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Abstract

This article is dedicated to Lithuanian number theorist Professor Antanas Laurin¢ikas on
the occasion of his 70th birthday. We sketch the main stages in the development of his scientific
career. Although A. Laurin¢ikas started with probabilistic number theory, later on he became
one of the leading world scientists in the theory of zeta-functions, especially concerning their
universality. In the review we give a brief account of his pre-university life and the development
of his career as a mathematician from the time he entered Vilnius University. We review some
results of Antanas starting with early ones and then higlight the main results. At the end a list
of scientific publications of A. Laurin¢ikas is presented.

Keywords: Antanas Laurinc¢ikas, Vilnius University, zeta-functions, limit theorems, univer-
sality, moments of zeta-functions.

Bibliography: 25 titles.

For citation:
A. Dubickas, R. Macaitiené, 2019, "Some Moments in the Life of Antanas Laurinéikas: the Search
for Universality" , Chebyshevskii sbornik, vol. 20, no. 1, pp. 6-45.

In honor of Professor Antanas Laurincikas on the occasion of his 70th birthday
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1. Short Biography with Some Scientific and Academic Activities

One of the outstanding specialists in the theory zeta functions and the developer of the analytical
number theory Antanas Laurin¢ikas was born in Lithuania on the 17th of February 1948 in the
family of Antanina Laurinéikiené and Pranas Laurin¢ikas. His childhood passed in a small village
of Skatikai in Panevézys district. In 1966, he graduated from PanevéZzys Secondary School No. 1,
was awarded the Cum Laude diploma and started his studies at the Faculty of Mathematics and
Mechanics of Vilnius University.

In 1971, A. Laurinéikas graduated from Vilnius University, awarded with the diploma Cum
Laude, and became a postgraduate student under supervision of Professor Kubilius, who was the
leading number theorist in Lithuania at that time. In the same year, he started working in the
Department of Probability Theory and Number Theory of Vilnius University.
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. 2-3: School year (1961, 1965).

Fig. 4: After lectures of the day are over... (1971).

Antanas Laurinc¢ikas completed his PhD studies in three years and in 1975 defended the thesis
(Candidate of Science in Physics and Mathematics) “Value Distribution of Arithmetic Functions”
at Mingk University in Belarus. The opponents of his thesis were Professors Vladimir Gennadievich
Sprindzuk and Aleksei Georgievich Postnikov.

(L fu
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Fig. 5-6: With Professor Jonas Kubilius and colleagues (1975, 1980).
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During postgraduate studies, in 1972, he got married. His wife Maryté Kopustaité was the last
year student at the same Faculty. It is very likely that the interest in mathematics in particular has
made the largest impact on occurrence of other common interests and determination to seek them
further. In 1976, their family shared a great joy, since the son Laurynas was born at the end of that
spring.

Fig. 7: With wife Maryté and son Laurynas (1977).

The enthusiastic and gifted young mathematician has actively pursued his research: he could
not limit himself within the borders of his country, and in 1978 he went to the internship at Paris
VI University under supervision of Professor Jacques Neveu. This one year long visit determined
his scientific career for many years to come: the theory of zeta and L-functions has become his
passion, and only from time to time he returned to the classical probabilistic number theory. During
this visit, A. LaurinCikas prepared his first paper on the universality of zeta-functions which was
presented for publication by the Fields medalist Professor Jean-Pierre Serre. The second internship
of A. Laurin¢ikas took place at V. A. Steklov Mathematical Institute in Moscow in 1986. A famous
mathematician Sergei Mikhailovich Voronin who proved his remarkable universality theorem for
the Riemann zeta-function was his supervisor during this internship. Both the internship and the
acquaintance with Voronin became crucial to Laurintikas’ further carrier.

Investigations of various problems concerning the universality property of zeta-functions became
the main field of his intensive research from then and it remains up to now. Nowadays, A. Laurincikas
is one of the leading specialists in this subject worldwide and his remarkable methods are used
to prove universality property for various zeta-functions and for some classes or composite zeta-
functions.

In 1990, A. Laurin¢ikas defended his second thesis (Doctor of Science in Physics and
Mathematics) “Application of Probabilistic Methods in the Theory of Value Distribution of Dirichlet
Series” at Vilnius University. The thesis contains limit theorems for the Riemann zeta-function in
the spaces R and C, limit theorems for Dirichlet L-functions, value-distribution of Dirichlet series
with multiplicative coefficients, zero-distribution of certain Dirichlet series, etc. Professors Sergei
Mikhailovich Voronin, Aleksandr Vasilyevich Malyshev and Bronius Grigelionis were the opponents
of the thesis.
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Fig. 8: Defense of the doctoral thesis (1990).

In the same year, the Doctor’s Degree in Physics and Mathematics was awarded to him by the
Chief Accreditation Commission, and, in 1991, Vilnius University Senate awarded him the title of
Professor. Since 1994, Antanas Laurin¢ikas was an elected member-expert and since 2012 he is a
full member of the Lithuanian Academy of Sciences.

Professor ceaselessly continued investigating analytic behaviour of zeta functions given by
Dirichlet series. In 1996, he published his first monograph “Limit Theorems for the Riemann Zeta-
Function” which became a standard reference in probabilistic number theory in just a decade.
In some sense, this important monograph was the first textbook which is mainly devoted to the
theory of universality and related topics. According to Mathematical Reviews, this monograph is
already quoted 150 times. The second monograph “The Lerch Zeta-Function” was prepared by him
jointly with his former PhD student Ramunas Garunkstis and published in 2002. In general, the
number of results that Antanas managed to publish is very impressive: overall, A. Laurinc¢ikas has
published almost 400 papers. Most of them by himself, but many in collaboration with some of
his 41 coauthors. Most of the papers of Antanas are related to various problems in zeta-function
theory. (The list of main publications is given in Section 3). They deal with limit theorems, the
phenomenon of universality and its consequences, such as the functional independence and zero
distribution. Other papers are related to problems of integral moments on vertical lines, the Lindelof
hypothesis, Mellin transforms and other aspects of zeta-functions.

Besides the above mentioned visits, A. Laurin¢ikas was constantly improving his qualification
and sharing his experience while participating in internships or scientific visits at various universities
throughout the world, such as Bordeaux I University (1993), J. W. Goethe University in Frankfurt
(2001, 2004), I. Newton Institute in Cambridge (2002), Nagoya University (1998, 2007), Research
Institute of Mathematical Sciences in Kyoto (2010-2011). The subject-based relationships built
during the internships resulted in the implementation of joint international projects (e.g. Limit
Theorems of the Riemann Zeta Function and Its Applications; Functions in Number Theory and
Their Probabilistic Aspects) and published joint papers written in cooperation with several well-
known number theorists Wolfgang Schwarz, Jorn Steuding, Kohji Matsumoto and others.
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Fig. 9-10: With co-authors K. Matsumoto (Nagoya, 1998), W. Schwarz and J. Steuding (Frankfurt, 2001).

A. Laurin¢ikas has periodically delivered his research results at the International (Zurich,
1994; Berlin, 1998; Beijing, 2002) and European (Paris, 1992; Budapest, 1996) Congresses of
Mathematicians and various other conferences. In total, he gave talks at more than 100 international
conferences.

m S.M. Voronin (1972). For any fixed numbers si.....s:
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Fig. 11-12: Talks at Conferences (Kyoto, 2010; Bedlewo, 2018).

In Lithuania, the results obtained by A. Laurincikas are highly appreciated and attributed to
the scientific works which greatly contributed to the development of science. Twice (which happens

Fig. 18: With President of Lithuanian Academy of Sciences B. Juodka (1999).
Fig. 14: With former PhD student R. Garunkstis (during the award of the Lithuanian Science Prize, 2015).
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very rarely) Professor Laurin¢ikas was awarded the Lithuanian Science Prize. The first was for
the cycle of papers “Investigations of Value Distribution of the Riemann Zeta-Function and Other
Dirichlet Series (1979-1993)”, whereas the second (jointly with his former student R. Garunkstis)
was for the cycle “Zeta Functions. Universality, Zeros and Moments (1999-2013)”. In particular,
during the ceremony of awarding the prize he said the following: “The awarded prizes mean the
acknowledgement of the entire community of Lithuanian mathematicians. Successful scientific work
requires a specific microclimate, traditions, communication with colleagues. We have all this.”

A. Laurincikas is well known not only in scientific research but also in other academic activities.
He is a member (since 2000, a member of the Board) of the Lithuanian Mathematical Society. Since
1992, he is a member of the American Mathematical Society. For many years he has been a member
of Vilnius University Council (1991-2001), Siauliai University Senate (1996-2005), the head of
the Department of Probability Theory and Number Theory in Vilnius University (2005-2015).
He takes an active part in editorial boards of several journals, like Lithuanian Mathematical
Journal, Mathematical Modelling and Analysis, Moscow Journal of Combinatorics and Number
Theory, Chebyshevskii Sbornik, Research in Mathematics and Mechanics, is an editor-in-chief of
Siauliai Mathematical Seminar. He is the Reviewer of International Data Bases like Mathematical
Reviews, Zentralblatt MATH and the Review Journal (in Russian). A. Laurin¢ikas is one of the
main organizers of the international conferences “Analytic and Probabilistic Methods in Number
Theory” arranged in honour of Jonas Kubilius and co-editor of the proceedings of those conferences.
He is also a member of the Organizing or Programme Committees of IV, V and VI international
conferences “Algebra and Number Theory: Modern Problems an Applications” (Russia), “Voronoi
Conferences on Analytic Number Theory and Space Tilings” (Ukraine), V, VI and VII “International
Algebraic Conferences in Ukraine”. For many years he was in charge of scientific seminars in Number
Theory in Vilnius and Siauliai Universities. Professor is often invited to participate in the doctoral
dissertation defences as a member of the Council, opponent and expert both in Lithuania and
abroad (Russia, Belarus, Ukraine, Germany, Finland).

Pedagogical work is the activity that A. Laurinéikas has been closely involved into too. He has
supervised several young researchers to their graduation and formed a strong Lithuanian school. In
total Antanas was a scientific advisor of 28 PhDs in Mathematics and currently is an advisor of 5
new PhD students. Professor continuously cooperates with his former PhD students, prepares not
only papers but also textbooks for students: “Basics of the Theory of Riemann Zeta-Function”, “The
Lerch Zeta-Function”, “Distribution of Prime Numbers”, “Introduction to the Theory of Dirichlet
Series”. We hope that this kind of cooperation will continue in the future.

Fig. 15: With Chairman of Siauliai University Senate A. Gudavicius and Rector V. Laurutis (Doctor Honoris
Causa Inauguration, 2007).
Fig. 16: The Rector of Vilnius University, A. Zukauskas, congratulates on the occassion of the jubilee (2018).
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Apart from the Lithuanian Science Prizes, Antanas Laurincikas has beed honored for various
scientific achievements and other academic and pedagogical activities. He was awarded the Medal
of Zigmas Zemaitis by the Lithuanian Mathematical Society for his contributions to science, culture
and education (2005), he received Vilnius University Rector’s award for outstanding scientific
achievements (2004, 2009), Vilnius University Rector’s acknowledgement (2003, 2006, 2018), Siauliai
University Rector’s acknowledgement (2017), Siauliai University Science Award for a Group of
Scientists (leader A. Laurin¢ikas) for the scientific progress in Siauliai University (2015). In 2007,
Professor Laurin¢ikas was inaugurated as the Doctor Honoris Causa of Siauliai University.

To honor Professor A. Laurin¢ikas, the International Conferences on Number Theory are
organised in Lithuania every five years since 2008. Moreover, on the occasion of the 60th jubilee,
a book with the bibliographical index of the works by A. Laurin¢ikas over the period 1972-2008
has been published [6]. It indexes all his research papers, conference presentations and abstracts,
preprints, feature articles for public, edited collections of papers and reviewed articles, presented a
list of his membership in conference committees as well a list of his works cited by other authors
etc.

Fig. 17-18: Conferences on Number Theory dedicated to the 60th and 65th birthdays of Antanas.

At the end of this section, we would like to emphasize the most important thing, i.e. Antanas’
personal humanity. Everyone who knows him will agree that this Personality is not only a wise and
diligent mathematician, but also an example of decency, devotion and tolerance.
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2. The Main Problems Considered by A. Laurincikas

Professor Antanas Laurin¢ikas has been working on various and quite different topics of number
theory for almost fifty years now. It is quite difficult to give a detailed report about every topic.
However, ten years ago Professor Jorn Steuding wrote a comprehensive and deep survey on
A. Laurincikas’ scientific work The Mathematical Work of Antanas Laurincikas — an Interim Report
- |23]. Therefore, in the forthcoming sections we will highlight some of the most representative,
significant and possibly important results of his oeuvre. Of course, this choice is very subjective,
but we believe that these themes are the most important ones to him too.

2.1. Probabilistic Limit Theorems for Real Multiplicative Arithmetic Functions

The first scientific steps of Antanas Laurin¢ikas were matching the traditional trajectories of
investigation of the Lithuanian school of number theory at that time. They were related mainly
with some topics in the theory of arithmetical functions and probabilistic number theory.

A. Laurintikas prepared his first scientific work jointly with Professor J. Kubilius in the last
year of his university studies (1972). Under some additional hypotheses, they obtained a theorem
of large deviations for some class 91 of multiplicative functions.

Denote by N(...) the number of m € N satisfying the hypotheses written in place of dots.

THEOREM 1. Suppose that g(m) € M, n — oo and x = o(y/loglogn). Then, for the numbers

N (m <n,0<g(m)< exp{)\loglogn+:c|)\|\/10glogn}> if =<0,

N (m <n, g(m) > exp {)\loglogn+a:\)\\\/loglogn}) if x>0,
the formula

nBo® (—|z]) €@ @) (1 . 0(|~’U\+1>>

vloglogn

1s true, while, for the numbers

N(mgn,—exp{/\loglogn—|—:1c|/\\\/loglogn}<g(m)<0) if =<0,

N (m <n, g(m) < —exp{Aloglogn+x|)\|\/loglogn}> if x>0,
the formula

01 ([x]) ) (1 N 0<|w‘+1>>

vloglogn

18 true. Here
T) = — e 2 du,
(z) o
—0Q

wo + (—1)Fw, — sgn”g(p®)
/Bk:f7 wk:H Z T? kZO’]"

p a=0
g(p®)#0
2

Qn(z) = % +&— (1 +8)log(l+&)loglogn, €= T SgnA

Vioglogn'
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During his postgraduate studies, A. Laurindikas created the theory of multidimensional
characteristic transforms and, using them, obtained the multidimensional asymptotic distribution
laws for real multiplicative functions. Also, he developed the theory of characteristic transforms
of probability measures on the complex plane and obtained the asymptotic distribution laws for
complex-valued multiplicative functions.

Let P be a probability measure on (C, B(C)). The characteristic transform ¢(¢, k) of P is defined
by the formula

ot k) = / |z|tet*are2dp, teR, keZ.
C\{0}

In 1975, he proved several continuity theorems for probability measures on (C,B(C)) in terms of
characteristic transforms and applied this to prove limit theorems for the complex-valued function

4 f(m) — A}
(A,9(m)) 7 oL A

where g(m) and f(m) are real multiplicative and additive arithmetic functions, respectively, and
A", A" and B], > 0, Bl > 0 are certain normalising constants. The distribution laws obtained
generalized those of the famous paper of H. Delange [5]. Also, A. Laurin¢ikas under influence of
Professor 1. Kdtai, considered multiplicative functions defined on the set of values of polynomials.
For them he obtained asymptotic distribution laws with estimates of the rate of convergence.

Since 1980, A. Laurin¢ikas focuses on the theory of zeta-functions, but from time to time he
returns to classical probabilistic number theory.

2.2. Moment Problem

For the zeta-function Z(s) with critical line o = o, the moment problem consists of finding the
asymptotics or estimates for

T
Ii(0,T; 2) :/yZ(a+it)|2’“ dt, o>o, k>0,
0

as T — oo. In various problems the results of such kind replace the individual values of zeta-
functions. For example, the Lindel6f conjecture states that

1
C(2+z’t> Lt t>t0>0,
with every e > 0 is equivalent to the estimate
1 1+e
Ik §)Ta< <<E,k T ) k S N
Also, there is a conjecture |24] asserting that

I, (; T; g) ~ (k)T (log T)¥’

as T' — oo. However, the progress in this problem is very slow. For example, G. H. Hardy and
J. E. Littlewood (1918) proved that ¢(1) = 1, A. E. Ingham (1926) evaluated ¢(2) = # and
A. Laurincikas (1996) showed that ¢ (u(v/2loglogT) ™) =1, u > 0.
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Let o7 = § + ;= with I > 0, Iy 7 oo,

1
. (27 logly) ® if Ip<logT,
T = _1
(2_1 log log T) 2 if Ip >logT,

and Ly = min(ly,logT'). Similarly to the case o = %, there is a conjecture asserting that
kQ
Iy, (o1, T;¢) ~ a(k) Ly

as T'— oo. J. B. Conrey and A. Ghosh proved the following [4]: under assumption of the Riemann
hypothesis, one has

I (;,T; <) > (cx + o(1)T(log T)**.

A. Laurincikas (1995) generalized it and proved the estimate
Iy (o7, T3 ¢) > axTLE

with some explicit ag. Also, various unconditional and conditional estimates were obtained for
Iy (o7, T; ) with fractional k.
Let
E(0,T) = I1(0,T;¢) — ¢(20)T — (2m)*° " 1(2 — 20)71¢(2 — 20)T* .

The Atkinson type formula estimates and the mean square estimates were obtained for % <o <1,
by K. Matsumoto and T. Meurman [19], and by A. Ivi¢ and K. Matsumoto [11|. A. Laurin¢ikas
(1992, 1993) considered their versions for o = o and uniformly with respect to o.

Jointly with his students A. Laurin¢ikas investigated moments of various other zeta-functions
and obtained some asymptotical formulas. In 2001, jointly with D. Siau¢iunas he proved an
asymptotical formula for I;(o,T;((s;a)), 1/2 < ¢ < 1, where ((s;a) is classical periodic zeta-
function. D. Klusch [15] obtained asymptotical formula for I;(o, T; L(A, o, 5)), 1/2 < 0 < 1, where
L(\, o, s) is the Lerch zeta-function. A. Laurinc¢ikas jointly with R. Garunkstis and J. Steuding
(2003) proved an approximate functional equation for L(\,«, s) and estimated the error term in
Klusch’s formulae. Some results were obtained for the functions

X 2miAm

CA(S):ZemS , o>1

1

In this case, with D. Siauciunas he obtained (2007, 2009) the asymptotics for Io(c,T;(y) with
irrational and rational A. Also, jointly with J. Karaliunaité (2007) he proved an average version of
the Atkinson type formula for {)(s) on the critical line.

A lot of attention has been paid to zeta function

2. ¢(m) k+1
g(s,F)_mZ:1 T 0>
where F'is a normalized Hecke eigen cusp form of weight x with respect to the full modular group
with coefficients ¢(m), m € N, of the Fourier series expansion at oo. A. Laurin¢ikas jointly with
R. Ivanauskaité (2005), under an analogue of Riemann hypothesis for ((s, F'), obtained the following
asymptotical formula

2

IZUKT(UTaT;C(SvF)) :Te%(1+0(1))a T — 00,
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uniformly in u > 0 in every bounded interval, where

Kk ¢r/loglogT
or =5+ ————7
2 logT

¢r > 0, o7 — oo and log ¢ = o(loglog T'). Moreover, jointly with J. Steuding (2007) he proved
that, for k = 1,

n

I (5T C(s, F)) > T(log T)*,

and, under an analogue of the Riemann hypothesis,
K
I (5T (s, F)) < T(log 1)

Many authors investigated moments of Dirichlet L-functions L(s,x), where x is a Dirichlet
character modulo ¢. A. Laurin¢ikas jointly with A. Ka¢énas and S. Zamarys (2005) obtained the
1

estimates, for k = -, n € N,

. 1 .
e1(q)T(log ) < I <2,T; L(s,x)> < e5(g)T(log T,
where ¢1(q) < c2(q) are positive constants.

2.3. Limit Theorems

An idea of application of probabilistic methods in the theory of zeta-functions belongs to
H. Bohr. This idea was realized in joint work with B. Jessen |2]. They proved that, for o > 1,
the limit
lim J{t €10,T]:log((c +it) € R}
T—o00 T

exists, where J{A} denotes the Jordan measure of a measurable set A € R, and R is a rectangle
on C with edges parallel to the axis. Two years later, they extended the above result to the region
o> % In their proof Bohr and Jessen created and used the theory of sums of convex curves. The
rate of convergence in Bohr-Jessen’s theorems was estimated by K. Matsumoto in [16] and [17],
and jointly with G. Harman in [9]. A generalization of Bohr-Jessen’s results for more general zeta-
functions was given by K. Matsumoto for zeta-functions of cusp forms, Dedekind zeta-functions,
zeta-functions of algebraic number fields, zeta-functions given by polynomial Euler product (1989,
1990, 1991, 1992).

New versions of Bohr-Jessen’s theorems were given by B. Jessen and A. Wintner [13].
More precisely, they developed a method of infinite convolutions of probability measures. Later
V. Borchsenius and B. Jessen [3] gave a method of almost periodic functions.

In the fifth decade of 20th century, the theory of the weak convergence of probability measures
was created and developed by A. N. Kolmogorov, P. Erdés, M. Kac, J. L. Doob, M. Donsker,
Yu. V. Prokhorov, L. LeCam, V. S. Varadarajan.

Let B(X) denote the Borel o-field of the metric (or topological) space X, and P and P,, n € N,
be probability measure on (X, B(X)). We recall that P,, as n — oo, converges weakly to P if, for
every real continuous bounded function f on X,

It turned out to be convenient to state Bohr-Jessen’s type results in the form of limit theorems on
the weak convergence of probability measures.
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At that time, A. Laurin¢ikas had already a good knowledge in probability theory because his
advisor Professor J. Kubilius was not only a number theorist but also a probabilist, and the advisor
in Paris VI Professor J. Neveu was an expert in probability theory too. Thus, Antanas started to
use the classical probabilistic theory and application of probabilistic methods in the theory of zeta-
functions. As we have mentioned above, this was realized in the thesis of doctor of sciences, and
some years later, in his monograph devoted to limit theorems not only for the Riemann zeta-function
but also for Dirichlet L-functions and more general Dirichlet series.

For example, the Bohr-Jessen theorem can be stated in the following form.

THEOREM 2. Suppose that o > % is fized. Then, on (C,B(C)), there exists a probability measure
P, such that

1
ieas {t€[0,T]:((c +1it) e A}, AeB(C),
converges weakly to Py, as T — oo.

The behaviour of {(s) on the critical line o = % is more complicated, since in this case a certain
normalization is needed. Probably in 1945, A. Selberg (unpublished) obtained the following limit
theorem in this case: for any measurable set A C C having a positive Jordan content,

1 log ((3 + it) 1 [ 2 .2
= te|0,T]: ——=——c Ay =— Y dady.
Tmeas{ € (0,7 Tog Tox { € 7T/e zdy

This was generalized in the monograph of D. Joyner [14], for more general zeta-functions.
A. Laurincikas considered ¢ (% + it) itself but not the logarithm log ¢ (% +it). Let

[ ®(logz) if x>0, 1 [ _u?
G(z) = { 0 if <0 O(z) = Nr e 2 du.

With this notation, in 1996, A. Laurincikas proved the following:

THEOREM 3. Let Iy <logT and op = § + 7. Then the distribution function
1
1 o

converges pointwise to G(z) as T — oo.

Let ¢ oo and ¢ = o(loglogT) as T' — oo. Then, for o € [%,%4—%7 ‘lécéngogT}, the

distribution function )
1 -1
Tmeas {t € [0,T) : |¢(o +it)]| V2 TloglosT < x}

converges pointwise to G(z) as 1" — oc.

Similar results also hold in the complex plane. For example, the probability measure

1
1 1 —*loglo,
Tmeas{te 0,7 : <C (2—|—it>>V2 Tioglog T eA}, A € B(C),

converges weakly to the lognormal probability measure on (C,B(C)) as T' — oo. Some results near

the critical line 0 = § were obtained by A. Laurincikas jointly with his student R. Ivanauskaite



Some Moments in the Life of Antanas Laurincikas: the Search for Universality 19

(2005) for zeta-functions of normalized Hecke eigen cusp forms of weight & for the full modular
group.

