to the “identity of algebraicity” [7, Proposition 1.59]. We chose the representation-
theoretic approach since it might be more familiar to a wider audience. The proof of Theorem 1.6,
over arbitrary commutative Noetherian rings, is given in §5.

REMARK 1.9. An early version of Theorem 3.16 was written by Amitai Regev, to whom we are
indebted for suggesting this project and providing helpful suggestions all along the way. Belov
belongs lemma 3.8

1.2. Structure of the proof

We assume that A is an affine C-algebra and satisfies the n + 1 Capelli identity Cap,,,; (but
not necessarily the n Capelli identity Cap,,), and we induct on n: if such A satisfies Cap,, then we
assume that Jac(A) is nilpotent, and we prove this for Cap,, ;. For the purposes of this sketch, in
Steps 1 through 3 and Step 7 we assume that C is a field F'.

The same argument shows that any nil ideal N of an affine algebra A over a Noetherian ring
is nilpotent, yielding Theorem 1.3. For this result we would replace Jac(A) by N throughout our
sketch.

We write C{z,y,t} for the free (associative) algebra over the base ring C, with inde-
terminates x;,y;, tx, 2, containing one extra indeterminate z for further use. This is a free module
over C, whose basis is the set of words, i.e., formal strings of the letters x;,y;,tx, 2. The x and
y indeterminates play a special role and need to be treated separately. We write C{t} for the free
subalgebra generated by the t; and z, omitting the x and y indeterminates.

1. The induction starts with n = 1. Then n + 1 = 2, and any algebra satisfying Cap, is
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commutative. We therefore need to show that if A is commutative affine over a field F', then Jac(A)
is nilpotent. This classical case is reviewed in §1.3.1.

2. Next is the finite case: If A is affine over a field F' and a finite module over an affine central
subalgebra, then Jac(A) is nilpotent. This case was known well before Razmyslov’s Theorem, and
is reviewed in §1.3.2. Theorem 1.3 follows whenever A is a subring of a finite dimensional algebra
over a field.

3. Let CAP,, = T(Cap,,) be the T-ideal generated by Cap,,, and let CAP,(A) C A be the
ideal generated in A by the evaluations of Cap,, on A, so A/CAP,(A) satisfies Cap,,. Therefore, by
induction on n, Jac(A/CAP,(A)) is nilpotent. Hence there exists g such that

Jac(A)? C CAPL(A), so Jac(A)*? C (CAP,(A))>

4. In §2.2.4 we work over an arbitrary base ring C' (which need not even be Noetherian), and
for any algebra A introduce the ideal I, 4 C A[,, 4], for commuting indeterminates &, 4, which

provides “generic” integrality relations for elements of A. Let C@t} = C{z,y,t}/CAP 41, the
relatively free algebra of Cap,, ;. Taking the “doubly alternating” polynomial

f=t1Cap,(x1,...,2,)t2a Cap,,(y1, .-, Yn)ts,

we construct, in Section 2.2.1, the key C'{¢t}-module Mc C{x,y,t}, which contains the polynomial

f. A combinatoric argument given in Proposition 2.17 applied to C{x,y,t} (together with

substitutions) shows that In,c{/x,y\,t} M =0.

5. We introduce the obstruction to integrality Obst,(A) = AN, 4 C A and show that
A/Obst,(A) can be embedded into a finite algebra over an affine central F-subalgebra; hence
Jac(A/Obst,(A)) is nilpotent. This implies that there exists m such that

Jac(A)™ C Obst,(A).

The proof of this step applies Shirshov’s Height Theorem [32], |7, Theorem 2.3].

6. We prove that Obst,(A) - (CAP,(A))? = 0 over an arbitrary ring C. This is obtained from
Step 4 via a sophisticated specialization argument involving free products.

7. We put the pieces together. When C' is a field, Step 3 shows that Jac(A)? C CAP,(A) for
some ¢, and Step 5 shows that Jac(A)™ C Obst,(A) for some m. Hence

Jac(A)%+™ C Obst,(A) - (CAP,(A))? =0,

which completes the proof of Theorem 1.2. When C is Noetherian, any nil ideal NV of C' is nilpotent,
so the analogous argument shows that N™ C Obst,,(A) for some m. Hence

N20t™ C Obst, (A) - (CAP,(A))? =0,

proving Theorem 1.3.

1.3. Special cases

We need some classical special cases.
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1.3.1. The commutative case

Our main objective is to prove that the Jacobson radical Jac(A) of an affine Pl-algebra A (over
a field) is nilpotent. We start with the classical case for which A is commutative.

REMARK 1.10. Any commutative affine algebra A over a Noetherian base ring C' is Noetherian,
by Hilbert’s Basis Theorem, and hence the intersection of its prime ideals is nilpotent, cf. |29,
Theorem 16.24].

But for any ideal I < A, the algebra A/I is also Noetherian, so the intersection of the prime
ideals of A containing [ is nilpotent modulo 1.

PropOSITION 1.11. If H is a commutative affine algebra over a field, then Jac(H) is nilpotent.

PrOOF. The “weak Nullstellensatz” |28, Proposition 6.37] says that H is Jacobson, and thus
the Jacobson radical Jac(H) is contained in the intersection of the prime ideals of H. But any
commutative affine algebra is Noetherian, so we conclude with Remark 1.10. O

1.3.2. The finite case
To extend this to noncommutative algebras, we start with some other classical results:

1. [29, Theorem 15.23] (Wedderburn) Any nil subring of an n X n matrix algebra over a field is
nilpotent, of nilpotence index < n (in view of |29, Lemma 15.22]).

2. |29, Theorem 15.18] (Jacobson) The Jacobson radical of an n-dimensional algebra over a field
is nilpotent, and thus has nilpotence index < n, by (1).

3. Any algebra finite over a Noetherian central subring C, is Noetherian (This follows at once
from induction applied to |28, Proposition 7.5].

THEOREM 1. Suppose A = C{ay,...,ap} is an affine algebra over a commutative Noetherian
ring C, with A C M, (K) for a suitable commutative C-algebra K. Then

1. Any nil subalgebra N of A is nilpotent, of bounded nilpotence index < mn, where m is given
in the proof. When K is reduced, i.e., without nonzero nilpotent elements, then m = 1, so
N™=0.

2. If C is a field, then Jac(A) is nilpotent.

ProoOF. For each 1 < k < £, write each a; as an n x n matrix (a(]-c)), for agf) € K, and let H be

ij
the commutative C-subalgebra of K generated by these finitely many al(f); then H is C-affine. We

can view each ay in M, (H), so A C M,(H).
(1) Let N C A be a nil subalgebra. Now A C M, (H),so N C M,(H) and is nil. Let P C H be
prime. The homomorphism H — H/P extends to
My (H) — My, (H/P) (= My, (H)/Mn(P)).

Let N be the image of N, so N = (N + M,(P))/M,(P) so N C M,(H)/M,(P) = M,(H/P) C
M, (L) where L is the field of fractions of the domain H/P. By Wedderburn’s theorem N" = 0
which implies that N™ C M, (P) (since P = 0in H/P and in L). Hence, letting U denote the prime
radical of H, we have N™ C M, (U). But, in view of Remark 1.10, we have U™ = 0 for some m. (If
K is reduced then U = 0, implying m = 1.) We conclude that

N = (N™)™ € (Mo (U))™ = M, (U™) = 0.
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(2) We need here the well-known fact [29, Exercise 15.28] that when J<A, with J nilpotent, then
Jac(A/J) = Jac(A)/J. It follows at once that if Jac(A/J) is nilpotent, then Jac(A) is nilpotent.

By hypothesis H is affine over the field C, so Jac(H) is nilpotent, and thus M, (Jac(H)) =
Jac(M,,(H)) is nilpotent. Let A= A/(AN M,(Jac(H))) and H = H/ Jac(H). Then

A C My (H/ Jac(H)) = M (H),

and Jac(H) = 0. Thus we may assume that Jac(H) = 0, and we shall prove that J” = 0, where
J = Jac(A).

For any maximal ideal P of H, we see that H/P is an affine field extension of C, and thus is
finite dimensional over C, by |28, Theorem 5.11|. But then the image of A in M, (H/P) is finite
dimensional over C, so the image J of J is nilpotent, implying J” = 0. Hence J" is contained in
NM,(P) = M,(NP) = 0, where P runs over the maximal ideals of H. O

THEOREM 2. Suppose A is an algebra that is finite over C, itself an affine algebra over a field.
Then Jac(A) is nilpotent.

PROOF. Since A is Noetherian, its nilradical N is nilpotent by [29, Remark 16.30(ii)|, so modding
out N we may assume that A is semiprime, and thus the subdirect product of prime algebras
{A; = A/P; : i € I} finite over their centers. If Jac(A)"™ C P, for each i € I, then Jac(A)" C NP; = 0.

So we may assume that A is prime. But localizing over the center, we may assume that C' is a
field. Let n = dim ¢ A. Then A is embedded via the regular representation into n X n matrices over
a field, and we are done by Theorem 1. O

Since not every affine PI-algebra might satisfy the hypotheses of Theorem 1, cf. [33] and [18],
we must proceed further.

2. Proof of Razmyslov’s Theorem

In this section we give full details for Zubrilin’s proof of Theorem 1.2.

2.1. Zubrilin’s approach

(z,n)

2.1.1. The operator J,

Let us fix notation for the next few sections. C' is an arbitrary commutative ring. We start with
a polynomial f := f(x1,...,zn) € C{z,y,t} in & = {x1,..., 25} (which we always notate), as
well as possibly % = {y1,...,yn} (which we sometimes notate), and £ = {ty,...}, all of which are
noncommutative indeterminates.

DEFINITION 2.1. Let f(Z,#7,1) be multilinear in the z; (and perhaps involving additional
indeterminates ¢ and f} Take 0 < k£ < n, and expand

fr=f((z+ Dy, (24 Dy, 7.8),

where z is a new noncommutative indeterminate. Then we write

5 (f) = 6 ()@, wn, 2)
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for the homogeneous component of f* of degree k in the noncommutative indeterminate z. (We
have suppressed 7, ¢ in the notation, as indicated above.)
For example let n = 2 and f = x1x9. Then

(z+ D)z1(z + 1)xg = zx1229 + 22122 + T12T2 + T122.

(2,2)

Hence 507Z (x122) = T129, 5(®2)

1,z

(CC,Q)(

(x122) = 22122 + 12292, and dy T1T2) = ZT12X3.

More generally, for any h € C{t} we write 5limhn)(f) = 5,(€:fl;n)(f)(:v1,...,xn,h), i.e., the
specialization of 5](;;71)( f) under z — h.
REMARK 1.
(z,n)

1. In calculating 6,2 (f), the substitution x; — (2+1)x; is applied to the first n positions in f but
not to the other positions. For example, the last (i.e. n+ 1 st) variable in f(x1,...,Tpn-1,Tnt+1,Zn)

i8 Ty, not x,11. Hence, to calculate 5,(fz’n)(f(x1, ey D1y Tptl, Tn)) we apply z; — (z+ 1)a; to all
x;’s except x,,.

2. We can also write

5zgf$n)(f(x1, T, 1) = Z F(w1,.. o, 1) o1y 2o, =

1<t << <n

= Z f(xl,...,zmil,...zzz:ik,...,xn,f}.
1< < <ip<n
3. In case f = f(x1,...,Zn,Y1,...,Yn) also involves indeterminates yi,...,yn, we still have
5]53?71”)(1?) = Z f |CCZ‘j Hzxija
1<i1 <--<ig<n
indicating that the other indeterminates yi,...,yn remain fized. Analogously,

(5](52771)(.]0) = Z f ‘yij —2Yij

1<i1 < <ig<n

and the indeterminates x1,...,x, are fized.
DEFINITION 2.2. A polynomial f(x1,...,z,,t ) is alternating in z1,...,, if f is multilinear in
the x; and

f(xl,...,xi,...,xj,...,xn,f) +f(ac1,...,xj,...,xi,...,xn,f) =0 for all ¢ < j. (1)

A stronger definition, which would suffice for our purposes, is to require that

—

flrer, o @iy Xy ey Xy, ) = 0; (2)

i.e., we get 0 when specializing x; to z; for any 1 <14 < j < n. We get (2.2) by linearizing (2), and
can recover (2) from (2.2) in characteristic # 2.)

LEMMA 2.3. Let f(z1,...,2,,t ) be multilinear and alternating in zi,...,,. Then for each
0<k<n, 5limz’n)(f(x1, ..y Zp, 1)) is also alternating in x1, ..., z,.
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PROOF. Let v = 1+ ez where ¢ is a central indeterminate. Obviously f(vzy,... ,vxn,f) is also
alternating in z1,...,z,. Since

f(vx1, - ,U.In,{) = Z (5](6?;”)(f(x1, .. .,xn,f)> gk

n

k=0
is alternating in x1,...,x,, it follows that each 6li$z’n)(f(x1, ... Zn, 1) is alternating in x1, ..., z,.
O
REMARK 2.4.
1. Since CAP,, is generated as a T-ideal by polynomials alternating in x1,...,x,, we have

0, (CAPL) CCAP,  and 617 (CAP41) C CAP .

2. The results proved for the indeterminate z specialize to an arbitrary polynomial h, and thus
can be formulated for h.

LEMMA 2.5. The 5,(€w’n)(f)—operator is functorial, in the sense that if @ = (a1,...,a;) € A and

V4

h(@) = W'(@), then 8" (£)(@) = 607 (f)(@)-

PrROOF. We get the same result in Definition 2.1 by specializing z to h and then to @, as we get
by specializing z to i/, and then to @. O
This observation is needed in our later specialization arguments.

The following observation, which is rather well known, motivates Proposition 2.10 below. Let
V=Cxr1® - ®Cx,andlet z:V — V be a linear transformation from V to V. Let

n

det(M = 2) = cp(2)AF

k=0

be the characteristic (“Cayley-Hamilton") polynomial of z. Then we have the following formula
from |26, Theorem 1.4.12]:

(5](5;1)(Capn(:c1,...,a:n;gj)) = Z Cap,, (1, ..., 2Tiy, .- 2Ty, - -, T3 ) =

1<ii << <n

= Ck(Z) . Capn(xlv ey Ty 37)7
and the coefficients cg(z) are independent of the particular indeterminates z1,...,z,. Proposi-
tion 2.10 below displays a similar phenomenon.

2.2. Zubrilin’s Proposition

Our goal in this section is Proposition 2.17. Let us define the terms used there.
Let C{x,y,t} denote the relatively free algebra C{z,y,t}/CAP,+1. We denote the image of

f € Cla,y,t} in Oy, 1} by f.
REMARK 2.6. If A satisfies Cap,, ,;, then any algebra homomorphism ¢ : C{z,y,t} — A naturally
induces an algebra homomorphism ¢ : C{z,y,t} — A given by

3(f) = e(f),

since CAPp+1 C ker .
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REMARK 2. Let f(x1,...,Znt1) be multilinear in x1,...,Tn1 and alternating in x1,...,T,.
Construct
~ _ n+1
F=Flan o an) =) (D F @1, ety Thgts - T, ). (3)
k=1

(All other variables occurring in f are left untouched.)
Then f is (n+ 1)-alternating in x1,...,Tpe1-

PROPOSITION 2.7. Let f(x1,..., 2, xpy1) be multilinear in x1,...,2,, n+1 and alternating in
Z1,...,Zy (so f of Equation (3) is (n + 1)-alternating). Then

n

S (16 (F(@1, B0y I 2041)) =0 modulo CAP 1.
j=0

PRrROOF. Throughout we work modulo CAP, . Since f is (n + 1)-alternating, we have

0= f: f(CL'Q,fL'g ce. ,l‘n+1,$1) - f(xla:ES .. ~a$n+17$2) +-+ (*1)nf($lax27 “e ,l‘n,l'n+1).

Thus, modulo CAP,,+1 the last summand (—1)"f(x1,22,...,Zn, Tnt1) can be replaced by minus
the sum of the other summands:

n

(—l)nf(.’ljl,m'g, coo s Iy xn+1) = Z(—l)kf(l'l, oy T—15 Th41y - - - ,$n,$n+1,xk),
k=1

Given 0 < j < n, substitute x,, 41 — 2" jxnﬂ, S0

n
(=D)"f(x1, 22, ... X, 2" T 2pg1) = Z(—l)kf(acl, e Ty Tty e Ty 2 T L1, Th)-
k=1

(z,n)

Applying § b and summing with sign, we get

n
"Z ]596” xl,...,xn,z"_jxnﬂ)z
7=0
n n )
=S 1S DEE (Flans o whe Bty T, 2 T, 1)) =
§=0 k=1
n n ) ]
= (_1)k Z(_l)]5§§n) (f(xla vy Th—1y Th+41y -+ -5 Tny, Zn_anJrl; 'ka))
k=1 §=0
Denote gjr = f(@1,..., Th—1, Thp1, - - - yTn, 2" Ty, 1), and
n
Q= > (=178, (g5). (4)
§=0

It suffices to show that Q4 = 0 for each k. Note that in calculating 552’") (gjk) = 5§.i’”)(f(m1, ey
The1y Thtly- -y Ty 2" I Tpt1,Tk)), T is unchanged (since it is the last indeterminate), while for all
other z;’s (in particular — for x,,4+1) we substitute x; — (z + 1)x;, ¢f. Remark 1.1. Therefore

0 (gik) = 851 (910) + 05 (97)
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where

(9j,x) is the sum of the monomials of (5](-?") (9j,x) having z-degree j, where x,41 was
replaced Ly 2Tn41;

and
(z,n)
] Z [k//

(9j,x) is the sum of the monomials of 5§‘Z’n) (9j,x) having z-degree j, where x,41 was
unchangeél

It is not difficult to see that for 7 > 0,

(z,n) n—j —
o, [k/]f(ﬂh, ey Ty Tl e ey Ty 21 I 1, Tg) =
(z,n) n—j+1
(5] 1Z[ku]f(xlv-'-7xk—171'k+17-~7xn72 J ﬂfn+1,l’k),

namely

5§i?[1’] (g_] k) 5j(x ’T)Z K (gjfl,k)-

It also follows from the definitions that 5&’%{3,} (gok) = 52]0;“[)14/] (gn) = 0. Hence

n n

S0 (gik) = (=165 (g58) =

7=0 7j=1
n—1

—Z I8 o (g-1k) = = D (=176 (g58),
j=0
and
n n—1
j= J=

Summing in (4) we get

Qu =" (195" (g50) = 3 (=107 (58 0k + 07 ygix) =0

j=0 7=0

d

2.2.1. The module M over the relatively free algebra of Cap,,

We need a special sort of alternating polynomials.

DEFINITION 2.8. A polynomial f(z1,...,Zn;y1,---, yn;ﬂ, where ¢ denotes other possible indeter-
minates, is doubly alternating if f is linear and alternating in z1,...,x, and y1,...,yn.

Our main example is the double Capelli polynomial
DCap,, = t1 Cap,,(z1, ..., 2n;t)t2 Cap, (Y1, . - - Yn; t7)t3. (5)

Here  and ¢ are arbitrary sets of extra indeterminates. We suppress the indeterminates ¢, ¢ ,
and tq,to, t3 from the notation, since we do not alter them.
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DEFINITION 2.9. Let M denote the C-submodule of C{z,y,t} consisting of all doubly alternating
polynomials (inzy...,zy, and in yy,. .. ,yn)

M denotes the i image of M in C{:c y,t}, i.e., the C-submodule of C{a: y,t} consisting of the
images of all doubly alternating polynomials (in 1 ..., x,, and in y1,...,Yn)-

REMARK 3. M is a C{t} submodule of C’{x y,t}, namely C{t}/\/l C M. Indeed, let h e C{t}

and f € M. If either h or f is in CAPpi1 then hf € CAPni1; hence the product hf = hf is well
defined. Moreover, if f = f(T1,.. ., TnsY1,-- - Yn,t ) is doubly alternating in the x’s and in the y’s,
and h € C{t'}, then hf is doubly alternating in the x’s and in the y’s.

2.2.2. The Zubrilin action

The theory hinges on the following amazing result, which we prove in Section 2.7 below. (This
is also proved in |7, Theorem 4.82|, but more details are given here.)

PropOSITION 2.10. Let f(z1,...,Zn;Y1,-..,Yn) be doubly alternating in zj,...,x, and in
Y1, - -, Yn (perhaps involving additional indeterminates). Then for any polynomial h,
5](;3’?)(]") = 5,2%”)(]”) modulo CAPp41; (6)
namely,
Z f ‘fij%h%'jz Z f |yz‘j—>hyij modulo CAPn+1.
1<i << <n 1<i1 << <n

Before proving Proposition 2.10 we deduce some of its consequences.

REMARK 2.11. It follows from Proposition 2.10 that (5(96 n)(f) — 5,(€y;Ln)(f) € CAP, 41 whenever

fe /\/l, so working modulo CAP,11 we can suppress x in the notation, writing Slgn,z(f) for Sl(fhn)(f)

2.2.3. Commutativity of the operators 6,&",% modulo CAP,+1

We use M instead of M because of the following lemma.

—

LEMMA 2.12. (i) 5,(!2 induces a well-defined map 3,(:2 ‘M= M given by Sl(gn}z(f) = 5,(f;Ln)(f).
(ii) 5,&”,3 produces the same result using the indeterminates = or y.

Proor. (i) If f(z1,...,2n,y1,...,Yn) and g(z1,...,Zn,Y1,...,Yn) are doubly alternating poly-
nomials, with f = g, then f — g € CAP, 11, so by Remark 2.4(1), 6,2"2(]" —g) € CAPp41 and hence

—

6,53",2(]" — g) = 0. Therefore we have

0= 004 = 9) = 00A(N) = 63(9) = 65 = 3(9).
proving that 5,(:2 is well-defined.
(i) The assertion follows from Remark 2.11, which shows that (519,1”)( f) = 5](§y]’1n)( f). O

LEMMA 2.13. Let f = f(x1,...,Zn;Y1,--.,Yn) be doubly alternating in x1,...,2, and in y1,...,y,
(and perhaps involving other indeterminates). Let 1 < k, ¢ < n. Then for any hi, hy € C{t},

o (). (7)
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PrROOF. Equation (7) claims that modulo CAP, 1,
(i)
i S (F) = 85850 () and
(i)
S 54 (1) = 35 050 (1) and
(iii)
S St (1) = 65 Sm ().
The middle equivalence (ii) is an obvious equality. The first and third equivalences are similar, and

we prove the first. By Proposition 2.10, by (ii), and again by Proposition 2.10, modulo CAP,+1 we
can write

oS () = o (1) = s o (F) = o e (f).

Note that in the last step, Lemma 2.3 was applied (to 5,iwh?)(f)) O

2.2.4. The ideal I, 4 C A[§, 4] and the annihilator of M

DEFINITION 2.14. For each a € A let &1 4,...,&n,4 be n corresponding new commuting variables,
and construct A[, 4]l = Al1a,---.6na | @ € A]. Let I, 4 C A&, 4] be the ideal generated in
A&, 4] by the elements

a” + gl,aan_l + -+ gn,aa ac A,

namely
Ina=(a"+&a0"" + +&nala€A).

REMARK 2.15. In view of Proposition 2.10, the map Sén) : M — M of Lemma 2.12 yields an action
of the C-algebra C/'{t\}[gn 5{?}] on M\, given by & nf = 6,(6”}2(]”)

Working with the relatively free algebra, our next goal is to prove that In e -M = 0. For that
we shall need the next result.

PROPOSITION 2.16. (Zubrilin) Assume that a multilinear polynomial g(x1,...,zy) is alternating
in z1,...,2,. Then, modulo CAP,, 1,

n

ST =Dk R (g) =0

k=0
for any h € C{t}. In particular, if g is doubly alternating, then (again modulo CAP, 1)

n

> (=D () = 0.

k=0
PROOF. First we take h to be an indeterminate z. Let f(z1,...,Zp41) = Tpy19(21,...,2y,). By
Proposition 2.7, C{x,y,t} satisfies the identity

(~1)98" (f (21, 20 2" T 041)) = 0.
7=0
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Note that in computing 5§Z)(f(a:1,...,xn,z”*jxnﬂ)), the last indeterminate is x,y1 and is
unchanged, cf. Remark 1.1, so

(n) (

5;2)(]”(361, e T, 2 1)) = z"*jxn+15j,z g(w1,...,Tn).

Using Proposition 2.7, we have that

n

S (1Y 2160 (g, . 20)) € CAP .

=0

The proof now follows by substituting z,4+1 — 1 and z — h € C{t}.
g

As a consequence we can now prove the key result:

—

PROPOSITION 2.17. Let M be the module given by Definition 2.9. Then, e M =0.

Proor. We prove that [ M = 0, by showing for any doubly alternating polynomial

c7{t}
flx1, Ty Y1,y Yn) € M and h € C{t}, that

(W"+&ph" o+ &p)f =0 (mod CAPs1).

It follows from the action &g pf = 5,53”2(]") and from Proposition 2.16 that modulo CAP, 1,

(W + &ph" &) f = Z Yenn ks () = 0.

d

2.3. The ideal Obst,(A) C A

In order to utilize these results about integrality, we need another concept. We define
Obsty, (A) = AN I, 4, viewing A C A&, a].

REMARK 4.
1. Let
A= A[‘Sn,A]/In,Av (8)
with f : Al 4] — A the natural homomorphism, and f, : A — A be the restriction of f to
A. Then

ker(f,) = AN I, 4 = Obst,(A).

2. Note that for every a € A, f(a) is n-integral (i.e., integral of degree n) over Cl[&i 4, and thus
over the center of A. Indeed, apply the homomorphism f to the element

a"+ €100+ g (€ Ina)

to get

C_Ln+€1,aan_1+

ot = (@ + €00+ Ena) + Tna = 0.
LEMMA 2.18. ker(f,) also is the intersection of all kernels ker(g) of the following maps g:

g: A — B, where B is a C-algebra, and g : A — B is a homomorphism such that for any a € A,
g(a) is n-integral over the center of B.
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PrOOF. Denote the above intersection Ngker(g) as Obst,,(A). Then Obst;,(A) C Obst,(A) since
ker(fy) is among these ker(g). To show the opposite inclusion we prove

Claim: For such g : A — B, ker(g) 2 AN I, 4 = Obst,(A).

Extend g to g* : A[&, 4] — B as follows: g*(a) = a if a € A, while g*(£;4) = Bia. We claim that
g*(I.4) = 0. Indeed, let
r=a" + fLaan*l 4+t En,a

be one of the generators of I, 4.
By assumption there exist 51,4, ..., 3, in the center of B satisfying

9(@)" + Brag(a)"" + - + o0 = 0. (9)
Hence,
g"(r) = 9(a)" + Brag(@)" ™" + -+ Bra = 0.
This shows that as claimed, ¢*(/,,4) = 0.

Finally, if a € ANI, 4 then g(a) = g*(a) = 0. Hence a € ker(g), so ker(g) D ANI, 4 = Obst,(A).
O

COROLLARY 2.19. If every a € A is n-integral (over the base field), then Obst,(A) = 0.

PRrROOF. The assumption implies that in the above, the identity map id = g : A — A satisfies the
condition of Lemma 2.18. Hence 0 = ker(g) D Obst,(A), and the proof follows. O

This corollary explains the notation Obst,(A): it is the obstruction for each a € A to be
n-integral. The next result technically is not needed, but helps to show how Obst behaves.

LEMMA 2.20. Obsty_1(A) D Obst,(A).

PrROOF. Represent
Obsty—1(A) = Ny ker(h) and Obsty, (A) = Ngker(g),

with the respective conditions of n — 1 integrality and of n integrality. Take a € Aand h: A - B
with A(a) being n — 1 integral over the center of B. Then h(a) is also n integral over the center of
B. Hence every ker(h) in Obst,_1(A) also appears in the intersection Obst,(A) = Ngker(g), and
the assertion follows. O

2.4. Reduction to finite modules

The reduction to finite modules is done using Shirshov’s theorem.

PROPOSITION 2.21. Let A = C{ay,...,as} have PI degree d over the base ring C. Then the affine
algebra A/ Obst,,(A) can be embedded in an algebra which is finite over a central affine subalgebra.

PROOF.
Let B C A be the subset of the words in the alphabet aq,...,a, of length < d. By Shirshov’s
Height Theorem there exists an integer h such that the set

W= {tf1... b | b€ B, any k; >0}

spans A over the base ring C.
Similarly to A[¢, al, construct A[§, ] C A[&,, 4]

Al&B) = A&y, - 6np | b€ B,
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and let I,, g be the ideal
Lig =" +&pb" 4+ &y | b€ B) < A6y 5]
Denote
A= Al B]/In. (10)

We show that A’ is finite over an affine central subalgebra and thus is Noetherian.

Given a € A, denote o’ = a+ I, p € A, and similarly &, = & + I, g. Then for every b € B,
b’ is n-integral over C[&, |, where

Clén Bl =Cl&1 4,65 | b€ B] C center(A").
Hence the finite subset
W= {5V b eB, ki<n—1} (CA4) (11)

spans A’ over C[¢], ]. Thus A’ is finite over the affine central subalgebra C[¢], 5] C center(A’) and
thus is Noetherian.

Restricting the natural map g : A, g] = A" = A&, B]/In B to A, we have

g A=A (a—d=a+1I,p) (12)
which satisfies
ker(g,) = AN I, p C ANI, s = Obst,(A). (13)
Let
A = A/ Obst,(A), (14)

and for @ € A denote a = a + Obst,(A) € A. We then have the corresponding subset
B ={b|be B} CA, as well as the set of commutative variables { 5 and the ideal I 3.

Let A* = A[Sn,é]/fn,é'

Replacing A by A and &i,B by &, g, we clearly have the natural homomorphism

g: A, 5 = AlE, 5/, 5 = A,

with restriction
§|A:§7A—>A*

Note that each @ € A is n-integral over the center of A, implying, by Corollary 2.19, that

Obsty,(A) = 0. Then, as in (13), we deduce that

ker(g,) C Obst,(A) (=0).

Hence §, embeds A = A/ Obst, (A) into A*. Note that A* is a finite algebra over the affine central
subalgebra Q C A* generated by the finitely many central elements §, 5 + I 5

Denote b* = b+ I 5. Then, as in (11), the finite subset
W* = {b" bk b e B, ki <n—1} (C 4%

spans A* over Q. O
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2.5. Proving that Obst,(A) - (CAP,(A))* =0

In this section we show how Proposition 2.17 implies that Obst,,(A) - (CAP,(A))? = 0, thereby
completing the proof of Razmyslov’s Theorem. For this, we need to specialize down to given
algebra A, requiring a new construction, the relatively free product, which enables us to handle
A together with polynomials. Since, to our knowledge, this crucial step, which is needed one way or
another in every published proof of the BKR theorem, has not yet appeared in print in full detail,
we present two proofs, one faster but more ad hoc (since we intersect with A and bypass certain
difficulties), and the second more structural.

Both approaches are taken in the context of varieties in universal algebra, by taking the free
product of A with the free associative algebra, and then modding out the identities defining its
variety.

2.5.1. The relatively free product

DEFINITION 2.22. The free product A xc B of C-algebras A and B is their coproduct in the
category of algebras.

(For C-algebras with 1, there are canonical C-module maps
A—A®1C A®c B, B—-1®BCA®c B,

viewed naturally as C-modules, so A x¢ B can be identified with the tensor algebra of A ®¢c B, as
reviewed in |29, Example 18.38].)

Although the results through Theorem 2.32 hold over any commutative base ring C, it is easier
to visualize the situation for algebras over a field F', in which case we have an explicit description
of Al a] * F{x;y;t}:

Fix a base By = {1} U By of A over F, and let B be the monomials in the {{,, : a € A}
with coefficients in B4. (For algebras without 1, we take B = By.) Thus B is an F-base of A[¢, a],
and A[&, a] * F{z;y;t} is the vector space having base comprised of all elements of the form
boh1b1habs - - - hyyby, where m > 0, bg, by, € B, by,...,b;—1 € B\ {1}, and the h; are nontrivial
words in the indeterminates x;, y;, t. The free product A[&, ] * F{x;y;t} becomes an algebra via
juxtaposition of terms. In other words, given

9j = bjohjabjiihjebz - hjm;bjm,
for j = 1,2, we write by m, b2 = a1 + >, by, for oy, € F' and by, ranging over B\ {1}, and define

9192 =a1b1oh1,1b1,1h12012 - - (h1,mi h2,1)b2,1h22b22 - - - ho s

+ Z arbioh1,1b1,1h1 2012 - - By biho, 1021022022 - - - ha sy - (15)
k

For example, if b1by = 1 + b3 + by, then

(bah1,1b1)(b2ho,1b2) = ba(h1,1h2,1)ba + bahi 163k 1b2 + bahi 1b4ho 1b2.

2.5.2. The relatively free product of A and C{z;y;t} modulo a T-ideal

Even for algebras over an arbitrary base ring C, we can describe the free product of a C-algebra
with C{z;y;t} by going over the same construction and mimicking the tensor product. Namely we
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form the free C-module M having base comprised of all elements of the form aghiaihsas - - - hpam,
hlalhgag e hmam, a0h1a1h2a2 te hm, and h1a1h2a2 te hm where m 2 0, ag,...,am € A, and the
h; are nontrivial words in the indeterminates z;,y;, t.

The free product A « C{x;y;t} is M/N, where N is the submodule generated by all

aphiathg -+ a; -+ - b + aghiaihe - - - a; - - hyam — aghrarhs - -+ (a; + aj) -+ - hyam,
(Chl) — Ch1,
caghiaihs - --a; — aghiaths - -+ (CCLZ‘) <o R G, a; € A, ce C

A x C{x;y;t} becomes an algebra via juxtaposition of terms, i.e., given
9j = ajohj1a;1hj2a;o - hjm;ajm;
for j = 1,2, we define
9192 = caiphi1a1,1h12a12 - (him, ho1)az1ho2a2.2 - - ham, (16)

when ay y,,a20 =ce€ C, or

9192 = a1a10h11a1,1h12012 - - - b, (@1,m,a2.0)ho 1021022022 -+ - ho my (17)

when aj a2 ¢ C.

We write A(z;y;t) for the free product A « C{x;y;t}.

We have the natural embedding C{z;y;t} — A(z;y;t). For g € C{x;y;t}, we write g for its
natural image in A x C'{x;y;t}.

DEFINITION 2.23. Suppose Z is a T-ideal of C{z;y;t}, for which Z C id(A). The relatively free
product A(x;y;t)z of A and C{x;y;t} modulo T is defined as (A x¢ C{x;y;t})/Z, where 7 is
the two-sided ideal Z(A ¢ C{x;y;t}) consisting of all evaluations on A x C{x;y;t} of polynomials
from 7.

We can consider A(x;y;t)z as the ring of (noncommutative) polynomials but with coefficients
from A interspersed throughout, taken modulo the relations in Z.

This construction is universal in the following sense: Any homomorphic image of A(x;y;t)
satisfying these identities (from Z) is naturally a homomorphic image of A(x;y;t)z. Thus, we have:

LemMMmA 2.24. (i) For any ¢1,...,9k,h1,...,hg in A(x;y;t), there is a natural endomorphism
Alz;y;t)y — A(x;y;t) which fixes A and all ¢; and sends z; — ¢4, y; — h;.
(ii) For any ¢1,..., 9k, h1, ..., hg in A(zx;y;t)z, there is a natural endomorphism

Alz;y;t)r — Az y; )z,
which fixes A and all ¢; and sends x; — g;, y; — h.

Although difficult to describe explicitly, the relatively free product is needed implicitly in all
known proofs of the Braun-Kemer-Razmyslov Theorem in the literature. From now on, we assume
that T contains CAP,11, so that we can work with M.

Let M4 denote the image of M under substitutions to A, i.e., the C-submodule of C’@t}
consisting of the images of all doubly alternating polynomials (in x1...,2,, and in y1,...,Yns)-
In view of Lemma 2.13, the natural action of Obst,(A) on /T/I\A respects multiplication by the
5,in2—operators.

3

PROPOSITION 2.25. Obstn(A)/T/l\A =0.
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Proor. If a € Obst,(A), then aM € Z, in view of Lemmas 2.5 and 2.12 and Proposition 2.17, so
is 0 modulo Z. O

COROLLARY 2.26. If b € A belongs to the T-ideal generated by doubly alternating polynomials,
then Obst,,(A4)b = 0.

Proor. The element b belongs to the linear combinations images of M 4 under specializations
T; — a;. O

By Step 7 of Section 1.2, this will complete the proof of the nilpotence of Jac(A) when C' is
a field, or more generally of any nil ideal when C' is Noetherian, once we complete the proof of
Proposition 2.10.

2.6. A more formal approach to Zubrilin’s argument

Rather than push immediately into A, one can perform these computations first at the level of
polynomials and then specialize. This requires a bit more machinery, since it requires adjoining the
commuting indeterminates &, 4 to the free product, but might be clearer conceptually.

Note that C{t}[&, o] = R @c C{t}.

LEMMA 2.27. M becomes an C/’{?}[fmc{t}]—module via the action given as follows:
Order the & as §5 = &, p; for 1 < j < oc.
For a letter &; = &; p,, define

and, inductively,

For a monomial h = f;lj &M of degree d = dy + - - - + dj, define

~

hf=EP(Er . ehf)

inductively on j.
Finally, define

D (eha)f =D ai(hif)
where ¢; € C and h; are distinct monomials.

PROOF.

The action is clearly well-defined, so we need to verify the associativity and commutativity of
the action. It is enough to show that (h;h;/)f = hi(h;/)f for any two monomials h; and k.. But this

follows inductively from induction on their length, plus the fact that &;(&; f) = &;+(§; f) for any &;
and . O
Let us continue to take Z = CAP,4 1.

REMARK 2.28. Clearly A[, 4] ¢ C{t} C A[&, 4] *¢ C{z;y;t} in the natural way, and then
Z(Afgn,al xc C{t}) = (Alén,a] xc C{t}) NZ(A[én,a] xc C{z;y3t})

since we are just restricting the indeterminates Z, 7, to the indeterminates .

It follows from Noether’s Isomorphism Theorem that

F 1= (Al&n,a] ¢ C{t})/Z(Alén,a] xc C{t}),
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can be viewed naturally in (A[§, a] *¢ C{x;y;t})/Z(A[én, a] ¢ C{x;y;t}).
Viewing M C C{z;y;t} C A&y, a] ¢ C{x;y;t}, we define

M’ = (Al a] x¢ C{tHM C Aléy 4] x¢ Clazy;t), (18)

and its image in (A[€, ] *¢ C{x;y;t})/Z(A[¢n.a] ¢ C{z;y;t}), which we call M (intuitively
consisting of terms ending with images of doubly alternating polynomials), which acts naturally by
right multiplication on F. To understand how M works, we look at the Capelli polynomial acting
on A xc C{x;y;t} for an arbitrary algebra A satisfying Cap,, .

There is a more subtle action that we need. M can be viewed as an R-module where
R=C[¢ Perro }] via the crucial Lemma 2.12. But as above, M is an A * C'{t}-module where the

algebra multiplication is induced from (15) (viewing M C C{z;y;t}), implying M is an A x C{t}-
module annihilated by CAP, 1, and M thereby becomes an A[¢
define

n,C{/x;y\;t}] « C'{t}-module, where we

&onf =8 F

for h € C{w;y;t} and f € M\, by means of the action given in Lemma 2.27, also cf. Remark 2.15.
Our main task is to identify these two actions when they are specialized to A.

2.6.1. The specialization argument

Having in hand the module M on which AlE C@t}]

Proposition 2.17 down to A once we succeed in matching the actions of A[§

acts, we can specialize the assertion of
{ }] and A[gn,A]

when specializing to A.
REMARK 2.29. CAPL(A[én, a]) = CAPR(A)[En, 4], since Capy, is multilinear.

We write DCAP,, for the C’{t} submodule of C{z;y;t} generated by DCap,, cf. (5), and

DCAP for its image in C{m y;t}. This is a set of doubly alternating polynomials in z1,...,z,
and yi, ..., Yy, with variables ¢; interspersed arbitrarily.

LEMMA 2.30. Any specialization ¢ : C{z;y;t} — A (together with its accompanying specialization
@ : C{x;y;t} — A) gives rise naturally to a map

O : A, 4] DCAP, — M

given by

Z ai&k,@(hh)ﬁ' > Z aiP(&ny, [i) = Z ai@(él(jﬁ?jfi)

where ﬁ € DfA\Pn.

PrROOF. We need to show that this is well-defined, which follows from the functoriality property
given in Lemma 2.5. Namely, if ¢(h;,) = ¢(h],), then §(h;,) = §(h; ) and

S oo, = 2 aipl0i) 00 = D ese051) f) = 3o ee 055 1)
O
The objective of this lemma was to enable us to replace A[¢, 4] by A in our considerations.

—

ker @ contains all 5,&”,3]“ - fhhf (cf. Remark 2.11) as well as (h" — ZZ;& ﬁkgk,h)f, where h ranges

over all words and f € D@n, so we see that the Zubrilin integrality relations are passed on.
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LeMMA 2.31. If £ is an infinite set of noncommuting indeterminates whose cardinality N is at least
that of A, then for any given evaluation w in DCAP,, (A xc C{x;y;t}), there is a map

puw : Cla;y; th = Axo Cla;y;th,
sending DCAP,, to DCAP, (A xc C{z;y;t}), such that w is in the image of .

ProOF. Note that A x¢c C{z;y;t} has cardinality X. Setting aside indeterminates
{tg: 9 € Axc C{asyst},

we still have N indeterminates left over, to map onto our original set ¢ of N indeterminates. But any
evaluation w of DCAP,, on A xc C{x;y;t} can be written as

w = gCap,(1,...,Tnig1,- -, 9n)g Capp (Y1, ..., Yni b1, ... hn)g", (19)
for suitable g,¢’, 9", gi, hj € Axc C{x;y;t}. Defining ¢, by sending z; — z;, y; — y;, and sending
the appropriate t, + g, ty = g, tgn v g", tg, > gi, and ty; = hj, we have an element in ot (w).
O

Clearly ¢u(CAPp11) € CAPpi1(A*c C{x;y;t}), so, when Cap,, 1 € Z, ¢, induces a map

Ow : C{z;y;t} = (Axc Clz;y;t})7,

which sends M — M.

Although we do not see that CAP,;1 need be mapped onto CAP,i1(A xc C{z;y;t}),
Lemma 2.31 says that it is “pointwise” onto, according to any chosen point, and this is enough
for our purposes.

THEOREM 2.32. Obst,(A4) - (CAP,(A))? = 0, for any Pl-algebra A = C{ay, ..., as} satisfying the
Capelli identity Cap,, .

Proor.
We form the free algebra C{z;y;t} by taking a separate indeterminate t; for each element

of A[§n7A]Dmn. We work with A[ﬁmA]’Dmn, viewed in the relatively free product A :=

(Alén, a] *c C{z;y;t})z, where T = CAPp11(A[én 4] ¢ C{x;y;t}). In view of Lemma 2.30, the

relation e

L ooy M=0 (mod CAPny1 (Al a] x¢ Claiy;t}))

restricts to the relation I C@t}pﬁﬁn = 0 (mod CAP,11(A[&n a] *¢ C{z;y;t})). But the

various specializations of Lemma 2.31 cover all of DCAP,(A). Hence Lemma 2.5 applied to
Proposition 2.17 and Lemma 2.30 implies I, ADCAP,(A) = 0, and thus
Obst,,(A) - (CAP,(A))? C I, ADCAP,(A) = 0.

d

2.7. The proof of Proposition 2.10

Now we present the proof of the crucial Proposition 2.10, stating that for a doubly alternating
polynomial f = f(z1,...,Zn, Y1,- .., Yn, 1),

515;370};n)(f) = 5,2%/,’:)(]") modulo CAP 1.
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2.7.1. The connection to the group algebra of S,

We begin with the basic correspondence between multilinear identities and elements of the group
algebra over S,.
Vo = Va(x1, ..., xy,) denotes the C-module of multilinear polynomials in z1,...,x,, i.e.,
Vi = 8panc{ Ty (1) (2) " To(n) | 0 € Sn}.
DEFINITION 2.33. We identify V,, with the group algebra C[S,], by identifying a permutation
o € S, with its corresponding monomial (in x1,x2,...,Ty):

0 Mo(21,. ., T0) = To(1) T (n)-

Any polynomial ) asTy(1) - - T (n) corresponds to an element ) ayo € C[S,], and conversely,
> ay0o corresponds to the polynomial

(Z aaa> Tl Ty = Z AoTo(1) " " To(n)-

Here is a combinatorial identity of interest of its own.

Consider two disjoint sets XNY = (), each of cardinality n, and the symmetric group S2, = Sxuy
acting on X UY. For each subset Z C X we define an element P(Z) € C[S2,] as follows:

P(Z)= Z sgn(o) - 0.

o(Z)CY

In particular

P(0) = Z sgn(o) - o.

o€Son
PROPOSITION 2.34.

S (-)PPz)y= > sgn(o) o (20)

ZCX o(X)=X

PROOF. Let o € Sy, and let a, (resp. by) be the coefficient of o on the L.h.s. (resp. r.h.s.) of (20).
We show that a, = b,.

Let Z(o) = o~ 1(Y) be the largest subset Z C X such that o(Z) C Y. Note that o(X) = X if
and only if Z(o) = (. Therefore

b =sgn(o)if Z(o) =0 and b, =0if Z(o) # 0, (21)

since P(0) = > sgn(o) - . We claim that

a, = sgn(o) - Z (-4l

ZCZ(o)
To show this, recall that
l.h.s = Z (—1)l Z sgn(o) - 0.
ZCX o(Z)CY

In P(Z) the coefficient of o is sgn(o) if Z C Z(o) (since then o(Z) CY), and is zero if Z € Z(o)
(since if 0(Z) C Y then o(Z U Z(0)) C Y, contradicting the maximality of Z(o)). It follows that
as claimed,

as =sgn(o)- Y (-1

ZCZ(o)
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It is well known that Z:ZQZ(U)(—l)‘Z| =1 when Z(0) = () and = 0 otherwise. Therefore
ar =sgn(o) if Z(o)=0 and a, =0 if Z(o) #0. (22)

The proof now follows by comparing (21) with (22).
g

LEMMA 2.35. Let f(1,...,%n,Y1,--.,Yn,t ) be doubly alternating. Then

f(xl,...,xn,yl,...,yn,f)Ef(yl,...,yn,xl,...,xn,f) modulo CAP, 1.

Proor. Let X = {z1,...,z,} and Y = {y1,...,yn}. Then | X| = |Y| =

and we identify Sa, = Sxuy. Let M = {z;,...,z;,} € X, with 1 < i1 < -+ < 4 < n, and
N ={yj,,-., v} €Y, with 1 <ji < -+ < jp <n Thus, |[M| = |[N| =k < n. M will play
the role of Z in Proposition 2.34. We consider permutations o € Sy, with o(M) = N. Define the
permutation

nand X NY = 0,

TMN = (xl'pyjl) e (:Elk?y]k)

Since M NN = 0, T7n has order 2 in Sa,, and satisfies sgn(rasy) = (=1)*. If M = X then N =Y
and sgn(Tarn) = sgn(rtxy) = (—1)". Moreover Tayn (M) = N and 7y n(N) = M.

Next, we define

Tyun = Z sgn(m) - m € C[S,].
w(M)=N

Let p = N - 7, so that p(M) = M. Then 7 = 7y - p and

Tyun =sgn(Tyn) - TMN - Z sgn(p) - p

p(M)=M
But by Proposition 2.34,
Z (—)MIp(r) = Z sgno - o. (23)
MCX o(X)=X

If M C X, then P(M) is alternating on 2n — |M| > n + 1 indeterminates, and hence is 0 modulo
CAPp+1. Thus, modulo CAP, 11, the left hand side of (23) equals the unique summand with
M = X, which is

(=" Z sgn(o) - o = (—1)"sgn(rxy) - 7xv Z sgn(o)-o | =

o(X)=Y o(Y)=Y

=Txy - Z sgn(o) - o

o(Y)=Y

Since o(X) = X if and only if o(Y) =Y, it follows that

Z sgn(o) - o = Z sgn(o) -0 =T1xy - Z sgn(o)-o |, modulo CAP, 4.
o(Y)=Y o(X)=X o(Y)=Y
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Now we identify elements in C[S2,] with polynomials multilinear in z1,...,Zn,y1, ..., Yn. Taking a
monomial A(z1,...,Zn,Y1,... ,yn;f) multilinear in x1,...,Tn, Y1, - -, Yn, we define

F(Z1, o T YLy - ey Yns ) = Z sgn(o) o | h.
o(Y)=Y

Then

XY - Z sen(o)-o | h=f(yi, s Yns T15 - T3 1),
o(Y)=Y
Again, since 0(X) = X if and only if o(Y) = Y, it follows that f(x1,...,Zn,y1,...,Yn;1) is doubly
alternating, and we have proved that

f(xl,...,xn,yl,...,yn;f)Ef(yh...,yn,ml,...,xn;f) modulo CAP41,

as desired.

a

2.7.2. Proof of Proposition 2.10

We may assume that h is a new indeterminate z. Recall that
5]E;C7E2n)(f(xlv ey Ty Y, ee >?/m£)) -

= Z f($17~--7$nayl7---aymt)’ziu»—wxm; uzlv"'akv

1<i1 < <ig<n

and
5]%!1)(]8(3311 sy Tns Y1, - 7yn7t )) =

= Z f(:nl,...,mn,yl,...,yn,f)|yiquyiu; u=1,..., k.

1<ip <+ <ip<n

Let 2/ =1+ €z, € being a central indeterminant. Then clearly

n
f(zll'l,. : '7Z,xnvy17 s 7yn7{) = ng ' 6](;7;”)(.][('%'17 s Tns Yl - 7yn7{)) (24)
k=0
and
n
flx1, . @n, 2y, 2y, t) = Zsk . 5,?’/;n)(f(x1, e T YLy Ynst ). (25)
k=0

By Equations (24) and (25) it is enough to show that
f(Zzy,. . 2Ty, ynet ) = flon, . 2, ZY1s o, 2 Yn,t ) modulo CAP,y1.
Let
91($1,---;xn7y1a~--7yn7t) = f(z,$17-~~7zlxn7y1;---7yn7t)

and

—

gg(xl,...,xn,yl,...,yn,f) = f(x1,. . n, 2 Y1, o, 2 Yn, ).
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We have to show that
g1 =g2 modulo CAP, 1.

Denote 2} = 2'x;, y, = 2'y;; ¢ =1,...,n. Then
gl(xla"'awrhyla"'?yn?t):f(xllw"ax;wylv"'vynvt)E

Ef(yl,...,yn,xll,...jx'n,t_’) =
:92(?/17-~-,yn,xla---a$m£> =
=go(®1, - Tns Y1y Yn,T)  modulo CAP, 1.

The congruences follow from Lemma 2.35 since both f and g are doubly alternating.

3. Proof of Kemer’s “Capelli Theorem,”

To complete the proof of Theorem 1.1, it remains to present an exposition of Kemer’s “Capelli
Theorem,” that any affine PI algebra over a field F' satisfies a Capelli identity Cap,, for large enough
n. This is done by abstracting a key property of Cap,,, called spareseness.

DEFINITION 3.1. A multilinear polynomial g =} asZg(1) - - - T4 (q) i @ sparse identity of A if, for
any monomial f(z1,...,zq;1) we have

D o f (1) To(a); ) € id(A).

See [7, §2.5.2| for more detail. The major example of a sparse identity is the Capelli identity. One
proves rather quickly that any sparse identity implies a Capelli identity, so it remains to show that
any affine PI algebra over a field satisfies a sparse identity. There are two possible approaches, both
using the classical representation theory of S,,. One proof relies on “the branching theorem,” which
requires characteristic 0, and the other relies more on the structure of the group algebra F'[S,,], also
with the technique of “pumping” polynomial identities, and works in arbitrary characteristic.

3.1. Affine algebras satisfying a sparse identity

Sparse identities work well with the left lexicographic order <. If by < --- < by, and 1 # o € S,
then (b1,...,0m) < (by(1)s---sbo(m))- Any sparse identity over a field yields a powerful sparse
reduction procedure. Namely, we may assume «(;) = 1; given ay,...,aq in A, we can replace
any term f(aq,...,aq) by

— Z Oégf(xg(l) e xa(d),$d+1, e ,xn).
o#1

(The analogous assertion also holds for ¢,.)

LEMMA 3.2. Let A = C{aj,az...} be a PI algebra, satisfying a sparse multilinear identity p =
> oes, BoTo() *+* To(a) of degree d, with d < n, and let M (21, ..., 2,;% ) be a monomial multilinear
in x1,...,2, and perhaps involving extra indeterminates 7. We consider A = M (v1,...,vn; %),
where vy, ..., v, are words in the generators ai,as,... and ¥ is an arbitrary specialization of 7 in
A. Assume that k of the v; satisfy |v;| > d (length as words in aj,as,...). If £ > d, then A is a
linear combination of monomials A’ = M (v}, ...,v);7) where at most £ — 1 of the words v} have

length > d.
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This clearly implies that A is spanned by monomials A" = M (v], v}, ...), with at most d — 1 of
the v} having length > d.
Proor.

Cram: If Ju,|,...,|vi,| = d, then A = M(vy,...,v,;y) is a linear combination of terms
A= M(vy,...,v.;7) satisfying

(Iv1ly- o lonl) < (Joal, - s o).

The above Claim implies the existence of descending sequences of monomials, under the left
lexicographic order. Such a descending sequence must stop. When it stops we have a corresponding
monomial having strictly fewer words v} for which [v]| > d. Therefore proving the above Claim will
prove the lemma. We now prove the Claim.

We rewrite A = M(vy,...,v;,;7), where iy < ig,--- < 44; then we may assume that
i1 =1,...,ig = d. We write v; = w;u; where |u;| = d — i, 1 <i < d. The sparse identity p implies
that A is a linear combination of terms Ay = M (w1tg(1), - - -, Whilg(q); § ) = M (v}, ..., v ) where

1# 0 €S, (A itself corresponds to o = 1.) To see this, we rewrite A = M (wyu1, ..., wqug; §) as

N(uy,...,uqg; W). The sparse identity p implies that N(ui,...,uq; W) is a linear combination of
elements of the form

N (Ug(1ys - - -3 Ug(ay; W) = M(W1tg(1), - - -, Walle(a): 7)), 17 0 € Sa.

Denote wiuq) = v;, 1 < < d. But then (Jvi],...,[vj]) < (Jvi],...,|vq]) for such o # 1. This
proves the Claim, and completes the proof of the lemma. O

Although we did not apply Shirshov’s Height Theorem, the main argument here is similar. Note
also that Lemma 3.2 applies to any PI algebra, not necessarily affine. In the next theorem, due to
Kemer, we do assume that A is affine.

THEOREM 3.3. Let A = C{ay,...,a,} be an affine PI algebra over a commutative ring C, satisfying
a sparse identity p of degree d, and let n > r? 4 d. Then A satisfies the Capelli identity Cap,,[z;y].

PrROOF. We may assume that r > 2, since otherwise A is commutative. Consider
Cap,,(v1,...,Vp; W1, ..., Wy)

where v;, w; € A. By Lemma 3.2 we may assume that at most d — 1 of the v; have length > d (as
words in the generators aj ..., a,). Hence at least n — (d — 1) of the v; have length < d — 1. The
number of distinct words of length ¢ is < r9. Hence the number of words of length < d — 1 is

d_1
Sl4r+r24 4l = Til <r? (since r > 2).
r—
But we have at least n — (d — 1) such words appearing in vi,...,v,, and n — (d — 1) > r?
(since by assumption n > rd 4+ d). Tt follows that there must be repetitions among vy, ..., v,

so Cap,,(v1, ..., Up; W1, ..., wy,) =0. O

3.2. Actions of the group algebra

It remains to prove the existence of sparse identities for affine Pl-algebras. For this, we turn to
the representation theory of S,,. After a brief review of actions of S;, on Young diagrams, we treat
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the characteristic 0 case, cf. Kemer [15]. The characteristic p > 0 proof, which requires some results
about modular representations but bypassing branching, is done in §3.2 and §4.

Given o,m € Sy, by convention we take om(i) = m(o(i)). The product om corresponding (by
Definition 2.33) to the monomial

Mor = Lor(1) " Lor(n)

can be interpreted in two ways, according to left and right actions of S,, on V,, described
respectively as follows:
Let o,m € Sy. Let y; = x5(;)- Then

(i) oMz(z1...,70) = Mor = Mz(Ts(1); - -+ To(n)) and

(i) Mo(@1...,20)7 = (Y1 Yn)T = Mor = Yr(1) " Yr(n)-
Thus, the effect of the right action of 7 on a monomial is to permute the places of the indeterminates
according to .

Extending by linearity, we obtain for any f = f(z1,...,2,) € V, that

(1) op(1, .. 2n) = P(Teq), -5 Ta(n));

(i) p(xi,...,xn)m = q(Y1,-..,Yn), Where q(yi1,...,yn) is obtained from p(x1,...,z,) by place-
permuting all the monomials of p according to the permutation 7.

For any finite group G and field F, there is a well-known correspondence between the
F[G]-modules and the representations of G. The simple modules correspond to the irreducible
representations.

REMARK 3.4. If p € Id(A), then op € Id(A) since the left action is just a change of variables.
Hence, for any Pl-algebra A, the spaces

1d(A) NV, CV,

are in fact left ideals of F[S,] (thereby affording certain S, representations), but need not be two-
sided ideals. However, we prove below the existence of a nonzero two-sided ideal in Id(A) NV}, a
fact which is of crucial importance in what follows.

REMARK 3.5. Let A be a partition. As explained in |7, p. 147]|, any tableau 7" of A gives rise to an
element
ar= Y sgn(q)gp € O[S,

q€Cr,, PERT,

where Cp, (resp. Rq, ) denotes the set of column (resp. row) permutations of the tableau 7).
a%p = ara; for some ar in the base field F. When ar # 0, which by [29, Lemma 19.59(i)] is
always the case when char(F') does not divide n, in particular, when char(F') = 0, we will call the
idempotent ep := a;laT the Young symmetrizer of the tableau T

Furthermore, by [29, Lemma 19.59(i)], if ar # 0 and then F[S,]ar = Far, implying F[S,]ar
(if nonzero) is a minimal left ideal, which we call Jy. Thus, if J) contains an element corresponding
to a nontrivial PI of A, ap itself must correspond to a PI of A.

s* := dim J) is given by the “hook"formula, see for example [30] or [14], where we recall that
each “hook"number h, for a box x is the number of boxes in “hook"formed by taking all boxes to
the right of 2 and beneath . (In the literature, one writes f* instead of s*, but here we have used
f throughout for polynomials.)

LEMMA 3.6. Suppose L is a minimal left ideal of a ring R. Then the minimal two-sided ideal of R
containing L is a sum of minimal left ideals of R isomorphic to L as modules.
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We let I denote the minimal two-sided ideal of F'[S,] containing Jy.
We define the codimension ¢, (A) = dim (MW) . The characteristic 0 version of the next

result is in [24].

LEMMA 3.7. Let A be an F-algebra, and let A be a partition of n. If dim Jy, > ¢,(A), then
I)\ - Id<A) N an~

ProOOF. By Lemma 3.6, Jy is a sum of minimal left ideals, with each such minimal left ideal J
isomorphic to Jy. Thus, dim J = dim J\ > ¢,(A). Since J is minimal, either J C Id(A) NV}, or
JN (1d(A)NV,) =0.If J N (Id(A) N'V,,) = 0 then it follows that

cn(A) = dim V,,/(1d(A) N V) > dim J > ¢, (A),

a contradiction. Therefore each J C Id(A) NV,. I\ C Id(A4) NV, since I equals the sum of these
minimal left ideals. O

3.3. The characteristic 0 case [15]

The characteristic 0 case is treated separately here, since it can be handled via the classical
representation theory of the symmetric group. By Maschke’s Theorem, the group algebra F'S,, now
is a finite direct product of matrix algebras over F'. We have the decomposition F'S,, = @,.,, Ix-

Thus, Lemma 3.7 yields at once:

LEMMA 3.8. [24] Let char(F) = 0, let A be an F algebra, and let A be a partition of n. If s* > ¢, (A),
then I CId(A)NV,.

(Here I is the sum of those F'[S,]er for which T is a standard tableau with partition A. These
I are minimal two sided ideals, each a sum of s* minimal left ideals isomorphic to .Jy.)

EXAMPLE 3. Consider the “rectangle” of uw rows and v columns. By [20, page 11], the hook
numbers of the partition u = (u") satisfy

th:uv(u+v)/2:nu+v.

2
TEN

Let us review the proof, for further reference. For any box x in the (1,7) position, the hook has
length u+v — j, so the sum of all hook numbers in the first row s

v

Z(u+v—j):uv+v(v2_1):v<u+v;1>.

=1

Summing this over all rows yields

1 -1 1 -1
Uu(u+ )—i-uvv = uv vt +v :uvu+v,
2 2 2 2 2

as desired.
3.3.1. Strong identities

DEFINITION 3.9. Let A be a PI algebra. The multilinear polynomial g € V,, is a strong identity of
A if for every m > n we have F'S,, - g- F'S,,, CId(A).
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Note that every strong identity is sparse. To obtain strong identities, we utilize the following
construction, due to Amitsur.

The natural embedding S,, C Sp41 (via o(n+ 1) = n+ 1 for o € S,) induces the embedding
Vo € Vpsa: f(zr, ..o xn) = f(z1,...,20) - Tpy1. More generally, for any n < m we have the
inclusion V,, C Vp,, via f(z1,...,2n) = f(21,...,Tn) - Tnt1 - T

For f(x) = f(x1,...,%0) = Y ses, QoTo(l) " To(n) € Va, we define

fr@, T g1, - Ton-1) = Z AoT (1) Tnt1Te(2)Tnt2 *** To(n—1)T2n—1Ta(n)  (26)
O'ESn

= (f(mla ceey 'rn)xn—‘rl e 'x2n—1)777

where n € So,_1 is the permutation

1 2 3 4 e 2n—1
7]—<1 n+l 2 n4+2 - n > (27)

Let L C {xp41,...,22,—1} and denote by f; the polynomial obtained from f* by substituting
xzj — 1 for all z; € L. Rename the indeterminates in {y41,...,22n—1} \ L as {Znt1,..., Tntq}
(where ¢ = n — 1 — |L|) and denote the resulting polynomial as f;. Then similarly to (26), there
exists a permutation p € Sy, 44 such that f; = (frni1- - Tnyq)p-

Note that if 1 € A and f* € Id(A), then also f; € Id(A) for any such L, and in particular
f € 1d(A). The converse is not true: it is possible that f € Id(A) but f* ¢ Id(A).

LeMMA 3.10. Let A be a PI algebra, let I C V,, be a two—sided ideal in V,,, and assume for any
f eI that f* € Id(A) (and thus f € Id(A)). Then for any m > n,

(FSm)I(FS,,) CId(A).
PROOF. Since (F'Sp,)I C Id(A), it suffices to prove:
Cramv: If f € I and w € Sy, then fim = (f(z1,...,2n)Tps1 - )7 € Id(A).

If f= desn g0 (X1 Ty - Tpy), then fim = ZUESn g0 (m(x1 - Xy -+ - Ty)).

Consider the positions of z1,...,z, in the monomial 7(xy---xy,): There exists 7 € S, such
that

(L1 T+ Tm) = G0Tr(1)91T7(2)92 * ** In—1Tr(n)In = T(90T1917292 * ** Gn—1TnGn),
where each g; is = 1 or is a monomial in some of the indeterminates x,1,...,2m,. It follows

that fim = (f7)(gox1912292 - - Gn—1Zngn). Since f € V,, and 7 € S,, fr only permutes the
indeterminates x1, ..., zy, and hence (see (26))

Jim = (f7)(902191%292 - - - gn—1Tngn) = go((fT) [®1, ..., Tn; 91, - Gn—-1])In-

Since I is two-sided, f7 € I, hence by assumption (f7)* € Id(A), which by the last equality implies
that fr € 1d(A4). O
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3.3.2. Existence of nonzero two-sided ideals I, C F'S,, of identities

Let ¢,(A) < " for all n. The next lemma yields rectangles © = (u”) = n such that o™ < st.

LEMMA 3.11. Let 0 < u,v be integers and let u be the u x v rectangle p = (u”) - u-v. Let n = uv.

Then RN

(u n v) . <€> < st (where e =2.718281828...).
In particular, if o < 75 - % then o < st.
Proor.

Since the geometric mean is bounded by the arithmetic mean,

1/n
1 U+ v

TEN TEN

(o) <1
u-+v \HIE/,Lhm‘

Together with the classical inequality (n/e)™ < n!, this implies that
wo \" 2\" n\" 2 \" n!
. - = (—) . < = = Su.
T e e T [L.c u hy

REMARK 3.12. To apply this, we need Regev’s estimate [23] of codimensions,

in view of Example 3, and hence

O

em(A) < (d—1)*",
as explained in |7, Theorem 5.38].

PRrROPOSITION 3.13. [4] Let A be a PI algebra satisfying an identity of degree d. Choose natural
numbers v and v such that

2
wo.z > (d—1)%. For example, choose u=v>e-(d—1)*
u+v e

Let n = wv and let p = (u) be the u x v rectangle. Let n < m < 2n and let A F m be any partition
of m which contains p: (u¥) C A. Then the elements of the corresponding two-sided ideal I C F'Sy,
are identities of A: Iy CId(A)NV,,.

PROOF. Since m < 2n, (d—1)>™ < (d—1)*", and by assumption (d—1)* < -2 -2 By Lemma 3.11,

utv e’

n
(uiv . %) < s* and since u C A, we know that s# < s*. Thus, by Remark 3.12,

2 n
cm(A)g(d—1)2m<(d—1)4”<< u ) < st < s,
u+v e

and the assertion now follows from Lemma 3.8. O

COROLLARY 3.14. Hypotheses as in Proposition 3.13, for n < m < 2n,

P 1, c14(A4).

AFm
nCA

Consequently, if f € I, then f* € Id(A) N Va,—1 (see (26)). Also, for any subset L C
{n+1,...,2n -1}, ff € 1d(A), and in particular f € Id(A).
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PrROOF. By “branching,” the two-sided ideal generated in V;,, by I, is

Vil Vi = (FSm) I, (FSp) = € .

AFm
HCX

Hence, (FSy,)I1,(FSy) C Id(A) for any n < m < 2n — 1, and in particular, if f € I, and p € Sy,
then fp € Id(A). (26) concludes the proof. O
By Proposition 3.13 and Lemma 3.10 we have just proved

PRrROPOSITION 3.15. Every PI algebra in characteristic 0 satisfies non-trivial strong identities.
Explicitly, let char(F) = 0 and let A satisfy an identity of degree d. Let u,v be natural numbers
such that ;2% - 2 > (d—1)* and let p = (u’) be the u x v rectangle. Then every g € I, is a
strong identity of A. The degree of such a strong identity ¢ is uwv. We can choose for example
u=v=[e-(d—1)*], so deg(g) = [e- (d—1)*]? = e2(d — 1)3.

We summarize:

THEOREM 3.16. Every affine PI algebra over a field of characteristic 0 satisfies some Capelli identity.
Explicitly, we have the following:

(a) Suppose the F-algebra A satisfies an identity of degree d. Then A satisfies a strong identity
of degree
d =[e(d—1)4? =e*(d - 1)%.

(b) Suppose A = F{ay,...,a,}, and A satisfies an identity of degree d and take d’ as in (a).
Let n = r? +d ~ r°@=1° Then A satisfies the Capelli identity Cap,,.

PROOF. (a) is by Proposition 3.15, and then (b) follows from Theorem 3.3, since every strong
identity is sparse. O

3.4. Actions of the group algebra on sparse identities

Although the method of §3.2 is the one customarily used in the literature, it does rely on
branching and thus only is effective in characteristic 0. A slight modification enables us to avoid
branching. The main idea is that any sparse identity follows from an identity of the form

[ = Z Aoly(1)Tn+1 " Lo(n)L2ns
O’ESn

since we could then specialize Z,41,...,%2, to whatever we want. Thus, letting V,! denote the
subspace of Vs, generated by the words T4 (1)Zn+1 -+ * T (n)T2n, We can identify the sparse identities
with F[S,]-subbimodules of V, inside Va,. But there is an as F[S,]-bimodule isomorphism
o+ Vo — Vg, given by To(1)  Ton) = To(1)Tntl: " Ton)T2n- In particular V;; has the same
simple F'[Sy]-subbimodules structure as V;, and can be studied with the same Young representation
theory, although now we only utilize the left action of permutations.

Thus, for any Pl-algebra A, the spaces

ANV, Ccv.

are F[S,]-subbimodules of V..
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REMARK 3.17. Again, any tableau T" of 2n boxes gives rise to an element

ar = ¢ > sen(g)gp | € F[Sal,
(IGCTA’ PERTA

where Cr, (resp. Rr, ) denotes the set of column (resp. row) permutations of the tableau T}.
Thus, F[Sy]ar (if nonzero) is an F[S,]-submodule, which we call Jy. If Jy contains an element
corresponding to a nontrivial PI of A, ap itself must correspond to a PI of A.

We let I) denote the minimal F[S),]-bisubmodule of F'[Sy,] containing Jy.

LEMMA 3.18. Let A be an F-algebra, and let A be a partition of n. If dim Jy > ¢2,,(A4) and J), is a
simple F[S,]-module, then I, CId(A) N V.

PROOF. Same as Lemma 3.7, noting that I is a sum of F[S,]-submodules Jya each isomorphic to
Jx. Thus, taking such J, one has
cn(A) = dim (VT;) > dim J > ¢ (A)
" ANV, )~ e
a contradiction. Therefore each J C Id(A) NV, implying I, CId(A)NV,. O
Note that when char(F) = p > 0, the lemma might fail unless Jy is simple. James and Mathas
[13, Main Theorem| determined when Jy is simple for p = 2.
One such example is when A is the staircase, which we define to be the Young tableau T, whose
u rows have length u,u —1,...,1. This gave rise to the James-Mathas conjecture [21] of conditions
on A characterizing when J) is simple in characteristic p > 2, which was solved by Fayers [9].

4. Kemer’s Capelli Theorem for all characteristics

In this section we give a proof of Kemer’s “Capelli Theorem” over a field of any characteristic.
In fact in characteristic p Kemer proved a stronger result, even for non-affine algebras.

THEOREM 4.1. [17] Any PI algebra over a field F' of characteristic p > 0 satisfies a Capelli identity
Cap,, for large enough n.

This fails in characteristic 0, since the Grassmann algebra does not satisfy a Capelli identity. The
proof of Theorem 4.1 given in [17] is quite complicated; an elementary proof using the “identity of
algebraicity” is given in [7, §2.5.1|, but still requires some computations. In the spirit of providing a
full exposition which is as direct as possible, we treat only the affine case via representation theory,
in which case characteristic p > 0 works analogously to characteristic 0. This produces a much
better estimate of the degree of the sparse identity, which we obtain in Theorem 4.4.

In view of Theorem 3.3, it suffices to show that any affine PI algebra satisfies a sparse identity.
Although we cannot achieve this through branching, the ideas of the previous section still apply,
using [9].

4.1. Simple Specht modules in characteristic p > 0

In order to obtain a p-version of Proposition 3.13 in characteristic p > 2, first we need to find
a class of partitions satisfying Fayer’s criterion.

For a positive integer m, define v, to be the p-adic valuation, i.e., v,(m) is the largest power
of p dividing m. Also, temporarily write h(;;) for h, where z is the box in the 7, j position. The
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James-Mathas conjecture for p # 2, proved in [9], is that Jy is simple if and only if there do not
exist i, j,4', j for which vy (h;;)) > 0 with vy(hj)), vp(har)), vp(hyyn) all distinct. Of course this
is automatic when each hook number is prime to p, since then every v, (h(;;)) = 0.

ExXaAMPLE 4. A wide staircase is a Young tableau T, whose u rows have all have lengths
different multiples of p — 1, the first row of length (p — 1)u, the second of length (p — 1)(u— 1), and
so forth until the last of length p — 1. The number of bozes is

u

RZZ(p—l)jZ(p—1)<u;rl>-

Jj=1

When p = 2, the wide staircase just becomes the staircase described earlier.

In analogy to Example 3, the dimension of the “wide staircase” T, can be estimated as follows:
We write j = (p — 1)j' + 7" for 1 < j” < p — 1. The hook of a box in the (i, j) position has length
(u+1—1i)(p—1)+1—j, and depth u+ 1 — 5" — 7, so the hook number is

(utl-d)p-)+1—jtu—j —i=@u+l-ip—j—j=(w+1+j —ip—j",

which is prime to p. Thus each wide staircase satisfies a stronger condition than Fayer’s criterion.
The dimension can again be calculated by means of the hook formula. The first p — 1 boxes in
the first row have hook numbers

pu—1l,pu—2,....,pu—(p—1),

whose sum is (p — 1)pu — (5) = (5)(2u —1).
The next p — 1 boxes in the first row have hook numbers

plu—1)=1Lpu—1)-2,...;p(u—1) = (p—1),

whose sum is (p — 1)p(u — 1) — (5) = (5)(2u — 3).
Thus the sum of the hook numbers in the first row is

<§)((2u—1)+(2u_3)+"‘+1) = (22?)“2-

Summing over all rows yields

th _ <129> kzu:_lkg _ <]29> u(u—|—1)6(2u+1) _ (];)(Qu—;l)n

LEMMA 4.2. For any integer u, let p be the wide staircase T, of u rows. Let n = (p — 1)(12‘) Then

(p(p — 1(;7(1211 n 1))” . (i)n < fH (where e =2.718281828...).

In particular, if o < (?’%1), then o™ < fH.

2u e

ProOoOF. We imitate the proof of Lemma 3.11. Since the geometric mean is bounded by the

arithmetic mean,
1/n
1 p\ 2u+1)n  plp—1)2u+1)n
x g - X g == 9
(In) <ixn=(3) ;

TEM TEU

in view of Example 4, together with (n/e)™ < n!, implies that

<p(p— 16)7(12“ + 1))” ' <(13)" - (9” (p(p — 1)6(2u+ 1))” - HIZLM -
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LEMMA 4.3. Let A be a PI algebra over a field of characteristic p, that satisfies an identity of degree

d. Choose a natural number u such that, for n = (p — 1)(“;1),

6n 1
o D) o2 @D

Let A F n be any partition of n corresponding to the “wide staircase” T;,. Then the elements of the
corresponding F[S,]-bimodule Iy C V! are sparse identities of A.

Proor. By Remark 3.12,

can4) < (d =17 < (p(p - 16)?211 +1) flf> <7

and we conclude from Lemma 3.18. O

4.1.1. Existence of Capelli identities

We are ready for a version of Proposition 3.15.

THEOREM 4.4. [17] Any PI- algebra A over a field F' of characteristic p > 0 satisfies a Capelli
identity. Explicitly:

(a) Suppose the F-algebra A satisfies an identity of degree d. Then A satisfies a sparse identity

of degree d' = (p — 1)p("+"), where ;1(‘2(313 > (d—1)2%.

(b) Suppose A = F{ay,...,a,}, and A satisfies an identity of degree d and take d’ as in (a).
Let n = rd + d ~ r4*(@=D" Then A satisfies the Capelli identity Cap,,.

PRrOOF. (a) is by Lemma 4.3. Then (b) follows from Theorem 3.3. O

: ut1 1 2pe(d—1)2
For example, since 5;°5 > 3, =

This concludes the proof of Theorem 4.1 in the affine case.

we could take u >

5. Results and proofs over Noetherian base rings

We turn to the case where C' is a commutative Noetherian ring. In general, we say a C-algebra
is PI if it satisfies a polynomial identity having at least one coefficient equal to 1. Let us indicate
the modifications that need to be made in order to obtain proofs of Theorems 1.6 and 1.7.

The method of proof of Theorem 1(2) (for the case in which the base ring C is a field) was to
verify the “weak Nullstellensatz”, and a similar proof works for A commutative when C' is Jacobson,
cf. [26, Proposition 4.4.1]. Thus we have Theorems 1.6 and 1.7 in the commutative case, which
provide the base for our induction to prove Theorem 1.3. The argument is carried out using Zubrilin’s
methods (which were given over an arbitrary commutative base ring.)

It remains to find a way of proving Kemer’s Capelli Theorem over arbitrary Noetherian base
rings. One could do this directly using Young diagrams, but there also is a ring-theoretic reduction.
The following observations about Capelli identities are useful.

LeMMA 5.1. (i) Suppose n = ning---ng. If A satisfies the identity Cap,,, x --- x Cap,,, then A
satisfies the Capelli identity Cap,,.

(ii) If I < A and A/I satisfies Cap,, for m odd, with I* = 0, then A satisfies Capy,,, .

(iii) If I < A and A/I satisfies Cap,, with I¥ = 0, then A satisfies Capy (1) -
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PrROOF. (i) Viewing the symmetric group Sy, X -+ xSy, < Sy, we partition S,, into orbits under
the subgroup S,, X --- xSy, and match the permutations in Cap,,.

(ii) This time we note that any interchange of two odd-order sets of letters has negative sign,
so we partition Sk, into k parts each with m letters.

(ili) Any algebra satisfying Cap,, for m even, also satisfies Cap,, ;, and m + 1 is odd. O

Thus, it suffices to prove that A satisfies a product of Capelli identities.

THEOREM 5.2. Any affine PI algebra over a commutative Noetherian base ring C' satisfies some
Capelli identity.