Also, limit theorems in various spaces were obtained by A. Laurincikas for Matsumoto zeta-
functions (class of zeta-functions defined by polynomial Euler product), Hurwitz zeta-functions,
Lerch zeta-functions, periodic Hurwitz zeta-functions, periodic zeta-functions, Esterman zeta-
functions, zeta-functions of cusp forms, zeta-functions of newforms, Dirichlet L-functions, zeta-
functions of finite Abelian groups, zeta-functions of elliptic curves, general Dirichlet series, some
classes or sublasses of zeta-functions (e.g. for zeta-functions from a sublass of the Selberg class)
and for various composite functions of zeta-functions. A. Laurin¢ikas began to consider weighted
limit theorems for zeta-functions too. For example, he proved weighted limit theorems for general
Dirichlet series, for twists with Dirichlet character of zeta-functions of cusp forms, for zeta-functions
of elliptic curves, etc. A lot of mentioned results are given jointly with his former PhD students
R. Kactinskaité, J. Ignatavic¢iute, R. Slezeviciené, 1. Belovas, J. Genys, V. Balinskaité, A. Javtokas,
A. Kolupayeva and others.

In principle, in such problems one can investigate continuous and discrete cases. In the
continuous case, the weak convergence of the measure

1
Tmeas{t €0,T): Z(s+1ir) e A}, A€ B(X),

as T — oo, can be investigated, where the shifts 7 can take arbitrary real values. While, in discrete
case, the shift 7 takes values from certain discrete set, and the weak convergence of the measure
L uf0<m<N:Z(s+imh) € A}, AcB(X),
N +1
as N — oo, h > 0 is a fixed number, is analyzed. Here, X can be R, C, the space of analytic
functions H(G) or meromorphic functions M (G), where G is a region in C.

Limit theorems in the space H(G) are important themselves and have applications in the
theory of universality. Theorems of such a kind were proposed by B. Bagchi in his PhD thesis
[1]. A. Laurincikas developed and simplified Bagchi’s method and applied it for many other classes
of zeta-functions. J. Steuding extended [22] this theory for L-functions from the Selberg class.

2.4. Universality

Universality of zeta-functions is the main field of investigations of A. Laurin¢ikas. Most of his
results are described in detail in a very extensive survey on the universality for zeta and L-functions
[18] prepared by Professor Kohji Matsumoto.

In 1975, S. M. Voronin discovered the universality of the Riemann zeta-function [25]. Let
0 < r < 1. Voronin proved that, for any continuous non-vanishing function f(s) in the disc |s| < r
which is analytic in the open disc |s| < 7, and every € > 0, there exists a real number 7 = 7(¢) such
that

max < €.

|s|<r

C<s+i+ir> — f(s)

This interesting result has been noticed and further developed by many mathematicians.

S. M. Gonek 8] in his PhD thesis developed Voronin’s method and obtained the joint universality
(hybrid) for Dirichlet L-functions. He also proved universality of Hurwitz zeta-functions with
rational parameter. As we have already mentioned above, in 1979, A. Laurin¢ikas obtained the
universality for a class of Dirichlet series with multiplicative coefficients. In fact, he likes very much
a probabilistic approach in the proof of universality that is based on limit theorems in the space
H(D), where D is the right-hand side of the critical strip. A. Reich, B. Bagchi and A. Laurin¢ikas
improved Voronin’s theorem to the following more general statement.
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Let K be a class of compact subsets of D = {s € C: % < 0 < 1} with connected complements,
and let Hy(K), K € K, be the class of continuous non-vanishing functions on K which are analytic
in the interior of K. Then, the following is true:

THEOREM 4. Let K € K and f(s) € Hyo(K). Then, for every e > 0,

lim inf lrneaus {7‘ €10, 7] :sup [((s +iT) — f(s)| < 6} > 0.
T—oo T scK

Universality of other zeta and L-functions, including the functions approximating all analytic
not necessary non-vanishing functions defined on the strip D, has been considered by A. Laurin¢ikas
too. For example, universality for the Lerch zeta-function (1997, 2000, 2010), for the Matsumoto
zeta-function (1998), for zeta-functions of cusp forms (with K. Matsumoto, 2001), for zeta-functions
attached to finite Abelian groups (2001), for zeta-functions with multiplicative coefficients (with
R. Slezevitiené, 2002), for Estermann zeta-functions (with R. Garunkstis, R. SleZevitiené and
J. Steuding, 2002), for general Dirichlet series (with W. Schwarz and J. Steuding, 2003), for zeta-
functions of elliptic curves (with V. Garbaliauskiené, 2005), for zeta-functions of new forms (with
K. Matsumoto and J. Steuding, 2003, 2005), for periodic Hurwitz zeta-functions (with A. Javtokas,
2006; R. Macaitiene, 2009), for periodic zeta-functions (with D. Siauciunas, 2007, 2010), for some
functions related to zeta-functions of certain cusp forms (with K. Matsumoto and J. Steuding,
2013; with D. Siau¢iunas, 2018), for the Hurwitz zeta-function (with E. Buivydas, R. Macaitiené
and J. Ragyte, 2012, 2014), for the functions from the Selberg class (with R. Macaitiené, 2017), etc.

Moreover, A. LaurinCikas gave a generalization of Theorem 4 to composite functions, e.g.
F(¢(s)), F(¢(s,v)), where F': H(D) — H(D) is a certain operator (2011, 2012; with K. Janulis,
D. Jurgaitis and R. Macaitiené, 2016), and an interesting hybrid universality of certain composite
functions involving Dirichlet L-functions (with K. Matsumoto and J. Steuding, 2013). From general
theorems, one can derive the universality of elementary functions, for example, of sin {(s), sinh {(s),
eS(s) (k(s).

For zeta-functions the joint universality is also known. In this case, a collection of analytic
functions is approximated simultaneously by shifts of zeta-functions. The first results in this
direction were obtained independently by S. M. Voronin (1975), S. M. Gonek (1979) and B. Bagchi
(1981) for Dirichlet L-functions L(s,x). The last version of such a universality was given by
A. Laurint¢ikas in 2011.

THEOREM b. Let x1, ..., xr be pairwise non-equivalent Dirichlet characters. For j =1,...,r, let
K; € K and fj(s) € Hyo(K;). Then, for every €, one has

1
liminf —meas ¢ 7 € [0,7] : sup sup |L(s+i7, ;) — fj(s)| <ep >0.
T—oo T 1<j<r seK;

Note that zeta-functions having a joint universality property must be independent in a certain
sense. Therefore, for the joint universality of zeta functions some additional hypotheses are needed.
In the case of Dirichlet L-functions, the independence is ensured by non-equivalence of characters.
Therefore, the joint universality for zeta-functions is a more complicated problem than that of
ordinary universality.

A. Laurin¢ikas considered the question of joint universality in detail. He has obtained various
results for the Lerch zeta-functions (with K. Matsumoto, 2006), Hurwitz zeta-functions (2008,
2013) and periodic Hurwitz zeta-functions (with A. Javtokas, 2008; with S. Skerstonaité, 2009; with
J. Rasyté, 2012, 2014), periodic zeta-functions (2006, 2007; with R. Macaitiené, 2009; 2016), twists
of automorphic L-functions (with K. Matsumoto, 2004), zeta-functions with periodic coefficients
(2010), Dirichlet L-functions (with A. Dubickas, 2015), Lerch zeta-functions (with A. Mincevi&,
2018), etc.
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Furthermore, A. Laurin¢ikas investigated a so-called mixed joint universality initiated by
H. Mishou (2007) who obtained the joint universality for the Riemann zeta and Hurwitz zeta-
functions [20]. In a wide sense, the mixed joint universality is understood as a joint universality
for zeta or L-functions having and not having FEuler product. So, a lot of interesting results on
mixed joint universality for some zeta and L-functions have been obtained by A. Laurin¢ikas too.
For example, for periodic zeta-function with multiplicative coefficients and periodic Hurwitz zeta-
functions (2010; with R. Kaginskaité, 2011), for zeta functions of normalized Hecke cusp forms and
Hurwitz zeta-functions (with D. Siau¢iunas, 2012), for the Riemann and Lerch zeta-functions (with
R. Macaitiené, 2013), for Dirichlet L-functions and Lerch zeta-functions (with R. Macaitiené, 2014),
for the Riemann and Hurwitz zeta-functions (with E. Buivydas, 2015), for Dirichlet L-functions
and Hurwitz zeta-functions (with K. Janulis, 2013; with J. Karaliunaité and V. Garbaliauskiené,
2017), for the Riemann and periodic Hurwitz zeta-functions (with R. Macaitiené, 2018).

J.-L. Mauclaire and A. Laurin¢ikas introduced independently a modified version of universality
for zeta-functions when the positivity of a lower density of the set of approximating shifts is replaced
by that of the density. For example, in the case of the Riemann zeta-function, he obtained with
L. Meska (2014) that if K € K and f(s) € Ho(K), then the limit

lim lmeaus {T €[0,T] : sup |((s+iT) — f(s)| < 5} >0
T—oo T sEK
exists for all but at most countably many € > 0. The latter result was extended to other zeta-
functions as well.

We recall that a sequence {zj : k € N} C R is called uniformly distributed modulo 1 if, for
every interval [a,b) C [0,1),

n—oo N

R
lim — Z Xjap) {zK}) =0 —a,
k=1

where X[, ) is the indicator function of [a, b), and {x4} denotes the fractional part of xy. A. Dubickas
and A. Laurin¢ikas (2016) proposed an application of sequences that are uniformly distributed
modulo 1 to discrete universality. This idea was successfully implemented in some later papers by
Antanas and his students.

A. Laurin¢ikas with his former students R. Garunkstis and R. Macaitiené (2017, 2018) began to
use imaginary parts 7, of non-trivial zeros of the Riemann zeta-function in discrete shifts Z(s+iyih),
h > 0, of zeta-functions Z approximating analytic functions. Moreover, jointly with D. Siau¢iunas
and A. Vaiginyté (2018) he extended universality theorems for shifts Z(s + i¢(7)) with a certain
differentiable function ¢(7).

Universality of zeta-functions contains one very important problem — all universality theorems
are not effective in the sense that, although the set of shifts Z(s + i7) approximating a given
analytic function is infinite, we do not know any concrete value 7 with approximating property.
For applications, it suffices to know an interval for 7. However, this seems to be a very complicated
problem too.

A. Laurincikas observed (1997) that the universality effectivization problem for the Riemann
zeta-function can be reduced to the estimate of rate of convergence in a limit theorem in the space
of analytic functions. Let f be a function which we want to approximate, and

Ale, f)={g9 € H(D) : p(f,9) < ¢€}.

Suppose that A(e, f) is a continuity set of the limit measure P in a limit theorem for ((s), i.e.,

Zmeas {r € [0,7] : ((s +i7) € Ale, 1)} = Pe(Ale, ) + Rae, ),
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where

lim Ry(e, f) = 0.
T—o0

Now let T" > 0 be such that
|RT(€7 f)’ < PC (A(Eu f)) .

Then, there exists 7 € [0, 7] such that, for a given K € K,

sup [((s +iT) — f(s)] <e.
seK

Unfortunately, the estimate for the error term Rp(e, f) in the limit theorem above seems to be a
difficult problem.
An important result in the effectivization problem has been obtained by R. Garunkstis [7].

Suppose that the function f(s) is analytic in the disc |s| < 0.05 with ‘]‘(2%)65’]0(8” < 1. Then

R. Garunkstis proved that, for every € > 0, there exists 7 € R,
0 < 7 < exp{exp{10e~13}},

such that

max < €.

|/<0.00001

log ¢ <s+ Z +iT> — f(s)

Moreover,

4

< e} > exp{—¢ 3}.

log ¢ (s+ 3 +i7‘> — f(s)

1
lim inf —meas {7‘ €1[0,7]: max
T—oo T |5]<0.00001
The most important results are given by A. Laurinéikas jointly with R. Garunkstis, K. Ma-
tsumoto, J. Steuding and R. Steuding (2010). They solved the effectivization problem for discs.
Let, for b = (bo,bl, vy bp—1) € C™,

2

e "

bll= Y d A = [log |b =) .
1ol bk and  A(n, b, €) Iog|o|!+< ;

0<k<n

Moreover, let
M(1) = max |((s+iT)].
[s—so|=r
THEOREM 6. Let og € (%,1), so=0p+it, K ={se€C:|s—so|<r} and f: K — C be a
continuous function, f(so) # 0, analytic in |s — so| < r. Then, for any € € (0,|f(s0)|), there exist
real numbers T € [T,2T] and 6 = (¢, f,7) > 0 defined by

Mmlé—na N g (2-¢")

such that

Jmax (s +ir) = f(9)] <e.

Here T =T(f,e,00) > r satisfies

8 . 8
2o fon{oa ()

with a positive effectively computable constant C(n,0q), d is effectively computable, and

£ = (F(s0), £ (50), s F D (50))

Some interesting results, including universality of zeta-functions from the Selberg class, can be
found in the monograph [22].
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2.5. Consequences and Applications of the Universality Phenomenon

Universality property has a lot of important applications. For example, it is used for the
investigation of functional independence of zeta-functions, for zero-distribution and for solving some
questions in algebraic number theory. In this subsection, we will discuss some topics investigated
by A. Laurincikas.

Functional independence. In 1887, O. Holder proved an algebraic-differential independence for
the Euler gamma-function I'(s) [10]. More precisely, there is no polynomial p # 0 for which

p(s,I(s),I'(s),....,I"(s)) = 0.

In 1960, during the second International Congress of Mathematicians, D. Hilbert observed in the
statement of his 18th problem that Hdélder’s result implies the algebraic-differential independence
of the Riemann zeta-function ((s), and conjectured that the function

also has the same property. This was proved by A. Ostrowski [21]. Further progress in this field was
given by S. M. Voronin who proved the functional independence of the function ((s): the function
((s) does not satisfy any differential equation of the form

> (y(5), 4/ (5), -y (s) ) =0,
k=0

where Fy, ..., F}, are continuous functions not all of which = 0.

It turned out that the universality implies the functional independence of zeta-functions. Using
this, A. Laurinc¢ikas obtained the functional independence for various collections of Lerch zeta-
functions (with K. Matsumoto, 2000), collections of twists of authomorphic L-functions (with
K. Matsumoto, 2004), universal shifts of zeta-functions (with J. Kaczorowski and J. Steuding, 2006),
periodic Hurwitz zeta-functions (2008), zeta-functions of elliptic curves (with V. Garbaliauskiené,
2011), zeta-functions of cusp forms (with K. Matsumoto and J. Steuding, 2013) and other functions.

Zero-distribution. A. Laurincikas (jointly with R. Garunkstis) created the theory of zero-
distribution for the Lerch zeta-function. They described zero-free regions, introduced the definition
of trivial zeros, proved an asymptotic formula for the total number of zeros. Also, they obtained
sonie estimates for the number of zeros in various regions. For example, jointly with R. Garunkstis,
R. Slezeviciene and J. Steuding, he obtained estimates for the number of zeros of the Estermann
zeta-function (2002), with D. Siauciunas for the Hurwitz zeta-function (2012) and for periodic
zeta-functions (2013).

Moreover, using the universality theorems, A. Laurinc¢ikas obtained the estimates for the number
of zeros of linear combinations of Matsumoto zeta-functions (1998), linear combinations of twisted
authomorphic L-functions (with K. Matsumoto, 2004), derivatives of zeta-functions of cusp forms
(2005), composite functions F'(¢(s)) (2013), etc.

2.6. Mellin Transforms of the Riemann Zeta-function

In 1995, Y. Motohashi observed that the modified Mellin transforms

A [

2k
z %dx




24 A. Dubickas, R. Macaitiené

can be applied to the investigation of the moments

T
1
¢(5+it)
J k(s
For this, one needs to investigate the properties of Z(s, %) This was done by A. LaurinCikas
together with A. Ivi¢ and M. Jutila [12].

Let 1 < p <1 be a fixed number. A. Laurincikas (2008-2011) investigated the Mellin transform
Z1(s, p), obtained a meromorphic continuation for it and gave some mean value estimates.

2k
dt.

3. List of Scientific Works

The present section will display the list of scientific works published by A. Laurincikas. It is
quite possible that we have accidentally left out a few publications. Nevertheless, we hope that this
long list is quite complete. [t not only repeatedly reveals the extent of the mathematical problems
dealt with by Antanas, but also proves his devotion to mathematics and immeasurable diligence.

The list does not include the abstracts of conference communications.
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Abstract

The Selberg class S contains Dirichlet series

L(s) = f: am) i,

m=1 m?
such that, for every £ > 0, a(m) <. m®; there exists an integer k > 0 such that (s — 1)*L(s) is
an entire function of finite order; the functions £ satisfy a functional equation connecting s with
1 — s, and have a product representation over prime numbers. Steuding introduced a subclass
S of § with additional condition

-1
Jim (1] Yl =r >0

pP<T p<T
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where p runs prime numbers.

Let o, 0 < a < 1, be a fixed parameter, and a = {a,, : m € Ny} be a periodic sequence of
complex numbers. The second object of the paper is the periodic Hurwitz zeta-function ((s, a; a)
which is defined, for o > 1, by the Dirichlet series

(s a50) = 32 2

m=0

and is meromorphically continued to the whole complex plane.
The paper is devoted to the discrete universality of the collection

(£(§)7 <(87 1, all)a ey <(87 7, alll)a sy C(Svar; U"r‘l)7 ey <(S7 Qo arlr)) 5

where L(3) € §, and ((s, aj; ajy;) are periodic Hurwitz zeta-functions, i.e., to the simultaneous
approximation of a collection

(f(g)afll(s)v"'7f1l1(5)7"-afrl(s)v"'vfrlr(s))

of analytic functions from a wide class by a collection of shifts

(ﬁ(g+ zkh),((s + ikhy, aq; au), ce ,C:(S +ikhy1, aq; uul), ceey
C(s+ikhr, ar;ar),. .., C(s + ikh,, am))7

where h, hy,...,h, are positive numbers, is considered. For this, the linear independence over
the field of rational numbers for the set

{(hlogp:p e P),(hjloglm+a;):meNy, j=1,...,7r),27},

where P denotes the set of all prime numbers, is applied.
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1. Introduction

After a pioneer Voronin’s work [27], it is known that some zeta and L-functions are universal
in the sense that their shifts approximate a wide class of analytic functions. Also, this universality
property was extended to collections of zeta-functions simultaneously approximating a given
collections of analytic functions. In other words, some zeta and L-functions are jointly universal
in the approximation sense. The first joint universality theorem was obtained also by Voronin. In
[28], investigating the joint functional independence of Dirichlet L-functions, he first obtained in
a not explicit form their joint universality, see also [10], [11]. A very interesting is the so-called
mixed joint universality of zeta and L-functions. In this case, a collection of analytic functions is
approximated by the collection of zeta and L-functions consisting of functions having and having no
Euler’s product over primes. This type of universality was proposed by Mishou in [19] who proved
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a mixed joint universality theorem for the Riemann zeta-function ((s), s = o +it, and the Hurwitz
zeta-function

> 1
¢(s,a) = Zo(m—i-oz)s’ o>1,

with transcendental parameter a, 0 < a < 1. Let D = {s eC: % <o < 1}. Denote by K the class
of compact subsets of the strip D with connected complements, by H(K) with K € K the class
of continuous functions on K that are analytic in the interior of K, and by Hy(K) with K € K
the subclass of H(K) of non-vanishing functions on K. Then the Mishou theorem is the following
statement.

THEOREM 1. Suppose that « is transcendental. Let Ki,Ky € K, fi(s) € Hy(K;) and
fa(s) € H(K3). Then, for every e > 0,

lim inf lmeas {T €10, 7] : sup |((s+iT) — fi(s)| < e, sup [((s +iT,a) — fa(s)| < 8} > 0.
T—oo T seK; s€Ko

In [7], Theorem 1 was extended for zeta-functions with periodic coefficients. Let a={a,, :m € N}
and b = {b,, : m € Ng}, Ny = NU {0}, be a periodic sequences of complex numbers with minimal
periods ¢ € N and g2 € N, respectively. Then the periodic zeta-function ((s;a) and periodic
Hurwitz zeta-function ((s,a;b), 0 < a < 1, are defined, for o > 1, by

b

_Om
(m+a)*’

((s;a) = i % and ((s,a;b) = i
m=1

m=0

and can be continued meromorphically to the whole complex plane with possible simple pole at the
point s = 1. The results of [14] were generalized for collections consisting from r; periodic zeta-
functions with multiplicative coefficients and r9 periodic Hurwitz zeta-functions with algebraically
independent over Q parameters ai,...,q,,. More general results were obtained in the theses of
K. Janulis [6] and S. Ratkauskiené [22].

The above mentioned universality results for zeta-functions are of continuous type, 7 in shifts
C(s+it;a) and ((s+1i7, a; b) can take arbitrary real values. Reich in [23| proposed an another type
of universality when 7 takes values from a certain discrete set. He used the set {kh : k € Ny} with
fixed h > 0. The Reich theorem in the case of Riemann zeta-function is of the following form. In
the sequel, # A denotes the cardinality of the set A, and N runs over non-negative integers.

THEOREM 2. Suppose that K € K and f(s) € Ho(K). Then, for every e >0 and h > 0,

1
im i <k 1S ) — .
1}\rfri>1(ng+1#{0\k\N :g}gK(s%—zkh) f(s)\<5}>0

Theorem 2 independently by an another method was also proved in [1].
The first discrete version of Theorem 1 was obtained in [3]. Define the set

2
L(P,a,h,7) = {(logp :p € P), (log(m + «) : m € Ny), }j} .
Then the main result of 3] is the following theorem.

THEOREM 3. Suppose that the set L(P, «, h, ) is linearly independent over Q. Let K1, Ko € K,
and fi1(s) € Ho(K1), f2(s) € H(K2). Then, for every e > 0,

#{0 <k < N:sup [((s+ikh) — fi(s)| < e, sup |((s + ikh,a) — fa(s)] <€} > 0.

lim inf
N—oo sEK s€Ky

+1
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In [4], Theorem 3 was generalized for shifts ((s + ikh1) and ((s + ikha, ) by using the linear
independence over QQ of the set

L(P,a,hy,he,m) = {(h1logp: p € P), (halog(m + ) : m € Ny), 27} .

An analogue of Theorem 3 for the functions ((s; a) with multiplicative coefficients and ((s, a; b)
was proved in [14]. Finally, in [15], the results of [14] were extended for a wide collections consisting
from periodic and periodic Hurwitz zeta-functions.

The aim of this paper is discrete universality theorems for L-functions from the Selberg class
and periodic Hurwitz zeta-functions.

The Selberg class S was introduced in [24], and consists of Dirichlet series

that satisfy the following axioms:
(i) (Ramanujan conjecture). For every € > 0, the estimate a(m) <. m® takes place.

(ii) (analytic continuation). There exists r € Ny such that (s — 1)"L(s) is an entire function of
finite order.

(iii) (functional equation). The functional equation
- f
Apsy = whe(1=3), As(s) = L()Q° [[T (Vs + ),
7=1
with Q;,A\; € Rand pj,w € C, Rep; > 0 and |w| = 1 is satisfied for all s.

(iv) (Euler product). The product representation over primes
ﬁ(S) = Hﬁp(s)v
P

where

0 ik
log £,(s) = Z b(]?s)

with b(p!) < p' with some 6 < %, is valid.

It is well known that the majority of classical zeta and L-functions are elements of the class S.
The first universality results for L-functions from the Selberg class were obtained by J. Steuding
in [25] and [26]. The most general universality theorem for the above L-functions is given in [21].
In this theorem, an additional condition that

-1
lim Z 1 Z la(p)|> =k >0 (1)

T—r00
p<zT p<T

is required. Moreover, for £ € S, let

!
de =2) )\,
j=1
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and
1

Cde

Denote by K, the class of compact subsets of Dy with connected complements, and by Hg,y with
K € K. the class of continuous non-vanishing functions on K that are analytic in the interior of
K. The main result of the paper [21] is the following theorem. Denote the class S with condition
(1) by S.