ProOOF. By Noetherian induction, we may assume that the theorem holds for every affine Pl-algebra
over a proper homomorphic image of C.

First we do do the case where C is an integral domain, and A = C{ay,...,as} satisfies some
multilinear PI f. It is enough to assume that A is the relatively free algebra C{x1,...,z,}/I (where
I is the T-ideal generated by f). Let F' be the field of fractions of C. Then Ap := A ®¢ F is also
a Pl-algebra, and thus, by Theorem 4.1 satisfies some Capelli identity f; = Cap,, . Thus the image
fi of fi in A becomes 0 when we tensor by F, which means that there is some s € C for which
sfi = 0. Letting I’ denote the T-ideal of A generated by the image of fi, we see that sI’ = 0. If
s = 1 then we are done, so we may assume that s € C' is not invertible. Then A/sA is an affine
Pl-algebra over the proper homomorphic image C/sC of C, and by Noetherian induction, satisfies
some Capelli identity Cap,,,, so A/(sANI’) satisfies Capyaxim,n}- But sANI" is nilpotent modulo
sAI' = AsI’ = 0, implying by Lemma 5.1 that A satisfies some Capelli identity.

For the general case, the nilpotent radical N of C is a finite intersection P N --- N P; of prime
ideals. By the previous paragraph, A/P; A, being an affine PI-algebra over the integral domain C'/P;,
satisfies a suitable Capelli identity Cap,, , for 1 < j < ¢, so A/ N (PjA) satisfies Cap,,, where
n = max{ni,...,n:}. But N(P;A) is nilpotent modulo NA, so, by Lemma 5.1, A/N A satisfies a
suitable Capelli identity Cap,, . Furthermore, N™ = 0 for some m, implying again by Lemma 5.1
that A satisfies C™". O
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AnHoTranus

B pabore nocTpoeHa MareMaTuyeckas MOAe]b udpOBOro ypaBaeHus: MHOTOKOHTYPHBIMU
00BEKTAMH, yIATHIBAKOIIASA PEATbHBIE XaPAKTEPUCTUKH A POBOTO KOHTPOJLIEPA, KAK IJTEMEHTA
cucrembl yrnpasiernus. ChopmymupoBana npodieMa, 3aKII0YAONAICST B TOM, 9TO METOIbI MO-
JeupoBanus U(POBBIX CUCTEM YUPABJIEHUS M3BECTHBL M INMPOKO NPUMEHSIOTCS B IPAKTHKE
WHKEHEPHOHN IesiTeIbHOCTH, OMHAKO B TMOJABJIAIONIEM OOJIBITUHCTBE OHU MPEINOIAraloT hOPME-
pPOBaHUE MOJEJIel, He YYUTHIBAIONINX HAJIUYNE BPEMEHHBIX WHTEPBAJIOB MEXKy TPAH3aAKIMAMU
B 9BM ¢on Heiimanosckoro rurma.

Jlnst pemenuns 3ama49u pa3paboTaHa TUIIOBAsk CTPYKTYPHAS CXEMAa CJIOKHBIX MHOTOKOHTYD-
HBbIX CHCTEM ynpasJjenus ¢ 1udppoBbiMu KOHTpO/Lepamu ¢pon HelimaHOBCKOro THIa, KOTOpas
YUUTBHIBAET CIyUYaRHBIH XapakTep 00pabaThiBAeMbIX JAHHBIX U PEATHHBIC BPEMEHHDBIX 33I€PKKU
MEKJIY TPAH3AKIUAMHA.

[IpeIoxKeHO ¢ y9eTOM CIy9afiHOCTH BPEMEHHOIO HHTEPBAJIA MEXKy TPAH3aKIIUIMHU U CTOXA-
CTHYECKOTO XapaKTepa MEePEKTIYeHUsT B CONPSKEHHBIE OEPATOPBI CYATATH AJEKBATHON MOIe-
JILIO aaropuTMa (PyHKIMOHUPOBAHMS IU(POBBIX CUCTEM yIPABJIEHUS CIATATH MOy MAPKOBCKHHA
TTPOIIECC.

Ha ocHOBe TOIyMapKOBCKUX MPOIECCOB TPEJIOKEH METOJ, OIEHKH MapaMeTPOB BPEMEHHBIX
MHTEPBAJIOB MEXK/y TPAH3aKIUSIMHU B IUKJIAYECKUX AJITOPUTMAX YIPABJIEHUs, KOTOPBIH MO3BO-
JISIeT OIEHUTH XaPAKTEPUCTHKU CHCTEMBI HA ITAIE €€ MPOEKTHPOBAHMS, & CJIEJ0BATETHHO SBJIs-
€TCsl KJIFOYOM K PAIMOHATBHOMY IIPOEKTUPOBAHUIO MUMPOBLIX CHCTEM YIPABIEHUS MHOTMOKOH-
TyPHbIME OOBEKTAME C AJIFOPUTMAME YIPABJIEHUS IPAKTUIECKH JII060H ciaoxkHocTH. [Ipeacras-
JIEH TPUMEP MATEMATHUYECKOTO MOIEIUPOBAHUS IBYXKOHTYPHON CHCTEMBI ¢ IU(MPOBBIM YIIPAB-
JICHHEM.

Karuesnvie ca06a: TOTYMAPKOBCKHI TTPOIECC, BpeMst OJIy K IaHus, UM POBasi CHCTEMA YIIPAB-
JIEHUsI, KOHTPOJLJIED, AJITOPUTM yIPABJICHUS TU(PPOBOI CHCTEMOIl YIIPABICHUS, TPAH3AKIIHA.
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Abstract

In the work, a mathematical model of digital control of multi-circuit objects is built, taking
into account the real characteristics of a digital controller as an element of a control system.
The problem is formulated that the methods of modeling digital control systems are known and
are widely used in engineering practice, however, in the overwhelming majority, they involve
the formation of models that do not take into account the presence of time intervals between
transactions in a Von Neumann type computer.

To solve the problem, a typical block diagram of complex multi-loop control systems with
digital controllers of the Von Neumann type has been developed, which takes into account the
random nature of the processed data and real time delays between transactions.

It is proposed, taking into account the randomness of the time interval between transactions
and the stochastic nature of switching to conjugate operators, to consider a semi-Markov process
as an adequate model of the algorithm for the functioning of digital control systems.

On the basis of semi-Markov processes, a method is proposed for estimating the parameters
of time intervals between transactions in cyclic control algorithms, which makes it possible to
evaluate the characteristics of the system at the design stage, and therefore is the key to the
rational design of digital control systems for multi-circuit objects with control algorithms of
almost any complexity. An example of mathematical modeling of a two-circuit system with
digital control is presented.

Keywords: semi-Markov process, wandering time, digital control system, controller, digital
control system control algorithm, transaction.
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1. BBenenue

OcHOBHOIT TeHIeHITeN PA3BUTHUS COBPEMEHHON IIPOMBINIJIEHHOCTH ABJISETCSA YCI0KHEHUE TeXHO-
JIOTHIECKUX TTPOIECCOB U CBI3aHHOE C 9TUM IMHUPOKOE BHEIPEHHUE (D POBOIl YIIPABISIONIEH TEXHUKH
CUCTeM YIIPaBJIEHUS [id obecredeHus: TPpeOyeMbiX MOKa3aTeseil KadecTBa MPOU3BOINMON TTPOIYK-
i |1, 2]. Iepexon mpu ynpasjieHun o6beKTaMu Ha MHMPOBBIE CHCTEMBI CBSI3aH ¢ BKJIIOUCHUEM B
WX CTPYKTYPY KOHTpOJLTepoB (pou HelimanoBckoro tuma, T.e. mpubopoB, KOTOPBIE 00,1a1a10T HOBbI-
MU, TI0 CPABHEHUIO C aHAJOTOBBIMU KOHTPOJLIEpaMu, cBoiicrBamu [3, 4, 5]. CpoiicTBa 00yCJIOBICHDI
TTOCIEIOBATE/IHHOM MHTEPITPETAIINEl OTIEPATOPOB AJITOPUTMA YIIPABICHN, PA3BABAIONIEHCS B PeaTh-
HOM (U3MIECKOM BPEMEHH, 33 CUET 4Yero ynpasJsiomias IBM, kpoMe Toro, 94ro ajropuTrMudecKu
peasu3yeT 3a[aHHBIN 3aKOH YIIPABJEHUs, BHOCUT BPEMEHHBIEC 3aJEPKKN B IIPOIMECC YIIPABJICHUS,
B CBH3U C 4Ye€M, BPEMEHHON (haKTOp HANPSIMYIO BIUSET HA KaueCTBEHHbIE XAPAKTEPUCTUKH CUCTE-
MBI B IIeJI0M. AJITOpUTM 00pabaThiBaeT CydaiiHble JaHHbBIE, (DOPMUPYEMbIE HA BBIXOJAX CEHCOPOB,
U COZEPIKUT OIEPATOPHI IPUHATHUS PElIeHns B MeCTaX BETBJIEHUS, II09TOMY B pPe3yJbTaTe €ro MH-
TEPIPETAINN TEeHEPUPVIOTCA CAyUaiiHble BpeMeHHbIe NHTEPBAJIBl MEXKIY TPAH3aKIUAME, KaK TTPU
BBO/IE-BBIBOJIE JIAHHBIX (MEPEKOC JAHHBIX ), TAK W IPU PACIETE YIPABJISIONIEr0 BO3AeicTBIs (anucToe
samas/eiBanne) [5, 6, 7. B To ke BpeMsi MPOMBIILIEHHBIE, BOGHHBIE U WHBIE CHCTEMBI IPU TIEPEXO-
e Ha 1udPOBBIE TEXHOJOTUH JO/KHBI 00ecednBaTh TpedyeMyio TOUHOCTL (PYHKIMOHUPOBAHUS B
HMIAPOKUX JUAMTA30HAX U3MEHEHWH ImapaMerpoB o0beKTa yIpaBJeHUs, HE3ABUCUMO OT CJIydailHBIX
BPEMEHHBIX 33/1ep:KeK B KOHTypax yupasienus [8, 9, 10]. [Tosromy Bo3HHKaeT HayuHas npobiema
CO3JIaHUST MOJIEJIEN YIIpABJIEHUS CJIOKHBIME 00beKTaMU, YIUTHIBAOIINX PeajibHble (DU3UYECKHE Xa-
pakTepucTuky yrupasssonmx IBM, koropeie Morsin 661 OBITH MOJ0XKEHBI B OCHOBY METOIOJOTHN
cuHTe3a 1MU@POBBIX PEryJIATOPOB.

Mertozpr MojepoBanns MUGPOBBIX CHCTeM yupasjeHus u3pectHbl |11, 12, 13] u muporo npu-
MEHHAIOTCS B ITPAKTHUKE WHYKCHEPHOH JeATEIbHOCTH, OJHAKO B IIOJAABJISIONEM OOJBIMUHCTBE OHU
npejinosaranT (GopMUpPOBaHUE MOJIEJel, He YUUTHIBAIONINX HAJTMYNE BPEMEHHBIX HHTEPBAJIOB MEK-
ay Tpanzakiuamu B 9BM dor HelimanoBcKoro tuiia. 310, B CBOK 04Yepeiib, HEOIPABIAHHO yBeJIu-
9UBAET CPOKU U OOBEMBI HKCIEPUMEHTANBHBIX WCC/IEI0BAHNN TIPU OTPADOTKE CHCTEM YIIPABJICHUST
¥, B YaCTHOCTH, TPUBOAUT K HEOOXOMUMOCTH JOMOJHUTETbHBIX IKCIEPUMEHTAJIBHBIX HUCCAST0BA-
HU CHCTeM TIPHU MepeBoe 0TPabOTAHHBIX AJTOPUTMOB YIIPABJICHUT HA JAPYTYIO dJIEMEHTHYIO Hazy,
HaIpUMEpP Ha KOHTPOJIIEPHI C JAPYTUM OBICTPOJAEHCTBUEM, WM KOHTPOJUIEPHI C JAPYrOil CHCTEMOI
KOMAH.

Vder Bpemennoro paxkTopa mpu npoeKTUPOBAHNN MUMPOBBIX CUCTEM YIIPABICHUS PA3BUT HEIO-
CTATOYHO, 4TO 0DOYC/IOBINBAET HEOOXOAUMOCTh M aKTyaJbHOCTb UCCIAEIOBAHUN B HaHHON 0bBJacTH.

2. CtpykTypa nmudpoBoii CUCTEMBI

Crpykrypnas cxema mudpoBOil CHCTEMBI yIIpaB/IeHUd IIpUBEIeHa Ha puc. 1. Biaokm crpykryp-
HOt cxembl P11 (8), ...y Piy (), ..., Pk (S) OMUCHIBAIOT JMHAMUYECKHUE TIPOIECCHI, TPOTEKAIOIINE B
00bEKTe yIpaBIEHAs, Yepe3 TIepeaaTounbe (pyHKnun, IlepekpecTabie MeKOJI09HbIE CBA3M, KOTAa
k # [, orpaxarr peanbHOE B3aUMOBJIHMSIHUE KOHTYPOB B oO0bekte. Bioku gy (s), ..., ok (), ...,
®px (s) ONUCBIBAIOT AUHAMEUKY CEHCOPOB CHCTEMBIL.

Cucrema dyHKIHOHEpYeT caeayomum obpasom. B mudposoit korrposutep (Digital controller)
BBOAMTCs BekTop curdanos F (s) = [F1(s), ..., Fi(s), ..., Fk (s)], dopmupytomux neiab yupas-
JICHU . yKaSaHHbIe CUTHAJIBI MOTYT TaK¥K€ TeHEPUPOBATHCA CaMUM KOHTPOJLJIEPOM, YTO TIOKa-
3aHO Ha puc. 1 KupHOil mrpmxoBoil jmameil. Ha BBIXOZAX KOHTpOJIEpa HMPOTPAMMHO TEHEPH-
PYIOTCS TOCIe0BaTeNbHOCTH KOJIOB € (S) = [61(S), ...y €k (S), ..., €K (S)], HOmABaeMbIe Ha BXO-
bl 00bEKTa YIPaBJIeHUsi, KOTOPBIH Ha (GU3NUeCKOM ypOBHE peobpasyeT CUrHAJIbl BEKTOPa & (S)
B BekTOp mapamerpoB X (s) = [X1(s), ..., Xp(s), ..., Xk (s)], onuceiBaronmx cocrosiaue 00b-
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Puc. 1: CrpykrypHas cxema 1udpOBOil CUCTEMbI yIIPABICHUS.

exta. [lapaMeTpsl M3MEPSIOTCS CEHCOPAMMW, W Pe3yabTaThl M3MEPeHus B Buje IN(POBBIX KOIOB
Xo(s) = [Xo1(8), -y Xok(5), .., Xox (5)] BBOgSATCS B KOHTpOJIEp. Bo BCex BBIMIENPHBEIEHHBIX
BeKTOpax § — omneparop anddepennupopanus npeobpasosanus Jlarmmaca [8, 14].

Brixognas MoCIeI0BaTEILHOCTE KOIOB MEHEPHPYETCS B COOTBETCTBHH C 3aKOHOM YIPABJICHHU
M TIAKJIOTPAMMOii, 3aJ0XKeHHOM B aJTOPUTMUIECKOe W IMPOrpaMMHOe obecredenne KOHTposuiepa. B
JTaabHefmeM 6y1eM CIUTATh, 9TO BPEMEHHBLIC MHTEPBAJIbl B IMUKIOIPAMME OTCIATHLIBAIOTCHA OT MO-
MeHTa BBOJIA 1epBOro sementa Bekropa F (s), F (s). OcranbHbie 9jieMeHThbl BBOJATCSH / BBIBOATCS
¢ 3aJepKKaMU 10 BpeMeHH 0003HAYCHHBIME CJIEAYIOMIM 00pasoM:

snement FJ, () BBOgUTCS € 331€pKKOil Tk, Tro = 0, 1 < k < K

semeHT X ($) BBOAUTCA € 3a7epKKOit 1o, 1 < k < K;

9JIEMEHT €}, ($) BBIBOAUTCS € 3a1€PKKOH Tep, 1 < k < K.

B coorBercTBUE € TEOPEMOIT O CMEITCHUN BO BpeMeHHO obsractu [14]

Llp(t — 7)] = exp (=7s) (s), 7 >0, (1)
rjie T — BeJMYUHA CMEINeHNsT; { — BpeMsl; ¢ — MMIY/IbCHBIN OTKuK; L [...] — npsimoe ipeobpazo-
Banne Jlamraca.

N3 (1) caenyer, aro
Fop (s) = F (s) - Ny (s); (2)

Xn (s) = Xo(s) - No(s); (3)
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Esh (3) 26(8) - Ne (3)7 (4)
rae Ny (s), No(s), Ne(S) — MaTpuIbl CMeIeHuit, pPaBHbIE

1 0 0
Ny (s) = 0 .. exp (:Tfks) .. 0 ; (5)
0 .. O .. exp(—TfKs)
exp (—71018) ... 0 .. 0
No(s) = 0 .. exp (:Toks) .. 0 ; (6)
0 .. O .. exp(—ToKs)
exp (—7z18) ... 0 .. 0
N (s) = 0 .. exp (:Teks) .. 0 . (7)
0 .. O . €xp(—TzKS)

B rowm cayuae, ecan 1udpoBoii KOHTPOJLIEp peaausyer JuHeHbI 3akoH yrnpasienns P, (s), Ha
HUCHOJHUTEbHbIE IPUBO/IbI TOCTYTIAET CUTHAJ

e(s) =[F(s)- Ny (s) = X (s) - Do (s) No(s)]- e (s) - Ne(s), (8)

rae . (s) = [Peri (5)], 1 < k, I < K — marpuiia JnHeHHBIX IepeJaTOuHbIX (DYHKIMA, peaJn3yeMbIx
B 1IPPOBOM KOHTPOJLIEDE.
Bekrop X (s) oupezensiercs kaxk

X (s)=¢e(s)-®(s) = [F(s) - Ny (s) = X (s)-Po(s)- No(s)] Pc(s) Ne(s) -®(s), (9)

riae @ (s) = [Py (s)], 1 < k,l < K — marpuna JuHefHbIX nepeJaToIHbIX PYHKIMH, peajn3yeMbIX
B 00'beKTE YIPAB/ICHUS.
Paspermienne (9) orrnocurensro X (s) maer

X (s)=[E—®y(s) - Pc(s) - Noe (S)]il F(s)-®.(s)  Ns(s) P (s) (10)
roe F — equanunasg gmaroHaJbHAS MATPHIA,

Ng. (s) = Ng(s)-Ne(s) =

exp (—7:18) ... 0 .. 0
7 1
= 0 .. exp [— (T¢ + 7o) 5] .. 0 (11)
0 0 exp [— (T¢1 + TeK) 9]

eXp[—(T()l—l—Tsl)S] 0 .. 0

_ 0 .. exp [— (700 + 7ot) 5] . 0 (12)

0 .. 0 . exp[— (Tox + Tek) 8]
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YsteHbl, XapaKTepU3yOIiie THCTOE 3aMA3/[bIBAHIE, MOABISIOTCH KaK B ancinrene, Ny, (s), Tak
u B 3Hamenarese, No. (s), (10). BamazapiBanue B 9UCIUTENE OMPEIETACT T.H. IIEPEKOC TAHHBIX»
(data screw) m ofuiee 3ama3blBAHUE BBIIOJHEHUS O0HEKTOM BHEIIHMX KOMAaH[. 3anas/IblBaHue B
3HAMEHATEJE M3MEHSET 3HAYCHHUS IIOJIOCOB XAPAKTEPUCTUIECKOIO MHOIOYICHA, a CJIEJ0BATEIHHO
MEHSET KAYeCTBEHHO XAPAKTEePUCTUKY IePEXONHBIX IPOIECCOB.

3. OneHka BpeMEHHBIX MHTEPBAJIOB

JlJist OIeHKN BPEMEHHBIX WHTEPBAJIOB 3aJIePXKKHU JIOJIKHBI OBITH IIOCTPOEHA MOJENb WHTEpP-
nperanun AJTOPUTMA yrpasiaenus KoHTposnepom (on Hefimarnosckoro tuna. J[ns mpocToTsr,
6e3 HapyleHus OOIIHOCTH, MOJE]b MOMKeT OBbITh IMOCTPOEHA TOJBLKO W3 OMEepaTOpOB TPaH3aK-
mwii. TTOCKOIbKY yIpaBIeHre CBOJAMTCA K TIEPHOJMYECKOMY ONPOCY 3JEMEHTOB BEKTOpOB F' (s) =
[F1(8), ooy Fr(8), .y Fr(s)], Xo(s) = [Xo1(s), -y Xok(5), -, Xorx (s)], me(s) =[e1(s), ...,
ek (8), .y €K (8)], anropury™ siBiIsSIETCS UKAUYECKUM, HO B HeM oTcyTcTBYeT 3bdeKT 3aluKanBa-
uusg. Kpome T0ro, MOCKOIBKY [T pacdeTa yIpaB/IgioNero BO3IeiiCTBUS € (S) BCe 9JIeMEHTHI BEKTO-
poB F'(s) u X (8) m0/2KHBI ObITH MCIOIB30BAHBI, HA CTPYKTYDY AJIrOPUTMA HAKJIABIBAKOTCS YCII0-
BUst cuiibHO# cesiznocTy [15]. TogobubiMu cBoficTBaMM B camMoM 0011iem ciryuae ob1aiaer CTpyKTypa,
peJICTaBIeHHAs TOJHBIM TpadoM ¢ meTisivu (puc. 2).

C yueTom Cay9aifHOCTH BPEMEHHOTO WHTEPBAIA MEXK/Yy TPAH3AKIUSAME U CTOXACTUIECKOTO Xa-
pakTepa NEepeKJIOUeHNs] B CONPSIZKEHHbIE ONEePATOPDI, aJeKBATHON MOJEIbIO0 aJIlOPUTMA, SIBJISIETCS
nostyMapKoBcKuii nporecc [16, 17, 18, 19], npejcraBieHublii 10IyMapKOBCKONH MaTpHIleit

h(t) = [hig ()] = [grg (£)] @ [pr (B)], (13)

rae pg, (t) — BEPOATHOCTH MPSMOTO HMEePEKI0ueHus U3 k-T0 olepaTopa TpaH3aknuu B [-if; gy (1)
— TIJIOTHOCTH PacCupeesieHnd BpeMeH!r MPAMOro NMEePeKJJII0YeHnd U3 k-I‘O orrepaTopa TPaH3aKIIUN B
[-it; ® — 3HAK IPAMOTO IIPOU3BEJCHUS MATPUI; ¢ — (PU3MIECKOE BPEMSI.

B cuiy masBaHHBIX CBOMCTB MOJEIMPYEMOTO aIrOPUTMa, MOJTyMapKOBCKuit mporecc (13) aBig-
eTCsl OPrOJNIECKUM, U B HEM HET MOTJIOMIAIONINX ¥ YACTHIHO HOTJIOMIAIOIINX COCTOSHUA.

Puc. 2: Obmast crpykTypa mMoJIyMapKOBCKOTO TTPOITECCa.

B cuy sproagdHOCTH HOIYMAapKOBCKOTO IPOIECcca HA MIOTHOCTU PACIpeaeseHns gy (t) u Be-
POSITHOCTH Py, ; (t) HAKJIAIBIBAIOTCS CJIELYIOMINE OTPAHNIEHISI:

0< T,gj;n < arg [gry (1)] < TP < 00,1 < k1 < 3K; (14)
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3K
> ok =1 (15)
k=1

T
Tymin
e 3K — ob1iiee KOJIMUECTBO OIEPATOPOB TpaH3aKinii; 7 ,gllin u T} — HIDKHSAS U BEPXHSIs IDaHUIIbL
0bJ1acTy OLpeJeIeHUs IVIOTHOCTH pacupeesennst i (t).

HpI/I OITEHKE BPEMEHHBIX MHTEPBAJIOB MEKJAY TPAH3aAKIIUAMU B aJITOPUTME HE UMEET 3HAYEHUD,
KakuM 06pa3oM TosryMapkoBekuii mporece (13) momas u3 k-ro cocrosinust B [-e. Ompeaesisrormm
B JaHHOM CJIydae ¢BJIdeTCd TO ,9TO 3TO NMON3JAHUE ABJIACTCA TEPBLIM, & HE BTOPBIM, TPETHUM U
T.00. JJist OTeHKH HCXOMHbBIH mostyMapKoBeKuil mporece (13) moszkeH ObITh Tpeofpa3oBaH B MPOTIECC
CO CTPYKTYPOIi, TPUBEIEHHON Ha PUC. 2 b, B KOTOPOM k-€ COCTOSHEE SBJISIeTCS CTAPTOBBIM, a [-e
COCTOSTHUE — ToTJIoIatomumM. st aroro:

[-s1 crpoka u k-t cronber, marpurpt h (t) obHysIsIFOTCS;

BEPOATHOCTHU Py (1) BO BCeX CTPOKAX, HCKJ/IIOYas [-10, M BO Bcex cTosbNax, UCKJoYad k-it, me-
PECYIUTBIBAIOTCA II0 3aBUCHUMOCTH:

P —LEL ,1<mn<3K, m#k n#l (17)
2., 1 Pmn

n#l

Taxkum obpazom
/ - /
h(t) =1 (t) = [gra (t) - Pry] - (18)
IMocne nepecuera BepostTHOCTET 0 3aBUCUMOCTH (17) 9ACTHYHO TOTJIOMAIOIINE COCTOSAHUS, T.€.
COCTOSTHUSI, JIJIsT KOTOPBIX HE BBITIOJIHSIETCS CBOACTBO (15), YHHUTOXKAIOTCS, U COOBITHST JOCTUKEHUST
[-ro cocTogrua u3 k-e 10 OAHON M3 BO3MOXKHBIX TPACKTOPHUil OIAYKIAHWT HAYUHAIOT COCTAB/IATH

MOJTHYTO IPYIITY HECOBMeCTHBIX cobbiThit [20]. Takum 06pa3oM, MIOTHOCTD paclpeieeH st BpeMeHn
JOCTHXKEHUS [-T0 cocTOSTHNA W3 k-TO ompeiensercsa Kak

oo
g =1 - L7 > L[| -1, (19)
j=1
rae L[...] u L1 [...] — coorsercreento npamoe u obparnoe nmpeobpasosanue Jlannaca; I — Bektop-

CTPOKa, k-1 3JIeMEHT KOTOPOTO PaBeH eIUHHUIIE, 8 OCTAJIbHBLIE 3/IeMEHTHI PABHBI HYJ/II0;, 3HAK TPAHC-
noHupoBanus; I — BeKTOp-crosber, [-it 3/1eMeHT KOTOPOro paBeH eUHUIIE, 8 OCTAIbLHBIC 3/IeMEHTHI
paBHBI HYJTIO [21].

g nporaoctn pacupenesnernsi (19) MoryT ObITH PACCUNTAHBI MATEMATUIECKOE OXKHJIAHUE U
JmcIepcend 1o 3aBucuMoctaM [20]:

TS, = /0 tgb (8) d: (20)

© 2
D,Elz/o (t—T,fl) - gy (t) dt. (21)

Cocrosanst TOJIyMapKOBCKOTO mporiecca (13) MoryT 6BITh pacipeesienbl MexK Iy TPAH3aKIAIMH,
OCYIIECTBJISIEMBIE B COOTBETCTBUM CO CXEMOil, IPUBEIeHHOf Ha pUC. 1, cremyiomum o6pa3om:

COCTOSTHUS € TIEPBOTO 10 K -€ SBJISIIOTCA MATEMATHYECKUMI AHAJIOTAME OTIEPATOPOB BBOJA 3J1e-
MeHTOB BekTopa F (S);

cocrosinust ¢ (K+1)-ro o (2K )-e mozesupytor Boj ssemerTos Bektopa Xo (S);



136 E. B. Jlapkun, A. H. Ilpusajos, T. A. Akumenko. . .

cocrostaus ¢ (2K +1)-ro no (3K )-e MOmEMPYIOT BBIBOJ, 9JIEMEHTOB BEKTOPA € ().
Otenka BPEMEHHOIO MHTEpBaja MOXKET ObITh OleHeHa JUbO M0 MAaTeMaTHYeCKOMY OXKUJIAHWIO
(20), b0 1o MakcumanbHOMY 3HaveHuto [20] ¢ MCIOAB30BAHNEM COOTHONIEHUS

T =Ty, + 3,/ D). (22)

CoorBercrBenno, 1y Marpuil (5), (6), (7) BpeMeHHbBIE 33IepKKH OYIyT OMPEIeIIThCsI, KaK 3TO
mokazano B Tabsrmie 1:

Busx rtpan- | Homep BBogumo- | Cpeanee 3nadenune | MakcumasibHOE 3HAYEHUE Bpe-

3aKLUn ro 3/IeMEHTa BPEMEHN MeHn
BBO,ZLF(S) 1 ’7'f1:O Tf1:0

2< k<K T =T, Tfk:TEkJrs\/DlEk
Beoxg Xo(s) | 1<k< K Tok = TEKJ,.k? Tok = TIE,K—f—k + 3\/D12,K+k
Brisoge(s) | 1<k< K Tek :T12,2K+k7 Tek :TE2K+k+3\/D12,2K+k

Tabauna 1: OlleHKH BpeMEeHHBIX HHTEPBAJIOB.

TIpu yuere BpeMeHHBIX 3a/ePKEK, MPUBEICHHBIX B TPEThEH KOJOHKE TaO ULl 1, OIEHNBAIOTCS
TTOKa3aTes N KavecTBa yIpaBaeHns B cpemHeM. IIpn ydeTe BpeMeHHBIX 3aJepyKeK, MPUBEIEHHBIX B
9eTBEPTOI KOJOHKE, OIEHNBAIOTCS TTPeAesbHbIe TTIOKA3aTe N KavueCTBA YIIPABIeHN.

4. IIlpumep aHa/M3a CUCTEMbI YIIPABJIEHUS

B kauecrse npumepa ucciemoBana mpocreiiias ABYXKOHTypHAs cucreMa. B cucreme peasm3o-
BaHAa eMHUYHAs OOpaTHAd CBdA3b 110 000MM KOHTYpPaM, & B Iu(POBOM KOHTDOJIJIEPE PeAJTU30BaH
[I-3akon ympaBsienus.

TlepegaToumbie yHKIIMM, OTIPEIETAIONINE TUHAMUKY 00 BHEKTA YIIPABICHNS, PABHbI:

10 12 1

o =—: =—:® =0 = . 23
11 (8) P 22 (8) Pt 12 (8) = @21 () o (23)
Me:k 1y TpaH3aKIaAME 06eClednBaloTcs CeIyIole BpeMeHHble 3a/1ePKKMU:

711 = 0572 = 0,05; 701 = 0,1; 792 = 0,157.1 = 0,2; 7.0 = 0, 25. (24)

XapaKkTepucTHUYecKoe ypaBHEHWE, OTIPEIEIAIONIee XapaKTep MePEXO/IHbIX MTPOIeCcoB, 6e3 yuera
TTOTPENTHOCTEH, BHOCUMBIX IH(MDPOBBIM KOHTPOJLIEPOM, UMEET BU/I:

s 4 3853 4 48052 + 22725 + 3885 = 0. (25)

XapakTepucTuiecKoe ypPaBHEHNe, OMPEeIe/AI0Nee XapaKTeD MePEXOTHBIX MTPOIECCOB, C YIeTOM
MIOI'PEITHOCTEN, BHOCUMBIX ITH(MPOBBIM KOHTPOJLIEPOM, UMEET BHI:

[s+5+10exp (—0,3s)] - [s + 3 4+ 12exp (—0,4s)] - (s> + 8s + 16) —

—exp (—0,7s) - (s +8s + 15) = 0. (26)

Crpykrypa mpocreiiineii IBYXKOHTYPHOH CHCTeMbl TIPUBEICHA HA PUC. 3 a, C TMH(MPOBBIM KOH-
TPOJIJIEPOM, B KOTOPOM PEAJM30BAH AJICOPUTM CO CTPYKTYpPOii, TIoKa3zaHHOi Ha puc. 3 b u ee rpa-
duueckoe perrerne 3c.
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Puc. 3: /IByxkonrypnasa cucrema (a); nuksorpamva yrpasienus (b); rpadmudeckoe mpescrasiie-
Hue (c).

Pemenue xapaxkrepuctuueckux ypasaenuii (25) n (26) gaer caepyronme 3HAUEHUS TTOJTIOCOB:
— 6e3 yuera morperrHocTei

§1 = —14; s5 = —16; s3 = —4 +0,0914; s, = —4 — 0,091¢, T1e ¢+ — MHUMas eTUHUIIA.
— € YYeTOM TIOTPENTHOCTENR

s1=23,5; s =—21,7; s3=0,79 + 21,5%; s4, = 0,79 — 21, 52, 1/ie © — MHUMAY €JAUHUTIA.

Hanwgame mapbsl KOMILTEKCHO-CONPSI?KEHHBIX KOPHEI:
— € MOJOXKUTEJBHOH NEeACTBUTEIbHON YacThbI0 YKas3blBaeT Ha TO, 9TO B 3aMKHYTOH cucTreMe BO3-
HUKAET PACXOAAIANCA TePUOJNIECKUNA MEPEXOAHBIN ITPOIIECC; HAJMYNE JAeUCTBATEABHOTO TOJ0XKA-
TEJIbHOT'O KOPHH, B JOHOJIHEHUE K PACXOAANIEMYCH ITEPUOJINUYECKOMY HPOIECCY CBUIETEIILCTBYET O
HEYCTOMYUBOCTH 3aMKHYTOU CUCTEMBI;
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— C OTPHULATE/JIBHON AeACTBUTE/ILHON YaCTbI0 yKa3blBAa€T HA TO, YTO B 3aMKHYTOHI CUCTEME BO3-
HUKAEeT 3aTyXaIoMInil MePHOINIeCKA IePeXOIHbIA IPoIiece, KOTOPEIH 00YCIOBIEH NCKAIOUNTEILHO
HaJmyareM repekpecrax ceaseit. [lpu orcyTcrBun mepekpecTHbIX CBaA3€E B 00bEKTE yIIPABICHUS CHU-
cTeMa PacagaeTcd Ha JBa He3ABHCHMBIX KOHTYPA YIPABICHUI 00beKTaAME, KOTOPbIE OIMCHIBATOTCS
3BEHbSIMU MEPBOTO NOPLAIKA, T.€. 3aTyXAIIIad MepUOJNIeCKasd COCTABILIONIAA B HUX OTCYTCTBYeT.

Takum obpasom, 3aMbikanre 00PATHBIX CBsI3eil yCTONYWBOM aHAJIOrOBOM CHCTEMBI depe3 1ud-
POBOIt KOHTPOJLIEP TIPH TOM XK€ JIOTHKe PpaboThl IPUBOIUT K Ka9ECTBEHHBIM M3MEHECHHSIM XapaKTe-
Pa MepPexOIHBIX MPOIECCOB, 9TO HEOOXOMMMO YUYUTHIBATL MPU MPOEKTUPOBAHUN MTU(DPOBLIX CUCTEM
YIIPaBJICHUS.

5. 3akJjiroueHue

B pesyabrare nocTpoena mMareMarndeckasi MOJEIb TUQPOBOr0 yIpaBaeHUs MHOTOKOHTYPHBIMA
00bEKTaAMU, YIUTHIBAIOIIAS PeATbHBIE XaPAKTEPUCTUKY ITH(PPOBOTO KOHTPOJLIEPA, KAK JEMEHTa, CH-
crembl yrpasienns. [lokazano, aro kouTposuiepsl (hon HeliMaHOBCKOTO THIIA € TOCTIEI0BATEIBHON
HHTepHpeTaHHeﬁ KOMaH/ aJITOPUTMa YIPABJCHUA ABJIAIOTCA MCTOYHUKOM BPEMEHHBIX 3aJC€PZKEK,
KOTOPBIE TPUBOIAT TaKWM SBJCHUIM, KaK TEPEeKOC JAHHBIX W YHCTOE 3aMa3IbIBAHHE B KOHTYDE
YIIpaBJICHUA. B CBOIO O04epe/lb, 1 NEPEKOC JAHHBIX U YNCTOC 3alla3IbIBAHNEC TPUBOJALAT K YXYAIIICHUIO
TaKUX KaueCTBEHHBIX IIAPAMETPOB YIIPAaBJIeHUs, KAK BPeMs [EPEXOJIHOTO IIPOIIECCa, IEPEPEryInpo-
BaHUe 1 KosiebaresbHOCTD. [1peiiokeHHbIfl METOT pacyeTa BPEMEHHBIX HHTEPBAJIOB ITO3BOJISET OIle-
HUATH XaPaKTEPUCTUKN CHCTEMBI Ha, 9Tale ee TPOSKTUPOBAHNS, & CAEIOBATE]BHO ABJISIETCS KIIOUOM
K PAInOHAJIbHOMY TTPOEKTUPOBAHUIO MUMPOBLIX CUCTEM YIIPABJECHUST MHOTOKOHTYPHBIMHU OObEKTAME
C aJITOPpUTMaMU YTIPABJICHUA TTPAKTUYIECKN J'[IO6OI7I CJIOZKHOCTH.

Janbreiime uccae0BaHns B 9TOM 06/1aCTu MOTYT OBITH HAIPAB/IEHBI HA PAa3pabOTKy aJrOPHUT-
MOB 1[POBOTO YIIPABJIEHHUS, ONTUMAJIBHBIX 110 COOTHOIIEHUIO TT0KAa3aTeslell CJI0KHOCTh/KadecTBo,
7 06eceunBaIoNInX TpedyeMble XapaKTePUCTUKN (DYHKITHOHUPOBAHUS MNP POBLIX CHCTEM.
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AuHOTanuga

[esib HacTosIelh paboThl — IPUMEHUTH 0000MEHHbIA MeTo, 3uresis — IIuanoBckoro mjist pac-
cMOTpeHus 3HadeHus F' — ps0B B JOCTATOYHO MAJIbIX P —aUYECKUX TOYKAX /I KOHKPETHOIO
suauenus p. O6obmmenubrit Mmeron 3uress — [IuamoBCKOro MOMyYnsI 3HAYUTETHHOE PA3BUTHE B
paborax Yupckoro B.T., Beprpana /1., Me66oy I1., Marasa-Axo T., Symunua B. B, Marsee-
Ba B.FO., Auape U., ogaako 3t pabOThl OTHOCHINCH K TAK HA3BIBAEMBIM TJIOOATBHBIM COOT-
HOITIEHUSIM W TECHO CBSI3AHHBIMU C HUMH MOHATHAMHA OECKOHEYTHON JTMHEHHOM 1 aaredpandecKoit
He3asucumocru. B aroit pabore paccMarpUBalOTCs 3HAYEHUS ITUX PALOB B KOHKPETHOM 110J1e (Y.
[TousTre GeckoHEUHO aMredpanveckoil HE3ABUCHMOCTH OTHOCUTCS K TPSMOMY TTPOW3BEIEHUTO

OeCKOHETHOTO YHCIa TMoseit (), OHO O3HAYAET UTO €CNN Qi1 . .., Oy — JIEMEHTHI STOTO MPAMOTO

[IPOU3BE/IEHUs] KOOPJUHATHI KOTOPBIX B 1ojie (), 0003HA4a0TCs agp ), ce aslp ), TO JiJisi JII00OT0

MHOTOYJIEHA, C IeJIbIMU KO3 DUIMEHTaMu, OTAUIHBIMU OT HYJIS, CYIIECTBYET OECKOHETHOE MHO-
JKeCTBO TIPOCTBIX YUCEN P, TAKAX ITO B TOJI€ (), BBITOTHEHO HEPABEHCTBO P(agp ), RN oh(lp )) #£0.
O HAKO 3TU Pe3y/bTATHI HE JAI0T COOTBETCTBYOIIEr0 YTBEPXKAEHHS /I KazK/I0I0 KOHKPETHOI'O
qucyia p. B aroit pabore MbI TOKa3bIBAEM OTINYNE OT HYyJIsd JTUHEHHON (POPMBI 1 MHOTOYIEHA OT
3HAYEHUI 3TUX PAJOB B JOCTATOYHO MAJIOW p — aAW4YeCKOil TOYKe, MAJIOCTh KOTOPOH 3aBUCUT
OT BBICOTHI H 3TOi (HPOPMBI HIN MHOTOUJIEHA W OT CTEINEHW MHOTrOUYJeHa. B manmbHeilmem pe-
3yJIbTATHI 9TOM PAOOTHI OYAyT MPUMEHEHBI K THIEPTeOMETPUIECKUM PSIAM C PAIMOHAIHHBIMHT
mapaMeTpaMu BXOASIIUMU B Kiaace F' — psaoB.

Karouesnie crosa: F' — psaapl, OEHKU JUHEHHBIX (POPM B MHOTOUJIEHOB, P — aIUIECKUE TUCIIA.
Bubauoepagus: 23 HazBaHuUS.
Jlnga muTupoBaHUs:

A. X. Mynsoc Backec. OmieHKH CHH3y MHOTOYJICHOB U JiHHEHHBIX (hopM oT 3nadenuii F-psmos //
Yeobbimesckuit cbopauk, 2020, T. 21, Beir. 3, c. 142-164.
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Abstract

The paper applies a modification of the generalized Sigel — Shidlovscii’s method to values of
F — series at sufficiently small p — adic points for a given p. The generalized Siegel — Shidlovskii’s
method is considerably developed in works by Chirskii V. G., Bertrand D., Yebbou Y, Matala—
Aho T., Zudilin V.V., Matveev V.Yu., Andre Y. et al. But these papers dealt with the so
called global relations and related notions such as infinite linear and algebraic independence.
Here we consider values at points from a given field Q,. The notion of the infinite algebraic
independence is related to a direct product of infinite set of fields Q,,, it means that if aq, ..., ap, —

are elements of this direct product with coordinates a?’ ). ...,a?) in the field Q,, then for any
non—zero polynomial with integer coefficients there exist infinitely many primes p such that in
Q, one has P(a§p>, . ,aﬁf)) # 0. But these results give no information for a specific p. Here
we prove that a non—zero linear form and a non—zero polynomial do not vanish at values of the
considered series at p — adic points which are small enough, depending on the height of a linear
form or a polynomial and depending on the degree of the polynomial. The results of these paper
will be applied to the values of generalized hypergeometric F' — series.

Keywords: F — series, estimates linear forms and polynomials, p — adic numbers.
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1. BBenenue

OnPEAENEHUE 1. Cmenennod pad nasweaemca F — padom, ecau on exodum 6 HeKomopsid
kaace F(K, c1,co,c3,q), 2de K — anzebpauveckoe wucaosoe nose konewnot cmenenu nad noaem Q
payuonasvruz wuces, k = [K: Q)

Knace F(K, e, ca, 3, q) onpenensiercs ciaeaytomum obpasom. [lycrs

f(z) = Zann!z”. (1)
n=0

[Iycrb:

1. a,€eK,n=0,1,2,...;
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2. |an| = O(e“™), n — oo (rae ais anrebpanIeckoro Yucaa o CUMBOJ |0, | 0603HaYaeT HanbOTh-
11y10 U3 abCOIOTHBIX BEJUYUH ajireGpaniecKu CONPSZKEHHBIX C (v 9UCe);

3. cymecTByeT IOCJIeJ0BaTeJbHOCTh HATYPAJIbHBIX dnces d, = ¢"dp,, rae ¢ € N, Takad, 4To
dnag € Zx,n=20,1,2,...,k=0,1,...,n.

ITpn sTtoMm do ,, JAeadarcd TOIBKO Ha TPOCThIE YUCIa P, He OOJIBIINE Con, TPUIEM

ord, do,, < c3 <logpn + n2> .
p

IIpu BBITIOTHEHNN TIEPEUUCICHHBIX YCAOBHUiT OyaeM ToBOopuTh, uro f(z) exodum 6 wKaacc
F(K, c1,c2,c¢3,9).

Mpgr coxpansiem 0003HaUMEeHMS UCITOIB30BaHHBIE B paborax B. I. Yupckoro.

F — psnet ecrecTBeHHBIM 00pa30M JOMONMHAIOT Kaacckl B — u G — dyHKOMil 3uresis, mpejacTas-

o o0
JIAIOMEX cOOOU CTemeHnble pAARl BEa », “42" W ) apz”" coorBercTBenHo. Bosee Toro, cpasy
n=0 n=0
oo oo [e.@]
FCHO, YTO €CJH PAf y , apn!z" aBngerca F' — pagom, To ) a,2" — G — dynxmmsa, a ), 42" — F -
n=0 n=0 n=0

dyukmsa 3uresd.

IIycts K — anrebpandeckoe uncoBoe moje Koueunoit crenenn k wan Q. Ilycts V' — mHOXKecTBO
Bcex mopmwupoBanmiit wa mose K. g aoboro v € V coorsercrByromme momoaHeHus moseit K u
Q obosnauaem K, u Q,. Illone K, sBasercs koreanbim pacimpernneM mos Qy, [K, @ Q] = Ky,

S ko= )

TJile CYMMUPOBaHUE B JIeBOM 9aCTU PABEHCTBA MPOU3BOJUTCS 110 BCeM HOPMUPOBAHUAM v, NPOIOJI-

MPUIEM Tt JIFOOOTO TTPOCTOr0 IUCIIA, P

JKAOMNM P — aJuuecKoe HopMupoBaHue moss Q.
VnobHo paccMaTprBaTh HOPMAJIN30BAHHBIE HOPMUPOBAHUS: €CJAU U NPOIOJDKAET P — AIUIECKOE
HOPMHUPOBAHNE TO TOJIOKUM

_ kv
plo=p" = (3)
N3 dbopmysibr mpousBeseHus 0 BCEM HOPMUPOBAHUSM v 10T K

H |z|, =1,

veV

st mioboko ¢ € Kz # 0 cegyeT 9acTo BCTpedaromeecst B JaabHeleM HepaBeHeTBo: ecau A —
yeaoe wucao u3 noas K, A # 0, mo daa w6020 v € Viy (muooicecmea 6cex HEAPLUMEIOSHLL HOPMU-
posanuti noas K) umeem mecmo nepasencmeo:

1
Aly 2 —. 4
Al 1 @

HeticrBurenbro, mis ar0boro v € Vg Bbiiosnsierca nepaseHcrso Al < 1, caegosaresbuo

T 14l < |A].. (5)
2eVp
C zmpyroii cTopoHBbI, 110 (DOPMYyJIe IPOU3BEIEHUS
1
IT 14l = =+ (6)
it I [Als

V€Veo
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Kpowme Toro B Bujy papexcrsa (2)
11 |A|U—H|Az>\’“’ HW” =[4, ™
’UEVoo

re AW — conpsxénnnie ¢ A ancra. W3 (5) — (7) crexyer (4).
oo

Psan > by, b, € K, cxogures B Ky, v € Vy rorga u ronsko Torpa, koraa |byl, — 0,n — oo

n=0
(Ca. [1]).
oo
N3BecTHO caenytoliee o9eBUTHOE CBOMCTBO HOpMUPOBaHUM v € Vi ecsm Z ap — CXOOAIMANCA
k=K
B K, psia, To
max lak|v, ar € K, (8)

amee, W3BETHO, ITO
n—.9

(Cwm. [1]), tme S, obosmauaer cymmy mudp B p — HIHOM DA3JIOKEHUH HATYPATHHOTO UHCIA N.

ord,n! =

OueBUIHO HEPABEHCTBA

1< S, < (p—1)log,n. (10)
IIycTs
o0
= Ap2" (11)
n=0
U IyCTh JIj1si HEKOTOporo v € Vo muozkectso |Ay|y,n = 0,1,2, ... orpannueno. Torma mbr 06030auaeM

(fYo =sup{|4nls,n=0,1,2,...}. (12)
JIEMMA 1. Bsedénnaa eviuwe seaununa (12) obnadaem caedyrowumu c60Gcmeamu:

1. Ecau das pados f(z),g(z) euda (11) u nexomopozo v € Vi onpedenenvi seavuunve (f)y, (g)v
mo daa ux npoussedenua f(2)g(z) onpedeaena seauuuna (fg),, npuuém

(f9)o < {flo(g)v (13)

2. Ecau das pada (11) u nexomopozo v € Vy onpedeaena seauswuna (f),, mo dia dopmarvrod
npouseodroti amozo pada f'(z) maxorce onpedesena eeaununa ('), u

(fo < (fo (14)

3. Ecau dan pada (11) u nexomopozo v € Vy onpedesena seaununa (f)y, |y < 1 u pad f(§)
cxodumcs e noae K, mo

[f(E) < (fo (15)

JIEMMA 2. 1. Dopmarvras npouseooHasn
o
Znann!zn_l (16)
n=0

F — pada (1) asasemea F — padom.
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2. Dopmasvruiti unmezpan

+1
1

[ee] Zn
t)dt = !
/f() E_Oann+

0 n=

F — pada (1) asasemea F — padom.
3. Ecau \ — anzebpauneckoe wucao, mo f(Az) — F — pad.

4. Cymma u npoussederue Koneunozo wucaa F - pados asasemes F — padom.

Jlemma 2 o3nauaer, uro F — psijipl, Takxke kak 1 E —u G — dyukuuu (cum. [18]) obpasyior Kosbio
CTENEHHBIX PSI0B, 3AMKHYTOE OTHOCHTEIbHO onepanuii ¢popmansroro nudpepeniupopanusi, (hpop-
MaJILHOTO WHTerpupoBanus oT 0 70 z W 3aMeHBI TIEPEMEHHON 2z Ha, Az T7e A — anrebpaneckoe 9mco.

JIEMMA 3. yems F — pad f(z) npunadaescum xaaccy F(K, c1,co,c3,q). Toeda das aobozo
NPOCNO20 “UCAG P U 4100020 HOPMUPOSAHUA V, NPOJOAACAIOWE20 D — GOUHECKOE, U 10620 YUCAG
0 > 0, pacemampusaemuiti pad crodumes ¢ K, npu

|2lp < p%<ﬁiordp qi%%).

CNEACTBUE 1. ycmv § = §,a € Zk,b € N, b 6vibpano Haumenvuium ¢ maxumu Yycaosuimu,
P — npocmoe wucao, p = cs, (p,q) = 1,v npodossicaem p — aduueckue nopmuposanue. Tozda a106017

pad
oo
Z annl&"
n=0

us waacca F (K, ¢y, ca,c3,q) cxodumesa ¢ nose K.

CHAEACTBUE 2. Jaa mobozo F — pada f(2)(1) us xaacca F (K, eq,c2,¢3,q9) v v € Vy, npodoa-
srcarowezo p — adudeckoe wopmuposanue, p = cs, (p,q) = 1, onpedeaena seavuuna (f),, npuuém
(f)v = maxy, |apn!|,.

HanomuanMm YIIOMAHYTOE BBIIIE OIIpeJe/ICHre J100aJILHOrO COOTHOIICHU].

Ecau P(y1,...,Ym) — MHOTOUWIEH ¢ KO3 dunneHTHbIMU 13 1105 K, creneHHble Psijibl
fi(z),..., fm(2) € K[[2]], £ € K, TO cooTHOIIEHNE

HA3LIBACTCI 240004bHbIM, €CTUM OHO BBITIOJHAETCI BO BCex TOax K,, T1e cXomarcsa BCe Psibl
FE) -, Fi(E).

OrcyTcTBre TI0GATBHBIX COOTHOIEHWH O3HAYAET, UITO st Jto6oro MuorowteHa P(yi, ..., ym)
¢ koadpdunmenTamu u3 mojsd K CymecTByeT mpocToe UKuCJI0 P U CYIIECTBYeT HOPMUPOBAHUE U TIOJIST
K, mpomonxkarorree p — agudeckoe Takue, 4To B noje K, BHITOIHIETCS HEPABEHCTBO

P(f1(&),-- -, fm(£)) # 0

Tosopst 06 oTcyTcTBUM TIOGATBHBIX COOTHOIIEHU, MMEET CMBICJ ONMPEJETUTL TPAHUILY CBEPXY
JJIsT BBIMIEYTIOMSIHYTOrO 9HCJIa P, U JaTh ONeHKY cHu3y s Beawdausbl |P(f1(),..., fm(§))v B
BUJIe BBIDAKEHUIT, 3aBUCAIIUX OT £, OT CTEeHu u pazmepa MHOrowneHa P (Y1, ..., Ym), OT 9ucaa m
U OT MapaMeTpoB KJIACCa, KOTOPOMY MPHHAJIEKAT PacCMaTpUBaeMble paabl. B dbopmynmmpyeMbix
TEOPEMAX 1I0JIOKUTENBHBIE TIOCTOSHHBIE ¢;, 1 = 4,5,... 3aBucar or &, 4ucjaa m u 0T HaAPAMETPOB
KJ1acCa, KOTOPOMY MTPUHATEXKAT F — PSJIbI, HO HE 3aBUCAT OT CTETIEHN U Pa3Mepa PACCMaTPUBAEMOTO
muOTOWTeHA P(Y1, ...\ Ym)-

B pa6orax [3]-6], [8]-[12], [19]-]23] uccaenoBan Bonpoc 0 roGAMBLHBIX COOTHOIIEHHSIX JIJIsk
F — psnos.

Besne ganee cuntaem K = Q, Zg = Z u paccMaTpuBaeM | |, A71s BHIOPAHHOTO P.
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TEOPEMA 1. ITycmo F — pade 1 = f1(2), ..., fm(2) npunadaesrcam xaaccy F(Q,c1,ca,c3,q)
U YOOBACTNGOPAION, CUCTEME AUHCTHVT 00HOPOOHIT JuPPepeHyuasbHbIL YPasHeHut

o
vi=Y Qigyi=1,...,m, (18)
j=1

ede Qi; € Q(2),4,7=1,...,m. IIyemv T(2) € Z]z] uT(2)Qsj € Z(2),i,j = 1,...,m. [lycms smu
pAadet aunetino nezasucumvt wad C(z). Hycmo

NPOU3CONOHAA AUHETHAA POPMA, KoIPPULUERMBL KOMOPOTE ABAAIOMCA ULABMU YUCAAMU U3 Noad Q,
npuuém cpedu Hux ecmo omauunvie om wyaa. Iyemo, Kpome moeo, max;—1 . m |hi| = H, H > Hy.
ITyemov p — npocmoe wucao, (p,q) = 1, ewnosnaomea ycaosus

1 —1
p (“p) > 26, (20)
Inp

@ maxowce € = 1D, T(€) £ 0 u nyeme A(H) > mhinil
Tozda 6 noae () 6vinosnAeMCA

L(f1(8),- -, fm(8)) # 0. (21)

TEOPEMA 2. IIycmv F — paodw fi1(z),..., fm(2) npunadaescam waaccy F(Q,c1,c2,¢3,q) u
YJOBAEMBOPAIOM, CUCTNEME AUHETHBL JUPPEPEHUUGAYHBL YPaEHEHUT

00
y;:QZ,O—I_ZQ’L,]y]?Z: 17"'7m7 (22>
=1

ede Qi; € Q2),i=1,...,m,j=0,1,...,m. llycmo T(z) € Z[z] u T(2)Q;; € Z(2),

i=1,...,m,5=0,1,...,m. ITyemov s5mu padv aszebpauvecky nesasucumv, 1ad C(z). ITycmo

P(yla cee ym) (23)

npouseosoHolli Mrozousern cmenenu K, xoadduyuenmoe Komopoeo ABAAIOMCA UCABMU HYUCALMU
u3 noaa Q, npuném cpedu wux ecmv omaunHvie om wyss. Ilycmov, xpome mozo0, HouboOALULGA
U3 A6CONNOMHBIL BEAUNUH IMUT KOIPPUUUEHMOE, G MAKHCE CONPANCEHHBT € HUMU YUCEA, DAGHG
H, H > Hy.

ITyemw p — npocmoe wucao, (p,q) =1, 6viNoAHAIOMCA YCAOBUSA

Inp—1
P72 S 9(es + 1)K 24
p(PEE) 2 R, (24)

a makorce € = p" ) T(€) # 0 u nyemv y(H) > (m;;K)ml%H.
Tozda 6 noae () 6vinosnAemMCa

P(f1(8),-- -, fm(£)) # 0. (25)

2. JTokazareabcTBO Teopem 1 m 2

Wcmoneayercas momncukamnumsa obobimatomast Meron 3urens — Iummosckoro. Mcmonb3yeMbie
JIEMMBI U caM MeTOj ChOpMyIMpOBaHHBI Cieys MoHorpaduu [18].



148 A. X. Mynsoc Backec

2.1. ®opMysaupPOBKaA OCHOBHBIX JieMM MeTtoga 3urejd — IlInamoBckoro

IIycts

fe(2) =D benz™ k=1,...,mm = 2,bg, €Q (26)
n=0

dbopmanbasie crenennsie pagel. [lycts N — marypasapHOe 1uCIIO,
P, € Q[z],deg P, < N. (27)

Paccymorpum stmneiinyio dhopmy
R(z) =) Pufu(z) =) rpa" (28)
k=1 n=0

Ecmu camrares P, € Q[z] MHOrOWIeHAMY ¢ HEOUPEIETEHHBIMU KOIDDUIMEHTAMI U TOTPEOOBATH,
qTober 7, = 0,m = 0,1,2,...,m(N 4+ 1) — 2, 1o noayunrca cucrema u3 m(N + 1) — 1 jnuneii-
HBIX OJHOPOJIHBIX ypaBHeHWI oTHOCUTENHHO M (N + 1) Hen3BeCTHBIX KOIDDUIMEHTOB. DTa cucreMa
BCerjla umeer HerpusmajabHoe perenne. Caeposaresnsho, Py € Q[z] moxHO BHIGpaTh Tak, 4T00bI
ord,—g R(z) 2 m(N +1) — 1.

Tem me Menee, ecau psifbl (26) He Bce TOXK/IECTBEHHO DAaBHBI HYJIIO, 8 CTEIIEHH MHOTOUICHOB
Py, € Q[z] orpanndeHsl CBEpXy, TO NpU U3MEHEHUH KOIMMUIMEHTOB STUX MHOIOUJIEHOB HEBO3MOXKHO
MOJIYYUTh OTJIUYHYIO OT TOXKJIECTBEHHOTO HYyJs (DOPMY CO CKOJIb YIOJIHO BBICOKUM IOPSJIKOM HYJIS
mpu z = 0.

JIEMMA 4 (Jlemwma 4, [18]). lyecms N — namypaavnoe wucao, (26) — dopmaavrvie cmenenvie
padu. Tozda cywecmeyem namypasvroe wucao O, sasucawee om (26) u wucaa N maxoe, wmo npu
a0bom evibope mrozouaernos (27) aunetnas dgopma (28) aubo mosicdecmeenno pasha Hyr0, AubO
suINOAHACTNCA Hepasenemeo ord,—og R(z) < ©.

JIEMMA 5 (Jlemwma 5,[18]). Hycmo

¢1(Z)7"'>¢s(z);¢ﬂ(z)v"'¢hn(z) (29)

COBOKYNHOCTID HOPMANOHOLL CMENEHHUT PAOOS, NPULEM TOMA Obl NPU 00HOM 3HAuEHUY | PAO 1);(2)
OMAUYEH OM MOAHCICCNEEHH020 HYAA.

Toeda cywecmsyem namypanvroe wucao Op, 3aeucaujee moavko om pados (29), obaadarowee
caedyroujum ceoticmeom. [lycmo

alv"')as;ﬂlv"‘vﬂme(@ (30)

m
NPou3BOALHYT HABOP wuces, 0aa KOMOPozo dopmarvrut cmenennol pad Y |, Bihi(z) ne pasen ryamo
i=1
mooicdecmsenno. Ilycmo
S

> @igi(z)
w=2 (31)
;@%(2)

dopmanrvrmi cmenennot pad. Toeda nu npu xaxom nabope (30) pad (31) ne moorcem Goimo payu-
OHaABHOT PyHKYUEed om z cmeneru bosvwed, yem Og.
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Paccmorpum uneiinbie pOPMBI OT TEPEMEHHBIX Y1, - - . , Ym, M = 2 BUIA

R=> Py, PcQlzi=1,...,m. (32)
=1

Jluneitabie hopmbr (32) obpasyror Moay/b Ha KosabioM Q[z].

Paccmorpum cucremy JuHeHHBIX OZHOPOAHBIX muddepeHITnaabHBIX YPABHEHUN TePBOTO MOPII-
ka (18), rme Qr; = Qri(2) € Qz],i,k = 1,...,m. Muorounen T" = T'(z) upexcrasisier coboii
HaMMeHbIn# o6muii 3Hamenarens Kodddunuentos cucrembr (18). Ha paccmarpusaemom mMosyste
muHeHbIX opMm (32) onpeaennm coorBercTByOMmuil cucreme (18) nuHedinbrii quddepennraabHbIi
onepaTop

0 (& 0
D=+ (> Qrivi| 5 (33)
0z ; Yk
k=1 \i=1
[ycts Y1, ... Ym, m = 2 npencTaBagior coboit GopMaTbHBIE CTEIEHHBIE PIIbI 110 CTEINEHAM Z, CO-

crapJisiorie popmasbHoe perenue cucremsl (18). Ilogcerasassa ux B hopmy (32) BMecTo miepeMen-
HBIX, IO Ty9aeM (hopMabHbIi crenennod psag R(z) mo crenensm z. PopmaabHas TPOU3BOIHAS DA
R(z) no z gBastercst aunEHON HOPMOIt OT PAMOB Y1, . . - , Ym U UX HOPMATBHBIX TPOU3BOAHBIX. [1o-
cJle 3aMeHbl Y], ..., Yl Ha mpasble 9acTu cooTBercrByOmmx muddepentmanbabix ypasaernit (18)
U yMHOXKeHUsT Ha MHOTOWIeH 1 = T'(z) moayduM JuHeiHy0 DOPMY OT Y1, ..., Ym C KOIDUImIEH-
ramu u3 Q[z]. Takum o6pazom, npumenenune oneparopa D(33) k dopme R o3navaer BbIYMC/IEHUE
dbopmanbroit mponsBoHOI R(2) M0 2 ¢ moceyomeit 3aMeHoi y’l, ce. ,yén Ha [IPaBble YaCTU COOT-
BeTCTBYOIMUX nuddepeHImanbabix ypasaernii (18), T.e. 1 pernenuii 3Toi CHCTEMBI UMEeM

TDR=TR'.
Paccemorpum niponsBosibayt0 JuHElHY0 hopmy (32) oT Y1, . .., Ym € Ko dunuentamu u3 Q[z]
u obo3HAIUM €6
m
Rlzzpl,z‘yiapl,iGQ[Z]J:L-u,m- (34)
i=1
[Momoxum
R, =TDRy 1,k=2.3,... (35)
Nubivu crosamu, BBudy (35), npu nogcranoske B R1(34) HekoToporo merpusuabaOro hopmasib-
HOTO perteHust cucteMbl (18) BMECTO MEPEeMEHHBIX Y1, . - . , Ym, UMEIOT MECTO PABEHCTBA
R,=TR, | k=2.3,... (36)
CoryacHo ckazaHHOMY BhITe, Ry mpejcTaBaser coboit uHeHY0 (DOPMY OT Y1, - . ., Ym € KO3DDU-

mreatamu 13 Q[z]. CiegoBaTebHO, BBIIOJHATCS PABEHCTBA
m
Ry =) Poivyi,Prg €Qzli=1,...,mk=2,3,.... (37)
=1

U3 (36) u (37) cnenyer, uro

m
Poi=T | Py, + > Peo1jQii | i=1,...,mkEk=23,.. . (38)
j=1

Panzom cosoxynnocmu aunetinoxr dopm ¢ KoadduiimenraMn n3 KoJblia win nojis W HasbiBa-
eTCsl MAKCUMAJIbHOE YUCIO0 JUHEHHO He3apucuMbix Hag W dopm B 9TOM COBOKYITHOCTH.
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JIEMMA 6 (Jlemma 6,[18]). Pane cosoxynnocmu aunetinwz gopm Ry, R, ... nad Q[z] pasen
I mozda u moavko moeda, xoeda dopmui Ry, ..., R auneino nesasucumv, nad Q[z], no dopmwv
Ry,..., Ry yorce aunetino sasucumovs had Q|z]

JIEMMA 7 (Jlemma 7,[18]). Iycme pane cucmemwvt aunetinwz gopm Ry, ..., Ry, pasen I,

1<l <m. Toeda moorcro evibpamo m — | aunetino nesasucumv nad Q(z) dopmarvnmr pewe-
HUll cucmemv, AUHETHBT 00nopodnus duddepernyuarvrnos ypasnenutd (18)

Yl,59++-3Ym,s, S = 17---7m_l
marux, 4mo gopmo Ri, Ra, ... obpawaomca 6 Hyab npu nodcmaHo8Ke 8 HUL 8MECIO NEPEMEHHBLT
YLy - -« Ym A200020 U3 IMUT PeweHU.

Cdopmynupyem BapuanT ocHOBHOM semMbl umnosckoro A.B. o mopsiake mymas auueiHo dhop-
MBI.

JIEMMA 8 (Jlemma 8,[18]). IIycmv cosoxyniocmsd $opmasvnbis cmenennur pados
f1(2), ..., fm(2) cocmasanem gopmanvhoe pewenue cucmemvs AUHETHBLT 00HOPOOHLIT Judidepen-
yuarvnor ypasnenut (18) u aunetino nesasucuma nad Q(z),

p= min ord,— fi(2), (39)
o = max(deg T, max degT Q). (40)
1<i<m '
1<k<m

Ilyemv N — namypasvroe 4ucio,
m
Ry = Z P17Z'yi, deg Pl,i < N, Pl,i S @(Z),i =1,2,...,m,
i=1

Ry — omauunas om mostcdecmeennozo nysa aunetinas gopma u pane aunelinmr gopm Ri, Ro, . . .,
NOAYYEHHUT ¢ nomowpto pasencms (36) pasen .

Toz0a cywecmsyem NOCMOANHAA T, 3A6UCAULAA MOALKO OM COBOKYNHOCTU PAAOS
f1(2), ..o, fm(2) maxaa, wmo npu y; = fi(2),i = 1,..., M 66IMOAHACINCA HEPABEHCTNEO

m
ord,—q R1(2> = ord,—g Z Pl,ifi(»z) <IN + rg. (41)
=1
IIpu | = m 6 nepasencmee (41) MOHCHO 3AMEHUMD HUCAO T( HA HUCAO T1,

(m—1)m

r120#+m+p—1. (42)
ITonoxkum
No = 2(ro — m + 1), (43)
SGN,0<S<[], (44)
t:a(m;”m+s+p (45)

rae N — HAaTypaJbHOE YUCI0, & T ONpeaeseno B jemmve 8(mmu pasencrsom (42) mpu | = m).
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JIEMMA 9 (JTemma 9,[18]). ITycmo ewinoanens ycaosus aemmovr 8 u aunetinas gopma Ry npu
yi; = fi(z) ydosaemsoparom ycaosuio

ord,—o R1(2) >m(N+1)—s—1 (46)

Tozda npu N = Ny aunetinve gopmoe Ri, ..., Ry, nosysarowueca ud gopmoe Ry ¢ nomowwiro
pasercms (36), AuHelno He3a6UCUMDBL U ONPEOCAUMEND

A(z) = |Pilk,i=1,...m (47)
cocmnasaerHuill u3 Koapduyuenmos smur Gopm, umeermn 6ud

A(z) = 2™V 757PA L (2) (48)
2ne A1(z) omavunodi om mootcdecmeennozo nyan muozovaen us Q[z],deg Aj(z) = 6,0 < 6 <t

JIEMMA 10 (Jlemma 10,[18]). ITycmob cosoxynnocms Gopmasohux cmenesnur pados
fi(2),..., fm(2) cocmasaaem gopmaavnoe pewenue cucmemsvs sunetnvE 00HoPodHuT Juddepen-
yuasvroir ypasuenud (18) u aunetino nesasucuma nad Q(2), uucaa p, o onpedesenv. pasencmeamu
(39), (40), a wucaa Ny, s,t pasencmsamu (43) — (45). Hycmo aunetinas dopma R1 maxosa, wmo
N > Ny u npu y; = fi(2), i =1,...,m swnosnaemecs ycaosue (46), Rry1 = T DRy,
kE=1,2,..., & — yeaoe wucao uz Q, T'(§) # 0.

Tozda mampuuya

[ Pri(E) i=1,...m (49)
k=1,....m+t

UMeem pare m.

2.2. IlocTpoenue mepBoii mpudbamxkamwiIieii popmbl

JIEMMA 11. Ilycmob padw
o
fi(z) = Zamn!z”,i =1,....,m
n=0

npunadaescam xaaccy F(Q, c1,co,c3,q). Tozda das a0b6020 namypaavrozo wucaa N cyuecmeyrom
MHO2OUNEH D

N
Pi(z) = Zan!z",i =1,....,m (50)
n=0
maxue, 4mo ux xosppuyuenmu, B;p,i = 1,...,m,n =0,...,N - yeave wucaa u3 noas Q, ydo-
BAEMBOPANULUE HEPABEHCTNEY
‘Bz,n| < ecloN\/lnN' (51)

IIpu smom aunetinas gopma

R(z) = ZPZ(z)fZ(z) = Zrnn!z” (52)
n=0

i=1

umeem nopadok nyaa ord,—o R(z) ne menvwe, wem k(N) + 1, 2de

E(N) = m(N +1) [ ﬂ%& (53)
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u das 106020 NPOCMO20 wucaa P, ke npesocrodawezo seauuunv, k(N) maxozo, wmo

Inp—1
P?c&p(f;p) > 2¢3,(p,q) = 1 (54)
Cnptl@@@ﬂum;t HeEpaseHcmea
N (& O, C N
(R < [(m(V 4 1) = [ b )
p

N
‘R(fﬂp < |(m(N + 1) — [\/lj\fiND"p . 6‘311 log,, NJFCS;T? 'p—’Y(H)(m(N—H)—[%]) (56)
n

JOKABATEJILCTBO. PaccMorpum

N %) [e%S)
Pi(2)fi(z) = Z Bivkk!zk Z aivll!zl = Z binnlz" i=1,...,m, (57)
k=0 =0 n=0

rJie npu Jiio6oM HaTypaJIbHOM N
1
bin = — > " B; yklail!,
n.

a CYMMHUPOBaHHUE TPOU3BOIUTCH 110 BCEM HEOTPUIIATEIbLHBIM TeabiM k, [ Takum, ato k 4+ [ = n.
Yenosue (53) o3Havaer, 9To

Ui N
b; :O,n:O,l,...,mN—i—l—[],
; A e NV

wim BBugy (57),

- k! N
ZZmBi’kai’l = O,n = 0,1,,m(N—|— 1) - [m] y (58)
i=1 )

IJe BHyTpeHHee CyMMHPOBAHNIE MPOU3BOINTCS 110 BCEM HEOTPHUIATEIbHBIM MEJLIM K, [ TakuM, 9TO
k+1l=n.
Orermyv Besmmnny dg n, Gurypupyiomyio B onpefenennn kiaacca F(Q, ¢, o, ¢3,q). Samernu,

9TO P Y ;—3 CXOJIUTCH, IIO3TOMY U3 TPEThEro yCJIOBUSL 3TOI'0 ONpeJeieHus U U3 HEPABEHCTBA
p

n
m(n) < cs— 59
(n) < cap (59)
(3mech MBI nconb30BaTH OneHKy Uebbnméra I1. JI. 11a HaxX0xKJeHNsT KOJTMYECTBA TPOCTHIX TACET P

HE TPEBOCXOJIAIINX N, COPABEIMBYIO JJisl Beex n > 2, [2]) ciaenyer HepaBeHCTBO:

C27‘L CS

_ ordy, do,n 63(10317 n+-5) c3 111”'0317 an -2 ci1am

don =[] <TI» ) I EGm e, (60)
p<cean p<cean
YumuoxkuM 06e gacTH Kaxoro u3 ypasuenuit (58) wa Sndo n, Tae Besmduna Sy HauMeHbIIee 00-
|

1ee KpaTHOe YUCEN (Z) = W,k = 0,...,n TIPO KOTOPYIO U3BECTHA OTeHKA (3, < e“". llpm
9TOM IOJIYYUTCA CHCTEMa JIMHEHHBIX ypaBHEHWMN OTHOCUTENbHO Bjn,t = 1,...,m,n = 0,...,N.
Koadpdurmentsr 910#t cucreMbl gaBagiorcsd neabiMu gucaavu moad Q. ApxumemoBsl abCOMIOTHBIE
BETMIWHBI 3TUX KOIPDUITUEHTOB, & TAK¥Ke CONPSKEHHBIX ¢ HUMU YUCEJT, BBUIY OMpeeIeHs KIac-

ca F(Q,c1,c2,c3,q), ouenku s Sy u HepaseHcTsa (60) He MPEBOCXOAAT BEJININHBL:

606nqn6012n607n — 131 < 6613(m(N+1)—[\/1]I\177N])' (61)

ITpumenem k Hareil cucTreMe ypaBHEHUN M3BECTHYIO JIEMMY 3UTEJIS.
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JIEMMA 12 (cm.[18]). Hyemo
Qg j EZ,’@‘ <Ai=1,....,Pj=1,...,Q,A>0.

Ilyemov P < Q. Toeda cywecmeyem nempusuasbroe pewerue (T1,...,TQ) CUCTIEMb: YPAEHEHUT

Q
> aijrj=0i=1,... P
j=1

maxoe, wmo x; € Z,i = 1,...,Q. Kpome mozo, ¢ nexomopot, 3asucauweld moavko om noas Q,
NOCMOAHHOT C14 BHINOAHAIOMCA HEPAGEHCMEA

P
|Ti| < cra(caQA)-P,i=1,...,Q.

B paccvarpupaemoii cucreme (58) uncio wemssectabix @ pasHo m(N + 1), qucsio ypasHeHui
P pasno m(N + 1) — [ N } + 1. Cneposarensho, Q — P = [ N ] -1,

vVin N Vin N

p m(N—}—l)—[ N }+1 m(N+1)— 2 +2

o P" - In ¥ < ol < ci5VInN (62)
- [\/mN] -1 e
CrenoBarenbHO,

|Bin| < cra(cram(N + 1)6613(m(N+1)_[VIIXN}))015 VInN eereNVInN 1 m,n=0,...,N.

Hepagencrso (51) mokasano.
Paccmorpum

m

Tn = Z bin = :L!ZlZBi,n—kai,k(n — k)k! = Z} Z Bz‘,n—kaz‘,km_nlf)!k!,

=1

TJle BHYTpEHHee CyMMWPOBAHNE TTPOM3BOIUTCS O BCEM HEOTPHUIATETBHBIM TEIbIM k, He TPeBOC-
xoggamuM n. st npou3BOBHOTO IPOCTOrNO YUCIA P, P = €3, HE NPEBOCXOdnIero sejauandbl k(N)
Takoro, 1ro (p,q) = 1, IMeeT MeCTO HEPABEHCTBO

(n — k)k!

7nlp < max ‘Bi,n—k‘p|ai,k|p|T‘p7

e MakKCUMyM B34T MO BCEM ¢ = 1,...,"M W BCEM HEOTPHUIATEIbHBIM IEJbIM K, HE ITPEBOCXOIs-
mwmM n. Ilo ompenenennto knacca F(Q, ¢y, ca,c3,q) mas p — agudeckoro HopMuposasus (p,q) = 1,
opu p > CaN, P = €3 BBIIOJHAETCI HEPABEHCTBO \ai,k| < 1, anpu cg < p < CoN BBINOJTHIETCS
HEPABEHCTBO

c3(log, n+-%%)
laiklp <e L

(n—k)!k! ‘
n!

Nwmeem mipu p > 1 BBITIOTHSAETCS =1, a npu p < n uMeeMm

Sp—k+SK—5n 1
=e p1 L AT 08

p

(n — k)!k!
n!

CrenoBarebHO, g P — aJUIECKOTO HOPMUPOBAHUS TIPU P < Colt BBITIOJIHSIETCS HEPABEHCTBO

‘Tn|p < 6018 lng n"‘céipig7 (63)
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a IpPU D > €N BBILIOJIHAETCS HEPABEHCTBO |1y [y < 1.
s TpOM3BOIBHOTO MPOCTOrO YHCJIA P, HE MPEBOCXOAsmiero Beiwdwnbl k(N), Takoro, d9ro

p = cs,(p,q) = 1, omenmm cBepxy

(R)p < n>%%%<+l(‘rn|p‘n!|p)-

[MockombKy fiist |1y, |, BeIIOIHSETCH OmenKa (63),

ciglog, ntcs .  _n=Sn | c19 log, ntcg % — -1
(R), < max ™ "TER TP ¢ max 0BT T (64)
n=2k(N)+1 n=k(N)+1

Oynkuus c19log,n + 031% — ]% ybbIBaeT 1Ipu

cop*(p — 1)
(p? —c3(p—1))Inp’

n >

II03TOMY ecJjiu

ciop®(p — 1)
KN) > g (65)

TO MaKCUMyM B mpaBoii yactu HepaeHcTBa (64) 6ymer mocturayr npu n = k(N). IIpaBas wacts
HepaseHcTBa (65) mpencranisier coboit BO3pacTaoILy o MYHKITHIO OT p P YCJIOBHH, 9TO BBITIOJIHS-

eTCsl HePABEHCTBO

Inp—1

D ( np > > 2c3, (66)
Inp

TTOCKOJIBKY €€ TTPOM3BOJIHAA TI0 P paBHA

C19 %
((p? = e3(p—1))Inp)?