1
1

57 }7 D:DL:{SGCZU£<U<1}.

or = max{

THEOREM 4. Suppose that L € S. Let K € Kz and f(s) € Hor(K). Then, for every e > 0,

1
lim inf —meas {T € [0, 7] :sup |[L(s+iT) — f(s)] < 5} > 0.
T—oo T sEK

Joint universality theorems of L-functions from the class S and periodic Hurwitz zeta-functions
were proved in [8], [9] and [17].
The discrete version of Theorem 4 was given in [16].

THEOREM 5. Under hypotheses of Theorem 4, for every € > 0,

1
im i <k <K 1S ) — .
1}\1{11}101?]\[_1_1#{0\1{\]\7 §g£|£(s+zkh) f(s)\<6}>0

The aim of this paper is to obtain joint discrete universality for L-functions in the class S and
periodic Hurwitz zeta-functions. Such a theorem for a pair (£(s), ((s, a;a)) was obtained in [10].
For h > 0 define define the set

2
LP;aq,...,ap; h,m) = {(logp:pé]?),(log(m—i—aj):mENo,j: 1,...,7‘),;}.

THEOREM 6. Suppose that the set L(P;aq,...,ap; h,m) is linearly independent over Q and
LeS. Let K € K, Kq,...,K, € K, and f(s) € Hoe(K), fi(s) € H(K1),..., fr(s) € H(K,).
Then, for every € > 0,

lim inf
N N +1

#{0 <k < N :sup |L(s+ikh) — f(s)| <,
seK

sup sup |((s + ikh, aj;a5) — fi(s)] < 5} > 0.

1<j<7‘ SEKJ'

Moreover, the limit

#{O <k < N :sup |L(s+ikh) — f(s)| <e,

lim ——
NE)HOON"_l seK

sup sup |((s + ikh, oj;a5) — fi(s)| < 6} >0

1<j<r se K
exists for all but at most countably many € > 0.
For positive h, h1,...,h,, define one more set
L(P;aq,...,ar;h by, ... hysw) = {(hlogp :p € P), (hjlog(m + ;) :m €N, j=1,...,r),21}.

Then we have the following generalization of Theorem 6
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THEOREM 7. Suppose that the set L(P;aq,...,ap;h, by, ... he;7) s linearly independent over Q
and L€ S. Let K € K¢, Ki,...,K, € K, and f(s) € Hog(K), fi(s) € H(K1),..., fr(s) € H(K,).
Then, for every e > 0,

lim inf

<k N: ) -
imin N+1#{O\k\N sup |[L(s + ikh) — f(s)] < ¢,

seK

sup sup |((s + ikhj, o5 a5) — fi(s)] < 5} > 0.

1<j<r se K

Moreover, the limit

1
im — <kELN: ) —
z\;ﬂoN—i—l#{O\k\N Sél[}gw(s—l—zkh) f(s)] <e,

sup sup |((s + ikhj, a5 a;5) — fi(s)] < 5} >0

lgjg’l' SGKJ‘
exists for all but at most countably many € > 0.
The latter theorem can be generalized in the following manner. Suppose that a; = {amjl :

m € Np} is a periodic sequence of complex numbers with minimal period ¢j; € N, j = 1,...,7,
l=1,...,l;. For j =1,...,r, let ¢; be the least common multiple of the periods gj1,...,gj;,, and

apj1 apj2 PN aojlj

aiql ai149 Q14

Aj = J J gl
Agj—1,51 Qq;—1,52 .- Qg;—1,jl;

THEOREM 8. Suppose that L € g, the set L(P; vy, ...,y hy by ..o by ) s linearly independent
over Q and that rank(A;) =1;, j=1,...,r. Let K € K and f(s) € Hoz(K), and for j =1,...,r,
l=1,...,1 let Kj € K, fj(s) € H(Kj;). Then, for every e >0,

lim inf

g gN ‘ - )
im in +1#{0 k sup |L(s + ikh) — f(s)| < e

seK

sup sup sup [((s+ikh;, o 5a5) — fu(s)] < 6} > 0.
1<]<7’ lglgl] SGKjl

Moreover, the limit

#{0 <k < N :sup |L(s+ikh) — f(s)| <e,

lim ——
NgnooN—l-l seK

sup sup sup |((s+ikhj, o 5a5) — f(s)] < 5} >0
1<j<r 1<I<l; s€Ky,

exists for all but at most countably many € > 0.

We see that Theorem 6 is a partial case of Theorem 7 with hy = --- = h, = h, and Theorem 7
is a partial case of Theorem 8 with [y = --- = [, = 1. Therefore, it suffices to prove Theorem 8.

The next section is of probabilistic character. It is devoted to limit theorems on weakly
convergent certain probability measures connected to the functions £(s) and (s, aj; aj).
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2. Probabilistic results

Let G be a region on the complex plane, and H(G) be the space of analytic functions on G
endowed with the topology of uniform convergence on compacta. We preserve the notation of [17].
Thus, let

u:le, v=u-+1,
j=1
and
HY=H"(D;,D)=H(D,) x H*(D),
where H*(D) = H(D) x --- x H(D). Denote by B(X) the Borel o-field of the space X, and use the

u

notation

Z(&S,Q;Q,ﬁ) = (‘C(‘g)?g(‘g?al; a11)> .. .,C(S,O&l; a1l1)7 s 7C(81a7“; aT1)7 .- 'aC(SvaT; a'rlr)) )

where a = (ai,...,a,) and a = (ag1,...,a17,,...,0r1,...,0-,). For A € B(H") and N € Ny, define
1
Py(A) = m#{o Sk<N:Z(8+ikh,s+ikh,aza,L) € A},
where s + ikh = (s + ikhy,...,s + ikh,). In this section, we will consider the weak convergence

of Py as N — oo. For the definition of the limit measure, we need a certain H"-valued random
element. Let vy = {s € C: |s| = 1}, and

Q:H’Vpa Q= H7m7

peP meNg

where v, = 7 for all p € P and ~,,, = v for all m € Ny. The classical Tikhonov theorem implies that
the infinite-dimensional tori 2 and € with the product topology and pointwise multiplication are
compact topological Abelian groups. Hence,

Q:QX91X~--XQT,

where Q; = Q for all j = 1,...,r, is again a compact topological Abelian group. Therefore,
on (2,B(R2)), the probabilistic Haar measure mpy can be defined, and we obtain the probability
space (2, B(£2), mg). Denote by @(p) the pth component of w € Q, p € P, and by w;(m)
the mth component of w; € Q;, m € Ny, j = 1,...,7. Moreover, let w = (&,w1,...,w,) be
elements of . Now, on the probability space (2, B(2), m), define the H"-valued random element
Z(8,s,w,a;a, L) by the formula

Z(w> = Z(‘§7 S, w, a4, L) = ([,(g,(;}), C(Sa a1, Wi; 011), SRR é(sv ar, Wi; 0111)7 ceey

C(s, o, wpyap1), -5 €S, iy wrs arg,.)),
where . a(m)is(m)
ﬁ(g,w)zn; 5, €Dy,
with
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and, for s € D,

o0
‘ Ajiw;(m) ]
C(S)ajij’ajl): E (:)’;7_'_70{].)8’ ]:1,...,T,l:1,...,lj.

m=0

We observe that, for almost all © € Q, the equality

e kY ok
L(8,w) = exp Z Z 7[)(;0 ;ks (p)

peP k=1

holds [21] with certain coefficients b(p¥).
Denote by Py the distribution of the random element Z(8, s,w, a;a, L), i.e., Pz is a probability
measure on (HY, B(H")) defined by

Pz(A) =mp{weQ: Z(5s,w,aa,L) € A}, AeB(H").
Now, we are able to state a limit theorem for Pjy.

THEOREM 9. Suppose that L € g, the set L(P; a1, ...,y hy by ..o hys ) i linearly independent
over Q and thatrank(A;) =1;, j = 1,...,r. Then Pyn converges weakly to Pz as N — oo. Moreover,
the support of the measure Py is the set Sy x H“(D), where

Se={g€ H(Dr) : g(s) # Oorg(s) = 0}.

We divide the proof of Theorem 9 into Lemmas. The first of them deals with weak convergence
on the group .

LEMMA 1. Suppose that the set L(P; ... ,ap;h,h, ..., hyyw) is linearly independent over Q.
Then

On(A)™ N1+1 {o <k<N: ((p_ikh pe IP) , ((m Fan)"*h e No) :
((m + )RR € NO)) e A} . AeB(Q),

converges weakly to the Haar measure mg as N — 00.

Proor. We apply the Fourier transform method. Denote by gn(k,l;,...,L.), where k = (k, : k), €
€Z,peP),ly =im:lim €Z, meNy),...,l, = (lpm : lym € Z, m € Ny), the Fourier transform

of @Qn. Since the characters of the group Q are of the form [13], [17]

T , .
~k jm
1o LT <
peP j=1meNg

W/l

where the sign
we have that

shows that only a finite number of integers k, and l;,, are distinct from zero,

gn(k 1y, .. L) / H () [T H' wi™(m) | dQw.

peP j=1meNy
Therefore, by the definition of Qy,

gN(E,h,...pT N+1ZH P ZkkPhH H m+a —ikhjlim

k=0 peP j=1meNy

N+1Zexp —ik th logp-i-zz hilimlog(m +aj) | . (2)

peP j=1meNg
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Obviously,
gn(0,0,...,0) = 1. (3)

Since the set L(P;aq,...,ap;h,hy, ..., hy;7) is linearly independent over @Q, we have that

exp{ —ik | Y hkplogp+ > Y hilimlog(m +ay) | o # 1 (4)

peP 7=1 meNy
for (k,ly,...,L,.) # (0,0,...,0). Actually, if inequality (4) is not true, then
Adéfz hkylogp + Z Z hjljm log(m + o) = 2ma
peP j=1meNy

with a certain a € Z, and this contradicts the linear independence of the set L(P;aq,...,a.;h,
hi,...,hy; ). Thus, inequality (4) is true, and, in view of (2), we find that, for

(E7£1""7£’r‘) # (Q7Q7"'ag)7

1 —exp{—i(N +1)A}
(N +1)(1 — exp{—iA})’

gN(Eaélv cee 7L/‘) —
This and (3) show that
) = (Qv 0

_ 1 if (E)Lla'”vér 7"’79))
]\}gﬂ gN(k: ll?"'al'/‘)_{ 0 if (E’h"”7£r)#(Q’Q"“,Q)’ (5)

and the lemma is proved because the right-hand side of (5) is the Fourier transform of the Haar
measure mpy. O

The next lemma considers probability measures on the space (HY, B(H")) defined by collections
cousisting of absolutely convergent Dirichlet series. Let 6 > % be a fixed number, and

vn(m) = exp {_ (7:)9} C moneN,

RN
vn(m,aj):exp{—<m+%> }, meNy,neN, j=1,...,r

Define the functions

S
m=1 m
and
AmitVn (M, o) )
Culs, aj;aj) Z mjnia =1, l=1,..;
m=
. . . d
Then it is known that the series for £,(s) is absolutely convergent for ¢ > max (1 1— —) 2 oL

[21], and the series for (, (s, aj; aj;) are absolutely convergent for o > £ [12]. Additionally, we define

the series - A
-y a(m)wgnﬂz)vn(m)

m=1

and

iamjl%(m)vn(mﬂj) =1

C(Sﬂ")}a';a'l):
(s 2530 (m+ 0y

m=0
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which, obviously, are also absolutely convergent in the above regions.
Let, for brevity,

Zn (8,s,0;0, L) = (Ln(8), Cu(s, arsa11)s -, Gu(s,aq5a17,), - -

Cﬂ(s7a7‘; a7‘1>7 e 7<’n<37 a’l‘; arlr>) 9
Zn (é’ S, W, &; Q,ﬁ) = (Ln(gvaj)v gn(S,WLOé]_; all)) ceey Cn(s7w17 aq; alll)u ey
Cn(svwra Q5 arl)v cey Cn(sawry Qr; arlr)) s

and

Pyn(A) = ——#{0< k<N :Z,(5+ikh,s+ikh,a;a L) € A}, AecB(H).

N+1

LemMmA 2. Suppose that L € S and the set L(P;aq,...,ap;h by, .. hes ) ds linearly
independent over Q Then Py, converges weakly to the measure P, on (HY,B(H")) as N — oo,
where P, = mpyu,, and the function u, :  — H" is given by the formula

Un (W) = Zy (8,8, w, 50, L) .
ProoF. We have that

Uy, <<p_ikh ip € ]P’) , ((m + al)_ikhl im € N()) ey <(m + ar)_ikh"m € NO))
= Zn (8 +ikh,s + ikh,a;a, L)

Therefore,

PN,n:QNU;Ia (6)
where Q is from Theorem 9, and the equality is understand as Py ,(A) = Qn(u,'A), A € B(HV).
Moreover, the absolute convergence of the series for L, (s,w) and Cn(s,wj,a],ajl) implies the
continuity of the function w,. Therefore, the lemma is a consequence of (6), Lemma 1 and
Theorem 5.1 of [2]. D

Now, we will approximate Z by Z, in the mean. For this, we need the metric in H". Let G be
a region in C. Then it is known [5] that there exists a sequence of compact sets {K; : [ € N} C G

such that -
¢ =|JK,
=1

K, C Kjyq foralll € N, and if K C D is a compact set, then K C K for some [. Taking

565244 SUPser, [91(s) — g2(s)]

) gvaQEHG7
" 1+ supeer, 191(5) — g2(s)| (G)

p(g1,92) =

gives a metric in H (D) inducing its topology of uniform convergence on compacta. Define by p,
the above metric in H(D,), and by p the metric in H(D). Let

Q: (gagllv"'agllp'"?g’r‘la"'ag’r‘lr)ai: (fvflla"'afllp'"7f7‘1,'";f’f”lr) € H".

Then
po(g, f) = max <pz:(g,f) max max p(gjl,f]l>>

1< <r 1<I

is a desired metric in H" inducing its product topology.
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LEMMA 3. Let £L € S. Then the equality

lim lim sup
n=00 N_oo

1va( (§ +ikh,s +ikh,a;a,L), Z,(5 + ikh,s + ikh,o; 0, L)) =

holds.

Proor. By the definition of the metric p,, it suffices to prove that

N
> pr(L(s +ikh), Ln(s + ikh)) =
k=0

lim li
n0o N N+ 1

and, for j=1,...,r, Il =1,...,1;

Z p(C(S + ikhj, Q) Cljl), Cn(S + ikihj, Qg Cljl)) =0.

lim lims
it

However, the first equality was obtained in [21], while the second equality follows from [10]. O
Now, we will consider the limit measure P, of Lemma 2, and will prove that the sequence
{P,, : n € N} is tight, i.e., for every € > 0, there exists a compact set K = K(g) C H" such that

A

P,(K)>1-¢
for all n € N.

LEMMA 4. Suppose that L € S and the set L(P;aq,...,ap;h by, ... hes ) ds linearly
independent over Q. Then the sequence {P, : n € N} is tight.

PRrROOF. On a certain probability space with the measure u, define the random variable 8 by

u{fn =k} k=0,1,...,N.

_N+1

Define the H"-valued random element Xy, = Xy n(5,5) = (Xnn(8), XNn1,1(5); -, Xm0, (9),
XN 1(8), s XN, (8) = Zn(5 + iOnh, s +i0nh, o; a, L£). Moreover, let

Xn = Xn(éa 3) = (Xn(§)7 Xn,l,l(s)a cee 7Xn,1,ll (5)7 cee aXn,r,l(S)a .- aXn,r,lr (3))

be H"-valued random element with the distribution Pn, where Pn is the limit measure in Lemma 2.
Then the assertion of Lemma 2 can be written as

Xnm —2— X, (7)
N—oo

where = means the convergence in distribution.
Since the series for £,,(s) is absolutely convergent for o > o, we have that, for % <o<og,

.1 la(m)[Fvn(m)
Tlgr;oT/O| n(o +it)|?dt = Z

|22

) el

and

1 2,2 1 2
lim / £ (o + it)2dt = Z la(m)Ton(m)log™m o,

m2o’
m=1
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These estimates and an application of the Gallagher lemma [20, Lemma 1.4], which connects discrete
and continuous mean squares of some functions, lead, for % <o <ogandallneN, to

lim sup
N—oo

N
- > 1Lu(o +ikh)[> < Cyp < 0. (8)

Let K, be a compact set from the definition of the metric ps. Then (8) and the Cauchy integral
formula imply, for all n € N,

lim sup sup |L£,(§+ tkh)| < Cp, < 0. (9)
N—oo N + Z(]SGKm

Let K,, be a compact set from the definition of the metric p. Then, in a similar way, we obtain
that, forall j=1,...,r, 1 =1,...,1;,

N
lim sup sup [(n(s +ikh;,a;a:)| < Cipm < 00 10
N—oo N+1kZOS€Km n( 7 ])’ s ( )

for all n € N. Let € > 0 be an arbitrary number, and, for m € N,
My = Min(e) = Cn2"e™, Mjym = Mjim(e) = Cam2" el
Now, using (9) and (10), we find that, for all n € N,

lim supp { ( sup | Xnn(8) > Mm) or <E|j,l :sup | Xnnji(s)] > Mj,l,m)}
N—osoo sk, €K m

v
< limsupu{ sup | Xy n(3)] > Mm} + Zzhmsupu{ up X ()] > Mj,l,m}

N—o00 s€Kom j=1 1=1 N—o00

= lim sup

0<k<N: L, (5 + ikh)| > My,
sy N+1#{ sup |Ln (5 + ikh)| }

3€Km

+ Z Z lim Sup

# {0 <ESN: sup |Gu(s+ikhj, a5 a5)] > Mj,l,m}

J=11=1 N—o00 sEKm
<i ! Z L0 (3 + kD)
< 1msup7 sup S+1
N—oo Mm(N+ ke OSGKm
1 €
+ limsup ——— sup |Cp(s +ikhj, a0 < —
;; N—oo jlm(N+1 EZ:SEK”L’ n( YRR ])’ om
for all n € N. Thus, in virtue of (7),
. . €
0 { ( sup | Xn(8)] > Mm) or (3371 tosup | Xy 5 > MjJ,m)} S om (11)
§€an sEKm

for all n € N. Define the set

K’(@e) = {(g,gn,...,glll,...,gﬂ,...,grlr) € H' : sup |g9(8)| < My, sup |g11(s)| < Mi1m,---,
§€Km SEKm

sup \9111 (3)’ < Ml,ll,m; ..., Sup ’grl(s)‘ < Mr,l,mv ..., Sup ’grlT(S)’ < Mr,lr,rmm € N} .
seEKm seEKm sEKm
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Then the set K"(¢) is compact in HY, and, in virtue of (11),
M{Xn € K”(e)} >1-¢

for all n € N, or equivalently,

P, (K’() >1—¢

for all n € N. This shows that the sequence {P, : n € N} is tight. O

PROOF. [Proof of Theorem 9| Since, by Lemma 4, the sequence {Pn : n € N} is tight, in virtue
of the Prokhorov theorem [2, Theorem 6.1], it is relatively compact. Therefore, every sequence of
{P,} contains a subsequence {P,, } such that P,, converges to a certain probability measure P on
(HV,B(H")) as k — oo. Hence,

X, —2 P, (12)
Now, define the H"-valued random element Xy by the formula
Xy =Xn(8,8) = Z(§+i0nh,s+i0nh,a;a,L).
Then an application of Lemma 3 shows that, for every € > 0,

lim limsup p{py(Xn, Xnn) = €}

n—oo N—o00

#{O0<EkE<N:

1
— lim 1i
oy VN |

po(Z(5 + ikh,s +ikh,o;a,L), Zn(3 +ikh,s + ikh,a;a, L)) > €}

N
< lim limsup ——— w((8 +ikh,s +ikh,a;a, L), Z, (5 + ikh,s + ikh,a;a, L)) = 0.
i timsup ol ). Zu )

The latter equality, relations (7), (11) and Theorem 4.2 of [2] imply that
D
Xy —— P, (13)

or, in other words, Py converges weakly to P as N — oco. Moreover, (13) shows that the measure
P is independent of the choice of the sequence {X,,, }. Therefore,
X, -2.p
n—oo
This means that Py, as N — oo, converges weakly to the limit measure P of B, as n — oo.

Denote by
X:(X(),Xl,...,Xr), Xj:(le,...,Xﬂj), jZl,...,T,

the H"-valued randomA element with distribution P. Moreover, let ]5”70,]571’1,...,]5”’7" be the
marginal measures of P,. Then it is known [21]| that P, converges weakly to the distribution
of the H(D)-valued random element

o a(m)w(m)
£(§,d)): ZTv §€D£,
m=1
as n — 0o. The linear independence over Q of the set L(P;aq,...,ap;h,h1,. .., hy;7) implies that
for the sets

L(aj) = {log(m +aj) :m e No}, j=1,...,r
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Therefore, repeating the arguments of [12], we obtain that Isw- converges weakly to the distribution
of the H'%-valued random element
C] = C](w) = (<(87 a]awja ajl1) ey (C(Sv a]7wj7 ajlj)
asn — oo, j =1,...,r. This and the definition of the random element X show that
XOE,C(S,(Z}) and XjECj’ j:]_,...,T‘.
Therefore, P is the distribution of the H"-valued random element

(£(§,@),C17 .. ‘7€T’)7

in other words, Py converges weakly to the distribution Pz of the random element Z.

It remains to find the support of Py.

It is known [21] that the support of the random element £(§,®) is the set S,. Denote by g
the Haar measure on (Q, B(12)), and by mp,; the Haar measure on (5, B(€2;)), j =1,...,7. Then
we have that mp is the product of the measures My and mpg1,...,my,. This means that, for

A=Ay x Ay x---x A, Ay EB(H(D/;)), Aj GB(Hlj(D)), j=1...,r
mH(A) :ﬁ’LH(A()) mHyl(Al)mH,T(A,«) (14)

The spaces H(D,) and H(D) are separable, therefore [2]
B(HY) = B(H(D;)) x B(H"(D)) x --- x B(H" (D)).

Hence, it suffices to consider the measure mpy on sets of the type (14). Since the sets L(«;) are
linearly independent over Q and rank(A;) =1;, j = 1,...,r, we have that the support of (; is the
set H' (D), j =1,...,r [13]. Therefore, using the equality (14), we obtain that

mp{w e Q: Z(w) € A} =mp{d € Q: L(3,0) € Ao} -mpi{wr € Q1 : G(w1) € Ay} -
mpr{wr € Q2 G(wy) € A

This, the minimality of the support and the supports of the random elements £(8,®), (1(w1),. ..,
¢r(wy) imply that the support of the measure Py is the set Sy x H*(D). The theorem is proved. O

3. Proof of universality

First we recall the Mergelyan theorem on the approximation of analytic functions by
polynomials [18].