U 9Ta BeJTUYUHA MOJOKATEIbHA TpH yestoun (66). Tak kak paccMaTpuBalOTCs JIUIITB TTPOCTHIE THC/IA
p < k(N), nepaBercTBo (65) BBIOJHAETCS TIPU BCEX TAKUX P, YAOBIETBOPAIOIMUX HepaBeHCTBY (66),

(p*(Inp—1) —2c3p® Inp+ (c3 + 1)p* + desp? Inp — 2e3p® — 2¢3p Inp + pes)

o 1o (k)2 (R(N) — 1)

KN) > TR = e (V) = 1)) k()

(67)

a HepaBeHCTBO (67), Beinosasiercs pu N > cgo. VlTak, MBI JOKa3a/M, 9T0

m(N+1)— | —D— | +1
(R)p<e le“N] Feogztenlog, N

JIEMMA 13. Ecau  ord,—o R(z) > m(N + 1) — [\/ﬁiN} JElp <1,

m( — | A
mo |R(©)], < (Rl 177)

,HOKA3ATEHBCTBO.
- n n m(N+1)— ]I\f
R(§) = Z " < max |1, ’p < <R>P’§‘p [ l N]
n=m(N+1)- [ 2]
(|

Jlemma 11 mosHOCTBIO mOKazaHa. O
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3. Onenku Jjig mpubamKamIimmnx popm

JIEMMA 14, IIyemv N > Ny, cosoxynmnocmov cmenennos pados f1(z),..., fm(2) us xaacca
F(Q,c1,c2,c3,q) cocmasasem $opmarvHoe PEUWEHUE CUCTIEMbE AUHETHHT 00HOPOOHbT Judidepen-
yuasrvroir ypasnenut (18) u aunetno nesasucuma nad (C( ), popma R1 = R (52) u eé xoopdpuyu-
ewmuwt Py ; (50) ckonempyuposans no aemme 11, & = p"H) T(€) #£0.

ITyems aunetinwme gopmor Ry u ux xosdduyuernmo Pk,z onpeaeﬂem)t pasencmeamu (37) u (38).

Tozoa

k—1
’Pk,z(f” < H(na+m+N)eNlnN—i—cloN\/lnN+csz+cz3N 7(H)(N+c24[LN])’Z' =1,....,mk=0,1,...
n=0

(68)
Ona pasmepa |P|(m.e. daa maxcumyma modyseti Kosfduuuenmos mnozo0niena u 6cex us anreebpa-
UNECKUT CONPANCERHBIT) maroice svnoaniemca(68), u daa 4106020 npocmozo wucaa p, He Npesoc-
zodawezo seauuunvt k(N)(53) u ydosaemeoparowezo ycarosuam (54) cnpasedausv, nepasencmsa

N
ecn log, N+c3 oz

(R < |y 1) = |

P
|2 et v H)(mN=cos [y ])
G A e e [ R g (69
P Vinp |~ |,
JIOKA3ATENBLCTBO. Ecmu ¢(2) Z anz",P(z) = > bpz" U BBHINOIHSIOTCS HEPABEHCTBA
n=0
lan| < bp,m=0,1,2,..., 10 310 T[pI/IHHTO 0603Haanb tak: ¢(z) << (z)([18]). IIycrs, Kak u paHb-
e,
max (degT'(z),degT(2)Qk,i(2)) = o. (70)

kji=1,....m

Kpome Toro, nycre C' 0bo3nagaer HaubOJIBIIYIO U3 aDCOJIOTHBIX BEJIMYUH BCEX CONPSIXKEHHBIX B
nose Q ¢ xkoadpdumentamu muorownenos 1'(z2), T(2)Qk,i(z) wmcen. Torma, seugy (70), mas Beex
k,i=1,...,m

T(z) << C(14+2)7,T(2)Qri(z) << C(1+ 2)° (71)

JlokazkeM 10 WHIYKIUU CJEIYIONIEe YTBEPK ICHUE:

k—1
Piy1i(z) << CF(1 4 z)hotN H(na +m+ N)eVNtesNVInN G g ;b =0,1,2,... (72)
n=0

Ecsn BepxHUii npesen B npons3seieHnn MeHbIne, uau pasen 0, TO MBI OJTAraeM BCE 3TO TPOU3Be,Ie-
HUE paBHBIM 1.
3 mepasencrBa (51) memmbr 11 ciemyer HepaBeHCTBO

Pri(z) << (14 2)NeNNFerNVInN G — 1000 m, (73)

TAK YTO JIOKA3bIBAEMOE yTBEDIKIEHNE BhIojHgeTcst pu k = 0.
Cornacno (38),

Piy1i(2) = T(2) | PLa(z +ZP;€J (2)Qji(2) | i=1,....mk=1,2,.... (74)

U3 (50), (71) u (74) upu k < m + t caepyer HepaBeHCTBO
deg Py, i(2) < N 4+ cosNVIn N (75)
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Beuay mepasencrsa (71) v MHIYKTUBHOTO TIPENOIOKEHUS

k—2

PLilz) << (k= Do+ MO 1L+ 2007 [ (0 o+ MjeNmibendVRN,
=0
' i=1,... mk=12....
Kpowme T0r0, 10 HHIYKTUBHOMY MPE/IIOI0KeHII0 1 BBUIY (71),
m k—2
T(2) Y PojQji << C(1+2)°C* 11 4 2) D7 N T (no + m + N)eV N +ecasNViN- 77y
j=1 n=0

Us (73), (74), (76), (77) nonyvaem mokasbiaemoe cootHomerue (72).
W3 (77) u (75) momyuaem HepaseHcTsBo (68).

Iepeiiném x onenke |Ry(€)|p. Hokaxkem, aro (Ry)[€|p < (R1)p. HeificrBure/ibHo, 10 OCTPOCHHIO
(37)
R, =TR,_,k=2,3,....

[To semme 1, yaursiBast, aro MHOTOUWIeH 1'(2) uMmeer nenbie KoaddunmenTsr u3 moss Q,
(Ri)p < (T)p(Ry1)p < (Ri1)p < (Rp—1)p, k=23, (78)

U3 (78) cpasy caemyer, 910
(Ri)p < (R1)p, k=2,3,.... (79)

Cornacuo (55) memwmer 11, u3 (79) cremyer:

N
o530 log, N+cs1 5

A i

p

CuoBa 1o nemme 11, n3 Hepaserctsa (56) moaywaem mo gemme 13 mckomoe HepasencTso (69). O
3 memm 10 m 14 memocpeCcTBEHHO ClIeayeT TaKasd JIEMMA.

JIEMMA 15, IIyemo N > Ny, cosoxynmnocmov cmenennos pados f1(z), ..., fm(2) us xaacca
F(Q,c1,c2,c3,q) cocmasasem $opmarvHoe PEUWEHUE CUCTIEMbE AUHETHHT 00HOPOOHbT Judidepen-
yuarvrsr ypasrernutd (18) u aunetno nesasucuma nad C(z), € = p?H) T (€) # 0.

Tozda npu awbom N = Ny, 2de Ny onpedeaeno pasencmsom (43), cywecmsyem co8oKynHocms
m AUHETHO HE3a6UCUMBLE AUHETHDIL Popm 6uda

m
Lk(yla'-'7ym):th,iybk:la"'vma (80>
=1
ede hy; € Z,i,k =1,...,m, npuuém
|m| < eNlnN-l—c;;gN\/lnN .p'y(H)(N—‘rc?,g[%}) (81)

U A A106020 NPOCMO20 WUCAE P, HE npesocrodausezo seaudunv, k(N)(53) maxozo, wmo evwnoanervl
ycaosua (54) cnpasedaucvl nepasencmea

DY, - e log N s () m(NTD-[55])  (g2)

LK(1(E), s Fn©)]p < |(m(N +1) - [VN—N

In
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JHOKABATEJIBCTBO. Ilycrs N — smr060e 4uciio, ya0oBJIETBOPLIONIEE yCJAOBUAM JIEMMBbI, a (hOpMa
R1(2)(52) crorcrpyuposanna mo jsemme 11. Pacemorpum dbopmsr R(z), k= 2,3,. ... Ilo gemme 10
marpuna (49) umeer panr m nag nogem Q. 3uauur, cpean €€ crpok ¢ HOMepamu 1,2,...,m + ¢
ecThb m JuHeiino HezapucuMbIX Hag Q. [lycrs 3T ¢TpOKH HMeOT HOMEpa Wi, . . . , Wy,. PaccMoTpuM

JIMHEHHbIE (DOPMBI
m

R,, = prﬂ-(g)yi,j =1,...,m. (83)
=1

Crenenn muorounenos Py, ;(2) Beuy (75), ne npesocxoasr semunnnl N + o (m +t —1). Tlosromy
o Py, i(§)Z. Obozmaumm, yunteisag (80) n (83),

m m
Li(y1, - ym) = Zak,iyi = Ry, = ZPwk(f)yi, k=1,...,m.
i=1 i=1

Torma o stiemme 14,

m4t—1
|@| < H (TLU +m+ N)eN1nN+036N\/1nN+037k+638N .p’Y(H)(N+C39[$D7i’ k=1,....,m. (84)
n=0

TaKKaKt:[ N ],

vVin N
m+t—1
[I o +m+N)<((m+t—1)o+m+N)™Ht g ecsoNVinN, (85)
n=0

U3 (84) u (85) caemyer nokaswiBaemoe HepasencTso (81). Jasee

‘Lk(f1(§)7 s 7fm(§))’P = ’ka(g)’p <

N
<1V 1) = [l €% HE )i

CnenoBarensro, HepaseHcTBO (82), a ¢ HUM u jgemma 15, qokazansl. O
PacemorpuM uHEHYI0 POpMY

L(yi,- - ym) =hiy1 + -+ hmym,hi €Z,i=1,....m,

rae He Bee h; = 0, |h;| < H.
ITo nemme 15 cymecTByeT COBOKYIITHOCTE JIMHEHHO He3aBucuMBbIX Hat mojem Q dopwm

Ll(ylv'” 7ym)7‘° . 7Lm(y17” . 7y’m)

Cpemun stux dopm mmeercs m — 1 dopwm, mureiino wesasucumbix ¢ dhopmoit L(yi, ..., ym). bes
rnorepu obIMHOCTH By/IeM CIUTATEH YTO JIMHEHHO HE3ABUCUMBI (DOPMBI

L(ylv <o 7ym>7L2(y17 .. 'aym)7 < 7Lm(y17 o ,ym>

DTO 03HAYAET, UTO ONPEIETUTETD
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ormuen ot 0. Oupenenmrens (86) npeacrasasier coboit nemoe uncao u3 noas Q. B kaxmom mose
Qp, Te p — mpocToe HYHUCIIO0, yA0BIETBOPLIONIee YCI0BHIO (54) 1 HepaBeHCTBY

p<m(N+1) —| ] = k(N), (87)

N
VN
YMHOKHM TIepBLIii crosber ompeaesnutens (86) wa 1, Bropoii cronber Ha fy(£), 1 Tak jgasee, cTOJ-
Gerr ¢ HOMepoM m Ha fy,(§) 1 mpubaBUM K TIEPBOMY CTOJIOIY MOTYUYEeHHBIE OCTaTbHbBIE. [L0CKOIBKY
TepPBBIi CTOI0EI] YMHOKU/IA Ha, 1, ONPeaenTe/ b He M3MEHUJICS.

Ob6ozHaunM

L(§) = L(f1(€)s s fm(&)),  Li(§) = Li(f1(E),-- -, fm(E)), k=2,....,m.

Torga B mepBoM cToJibIle TPEOOPABZOBAHHOTO OTPEAEINTENsT KAaK Pa3 W CTOST, COOTBETCTBEHHO,
L(§),La(§), ..., Lm(§), upeacrapisiomue coboit s1eMenTsl paccmarpusaeMmoro moss Q. Mmbmvu
ciaoBamn, B KazkgoM more Qp, p — mpocroe wmcio, ygosiersopsiomiee (54) n (87), mmeer mecTo
PABEHCTBO

L(¢) hy -+ hp
L .
e 38)
Lm(&) hm,2 e hm,m
O6osuaunM A;,i = 1,2,...,m anrebpandecKkrue IOMOIHEHUs 3JEMEHTOB IEPBOro CTOJIOIA OlIpee-
murenst A. Torpa pasencreo (88) MOXKHO 3amucaTh B BUJE
m
A =LA+ > Li(§A:. (89)
i=2

Ecmm L(§) = 0 B paccmarpusaemonm mose Qp, To

Mo mokazanuomy Bbite, A — orranoe ot 0 nexoe wucio. ITosromy |Al, > ﬁ TaK Kak

hi - hp
A= th h2m < m!H(max R; ;)™ <
Bt -+ Pom
< mlH(N I N+eisNVinN _pv(H)(N+C44\/%))mf1
TO3TOMY

Al > eflnHf(mfl)(NlnN+C45N\/W)f'y(H) lnp(mfl)(N+C46\/%) (90)

C napyroit CTOPOHHI,
|§: Li(€)A, ], < p DN et ) _ D gl —ess k) (1)
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s Toro, arober (90) u (91) nasamu nporuBopedne ¢ npeamoaokeanem o Tom, aro L(§) =0 B
Qp Tpebdyerca, 4TOOBI

N
vin N

< —y(H)Inp((m — 1)N + e50

—y(H)Inp(mN — cy9 ) <

ﬂ) —InH—-(m—-1)NInN — 51 NVIn N
n
i

N

In

Y(H)Inp(N — cs2 )>InH+ (m—1)NInN + c53NvVIn N

=

njin

yH)np o y(H)Inp  css
N1In N( o N (m—1) C54(1nN)3/2 m)>lnH (92)

Iycts N u v(H) Takosel, uto N > Ny u V(g)]\l]np > m Torga u3 HepaBeHCTB (92) ciemyer, 9To

NInN >InH.
IIycrn H > Hy, u nmycts N BeIOpaHO Tak, 4TO

NInN>InH > (N —-1)In(N —1).

Torma In N ~ Inln H, H — 400 mosTtomy mpu mocrarouno bosbimoMm 3uauenuun H, H > Hy ecan
y(H) > mnf g (90) 1 (91) nporHBOpeunBHL.

Inp
Tlepeiimem x mokazaTesbCTBY Teopembl 2. PaccMoTpuM mpOM3BOSBHBIN OTAWUYHBIN OT TOXKJIE-
CTBEHHOTO HyJst MHOTOWIEH P(Yy1,...,Yn) creneHn K 10 COBOKYIHOCTH MEPEMEHHBIX Y1, . . ., Y-

[Mpeamonoxkum, 910 KOIMDPUITHEHTHI ITOTO MHOTOUICHA — IEIbIe aaredpandecKue Unuc/ia u3 oIt
Q, npuuém HambosbIIAs U3 AOCOJFOTHBIX BEJIMYKUH 9TUX KO3(MD@MUIIMEHTOB, & TaKxkKe UX ajredbpande-
CKUX CONPsKEHHBIX HE TpeBocxoauT H.

JIEMMA 16. Ecau paow f1(2),..., fm(2) ydosaemeoparom cucmeme aunetinmz (6oobwe 2060ps,
Heodnopodunz) Juddeperyuarvnnr ypasrenul

m
vi=Qio+ Y Qijys, (93)

=0
2de Qi0,Qi; € Q(2), T =T(2) € Z[2|,TQi; € Z[z],i=1,...,m,j =0,...,m, mo pads.

Oy, = ST2) o fRor () ki > 0,0 =1, my k4 - 4 ke < K,

K . .
YA0BACTNBOPAIOTM, CUCTNEME U3 (m+ ) AUHETHBLT 00HOPOdHBIT Juddeperyuarvhbil ypasrernutl euda
m

¢;€1,...,km = ZQ;},...,lmQZ)llrn:lm’ (94)

20de CYMMUPOBaAHUE NPOUZBOOUMCA NO BCEBOZMONCHBIM HABOPAM HEOMPUUATNEADHBIT YEABLT “UCEH

Lol makum, wmo by + -+l < K, a Q€ Q(2), npuuém Q. 1, Asasomea auned-

HOMU KOMOURAUUAMU ¢ KoaPpPuyuenmamu u3 Z woapduyuenmos ucrodnot cucmemvs dupdepen-

yuaavhoir ypasrenud u, caedosamenavino, TQp | € Z[z] das 4106020 1nabopa HeOMPULAMEALHVIT
yeeey

yesvx wucen ly, ..., ly, maxozo, umoly + -+l < K.
JIOKABATEJIBCTBO. Pacemorpum dopMaabHYIO TPOU3BOIHYIO OT Psijia ffl(z), ooy [ (2):
m
k1 Em N/ __ k1 ki—1 pki—1 pkit1 km £/
(17”" ml)_zklfl "'fi_l i fi+1 mlfi (95>
i=1
Cucrema (94) nonyuaercs:, ecoiu B mpasoii uactu kaxk10ro ypaesenns (95) samenurs f/, i =1,...,m

paBoil YacThiO COOTBETCTBYOIIEro ypashenus (93), B KOTOpoe BMECTO y; TOACTaBIeHO fi(Z),
1=1,...,m. O
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JIEMMA 17, ITyemo f1(2),. .., fm(2) — pade us waacca F(Q,cq,c2,c3,q).
Tozda npoussedenus cmenenett smux pados euda

B2 i), kit ke <K (96)
npunadaesrcam xaaccy F(Q, i, ch, c5,q*) ede
& <e4+In2, ¢ <max(ea, 1), ¢ <(es+ 1)K, ¢ =g KL (97)

JIOKABATEJILCTBO. [Ipencrasum psibt (96) B Buje

[e.e]
fl(z), o () = Zann!z".
n=0

[Mpouzseenne B JeBOM 9aCTU ITOTO PABEHCTBA PACCMATPUBAEM, KaK Ipousseaerue s < K COMHO-
JKUTeneit, cpejin KOTOPBIX MOTYT ObITh U paBHbie. Koadduiment mpu 2™y COMHOKUTES C HOMEPOM
i Oyaem obosnadars a;,n!. Torga

n!. .. ng!
Ap = Z nl A1lny ---Gsngs (98)

re CyMMUPOBAHWE B TIPABOH 4acTu pasencTBa (98) mpouwssogmrTcs mo BCeM HAOOPAM N1, ..., N
HEOTPUTIATENBHBIX MEJbIX JUCes TaKUM, 9TO N1 + - - - + ng = n. FIMeeT MecTo OlleHKa

@y Gams] = O(e58MHT419)) — O(e57) 'y + -+ + ny = n — 0.

| N
Bemramma ) ™5 n0IycKaeT ONeHKY

nllns' o (TL+8—1)' n4+s—1 n+K
Z n! <Zl— nl(s —1)! s2 S 2 ’

rJie CyMMUPOBAHUs IPOU3BOIATCS 110 BCeM HAbOpaM Ny, . . ., Mg HEOTPUIIATEJbHBIX TIEJIBIX YUCEST Ta-
n+s—1)! "

KuM, 910 N1 +- - -+ns = n. UcnospzoBana rakxe popmyia % /18 YACJIA PEIIEHUH YPaBHEHU S

ni+---+ng =N B HEOTPUIATEIBLHBIX IEIBIX YUCIAX W WIBECTHAS OIEHKA CBEPXY JIJIT OMHOMUATH-

noro ko3ddurmenTta. Takum obpasom,
@] = 2K O(e75™) = O(el T 2m) 1 — o0, (99)

PacnosoxuM npu KaxKaIoM 1 U KaxKI0M Habope ni, ..., Ny HEOTPUIATEILHBIX [EJbIX UNCET TaKUX,
aT0 Ny + - -+ + Ng = M ITHU YUCTA B TOPSIJKe HE BO3pACTAHUs, 1 0003HAUNM MOy IUBITTHECST HOMEDA
ly,...,ls, €. nyy, =2 ny, > ... 2 ny,. Toroa BepHBI HepaBeHCTBA

n n
niy < n,ni, < [5]7 sy N < [g]
P - 5 06 .. nil..ng! — p* ot <

ACCMOTPUM =y, — HAUMEHBIINN OOIMNN 3HAMEHATEIb IHCeT — 57—,N1 + -+ Ng = N°,N° < N.
OH meanTcst TOJBKO Ha IPOCTHIE YHCAA P, HE TMPeBocXomsinue n. Kpome Toro, ajst m10060ro Takoro
npocToro uncaa p, coraacto (9) u (10),

I ng! - S — S, —n*+ S, Spx —Sp, - — S
01rdp(n1 n*'ns):nl m + +pn_51 ns — N +On _=n pnl—l ”s>—slogpn.

3uagur,
ord, 2, < s logp n < Klogp n.
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W3 npuBenénnubIX BhIMie PACCYKIACHUN CIEIYET, UITO

qn"'[%]'&'""&_[%]do’ndo’[%} e dgv[%]Enan €7, (100)
MTPUIEM IHUCJIO do,ndo,[g] .. doj[g]En JEJTUTCS TOJBKO Ha MPOCThIE YUCIA P, HE TTPEBOCXOJIATITAE
max(ca, 1)n (101)

—_

OI‘dp d07nd07[%] . dO,[%]:’n <

n n n z 2
< cGo(logpn+logp[§] + - +log,[~] + — + % + -+ LSQ]) + Klog,n <
S p b p
< K (egr + 1)(log, n+ 5). (102
Ecan nonoxunro
¢ = gt K (103)

10 BBUJLY OodeBmanoro mepasencrsa n(l + [InKJ]) >n+ (5] + -+ [F] = n+[§] + - + [2] wucio
B2

aemut ancao (g*)".

U3 (99) — (103) caenyer, uro pazst (97) Bxoxar B kiaace F(Q, cf, ¢35, ¢35, ¢*), mapamMeTpsl KOTOPOro
yaossieTBopsitor ycsopusim (97). O
Jlemmpr 16 u 17 moOKa3wIBAIOT, 9TO paccMaTPUBAEMbIE PAJIbI

V) fEr ), k20, i=1.m, kit ke <K,

VAOBJETBOPSIOT BCEM YCa0BUsAM TeopeMbl 1 mpwm sirobom marypaabaom K. [lpumensas sty Teopemy,
TIOJTyIaeM YTBepKIeHNE TEOPEMEI 2.

4. 3akKJII0YeHue

Ilonyuennbie pe3yabTaThl OYIyT NPUMEHATHCS K 000OIIEHHBIM THIIEEPreOMeTpUYIecKuM F' — psi-
JIOM.
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AnaHOTanusa

B pabore 3a5102KeHBI OCHOBBI TEOPUHU VAKX MHOTO0OPAa3uili TEOPETHKO-IUCTIOBBIX PEIIETOK.

Paccmorpen npocreiimuil ciaydail omHOMEpPHBIX pemérok. B mocnemyomux crarbax Oyger
PaCCMOTPEH CHAYAJIA, CJIYUail OHOMEPHBIX CABUHYTHIX PEIIETOK, TOTOM OOIMWl C/Iyvaili MHOTO-
MEPHBIX PEIETOK, U, HAKOHEI[, CJIydail MHOIOMEDHBIX CABUHYTHIX PENIETOK.

B pabote ompenenerno romeomopdHoe 0TOOparKeHHe MPOCTPAHCTBA OJHOMEPHBIX PEITéTOK
HA MHOXKECTBO Bcex JeficrBurenbHbix ducen R. TeMm caMbiM yCTaHOBJIEHO, 9TO MPOCTPAHCTBO
OJIHOMEPHBIX PeéTok PRy JIOKAJIbHO €BKJIUI0BO POCTPAHCTBO pa3MepHocTu 1.

Tak Kak METpUWKA HA ITUX MPOCTPAHCTBAX HE SIBJISETCS €BKJINIOBON, & OTHOCUTCS K UUC-
gy "norapudmudeckux" | TO MOIYIAIOTCS B OJHOMEDPHOM CIIyYae HEOXKWIAHHBIE PE3YJIbTATHI O
MTPOM3BO/IHBIX OT OCHOBHBIX (DYHKITUH, TAKAX KAK JETEPMUHAHT PEIIETKY, TUIEPOOTNIECKUiT T1a-
paMerp peméTKu, HOPMEHHBIH MUHUMYM, J3eTa~DYHKIHSA PEMETKN U TUIIEPOOInIecKas J3eTa-
bYHKIUS PEIéTKH.

B pabore paccmoTpeHa CBsI3b YKA3aHHBIX (DYHKIHI C BOMPOCAMY WU3YYEHWS MOTPEITHOCTH
MPUOIMKEHHOTO WHTErPUPOBAHUS TI0 MAPAJIJIEIEMUIETATHHBIM CETKAM.

Kaouesnie caosa: pemérku, METPUIECKOE IPOCTPAHCTBO PEIIETOK, IVIAIKOe MHOTrooOpa3ue
PEeITéTOoK.

Bubauozgpagrus: 40 HazBanuii.

Mecenenosanue Boimonseno upu dbunancopoii nogepxke PO®PIT B paMKax Hay4HOIO IPOEKTA
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Abstract

In this paper, the foundations of the theory of smooth varieties of number-theoretic lattices
are laid.

The simplest case of one - dimensional lattices is considered. In subsequent articles,
we will first consider the case of one-dimensional shifted lattices, then the General case of
multidimensional lattices, and finally the case of multidimensional shifted lattices.

In this paper, we define a homeomorphic mapping of the space of one-dimensional lattices to
the set of all real numbers R. Thus, it is established that the space of one-dimensional lattices
PRy is locally Euclidean space of dimension 1.

Since the metric on these spaces is not Euclidean, but is "logarithmic" , unexpected results
are obtained in the one-dimensional case about derivatives of the main functions, such as the
lattice determinant, the hyperbolic lattice parameter, the norm minimum, the lattice Zeta
function, and the hyperbolic lattice Zeta function.

The paper considers the relationship of these functions with the issues of studying the error
of approximate integration over parallelepipedal grids.
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1. BBenenue

B pabore [31] uzygasoch mogHOE METPUIECKOE TPOCTPAHCTBO S-MEPHBIX PEIIETOK U OBLIA JOKa-
3aHa TEOPeMa, YTO MHOXKECTBO aJredpamvdecKuX PEréroK BCIJLY IJIOTHO B MPOCTPAHCTBE PEIIETOK.
B Teoperuko-ducioBoM Merojie B NpUOJIMKEHHOM aHAJIM3€ 3HAYUTEJBHYIO POJIb UI'PAIOT runepbo-
JITIecKast 13eTa-pyHKIINs PEEToK, 0000mEHHAs THIepOoIndecKast 13eTa-hyHKIIUS PEIETOK U 'U-
mepbosimuaeckast g3era~-pyHKINA CETOK, TaK KaK OHU CBSI3aHBI C OIIEHKOM HOPMBI JIMHEHHOTO (hyHKITH-
OHAJIa TOTPEITHOCTH TPUOIMKEHHOTO HHTerpupoBanust Ha Kiacce ES (ewm. |9, 10, 13, 16, 22, 33, 34]).

C oaHOI CTOPOHBI, 9T (PYHKIUU ABISIOTCS psiaamu Jlupuxie Ha CIEKTPe COOTBETCTBYOIINX
PEIIETOK U Ji/Isi HUX BO3HUKAKOT €CTECTBEHHBIE 33/1a4n 00 U3yIeHUN X CBOWCTB KaK (PYHKIIUNH KOM-
TJIEKCHOTO TIEPEMEHHOr0 o = o + it, rme o,t € R.

C 1pyroii CTOPOHBI, OHU ABJSIOTCS (DYHKIIUAME HA IPOCTPAHCTBE PEMIETOK WK HA TTPOCTPAHCTBE
CABUHYTHIX PemérTok. HempepbBHOCTD 9TrX 06bEKTOB Ha COOTBETCTBYIOIINX MPOCTPAHCTBAX OBLIA
ycTaHOBJIeHa B paborax [13, 25].

EcrecTtBenno Bosaukaer Bompoc 00 nx guddepeHnma bHbIX CBOMCTBAX HA ITUX TPOCTPAHCTBAX,
HO JJi 9TOTO HAaJ0 PACCMOTPETb DTH MPOCTPAHCTBA KAaK IJIAJKHEe MHOroobpasus. JTo norpedyer
OTIpEIe/IEHHBIX YCUJINii, TaK KAK METPUKA Ha TUX MPOCTPAHCTBAX HE HABJISIETCH €BKJIUIOBOM, a
OTHOCUTCS K uncity "jorapudmutdeckux' | Kak 970 OyJIeT BUIHO U3 JAJLHEHATIIEro.

Hesnbio manHO pabOTH SABJASETCS PACCMOTPEHUE MPOCTENITIETO Cydas TVIaTKOT0 MHOr0obpasus
OHOMEPHBIX PENTETOK M CABWHYTHIX PENTETOK.

Ha mporsikenwu Beeit paborsr epes I = I; 6yiaem 0603HAYATH €AMHUIHYIO KBAIPATHYIO MaT-
puily nopsgika s > 1. 3HaueHue mopsjiKa § KaxK/Iblil pa3 0y/erT BUAHO U3 KOHTEKCTA.

2. MeTpu4deckoe IPOCTPAHCTBO PEINETOK M TJIaJKOEe MHOroobpasume
O/THOMEPHBIX PEITETOK

BaxxHOCTb paccMOTpeHrs MHOXKECTBA BCEX PEIIETOK KAK METPUYIECKOr0 MPOCTPAHCTBA BUIHA U3
pabor [1, 22|, [26] — [30].
Paccemorpum mpoctpanctBo PRy BceX OTHOMEPHLIX PeltéToK. HeTpyano BUIeTH, ©ITO

PRy = {\Z|\ > 0},

riae Z — dyHgamMeHTaabHas OJHOMEPHAs PEIIETKA, sABJIMIONIAsCHd, KPOME 3TOr0, KOJIBIOM IEIbIX
panroHaIbHBIX ducen. OUeBUIHO, 9TO CIPABEIINBO PABEHCTBO AZ = —AZ mis moboro A # 0.

ITycts 9% (R) MHOXKECTBO BCeX BEIMECTBEHHBIX KBAIPATHBIX MarTpmi mopsaka 1, a M (R) —
TTOMHOYKECTBO HEBBIPOKIEHHBIX MaTpuIl. TakuMm obpazom,

m1(R) = {A = (all)]all S R}, mT(R) = {A = (all)\all S ]R, a1 75 0}

Ecan mam nmama pemérka M = M(\) ¢ 6asucom (A), A > 0, T0 meiicTBHe JHHEHHOTO Hpe-
obpazosanus ¢ marpuueii A = (a11) € M (R) zanaérea paserncrsom A - M = M(|ay1|A). dus
nro60oit opHOMepHO# pemtéTku M eé rpynna aromopdusmo Koweuna Aut(M) = {(1), (—1)}. Drum
daxTOM OOBACHSIIOTCS MHOTHE YIIPOIIEHUSI TEOPUN B OJHOMEPHOM CJyYae B CPABHEHUM ¢ OOIIM
caydaeM, KOrJqa TPYITa aBTOMOPPU3MOB OECKOHETHA.

HeTpymHO BHETH, 9TO MOYKHO 3a/IaTh B3aNMHO-0THO3HATHOE oToOpaxkenne PRy <+ RT, roe R
— MYJbBTUIJINKATUBHAA I'PYIIa MTOJOXKUTC/IBHBIX BEITECTBECHHBIX YNCEJT.

Ha npoctpanctse PRy BCex 0JJHOMEPHBIX PEIEToOK, caemyst 3a Kaccemcom (em. [19] cTp. 165), 3a-
JATUM CTPYKTYPY TOMOJOTHIECKOT'O TTPOCTPAHCTBA, ONIPEJIENB CUCTEMY OTKPBITBIX OKPECTHOCTE.

l'osopsr, uro g npomnssosbHOro i > 0 muoxecrso L, (M) pemérok A sapisgerca omspuimod
p-oxpecmuocmuio permétku M, ecjim OHO COCTOMT W3 BCEX PEITETOK

A=A M, (1)
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JLTsT KOTOPBIX HEBBIPOXKIeHHAA MaTpuila A yIOBIETBOPSIET COOTHOIIEHUIO
jA-1] < . (2)

Bamerum, 9To B omHOMepHOM ciaydae I = (1) — eamHWYHAsS MATpHUIAa W MATPUYHAS HODMA
sazana paserctsoM ||A| = |ag1].2

Mpgpr 6ymem paccMarTpuBaTh TOMBKO okpectHocTn mpu 0 < p < 1, Tak Kak g TAKUX (i BCE
marpunsl A = (a11) ¢ ||A — I|| < p ynosrersopsitor cootHomennio 0 < 1 —p < aj; < 14+ pm
ABJIAIOTCA HEBBIPDOXKICHHBIMU.

Herpynuo samucars okpecrHocts L, (M) ans npoussonbHoit pemérkn M = M(X) = A ¢
Bazmcom ().

Ly(M)={A=MZ|(1 — )X <A\ < (1+p)A}.

EcrecrBenno, 9T0O mpeXe BCEro HajO yCTAHOBHTH, 9TO Ilepecedenue aByX okpecrHocreii L, (M)
CHOBA ABJISIETCS OTKPLITOW OKPECTHOCTBIO.

JIEMMA 1. Ilepecenenue deyx omxpvimur okpecmuocmed L, (M) u L, (N) aubo nycmo, aubo
asasemea omrpvumot oxpecmuocmoio L (K), 2de K = M u k = min(u,v), ecau M = N, u

A —A —v A A —v
po= ANy ) - AN K= R (), eenn ML+ ) > AL —v), M = M(N),

N:N()\l) u A< A

JIOKABATEJILCTBO. Bes orpaanuenus obmuoctu 6ymem caurarh, uro M = M(X), N = N (A1)
A< A

Ecmu A1+ p) < A (1 — v), To mepecedenne OKpECTHOCTEl yCTO.

Ectu M =N, o K =M u k£ =min(p,v), L,(M)L,(N) =L.(K).

Ecmm A(14 p) > A1(1 — v), To mostaraem Ao = ’\(H“)J;Al(l_y) = :\\gizgliig:z;, 6= ’\)\1((11;:)).
Torga 0 <0 <1,0<r=15<1, K=K(X), L,(M)L,(N) = L (K).
JlemMMa TTOTHOCTHIO JOKa3aHa. O

9

JIEMMA 2. Jhoboti unmepsan pewémor (A(A1);A(A2)) = {AN) | A1 < A < Ao} asasemcas

A1+A2 _ 2=\
2 ’ BPYEDYE

omxpwmoti [-oxpecmuocmovio peuwémuu M npu M = M (

JOKABATENBCTBO. [eiictBurensbro, 0 < < 1 u

A A Ao — A A A Ao — A
1+ 2(1 2 1)2)\1, 1+ 2<1+2 1)2)\2,

2 _)\1+/\2 2 A1+ A2

4TO U JOKA3bIBAET YTBEPAKJIEHUE JeMMbl. [
JIerko BUZIETH, UYTO UMEETCsT CJIEAVIONIEe ToMeoOMOP(dHOEe 0TODpaKEHIEe

@ Lu(M) < (In((1 = p)A); In((1 + p)A))
pu KOTOPOM perérke A = A\1Z CTaBUTCSI B COOTBETCTBUE TOUKA
p(A) = In(A1) € (In((1 = p)A); In((1 + p)A)),
a wucay 0 € (In((1 — p)A);In((1 4+ p)A)) craBurcs B COOTBETCTBHE PEIIETKA

A=y¢ 10) =eZ e L, (M).

2 [list Tak OIpeIesTeH Ol MATPUYHON HOPMBI crpaseamBel coornomenus | — Al = || — A||, |A+ B|| < || A|| + || B,
[A- Bl = [All- Bl
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IIpousBosibHBIM omEPLIMBIM MHOMHCECTI60M L HA3BIBAETCH MHOMKECTBO, IIPEJCTABHMOE B BHJE
00'beIMHEHUs TTPOU3BOJILHOTO MHOYXKECTBA X OTKDPBITHIX (4 OKPECTHOCTEN

L= |J L. (M) (3)

rzeX

Herpymuo Bumers, uro Takum obpazom na PRy 3ajana CrpyKTypa TOMOJIOTHIECKOr0 TPOCTPaH-
crBa 11 = (PRy, 7)), TJie T| — MHOXKECTBO BCEX OTKPBHITBHIX MHOXKecTB L. Tomostoruieckoe mpocTpa-
crBo 11 = (PRy,71) umeer cuernyto 6asy B, cocrosinyto u3 Beex p-OKPeCTHOCTEH PAlMOHAIbHBIX
pemérox M ¢ panvoOHATBLHBIMU i, U SIBJSETCS CEMapadeIbHbIM TOMOJIOTHIECKUM TTPOCTPAHCTBOM,
TaK KaK POJIb CIETHOTO BCIOMY TIJIOTHOIO €0 TOAMHOYKECTBA BBITIOJHIET MHOXKeCTBO P()1 Beex pa-
[MOHAJIBHBIX PEIEToK, T.e. pemérok M = M(X) c A € Q, A > 0.

JIEMMA 3. Tonoaozus T| UMEAPUAHMHA OMHOCUMEALHO 100020 AUHETIHOZ0 HEGVPONHCOCHHO-
20 npeobpasosanua A npocmpancmea R. Cuemnaa 6aza B uneapuanmmua moavko ommocumensvo
QUA2OHANBHOIT PAUUOHAALHOL npeobpasosanut D(d) = (d), d € Q, d # 0.

JTOKABATEJBLCTBO. Tak Kax 1oj, geiicTBueM JTUHEAHOI0 HEBBIPOXKIEHHOIo npeobpaszopanus A
npocrpancrBa R mpoussoibHas pemérka A mepexonut B pemérky A - A, To u3 papencrsa

AL=]JA L, (M)
zeX

cJIejlyer, /s WHBAPHAHTHOCTH TOHOJIOTHU JOCTATOYHO JoKazark, 4ro A - L, (M;) — oTkpeiToe
MHOXKECTBO 1 Jiioboro x € X.

HettcTBuTeTILHO,
AH"M;(M;L’) :{A:A'B'Mx ’ HB_[H <Mx}'
Ilycrs
pa — || B = I pa — ||B = I
1B =1 < pory 6= — = ;
IBI - [[A=H] - (1Al 1B

A=A-B-M,, A\=C-A-B-M,cLsA).

Takum obpasom, ||C —I|| <du d <1 rak kak p, < 1 < |[I —B|+|B]-
Torna
AM=C-A-B-My=A-B,-M,, Bi=C-B

u CHpaBe,ZLJ’[I/IB])I HepaBeHCTBa
[B1—I||=||C-B-1|<|[|C-B-B|+|[B-I|<
<|IB[[-IC =1+ |1B=1| < [Bl -6+ |B—E| < pa-
Orcrona cieayer
Ls(A) C ALy, (M), A-L,(My)= |J Ls(d)
AE€AL,, (M)

7 MHBAPHAHTHOCTH TOIOJOTAU T{ OTHOCHUTEILHO HEBHIPOXKICHHBLIX JHHEHHBIX IpeobpasoBaHmii 10-
KazaHa.

Musapranraocts cuérnoit 6a3pl B ogesuana. O

Kak ussectro (cum. [19], crp. 165), MHOKeCTBO BCex S-MePHBIX Peniérok PR gB/sieTcs MOJHbIM
METPUYECKHAM IIPOCTPAHCTBOM OTHOCHUTEILHO METPUKH

p(A,T) = max(In(1 + ), In(1 + v)), (4)
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Tae
p= inf ||[A-I|, v= inf ||B-I,
I'=A-A A=BT

IMpumennrensuo k PRy umeem, ecmi A = MNZ, ' =~Z, ol = A- A, A= (7)\_1), A=B-T,
B = (7*1/\). Be3 orpanmuenns O6IIHOCTH GyleM CUMTATh, 4TO A > 7y, Torma pu = 1 — yA~L,
v=9"A=1u p(A,T) = max(In(2 — yA™1),In(y~!\)). Homoxum § = yA~!, Torma 0 < 6 < 1 n
2 —0 <07 mosromy p(A,T) = In(y~1N).

Tenepb MOXKHO 3amUCaTh KaK BBINVIAIUT "CUMMETPUYHBIH OTPe30K" peméToxk JIuHHONl 2p C
nenrpom B A(A): [A(e™PA); A(ePN)]. fcno, uro xorga h upoberaer umcsioBoil orpesok [—p;p|, To
A(e")\) ipoGeraer orpesox pemérox [A(e™PA); A(ePN)].

Kaxk msBectHo, nis mo6oit penétku A eé B3amMmuas permérka A* ompenenseTcs U3 yCIoBHs
N ={Z|Vye N (Z,9)€Z}.
Orciona caepyer, uro g joboit pemérku A(N) € PRy cipaseamso pasencrso A* = A(A71).

JIEMMA 4. Jlas arwbot pewémxu A(N) € PRy cnpasedauso pagencmeo
p(A,Z) = p(A*,Z). (5)

JTOKABATE/ILCTBO. Tax kak A* = A(A™!) m (A*)* = A, To 6e3 orpanIIenns OBITHOCTH MOKHO
cuntaTh, 9To A > 1. Ciayuait A = 1 TpuBnaybHbI, Tak Kak Torga A = Z = A*.

Hamee nmeem: p(A,Z) =1In A, p(A*,Z) = In A\, 9410 1 10KA3BIBACT YTBEPXKCHUE JTEMMbI. [

Bamernm, 4TO JOKa3aHHAS JIEMMa, ABJsieTCs d4acTHbiM ciaydaem rTeopembl A. H. Kopmauéroit
(cm. [20]).

Tomosorudaeckoe npoctpancTBo PRy sBsercss xaycopdOBbIM, Tak Kak JJIsT JOOBIX JIBYX pe-
metok A(A1), A(A2) mpu A\; < Ag m p = if;ﬁ; oTkpbiThe p-0kpecTHOCTH Ly (A(A1)) 1 Ly (A(A2))
He MTePeCceKAIOTCA.

Bcé npocrpancreo ognomepubix pemérok PRy romeomopduo R. JlefictBuTesbHO, TAKAM TOMEO-
MOPQU3IMOM SIBJIAETCA

(p:PRl + R,

pu KOTOPOM perérke A = A\Z cTaBUTCH B COOTBETCTBUE TOYKA,
©(A) =In()\) € R,
a qucay 0 € R craBuTcst B COOTBETCTBHE PENTETKA
A=y¢1(0) =eZ € PR;.

Orciofa ciaemyer, 9T0 MPOCTPAHCTBO OJHOMEPHBIX PeréTok PR JTOKaIhHO €BKINIOBO MPOCTPAH-
CTBO pa3zMepHocTH 1.

Corusacuo Yopuepy (cm. [32], crp. 13), mapa (U, ¢), rae U = L, (M) — oTKpbITast (i-OKPECTHOCTS,
pemérka M = M(\), a ¢ — romeomopdroe orobparkenne U wa urrepsas (In((1—u)A);In((1+p)A))
HA3BIBAETCsI CUCTEMOI KOODJMHAT, (0 — KOODAMHATHBIM oToOpakenweM. Taxk kak ¢(M) = 0, To
peréTka M aBjsieTcs HAaUAIOM JAHHON CHCTEMBI KOOPANHAT.

Cornacao Apuossry (cm. (2], crp. 205) narepsas (In((1 — p)A);In((1 + p)N)) asasgercs xkaproit
oTKpBITOll p-okpectHocTn U = L, (M) u p(A) nzobpaxkennem pemérkn A € L, (M) ma xapre

(In((1 — )\ In((1 + u)A)).

JIEMMA 5. Jlaa mobwx deyx omxpoimuis nepecexarwuxca fr-okpecmuocmet U, = Ly, (M)
pewémox M, = M,(\,) (v = 1,2) 20meomopdrme omobpasicenus o, oxpecmuocmet U, na unmep-
saavt (In((1— )N );In((1441,)\y)) coasanoe coommowenuamu o1 o oy (0) = p2 0 1(0) = 0 daa
06020 0 us nepecenenun unmepsanos (A (1 — p1); A (14 1)) NA2(1 — p2); Aa(1 + p2)).
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JJOKABATEJNBLCTBO. [eiicrBurensno, nycrs M, = M,(\,) (v = 1,2) u, 6e3 orpanuuenus
obmuocTH, A1 < Ag, TOT/Ia OKPECTHOCTH nepecekarorcs, ecm A1(1 + py) > Ao(1 — pg). Pacemorpum
okpectaocts U = Uy (|Us u unrepsan

(A2(1 = p2); A1+ 1)) = (A (1 — pa); A (L + pa)) ﬂ()\z(l — p12); A2 (14 p2)).

Tomeomopdroe oTobpaxkenue ¢, nepesoggamee U, aa warepsan (In((1—pu, )\, ); In((14+p,)Ay)), cra-
BuT permérke A = A\Z B coorBercrire 9ucao ¢(A) = In(A) € (In((1— )N ); In((1+ ) Ay)), & qucty
0 € (In((1 — m)\);In((1 4 py)\,)) crasurcs B coorsercraue pemérka A = ¢, 1 (0) = €’Z € U,.
[Mosromy mast smoboro 0 € (In((1 — p2)A2); In((1 + p1)A1)) mveem

109y (0) = p1("Z) = 0 = pa("Z) = 3 0 1 (0),
UTO ¥ JOKA3BIBAET YTBEPKICHUE JTeMMbI. [
JIEMMA 6. Tomeomopproe omobpasicerue
p: PRy < R,
npu Komopom pewémre A = N\Z cmasumca 6 coomsememaue mouKa
p(A) =In(A) € R,
a wucay 0 € R cmasumesa 6 coomeememeue pewémxa
A=¢Y0) =eZ € PRy,

nepesodum npouseosvroe omspuimoe muogcecmso L= J, o x Ly, (Mz) 6 omxprimoe mnosicecmeo

p(L) = |J (n((1 = pa)Aa);s In((1 + pt) As))- (6)

zeX

JOKABATENLCTBO. Heiicreurensro, ¢(L,, (My)) = (In((1 — p2)Az); In((1 + pg)Az)), 910 1
JIOKa3bIBAET YTBEPXKIEHNE JIEMMBI. [

Ilosp3ysich ykazaHHBIM COOTBETCTBUEM, MOYKHO OUPEIAECIUTH IMOHATHE TPOU3BOAHON (DyHKIINM
f(A) ma rmagkom mMHOTOOOpa3Mn M = PR ciemyomnm o6pa3oMm.

Iycts M = M(X) € PRy, U = L,(M) — oTKpbITas -OKPeCTHOCTh, KOOpAWHATHAS (ByHK-
U p AT IPOU3BOILHOM pemerkn A = M\7Z € U 3amaerca pasenctsoM o(A) = In(AA™1). Tax
kak @(M) = 0, To pemérka M sBJsiercss HAYAJIOM JAHHON cucTembl Koopauuat. s Jirob6oro
0 € (In(1 — p);In(1 + p)) umeem: o~ 1(0) = e - M. Kacarenbnoe npocrpancTso MHOroo6pasus M
B Touke M Oymem obozHauaTh uepes Mys, OHO UMEeT Pa3MEPHOCTD OJIHH.

KacarenbHbIl BEKTOD %‘ € M 3amaauM paBeHCTBOM
M

(el,) 0= 25

qutst Kaxk o pyukiun f kimacca C°° B okpectnoctu pemérku M € M. Takxke Gymer ncnoyib3o-

BaTbCA 0003HAUCHHUE
) < ; )

i = . 8

5s = ag )0 )

(7)

p(M)
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3. OyHKNUM HA MPOCTPAHCTBE PEMIETOK U paAabl Jlnpuxie

B Teoperuko-4nucI0BOM MeTo/e B IIPUOINKEHHOM aHaIu3e Caeayiomue (hpyHKIUE Ha TPOCTPaH-
CTBE PEIETOK IMPEJICTABJIAIT 0COOBI MHTEPEC, 3TO — JETEPMUHAHT PENIETKH, rUIepboIMmIecKuii
[apaMeTp PeméTK, HOPMEHHBIH MUHUMYM, j13eTa-(DyHKIUS PEIIETKH U runepboindeckas 13eTa-
dyurmusa pemérku. PaccMOTpUM 3TH TIOHATHS TTOCIEI0BATEIHHO B CIydae npoctpancTsa PRy of-
HOMEPHBIX PETTETOK.

JHerepmunanT pemérkn A = A()) 3agaerca pasencteom det A =\, feno, aro det A* = (det A) 1,

Odet A

det Z = 1. s BboIUuC/IEHUS 95 3aMeTnM cieyiomee: i pemérku M = M () koopauHaT-

M
nas ynxmaa o(A) zamaerca pasenctsom p(A) = In(MA™1) = 0, rae A = A(\y). Tamee mveem

0 1(0) =e M udet Aoy ! =det(e - M) = e’ \. Orcrona crexyer, aro
ePX — A

= lim ———— = )\ = det M.
g h—0 h

ddet Al  9efA
oo |y 00

B omrOMepHOM Cciiyuae BCe TPU BEJIMYUNMHBI — JAETEPMWHAHT PEMIETKH, rurnepOomvueckuii mapa-
METD DEIIETKH, HOPMEHHBI MUHUMYM — coBraaror. Hadunas ¢ pasMepHOCTH § = 2 CIpaBe/|IuBbI
uepaserctBa N (A) < g(A) < det A, rre

N(A)= inf [|z-... 24| — HOpMeHHBIH MUHEMYM,
FeA, 740
q(A)= inf Zy-... Ty — runepbosmdyecknii mapaMeTp PeIeTKH.
FeA, 740

J3era-pyHKIMSA perméTKN B OJHOMEDHOM CJIydae BCErJa ONpeeseHa W Mbl IS PENeTKH
A =A(\) upu A > 0 umeem:

"l 2«
(o) = o = 2.
zEA
Orcroma cieiyer, 910
2¢(@) 2¢(e) _ 2¢(a)
20(0) Ay _ e | _ . Thne T O

0

OTHOCUTENBHO M3€Ta~-PYHKIIUU PEMETKU W TUIEPOOIUUIecKoil n3era-(pyHKIME PEMETKN Heob-
XOJMMO CKa3aTh CJEAYIONIee B Caydae pasMepHocTu s = 2. Jlzera-pyHKIims pPenéTku onpejiesieHa
JUTsT TIPOM3BOJIBHON JIEKAPTOBOHM PENIETKY, HO HEOIpeIeseHa JJIsi TPOU3BOJbHON ajrebpaniecKoil
pemérku. TloaTomy eé xkak QpyHKIWIO HA BCEM TPOCTPAHCTBE MHOTOMEPHBIX PEIIETOK PacCMaTpu-
BaTh HEJIb3sl, TAK KAK MHOXKECTBO AJredPAnvecKuxX PENIETOK BCIOAY [LUIOTHO B IPOCTPAHCTBE BCEX
pemérok (cm. [31]).

T'unepbomyeckoit 13eTa-pyHKIINN PEMIETOK TOCBAIIEHBI CJIEYIONIUE /1B PA3/IETIA.

3.1. 'mneposmmyeckas a3eTa-PyHKINA PEHIETOK

Tak xax B mamHOl paboTe HAC WHTEPECYET TOJBKO OJHOMEPHBLIN CJIydUail, TO BCE HEOOXOMMMBbIC
OIIpeJieIeHNUs] U PE3YIbTATHI OyaeM (DOPMYIUPOBATH JIJI PA3MEPHOCTH S = 1, XOTsI OHU CIIPABE/JINBBI
u juig 1060 pasmeprocTu s > 1.

Pacemorpum ktace 20y Beex nepuoanaeckux gyukimit f(x) ¢ nepuogom 1, y KOTOPBIX UX Pl
Dypre

1
f(z) = Z C(m)e*™™*  C(m) = /f(a;)e2ﬂ'im-xd$
0

meZ
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abcostorao cxomured. [IpocTtpancTso 2y OTHOCHTEIBHO HOPMBI

If (@)l = D 1C(m)| < oo

meZ

ABJIETCS cenapadebHBIM OAHAXOBBIM MTPOCTPAHCTBOM, N30MOPQHBIM TPOCTPAHCTBY [ — BCex ab-
COJIIOTHO CyMMEPYEMBIX KOMILIEKCHO3HAUHBIX TT0CIe0oBaTeapHocTeit (e, [11]).

H. M. Kopob6os BBEN B paccMoTpenue mupoknit Kiaace nepronndecknx dynkmuit £ (C) (a > 1)
¢ 6pIcTpo yoBBatonmMu kodddurmentamu Pypre. Yepes ES(C) obo3HaTaeTcss MHOXKECTBO (DYHK-
it u3 EY ¢ nopmoii, e npesocxogsrieit C', To ects map B 6anaxoBoMm npocrpancTse EY pagmyca
C c 1leHTpOM B HYJIE.

BanaxoBo mpocrpancTBo nepmogmdeckux ¢byaknmit EY C 20y cocromt m3 dynknmii f(x), y

KOTOPBIX J1st KO9Duimentos Oyphe BHIIOJHICTCS OLEHKAS

Taxum 0bpazom, 37 QYHKIUE YIOBIETBOPAIOT YCJIOBUIAM
sup |C(m)[m® = ||f(z)|ze < oo. (9)
meZ

fcuo, aro jans atux by psaapl Pypbe cxoadTcs abCOIOTHO, TaK KaK

IF @)l < 1F (@) e (1 +2¢(a)),

a T03TOMY It JIIo60oro v > 1 OHM IPeACTAB/ISIOT HEeIpepbiBHbIE (DyHKIMEH. 31eCh U Jaaee, Kak
o6brano, ((a) — m3era-dyuxiusa Puvana.

O cpoiicrBax kiacca ES(C) noapobro moxkuO y3Hath B [21] u [22] (rak xe cm. [11]).

s nanbreiinero mul 6yem paccmarpusars kiaace By = |J EY. Ouesuuno, E; C ;. fcro,

a>1
410 Kaacc F] He3aMKHYT B npocTpaHcTse 2A; orHOCHTENbHO HOPMBI || f(2)]];,, HO siBAsIeTCs BCrOy
IJIOTHBIM MHOZKECTBOM.

IIpoctpancrBa Ef* (o > 1) — necemapabesbHble 6aHAXOBBI IIPOCTPAHCTBA, H30MOPQHBIE ITPO-
CTPAHCTBY 1 oo — OTPaHNYEHHBIX KOMILIEKCHO3HAYHEIX (DYHKIMH Ha (byHIAMEHTAJIBLHON PenéTke Z,
KOTOPOE B CIJIY CYETHOCTH Z U30MOP(MHO POCTPAHCTBY oo — OIPAHUYEHHBIX MIOCJIEI0BATEIBHOCTE
KOMILJIEKCHBIX YUCEJL.

eiicTBUTEIBHO, 3TOT N30MOPGMU3M (,, HOPMHPOBAHHEIX IIPOCTPAHCTB K 1 1 o 3agaercd pa-
BeHcTBaMU 171 Kodddunmento Pypobe

c(m)

—a

C(m) =

m € Z, |le(m)|lo = sup |e(m)| < oo.
meZ

Takum obpasom, ect © € R — mpomssosbHas TouKa, a ¢(m) € li o, TO 3HAUYeHHE BYHKINT
©a(c(m)) B Touke x 3amaercs ¢ nomorbo psiga Jupuxie

c(m)e?rizm > a(z,n
palelm)(r) = Y2 UVETT _ g attn)
meZ n=1
re '
a(z,n) = c(m)emem,

831ech u mamee I BeIIECTBEHHBIX M moIaraeM m = max(1, |m]).
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Paccmorpuy xeadpamypryio dopmyay ¢ eecamu

L N
[ e = 5 Y ouslew) - Rl (10)
0 k=1

Baech yepes Ry [f] obo3nauena mMOrpemHocThb, MOy 9aiomasiCs Py 3aMeHe MHTerpaJa

/1 f(x)dz
0

CpeJHM B3BEIIIEHHbIM 3HaAYCHUECM beHKLH/II/I f(.fl:'), BBIYMCJIEHHBIM B TOYKaX

Cookynrocts M Touek My, HaswiBaeTcs cemxol M, a caMu TOUKU — y34aMmU Keadpamyprot dop-
myav. Bemmauner p, = p( M}, ) Ha3BIBAIOTCA BecaMu KBaapaTypHOil (hopMysbl. Byaem ucnombp3oBars
paBHOTpaBHble obo3Hadenust |M| = N. B sroit pabore Gymem Be3ae mpeanosararb, 9TO BCE BECa
BEIECTBEHHO3HATHBIE.

ONPEAEJNEHUE 1. Tpuconomempuueckot cymmol cemru c eecamu (M, p) daa npouseoavrozo
UEAOUUCACHHO020 M HA3HBIBAETNCA BVLPAANCEHUE

S(m, (M, p)) = Y plx)e?™m™e, (11)
zeM

a HOPMUPOBAHHOT MPU2OHOMEMPUNECKOT CcYMMOT CcemKu C 6ecamu —

§*(m, (M, p)) = Mlﬂsm, (M. p)).

Cupasemgmisa ciegyrotras 060bimennast reopema KopoboBa 0 OrpermHocTr KBaApaTyPHBIX (hop-
My (e, [6]).4

TEOPEMA 1. ITycmo pad @ypve dynxyuu f(Z) cxodumca abecoaromno, C(m) — ee xoadgu-
yuenmot Pypoe u Sy (1) — MPULOHOMEMPUHECKUE CYMMDL CEMKEU C 6ECAMU, TO20A CNPAEEOAUCO
PAGENCMEO

=CO) (Sis® - 1)+ > ClmSi M) (12)

u npu N — oo noepewnocmv Ry|[f] 6ydem cmpemumovcea x nyaro mozda, u moavko moada, xo-
20a 636eweHHvIE Y3V KEAOPAMYPHOT, HOPMYADL PAGHOMEPHO Dacnpedesenvl 6 eQUHUNHOM S-MEPHOM
Kybe.

B pabote [12] nano cremyromiee onpenesierne a3era-byHkiun cetku M ¢ Becamu p.

*Brecs n mamee Y o3mamaer cymmmposamue o cuctemanm (mi, ..., ms) # (0,...,0).
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ONPEAEJEHUE 2. J[zema-dynruyued cemxu M ¢ secamu p naswsaemes dynwyus C(a|M, p),
sadannasn 6 npasot noaynaockocmu o = o + it (o > 1) padom Jupuzae

-y 1S A & S*(M, 5y n)
M, 7) = M N2 AT 13
¢(alM, 7) mbn%;:_QJOnln_n%)a ;; s (13)
20e
S* M, gn) = > |Si0m)] (14)

meN (n)
u N(n) — yceuénnas HOPpMENHAA NOBEPTHOCING, 3a0aHNAA DABEHCTNEOM
N(n)={m e Zmy...ms =n}.

Copaemmussl jiBe 00001IeHEBIE TeopeMbl KopoboBa 0 MOTPeNTHOCTH KBaApaTyPHBIX (hbopMyT —
9TO TeopeMa 1 U CeAyIOIas TeopeMa.;

TEOPEMA 2. Ecau f(x1,...,z5) € ES(C), mo daa nozpewnocmu x6adpamyprot Gopmysvt
CNPasedAU6a OueHKa
SN I R S o]
Ry[f]|<C |~ Sar 40 = oML ‘S 1( O - ¢(alM, 15
RALF<C | S0 1]+ VY aea=clsi@ifre g, )

ede cymma Sy (M) onpedesena pasencmeom (11). Ha waacce ES(C) amy ouenky mneavsa yayu-
wumo.

Jlpyrumu cjioBaMu TeOpeMy 2 MOXKHO COOPMYJIMPOBATH TaK:
Has nwopmot | Ry |[fl]||pe aunetinozo dynryuonara nozpewsnocmu npubaudiceninozo unmezpupo-
sanus no keadpamyprot opmyae (10) cnpasedauso paserncmeo

-,

1 > Sarz(m
IR N[f] |Ea—‘NSM,p(O) ‘+N 3 M \SM,) 1‘+Ca|Mﬁ) (16)

mi,...,Ms=—

Crnenys K. 1. Babenko [3| u O. B. Jlokyimesckomy [23], B pabore [6] namo ciaegyromniee onpeie-

JIEHVE HEeHACHIIIAeMOT0 aJropuTMa PUOINKEHHOr0 HHTerpupoBanus Ha kiacce By = |J ES.
a>1

ONPEAEJNEHUE 3. logopam, wmo nepuoduyeckas dynryus f(Z) uz xaacca Es= |J E npu-
a>1

nadaestcum koneurnomy nokazamento a=a(f(Z)), ecau f(¥) € E¢ u f(¥) & EY Oan mobozo B> a.
B npomushom cayuae 2060pam, wmo nepuoduneckan Gynruus u3 xaacca Ey npunadiescum becko-
HEUHOMY NOKAZAMENO.

HAcuo, aro HeCKOHEIHOMY MOKA3ATE/TI0 MPWHAIIEKUT 000 KOHEUHBIH TPUTOHOMETPUIECKU
norHoM. Econ epuognaeckast dbyukmus f(Z) € Fg He SBISETCST KOHETHBIM TPUTOHOMETPUIECKUM
TTOJTMHOMOM ¥ MPUHAIEKUT OECKOHETHOMY TTOKA3aTeN i0, TO OHa Dymer beckoneurno muddepeniu-
pyeMmoit byHKImIe.

ONPEAENEHUE 4. To6opsam, 4mo as20pumm npubAuiCeHH020 UHMe2ZPUPOCAHUL
< MG, AGLA> (=1,2,..)

nepuoduyeckur Ppynrkyul uz kaacca Es = | ES nenacwwaemwut muna (77, ), ecau daa 410600 ne-
a>1
puoduneckoti pynkyuy f(Z) Konewnozo nokazamesn o = a(f(Z)) u noepewnocmu npubaudicernozo

UHMEZPUPOBAHUA SBINOAHAEMCA PABEHCINGO

RMWW—O(;Wﬂ. (17)
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Kak uspectro (cm. [22]), merogom ontumanbhbix koadduimenros KopoboBa MOXKHO 1HOCTPO-
UTh HeHachImaeMble ajaroputMbl tumna ((s — 1)a, 1), a mogudunuposanabim Metogom Ppososa —
1
((s—1),1) . dna ciryqas pasaomepubix cerox umeem tui (0, 2).
V3 Teopembl 2 cpasy CJEyer, YTO €CJIU AJTOPUTM MPUOIMKEHHOIO WHTeIPUPOBAHUS

<M@5),p0),A> (1=1,2,...)

nepuouyeckux dbynknuii u3 knacca Es = | EY nenacwiaemsrit tuna (y, A), To
a>1

TN
Sinp0) =1, CalM(), 7)) = O (%ff) (G=12..).
J
U3 mpeapaymero BUIHO, UTO psiabl JIupuxiie, MOpoXKISHHBIE PEIeTKAMN, €CTECTBEHHO BO3HU-
KalOT B TEOPETUKO-9HUCJIOBOM METOAe B HpI/I6ﬂI/I}KeHHOM AHAJIN3EC U UTPAIOT B €0 PA3BUTUN CYIIlE-
CTBEHHYIO POJIb.
Teneps MBI paccmoTpuM obIHiT Caydaii OMHOMEPHON 0DOOIIEHHOM MapaJIIeenuneIaIbHON ceT-
ku. Ilycre A = A(\) — mpousBosibHasT OTHOMEpHAs penérka ¢ gerepMuaanTom det A = A > 1 u A*
— eé compsirennas pemérka ¢ det A = A7 < 1.

ONPEJIEJEHUE 5. Jas npousdsosvnot pewemxu A 0606wennoti napassesenunedasvroti ce-
mxot M (A) naswsaemes muoorcecmeo M(A) = A* N [0;1).
Cemxa M;(A) = A*N[—1;1).

Obobwennoti napasseaenunedarvnoli cemxoti II poda M'(A) naswieaemesa mmoscecmso
M'(A) ={z|z={y},y € Mi(A)}.

ONPEAENEHUE 6. Becosoi dynkuyuetd nopadka v ¢ xoncmanmot B, Haszweaemca zaadkas
dynryus p(), Yoo8AeMBOPAIOULAHL YCAOBUAM

p(x)+plx—1) =1 npu z € [0;1), (18)
p(x) =0 npu x ¢ (-1;1), (19)
1
/p(m)eng'mdaz < By ()" daa awbozo o € R. (20)
1

Eciu Beiosntens: yeaosus (18) u (19), To rosopum npocro o secosoii dyukuuu p(x).
ITpumepom Becoroit dbyHKIMN NOPsAKa 7 = 2 cayKuT QyHKIWs n3 pabors (8]

0 npu |x| > 1,
|z|

1—(2r —3)C572, [#772(1 — )" 2dt npum |z < 1.
0

pr(z) =

ONPEAEJNEHUE 7. Keadpamyproti opmyroti ¢ 0600uwenHoti napassesenunedasvholi cemxot
II muna u eecosoti gynryuet p(x) nazmeaemea Gopmysra euda

1
/f(x)dx:(dem)—l S pef (@) = Ry lf):
0

xzeM’'(A)

2de  py = S ply), N'(A) =M,
ye]Wl(A),{y}:m

Ry a)[f] — noepewnocms weadpamyprot dopmyav.
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Paccmorpum mBa npuaimnuaabuo pasubix caydad. [Iycrs A = N — HarypaabHOe 9ucsio, TOraa

k
A=< — Z
{x]e2)
u ngist cerku M'(A) crpaBeinBo paBencTBo
! k /
M(A)—{N'k—o,l,...,N—l}, ps =1, N'(A)=N.

B sTom caywae mbl morygaeMm 0ObITHYIO (DOPMYJTY JIEBBIX MPIMOYTOJILHUKOB:

[ s = 5 31 () -t

>l

ITycts Temeph A — Heresoe 9uc0 6ombIre 1, TorIa AT Mo0bIX Heabx k um umeem 1 — 3 # 1,
IIO3TOMY

A
1 1 N
M/(A)_{O<1—)\<)\< <1—)\</\}, N'(A) = 2N +1,
| plx) Hpung,k’:(),. ., N,
Pa 1 —p(x) HpI/I$:1—§,k‘:1, , N

B srom cirydae kBajparypHas dopmysia 6yaeTr ¢ BeCAMU U IPUMET BUJIL:

Jrow -3 (Er ) (8) 06 0-2))

k=0

g norperrHocTy KBaJipaTypHoit (popMysbl ¢ 060bIeHHON apaJiieenune ajibHol ceTkoii 11
pona Ha kiacce EY cupaseqmmsa oneHka (cM. (8], [22])

Ry [ET(C) = sup  |[Ryin[fl] £ OB - er(a)Cu(Ala),
feEs ()

re ei(a) = 204 <3 + 0421> L ahe) =Y @)
TEA

OrMmeTnM BayKHOE 00CTOSTENBCTBO — KBaJIpaTypHBIE (POPMYJIbI ¢ 000OIIEHHOM napaJsLIeIenune-
nanbHoi cerkoit IT tuna n Becoroit hynknmeii p(Z), BOOOIIE TOBOPS, 33/IAI0T HACBIIIAEMBIiT AJITOPUTM
YUCJIEHHOTO UHTErPUPOBAHUS, €CJIM BeCOoBasi (DYHKITUS KOHEYHOrO [OPsi/IKA U PEIIETKA He SBJISeTCs
MEJTOYNCIEHHON.

DTOT AJITOPUTM OYIEeT HEHACHIITAEMBIH IS TETOYNCIEHHBIX PEIETOK, TO €CTh ISl mapaJsiiesre-
[TUIIE1ATbHBIX CETOK, WK JIJIsi BECOBBIX (hyHKIUi HeckoHeuHOTo opsaka. Opeiesienne HeHACHIITTA-
eMBIX aJTOPUTMOB JIAHO B MoHOTpadusx [3], [23].

Cdopmynupyem 6e3 T0Ka3aTeIHCTBA YACTHBIH CJIyJail 0JHOM JeMMbl u3 paboTsl |7].

JIEMMA 7. [Tyemov 2aadkan dynxyua f(x) obpawsaemea 6 1oav emecme co ceoeti npoussoonot
[/ (x) na epanuye ompeska [—1;1] u obpawaemca moscdecmeenno 6 HoAb 6HE €20.
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Tozda das noepewnocmy NPUBAUNCEHHO20 UHMEZPUPOSAHUA KEAIDATYPHOT BOPMYAbL

1

[ H@ade = o S @) - RI

-1 TEA*

cnpaeed/meo paserHcmeo
1

R =Y / f(y)e 2 dy.

TEA 7

O1leHKa MOTPEITHOCTH HHTETPUPOBAHUS [TOJIYIAeTCsI CPa3y U3 JIEMMBI 7 U OMPEJIeJICHUs BECOBOI
dbynkuun, ecau Bmecto f(x) B3arh raaakyto Gyaknuio f(x)p(z) 1 BOCHOAB30BATHCA PABEHCTBOM

1

/1 Fla)de = / F(@)p(x)da.
0

-1

eficrBuTEeNbHO, ecan p(x) — Becosad MyHKINA TTopaaka r =« > 1 u f(x) € EY, To
) P YHKIT pAL 15

Fa)y = 30 S amime )| < () g

1
RifI=3" / FWply)e > wrdy =57 S Cf,j? / ply)e*™ (=) gy
21

€A 7y €A mEZ

Orcronma ciemyer, 1To
! 1
< o -
RIAN< BAF@) e Y s
zEAN meZ

[Momp3ysck orenkoit (2.10) u3 mororpadmun [22] crp. 53, mosyamm

RIS Bl @y 3 2 = By £() 15z A(0)Car(Alo),

TEA

vie A(a) = 2741 (1 + 2((a)).

Teneps npuseém npumep u3 paborel [8] Becoroii dynkimn Geckonedroro nopsiaka. Ilycrs

0 upu |z| > 1,
1 npu x = 0,
plw) = exp <x1fl exp (—%)) mpu 0 < x < 1,

1—p(x+1) mpu —1 <z <0.

®yukrius p(z) vHa orpeske [0; 1] monoronno yoeiBaer ot 1 10 0, Tak kak mpu 0 < z < 1

/() 1 1 1 —x2+x—1<0
z)=exp|——exp|—=) |exp|—= | — <0.
r Ple—1%P\ 2 P\7% 22(x —1)?
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3.2. Ilpon3BogHasa oT runepdo/mdeckoii A3eTa-pyHKIIUN

IIpexke Bcero BBeméM caemyromue obosuadenus K () = [ﬂ, rae g x > 0 [x] = k npu
k—1<x<k, keN Ionoxkum upu k € N, a > 1

— 1
(ko) =) .
n=k
[Ipu k = 1 nmeem ((k, o) = ((a).
Ucmonp3yst caesaHEbIe 0003HAYUEHHUS, MOKHO 3alNCATh CJIEAYIOIIEe MPOCTOE BBIDAXKEHWE IS
runepbosmdeckoit 13era-byukipn pemérrn A = A(N)

2¢(a)

A1
Ala) = 1 3 mpu A > 1,
S (Ale) {2(K(A)—1)+2<“§9>’“), npn 0 < A < 1.
* — 2A(K(\),a)
Ecmu nonoxurs (fr(Ala) = =557, 10 s m060ro A > 0 CupaBeinBo PABEHCTBO

Ca(Ala) = 2(K(A) = 1) + (g (Ala).

Hemnpepsisaocts runepbosmaeckoii p3era-dyukipun pemérkn A = A(\) oueBnpna juisi BCex

A # %, riae k — Jsiroboe HaTypasibHOE uncyio. HempephlBHOCTE CjieBa B TOUKE \ = % TaKKe ove-

BUTHA.

Pacemorpum  lim (g (Ala). Unmeen:
A= ()

lim  (g(Ala) =2(k—1) +2(k — 1)*¢(k,0) =2((k — 1) = 1) + 2(k — 1)*¢(k — 1,a) =

()
~or(*(i53)

U HENPEPBIBHOCTE CIIPaBa TaKKe YCTAHOBJICHA.

Takwum 06pazoM, yCTAaHOBIEHA HEITPEPBIBHOCTDL TUIIepOOInIecKoi n3eta-byHKINN Ha TPOCTPaH-
crBe PRy, uro cormacyercs ¢ obrmeit reopemoii u3 pabotsr [13].

Tax xkak npu A > 1 uMeeM paBEHCTBO J3eTa-(PYHKIMU PEIETKA U TUIepboInIecKoil a3era-
dbyukImy pemérku, To npu A 2> 1 CopaBeyinBO PABEHCTBO

OCh(Al)
i

= —aly(M|a).
M

Herpyauo Bupers, aro nupu A € (%,ﬁ) Jutst JTI0D0T0 HATYpPaJbHOrO Kk > 2 CcrpaBejinBoO
PaBEHCTRO
¢ (Ala)
dp

— —aCh(M]a).
M

Takum obpazom, mbl BumguM, 910 pu 0 < A < 1 runepboanteckas g3eTa-(PyHKIUST PEITETKE Ky-
couno muddepennupyeMmast (pyHKIHs, ¥ KOTOPOi OTCYTCTBYIOT MPOU3BOAHLIE B Toukax M = M (%),
rae k € N.



180 E. H. Cumuprosa, O. A. I[Muxtuiskosa, H. H. Hobpososbekuii. . .

3.3. Pane JAupuxiae aaa pemréTok

[Iycts a(n) — npoussonbuag uucaosas gyuknus na Z', rue Z' = Z\ {0}, rorna pamom Jupuxie
Ha pemérke A = A(\) HazoBéM GyHKIHIO

F(A a(mla) = 37

(An)e’
nez’!
a runepbosmueckum psaom Hupuxiae — GyHKIHIO
a(n)
,MMWWWQZE;Mﬂ-
Tomoxum ( )
Aam) = > a(n), f(ham)e)= > %%,
In|<K(\) In|>K ()
TOTJIA
7
fMﬂWW@Iﬂ’%?MX,MMMWWUIM%MWHfm&WWW%
Tae
Fir, atmfa) = HE)

Ilo amasiorun ¢ mpeabIIyIuM Pa3Aea0M [HOJIY YAM:
Af(A,a(n)|a
<8()’> = —af(M,a(n)|a).

12 M

IIpu A > 1 cipaBegInBO PaBEHCTBO

ofu (A, a(n)|a)

9 y = —afg(M,a(n)|a);

npu A € (%, ﬁ) JUTst 1106010 HATYPabHOTO k 2> 2 crpaBeijiiBO PaBEHCTBO

ofu (A, a(n)|a)

he | = afh(Ma(m)a)

Taxkum o6pazom, Mbl Bugum, 910 upu A = 1 pay Jupuxiae f(A, a(n)|a) — Geckoneuno nudde-
pennupyemasi byukius Ha Jguddepermupyemom Mmaoroobpasun PR, a npu 0 < A < 1 runepbosiu-
geckuit payg Hupwxie va pemérke Kycouno muddepennupyemast PyHKIHU, Y KOTOPOH OTCYTCTBYIOT
ITPOM3BOJIHBIE B TOUuKax M = M (%), rae k € N.

4. 3akKJII0YeHue

IlocTpoentbie OCHOBBI TEOPUU IVIAJIKUX MHOTO0Opa3uil KacarTCs TOJBKO MPOCTEHINEro ciyvast
MPOCTPAHCTBA OJHOMEPHBIX TEOPETUKO-UUCIOBBIX perrérok. O Hojiee mpocToil, Tak Kak Jjrobas
O/IHOMEDPHAS PEIéTKa UMeeT TOJIBKO JiBa 6a3uca, OTJINYAIOININXCS 3HAKOM.

Vake paccMOTpEHHE CABUHYTBHIX PEIIETOK OCAOXKHEHO TeM, UTO Jjisd 3aJaHUd METPUKHU Ha, HPO-
CTPAHCTBE TAKWX PEIETOK HEODOXOAWMO PACCMOTPETH WX TOTPYKEHNE B MPOCTPAHCTBO PEIETOK
HoABITION pasMepHOCTH. A KakK M3BECTHO, Y¥Ke JJIs 060 TBYMEpHOH peméTku KOJUIeCTBO Oa-
3UCOB perméTKu CuéTHO. [[09TOMY BOBHMKAIOT OIPEIE/EHHBIE TPYAHOCTH J/Id IMOCTPOCHUS TEOPUN
DJIAJIKAX MHOT00Opa3uii MHOMOMEPHBIX TEOPETUKO-YHUCIOBBIX PEIIETOK U CIABUHYTHIX PEIIETOK.

Perrennto stux mpobsiem OyayT MOCBAIIEHBI CAEIYIONIAE CTATHYU O STON TEMATHKE.
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AnHOTanusa

B crarme paccmarpuBaioTCst CyMMbI 3HAYEHUH KOMITO3UIINNA BEMIECTBEHHON MEPUOINIECKO
apudmerndeckoit byHKINUA U GYHKIUA KOJUIECTBA MPOCTHIX JEIUTENIEH M0 HATYPAJTHHBIM YUC-
JlaM, He TTPEBOCXOIANINM 33/IaHHOTO. 1Ipr 3TOM ToACYeT mTPOCTHIX JAeMnuTes el MOXKET MPOU3BO-
JUTHCA KaK C y9eTOM KPATHOCTH, TAK U De3 ee y4era, a Ha CAMHU JEJTUTETN MOXKET ObITh HATIOKEHO
JIONIOJIHATEIFHOE TPEOOBAHNE NPUHAJIEKHOCTH HEKOTOPOMY CIIEIMAIbHOMY MHOXKECTBY. ¥ I0-
MSHYTOE CHEIUAJIbHOE MHOXKECTBO MOXKEeT ObITb, HApUMeD, OObeMHeHHEeM HECKOJIbKUX apud-
METHUYIECKUX TTPOTPECCHil ¢ 33JaHHO# PA3HOCTBIO, WX ¥Ke JOMYCKATh aHAJIOT ACUMTITOTHIECKOTO
3aKOHA pacHpeeieHns] MPOCThIX YHCEJT CO CTEMEeHHBIM IMOHMUXKEHWEeM B ocTaTKe. Bojee Toro,
BMECTO (DYHKITMU KOJIMIECTBA MPOCTHIX JIEIUTENEeH MOKHO PACCMOTPETD JIIO0YIO BEIECTBEHHYTO
AIIUTUBHYIO (DYHKIUIO, PABHYIO €IUHUIIE HA TPOCTHIX YUCIaX. B KadecTBe mpumepa mepuoiu-
qeckoil apudmerndeckoit GyHKINA MOXKHO PACCMOTPeTh cCuMBOJI J1exkanapa. Jlokazanbr acumii-
TOTHYECKHE (DOPMYJIBI [IJIsT YKA3AHHBIX CYMM W U3yYeHO WX MOBEIEHUE.

JlokazaTeIbCTBO MCMOIb3yeT PA3JIOXKEHUe MePUOIUIECKO apudMeTundecKoil (hyHKIUU M0
XapakTepaMm aJIATUBHONU TPYMIBI BIYETOB, YTO CBOAUT 33/1a9y K PACCMOTPEHUIO CIIENNATHHOM
TPUTOHOMETPUYIECKON CyMMBI ¢ (DYHKITHEH KOJUIECTBA MPOCTHIX JeauTeeil B mokasarese. s
HAXOXKJEHUS ACUMITOTHK 3THX CyMM MBI 3allUCBIBAEM COOTBETCTBYIOIIUI MPOU3BOAAIINAN PsI,
Jupuxiie, aHaJuTUYECKU [IPOIOJKAEM ero u npumenseM Gpopmyity Ileppona u Mmeros komiuiekc-
HOTO WHTETPUPOBAHUS B CHEIUATIHLHO TANTHPOBAHHOM BapUAHTE.

Karuesvie crosa: orpaHndeHns Ha MPOCTBIE JETUTENN, KOJNIECTBO MPOCTBIX JeINTeNel,
TPUTOHOMETPHUYEeCKasd CyMMa, MeTO/I KOMILJIEKCHOI'O NHTEI DUPOBAHU.

Bubauozpagusn: 17 HazBanuii.
g nmuTupoBaHus:

M. E. Hanra O6 acuMOTOTHIeCKOM TIOBEJIEHUN HEKOTOPBIX CYMM, COAEPKAIMNX (DYHKITHIO KOJIIe-
crBa npocThix geauteneii // Yebbimesckuit cobopuuk, 2020, 1. 21, seim. 3, c. 186-195.
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Abstract

We consider sums of values of the composition of a real periodic arithmetic function and
the number of prime divisors function over integers not exceeding a given bound. The prime
divisors may be counted as with their multiplicity or without it, and we can restrict these
divisors to the additional condition of belonging to some special set. This special set may be,
for example, a sum of several arithmetic progressions with a given difference or imply an analog
of prime number theorem with a power decrement in the remainder term. Moreover, instead of
the number of prime divisors function we can consider an arbitrary real additive function that
equals to one on primes. As an example of the periodic arithmetic function we can consider
the Legendre symbol. In the paper we prove asymptotic formulae for such sums and investigate
their behavior.

The proof uses the decomposition of the periodic arithmetic function into additive characters
of the residue group, so the problem reduces to special trigonometric sums with the number
of prime divisors function in the exponent. In order to establish asymptotic formulae for such
sums we consider the corresponding Dirichlet series, accomplish its analytic continuation and
make use of the Perron formula and complex integration method in specially adapted form.

Keywords: restrictions on prime divisors, number of prime divisors, trigonometric sum,
complex integration method.

Bibliography: 17 titles.
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1. BBenenue

Ilycts E — Hekoropoe HeCKOHEYHOE MHOYKECTBO HaTypaJibHbIX uncesn. Yepes M Oygem obo3na-
YaTh MHOXKECTBO HATYPAJbHBIX UHCEJT, BCE TPOCThIE JEJUTENN KOTOPBIX TpuHaiexkar E. Komnge-
CTBO 4HCesT MHOXKeCTBa M, He MPEeBOCXOAAINX &, 0603HAUNM depe3 n(z), TO eCTh

n(x) = Z 1.

n<x
neM

B rpusnanprom ciayuae E = N wmmveem, ouesunno, M = N u n(x) = [z]. Ilycrs Teneps f(n) —
BeIecTBeHHas apudmernyeckas (QYHKIU, MEPUOIUIECKAs C MePUOAOM k, HE MEHBIITUM IBYX, a
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~v(n) — BemecrBenHas ajguTuBHas apudmernueckas GyHkums ¢ yeaosuem y(p) = 1 as mo6oro
mnpocroro p. Beemem obo3nauerne
S(x) = f(v(n)).

n<e
neM

[IpocrefimuM IpUMepOM IEPUOIMIECKO apudMeTnaecKoil byHKIMN ABISeTCA QYyHKIHS
f(n) = (—1)", mepuoguueckas ¢ mepuogoM 2.

Paccvorpum opmu u3 BapuanToB BhiGopa dyHKImu y(n). Iycrs Q(n) obosnauaer uncio

Oy
c e P

Qn) = a1 + ... + ap. Ouesngno, aro Q(n) ymoeserBopsier TPeGOBAHUSIM, NPEIbIBISEMbIM K
bynaxmun y(n), a dysxnus (™) BrHOIHE MYILTHILIHKATHBHA TIPH JTIO00M HEHYIEBOM KOMILIEKC-
HoM a. [Tpw a = —1 sra dysxnus waswiBaerca dbyuxueii JIuysnansa n obosuagaercs A(n). Takum
obpazom, A(n) = f(y(n)) upu f(n) = (—=1)" u v(n) = Q(n). OTcoma, TONB3YACH KIACCHIECKNM
pesyabraroMm |1, Teopema 5.2, ¢.86], B ciayuae F = N nosyudaem

IPOCTBIX JeUTeNell n ¢ yaeTroM ux KparHocTd. TakmMm ofpasoM, mpu n = pi't. nMeeM

S(x) = Z A(n) < ge—eVinz,

n<x

[TycTs Tenephb 3ajanbl HATYpadbHBIE dncaa m = 3 u r < ¢(m). lycrs 1y, ..., [, — pasinunble
HATYPaJbHBIE YUC/IA, HE TPEBOCXOAAIINE 11 W B3aMMHO TIPOCTHIC C HUM. BOSbMeM B Ka4deCTBeE E
MHOXKECTBO BCEX HATYPAJBHBIX YUCET, CDABHUMBIX C OJHUM U3 9uces l1, . . ., l, 1o Moaysao m. Nnade
TOBOPS, MHOXKECTBO F ecth obbemuuenme r apudMeTUIeCKWX MPOTPECCU C TMEPBBIMU UJICHAMUI
li,...,l, u pasHocTeio m. B sToM ciaygae acuMmrorndeckasi hopmyrna mis n(z) Obuta HaiizeHa
9. JMaunnay |2, §183] u umeer Buj

Ciz 1
=—— (14+0(— .
=) In~wm g ( <ln:p>>

[Tpn wnccnepopanum pacnpejesenns [auces MHoxkecrBa M B 3aBucumoctn or uernoctu §2(n)
A.A. Kapary6oit [3], [4] 6110 06HApPYKEHO, UTO

S() = 3 An) = o). (1 e <lnlm>> , 1)

n<x Inetm g
neM

rie A — TOJoKWUTETbHAST TIOCTOSHHAS. DTOT PE3YIbTaT MMEeT HEeOXKUIAHHBIN apudMeTuiecKuii
CMBICJI, TAK KaK MOXeT ObITh MWHTEPIIPETHPOBAH KaK HEKOTOPOe npeobsiajiaHue CPeau Ynuces MHO-
KecTBa M umcesn ¢ HEIETHBIM KOJIMYIECTBOM MPOCTHIX JIE/TATENEH.

IIycts Teneps E TakoBO, 4TO

1-A
m(zx, E) = Z 1=cgn(z)+ 0 (z' %), (2)
pszT
peEE
rome A >0, 0 < ¢cg < 1. B kagecTBe Takoro E MOXKHO B3SThL BCE HATYPAJILHBIE YUCIA, IPUHAIIE-

ZKallye MHOXKECTBY
oo

. 1/a 1/a

U[(Dn+] _1) / a(D7’L+]) / )7

n=0
e @ — HeIeJIoe MOJIOKUTEIbHOe Unucio, D u j — Harypaabubie unciaa, npudem D > 2, j < D.
Cooreercreytomas dopmyna Iisa seauaunbl 7(x, F) B caydae 0 < a < 1 mokasana B pabore [5],
a Jisl HelesblX a, DOJIBIIMX eJAWHWILI, HanpuMmep, B padore [6]. Dra 3amavua u3ydanach TakKe
B paborax [7, 8]. MoxkHO Tak:Ke paccMaTpuUBaTh B KadecTBe F MHOMKECTBO MPOCTBIX UHCEJ, CO-
JEPKAIMUX YETHOE TUCIO eIUHUIT B CBOEH aBomuHoi 3amucu. CropaBejInBOCTh COOTBETCTBYIOIIEH



006 acuMOTOTHYIECKOM TIOBEJIEHUN HEKOTOPBIX CYMM. . . 189

acumnrornyeckoii dpopmyibl gus w(z, F) ycranossena B pabore [9]. Tas rakoro seibopa MHOXKe-
crBa ' A. A. Kapany6oit (3|, [4] mosydensr anamorudubie caydan apudMeTHIeCKUX TPOTPeCcCuil

Pe3yJIbTaThI
Chx 1
o= i (10 (7))

S@) = 3 An) = m <1 10 <hr11x>> , 3)

n<x

neM
rme B — mosmoxXurenbHad MOCTOSHHAA. TakuM 00pa3oM, IpH TaKOM BhIOOpe MHOKeCTBa F obHapy-
JKUBAETCST TOT ke 3D PeKT mpeobafaHus Iucel ¢ HEIETHBIM KOJUIECTBOM TTPOCTHIX JeTUTEEH.

Pacemorpum mpyroit BapuanT Bei6opa dyHakimn y(n). Obo3HaunM depes v(n) KOJUIECTBO Pas3-
JIMYHBIX NPOCTBIX jejureneil unciaa n. Taknm obpasom, npu n = pi' ... p%" umeem v(n) = r. dra
hyHKIMS TakzKe yIOBIETBOPsieT TPeOOBAHUSM, MPEIbIBIsAeMbIM K (1), a dyHKITHs a’™ mynb-
TUILIMKATABHA TIPU JII000M HEHYJIEBOM KOMILJIEKCHOM @. XOPOIo n3BecTHo, uto npu F = N umeer
MECTO PaBEHCTBO
S(a) = (~1)"" < geeVine,

n<x

Paccmarpuast pacripejesienne dnces u3 MHOXKecTBa M B 3aBUCHMOCTH OT 9eTHOCTH V(n), aBTOp
B paborax [10, 11| maga caywas E, momyckatomiero paseHcTso (2), u B pabore [12| ayst ciyqast E,
COCTABJIEHHOTO U3 apupMETUIECKUX Tporpeccuti, momsyana dbopmyssl, ormuaatomuecs ot (1) n (3)
JIUIb 3HAYEHUsIMU KOHCTaHT A u B.

Ilycts Tenepns k — dpukcupoBamHoe HATYpPaAIbHOE YUCTO, HE MEHBITIEe TPex, a | — HEeKOTOpoe
HATYpaJbHOE YHCI0, He mpeBocxomsiee k. [lomoxum f(n) = 1 mpu n = [(modk), u f(n) = 0
B mpoTtuBHOM ciay4ae. Taxkas apudmverndeckas (HYHKIUS MTEPUOTUIHA C MEPUOAOM k U ABJISETCS
XapaKTePUCTHYECKONH (DYHKITHEH MHOXKECTBa YUCET, CPABHUMBIX C [ TI0 MOy k. B atom ciydae
cymma S(r) MMeeT CMBICT KOJUIECTBA YUCET MHOXKECTBA M, HE MPEBOCXOAANNX & U TAKHUX, 9TO
~v(n) = l(modk). B pabore [13] aBrop moayunn B caygae E = N acumnroriaeckyto dbopMmyty

1 A in 2 . Inlnx + @ — 2m
Sy = Y =) 1+ OCOS(SIH’“zs:;ix 20 ’f)+0(1n5k:z:) R
n<a In kT
v(n)=l(modk)

rme Ag # 0 u (pp — HEKOTOPBIE BEIECTBEHHBIE TOCTOSTHHBIE, & 0f = 281112% +1opu k < 6, u
8, = 2sin? Qf npu k > 7. Dra dbopmysna cupasenimnba s ar060it agantusHoi dyrknun y(n) ¢
yerosueM y(p) = 1, B wactHocTn, miast dyukuuit Q(n) u v(n). Axagsorndnbie HOPMYJIIBI, OTIHIAIO-
muecst o1 (4) suuts HekoTopbiMu KoddduimenTamu, 6blin motydensbl B Toii xke pabore [13] u st
corydasi MHOXKeCTBa F, OIyCKAOIero paBercTso (2), u st cyiydast MHOXKeCTBa F, COCTABIEHHOTO
u3 apudmerndeckux nporpeccuii. UurepecubiM 3pHEeKTOM, BOSHUKIITHM TPU TEPEXOAe K CAYUIAI0
k > 3, aBAsSeTCS UCUYE3HOBEHNE KAaueCTBEHHOro oTmdus ciaydas E = N or ocrajbHBIX BapraHTOB
BeIbopa MHOXKECTBA F.

B patorax [14, 15| aBrop paccMorpes cymmy cuMBojioB Jlexkanapa ¢ dyrakuumeii v(n), 9to or-
Bewaer cayuaw f(n) = (%) B srom cayuae dynknusa f(n) nepuogmvna ¢ MEPUOJOM P, Tja€ P —
dburcupoBantoe HedeTHOE TpocToe uncyao. llpw stom masg cymmsl S(x) mosydaercs acHMIITOTH-
ueckas dopmynia, nogobuas (4), HO 63 NEpBOro CJAraeMoro, Tak Kak HOJHAs CyMMa CHMBOJIOB
Jlexxamapa pasua Hy/I10. A nMmenno, mpu F = N nMeer MecTo paBeHCTBO

A 2
S(z) = Z <V<n)> = anSiif N oS (sin; ‘Inlnz + gop> +0 <xln_5p x) 7

P »
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e o :2sin2%+1npﬂp:3,5,ﬂ(5 :2Sin22?7T upu p > 7, a A, # 0 u ¢, — HEKOTOpHIE

BEIECTBEHHbIE TIOCTOSTHHDIE.

FcrecrBenubiv 00001eHIEM BCEX YITOMSIHYTBIX 33189 ABJIAETCH 3324 MCCACIOBAHUS OB~
HUsT CyMMBbI S(Z) TpU TPOU3BOJIbHON TIEPUOIHYIEcKOit f(n) W MpOM3BOJBHON ajauTuBHON Y(n) C
ycrnosueM y(p) = 1, KoTopas u ABISETCA TPEAMETOM MCCIEI0BAHUSA HACTOSAIIEH cTarbu. [lpu 3ToM
nepuon k dyHknuu f(n) UMeeT CMBIC TOJOKUTh HE MEHBIIINM TpeX, MOCKOJBKY TIpH k = 2 cyIe-
CTBYIOT TOJILKO jiBe He3asucumbie dyrakmmu f(n), a mmenno (—1)" u mocTogaHag, Cydail KOTOPBIX
BCECTOPOHHE HcCaeI0Ban B paborax [3, 4, 10, 11, 12].

2. OcHOBHA4 YaCTh

CdopmyiupyeM OCHOBHBIE Pe3yJsibTarThbl HacToseil padorel. Ilycrs k — dukcupoBanHoe Ha-
TypaabHOe YUCI0, He MeHbIllee Tpex, n f(n) — mpousBosIbHAS BellecTBeHHas! apudMeTnaeckast
dbyukums, nepuognyeckasi ¢ nepuogoM k. Obosnauum uepes fy cpennee 3uadenune Gpyuknun f(n),

TO €CThb L
> fn).
n=1

[Iycts y(n) — Mpou3BOIbHAST BEIECTBEHHAST aJIIUTHBHAsT apudMeTrnueckas QYHKINS ¢ YCIOBUEM
~v(p) = 1 amst mro6oro mpocroro p. Ilycrs M — MHOXKECTBO HATYPAJIBHBIX YHCEJI, BCE TIPOCTHIE JeIH-
TeJIN KOTOPBLIX MpUHAIeXKAT MHOXKecTBY E. KonmmdaecTBo uncesn muoxkecTtBa M, He TIPeBOCXOIATIINX

fo=

| =

x, oboznaunm gepes n(z). Torjga nMerOT MECTO yTBEPK IEHMs

TEOPEMA 1. Illycmo E = N. Tozda cywecmeyrom makxue 8eUecmeeHHbie nocmoantse A u o,
YMO UMEETM MECTNO ACUMNMOMUNECKAA HOPMYAG

Acos (sin2E -Inlnz +
in £ e £0) 4o (1) )
ln Sin El‘

S(@) = f(y(n) == | fo+

n<x

28@5k:281n2%—|—1 npuk:<6,11(5/{;:2311122?7r npu k > 7.

TEOPEMA 2. ITyemv m =3 ur < o(m). Ilyems 1y, ..., 1, — pasausnve Hamypaivroe wucaa,
HE NPEGOCTOOAULUE M U 63aUMHO npocmbie ¢ Hum. [lyecmbv E — mHoscecmeo 6Cexr HAMYPAALHOLT
YUCEA, CPAGHUMDBLE C OOHUM U3 wuces ly, ..., 1. no modyso m. Tozda cywecmeyrom makue eeuse-

cmBeHHve NocmoAsHHve B u ’l]Z), wImo uMeem Mecimo acumMnimomuiecrad gﬁopmy,/ta

B cos (%sin%’r -Inlnzx —|—¢)

2

kX

S(@) =Y f(v(n)) =n(z) | fo+
ne

+ 0 (ln_‘s’“ ac) ,

1112% sin

20e O, = 2%sir122?7r npu k = 4 uau k > 6, d5 = min(2%sin2%ﬂ,2%sin2% +1), 03 = %%—i— 1, a

w =

p(m)”

TEOPEMA 3. ITycmwb mmuoocecmeo E donyckaem pasencmeso (2). Tozda cywecmeyrom maxue
sewecmeenmnvie nocmoannsie B’ u 1), wmo umeem mecmo acumnmomuueckasn Popmyaa

B’ cos (cpsin 2 - Inlnz + v)
S(x) = = + . +0 (In™%z) |,
(x) ;@: Fly(m) = n(z) | fo R (= 2)
neM

2de 8, = 2cp sin? 2?” npu k =4 uau k > 6, 65 = min(2cg sin? %”,QCE sin? F+1),03= %CE +1.
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Hawm nonaiobsitcst BCrioMoraTe/ibHble yTBEPZKI€HUsI, Jl0Ka3aHHble B pabore [13], Koropsie ajai-
TUPYIOT METOJ KOMILIEKCHOTO HHTEIPHPOBAHNUS K IIOCTABJICHHON 3aa4e€.

JIEMMA 1. ITyemo k — namypaavhoe wucao, ne menvwee mpex, y € Z, y(n) — addumusnan
apugmemuneckas Pyrxuus ¢ yeaosuem y(p) = 1 daa arwbozo npocmozo p. ITycmov E — Geckonenwnoe
nodmnoocecmeo N, a M — mHoocecmeo HOMYPAALHHLT HUCEA, BCE NPOCMBLE JEAUMENU KOTNODHLT
npunadasescam E. Tozda npu Res > 1 umeem mecmo pasencmeo

%) o ¥ (1) ,eQWi%
(&
S =) me
n=1 ck
neM b

2de dymryus Fy(s) anarumuuna u ozpanuiena 6 noaynaockocmu Res > 5 + € npu ar06om noao-
orcumenvrom €, npunem Fy(1) # 0 npu |y| < &

JIEMMA 2. IIycmo g(n) — xomnaexcnosnauwhnas apudmemureckas GYHKUUL € YCA0BUEM
lg(n)| <1, u npu Res > 1 umeem mecmo pasencmso

= g(n

2de a € C, |a| < 1, a ¢ynwyua H(s) npu arobom docmamouno 6oavwom T anasumusna 6 obaacmu
oc>21—c/InT, |t| < T, npuuem 6 amot obaacmu cnpasedausa ouenra H(s) < In°T. Tozda
UMEEM MECTNO GCUMNMOMUNECKAA POPMYAQ

= (C(s))"H(s),

Z g(n) = 1{]((;)) zIn® 1z 4+ O(xInRea2y).

n<x

Ternepb MBI TOTOBBI K [T0KA3aTEJLCTBY OCHOBHOTO PE3YJIbTATa HACTOSIIEH PaboThI.
JOKABATENBLCTBO. [okazarenbctBo Teopembl 1| PackiaasiBast mepuouiecKkyo ¢ mMepuojaoM k
dbyukpo f(n) no xapakrepam aINTHBHON TPYIIIBI BEIYETOB 110 MOJYJIIO k, TOJYIUM

fam) = 3 emE Z flm)e 2%

jmodk mmodk

re j m m mpoberarT MOJHY0 CUCTEMY BBIYETOB MO MOIYJO k (IS TIPOCTOTHI U OTPEIeTeHHOCTH
— HaWMeHbIHeE 10 abCOMIOTHOM BemunHe BhrueTh ). O603HATAs

_ ]m
LY fme (5)
mmodk
U CYMMHUDYS MO 7, HE IIPEBOCXONAIINM I, Hall1eM

D=3 fm) =3 53 = 3 850, (6)

n<x jmodk n<z jmodk

TJIe MBI BBEJIN TaK2Ke 0DOBHAUECHUE

Jv(n)
Sj(x) = Zezmﬂk :

n<x
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Ouesnno, So(x) = [2], ACHMITOTHKY K€ OCTAJIBHBIX CyMM S (Z) MOy INM METOLOM KOMIIEKC-
HOTO WHTerpupoBanus. [IpumMenssa semMmy 1, /18 COOTBETCTBYIOIIETO TPOU3BOSAIIEro psita Jupuxite
npu Res > 1 nosyvyaem BbipazkeHue

- Jv(n) ;
T 27id

) 62
> ——— =) FFy(s), (7)
n=1

nS

rae dbyukuns Fj(s) anaginTuyana v orpaHndena B MOIyTIockocTn Res > % + e. Illpumensist 3aTem
JIEMMY 2, JIJIsT UICKOMON CyMMAaTODHOM (DYHKINY MOAyIaeM CJIEIYIOIee COOTHONIEHNE

627”%71 cos 271 _9
xIn x4+ O(x1In“® % "“x). (8)

Tak xak dynkimsa f(n) Bemecrsenna, n3 pasencrsa (5) mveem f_; = f;. Jlamee, TOCKOIBKY
raMMa-(pyHKIU BEIIECTBEHHA IIPU BEIeCTBEHHBIX 3HAYCHHUSX apryMeHTa, TO

F(e—Qm%> — F(eQM%).

Haxomern, u3 coornomrenus (7) npu BermecTBeHHO (1) HETPYAHO HOIyduTh, uto F_ji(s) = Fj(5),

a saaunr F_;(1) = Fj(1). Takum o6pasom, cnaraembie cymmsl (6), orseqaroniue j = 1 u j = —1
KOMILIEKCHO corpsizkerbl. Obo3Haqas

(1 1 .
fi 12():*146“0

D) 2 ¥

C HEKOTOPBhIMHU BEHIECTBECHHBIMHA An Y, TMeeM

Ax cos (sin Qf -Inlnzx + cp)

AS1(x) + f1S_1(x) = +0 (m Ip—2sin® -1 x) . (10)

1n2 sin? % T
C apyroii croponsr, pu 2 < |j| < g w3 coornomenns (8) caenyer, uto Sj(z) < xIn~? sin 5
[Mopcrasnsist 9Ty OIEHKY, Hapsiay ¢ papeHcTBOM (10), B cymmy (6), MOy IHM yTBEPKIEHHE TEOPEMBI.
O

L OKABATEJIBCTBO. [dokazaresbcrsa Teopem 2 u 3| [IpoBoasiTest B 1e/10M aHATIOTHIHO JJOKA3ATE T b-
ctBy Teopemsl 1. Cymmuposasne B cymme S;(2) B 9TOM CIydae HIET TOJbKO 10 THCIAM MHOKECTBR

M, nosromy npu npuMmenennn jeMMbl 1 B paserctse (7) BMmecto ((s) 6yaer dpurypupoBarsh QyHKIINS

n-3)’

pelE

Ee amanntuweckoe mpomomKeHue, BEIpakenne depe3 a3era-byHKIMIo Pruvana, a Takxe OTEeHKN ee
MOJYJIsT BOJIM3W €JMHUYHON TIpsiMoii aHbl B [16, semma 1| mis caydas muOXKecTBa E| siBisitore-
rocs obbeaunennem apudmerndeckux nporpeccuit, u B [17, nemma 1| anst caydas muoXkectBa E,
JIOTIYCKAIOIIero paBeHcTso (2). B koHewnoMm mrore B nokasarese cremenn ((s) B coorHorrennu (7)
J06ABIAETCA MHOKUTETh 2 WU Cp, KOTOPbIi 3arem momudurmpyer dhopmyast (8) u (10). Kpowme
TOTO, IPH 3AIICA OKOHIATEBHOTO PE3YJIbTaTa CAeIyeT YIeCTh, YTO U3 paBeHCTBa (8) ciemyer, 9To

So(z) =n(z) < zln* 'z

B CIydYae TEOPEMEI 2, a B CJIYY9ae TEOPEMBl 3 MapaMeTp » 3aMeHdeTcd Ha cg. O

Mpb1 Bujnm, 9T0 ecan cpejHee 3naderne GyHkipn f(n) OTanaHO OT HysIst, To cymMMma S(x) acumMI-
Toruuecku paBHa fo-n(z). B caydae ke cpesHero 3HaUeHNsT PABHOTO HYJIIO, YTO HMEET MECTO, HAIIPH-
mep, ipu f(n) = (%), HA TIEPBBIA TTAH BBIXOUT BTOPOE, OCIIUJLIAPYIOIIEE CIAraeMoe aCUMIITOTHKH.
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[Tpu 3TOM yKaszaHHOE ciaraemoe He 0DpaIaeTcst B HyJIb TOXKJIECTBEHHO, €CJIM TOJBKO BEJUUYNHA f]
OTJIMYIHA OT HYJIsl, 9TO JIETKO BUAETh W3 paBeHcTBa (9) u jsemMbr 1.

OrMmerum TakKe, 9To ycaosue y(p) = 1 mpu J06OM TPOCTOM P TPOTUKTOBAHO CKOPEE MCTOPH-
YECKMMU TIPUIHHAMY: €MY YOBJIETBOPAIOT MNPOKO W3BEeCTHBIE aaauTuBable dyaximm v(n) u Q(n).
HoxkazarenbcTBo 6e3 Tpyma MoauduIMpyeTcst Ha ciaydan, Korma y(p) = 1 m1is BeceX MpOCTHIX P 32
UCKJIFOUEHNEM KOHETHOIO IHCIa, U KOraa 7 (p) mpu JII060M TPOCTOM P NPUHUMAET OJ[HO U TO Ke 3Ha-
Jenne, He 00sI3aTeIBLHO paBHoe equnume. KoHeTHO, B MOCIEHEM CIyYdae BTOPOil UIeH aCUMITOTHKA
y2Ke CyIIECTBEHHO TIOMEHSAETCS.

3. 3akJiroueHue

B crarbe nokazaHbl acuMnToTHYECKE (DOPMYJIBI JJIsT CYMMbI 3HAYEHUN KOMITO3UITUN BEIECTBEH-
HOIl mepuoamveckoit apudmerndeckoil QyHKINYM ¢ TEPUOJIOM HE MEHLIITUM TPeX W BEITeCTBEHHOMN
aJIUTUBHON apudmMerndeckoit GyHKIIMM, PABHON eIMHUIE HA MPOCTHIX YMUCIAX, 0 YHUCJIaM, HE
IPEBOCXOAAIIUM 3aaHHOI0 U TAKKUM, YTO BCE UX HMPOCTHIC JEJIUTE N IIPUHAJLJICKAT CHeIUAJILHOMY
MHOXKeCTBY. PaccMoTpeHo Tpu BapuaHTa BbIOOpa CHIEUaIbHOTO MHOYKECTBA: MHOXKECTBO BCEX HATY-
PaTbHBIX Yuces1, 00bemHeHNE apUu(PMETHIECKUX TPOTPECCUil C 3aIaHHON PA3HOCTHIO U MHOXKECTBO,
JOIIyCKAIOIIee aHaJIOl aCHMITOTHYECKOIO 3aKOHa PACIpeneseHud HPOCTLIX YHCEI CO CTEIEHHBIM
MOHMKEHNEeM B ocTarke. V3 moydeHHbIX PE3Y/IbTATOB CJAEIYET, YTO HETPUBUAJIBLHBIN, OCIUIIIADY-
IOIIUH XapaKTep MOBeJeHU U3y4YaeMbIX CyMM IIPOABJILETCA B TOM Cay4dae, KOrJa cpejHee 3HadeHue
paccMaTpuBaeMoil epuonyueckoil (yHKIMKU PABHO HYJIIO.
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AnHOTanua

IIycts F4[T] — KOMBIIO MHOTOWIEHOB HaJL KOHEIHBIM nojieM F,. Jasee, mycts g: Fy[T] — R —
MYJIbTUIJINKATABHAS (DYHKIMs, 3HAYEHUs] KOTOPOl HA CTENEHAX HENPUBOIUMOTO MHOTOUIEHA
3aBUCAT JIUIIH OT TIOKa3aTess cTenend, To ectb g(PF) = dj, nnsa mo6oro HempHBOIMMOTO MHO-
roureHa P u HeKOTOPOil (DUKCUPOBAHHOMN MOCIEIOBATEIBHOCTH BEIIECTBEHHBIX dnces {d}po ;.
B pabore nccnemyerca cymma

deg F=N

rae F mpoGeraer MuOTOUIeHbI cTenenu N co crapmuM Koddgdunuentom, pasubiv 1 (yHUTapHDIE
muorousiensl). Qs cymmbl T(N) Haxomures Tounast hopMysa, a TakKe BBIYUCIISETCS aCHMII-
ToTuKa pu ¢ — 0o u N dukcuposanuom; npu N — 0o u ¢ — 0o; npu ¢ — co. B wacrrocTw,
JIOKA3aHBI CJIEIYIONNE aCHMITOTHYIECKHe (hOPMYJIbL:

k k+ N\ y N-1 .
> o= (M) one @) N1 g

deg F=N
F yuurapen

1 v (<2N> 2<2N4> 1 ( 4N 2>)
=5 -3 ¢ +O0| —=q ; N =00, ¢ = o0;
degXF:_N 7)) av\\N) 3\N-2 VN
F yunurapen

1 (2]3/) N gv—05 oo g mq (1) N
=C,- 4 — 20 _ 1 .
> 7 = O v e +O<N1.5>,01—H<\/q qlnql_l) , ¢ = oo;
deg F=N 1=1
F ynurapen
rae 7(F) — 4MCIO yHHTApHBIX MHOTOWIEHOB, gensmux F, u mg(l) — 4uca0 HEIPpUBOTUMBIX

YHUTAPHBIX MHOTO4JIeHOB cremenu [. [lociaenume nBe OPMyNIBI MPEICTABISIOT CODON aHAIOT
JJI MHOTOYJIEHOB HaJ, KOHEYHBIM TIOJIEM OJHOTO pe3yiabrata Pamamymkana

> = (e o ()

n<z

rae d(n) — knaccuyeckast GYHKIMS JennTeseil, a; — KOHCTAHTbI, B 9aCTHOCTH

ag = \}%l;llnpfls/p(p— 1).

Karuesnvie caosa: KOJIBIIO MHOTOYJIEHOB Ha/J KOHEYHBIM IIOJIEM, (byHKL[I/IH ,HQJII/ITGJIGI?I.

Bubauoepagpus: 7 nHazBanwmii.
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Abstract

Let g : Fy[T] — R be a multiplicative function which values at the degrees of the irreducible
polynomial, depends only on the exponent, such that g(P*) = dy polynomial P and for some
arbitrary sequence of reals {d;}72 . This paper regards the sum

T(N)= Y g(F),

deg F=N

F' is monic
where F' ranges over polynomials of degree N with leading coefficient equal to 1 (unitary
polynomials). For the sum T(N), an exact formula is found, and various asymptotics are
calculated in cases of
q — o0; ¢ = 00, N — o0; ¢V — oo. In particular, the following asymptotic formulas are
obtained

> r(Fh) = <k+N>qN+ON,k ("N, N>1, ¢— o0

N
deg F=N
F' is monic

(O POV ) S

deg F=N
mq (1)
N .
) ) q % 007

F' is monic
1 () ~ g0 o q
—Cy- o(L—), o= (V& -d1
> e ievo(L) - T (v dn ot
deg F=N =1
F' is monic

where 7(F) is a number of monic divisors of F', and m,(I) is a number of monic irreducible
polynomials of degree [. The second and third equalities are analogous for polynomials over a
finite field of one of Ramanujan’s results

Z L — L ag + ﬂ + + an + [0) #
< d(n) T Vz \ 0 Iz (Ina)N M\ (nz)N+1 ) )o
where d(n) is a classical divisor function, and a; are some constants. In particular,

ag = jgl;llnﬂ\/p(p— 1).

Keywords: the ring of polynomials over a finite field, divisor function.
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1. BBenenue

ITycts ¢ — cremens mpocroro uncia, F, — konednoe mose mopsaka ¢, Fg[T] — Koabio MHOTO-
wienos naj nojem Fy. Kak uzsecrno, Fy [T aBnstercst eBkymnoseiM KoubroMm. Kak ciegcrsue, B HéM
CTIPaBEJTMBA, TeopeMa 00 OJHO3ZHATHOM PA3I0KEHUN HA MHOKUTEN. VIMEeHHO, KaXK bl MHOTOUIEH
F', oTugHBIN OT MOCTOSTHHOM, TIPEJICTABISETCS B BUJIE

_ €1 pe2 €k
F=a- -P'P?...P*, (1)
TJie a € FZ, P, P, ..., P, — pazju4nble HEIPUBOAUMbIE HAJ| TTOJIeM [y MHOTOU/ICHBI C e IMHIIHBIMU
craprmmmu KoddduiinenTamu (yHUTAPHBIE MHOTOWIEHBI ), & €1, €2, . . . , € — MOJOKUTEJIBHBIE TIe/THIe

qncia. Takoe pasyiokenne eIMHCTBEHHO ¢ TOYHOCTHIO 10 MOPATKA CACAOBAHUA MHOMKUTEIOH.
IlpuBenénmas TeopeMa 103BOJISIET paccMaTpuBarh B Koublie Fy[T] anazorn u3BeCTHBIX U3 dJle-
MEHTAPHON TEOPUW UUCeS MYJIbTUILINKATABHBIX (DYHKITHIH.
HanomanM, 9ro [j1d yHUTapHOTO MHOTOWIeHa F dyukims mennreneii 7(F') onpenengercs: pa-

T(F) =) 1,

D|F

BCHCTBOM

e CYMMUDOBaHWE BEIETCS 10 BCEM YHUTAPHBIM MHOrOWIeHaM, gejadmnmMm F. Jpyrumu ciosa-
mu, 7(F) ectb uncao periennii B yHUTApHBIX MHOTOUYIeHaX ypasHenusi F1Fy = F. O6o6miénnas
dbyukums geaureneii 7, (F), m > 2, ompeaessieTcss aHaJOTHIHO — KaK 9UCJI0 PEIICHNi ypaBHEeHUsT
BEs.. . F,=F.

Cumposom w(F') 6ymem 0603HAIATH YUCIO HEIPUBOAUMBIX COMHOXKUTENEH B pasaoxenun F 6e3
yuéra kparnoctu. Tak, ecan (1) ectb pasnoxkenne Muorounena F' ua nenpusogumsie, 1o w(F) = k.

g muOTOUnena F' cremenn n ero HopMa N (F') onpenensiercs: paserctsoM N (F') = ¢™. fcuo,
uT0 JJId JIFOOBIX MHOTOWIeHOB F' u G cupaBeimBo

N(FG) = N(F)N(G).

Apudwmeruxy kosbua Fy[T] onuceiBaer nzera-bynkuus (4(S) 9T0r0 KOIbLA.
Ecm s = 0 +it,0 > 1, 10 (4(s) 3amaéres paBeHCTBOM

Qo= Y s @)
FeF,[T]

F ynurapubIit

Cobupast MHOTOYIEHBI OJTMHAKOBOM CTEMEHN B cyMMe (2), ToIydanm

1 = " 1
G = Y e T o = T (3)
rarn (F)  “=aq 1—gq

F yrurapubIit

lfs)*l

Orcroma crenyer, aro dyukmus (1 — ¢ SIBJISIETCST AHAJMTHYIECKUM TPomoKerneM (q(s) ma

BCIO KOMIIJIEKCHYIO IIJIOCKOCTE 3a MCKJIIOUECHHEM TOYEK BHIA

2k
sp=1+ il

—i, k€eZ,
Ing
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B KaxK 10 13 KoTopbix (,(s) mmeer mpocToit mommoc ¢ Bhraerom pasabiM (Ing) L.

U3 TeopeMbl 0 €IMHCTBEHHOCTH PA3JIOZKeHUs CIeayeT, 4To (4(s) obamaer 5iiIepoBCKUM IpOu3-
BeJIeHnEeM, TO ecThb B obsractu Re s > 1 crpaBeyimBo paBeHCTBO

G = [ @-N=P)~ (4)

PEF,[T)

B KOTOPOM TIPOW3BEAEHUE PACITPOCTPAHEHO HA BCE HEMPUBOAMMBIE YHUTAPHBIE MHOTOUJICHBI.

[IpencraBisier WHTEPEC UCCIEI0BAHNE CPEIHUX 3HAUEHUH MYJbTUILTAKATUBHBIX (DYHKIUHA HaI
kosbiiom Fy[T]. Buepssie mogobubie 3amaun Geim pacemorpenst JI. Kapanrmem. B pabote [1] nm
ObLIM Oy YeHbl TOYHbIE (POPMYJIBI JJIs CPEIHIX 3HAYEHUH HEKOTOPBIX MYIbTHILIHKATHBHBIX (DYHK-
T,

B03MOXKHOCTh MOTyYeHUST TOUHBIX (& HE aCHMOTOTHIECKHX) (HOPMYJT B 3a7adax TAKOTO pPOJa
00bACHACTCS TeM, 9TO aHaaor azera-dyunkuun ans koubna Fo[T] umeer ogens mpocroit Buj, yka-
3aHHBIN B (3), © TeM 00CTOSTETBLCTBOM, ITO COOTBETCTBYOMUi mpomssodammit psan lupuxiae P(s)

npeacraB/jIdeTrcd B BU/C

D(s) = (Gq(n18))™" ... (Cqlnns))™,

TIE N1,y Ny MY, ..., Mg = 1 — 1esbie uncaa. Tak, 3a1a4a HaX0KICHUS BEJITIHHBI
Z Tm (F) (5)
deg F=n
cBOAUTCH K 1oJcuéry Koddpduimenta npu ¢ *° psija
1
m —
C‘I (S) - (1 _ ql—s)m'

Benuanna (5) sBiseTcs aHAJIOTOM CyMMBI

> " dm(n), (6)

UCCIe10BaHre KOTOPOi cocrasiser npeamer 0600mennoi npobaembr geaureneii Jupuxie (31ech
dpm(n) — xaaccuueckasi GyHKIUS jenTesiell, paBHas 9uCIy DEeIeHu YPaBHEHUS] T1X2 ... Ly = N
B HATYPAJbHBIX YUCJIAX X1, X2, ...,Ty). Hapany ¢ (6) uccaenyrorcs u cyMMbI

1
Prmm) g

(cm.: Pamanyxan |2]), 1718 KOTOPBIX HOTYYIaIOTCS ACUMITOTHIECKUE BBIPAYKEHHS BU/IA

T ay ayn 1
_— — 4+ ...+ — +ON | ————
(lnz)'~= (ao T Tt (Inz)N TON ((lnm)NH)) ’

rme x — +o0o, N > 0 — mpoussosbHOoe PUKCHPOBAHHOE UUCTO, AQ, A1, ..., N, .. — HEKOTOPHIE
ITOCTOSIHHBIE.

IIycrs g : Fy[T] — R — mynbrunmukarusias HyHKIUsA, 3HAYCHAS KOTOPOii Ha CTELEHX HelPH-
BOJIMMBIX MHOT'OYJIEHOB 3aBUCHT JIUIIL OT IIOKA3aTesell CTeleHell, TO eCTh

dy, = g(P") (8)

JIIST HEKOTOPO# (DUKCUPOBAHHON TTOCIEIOBATEIHHOCTH {dk}zozl- Bynem mpeamonarats Takike, 9TO

psil
F(t) = fo(t) = 1+ dyt +dot® + ...+ ditt + ... 9)
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CXOIUTCS B HEKOTOPOM Kpyre ¢ menTpom B mysie. I[lycrs masee,
o
Inf(t) = axt", (10)
k=1

a TI0CJIeIOBATEBHOCTD {hy }72 | OIpe/esena Mo IPaBHILY
fOA =M@= Q=) =14 by tF 4 (11)
Jlerko Buzers, uro hy = d;. Illonoxum, HaKoHer,

T(N)=T(N;g)= > g(F),
deg F=N

e F upoberaer yHurapHbie MEHOTOUYIEHBI cTerieHr [N . OCHOBHBIMU Pe3yJibTaraMu PaOOThI siBIASTHOTCS
CJIe/YIOIINE YTBEPIKIEHNS.

TEOPEMA 1. Hmeem mecmo pasercmeo

T(N) = Ag(N)g" + Ai(N)g" " + ...+ Av_1(N)g,

woe B (oo

k
ki +2ka -+t (L4 Dk =N +l
k‘2+2k3+...+lkl+1:l

a eeausunve h; onpedeaenvi 6 (11).
B wacmnocmu, npu sobom duxcuposarrom N, aobomn, 1 <n < N, u g — o0

T(N) = Ag(N)g¥ + AL (N)¢V L+ ...+ A (N "+ On (V™).

TEOPEMA 2. IIycmo N > 190, 0<d; <1 unpuescex k > 1
Flag < 1, (13)

2de wucaa di u ag onpedesenve 6 (8) u (10) coomeememeeno.

Tozda npu h € [1, 361%} u q = (17h)?M 9 wmeem mecmo pasencmeo
N—h
_ — q
T(N) = Ag(N)gY + Ay(N) N L+ .+ A (NN "M+ 0 <d1p(h)Nl_dl) , (14)
2de seaununv, Aj(N), 0 <1< h—1 onpedeaenn, 6 (12), npuném
3d1p(1)
‘Al(N)| < Ni—di’

p(l) — wucao pasbuenud I, u xonemanma nod snaxom O ne npesocrodum 3.1.
B wacmmuocmu, pasencmeo (14) enpasedauco npu q — 0o, N — 00 u h dukcuposarnnom, a maxoice
N

npu ¢ — 0o, N > 190 dukcuposanrnom u h € [1, m].

TTocsie OKA3aTENBCTBA ITUX YTBEKJACHUN Mbl IPUBOJUM OJMH TEXHUYECKHUN DE3YABTAT U3 Pa-
6ornr [4] Topomenkoro, oTKyma moTydaercs acuMnToTudeckoe pasioxenue 1'(N) mpu
¢V — 00. Mer nokazeiBaem, aro dyskiun ¢, aas koTopeix di € (0,1) u BBIIOJHEHO HEPABEHCTBO
(13), yZIOBIETBOPSIOT TAKYKE M 3TOMY TEXHUUECKOMY YTBEPKAeHNIO. KaK C1e/CTBIE, COOTBETCTRYIO-
mas cymma T'(N) 6yzer IMeTh acCHMITOTHIECKOe pas/IoxkKenue mpr ¢ — 0o0. PaBoTy MbI 3aBeprmaem
npuBeeHneM IpuMepoB DyHKIMA ¢ 1 passoxkenuii coorsercrByomux nm cymm T'(N).

ABTOp 6JTATOTAPUT CBOETO HAYIHOTO pyKOBOAUTEMs — I.¢b-M.H. Makcuma Asnercamaposnda Ko-
posiéBa, 3a TOCTAHOBKY 3aa9W W IEHHbIe 00CY K ICHNU .
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2. /loka3aTeabCTBO Teopembl 1

Iomoxum

(I)(S): 2 : g<F) — —500: T(N)q—Ns
N(F)® '
FeFy[T) N=0
F yHuTtapen

B CIJ1y MYJbBTUIIJINKATUBHOCTU g UMEEM

+00 mq (1)
_ g(P)  g(P? N di | dy )
P menpuBogum
U yHUTApEeH

+o0
= [T @)™,
=1

rae my(l) — 4ducIo HempUBOAUMBIX HAJ mojeM F, yHuTapHbIX MuOorowIenoB cremenn [. [Tosoxum
TaKXKe

fra () = FOL = )M (1 g2y (1 — gy, (15)
Torma ipu k = n u t = ¢ Gygem umers

F@™) = fara(g™®) (A =g )7 (1= g7 e

Orcrona
“+oo

B(s) = (Co(5)" (Go(25)"2 ... (Cons)"™ T (Fnsa(g™))™ .

=1

Hosoxum Teneps z = ¢ %, To(N) = ¢ NT(N). Torga misa £(z), onpeenénnoil paBeHCTBOM

“+oo
£2) = Y ()=,
N=0

OyaeM nMeTh

()= 1=z <1 - f) " (1 - qj:)_h" lijj <fn+1 <z§>>ﬁq(l). (16)

=11 (51 () = oo (S mirona (3)}

=1

Tomoxum

Omnpegenum KO3pPUITHEHTHI ¢, U3 PABTOKEHUT

—+o00

Infra(t) = Y et (17)

v=n-+1

TOT/Ia U3 PABEHCTBA
Infop1(t) =Inf(t) +hiln(1—¢)+...+ hyIn(1 —¢t")
cpaBHeHHEeM KodddunnenTos upu t¥, v > n + 1 moayanm

c=a, 3 0

dlv
d<n
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Orcrona
= 2 =1
wii) = Ym0 fon (5) = X1 St ¥ oy
=1 q =1 d|l ventl
= ad) =] a w(d)g’ey qCu k k
LD IS W TP IS o
d=1 6=1 v>n+1 k>n+1 vdd= k>n+1
1/>n+l
e

A= = { > ndey, (18)
v>n+1

Oupenenum ko3dbduimenrsl By, paBeHCTBOM

ff(ﬁw1(j>)ﬁu-—am{ 3 AM:}zéiz%ﬁ. (19)

=1 k>n+1
Jlerko Busiers, uro Bg =1 u By = Bs = ... = B, = 0. Orcoaa nogyuaem
22 —ho po —hy +00
£z)=(1—2z)M <1—> (1— 1> > Byt =

q q" Py

400 +00 2%k

—h —hg\ z°%2

k 1)\ _k k 2
S0t () ) [ ()
k1=0 ko=0

= h Z"kn =

kn [ ' k
>t () | Bt
kn=0 k=0

CpasrenneM kodhdumuentos mpu 2 Moy

_hl _hn (_1)k1+...+kan
TO(N) = Z < ky > ( k., >qk2+2k3+.‘.+(n1)kn'
k+k1+2k2;€&-;3—nkn:N

y i =

Pazobbém a1y cymmy Ha 3 gacTu:
To(N) = S1 + S2 + S3. (20)
B S} BoitnyT Te crnaraemble, a1g KOTOphIX kK = 0 u
ky+2ks+ ...+ (n—1)k, <n-—1.
B Sy BoiinyT caaraemble, g KOTopbix k=0 u
ko +2ks+ ...+ (n— 1)k, > n.

Hakower, B S3 Boiiayr ocranbhble ciaaraembie w3 To(N), a UMEHHO Te, JJisi KOTOPBIX k OTJIHIHO
ot myas. [lockoabky By = 0 mpu k = 1,2,...,n, 70 B S3 BOWIYT B TOYHOCTU T€ CJIaraemble, Jjis
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KoTophiX k > n + 1. 3amedaeM renepb, uTo

( 1)k1+...+kn

—hy —h, _
S1 = Z < ky > < k,, >qk2+2k3+...+(n—1)kn

ki1+2ko+...4+nk,=N
ko+2ks+...4+(n—1)kn<n—1

1 ki1

n—1 n—1
—h —h
_ 1 1+1 kitkot Ak
St () ()t -
l:O )kl 1_N l:[]

k1 +2ka 4.+ (141
ko+2k3+... 41k 1=l

[Honoxwus Temeps n = N mogyanM, 910 CyMMBI Sy n S3 OKaxKyTcs mycrbiMu. OTcioma

N-1

U JO0KA3aTEJbCTBO 3aBEPITACTCA JOMHOXKEHNEM ITOJTYHYEHHOTO PAaBEHCTBA Ha qN

3. /loka3aTejabCTBO TEOpPEMBbI 2
Jlorapudyupys pasercrso (15) u cpasausas xKodddutments mpu tF, momyamm
dhg
aw =)
dlk
oTKyJia B cuity dopmysibl obpaienus Mébuyca
p(d)ag;a
hy = —_—
k Z d
d|k

B cuuy mepasencrsa (13) npu Beex k > 1 umeem

|| = \Z ak/d\ k) .

k
dlk

Jasee, B cujy TOJBKO 9TO JOKA3AHHON OEHKN 1 HepaBeHCTBA (13) 715t BEJIMYUHBI ¢, OTIPeIETIEHHOT

B (17), uMeeM CJIeIyTOIIYIO OIEHKY

ey =

1 1 1
T DL PR PR SR ) R R U

1% 14 1% 14
dlv d<n

d<n

OmuenuM Tenepsb Beaunansbl Ay, onpenenénnsie B (18):

A4l = | > Luld T B O Y

dév= vk d‘k kqn+l
V>”+1 v>n+l

[Mepeiiném k onenke Beumunn By, onpepenénnnix B (19). Ilpu k > n + 1 umeem

r>1 '11, Sipzn41
i1+.. Air=k

(21)
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IIycrs
I(k,r) =#{(i1,...,ir) €EZ" tipy =2n+1, i1+ ...+ i, =k},

k—nr—1 k" k
I - 1< —
(k,7) < ><(7“—1)!’ " n+1

TOIIa

Jasee, mpu yCaIoBUAX 4y, = N+ 1 w i1 + ... 4 ¢, = k BBITIOJIHEHO HEPABEHCTBO

4bl<n>>7‘ L (b))
g -

|Ai Ay .. Ay | < (

n+1 ik
TJIe
4(nl 1
pn) = Annntnt ) 1),
n+1
Orcrona
I(k 2 (kb)) 1 kb(n)
’Bk|< ( ,T‘) max ‘AqugAz’\Z ( ( )) = < ¢ - .
7’! im=>n+1 " r'(r — ]_) qn+1k qﬁk‘
1<y it A=k r=1
Takum obpazowm,
ekb(n)
|Bp| < ——;
qntt

HamomunM, 9To

_hl _hn (_1)k1+...+kan
To(N) = Z < ky ) ( k, >qk2+2k3+...+(n—1)kn
k‘+k1+2k‘2;€h;0+nkn=N

k7 1=

To(N) = S1 + S2 + Ss,

re BeuduHbl S; ObLTH onpenesensl panee (cMm. crp. 202). B Hamewm caydae cymma Sy gacT BKIAI

B IVIABHBIN WIEH, 8 CYMMBI S u S3 BOUAYT B OCT&TOK

Bosbmém mapamerps ¢ = (en)?") 6 < n < 61 ~» N = 6h,h > 1. PaccmoTpum cragasma cymmy

512

n—1
=Y A(N)g
=0

SRS SIS 01 Il i (o

k1+2k2+...+(l+1)kl+1=N
ko+2k3+... 41k 1=l

rae

st moboro m > 1

m—1 m—1
m —h1 m —d1 d1 d1 1 dledl
0<(-1) <m>:(—1) <m):mH<1+r> —exp{dl ;}\ml—dl'

r=1 r=1

C npyroit croponsl, B cuity yciosus di € (0,1) cipaseinBa oneHka

(—1)™ (‘4”) < d.
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Hasnee, B cuy mHepasencTsa [h;| < 1 g1 KazK0T0 1 MMEET MECTO CIEYIOMasi ONeHKa,

)

[lepeiiném x omenke Beamuannabl A;(N). Ilyers [ > 1, Torma onpesensist Beudauny 6 u3 paBeHCTBA

< 1

2ky +3ks + ...+ (1 + 1)ki41 = 01,

Hymem nvers 1 < 0 < 2. Orciona

]{71:N—ng—...—(l+1)kl+1:N—9l>N—2n.
N
Hockonbky n < g 1 IV = 190, To
—hy d16d1 d16d1 1
0< (1M < = <
() € s = N Ty
d16d1 1 < d16d1 1 < 3d1
N (1 — gbg)imdn = NI (1 — pheyt=di = Ni=d

Tak xak B cymme A;(N) xommaectso ciraraembix pasao p(l) — uucay pasbuennii [, To moryvaem

3dyp(l)

[ AN < Sz

s | = 0 31a orieHKa TaK2Ke BBIIIOJIHEHA, [IOCKOJIBKY

—h diet  3dip(0)
— N 1 1 1p
Ay = (17 () < s < -

OnenuM Tenepb cymmy Sa:

—h —h -1 ki+...+kn
Sz = Z kl kn k(+2k)+ F(n—Dkn
1 - qk2 3+...+(n—1)kn
k14+2ko+...4nkp,=N
k2+2k3++(n_1)kn2n

—h —h
—1 1 ki+...+kn _
Y 4 3 U R TER UL L
kl kn
n<U<N k1+2ko+...4+nkp,=N
k2+2k3++(n_1)kn:l

—h

—1 1

)DIRED DI FRENED DI (Ae) I8

n<i<d BN ki+2ka+..4+nk,=N !
k2+2k3+...+(n—1)l€n:l

Omnpegenss B cymme Wy Bemanny 67 w3 paBeHCTBa
2ko + ...+ nk, = 611,

Oynem nmers 1 < 0; < 2wk =N — 6011 > N/3. Orciona

—hy <d1€d1317d1 < 3d;
kq N1-di =~ N1=di~

0< (—1)’“1<
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—h; . "
OcranbHble MHOKATETN |( k,’)| B cymme Wy onenum ejunurieii. Ilockosbky duciio penienuit ypas-
1

n—1
uernust ko + 2ks + ... + (n — 1)k, = | ¢ Hem3BecTHBIME k; HE TIPEBOCKOHAT W, TO Oymem
n—1)!
UMETh
N _
3d [t = ((+n)"
WAl < N1-di Z (n—1)!¢! ~ NI- d1 (n—1)! Z
n<I<E =0

n—1

Tax xax mepaserctso (I +n)" ' < ¢//? semommeno mpu g > (n +1)**72, 1o

“+o00
ARS 3ds "y g =
=1

3d 1 3.1din™
L n 1 (25)
Nl=di(p —1)lgn Vi—1 Nl-dignp)
B cymme Wy MuoxkuTean \(}hl) |,i # 1 orennuM eaunumeii, a g1s BesmauHbl (—1)F (7];1”) BOCITOJIb-
syemcs onenkoii (24). Torga

di [t diN"
Wil < ——= < .
‘ 2’ N/3 N/3§<N (n—1)! (n — 1)!qN/3

ILOK&)KQM BCIIOMOTaTEJIbHOEC HEPAaBEHCTBO

3.1dn" 3-6°d; N™
nINT=dign = (n — 1)lgV3"

Nlng
Hutst 310 1€/ OCTATOYHO TOKA3ATh, ITO N < ?’lnNilnq. I[Tpu N > 190 umeem
InN

;$“§—1>§ﬁ;n]3—1><1 ln2>_1ln2N (1 ln2)_1 N

> — — T — — >
14+ 3¢ 7 1422 In 190 3 InN In 190 61n N

n.

Orciona mogyaaem

3.1dy (1 + L )nn 3.2dyn"™
S0l < (WA + [Wa| < 2B F sge)n” __3.2dwn

n!N1-dign n!N1-dign’
[Tepexogum K OTeHKE CYMMBI S3.
o — _hl _hn (_1)k1+...+kan <
|S5] = Z ki )\ kn ) ghetkato =Dk | S
k+k1+2ko+...4+nkpn=N
k>n+1

N—-n—1
—h | Bt
k 1 k
(W) Y e

k+2ko+...4+nkpn=N—k;
k>n+1

3aMeTuM Terneph, 9To
N —k—Fk

k2—|—2k:3—|——|—(n—1)k‘n> 5
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Orciofa ¢ yuérom orenku (23) Gyuem umers

N-T hy 1
ki —
S5l < D2 (1) <k1> > R (- h )

k1=0 k42ka+...4+nkn=N—k1 q 2 ntl 1Ing
k>n+1
Tak Kak
1 1 b(n) 1 1 4(lnn—|—1) 1 1 4

1
_ I > -,
2 n+l Ing 2 n+1l Cn+9)nlen) 2 7 21 6
TO BCIIOMUHAs1, 4T0 N = 6h, OyneM uMers

1 1 b(n) n+1
E|l=— - h.
<2 n+1 lnq>> 6 ~

[Mockoabky umciio pertennit ypasuennsi k + 2ko + ... +nky, = N — k1 ¢ HeussectHbiMu k, ko, ..., kn
(N—Fk1)"
7, TO

—h1\ (N — k)"
55| < oo+ ) (_1)k1<k11>( kllih:W3+W4.

0<ki<N/2  N/2<ki<N-T7 n'q

HE TIPEBOCXOIUT

U3 omenkn (24) mosrygaem

len—i-l
Wl < Yih
nlg4
B cymme Wy
—h dyedr2l—d1 die
k 1 1 1
0<(-1) 1( . ) S —yra o S yica
Orcrona

d1€ (N — kl)n . d1€ "
WS g 2 e N 2
1% \<N/2

4nln7 l/4

Tax xak ¢ > (en)?"*? > e” 7 mpmn > 6, To npu | > 7 BemosnHeno HepasencTso " < ¢'/4, orciona

die die
(Wl < Ni=diplgh Z l/4 - Ni-diplgh(q7/4 — ¢3/2)

pu g > (en)? ™ u N > 190 BHLITIOIHEHO HEPABEHCTBO

Nn+1 e
N/ < Ni=di(g7/4 — 2y’

TOLJIA
2€d1

N1-dinlgh(q7/4 — ¢3/2)

193] < [W3| + [Wy| <

Orciona ¢ y9€ToM JJOKa3aHHBIX OIIEHOK

|S ‘ + ‘S ’ < 32d1n” + 2€d1 < 46d1
2 3 X n!Nl—chqn n!Nl_dlqh(q7/4 _ q3/2) n!Nl_dl (q7/4 _ q3/2)qh

Nrak, mpn g > (en)?" 9, 6 < n < gy, n = 6h, h > 1 uveew:

1

T(](N) = Ao(N) + Al(N)q_l 4+ ...+ Anfl(N)q_n_‘_l + @1(h)m,
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Tae
4€d1

01(h)| < .
1S Gy — )

Temeps

_ e _ O1(h
Ap(N)g ™"+ Ayt (N)g " o+ Agr1(N)g 6h+1+N11(dl;h <

dyg" =1 12 3.1d1p(h)
N (3}7( )+3p(n);ql + S P77 SN

mpu q > (en)?™ 9. Takmm o6pasom, paBeHCTBO

o(h)

To(N) = Ag(N) + A1(N)g ™ + ...+ Ap_ (N)g "L + NT-digh

©(h)| < 3.1dip(h),

soinosagercs upu q > (6eh)?M 0 u 1 < h < 361%. JokazarenbCTBO 3aBEPITAeTCA JJOMHOKEHUEM
obenx JacTeil IMOJIyYeHHOIO PABEHCTBA Ha ¢ .

4. CiaencrBue u3 TeopeMbl I'opogenkoro

B pab6ote [4] [opoenkuii J0Ka3bIBAET CIEAYIONIEE YTBEPIK JICHIEe

TEOPEMA 3. ITycmo

a(r) = exp {Z C;:wk} = Zakxk,
k=1 k=0

b(x) = (1 — Z>_ = kzzobkl‘k, ¢ €(0,1)

cmenennsie padst ¢ paduycamu cToOUMOCY He Merbule o u pogno B coomeemcemeenno. Iycmo

npu smom « > B > 0ur = g < %, U 0AA HEKOMOPO20 NOAOHCUMENBHOZ0 Co UMEEM MECO

nepasencmeo |ay| < coa™F. Toeda npu mobom durcuposarmom n >0 u N > n das xoapduyuenma

npu N 6 npoussedenuu a(x)b(x) umeem mecmo pasencmeo

N _ S () 85w
Ma(z)b(x) = by [ a(B) + e @)+ B,
k=1 k ’

r n+1
2de E < ey 0 <N)

ITpumennm a1y Teopemy k dyukimn g(F'), 1 KoTopoit Beinoareno vepasencTro (13). B dop-
myae (16) momosxum ¢ = 2q~! = ¢~%, n = 1. Torma

o —dy [e'e)
> T(N)z" = (1 - ﬁ) exp {qu(n 1nf2(xl)} —
=1

N=0 q

_ (1 - q“_l) . {g/xkq%k} - (1 - q”jl) @)
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o0
L e1 = dy. Ilycts R — pajmyc cXOAUMOCTH paia Y Apg*2¥, rorma B cuny onenkn

k=2

R~! = limsup ¢ k| Aklgd® < /g,

k—o0

[lomoxkum 5 = g~

(18) 6yaem umern

1 1
orcioga R > —. Ilomoxum a = 7, Torga o> 3> 0m
q

B 1 1

r=—

e i
a a2
Hanee, mycts ay = kA", Torna B cuny onenku (21) nmeem

x| < c2(vVQ)*, c2 =4bi(1) = 8.

Takum 06paz3oM, BCe yCJAOBUSA TEOPEMbBI 3 BBITIOJHEHBI, I Mbl IMEEM JIOKA3AHHBIM CJIEIYIONIEe

CHAEACTBUE. Ilycms ¢ — MYyAbIMUNAUKGMUSHAA PYHKUUA, MAKGA ¥MOo O4f 4100020 HENPUBO-
dumozo mmozouaena P u aobozo yeaozo k > 1 ewnoaneno pasencmeo dy = g(P¥), ede {dy}7e, —
PUKCUPOBAHHAA TOCALIOBATNEABHOCTID BEULECTNEEHHVT wucen. Tlonroocum

f(l‘):1+d11‘+d2f132—|—....

Janee, nyemv 0 < di < 1 u npu k > 1 ewnoaneno nepasencmeo klag| < 1, 2de wucaa ay bviau
onpedesennv ¢ (10). Tozda npu N > n + 1 umeem mecmo pagencmeo

_ n k—dy —k
TN = <‘1)N( z@ll>qN (a@‘l) 2 (Ml_)l) qw(’”(q—l)) + R, (26)
k=1 k ’

N

+1
q IR
ede R, <, N d <\/§N> , u a(x) onpedeasemcea beckoneunvM NPOU3GederUeM

1o mq(l)

=1

1
CTOOAULEMCA 8 KPY2E C UEHMPOM 8 HYAE U PAOUYCOM T = ——.

CoOTBETCTBYIOIINIT OCTATOK, KOTOPBIH MOIYIAETCS U3 TEOPEMBI 2, UMEET BU/I

qN

/
Ry, < N1-di gnt1’

IIpu BhIMOTHEHNH yCI0BHI TeopeMbl 2 nmeeMm R, = o(Ry,) mpu ¢ — oo u N > 190 dhukcupoBaHHOM.
Hamee, B ciaydae ecau ¢ — 00, N — 00 mMeeM

R <, R, mpu N> < q, R, <, R, npu q< N

3aMerum, ITo
+oo

) RN = 1

alg™) =TT (f2la )) =1+) By=14+0(-).
=1 k=2 4

Orciona cneayer, uro dopmyaa (26) gaér acumnrormyeckoe pasnoxkenune T(N) npu ycaosuu

¢ — oo B ormrane ot dopmyast (14), B KoTopoit Tpebyercs, uTobr ¢ — 00. B wacTHOCTH, bopMyta

(26) naér paznoxenue T(N) npu dbukcuposanrom ¢ u N — 00.
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5. Ilpumepst
BquI/ICﬂeHI/IH ITOKa3bIBAIOT, 9YTO
e hy =di;
di(dy +1
. h2=d2—71( s );
2
di(di — 1)

o hy=d3—didy+ 3 ;

VkazaHHbIe BEMUUHBI hj TIO3BOJISIOT BBIMUCATH TepBbie Tpu 3uauenus A (V).

o Ag(N) = (M)

o () = (579 (- A,

- di(di — 1 - RO
o Ax(N) = (") <d3 —didy + 1(§3)> +("30) (1+d2 21 2 )i

B cBowo yuepeap, ykazanubie Bennanibl Aj(IN), T03BOJISAIOT BBIMCATH [EPBBIE TPU CJaraeMblX B
IVIABHOM WIEHE aCUMITOTUKHU, HoJiydatoreiics u3 reopeM 1 u 2. iMenno, nmeer mecto (opmysa

N
) <d1 +]]\>7—1>qN <1+ (dl(f}v)_l) <d2_ dl(d12+ 1))(]1+
2

N di(d? —1 N 1+d _ di(dai+1)
{(dl%)_l) (dg—d1d2+ 1(%3 )>+(d1(+;§v)_1)< I y )}q2>+R,

quS

Nl—d1

rie R <y ¢V73 npu somosmennu ycnosumit Teopemsr 1 u |R| < 9.3 - dy IIPU BBITIOJTHEHUHT

YCTIOBUI TeopeMbl 2.

Harrreit 61mzkaiitieii 1meibi0 6y 1eT yCTaAHOBIEHNE JIETKO MPOBEPSIEMBIX JTOCTATOIHBIX YCIOBUIH BbI-
nosTHeHnsT HepaseHcTBa (13) Teopembr 2. JIist 9TOr0 HaM MOHATOOUTCST PEKKYPEHTHOE COOTHOIIICHHE
JIIST TIOCTIEIOBATENHHOCTH (g, onpenenéunoit B8 (10). Tna dbynkuun f, onpenenénnoit B (9), nmeem

dinf(t),  df(t)
—a W=7

PaBEHCTBO

PacknagpiBag obe 9acTh paBeHCTBA B Ps IO CTEIEHAM t W CPaBHUBAs KO3 UIMEHTHl Ipu t",
TTOC/TIE HECTIOXKHBIX MTPEOOPAZOBAHUN TOTYIUM

1 n
nt1 = o= ((n + 1)dps1 — ;kakdnﬂk) , n =0,

B 4acTHOCTU a1 = dj.

IIPEAJIOXKEHUE A. Ilycmv ¢ — MyasmuniukemusHed GYHKUUAL, MaKei 4mo dad 4106020
HENPUBOIUMO20 MHO20uAeHe P u a106020 yeaozo k > 1 ewnoaneno pasencmeso dp = g(Pk), ede
{dp}r2, C R — durcuposannas nocaedosamenvrnocmo. Ilycmo npu smom

® dl € (07 1);

® dyy1 < dpmupuk > 1;
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o kdp < (/{ + 1)dk+1 npm k > 1.

Toz0a dasn cymmve T(N) umerom mecmo pazaoscenus (14) u (26).
JOKABATEJILCTBO. JocTaTo4HO TpOBEPUTD, 4TO 1ipu k > 1

1
0<ar< T (27)
JlokazaTeabCTBO TPOBeaEéM WHAYKIMei o Beauunte k. [Ipu k = 1 umeem
ap =d; € (0,1).

[Tycts Temeph HepasencTBo (27) BBIMOTHEHO Tipu kK = 1,...,n, n > 1. JJokaxeM, 4To Hepa-
BEHCTBO BBINOIHEHO U ipu k = n + 1. B cuty ycioBuit npemiokeHns u MPeAno/I0KEeHUT WHTYKITUT
AMeeM

1 n
Gn+1 = nrl <(n + 1)dpt1 — ;; kakdn+1k> =
n—1 n—1
T ((n + 1dpy1 — ndy + ndy, — ; kayd,_j + ; kag(dp_j — dps1—1) — nand1> =

n—1
1
nt1 ((TL + 1)dn+1 — ndn + (1 - dl)nan + Z kak(dn,k - dn+1k)> > 0.
k=1

C nmpyroii CTOPOHBI, B CHJIY TIPETIOIOKEHUST WHTYKITHN

n—1
1
angt = —— ((n + Ddny1 — ndy + (1= di)nan + Y kag(dn_i — dn+1_k)) <
k=1

n—1
1
n+1 <n(dn+1 - dn) + dn-‘rl + (1 - dl) + Z(dnfk - dnJrlk)) =
k=1
(0 1) (st — d) +1) < —
n+ 1 n+1 n A n+ 1-

Takum 06pazoM, MPEJIOKEHNE JOKABAHO.

[TPEATOXKEHUE B. Ilycmb g — Mysvmuniukamuenas GYHKUUAL, MaKxas 4mo 0af 1006020
HenPueoouUMO20 MHozousena P u 106020 yenozo k > 1 evinoaneno pasencmeso d, = g(PF), 2de
{dp}72, C R — durcuposannasn nocaedosamenvnocmo. Tozda, ecau dy € (0,1) u daa aobozo n > 1

UMEETT MECTIIO HEPABEHCINGO
n

> ldi| 4 (04 1)]dnga| < 1, (28)
k=1
mo das cymmoe T(N) umerom mecmo pasaoocenus (14) u (26).
JOKA3ATEJILCTBO. JlocTaTodHo MOKa3aTh, 9T0 HepaBeHCTBO (28) Bieuér HepabeHCTBO (13).
JlokazarenbCTBO NpoBeaéM nHayKnueh no seuaunne n. [pu n = 1 umeem a1 = d; € (0,1). Orcrona
’CL1| < 1.

1
ITycts Teneps mokasano, 9To |ak| < 7 1<k<n, n>1. Torua
1 n
|ang1] < p—— <|dn+1’(” +1)+ ; |kakdn+1—k|> <

1

1 n
d 1 Aot nl | < ——,
n+1<| 1] (n + )+kZ:1|n+1 k) 1
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uro m Tpebosanoch gokazarh. [IpuBeném npumepsl (hyHKIUNE ¢, YABOBIETBOPAIONIUX yCIOBHAM
IpeIIoKeHnsT A:

e g1(F)=(7(F) ™™, 0<a<l.

o po(F) =) 0<c< 1.

. Tm(F) m
° g3(F) - Tm_t,_l(F)’ 2 2
.g4(F):T(;T),T21

[TpuBeném Takzxke mpuMepsbl GyHKINH ¢, AT KOTOPBIX BBIMOJIHEHO TpetoxKenne B:

o g5(F) = (r(F))™, a>2.

1
* 96(F) = — )’ m >3
. gi(F) = ! k22 1
(Tona (D)™ - (7o, (F))
e g3(F) = ! r>1,m>3
g8 - Tm(FT)v = =

st dyukuun g1 yenosue kdy < (k + 1)dg11 paBHOCHIBHO HEPABEHCTBY

TR R
E+1/) = kE

OcraJsibHble yCJIOBUS JIIst g1 OYeBUHO BbinoaHenbl. st dyukmii g, k € {2, 3,4} ycaosus npes-
JIOKeHUA A JIeTKO TPOBEPHIOTCA.

1
s byaxmun gs umeem dy = gs(PF) = W Orcroma nmpu o > 2:

3 1 n+1 Z": n+1
kzl(k+1) (n+2) S Gri2 nt2)
2 +o0 2 +o0 2
s 1 n+1 s dt n+1 m
1= + <——-1-— — 4+ —< —-1<1.
R e AN TR LA fow 7 mE <%
Jlist pyHKINT gg TOJIydaeM
1 2
dk:gﬁ(Pk)_ X m =z
(m;:ff) (k+1)(k+2)
Orcrona
n 9 N 2n+y 4 <1
Z(k+1)(k+2)  (n+2)(n+3) " (n+2)(n+3)

st pyukimit g7 u gg npezjioxkenne B BHIIOJIHEHO B CHIYy OYEBUIIHBIX HEPABEHCTB

g7(P*) < g5(P*) mpm o = 2, gs(P*) < g6(P").
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Tlepeiiaém k kKonkpeTubiM mpuMepam. Beioay amke F mpoberaer yHUTapPHBIE MHOTOYIEHBI CTEIIe-
uu N. Cnenyroriue 1Ba nmpuMepa oTHocaTCs K Teopeme 2. [Ipu ¢ — co u N 2= 710 ¢dukcupoBaHHOM
unpu ¢ — oo u N — 00 umeem

1 ¢N[((2N 2N —4\ _,; 2N — 6 2N —8\\ _, '
> 2w(F)_4N<<N>+2<N—2>q +<8<N—3>+18<N—4>>q + Ry

deg F=N

> - w (V)50 GO )5 (5 0) ) e

deg F=N

N-3
roe R, Ry < QW ¥ KOHCTAHTA TTOJT 3HAKOM < He TPEBOCXOIUT 3.

Chenyromiye gBa NpUMepa OTHOCSTCS K CJEJCTBUIO U3 TEOPEMbI 3.
pu ¢V — 0o nmeem

mq(l)
1 (2N) gV =05 2t —1 7
Z QW(F):CO‘]X/QN"’_O(NLE))’ CO:H ;

2 q2l _ ql

1 (N) N g0 +oo l l ¢ mq(l)
Z T(F):Cl.TNq +O<N1~5>’ Clzn(\/qQ—qlnql_l> .

deg F=N =1

Cremyromiue geThipe MpuMepa OTHOCITCS K Teopeme 1.

k+r—1 .
> om(F) = (( bl >]\;FN 1>qN+ON,k,7- (Y, N>1, ¢— o0
deg F=N

D m(F?) = 56¢° — 36¢% + 8¢;
deg F'=3

F )
deg F'=3 ZW( ) 16

Z 1 15¢° —¢*—2q
(F) 48 ’

6. 3akJIroueHue

OTmMmeTnM B KauecTBe 3AKJIIOUEHU A, 9TO IIPEACTABIACT UHTEPEC PCIIeHe PAaCCMOTPEHHbBIX HaMU
3aJa4 B KOJIbIlE MHOT'OYJIEHOB MHOI'HX II€PEMEHHBIX HaJl KOHECYHLIM I10JIEM Fq.
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TThis paper is devoted to the approximation of a quadratic algebraic lattice by an integer
lattice. It calculates the distances between a quadratic algebraic lattice and an integer lattice
when they are given by the numerator and denominator of a suitable fraction to the square root
of the discriminant d — of a square-free natural number.

The results of this work allow us to study questions about the best approximations of
quadratic algebraic lattices by integer lattices.
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Tocsawaemcea Huxonrarw Muzatsosuuy obpososbcromy
N0 CAYUAI0 €20 CEMUIECATNUNETNUA

1. BBenenue

B pa6ote [6] paccmarpuBanock KpagparmdHoe nmone F' = Q(y/p), Tae p — mpocToe YHCIO 1
p = 2wmwm p = 3 (mod 4). /ns HET0 KOJIBIO HEJbIX AJrefpanvecKux uucen Zp UMeeT BUJT:
Zr ={n+k\/pln,k € Z}.

B cirygae nponssobaOro pagukana d > 1, T. e. uncaa ¢cBOOGOIHOTO OT KBaApaTa, /s KOJIbIIa Ie-
JIBIX AaredPanvIecKuxX dnces Zp KBaAPATUIHOrO mojas F = Q(\/;i) VMEETCd JIBA PA3JIUIHBIX CAydasd
(em. [10], ru. 4, cTp. 309):

nepsblii caydaii, korga guckpumuaanT d = 2 nan d = 3 (mod 4), B 9T0M coryuae
Zr = {n+kVdn,k € Z};

BTOPO#i caydaii, korpa auckpumunadT d = 1 (mod 4), B 9T70M Ciydae
Zp ={n+ kwln,k € Z},

)

r7ie 1esoe anrebpaniecKoe Yucio w = —o
Yepes A(F) obosnagaercsi anrebpandeckas periérka moJs F:

A(F)={(6W, 00 =6 ez}

1 00, 03 — nenpie anrebpanteckn CONpPsKEHHBIE THCIA.

B pabore [5] paccmarpuBalicst BOIPOC 0 BBIYUCJICHUM DACCTOAHUS MEXK/ly perérkaMu: ajrebpa-
naeckoit Ay, (F') n nenouncaennoit A, (p) asist caygas npocroro p Bujga p = 2 u p = 4k + 3.