LEMMA 5. Let K C C be a compact set with connected complements, and f(s) be a continuous
function on K and analytic in the interior of K. Then, for every € > 0, there exists a polynomial
p(s) such that

sup | f(s) — p(s)| <e.
seK

ProOOF. [Proof of Theorem 8| In view of Lemma 5, there exist polynomials p(s) and pj;;(s) such
that

sup |f(s) — P | < = (15)
seKp 2
and .
sup |f(s) —pj(s)] < 3’ j=1...,r1l=1,...l;. (16)

SEKjl
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Define the set

f(s) =] <

GE = {(g7gllv"‘791117"'791“17"'79711«) S HU . sup
seK,

sup sup sup |fu(s) —pju(s
1<G<r 1IL; s€K

l\D\(‘)

<

Then, by the second part of Theorem 9, the set G, is an open neighborhood of the element
(ep(s),pn, co Dl s Prly - ,prlr) of the support of the measure Pz. Hence,

Pz(GE) > 0. (17)

Moreover, by Theorem 9 and the equivalent of weak convergence of probability measures in terms
of open sets (|2, Theorem 2.1|), we have that

lim inf PN(Gg) = Pz(GS)

N—o0

This, the definitions of Py and G¢, and (15) — (17) prove the first assertion of the theorem.
To prove the second assertion of the theorem, define the set

A~

GE = {(gagllw"agllp"'»grla"-agrlr) cH": sup |g(8) —f(8)| <g,
seK,

sup sup sup |gj(s) — fu(s)| < E}.
1<j<r 1<i<ly SGKjl

Then the boundaries GGSI and 8G52 do not intersect for different positive €1 and €. Hence, the set
G. is a continuity set of the measure Py (Pz(0G, ) = 0) for all but at most countably many & > 0.
Using of Theorem 9 and the equivalent of weak convergence of probability measures in terms of
continuity sets (|2, Theorem 2.1]) yields the equality

Jim_ Pn(G.) = Pz(G.) (18)

for all but at most countably many & > 0. Inequalities (15) and (16) imply that G, C G-. Therefore,
in virtue of (17), we have that Pz(G¢) > 0. This, the definitions of Py and G., and (18) prove the
second assertion of the theorem. O

4. Conclusions

In the paper, the joint discrete universality of the L-functions from the modified Selberg class and
periodic Hurwitz zeta-functions is obtained. This means that wide collections of analytic functions
(f, firs- -5 fugs- -5 fr1, -+, fr1,) can be approximated by discrete shifts

(£<§ + ik‘h), C(S + tkhy, aq; 0.11), RN C(S + ikhy, aq; alll), R ,C(S + tkh,, ap; arl), e
C(S +ikhy, ap; arb-))-

For this, the linear independence over Q for the set
{(hlogp:p e P),(hjlogim+ ;) : meNy, j=1,...,r),2n},

where a1, ..., q, are parameters of periodic Hurwitz zeta-functions, and h; hq, ..., h, are positive
numbers, is applied.
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We note that theorems of the paper can be extended for collections having several L-functions

from the Selberg class. For this, the linear independence over Q for the set

{(ﬁklogp:pep, kzl,...,m),(hjlog(m+aj):mGNO,jzl,...,r),27r}

would be used.
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AnHOTan s

Hanmas paboTa MOCBAIIEHA BOIPOCAM OIEHKH CHU3Y KOHCTAHTHI HAMIYUIINX JAO(PAHTOBBIX
HpUOIMAKEHUN JIJIst 1 JAeHCTBUTENbHBIX YMCeJI. DTa IPODJIeMa ABJISeTCA YaCTHBIM CJIydaem 0oJiee
o01meit TpobIeMbl TTPUOIMKEHUS 7 TeHCTBUTEIBHBIX JIMHEHHBIX (OPM U MMEeT CBOK OOTaTyro
ucropuio, Bocxomsaiyio K 11. I. Jlupuxe. 3HaunTeIbHBIN BKJIA] HA PAHHEM JTAIe UCCJIETOBAHMTI
paecan A. I'ypsBui ¢ moMormipio ammapara HenHbX apobeii u ©. @ypTBeHriepoM, UCIOJIb3Ys
anmapar JUHeHHO! aaredpsl.

B cepeaune nsamnaroro Bexka I'. Issennoprom 6buta HaiimeHa GpyHIaMEHTATIbHAS CBA3b 3HA-
9eHMS KOHCTAHTHI HAMJIY YIITUX COBMECTHBIX TUO(AHTOBBIX MPUOIMKEHUN 1 KPUTHIECKOrO OIIpe-
JeJIUTEIISA 3BE3IHOrO Tejia crennaabHoro suga. Ilosamee, Ixx. B. C. Kaccenc neperesn ot Hermo-
CPEJCTBEHHOTO BBIYUCJIEHNS KPUTUIECKOTO OMPEIEIUTE ST K OIEHKE ero 3HAYEHNS C MOMOIIBIO
BBLIUNC/IEHNA HanOOMBIIero 3HadeHus V,  — oObeMa mapasnienenniesia ¢ IeHTPOM B Hadase Ko-
opauHAaT 00J1a/IaI0IIEero OIpeaeleHHbIMA CBORCTBAMU, DTOT [OAXO0, O3B0 IOy YUTh OUEHKHI
CHU3Y KOHCTAHTbI HAWJIyYIIUX COBMECTHBIX AuO(aHTOBbIX upubivkenuil mig n = 2,3,4 (cM.
paborer /Ix. B. C. Kaccenca, T. Kviozuka, C. Kpacca).

B maumoit paboTe, OCHOBBIBASICH HA OMTUCAHHOM BBIIIIE TTOIXO/IE, MOJIYI€HbI OIEHKU IJIst 1 = 5
u n = 6. Unea mocrpoenusi ornerok oriamdaercsd or paborsr T. Keiozuka. C momornpio dwuc-
JIEHHBIX JKCIIEPUMEHTOB OBLIHM TOJyYeHbl BHAYANE MPUMEPHbIE, a 3aTEM W TOYHDLIE 3HATCHIUS
OLEeHOK V,, . JJoKa3aTesbcTBO 9TUX OLEHOK JOCTATOYHO TPOMO3JKO U IPEJCTABILACT B IIEPBYIO
oYepesib TEXHUIECKYIO CJI0KHOCTD. IpyruM oTimdneM mOCTPOEHHBIX OIEHOK SABJISIETCST BO3MOK-
HOCTBH OOOOIIEHHUST WX HA JIIOOYI0 PA3MEPHOCTb.

B mporecce 9ncIeHHBIX IKCIEPUMEHTOB OBLIA TaKKe MOJIyYeHA WHTEepecHas WH(MOPMAIWS
O CTPYKType 3HadeHnit V,, ;. TN pe3ynbTaThl JOCTATOTYHO XOPOIIO COTJIACYeTCA C Pe3yIbTaTa-
mu nonydenneivu B paborax C. Kpacca. Bompoc o crpykrype 3madenuit Vi, s 11a G0/bIIHX
Pa3MepHOCTEH MAJIO WCCIEIOBAH W MOXKET MPEeICTABIATh 3HAUNTETbHBIN HHTEPEeC KaK ¢ TOYKH
TeOMETPHUHU YUCEJ, TAK U C TOYKU TEOPUU JAO(PAHTOBBIX MPUOITHKEHMIA.
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Abstract

This paper is devoted to the problem of estimating from below the constant of the best
Diophantine approximations for n real numbers. This problem is a special case of the more
general problem of approximating n real linear forms and has its rich history, ascending to
P. G. Dirichlet. A significant contribution at an early stage of research was made by A. Hurwitz
using the apparatus of continued fractions and F. Furtwéngler, using the apparatus of linear
algebra.

In the mid-twentieth century, H. Davenport found a fundamental connection between the
value of the constant constant of the best Diophantine approximations and critical determinant
of a special type of star body. Later J. W. S. Cassels switched from directly calculating the
critical determinant to estimating its value by calculating the largest value of V,, ; — the
volume of a parallelepiped centered at the origin of coordinates with certain properties. This
approach allowed us to obtain estimates from below of the constant of the best joint Diophantine
approximations for n = 2, 3,4 (see the works of J. W. S. Cassels, T. Cusick, S. Krass).

In this paper, based on the approach described above, estimates for n = 5 and n = 6 are
obtained. The idea of building estimates is different from the work of T. Cusick. Using numerical
experiments we approximate and then obtaine exact values of the estimates of V,, 5. The proof
of these estimates is rather cumbersome and is primarily a technical difficulty. Another different
of the given estimates is the ability to generalize them to any dimension.

In the process of numerical experiments was also obtained interesting information about
the structure of the V,, s values. These results agree quite well with the results obtained in the
works of S. Krass. The question of the structure of the values of V,, ; for large dimensions has
been scantily explored and can be of considerable interest both from the point of the geometry
of numbers and from the point of the theory of Diophantine approximations.

Keywords: best joint Diophantine approximations, geometry of numbers, star bodies, critical
determinants.
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1. BBenenue

[Ipobaema OMeHKE KOHCTAHTHI HAMTYIIAX AUO(MAHTOBLIX MPHOJMKEHN HMeeT HHTEPECHYTO UC-
Topuio. Baxuoit 0cobeHHOCTHIO TOH MPOBIEMBI IBJISETCA PA3HOOOPA3ME METOIOB C OMOIIBIO KOTO-
PBIX OBLITH Oy IeHbI PE3YIbTATHI 0 9TO pobaeMe. A. ['ypBuIit mcmop30BasI AapaT MEMHBIX TPO-
Geii (8], ®. DyprBenrepoM — ammapar JuHeiiHoi aare6per [6, 7|, I. Jdssennoprom, Ix. B. C. Kac-
CeJICOM MCIOJIb30BAIN TOJXO0/bI reoMerpun uuces [2, 4].

B nannoit crarbe, Mbl pazopbeM moaxojsl I, Issennopra, [Ix. B. C. Kaccenca u T. Kbrozuka
[2, 3, 4] x ounenke KoncTaHTHl Hamaydnmx JU0odaHTOBBIX Hpubsmkenuit C), U NOJYIUM OLEHKY
CHU3Y AJs pa3MepHocTeil n =5 u n = 6.

()TMQTI/IM7 49TO 3aJa4a HpI/I6.HI/I}KeHI/IH n ,ZLefICTBI/ITeJIbeIX qucesl dBJaAeTCA YaCTHBIM CIyYaeM
3aJTaun TpUOAMKEHUS N JeHCTBUTETHHBIX JTHHEHHBIX (hOpM

—

aq a1 a12 ... O1m
az | | a2 az ...
Qo Qpl Op2 ... Qpm

¥ TECHO CBA3AHO C MPUOJIMKeHNEe OHON JUHEHHOH (DOPMBI C TTOMOIIIBHIO TPUHIIWIIA TIEPEHOCA XUHINHA

19).

Cdopmynupyem 3a/1ady HAMIYUIIUX COBMECTHBIX TUO(MAHTOBBIX NPUOIMKEHNI N IeHCTBUTE b=
wbix gucen. [lycrs
a=(ay, ag, ..., ay)

— [POU3BOJIBHBIN BEKTOD JIEHCTBUTE/bHBIX duces. Hac OyayT mHTEpecoBaTh MpubvKkenus & pa-

ﬁ:<m P2 p)
q ¢ q 7 ¢

ONPEAEJEHUE 1. Mepoti xauecmsa cOBMECTMHBIL NPUOAUNCEHUT NEPE02o poda exmops &
DPAUUOHAALHBEM BEKMOPOM D/ q HAZVEAEMCA BEAUNUNG

ITHMOHAJBHBIMUT /Ip069[MI/I

D(d,p/q) = max q |qa; — pi|”
1=

1

ONPEAEMEHUE 2. Koncmanmot nauasywur duoparmosux npubasusceruti C () dan eexmopa
T HA3BIBAEMNCA MOYHAA HUNCHAA 2patb seaudunst C, 04 Komopotl cyusecmsyem 6ecKoHeNHoe YUCAO
DAUUOHAALHBLT BEKMOPOS P/, YOOBAEMBOPAIOULUL HEPAEEHCTNEY

D(Z,p/q) < C.

ONPENEJEHUE 3. Konwcmanmot nausyqwur duoparmosus npubasusicenuts C, HA3HIEAEMCHA
mounaa eeprnan epans wucaa C(Z) no ecem sexmopam T pasmeprocmu n:

C,, = sup C (7).
ZeRs

B 1891 roay A. 'ypsu [8, 19] nokasza, 9ro

Cy = \% (1)

HanoMmHuM HEKOTODbIE MOHATHS U3 TeoMerpun dncen [17].
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OHPE,ZLE.HEHI/IE 4. Hycmb aiy...,Qp — AUHETHO HE308UCUMDLE MOUKU GEUWLECTNBEHHO20 E6KAU-
dosa npocmpaHcmea. Mmnoocecmso ecex mouex

r=uia1 + ...+ upay

C UCABMUY KOIPHUUUEHMAMY U1, . . . , Uy HA3BIBGEMCA peuwemKoltt A. Beauuuna
d(A) = |det(ay, ..., ay)]

naavisaemces onpedesumenem peusemun A.

OnPENENEHUE 5. Iycms F — moueunoe meno. Ecau pewemxa A ne umeem 6 F omauyrmx
om Q@ mouex (0 € F), mo A donycmuma daa F uau F-donycmuma. Tounyro wuoicrnioro eparns

A(F) = inf d(A)

onpedesumenet d(A) ecex F-donycmummz pewemor A naswearom xpumuseckum onpedesumene
muoocecmea F. Ecau F-donycmumoix pewsemor nem, mo F asasemea muoocecmeom beckonewnozo
muna u A(F) = oo.

ONPEAEJEHUE 6. 1100 36€30HbIM MEAOM NORUMAION MHOHCECNBO, 00AGIAIOULEE CAEIYHOULUMU
ceolicmeamu

® CYWECTNBYEM oKD, HA3DEAEMASA "HANAA0M”, KOMOPAA ABAAEMCA SHYMPEHHET MouKol MHO-
aIcecmsa;

o 21060U AYY, BVTOOAUWULT U3 "HOwaAa”, AUOO HE NEPECEKAEMCA C 2PAHUUET MHOMCECMEA, AUDO
umeem ¢ Heti MoAbKO 00HY 00ULYI0 MOUKY.

I'. IsBenmnoprom [4] 6L moyuen ciaenyromuit hyHIaMeHTATBHBIH Pe3yIbTAT.
IMycts Fy, — 310 (n + 1)-MepHOE 3BE3HOE TEIO

Fp, : |xo| max |z;|" <1,
1<i<n

a AF — ero kpurnyeckuit onpegennrens. Toraa

TEOPEMA 1.

JOKABATEILCTBO. Cwm. [17]. O
Jx. B. C. Kaccesnc |2, 3] nonyuwnn ciaeaytomiyto onenky s AF.

TEOPEMA 2. Ilycmo

n

1 S
fus =5 [Tl + a2l 1T il (3)
i=1

i=2s+1
u 2"V, s 065eM HAUBOADUER0 NAPAANEACTUNEIE C YENMPOM 6 HAHAAE KOOPOUHA, COOEPIICaULE-
20cA 6HYMPU Puzypol

fns <1 (4)

IIyemv A, s Haumenvwee abcostommuoe snauerue OUCKPUMUHGHMG Oelcmeumensvhozo noas
cmenenu n—+1, Komopoe umeem s nap KOMNAEKCHO-CONPANCEHHVT AA2EOPAUNECKUT wuces (Mo ecmo
2s <n-+1). Tozeda

AF,, < \/Ans/Vis, (5)
uAU aHce

Cn Z Vn,s/\/ An,s- (6)
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JOKA3ATE/NLCTBO. Cum. [3]. O

Buagenus A, s u3BecTHb! A1 obmupHoro ducaa n (cMm. [20]). Takum obpazom, 3aja4da OLECHKE
KOHCTAHTBI HAWIYIIINX AHOGAHTOBBIX NPUOINKEHN{l CHI3Y CBOAUTCS K OIeHKe cHusy V, ;. Pamee
ObLIU TIOJIY9EHBI CJIEIVIONINE OTCHKHU

Voo =2,Vo1 =1 (dx. B.C. Kaccenc) [2]
Var =2, Vo= 22 (T. Kniozux) [3] -
Vig> L, Vi1 >2, Vao >4  (C. Kpacc) [9, 10]
Vs, > 2.3932. .. (C. Kpacc) [10]

3 sTrx 3Hadenwit MOXKHO TOJYIUTDL CAEAVIONINE OTeHKN KOHCTAHTH HAMIYIIINX COBMECTHBIX
IOhaHTOBBIX TPUOTHKEHUT

2 16
Oy —— Oy ———
5= /275 4= 941609

Boutee monpobro ¢ m3BecTHBIMU pe3yJbTaTaMu 10 MpobJieMe OIEHKH KOHCTAHTHI HAUJIYUIITHX

(8)

o

Cy >

COBMECTHBIX THOMAHTOBBIX MPUOINKEHIH MOKHO 03HAKOMUThCs B pabote [16]. B wacTtHOCTH cTOMT
ormeruTh cyiecrBernble ycrexu B. . Hosaka B Bompocax omnenkn C, csepxy [12, 13, 14, 15].
8 \2

Hampuwmep, um 6bi1a nosryuena omenka Cy < (1—3) .
BameTnm, 4TO JBE HOCTEAHEE oneHKU (8) mosydarorca u3 (6) mpu mopcraHoBre s = [n/2].
HosToMy MBI coCpeoTOuMMCs Ha OneHKe V), /9. B 9acTHOCTH, namee MBI HOTyInM ONEHKHA IS

Vsou Vg 3.

2. Upes mory4dyeHnusa OLIEHOK V/,

PaccemoTpum maTpuity n-oro mopsaaka

ail ai2 Aln
az1 a2 ag

A, = " (9)
anl Aan2 Ann

IIycts E n-mepHBIN e MHUYHBIH KyD, COCTOAIINI N3 TOYEK

6:(61762,...7671), Oﬁezgl, Z:l’n
Marpua A npeofpa3yer ero B n-MepHBI MapaJiie/eue/]

Bamernm, 910 TaKuM 06PA30M KaXKIOMY N-MEPHOMY MapAJLIEJICHUIIE Ly COOTBETCTBYET MaTPHUILA
A. O6bem sToro mapastenenuneqa pased 2" det A.
Ilycrs [y, ¢ — 910 n-MepHOe 3Be3/HOE TETIO0

Fn,s : fn,s <1,

rae fns 970 (3).
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Hac 6yger mrTEpecoBaTh, HAXOAUTCS JTM HEKOTOPBIA MapaJuienenunes] A BHyTprU 3BE319aTOTO
tena Fy, s. MoKHO NPeyIozKuT CIeyIOmuil METO/l IPOBEPKHU 3TOr0 yTBepkK aennsa. CocraBuM or-
TUMM3AIUOHHYIO 321349y

fn,s — max,
|b11z1 + biawa + . .. + b1y
|ba1x1 + boowa + . .. + by

<1,
<1, (11)

|bn1$1 + bpaxa + ...+ bnn$n| <L

Ecsin pemenne 3azaun < 1, 7o napasiesnenunes A JIe;KuT HOJHOCTBIO BHYTPH 3Be3jH0ro Tesa [y, g,
B IIDOTUBHOM CJIy4ae€, 4acCTh €r0 HaXOJIUTCHA BHE 3BE3HOIO TeJa.
Taxum obpazom, ecau mapaJienenunen A JeXuT BHyTpu 3Be3aHOTO Teja [, s, uMeeT MecTo
k)
OTIEHKA

Vin,s > det A. (12)

B nasbreiimem narmeit mesibio Oyzaer mocTpoenne MaTpuiibl A Takoro Buja, aTobsl 3agada (11)
umesa pemenue max fy s < 1. Ilapasienenunensr A st koropsix det A "Besmnko” Oynem HA3bIBATH
naubosvwumy. COOTBETCTBYIONIYIO HAUOOJIBITEMY MapaJlIeeluie ]y MaTPUIy MBI Takyke Oymgem
Ha3LIBaTh HAUbOALUET.

3. HucieHnble 3KCIIEPUMEHTHI

Ha mepBoMm sTame nccaeqoBaHust OBIIO PEIEHO TTPOBECTH BBIUUCIUTENIBHBIE SKCITEPUMEHTRI TI0
YHCI€HHOMY HAXOXKJCHUI0 HAambOOIbIMMX 3HadeHuit V,, . B mporecce sKcnpuMeHTa IPOM3BOIUIIC
HaIpPaBIeHnbI Tepebop matpun A (9) ¢ neabio Haiitn Marpuity ¢ nauboasmum det A, yaosierso-
patornyto yeaosuto (11). C meTagsiMu IUCIEHHBIX SKCIEPUMEHTOB MOXKHO O3HAKOMHUTHLCS B pabore
[1].

B pesysnbrare 9KCMEpUMEHTOB MPOBOJUMBIX JIJIsT pasMepHocTeidl 3 U 4 BBISCHUIOCH, 9TO CyIIe-
CTBYET MHOXKECTBO HaMOOJILIINX MATPHIL (8 COOTBECTBEHHOTO U NMAPAJLIEIENHIEI0B) C OJJMHAKOBLIMU
det A. TloaTomy OBLITO TPOUBBEJEHHO UCCAETOBAHUE C TEIBIO TOIYUINTh HAMOOIBITYT0 MaTpuiy A ¢
Haubosee NPOCTOl CTPYKTYypoit. OKazamoch, 4T0 MOXKHO HaiiTn HaubobIIyt0 Marpuny A cieryio-
mero Bujga (npuMephbl Takux Marpuil cM. B [1])

a 0 0 0 0 0 0
0 a 0 0 0 0 0
0 0 a 0 0 0 0
A= 0 0 0 aq aq 0 0
0 0 0 —a1 aq 0 0
0 0 0 0 0 ap  ag
0 0 0 0 0 —ar Qg

CTonUT OTMETUTD CHEAYIONIe MOMEHTHI.

Bo-nepBrIx, UCXOd U3 BUJA MaTpUIbl A, MOKHO OIMCATL CTPYKTYPY NapaJsuienenunesa Vy, s —
BCE €r0 I'DAHU IPSIMOYIOJbHUKK (IIPUYEM YaCTh M3 HUX — KBaJpaThl), pedpa jnbo mapasiieabHbl
0CsIM KOOpanHAT, b0 00pa3yioT ¢ HuMHU yros 45°.

Bo-BTOpBIX, yKe g n = 7 HaubosbImasd Marpuna A7 MoXKeT OBITH TTOJIydeHa KaK KOMOMHAIINA
mHanbonbimx marpuny Af u A} (Todmble X 3HAYCHUS CM. HUKE)
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aq 0 0
AE;: 0 (651 (e73]
0 —1] O]
as 0 0 0
| 0 0 0
4= 0 0 V2as V2as
0 0 —V2a V2a2
as 0 0 0 0 0 0
0 a3 O 0 0 0 0
0 0 o3 0 0 0 0
Ar=1 0 0 0 +V2a3 V223 0 0
0 0 0 —V2a3 v2a3 0 0
0 0 O 0 0 as Q3
0 0 O 0 0 —Qa3 O3
~—~—~
As A A3

Boobmie, anst n > 6 marpuiy A} MoxkHO HOTyduTh u3 AY_, u A} DTOT PaKT CXOXK C pe3yIib-
tarom, nosydenubiv C. Kpaccowm [9]

Vn,sVn’,s’ < Vn+n’,s+s’7 (13)

TOJIBKO BMECTO 3HaKa HEPpaBEHCTBa CTOUT PaBEHCTBO.

4. BoiBog oueHoOK V,

g Hac npecTaBAsioT O0JIBIINIT HHTEPEC He YUC/IeHHbIE 3HAYEHUs] 9TUX MATPUIL, a TouHble. Js
X HAXOKACHUA MOZKHO TIOCTYIIUTH CJAECAYIOIITUM o6pa30M. MO}KHO IIOCTAPATHCA OIIpedeINTh TOYKH,
B KOTOPBIX HamOosbmuil mapasienenunes V,, i, /9] Kacaercs 3se3anoro reaa F, o, BIIICATL B
9TUX TOYKAX I'PAHUYHBIE YCJIOBUA U HA UX OCHOBAHUU TIOJIYHYUTH IMAPAMETPBI IapaJlIe/enunneia.
Hanpumep, paccmorpum cayqait n = 3. PaceMorpuM MaTpuity

a 0 O
A= 0 b b
0 —b b

ITocropum 3amaay obparmyio (11). Boibepem Habop Todek B KOTOPBIX f31 JoJKHa ObITH < 1.
Eciu Boibpars B kadecrse Hero sce T09ku Aj (HAGOP Opqz ), TO MATPHUIIA TAPAHTHPOBAHO OyIET yI0-
BJIeTBOPTE 3aja4e (11). [Ipu dukcnpoBarnoM Habope dy ToUeK GyeT MAKCHMI3UPOBATEH 3HAYCHIE
det A3. Ecan det A5 cosnajger c det Az mambosbieit Marpunsl Jas n = 3, 310 OyJer O3HAYATH,
YTO MOYKHO TepeiTH mpu mpoBepke 3agadn (11) or Habopa e, K HabOpy d0p. Cykas wabop dp
JI0 MHHAMYMA, MOXKHO IOJIy4YHTh I'DAHHYHBIE TOYKM, B KOTOPBIX JOCTATOYHO TpeboBaTh f31 = 1,
4TOOBI Bech TapaJiiesnenunes A3 naxomuica BHyTpr F3 1.