B paborax [1], [4]-{7] ABymepHble pemiérku u3ydasuch ¢ TOYKKU 3PEHHsi LOCTPOEHUS JIBYMEpD-
HBIX THappaJuiesenunelaJbHbIX CeTOK g KBaJAparypHbIX dopmysa. B gamuoil pabore nac Gyjer
MHTEPECOBATH BOMPOC O MPHUOJNKEHNN KBAIPATAIHBIX alreOpandecKuX PereéToK MeI0InCIeHHBIME
peméTKaMmu B METPUIECKOM TPOCTPAHCTBE pemérok. [lennio manroii paboThl OyaeT paccMoTpeHune
cJIydas IpOM3BOIBHOTO KBagpaTmaHoro moas F = Q(Vd), tme d > 0 — pajguka, T0 ecTh Ipous-
BOJILHOE HATYPAJTBLHOE 9UCJIO CBODOIHOE OT KBaIPATOB.

Kpowme sToro B pafore GyayT yCTAHOBJIEHBI JBa OOIMUX CBOMCTBA METPUKH Ha IPOCTPAHCTBE
PEréToK, COTrIacHO KOTOPHIM PACCTOAHUE MEXKLY PEMETKAMU HEe MEHSAETCH, €CJW NX YMHOKUTH Ha
OJIHO W TOYKE HEHYJIEBOE UYHCJIO W PACCTOSTHHUE OT PEIIETKH 10 (DYHIAMEHTAJILHON PENIETKH PaBHO
PACCTOAHUIO B3AMMHON PEIMETKH 10 (PYHIAMEHTAJLHON PeréTKn.
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Heobxomumo cpazy 0TMETHTB, UTO MPUAETCA Pazduparh ABA CAydas JUCKPUMUHAHTE, d:

HEepBLIH caydail guckpuMuHanTa d = 2 win d = 4k + 3;

BTOpO#l ciryuail guckpumunaaTa d = 4k + 1. DToT BTOpoil caydail juckpumMuHanTa Oyger pas-
6UBaTHCA Ha B MOICTYIad:

MEPBBIA MOJICTyYall, KOTa YNCANTEND W 3HAMEHATETh P, U Q) TOAXOIAIIEH Jpobr K KBaIpa-
TUYHOI HPPaIMOHAILHOCTH \/ d NMEOT Pa3HYIO YeTHOCTD:

BTOpOH TOACayYall, KOTa YUCIUTETh U 3HAMEHATEbh 008 HeUeTHbIE HATYPAJbHBIE YHCTIA.

Ha mporsxkenun Beeit paboTst HyayT COXpaHaTbCS 0003HATEHUSA U UCIIO/IH30BATHCA CBEICHUST U3
paboTsl [5].

Takum o6pasom, B nepsom ciayaae O = n+kvd, 0@ =n—kV/d n ke Z a0l 6@
— KopHH ypasHeHnsa r2 — 2nx + n? — dk? = 0. Basuc pemérkn A(F) mveer Bum; X = (1,1),
Xo = (vVd, —/d), a gerepmumant pemérku det A(F) = 2v/d.

PaccMorpum pasiozkenne v/ d B IENHYIO TEPHOIHIECKYIO IPOOD:

1
Vd=qo+ (a1, 290)] = g0 + N
+
q . 1
—
2q0 + !

q0 1

qQ+—
¢ nepuogoM (q1, - - -, qn, 2qo). Hepes S—Z 0603HAUAETCS M-as1 HOAXoAsmas 1pobs K v/ d. Takum 06-

pasom,
\/&:gzqt(_g;em, Qm\/E:Per(_g:gm, 0<lp<1 (m=0,1,..). (1)
Yepes Ay, (F') obozragaercs amrebpandeckast PEMETKA 3a/1aHHAsT PABEHCTBAMMA:
A (F) = {(Qu(n + kVd), Quin — VD), k € Z},
a gepe3 Ay, (d) — memouncaeHHas peméTKa 33/ [aHHas PABEHCTBAMMA:
A (d) = {(Qun + kP, Qun — kPp)|n, k € Z} .

Bazuc pemérku A, (F) umeer Buj Xml = (Qm, Qm), Xmg = (Qm\/ﬁ, —Qm\/a), a JeTepMH-
nant pemmérku det A, (F) = 2Q2,V/d.

Mg meoancaennoit pemérku Ay, (d) 6asuc mMeer Buj Xm,l,Z = (Qm,Qm), melz = (Pn,
—P,,), a nerepmunant pemérku det Ay, (p) = 2Q, Pr,.

Bo BropoM ciyuae, Korma d = 1 (mod 4), bt mmeenr O1) = n+kw, ©®) = n+k(1—w) n, k € Z
u O, 0@ — kopuu ypasmenns 2 — (2n — k)x 4+ n? 4 nk + %de = 0. Bazuc pemérkn A(F)
MMeeT BUI A = (1,1), Xy = (w,1 —w), a gerepuunant pemérku det A(F) = /d.

Yepes A, (F') obosragaercst anrebpamdeckast peréTka 3aaHHas PABCHCTBAME B 3aBHCHMOCTH
OT JBYX CIIyYaeB:

eciu Py, u @y, — pa3Hoil YeTHOCTH, TO

An(F) = {(@n(2n + k(1 + VD), Qu(2n + k(1 = Va)ln. k € 2},

a uepes Ay, (d) — nenouuceHHas peméTKa 33 aHHAS PABEHCTBAMU:
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Basuc pemérku A,,(F') umeer Bug Xm,l = (2Qm, 2Qm), Xm’g = (Qm(1 +Vd), Qum(1 — Vd)),
a nerepmunant perérki det A, (F) = 4Q32,V/d.

g nenouncaennoit pemérku Ay, (d) 6asuc nmeer Bug XmJ,Z = (2Qm, 2Qm), Xm,Q,Z = (Pn+
+Qm,y Qm — Pn), a gerepvunant perétku det Ay, (p) = 4Qm Pn;

ecau P, u @, — 00a HeueTHbIE YHUCIA, TO

A (F) = { (Qm <n+k1+2\/a> ,Qm <n+k12\/a>>|n,k62},

a gepe3 Ay, (d) — memodncIeHHas peéTKa 33/ [aHHasT PABEHCTBAMM:

1= { (G 47280, P )

an+k

n,kEZ}.

Basuc pemérku A, (F) umeer Bu Xm,l = (Qm, Qm), Xm,z = (Qm 1+2\/E, Qm1_2ﬂ> , & Jerep-

vumanT penérkn det A, (F) = Q2,V/d.
s menounciennoit pemérku Ay, (d) 6asuc uveer Bu Xm,l,Z = (Qm,Qm), )_\)m,gz = (
Qm_PTVL
2

Prn + Q’rn
2

)

, a merepMuHAHT permérku det Ay, (p) = QP

2. JIBa 001X CBOMCTBA METPUKMN HA IMPOCTPAHCTBE PENIETOK

Kak u3Bectro (cM. [3], cTp.165) MHOKECTBO BCEX S-MEPHBIX PEIIETOK 00pa3yioT MOJHOE METPH-
YecKoe IPOCTPaHCTBO oTHOCHTenbHO MeTpukn p(A,I'), KoTopas 3ajaHa paBeHCTBAME

p(A, 1) = max(In(l + p), n(1 +»)), p= inf [|A-Ef, v= inf [B-E,

1 ... 0 X o
. . , Hpumt=j,
Es = : . : = (5ij)1§i,j<8’ (51] = { 0
0 ... 1

o All=s-
wpu i g, A= el

Jst nponsBosibHO# perérku A pacemorpuM eé paauMiuyto pemérky A* = {Z|(Z, y) € Z,Vy € A}.
Ecim A — eé GasucHas MaTpHIa

ari1 ... Qigs

—

A= . Aj=(aij,...,as5) (j=1,...,5) — Gasucable BEKTOPA,

g1 ... Qg

10 st GasucHoit Marpuisr A* mveem pasencrso A* = (A7 T,
TEOPEMA 1. [aa awbot pewémxu A cnpasediuso pasencmeo p(A,Z°%) = p(A*,Z%).
JIOKABATEJILCTBO. Tax Kax jist mo6oit pemérkn A = A-Z°, 75 = A7V A, 1o A* = (A=) 1. 722,
75 = AT - A*. Tlosromy

sy . . . _ . -1 _
p(AZ°) = max(In(l + p), In(1+v)), p= f [A-E, v= inf [A™~E],

p(A*,Z°) = max(In(1 + p*), In(1 + v*)),

* = inf AW —FEJ, v'= _inf |AT — E.
I A*:(Afl)T.Zsll( ) sl rinf | sll

Orciona coeayer, uTo (4 = v*, v = p*, 9TO JOKA3BIBAET YTBEPKIACHUE TeopeMbl. [

TEOPEMA 2. Jlaa mobozo t > 0 u a0bwx pewémox AN u ' cnpasedauswvi pasencmea
p(tA ) = p(A, 1), p((tA)*, (t1)*) = p(A*, ™).

JIOKA3BATEJBCTBO. [Heftcteuresnnio, ecmtu A= A-T, T'=B-A, totA = A -, tT' = B - tA,
9TO W JOKA3bIBAET YTBEpXKAEeHUE TeopeMbl. [
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3. Boeruucaenne PacCcCTOAHMA AOJId IIepBOro Cjay4vad UMCKPHUMMHAHTA
I1oJId

Ob6o3naunm vepes A, 6azucHyto mMarpuily permérku Ay, (F):

Am=<Q’” Q’”’W>, A;ﬁz( B g )

Qm —QmVd 2QmvVd  2QmVd

a gepe3 B, — 6asucHy MaTpuily pemérku A, (d):

1 1
Bm:(Qm P ) Bm1:<2qm o )
Oycre Cpy = B ALY, Dy = Cot = A BLY, Ly = 1s0(Ay (F), A (p)) w0 o = 180(Agn (), A (F)).
Torna Cy, € Iy, Dy, € Jp,. Honoxum vy, = ||Cry — Ea||, o = ||Dim — E2||.

JIEMMA 1. Cnpasedausv pasencmea

L Orm O
" (_1)m0m +PQO’ Him = PQO.

JOKA3ATEJ/ILCTBO. Jl0C/I0BHO TIOBTOPSIOTCS PACCYKIECHUS U3 JI0KA3ATEIbCTBA JeMMbI 1 pabo-
o1 [5] ¢ 3amenoit |/p wa Vd. O

JIEMMA 2. Ecau pewémsu A = AZ? uT = BZ? ¢ 6asucnvmu mampuuyamu A u B, coomeem-
CMBEHHO:

0 1 1
s Q P+ Qa A1 21Q le
Q —P- P+

Q
1 1
(3 5) re(3 4
Q -P 3P ~3p

C8A3AHDL COOMHOWCHUAMUY

A= BT, B —AB~! — <1+2PQ 2P%>>

o)

0<l|0|<1l, PQEeN, PQ>1

L+ 5pg
9 [ :
— A*A, A*=BA'= ( +PQ) . i( +sz) ) :
(9+PQ) 2(0+PQ)
19 el
— A — Byl = , — |B* — B, - o) < 1,
vo = || 2l 0+ PO po = || Il = PO’ g0 = max(vp, o)

MO OAA PACCTNOAHUA MENCOY IMUMU PEULEMKEAMU CTIPAGECAUBO PAGEHCNEO
p(A,T) = In(1 + o).
JTOKABATENLCTBO. Cum. [5]. O

TEOPEMA 3. Ilpu Py, > 2, Qm = 2 cnpasedauso pasencmeo

P(Am(F), Am(d)) = In <1 + max <(_1)m9:71 PnQm’ Pjgm» '

HOKA3ATEJNBLCTBO. [losmoxkum B memme 2 A = A, (F), I' = A, (d), A = Ay, B = B, Torma
MOIYYUM YTBEPXKIACHUE TEOPEeMbl. U
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4. Berauciaenne PaCCTOAHUA OJId BTOPOIro Cjy4vad JUCKPHMWMHAHTA

0Jisd, IIEPBBIN MOCJ/IyYail
ITycrs Teneps d = 1 (mod 4) u uncaurens u 3uamenarens P, u @, noaxojsmeil 1pobu K

KBaPATHYHON MPPAIMOHATLHOCTH /d HMEIOT Pa3HYIO YeTHOCTb.

Ob6oszraunm B 9TOM Caydae uepes A, 6asucayro marpuiy pemérku A, (F)
An:<2Qm Qmﬂ+w@)>7 Aﬁf:<4£;% o )j
2Qm Qu(1 - Vd) 2Qmvd  2QmVd
a depe3 B, — 6asucHyo Marpury peméTku Ay, (d):
Ppn=Qm  PntQm
1PpQm  APnQm ) )

By, = < 20m Gt Lo ) B, =
2Qm Qm - Pm m _2Pm
Oycre Cp, = B AL, Dy = Col = Ay BY, Iy = Iso(Ay (F), Ay (p) 1t o = Iso(Ap(p), A (F))

0

Torna Cy, € Ly, Dy € Jpy. Homoxum vy, = ||Cry — Esl|, pom = || Dm — E2|-
L, = _om

Om

JIEMMA 3. Cnpasedausv, pasencmea
~ ()"l + PnQm”

Um =
HOKABATEJILCTBO. HenocpencTeennbie BEIYUCTEHUS JAIOT IS Vi U [y, TEXKE 3HATECHUST U ITO

u B yiemme 1. O
TEOPEMA 4. Tasnd =1 (mod 4), ecau wuciumensv u snamenamens Py, u Qp, nodrodawed dpo-
6u K Keadpamuunoti uppayuonasvrocmu ' d umerm pasuylo wemmuocmo, mo npu Py =2, Qp > 2
CNPABEOAUBO PABEHCMEO
O [ >>
(_1)m9m "‘PmC?m7 PQO '

p(Ap(F), A (d)) = In <1 + max <
JOKA3ATEJLCTBO. B cuty nemmbr 3 npumennma jsemma 2. Ilosromy, momoxus A = Ay, (F),

I'=A,(d), A= A, B= By, 1o1y4uM yTBepXKJeHNE T€OPEMBbI. [

5. Beraucnenne pPacCTOoOdHMNA [OJid BTOPOro cjiaydvad AUNCKPpMMMHAHTA

):

I0Jid, BTOPOH IOACJIY 9Yail
IMycrs Teneps d = 1 (mod 4) u wucaurens u 3aaMenarens P, n @, noaxoaameii xpobu k
KBaIPATHYHON MppammonaabrocTn v d 062 HedeTHbIe.
O6o3nauumM B 910M Ciayuae uepes A, 6asucayio marpuiy pemérku A, (F
Vid+1 )
)

14vd Vid—1
A, = ( Qm le_{/a ) , Al = ( 2an¢3 2le\/8
Qm Qm D) Qm\/a - Qm\/a
a uepe3 B, — 6azucuyo Marpuily pemeérku A, (d):
Pm_QT"/ P7n+Qm >
2P"iQ'"L 2P77L?77L .

Q Q77L+Pm _
( " szPm ) Bml =
P, ~ Pnm

B, =
Qm 5
m = C;LI = AmBn_@la L, = Iso(Ap (F), A (p)) 10y = Iso(Asn(p), A (F))

[ycrs Cy, = B AL, D
Torna Cy, € Ly, Dy € Jp. Hosoxum vy, = ||Cry — Esl|y o = || Dm — E2||-
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JIEMMA 4. Cnpasedausv, pasencmea

L O, O
D) 0 + PrQr’ '™ PoQm

JTOKA3BATEJIBCTBO. HemocpencTBeHHBIE BHIYNCIEHNST JAIOT IJIST Uy U MWy TEXKE 3HAUEHUSI U 9TO
u B aemMMax 1 u 3. O

TEOPEMA 5. Jlasa d = 1 (mod 4), ecau wucaumenv u snamenamenv Pp, u Qp, nodrodawed
dpobu % Keadpamuyunol uppayuonassrocmu \'d oba newemmwve, mo npu P = 2, Qm = 2 cnpased-
AUBO PABEHCNEO

p(Am(F), Am(d)) = In <1 + max <(_1)m92m+ PnQm’ Pjgm» '

JOKABATEJILCTBO. B cuty nemmebr 4 npumennma gemma 2. Ilosromy, momoxus A = A, (F),
I'=A,(d), A= A, B= By, TOIyIuM yTBEpKJIEHNE T€OPEMBbI. [

6. 3akJIroueHue

W3 Teopem 3, 4, 5 ciejiyer, 9TO MOCTPOEHHBIE TEJI0YUNUCIEHHBIE TPUDJIMKEHUS AJIredpaniecKux
pemérok A, (F) ¢ pacrymuMm JeTepMUHAHTOM IPUOIMIKAIOTCA 1EeJOYUCIEHHBIMEI DEIIETKAMEU CO
cxopoctnio O (det™ Ay, (d)).

Teopema 2 MO3BOISIET YTBEPKIATH, 9TO C TAKOH-Ke CKOPOCTHIO KBajparuunas pemérka A(F)
npubJMzKaeTcd PalUMOHAJILHON pelérkoii co 3namenaresnseMm Q = O ( det Am(d)).

B pa6orax A. B. Muxusesoit [7]-[8] uzyuatorca stu npubiikeHns ¢ TOYKU 3PEHU HOCTPO-
eHus KBaJpaTypHbIX (opmya. KauecTBo COTBETCTBYIONUX CETOK MOYXKHO PACCUYUTATH C MOMOIIBIO
6eicTporo aaropurMa us paborst [1].

B pabore A. B. Pojguonosa [9] nokazano, 4ro juist JaHHBIX [1€J109UCAEHHbIX TPUO/IMKeHniT ail-
rebpanvIecKuX KBaJAPATUIHBIX PEITETOK MOXKHO MOCTPOUTE 3(MEKTUBHBIE AJITOPUTMBI BHIYUCIEHWST
TUIEepOOTUIECKOTO TTapaMeTpa PEIIETKH W sIBHO OMUCATh MUHUMATHHOE MHOXKECTBO BBIKOBCKOTO.

Bripaxkaro cBoro biaromaprocTh HaydHOMY pykooanTeso mpodeccopy H. M. obposoabckomy
3a MOCTAHOBKY 33JIa9W, TTOJIe3H0e 00CyXKIeHNe U TOCTOAHHOe BHUMaHWE K pabore.
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AnHOTanusa

Jlannas paboTa MOCBAINEHA BOMPOCAM IMOCTPOEHUsT OBICTPHIX AJTOPUTMOB BBIUYHCIEHUS
dbyHKIME KadecTBa pAINMOHATHHBIX CETOK, MPUOIUMKAIOININX KBAIPATUUYHBIE anrebpandecKkue
CeTKH B ODIIEM CIydae MaKCUMATbHONU PEIETKY MEIbIX aIredpandecKux 4uces.

ITokazamno, 4T0 0OOOMIEHHAS MAPAJIIETENNANEIATbHAS CETKA, TPUOINKAIONAA KBAIPATHI-
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Abstract

This paper is devoted to the construction of fast algorithms for calculating the quality
function of rational grids that approximate quadratic algebraic grids in the General case of the
maximum lattice of integer algebraic numbers.

It is shown that the generalized parallelepipedal net approximating the quadratic algebraic
net is parallelepiped.As a consequence, an algorithm for calculating the quality function for
O (In N) arithmetic operations is constructed.

Keywords: quadratic fields, approximation of algebraic grids, quality function, generalized
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Iloceswaemes Huxoaaro Muxatinrosuuy Jobposossckomy
N0 CAYUAI0 €20 CeMUIeCAMULEMUSA

1. BBenenue

B pabore [2| paccmarpusasnocs kpazparmuanoe mone F' = Q(y/p), tme p — mpocroe 4muciao u
p = 2wmwm p = 3 (mod 4). i HEro KOJBIO TEJBIX aJrefpandecKux dnucena Zp UMeeT BUJL:
Zp = {n+ k\/pln,k € Z}. B pabore [3| st nccieposanus ObLii IPOJOKEHBI U ObLIa HAfICHA
dopma pynkunn kavecrsa H (M (A, (p))), koropast nozsoasier eé Burancaath 3a O(In N(Py,, Q)
apudMeTHUYecKuX onepannii. B mamHoit paboTe OymeT paccMOTpeH OOInit caydail KBaIpaTHIHOTO
noss F' = Q(V/d), te auckpuvuHanT 1015t d — TPOM3BOJIBHOE HECKBAIPATHOE HATYPATHLHOE THCIIO
6osbiie 1, WM Kak WHOTJA FOBOPAT d — pajuKaJl.

Yepes A(F) obosnagaercs: anrebpandeckas periérka moss F:

AF)={(©W,0®)0 =6 ezr}

1 O, ©2) — nempie anrebpandecky conpsKéHHEbIe TCTA. TeOPHS MTOKA3BIBALT, UTO 3/6Ch MMEIOTCS
JIBa, IPUHIUIINAIBHO PA3JIMYHBIX CIydasd:

d=2wnumd=3 (mod 4)

u Apyroii caydaii, korga d = 1 (mod 4).

2. OcHOBHag JJeMMa O TEJOYNCJIEHHBIX JTBYMEPHBIX PENIETKAX

PaccMOTpuM TPOM3BOIBHYIO IBYMEPHYIO IeIodncaennyio penétky A C Z2. IIycTs oma mMeer
basuc A1 = (a,b) u Aoy = (¢,d) ¢ nerepmunantom N = detA = |ad — be| > 1. Cunenyrommas
JIeMMa, OTBEYaeT Ha BOOPOC, KOTJa peIréTka A OymeT pemeéTKoil pellmeHwii JTUHeHAHOrO CpaBHEeHUS

A(n,N) ={(y,z)|xr +ny =0 (mod N)}.

JIEMMA 1. ITyemv a > ¢ > 0, (a,¢) = 1 u N = ad — be > 1, mozda A = A(n,N), 2de
n=(—1)Qi_1b— P_1d) u P_1 — wucaumean, Q;_1 — snamenamens | — 1-oti nodzodsweti dpobu

Ons pasaodicenua dpobu ¢ 6 uennyio dpobv:

1 B
1 Qr

a
~ =agp+
C
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JIOKA3ATEJ/ILCTBO. Paccmorpum 6asucuyto marpuity A pemérku A:

a b
A=
(¢ d)
U YHAMOIYJIAPHYIO Marpumy B:

B ( (_1)l:in_1 (—1);131—1 ) ’

Bl = (-1)"'Qii1a+ (-1)'Pjc = (-1)""H(PQi-1 — QiP_1) = 1.

s 6azucuoit marpumet C = B - A nmeem:

o < (—1)5‘2@_1 (—1);1%_1 ) < “ Z) _ < (1) (—1)l—1(§20;__1zc— P_yd) ) _ ( 1

0 N

)

Crenosarensro, pemérka A = {(x,—nx + Ny)lz,y € Z} = {(z,y)|ly + nz = 0 (mod N)}, uro n

JOKa3bIBACT YTBEP2KIACHNE JIEMMBI. O

3. Ilepssoiit cayyaii JJid JUCKPUMUHAHTA

Paccmorpum mepseiii caydait, Torna O = n 4+ kvVd, 0@ =n —kvVd n,k € Z u nemble

2)

anrebpangeckne uncaa O, 0@ — xopuun ypasnenus x2 — 2nz + n? — dk? = 0.

Basuc pemétkn A(F) mmeer sum: A1 = (1,1), X» = (Vd, —V/d), a nerepMuHaHT pemérku

det A(F) = 2V/d.
Vd

Basuc B3anmuoit permétkn A*(F') mmeer B A = (%,%), A5 = (ﬁ>_ﬁ> ¥ JTeTePMUHAHT

B3amMHoOll pemérku det A*(F') = %.

Paccemorpum pazmoxkenne Vd B [IEMHY0 MePUOIUIECKYI0 IPOOL:

1
\/g:CIOJr[(QL--wC_InJQO)]:(IO+ 1
_|_
q1 . 1
-

2q0 +
do 1
q+—

¢ nepuogoM (qi, .- ., qn,2qo). Yepes S—Z 0603HaYAeTC M-ag 10AX0Asas 1pobb Kk vd. Takum 06-

paszom,

P, (=1)™@
Vd="2 42 2 ™ 0<f,<1 (m=0,1,...).
on @ ( )

Yepes A, (F') obozragaeTcst anrebpandeckas PeNiéTKa, 3a/laHHasT PABEHCTBAMA:
An(F) = {(Qu(n + k), Qu(n — k) n, k € Z}

a gepe3 Ay, (d) — memodnceHHas peméTKa, 3a/JaHHas DABEHCTBAMU:

(1)

Bazuc pemérku A, (F) umeer Buj Xml = (Qm, Qm), Xmg = (Qm\/ﬁ7 —Qm\/&)7 a JIeTEepMH-

namnr pemérku det Ay, (F) = 2Q2,V/d.
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Basuc B3anmuoit pemérku A (F') umeer Bu:

oW (1 1 e Vd Vd
mﬂ_(m’m)’ 2=\ 2dQy," 2dQum

U JIeTepMUHAHT B3anMuoi pemérku det A (F') = ZC‘ng .
s nenounciaennoit pemérku Ay, (d) 6asuc mveer Buj Xm,l,Z = (Qm, Qm), Xmgz = (P,

—P,,), a nerepmunanT pemérku det Ay, (d) = 2Q, Py
Basuc B3anmuoit pemérku AY, (d) nmeer Bu:

oo (L LN o (1 1
"2 \2Qm 2Qm ) T 2P 2P

U JleTeDMUHAHT B3anMHON pertérkn det A% (d) = ﬁ
m m

PaccmarpusatoTes ciemyrornime iBe CETKH:
My (Am(F)) = A (F) N [=151)%, M(Ap(d)) = Ay, (d) N[0; 1),

Herpymuo Bumers, uTo

n VA n Yk
My (A (F)) = { <2Qm T 2400 2Qum 2de>

ke An),n| <2Qm -1 }

—2P, <k < 2P, mpu n = 0,

An) =k 2Pm+§m”<k<2P ;’”m”v mpun=1,...2Q, — 1, :
—2P,, — é””<k<2P é’::, mpun=—1,... —2Q, + 1;

M(Am(d)):{(2£m+2£m,2£m—21ﬁm)‘keB(n),O<n<2Qm—l},
k=0, mpu n = 0,

B(n)=<{k —%ﬂfgk< IZ}’T,?’ mpun=1,...Qmn — 1,
—2Pm+lz§””</€<2Pm—%, mpu N = Qm, - - - 2Qm — 1;

2
XOpOoIIo W3BECTHO, YTO IPAHUYHON (DYHKITMEH KJ1acca Es (-, %) JIIs TIapaJsiiesenune [albHbIX

cerok seaserca bymxmma h(z,y) = 9(1 — 2{z})?(1 — 2{y})?, mosTOMY /7151 OIEHKM KaueCTBa CETKH
M(Ap,(d)), rakzke Kak B pabore 2], MOXKHO HCIONB30BATH (DYHKIHIO

o) = gy 52 3 (13 (sg v am)) (-2 (56 58))

n=0 keB(n

KOTOPYIO, JJist KpaTKOCTH, Oy/ieM Ha3bBaTh (DYHKIIUEH KadecTBa.

Ilonoxum Ny, = 2P,,Q., u 1e10€ a,y, 330aI0M PABEHCTBOM

| 2PQm—1 — 1, opu mM— HEIETHOM
" P (Qm — Qm—1) — 1, npu m— uéraom.

TEOPEMA 1. Cnpasedauso pasencmeo M (A, (d)) = M(ap, Ny,), 20e napassesenunedaivras
cemxa M (ap,, Ny,) 3adaémes pasencmeom

o= { ({32

nzO,...,Nm—l}.
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JTOKABATEJILCTBO. JI0C/I0BHO IOBTOPsist pacCy K ieHus 13 paborhl [3], mosrydaem yTBepK ieHue
TeopeMbl. U

Paccyorpum pasioxenne {2 B IEIHYIO JPOOL:

m

am
Ny 1
q1,m + . 1
-
1
qi—-1,m + —
l,m
aumsbt [ = [(m).
st mambmefimero mam motpebytores ckobkm Ditnepa [bi,. .., by, KoTOpbIe ompenengroTcs

PEKyPPEeHTHO
[](,1) = 07 [](0) = 17 [b177bn](n) = bn[bla"'7bn—1](n—1) + [b17~"7bn—2](n72) (n Z 1)
B pabore [1] ast Bemann Hy, 3aJaHHBIX paBEHCTBAMI
Qr—1 2 2
9 n Pin })
Hy= — 1-2) (1-2¢2800)
" Qk nz;) < Qk) < { Qk

JTOKA3aHa TeOpeMa
TEOPEMA 2. Cnpasedauso pasercmeo
2 2
3(P + @kt

k
4
Hk:1+<10+5k:+§ a - 02
k

59 =

k k-1
1
+ on <2 > (@ Teatr + Qa2Tirgr + Qao2Thn1) —10) Q/\—lTkz,M-l)) :

3neck wepes Ty, obozuagenst Bemauibl Ty, = [qu11; - - - Q] (k—v)-

A=1 =1

TEOPEMA 3. Jlas dynkyuu xavecmea H(M (A, (d))) cnpasedauso pasercmeo

l 2 2
4 3(P + Qi1m)
H(M(An(d)) =1+ 75 (10 +5L4D B, — ’mQQ LN
m A=1 Lm
1 l -1
+ Qi (2 Z q>\,m<Q/\,mTl:k)\+1 + QAfZ,mTlT/\H + QA*ZmTlT)\fl) — 10 Z Q)\UT;:)\+1>> )
bm \ a1 A=1
2de gi’; — A-aA nodrodawas dpobv K nucry [ (A=0,1,...,0), 1y, = [Gu+1ms - Qml (1) -

JTOKABATEJILCTBO. JI0C/I0BHO TTOBTOPsist paccy K ieHus 13 paborhl (3], mosrydaem yTBepK ieHue
TeopeMbl. O

4. Bropoii caydaii Ajid JUCKPUMUHAHTA

PaccmoTpuM BTOPOi Caydail, TOTOa YHCIO W = HT\@ ABJIACTCA IEJIbIM AJreb6pandecKuM 9HC-
JIOM, TaK KaK 4Hcia w U 1 — w — KOPHHU KBaJPaTHOrO VpaBHEHHS T2 — T + % = 0 ¢ mesbIMu
koadduimenramu B cuny cpashenuns d = 1 (mod 4). Pemérka

AF)={©",0®)6 =W ezZp}
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MMEET JIPpyTOil nenbiit Hasuc Ny = (1,1), Ny = (w,1 — w) u gABAAETCH MAKCUMAIBHON DEIETKOit
1esiblx asrebpandeckux uncen mog F) a gerepmunant pemérku det A(F) = Vd. Taxum o6pasom,
pewérka Aq(F) ¢ 6asucom Ay = (1,1), Ay = (Vd, —V/d) siisiercs eé noapernérkoit unjexca 2.

<‘§Tﬁ M),X/;: <ﬂ Vd

— %
Basuc s3anmuoit pemérkn A*(F) umeer sum: Ny = , 55y e, —7) u Jierep-

_ Vd
2

MUHAHT B3auMHOil pemérkn det A*(F') =
Yepes A, (F') Bo BTOpOM Cayuae 0603HATaeTCs anrebpandeckas PenéTka, 3aJaHHast PABEHCTBA-
MH JIByMsI CIIOCODAMI:
ecau Py, u @y, — 9nc/ia pasHOil 9eTHOCTH, TO

An(F) = {(@n(2n + k(1 + VD), Qu(2n + k(1 = Va)|n. k € 2},
a gepes Ay, (d) — menouncaeHHas pemeéTKa, 3aJaHHasi DABEHCTBAMU:

Am(d) = {2Qmn + K(Qum + Prn), 2Qmn + k(Qum — P))|n, k € Z) ;

n,keZ},

njkEZ}.

ecn Py, n Q,,, — 0ba HedeTHble 9UCIa, TO

A (F) = { (Qm <n+k1+2\/a> O, <n+k1 _2\/3»

a aepes Ay, (d) — menouncaeHHas pemeéTKa, 3aJaHHasT DABEHCTBAMU:

A (d) = { (an + kw7 Qmn + ka;P’”>

Bazuc pemérku A, (F') nmeer Bu:

B mepsoM caydae Am1 = (2Qm;2Qm), Amaz = (Qm(1 +Vd),Qm(1 — Vd)), a serepmunant
perérin det A, (F) = 4Q2,V/d;

a BO BTOPOM CJIy4ae XmJ = (Qm,Qm), Xm,z = <Qm 1+2\/3, Qm 1_2\@) , & JeTEPMUAHAHT PEIIéT-
ku det A, (F) = Q2,V/d.

Basuc B3anmuoit permérku Af (F') nmeer BU:

B IIEPBOM CJIydae

o d—+d d++d - Vd Vd
4dQ,y,  4dQy, )7 T ™2 T\ 2dQ.” 2dQy,

m,1 —

U JleTepMUHAHT B3auMHOi pemérku det A (F) = %;

a BO BTOPOM CJIy4ae

o (d—\/a d—i-\/g) G (ﬁ ﬁ)

dQm’  dQm

m,1 =

!/ —
g =
2dQm, " 2dQm, "
n i & det A* (F) = YL
JeTepMUHAHT B3auMHOI pemérku det A (F) = 07
m
OrmernM, 9To TpeTuii Caydail, Korja Y9uC/auTeIb U 3HAMEeHATe b 06a YeTHbIe Ync/a, HEBO3MO-
JK€H, TaK KaK OHH B3aWMHO IIPOCTHIE THCTIA.

s nenounciaentoii pemérku A, (d) 6a3uc nmeer BuI:
B TIEPBOM CJIydae

- —

/\m,l,Z - (2Qma 2Qm)7 )\m,Q,Z - (Qm + Pmy Qm - Pm):
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a gerepmuHAHT pemérkn det Ay, (d) = 4Qy, Pry;
a BO BTOPOM CJIydae

N i m+Pm m_Pm
Am,l,Z = (Qman); )\m,Q,Z = (Q Q 2 > )

2 )

a merepMuHAHT permérku det Ay, (d) = Qp Pr,.

TrOPEMA 4. Iycmb das pasiooicenusn dpobu PT;&S% 8 uennyo dpobn:
P+ 1 P
m Qm = ag + — 7l/
2Qm 1 Q
ap+——
. 1
. . + R
aj

Jas emopozo cayvas duckpumunanma oaa pewémry Ny, (d) cnpasedausovr caedyrougue pasen-
cmea
6 nepeom caywae, 0206 P, u Qn — “ucAa pagnot uemmnocmu,

2de n, = (—DNQ)_1(Qm — P) — P|_12Qm) u P_| — wucaumeav, Q) | — snamenamens | — 1-ot
nodrodawet dpobu;
a 60 smopom cayuae, K020a P, u Q. — oba nenemmvie wucaa,

Nm = Qum7 Am(d) = A(nmva)7

2de ny = (=Y Llw — P/ ,Qm) u P, — wucaumenn, Q;_; — snamenamenv | — 1-od

nodrodawet dpobu.
JOKA3ATEJ/ILCTBO. B niepBoM ciyuae 1moioKum B oCHOBHOU jiemMe @ = P+ Qnm, b = Q@ — Py,

c=d = 2Qy, NOJIyInM [IEPBOE YTBEPHKJIEHIE TEOPEMBbI.
Bo BrOopom cirydae moJIoKUM B OCHOBHOI JileMMe a =

P’”;Qm, b= ngpm, ¢ =d = Qp ToIyIuM
BTOPOE YTBEPXK/IEHIEe TeopeMbl. [

Basuc B3anmuoit permérku A, (d) nmeer Bu:
B [IEPBOM CJlydae

X* _ Pm_Qm Pm+Qm X* _ 1 _ 1
m,1,Z 4PQO ’ 4PQO ’ 7 2Pm’ 2Pm

U JleTepMUHAHT B3anMuOi permérru det A (d) = ﬁ;
m m

a BO BTOPOM CJjly4ae

- (P —Qm Pn+Qn - (1 1
)‘m,l,Z - ) ) )‘m,2,Z - [
W JeTepMUHAHT B3anMHON perérkn det A% (d) = m.

Herpynro Buners, uTo
B IIEPBOM CJIy4ae

M(Am(d)):{<n(Pm_Qm)+ kPt Qn) K )‘keB(n),0<n<4Qm—1},

4P Qm 2P, 4PnQm 2P,
k=0, mpu n = 0,
B(n) = { k| —Lrgdmlt <y  PrntOnin, mprn=1,...,2Qn—1,

m

—2Pm+%7€:")”<k<2Pm—%7;m, upu 1= 2CQm, ..., 4Qm — 1



230 A. B. Muxugesa

a BO BTOPOM CJjly4ae

_ n(Pm - Qm) k n(Pm + Qm) k
MAm(d)) = { ( PQm | P’ 2PmQm Pm>

keB(n),0<n<2Qm—1},

k=0, npu n = 0,
B(n) =4k %<k<%i?fm, mpun=1,...Qpm — 1,
Py, + Bmt@adn g o p  Pr @y = QL 2Q —

Hnsa dynkunu kagecra cetku M (A, (d)) umeem:
B [IEPBOM CJIyHae

H(M(Ap(d))) =
4Qm—1 2 2
*Qm) k n(Pm+Qm) k
- e 2, ke%:n) <1_2< 1P Qo +2Pm>> (1_2< 1P Qo _2Pm>> |
a4 BO BTOPOM CJiy4dae
H(M(Ap(d))) =
2Qm—1 2 2
— Qm) n(Pp+Qm) k
a2 2 (e w)) (2 (ke 7))

n=0 keB(n

Jlokazannuas TeopeMa 4 MO3BOJIgET KAK M B IIEPBOM CJIyYae MUCKPUMUHAHTA BBHIYUCIATH (DyHK-
U0 KAYeCTBa JIJIst BTOPOro ciydast 3a O(N,,) apudMeTnaecKux omeparuii.

5. 3akJiroueHue

Jokazanabie TeOpeMbl 3 U 4 TO3BOJISIIOT 3TO CIEJATH 33

O(InN (P, Qm))

apudMeTHIeCKUX OMepaInii.

OCHOBHBIM MOMEHTOM B Haleit pabore ObLIO JI0KA3ATE/IbCTBO, 9TO ODOOIIEHHAST TAPA/LIEIEIN-
meaThHAs CeTKa, MPUOIMKAIONIAs aaredpandeckyio KBapaTUIHYIO CETKY, SIBASETCS mapaJiiesie-
TUNETAJBHON CETKOM.

Ha ror dakr, aro cerka M (A, (d)) siBasiercs napasuiesenunesaabHod, ¥ 9TO BO BTOPOM CJIydae
JUCKPUMWHAHTA HAJI0 PACCMATPUBATL JIBA CIyYas JUJIST GUCTUTENS W 3HAMEHATENS TOIXOIATIEH
npobu obparun sauMmanre A. B. Ponnoros, 3a 9T0 BRIpaykar eMy CBOK 6J1aroapHOCTb.

Taxoke BbIpazkaro CBOK OJIAT0JapPHOCTH HAyYHOMY pyKoBojautesto rpodeccopy H. M. lobpo-
BOJIBCKOMY 32 MOCTAHOBKY 33/1a4u, [MOJIe3H0e 00CY2KIeHrne U TOCTOSTHHOE BHUMAaHWE K pabore.
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AnHOTan s

B pabore mpomoszKeHbl HCCIeI0BAHAA aBTOPOB IO OLUEHKE TPUTOHOMETPUYECKHX CYMM ajl-
reOpanvecKoil CeTKH ¢ BeCaMU C IIPOU3BOJILHOI BeCOBOHM (pyHKIHEH 1 4+ 1 mopsaka.

Jlns mapamerpa 17 TPETOHOMETPHIECKON CyMMBI Sy (4), 5(171) BBIICTIEHBI TPH CITyHdas.

Ecan m npuHazgyeskur anrebpamdeckoil permérke A(t - T(d)), To crpaBemimBa aCHMIITOTH-
geckas HopMmyIa
In*~" det A(t) )

Sm)p(t(m,...,m)) =1+0 ( (det A(t))+1

Ecnu 7 ne npunazgexur ajrebpandeckoil pemérke A(t-7(@)), To onpenesieHbl 1Ba BEKTOPA
fia(m) = (n1,...,ns) u ka(m) us ycaosuit ka(m) € A, m = 7ix(m) + ka(m) u npousseenue
q(a(m)) =71 - ... - iy MuHEMATBHO. JlOKA3aHA ACUMIITOTHYECKAs OLEHKA

|She),7(M)| < By ( 1- 5(]2/\(7% ) L0 <Q(ﬁA(7”7z))r+1 In® ! det A(t))>

(q(@a ()1 det ALy

Kaouesnie crosa: anrebpandeckne pemeéTKu, aaredOpandecKne CeTKH, TPUTOHOMETPUIECKIE
CyMMbl aJredpanvecKuX CETOK € BECAMU, BECOBbIE (DyHKIMU.
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Abstract

The paper continues the author’s research on the evaluation of trigonometric sums of an
algebraic net with weights with the arbitrary weight function of the r + 1 order.

For the parameter 7} of the trigonometric sum Sy (1), three cases are highlighted.

If m belongs to the algebraic lattice A(t - T'(d)), then the asymptotic formula is valid

St 5(tms .., m)) =1+ 0 (W) .

If m does not belong to the algebraic lattice A(t - T'(d@)), then two vectors are defined

iia(m) = (nq,...,ns) and k() from the conditions k() € A, m = 7in (M) + K () and
the product ¢(7i(m)) = ny - ... 5 is minimal. Asymptotic estimation is proved
. 1— 6(ka(m)) q(fp (@) In® "t det A(t)
S 5 By | ——F5+0 .
1Satce). () ((Q(n/\(m)))”l - (det A(t))+1
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1. BBenenue

B namnoit pabote ucmo/p3yroTcsa 0603HaMEHNs U Onpeesenns u3 pabot |2]-[6].
Paccmarpusatorcs equnuvanbie S—MepHbIe KyOb

Gs={Z|0< 2, <1, v=1,2,...,8}, Gs={Z|0<a2, <1, v=1,2,...,s}.

J11s1 TpOM3BOILHOTO BEKTOPa & €ro ApobHOil gacThio HasbiBaeTcs Bekrop {Z}= ({z1},...,{zs}).
Orciona cnemyer, uto Beerga {T} € Gi.
Jlastee Bez e o1 MpoW3B0JIBHOMN pereTkoit A C R® Mbr 6y1eM moHUMATH TOJBKO TIOJTHBIE PEITeT-
KH, TO €CTh
N Y — — s
A={mi\+...+msAs =m-Alm = (mq,...,ms) € Z°},

e A1 = (A1, Als)ye s As = (g1, .., Ags) — cucTemMa JMHERHO-HE3aBUCUMBIX BEKTOPOB B R?,
a MaTpHIa pemeéTKn A 3aJaHa COOTHOIICHHAMHI

M1 oo Ais A1
)\sl s )\ss Xs
Bzanmvuast pemerka A* = {Z|Vy € A (Z,y) € Z}. HenocpeicTBeHHO U3 OMPeJIEICHNsT CJIETYeT
paBercTBo (qA)* = —A*.
q

ONPEJAENEHUE 1. Jlas npoussoavnoti pewemxu A 0606wennoti napassesenunedasvbnoti ce-
mxot M (A) nasweaemces mmnoocecmeo M(A) = A* N Gs. Cemra My(A) = A*N[—1;1)%.
Obobwennoti napasseaenunedarvnoli cemroti II poda M'(A) naswieaemes mmoscecmso

M'(A) ={Z |7 = {g},§ € Mr(A)}.

ONPEAEJEHUE 2. Becosot pynrkuyuel nopadka r ¢ koncmanmoti B nazwsaemcs 2aadkad Pyrx-
yus p(T), ydosaemeoparowan ycaosuam

0

Z p(Z+ (e1,...,65)) =1 npu & € G, (1)
81,...,852—1
p(Z) =0 npu Z¢(-1;1)% (2)
11
/. . / p(2)e?™ D 47| < B(Gy...55)""  Oan mobozo & € R®. (3)
1 -1
Ecnn semosaenst yeaosus (1) u (2), To rosopum npocto o Becosoit dbyrakimu p(Z). TIpocredimmm
mpuMepoM BecoBoit dyHKImN sBisgercs Gyukims p1(X) = pi1(z1) - ... - p1(xs), Ta€E
_ =zl mpu fz] <1,
p(z) = { 0, opu |x| > 1.
IIycrs @ = (ag,ai, ..., as—1) — NEJOUUCIEHHBIH BEKTOD TaKOil, 4TO MHOTOYJIEH

s—1

Pi(x) =) aya” +a° (4)

v=0
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HELPUBOAUM HaJ| [0JIeM paluoHasbHbix unces Q u Bce kopuu ©, (v = 1,...,s) muorounena (4)
TeACTBUTEABHEBIE.
Ob6o3raunm gepes T'(@) MaTpuily creneHel aarefpanvecKn CONMPSIKEHHBIX TEIBIX ajrebpante-

ckux ancen O1,...,04 — kopueit muorounena Py(z):

1 .. 1

O;1 ... O

@5—1 9371

i N CH

auepe3 O = (01, ...,0) — BeKTOP NOJIHOTO HAGOPA ANTEOPAMIECKH CONPSIZKEHHBIX IUCENT — KOPHEt

muorodnena Pg(x).
st smroboro t > 0 pemérra A(t - T'(d@)) vaseiBaercs anrebpamdeckoii. OHa nMeeT BHJI

At-T(@)= {f: (tZ@q—lmy, . ,tZ@Z_lmV> =t-m-T(@)|me ZS} .
v=1 v=1

Taxum obpasom, anrebpandeckas peuérka A(t - T(@)) umeer Gasuc X, = t - eyt ... er
(v=1,...,s). Herpyaso Bugers, uro A(t - T'(d)) N Z° = {t(m,...,m)|m € Z}.

Cosokymocts M C G Touek My = (§1(k), ..., & (k)) (k=1,...,N) Ha3eiBaercs cemxol
M w3 N y3/10B, a caMu TOYKU — Y3A4aMU K6a0pamyprot dopmyav.. Bemmuwunsr pp = p(Mj) #aszbI-
BAIOTCST BeCaMu KBaJpaTypHoil (hopmysbl. B aroii pabore GyeM Be3jie npemnoaaraTh, YTo Bee Beca
BCIIECCTBCHHO3HAYHDLIC U ABJIAIOTCA 3HAYCHUAMU CHeHI/IaﬂbHOﬁ BECOBOM beHK]_[I/H/I

JIEMMA 1. Jaa a106020 deticmeumensbrozo 0 GbNOAHACTNCA HEPABEHCTIEO
1
/ (1 - |22 dz| < ()2, (6)
1

2de o = max(1, |o|).
JJOKABATENLCTBO. Cum. [7]. O

JIEMMA 2. ycmo dynryua pr(z) onpedeaena pasencmeamu

0, npu [z > 1,
r—1 (_1),/
1—(2r -1y Ly or P npu 0 < z < 1,
pr(w) = /=0 rtv : (7)
r—1 1
1—(=1)"(2r - 1)C5 1 Ccr_ 2" npu —1 <2 <0
2r—2 r—1
= r+v

Tozda 0as 4106020 JelicMEUMENDHO20 YUCAG T U UHMELPAAL

1
I.(0) = /pr(:r)e%imdx
“1

GHINOAHACITNCA OUEHKQ
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u Pynryua pp(r) — ecosasn Pynryus nopadka r + 1 ¢ konemanmot B(r), 2de

2r — 1)Cy 1 , A
B(T) = M sup (PT_1(1)€27rw o Pr—l(o)) . /Pr—l,r(x)€2maxd1' :

T(27)" e>1

unpu 0 <v<r—1 umeem:

(1= 2)2) ™M™ = (1 = 2)2) Py (),

2de
P()(CU)Zl
P,ii(x) =v(l —22)P,(x )+x(1—x)P’( ) (v=0,...,r=2),
r—1
Proy(z) =) (-1)"Cy_ 1Hr—1+y— k)’
v=0

unpur VL 2r—2 umeem:

(((1 — a:)x)r*l)(y) =P _1,(z), P_i,(z)= P1171(x)7
r—1 v—1

Proqy(z)= Z( #C#1H7~71+N k)rl—mV:

u=v+1l—r k=0
=Py, (2) =P (@),
Pr_1or—a(z) = (=1)"1(2r — 2)L.

JOKABATEJILCTBO. CMm. [7]. O

JI/tst IPOM3BOIBHBIX TE/BIX M1 ,. . ., Mg CyMMBI Spr 5(M1,. . ., M), ONPeIeIEHHbIE PABEHCTBOM
N
_ 27mi[m kK)+...4+msés(k
S p(ma,. .., mg) = E pre2rimiei(®) sés (k)] 9)
k=1

HA3BIBAIOTCH MPULOHOMEMPUIECKUMU CYMMAMYU CEMKYU C GECAMU.
IIycre marpuna T = T'(@) u t > 0. Pacemorpum anrebpandeckyto cerky M (t) = M'(t - A(T))
w3 N'(t- A(T)) yanos & (k=1,...,N'(t- A(T))) ¢ Becamn

pr = pz, = (det(t- A(T)))~" > p(i))
(Y=, FEM: (6A(T))

U €€ TPUTOHOMETPUYECKYI0 CYMMY C BecaMu

Sn(e),5(17) = (det(t- AT)) ™ Y > p() | 0D,

FeM(t) \{y}=&, geM1(t-A(T))

TEOPEMA 1. Jlaa anzebpauneckoti pewémxu A(t - T(@)) u npoussosvnotli eecosotli dynrkyuu
p(Z) enpasedauso paserncmeo’

1 1
/ . —
S s07) = 0(m) + 3 / / ()T gy (10)
—1 —1

ZeA(t-T(a

o 1, npum =0;
(5 — 9 _'7
(m) { 0, mpum #0,m e Z°.

33mech u masee cumBos Y O3HAYAET, UTO U3 OBJACTH CyMMUDOBAHUS UCK/TIOUMEH HyJIeBas TOUYKA.
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JJOKABATENLCTBO. Cum. [5]. O

C moMoTpio TeMMBI 1 JTIOKA3bIBAIOTCA CAEAYIONIE TEOPEMBI.
TEOPEMA 2. Ilput — 00 cnpasedausa acumnmomuieckas Gopmya
- In*~! det A(t)
S 50)=14+0(—--7"=-). 1
M(t)vl)l( ) + ( (detA(t))2 ( )
JTOKABATENBLCTBO. Cum. [5]. O

TEOPEMA 3. Ilput — 00 daa npoussosvrozo eéexmopa m %= 0 cnpagediusa acumMnmomuteckas
dpopmyaa

(12)

my...ms)2 In* " tdet A
SM(t),ﬁl(Tﬁ):O<(ml m,)”In"__det <t)).

(det A(t))?
JOKABATE/NILCTBO. Cum. [5]. O

enw gammoil pabOTHI — YTOUYHUTE TEOPEMY 3.

2. HoBble OIlEHKM TPUTOHOMETPUYECKUX CYMM aJiIreOpamdeckKkmx ce-
TOK

Teopemy 3 moxHO yrouHnTh. CHAYMAIA MBI 9TO CIeIaeM [ BEKTOPOB 17} CIENUATLHOIO BUIA:
m=t(m,...,m), tae m € Z,m # 0.

TEOPEMA 4. Jlaa awboz0 yeaoeo m # 0 u Hamypaavrozo t cnpasediuso pasercmeo

In*~1 det A(t)
S 5.(1 =140 | ———+—F 13
M(t)ypv'( (m> 7m)) + ( (detA(t)>r+1 ) ( )
JIOKABATEJILCTBO. JleiictBurenso, ecmm m = t(m, ..., m), u m € Z, m # 0, o no Teopeme 1
nMeeM:
11
Su(e), 5, (Hm, ... ,m)) = ) / pr(@)e ™D dg,
feA(tT(a))\{t(mvvm)} —1 -1
rae {t(m,...,m)} — opHORIEMEHTHOE MHOXKECTBO, COCTosIee u3 Bekropa m = t(m,...,m). Tak
Kak mpu & = 0 umeeM:
11
[+ re=iinag -1,
S
TO
11
/ - _.
Sy (tm, ... ,m)) =1+ > / /pr 2D g,
FeAET(@)\{t(m,...,m)} 1 74
[Tosromy 110 Jjiemme 2 1ostyunm
. In*~1 det A(t)
[Sae),p. (E(my oo ym)) = 1 < B(r)Cu(A(t - T(a@))|r +1) = O <(d€cA(t))7”+1
YTO U JIOKA3bIBAET YTBEPK/IEHHEe TeOpeMbl. [
Teneps paccmorpum cayuait, korga m € Z° \ A(t - T(@)) u, caegosarensuo, m # t(m, ..., m)
1 Jiroboro m € 7.
Jast pemérku A = A(t-T(@)) onpegeum apa Bextopa fip () = (11, . . ., ng) u kx(17) 13 yeaosui
ka(m) € A, 11 = fip () + ka () u nponssegenne q(fia (7)) =71 - . . . - s MEHEMAIBHO. SICHO, 9TO

cymecrByer koncranta C'(A) > 1 rakasy, aro g moboro Bekropa m umeem (7 (m)) < C(A).
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JIEMMA 3. Jasa 4106020 deticmeumensvhozo T Cnpagediucv, HEPABEHCNEG

%, npu n —x = 27,
1 1 npu 2 >n—x =T
n—x ? npui\ll—:v<:v,
13

X
s n—x<§

8|

JTOKA3BATEJILCTBO. Ilepsbie 1pu Hepasencrsa B (14) oueBuaHbI.
TMepeitgem K H0Ka3aTebCTBY 9€TBEPTOTO HepaBeHCTBa. HepapeHcTBO % < %” SKBUBAJICHTHO
— _ 3
uepasenctsy T < 21 -n — x. Hpu |z| < 1 910 oueBuano. Ilycrs |z| > 1, rorga ‘;”—l < In| < %
Orcroma coeyer, aro 21 > |x| u JeMMa MOJHOCTBIO JToKa3ana. O

TEOPEMA 5. Ilpu t — 00 das npoussosvrozo eexmopa m 7% 0 u m & A cnpasedausa acumn-
MOMUYECKAA POPMYAL

1 q(7ia ()" In®~ ! det A(t) L (7 0

Sury 5, (M) < Br) A0 +0 ( (det A(£))"+1 ) » npu kalm) £0, (15)
M(t),pr S o (q(ﬁA(ﬁL))H'l Ins— ! det A(t)) E >N\ (‘)’
(det A(D)) T ’ npu ki (17) = 0.

JHOKA3ZATEJIBCTBO. [leficTBUTENLHO, COTJIACHO TeopemMe 1 u JeMMe 2 mMeeM:

S5 00 < Bor) Y 1

- — r+1°
ZEA(t-T(@)) (ml r1...Mg $s)

Ecau kp(m) = 0, 1o

’ 1 ! 1
Z (M1 —1...ms — @)™t Z

—_ — r+1°
FEA(t-T(d)) FEAET(@) (ny —21...n5 — T5)

Ecau kp(m) # 0, To

E :/ 1 . 1 i ’ 1
— — r+1 " (7T mo\r+1 2 : — — r41°
SeATT @) (my — @1 ...ms — T5) (71 ...75) AT A} (N —1...05 — Ts)

JIJIst TIPOCTOTHI  M3JI0XKEHUsT BOCHOJB3yeMmcst HepasencTsoMm (14) B mambosnee cmaboii  dopme
1 on
— < &, TOJIy9uM

—

; 1= §(F (1) ;)
Suey,p, (M)| < B(r DYENESIYINE — =
| M(t),p ’ q(7ip(m))r+1 feA%:T(a)) (Z7...75)
= B(r) (W + 20 (g (7)) (A T@)lr + 1>> .

[ToBTOpsia paccyxkaeHns n3 JOKa3aTeIbCTBA TeOpeMbl 11, moJyunM MOKa3biBaeMoe YTBepXKIeHHe.
O

3. 3akJjiroueHue

JleMMa 3 cofiepKUT ompeeeHHbI TOTEHITHAJ, YTOOBI YCUINTh TEOPEMY 5, HO 3TO MOTpedyeT I10-
MTOJTHUTEJILHOT'O MCCJIe/IoBaHus. KpoMe 9T0ro BOZHUKAET BOIIPOC O BOBMOXKHOCTH [T€PEHOCA METO0B
paborsl 1] Ha MOy YeHNe YCHIEHHBIX ACHMITOTHIECKAX OIEHOK PACCMATPUBAEMBIX TPUTOHOMETPH-
9eCKUX CyMM ajaredbpaniecKuXx CeTOK.
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Hoceawaemcea Huxonrarw Muzatsosuuy Jobpososbcromy
N0 CAYUAIO €20 CeMUIECAMUNEMAULA,

1. BBenenue

B 1976 rony B paborax [11] u [12] K. K. @pos1oBbIM OBLITH TTPEIJIOKEHBI aIrebpandecKue PEIéTKr
¥ COOTBETCTBYIOIME WM ajredpamvdeckne CEeTKM, HA KOTOPBIX TOCTUTACTCA MPABUIBHBIN TTOPIIOK
MOTPEITHOCTH MPUOTHZKEHHOTO HHTErpUpOBaHust Ha Kiraccax Kopobosa (eM. 6], [14]) u mpaBuibHBIi
HOPsi/Io0K rutiepbosnaeckoii j3era-gyHknun pemérok (em. (3], [4]).

IIpumenenre KBaJApaTypHbIX (OpMyY/I ¢ aarebpandecKUMy CeTKaMU Ha [PAKTUKE 3aTpY/IHEHO,
TaK KaK 9TO KBaJpaTypHbie POpMysibl ¢ Becamu. [Ipu OmeHKe morpermuocT mpubd/ImKeHHOr0 WHTe-
IPUPOBAHKS BO3ZHUKAIOT OOJIBINNE BEJIUYMHBI KOHCTAHT, KOTOPBIE TPY/IHO OINEHUTD.

Takum 00pa3oM BO3HUKAET BONPOC O NPUBINKEHIN airebpandecKnX CeTOK PallMOHATbLHBIMU, U
TaK KaK pallMoOHAbHbIE HapaJslie/leluie a bHble CeTKU JAl0T KBaJApaTypHble (GhOPMYJIbI C PABHbBI-
MU BeCaMH TOJBKO B CJIyYae, eIl OHU OOPA30BAHbI TOYKAME PEMIETKN B3AUMHOMN K EI0UUCIECHHOM
permérke, TO BOZHUKAET MPobIemMa PUOINKeHnsT anredpandecKoi PentéTKy MeJT0YUCIeHHO PereT-
KO#.

B nammoit crathe paccMaTpuBaeTCs BApUAHT MPUOIMKEHTA aIre0PandIecKX PEIETOK IeT0INC-
JIEHHBIME B KBaJIPATHIHOM CJIyYae, BBITUCHIBACTCS B IBHOM BHJE MHOYKECTBO MX JIOKAJIBHBIX MUHU-
MYMOB, a TaKzKe€ IMOKa3bIBACTCA, 9TO JJd AAHHBIX IMEJTOYNCJICHHBIX HpI/I6J‘H/I)KeHI/H‘/JI aﬂre6paI/IquKI/IX
KBa/IPATHYHBIX PEIIETOK MOYKHO MOCTPOUTDH 3 (DEKTUBHBIE aJTOPUTMbI BLIYHCIEHUsT THITEPOOTIe-
CKOT0 mapamerpa.

2. JlokaabHbIe MUHUMYMBI U TUTIEPOOINYIECKU TTapaMeTp PEeIrmeéTKNn

B konue sessirHajnaroro sexka I'. @. Boponoii [1] n nezasucumo I'. Munkosckwuii [7] cpeun y3ia08
S-MEPHOI DeIeTKy BBIIEJININ ClelnnaibHoe nojaMuokecrso ysiaos MM(A). Ouo cocromt n3 Beex
HEHYJIEBBIX Y3JI0B Y = (71, ...,7s), JJIsl KOTOPBIX HE CYIIECTBYET HEHYIEBOTO y3aa 1 = (11,...,1s)
w3 A c |n;| < |vi| mpuBcex @ = 1,..., s 1 |n;| < |yj| xorst 661 mpH OTHOM @ = j. DTEMEHTH MHOKECTBA,
M (A) HABBIBAIOTCST OMHOCUMEALHOMU MUHUMYMAMU DEUETNKU.

OTNPEJAENEHUE 1. [unepbosureckum napamempom pewémru N nazvieaemcs wucio

—

q(A) = min_ q(Z),
ZeA\{0}

2de q(¥) =Ty ... Ty — ycewéunaa nopma eexmopa T, T = max(|z|,1).

IlousTHO, UTO A5t HAXOXKJIEHUS TUIIEPOOTUIECKOTO TaApAMeTPa PEIETKY JOCTATOYHO BEITUCIUTD
TOJIBKO YCEUE€HHBbIE HOPMBI €€ JIOKAJTbHBIX MIHUMYMOB.

3. Pemérka smHeiitHOTO CpaBHEeHUS
PaccmoTpum muneitnoe cpaBuenme

ar—y=0 mod N.
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Pemrérka

A(a,N) = {(m,ma —nN)lm,n € Z} (1)

SIBJISIETCS PEIIETKOI perennii sroro cpapuenns. Eé 6asmc nmeer sux A\ = (1,a), A2 = (0, —N).
Haiizém crauama MHOXKECTBO JIOKATHHBIX MUHUMYMOB JIJIsl DEIETKU JTUHEHHOr0 cpasHerns (1).

ONPEJAENEHUE 2. Payuonaavroe wucro ¢, (b>0) nasvieaemca nausyuwum npubiusicenuem

6mMopozo poda wucaa o, ecau us G # ¢, 0 < d < b caedyem, wmo

|doe — ¢| > |ba — al. (2)

JIEMMA 1. [13, cmp. 35] Beakoe nauaywwee npubausicenue 8mopozo poda ecmv noodrooauas
dpobo.

JIEMMA 2. [13, emp. 36] Beaxasa nodrodawan dpobv ecmb HAUAYHUWEE NPUOAUACEHUE BTNOPO2O

p0oda, 3G UCKAOUEHUEM O = Ay + %, % = .

TEOPEMA 1. [Iyem» 0 < a < N, A(a, N) — pewémxa, s3adannas pasencmeom (1), g1 = 0,
po1=1,a0aai=0...1 2 —i-mas nodxodauwas dpobo & dpobu 5 (pl = + ). Toeda mnosicecmeo
AOKANOHBIL MUHUMYMOS

m(A(a7N)) = {i(QhQia _piN)‘i =-10,.. '71}'

ILOKASATEﬂbCTBO Monoxnm « = «. U3 memmbr 2 ciegyer, 910 g J00BIX HENBIX M, N,
Takmx, 94T0 + # 2 0 < m < ¢ BI)IHOJ'[HHGTCH HEpaBeHCTBO |¢;iw — pi| < |m4 — n|. Torma
lgia — piN| < |ma - nN |. I3 wero ciemyer yrBepkKIeHue TEOPEMBbI. [

4. Ilpnbam>keHne ajaredpamvecKoil penréTKu 1eJI0YNCJIeHHON

Ilycts d — mpomsBosibHOE HaTypaabHOE UHCI0, cBOOOAHOE OT KBajaparoB. Paccmorpum kBaj-
paruuHoe Tmose F = Q(\/&) Torma KoJIBIIO TEABIX aJrebpamdecKux 4Yncea Zp HMEeT BHI:
Zrp = {n+ mwln,m € Z}, tne w = H'T‘/E, ecm d = 4t + 1, u w = Vd, ecin d = 4t + 2 wnn
d=4t + 3.

Yepes A(F) o6o3mauny arrebpamaeckyio penérky nons F: A(F)={(01), 0@)je =0V czZr}
1 00, ©@) — pespie anrebpantecky conpsizkénuble yncia. Ecm d = 4t+2 uin d = 4t+3, To 6azuc
pemérk A(F) mucer Bug A = (1,1), Xy = (w; —w), serepmunant pemérku det A(F) = 2v/d. B
cayuae d = 4t + 1 6asuc A = (1,1), Ao = (w; 1 —w), det A(F) = V4.

Paccmorpum paziiokenune w B MENHYIO IEPUOAUIECKYIO APOOD:

1
w = (ap;a,...,a,...) =ag+ .
ai +
1 . 1
' 1
ap + —
tlepea 6y,1eM 0003HaUATh Kk-YIO MOAXOJSITY0 Apobb K w. Takum obpazom,
Py | (=1)F6;
w=—+4+-—5—, 0<b<1l (k=0,1,...). (3)
Qk Q3

Yepes Ap(F) obosnauaercst pemérka, nonydennas w3 A(F) momuoxkennem va Q. Ona umeer
BHI
Ap(F) = {(Qr(m + nw); Qp(m — nw))m,n € Z} , d=4t+ 2 wm d = 4t + 3;
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NI

Ap(F) = {(Qr(m + nw); Qr(m —n —nw))|lm,n € Z}, d=4t+1.

Yepes Ag(d) 0603HAINM TIETOUUCTEHHYIO PEIIETKY, 3aJaHHYI0 PABEHCTBAMU

Ar(d) = {(Qem + Pin; Qum — Pyn))|m,n € Z} ,  d =4t + 2w d = 4t + 3; (4)

WK
Ak(d) = {(Qem + Pin; Qum — Qen — Pyn))|m,n € Z}, d =4t + 1. (5)
B mepsoM ciydae 6asmuc pemeéTKn mMeeT BUT Xk,l = (Qk, Qk), ng = (Py,—P), a eé ne-

—

repmunant det(Ar(d)) = 2P,Qk. Bo Bropom ciyuae A\p1 = (Qk, Qk), Xk’Q = (P, Qr — Py),
det(Ax(d)) = 2P, Q. — Q5.

Caeayromas reopema 1oKa3biBaer, 9ro pemérku (4) u (5) aBasgoTcs pemérkaMu pereHui Jiu-
HENHOro CpaBHEHUMI.

TEOPEMA 2. Ilycme % — k-aa nodrodauasn dpobv ¥ w. Yucaa a u N onpedeastomen caedy-
rowumu pasencmeamu. pu d = 4t+2 usu d = 4t +3: N = 2P,Qp; a = (—1)*(Po_1Qr + Qr_1Ps).
Hpu d=4t+1: N = QQkPk—Q%; a = (—1)k(Pk71Qk+Qk71Pk—Qklek), Tozda Ak(d) = A(a, N)

JIOKA3ATEJILCTBO. PaccMorpuM yHUMOAYIAPHYIO MAaTPHUILY

P —Qi_
A:(_l)k< k-1 Qk1>
P, —Q
u eé zeiicrBue Ha 6a3uCHYI0 MaTpuIly pemérkn Ag(d) Kax MaTpuIbl mepexo/ia K HOBOMY 6asucy.
JlokarkeM yTBeEpKIEHINE TeOPeMbl CHadaa mid caydas d = 4t + 2 wim d = 4t + 3.

Qe Qr \ _, i Pom1 —Qr—1\ ([ @ Qr ) _
A'(Pk _Pk)_(1)<Pk _Qk><Pk _Pk>—

— (—1)* < P 1Qr — Qr-1P; Pr1Qk + Qr—1F% ) _

PrQy — QP PrQp + QP
(1 COMPeQe Qi P) (1 (FD)M(PeaQr + Qi1 Pr)
—\ o (—1)k2P,Qy 0 2P, Qs '

Teneps paccmoTpum caydait d = 4t + 1.

A. ( Qr  Qk > — (—1) < Pr1 —Qr—1 ) . ( Qr  Qk ) _
Py Qr— Py Py Qg Py Qr— Py
— (—1) ( Pp1Qr — Qr—1Pr Pr1Qk + Qr-15 — Qr—1Qk ) _
PrQp — QP PQi + QrPr — Q%

< 1 (—1)%(Pe1Qp + Qu—1Pr — Qr—1Qk) ) N ( 1 (—1)*(Pe1Qp + Qu—1Pr — Qr—1Qk) )
0 (—D*(2P:Qr — Q37) 0 2P,Qr — Q3 '

O

IMonsttHO, UTO HE TH06asT PEIIETKA JMHEHHOTO CpaBHEHNs mpeacTaBuMa B Buje (4) mwm (5).

Bamernm, 4To pemérka (4) 3amaércs ¢ moMompo dncen Py n @ — YHCAUTENs W 3HAMEHATe-
g k-Toit mogxomdreit npobum K umcay w. [Ipm aToM Teopema 2 yCTaHABAWBAET, 9TO 9TA PEITETKA
SIBJISIETCS PENIETKOM JnHeitHoro cpasaerns (1) ¢ mapamerpamu a u N. Creyiomas e Teopema 00-
HAPYKUBACT CBA3DH MEKIy PA3JI0KEHUAME B I[EIHYIO APOOb d9nCe % n . Jlaa eé mokazaTenbcTBa
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HaM 1oHaobsaTcs ckobku Jisepa (cMm., Hanpumep, [10, crp. 35]). OHu oupesessiroTcs ciie Ly omuMu
PEKyPPEHTHLIMU COOTHOIICHUSIMHU:

[]=1; [ao] =ao; [ao,a1] =apar1+1; J[ag,...,akr1] = [ao,...,axlagr1 + [ao, ..., ax—1] (K = 0).

Tomesnbr caeaytomme CBOMCTBA CKOOOK Ditnepa

1. [ao,...,ak] = [ak,...,ao].
2. [ao,...,ax] = [ao, ..., ai[ait1, .. .ax] + [ao, ..., ai—1][aiyo, ..., ag].
-1
3. [CLO, SRR ak”alv ceey ak—l} - [CL(]’ s 7a1€—1Ha15 s ak‘] = (71)k :
[Iycts pg u g — uncauTenb U 3HAMEHATEb k-TO# moaxoadIeil 1podu K JaHHOMY auciay o. Ecin %
— MOAXOAAINadA ApoOh K Pa3I0KeHNI0 YACIa (¢ B TEIHYI0 Apodb U ag, a1, . .. €€ HEIOIHbIe YaCTHEIE,

10 pr = [ao, ..., ax], gk = a1, ..., ag.
B mampmeimmem 6ymem camrarh, 4To @ > 0, IOCKOJILKY CJOy9ail OTPHOATEILHOrO ¢ AHAJOTHYIECH
PaCCMaTpPUBAEMOMY.

TrOPEMA 3. ITycmo

Py a  Pr1Qp+ Qr_1by
— = : .. P, =
Qk (CLU7(11, 7a’k‘)7 k> Qk’a N 2Pka
Toeda a
N:(O;Gk,ak_l,...,a1,2a0,a1,...,ak). (6)

JIOKA3ATEJILCTBO. Bocmosb3yemest coiicTBaMu CkobGOK Dditepa st mpeobpa3oBaHus MpaBoil
JacTU PaBEeHCTBA 6:

[ak,1 e, an ao—i-i]
(O;ak,ak_l,...a1,2a0,a1,...,ak): : i Pfk =
[aka"'aa17a0+@}

lak—1,...,a1] (ao + %) + [ag—1,...,a2]

[ak7"'7a1] (CLO‘F%) +[ak7'-~7a2}

_ ([ak—1,.-.,a1lap + [ag—1,...,a2])Qr + [ak—1,...,a1| P _
([ak, - .., a1]ap + [ak, ..., a2])Qk + [ak, - .., a1] Pk N

Clag—1,.,00]Qp F ag—1, ... a1] Py Pro1Qp + Qro1 Py

- 2P.Qr, B 2P, Qp ’

YTO I JOKA3BIBACT YTBEPXKIACHHAE TEOpeMbl. O

Kak mbr Bugmm, mia naxoxgenust IM(A(a, N)) pemrérku jimHefiHOr0 cpaBHEHNsST HEOOXOIUMO
PasIozKeHIe Yncaa + B IenHyio Apodb. IIpu srom ecmn a = Py 1Qk + Q1P 1 N = 2P, Qy, T
=2k +1.

Ounnako 6azuc 31oit pemérku oproronaseH. IToMumo roro ais 060l ToUKM pemérku (T, y)
Touka (Y, x) TaKkKe TMPUHAJIEKUT STON peréTke. DTH JBa CBOMCTBA TTO3BOJISIOT HAXOIUTH MHOXKE-

CTBO JIOKAJIbHBIX MUHUMYMOB 9TO# permérku 3hdexTuBHEE.
TrEoPEMA 4. Ilyecmov daa ¢t = 0...k % — 4-masa nodrodausas dpobv ¥ dpobu %, Tozda
3
MHONHCECTNGO AOKAALHYIL MUHUMYMOS DEWEmKy (4) umeem 6ud

M(Ar(d)) = {£(Qr, Qr), E(QrP; + Qi Py, Qp P — Qi Py),
+(QrP; — QiPr, Qv P + QiPy)|i = 0,.. . k}.
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JIOKABATEJLCTBO. B cuny cummerpun pemérku Ag(d) 10CTaTOMHO PACCMATPUBATD TOJIBKO TOYKI
pemiérkn Buga (xQy + yPr, xQr — yPr), vie & u y — HeoTpUIaTebHbIE Teable dncaa. Jlokaxem,
YTO TOYKM PEMIETKHU SIBJISIFOTCS OTHOCUTEIbHBIMU MUHUMYMaMUu, eciu ¢ = P, y = Q).
ITpu i = 0, oueBunnO, TOuKa (Q), Q)) — OTHOCUTENbHBIN MUHUMYM (Tak Kak Q < Pj).
W3BecTHo, uTO BCaKas MOAXOJLAINAs Ipo0b €CTh HAWIydIlee TPUOIMKEHUE BTOPOTO poja, U
BCSIKOE HAMJTyUIlee TTPUOJINKEHNE BTOPOT0 POia sIBISETCS TOIXOJAIIEN 1pobbio. 3HaauT
Py

it — B
@ Qx <

qmtst Beex ¢,y € N, & < QQ;, U3 9ero cjieyer, 9To

k
T-— =y

|QiPr — QrPy| < |zP, — yQ4l-
Ecmu ke z > Q; u |Qi Py — QrP;| > |z Py — yQkl, 10 |QiPr + QrPi| < |xPi + yQi|. O

YeTaHOBAM COOTBETCTBHUE MeXKAY JIOKAJIbHBIMU MUHUMYMaMW, BBIINCAHHBIMUA B TeopeMax 1u4

B cay4dae, ecan a = Py _1Qp + Qr_1P, u N = 2P, Q.
JIEMMA 3. ITycmo % = (ap;a1,...,ax), f=-1,1,...k—=1, P.1 =1, Q_1 = 0. Tozda

QrPs — QiPy = (—1)"ay, ..., ap42). (7)
HOKA3ATEJILCTBO. Hnsg =k —1u =k — 2 yrBepxKJieHrne JeMMbl OYEBUJIHO:

QrPe1 — Qr1 Py = (=1)* = (=D)*[];

QuPrs — QuaPr = (=1)" Tag = (1) ay).
O6osmaumv Ag = Q. Pg — Q;P;. Torna mo mHAyKImn
Ap1 = QrPs-1 — Qp-1Pp = Qr(Pp+1 — ap41Pp) — Pi(Qpy1 — ag11Qp) = Ap1 —agp1dg =
= (=1 ay, ..., a513] — (=) agyifar, ... ap0) = (—1)Plag, . .., ap41],

9TO W JI0Ka3bIBaeT JeMMy. O

JIEMMA 4. ITycmo % = (ap;a1,...,ax), B=—-1,1,...k, P.1 =1, Q_1 = 0. Toeda

QrPs + QP = [ay, ..., a1,2a9,a1,ap]. (8)
JIOKA3ATEJILCTBO. g =—-1u =0:
QP11+ Q1P =Qp = [a1,...,ax];
QkP0+QOPk :aﬂ[aka"'7a1]+[akv"‘va(]] :2&0{@]6,...,&1]+[ak,...,a2] = [aka‘°'7a172a0]‘

O6osmaumv Ag = QP + Q;Py. Torna mo maayKImm

Api1 = QrPgy1+ Qp1 Py = Qrlagi1Ps + Ps—1) + Prlag41Qs + Qp—1) = ag185 + Apg_1 =
= agyilak, ..., a1,2a9,a1,...,a8] + [ag, ..., a1,2a0,a1,...,a8-1] = [ak,...,a1,2a0, a1, ..,a841],
9TO U A0Ka3bIBaeT JieMmy. [

TEOPEMA 5. Ilycms

B = —14+k—14, npui=-1,0,...,k—1, (9)
Ul -1—k+i, npui=k+1,k+2,...,2k+1.

Tozda
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° (qi,qia —piN) = (—1)'Bi+1(QkPgi — QﬁipkanPBi + QBlP]{;) npu 7= —1,0, ey k‘ — 1,
4 (in(ha _plN> = (Qk?Qk‘)? npu i = k}

HOKABATEJBCTBO. Bynem cumtath ¢—1 = 0. Torma cormacHo Teopeme 3

0, upu ¢ = —1,
G = [ak,y .. akp—it1], npui=20,1,...,k—1,
’ Qk, npu i = k,

lak,...,a1,2a0,a1,...,0;——1] mpuni=k+1,k+2,...,2k+ 1.

Temeps HEmocpeacTBEHHAs HOICTAHOBKA 3HadeHnit §; u3 (9) B pasencrsa (7) u (8) maér yrBepxe-
HUE TeopeMbl. O

5. 3akJ/iroueHue

B crarwe paccmaTpuBaerca BapuaHT TpubIMKeHnsa anredpandecKux PerméToK MeTOUnCAeHHBIMA
B KBaJPATHIHOM Cjaydae. Takxe Mbl BHIAM, UTO TPHOIUKEHHS AAreOpAnIecKux PEméToK Tpu
d=4t+1unupu d=4t+ 2 wim d = 4t + 3 CyIMECTBEHHO OTJIMIAIOTCS.

Ipu d = 4t + 2 wm d = 4t + 3 pemérra Ag(d) obmagaer obmamaer CBOMCTBOM, UTO s
JII000# TOUKY perméTKy (x,y) Touka (Y, ) TaKKe TPUHAJIEKAT ITON PEIIETKE. DTO 00CTOITETHECTBO
TIO3BOJIAET HAXOANTH MHOZKECTBO JIOKAJIBHBIX MUHUMYMOB 3(1)CbeKTI/IBHee.

ITpu d = 4t + 1 pemérka Ag(d) naHHBIM CBOHCTBOM yiKe HE He 00sagaeT. DTOT Caydail Tpebyer
OTAEJIEHOTO PACCMOTPEHMUS.

Teopema 2 mokaseiBaer, uTo permérka Ay (d) sBiasercss peméTKoii JuHeHHOTo cpaBHeHus. Kak
ITOKA3BIBAIOT YHUCJICHHBIC IKCIIEPUMEHTBI JaHHOE CBOMCTBO Ha6J’[IO,ZLaeTCH HE TOJIBKO B KBaJAPATUYIHOM
ciaydae. [Ipu 66JBIIHX pasMEPHOCTSIX MPUONMIKEHNS anredpamIecKuX PeréToK MeT0InCIeHHBIMI
YACTO OKA3BIBAKOTCS PEMETKAME JIMHEHHOTO CPABHEHUSI.

ApTOp BRHIpazkaer cpBow OjaromapHocTh mpodeccopy H. M. Jdo6poBoJbcKOMY 3a IIOCTaHOBKY
3a/1a91, 1M0JIe3H0e 0DCYXKIEHIE U OCTOSHHOE BHUMAaHME K pabore.
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AnHOTanMsa

Jl1s npubIMKEHHOrO BLIMUCICHAS KPUBOIRHEHHOTO HHTErpaa
J(f;T) := /f(a:l,xg, ey T )dt
r

B CIydYae, KOrma KpuBas ' 3a/1aéTcsa mapaMeTpUIeCKUMU YPABHEHUSIMA
Ty = 991(1;)71'2 = @Z(t)v T = QDm(t),O <t< Lv

BBOJUTCS B PACCMOTPEHNE KBaJpaTypHas (popmMya
N
J(f7 F) = Zpk f(@l(tk)7 ()02(tk)7 LR Som(tk))>a
k=1

roe P = {pk}ff:l uT:={t:0<t; <ty <...<ty <L} npousBosbhbie BeKTOpbI K03bbu-
uueHToB u y3saos. [lycrs H@%“m [0, L] — mHOXKECTBO KpuBbIX [', y KOTOPBIX KOOPAUHATHbLIE
bynkuun ¢;(t) € H*[0,L] (i = 1,m), tae w;(t) (i = 1,m) — 3a1anHbIe MOY/IM HEPEPHIB-
noctu, M:P — xknace dynknnit f (M), onpenenéunbix B Toukax M € T') Takux, 9TO JJis JIHO-

661X aByXx Touek M’ = M (x},zb, ... al), M" = M (Y, 24, ...,z ), IpuHAIIeKAIUX KPUBOI
I'e HYv @m0, L], OHU yJIOBIETBOPSIOT YCJIOBHIO
P = ") < wolpp(M7, M),

rae
m 1/17
pp(M', M") = {Z |2 — x;’lp} , 1<p<oo,
=1

w(t)— 3amaHHbIil MOJYJIb HermpepbBHOCTH. [I0Ka3aHO, 4TO Cpeau BCeX KBAaAPATYPHBIX (HhOpMYII
YKa3aHHOTO B2 Hauiaydmed aus kinacca dynkumit MP n knacca kpusbrx H©L@m [0, L]
sIBJIeTCs (DOPMYJIA CPEHUX HPAMOYIOJbHUKOB.

Brrunciena TouHas OIEHKA MOTPEITHOCTH HAMJIYUIell KBaJpaTypHOH (hOpMYysbl IJIsi BCEX
PaCCMaTPUBAEMBIX KJIACCOB (DYHKIINN W KPUBBIX U JAHO 0000IeHne 1isi 6osiee oDIMX KJIacCOB
dyHKIWHIL.

Karwuesvie ca06a: KpUBOJIUHENHBIM HHTErPAJI, KBaApaTypHas hOopMyJia, TOTPEITHOCTH, (hOp-
MyJIa IPSIMOYTOJILHUKOB, (hOPMYJIa TPAITEInii, Y3IIbL.

Bubauoepagpus: 8 nHazBanwmii.
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Abstract

For an approximate calculation of a curvilinear integral

J(f;T) = /f(:vl,xg,...mm)dt
r

when the curve I' is given by parametric equations

Tl = @1(75)7@2 == 802(75)’ ey I = ‘Pm(t),o S t S L

the quadrature formula is entered into consideration

N
)i o pe f(pr(t), palte), s pmte)),
k=1

where P = {pk}fc\/:1 and T = {t,,:0<t; <ty <--- <ty <L}~ are arbitrary vector
coefficients and nodes. Let H¥“m[0, L]- sets of curves I', whose coordinate functions
@i(t) € H*[0,L] (i = 1,m), where w;(t) (i = 1,m)— are given moduli of cont1nu1ty NP
functions class f(M), defined in point M € I, such for any two points M’ = M (x},25,...,2},),
M" = M(z{,z4,...,z]) belonging to a curve I' € H«1»*m[0, L] satsify the condition

[P = )| < wlpp(M7, M),

where

1/p
M’M"—{Zm } L 1<p<eo,

w(t)—- given moduls of continuity. It is proved that among all quadrature formulas of the above
from, the best for a class of functions M%"? and a class of curves H“1»“m 0, 1], is the formula
of average rectangles.
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The exact error estimate of the best quadrature formula is calculated for all the functional
classes under consideration and the curves are given a generalization for more general classes
of functions.

Keywords: curvilinear integral, quadrature formula, error, rectangle formula, functions class,
nodes.
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1. BBenenue

DKCTpeMaJibHAsA 331893 OTHICKAHNA HAMIYUIIel /s 3aaHHOr0 KJIacca QPYHKIUN KBaIpaTyp-
HO# (hOPMYJIbl #ABJISIETCH OJIHOIM M3 aKTyaJ/lbHBIX 33/[a4 BblUuMCAnTesbHOW Maremaruku. Haubosee
BaXKHbBIE€ PE3YIbTATHI, ITOJYIeHHbIE TI0 SKCTPEMAJIbHBIM 33/la9aM TeOPUH KBaIpaTyp 0 KOHIIA IPO-
ntoro crojetusi, mpuBeaensl B gonoaunenun H.II.Kopreiiuyka k momorpacdun C.M.Hukoabckoro
[1], mocennee nznanue xKoropoii BeiIo B 1988 romy. B jomnonHernn orMedaeTcs, 9To Mo 9KCTPe-
MaJIBHBIM 33JIa9aM TEOPHUHM KBaIpaTyp IMOJYyYeH P CYIIEeCTBEHHBIX OKOHUATEIBHBIX PE3Y/bTATOB
JUIA PA3IUYIHBIX KJACCOB (PYHKITNHN, & TAKKE OTMEYAETCs, 9TO [0 HACTOSIIIETO BPEMEHN HEMAJIO 3a-
a9 J71sT HEKOTOPBIX BaKHBIX HHTErPAJIOB €IIE He PEIeH0. DTO 3aMEYaHUe, B YACTHOCTH, OTHOCUTCST
K 3371a"€ OTHICKAHWS ONTUMAIbHBIX KBAIPATYPHBIX (POPMYJI /I KPUBOJIMHEHHBIX HHTErPasioB. Jms
VKa3aHHLIX HHTErPAJIOB 331898 OTLICKAHNS HAMIYYIINX KBAIPATYyPHBIX (DOPMYJI HAXOAUTCA Ha Ha-
vasibHOIl crajun. Hekoropele pe3ysibTaTsl B 9TOM HAIIPABIEHUH [I0JTyY€HbI COBCEM HelaBHO B [2]-[6].
B nammoit cTaThe paccMaTpHBAETCS 331293 O MPUOJIMKEHHOM BBIYHC/ICHUH KPUBOJINHEHHOrO WHTE-
rpaJia mepBoro poia s KJAacCOB (PYHKIMN M K/JIACCOB IPOCTPAHCTBEHHBIX KPHUBBIX, 33/IaBAEMbBIX
MOJIYJIIMU HETTPEPHIBHOCTH.

2. IlocTaHoBKa 3KCTpPEMAaJIbHON 33134

ITycts dyuknus f(M) = f(x1,x9,...,Ty) ONpeneseHa u HATErpupyeMa BIob Kpusoit I' C R™
J(f;T) ::/f(M)dt:/f(xl,xg,...,xm)dt. (1)
r r

IIpeamonoxxum, aTo Ha KpuBoi I' ycTaHOBIIEHO TMOTOXKUTENBHOE HAIpaBJIeHne TaK, UTO TOJIO-

xenne touku M = M (x1,22,. .., Ty) HA KPUBOH MOXKET OBITH ONpEaeaeH0 oM gyru t = AM,
OTCUNTBIBaEMON oT Hadaabuo# Toukm A. Torma kpuBag ' mapaMeTpuvuecKr BHIPA3UTCS yPaBHEHU-
AMU

x1 = p1(t), xa = @a(t), ..., Tm = em(t), (0<t < L), (2)

a dyskiust  f(x1,x9,...,Ty), 3ajJaHHasd B TOYKAX KPHUBON, CBEJETCS K CJIOXKHON dyHKINH
fpi(t), p2(t),. .., om(t)) or mepemennoii t. XopoImo W3BeCTHO, UTO B 3TOM ciydae nHTerpas (1)
BAIUINETCS B BUJE CJIELYIOIETO OIPEeIeIEHHOIO HHTErPasa

L
JUT) = [ f (D), a(t), ..., om(t)) di. (3)
[



Hannydmme xkpaaparypubie GOpMyIIbl BEIYUCICHNS KPUBOJTHHENHBIX HHTETPAJIOB. . . 253

Bceakaa ksagparypuasa dopmysia

N
J(T) ~ Ex(FTS P T) = S p f(01(t), w2t - s om(t)) (4)
k=1

JJIsT TPUOTMKEHHOTO BBIYnC/IeHs nHTerpasa (3) 3amaéres Bekropamu Koddgdunuentos P =

{pk}fle 1 y3J0B
T:{tk: O§t1<...<tN§L},

TJe P1,P2, ..., PN — MPOU3BOTHHBIE EACTBUTEILHBIE TUCIA.
IMorpemnocTs kBaAPaTYpHOi hopMyasl (4) 0603HAUNM

[B(f:D)| = | Ry (£ T3 PT)| = [J(£T) = La(FT P T)|

Ecnau 9 — mexoropsiit kimace dyukuuit {f(o1(t), p2(t), ..., om(t))}, oupeneJéHHbIX B TOYKAX
kpuBoii [' u mHTErpUpYyeMBIX Kak Cj10xKHbIe byHKIMK napamerpa t Ha orpeske [0, L], 10 3a Beiuuunny,
XapaKTEPUIYIONIYI0 TOUHYIO OTIEHKY TTOTPETTHOCTH, TPUMEM BEPXHIOI TPaHb

Ry(OT; P,T) = Sup{ ’RN(f;F;P,T)’ . fe zm} .

IMycrs MN(L) — xnace kpusbix ') 3a1anHb1x TapaMerpuieckuMu ypasaenusamu (2). Haubosburyto
MOTPEITHOCTh KBAIpaTypHOit dopmynsl (4) Bcero kmacca dbyakmuit 9 Ha Kmacce KpuBbix JU(L)
00603HaUNM

Ry (9 90(L): P, T) = sup{RN(sm; T;P,T): T C m(L)}.

s Toro 4Tobbl MOJIYYUTh ONTUMAJBHYIO KBaJIPATYPHYIO hopMysy Ha Kiaccax dyHkimit I u
kpusbix (L), norpebyem, urobur dbopmymna (4) 6bL1a Touna ansa dbyaxouu f(p1(t), @a(t), ...,
©m(t)) = const, T0 ecTh ITOOBI BBHIIOJIHAIOCH YCIOBHE

=1

L N
/dt:Zpk:L.
0

Yepes A 0603HaunM MHOKECTBO BeKTOPOB K03hduimentoB u y3108 (P, T), 115 KOTOPBIX KBapa-
TypHast dpopmyna (4) umeer cmbicsa. HukHO0 rpanb

SN(mvm(L)) = (}Dr’ljf;){RN(m7m(L)7 P, T)? (Pv T) € A}7 (5)

1[I0 AHAJIOTUHY C OlpejiesienreM u3 Monorpaduu 1], 6yem Ha3bIBATH ONTUMAJIBLHO OIEHKOI morperr-
HOCTH KBajparypHoil dopmyabl (4) na knaccax dynknuit 9 u kpusbix N(L). Ecau cymecrsyer
sextop (P°,T%) € A, ans xoroporo

En(OM,N(L)) = Ry (9, N(L), P°, T°),

TO yKA3aHHBIH BEKTOD ONPENETAeT HAMIy4Ilyl0 KBaaparypayio dopmyry Buga (4) B cMmbIcTe
C.M.Hukosbckoro [1] ra kraccax gynknumit M u kpusbix MN(L).

Baeck ucceayercs KpaaparypHas dbopMysa (4) ¢ TpON3BOJIBHBIME BEKTOpaMu Ko3dhdurmenTa-
v P = {p; 1| n ysnaun

T={t}i1: 0<t; <ty...<ty <L.
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3. Knaccer pyukimit m KpuBbIX

O6oznaunm wepes H* := H¥[0, L] — muoxecTBO dyHKmmit ¢(t) € C|0, L], yI0BIETBOPSIIOIIIX
YCJIOBUIO

o(t) — (") <w (It = ¢"), ¢, ¢" € [0, L],

re w(d) — 3aJaHHBI MOJIYJIb HEIIPEPBIBHOCTH, TO €CTh HellpepbIBHasl (DYHKIHsI, YIOBIETBOPSIOIIAs]
coornomenusm 0 < w(t”) —w(t) <w(@ —t),0 <t <t < L, w(0) =0.

Yepes H “1-“m |0, L] 0603HaIMM KJIACC TIAIKUX KPUBBIX [ C R™, 3aJaHHBIX TTApaMeTPHIECK-
Mu ypasuenusmu (2), y KoTopbix KoopauHaTHble dbynkimu @;(t) € Hi[0, L], i =1, m.

B eBkamoBoMm mpocrpancTee R™ juist m106bix aByx rouek M = M (af, b, ... x))), M" =

Mz, xh, ..., x)) Beeném B paccmorpenue caepyiomee [, (1 < p < 0o)-paccrosiaue

m 1/1’
pp(M', M") = {Z |z} — x;’rp} , 1< p< oo,
=1

poo(M', M") = max |z; — 7.

Yepes M,P (1 < p < 00) obosmaunm knace dbyukmmit f(M) = f(z1,..., %), OTPeIeNTEHABIX Ha
kpuBbix I' C H%1%m y nng mo6bix asyx Touek M', M"” € T' y1oB1eTBOpAonmx yCa0BUIO

FOM) = f(M")| < w(pp(M', M")).

Taxum obpaszowm, Gynem nucars f(M) € MY, ecom g mobeix aByx Towex M/, M" € T C
H@twm g ! " € [0, L] BbIIoqHsAercs HepaBeHCTBO

()

r@r) - )

{Z‘Sﬁz — il t//)

4. OcHOBHOI1 pe3yJbTaT

CdhopmymupyeMm OCHOBHON Pe3yabTaT paboThI.

TEOPEMA 1. Cpedu ecexr xeadpamyproir popmya 6uda (4) ¢ NpoussosbHbIMU GEKMOPAMU-
wosdpuyuenmamu u ysaamu (P,T), P={p 3N |, T ={t;} ,: 0<ti <ta<...<ty <L
nauaywwed dan raacca dynryui My? (1 < p < 00) u Kaacca xpuswr H “1Ym geasemea gpop-
MYAG CPETHUT NPAMOY20ALHUKOE

L
/f(sol(t), s om(t)) dt =
0

2|~

if(w(w;:[lL),...,@m <2Z];1L)>+RN(f;F). (6)

k=1
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o o w
IIpu amom das noepewnocmu nauaywwet gopmyave (6) na xaaccaxr dymryui My u xpuevr
H @9m cnpasedausa mounas oueHKka

L/(2N)

m 1/17
e (g ) = ) [ {wa@)} " )
0 =1

Jlts mokazaTeabCTBa TeOpeMbl 1 HaM MOHAIOOATCH CAEAYIONINE YTBEPKICHUS.
JIEMMA A |7, ¢.177|. Ilycmwv 6 obaacmu D € R™ dukcuposana npoudeosvrai cucmema mover
My, My, ..., M, u pynryus g(M) onpedesena pasercmeom

g(M) = min 90[ (Man)]a MED,
1<y

2de p(t) — neybuearowas u noAyadOuMUEHAR, MO ECNY YIOBAELMEOPAIOUAHL COOMHOUEHUAM

0< p(ta) —(t) <p(ta —t1), 0<t <t <0

(0 — duamemp obaacmu D) Pynruyus, a p(M, M;) — paccmoanue mearcdy moukamu M u M;. Tozda
ons mobuix movex M’ u M" us D umeem mecmo HepaseHcmeo

lg(M") — g(M")| < @lp(M', M")].

Caeyroliee yTBeprKIeHue siBjsiercs caejacrsueM Jjemmbl 8.2.9 u3 |7, ¢.369-370], jokazarenscrso
KOTOPOI HECJIOKHO MTPOBOUTCS TI0 TOM K€ CXEME.

JIEMMA. ITyemo ;(t) (i

= ) - neybusarowue u neompuuyamenvmsie daa 0 <t < L pynxyuu
u npu Purcuposarrom N =1,

. BEKMOPY

={ty: 0<ti <ta<...<ty <L}

CONOCMABAEHA PYHKUUA

1/p
Dy ,(T,t) Pt — ¢ <t< L, 1<p<oo.
1( lggN{Zw (|t —tx]) } , 0 p < oo

Toz0a evnoanacmca HEPABEHCIN GO

Tt~

L
(T, 1)dt /@ (Th, £)dt, (8)
0

2de sexmop Ty onpedeasemea xoopdunamamu 7y = (2k — 1)L/(2N), (k = 1, N).
JIOKA3BATEJIBCTBO TEOPEMBI 1. OfeHKy CHM3Y MTOMYIMM XOPOIIO W3BECTHBIM METOIOM

H.I1.Kopmreiiayka [8]. [lycts (P,T) — mpou3BOBbHBIH BEKTOP KOIMMUIUEHTOB U Y3JI0B, I KO-

TOpbIX uMmeer cMbica dopmyna (4). Yepes im;)?’%,z oboznaunm muoxectso gynkuuit f(M) € MGP

ONPeNeIEHHBIX BIOJIb KpuBoit [T C H “1“m  koTOpBIE B y3/1aX BeKTopa T = {t;}}_, obpamarorcs
B uynb: f (01(tk), ..., om(te)) =0, k =1, N. B cuny Toro, 4ro EITI P CMP, umeewm:

Ry (M7 H s PT) > Ry (M&4; Her PT)

Ilomaras

Ex (mt‘;;;;HMw-»Wm) — inf {RN (zm;j;;; H@tom p, T) . (P,T) e A}
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W yauTBIBas, 9TO jis Beex dynkimit f(M)eML P , KBaJIpaTypHas cyMMa cipasa b (6) paBma HyO,
OyaeM nMeTh

Ex (IME5 H ) > Ey (MR H o) =
L

= it s s / F 1), - om(®)) ] (9)

(PT)eA feim‘“’ TCH Wi )

npuuéM npaBas YacTh HepaseHcTBa (9) or Kosdduimentos {py}_, ne zaBucut. uKCUpyeM TIPo-
U3BOJIbHBII BEKTOD y3JI0B

T={ti}i; (0<t)<ta<...<ty<L)

U OIpefesnM KpuByio ['g mapaMeTputdecKUMHI ypaBHEHUSIMA

x; = pi(t) = mkin wi<\t - tk]>, i=1,m.

Jlerko mposeputh, uto @;(t) € H¥[0,L] i = 1,m, a 3maunt kpusasg ['g C H“V»“m. Ecou Te-
neps dynknust f(M) € M7 To B TOUKAX M®) = M(p1(tr), p2(tr), - - -, @m(ty)) € T meenm
f(M(k)) =0, k=1, N, a noromy

@) = |£an) - r1®)| <

m » 1/p m 1/p
Sw {Z‘Pi(t)_@i(tk)‘} Sw {wa(ﬁ—tﬂ)} ;

=1

¥ CAeJ0BATENbHO, B CUJTY HEMPEPBIBHOCTH W, NMEEM

m

J(M) < minw {Z

=1

m

1/p
pi(t) — @i(tk)‘p} =w n%in {Z

=1

) 1/p
pi(t) — %’(tk)’ } =

= Iz (p1(t),p2(1), - om(t)) = fpr(M). (10)

®yuknmio fp (M), onpenenénmnyio B mpasoii wactn nepaserncrsa (10), B ity pacmosokemHmst
ya10B t (tp < tis1), kK = 1, N — 1, a Takxke MoHOTOHHOCTH W;(§), i = 1,m, MOXKHO 3allicaTh B

BUE
1/p
fp,1( {Zw <m}€in|t—tk|>}

Hoxaxem, aro dyukims fp, (M) € im;‘j’{i. Hedicteuressho, ecau t',t"” € [0, L], 10 1y1st JII0OBIX y3J10B
tr € [0, L], upumensist iemmy A, 1osydaem

Fpr (M) = for(0")

— p(fp,T(M'), fp’T(M”)) -

m 1/p 1/p
= |w {;wf (m}jn]t’—tkl)} {Zw (mln [t — ])} <
m 1/p m 1/p
<w {;wf <mkin\t/—tk\)} —{;ng <mkin|t"—tk\>} <



Hannydmme xkpaaparypubie GOpMyIIbl BEIYUCICHNS KPUBOJTHHENHBIX HHTETPAJIOB. . .

257

pY /P
} <

<u {i

=1

wj (mkin [t — tk\> —w; <mkin [t — tk|>
m 1/p
<w {wa (1 —t”|)} ,
i=1

u rax kax, kpome toro f, 7 (M*)) =0, k=1, N, ro f, (M) € fm;’%}w. Do ¢ yuérom (10) npusogur

K COOTHOIIICHUIO

sup sup  |Rn(f;T5 P, T)( =

femyp DCH @1mtm

L
= sup sup /f(wl(t), s om(t)) dt| =

femep TCH @1

L L m 1/p
= O/fp7T<901(t)a s pm(t))dt = O/W {;Wf (mkin’t—tM)} dt.

(11)

Iycrs Ty = {70 : 70 = (2k —1)L/(2N), k=1, N} . Toraa u3 HepaBeHCTBa (8) I BBIIICIPUBE-

JEHHON JIeMMBI cpaldy cjeayet, uyTo Tipu Bcex 1 < p < oo

1/p L
/ ({Zw (mln t—tk|)} )dto/fp’T(cpl(t), o em(t))dt >
L L m 1/p
> /fp,To(Spl(t)v som(t))dtz/w ({wa(tm)} )dt
0 i=1

0
N kLN m 1/p

— (], (2k=1L _
_Z / w ({sz <‘t I ‘ dt =

k=lx_1)L/N i=1

(26-1)L/(2N) Y
N m p
2k — 1)L

=1 (e=1)L/N =1

(2k—1)L/(2N)

N L/@N)

5 ({5 })M”/” ({5} )

Taknm 06paszom, ¢ yuérom (11) u , IMEEM OIEeHKY CHU3Y

Ex (M7 Hton) > Ex (MRt ) = ind / For(1(8), -, pm(®)dt

(12)
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L/(2N)

L m 1/p
:/fﬂl(@l(t), ., om(t))dt = 2N / w {ng’(t)} dt. (13)
0 0 i=1

Y106k 10/1yYUTh OLEHKY CBEPXY, PABHYIO 1ipaBoii yactu (13), 3a1a4um KBaparypHyo GopmyLy
(4) BekTopamu KoabdUIMEHTOB

P() = {pk P = L/N}]ivzl (14)

U y3JIOB

To={rl: 70 =(2k—-1)L/(2N), k=1,N}. (15)

Torpa ast mponssosbroit dbyukmum f(M) € M,P n moboit kpusoit I' C H “1-“m Gyrem mvers

R (£ P Th)| =

[ ot onttnin= 35 (o (0 oo (B0

0 k=1 b
N kL/N
<> fxwmww.wwm@»-—f(wl<QZ§1L),”.¢ﬁn<QZ§1L)>cu<
k=l _1L/N
kL/N 1/p L/(2N) 1/p
ENJ / {Zw (‘ —2’“_1)>} dt QN/ { )} dt.  (16)
k=1 _1)L/N

CpasuuBast mepasencrsa (13) u (16), momyvaem Tpebyemoe paBeHCTBO (7), UeM W 3aBepIIaeM
JIOKa3aTe/IbCTBO TeopeMbl 1.

N3 mokazanHol TeopeMbl 1 BBITEKAET Pl CAEICTBHIA.
CHEACTBUE 1. B ycaosusazr meopemvi 1 npu w(t) =t* (0 < a < 1) umeem mecmo pagercmeo

L/(2N) m a/p
&@Wﬂ““ﬂﬂm)/{Zﬁ@}dt a7)
0 =1

B wacmmnocmu, uz (17) npu o = 1, swmexaem pesyavmam uz [6]. Ecau owce 6 (17) nosazamo
wi(t) =w(t), (i=1,m), ede w(t), 3adannviti Modyav HenpepverocmU, MO 6Ydem umemsb
L/(2N)
En (MGP HY) = (QN)W/ (w(t))™ dt.
0
IIpr o« = 1 m p = 2, oTCIO/Ia BBITEKAET PE3YyIbTaT |3].

CHEJACTBUE 2. Ecau 6 ycaosuax meopemvi 1 noaazamo w;(t) =t (0 < a; < 1,5 =1,m), mo
UMEEM:

L/(2N)

1/p
En (imgvp;H%%--v“m) = (2N) / {Zto‘”’} dt. (18)

0
B wacmnocmu, nosazasn 6 (18) w(t) =t, noayuaem

2
Exn (mtﬁl),p;HLl,...J) _L 4]\&;/7”.
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OrMmeTnM, 9TO yTBEPXKJEHWE TeopeMbl | CIpaBeyimBO Ha OoJiee MUPOKUX KJaccaxX (QyHKIIAN

w,p W1 5eeeyW w,p &
W KPHUBBIX, YeM KJIACCHI szw u H®H¥m B camom jeie, IIyCTb 9)?27/) KJjacc yHKING
fle1(t), -+, om(t)), oupenenéuubix ma Kpusbix [ C H ¥ %m  yvioBaerBOPSIONMX /sl TOYEK

t,t £ 7 €0, L] ycrnosuro

F 1t 47,020t + 1), pmlt 7))+ F (o1(t = 7), o2t = 1)+ s pm(t = 7)) =

m 1/17
~2f (10 2(),++ om(D)] < 2 {wa(!t!)} <p<oo (19)
i=1

Just kBagparyproii opmyiibl, 3aganH0# BekTopamu koddduimentos (14) u yznos (15), norpem-
HOCTB (POPMYJIBI IPEJCTABAMA B BUJIE

Ry (f;T; Po,To) = J(f,T) — Ln(f; T Po, To) =

L/(2N)

N
:Z / [f((pl(Tlgj:T)?"' 7()0771(7—14(:):‘:7_))_2.]0(901(7—]8)7”' 790771(7_]?)} dr. (20)

=1 0

13 coorromenus (20) ¢ yaérom mepasencrsa (19) ciemyer onenka cBepxy

LeN) . 1p
Exn (mg’f;le,wz..,wm) < Ry (mg)’f;PO’T()) = 2N/ w {wa(i)} dt,
0 =1

a YIUTHIBasl BKIIOUEHTE 93?;]’5 D M, cnpaseanmeoe s moboit kKpusoii I' C H “L-+“m  npuxoanm
b
K HEPABEHCTBY

L/(2N) m 1/p
En (m;ff;le,wz..,wm) > Ry <9ﬁ;’”£; PovTO) = 2N/ w {wa(i)} dt.
0 =1
N3 apyx mocsieqnux HEPABEHCTB IOJIYIaeM
L/(2N) m 1/p
En (MG Form ) = E (I3 o ) = 2N / w {Zwm)} dt.
0 =1

Takum obpaszoMm mokazaHa CIeayromas

TEOPEMA 2. Cpedu scex ksadpamyproz Gopmyas suda (4) ¢ npouscoibHbmu 6EKMOPAMU KO-
appuruenmos u ysaos (P, T) nauaywwetd das xaaccos My" Sm;f u kpuswvir HYV 9" geanemcsa
dopmyaa cpednux npamoyeosvoruros (6). Lpu smom das noepewnocmu dopmyave (6) Ha yrazannvx
KAGCCAT GYHKYUT U KPUBHLT CNPABEIAUBD PABEHCMEO

Exn <9ﬁ‘§:§;H“’1wwm> —&n (mtt;;,}v;I_le,...oJm)7 (21)

20e snavenue npasol wacmu pasencmea (21) onpedeaeno 6 npasoti wacmu coommowenus (7).
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KOPPEJIAIMOHHOe PUOINKeHre, CUHIYIapHOoe npubinkenune. PaccMorpensr Momenn co cjiou-
CTOU CTPYKTYPOH UM MATPUYHbIE CUCTEMBI C PEeryadpHOil CTPYKTYPOil.
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Abstract

This paper presents an overview of mathematical models that allow us to determine the
effective elastic characteristics of various types of composite materials. The most well-known
models are considered: virial decomposition, self-matching method, correlation approximation,
and singular approximation. Models with a layered structure and matrix systems with a regular
structure are considered.
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1. BBenenue

B nammoit pabore mponssesien 0630p MaTeMaTHIECKAX MOJIEIEH YIIPYTIUX XaPaKTEPUCTUK MITHPO-
KOTO KJ1aCCa KOMIIOBMIMOHHBIX MaTepHaJioB. PaccmarpuBaiorcst Hanbosee H3BECTHBIE MATeMaTHIe-
CKM€ MOJIEJIN: BUPUAIbHOE PA3/I0KEHNE, METO/ CAMOCOIIACOBAHNUS, KOPPEAIIIUOHHOE TPUOIHKEHHE,
CHUHTYJIIPHOE IPUOJINKEHNe, TEOPUH CaydafiHbix GyHKuit. IlpuMmenenne sTux Mozeseil paccmorpe-
HO M1 KOMTIO3UTOB CO CJOYIAUHBIMU HEOTHOPOITHOCTIMU, JJS CJOUCTBIX MaTEePUaJIOB W I MaT-
PUYHBIX CUCTEM C PEryIdpHOA CTPYKTYPOM.

CoBpeMeHHbIe KOMITO3UTHI TTPEJCTABILIOT COOOH IMUPOKUIT CIIEKTP MATEPUAJIOB, B KOTOPBIX TEM
WM WHBIM CIIOCOOOM CMEITaHbl HECKOJIBKO M30TPOMHBIX MM aHU30TPOIHBIX KOMIIOHEHTOB. lIpes-
IIOJIaraeTCd, 9TO MEXaHUYIeCKHUe CBOMCTBA KaXXJ0T0 U3 KOMIIOHCHTOB HU3BCCTHLI. MSBQCTH& TaK>Ke
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cTpyKTypa (pacrupejenenune) KOMIOHEHTOB B 00beme Marepuana. OCHOBHAS 3a7a9a COCTOUT B Ma-
TEMATHIECKOM ompejieieHnn 3P HeKTUBHBIX CBOUCTB, KOTOPhIE MOXKHO TaKKe OIPEJETUTD SKCIEPH-
MEHTAJIBHO IIyTeM MEXaHUIEeCKUX MCHObITaHWui. 9Tu 3(DPPEKTUBHBIE CBOMCTBA 1IPU UX MAaTEMaTHIe-
CKOM MO/JIeJIMPOBaHUU I103BOJIAIOT OIITUMAJIBLHO IIPOEKTUPOBATEH MaTeprall C y4eTOM BJIUAHUA CTPYK-
TYPBl W TEXHOJIOTMHM W3TOTOBJEHUs KOoMTo3uTa. B mannoit paboTe 3Ta 3a7avua paccMaTpPUBAETCH
TOJIBKO )T MOAEINPOBaHUs 3(PHEKTUBHBIX YIPYTUX CBOWCTB KOMITO3UTA.

2. O6miag rmocraHoOBKa 3aa4u

Ecan B MoorokoMnonenTHoit cpeae KOMIIOZUITMOHHOI'O MaTepuaJia Ka}K,ZL])Iﬁ KOMITOHEHT IIOJ4U-
HACTCA 3aKOHY FyKa, TO U BEChb KOMITIO3UT TOJYINHAECTCA 3aKOHY FyKa:

o = ce. (1)

B rakoit zanmcu Ter3zop ¢ OymerT OCTaBATHCA MOCTOAHHBIM BHYTPH 3€PHA HEOSHOPOIHOCTH U
MEHSITBCS CKAYKOM MPU IIEpeXojie B Apyroe 3epuo. [losTomy ¢ MoxkeT ObITH IIpe/ICTABIEH B BUJIE:

c={c)+¢, (2)

rie (c) — cpeanee 3navenne, ¢ — QIyKTyalMOHHAS COCTABIISIONIAL.
OTHOCUTENBHO CPeTHUX 3HAUYEHUT 3aK0H 'yka MoxkeT ObITH 3amucaH B BUIE:

(o) = cule) (3)

Iae ¢, — TeH30p 3(pPEKTUBHLIX VIPYIUX XapaKTEPUCTHUK.

Ecnn ynaerca naiitu sTorT T€H30D, TO JIErKO MOXKHO HalTH 3PPEKTUBHBIE TEXHUIECKUE MOJLYJIN
yupyroctu F,, Ky, p, n koadpdurment Ilyaccora v,.

OmpenennM cpenHee HAIPSKEHHE PABEHCTBOM:

1
(o) = v odV. (4)
AV

3r1eck B KadecTBe djeMeHTa obbema A V cienyer 6parh 06/1acTh, JOCTATOYHO GOJIBIIYIO TI0
CPABHEHMIO C XaPAKTEPHBIM PAa3MEPOM 3JIEMEHTA HEOMHOPOJHOCTH (HAIPUMED, CPEJHUM JIUaMeT-
poMm 3epHa). B aToM cayduae BOZHUKAET MOHATHE MpeCTaBUTEIbHOrO 00beMa. Ilom stum ompesese-
HHUEM IIOHUMAETCH TaKOo#i 00beM, KOTOPBIH XapakKTepu3yeT PaBEeHCTBO 00bEMHON IIOTHOCTH OIHOTO
KOMIIOHEHTA B 9TOM 00beMe 00beMHOI IJIOTHOCTU 3TOI0 KOMIIOHEHTA BO BCEM MaTepuaJie.

W3 cooTHOmIeHUst (4) MOMYINM H3BECTHOE TIPABUIO CMECEii:

(0) =101 + D02, (5)

e Y1 u Y9 — 0ObeMHbBIe KOHIIEHTPAIINN KOMIIOHEHTOB, 01 B 09 — TEH30DDHI CPETHUX HAMPSKEHUIH
B KOMIIOHeHTaX. [IpaBmio cmeceit obobIaercsa u Ha ciaydail 60bIIero 9ucaa KOMIOHEHTOB.

Pazmoxum B pasencree (1) BCe BEJIMYMHBI HA PEryaapHBIE W (DIYKTYAIMOHHBIE W OCPETHUM
ITOJIyYeHHbIe BbIpazkenus. Torma nmeem:

(o) = (e)(e) +(ce'). (6)

Ecnn Boipasuth (GuyKTyalMonHble cocTapsonue moseit redopmanuit € uepes cpepnue 3nade-
HUS, TO TIOJTYINM:

e = P(e'). (7)
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Torma sdpdexkTuBHBIe KOIDDUITUEHTHI YIPYTOCTH MOTYT OBITH MOYY€HBI IO (POPMYJIE:
ce = (c) + (¢ P'). (8)

KomnonrenTs! Ten3zopa P’ TOJKHBI IPEACTABIATE cO00# HEKOTOPbIE HHTETPAIbHbBIE OIIEPATOPHI,
3aABUCIIIIE OT KOOPAWHAT. YIIPYTOe MOJie B TOYKE HOJIZKHO ONIPEAedaThCH He TOMBKO CPEIHIUMU 3HA-
YEeHUsIMU HAIPSKEHUM, HO OHO Oy/IeT 3aBUCETh OT HANPS2KEHHOTO COCTOSHUS B COCEHUX 00J/IaCTIX.
Boruunciienne oneparopa P/ cBoguTCs K M3BECTHOI 3aa4e MHOI'MX TeJl, U II09TOMY MOXKeT ObITh Bbl-
ITOJTHEHO JINIb Npub/inkeHHo. PaccMoTpuM pazyivdHble MaTeMaTUYeCKUue MOJIE/IU, KOTOPBIE C TeM
VIV UHBIM TPUOJINZKEHUEM [TO3BOJISIIOT BBIYUC/IATH (PPEKTUBHBIC XaPAKTEPUCTUKN TEH30PA Cx .

3. BupuajbHoe pa3JjioxKeHue

B srom ciyuae mist 3¢bPeKTUBHOTO TEH30PA €y WCIOIB3YETCS PA3IOKEHNE B PAI] MO CTEIEHIM
00BLEMHON KOHIEHTPAIIME OJHOTO M3 KOMIIOHEHTOB:

oo

Ce = Z My, (9)

n=0

rJe 1 — MeHbIast U3 KOHIIEHTPAIINii.

Ob6aacTh TPUMEHEHUS METO/Ia OTPAHUYIEHA MAJIBIMUI KOHIIEHTPAIIUSIMU OJHOTO U3 KOMIOHEHTOB.
B srom ciyuae B3amMHBIM BJIWSTHUEM BKJIFOUEHUI B MaTpHIle MOXKHO MpeHeOpeUb, a CpejHee Ha-
npsikeHune B MaTpuile OyJeT paBHO NPUJIOYKEHHOMY BHEITHEMY HanpsikeHuto oqg. [locse perenns
coorBercrByfoieil Kpaepoi 3amaqn 1] sdpdexruBhblil 06beMHBIT MOy U 3hDEKTUBHBIA MOILYTH
cIIBUTA OTpeessieTcst o gopmyram [1]:

3(1 —I/2)(K1 —Kg)ﬁl :|
K,=Ky |1+ 10
2 |: 2K2(1—21/2>—|-K1(1—|—U2) ( )
15(1 — — %
e = |14 PN el (1)
MQ(? - 5V2) + 21 (4 - 51/2)
e 3HakOM 1 OTMedeHbl yIpyrue XapaKTePUCTUKW BKJFOUEHHUS, d 3HAKOM 2 — XapaKTePUCTUKH

MaTPUIIBI, ¥; — KOHIEHTPAINA KOMITOHEHTOB. YaCTHBIM CJIyIaeM 3TOW 3a1auW sIBJISETCST TTOPUCTAST
cpena ¢ magoi koumenTpaiueit mop. CoorsercrBytommue dopmyabl A Ky U . UMEIOT BUI:

K, = K, [1 - H} (12)
e = o [1 ' W} , (13)

e ¥ — nopucroctsb, v — koagdurment Ilyaccona Marpuiibr.

4. MeTo/ caMOCOIJIaCOBaHUS

HaHpH}KeHHOG COCTOdHUE B MATPpUIE B JaHHOM METOJE CHUNTACTCA CPEIHUM IO BCEMY KOMIIO-
BUTY, U YIPYTHE CBOMCTBA CPEMbl OMPEAeTToTcs 3(DMEKTUBHBIMUA MOJYIIMA KOMIIO3UTA B IEJIOM.
B meToze camocoriacoBaHust IPUHUMAETCA BHAYAE, 9TO nepsas draza (KOMIIOHEHT) MPEICTaBIsAeT
coboit cpeputeckoe BKIOUEHNE B MATPHUIIE C HDMOEKTUBHBIME CBOUCTBAME, 32TEM 9TO K€ TPEIII0/I0-
JKEHUE JIeTaeTCs OTHOCUTETbHO BTOpoit (basbl. [locse permrernst cOOTBETCTBYONNX KPAEBBIX 3314
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HOJLyY€HbI CJIeJYIONIe COOTHOIIeH s AJist 9 MEKTUBHBIX yIPYIux MogyJei [2]:

i + 02 =1 (14)
1+« S| 1+« & -1
K, —1 K,
9 9
! + 2 =1, (15)
1+B<M—> 1+/6’<M2—1>
2 Hox
14v 2(4 — 5v)
_ . 5 ) 16
Mea=gn Ty BT sy (16)
3K, — 2y
s 17
YT 6K, + 21 (a7)
B uwacTHOCTH /118 IOPUCTBHIX MATEPUAJIOB COOTBETCTBYOIINE (DOPMYIBI UMEIOT BUJI:
9 1-9
+ =1 (18)
oo o (B2
N _
K,
9 1-9
+ =1 (19)

SR

MeTO,ZL CaMOCOIJIaCOBaHUA MOZKET IIPUMEHATHCA 11PN JI00BIX KOHOCHTPAIUAX KOMIIOHEHTOB 1 HE
nMeeT CyneCTBEHHbIX HEA0CTAaTKOB, CBOMCTBEHHBIX METOAY BHUPHAJILHOT'O PA3JIOZKECHUA.

5. Koppengaimontnoe npubImKeHne TEOPUN CJIIydaHbIX PYyHKIII

Meros ocHOBaH Ha TPUOJIMKEHUH, YIUTHIBAIOIIEM MAjOCTh BJUAHUSA YOPYTUX TIOJEH, HAXOIS-
mUXCs Ha, GOJTBIIOM Y/IAIeHUH OT KOHKPETHOrO BK/IIOYeHUs (KOMIOHEHTa). OObIYHO yunThIBAETCS
JIMIb BJIMSHWE YIIPYTUX T0Jieil Ha JIaHHOe BKJIIOYEHUE OT OJIMKAHIIero BKIIOYEHUS. JTOT METOJ
MIPUMEHUM, €CJIU PA3HOCTh MOJYJIeH YIPYyrOCTH KOMIIOHEHTOB HEBEJIWKA. PacdeTHble 3aBUCUMOCTHU
3bDEKTUBHBIX XaPAKTEPUCTUK COJIEPKAT KOPPEJIAINOHHBIE (DYHKITHH YIIPYTUX MOJIyJIell KOMIIOHEH-
TOB, KOTOPBIE PEANOIATAITCA u3BeCTHbIMU. [Ij1st onpenenenus 3rux dbyHkiuii perraerca (npubiu-
JKEHHO) CTATUCTUYIECCKN HeJMHeHAA KpaeBas 3a/1ada TeOPUU YIPYTOCTH, KOTOPas JHHEAPU3YETCs ¢
YUETOM BBINIEYKA3AHHOTO TPUOIMKEHNs. Y DABHEHIe DABHOBECHSI 3aIIUIIIEM B OTIEPATOPHOM Buje [3]:

LZ =0, (20)
roe Ly = ViCijkmVm; Z; = U;. (21)
st M30TPOTTHBIX KOMTIOHEHTOR:
Cijkm = KV + 2MD (22)
1
Vijkm = §5z‘j5km
1 2
Dijkm = 3 0ikOjm + OimOjk — §5z'j5km .

Paszbusasg oneparops! u dyHKIIMNT HA OCPEIHEHHYIO U (DIYKTYAIIUOHHYO COCTABJISIONIIE U OCPE/I-
HSS IOy YMBIIIMECH BbIPAYKEHUS, UMEEM:

(IVZ) +(L'Z') = 0. (23)
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VpaBHeHMe 19 OCPETHEHHBIX HANPSKEHNH 1 gedopManuii JOIKHO ComepKaTh 3MGEKTUBHBIH
TEH30D .. Torma paccmoTpuM 3hPeKTUBHEBIN omepaTop Li:

L. = (L) + (I'X), Z'=X(Z), (24)

rae X — HeW3BECTHBIH omepaTop.
Berarem (23) u3 (20), Torga:

(L)Z'+ L'(Z)+ (L'Z' — (L'Z")) = 0. (25)

Ckobka, cojiepKaliiasi pa3HoCTh IIPOU3BeieHnit hJIyKTyarnuit 6yer BecbMa MaJioif 10 CpaBHEHUO
IPEABIAYIIUMUA CAATAEMBIMU, TOTOMY B KOPPEIAIMOHHOM TPUOIMKEHUN €10 ITPEHEOPeraroT, T.€.:

(LYZ'+ L'(Z) = 0. (26)
Beenem perynapusblit oneparop M, paBeHCTBOM:
My(Z) = —J, (27)

e J — equHUYHbIN onepaTop, M, — WHTerpajbHbINl ONepaTop, SAPOM KOTOPOTO SBJISETCS TEH30D
I'puna oneparopa (L). MoxHo nokasars, aro oneparop X cssizan ¢ oneparopom M, dbopmy.ioii:

X + M,L". (28)
Torza uz (24) nmeem:
Ly = (L) + (L'M,L'y = (L) + M,(L'L’). (29)

[Tocemnee Boipakenne COAEPKUT KOPPEIAIMOHHYIO (DYyHKIIWIO yIpyrux monysaeii. B asuoMm Buze B
cJIydae OJIHOOCHOTO pacTsizkenus (01) = F,(e1) u3 pabots! 4] nmeem BmecTo (29):

2N+ Tp)

Be= B = s o

[(3D)\>\ + 4Dﬂ/\)(1 — 21/) + 4D#H}’ (30)

rae Dy = c1c2(A — A2)%; Dy = crca(A — A2) (1 + p2); Dy = crez(p + p2)?,

e A, b — K03dpunuenTrs yupyroctu KOMIOHEHTOB, A; = K; — g“i’ K — obbeMHbBIH MOJYIIb, [t

— MOJIyJIb CIBHUTA, C1,Cy — OOBLEMHBIE KOHIIEHTPAIMH KOMIIOHEHTOB.

IIpn BBIYHCTIEHUE KOPPETAIMOHHBIX (DYHKINI yIPYIHX MOJYJIeH HCHOIB30BAIOCH TOKA3ATE b
HOE PACIPEEICHIE 9JIEMEHTOB CTPYKTYPbI KOMIO3uTa. IIpuMenenne 51oro pacupeietenus 060CHo-
BaHO B pabore [5].

6. MeToa, CUHTYJISPHOTO TTPUOJIMKEHUS

B koppensauuorHOM NPUOIMKEHNH yIUTHIBAIOTCA JIAIH TAPHBIE B3ANMOJIEHCTBAS YIIPYTHX TO-
JIeft MeK Ty 3JIEMEHTAMH CTPYKTYPhI. CHHTYIApHOE TPUOIHKEHNE TIO3BOJISIET YIeCTh BCE THITBI MHO-
TOYaCTHYHBIX B3auMoieicTeril. OHAKO 3TOT yUeT yaeTcs OCYIECTBUTH 38, CIeT HEKOTOPBIX yIIPO-
IAIOIIAX TIPEJIIOJIOKEHN, KOTOPbIE IPUBOJAT K Pa3Ma3blBAHUIO YIPYIOTrO HOJIs [0 3epHY HEOTHO-
poaHOCTH 1 obpalenns B HOMTb AUCIIEPCHN HANPsKeHnit n gedopmaruii B mpegensax ashbl.

OcHoBoit MeToa ABIAETCA NPUOAMIKEHE, OCHOBAHHOE Ha, PAZJIOKEHUHN B CTETEHHON PSAJI TI0 OrTe-
paropam X (mo dopmyie (28)) sdbdexrunroro oneparopa L. IIpu 9T0oM 4ieHb! psifia 3aBUCST TOJIb-
KO OT CMHTYJAAPHON 9aCTH TPON3BOHBIX TEH30Pa [ pUHA. DTO COOTBETCTBYET MOCTOTHCTRY yIIPYTOTO
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nosg B npejgenax kaxoit daspl. CreneHHol pa 1 KOMIIO3UTOB € M30TPOIMHBIME KOMIIOHEHTA-
ME yJaeTcd IMpOCYMMHUpPOBaTh. B pedynbrare mojydunM pacdeTHble GopMysabl 17 3bheKTUBHBIX
mozyateit yupyrocru [6]:

V199( K7 — K>)?

K., = (K) — : 31
< DKo +92K1 +a (31)
: 1o + Vop1 + b
_ 4 _ 1 () (9K + 8pu)

VraoBeIME CKODKaMU 0003HAUEHBI CPETHUE 3HAUEHUsI, OMPEIEISIeMbIMHU 110 METOy CMeceit ¥ u
Y9 — obbeMHbIe KOHIIEHTPAIINH KOMIIOHEHTOB.

B gacrnocrn JJId IIOPUCTBIX KOMIIOSUTOB MMEEM:

V192 K2
K, = 09Ky — 10202 34
2T Ky + ay (34)

V192113
« =1 - 35
I L R R (35)

4 1 9202(9 K2 + 8puz)

= “Oapz, b= 36
T T TR, o) (36)

7. 9ddekTuBHBIE YIIPYTHE MOJIYJIA CJIOMCTHIX MAaTEpPHUaJIOB

Paccmarpusarorca MaTepuasibl co CJIOUCTON cTpyKTypoii. Bee ciion obsiagaoT cBoiicTBaMu m30-
TPOMUY U UMEIOT OJIMHAKOBYIO TOIIHY. B 1e/1oM Takoit MaTepuast 0yaeT TpaHCBepPCaIbHO U30TPOTI-
HBIM [7] ¥ cofiepKaTh MATh HE3ABUCUMBIX KOHCTAHT E1, Fa, 111, o, v1. Onpenenenne 3hbheKTHBHBIX
3HAYEHMil KOHCTAHT B TAKOM Marepuase umeerca B pabore [8]. B miockoctu nzorpormu — 910 Be-
auauesl B, p], V], B HallpaBJIeHUH, IePIeHINKYIApHOM c1oaM Fj, 15, Kosddumnuent Ilyaccona B
9TOM HanpasjeHun 3asucur or E, v] mo dopmye:

Ejvi = Ejv;. (37)

Ilocsie pemrenus kpaeBoit 33,1891 TEOPUU YIPYTOCTH ITPU TPAHCBEPCAJIBHOM N30TPOIUHU CIOUCTO-
T'0 MaTepraJa IMOJyIeHbI CIEYIONIIe COOTHOINEeHN s b dEeKTUBHBIX Moyeit |9]:

ci1 = (x) — M ' Dy, (38)
iy = (A) = M ' Dy, (39)
¢z = (A) — M ' Dy, (40)
¢33 = (x) = M ' Dy, (41)
Cia = (u) — M, ' D, (42)

rae
M, = Y1x2 + J2x1,

Dy = 0102(x1 — x2)(y1 — ¥2),
vE E

= AN+2u0 A= .
X = A2 Arv)1—20) "7 2010
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*

ij CBABAHDI C TEXHUYECKUME MO/ IAMMI E? u v} coornomenusmu (3ua-

DddexTuBHBIE MOIYIN C
YOK * Jlasiee He yKa3aH)

E%EQ 1 I/%
= - T 4
=22 (55 @
E2Ey (v v
= - T 44
€12 A (El + B ) (44)
E%EQ 14+
= 45
13 r 2R (45)
E2
€33 = XQ (1-17), (46)
2 Ey
e A= (1 —+ Vl) [(1 - I/1)E2 — 21/2E1]; Vo = Fyl'
2

8. 9ddekTUBHBIE MOy TN YyOIPYTOCT MATPUIHBIX CUCTEM

PaccmarpuBatorcss peryiisipHble Cpefibl, KOT/Ia BCE BKJIFOUYEHHS WMEIT OIMHAKOBYI (hopMy u
pa3sMephl W PACIIONIOKEHBI HA OJWHAKOBOM PACCTOSTHUM APYD OT apyra. Takum obpazom, mMmeer-
sl TIepUOINIecKasi (saencrasi) CTpyKTypa. llpenmonaraercs, 970 MOIY/IN YOPYTOCTH KOMITOHEHTOB
uzBecTHbL. B padore [10] u [11] mosydeHs! rpaHuIpl BUIKH, BHYTPH KOTOPBIX UMEIOTCSI TOUHbIE 3HA-
deHusi 3pPeKTUBHBIX Moayiaelt K, u p, Takux marepuano. s 9TOro MCIOJb30BaHBI PEIIEHUS
COOTBETCTBYOIIMX KPaeBbIX 3ajad Teopun yupyrocru. B pabore [11| rpanuub Buiakn nust Ky u i,
BBIYHCJIEHBI JJ1 KyOUYECKOH MepuoaniecKkoil peIeTky ¢ BKIYEHUIMU KyOnueckoit (popmbl. DJie-
MEHTapHAd d49eiika npeacrap/sger coboii kyb ¢ pebpom 2a, B KOTOPBIN BJIO2KEH APYyroit Kyb, nmpudem
pebpa gueliky u KyOuKa BK/IIOUEHHUS NapaJiiejbibl. Byaem 0603Ha4aTh BETUYUHBI, OTHOCSIITIECS K
MaTPHUIIe UHIEKCOM M, & K BKIIOUEHUIO — WHIEKCOM ¢, BEPXHIOI0 TPAHUITY BUJIKHU J71s 3D HEeKTUBHBIX
Motysteit ByieM OTMedaTh WHIEKCOM U, a HIDKHIOI — uHIEKCOM [. OKOHYaTe bHBIH BuI HOpMYyJI
JJIsT TPAHUI] BUIKK caeaytormmit [11]:

fu = po M [0t + (1 — O‘)M]il (47)

o VLl fhm

2
Ko = 9K + 030 + 3 | BmLHS2 )7y 2 (50)

f1+ f3
(1 - OéQ)Nm(Km - KR)2 2 (1 - KRf4)2

K, =Kgp+ +a 51
! R Kin(BKpm + ) fa+3fs (&1)

Tae .
Kg= (9nK,' +0:K; ")
l-a

hi= 3Kom + 4fim

fQ = Odei + (1 — (JJQ)K]\/I

fs=a{3fa+4[0u+ (1 —a®)pm)}

1—«
fa= i +

=
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l—« Q
f5= + —
Hm M

9. 3akJIroueHue

B pabote paccMoTpensbl pasandHble MATEMATHIECKTE MOJIEIIH, TTO3BOJISIIONINE TEOPETHIECKH BhI-
9UCAATH (P HEKTUBHBIE YIPYIHe XapPaKTEPUCTUKH KOMIo3uToB. Cieayer OTMETHTh, UTO BCE 3TH
Mozesnm Ok paspaboransl B 60 + 70-x romax XX Beka. JlasbHeffee pa3BuThe 3TH METOIABI 1
MOJIEJTV TOJIYIWJIN B CBSI3HW C IOSBJIEHUEM W BHEJIPEHHEM KOMIBIOTEPHBIX TexHOJoTHH. B dacTHO-
CTH, 3HAYUTE/IFHOE MPOJABUXKEHNE B 9TOM HAITPABJEHUU OBLIO JOCTUTHYTO C IIOSBJICHUEM TaKETOB
MTPUKJIATHBIX TPOTPaMM, OCHOBAHHBIX Ha METOJle KOHEYHBIX 3JIeMEHTOB. PellleHne KpaeBbIX 33024 C
ITOMOIILIO ITUX MMAKETOB OCYIIECTBIISLIOCHh KAK JIJId PEryJIAPHbIX CIPYKTYP, TaK U JIjis CPEJ CO CJIy-
JaifHbIM PACIpe/ie/IeHeM KOMIOHEeHTOR. JlambHeiiee pa3BuTre Moy dnio MaTeEMaTUIeCKOe MO/Ie-
JIMPOBAHNUE BA3KOYIPYTUX M YIPYTOIJIACTHIECKIX CBOMCTB KOMMIO3UTOB. IIpuMeHeHME 3TUX MOJIe-
Jieft OBITIO MCITOTBF30BAHO JIJIST PEITIeHNsT PA3INUHBIX TPUKIAIHRBIX 3a0aT TIACTHIHOCTA W TTPOUHOCTHI
KOMITO3HTOB.
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AnaHOTanusa

B pabore mpuBemen aHaam3 pe3yabTaTOB JTAOOPATOPHBIX IKCIEPUMEHTAJBHBIX HCCJIEI0Ba~
HUIl TapaMeTpoB, XapaKTEPU3YIOIMUX MJIACTUIHOCTh, MPOYHOCTH M M3HOCOCTOUKOCTH MHCTPY-
MeHTaIbHOM cranu P18, monydeHHBIX B XO/e MaTepPUAIOBEIIECKUX IKCIepTu3. Pazpaborambr
HOBbIE 3MIIMPUYECKUE MaTeMaTU4yeCKue 3KCIIePTHbIE MOJIe/IM 3aBUCUMOCTU IIOKa3aTeseil Ijia-
CTUYHOCTU M TPOYHOCTH cTanu P18 or Temmeparypsnl. [lomydensr saMmupudecKkne MaTeMaTHde-
CKHUe HKCIEPTHBIE MOJIEN 3aBUCUMOCTH MEXaHWIECKUX CBOMCTB M M3HOCOCTONKOCTH cTasn P18
oT pasnndHbX (haxkTopoB. [lokazana BO3MOXKHOCTH AHATUTUIECKOTO MPEICTABICHUS CJIOXKHBIX
SKCIIEPUMEHTATbHBIX I'PAMDUIECKAX 3ABUCUMOCTEH MEXAHUIECKUX W TPUOOJOTHIECKUX CBOUCTB
crasim P18 or paznu4abix (DAKTOPOB B IEISAX UCIOJb30BAHUS B CY1e0HO-9KCIIEPTHON TPAKTUKE.

Karouesnie cr06a: ammpoOKCUMAITHS, W3HOCOCTONKOCTh, HWHCTPYMEHTAIbHAsA cTaabh P18, ma-
TeMaTuvecKast MOJeJb, IIACTHYHOCTh, POYHOCTD, CyAeOHast MeTasioBedecKast dKCIepTH3a,
TeMIepaTypHas 3aBUCUMOCTb, TPEHHUE.
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1. BBenenue

Pazpaborka pecypcocbeperaommnx TEXHOJOTHH MPU TOJIYIEHUH 3ar0OTOBOK METAJLIOPEXKYIIIEro
MHCTpyMeHTa u3 crajin P18 gBisercs akTyaapHOI 3a7avueil COBPEMEeHHOT0 MeTaJJIOBeIeHus 1 obpa-
OOTKM MeTAJIIOB JaBaeHneM. JJoCTHTaeTCs 9T0 PA3INIHBIME METOAAMNA 0OPAbOTKN METATINIECKITX
MaTEPUAJIOB B CUJIOBBIX, CKOPOCTHBIX U PA3JIUYHBIX JIPYIUX IHEPreTUIecKux nojsx. Cpeau 3Tux
MEeTOZ0B 0c000e MEeCTO 3aHUMAIOT METOJbl, CBA3aHHBIE C WCHOJb30BAHMEM COCTOSHUS CBEPXILIa-
CTUYHOCTU W TIOBBIMIEHHOHN TIacTuaHocTH [1].

C Apyroit cTOPOHBI, METAJIOPEKYIINI HHCTPYMEHT u3 crajuu P18 jgosmkeH 06/1a/1aTh BHICOKOM
M3HOCOCTOWKOCTBHIO, HEPA3PBHIBHO CBA3AHHON € €€ Pas/IndHbIMU MEXaHWYECKUMU CBOICTBAMU U CO-
crosiusiMU. KpoMe TOro, KpUMUHAJMCTHIECKOE UCCAEI0BAHNE HOM00HBIX COCTOSHUN METAJIIOB U
CTIJIABOB SIBJISIETCS aKTyaIbHOM 3aj1aueil MeTa/IOBEIIECKON CyneOHO SKCIepTH3hl, KOTOPast SIBJIs-
eTCsI OJIHUM W3 CPEJICTB JIOKA3BIBAHWS B CUCTEMe YTOJOBHOIO CYAOMpOu3BojCTBa. bosiee riaybokoe
WCIIOTB30BAHNE CIIEIUAJBHBIX 3HAHUI B 00JIaCTH COBPEMEHHOTO METAJIJIOBEIEHUS TIPU PACKPBITUN U
pacciieIoBaHNY PECTYILIEHUI JTOKHO OMUPATHCH KAaK HA MPAKTUYECKNE, TAK U HA HMIUDUUECKUE
paspaboTKM B 9TOH 0OJACTH.

2. OCHOBHOM TEKCT CTaThU

MeraoBe19ecKre acleKThl B MPpob/eMe TMOBBIMEHnsT W3HOCOCTORKOCTH MHCTPYMEHTa MMEIOT
[IEPBOCTENEeHHOe 3HAYEHNE, XOTsl MHOIHE BO3MOXKHOCTH B 9TOM ILIaHE YXKE pPeaTu30BaHbl. PoJib
CTPYKTYPHBIX COCTAB/ISIONMX CTAAeH PAa3IMYHbIX KJIACCOB M KasKJ0H CTPYKTYPHOH OCHOBBI IPEJ-
CTOUT €ImI¢ 00CTOATETHHO N3YIUTh, yIUTHIBAA DOJIBIIOE KOTUIECTBO (DaKTOPOB, ONMPEACITIONIX N3-
HOCOCTOHWKOCTD B mapax Tpenust [2]. Ciemyer oTMETHTh, 9TO U3HOCOCTONKOCTE 3aBUCUT OT PEOJIOTH-
YeCKOTO TIOBEJICHUS MaTEPUaAJIa MOBEPXHOCTHOTO CJI0SA PEXKyIIero MHCTPYMEHTA, B CBSI3M C HAJTMIAEM
BBICOKHX TeMIIepaTyp Ha (paKTHIECKO TLIOMA N KOHTAKTa U IJIACTUIECKOTO TeUeHHsT CYOMUKPO- 1
MUKDPOHEPOBHOCTET. B MexanmnKe CIIOMIHBIX CPET I KOTHIeCTBeHHOTO ONMNCAHNS BJUSAHAS CTPYK-
TYPBl Ha PEOJIOTHYECKOe TOBEJIEHHe MAaTEPUAIOB B COCTOSAHUN CBEPXILIACTUIHOCTH HCIOJIB3YIOTCS
ypaBHeHusi cocrosiuus [3]:

O(o,&, Dy, Tot,...) =0, (1)

e o — Hampskenuwe Tedenud; & — CKOpocTh medopmaruu; D — COBOKYIHOCTH MapaMerpos,
XapaKTEPU3YIOMINX COCTOSHIE CTPYKTYPhI MaTepuaJa; I’ — reMieparypa jgedopmariuu; ¢ — BpeMsi.
Ot npuBeEHHBIX BbIMEe (PAKTOPOB TAKYKe 3aBUCUT M M3HOCOCTONKOCT.

B cuny cinoxknocTH npotieccoB mracTudeckoro jieopMuUpoBaHug U, TeM Hojiee, TPEHUd U M3HA-
MMUBAHUS, YACTO UCIOJB3YIOTCS OMHOMAKTOPHBIE MATEMATHUIECKUE MOJIE/N, BHIPAYKAIOIINE 3aBUCH-
MOCTH TIACTUIHOCTHU, MTPOYHOCTH U W3HOCOCTONKOCTH OT KAKOro-aubo cymecrsennoro dpakropa. B
YACTHOCTH, JIJIsi BBIABJICHUS W aHAJN3A COCTOSHUS CBEPXILIACTUYHOCTH ONPEIEISIIOT 3aBUCUMOCTD
IJIACTUYHOCTH CTAJM OT TeMIIePAaTypPbl, UMEIOILY0 B 00IIeM ciay4ae curMongaiababii suj [1]. Enu-
kees @.VY. B pabore [4], HanpuUMep, Mpe/IaraeT anmpoKCHMAPOBATH CHTMOUTAIBHY 0 KPUBYIO CBEPX-
ITACTUIHOCTH KyOudaeckuM moauHoMOM. OTHAKO CAEIYeT OTMETUTh, YTO KPUBBIE CBEPXILIACTHTHO-
CTY JAJIEKO HE BCErJja UMEIOT YUCTO CUIMOUIAJIBHBIN XapakTep. Bojee Toro, B cuiy CJI03KHOCTH J1a-
Ke OIHO(DAKTOPHBIX 3aBUCUMOCTEH MIACTUIHOCTH, TPOYHOCTA W W3HOCOCTONKOCTH OT PA3IHUHBIX
dakTopoB, He Bceryia yJIa€Tcsi ONPEJIEInTh YI0BJIETBOPUTEIbHBIE ANIPOKCUMUPYONNE (PYHKIIUH.
Ncropust pusuku 3HAET HEMAJIO IPUMEDPOB, KOT 14, HeJTMHEHHAsT (DYHKIMS HA KOPOTKOM yUaCTKE W3-
MEHEHUS [TEPEMEHHOI TIEPBOHAYAJIBHO AlIIPOKCUMUPOBAJIACH KaK JinHeliHasd. B Tpubosioruu, B cury
BBICOKOH CJIOXKHOCTH M3YyUaAEMBIX SBICHUIN, TaCTO BBISBISIOTCS TaKNe SKCIePUMEHTAIbLHBIE 3aBUCH-
MOCTH, B KOTOPBIX OJHOBPEMEHHO MPUCYTCTBYIOT YePTHI HEJUHENHBIX W JUHEAHBIX (DYHKITNIL.

B cBazu ¢ 3tuM, B rpanniiax JaHHON pabOThl peasn30BaHa AIMTPOKCHMAINNSA IKCIEPUMEHTAb-
HBIX PE3YJIbTATOB PA3IUUYHBIX aBTOPOB, MPOBOIUBIIAX HUCCIETOBAHUS IACTUIHOCTH, TPOIHOCTH W
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M3HOCOCTOWKOCTH MHCTPYMEHTAJIbHOM cTain P18, mocpecTBOM UCIOIb30BAHNS CA0KHBIX (DYHKITHIH,
00beIMHAONINX B cebe JIMHeliHbIe U HeJTMHeHbIe 3aBUCUMOCTH. /1715t 9T0i 11e/11 ObLIN UCII0JIb30BaAHbI
dyuknnn, pazpaboranibie bpeku A.Jl. npu aHa/m3e pe3yJbTATOB UCIBITAHUN PA3TUIHBIX MATEPU-
aJI0B HA TpeHue W M3HOC B obsactu Tpubosoruu |6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20,
21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35]. Ogna u3 Takux GYHKIWHA B 00IIEM BHIE
3anmchiBaeTcst caepytomumM obpasom [15, 16, 17, 18, 19, 20]:

AC

—ri(z — x¢i))’

k
ez(x)—c+;1+exp( (2)

rame C' — TOCTOsTHHAsT, T; — TIapaMeTp, XapaKTepPH3YOMUil Pe3KOCTh mepexoa (CKaukoobpasHoro
00 TJIABHOTO) OT OJHOTO MOCTOAHHOTO 3HAaueHns dbyHKImn K apyromy, AC; — pasHOCTH TOCTOsTH-
HBIX 3HaYeHW (DYHKIUHU JI0 | [TOCIE IEPEeX0JIa, T'e; — abCIMCChl NEHTPOB mepexojia, k — KOJIuIecTBO
mepexoa0B (byHK]_[I/H/I OT OJHOT'O TOCTOAHHOT'O 3HAYCHUA K APDYTOMY TTOCTOAHHOMY 3HAYEHUIO. q)yHK-
s (2) mpecrasiisier coboit aaredbpaniecKyo CyMMY CUIMOUIATBHBIX (JTOTHCTHYIECKUX) DyHKIHI

U HOCTOAHHOMN.
ITpounrerpuposas dyskimo 2| nomxyunwm |6, 11, 17]:

L. In[1 + exp(ri(z — z))], (3)

AC,
r

%

k
Bu(z)=Cr+Cs+
=1

e Cy, — TIOCTOSTHHASA, STBJISIONIAICS CyMMOIl TTOCTOSTHHBIX OT UHTETPUPOBAHUS OTAEJIbHBIX CJarae-
mbix u3 (2). [Tapamerpsl, BXOjgIye B BbIpazkeHue, CTOSINEe [0 3HAKOM CyMMbl B [3]| yao6HO ajist
aHaJIN3a CUCTEMATU3UPOBATH B BUJIE «MATPUIIBI IADAMETPOBY CJEAYIOMNUM 00pa3oM:

ACT ANCy ... ANC; ... ACy
M,5 = el Ty ... T, ... Tk , (4)
Tl T2 e Teg e Tk

cJieIyeT OTMETUTh, YTO PE3KOCTH MEePEX0/1a OIPEEIsAeTCs U3 COOTHOIIEHUS:

2

T & Az’ (5)

rme Ax; — mwupuHa 007acTh mepexona (hyHKITHH, CTOSIEH Mo 3HAKOM CyMMBI B TPaBo#l dacTu
(2). B cayuae uccmenopanus AByX U 6ojiee 00LEKTOB, JJIsT MHOXKECTB MAPAMETPOB, HAXOJSIIINXCS B
cTpokax (4) onpesensaoTcs CpeHre 3HAYeHUs W MOKA3ATE M BAPUAIINH, TTO3BOJIAIONINE JeTaThHee
OTIEHUTD, TTPOAHAJIN3NPOBATh U CPABHUTH PacCMaTpPUBaEMble dBJIEHUM.

Dyuxusa (3) MCMoB30BAHA JJIsT AMMTPOKCUMAIN SKCIIEPUMEHTAIBHBIX TOYEK B TPAHUIAX JTaH-
Hoit pabotel. s peanu3aiuy annpoKCUMAIIUU OCYIIECTBSIUCE CJIEIYIONIUe TelCTBUS:

1. B pe3yabrare AEeTaJbHOTO PACCMOTPEHUS IKCIEPUMEHTATBHBIX TOUEK BBIJEJSIIOTCS 001acTH,
KOTOPBIE AlMIPOKCUMUPYIOTCA JIMHEHHBIMI (DYHKITUSMEU, C YIETOM CHEIUPUKT PACCMATPUBA-
eMoro (hU3UIECKOrO SIBJICHUS;

2. HOCJIEeOBATEIBHO BBISBJISIOTCH aOCIIUCCEL ¥ OPIUHATHI SKCIEPIMEHTAIBHBIX TOU€eK (Tei, §(Zei)),
B KOTODBIX OJTHA JIMHEIHAas (DYHKITHS CMEHSIeTCs IPYTOl JUHEHHONW (hyHKINe;

3. TOCPeACTBOM MCIOIb30BAHNS METO/a HANMEHBITNX KBAJPATOB PEATUIYETCHA AMITPOKCUMAIIAS
k BBIJIEJIEHHBIX YYACTKOB JIMHEHHBIMU (DYHKITUSIMU, KOTOPbIE IPUBOISTCA K BUILY:

gn(1) = g(@en) + (T — Ten) Y AC;, n=1,2,... .k
=1

B pesy/brare dero ompenesstorcs Koahdurmentsr AC;
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4. dyukius fx(r) cTpeMuTCs K «JIOMAHON» JIMHUU TIPU T; — 00, & CAMM IapaMeTpsbl T; BbIOU-
PAIOTCA U3 YCJIOBUS:

52(35) — gn(7)| < &n,

B MAaJIOM §-OKPECTHOCTU Ty, TIPU ITOM €, TOAOUPALTCT TAKXKE U ¢ YIETOM MEXaHU3MOB U3Y-
qaeMbIX IIPOIECCOB;

5. mocrogrnbie C' u Cy HAXOAATCS [IPU AMMPOKCUMAINN HAYATBLHOTO HYJIEBOIO JIMHEHHOTO YIaCT-
Ka METO/IOM HauMEHBIINX KBaJIPaTOB.

6. BBISIBJICHHBIE TTADAMETPBI TIOJICTABISIOTCS B (3), B PE3Y/IbTATE YEro OMPENessIeTCsT aHAJTUTHIEe-
CKO€ U TIOC/IeyIonTee TpaduIeckoe MPeICTABICHIE PE3YIHLTATOB IKCIEPUMEHTAILHOTO UCCIIe-
IOBaHUSI.

N3BectHO, 9TO COCTOSIHME CBEPXILIACTUYIHOCTY y OBICTPOPEKYIIMX CTAJIEH, Oy IEHHBIX CIIOCO-
60M TPAJUIMOHHOTO METATYPIHIeCcKOTO Tepesena, Buepsbie 6110 obnapyxkeno A.Il. ['yrgesbim
u JI.LM. CapMmaHOBOIl TIpW KPYyUIeHUN B M30TEPMUUECKUX YCIOBUSX TPH TEMMEPATypax, OJU3KUX K
remieparypam auddysnonnabix dhazosbix npepparienuii [1, 5|. Bouio ycranopseno, aro B 6b1cTpO-
PEXKYIINX CTATAX He MTPOUCKXOTUT MOHOTOHHOTO TIOBBITIEHNS TIJIACTUYHOCTH PN YBEIMIEHUN TeMITe-
parypsl, a HabJIIo/[aeTCs ee pe3Koe u3MeHeH e, 0byCcIoBIeHHOe HandrneM (DA30BBIX IIPEBPAIIEHUI B
vactHOocTH B ctayan P18. Ha puc. 1 mpuBemers! sKCIepuMeHTATbHBIE TOUKH, oayderubie ATl I'y-
JIFEBBIM, JTUCKPETHO BBIPAXKAIOIINE 3aBUCAMOCTD TIACTUIHOCTH craan P18 or TemmepaTyphbr.

120
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72 1‘
—Fog

48 I} LY

\

/

24
00 320 640 960 1280 1600
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ILnacTuvnocts (pan)

Puc. 1: BaBucumocts mractuanocru crajau P18 or Temneparypbl npu KpydeHUH.

IIpw amammze mammbix A.IL ['yaseBa mo miactwanocTw 6bLT0 BBIAENeHo k = 7 obmactef, Ko-
TOpBIE ANMPOKCUMUPYIOTCA JUHEHHBIMY (PYHKIUAME. B pe3yabrare peaan3aiiii ONUCAHHBIX BBIIITE
netictBuit 1 — 6 ycTaHOBJIEHO, UTO AKCIEPUMEHTAJBHBIE TOUKHA XOPOIIO AIIPOKCUMUDYIOTCS CJIEJTY-
fo1eil cioKHOH yHKImed (yHKTUpHAs JUMHUS Ha puc. 1):

o(T) =2m[2,1+ 0,341In(1 + exp(0, 1(T — 850))) + 0,45In(1 + exp(0, 1(T — 1020)))+
+0,41n(1 + exp(0, 34(T — 1072))) — 1,61n(1 + exp(0, 7(T — 1100)))+ (6)
+1,61n(1 + exp(0, 7(T — 1117, 5))) — 1,075 In(1 + exp(0, 2(T — 1154)))—
0,05 1In(1 + exp(0, 7(T — 1470)))],

TJIe ¢ — TAPaMeTpP, BBIPAXKAIINI ITACTHYHOCTD, B PaJuaHaX (B CJydae OTCYTCTBHsI MHOKUTEJS
27T MIACTUYHOCTH U3MEPAeTCs B 060poTax), T — TepMOJMHAMUYECKAS TEMIIEPATYPA.
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Puc. 2: 3aBucuMocTb «CKOPOCTH» U3MEHEHUS IIACTUYHOCTH cTaju P18 oTHOCHTETEHO pOCTA TEM-
eparypshl.

Huddepennupys GyHknmio (2) moayauM 3aBUCHMOCTH «CKOPOCTHY WU3MEHEHUS! MJIACTHIHOCTH
OTHOCUTEJILHO POCTa TeMIeparypsl. I'paduk qanHoil 3aBucuMocTn npuseié ua puc. 2. lonyuennas
nocyie quddepentmpoBanus (2) 3aBUCHMOCTD UMEET CJIEY IO BHI:

de(T) _,_ 0,034 . 0,045 N
dT 1+ exp(—0, (T — 850)) ' 1+ exp(—0,1(T — 1020))
0,136 1,12 1,12
T exp(0,34(T — 1072)) 1+ exp(—0,7(T —1100)) | 1+ exp(—0,7(T — 1117,5)) (7)
0,215 0,035

1 —exp(—0,2(T — 1154)) 1+ exp(—0,7(T — 1470)) | °

B cnywae orcyrcreus muoxkuTens 27 B (7) CKOPOCTh M3MEHEHMS IJIACTHYHOCTH U3MEPSETCSA B
000poTax, JIeJIEHHBIX HA KeJbBUH. PUCYHOK 2 0YeHb XOPOIIO WLTIOCTPUPYET CKAYKOOOPa3HOe U3Me-
HEHWE TLUIACTUYIHOCTH B CJIydae rnepexona ctaau P18 B cocrosume CBEPXIIACTUIHOCTH.

Kak BujiHo uz puc. 2 npouspojiHas obpalllaeTcsi B HOJIb B JIBYX TOYKAX ydacTKa rpaduka, onu-
coiBaromero cocrograue ceepxmacruanoctu (1098K; 108 pan) u (1119,7K; 18,5 paxn).