IIpoBoust aucieHHbIE YKCIHEPUMEHTHI, HAYAB C TOYEK CO 3HadYeHusMu KoopmwHar —1,0,1, Mbr
IpUILTH K HAbOPY, cocrosimemy u3 efauHcTBenHoit Toukn (1,1,0) (Ha equnuaaoM Kybe; € IMHIIHBII
Ky6 ¢ momorbio mpeobpasosamus (10) npusogutcs xk Aj). Drta Touxa, mpumenss (10), mpeobpasy-
ercst B TOUKy (a, b, b), 9T0 IPUBOANT HAC K 3a/1a1e

2ab?> — max,

1
— (a2 +12)b=1.
5
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Perus sty 3aza4y [1] Mbl noayaum TouHOE 3HAYEHME
1 0 0

Ai=(0 1 1

0 -1 1

ITonydennas marpuiia naet oueHKy V31 > det A3 = 2, uto coBnaznaer pesynsrarom T. Kbro3nka

[3]-
st n = 5 BO3bMEM MaTpPHILY
a 0 0 0 O
0O b b 0 0
A= 0 —c ¢ 0 O (14)
0O 0 0 b b
0 0 0 —b b

B sTom cywae nonyuatorca 6osee cioxkubie rparngnbie Touku: (1,1,1, —1,1), (1 1,1, :,1), 1)

(1, 1,vV5—2,—-1, 1). CooTBeTCBYIOIAA 33039 UMEET BH]T

4ab*c® — max,
2ab%c =1,

ﬁ(a2 +4b?) e =1,
(8- VB) 1 (a2 + (3-V5) 1) e=1.

Ee pemenue [1]

/77 V5. 134+30f 5—1
2a2b2’

9TO JAeT OIEHKY

TEOPEMA 3.

27 (9 + 5V/5)

Vb2 > det Af = 23 ~~ 2.48831... (15)
Jlng n = 6 MaTpua nMeeT BUI
a 0 0 0 0 O
0O0a 0 0 O O
«_ 100 b b 0 0
A=loo0o b b 0 o0 (16)
00 0 0 b b
00 0 0 —-b b

B srom ciyuae mocrarouno aByx rpanmanbix rouek: (1,1,1,1,1,1) n (1, 1,vV5—-2,1,1, 1). Co-
OTBETCBYIOIIAS 33/1a9a NMeeT BHU/I

4a?b* — max,
1
S@ (@ +49) = 1,

i (3= V/B) b (a2 + 4b%) <a2 +(3-v5)° b2) — 1.
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 6/8(30v5 - 67) b_656+25\/5
“= 1 - 8

9+ 5v5
11

Ee pemenue [1]

9TO JAET OIEHKY

TEOPEMA 4.

Vo3 > det A% = ~ 1.83458.... (17)

5. /TokasarejibCTBO OLEHOK V),

s nokazaTeabcTBa TeopeM 3 1 4 BOCIOIb3yeMCs CAeAVIOMNME JeMMaMu. X J10Ka3aTeaInCcTBO
HE [PEJICTABILET CAOXKHOCTH U HOCUT TEXHUYECKUN XapakTep.

JIEMMA 1.
max F1(z,y, z,w) = (t + 22)(t + 22) (v + w?) = 64(56 — 25V/5),
2de t = 10v/5 — 22, npu yeaosuu
—2<zrz+y<2 2<zx—y<2
2<z4w<2, 2<z—w<2
JOKA3ATENILCTBO. Cum. [1]. O

JIEMMA 2.

64 (5v5 —9)
21

max Fy(z,y, z,w) = (t + y°) (t2a® + 2%)|w| =
2det; = 10V5 —22 u to = %, npu Ycao8uU
—2<zr+y<2 -2<zr—y<2

2<z4+w<L2, 2<z—w<2

JJOKA3ATE/NLCTBO. Cum. [1]. O

B nanpmetimux paccyxpenusx OyeM pacCMaTpUBATL MATPHUIIBI CJIEIYIONIEr0 BUIA

a 0 0O 0 0 0 0
0 a 0 0 0 0 0
0 0 a 0 0 0 0
A* = 0 0 0 al al 0 0
0 0 0 —a; ai 0 0
0 0 0 O 0 ar O
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Torga 3amaua (11) npuanmaer Bus
1 /2] 2 2 &
fn,[n/Q] = /2] H |xz +"L‘[n/Q].H‘ H ’xl| — max,
i=1 i=2[n/2)
T1 Tn—2k
- S 15 " S 17
a a
Ty Ty Ty Ty
n 2k+1+ n—2k+2 < 1, n—2k+1 _tn 2k+2 < 1’
2a1 2aq 2aq 2a1
Tn—-1 In Tn—1 In
+ | < - t<
2a;  2ap 2a;,  2ag
Crenas 3aMeny
T; = ay;, i=1,n—2k (18)
Tp_2(k—i)—1 = GiYn—2(k—i)—15 Tn—2(k—i) = %ilYn—2(k—i); i=1k
3aJava IPUMET BU
1 /2] 2 2 &
fn,[n/2] = S/3] H |z + x[n/z].;.i‘ [ |z — max,
i=1 i=2[n/2]
il <1, o ypoak| <1, (19)

[Yn—2k+1 + Un—2k+2] <2, |Yn—2k41 — Yn—2k+2| < 2,

|yn71 + yn’ <2, |yn71 - yn| <2

B sroit 3amade orpannuenns He 3aBUCAT OT HCXOIHON MaTpulnl A.

JIOKABATEJILCTBO TEOPEMHEI 4.
B kauectse marpuiel A, paccmorpum marpuity (16), 3anucaHayto B BuIe

a 0 0 0 0 0
0O a O 0 0 0
0 0 a8 a8 O 0
Ag =
0 0 —aBf aB8 O 0
0 0 0 0 af ap
0 0 0 0 —af8 ap
TIe
 6/8(30v5 - 67) B 1
B -V 10vE - 22
OTKY/Ia
9+ 5vV5h
V673 > det AG = 7[

Bagaua (19) npumer Buj

1
fos = gl + 1) (@3 + 23) (@5 + 25) =

6 26 2 2
a’f h Ys
= <ﬁ2 . y%) (52 + y?,> (3 +y3) — max,
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ly1] <1, lya| <1,
lys + ya| < 2, lys — ya| < 2,
lys + ye| < 2, lys — ye| < 2.

Hoxazkem, aTo max fg3 < 1.
Ormernm, 410 HauboJIbIIee 3HAYEHNE JocTuraeTcs, upu |yi| = 1. JleficrBuresbHo, ycTh Cylie-
CTByeT MaKCHMyM Takoit, ¥ro max fs3 = f6.3(0, Y2, Y3, Y4, Y5, Y6 ), rae |6| < 1. Toraga

N Y2
f6,3(0y2, Y3, Y4, Y5, Y6) = R ?—kyg @er? (Z/g +Z/§) <

32
ITporusopeune, T.€. |y1| = 1. AHasorngno nokaseiBaercs, 4ro |ya| = 1.
Taxmm 00pasom, JOCTATOMHO JOKa3aTh, 9TO max f¢ 3 < 1, npm ycnosnn

a®p° 1 2 v, 2, .2
S T : ?—i_ Ys — + y5 (y3 + y6) = f6,3(17y27y37y47y57y6)'

lys + ya| < 2, lys — ya| < 2, lys + ys| < 2, lys — ys| < 2. (20)
roe

ab8% (1 1 ab 36
foa=—5— @ﬂﬁ @er? (v3 + ) = < Fa(ys, y1, 95, 96).

Fi(a,b,c,d) = (612+a2) (;2—1—02) (b? + d?).

max F3(a, b, ¢, d) = 64(56 — 25v/5),

B cmry memmer (1)

upu orpanmdenusx (20). Torma

6 26
fos< S 85 -64(56 — 25V/5) = 1.

Teopema moxkazama. []

JTOKABATEJILCTBO TEOPEMBI 3.
HokazareabcTBo OyaeM TPOBOJUThL aHAIOrHIHO TeopeMe 4. B kadecTse MaTpuilbl A, paccMoT-
pum (14), 3anucannyto B Buje

a 0 0 0 0
0 af ap 0 0
As=| 0 —af af 0 0
0 0 0 afy afy
0 0 0 —afy apfy
Tae
134 4+ 60v/5 1 27
INERYITPY Sy LI Ny N S - -
27 10v/5 — 22 26 + 10v/5
Torna

27 (9 + 5v5
V572 > det A5 = (88ﬂ
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Basgaua (19) npumer Buj
L o 2\ (.2 2
fs2= 1 (21 +23) (23 + 27) |zs| =
5353 2 2
a’By Y1 2 Y2 2
= (62“‘3/6 ?‘1'94 lys| — max,
Iyl <1,
ly2 + y3| < 2, ly2 —ya| < 2,
lya +ys| < 2, lya — ys| < 2.
Amnasornuno 10Ka3aTebCTBy TeopeMbl 4 orMedaem, 4o |y1| = 1 u npuxogmm K OrpaHuvYeHusM
ly2 +y3| < 2, ly2 — ys| < 2, lya +ys| < 2, lya — ys| < 2. (21)
To ectn
53543 5353
o’y Lo (v2 | o o’y
= | = = = - F
f32 1 (524'2/3) <72+y4 |ys| 1 2(Y2, Y3, Y4, Us),
rie
1 a?
Fy(a,bye,d) = | = +b0* | | =+ |d).
32 2
B cuiy reopemsr (2)
64 (5v/5 —9)

max Fy(a, b, c,d) = —

npu orpaandenugx (21). Torma
a3 64 (5v/5-9)

¥, < =1.
fsa s 4 27

Teopema mokaszana. [

Coepunss pesynbrarhl (8), Teopembl 4, 3 u onenky (13) MOXKHO TOTYyYnNTH 00IIEE OMMCAHME

OLEHOK V), 1, /9]

CaeacTBUE 1. Ecau n > 2, mo

4 2[(n—3)/4]
Vn,[n/?] > Ty - <3> )

2de

e ccaun = 3(mod4), mo T, =2;

e ccaun = 0(mod4), mo T,

16
o & LTI

27(9+5v/5)

o ccaun = 1(mod4), mo T, = %8

~ 2.48831 .. .

o eccaun = 2(mod4), mo T, = % ~ 1.83458. . ..
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6. Onenknu C),

B pa6ore [5]| 6bLTH TPUBEEHBI CIEAYININE OMEHKH KOHCTAHTHI HAMIYUIIUX THOMAHTOBBIX MTPH-
OJIMKEHNH CHU3Y

2
Ci> —— A~ 0.120605...
ST 5L

16
Cy> 0 ~0.044320...
Y= 91609

16
C-> —  ~0.010617...
= 20753

16
Co> ——— ~0.004138...

9184607

Cnencreue 1 TO3BOMAIOT YAYUITUTE 9TH 3HATCHIS

3 [3(9+5V5)

> ~ 0.014
Cs > 16 1166 0.014860
9+ 5v5
O > _TTOVY ~ 0.004269...
0= 11+/184 607
32
> 2 ~ 0.001717...
= 4275+/19
Cg > 206 0.000581
= 81v29510281
6 /3(9+5V5)
Cy > ~ 0.000229...
9= 9051 506
16 (9 + 5v/5
Cio > ( v5) ~ 0.000042...

99v/5 939 843 699

7. 3akJIroueHue

Hannas paboTa siBJISIeTCs pa3BUTHEM II0JIX0/Ia K OIleHKe KOHCTAHTbI HAWIYYIIAX JHOMDAHTOBLIX
upubsmkenuii, 3anoxkentoro I'. Tssennoprom [4], Tx. B. C. Kaccesncom [2], T. Ketozuxkom (cm.
[3]. Ilpumenenune mOBBIX wiei B coueTanun ¢ 3(hGMEKTUBHBIM HCIOIb30BAHUEM YUCJEHHBIX IKCIIE-
PUMEHTOB, TTO3BOJIMJIO YIYHYUIMTH CyINECTBYIONIME OLUEHKN KOHCTAHTHI HAMIYYIIMX JUMO(DAHTOBBIX
npubankenuit gag n =5 un = 6. [Ipu 9T0M 119 OTyueHns 60/I€e CUIBHBIX OMEHOK, CKOPEe BCErO,
MOTPeOYIOTCsT PUHIMITHATBLHO HOBbIE MOAX0bl. KOCBEHHBIM MTPU3HAKOM 3TOrO MOXKET OBITH TIOJIY-
YeHHasi HAaMU B pasjese 3 nHdopmanus o ToM, 9To Af MOKHO NPEACTaBUTH B BUE KOMIO3UIMN
Ay m Al

B kagecTBe BO3MOXKHOTO TTOX0/a 1O yCUIEHUIO O1IeHOK C), CHU3Y MOYKHO ITPEJIOKUTH HEIOCPE -
CTBEHHYIO OIEHKY 3HAYEHUs] KPUTHYECKOT'O ONpeJIeUTE sl 3Be31HOro rea ). 9To HerpuBrabHast
33714492, HO HEOOXOJAMMO OTMETHTH, YTO B CJIy4ae OLEHKH CBEPXY OBLIM IMOJIyYE€HBI JTOCTATOYHO 00-
mupHble pesyabrarter |11, 12, 13, 14, 15, 18].

JpyruM HampasjeHne UCCIeI0BAHI MOKET CTaTh IPUMEHEHIe TPeIJIOKEHHOTO B JAHHOH pabo-
Te MOIXO0/IA sl OIIEHKHW KPUTHUECKUX ONpeaenanTese. 3a1a4ua OreHKn KPUTHIECKOTO OTPEIeTATEs
OrpaHUYeHHOr0 TeJIa JOCTATOYHO CXO0XKa C 3ajadeit onenkn V;, ;. Ham kaxercs, 4ro coderanue 4nc-
JICHHBIX ¥ aHAJUTUYICCKHX METOJOB B OMMCAHHOM CJIydae MOYXKET JATh ONMPEJeIeHHbIe Pe3yIbTaThl.
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Pacmmipenue Teopembl Jlaypuaunkaca — MarcymoTto
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AnHOTanusa

B 1975 r. C. M. BopoHun OTKpBLI 3aMedaTesibHOe CBOMCTBO YHUBEPCATBHOCTH A3€Ta (PyHK-
uuu Pumana ((s). On nokasas, 410 LIMPOKOIO KJACCA aHAJUTUYECKUE (DYHKIMU MOrYT ObIThb
MPUOJINKEHBI C YKeJaeMoii ToYHOCThIo capuramu ((s + i7), 7 € R, oguoit n Toil ke GyHK-
muu ((s). Orkpbitne BopoHUHA BIOXHOBUJIO MPOJIOIKUTE UCCIEIOBAHNS B 9TOM HAIPABJICHUH.
Oxka3zanoch, 9T0 yHHBEPCAIBHOCTD SIBJISIETCS CBONCTBOM MHOIUX APYrUX A3eta u L-QyHKiumii, a
TaKzKe HEKOTOPBIX KJIaccoB psifoB Jupuxie. Cpean uux L-dyukiuun Jupuxie, 13era GyHKIun
Henexkunpna, l'ypeuna u Jlepxa. B 2001 r. A. Jlaypunuukac u K. Marcymoro nosy4uiau yausep-
casbHOCTh f3era-byHkunii ((s, F'), CBA3aHHBIX ¢ HEKOTOPBIMU Tapabonnaecknmu dbopmamvn F.
B crarne mosyueno pacnmmpenue Teopembl Jlaypurankaca—MaTcyMOTO € MCHOJB30BAHUEM [IJIs1
npubnKeHus aHamnTraeckKnx dbysknuii capuros ((s+ip(7), F). 3aecs ¢(7) — qmuddepennupy-
emast QYHKIWS, IPU T 2> T, UMEIOIIAs HEIPEPbIBHYO MOHOTOHHYIO MOJOXKUTETbLHY IO TTIPOU3BO/I-
Hy10 ¢’ (T), YIOBIETBOPSAIONIYIO IPH T — 0O OIEHKAM ﬁ = o(T) 1 ¢(27) max,<i<or ﬁ(t) <L T.
Boiee TouHO, B cTaThe MOKA3aHO, 9TO €C/IM K — BeC mapabosnydeckoit opmbr F', K — KOMIAKT-
HOe MHOzKecTBO Tosockl {5 € C: § < o < £} obnazaomee csa3HbIM gononHerneM, u f(s) —
HeIpepbIBHAsI, HeuMeromas Hyaeid B K u ananurudeckas suytpu K QyHKIMs, TO [Jis BCAKOrO
e > 0 muoxecrBo {7 € R:sup,cx [C(s +ip(T),F) — f(s)| < €} uMeer HOMOKUTEIBHYIO HUXK-
HIOIO TJTOTHOCTb.

Kaouesnie caosa: n3era-dyuknus mapaboanaeckoit popmbl, mapadonmdeckas popma ['ekke,
YHUBEPCAJILHOCT.

Bubauozpagus: 15 HazBanuii.

s nmuTupoBaHus:

A. Baitrunnre. Pacumpenue teopembr Jlaypunuunkaca — Marcymoro // Hebbimesckuii c60pHUK,
2019, . 20, o 1, c. 82-93.
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Abstract

In 1975, S.M. Voronin discovered the remarkable universality property of the Riemann
zeta-function ((s). He proved that analytic functions from a wide class can be approximated
with a given accuracy by shifts ((s + i), 7 € R, of one and the same function ((s). The
Voronin discovery inspired to continue investigations in the field. It turned out that some other
zeta and L—functions as well as certain classes of Dirichlet series are universal in the Voronin
sense. Among them, Dirichlet L-functions, Dedekind, Hurwitz and Lerch zeta-functions. In
2001, A. Laurin¢ikas and K. Matsumoto obtained the universality of zeta-functions ((s, F')
attached to certain cusp forms F. In the paper, the extention of the Laurinc¢ikas-Matsumoto
theorem is given by using the shifts ((s+ip(7), F') for the approximation of analytic functions.
Here o(7) is a differentiable real-valued positive increasing function, having, for 7 > 79, the
monotonic continuous positive derivative, satisfying, for 7 — oo, the conditions ﬁ = o(7)
and ¢(27) max,<i<or ﬁ < 7. More precisely, in the paper it is proved that, if x is the
weight of the cusp form F', K is the compact subset of the strip {s ceC: 5 <o< ”TH} with
connected complement, and f(s) is a continuous non-vanishing function on K which is analytic
in the interior of K, then , for every ¢ > 0, the set {7 € R : sup g [((s + i(7), F) — f(s)| < €}
has a positive lower density.

Keywords: zeta-function of cusp forms, Hecke-eigen cusp form, universality.

Bibliography: 15 titles.

For citation:
A. Vaiginyté, 2019, "Extention of the Laurin¢ikas — Matsumoto theorem" , Chebyshevskii sbornik,
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Dedicated to Professor Antanas LAURINCIKAS on the occasion of his 70th
birthday

1. Introduction

In 1975 the remarkable property of universality was discovered by Voronin [25]. By analyzing
the Riemann zeta-function, he noticed that with certain shifts of one and the same function a whole
class of analytic functions can be approximated. This fact inspired further research of functions with
similar properties and became a subject of interest for number theory specialists, among them Reich
[14], Gonek [4], Good [6], Bagchi [1], Laurin¢ikas [8], [9] and others. The aim of this paper is certain
extended results on the universality for zeta-functions attached to certain cusp forms.

Denote by s = o + it a complex variable. Let

SL(2,Z) := {fy— (Z Z) ca,b,¢c,d € Z,ad — be = 1}

be the full modular group. We say that the function F(z), z € C, is a holomorphic cusp form of
weight k for SL(2,Z) if it is holomorphic for Im(z) > 0, for all v € SL(2,Z) satisfies the functional
equation
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We assume additionally that F(z) is an eigen form of all Hecke operators

1 az+b
— k-1 —
ThF(z)=m E o g F( 7 >7 m € N.

a,d>0 b (mod d)
ad=m

Then ¢(m) # 0, and, therefore, F(z) can be normalized to have the Fourier coefficient ¢(1) = 1.

Having all the aforementioned assumptions, the zeta-function ((s, F') associated with the cusp

form F(z) of weight  is defined, for o > "%rl, by absolutely convergent Dirichlet series

(s, F) =Y Cfgj).
m=1

K41

It is proved [5] that ((s, I') is analytically continued to an entire function. Moreover, for o > %32,

the function ((s, F') has the Euler product expansion over primes, i.e.,

nm(-2) (-2

peP

where P is the set of all prime numbers, and «(p) and 3(p) are complex conjugate numbers satisfying
a(p) + B(p) = c(p)-

The first result on the universality of ((s, F') was obtained by the Laurin¢ikas and Matsumoto
in 2001 [10]. For the formulation of the theorem, we need some notation.

Let D=Dp = {s €C:5<o< %1}, K = Kg be the class of compact subsets in the strip D
with connected complements, and Hy(K), K € K, stand for the class of continuous non-vanishing
functions on K that are analytic in the interior of K. The Lebesgue measure of a measurable set
A C R is denoted by measA. Then the Laurin¢ikas-Matsumoto universality theorem for (s, F') can
be formulated as follows.

THEOREM 1 ([10]). Suppose that K € K and f(s) € Ho(K). Then, for every € > 0, the

following inequality

1
lim inf —meas {7‘ €10,T] :sup [((s + i, F) — f(s)] < 5} >0
T—o0 T seK

holds.

In the theorem, the shifts 7 take arbitrary real values. However, it turns out that more general
shifts can be considered. The aim of this paper is taking shifts for the universality theorem from
a certain class of functions U(rp). We say that a function ¢(7) € U(1p), 70 > 0, if the following
conditions are satisfied:

1. ¢(7) is a differentiable real-valued positive increasing function on [7, 00);
2. ¢/(7) is monotonic, continuous, positive on [y, 00) satisfying ﬁ =o(7), T = 05
3. ©(27) max-<i<or ﬁ(t) LT, T — 00.

Then the following result is true.

THEOREM 2. Suppose that o(1) € U(1y), K €K, f(s) € Hyo(K). Then, for every ¢ > 0,

lim inf
T—o00 — 70

meas {7‘ € [r0,T]: su};;\C(s—i—icp(T),F) — f(s)] < 5} > 0.
s€
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It is known [11], [12] that universality theorems can be stated in a slightly different form.
Theorem 2 has the following modification which will be proved in the paper.

THEOREM 3. Suppose that (1) € U(1y), K €K, f(s)€ Hyo(K). Then the limit

lim
T—oo T — Ty

meas {T € [0, 7] : sulg IC(s+ip(T), F) — f(s)| < 5} >0
s€

exists for all but at most countably many € > 0.

In the following section, some lemmas necessary for the proof of the above mentioned theorems
will be introduced.

2. Auxiliary results

Denote by B(X) the Borel o-field of the space X, and by  the unit circle on the complex plane.

Define
o
0= H o>
peP

where v, =y for all primes p € IP. By the Tikhonov theorem, with product topology and pointwise
multiplication, the infinite-dimensional torus {2 is a compact topological Abelian group. Therefore,
the probability Haar measure my on (€2, 3(£2)) can be defined, and so we have a probability space
(2, B(?),mp) . Denote by w(p) the projection of an element w € Q to the coordinate space ~p,
p € P, by H(D) the space of analytic functions on D endowed with the topology of uniform
convergence on compacta, and on probability space (2, B(€2), mg) define the H(D)-valued random
element ((s,w, F') by the formula

((s,w, F) = H (1 _ 0‘(1’)“@)>_1 <1 _ ﬂ(p)w(p)>_1'

peEP P P
Denote by P , the distribution of {(s,w, F), i.e.,
Pep(A) = mu{w € Q: ((s,0,F) € A}, A€ B(H(D)),

Proof of the universality theorem is based on the weak convergence, as T'— oo, for

1
Prr(4) = =

— 70

meas {1 € [10,T] : ((s +ip(T),F) € A}, AeB(H(D)).

THEOREM 4. Suppose that o(1) € U(ry). Then Prp converges weakly to Prp as T — oo.
Moreover, the support of Pr p is the set Sp = {g € H(D) : g(s) # 0 or g(s) = 0}.

We divide the proof of Theorem 4 into several lemmas. The first of them is a limit theorem on
the torus Q. For the proof of this lemma, properties of the function ¢(7) are needed.
For A € B(£?), define

1 .
Qr(A) = T Tomeas {7’ €, T]: (p~ ) :peP)e A} .