U3 puc. 1 caexyer, aro no Temueparypbl 825K (= 550° C') mmacTHIHOCTB, KOTOpasd XapakTe-
pusyercsi yryiom p, He usMersiercs. COOTBETCTBEHHO CKOPOCTh €8 U3MEHEHUS OTHOCUTEIBHO POCTA
remmeparypel pasra 0 pan/K (puc. 2). Tocse remmneparypsr 825K, KpuBasi niacTHYHOCTH WIET
pes3ko BBepx u npu temneparype 1098K (=~ 825° (') mocTuraer MakcmMyma, TIPU STOM YTOJI TI0-
BOpOTa 70 paspymenns cocrasasier 108,23 pan (= 17 ob6oporor). dto B ~ 8 paz Gosbuie, gem
npu Temreparypax 10 825K. 9To siBjieHre U XapaKTepU3yeTCs KaK CBEPXILIACTHYHOCTH OBICTPOpE-
xkymeit crann P18 [36]. Conocrasiienune remmneparypbl MakCUMyMa IJIACTHIHOCTH C TEMIIEPATY PO
HadaJja IpPEeBPAIleHnsi ABTEKTON/IA B AyCTEHUT CBUIETE]BCTBYET O TOM, YTO MAKCUMYM IJIACTHIHO-
CTH COBIIQIAET C CAMOM BBICOKON TEMIIEPATY POl CyIeCTBOBaHUS IerupoBarHoro dbeppura (-dasbr)
[1].

C mHauajioM 00pa30BaHUS AYCTEHNUTA MJIACTUIHOCTD PE3KO CHUXKAETCS U K MOMEHTY 3aBEPIIEHUST
a-v-tipesparenns 1133K (860° C') ona cocrasisier ~ 19 paz. [Ipu noseimennn Temmeparypsl 6osee
1133K nsacruunocts craan P18 caosa Bospacraer (yros noBopora 10 paspyienus gocruraer 207
pag wm 10 06oporos), B uaTepsane remneparyp 1173 ...1473K (900...1200° C) ocraercst mocro-
SIHHOI, & 3aTeM CHUXKaeTcs. TakuM o6pa3oM, o JaHHBIM aBTOpa [5], IpUBeIeHHAsT TeMIepaTypHast
3aBUCUMOCTD IJIACTUIHOCTH OBICTPOpexyIeit crajau P18 copepineHHo 4eTKO MOKa3hIBAET sIBJICHNE
CII B6mm3M KpUTHIECKON TOUKH A.1 (COOTBETCTBYIOIIEH MTPEBPAIIECHNIO TIEPJIUTa B AyCTEHUT U Ha-
YAy MEPEKPUCTAIIUZAINN) U PESKOE CHUKEHNE ero TP (Pa30BOM MTPEBPAIIEHNN.
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3aBUCHMOCTD KPYTSIIEr0o MOMEHTA, HeHCTBYIOIEro Ha obpazer u3 craiu P18 or repmognnavu-
YeCKOW TeMIepaTyphl B BHIE SKCIEPUMEHTANIBHBIX TodeK 1o manubiM ATl ['yisgesa mokasana Ha
puc. 3.
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Puc. 3: 3aBucuMocTb KPYTSIIET0 MOMEHTA OT TeMIepaTyph! ais ctaau P18.

IIpn amammze gammbix A.Il. DyrseBa mo KpyTsimeMmy mMoMeHTy ObLTO Bbiaeneno k = 4 obja-
CTH, KOTOPbBIE ANMPOKCUMUPYIOTC JUHEHHbIMY QyHKIMAMEU. B pe3yiabrare peasn3annn OmuCaHHbIX
BBIMIe JeficTBrit 1 — 6 yCTAHOBAEHO, UTO SKCIEPUMEHTAJIBHBIE TOUKN XOPOITIO ANMPOKCUMAPYIOTCS
caenytomei gpyHkuuneil (yHKTUpHas JuHus Ha puc. (3)):

Mo (T) = 40 — 0,017 — 1,21In(1 + exp(0,03(T — 473))) + 0,45In(1 + exp(0, 2(T — 1100)))—
—0,76In(1 + exp(0, 1(T — 1147))) + 0, 25 In(1 + exp(0, 08(T" — 1260))), (8)

rae My, — KpyTsimuii MOMEHT, TapaMeTp, XapaKTepu3yIuii TPOYHOCTH (COmpoTuBIeHue medop-
Mmarmu) obpasia u3 craan P18.

Kax ormedeno Brimre, no Temneparyphl 825K m1acTUIHOCTD, HE U3MEHSIETCS, & COTTPOTUBICHUE
nedopmariiu, ornennBaeMoe KpyrammM momerToM Mtor, camkaerca. IIpoaHOCTh yMEHBITAETCST U
[IPU PE3KOM POCTE TLTACTHIHOCTH, OJTHAKO OTMEUYAETCsl aHOMAJIUS U B ee cBoiicTBax |1, 5|: KpyTarmmit
MOMEHT MOHOTOHHO CHUYKAETCH TI0 Mepe MOBBINEHNA TEMIEPATYPBI ¥ TOJBKO B 00JACTH TEMIEPATY]
npeBparieHuns HabJI0JaeTcss HEKOTOPOE €ro MOBBIIIEHNUE C MTOCTIEAYIONIUM CHHUKEHUEM.

B pesysbrare onudposku nonydenusix rpadbukos gyukimit (puc. 1 u puc. 3) ¢ marom 10K
YCTAHOBJIEHA 3aBUCUMOCTDb HapaMeTpa IJIACTUYHOCTH ¢ OT KPYTAIEro MoMeHTa My, npu HEm3o0-
TEPMUUIECKUX YCJIOBUSIX (puc. 4).

BaBucUMOCTh, TMOKA3aHHAA HA PUC. 4, ANIPOKCUMUPYETCst Ciaeaytomedt dpyHknmedi (crmontaas
JIMHUS Ha pHC. 4):

o(Myor) = 18, 1Mzor + 20 — 1,207 In(1 + exp(15(Mor — 2,36)))—
0,627In(1 + exp(15(Mior — 8,95))) + 0,321In(1 + exp(15(Mior — 10,56)))+ 9)
+1,531In(1 + exp(3(Myor — 18,1))), My > 0.

I'paduk dysxmum (9) OTANIHO TPOXOIUT UEPE3 IKCTIEPUMEHTATBLHBIE TOUKH, 38 UCKIIOYEHUEM
OTpe3Ka 3HAUEHUil KpyTsiimero MoMenTa [5, 6, 7, 8] maunoii Becero 2,2 Hm. Toapko Ha JaHHOM OT-
peske HabIOmaeTcs 60abIoN pa3bpoc 3HaTeHN mapaMerpa mracTuaHocTr oT 18,5 mo 108 pagman
(mynkTEpHas JauHUS Ha puc. 4). VIMeHHO mpw JaHHBIX JHANA30HAX 3HAYEHUI mapameTpoB OBLIO
OTIPEIEIEHO COCTOMHIE CBEPXILIACTHIHOCTH.
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Puc. 4: 3aBucumocTs mwiacTuaHOCTH cTaan P18 or KpyTsiinero MOMeHTa B HEM30TEPMUYIECKUX YCJI0-
BUAX.

Kak ormeueno Belire, mpy MOAYyYEeHHH 3arOTOBOK METAJLIOPEXKYINEro MHCTPYMEHTa U3 CTaJIN
P18 ocoboe MecTo 3aHUMAKOT METOJIbI, CBSI3aHHBIE ¢ UCHOJIb30BAHMEM COCTOSIHUSI CBEPXILIACTUUHO-
cTu U mosblmenHoil maactuanoctu |1]. C apyroit cTOpOHBI, sIBJIEHHE TPEHHS U U3HOCA TOTOBOTO
MHCTPYMEHTA, CBSI3aHO ¢ BOSHUKHOBEHNEM TAHHBIX COCTOSHMH B JIOKAJIBHBIX YUACTKaX (paKTHIECKO
TLIOTTAAM KOHTAKTA C 00pabaThiBaeMoll 1eTaabio.

M3BectHO, 9TO (haxTHUecKas IJIOIIAIb KOHTAKTa B 0DINEM BU/IE ONPEAETIIeTC U3 COOTHOIIEHMS
[37]:

4, = Ao le. (10)
cr-orT
e A, — dakTudeckas MIOMAIb KOHTakTa, A, — HOMUHAILHAS TLIOMAb KOHTAKTA, P, — HOMHE-
HaJIbHOE JaBjenne, A,p, = Py — HOpMajbHASA CHJIA, TPUKUMAIONIAS KOHTAKTHPYIOIIHE Te/Ia JIPYyT
K Apyry, cp — Ge3pasMepHLIil KoadduiuenT, op — npenen Tekydecrn. QakTHUdIecKoe ITaBJeHne B
obrem ciydae ompeensierca mo Gopmyie:

pr=C¢Cr-OoT. (11)

CooTBercTBeHHO HaKTUUECKOe MTABICHHE MPSIMO TPOMOPIMOHAIBHO TPy TeKYy9eCTH U Mph
€ro MHBAPUAHTHOCTU OHO OCTAETCsi TIOCTOSIHHBIM, Ha 9YTO yKa3biBaeTcs Takxke B paborax H.B. [lem-
kuna u JI. Mypa [42, 43|. CorniacHo OBIIMPHBIM 9KCIIEPUMEHTAIBHBIM U TEOPETUYECKUM UCCIIEM0-
BanugM Xoxsosa B.M. [37, 38, 39, 40, 41|, 6asupyromuxcs Ha pe3y/brarax [HPOKOT0 KPyra aBTo-
poB, ko3 duiment 2 < cp < 2,139. Dru gaHHBIE COOTBETCTBYIOT BbiBOgaM paborsl [lerpycesuua
AM.[44], vie ycraHOBJEHO, YTO HANPSYKEHWsT HA MWKPOHEPOBHOCTSIX MPAKTHUECKHU BCerga OyiyT
UMETh BEeJWYWHY, MPEBBIMIAIOIYI0 Tpeies TeKydecTu Mmarepuasa. B pabore axkamemura Miins-
ckoro A.FO. [45] nokasano, 4To st epeBoja cepruueckoro BLICTYIA OT yHpyroii gedopmaryu
K [JIACTUYECKON HEeOOXOIMMO Ha TLIOIIAJIKE KOHTAKTA CO3/IaTh HAINPSKEHWs He MEHee YTPOEHHOTO
npesena rexydecru. [To nanabiv Boygena @.I1. u Tabopa [1. [46] HeoGxoanumo co3aTh HALIPSKEHIE
TaKOM YKe BEJTMIWHEI JJIsI TepeBo/ia B MIACTHIECKOe COCTOSHIE HEPOBHOCTEN ¢ yIJIaM¥ TIPU BEPITINHE
ommskuMu K 180°. Takum obpazom, MOXKHO TPEAIOIOKATE, ITO KOIDOUIMEHT e aBaseTcda mepe-
MEeHHBIM U U3MeHseTcd B Tpe/iesax oT 2 1o 3. Ljisa omHoro u ToTo Ke MaTeprasa MOXKeT U3MEHITHCS
¥ Tpeae/ TeKy9IeCTH.

M3 marepramoBemennsa W3BECTHO, 9TO TPEIET TEKYJIECTH 3AKAJTCHHBIX CTAJIEH M3MEHSIETCS MPU
oTHycKe. 3aBUCUMOCTD TIpefiesia Tekydectu craau P18 oT TeMmnepaTypbl OTIYCKA B BHUJIE JKCIEPH-
MeHTaJIbHbIX Touek 1o ganubiM B.H. Bunorpagosa u I'M. Copokuna [2| nokazana na puc. 5.
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Puc. 5: 3aBucumocts npenena rekydectu crajiu P18 or remiieparypbl OTIycKa.

IIpu anaam3e JaHHBIX TIO TIPEESY TEKYyUecTr ObLIO BbIJAEeHO k = 2 06/1aCTH, KOTOPBIE AMIPOK-
CUMHUPYIOTCS JTUHEHHBIMY (DYHKIIUAME. 3aBUCHMOCTH, TOKA3aHHASA HA PUC. D, AMMPOKCUMUPYETCS
caenyoteit hpyHKInei:

00.2(T) = 440 + 3,25t, — 641n(1 + exp(0, 05(t; — 245))) + 17, 31In(1 + exp(0, 1(¢; — 400))), (12)

rje 0g 2 — YCJIOBHLIA IIPEAE TeKYy4eCTH, t; — TeMIePaTypa OTIyCKa.

PesynpraTnl MEOTHX MCcieioBaHni MOKA3BIBAIOT 3aBUCUMOCTD Ipeesia TEKYUIEeCTH PA3IMIHBIX
MaTepUaJIOB OT TEeMIIEPATYD, IIPX KOTOPBIX [IPOBOJMJIUCH MeXaHudecKue ucubitanus [47, 48, 49, 50,
51|. IlpuBesénnbie JaHHBIE TOATBEPKIAIOT BBHICOKYIO CTPYKTYPHYIO UyBCTBUTEIBHOCTH cTaqn P18
K TerioBoMy BoszeiicTeuto [2|. Takue cuibHble n3MeHeHust Tpejieaa Tekyuect P18 MoryT BrI3BaTh
COOTBETCTBYIOIINE U3MEHEHUS €€ M3HOCOCTONKOCTH B YCJIOBUSX DKCIIyaTAINM, KOT/A PEXKUMBI pa-
HOTHI TOCTOAHHO U3MEHAIOTCH, & KOHTPOJUPOBATE UX HE BCET/Ia BO3MOXKHO.

SaBuCHMOCTD M3HOCOCTOMKOCTH cTasm P18 oT TeMmepaTypsbl OTIyCKA B BHUE YKCIEPUMEHTATH-
HbIX To4ek 1o JanubiM B.H. Bunorpanosa u ['M. Copokuna mokazana Ha puc. 6.
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Puc. 6: 3aBucumocTs uzHOCOCTOWKOCTH cTasu P18 oT TeMmepaTyphl OTIIYCKA.

IIpu anamze panaeix B.H. Bunorpasgosa u I'M. CopoxkuHa 1m0 n3HOCOCTOUKOCTH Tak:Ke OBLIO
BBIeJIEHO k = 2 00/1acTH, KOTOPbIE alMPOKCHMUPYIOTCS JIMHEHHBIMIA (DYHKIIUAMA. 3aBUCUMOCTb,
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MMOKA3aHHASA HA PUC. §, AIMTPOKCUMUPYETCH CJIEAYIOMeil (DyHKIMed:
In(t:) = 2,18 —0,0035t; 40,0654 In(1 +exp(0, 1(t; — 200))) + 0, 04 In(1 + exp(0, 1(t; — 500))), (13)

rae I, — MB3HOCOCTOWKOCTE TTO Macce.

COOTBETCTBEHHO TTPOTHO3UPOBATH MTOCTOAHCTBO MEXAHUIECKHX CBOMCTB MOXKHO TOJTBKO B CIydae,
KOT/Ia 3apaHee M3BECTHBI KOJEDAHWS TEMIIEPATYPhl B 30HE TPEHUS MPU M3HAMUBAHWHN; 9TO BECHMa
CYTITECTBEHHAS TPUINHA PA3IUINST 3HATCHUH M3HOCOCTOMKOCTH, TIOMYIEHHBIX TIPU UCIBITAHUSIX O
HOJl 1 TOM »Ke Crasii PasHBIMM SKCIEPUMEHTATOPAME [IPHM PA3HBbIX Pexumax Harpyxenus [2]. 113
TMOJTYIEHHBIX JTAHHBIX CJIEYET, ITO C MOBBIMIEHNEM TEeMIEpaTypPhl OTIYCKA M3HOCOCTOWKOCTD CTAJN
P18 kapbuanoro kjacca BHAYa/e CHUZKAETCS & 3aTEM HOBBIIAETCA (B OTM4Me OT psijia Craseil
nepauTHOTO Kjaacca). [pupoga camoympounennst craseit Tuna P18 xoporro m3sectHa u 06yci0B-
JIeHa, 06pa30BaHUEM BTOPUYHON TBEPIOCTH MPHU OTIIYCKE B PE3YILTATE MPEBPAIEHUST OCTATOYHOTO
aycTeHuTa B MapTeHCHuT [2].

B pesynbrare orudpoBKu moayueHHBIX rpadukos dyHkuumit (puc. 5 u puc. 6) ¢ marom 10° C'
YCTAHOBJIEHA 3aBUCUMOCTB M3HOCOCTONKOCTH cTaju P18 or e€ ycaoBHOTO mpejesna TeKydeCTH HpH
COOTBETCTBYIOIINX TEMIIEPATypax OTIycKa (puc. 7).
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Puc. 7: 3aBucumocTs m3HOCOCTOMKOCTU cTajgu P18 mo e€ mpemena TeKydecTH, MOMYyYEHHOTO MIpU
OTIIyCKE.

3aBUCHMOCTD, MOKA3aHHAS HA PUC. 7, OTJIMYHO AMMPOKCUMUPYETCS CJeIYIOITel (PyHKINel npu

k = 4:

In(002) = 2,67 — 0,001100,2 + 0, 1In(1 + exp(0, 03(cp2 — 1104)))+
+0,0967 In(1 + exp(0, 3(c.2 — 1234))) — 0,0967In(1 + exp(0, 3(co.2 — 1246)))+  (14)
+0,00643 In(1 + exp(0, 3(cg 5 — 1421))).

Uccnenosanne dynkimn (14) mokaspBaer, 9T0 H3HOCOCTONKOCTh PAKTUIECKH JTUHEHHO YMEHb-
maercst or 2,23 r~! 10 MuHHMaNBHOTO 3HAYeHK: 1,52 1!, COOTBETCTBYIONMIErO YCIOBHOMY Lpe/ery
rekyuecrr ~ 1086 MIla. /lasee cieayer HeGoIbINON IUHEHHBIH pocT /10 3Hadenud ~ 1,7 !, mocie
4ero HPOUCXOJUT PE3KUN CUI'MOMJAJIbHBIR CKAvOK J10 3HavyeHus: =~ 2,1 r L. Hasiee ciemyror emg
IBa JUHEHHBIX YIaCTKA MOBBIMIEHUsST M3HOCOCTOMKOCTH, 00yC/IOBIEHHBIE 00pa30BaHMEM BTOPUIHOMN
TBEPIOCTH.

B mporecce cyxoro Tpenuns AByX TBEPABIX TeJ PA30rPEB IPAHUIBLI PA3EIa B TOUKAX (PAKTHUUIE-
CKOIl TuTOIMAIM KOHTakTa Ar MOXKeT JIOCTHTaTh BechMa BBICOKHMX 3Hadenuii (mo 1000° C' u Goee)
[52]. Taxxe B ycaoBusx 3¢pdekTUBHOI CMa3KU KOHTAK TUPYOIINe TIOBEPXHOCTH MHOT/[A HAIPDEBAIOTCS
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10 600° C. Ctoab 3HAYATENBHBIN PA30TPEB MOXKET BBI3BATD CYIECTBEHHBIC M3MEHEHU CTPYKTYPHI
U CBOMCTB MOBEPXHOCTHBIX CJIOEB, HAIPUMED, UX peKpucraim3anun. Pekpucrajmsanus comipo-
BOXK/TAETCA M3MEHEHUEM Da3Mepa 3epHa MaTepuaja ! PeJakCameil HAmpsKeHni B TBEPIAOM Tee.
Ob6a daxkTopa BAUAIOT HA MEeXaHUYECKHE CBONCTBA, TpEHUE U U3HOC Marepuasa. COOTBETCTBEHHO
3aBUCUMOCTH, TPEJCTABJCHHAS HA PUC. 7, OTPAYKAET BAUSIHUE UCXOTHBIX 3HAUEHUN YCIOBHOTO Mpe-
JleJia, TeKy9eCTH Ha M3HOCOCTOMKOCTH 00pasmoB w3 craau P18. Ilpum mrobom Buge PpUKITMOHHOTO
B3aUMOJIEHCTBUS MATEPUAJIOB TPOUCXOIUT JiehopMaIlis OBEPXHOCTHRIX ¢Ji0éB. Cremnensb mgedopma-
MM 33BUCAT OT PgAJia TTapaMeTpos [52]: ckopocTu, HArpy3KH, FeOMEeTPUN [IOBEPXHOCTEIl, Temmepary-
pol 1 ap. [loBepxHOCTHBIN CJION OTUKPUCTAINYECKOTO MATEPHAIIA COAEPIKUAT YIACTKH PA3IUIHOMN
OPUEHTAINHN, TIOPTOMY Jlayke MPU PABEHCTBE BCEX BHENIHUX TapaMeTpoB aedOpMaIisd OTAeIbHBIX
KPUCTAJIJIOB OKA3bIBAETCS PA3JIUYHON W OBEPXHOCTH TPEHUS 3aBEIOMO XapaKTEPU3YITCS HEOI-
HOPOIHOCTHIO TeOPMUPOBAHHOTO cocTosgHA. HepapuoMmepHocTh medopManuy m, COOTBETCTBEHHO,
SHEPI'UH, 3aMACEHHOM OT/Ie/IbHBIMU 3EPHAME, IIPUBOJIUT K HEPABHOBECHOMY COCTOSTHUIO TIOBEPXHOCTH
TPEHUd, ITO CKA3BIBACTCH Ha KUHETHKE MOBEPXHOCTHBIX TTPOTIECCOB, HATPUMED, HA PEKPUCTAIIH3A-
nuu. Yem GoJibliie HaKOIIeHHAS U JiehOPMAIUU SHEPIHUS, TeM HUYKE TEMIIEPATyPa PEKPUCTAIIIIU-
BaINH.

CremoBaTenbHO, CHABHO TePOPMUPOBAHHDBIE 3EPHA MOTYT BBICTYTATH TEHTPAMY PEKPHUCTALIN3A-
1IN U CTIOCOOCTBOBATDH PA3BUTHIO TIPOIIECCA B CMEKHBIX 001acTsX pakTudeckoro kouTakTa. [Iporecce
TpeHund BbI3bIBaeT HE TOJIHKO ,Z[e(:bOpMaL[I/HO ITOBEPXHOCTHBIX 3épeH7 HO M USMEHCHHNE UX OPUCHTAIIUN,
TO €CTb MMOBEPXHOCTDH MPUCITIOCAbINBAETCS K JeHCTBYIOMIEH cxeMe MeXaHu4uecKuxX Hamnpsikenuii. Pe-
KPUCTALIN3ANMUA CTUMYIUPYETCI MTOCTOAHHOM AedpopManveil PeréTky TP TPEHUNU B COUCTAHUN C
TEMIIEPATYPHBIMU BCOBIIKAMY HA TATHAX (DAKTUIECKOTO KOHTAKTA ¥ MHTEIPAJILHBIM HATPEBOM I10-
BerHOCTeﬁ TpeHmd. B YKa3aHHBIX YCJIOBUAX MPEBAJIUPYIOIMUM OKA3BIBACTCA NPOUECC N3MEJTIbYCHU A
zepHa. OH MOXKET UJTH JI0 KaXKYIIEHcs NoTepu KPUCTAIIMIECKOr0 CTPOEHUS.

Buemnee cuioBoe BO3jeiicTBIHE BBI3BIBAET M3MEHEHUE COCTOAHUS U MUKPOCTPYKTYPBI [OBEPX-
HOCTHBIX CJIOEB U OTPaXKaeTcs Ha KoHeYyHOM wu3Hoce. CyliecTBeHHOe pa3Burue J1eOpPMaIMOHHBIX
MPOTIECCOB HA, TIOBEPXHOCTSIX TPEHUsT PEATU3YeTCsI PHU abpa3sWBHOM W3HaImmBaHuu. B pabore [2]
TMPUBEIEHBI PE3YILTATH UCIBLITAHWH Ha adpaswBHOE W3HANMBanne crajaun P18 npu Tpernn mo mim-
dbosamsrOMy Kpyry Mapku 39A40 CT co cKOpocThIO CKOJbKeHUsT 2,47 M/C U Iojiaveil B 30HY TPEHUsT
CM&30qHO-OXﬂa)K,ZLaIOH_Leﬁ IMYJBLCUU TIPU PA3JIMIHOM HOMUHAJIHBHOM KOHTAKTHOM JaBJJICHUN.

3aBrcuMOCTb U3HOCA cTasu P18 oT HOMUHAJIBLHOTO KOHTAKTHOIO JABJIEHUS B BUJIE SKCIIEPUMEH-
TAJIbHBIX TOYEK 10 JaHHBIM paboTh [2| nokasana Ha puc. 8.
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Puc. 8: 3aBucumocth n3noca craau P18 oT HOMUHAILHOIO KOHTAKTHOI'O JaBJICHUS.

ITpu amanmse maHHBIX paboThl [2] Mo W3HOCY GBLIO BBIACIEHO k = 3 00JACTH, KOTOpPBIE AlPOK-
CUMHUPYIOTCS JTUHEHHBIME (DYHKIIUAME. 3aBUCHMOCTH, TOKA3aHHAA HA PUC. 8, ANMMPOKCUMUDYETCH
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caeayromel hbyHKImet:

A m(pg) = 0,0047pg + 0,014 1n(1 + exp(0, 5(pg — 81)))—
—0,0114In(1 + exp(0, 5(p, — 117))) + 0, 1466 In(1 + exp(0, 5(p, — 146))), (15)

rje A m — MacCOBBII M3HOC, P, — HOMUHAJIBHOE JaBICHUE.

ITpu abpasuBnom m3namuBauvu craau P18 B nuamaszone HomMuHaabHOro mapsenus ot 0 no 175
MIIa 66110 BBLIEIEHO TpH STamna. Ilpy mepexome oT 0OHOrO 3Tana K APYTOMY IPOHCXONMJIO YBEJIH-
YeHne WHTEHCUBHOCTU U3HAIMMBAHUSA, Ha, TPETHEM ITAIe BAUNAHUE HATPY3KU HA M3HOC TPOSABJIAIOCH
HauboJiee CynecTBenHo. Bosbiast yebHass Harpy3Ka Ha MOBEPXHOCTh TPEHHs IPUBOJIUT K TIEPeX0-
Jly adpa3smBHOIO B TEIIOBOE M3HAIMBaHME. [IpOyKThl m3HammBanus cragn P18 Ha mepsoM sTane
— IIOPOMIOK CBETJIO-CEPOr0 IBETA, HA BTOPOM M TPETHEM — TEMHO-CHHETO, HaOJIIOIAI0CH HCKPO-
obpaszosanme. [ToBepxHOCTH 00pPA3IOB UMETH CJIEAHI MUKPO-PE3aHNs, [AapallaHis W BIABIUBAHUSI,
9TO TOATBEPKAAET crpaBemmBocTh coorromennit (10) w (11) ams daxTuaeckoil miomam KoH-
TakTa 1 PaKTHIECKOro JaBJIEHNs, TPEBBIIAIONIEro YCJIOBHBIA Tpeiesl TeKYIeCTH, Oy YeHHbIH TpH
OTITyCKe, a TaK¥Ke U3MEHSIONMICA B iporecce pekpucrammnsanui. C apyToit CTOPOHBI, TETLIOBOE N3-
HAIIMBAHKAE, HAYHHAOIIEECH IPU BLICOKOM HOMHHAJIBHOM JABJICHAN, XAPAKTEPU30BAJIOCH HATMIHEM
OTLJTABJIEHHOTO MATHA TEMHO-CHHErO TBETA ¢ 00Pa30BaHWEM Ha, KPOMKE 0Opasna HAILIBIBA METAJJIA.
OTO rOBOPHUT O HAJMYUH BBICOKHX TEMIIEPATYP B 30HE TPEHHUS, AHAJOTHYHBIX TEMIEpPATYpPaM, IpU
KOTOPBIX ITPOSIBIAETCS MOBBINIEHHAS TIACTUIHOCTD W CBEPXILIACTUIHOCTE cTau P18 (puc. 1). B na-
CTOSAIIEE BpeMS eII¢ He yCTAHOBJIECHBI M HE IIPUHATH KPATEPUN IPOABICHAS CBEPXILIACTHYHOCTH [IPU
TPEHUM 1 M3HAINMMBAHUK. [IpK yBeIMUeHnn HArPY3KKH 00bEM TOBEPXHOCTHBIX CJI0EB, TOIBEPKEHHBIX
pedopMany B PE3yJIbTATe HATPEBA, yBEIMUHBAETCH, COOTBETCTBEHHO MPOUCXOIUT PE3KOE IPHpa-
HIEHUE U3HOCA, 0J00HO PE3KOMY POCTY IJIACTUYHOCTHU [IPU HpUpaIleHuu Temueparypbl (puc. 1 u
puc. 8). IIposiBenre CBEPXIIACTUIECKOH JedOpMAIU B 30HE TPEHUS JOJZKHO TAKIKe OIEHUBATHCS
7 TAKAMH XapPaKTEPUCTUKAMHU KAK CHJIA U KO3(P(DUIMEHT TPEHU.

IMpusenéHIbIe 3aKOHOMEPHOCTH WMEIOT OTPOMHOE 3HAYEHWE W MOTYT OBITh HCIIOJIB30BAHBI B
CyneGHO-3KCIIEPTHOM NPAKTHKE IPH pa3paboTKe 3KCIEPTHBIX METONHUK HCCICTOBAHUS METAJLIOB U
CILITABOB.

3. 3akJiroueHue

Ha ocHOBaHWN TpOBEIEHHBIX MCCJIEIOBAHAN MOYXKHO CIEIaTh CeIYIONINe OCHOBHBIE BBIBOBI:

1. Paspaborana mareMarmiaecKas MOJAED, IO3BOJIAIONIAs PEAIN30BATh AIIIIPOKCHMAIIAIO Pe3y b
TAaTOB IKCIIECPUMECHTAJIbHBIX, B TOM YHCJI€ 9KCIICPTHBIX, I/ICCJIQILOB&HI/IIZ IJIACTUYIHOCTH, IIPOYHO-
CTW W W3HOCOCTOMKOCTH MATEPHAJIOB C YIETOM B3aWMHOTO TTePeX0/ia JUHENHBIX N HeJTUHENHBIX
3aBUCHMOCTEI.

2. VcranosyieHo, 4To pa3paboTaHHasd MaTEMATHIECKAd MOIE/Ib OTAUYHO ATMMTPOKCUMHUPYET pe-
3yJIBTAThl UCIBITAHUN 00pas3nos u3 crasu P18 Ha 1IacTUYHOCTb, TPOYHOCTH U WIHOCOCTOM-
KOCTH C PA3JIUTHON CIOKHOCTHIO PACIOIOXKEHNS SKCITEPUMEHTATHHBIX TOYEK.

3. llokazano, 9TO MMOCPEACTBOM HCIIOJBb30BAHUS DPa3pabOTAHHON MOJEJU MOABJISETCS BO3MOXK-
HOCTb D0JIee JIeTaJIbHOI0 AaHAJIN3A PE3YJILTATOB SKCIIEPUMEHTAJIbHBIX NCC/Ie0BaHuil B obsiacTu
TEOPHUH IIACTUYECKOro (hOPMOM3IMEHEHUA U TPUOOJIOTUN.

4. BrisgBieHo, 9YTO Pe3yJIbTATHI IKCIEPUMEHTATBHBIX UCCJIEIOBAHNH TJIACTUIHOCTH, TPOTHOCTH U
M3HOCOCTOMKOCTH cTaau P18 MOryT OBITH ammpoOKCUMUPOBAHDBI (DYHKITUSIMEA OJHOTO BUIA.

9. YKa3aHO Ha B3aWMOCBSI3b COCTOSHUS CBEPXILIACTHIHOCTH C M3HOCOCTOMKOCTBIO cTajel, Ha
npumepe ctagu P18.
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6. Tlokazano mecTo pa3spabOTAHHBIX MATEMATUYECKHX MOJEJeHl B cucreme CynedHOW MeTasiio-
BEJYECKOU 9KCIEPTU3HI.
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AnHOTanusa

Ha ceromgusmamii JeHb CYIIECTBYET PUCK PA3PYIIEHUs MJis OOIBIIIOrO KOJUYECTBA, 3IAHUIMA
OT PA3/INYHBIX aBAPUIHBIX cuTyanuii. CoBpeMeHHass HOpMATHBHAS 0238 MPOEKTUPOBAHUS U IKC-
[TyaTAIlMy 3aHUN, COMEPKUT MHOTOJETHWI ONBIT aHAIW3a MPUYIUH OOPYIIEHUS, YIUTHIBAET
60JIbIIIOE KOJMYECTBO BO3AEHCTBUIT HA KOHCTPYKIMU (AMHAMUYECKHE HADY3KU, KIUMATUIYECKUEe
BO3/1€fCTBUS, BDEMEHHbIE U [IOCTOsIHHbIE) B TE€YEHUH BCEro CPOKa ciryk0bl. OHAKO BO3pacraio-
1ee KOJMYIECTBO aBapuil, C pPA3HON CTEMEHbI0 PA3PYIIEHN, KAK OTIEIbBHBIX YaCTel, TaK W BCEro
CTPOEHWsT, TOBOPUT O TOM, YTO BO3/I€HCTBYE, BhI3BABIIEE PA3PYIIEeHNE, He ObLIO yITEHO B HOPMar-
TUBHBIX JOKYMEHTAX, Ha, OCHOBAHUN KOTOPBIX ObLI CIPOEKTHPOBaH 00beKT. [losToMy BO3HHKAeT
HEOOXOMMOCTh B TOYHBIX PACYETHBIX AJTOPUTMAX, COBPEMEHHBIX HAEYKHBIX M IKOHOMUUIECKU
BBITOJ[HBIX METOAMKAX 110 KOHCTPYKTUBHOMY YCUJIEHUIO HECYIIUX KAPKACOB 3/IaHU.

B crarbe paccMOTpEHBI CYIIECTBYIOIMINE METObI, JJisd MPOTrHO3upOoBaHus 3(hdEKTOB pa3py-
IIIEHUs] W PEIieHns 33129 Ha ONPeIe/IeHne HAMPIXKeHHO-1e(DOPMUPOBAHHOTO COCTOSTHUS UCXOJIsT
u3 crenuasnbuo paspaborannoil mogesu npounocru RHT (Riedel-Hiermaier-Thoma) s Bbi-
COKOCKOPOCTHOIO 1e(bOPMHUPOBAHUS 2KEJIE300€TOHA B YCJOBUSX JUHAMUYECKOI'O HAIPY2KEHUS.
Paccmorpena MofenbHast 3a/1a4da ¢ UCHOJB30BAHNEM BapHAI[MOHHOIO TTOIX0a, OCHOBAHHOTO HA
mOCTpOeHNY (DYHKITMOHAIA PACIETA MOIIHOCTU YIPYroi AedopMaluu ¢ y9eTOM MOITHOCTH CHUJI
WHEPIWK [T 3apsiia B3PBIBYATOrO BemecTBa cheprudeckoil hOpMbl, PACIOIOKEHHOTO HErmo-
CpeJicTBEHHO mepes, coopyzkenmeMm. Bee pacderst npomsoguiuch B cpeae ANSYSLS-DYNA,
[TOJTy 9€HbI PE3YIbTAThI B (popme rpadukoB ckopocreit medpopManuii u moseil HanpsaKeHuii.

Karouesvie caosa: TuHAMIYMECKOE HArPyrKeHUeE, HANPIKEeHHO-1eOPMIPOBAHHOE COCTOSTHHUE,
B3PBIBYATHIE BEIECTBA, SHEPTETUIECKUI METO, METO] KOHEYHbBIX JJIEMEHTOB, »KeI1e300eTOH.

Bubauoepagpus: 22 HazBaHuUs.
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Abstract

Today, there is a risk of destruction for a large number of buildings from various emergencies.
Modern regulatory framework for the design and operation of buildings, contains many years of
experience in analyzing the causes of collapse, takes into account a large number of impacts on
structures (dynamic loads, climatic effects, temporary and permanent) during the entire service
life. However, the increasing number of accidents with varying degrees of destruction, both of
individual parts and of the entire structure, suggests that the impact that caused the destruction
was not taken into account in the regulatory documents on the basis of which the object was
designed. Therefore, there is a need for accurate calculation algorithms, modern reliable and
cost-effective methods for the structural strengthening of supporting frames of buildings.

The article considers existing methods for predicting the effects of fracture and solving
problems for determining the stress-strain state based on a specially developed RHT (Riedel-
Hiermaier-Thoma) strength model for high-speed deformation of reinforced concrete under
dynamic loading conditions. A model problem is considered using a variational approach based
on the construction of a functional for calculating the elastic deformation power, taking into
account the power of inertia forces for a spherical explosive charge located directly in front of
the structure. All calculations were performed in the ANSYSLS-DYNA environment, the results
were obtained in the form of graphs of strain rates and stress fields.
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1. BBenenue

Ha cerogmsmnnit mensb CymecTByeT PHUCK pa3pyImeHus s OOJIbITOr0 KOJWIECTBA 3JAHUN OT
PA3IUYHBIX aBAPUHHLIX CUTYAllNii, B CBA3M € PA3BUTHEM B3PBLIBOOIIACHLIX OTPAaC/ell MPOMBIIIEH-
HOCTH, YTO BBIABUTAET OTBETCTBEHHYIO M CJIOXKHYIO 33734y OXPAHbLI HACEJEHUs, 0OCTYyKUBAIOIIETO
mepcoHaia U OKpyzKatIeil cpeasl oT asapuit [3, 5|. CoBpeMenHast HOpMaTHBHAsT 6a3a TPOEKTH-
POBaHWA ¥ HKCILIYATAINN 3IAHWN, COAEPKUT MHOTOJETHUN OINBIT, aHAJIN3a TPUYIAH OOPYIIeHud,
YUUTBIBAET GOJIBINOE KOJMIECTBO BO3JCHCTBUN HAa KOHCTPYKINH (JIHHAMUYECKHE HATDY3KH, KJIH-
MATHUIECKUE BO3/ENCTBUs, BDEMEHHBIE U TIOCTOSTHHBIE) B TEYEHHE BCEro cpoka Cayxk0bl. OmHAKO
BO3pacTalolee KoJU4eCTBO aBapuil, ¢ pa3sHoi CTEIeHbIO PA3pYILIeHn, KaK OTJIeJbHBIX YacTel, Tak
¥ BCEro CTPOEHUs, TOBOPUT O TOM, UTO BO3JEICTBUE, BHI3BABIIEE PA3PYIINEHUE, HE OBLIO yUTEHO B
HOPDMATHUBHBIX JIOKYMEHTAaX, Ha OCHOBAHUU KOTOPBIX ObLI 3ampoekTupoBaH obbekT. llepBocrernen-
HOE 3HAYEHUE NPUOOPETAET aHAIU3 BO3MOXKHBIX OTKJ/IOHEHUI OT HOPMAaJIbHBIX SKCILIYATAIMOHHBIX
PEXKMMOB Ha, TAHHBIX MPOU3BOACTBAX W TIMATEIHHOE M3YUIEHUE BO3ZMOXKHOTO PA3BUTHUS PABIUIHBIX
ABAPUITHBIX CUTYAIWil, TPUBO/ISIIMX K TUHAMAYICCKUM BO3JEHCTBUSIM Ha COOpy:KeHwus [5, 7, 9].

Crparerusg 60ps0BI C B3PBIBAMHU W PEATU3ANNS MeP M0 CMITUYEHUTO TIOCIeCTBIH B3PbIBa TPeby-
IOT BHUMAHUS U PEIIeHns, HaUMHad C STAMIOB NJAHWPOBAHUS U MPOEKTUPOBAHUS OMACHOTO TTPON3-
BOJICTBEHHOT'O 00BEKTA, MOCKO/IBKY BIOCIEICTBUN, ITPU SKCILTYATAIAN, PEIIeHNe TaHHBIX 331a9 CTa-
HOBUTCsI JINOO TPYIHBIM, JUOO HEBO3MOXKHBIM. B HACTOLAINIT MOMEHT CYIIECTBYIOT ABA MIYTH YMEHbB-
IeHU TOCJIEICTBUH BO3IeHCTBYA B3PHIBA: PA3pabOTKa B3PHIBOYCTONYINBON KOHCTPYKITNN 3MAHNNE 1
COOPY2KEHUI HA BHOBb MPOEKTUPYEMbBIX UJIN PEKOHCTPYUPYEMBIX OOBEKTAX; CO3/aHUe YHUBEPCAJIb-
HOT'0 BAIMUTHOTO YCTPOUCTBA, CII0cOOHOT0 3PHEKTUBHO CHU3UTH MHTEHCUBHOCTD MAAI0IIEH yIapHOit
BOJIHBI U Y/OBJIETBOPUTH TPEOOBAHUSM [0 €r0 PA3MEIIEHUI0 B YCJOBUSX CYIIECTBYIOMIEN MJIOTHOM
3acTpoiiku Ha ouacHblx obbekrax [10, 18, 22|. B ofoux ciydasix st CrpOMTENbCTBA KOHCTPYK-
VW, YCTOWYINBOI K B3PbIBAM, N3HATAILHO HEOOXOINMO OMPEIE/IUTh BEINIUHY B3PBIBHON HATPY3KH,
KOTOPYIO MOXKET BBLITIEPKATH KOHCTPYKITHSI.

Mertompl, mocTynHbie Mg TPOrHO3upoBanud 3P GHEKTOB B3PhIBA, MOXKHO CIPYIIUPOBATE [0 TPEM
OCHOBHBIM KATETOPHUSAM: 3MIUpHICcKHe (UM aHAJIATHYECKHE), TOJIYIMIUPUIECKUE W IUCICHHBIE
(mepBOro MOpSIKA). DMIUPUUECKUE TOAXO0/bI Pa3pabaThIBAIOTCA HA OCHOBE ODIIMPHOTO AHAIM3A
OTPOMHOTO 06beMa IKCIEPUMEHTAJIBHBIX JAHHBIX, COOPAHHBIX B TeUEHNE JJTUTETLHOIO IEPUO/IA BPE-
menn (13, 14]. Takum o6pazom, oHM OrpaHryueHbl 06'bEMOM IKCIEPUMEHTAIbHOM 6a3bl AaHHbIX. Kpo-
Me TOT'0, XOPOIIIO U3BECTHO, UTO SMIUPUIECKNE YPABHEHNS He JTAl0T TOYHBIX Pe3yJIBTATOB IIPU PAC-
cMoTperuu OirKaiieil 0T ICTOYHNKA B3PBIBA 30HBI AeficTBU yaapHoit Boaabl. [loaysmmupraeckue
IO/IXO/TbI OCHOBAHBI Ha, YIPOIIEHHBIX MOJIesX (busukn sapjienuii |3, 4, 5, 6]. B uux ocHOBHOE BHIMAa-
HUE YJAEJSIeTCS MOJEJUPOBAHUIO (PU3HIECKUX MPONECCOB B 3HAYUTENBHO YIPOIIEHHOM BHJIE. DTOT
TTOAXO0/, B OCHOBHOM 3aBUCHUT OT OOIMUPHBIX JAHHBIX W TEMATHIECKUX WCC/IEIOBAHUIM, & TOYHOCTD,
KaK TTPABUJIO, BHIIIE, U€M Ta, KOTOPast 06eCIIeUNBACTCA IMIUPUIECCKUM [TOAX0I0M. JHCTEHHBIN METOI
(mepBOTro MOPSA/IKA ) BKIFOUAET COBOKYTTHOCTH (hU3MUECKIX, MATEMATUIECKUX W YUCAEHHBIX METOJOB,
TIpeTHA3HAYEHHBIX [T BLIYUCIEHNs XapaKTEPUCTUK MTOTOKOBBIX TTpoTieccoB. B aTux MeTomax maTe-
MaTwdecKue (DYHKITNN OTUCHIBAIOT 3aAKOHBI COXPAHEHN MACChI, UMITYJIHCA U dHepTruu. JlnnamMmuieckoe
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IIOBEACHNEC MATCPUAJJIOB IIPU 3TOM BBIPDA2KCHO IMIUPUICCKUMU 3aBUCUMOCTAMM, ITOJTYICHHBIMU HA
OCHOBE SKCIIEPUMEHTOB, IPOBEIEHHBIX Ha 9TuX Marepuasax |1, 11]. Ilox 5Ty KaTeropuo moama a0t
MeTo/Ibl: KOHeuHbIX 3eMerToB (anri. Finite Element Method), koneunbix pasnocreit (anri. Finite
difference Method) u rpammansix s1ementos (anmt. Boundary Element Method) [2, 6, 15].

B cBa3u ¢ stum mHaxoxkieHwWe yCJIOBUI pas3pyIleHHsd DJIEMEHTOB CTPOUTEILHBIX KOHCTPYKITHL
JUHAMUYIECKUM HArPyKEHHEeM, ¢ HCIOJB30BAHUEM METO/a, JOCTYITHOTO JJIs TPOTHO3HPOBAHUS 3(h-
(beKTOB B3PbIBa, B KOHTEKCTC C IIPMMCHCHUECM COBPEMECHHBIX IIPOI'PAaMMHBIX KOMILJIEKCOB OCHOBAH-
HBIX HA MeTojle KoHeanbix 3meMenTor (K9) mpeacrasiaser coboil akTyaabHYIO 3a7a9y, 0COGEHHO B
TMPUKIATHOM TLTAHE.

2. MarepuaJjbl 1 MeTObl NCCJIEOBAHNUS

B nannoit pabore i onucaHus IIPOYHOCTH KOHCTPYKIMU Oy/eM ucroJib3oBaTh Mojensb RHT —
mozesbio npoutnoctu (Riedel-Hiermaier-Thoma) [20], paspaforasHoii crienuasibHO Jjisi BHICOKOCKO-
pocTHOTO nedopMUpOBaHud KeaezobeTona. Jlannas MOJIEb IBILETCS MOJLYILHON 1 ONUCHIBAET I10-
BeJIEHUE YIIPYTOIIACTUYECKOIO T€JI C YIPOUYHEHUEM U IMUPOKO IIPUMEHSIETCS B COBPEMEHHBIX KOM-
mrekcax CATIP [16]. Huxke nano kparkoe onncanne maremarndeckux ochos mogesn RHT [11, 20].

A failure surface

e

- vield surface

residual surface

1
P 'Pu Pe

¥y =

Puc. 1: llpenensnas Harpy3ka MaTepHuaJia U ero pa3rpy3kKa

Monens npounoctu RHT Boiparkaerca B TepMuHAX TPEX MPEIEIbHBIX MOBEPXHOCTEN Hampd-
JKEHWI: HavaapHON ymnpyroif mosepxuoctn Tekydectn (yieldsurface), moBepxHocTH paspyIieHus
(failuresurface) u ocrarounoit nosepxuoctu (residualsurface). B To Bpemst kak moBepxHOCTH yIHUTHI-
BAIOT CHUYKEHME TPOYHOCTHU BJIOJIb PA3JINYHBIX MEPUINAHOB, & TAKXKE BJUIHUE CKOPOCTHU jJedopmMa-
Mu, CTATUYECKHUE C2KMMAIOIIME MEPUIMAHHbIE [I0BEPXHOCTH M300paskeHbl HA puc. 1.

IloBepxHOCTE paspylieHus, TO €CThb e IPOIHOCTH OeToHa, (OPMUPYETCS U3 MapaMeTpOB
MaTepuaJia, BKJIOYasd [IPOYHOCTH OeToHa Ha CxKaTue, pacrsxkeHue u ciasur. HauvasbHas 1oBepx-
HOCTBb TeKydecTH (POPMUPYETCH U3 BBEJ/IEHHBIX [10/Ih30BATE/EM IAPAMETPOB TOBEPXHOCTU Pa3PyIIIe-
HUS BJIOJIb MEPUINAHA PACTSHKEHUS U C2KATUSA U JOLOJHUTENbHO BKJIIOYAET B Ce0s1 11peJIesl JaB/IeHMs
3aKphITHS TIOp. Moesh sBJgeTcs ynpyroil o TexX 1op, 1MOKa HapsyKeHne He JOCTUTHET HauaJlh-
HOIl TTOBEPXHOCTU TEKYUYECTH, 33 KOTODOIl pa3BUBAIOTCA TiacTudeckue nedopmarmu. [Lractutae-
ckue jiebopMaIMi BMECTE CO CBOWCTBAMM YNPOYHEHMWs OeToHa, 3aJaHHBIMU B KAYECTBE BXOHBIX
JIAHHBIX, UCTIOJIb3YIOTC I7st hopMupoBanus >b(EKTUBHON TTOBEPXHOCTH TEKYUYECTH TTYTEM WHTEP-
TOTATIAN MEXK/Ty MCXOHON TTOBEPXHOCTHIO TEKYUECTH W MOBEPXHOCTBIO PA3PYITeHNd. AHATOTHYHO,
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KOI'JI3 HAIIPSZKEHUe JOCTUIAeT [OBEPXHOCTU Pa3PyIIEHHs, UCIIOIb3YeTCs 1apaMeTPU30BAHHAS MO-
JlesTb TTOBPEXK/JICHN, KOTOpasl yIpaB/ideT 3BOTIONNEH pa3pylIeHns, 00yCI0BJICHHOH IIaCTHICCKIME
gedopmalsaMu, KOTOPast, B CBOIO 04epe/ib, IPeJCTaB/sieT co0O0il Ipe/ie/IbHYI0 IOBEPXHOCTh HAIIPs-
JKeHHI [I0CTIe pa3pyIIeHnd IIyTeM HHTEPIOIAINE MeK Iy IOBEPXHOCTEIO Pa3pyIIeHAd U OCTaTOYHOI
IIOBEPXHOCTEIO0. /I TOTHOCTBIO MOBPEKAEHHOTO MaTepruaJia HeT 3aBUCHMOCTH OT MepHUIANaHa NI
CKOpOCTH 1epOPMAINH, & IPOYHOCTL HA CABUI HOIEPKUBACTCS TOIBKO B OTPDAHUYEHHBIX YCIOBUIX,
T.e. IIPU HOJIOKUTEJIBHBIX JTaBICHUIX.

RHT mozend ucnosnb3yer mMogenb obbemuoro yioraenus [17]. Cxemarnueckoe onmcanue Mo-
JleIi IPeJCTaBIeHO Ha PHC. 2, IJe BayKHYIO POJIb HIPAIOT JaBJIeHHE 3aKPBITHS [IOD U JIaBJIeHHe
yiutoraenust. Ilopucroe yiioTHeHre HAYHHAESTCS P 3HAUEHUN /ABJIEHUS, COOTBETCTBYIOLIEM aB-
JICHUIO 3aKPBITHA 110D, HUXKE KOTOPOro MOJeNb dABjgercd yupyroil. llpn nanmumrposannn Kosamca
TOp HADJIIOMAETCH 3HAUNTEIbHOE CHIKEHME 3(DDHEKTUBHOTO 06 HEMHOTO MOIY/S YIIPYTOCTH, TAK KaK
CBA3AHHbIE C 3THM MHUKpoMeXaHH4ecKne 3(hheKThl CHUKAIOT 00BLEMHYIO KeCTKOCTh MaTepuasia.
BuyrpenHss nepeMeHHas (¢ HPEACTABIISET HOPUCTOCTh MaTepUaJia, KaK JOJII0 MEXKJy [JIOTHOCTHIO
MATpHUITEI MaTepruaJa I HOPUCTBIM OeTOHOM, U, TAKIM 00pa30M, YMEHBIIACTCA C YBeTHICHIEM 1aB-
JICHNS U JieJ1aeT IIPoIlece Harpy KeHus HeoOpaTuMbIM. Pa3rpyska IpOHCXOIUT MO TeKyIell yIpyroil
JKeCTKOCTH ¥ IPUBEJET K HOCTOSHHON 00beMHOM gedopMannu mpu HYJIEBOM JIABJIEHUH, TTOCJIEIY-
IOMUN HOBBIM STAll 3arpyrKeHHs IIPOMCXOIUT IO KpuBoil pas3rpysku. Korma masmenne mocruraer
JIABJIEHNST 3aKPBITHsI [I0P, MaTepuas CUMTAETCS TTOJHOCTHIO YIIOTHeHHBIM (v = 1) u Oyjer onuch-
BaTbCs OOBIYHBIMU YPAaBHEHUSIMU COCTOSIHUSA JIJIsT GETOHA.

4 p

Peomp —-

Perush — i !

’ ¢
. i Eyal
b v .

Puc. 2: CxemaruydHoe omucanue p-o ypaBHEHUS COCTOSHUSE
31echk p — BEJIUUUHA MABJIEHUS, €,, — O0beMHast gedopmarusi, o — KO3(DPUIMEHT TTOPUCTOCTH.

B mvomenmn RHT wacth capur m gaBieHne CBSI3aHBI, TPUUEM JaBJIEHWE OMMCHIBAECTCS B popme
ypasuernnst Mu-I'proneitsena [21, 22| ¢ monmHOMuaIbHON KpuBoil [FOTOHMO M OTHOIIEHWEM YILIOT-
Hernus p-« (puc. 2). Jlnga Mopenw yIOTHEHUS MBI ONPEJEIsieM TTEPEMEHHYIO, TTPEICTABIAIONLYT0
coboit TOpUCTOCTh (v, KOTOpas MeHsieTcs B guarnazose oT 0 g0 1. Dra mepeMeHHasi IpejIcTaBlisier
co00# TEKYIIYIO OO MJIOTHOCTA MEXKIy MATEePHUaIOM MATPUILI U MOPUCTBIM OeTOHOM, n Oymer
YMEHBINATHCA C YBEJINICHUEM JTABJICHUs. DBOJIIONUS ITO TepeMeHHoil 3a1aercs Kak [20]

Peomp — p(S)} N

a(t) = max [ 1,min [ ap,min | 1+ (ap — 1) [
t Pcomp — Pel

s<

rie p(t) — BewmunHA JaBIeHNs], t — BpeMsi. TO BbIpasKeHne TaKKe BKIYaeT HadalbHOe JaBJIeHne
3aKPBITUS TIOD Pef, JABJICHUE YILIOTHEHUS Peomp W IKCIIOHCHIIMAJIBLHBIA ITOKa3aTelb NOPUCTOCTH N .
Jlist maibHEeRIero uenoIb30BaHusa Mbl OTPEIEINM MPEIeTbHOE MABICHNE, WA TEKYINee TABIeHUe
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3aKPBITHS 0P MaTepuasa, Kak [20]

alr/N

Pc = Pcomp — (pcomp - pel) |:Oé0 1

Ocrarounas 4acThb JaBJeHUs JaHA B TEPMUHAX IJIOTHOCTU U YJIEJIbHOM BHYTpPeHHel sHepruu. B
3aBUCAMOCTH OT MApaMeTPOB OTPEIEISIONINX COOTHOIIEeH I 11g MaTepuana (By > 0):

(p.e) = L { Bot Bunape + Ain+ Ayp® + Az, 0> 0,
el =7 Boape + Tin + Ton?, n <0

wim upu (B = 0):

1 1
plp,e) =Tpe+ —pu(n) [1 - QFU] ;
pr(n) = A+ Aan® + Az,

COBMECTHO C

ap
p)=———1
a0 pP0
s ommcanusa TPOYHOCTH Ha CIBUT UCIIOJB3YeM CJIEIYIONIee BhIPaKeHUe:
*
p* =p/fe,

TJIe JTABJAEHWE HOPMATM30BAHO € MAPAMETPOM MPOYHOCTH HA CKATHE. TakKe UCIOIB3YEM § I
0003HaYEHNT TEH30pa JeBHATOPA HAIIPAKEHUI 1 €, IJIg CKOPOCTH IJIACTUIECKOH nedopMarinm.

Jna zamannoro HIC u ckopocTu Harpy»kKeHus yIpyTOIIACTHIECKAs MOBEPXHOCTH TEKYJYeCTH
s mogesn RHT zamaerca caenyrormum obpazom [20]:

Uy<p*7 37 gpa E;k)) = fco_gj(p*v FT'(Epvp*)7 6P)R3(07p*)7

KOTOpas U ABJISETCH KOMITO3UIUEH IByX (DYHKIMI v napamMerpa npouHocTu Ha cxkarue f.. [lepBas
ONMCBHIBAET 3aBUCUMOCTD JIABJIEHUST /TSl TJIABHBIX HANPSKEennit (01 < 09 = 03) W BBIPAYKAETCS 9epes3
MTOBEPXHOCTD PA3PYINEHNsT N HOPMAJIH30BAHHYIO ILIACTHYIECKYIO AePOPMAIIAIO KaK

* * * * p* * *
o, (p*, Frye,) = 05 (y’ Fr> Yy, rae y =€, + 1(1 — g,) Fe Fe.

ITosepxHOCTDH pazpylieHue 3aaercs Kak [19]:

A(p* = F/3+ (A/F)~Y™"  3p* > F,

Fofs/Q1+3p*(1 — f3/Q1) F.>3p*>0
U* *’FT = * * ; * x )
Fn E) F.fi/Q1—3p (1/622— J ) 0> 3p* > 3p;
Qlft
0 3p; > 3p*

FrQQf:ft*
Quff — Q2f3)

rue pf = 3 KPUTUYIECKOe maBjieHne, F. — MHOXUTETbh IMHAMIYIECKOTO POCTA TaBJIe-

HUA 1

Q1= R3(7/6,0) Q2=Q(p").

B sTux Beipaxkenusx f; u fI npeacraBiaior coboil MPOYHOCTL OETOHA HA PACTHAYKEHUE U CIBUT
OTHOCUTEJILHO TPOYHOCTHU Ha CXKaTue f., 1 3HaYeHus () BBOASTCS JJid yueTa MEPUIUAHHON 3aBUCH-
MOCTHU PACTSI?KEHUS U CJBUTA.
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Jlts onMcanus TOHUYKEHHOM MPOYHOCTH HA CABUT W PACTIXKEHUE BBEIEM Cjemytornee obo3Haqge-

HUE!:
Ra(0. o) — 2(1 — Q%) cos O + (2Q — 1)/4(1 — Q?) cos? 0 + 5Q? — 4Q)
3(0,07) = 41 — Q%) cos? 6+ (1 —2Q)? ’

rje 6 — yroa Jlogs nosyuen u3 renzopa jesuaropa Hanpsikenuii s [21]:

_ 27det(s) _, . /3
cos 360 = ()7 a(s) = 5

MaKCHMaHBHaH HOTepH HquHOCTI/I OIIANCBIBaETCd KaK (byHKHI/IH OTHOCUTEJIBHOT'O OaBJICHUA:
* *
Q=Q(p") = Qo+ Bp".

OxoHYATE/TbHO, 3aBUCUMOCTH CKOPOCTH Jjlechopmanun omnpeensercs Kak [20]:

F¢ 3p* > F¢
3p* — F° . .
Frlep ) =4 Ff = e (B = F) Fe > 39" > =FUy
s T
EFy —F 7 > 3p

r

e

£ /Bc
< jt) "<
g /t

C
Ye/t/Ep Ep > Ep

TTapameTpsl, UCIIOIB3yEMBbIE B 9TUX BBIPAKEHUAX, 33AAI0TCA KAK:

Fr?/t(gp) =

4 2
TR VA A

TJIe Y.y — OTIPeJIeNIAeTcs U3 yC/IoBmi HempepbisHocTH [20].
Torma, Kak mpeies1 MOBEPXHOCTH TEKYYECTHU ITPECTAB/ICH:

0 p* = pe

P =Py

*
Fe(p®) = 1_<p*—p:) pe>p" Z2py

(& u

1 Py > D"
rue
R L )
Je 3 fe

VIpouyHeHNe ONUCHIBAETCS JIMHEWHO 110 OTHOIIEHUO K IJIACTHIECKON JTedOopMaliuu, Ie

E* — min E—DpP 1 €h o Uy(p*7875P7€;)(1 - FEFC)
P eh P y3G*
3716CH
G* =G,

e G — MOIYJIb CIABUTA UCXOJHOTO MaTepHasa, a & — MOHNKAIOIINH (DAKTOD, OTPAKAIOIIUHN YIIPOU-

HEHMeEe.
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Korma ynpounenne mocturaer mpesena mpodHOCTH O€TOHA HA TMOBEPXHOCTU PA3PYINIEHUS, I10-
BPeXKJEHUS HAKAIJIMBAIOTCS IIPU JlaJibHEMIIEM Hey[IpyroM Halr'pDyKeHUH, KOHTPOJIUPYEMOit ILJ1acTu-
veckoit gedopmarnueii. [lnacrugeckas nedopmanus npu paspyuieHun oupejessiercs kak [20]:

m 1/D>
Dyt~ (1= D)) > (- D+ ()

em 1/D>
* p *
o (1-D)p; + <D1> >p

ITapameTp moBpeXkIeHUS TPH IACTHIECKOM TePOPMUPOBAHUN OMPEIEIIeTCST B COOTBETCTBUAN

" TIOJIyYECHHAA TTOBEPXHOCTH PA3PYIIEHUA JaHd KaK:

ay(p*, 8,6p,1)(1 = D) + Dfeoy(p*) p* =0

oa(p, s,6p) = oy (p*, 5,2p, 1) (1 —D-— p*) (1-D)p;f <p*<0’
t

rae oy (p*) = Ag(p™)"™.

Jltst nemoncTpaluu paboThl, IPUBEICHHON BBIIIE MOJE/IN, ObLIA PEIIEHA 33348 O PACIEeTe B3PbI-
BOBAIMUTHOTO COOPYKEHUsT MOKA3AHHOTO Ha puc. 3-4. Perenne peimonneno wa 6a3e LS-DYNA u3
makera ANSYS, [8, 12] rae peammszosana momens RHT. MarepuanoM KOHCTPYKIMU TPUHUMAJICS
6eron ¢ npounocreio 35 MITa, Besmunna 3apsiga 1,4 kr B TporuioBom SkBuBasente [19].

2w
e 1400 "
[ 4 I
o
=
S &
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N 1
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1000

Puc. 3: Bua xoucrpykiuu c6oKy
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Puc. 4: Ob6muit Bug KOHCTPYKIMH C MECTOIIOI0KenneM 3apsiaa BB

3. 3akJiroueHue

OcHOBHBIE HAYYHBIE U TTPAKTUYECKHE PE3YJIbTATHI JIAHHONW paboThl 3aK/IFOYAITCS B CJIEIYIONIEM.

BozgeiicTBrs Ha COOPYIKEHWS, BLI3BAHHBIE THHAMHYECKUMH HATPY3KaMU, BOSHUKAIOT CPABHU-
TeTLHO PEJIKO, OJHAKO YUUTHIBATH MX HEOOXOAUMO, MOCKOJIBKY MHOTHE W3 HUX MOTYT OBITH TPUUH-
HOit pa3pyllleHns WiK MOBPEXKJIEHUS 3aHUil U COOPYZKEHUN, BJIUATH HA COXPAHHOCTE 000DY/I0BAHUS
¥ yTPOXKATh 3JI0POBBIO U »Ku3HU Jrofeit. [IpoekTupoBarme KOMIO3UITMOHHBIX KOHCTPYKITUH 3maHuii u
YCUJIEHHE CYIIECTBYIOIIUX — Mepbl, KOTOPbIe HEOOXO0IUMO TPUHUMATE B TEJSX MUHUMUBAIUA PUCKA,
rubesiu JIFOJEH, a TaKXKe PUCKA Pa3pyIIeHnil.

Haxoxenne ycioBmii paspyiieHus 3JeMEHTOB CTPOUTENLHBIX KOHCTPYKITUH JUHAMUYIECKUM
HarpyzxeHueMm, ¢ yderoMm kpurepusi npounoctu RHT mozBosiseT nporHo3upoBaTh, BO3HUKAOIIEE
HAIPSAKEHHO-ePOPMUPOBAHHOE COCTOSHUE 3JIEMEHTOB YKeJTe300€TOHHON KOHCTPYKITH, JTUHAMUKY
ee U3MEHEHNUs BO BPEMEHM, YTO JlaeT BO3MOXKHOCTD IIPOC/IEXKUBATL 0O0pa30BaHUE U PA3BUTHE YUIACT-
KOB pa3pyIIeHus].

HauaibHbiil 9T B3pBIBOYCTOWYMBOrO MTPOEKTHPOBAHNS — OMPE/IEICHUE TTAPAMETPOB JINHAMUIE-
ckoit Harpysku. Llesin oreHku HArpy3KU: YyCTAHOBJIEHUE U JOCTUKEHUE ITPUEMIIEMOTO YPOBHSA YIPO3,
Jtst ObeCcIIeaeHrsT KOTOPOTO JIOJIZKHBI OBITh PEAJTH30BAHBI MEPHI 10 CMSITIEHWO TIOCIECTBUM B3PhIBA
u 3ammTe 37aHuii. Baxkuasa 3asada — coxpaHeHne KOHCTPYKIIUU 3JIaHUS IIyTeM KMCKJIIOYEHUs! BO3-
MOXKHOCTH TTPOTPECCUPYIONIET0 OOPYIIeHN. DTOTO MOKHO HOOUTHCS, C/IETysT OCHOBHBIM DEKOMEH/Ta-
[IASTM TT0 TIPOEKTUPOBAHUIO KOMITO3UITMOHHBIX KOHCTPYKITUHA: PACUeT W aHaIn3 KJAIOUEBBIX CTPYKTYP-
HBIX 3JIEMEHTOB, 63 KOTOPBIX 3/aHNe HE CIOCOOHO TPOTHBOCTOSTEL CUJIBHON HATPY3KE OT BBICOKOTO
masjienus. [IpuHnMas BO BHUMaHUE BBIMIEYKA3AHHBIE TTAPAMETPBI, MOTYT OBITH BHIOPAHBI MTOIXOTsI-
IHEe MATEPUAIbl U COOTBETCTBYIOIINE CTPATErUU TPOEKTUPOBAHUS, KOTOPBIE TIO3BOJIAT YMEHBITUTD
TTOC/IEICTBHUS B3PHIBA.

ITpumenermem coBpeMeHHBIX TporpaMMHBIX KoMIiekcoB LS-DYNA B coueranuu ¢ Mojiebio Ge-
toua RHT, B omane oT CymiecTBYOIIUX TEOPETUIECKUX MOJIEEH TTO3BOISET JIErKO U 3(hheKTUBHO
VUUTHIBATE PA3JIUIHBIE JOMOJHUTEILHBIE (DAKTOPHI, TAKHE KAaK apMUPOBAHNE W (PUSHIECKYIO HEJIU-
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Puc. 5: O6muit Buyg pacuerHoi Mmogean u pasduenne Ha K9

HEMHOCTH MATEPHUAJIOB, & TAKKE CIOKHYI0 KOH(MUTYPAIIWIO COOPYXKEHNI 1 PACIIOJIOKEHNE BHEITHEH
Harpy3Ku.
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AnHOTanusa

B CTaTbe IIPEeAJIOZKEH METO/I CIIEKTPAJIbHBIX 3JIEMEHTOB, IIOCTPOCHHDLIX Ha IIOJIMHOME ﬂe)KaH/I-
pa IS TJIOCKUX CTAIMOHAPHBIX 33739 YIPYTO-TIACTUYECKOrO TEeYEHUs Mpu 0OabmuX medop-
MaludaX. MeTO,EL CIIEKTPAJIBHBIX 3JIEMEHTOB OCHOBBIBACTCA Ha BapUAITMOHHOM IPUHITUIIE, METOIE
lanepkuna. Perenne yka3aHHBIX 33124 00/1a1ae€T (DEHOMEHOM JIOKAJIU3AIUH TIJIACTUIECKUX JIe-
dopmannit B y3KuX 00JACTIX - TUHUAX CKOJbXKeHus. VccaemoBana BO3MOKHOCTD TPUMEHEHUS
CIIEKTPAJIbHOI'O 3JIEMEHTA JJId YUCJIE€HHOI'O PEIIeHUA YKAa3aHHbIX 3a/1a4 C Pa3PbIBHbBIMHU DEIICHUA-
MH. YCIOBHUE TEKYIECTH MaTepuasa - kputepnit Muzeca. Hampsizkennss "HTETpUpyIOTCS METOIOM
PaanaIbHOrO BO3BpATa IO HETBHOM 0OpaTHOil cxeme Jityepa. Cucrema HeINHEHHBIX aaredpan-
JeCKUX YpaBHEHUI pelraeTcs uTeparmuonabiM MeTogoM Heiorona. IIpuBeaeno uncmennoe pere-
HEE TIPUMePa PACTIKEHHS TTOTOCHI, OCTA0IEHHON BHIPE3AMH C KPYTOBBIM OCHOBAHUEM, B IIJIOCKOM
HaIlPA2KEHHOM H IIJIOCKOM /Ie(bOpMI/IpOBaHHOM COCTOAHULAX. HOJ’[y‘IeHbI KHHEMaTU4Y€eCKue 110J1d 1
npesenbHas Harpyska. [IpuBesennl cpaBHEHUST 9UCICHHBIX PE3YJIbTATOB C AHAJATUIECKAM Pe-
mIeHueM, HOJIyLIeHHbIM JJId HECZKUMAEMBIX Cpell, TOCTPOECHHBIM METOJO0M XapPaKTEPUCTHK.

Karuesvie caosa: CrieKTpaIbHBIN 371eMeHT, (PEHOMEH JIOKAJIU3AINU, IACTHIHOCTD, METO/T
XapaKTePHUCTUK, KOHedHbIe Aedopmaiiuu, nrepanuonubiii meron HeioTona

Bubauoepagus: 20 Ha3BaHUIL.
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Abstract

In paper the method of spectral elements based on the Legendre polynomial for time-
independent elastic-plastic plane problems at large strains is proposed. The method of spectral
elements is based on the variational principle (Galerkin’s method). The solution of these
problems has the phenomenon of localization of plastic deformations in narrow areas called
slip-line or shear band. The possibility of using a spectral element for the numerical solution of
these problems with discontinuous solutions is investigated. The yield condition of the material
is the von Mises criterion. The stresses are integrated by the radial return method by backward
implicit Euler scheme. The system of nonlinear algebraic equations is solved by the Newton’s
iterative method. A numerical solution is given of an example of stretching a strip weakened by
cuts with a circular base in a plane stress and plane deformed state. Kinematic fields and limit
load are obtained. Comparisons of numerical results with the analytical solution obtained for
incompressible media constructed by the method of characteristics are presented
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1. BBenenue

TlnacTuueckoe TedeHne Kak METAJLIOB, TAK U M€OMATEPHUAJIOB, TIPU ZHAUNTEIBHBIX 1edopMaIii-
X WUMEEeT CBOMCTBO JIOKAJIUBAINN TJIACTUUIeCKUX nedopMaruii B HeKoTopoit objactu. Ilpu ompe-
JACJIEHHBIX YCJIOBUAX HaHpH)KeHHO—;[e(l)OpMI/IpOBaHHOI‘O COCTOdHUA U3BECTEH CbeHOMeH NHTEHCUB-
HO#l JIOKAJIM3AIUU CABUTOBBIX TLIACTUYECKUX JeopMaliuil B y3Kux obJIacTaX, Ha3bIBAEMbIX JINHU-
avu ckosbxkenusi (shear band). @enomen moCTATOYHO XOPOIIO M3YyUEH W OMUCAH B JINTEPATYDE
[1, 2, 3, 4, 5, 6, 7|. Teoperndeckuii aHaam3, TPUBEJIEHHBII B JUTEpATYpE, TOKA3BIBET PABEHCTBO
HYJAI0 TOJIIWHBI JIMHUU CKOJIbZKCHUA N TaKZKe, BbI3bIBaCMbIC NX Ha/JIUYNEM, HCCAMHCTBECHHOCTH U
Pa3pBIBHOCTH PEIEHUS.

C0XKHOCTE KOHEUHO-3JIEMEHTHOTO MOJICJINPOBAHUS MPOTiecca (DOPMUPOBAHUST JTUHUI CKOJIBIKE-
HUsI CBsi3aHA C TEM, YTO CTAHIAPTHBIE KOHEYHO-3JIeMEeHTHBIE (DOPMYIUPOBKH HE JIOIYCKAKT Pa3PhIB-
HBIX PEeIIeHu? BHYTPU 3J1€MEHTOB.

B nannoit crarbe g npubIIMKEHHOTO MOJEJIUPOBAHUS PA3PBIBHBIX PENIEHUN HUCIOJB3YIOTCH
ITOJIMHOMUAJIBHBIC 9JIEMEHTBI BBICOKOI'O IIOPAAKA, HA3BIBECMbIC CIICKTPAJIBHBIMHA JJICMCHTAMMA. Hep—
BOHAYAJIHHO CIIEKTPAJILHBIN JJIEMEHT, TTOCTPOSHHBIN Ha TTOIUHOME UeObITeBa, ObLI TPEeJIOKeH st
3319 BBIYUCINTENBHON ruapouHamuke [14]. B pabore [15] crieKTpasbHEBI 9/€MEHT IpeIOKeH
¢ mosmHOMOM Jlexkamapa. OTMeTuM CBA3L 3aja4u 00 ONPEHEJeHUN Y3JI0B WHTEPIOJSIUN B CIeK-
TPAJTBHOM 3JIEMEHTE ¢ 3aJladeil MOCTPOEHUsT ONTUMAIBHBIX KybaTypHbIX dopmyst [16]. CrnekTpasib-
HbBIE DJIEMEHTHI SIBJISIFOTCS aHaI0roM h— p snemenTa [13]; npuMeHsioTCs B pa3indHbIX JUCIUILINHAX:
PUJIPOIMHAMUKA, aKYCTUYECKUE BOJIHBI, Ireodu3nuka, Meaunuaa. B 3a1adax yrnpyro-miacTudeckoro
nedopMupoBaHUs METOJ| He CUJIbHO PAcipocTpaHeH, Haupumep, B [20] paccMoTpeHs! 3aa4u yupy-
TOCTH JIJTsi OKOJIOHECZKUMAEMBIX c¢pel; B [18, 19| paccMoTpeHo mpuMeHeHre MeToa K TIACTHIECKOMY
1ebOPMUPOBAHUIO CHIMYYUX JUJIATHPYIONNX CPeM; 000MMHU aBTOPAMU PEIIEHUEe TIOJIYIEeHO C Ompe-
JIEJISIIONTUMU COOTHOIIEHUSIMU B MAaJIBIX J1eOopMalInsiX.

B ,Z[aHHOfI CTaTbe METOJ CIEKTPAJIbHBIX JICMEHTOB Ha YKA3aHHBIX 3aJa49aX HUCC/IEA0BaH, y4U-
ThIBasi KOHEYHOCTH jecdopmaruit. PopMupoBaHue JIMHUN CKOJIBXKEHUS PACCMOTPEHO Ha IPUMEPE
pacTd>KeHunsd 110JI0ChI, OC.)'[a6JIeHHOI>‘I BbIpE€3aMu C KPYI'OBbIM OCHOBaHMEM B yCJIOBUAX ILJIOCKOI'O Jd€-
GOPMUPOBAHHOTO U TIIOCKOTO HAPSIKEHHOTO COCTOsiHmit. JIIs MaHHOTO TpUMepa CyIIecTBYeT TO-
CTPOEHHOE B PAMKaX HECKMMAaeMOro Tejla aHaauTudeckoe pemienne. Pamee B [21] cmomenmpoBaHo
pazsutue bosbiux medopMmaruii B 00beMHOM CJIydae ¢ JoKaau3amnuedi u obpasoBanueM “rieitku’,
IIpUMeHdd CTaHIapPTHLIN KBaApaTUYHbIA n30napaMeTpUYecKuil KOHeYHBIA 31eMeHT.

2. OcHOBHBIE YPaBHEHUS

2.1. PopMyImpoOBKa 33029

PaccmarpuBaercs crarudeckasi 3a/1a4ua ¢ y4eToM KOHEYHOCTH JsledopMaliuii. Y paBHEHUE PABHO-
Becua 663 WHEPIMOHHBIX UJIEHOB B KOOPAUHATAX 1e(POPMUPOBAHHOTO COCTOSHUS:

V-o+f=0 (1)
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C TPAHUYIHBIMU YCJIOBUAMM:
u=umnal,
o-n=t,naly

e o — Hanpsikerust Ko, f — BEKTP MacCOBBIX CHIL
YpaBHeHue paBHOBecus B cj1aboit hopMysupoBKe:

oou

— - odQ) = / ou- fdQ+ [ du-t,dly, (2)
o Oz Q

It

e 0u — BapHaIlds JONYCTHMBIX IIePEeMeIeHui.

2.2. CnekTpajbHad WHTEPIOJIAINAA

Tlepemertienve nirmeTcst B BUe:
n
=Y Ny({)ia (3)
a

B cnekrpansrom saemente Jlexamapa dyuknma dopmbl dmemenTa N, Ompeaeasercs KaK TeH-
30pHOE TTPOU3BE/IEHNE OJIHOMEPHBIX MOJMHOMOB Jlarpanxka cremenn n = N — 1 B y3J1aX MHTEPIIO-
agamun Taycca - JTobarro - Jlexanapa (GLL)

N
§—&
la (&) =
b:g;éb ga - fb

No = l?(ﬁa)l?(ﬁa),

rme ¢ < N, 7 < N— unzgekco! y3aa a, £, )— KOOpAUHATHI Ha pedepercHoM KBagaparte. KoopawHaTh
rouex GLL ompesensiiores: Kak Kopuu ypasmenusi: (1 —&2)P)(€) = 0, rne P, — nommnom Jlexkampa
CTETeH! N.

st ciydas n = 1 mosy9aeTcst MPOCTOH Pe3yIbTaT JIJisl M30MAapaMETPUIECKOr0 3JIEMEHTA:

N, = i(l + fag)(l + 77a77)-
2.3. KuaemaTtun4deckue COOTHOIIIEHUS

Addunop nedopmannii onpeenasieTcs Yepe3 IpaJiedT BEeKTOpa IepeMeIlennii U CJIeayIomnM
obpazom [12]:

¥ =I+Vu (4)

3neck I — equHUYHBIT TEH30D.

Tenzopubie mepbl gedopmaruii ['puna C u @unrepa b onpenessiorcs yepes adpdunop gedop-
MAaIli:

C:‘I"I’*, b:\I’*‘Ila

cuMBOJI * 0603HAYAET TPAHCIOHUPOBAHME.
CooTHoleHne J1jist KPATHOCTH U3MEHEHUs SJIEMEHTapHOro 00bEéMa:

J =det W. (5)
Tenzop nedopmarun ['puna:
1
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Bapuarua renzopa gedpopmariun ['prHa BeIparXKaeTcs 4epes Bapuallnio TeH30Da, MaIbiX JedopMarinii
€ u addunop aedopmaruii:

85ul | 90y

1

VWiV = 0e4; U Wy

2.4. YpasHeuuda I'anepkuna

ITogcrasagast mepemernienns (3) B ypaBHeHust B caaboil hbopMyanpoBke (2) MOJYydUM CHCTEMY
ypasuenwuii amepruna mpu 001bIHX medopMaInugx:

Ku=F,

vie K = [, Blac, B+ [, 2o Gk de,
F= [oNTfdQ+ [ NTtdl: — [, BTod®,

ON ON

_ | o= ox
Ba={%" on 0N
0o ox1

Aep — JMHEAPH3OBAHHAA TAHTCHIHAIbHAS ONPEIETAIOMAsd MATPHUIIA.
CucreMa HeTUHEHHBIX aMredpanvdecKnx YPaBHEHUN PEIIaeTcst UTEPAIMOHHBIM MeTogoM HbioTo-
na - Padcona. s yaydrmenns cXOAUMOCTH UCIOIB3YETCI METOJ TIPOIOIKEHHUS IO TapaMeTpy.

2.5. Onpepengionine COOTHOIIEHUS JJid yIPYTrOMJIACTUYECKOTO MaTepHuaia

B cayuae koneunbix nmedopmarnuit adpdurop gedopmaliiii MOXKHO pa3a0XKUTh HA YIPYIYIO U
IJIACTUYECKYI0 MYJIbTHIIHKATHBHBIE cocrapisioniue (8, 9]: ¥ = WP . We,

Vipyroe moBejieHIe MaTepuasia XapaKTEPU3YeTCs OMPEIeISIIONUMI COOTHOIEHUSIMI JIJIsT THU-
MIEPYIPYroro MaTephaja. DTH COOTHOIICHHS 3AMHMCBHIBAIOTCSI B BHIE, KOTOPDLIH IIO3BOJIAET HE HC-
MOJTE30BATE O0BLEKTUBHBIE CKOPOCTU HampshKeHuii. OyHKINS HAKOIJIEHHONW SHEPTUH I1ehOpMariiu
(ympyruit TIOTeHIIaJ) MPEICTABISIeTC s CJeTY oM 00pa3oM:

— 1 1 1 _

W=U(J®) +W(b°) = §K(§(JP —1)—InJ°) + i,u(tr(be) - 3), (6)
rae b® = - W€ — coxpaHgmomas 06beM YacTh TEH30pa Mephl yupyrux gedopmarmii Gunrepa;
e = J- 3\Ile — coxpansitormasg obbem dacTb addunopa yupyroit aedopmanun; K, g — yupyrue
MOy OOBEMHOTO CXKATHUS U CABUTA; tI — MEPBBI WHBAPUAHT TEH30PA BTOPOTO PAHTA.

Tenzop nampsxkennit Kupxroda Berpaxaerca depe3 yupyruil MOTEHITHA CAETYIONIM 00pa3oM:

oW

= 2y’
T aCe

A (7)
Jlnst ynpyroro norennuana, 3anucantoro B dpopme (6), Boipakenue (7) umeer Buy

K
= I ~ I+ pdev(p?).

Je

smech dev — mesmarop Tensopa. Hampskennsa Komm cBa3anb: ¢ manpsxennamn Kupxroda:

Yenosue mnactuunoctr Museca, 3amncantoe B Hampskenusx Kupxroda:

fy(T, ) = ||dev(T)|| = (h(@) + 00), (8)
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e ||dev(7)|| = \/dev(T) - - dev(T), 09 — npeaen Tekyuectn, h(a) — dynkiua ynpounenns. Acco-
UIpOBaHHbLl ¢ dhyakmeii (8) 3akon Tevenns [10]:

- 2. . _ 2.
cr = —gAtr(be)\Iﬂ n- Wl L,b = —gAtr(b%) -, (9)

_ dev() .
rae L,— npowssojHas Jlu, n = Tdevnl HOPMaJIb K TMOBEPXHOCTH HAIMPIKEHWH, A— MHOXKU-

Tenb Jlarpamka, g yeaosus Muzeca paBHBIIM:

a:\/gA

BaMbIKaIOH_LI/H/IM COTHOIMCHUAMM, KOTPBIM COOTBETCTBYET BHYTPEHHAA TIEPEMCHHAA & ABJIAIOTCHA
ycaosue Kyna - Takkepa:

f(T,OZ) SO,QZ0,0&f(T,O[):O

u yCJIOBHE€ COBMECTHOCTH:

(T, ) = 0. (10)

Ypasuenus (9) nrerpupyrorcs 1mo 06paTHO HesBHO cxeme Diiepa; 0OHOBIEHME HANPSIKEHUIH
MIPOM3BOJUTCA METOIOM PanaJIbHOTO Bo3BpaTa [11].

JlmHeapm30oBaHHAs TAHTEHITHAJIBHAS OMPEICTISIONAas MATPUIIA BBIMUCHIBACTCA U3 YCJIOBUS COB-
mectrocTH (10):
Voflac®alV,f
H+VoflacVef

Aep = Ae —

3. MeToa xapakKTepucTuk

B ciydae HeCKMMaeMOro MaTepuasia Mpu MaJbiX AedOpMalnsX pelleHne TI0CKOH 3a1adm Boc-
CTAHABJINBALTCS METOIOM Xapakrepuctuk [1, 2, 3.

B mockoM J1ehopMUPOBAHHOM COCTOSIHMM CHCTEMa YPaBHEHW pPaBHOBECHS SIBJSETCS THIIEP-
BOJIMYECKOT, JIMHUHA CKOJIbKEHUA SBIAIOTCA €€ XapakTepucrukamu. Hampapnenus o u [ JmH@i
CKOJIbYKEHUsI OIPEJIENIAIOTCA CBODOIHON OT HArPY30K (pOpMOit rpaHuiibl. B HallleM cydae MoJioChl ¢
BBIPE3aMU € KPYTOBBIM OCHOBAHHUEM CeMeicTBa o u 3 Oy1yT runepbomaecKkuMu cimpansaMu, Puc. la.
Oxpy KHOe HallpAKeHHne B OKPECTHOCTH BLIPE30B ompe/ieigercd mo dgopuyte o4 = agln(l+ 7), rae

I' pacCTOSHHUE OT IEeHTPa OKPYKHOCTH. DJIeMeHTapHasd IpefeabHas Harpyska paBHa Fj = %hao,

oo - npegen rekyuecru. Ornomenne P*/P] (koaddurnuent ycunenns) BbIparKaeTcs CJIeayomeit
dopmytoii:
h
P = (s St )
a

Vron v monoBunbl pacrsopa ayru AB, Puc. la, 3aBucur ot h: v = ln(l + %)

B m10cKOM HAIIPSI?KEHHOM COCTOSIHUY pellieHne morydeHo B [3]. B okpecHocTu cBoGoIHOMN TpaHy-
1Bl ypasaeHus runepbosndecue. JIsa cemeiicta o u [, ucxoganmx ot rpanumsl auauit (Puc. 1b) B
Touke O CAUBAIOTCS B OJHY JHUHUIO, TJ€ YPABHEHUS CTAHOBATCA MAPAOOJIMIECKAMA. DIeMEHTAPHAST
npeje/bHag Harpyska pasua Pf = 2hog. Ornomenune P* /Py npu h < 1.07 pasmsercs:

h
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(a) ILnockoe pedopmuposannoe cocrogznue  (b) Ilnockoe nanpsizkenHoe cocrosinue

Puc. 1. Bug auanit ckoabKeHnss B 00J1aCTH ILIACTHYIECKOTO TeUSHUS

4. Pe3yabpTaT YMCJIEHHOTO PENIeHUs

Ilosoca mupunoit 21 = 200mM, BbIcOTOM 4l MMeeT BhIPE3bI C KPYIOBBIMU OCHOBAHUSIMU PAUYCa,
a = [/2, mupuna meiiku h = a, h = 1.07a B cry4asx miockoro 1eOpMUPOBAHHOTO M MJIOCKOTO Ha-
NPSIYKEHHOT'O COCTOSTHMI, COOTBETCTBEHHO. PaccunTana 4yeTBepTh MOJIOCHI C YCAOBUSAMHU CUMMETPUN
Ha I'paHNIlax; Ha BEpXHeH IpaHulle NPUKJIIpIBaeTCa mepemertenne, Puc. 1, 2. Marepuas paccmor-
pen 6anzkuM K HecRkuMaeMmomy ¢ moayiaeMm FOura E = 100l 1a, kosdpdurmentom I[Tyaccorna v = 0.49
¥ TIOCTOSHHBIM TIpeJieioM Tekyuectu og = S5MIla; ynmpounenue u pa3ynpoyHeHne He TPUMEHSFOTCS.

3aBUCHMOCTH TIPeeJIbHON HArPY3KHU OT TIepeMeleHnst mokas3anbl Ha Puc. 3. M3 pucyHka BUIHO
COOTBETCTBUE UHUCJIEHHBIX 3HaUeHuil ¢ anamutudeckumu. Jlokanmsarus miacTudecknx jpedopMa-
Ui HAYMHAETCH TPU ITOCTUKEHWS HATrPY3KOi Makcumaabuoro 3uadenud. Ha Puc. 4, b mokazana
JuHaMuKa (HOPMUPOBAHUS JUHUN CKOJbxKeHus. C yBeJndeHneM CTENEHN WHTEPIOJIAINNA SJIEMEHTA
TOJIIIIUHAQ JINHUNA YMEeHbOTaCTCA. B,ZLO.HB JIMHUNA CKOJbXKEHUSI B ILJIOCKOM HAIIPAKECHHOM COCTOAHWU B
OTJIMYIHUH OT ILJIOCKOTO JIeOPMUPOBAHHOI'O COCTOsIHUST HAOJ/IOMAETCS PA3PBIB HE TOJBKO KaCATE b

Pttty

e S

——T—T—TTT1T1d

Puc. 2: Koneuno-snementanada cerka
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& 2 & 2
= — Yucsuennbtii pesyiabrar = —— Yucsaennolii pesyiabrar
g 1.8 - Meroy xapakrepucTuk P 1.8 - Meroy; xapakrepucruk
=z 16 z 16
g 5
= = 14
= =
< <
3 212
= 5} OSSOSO OSSOSO OSSOSO
= 5
2 2,
= =
0.8
0.6
0.4
0.2
0 0
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
Viyuuenne, 1/100 Viyguuenne, /100
(a) ILnockoe pedbopMupoBaHHOE COCTOsSIHUE (b) ILiockoe HaupsizKeHHOE COCTOSTHUE

Puc. 3: 3aBucumocts ko3dpdurimenTa ycuieHud npeie/bHON HArPY3KU OT YAJTUHEHU S

) 2 | >

O0e0 0o0s 0001 oools 02 0os  30ed3 00e400 0002 0033 0004 0005 0008 007 0008 009 10022 asen om0 ns o otz o

000001 02 03 04 05 08 07 05 09 loadd
T2 b —

(a) u=0.1 (b)u=0.21 (c) u=0.24 (d) u=24

Puc. 4: ®opmupoBanue JUHUN CKOJIbXKEHUS B IJI0CKOM JiehOPMUPOBAHHOM cocTostHuu. VHTEeHCHB-
HOCTB ILJIACTUYECKUX JedhOopMarmii.

om0 0wz oo oms  oms 00 1@ 00m00 0005 001 0018 02 0ms 30w 0e0 G102 03 04 05 08 07 8000

(a) u = 0.075 (b)u=0.1 (¢) u=0.13 (d) u=1.2

Puc. 5: ®opvupoBanme TuHWH CKOJIBKEHNS B TIJIOCKOM TIJIOCKOM HANPIXKEHHOM COCTogHun. VHTeH-
CHUBHOCTD ILIACTAYECKHUX TeDOpPMAITii.

HBIX TIEPEMEIEHNH, HO U HOPMabHBIX. B MecTax Jokajn3anun Ipu JajibHeiineM 1edbopMupOBaHIH
obpazyercsa “mreitka’’.



314 B. A. Jlepun, K. M. Sunarepman, K. FO. Kpanusuu, M. f. dkosses

Brerunciaenus Ha s1eMenTe IIEPBOTO IOPAAKA MMOKa3aJ/J I HEBOSMOXKHOCTDH HHU IIPU KaKOM HM3MEJIb-
YEeHUN CETKH IIOJIYIUTDL JIMHUU CKOJIb2KEHUA, a TaK2K€ 3aBBIINICHHYIO OIICHKY Hpe,[[eﬂbHOfI HaI'PY3KH.

5. 3akJ/roueHue

C 1OMOIIBIO CIEKTPAJIBHOTO 3JIEMEHTA BHICOKOI'O HOPAIKA B YCJIOBUAX [LJIOCKOKOTO J1IepOpMUpO-
BAHHOTO U TIJIOCKOTO HAMPSYKEHHOTO COCTOSTHUH Oy UYeHbl JTOKAJIU3ANY JeopMaItuit BAOIb JUHI
CKOJILYKEHUsI, TEOMEPUIECKN COOTBETCTBYIONNE TeoputudeckuM. B mporiecce paccuera jguaun Gpop-
MUPYIOTCST aBTOMATHYUCKN 6€3 JTOMOTHUTETbHBIX BMEIATEBCTB: aJAlITUBHOTO U3MEJIBICHUST CETKHU,
KPUTECPUEB JIOKAJIU3ALUNNA WM OIPAHUYCHUN B OLPENe/IdIoue COOTHOLICHUS BAOJIb HAIIPABJIEHUN
Jiokanuzaiuu. C yBeJudeHneM TMOPSIKa CIIEKTPAJIBHOr0 JEMEHTa IPAJUEHT BO3PACTAET, TOJIINHA
JIMHWN YMEHBITAETCI. 3aMEeTHUM, UTO JIMHEHHBIH M30TapaMeTPpUIecKuil 3JIEMEHT HE TO3BOJISIET JI0-
CTUYb JINHUIN CKOJIBXKEeHUS U JaeT Ipyboe npubinkenne npeie/ibHO HArpy3Ky, 3HAYUTETBHOE TTpe-
BBIITAONIEE TEOPUTICECKOE 3HAUECHWE. B OyayIeM IJIaHUPYeM MIPOBECTH UHC/ICHHBIN aHAIN3 s
JUNATUDPYIOIIUX CPpeJl, IJIACTUYEeCKOoe MOBeJeHNe KOTOPLIX 3aBUCUT OT BHJA HAIIPAXKEHHOI'O COCTOA-
HU.
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Abstract

The authors of the article set themselves two main tasks: to characterize the main stages
of life of a professor at Tula State Lev Tolstoy Pedagogical University Vladimir Nikolaevich
Bezverkhnii and to give a brief analysis of his scientific and pedagogical activity, which has a
significant impact on the development of the combinatorial group theory.

The studies of Professor V. N. Bezverkhnii and his students on algorithmic problems in the
theory of groups and semigroups are particularly noted.

V. N. Bezverkhnii, a student of Professor M. D. Grindlinger, conducts the seminar
"Algorithmic Problems of Group and Semigroup Theory"and supervises postgraduate studies
in combinatorial group theory.
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Among his students, 8 people defended their Ph.D. theses, and one of them later became
Doctor in Physics and Mathematics.

Keywords: group, subgroup, generators, defining relations, algorithmic problems

Bibliography: 42 titles.

For citation:

Ustyan A.E., Dobrynina [.V., Trubitsyn Y.E., Ugarov A. S., Dobrovolsky N. M., Rebrova I. Yu.,
2020, “The 80th anniversary of professor V. N. Bezverkhnii” Chebyshevskii sbornik, vol. 21, no. 3,
pp. 317-335.

1. Beenenue

ANTEGPA WENPA - 3nuRcTYn onp onee

JANPAWKBAILT"
1A nAMBER

BONBWE ;YEM DT HEE

Baannvup Hukonaesuu Bessepxuauit pojuics 31 ausapsa 1940 roma B r. CeBacronons Kpbim-
ckoit obmactu B cembe BoeHHocayxkarero. C 1947 mo 1957 rox yuwmics B 0b1eobpa3oBaTebHOM
mikojie. Bo BpeMsi ya€0bl oTiinyaics MaTeMaTUIECKUMH CIIOCOOHOCTSMHU, XOPOIo pucopaJi. Beerga
YBJIEKAJICH YTEHHEM KHUI M JI0OMJI My3bIKY, B OCHOBHOM CEPbE3HYIO, B YACTHOCTU HEILJIOXO 3HAJI
oriepHblie npoussejenus. [locsie okoHuaHMs TKOJIBI JBa Tofa paboTasl cjiecapeM Ha CyJIOPEMOHTHOM
zasojie B 1. CeBacronosb. C 1959 no 1962 roser ciyxui B psijax Coperckoit Apmun. [Tocie okonua-
Hug cayk0b1, B 1962 romy, moctynuia Ha MaTeMaTrndeckuit pakyabrer TyaIbCKOTO TOCYIapPCTBEHHOTO
nenarorunyeckoro nacruryTa (TTTIN) um. JI. H. Toacroro, rae 6bLT OJHUM U3 JyUIIUX CTYIEHTOB.
yLII/LHCH }IB.)IeLIéHHO7 MHOI'0 YMTaJ MaTeMaTUdeCcKOn JINTEPATYPHI, HE OTPAHUYNBAYACH TOJIBKO IIPO-
rpaMMHBIM MaTepuajoM. Beul mobegureseM MareMarndeckKux OoauMuaj. OKOHUYMI WHCTUTYT B
1966 romy.
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2. TpynoBaga n HaydHaAsd JEATEIHBHOCTD

C cenrsabps 1966 o suBapb 1968 roga paboTtas accucTeHTOM Ha Kadeape BhICIEH MaTeMaTHKN
Pszamckoro cenmbcKoX03sHCTBEHHOTO WHCTUTYTA, TOCTE 9ero Tepernés Ha Ty ¥Ke JOKHOCTDL Ha
xadeapy Boeicieil MmareMaTuku TyabCKOro MOTUTEXHUUIECKOTO WHCTUTYTA.

B nvosibpe 1968 roa mocTynui B aciupanTypy pu Kadepe anrebpol u reopun ances 1Tyiabckoro
rocyjapcrsestoro mnejarorndeckoro uacruryra um. JI. H. Tosicroro, naydnslii pykoBojuresnb —
npodeccop M. . ['pungaumrep.

o

Puc. 1: M. JI. T'puapnunrep ¢ yaenukamu, 1978 rox. [epsorit psia: FO. A. Urnaros, B. A. I'purbnar,
M. JI. Tpurnmuarep, B. H. Bessepxuuii, B. . Knaccen. Bropoit pag: A. E. Yeran, U. C. Be3sepx-
uss, A. A. Yeborapn, E. U. I'puspmunrep, U. Tax, 9. A. Koduep, H. A. [InonTtkosckas, Tpernit
pan: P. A, Anekcangpos, O. M. Anekcauzaposa, JI. P. Tpaxrenbepr, . 1. Ilarposa, A. N. Hek-
punyxun, A. 1. Bobposckuit

Ilocne okonuanus acnupaHTypsbl, ¢ HOsiOps 1971 rona, BepHy/cd Ha Kadeapy BbICIIell MareMa-
TUKHK TyﬂbCKOFO HOJIUTEXHUICCKOI'0O MHCTUTYTA Ha JOJIZKHOCTH aCCUCTEHTA.

B 1974 rony sammTng KaHIHIZATCKYIO aucceprannio Ha Temy "IIpobiieMbl BXOKIEHHSI 1 CO-
MPSIYKEHHOCTH CJI0OB U TOJTPYIIT B HEKOTOPHIX Kjaccax rpynn"s JIeHWHTpaICKOM TOCYIapCTBEHHOM
negarormdeckoM macruTyTe HM. A. W, leprena.

B 1975 roay o koukypcy m30pan Ha JOJKHOCTE CTAPIIErO MPernogaBaTeas Ha Kadeapy BeICIIei
MareMaTUKu TyIbCKOro BBICIIETO apTU/LIEpUCKOro nHxkeHepHoro yauauiia. C 1979 rona — moreHT
sroit Kacdeapst, a ¢ 1985 mo urons 1988 roma — 3apemytomuit Kadeapoii.
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Baagnvup Hukonaesuw BET BCe BUbI 3aHATHI 10 KyPCY BBICITIEH MaTEeMATHKN: aHATUTHIECKY IO
PeOMETPUI0 U JIMHENHYIO ajarebpy, MaTeMaTHIecKuil aHaJIu3, TEOPUIO0 BEPOSITHOCTEN U JIp.

B. H. Bessepxuuit akTuBHO TOAAEPKUBAT U BCadecKu coeiicTBoBaa maganmio B TTTIN nwm.
JI. H. Tosicroro maremarnyeckux cOOPHUKOB HAYUYHBIX TPY/I0B, TECHO COTPY/IHUYALA C UX IVIABHBIM
penaxkTopom M. JI. I'purgruarepom, npudem ¢ 1983 roma 6vin ero 3amecturesneM, a B 1994-2001
TOaX — TJIABHBIM PEIAKTOPOM.

ITox pykoeomcTteom M. /1. I'puranuarepa n B. H. Be3pepxHero BHITYIIEHB:

e YdeHble 3aIMCKU MaTeMarudeckux kadenp (moj obmieir pegaknumeit M. 1. I'punmmunarepa,
1970 rom, 310 cTp.).

e Bompocer reopun rpynm u noxyrpynn (1972 rox, 200 cp.)

e AsropurMudeckue npobsieMbl Teopun rpyIii u noayrpyin (MexBy30Bckuii COOPHUK Hay THBIX
Tpynos, 1981 rox, 133 crp.)

e AnropurmMmyeckue npofeMbl TEOPUM TPYI U TOMYTPyHI u ux npumoxenus (1983 rom, 120
crp.)

e Ajropurmuueckue npobsembl Teopuu rpynn u noayrpynn (1986 rog, 124 crp.)
e Anropurmmueckue npobsembr Teopun rpynn u nogayrpynm (1990 rog, 183 crp.)
e Asropurmudeckue mpobsembl Teopuu rpyni u moayrpynm (1991 rox, 162 crp.)

e AjropurmMudeckue pobseMbl Teopuu rpy u noayrpyt (1994 rox, 132 crp., oTB. pegakTop
— npod. B. H. Bespepxumit)

e Asropurmudeckne pobsembl Teopun rpym u noayrpymi (2001 rom, 200 ¢Tp., OTB. peAakTop
— npod. B. H. Be3pepxHuit)

C 24 nosbps 1988 1. monent kadeapor maremarudeckoro anajauza TTTIN um. JI. H. Toscroro.

2 cenrsbps 1991 r. mepeBemeH Ha JOKHOCTH JomeHTa Kadeapbl aarebpwr, 25 mona 1992 r.
u3bpaH Ha JIOJKHOCTH Ipodeccopa aToii ke Kadeapel. B 1993 rony B. H. Bespepxuuii cran py-
KoBOoAmTEeM acrupanTypbl 1o cueruaabaoctu 01.01.06. — maremaruveckas Jorwka, ajaredpa u
Teopus uunces. [lo ero nannuarvee Ha akyabTeTe MOSBUIACH TPAJIUITUS IPUIVIAIIATE B KOMUCCHIO
10 HIpUEMY KaHJIUJATCKUX 9K3aMeHOB y aciupanToB npodeccopa MIY A. JI. Ilmenbkuna, 910
CYIIIECTBEHHO MOJHUMAJIO TJIAHKY TPeOOBATEILHOCTH M KAYECTBA 3HAHUIA.

Baannvup HukonaeBud ycTaHOBUJI TeCHble HaydHble KOHTAKTHI ¢ ajarebpamcramu MIY
nm. M. B. JlomomocoBa, MOCKOBCKOTO Teqaroruaeckoro roCyIapCTBEHHOTO YHUBEPCUTETA, JIeHnH-
TPAJICKOTO Tiearorndeckoro yansepeutera wM. A. U. Tepriena, fdpocsaBckoro rocyaapcTBEHHOTO
yumpepcurera uMm. 1. T. Jlemumosa, IBAaHOBCKOTO TOCYIapCTBEHHOTO YHUBEPCHUTETA.

Biaronaps B. H. Be3ssepxHeMy, K YTEHUO JIEKIIAHM A8 CTYAEHTOB W acCIUPaHTOB Ha MaTeMa-
TUYIeCKuit (paKyJIbTeT MPUTJIAIIAIN U3BECTHBIX YICHBIX, JOKTOPOB HAYK U MTPOdeccopoB, TAKUX KaK
A.JI. mensxun, B. H. Jlatoimes, B. H. Yy6apukos, M. M. I'myxoB u npyrux.

C 27 uronst 1995 r. B. H. Besepxuuii ObL1 1epeBeiéH Ha, JOKHOCTH CTAPIIETO HAYIHOTO CO-
TPY/JHUKA JJId 3aBepPIIeHns JOKTOPCKON jauccepraiuu. OCHOBaAHUEM CJIY2KUJIO TUCHMO Hpodeccopa
kadeaps! Boicireii aaredpet MI'Y A. JI. [lIvesnbkuHa, KOTOPBIH CUnTA], 9TO Oy YeHHBIE U OILy0Jiu-
KOBaHHBIE B [IEHTPAILHBIX MATeMATHYECKUX KypHaaax pe3yabrarsl B. H. Be3sepxuero mo pemenmio
pobJieM BXOXKICHUS W COMPSI?KEHHOCTHU CJIOB U MOATPYIIN B HEKOTOPBIX KJIACCAX TPYIIT COCTABJISIEOT
He menee 70% IOKTOPCKOI auccepranyn.

Cpox rnpebbiBaHUs Ha JOJKHOCTH CTAPIIEro HAYIHOTO coTpyiuuka — ¢ 1 mronsg 1996 1. mo 31
asrycra 1997 r.
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3a mepuos TBOpUYECKOTO OTiycKa Birajmmup HukoaeBnd mogaroToBus JTOKTOPCKYEO JIUCCEPTA-
muio. OHa cocrouT u3 mectu miag u comep:xur 400 crpanwim. Pe3ynpraThl anccepTranuu JOKJIa-
JBIBAJIMCH HA CEMMHAPE [0 TeOpUHu Ipymi mnojg pykosojgcrsoMm mpodeccopos A. JI. lmvenbkuna u
A. 1O. OspImamckoro, Ha HAYIHO-UCCIEI0BATEILCKUHE ceMuaape 1o anredbpe B MI'Y, a Takike Ha
MeKIyHApOTHBIX KoHbepenimax B Hosocubupcke (1989), Tyme (1996), Cankr-Ilerepbypre (1997).

Puc. 2: A. E. Yeran (cnesa), B. H. Bessepxuuit (B nenrpe) n A. FO. Onbmanckuii (cipasa) na XVI
Mexnyraponuo#t Koudepeniuu, nocpsiienHoi 80-1eTuto co Hs poxkieHust mpodeccopa Muress

Hesa

B 1999 rony B. H. Bezpepxuuit 3armuTu1 JOKTOPCKYIO quccepTaiuio Ha Temy "IIpobieMbl BX0XK-
JIEHUST U COMPSKEHHOCTH CJIOB W MOATPYII B HEKOTOPHIX Kjaccax rpymm' B MockoBckoM rocymap-
cTBeHHOM yHUBepcuTeTe nMmenn M. B. Jlomonocosa.

Cremnens gokTOpa PU3MKO-MATEMATHIECKUX HAyK mpucsoerna B 1999 roqy.

C 1 despasns 2001 roza o urosb 2002 roga Biranguvmup Hukosraesud 3aBenosan kadeapoit aareod-
pbt v reomerpun TyIbCKOTO TOCYIAPCTBEHHOIO erarornieckoro yuusepcurera um. JI. H. Toscroro.

B. H. Bessepxunit ma mocty 3aBeayromero Kadeapoii mokazaa cedsd NCKIIOUNTEILHBIM PYKOBO-
qutesneM kadenpoit. Ou cozgan Ha Kadeape 100poKeaaATeTbHYI0, OTIMYHYI0 Pabouyo 06CTaHOBKY
Iig paboOThI ¥ TBOPYECKOTO pocTa wienosB kadeapsr. Ilox ero pykoBomcreom kadeapa quHAMUYTHO
pa3BUBAIACK.

C 8 ampesns 2002 roga — npodpeccop Kadeapbl BhICIIeH MareMaruku AKageMuy rpaskIaHCKOl
zamutbl MYC Poccuu. Beger kypcbl 110 BricIielt maremaTuke, guddepeHinaabHbIM yPaBHEHAAM,
TEOPUH BEPOATHOCTEH W MaTEMaTHICCKON CTATUCTUKE, IPOJOJIZKACT PYKOBOAUTH aCIUPAHTYPOR 110
cuermasibirocTu 01.01.06 — mMaremarmdeckas Joruka, ajarebpa u rTeopus uuces B TyabckoMm rocy-
TapcTBEHHOM TemarorudeckoMm yumBepcutere nM. JI. H. Toacroro.

Cnenyer ormeruts TasianT B. H. Bespepxuero He TOMBKO KaK YYEHOTO, HO W KaK Tearora.
Ero jekiun uHTEpECHBI, COIEPKATENBHBI U OJJHOBPEMEHHO TOCTPOEHBI C OOJIBIINM MEJArOTUIECKUM
TAKTOM. y,Z[I/IBI/ITeJ'[bHa €ero CHOCO6HOCTB HaXOJUTH TAJIAHTJIUBLIX MOJIOABIX JIIO,Z[efI 11 CTaBUTH UM
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MaTeMaTUYIECKUE 3a/4a91, COOTBETCTBYIONNE NX HAKJTOHHOCTAM U BO3MO2KHOCTAM.
WNarenmurenTHOCTD, 100pOXKETATENBHOCTE U TPeOOBATENBHOCTE, JAYIIEBHBIE U NPOMECCHOHATb-
Hble Ka49eCTBa CHUCKAJIN yBaXKCHUE HE TOJIBKO CTYICHTOB U 1'[pel'[O,Z[a,BaTeJIeI‘/'I7 HO 1 BCEX TE€X, KOMY
JIoBEJIOCh coTpyauuuars ¢ Biagumupom Hukonaesudem.
B 2004 roay B. H. BezBepxuemy npucyxkmaeHo yueHoe 3Banue npodeccopa.
Harpaxien rpamoroit Munucrepcrsa obpazoBannsd. OTIUIHUK HAPOIHOTO TPOCBEIIEHUS.
Pyxosogun npoekramu Ne 00-01-00767-a, Ne 03-01-00198-a, Ne15-41-03222 p _a, Ne19-41-710002
p_a, nomrepxkanubiMu PODU, a takxke npoekrom P Ne 02-1.1-209, noanep:kanabiv Munucrep-
cTBOM Oobpaszopanms Poccum.

3. OcHOBHBIE PE3yJIHTATHI

3.1. Pemmrerne aaroputTMudecknuX npobdJsieM B IPyHHOBBIX KOHCTPYKITAAX

OCHOBHBIMU AJTOPUTMUIECKUME TPobIeMamu, mocTasjaenabivu M. JI9HOM B OfHOM 13 ero pa-
6ot B 1911 r., aBasroTC TTPOOIEMBI PABEHCTBA U COMPSI)KEHHOCTU CJIOB B KOHEYHO OIPE/IETEHHBIX
rpymnmnax, a Takxke chopmyaupoBannag X. Turie npobdiema n30MOpQpU3IMa TPYIIIL.

WccnenoBanue 3Tux mnpobsieM CTUMYJIHPOBAJIO Pa3BUTHE KOMOMHATOPHBIX METOJIOB B TEOPUU
TPYIII, 9TO ABUJJTOCH HpI/ILH/IHOfI BOSHUKHOBEHUA OJHOTO M3 CAMBIX aKTHBHO Pa3BUBAIOIMUXCA Ha-
MpaBJIeHUl COBPEMEHHOI MaTEMATUKU — KOMOUHATOPHOIN Teopuu rpyii. B Hacrosiee BpeMst nme-
eTCA TIeJIBIA P/ KHUT, TTOCBSIMEHHBIX JTaHHOH TeMe; Cpean HUX JOCTATOUHO Ha3BATH MOHOTrpadun
Kappaca, Maruyca u Cosmurapa, a Takxke Jlunpona u Hlyma.

Cpenu paboT, CBSI3aHHBIX ¢ UCCJIEI0BAHNEM ATOPUTMIIECKUX TTPOobIeM, Hauboee BbIIA0TINMY-
ca sinsitores paboret 11. C. HoBukoBa, moKa3aBIero HeEpa3penmMocTs MpobJieMbl PABEHCTBA, CJI0B
B KOHEUHO OIPEJEJIEHHBIX PYIIaX, UM Ke J0Ka3aHa Hepa3pelmnMocTb npobeMbl m30Mopdu3Ma
Py,

C. I/I A,ZLHHOM OIIpeJe/IeHO ITTOHATHEC HaCJICeACTBEHHOTO HETPUBUAJILHOTO CBOMCTBaA Tpynnbl u
JIOKA3aHO, 9TO HE CYIIECTBYET aJrOPUTMA, [O3BOJISIONIErO JJisi NPOU3BOJIBHONW TPYIIIBI C KOHEY-
HBIM YKCJIOM 00PAa3YIOMMX U ONPEIE/ISIIONMX COOTHOIIEHIH PACIIO3HATD BBITOJHUMOCTE CBOCTBa 3,
[IPEJICTABJISIONIEro coboit 00'beInHe e HETPUBUAJIBLHOI'O HACAEJICTBEHHOI'O ¥ WHBAPUAHTHOTO CBO-
CTBA, €CJIN TOJBKO CYIIECTBYIOT TPYIIBI, 00Jaat0IIne CBOMCTBOM [3.

W3 s1oro pesysbraTa ciejyer, 9T0 IPAKTUIECKU BCE MTPODIEMbI, OTHOCSIIUECS K KOHEYHO OIpe-
JIEJIEHHBIM [pPyIIaM, B 00mmeM ciaydae Hepaspermmmbl. Croa OTHOCSTCS, B YaCTHOCTH, TAKUE 1IPO-
6ﬂeMbI, KaK pacClioO3HaBaHWE HUJIBIIOTEHTHOCTU, KOHECYHOCTH, TIPOCTOTHI, CBO60,Z[I)I nJjin € JMHNYHOCTHU
TPYIIBL, BKJIOYAA OCHOBHBIE TPOOJIEMBI TEOPUN TPYTII.

OrpunaressHoe pereHne TpobaeMbl PABEHCTBA, CJI0B SBUJIOCH TPUUNHON U3YIEHUST aJTOPUTMU-
YeCKUX MpOHJIEM B OMPEIETEHHBIX KJIACCAX IPYII.

g rpynn ¢ pasperumoii npobsieMoil paBeHCTBa CJIOB BO3HHMKaeT OoJiee obias mpodiemMa —
mpobJieMa BXOXK/I€HUs, BIiepBhie pertennas HunbceroM B cBOOOIHBIX Tpymmax u MaraycoM B rpyi-
max C OAHUM OIPEAE/IAIOIUM COOTHOIIIEHNEM JJId TaK Ha3bIBACMbIX MAT'HYCOBBIX IMOATPYIIII.

WN3BecTHo, uTO TTPO6IEMA BXOXK/IEHHUS B KJIACCE BCEX KOHEUHO OMPEIETCHHBIX IPYIIT HEPA3PEIITH-
Ma, 9TO HEMOCPEACTBEHHO CJIEIYET W3 CBSI3W MEXKy MPOBJIeMOil BXOXKIEHUST U MpobJIeMoil paBeH-
cTBa cja0B. [loaTOMY ecTecTBEHHO BOZHUKAET HHTEPEC K U3YUEHUID PACCMATPUBAEMON TPOOIEMBI JIJIs
KaKux-To (bI/IKCI/IpOBaHHbIX KJIaCCOB T'DYTIII. KaK 61)1.}10 OTMEYEHO BBIIIE, MMOJIOZKUTEJIbHOE PEIIeHNe
npobJieMbl BXOXKJIEeHUsT B CBODOJIHBIX TPYINAX cjeayeT u3 pesyibrara Hunscena.

K. A. MuxaiisioBoit 70T pe3yabrar 6611 06001eH Ha CBOOOLHOE TPOU3BEICHIE TPYIII, TOKA3AHO,
uTo eciw B rpynmax A m B paspermuma mpobseMa BXOKICHHsI, TO OHA PA3peNnMa B UX CBOGOTHOM
TIPOU3BENEHUN.

B omnwune oT ¢BOGOAHOTO TPOU3BENCHN, MPAMOE TMPON3BEJeHNe TPYII, Kak gokasama K. A.
MuxaiisioBa, He HacjeayeT CBOMCTBA COMHOXKUTEJEH MMETH Pa3peIuMoii mpobieMy BXOXKIEHUS, &
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VMEHHO: B IIPAMOM MPOMU3BEICHUN JBYX CBODOIHBIX DY panra 2 npobyiemMa BXOXKISHUS Hepaspe-
IAMa.

T. T IlenwwabiM, paccMOTPEBIIMM JAHHYIO TPOOIEMY [JId HUIBIOTEHTHOTO MTPOW3BEICHUST
IPYII, YCTAHOBJIEHO, YTO HUJIBIIOTEHTHOE MPOU3BEJIEHIE TPYIII B 0OIIIEM cydae He HaCJAeIyeT CBOM-
CTBO COMHOXKHUTEJIEH «MMETHh Pa3perninMoil mpobyieMy BXOKICHUS.

Ob6o3naunm uepe3 A kimacc amanbramMusix rpymm. B. H. Bessepxuum [1], [2] Bbimesren nonkrace
Ap rpyrn Buga, Fi, xpg Fy, vae Fy,, F,, — cBoGomHBIE TPYIIIBI, COOTBETCTBEHHO, PAHTOB M, 1, 00be u-
HEHHBIX 110 KOHEYHO MOPOXKJIeHHOU noarpynne H; 6b110 nokazano, aro B rpymnnax G = Fp, x¢ Iy,
rje C' — GeckoHeUHas IUKJIMYeCKasi HOArpyIIa, npobiema BXox/eHus pasperuma |1], rem He me-
Hee, BO BCeM mojkiacce Ag — HepaspemmnMa [2|. Ykaszan npuMep rpynnsl Buna Fh e F5, T1e
H < F> — KoHE4YHO NOPOXKIeHHA MOArPynna paura 4, ¢ — n3oMopdu3M COMHOKUTE IEH, TPodIemMa,
BXOK/IEHUsI B KOTOPOi HEpa3pernmMa.

s cBobopmbix npoussegenuit rpymnn B. H. Bespepxuum [3] 6buia jokasana paspernmmocTsb
po6JIeEMbI COTIPSIKEHHOCTH TOJAIPYII DU YCJIOBUH, YTO B COMHOXKUTESAX Pa3peuMbl mpobjema
BXOXKJACHUA U COIIPAKEHHOCTH TTOATPYTIIL.

B. H. Bessepxuaum [4] mokazana ajropuTMAYecKasi Pa3pernmMocTb TPOOIeMbl COTPSKEHHOCTH
TOATPYMIT IjisT CBOOOTHOTO MPOM3BEIEHNsT CBODOMHBIX TPYIII C IUKJINIECKUM OObeInHEeHNEeM U ee
HEPA3PENIUMOCTb B CBOBOIHOM TTPOU3BEIEHUN CBOOOJIHBIX IPYIN PAHTOB 2, 0ObeIMHEHHBIX 10 TI0I-
rpymne pamra 4 [5].

A. U. MasibiieBsIM OBLTa TIOCTABIEHA TMPOOAEMa O HAXOXKJIEHUN 0OpPa3YIONNX MePeceYeHnst Ko-
HEYHO MOPOXKAEHHBLIX nogaarebp mannoit aarebpol. C gaHHoil 1pobiemoil TeCHO CBA3aHO CBOWCTBO
Xaycona momaredp JaHHONi aarebpbl, a UMEHHO, ajarebpa 0b/1agaeT cBOCTBO XaycoHa, eCIu mepe-
cedeHre KOHETHO MOPOKIEHHBIX TOJAJreOp eCTh KOHEUHO MOPOXKICHHA Toaaredbpa.

s cBoboaubix rpyi npobsiema A. M. MasibiieBa o nepecedenun noarpynn pemiera B. H. Bes-
BepxHNM [6].

KoncrpykrusHoe jjokazarenncrso Teopembl B. Baymciara, ganHoe B crarbe |7], m03B0IMIO pe-
AT yKa3auHyio mpobaemy A. 1. Masbiiesa 1 cBo60IHOTO TPpOU3BeIeHus rpym. Jloka3amo, 9To
ecu comuoxkuresun Gy, i = 1,2, obmagator ceoiicreom Xaycona u B Hux paspemmmbr: (1) npobiema
A. 1. MasbrieBa o mepecedennn moATPYIIL; (2) CyImecTByeT aarOpUTM, MO3BOJISIONTHI T JTIOOBIX
JBYX KOHEUHO TOPOXKJIEHHBIX moarpynn Hip, Ho u saeMeHTa w; YCTAHOBUTH, MYCTO WM HEITYCTO
wHy N Ha, 10 B rpynme G = G * G paspenmmbl pobaema Masnbiiesa n npobiema (2).

B crarbe [8] nannbie pesysbrarsl Oblmn 060061€Hbl Ha CBOGOIHOE IPOU3BEAEHHEe IPYILI C 00b-
equnenneM u Ha H N N-pacmmpenus rpyimi. PaccMorpuM rpyimy

G* = (G, t;rel Gt Urt = ¢(Uh)),

spagwotyoca H N N-pacmupetnunem rpymnnbl G ¢ TOMOIBI KOHETHBIX M30MOPMHBIX TOATPYIII
Ui, U_1 u dukcuposannoro uzomopdusma ¢ : ¢(Uy) = U_1;t — #e npunaiexamas G IpaBuIbHAS
npoxojHas Oyksa; rpymnna G HasbpiBaeTCs OCHOBOM rpyimbl G, nuzomopdabie moarpymmsr Uy, U_g
IPYIIBI HA3BIBAIOTCH aCCONMUPOBAHHBIME moArpyinamu G*.

B. H. Bessepxuum BBejIeHO noHsATHE criennaibHoro Muoxkecrsa [9]. [Tpusesenm ero wuxe.

Koneunoe muoxKecTB0 €10B W = wj; 157 IPymIb! G* Haz30BeM CHENUAIbHBIM, €CJIM OHO yIOBJIE-
TBOPSET CJAEAYIONAM YCIAOBUIM:

1) sakpbiTas Jjesas 1oj0BUHA cioBa wyi} € W, apnsionerocss HerpancopMOii, H30MPOBa-
na B W; ecam w; — nerpancdopma 4eTHOI JJIMHBI, TO €€ 3aKPbIThle JieBad U IIpaBas II0JIOBUHA
n30upoBaHLl B W

2) puny ciaoa w; € W, apisromnerocst HeTpaHcdOpPMO, Heslb3sl yMEHbIIHTD, yMHOKAs CJIeBa 1
clipaBa Ha CJI0Ba U3 HOAIPYIIbBI, MOPOXKAeHHOI MHOKecTBOM {{w;} i:ﬁwj}; JUTIHY TTPOU3BOIBLHOTO
sneventa w; € W nenb3g ymeHbImTh, ymuoxas na c1oso v € ({wi}, 1), L(v) < L(w;);

3) mycrb
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i i
W = 10, 1+ L, 1 Kt g, -+ £ 100, 8

rae a, = 0,£1,e = £1,w; — merpancdopma n3 W, mMeroras g9eTHOE YNCJI0 CIOTOB, THOO

W = 1, 17 Ly, Bt g, - £, 8

rae a, = 0,£1,e = £1,w; — merpancdopma u3 W, numeromas HedeTHoe 9nUCI0 CIOTOB 1

!

/ ’
v o € € € €; €
{wW’Y = t»yllw»yt RERE lswjht Srsw]-t STl gy, wat ;" -t lrletﬂ}y

rae vy = +1,ay = 0, %1 ecTh MOAMHOKECTBO HeTpaHCHOPM 13 {{wi}i:m\wj}U{{w[l}m\wjl},

’ /
3aKpbITad IpaBasd MOJIOBUHA KOTOPBIX OKAHYINBAECTCA HA teinwj St 1w, t8 ; TOTIA €CJIM TOATPYIIIa
’ / !/ /
B -1 ,— —€. :
H = ({w},_t) Nt 5r1wjt Ut TG gy, 11, 8 #£ B
(E - eqummanas moarpynma), To Yu € H L(wju) > L(w;), L(wjuwy, ™) > L(w;);

4) mycTthb

/ /
W = t M 1t Dot L £ - iy, - -telleitﬂl

/ /
v 16 vl v vn v, v,
Wl =ttt P D 8 iy, ot zrlet52

roe € = £, v = £l,o¢ = 0,1, 8 = 0,£1,t = 1,2 - copa w3 {{w;},_yx U {w; },_7x} ne
00g3aTebHO pa3IHIHbIe, 1Y 1y, - - - lpy, TP — HavaIbHOE TIOJICIOBO 3aKPHITOM JIEBO TIOJIOBUHEL W),
tO‘?lle ... lpwj t¥r — HaUAJIBHOE TIOICJOBO 3aKPHITON JIEBOI TTOJTOBWHBI w}’ . Ecom

EO gt Py, 1O B

TO HE cymecTByer cioB w # 1,w € ({w;}, 1), L(w) < 2p, Takoro uro

/
v _ 4o €1 €p—1 v, B2
w-w; =1 T AR ALy M & ”lp+17wj ERN ST AL

TEOPEMA 1. Ecau 6 epynne G* ee ocrosa G obaadaem ceoticmeom Xaycona, mo u G* obaadaem
ceoticmeom Xaycona.

3 Teopemur Mionnepa-lllynma ciemyer, 9To Tpymma
G = (G1 *Gy;relGy,i = 1,2,U; = ¢(Uh)),
rne Uy < G1,U_1 = ¢(Uy) < G2, n30MOPGHO BKIAIBIBAETCS B TPYIILY
G* = (G % Gy, t;relGy,i = 1,2, Ut = ¢(UL))

¢ momonpio orobpaskennst 1 : Vg1 € G,y =t~ tg1t;Vge € Go(g2) = go.

Orciofia mostyvdaercs, 9To TMOHITHE CHENNaIbHOr0 MHOXKECTBA SBJISLETCI O0IINM sl CBOOOIHBIX
IPYIIIOBBIX KOHCTPYKIUH u, Oy/y4n 0000INeHeM HUJIBCEHOBCKOIO MHOXKECTBa CBODO/IHOM I'PYIIIIBI,
MOZKeT OBITH YCIIEITHO NPUMEHEHO K HCCIeTOBAHUIO PA3ANIHLIX AJITOPUTMHUIECKUX TPOOIeM U Pa3-
JIMYHBIX CBOWCTB 110Dy B CBOOO/IHBIX 'PYIIIOBLIX KOHCTPYKIIMAX.

[Mycts A, B — rpynmel ¢ OJHAM OTIPEIESISTIONIAM COOTHOIEHNEM W C KPYJeHHeM, W TPYIITa
G = A x¢ B gaBagercst cBOOGOIHBIM ITpOU3Be/ieHreM Tpymn A, B ¢ MUKINYeCKUM 00beIMHEHIEM

C.
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TEOPEMA 2. B zpynne G = A x¢ B, asasowetica c60600nvim npoussedenuem epynn A, B
¢ yuxAuNeckum obseduneruem, 2de commoncumenu A, B ecmo epynnu ¢ odnHum onpedessrouyum
COOMHOUWEHUEM U C KPYHENUCM, DAPEWUME NPOOAEME CMENEHHOT CONPANCEHHOCTIU CAOS.

B mpormiecce mokazarennscTBa manHoi Teopembl, B. H. Bespepxunm ObL1a H0Ka3aHA aJITOPUTMUTE-
CKasl Pa3pelnMOCTh TPoOIeMbl CONPAKEHHOCTH CJI0B U IpobJjieMa CTEIeHHON COIPIKEHHOCTH CA0B
B I'DYIIIIaX C OJJHUM OIPEACTAIONNM COOTHOINECHUEM U C KPYYCHUEM, a TaKZKe

TEOPEMA 3. B epynne G = A x¢ B, asaswowetica cobodnvim npoussedenuem epynn A, B
¢ yurauveckum obsedunenuem, 2de commoocumesu A, B ecmv epynnove ¢ o0HuMm Onpedessowsum
COOMHOUIEHUCM U C KPYHEHUCM, DASDEWUME NPOOAEME CONPANCEHHOCTNY CAOB.

Ilpu nokazarTesbCcTBE JAHHBIX TEOPEM IS I'PYII C OJHUM OIPEJEJISIIONIM COOTHOIIEHUEM U
c kpyuennem B. H. Bezsepxuum 6bLia fgoKa3aHa alrOopUTMUYIECKAs Pa3PEITUMOCTD Pia APYyTUX
npobJieM, TPEeJCTABIAIIINX CAMOCTOSATENbHBIM HUHTEPEC, HAIPUMED: IepecevueHne MPOU3BOIBHOIMN
MUK/IUYECKOH noArpynnst (g) u Maruycosoii noarpynmbst M ; mpobieMbl nepeceueHnst MUKIMIeCKIX
MOArPYIII; JOKA3aHO, 9T0 JJisd Jitoboro w € G u Jitoboit maruycosoit noarpymibl M < G M0XKHO
3 PEKTUBHOCTL YCTAaHOBUTD, CyliecTByer ju n € ZT (ZT - MHOXKeCcTBO HaTypasbHbIX YUCes) U
z € G rakume, uro 2 'w"z € M u apyrue mpobieMsl.

O6o3maumM uepes A Kiace TPy BIIA

G = <G1 * G’g;relGi,i = 1, 2;H1 = @(Hl»,

SBIAIOMIUXCS CBOOOAHBIM Tpom3BemenueM rpynn Gy, i = 1,2, ¢ obbequHeHreM 10 U30MOPQMHBIM
CBOOOIHBIM KOHEYHO TOpOXKAeHHBIM moarpynnam Hy, Hy = ¢(Hy), H; < G;,1 =1,2,G; - rpymmsl ¢
OJIHUM OTPEJE/ISIONINM COOTHONTEHUEM U ¢ KPYIEHUEM.

TEOPEMA 4. B waacce 2pynn A npobaema CONpA#CEHHOCTIU CAOE GAZOPUMMUYECKY HEPA3De-
WUMG.

Tem we menee, B. H. BespepxuuM ObLTIO JOKA3aHO, UTO €CAM B KAYECTBE OOBEIUHSIEMBIX TIOJ-
rpynn H; < G4, = 1,2, B3sTh n3oMop@HBIE MArHYCOBBI MOATPYIIILI, 00beINHEHHBIE ¢ TOMOIIHIO
KOHCTPYKTUBHOTO u3oMopdusMa ¢, To mojayuuM rpynny G ¢ pas3penuMoil mpobaeMoii CompszKeH-
HOCTU U CTEIEHHON COIPAXKEHHOCTHU CJIOB.

B pabote [10] momoxkuTebHO pernieHa mpobaeMa COTPSKEHHOCTH CJI0B B TPEBECHOM TPOU3BE-
MIeHUHU CBOOOJHBIX TPYIN C ACCONMMUPOBAHHBIMU NMUKAUIECKAMU MOATPyHnaMu. llpemcraBieHubit
pe3yabTar siBjsercs obobienuem uzBecTHOro pesyiabrata C. Jlummyna jjisi cBoHOIHOTO Mpou3Be-
IeHWs MBYX CBOOOMHBIX T'PYII C MUKIUIECKUM 0bbeaunenueM. [Ipu perenny 0CHOBHOM mpObIeMbl
JIOKA3BIBAETCsT PA3PENIUMOCTD ITPOOJIEMbI IepecedeHnst KOHEYHO TI0POKIEHHOM TIOIPYIIbL JAHHOTO
KJIACCa I'PYIIl C HUKJJIWYECKON LOArPYILION, IPUHAAIEKAIEA COMHOXKUTE/I OCHOBHON I'PYIIIBL, 3
TaK ke IpobJieMa Iepecevenrsi CMeKHOIO KJ1acCa KOHEYHO MOPOXKJEHHON MOJTPYIIILI C ITUKJINYe-
CKO# MIOATpYHINO#, IpuHaAJIe)KAIIeH COMHOXKUTEIIO.

B pab6ore [11] 6b1a yeraHOB/IEHA PA3PEIIMMOCTE MTPOOJIEMBI COTPSIPKEHHOCTH TOATPYIIT B CBO-
6OHOM TTPOU3BENEHUN JBYX IMUKJIMIECKAX TPYIIT ¢ 0ObeTUHEHNEM 0 ITUKJINIeCKONH TIOITPYIITIe.

3.2. UccaenoBanue agropurmudyeckux npobsaem B rpynnax Apruna u C(p)&T(q)-

rpynmnax
T'pymmma koc 3a1aeTcs 06pa3yoIuMu 01, - - - , 0y U OTPEASSIIONIAMI COOTHOIIIEHIIMU:
0i0i410; = 04410i0i41,0 = 1,---n — 1, 0,0 = 0j04,1,5,= 1,--- ,n,|i — j| > L.

O06001IeHreM TPYIIT KOC ABJISIIOTCS TPYIIIBI ApTHHA.
I'pymma Apruna — srto rpymnma (G, 3ajaHnpasl KOOPEeOCTABJIEHHEM C CHCTEMOR 00pas3yroImux
a;,v € J, m coornomenuamu < a;a; >"=< aa; > 1 # j,i,j € J, rme cioBa, cTodIEe
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cjleBa U CIIPaBa, COCTOAT KaxKI0e U3 My, depejyromuxca OyKB a;,aj,M;j — 3JIeMEHTbl MaTpH-
bl Kokcrepa M = (mjj); jes, coorBercrBytfomuii naunoit rpymme G, npudem Vi € J,m;; = 1,
Vi,5 € J,i ;éj,mij > 2,ml-j = myj;

Jlo6aB/1ss K OIpeIeaioNiM COOTHOMenusaM rpyTbl Apruna G coornoutenust: Vi € J,a? = 1,
HOIyunM KompescTasaenne rpynmsl Koxcrepa G.

I'pymma Apruna G HazbiBaeTcst TPymoi ApTrHa KOHETHOTO THUIIA, €CJIU COOTBETCTBYIOMIAS €
rpymma Kokerepa G komewna. W3secTno, 4To rpymma Koc A, (¢ n 06pas3yiomuMu) TpHHAIIeKAT
KJIacCy TPynn ApTuHa KOHEYHOrO THTIA.

I'pynma Apruna (G Ha3bIBaeTCsT HEMPUBOIUMOMN, €CIH MHOXKECTBO €€ 00pasylonmx X HeTb3s
pazburh Ha ABa HemycTbix MHOxKecTBa X1, X2, X1 N Xo = 0, X = X U Xy, Takux, 4T0 KarK/blil
ssieMeHT u3 X1 KOMMYTHDPYET C KarKJIbIM djieMeHTOM 13 Xo.

Kaxmoit menpupogumoit rpymmne Apruna G coorBercTByeT ¢BsizHbIi Tpad Kokcrepa ') Bep-
HIAHBI KOTOPOI'O COOTBETCTBYIOT obpasytomuMm G. JIobbie jiBe Bepiuubl a u b rpada ' coeuuensbr
pebpom, ecaim Mgy > 3, Mgy - dsiemenT marpuiibl Kokcrepa, COOTBETCTBYIONMHI JaHHOM IPyIINe; €Can
BEPINUHLI ¢ U d COeINHEHBI IIyTEM, COCTOSIIUM DoJiee, IeM U3 OJHOTO pedpa, TO Meqg = 2.

HempusomumbiMu rpynnaMu ApTHHA KOHETHOTO THITA ABJIAIOTCS CAEAYIONINE TPYTIIHI: TPYTITa
KOC An,n > 1; Bn,n > 2; Dn,n > 4; Eﬁ, E7, Eg, F4, GQ, H3, H4; Jg(p),p =5 nm p > 7.

WsBecTHO, 9TO KayKJasi TPyNma ApTHHA KOHEYHOTO THUIA SIBJISIETCS JHUOO OFHON W3 TPy
Ay, By, Dy, Eg, E7, Eg, Fy,Go, H3, Hy; Jo(p),p = 5 nam p > 7, aubo UPAMBIM [POU3BEEHUEM
HENPUBOJIUMBIX IPYIII.

B. H. Be3sepxuum 611 JOKA3AHBI CIIYIONINE TEOPEMBI.

TEOPEMA 5. B zpynnax Apmuna xoueunozo muna: Bp,m > 4;D,,n > 4;Fy, Hy, B, E7, Eg
NPOOAEMA BTONHCOEHUSA HEPA3DEUUMA.

TEOPEMA 6. B epynnax As, As, Bo, B, H3, G, Jo(p) npobaema 6xoocdenua padpeusuma.

B. H. Bessepxunm cosmectio ¢ B. A. I'puabsaToM OBLIO BBEJIEHO TOHATHE KPAIIEHOH ITOI-
TPy TPYIIEI APTHHA KOHEYHOTO THUIA. BBLIA JOKa3aHA PaspermmMocTh 0600IeHHON TPODIeMBbI
COTIPSIZKEHHOCTH CJIOB B KPAIIEHBIX TOATPYIINAX TPyl ApTHHa KOHedHOTO Thma [12].

B craree [13] gokasana asropurMudeckas HEPa3PEIIMMOCTh [POOJIEMbI COLPSIKEHHOCTH 10/~
IPyII B TPYIIE KPAIIEHBIX KOC K.

Cosmectro ¢ U. B. JloO6pbiHUHON TPOBEIEHO M3yUYEHHE HOPMAJM3ATOPOB HEKOTOPBIX KJIACCOB
MOATPYIII TPYIIBl Ko¢ By [14].

Ecma m;; > 3 nns Beex ¢ # j € J, To rpynna ApTuHa Ha3bIBaeTcd Ipynnoit Apruna 60/1b-
moro Trna. Ecam m;; > 3 g Beex ¢ # j € J, To Tpynma ApTuHa HazbIBaeTCa TPynnoit ApTuHa,
9KCTPabOJIBIIIOrO TUTIA.

Jlaa rpynn Aptuaa, 60JIBIIOTO THITA ¢ TTOMOIIBI0 TEOMETPUIECKOTO METO/Ia JT0KAa3aHa Pa3peri-
MOCTB TTPOGIEMBI CONPSIKEHHOCTH CJI0B [15].

B. H. Bezepxauit pemmn o6061eHHYI0 TPOOIEMY COMPSKEHHOCTH CJOB B Tpymmnax ApTHHA
Gospiioro Tuna [16].

Jlma rpynn Koxcrepa Gosibimoro tuma perrena mpobiema 0600IIEeHHON COMPAXKEHHOCTH CJIOB,
JIOKA3aHO, 9TO MEHTPAJIN3ATOD KOHEUIHO TOPOKAEHHOH TIOIIPYIIIThl KOHEYHO TTOPOXKIEH U CYIIECTBY-
eT aJrOpUTM, BBITUCHIBAIOIIMY ero obpalytormue. [lokaszano, aro B 00IIeM cjiydae MeHTPAJIu3aTop
KOHEYHO TOPOKJIEHHOW IPYIIbI He #ABjsgercd nukjiudeckuM. IlocTpoen npumep rpymibl JaHHOTO
KJlacca, He siBjsiomelics runepbosmyueckoit rpymoit [17].

Jasa rpymm Kokcrepa skCeTpabosIbInoro Tua, MpejioxkKeH aaropuTM, KOTOPBI 110 IBYM 3JI€MeH-
TaM HAXOJUT TOPOK AN 9JIEMEHT TIePeCevueHnsT UX MUKINIecKuX moarpymm [18].

WseectHo, uro rpynmbl Kokcrepa SBJSIIOTCS TPYIIAME, TOPOYKICHHBIMEA OTPAYKEHUSIMHU €BKJIH-
JIoBa, TpocTpancTBa. Kpome Toro, rpynmbl ApTuHa, a B 9aCTHOCTH TPYIILI KOC, HETOCPEICTBEHHO
WCMOJIB3YIOTCS B KPUTITOTPadun.
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Cosumectro ¢ O. B. Nnuenko B pabore [19] nano onmcanue neHTpasn3aTopa 3JeMeHTOB KOHed-
HOT'O TIOPsI/IKa, KOHEYHO TTOPOZKIEHHOI rpyIiibl KokcTepa ¢ JipeBecHOil CTPYKTYPOil.

B. H. Bezsepxaum u O. FO. Kaprosoit 6buia pemiena npobjieMa BXOXKIEHUST B ITUKJIXIECKYIO
HOArpPyYIIy B rpynnax ApTuHa ¢ JpeBecHoit crpykTypoit [20].

B pabore [21] 6B110 paccMOTPEHO perenne MpobJeMbl CTENEHHOH COMPSIZKEHHOCTH CJIOB B PYTI-
max ApTurHa 9KCTPabOIBIIOTO THIIA.

C O. HO. [ImaromoBoit 66L1a OMHCAHA CTPYKTYpa MEHTPATN3ATOPA 3JIEMEHTOB B TPyTIax ApTHHA
C JpeBecHOi crpykTypoii [22].

B pabote [23] 6puta moxkaszana Teopema 0 CBOGOTHBIX MOATPYIAX /it TPy ApTHHA ¢ IpeBec-
HO# CTPYyKTYpOii: nycth H — KOHEUHO MOPOXKIAEeHHAs MoArpynna rpyiibl Apruda G ¢ JAPEBECHO
CTPYKTYpOit, mpudem gy joboro g € G u aroboit noarpynmsl Gij,¢ # j, BHIIOTHEHO PABEHCTBO
gH g_lﬂGij = F , to H aBsieTcsd cBobogHol. B nokazaTenscTBe OCHOBHOI T€OPEMBI HCIOJIB30BAHBI
unen B. H. BezBepxuero o mpuBegeHnn MHOXKECTBA 00PA3YIONINX MOATPYIILI K CIEIIHA/THHOMY.

B crarbe [24] B. H. Bessepxunii, H. B. Bessepxuss, 1. B. dobpbiauna, O. B. Uxuenko, A. E.
Verau npousBeiv aHaA N3 PE3YAbTATOB 10 PEIEHU0 AJrOPUTMHUYIecKux mpobiem B rpymmax Koxc-
Tepa, TONYIeHHBIX WieHaMu Tyabekoit anrebpandeckoii mKoAb “AnropurMudeckne mpotIeMbl TeO-
pum rpyun u nogyrpynm’ mon pykosoacteom B. H. Bessepxnero. /lan 0630p yTBepxKaeHuii u Teo-
pPeM, JOKa3aHHBIX aBTOPAMHU CTaTbU JJs Pa3/IMIHbIX KjaaccoB rpynn Koxcrepa: rpynn Kokcrepa
6osibIoro u 3KcTpadosbmoro tuos, rpynn Kokcrepa ¢ gapesecuoit crpykTypoit, rpynn Kokcre-
pa ¢ n-yrojpHo# cTpyKTypoii. IIpuBomsATCS OCHOBHBIE TIOJXObI U METO/IBI JIOKA3aTe/NbCTBA, CPE/IN
KOTOPBIX METOJ TUarpaMM, BBeIeHHbIN BaH KaMmenoM, mepeoTkpeiThiit P. JIungoHOM 1 yCoBepIieH-
creoBanubiit B. H. Be3sepxuum, B gactu, BBegenuns R-coxkparrennii, CrennaabHbIX R-COKpaIleni,
CHEIUAIBHBIX KOJIbIIEBBIX COKPAIEHU, a TakxKe MeTo ] rpados, MeTo Tumos, sBeneHubil B. H.
Bessepxuum, Meron crenmabHOTO MHOXKECTBA CI0B, paszpaboramubiii B. H. Be3ssepxuum ma oc-
HoBe 00001mennst Merona Hunbcena wa cBobonHble KOHCTPYKIMK rpynn. PaccMoTpeHHble B cTaThbe
KJIACCHI TPYII BKIIOYAIOT BCe TPynnbl KoKcTepa, KOTOphie nb0 TMPUHAIEKAT JAHHBIM KIaCCAM
rpyin, Jubo MOTryT OBITE [IPEeJICTABIEHBI KaK 0000IEHHBIE JIpeBecHble CTPYKTYPHI rpynn Kokcrepa,
obpazoBannbie u3 rpynn KokcTepa ¢ IpeBecHo CTPYKTYPOil 3aMEHOM HEKOTOPBIX BEPIITUH COOTBET-
cTByHOIIEro Jiepesa-rpada rpynmnamu Kokcrepa 60/b110ro i 9KCTpaboJIbIIoro THUIIOB, a TaK¥Ke
rpynnamu Kokcrepa ¢ n-yroapHoi crpyKTypoil.

B crarbe [25] paccmoTpenbl 06061eHHBIE IpeBecHble CTPYKTYphI rpyTin Kokcrepa, npejcrapiisi-
forrme coboil npeBecHble ponsseenus rpynn Kokerepa skcrpabonsinoro tuna u rpynn Kokcrepa
¢ IpeBecHO cTpykTypoit. OGoOIeHEBIEe ApeBeCHBIe CTPYKTYPhI Ipyln KokcTepa, Takke Kak Ipyt-
bl Kokcrepa sKeTpabosbiioro Tuna u rpymnsl Kokcrepa ¢ JpeBecHOit CTPYKTYpPOil, OTHOCATCA K
runepbOIUIECKUM TPYIIAM, TOITOMY B HUX PEIIEHO OOJBITMHCTBO AJTOPUTMHUIECKUX MIPOOIEM, B
YaCTHOCTH, aJITOPUTMHUIECKN pa3permma mpobsema ob6obIeHHON conpsizkeHHocTH ¢JioB. [lpennara-
eTCs OPUTHUHATBHBIN METOJ JOKA3aTETbCTBA AJITOPUTMUYECKON Pas3peImnmMOCTH TpobieMbl 0600TIeH-
HO#l COINPSI?)KEHHOCTHU CJIOB B 000OBIIEHHBIX JIPEBECHBIX CTPYKTYpax rpyin Kokcrepa. Janabiit MeTosn
ucnosb3yer nogxon . C. Makanuna, mpuMeHeHHBIH WM JJIs JOKA3aTeIbCTBA KOHETHOH MTOPOK-
JIEHHOCTU HOpMaJIM3aTopa djeMeHTa B rpyimnax koc. Kpome Toro, B JJaHHON paboTe IOKA3bIBAETCH,
9TO EHTPAIN3ATOP KOHEYHO HOPOXKICHHOMN OArPYITbl B 0000ITEHHOM APEBECHON CTPYKTYPE Py
Koxcrepa KoHEUHO TTOPOXKIEH U CYIIECTBYET AJITOPUTM, BHIMUCHIBAIOIINI €ro 06pa3yoIue.

B crarbe [26] onpeznensitorest rpymnbl ApTUHA ¢ M-YTOJIBHON CTPYKTYPOI.

I'pymma Apruna (Kokcerepa) Ha3BIBae€TCst TPYMIOH € M-yTrOABHON CTPYKTYDOIi, €Cim COOTBET-
CTBYIOIIN rpad cOCTOUT W3 M-yroJbHUKOB, M > 3; 3JIEMEHThI COOTBETCTBYIOIIEH MaTpuiibl Kok-
ceTepa yAOBICTBOPIIOT yCIOBHAM Myi; > 2,1 # j,my; = 1. JloKa3aHbI C/IeIyIomime TeopeMbl:

TEOPEMA 7. B epynne Apmuna ¢ m-yzoavhot cmpysmypot, m > 3, paspeuiuma npobiema
PaABeEHCMBaG CAO8.
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TEOPEMA 8. B zpynne Apmuna ¢ m-y20avhot cmpyxmypoti, m > 3, paspeuwsuma npobiema
CONPANCEHHOCTNIU CAOB.

B [27] paccmarpuBanach mupnHaa BepbaIbHBIX MOArPYNN B KJIAcce TPy APTHHA C JIByMsl MO~
POKJIAIONTAMH.

B crarwe [28] B. H. Bessepxanm n A. E. VersiHoM BBOAWTCS TOHSITHE MOJIYTPYINbl APTHHA
Goaboro (skcrpabosbinoro) Tuna. JokaspiBaeTcsi HHBLEKTUBHOE BJIOKEHUE STUX MOJYTPYIN B CO-
OTBETCTBYIOIIME UM Pyl ApTrHA 6OIBITIOTO (IKCTPABOIBIIOrO) THIIA U PA3PEITUMOCTD P0G/ IEMbI
COTPSIZKEHHOCTH CJIOB B JIAHHOM KJIACCe MOJIYTPYIIIL.

Koneuno onpemenennyto rpymny G, MHOXKECTBO ONMPEAEIAIONX COOTHOIIEHUIT KOTOPOH 0bpa-
3yeT CHMMETPU30BaHHOE MHOXKECTBO, YJOBJIETBOpsIoIIee yeaosnio magoro wvameranusa C(6), C'(4) u
T(4), C(3) u T(6), ssasierca C(p)&T (q)-rpyiuoii.

B szaBucuMocTH OT TOro, KakKue 3HAYEHUs] MPUHUMAIOT P U ¢, [MOJyIaeTCs COOTBETCTBYIOMIUM
KJIACC TPYIILL.

TEOPEMA 9. [29] ITycmb H — xonewno noposciennas nodzpynna Koneuno onpedesennoti 2pyn-
no G, npunadaescawet xaaccy C(p)&T(q)-epynn. Tozda yenmpaauzamop Co(H) nodepynnw H
KOHEUHO NOPONCOEH U CYULLCMBYEM AAZOPUMM, BLINUCHIEANULUT e20 0bpasiyroulue.

TEOPEMA 10. B xoneuno onpedesennoti epynne, npunadaencauets xaaccy C(p)&T(q)-epynn
paspewuma npobaema 0606wWeHHOT CONPANCEHHOCTIU CAOG.

TroPEMA 11. Cywecmsyem anzopumm, no360A#10UULT OAf4 1106020 KOHEUHO MHONCECTBG, CAOS
u3 Koneuno onpedeaennol epynn G xaacca C(p)&T(q) evnucamov 0bpasyrousue Ux HOPMAAUIAMOPA.

TEOPEMA 12. Jlaa moz0, 4mobvt HOPMAAUSAGMOP UUKAUNECKY HECOKDAUMO20 6 C80600HOT
epynne caoea w € G, 2de G ecmv C(p)&T(q)-2pynna, 6viaa pacwuperuesm GUKAUYECKOT 2pynnol
(w) ¢ nomouwro Konewnotl, HeobLoduUMO U JOCMATNOYHO CYWECTMBOBAHUE MAKOZ0 HAMYPAALHOZO
wucaa n(w), KOMoOPo2o ne NPesocrodum wWupuna 10600 Koavuesot nenpueodumoti R-duazpammol
CONPANCERHOCTIU W € W.

Tlox mmpuHO KOJBIEBOH AUATPAMMBI TTIOHUMAETCS TUCIO0 €€ CJ0EB.

Cosmecto ¢ A. E. Yergarom mosydaenno obobimenne n3secTHoO# TeopeMbl B. Marmyca 06 uzo-
Mopdu3Me IPYII ¢ OJHUM OMpeestormuM cootHomenneM Ha rpynnbl C'(3)&T'(6). U3 mokazanHoi
TEOpPEMBI TOJIYUYeHbI CIEACTBHS Ha Tpymme ¢ MajabiM cokpamienueM [30]. B pa6ore [31] momyuens
0bobienust n3BecTHOM Teopembl B. Maruyca o6 uzoMopduzMe I'PYII ¢ OTHUM OMPEIETISIONIM CO-
oTHoOIIeHneM 1 TeopeMbl I'putiunrepa o6 nzomopdusme rpymi ¢ yciaosuem C’ (%) Ha rpymumsl C(6)
u C(4)&T(4) u C(3)&T'(6). 113 noxa3zaHHOl TeOpeMBI TOJYUeHBI CIEJACTBHS HA TPYIIIE ¢ MaJbIM
COKDAITIEHUEM .,

4. Hayunaga mikojsia B. H. Be3Bepxnero

OyHIaMeHTaIbHbIE PE3YIHTATEHI I0 TEOPWH TPYNI U moayrpynn Baagnvupa Hukonaesnda Bes-
BEPXHEr0 BO MHOTOM OIPEIE/IN/IN JaabHeiInee pa3BuTne 3TUX 00/1acCTell MaTeMATHKA.

B. H. Bespepxuuii pykoBOAUT HAyIHBIM CEMHUHAPOM W Hay9IHON IKoJ0#H "AaropurMudeckne
npobJiembl Teopuu rpymn u noayrpynn' | ocaopanuoit M. . I'purgmuarepom.

[Tox pykosomcreom B. H. Be3spepxHero 3amuinensl JOKTOpCKas aucceprarms [32]:

e Jlo6peinuna Vpuna Bacuinbepna "Perenne ajropurmudeckux mpobjem B rpynnax Koxcre-
pa''(dpTV, 2010);

KaHauaarckue guccepranuu [33| - [41]:
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o Jlo6peiauna Upnuna Bacuibesra "O noarpynmnax B rpynimax KpalieHbIX KOC U Tpymnax Apruna
koneuanoro tuma (MIIIY, 1997),
e [lapmukosa Ejnena Buagucnapora "llpobGsiemMbl cTermeHM U CTENEHHONW CONPSIXKEHHOCTH B
rpynnax ¢ yeaosuamu C(4)&T(4)" (MIITY, 2001),
e Hosukosa Oubra Anekcamunpossa '"Pernenue ajropuTMuyvecKux HpobaeM st CBODOIHOTO
npousBenenns ¢ KoMMmyTupyomumu noarpymmamu (MIITY, 2002),
e Bespepxusis Haranus Bopucosna "I'mnepbommarocrs, SQ-yHUBEPCAJIBHOCTb W HEKOTODBIE
JPyTHE CBOMCTBA TPYNN ¢ oaUM onpenessitonmmM coorromenunem' (MIITY, 2002),
e Unuenko Okcana Baagumuposua "Hekoropsle anropurmudeckue npobieMbl B KOHEYHO T10-
poxennbix rpynmnax Kokcrepa ¢ apesecuoii crpykrypoii’ (MIITY, 2010),
o Kyszuenosa Anna Hukonaesua "Hekoropeie amropurMudeckue mpobiaeMbl B rpynmax Apruna
bospimoro u skcrpabossimoro tuna” (MIITY, 2010),
e [Imaronosa Oxcana IOpbeBHa "Peienne HEKOTOPBHIX aJTOPUTMUUECKUX TMPOOJIEM B TPYIIIAX
Apruna ¢ apesecnoit crpykrypoit" (ApTY, 2013).
e JloraueBa Esiena Cepreesra "[IpobsieMbl COIPAXKEHHOCTH CJIOB U HOATPYIIT B CBOOOIHBIX KOH-
crpyknusx rpyun" (pIl'y, 2015)
5. 3akJrodeHne

Pwuc. 3: Boeicrymienne B. H. Bezsepxuero na XVI Mexnynaponuoit KoudepeHIun, TOCBAIIECHHOM
80-eTuto co jiHg poxkeHus mpodeccopa Mumens Jlesa

B wmacrosmee Bpems Biragumup HukosraeBud 111010TBOPHO 3aHUMAETCH HAyKOM: BBICTYIAJL C

TJIEHAPHBIMHU ¥ CEKIMOHHBIMU Hokamamu Ha X VII Mex aymnapoanoit KondepeHinm, moCBATIEHHON
100-stetuto co gus poxkaenus npodeccopa H. U. @enpavana u 90-1eTuro €O THA poXKaeHus mpodec-
copos A. 1. Bunorpagosa, A. B. Manwimesa u B. ®@. Cxy6enko. (Tyma, TTTIY nwm. JI. H. Toncroro,
23-29 centsibpst 2019 roga), XVI Mex nynaponoit KoHdepeninn, mocBsimenHoil 80-1eTuio co JaHst
poxgerns npodeccopa Mumens Jlesa (Tyma, TTTIY uwm. JI. H. Toncroro, 13-18 mas 2019 roga),
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C CEeKITMOHHBIM JOKIaA0M Ha MexmynapomHoit KoHdepenrunu, mocBsamenuoii 90-mernio xkademnpso
BBICIIEH asreOpbl MeXaHUKO-MareMaTunaeckoro dakynsrera MY (Mocksa, MI'Y, 27-29 mas 2019
rojia).

Pyxosogur rpantom POOU u [Ipasuresscrsa Tysnbckoit 0b/acTu 0 UCCIEI0BAHUIO AJITOPUT-
MHYIECKHX TpobsieM B rpynmnax Aprura n Kokcrepa, akTHBHO MyOJIHKYeTCS.

B nannoit pabore aBTOpaMu HCHOIB30BAINCH MaTeprasbl u3 mybankamun [42].
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