LEMMA 1. Suppose that (1) € U(19). Then Qr converges weakly to the Haar measure my as
T — .
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JIOKABATENBCTBO. [Proof| For the proof, we will apply the Fourier transform method. Let gr(k),
k= (ky:ky, € Z, p € P), be the Fourier transform of Qr, i.e.,

gr(k) = /Q IT ") | dor,

peP

W/l

where means that only a finite number of k, are distinct from zero. Thus, from the definition
of Qr, we have

1 T / . 1 T /
k) — —itkpe(T) | g7 = / —i E kyl d 1
gr (k) T — 19 /TO op b TTTo T0 Jrg o ) peP [ .

Obviously,
gr(0) = 1. (2)
Since the set {logp : p € P} is linearly independent over the field of rational numbers Q, we have
that ,
a:= Z kylogp #0

peP
for all £ # 0.
Clearly,
T T T
/ exp {—iap(T)}dr :/ cos(ap(T))dr —i/ sin(ap(T))dr. (3)
70 70 70
Suppose that ¢'(7) is decreasing. Then, ﬁ is increasing, and therefore, by the mean value theorem,
T T 1 T
L [7 a@'(7) cos(ap(T)) 1 / /
cos(ap(T dT:/ dr = ay (1) cos(ap(T))dT
| costagtrnar = | [ HEETE 7T ), ) eosan(r)
1

T
= o (D) /g dsin(ap(T)) = o(T)

as T — oo, where 79 < £ < T. The same is also true for the second integral in (3). Thus, by (3),

T
/ exp {—iap(7)} dr = o(7), T — oo. (4)

70

Similarly, if ¢/(7) is increasing, then

T .
/TO p {—iap(T)} dr < uomy

From (4) and (5) together with (1), we get that
Jim gr(k) =0,

whenever k # 0. Therefore, in view of (2),

—-
-

lim gr(k) = {1

T—o0 0

EENENS
o 1©

-
e
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The right-hand side of the latter equality is the Fourier transform of the Haar measure mp.
Therefore, the lemma follows from the continuity theorem for probability measures on compact
groups. U

Now, some absolutely convergent Dirichlet series will be analysed. Let 6 > % be a fixed number,
and m,n € N. We define series

mS
m=1
and
— c(m)w(m)v,(m)
n ) 7F - )
Gl w, F) mZ:jl o
where

The latter series are absolutely convergent for ¢ > & [10]. Define the function wu, r: Q — H(D)
by the formula u, p(w) = (u(s,w, F'). Due to absolute convergence of (,(s,w, F), we have that the
function w, p(w) is continuous, hence (B(2), B(H(D)))-measurable. Therefore, the Haar measure
mg on (2, B(Q)) induces the unique probability measure P, p on (H(D), B(H(D))) defined by

P p(A) = mpu, p(A) =mpy(u, ,A), A€ B(H(D))).

LEMMA 2. Suppose that o(1) € U(ry). Then

Prp,r(A) : meas {7 € [10,T] : Cu(s +ip(7), F) € A}, AeB(H(D))),

T To
converges weakly to Pnf as T — oo.

JIOKABATENBLCTBO. |[Proof]| The lemma is derived by standard arguments from Lemma 1 and the
continuity of the function u, p. O

Our aim is to prove that Prp converges weakly to the limit measure Pp of the measure an F
as n — 00. For the proof of Theorem 4, approximation in the mean of ((s, F') by (,(s, F') is used.
Thus, the following estimate of the mean square is needed.

LEMMA 3. Suppose that o(7) € U(mo), and 0, § < 0 < ”TH, is fized. Then, for all t € R,

T
/ (o + it + ip(r), F)2dr < T(1 + |t]).

JOKABATEILCTBO. [Proof| It is known that, for fixed o, § <o < “TH,

T
/ |C(o +it, F)|*dt < T. (6)

0

For X > 19, we get

2X 2X
/ (o + it + ip(r), F)[2dr = /
X

X

C(o + it +ip(T), F) Pdeo(7)

1
¢'(1)
1 /2X p /|t+<p(f) < )
< max —— o+ 1u, U
X<r2X ¢'(7) Jx 0

1 tl+e(7) . 2
- Xir‘ll'ag};X S0/(7_) /(] ’C(O- + ZU’? )’ U

X
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Consequently, by (6),

[t]+¢(7) o [2X
[ i )P <ol + o2,
0

and thus,
2X .
/X |C(o + it +ip(T), F)|?dr < (|t| + ¢(2X)) Jnax 75
<X+t max <p’17') < X(1+t]).
Taking X = 27F=1T and summing over k = 0,1,... prove the lemma. O

Now, we can approximate (s, F') by (,(s, F') in the mean. For g1,g2 € H(D), take

o
L1 SUPsek; [91(5) — g2(s)]
o) =Y 27 : ’
p(g1,92) ;:1: 1+ sup,ex, |91(s) — g2(5)|

where {K; : 1 € N} C D is a sequence of compact subsets such that

o0
D= U K,
=1

K; C Kjqq for all Il € Ny and if K C D is a compact subset, then K C K; for some [ € N. Then p
is the metric in H(D) inducing its topology of uniform convergence on compacta.

LeEMMA 4. Suppose that (1) € U(1y). Then

T
lim lim sup / p(C(s+ip(T), F),Cu(s +ip(r), F))dr =0.

=0 T 00 —T0 Jry
JTOKA3BATENLCTBO. [Proof| Let 6 be from the definition of v, (m), and
s

ln(s) = 21“ (0> n®, mneN,

where I'(s) denotes the Euler gamma-function. Then the function (,(s, F') has the representation
[10]

04100
Cal(s, F) 1 /+ g(s+z,F)zn(z)@, o>
0

- 2771'7, —ioo z 2

Let K be an arbitrary compact subset of D. Then, from the residue theorem and the above equality,
we get

1 T
e | SRt ier) PG s+ i), P

o0 1 T
<</ (6 + iu)| <T - / ]C(a—l—it—i—iu—i—z’go(T),F)dT) du,
00 — 70

T0

as T'— oo, where 6 <0, § <o < ”“TH, and t is bounded by a constant depending on K. Lemma 3
implies that with ¢ € R, for § <o < ”;17

T T 1/2
/ IC(o + it + iu +ip(T), F)|ldr < (T/ ]C(U—i—’it—l—iu—i—i(p(T),F)\?dT) Lo T(1+ |ul).

0 70
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Therefore,

o0

1 T
T [ S (s () P, Guls + (), ) dr e [l + )1+ )

as T' — oo. Hence,

lim limsup
N0 Too — 70

T
/ sup (C(s +iw(T), F'), Culs +ip(T), F)) dr = 0.

So, the lemma follows from the definition of the metric p. O

HOKABATEJBCTBO. [Proof of Theorem 4| Let £ be a random variable uniformly distributed on
[0,1] and defined on a certain probability space with measure u. Define the H(D)-valued random
element X, r by the formula

X1nr = Xrpr(s) = CGu(s +ip(ET), F).
Then the assertion of Lemma 2 can be written as

D A
X1rnr — X F, (7)
T—00

where = means the convergence in distribution, and Xn, r is the H(D)-valued random element
with the distribution Pn . Here pn F is the same limit probability measure as in Lemma, 2.

Now, we will prove that the family {f’np :n € N} is tight, i.e., for every € > 0, there exists a
compact set K = K(¢) C H(D) such that P, p(K) > 1—¢ for alln € N. Let K C D be a compact
set. Then, by the integral Cauchy formula,

sup (s -+ (). )| < 5 [ 16(e -+ ig(r). Pz,
seK K JLg

where Ly is a simple closed contour lying in D and enclosing the set K, and dg is the distance of
L from the set K. Hence,

T 1 T
/ sup |G (s + ip(r), F)ldr < = / 1d2| / C(Re(2) + Tm(2) + ip(), F)|dr <x T.
790 SEK K JLg T0

This with Lemma 4 shows that

sup lim sup

T
/ sup |Gu(s + (1), F)ldr < C; < o0, (8)
neN T—oo —T0 Jr

0 SEK;

where {Kj : [ € N} is the sequence of compact subsets of D from the definition of metric p.
Now, let the & be an arbitrary positive number, and M; = M;(¢) = C;2'c~!. Then, from (8), we
have

1 T €
sup limsup p ¢ sup | X7, r(s)] > € p < suplimsup / sup |Cn(s +ip(7), F)ldr < o,
neN T—oo seK; neN T—oo T — 70 Jry s€K; 2

and, by (7),
1 { sup | X, 7 (s)] > 8} < = (9)

seK;
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for all n € N. Define the set K = K(¢) = {g € H(D) : sup,cg, |9(s)| < M;, I € N} . Then K is a
compact set in H(D), and, by (9),

M{Xn,FeK}>1—a

for all n € N, or, by definition of )A(n,F,

P,r(K)>1-c¢

for all n € N, thus the family {Pn F:nE N} is tight. Therefore, by the Prokhorov theorem (see

Theorem 6.1 in [2]), it is relatively compact, i.e., every sequence of {pnp} contains a weakly
convergent subsequence. Thus, there exists {P,, p} C {Pnr} such that {P, r} converges weakly
to a certain probability measure Pp on (H(D),B(H(D))) as r — o0, or, in terms of convergence in
distribution, we say

~

Xy p —2— Pp (10)
r—00
Define one more H(D)-valued random element
Xrr = X1 p(s) = Culs + (ET), F).
Then, in view of Lemma 4, for every £ > 0,

lim limsup p {p(X1,r, X10,F| > €}

n—oo T—00

= lim limsup meas {7 € [10,T] : p({(s +ip(T), F),Cu(s +ip(T), F)) = €}

n=00 T 400 — 70

T
< lim limsup 8/ p(C(s +i(7), ), Culs + ip(7), F)) dr = 0.

n—0o 70 (T'—1T0)e Jpy

This together with (7) and (10) shows that all hypotheses of Theorem 4.2 of [2] are fulfilled,
therefore,

D
X7 p — Pp,
T—00

or Pr r converges weakly to the limit measure Pr of Pn rasT — oo.
The final step is to identify the measure Pr. For this, we will use a simple observation. It is
known [3], [7] that

%meas (re0,T]:C(s+ir F) € A},  AeB(H(D))),

as T' — oo, converges weakly to the limit measure Pr of ]5” F, and that Pp = P p. Moreover, the
support of P¢ r is the set Sg. Therefore, Pr r also converges weakly to Pr g as T'— oco. O

3. Proofs of universality theorems

JTOKA3ATENBLCTBO. [Proof of Theorem 2| Define the set

6.~ {oe D) suplots) - 9] < £,
seK

[\)

where p(s) is a polynomial satisfying

s 5) -
seK

< g (11)
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The existence of p(s) follows from the Mergelyan theorem on the approximation of analytic functions
by polynomials (see [13]).
By the second part of Theorem 4, the function eP(*) belongs to the support of the measure P p.
Therefore,
PQF(GE) > 0. (12)

Since G, is an open set, by the first part of Theorem 4 and the equivalent of weak convergence of
probability measures in terms of open sets, we have that

lim inf PT7F<G€) > PC,F(GE)'
T—o0
This, the definition of Pr p and inequality (12) give

lim inf
T—oo T — 19

meas {7‘ € [r0,T) : sup |((s + ip(7), F) — eP®)
seEK

€
< -¢>0.
2 }
This together with (11) proves the theorem. O
JOKABATENBLCTBO. [Proof of Theorem 3| Define the set

6.~ {oe ) swplots) - 1) < <.

seK

Then the boundary G of G lies in the set

seK

{oe D) suplate) - )] =<}

Therefore, 8651 N 8652 = & for 1 # &9, €1,69 > 0. Hence, for at most countably many ¢ > 0,
the sets 0G. have a positive P; r measure. Using Theorem 4 and equivalent of weak convergence
of probability measures in terms of continuity sets, we obtain that

lim Prp(Ge) = P p(Ge) (13)
T—00

for all but at most countably many € > 0. Let G be from the proof of Theorem 2. Then, in view

of (11), we obtain that G. C G, and thus, by (12), P¢ p(G.) > 0. This, the definition of Pr r and
(13) prove the theorem. O

4. Conclusions

In the paper, a generalized version of the Laurin¢ikas-Matsumoto universality theorem for zeta
functions of certain cusp forms ((s, F') is proved in two different forms. Namely, it is shown that
the shifts ((s + ip(7), F'), where ¢(7) belongs to a certain class of differentiable functions U(7)
can approximate with a given accuracy all non-vanishing analytic functions defined in the strip
{s €C:5<o< ”T‘H} , where k is the weight of the form F, and the lower density of the set of
such shifts is positive.
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1. BBenenue

TMouck anomasnnii B nossix reodpusnaeckux ganubix [1, 2, 3, 4, 5, 6], pacnosnasanue mect Bo3-
MOXKHOTO BO3HUKHOBEHUSI CHJIbHENIINX, CHJIBHBIX W 3HAYUTETBHBIX 3eMyerpscenuii |7, 8, 9], omru-
MU3AIUsT 3aXOPOHEHUs] PAJIMOAKTUBHBIX 0TX0/0B [10] u 1esblii psiji Apyrux akTyaibHbBIX 11POD/IEM
IIPUPOHOTO PHUCKA [PUBOIAT HCCIEI0BATENs (IKCIEpTa) K HEOOXOANMOCTH PAHKUPOBAHUA Y3JI0B
KOHEUHOH JBYMEPHOW CETKU C TIe/IBI0 BRIOOpA HAUIYUIINX B CMBICTE TPOU3BEIEHHBIX B HUX H3Me-
penuii.

B cratbe msyuaerca komednasi cucrema (hYHKIUN Ha KOHEYHON aByMepHOH cerke. Ilpum 3ToM
JIeJIAeTCsl MMOIBITKA YUECTh PA3JINYHbIE SKCIIEPTHbIE TOUKY 3PEHU Ha 3a/JaHHble PYHKIIUU, UX CBOH-
CTBA M JMHAMUKY. & TAKXKE HA TO, KAKME MMEHHO Y3JIbl Mbl 0ObgaBJsieM “Hausayuiumu’. B pabore
UCIIO/TB3YeTCsl A3bIK HEIeTKUX MHOXKECTB U HEUETKOHN JIOTUKH, 00J1a atouil 60JbITIMY BO3MOXKHO-
CTSIMU 110 CDABHEHUIO C KJIACCHYECKUMI MHOKeCTBaMu 1 OyJIeBOH JIOIMKON J1JIs [IEPEJayn PA3IMYHbIX
SKCIIEPTHBIX [IPEJICTABICHUI O ABJIEHUSIX, OMUCHIBAEMbIX PACCMATPUBAEMbIMU (PYHKITUSAMU.

Tlepeiimem k popmamn30BaHHON TTOCTAHOBKE 3aaun: cucrtema (OYHKINN JF HA IBYMEPHON ceT-
ke W ananusupyercs BupTyajabHbiM 3kciepToMm €. llpemamnosaraercs, aro akcnept £ UMeeT TOUKY
3peHns Ha AMHAMUKY J B KaxKjoMm y3yie w € W u 3ajaercd npu 9ToM ABYyMS BOIIPOCAMHU:

1. B kakoii crenenu mepa uEr(w) € [0, 1] Beipazkaer wHTepecylonme skcnepra £ CBOHCTBA CH-
creMbl (pyHKIHI F B y371e w?

2. CymecTByOT Jii JOCTATOTHO GOJIBINNE CBI3HBIE 00JACTH CeTKU W, B KOTOPBIX TTOABISIOIIEE
YUCJIO y3JI0B w 00J1a/1aI0T WHTEPECYIONINME SKCIepToB £ cBoiicTBamMu?

Hacrosimas pabora jiesiaeT TONBITKY MPOJBUHYTHCS B MOJIYyYeHUN (POPMAJIN30BAHHBIX OTBETOB
Ha 3THW BOMPOCHI.
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2. Ucxoanble JaHHBIE, COTJIAIIEHUA M 0003HAYEHUS

Ha ntockoctu R?(z1, z2) Boibpana komeunas cerka YW = W(hy, ha) ¢ yamamu w:
W = {w = (ihl,jhg) 21,7 € Z}

st i m j Gyzem Takke MCIOIBH30BATH 0bo3Haqenus ¢(w) n j(w).
Paccrosnme na VW cunTaeTca HHIYIMPOBAHHBIM HOPMOI || ||, B KOOpAMHATAX i 1 j:

[w = wl| = max (|i(w) —i(w)], [5(w) - j(w)])

ONPEAENEHUE 1. Y3aw w u W noaazaem cocednumu, ecau |i(w) — i(w)| + |j(w) — j(w)| = 1,
a omnowenue cocedcmea obosnauaem wepes N (w u W — cocedu < w N w).

ONPEAENEHUE 2. [lodmmuoocecmso W C W 6ydem naszwsisams c8aA3HBM, €CAU OAd KaHCOOT
napv €20 Y3406 enympu W cyuecmayem coedunaowuts ux nyms, coOCmoAwul ud coceonur Y3.a06.

Hamnee muoxkectBo W npeanonaraeTcd CBI3HLBIM W KOHETHBIM.
Ob6ozuaunm yepes F KoHeUHYIO cucreMy hyHKIuUi Ha W, NpeacTaB/Isioy 0 NCXOIHbIE TaHHbIE
3aa4n:

F={f fi: W >R} (1)

a gepe3 F (W) mpocTpaHCTBO BCEX BEIECTBEHHO3HAYHBIX (hyHKIHiT Ha W.

3. Mepsl 6sm30cTI!

JlokaJibablil anaau3 Gyakiuit Ha W HeBo3MOoXKeH 6e3 hbopMasu3anuu MOHATUS JIOKAJIU3AINN
camoro mpocrpanctsa W. Takas jokam3arus npocTpanctBa W B KaxK0M W3 y3/J0B W OCYIIIECTB-
JISIETCST ¢ TIOMOTITBI0 HEYIETKOW CTPYKTYphI Oy Ha W HazbiBaeMoii Mepoil GJIM30CTH.

ONPEAEJNEHUE 3. Mepa 6ausocmu oy 6 Wk ysay w — dynkuus npunadaescnocmu va WK
newemromy muoocecmey {(W, 5, (W)) : w € W}. 3nauenue §,(W) swpasicaem ¢ wrane [0, 1] npu
Hopmuposke dy, (W) cmenenwsv Gauzocmu ysaa W K Y3y w 6 mempuyeckom npocmparncmese (W, || )

Taxum obpazoMm cTpouTcst oToOpaKkeHme w — Oy, CTABAIIEE B COOTBETCTBUE KaXKIOMY Y3y
w € W HekoTopoe ynopspounanne o6bekToB W € W o ux 6Iu30CTH K w, ONPeeeHHON Mepoit
0w (W). Mabivn ciosavn V w € W BBogur Ha W CBOI0O CTPYKTYpPY HEYETKOIO MHOYKECTBA.

Mepa bsmmzocTu §,, Ompeenser HedeTKHe okpecTHOCTH i w B W. B obmem ciydae 3Have-
HEe Oy (W) MOxKeT yObIBATH HE TOJIBKO C POCTOM DACCTOSHUA ||w — W[, HO U 3aBHCETH OT APYIUX
bakTOpOB, B 9aCTHOCTH, OT PACTIOIOKEeHUs («TOTONOTHIY ) y3/10B W BOKpYT w.

Mepa 6m30cTr 6, popmasusyer "B3nas skcrnepra £ va W us y3ma w”. Takoit "3rnan’ ectsb
pamxkupoBanne W € W BOKpYr w Becamu O, (W), KOTOpble £ MPUIAET y3/1aM W [PH JOKAJILHOM
amanmse B y3ie w npoctpanctBa W u dyukimit va mem. IIpocrpamnctso W mpespaiaerca B mpo-
CTPaHCTBO C OTMeYeHHOU TouKoit w € W.

Okcrepr € uz ysyia w € W mMoxer nepemectuthes B Apyryio touky v € W. Torga ero B3rjisi
Ha MpocTpancTBO W w3 HOBOIT TOYKHU v, BOODIIE TOBOPS, N3MEHUTCSI.

B npuBeieHHBIX HEXKE TTPUMepax Mep OJM30CTH HEOTPUIATEJLHBIN TApaMeTp «p» OTBEUAET 3a
MacmTab d-jokagu3anun. dem O0JIbIne «p», TeM )-JOKAJUBANNS CUJIbHEE, B YaCTHOCTH, B CAMOM
cnabom caydae nipu p = 0 moxyuantca "Touka 3penus’ Ha W, onuHAKOBasi BO BCEX €r0 y3Jax.

ONPE/EJEHUE 4.

1. Bydem naswsamov mepy bauszocmu § 2a06arvrotl, ecau oy (W) # 0 Yw,w € W. Unwmu caosa-
MU 0030p sxcnepma u3 A0b6020 yzae w oreamueaem ece W.
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2. Mepwv, 6ausocmu, He ABAAOUUECH 2A000A0HBMU, OYIEM HAZBIBAMD AOKAADHBMU.
IIpuMEP 1.
1. I'nobaavras mepa 6ausocmu (nepsaa xonempyxyua) (puc. 1)

5 () = (1 _ [w— wl ) 2)

gy [ - w] +1

p=2 p=4 1.0

0.8

_ 0.6
B 0.4
- |

0.0

i i i

Puc. 1: Tnobanpuas mepa 6iuzocru (1epBasi KOHCTPYKIU )

2. I'nobaavras mepa bauzocmu (6mopas KOHCMPYKYUA)

= Nw - w T —w P
5w<w>:(1_2\\w—gll-||w v < ||> "

p=1 p=2 p=1 1.0
0.8
. 0.6
- 0.4
0.2
: ; ‘ . 0.0
i i i
Puc. 2: Tnobanpuast mepa 6iu30cTu (Bropasi KOHCTPYKIU )
3. Jloxaavnan mepa bausocmu (puc. 3)
] (1 - L) _
dw (W) = { . r , ecau ||[w — w||§: (4)

2de r = r(w) — paduyc 0630pa SKCNEPMA 6 Y34€ W.

[Tapamerp «p» u3 (2)-(4) uMeer CyIIeCTBEHHOE 3HAYEHUE, T.K. PEIIEHUE O TOBEICHUN CHCTEMBI
dyuknmit F B y3je w 3kcepT £ TPUHUMAET B PE3Y/IbTaTe CUCTEMHOTO aHAJIN3a PA3HOMACIITAOHBIX
B3soB Ha W m3 w. llpeactaBisis coboit TEpBBIH TApaMeTp HCCIEI0BAHUSI, MEPBI OJH30CTH Oy
HYXKHBI 9KCTIepTy £ 77 JOKAJBHOTO aHATIM3a CHCTeMBI PyHKIW F.



98 A. J. I'esutmmanwu, C. M. Arasn, I11. P. Boroytmusaos

p=1 p=2 p=4 1.0

0.8

. 0.6
B 0.4
. u 0.2

0.0

i i i

Puc. 3: Jlokanbras mepa bamzocTn

4. JIlmaaMuYecKue MoKa3aTean

DKCIEPT aHAMU3APYET ¢ PA3HBIX CTOPOH MCXOTHBIE JAHHLIE C IIeIbI0 U3BJIEYbL MAKCHMAILHOE U3
HUX 3HaHWE 00 m3ydaeMoM mporecce wian gpjgennu. Unrepuperupys n3ameperue #Ha HOPMAIHLHOM
MaTeMaTUIeCKOM sI3bIKe, MbI OyJaeM cunTaTh ero gpyukimeir Ha W. Pe3yabrar ee n3ydennsa ¢ TO9eK
3peHus PA3HBbIX PKCIEPTOB HA30BEM JIMHAMUYIECKAMU ITOKA3ATEJAIMHU ITON DyHKIMH.

ONPEAEJEHUE 5. Jlunamuueckum noxazamenem D mor Ha3vi6aem HEOMPUUAMEALHBIT DYH-
YUOHAA R KOHeyHom npocmpancmee W, napamempusosaHtvll um Camum dice, m.e.

D:F(W)x W — R, (5)
20e R+ ECTNY MHOHCECTNBO HEOMPUUATMEANOHBIL BEULECTNGEHHDIL HYUCEN.

Bnauenne D(f,w) Oyrer obosnauarbca uepes Dy(w) U TPaKTOBATHCA KAK KOJMIECTBEHHBIE
onenku nosejaenus Gynkuuu f B y3ue w npu "B3rasye” D wa ee gunamuky (npu noaxoge Dk
ee quHammke). Dy(w) — KOJMIECTBEHHOE BRIPAYKEHIE OMPEIeIeHHOH TOUKHN 3pennst Ha GyHKIWMIO f
B W.

TMomuepkueM, uTo B TOUKe 3penusi £ Ha QyHKIWMIO [ TPUCYTCTBYET Mepa 6u30cTh Oy (W). D10
JTIaeT BO3MOXKHOCTE JIJIST KaxXKJI0TO y31a w € W onpenennTh COBOKYITHOCTD

Imy, f = {(f (), bw(w)),w € W}, (6)

KOTOPYIO MBI 6yIeM Ha3bIBaTh HedeTKUM oOpaszoM (byHKIHH f B y37e w.

Z[I/IHaMI/ILIeCKI/Ie II0Ka3aTeJIn Df (W) ABJIAIOTCA HEKOTOPBIMU YHUCJIOBBIMU XapPAaKTECPUCTUKaMU
HeueTKoro obpaza. CyliecTByeT OTKPBITHIN K MOTOJHEHNID HAOOp TaKuX XapakKTepucTuk. Kakaas
M3 HUX UMEET MPO3PATHOE MATEMATHIECKOE TOJTKOBAHME.

TIPUMEP 2. Jlunamuueckue NoKa3ameny

1. nepauan ) ]
B (w]6) — 225w !fgu)e; zgic((g)\a)\ 3w (W) ;
2de o
My(ws) = szew ff”jfz;ﬁw>
2. Pasbpoc

S mew £ () F@)|" 0 (@3 (@) | '

Qf(w’(s? Q) -



UccnenoBanne cucrem AefiCTBUTENBHBIX (PDYHKITHH . . . 99

Mui noav3yemes K0AMO0POSCKUMU CPEOHUMU, NOZBOAANOUWUMU NOAYHUND CIMATNUCTIUNECKY
yemotnuewnl pasbpoc [14] (onwm nokaswieaem, wmo q doadrcno Goimov > 1). .

3. HUspezannocmo

20e N omnowenue cocedemea y3noe (onpedeaenue 1).

4. I'paduenm

Obosnavum wepes lp(w|d)(x1,22) = ax1 + bry + ¢ aunetinyto peepeccuro Oas newem-
wot pynryuu (f,04). IIpu masenvkur wazar hy u hy dan Jupdepenuupyemot @ymx-
yuu f 6 HENPepuieHOl OKPECMNOCTNU Y3AG W MAKAA Deepeccun bAUSKa K Kacameabrol
lp(x1,20) = %(w)(:ﬁl —wy) + %(w)(wz — wa) + f(w). Hoomomy wospduyuenmo. a u b

d d
6 00WeM CAYUaE eCMECTNEEHHO CHUMAMD <YACTIHBIMY NPOU3EOOHBIMUS %(w) u —f(w), a

dxo
6eKMOP (%(w) i(w)) epaduenmom grad f(w) [13].

) dxo

Llunamuveckud noxazamens

G y(wl]d) = lgrad f(w)]l, (10)

supasicaem JUHAMUNECKUE c80TcmEa Pynuxyuy [ 6 yaie w, o UMEHHO: HANPABAEHUE U CUAY
ee pocma.

5. JloxaavHaa sunednocmo

2 owew | (@) — 1y (w]6)(w)|6 (w)
2 wew Ow(W)

Ry, (w]d) = (11)

6. Modyaw

Texnuuecku 6asCHBIT nokasamensv, He saeuc;nquﬁ om A0KAAU3AGUUY
My(w) = [f(w)| (12)

IIpuBenentble TUHAMUYECKME MOKA3ATEN CBSI3aHBI C €CTECTBEHHBIMU W BAXKHBIMU, HO JOCTAa-
TOYHO TPOCTHIMU TOYKaMU 3peHus skcrnepra £ Ha dyrkmuio f. O0mmit cayuail ckaaabiBaeTCs U3
MPOCTBIX, TPUYEM COE/IMHEHUE He MOXKET OBITh TIPSAMbIM, MEXAHNYeCKUM. [le10 B TOM, 9TO H3HAYUATH-
HO JMHamMu4ecKue nokaszarenu Dy nna pasubix D umeroT pasiuunbiii macmrab. [lns seimosnenus
TaKUX COEIUHEHU I UCIIOJIb3YIOTCS TaK HA3bIBAEMbIE MEPBI MAKCUMAJTBLHOCTH, ONPEJIEIEHUE KOTOPBIX
OyIeT IPUBEIEHO HIKE.

JuHaMudeckre OKa3aTe Il MPEJICTaBIIsIOT 000l BTOPOH mapaMerp UCC/Ie0BaHUS.

5. Mepbl aHOMaJIbLHOCTI AUHAMUYECKOTO MOKa3aTeJis

Mepa punamuyeckoit akrusnoctu pDy asngerca ynxnueil npunajiexuoctu Ha W K negerko-
My HOHATHIO «aKTUBHOCTb QPYHKIMK f B y3Je w ¢ Ho3unun nokasarenas D». Mepa pDy ectb oTseT
na Bonpoc Ne 1 u3 BBesenus jns nokasarens D: «3nadenne D ¢(w) ecTb CTENEHD BBIPAKEHHOCTH
B mkase [0, 1] g dbynxnmm f B y3me w cBoiicTsa, crosmero 3a nokazarerem Dy». Mepa Dy Tecro
cd3ala ¢ 3ajadeil moucKa aHoMannii u, cOOCTBEHHO, BOZHUK/A Oarofaps UM, H03TOMY D) MBI
TaKyKe PABHO3HAUHO OYy/JIeM HA3BIBATH MEpOil aHOMAaJBHOCTH JUHAMUUIECKOTO TTOKA3ATETS.

Mepa pD nonydaercs us nokazareasa Dy ¢ IOMOIIBLIO TOH MM MHOM KOHCTPYKIUK MepPbl MaK-
CUMATHLHOCTH.
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ONPEAENEHUE 6. Mepa maxcumasvrocmu mesmaxg(a) — nevemsas cmpyxkmypa na R
OMBEUANOWAA OAA KOHEUHO20 G3GEULEHHO20 HEOMPUUAMENDHO20 MHOJCecmea B = {(bk,wk)\fle,
b, = 0, wg > 0} na eonpoc:

«B xaxoti cmenenu wucao a € RT aeasemes orvwaum no modyao B2 :

mesmaxpg(a) = mes(B < a) € [0, 1]

s mepst pDy(w) poas B urpaer Imy, Dy — HedeTkuit 06pa3, HeHTPHPOBAHHBII B y3/e W C
IOMOIIIBIO Mepbl bsu3ocTH 6y Imy, Dy = {(Dy¢(W), dy(W)) ,w € W} n

pDy(w) = mesmaxm,, p, Dy(w)

Wmeercst HECKOJIBKO TTPUHITHTHAARHO PA3HBIX KOHCTPYKIHI mesmax. OIHAKO B 9TOI ¢TaThe MbI
OTPAHUYUMCI KOHCTPYKIIMEH Mepbl MAKCUMaJbHOCTH, OCHOBAHHON Ha HEYETKNX CPABHEHUIX.

ONPEJAEJEHUE 7. Heuemxoe cpasnenue n(b,a) neompuyamenrvuor wucras a,b € RT usme-
pAem cmenens nPecocrodcmea a 1ad b

n(a,b) = mes(b < a) € [0,1]

Heuerkoe cpapuenne uancen n(b, a) ciaeayer MOHUMATh KaK HEYETKOe OHHAPHOE OTHOIIEHHE HA
noxyocu R corslacoBanmoe ¢ ee ecTeCTBEHHBIM TOPHIKOM.

B xadecTBe n MoxKeT BBICTYHATh mobas dyakimma (b, a): RT x RT — [0,1], Bospacraomas
1o a upu pukCupoBaHHOM b, ybbiBatoas mo b npu (PUKCHPOBAHHOM @ W MMEOMIAs CJEIYIONINe
JIOIIOJTHUTE/IbHBIE TPAHUIHBIE YCIOBUSI

Vb lim ¥(a,b) =1

a—r o0
Va¥(a,a) =0.5
IIpPUMEP 3. a
b —_
n(b, a) a+b

Heuetkoe cpasuenne n(b, a) MOXKHO pacmpuTs (HEOJHO3HAYHO) 0 CPABHEHUS YHUCTIA @ C B3Be-
menHol wncaoBoii cookymHocTbio B = {(bg,wy)|E_;}. Beskoe Takoe pacmmupenne n(B,a) Gymer
Mepoii MaKCHMAaJILHOCTH MeSMaxp a:

n(B,a) = mes(B < a) = mesmaxp a
IMpusenem Tpu koHCTPYKIMK pacmmupenus n(b, a) — n(B, a)
ITPUMEP 4. Mepa MGKCUMGABHOCNU <HEYETNKUE CPAGHEHULS

1. Bunapras xoHCMPYKUUA
K
_ 21 Ok, @)wi

ny(B,a) = 7
Zk;:1 Wk
2. I'pasumavuonnasn soncmpysuus. O6osnavum vepes B cpeduee (uenmp maosicecmu,) cosoryn-
nocmu B: K
B 21 e
K
D k1 W

Tozda

ng(B,a) = n(B,a)
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3. Cuema-koHcmpykyua.

Jleewili momenm

o'(B,a) = <Zfl(a — bp)wy < by < a)

ecmsb 00600 36 MAKCUMAABHOCTL <A NO .MO@:I/./L’}O B. Coomeemcmeeﬂﬂo, np(leL'ﬂ MOMEH,

o"(B,a) = <Z:;(bk Qe s by > a)

ecmb d0600 36 MUHUMAALHOCTD <a» N0 modyato B. Tozda

ne(B,a) =n(c"(B,a),c (B, a))

Bosppamasce K MepaM aHOMAJBLHOCTH JUHAMUYIECKOr0 IoKas3areas D, IpUBegeM uX ABHOE BbI-
pakenue Jijis HedeTkoro cpashenus n(b, a) u3 npumepa 3.

[TpumMeP 5. Mepw uDy na ocnose cpasnenua n(b,a) = %

1. Buwnapras xoHCMPYKUUA

-1
w) — Dy( w)
Dy "(%Dﬂ >+wa)(25 )

2. I'pa8umatuoHHas KOHRCTPYKUUA

Dy (w)
D —
M3 = Drtw) + Dy
ade
Df(w) . ZEeW Df(w)dw(w)

3. Cuzma-Koncmpyrxuyus

o' (Imy, Dy, Dy(w))
ol(Imy, Dy, Dy(w)) + o (Imy, Dy, Dy(w))

pDf(w) =

2de
o!(Imy Dy, Dy(w)) = Y pew (Df(w) — Dp(w))du(w) : Dy(w) < Dy(w)
o"(Imy Dy, Dg(w)) = 3 gew (Dp(w) — Dyp(w))dw(W) : Dy(w) > Dy(w)

Meppl MakKCUMAIBHOCTH ABJAIOTCA TPETHUM MapaMeTPOM HMCCAeTOBAHUS W, COETUHSSICH C Tep-
BbHIMH JByMs (MepaMu OJM30CTH M JIUHAMUYECKMMHU MOKA3ATEAMHU) JAl0T MEPhl aHOMATLHOCTH,
OTBEYAIOIINE HA TIEPBBII BOIIPOC UCCIETOBAHNA B Y3KOM CMBICJIE TOJMBKO JJId JTUHAMUYECKOTO MOKa-
zarens. O6mmit oreer Oymer MOLydeH ¢ NPUBJAEYEHNEM HEUETKOW MaTeMaTHKU HUKE.
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6. toroBast Mmepa aHOMAaJIbHOCTU

Ilepexon Dy — pDy nepesonuT aHaau3 QyHKIUK f Ha A3bIK HEYETKON JIOTUKKM U HeYeTKON Ma-
TEeMATUKH: MEPbl aHOMAJIBHOCTHU /.LDf AJId PA3HBIX nokasareJsien D OPUWHUMAIOT 3HAYCHUA B QILHHOIZ
mikasie orpeska [0, 1] 1 MOryT coderarbcs B JHOOBIX COCTaBaX M JIOOBIX KOJUYECTBAX C HOMOIIBIO
MHOTOYHUCICHHBIX OTIEPAIIil HeUeTKOMN JOTUKU U BCAKOTO POJIA YCPEIHEHHUT, KOTOPhIE MbI 0D03HAYTNM
qepes *. CT&HOBI/ITCH BO3SMOXKHBIM TTPUAATH CMBICJI CJI0XKHO aKTUBHOCTHI beHKL[I/II/I f O COBOKYTI-
HOCTH JWHAMUYECKUX mokazareneit D B yame w € W:

pDy(w) = *pep(uDy(w))

Nmerro Takoii KOHCTpyKImMeil B 00IeM Caydae MOAeANpyeTcs B3MIsz dkcrmepra £ wa dyHK-
o f. Bo MHOrOM Takoe MOmeNHpOBaHUE SABJIAETCS HCKYCCTBOM H COCTOUT B IOAGOpe 6a30BBIX
JuHAMIYecKnx nokasaresaeil D(E) u npaBuabHOM uxX coeguHeHun *(&):

pEp(w) = +(E) pep(e) (1D (w))
ITPUMEP 6.

1. Coecdunenusa * ¢ nomowypo Hewemrotli KOHBIOHKUUY | Ja10m 603MONCHOCTND 00HOGPEMEHHO
yuecmov 6ce basoswvie dunamuky us D(E) [14, 15]:

pEy(w) = Tpepe)(uDy(w))

2. Coedunenusa * ¢ nomouwpio nHewemxol dudstonkyuu L daom 603MONCHOCTIO NPOABUMD cebs
Kaoicdoti 6asoeoti dunamure us D(E) [14, 15]:

pEf(w) = Lpepe)(pDy(w))

3. Coedunenue * ¢ NOMOWBIO YCPEOHENUA OGEM BO3MONCHOCTL Yuecmb eeca w(D) baszosvir du-
namuk u3 D(E), ¢ kKomopvmu oxcnepm £ K HUM OMHOCUMCA:

_ Ypep(e) w(D)uDy(w)
pEp(w) = > pene @(D)

WroroBas Mepa anoMasbHOCTH (1€ F MU CUCTEMBI (DYHKINH F TOTYIAETCs COeTUHEHNEM Mep
anomanpnoctn (4 EF o BeeMm f € F:

HEF(w) = +(€) jer

Bnauenne € ¢(w) — creneHb MHTEpeca K y3uy w sKcuepra £ (creneHb £ — aHOMAIBHOCTH W) 1
TOJTHBIN OTBET Ha MEPBLII BOITPOC, MOCTABICHHBI BO BBemennn. Mepa u € F maeT HaM K0T K TOTET-
HBIM E-anoMausaM. Mel cantaem E-anomasbubiMu 171t F y3iael w € W, B kotopwix p € x(w) = 0.75.
DTO JOCTATOYHO €CTeCTBEHHO, T.K. €C/IM HEKOTOPOe CBOWCTBO BhIpaxkeHo B mmikase [0, 1], To ero upo-
SIBJIEHUS, onajaionme B 0Tpe3ok [0.75, 1], BRIISAST aHOMAabHBIMH.

Coepunennst *(£), npeobpasyomme Mepbl AHOMATBHOCTH (D Ui OTeIbHBIX [HHAMIIECKAX
mokazareneit D u oTmenbHbIX (QYHKIHUM f B WTOTOBYIO Mepy AHOMATBLHOCTH [ EF CHACTEMBI JF —
YETBEPTHIN TaPAMETD UCCACTOBAHNUS.

B cuny mpowsBossHOCTH cucTeMbl GyHKIME F E-aHOMATHHBIE Y3JIbI I Hee MOTYT MPeIcTan-
JIATH coB0i TTOIMHOKECTBO B W, HY K IafoIeecs B JOTOJHUTEIBHOM pabore (peBapuTeIbHON «TO-
MOJIOTHIECKOl» (buibTparmm u nocreayiomein kinacrepusanun). Hecomuenuniit marepec 8 W npes-
CTABJISIIOT TOAMHOXKECTBA, ABIMIONIHECST OCHOBAHUSIME BO3BBIMIEHHOCTEH Mephl 1€ x. B sToM Ham
momozker DPS.
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7. @yHKNMOHAJIbHBIN ajaroputM DPS u £-anomanaum ags cucreMbr F
Mycrs AABCWuweW

ONPEAENEHUE 8. Ilaommnocms P(A,w) na mmoocecmee W — amo omobpasicenue npouseede-
nua 2 x W 6 ompesor [0, 1], s0spacmarowee no nepeomy apeymenmy:

Vw,AC B= P(A,w) < P(B,w)

3naqernue P(A, w) nasweaemesa naomuocmovto nodmnosicecmea A 6 w u 6 dasvretwenm 6ydem
o6oznawames wepes Py(w).

ONPEJENEHUE 9. [Todmmuoocecmso A naswsaemcs a-cosepwennvim 6 W daa o € [0, 1], ecau
A={w e W : Py(w) > a}

IIponece nmocrpoerns B W MakCHMaIBHOTO (-COBEPINEHHOTO noaMHoKecTBa W (ar) ocytecTBiist-
ercs oObranbiM anropurmom DPS (Discrete Perfect Sets) [11, 12]:

W (a) = DPS(W|P, )
[TomvuoxkectBo W («v) moydaerca B pe3y/brare mepecevdeHus
W(a) = M2, W (a)

rue
W (@) = {w e W¥(a) : Py (w) > a}

ITepeceuenne NP2 | 00A3aTEIBHO JOCTUTACTCS, TOTOMY HYTO BCET/a sIBJISIETCS KOHEYHBIM B CHITY
komeanoctn W n Bioxennocrn W (a) 8 Wk (a) npu Beex k= 0,1,. ..

Oyuxnuonaabuoit DPS cBs3an co crnenmanbHoit miotHocThio P = P(WU,r), B 0CHOBE KOTODOIf
nexur dyukuna V: W — [0, 1] u sokanusanus pajuyca 7

_ Y U(w) : w e Dy(w,r)
[Da(w, )|

Py(w)

rae Dy (w,r) 3aMKHYTBIN map B A ¢ IEHTPOM B W PAIAYCa T
Da(w,r)={weA:|w—w|<r}

Pesyabrar W () paborsr Takoro asropurma DPS npencrasisier coboit MakCHMaIbHOE TTOMHO-
keerBo B W, Ha KoTopoM PyHKIMA ¥ r-JIOKAJIBHO B CPETHEM = (.

Ecmu W(a)/N = {Wz(a)]fg)}, W(a) = Ufg)ﬂ/i(a) pasbuenue W («) HA KOMIIOHEHTEI CBSA3HO-
CTH TI0 OTHONIEHWIO COCEACTBA y3/10B [N, BBEIEHHOMY B HAYA/I€, TO MPU YCJIOBUH HETPUBUAILHOCTH
W(a) mpu «v € [0.75, 1] dparmentsr W;(«) 6yayT nHTEpeCHBI KAaK CBsI3HBIE TTOJMHOXKecTBa B W, Ha
KOTOPBIX yuknua ¥V aHoMaIbHA.

Bepst B kagecTBe ¥ Mepy anoMabHOCTH L € F, MBI TIOJIyYaeM OTBET Ha BTOPOI BOIPOC BBEIEHUS
crarpu 00 £-apoManugax aasa F B W. Pagmyc mokanmzanun r B QyHKIMOHAJIBHOM DPS — mareiii n
MOCJIEIHAN [TAPAMETD UCCIE0BAHUS.

3aMeTnM, UTO 9TAIl KJAACTEPU3ANNN, B OTIHYNAE OT BCEX OCTATBHBIX 3TATIOB, HE BCETTIA 0Os3aTeIeH
B MCCJIEJIOBAHUN: €CJIU MEPa AaHOMAJBHOCTH UEF YCTPOEHA XOPOIITo U 9KCepTy £ HECJOKHO TPUHSITh
petierue 06 aHoMaJbHBIX obJtactsx B W HemnocpejcTeerno o Heit, To DPS we myxen. Umenno c
TaKOM CI/ITyaL[I/Ieﬁ MBI CTOJIKHEMCA B IIPUBCACHHBIX HHKE IITpUMEpPax.
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8. Ilpumepnt

IMokaxkem kak Bce paboraer Ha npumepe JABYX penbedos (HeoTpunarenbHbix (GyHKIMA) fi n
f2, 3amannbix Ha kBagpare W = {(i,j) : 0 < 4,7 < 200} (puc. 4). Oyuxnus fi; umeer jse
BO3BBIILIEHHOCTH B OKpecTHOCTHX y3/10B wi = (40,40) u wy = (40,160) u miockuii y4acrok B
okpectHoCcTH y3ia w3 = (140,150). Bropas dbyHKIma f2 mMeer BO3BBIMIEHHOCTb B OKPECTHOCTH
y3Ja w1 ¥ TAOCKNAE YIACTKH B OKPECTHOCTSX Y3JI0B W W W3.

DyHKUMA fr DyHKUUA f,
200
175 A . 250 ‘ 250
125 A E
150
-~ 1001 150 |
75 1 100 ] 100
50 A :
. 50 50
25 A b
0 T T T 0 T T T 0
0 50 100 150 200 0 50 100 150 200

I I

Puc. 4: @yuknun fi u fo

IIpenmnomoxkum, aro sKcmepr £ UMEET JABE TOYKHU 3peHUsd Ha QyHKIUU fi U fo: JOKAIBHBIM
pas6poc (8) u sokanbHag auHeiiHOCTH (11), HO B pa3HBIX COYETAHUSIX.
Taxkum obpazom,

F={fil1}, fi: W — R"; Dy, Dy, € {Q(w]d, q), R(w]3)}.

Mepa 6sm3ocTi § TpefmoiaraeTcs JOKambHOM (4) ¢ r = 2 u p = 1, mokasarensb ¢ (8) paBHBIM
eJINHUIIE.

Ipumep 7. Dy = Qp (w|d,1), Dy, = Qf,(wld,1)
Ixenepma uwmepecyem yuacmok W us W, na xomopom obe GyHKuuL uMem aHOMAALHO bONb-
wol pasbpoc. 1pozpamma uccaedoBaHUA 8 IMOM CAYHAE NOCAEI0BATNEABHO TIPEOCTNABAEHA HA PUC. 5!

o Jlunamuueckue noxasamesu: Q (puc. 5a) u Qy, (puc. 56);
e Mepv anomanvrocmu: pQy, (puc. 56) u uQy, (puc. 5e);

o Hmozosas mepa anomarvrocmu: pEr = min(uQy,, pQy,) (puc. 50);

e W — oxpecmmuocmd ysaa wa.

IIpumep 8. Dy = Ry, (w[d), Dy, = Ry, (w|6)

Ixenepma unmepecyem yuacmor W uz W, na xomopom 06e PyHKEUuY MAKCUMAALYHO AUHETHDL.
Hpozpamma uccaedosanus 6 IMOM CAYHGE NOCAEIOBATNEALHO NPEICTNABAEHA HA puc. O:

o Jlunamuueckue noxasamesu: Ry (puc. 6a) u Ry, (puc. 66);

e Mepv aromarvrocmu 6ydym mewemxumu ompuyaruamu —uRy = 1 — uRy (puc. 66) u
—uRys, = 1—puRy, (puc. 62), nockoavky 6 dannom cAyuae HAC UHMEPECYIOM MAADLE 3HAUEHUA
AOKAADHOU AUHETTHOCU;
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10

T z T 0 T 3 T 0
1.0 1.0
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0.0 0.0

Puc. 5: Uccnenosanue cucremsr F = {f1, fo} ¢ D(E) = {Qy, (w|d,1),Qy, (w]d, 1)}

e lmozosas mepa aromarvrocmu: pnEr = min(—uRy , ~puRy,) (puc. 60);

o W — oxpecmmnocms ysaa ws.

IpuMEP 9. Dy = Qf (w6, 1), Dy, = Ry, (wld)

Ixenepma unmepecyem yyacmox W us W, na xomopom dynxyua fi umeem anomanrvro 604o-
wol pasbpoc, a PYHKUUA fo — MAKCUMAALHO Aunetina. [Ipozpamma uccaedosarus 6 smom cayuae
nocaedosamennto npedcmasaena wa puc. 7:

o Jlunamuueckue nokasamensu: Qy, (puc. 7a) u Ry, (puc. 76);
e Mepvi anomanvrocmu: pQy, (puc. 56) u ~puRy, =1 — puRy, (puc. 72);
e Hmozosas mepa anomarvrocmu: pEr = min(uQy, , "uRy,) (puc. 70);

e W — oxpecmmuocmsd ysaa wy.
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10

1.0

0.8

0.6

0.4

0.2

0.0

Puc. 6: Uccrenosanue cucremsr F = {f1, fo} ¢ D(E) = {Ry, (wl6), Rs,(w]d)}

9. 3akJiroueHue

TlogBenem wTOr M30KEHHOMY BBIIIIE B BHUJE CXEMbI Ha PUC. 8 U CAeaeM HECKOJIbLKO 3aKJIIOUH-
TeJIbHBIX 3aMeYaHui

OnHoMmepHasi Bepcud cxembl: W — auckperHoe Bpems, F — Bpemenunoi psa f wa W, onun nu-
HAMWYECKUH TOKa3aTeJ b — 9TO COBPEMEHHAs BEPCHs JIOTMKU WHTEPITPETATOPA, MO3BOJIIIONIAA C
nosurnmit HM n HJI mogo#itn k dbyHmaMenTa bHOE 3amade 00 aHOMAIUsIX Ha BPEMEHHBIX PATAX
[16, 17, 18, 19, 20, 21].

JlunaMudeckue MmOKa3aTeIn MOTYT OBITh JABYX THUIOB. lepBBIfl THI mMeeT €10 ¢ PyHKIHEH
HEMOCPEICTBEHHO, M UMEHHO TaKue ToKa3aTesu mpuse/ieHsl Boie (7-11). Bropoit Tum uMeer meo
¢ dyHKImMel 0moCpeIOBaHHO depe3 Kakoe-mnho mpeodpazoBanue, HAIpUMep, Yepe3 mpeodpa3oBa-
une Pypbe win BeiiBaer-npeobpazoBanne 22|, u MoxeT OBITH KOJIUIECTBEHHON XapaKTePUCTUKON
COOTBETCTBYIOIETO CIEKTPA.
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0.6

0.4
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0.0

Puc. 7: Uccnenosanue cucremsr F = {f1, fo} ¢ D(E) = {Qf, (w|d,1), Rs,(w|d)}

Cxema TTOKa3bIBaeT, ITo peobpasosanne F — uEr NEpeBOIUT BEKTOPHDBIN aHAIN3 OTHOCUTE -
HO cucTeMbl QYHKIWME JF B CKJISPHBIN aHAIM3 OTHOCUTETHLHO UTOTOBON MEphl aHOMATBHOCTH UEF.

Bce 310 510 M3BecTHOI CTElEHN HAIIOMUHAET CUTYAIUIO B TEOPUU NPUHATUS DEIIeHnil, KOTja
MHOT'OKPpUTEPpUAJIbHAA 3ada4a BbI60pa CBOAUTCA K CKaJAPHOMY B])I60py OTHOCHUTECJ/IbHO, TaK HA3bI-
BaeMoii, pyHKIuu nosesnoctu |23].

Ha zaxmrounTenbHON cTagun UCCIeI0BAHNS BOSHIUKAET 334a9a BBIIETCHNIS BO3BBIIEHHOCTEHR 0
mepe uEx. Anropurm DPS naer opurnnansHoe perenne 310 pyHIaMEeHTAILHON B aHAIN3e JaHHBIX
3a71a4u (CM., HAIPUMED, BbIJIEIeHIEe IpKUX hparMeHTos Ha n3obpaxkennsx B Image Processing [24]).

Pabora Brimosinena B pamkax npoekta Poccuiickoro nayamoro ¢gromma Ne 18-17-00241 “Ucciemo-
BaHUE YCTOMYMBOCTH MTOPOJHBIX MACCHBOB HA OCHOBE CHCTEMHOI'O aHAJN3a MeOIMHAMUYECKUX TIPO-
IIECCOB [IJTsT TE0IKOJOTHIECKH OE30TIACHOM MOM3EMHOM N304 PAJHOAKTUBHBIX OTXOT0B”.
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(64t0%Y) —— Ditw) —— uDiMw)

fl/'
\

UEF W) —> DPS(w|uér)

©@yt,0mY)  —— DPHw) —— uDP (W)

e
N\

N

6Lk, D1k DLk (w) D% (w) /

Ve
\

(6-kn, D™ k) —— DI (W) ———> uD{ (W)

Puc. 8: Cxema uccienoBanmst
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p-aamvdeckue L-pyHKIM m p-aamvdeckue KpaTHbIe J3eTa 3HAaYeHUs

H. M. I'mazynos

I'mazynosB Hukomaaii MuxaiinoBua — 10KTOp DUINKO-MATEMATHYIECKUX HAYK, podeccop, Ha-
mronasbHi#t ABmanuonniit Yausepcurer, r. Kues (Vkpawnna).

AnHOTanusa

Crarbs nocBsmena namstu ['eoprust Bopororo. OmuchIBatoTCst HOBbIE W30PAHHBIE PE3YJIbTA-
THI 0 psizax DifzeHmnreiina, o (MOTUBHBIX), (p—aIudecKnx), (KpATHBIX) 3HAYEHUAX (KPYTOBBIX)
a3era v L—@yHKIUH, 1 UX TPUIOKEHUs], MOy YeHHBIE HUKE TIEPEIUCTITIEMbIMEI ABTOPAMHE, & TAK-
7K€ DJIEMEHTAPHOE BBEJEHUE B 9TU pe3ysbrarbl. Jlan Kparkuii 0630p HOBBIX Pe3yJbTaroB O (MO-
TUBHBIX), (p—auuveckux), (KparHbix) 3HadeHusX (Kpyrosbix) azera dbyskuusax, L—dyHxuusx
u psmax Jizenmreiina. CraTbs OpueHTUPOBAHA HA N3OpAHHBIE 33aYU U HE SIBJISETCS MCUEP-
nbiBaomieii. Hagasao crarbyu coep:KuT KpaTKoe W3JI0yKeHue Pe3yIbTAaTOB O 4ncjaax BepHymim,
CBS3AHHBIX C uccaenoBanusymu leopruss Boponoro. Pe3ymbprarsl 0 KpaTHBIX 3HAYEHUSX 13€TA
dyurumit 66umu mpeacrasiaenst 1. 3arupowm, 1. Jenunem u A. Tonwaposbiv, A. ToHuapoBbIM,
®. Bpaynowm, K. Iiisnocom (Glanois) u apyrumu. C. Yusep ( "Unver) uccienosan kparhble p-
aIUvecKue J3eTa-3HaueHns TayOuHbl ABa. TaHHAKMEBA WHTEPIPETAINs KPATHBIX P-aIuIeCKUX
n3era-3nadvennit nana X. @ypymo. Kparkas ucropus u cBs3m Mexxay rpynnavu lanya, Gyrma-
MEHTAJILHBIMU TPYIIaMi, MOTUBAME U apUPMETHIECKUMU (DYHKITUSIMU TPEICTABIEHbI B JOKJIa-
qe FO. Nxapa. Pe3ynbraThbl 0 KpATHBIX JI3€Ta-3HAYEHUSAX, TPyIIax [anrya u reoMeTpu MO Tsip-
HBIX MHOroOOpa3uit mpeacraBienbl [ onaaposbiM. HTEpecHas yHUTIOTEHTHAS MOTHBHAS PyHIA-
MEHTaJIbHAs TPYIIIa ompeaeena u uccaeaosana Jlenunem u [ongaposbiv. B mannoit pabore Mbr
KPaTKO yIIOMUHAEM B pamkax (p -amudeckux) L -byukimii u (p -agudeckux) (KpaTHBIX) I13€Ta-
3HaueHnit npuMenenus moaxonos Kyborsr-Jleomossara u ViBacaBsr, KOTOpbie OCHOBAHHBI HA P -
ammaeckux L -byaknuax Kyborsr-Jleomonbaa, u apudmernieckux p— agudeckux L -pyHKImsax
Usacasbl. [Ipopedepuposan psij HejaBuux paboT (U COOTBETCTBYIOIIUX PE3YJIHTATOB): KPATHbIE
JI3€Ta~-3HAYCHNS B KOPHSIX U3 €MHUIIBI, IOCTPOCHUE CEMEHCTB MOTUBHbBIX UTEPUPOBAHHBIX HHTE-
rpaJIoB C TIpeAMUcaHHbIME cBolicTBamu 1o Lmsnocy (Glanois); aBHbIE BRIpaXKEHUS 1151 KDYTOBBIX
p— aJINYECKUX KPATHBIX /13eTa-3Hadenuiil rryounnt qsa o Yusepy (Unver); cBsa3u apudmernde-
ckux cremeneil mukioB Kymnnei-Pamonopra na waTerpanbuoit mogenu Mmaoroodpasus Hlumypsr,
coorBercTByOLIEi yHuTapHOoiil rpynne curnarypst (1,1), ¢ koaddunuenramu Pypobe nenTpasb-
HbIX [POM3BOAHBIX DssoB Difzeninreiina poga 2 no Caukapany (Sankaran). Bosee nosno ¢
COIEPYKAHMEM CTATHU MOYKHO O3HAKOMHTHCS MO TPUBOAMMOMY HUYKE OTJIABIEHUIO: BBemenue. 1.
CpaBuenus Tuna Boponoro ans uucen Bepuynnu. 2. Pumanossr n3era-3uadenus. 3. O rpymmax
KJIACCOB KOJIeI ¢ Teopueil auBm30poB. MHUMBIE KBAIPATUIHbBIE U KPYTOBbIe mois. 4. Psabr Dii-
gerrrreiina. 5. I'pynnbl KIaccoB, o KIaccoB U a3era-gyukimu. 6. KparHbie n3era-3nadeHus.
7. DJIeMeHTbI HeapXUMeJOBbIX JIOKATBHBIX MMOJIeH U HeapxuMe0Ba anamm3a. 8. VrepupoBannbie
uHrerpaibl U (Kparuble) nzera-3uadenus. 9. @opmasibubie u p—aenumble rpyuibl. 10. Morusst
u (p—amuueckue) (Kparnbie) n3era-suadenus. 11. O pagax DiizeHmreiina, acCOMUUPOBAHHBIX
¢ muoroobpasusamu lumypsr. Pasgenst 1-9 u noapaszzaen 11.1 (O HEKOTOPBIX MHOr0OOpa3UIX
Mumypst u Momyaspabix dhopmax 3uresis) MOXKHO PACCMATPUBATH KaK SJIEMEHTAPHOE BBEIE-
Hue B pesyiabrarsl padzgena 10 u noxpasgena 11.2 (O HecobCTBEHHOM mepecevYeHuu JIUBU30POB
Kymipi-Panonopra u psiuax iizenunreiina).

4 riry6oko mpusuaresern H. M. JIo6poBOIECKOMY 38 TIOMOIIb U MTOIIEPYKKY B MPOIECCE IO~
TOTOBKH CTAThW K TIEYATH.
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Abstract

The article is dedicated to the memory of George Voronoi. It is concerned with (p-
adic) L-functions (in partially (p-adic) zeta functions) and cyclotomic (p-adic) (multiple) zeta
values. The beginning of the article contains a short summary of the results on the Bernoulli
numbers associated with the studies of George Voronoi. Results on multiple zeta values have
presented by D. Zagier, by P. Deligne and A.Goncharov, by A. Goncharov, by F. Brown, by C.
Glanois and others. S. Unver have investigated p-adic multiple zeta values in the depth two.
Tannakian interpretation of p-adic multiple zeta values is given by H. Furusho. Short history and
connections among Galois groups, fundamental groups, motives and arithmetic functions are
presented in the talk by Y. Ihara. Results on multiple zeta values, Galois groups and geometry
of modular varieties has presented by Goncharov. Interesting unipotent motivic fundamental
group is defined and investigated by Deligne and Goncharov. The framework of (p-adic) L-
functions and (p-adic) (multiple) zeta values is based on Kubota-Leopoldt p-adic L-functions
and arithmetic p-adic L-functions by Iwasawa. Motives and (p-adic) (multiple) zeta values
by Glanois and by Unver, improper intersections of Kudla-Rapoport divisors and Eisenstein
series by Sankaran are reviewed. More fully the content of the article can be found at the
following table of contents: Introduction. 1. Voronoi-type congruences for Bernoulli numbers. 2.
Riemann zeta values. 3. On class groups of rings with divisor theory. Imaginary quadratic and
cyclotomic fields. 4. Eisenstein Series. 5. Class group, class fields and zeta functions. 6. Multiple
zeta values. 7. Elements of non-Archimedean local fields and p—adic analysis. 8. Tterated
integrals and (multiple) zeta values. 9. Formal groups and p-divisible groups. 10. Motives and
(p-adic) (multiple) zeta values. 11. On the Eisenstein series associated with Shimura varieties.
Sections 1-9 and subsection 11.1 (On some Shimura varieties and Siegel modular forms) can be
considered as an elementary introduction to the results of section 10 and subsection 11.2 (On
improper intersections of Kudla-Rapoport divisors and Eisenstein series). Numerical examples
are included.

Keywords: p-adic interpolation; (p-adic) L-function; Eisenstein Series; comparison isomor-
phism; crystalline Frobenius morphism; de Rham fundamental group; (p-adic) multiple zeta
value; Iwasawa theory; Shimura variety; arithmetic cycles.

Bibliography: 43 titles.



114 H. M. I'nazynos

For citation:

N. M. Glazunov, 2019, "p-adic L-functions and p-adic multiple zeta values" , Chebyshevskii sbornik,
vol. 20, no. 1, pp. 112-130.

Introduction

The article is dedicated to the memory of George Voronoi. It is concerned with (p-adic) L-
functions (in partially (p-adic) zeta functions) and cyclotomic (p-adic) (multiple) zeta values. The
beginning of the article contains a short summary of the results on the Bernoulli numbers associated
with the studies of George Voronoi. Results on multiple zeta values have presented by D. Zagier [1],
by P. Deligne and A.Goncharov [5], by A. Goncharov [6], by F. Brown [7], by C. Glanois [§]
and others. Tannakian interpretation of p-adic multiple zeta values is given by H. Furusho [10].
Short history and connections among Galois groups, fundamental groups, motives and arithmetic
functions are presented in the talk by Y. Thara [12]. Results on multiple zeta values, Galois groups
and geometry of modular varieties has presented by Goncharov [6]. Interesting unipotent motivic
fundamental group is defined and investigated by Deligne and Goncharov [5]. S. Unver [9, 11] have
investigated p-adic multiple zeta values in the depth two. The framework of (p-adic) L-functions and
(p-adic) (multiple) zeta values is based on Kubota-Leopoldt p-adic L-functions [13]| and arithmetic p-
adic L-functions by Iwasawa [14]. Motives and (p-adic) (multiple) zeta values, improper intersections
of Kudla-Rapoport divisors and Eisenstein series by Sankaran [37]| are reviewed. More fully the
content of the article can be found at the following table of contents: Introduction. 1. Voronoi-type
congruences for Bernoulli numbers. 2. Riemann zeta values. 3. On class groups of rings with divisor
theory. Imaginary quadratic and cyclotomic fields. 4. Eisenstein Series. 5. Class group, class fields
and zeta functions. 6. Multiple zeta values. 7. Elements of non-Archimedean local fields and p—adic
analysis. 8. Tterated integrals and (multiple) zeta values. 9. Formal groups and p-divisible groups.
10. Motives and (p-adic) (multiple) zeta values. 11. On the Eisenstein series associated with Shimura
varieties. Sections 1-9 and subsection 11.1 (On some Shimura varieties and Siegel modular forms)
can be considered as an elementary introduction to the results of section 10 and subsection 11.2
(On improper intersections of Kudla-Rapoport divisors and Eisenstein series). Numerical examples
are included.

The subject matter of this review has deep historical roots, with contributions of many
mathematiciens. [ apologize for any oversights and any misrepresentations, which are not intentional
but rather due to my ignorance.

REMARK 1. Let me now present very briefly the background of my interest on the subject of
the values of zeta and L—functions. In 1970-1971 years Yu. Manin gave courses of lectures and
seminars on Algebraic Geometry, Diophantine Geometry in MGU and in Steklov mathematical
institute. In his lectures and talks Yu. Manin presented and discussed the Birch-Swinnerton-Dyer
conjecture concerning L— functions of elliptic curves and abelian varieties. In particular Yu. Manin
have proposed in these talks modular symbols for computation of values of L—functions of elliptic
curves at s = 1 [2, 3]. Author of the text attended the lectures and seminars of Yu. Manin. Following
of the kind conversation with Yu. Manin the author has implemented the computer program and has
computed Manin’s modular symbols [39] for elliptic curve Ep 11y follow to Manin article [2].

1. Voronoi-type congruences for Bernoulli numbers

We follow to [18, 19].
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1.1. Bernoulli numbers

Bernoulli numbers B,, are determined for integers m > 0 by the expansion

exp(t)
REMARK 2. For m > 0, Byp4+1 = 0.

1 1 1 1
So we have 30:1731:_5732:67B4:_%736:@7-“

1.2. Voronoi‘s congruences

Let N be an natural number (the modulus), a coprime with N and let By, = 5";: be the
Bernoulli number with coprime P, and (Q2,,. Then

N-1
(a®™ — 1) Py, = 2ma®™ Qo Z g¥m=1 [%} mod N.

s=1

1.3. Kummer congruences

If p is prime and p — 1 not divide even positive m then the number BW’" is p-integer and there

is the congruence

Brip— B
Dmiptl _ Pmooq,
m+p—1 m

2. Riemann zeta values

Here we follow to [15, 16, 17, 18].
Let s = o +it be a complex number and let {(s) be the Riemann zeta function which is presented
for ¢ > 1 by the series

1
¢(s) = n:1 s
By Euler for m > 1
3 (27T)2m
o2m) = (—1)m""! Bom
Clam) = (-1 By

where Bs,, are Bernoulli numbers; recall also that

forodd n=1,3,5,....

REMARK 3. (By Euler ),

772 7T4 7T6
C(2) = g- C(4) = %, 5(6) = ma
ceny=-22_ 1 =1
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Define polylogarithm
(o.9]
Ly (z) = Z 2"nm.

n=1

REMARK 4.

¢(2) = La(1).

3. On class groups of rings with divisor theory. Imaginary quadratic
and cyclotomic fields

The study of class groups of rings and corresponding schemes is an actual scientific problem
(see |18, 20] and references therein). For regular local rings, according to the Auslander-Buchsbaum
theorem, the (divisors) class group is trivial. But in most interesting cases the group is nontrivial.
The Heegner approach, together with the results of Weber, Birch, Baker and Stark, makes it possible
to calculate and even parametrize rings with a given (small) class number in some cases. Let R be a
commutative ring with identity for which there exists the theory of divisors [18]. The order of the
class group is calculated on the basis of the use of L-functions. We investigate one of the aspects
of this problem, consisting in finding the moduli spaces of elliptic curves defined over the rings R
with the given class number.

Problem. To investigate the case of elliptic curves over rings of integers of quadratic fields
(rings of integers O of quadratic algebraic extensions k of the field of rational numbers Q) with a
small class number, see [18].

In some cases, for instance under computer algebra computations, we have to enumerate
investigated objects. Some simple parametric spaces and moduli spaces in the case of imaginary
quadratic fields are presented below [40]. We present an elementary introduction to this problem
and give the moduli spaces as trivial bundles over affine part of the groups of rational points of
some elliptic curves over the ring of integers Z. Below we present parameter spaces and moduli for
class number one and two. Let

E:y? =23+ ax +b, Disc(E) = 4a® 4 27b%, Disc(E) # 0, (*)

be an elliptic curve over the ring O . Let A; be the affine part of the group of rational points over
Z of the Heegner elliptic curve y? = 2x(2® + 1). With results by Heegner, Deuring, Birch, Baker,
Stark, Kenku, Abrashkin, we deduce

PROPOSITION 1. Let O be the ring of integers of the imaginary quadratic field with class number
one. Then the parameter space of elliptic curves of the form (*) is the trivial bundle

(O x O/(Disc(E) =0)) x A;.

PROPOSITION 2. Let k be the imaginary quadratic field with class number one. Then the moduli
space of elliptic curves of the form (*) is the trivial bundle

kXAl.

Let Ay be the affine part of the group of rational points over Z of the elliptic curve
X3 +3X = —Y?2, let A3 be the affine part of the group for the elliptic curve X3 — 3X = 2Y2, and
Ay respectively for 9X4 — 1 = 2Y?2.

PROPOSITION 3. Let O be the ring of integers of the imaginary quadratic field with class number
two. Then the parameter spaces of elliptic curves of the form (*), without an exceptional case, are
trivial bundles
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(O x O/(Disc(E) = 0)) x As, (O x O/(Disc(E) = 0)) x Az, (O x O/(Disc(E) = 0)) x Ay.

PROPOSITION 4. Let k be the imaginary quadratic field with class number two. Then the moduli
spaces of elliptic curves of the form (*), without an exceptional case, are the trivial bundles

kx A, kx As, k x Ay.

THEOREM 1. (The Kronecker-Weber theorem) Every finite abelian extension of Q is contained
in a cyclotomic field.

With results by Heegner, Deuring, Birch, Baker, Stark, Shafarevich we have

PROPOSITION 5. Imaginary quadratic fields with class number one and with descriminants
—D =4,8,3,7,11,19,43,67,163 are contained, respectively, in cyclotomic fields
Q(V1),Q(V1),Q(V1),Q(V1),Q( V1), 0
Q VD). VD). Q( VD). (VD).

4. Eisenstein Series

Here we follow to [15, 16, 17, 18|.
Let 7 belong to the modular figure of the modular group I" = I'(1).

DEFINITION 1. In these notations with k > 1 the Fisenstein series is defined as

1
w= 2 (n + m7)2F

m#£0,k>1

PROPOSITION 6. FEisenstein series have the representation

2(—2mi)** 2%—1
cr =2C(2k) + E n q",
(2]43 o 1)' n>0,m>0

where ¢ = e>™T £ 0.

If we will use functions of the sums of divisors oor_1 we obtain
cr = 2C(2k) + 2/,327”1)1 Yo 02k—1(n)q"

or shortly

Ck; = 2C(2k> %SQ}C 1-

As ((2k) = (—1)F1 (22(9:; By, we have

COROLLARY 1. ¢ = 2¢(2k)(1 — é—fh o L o2k—1(n)q").
Put g5 = 60c2, g3 = 140c3.

PROPOSITION 7. A = g3 —27g3 # 0.

‘mu

As A # 0 it is possible to define J =
DEFINITION 2. Modular invariant of the elliptic curve y* = 4a3 — gox — g3 is equal to j = 2033 J.

ProrosiTION 8. j = % 4+ u1q + - - - where u; are integers, ug = 0.
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Let us transform ¢ in such a way that corresponding Fourier coefficients under ¢, n > 1 will
rational numbers. Dividing ¢, on 2((2k) and denoting the obtained result as Fj we have by the
Corollary 1

PROPOSITION 9. Ej, =1 — 1% > ook—1(n)g".
REMARK 5. -
Ey=1+240) a3(n)q",

n=1

o
Es=1- 504205(n)q”.

n=1

5. Class group, class fields and zeta functions

Here we follow to [16, 18].
Let K be an imaginary quadratic field and let Clk be its class group.

DEFINITION 3. Let N(a) be the norm of the ideal a. The Dedekind (-function for K is defined
for all s > 1 by the series

1
Ck(s) =) N
where the sum is taken over all nonzero ideals a € Ok .

Let R be a subring (R # Z) of the ring of integers Ok of the imaginary quadratic field K.
Let My, ... My be pairwise nonequivalent modules of K with the same ring of multipliers R.

PrROPOSITION  10. j(My),...,j(My) are integer algebraic numbers which are conjugate over

PROPOSITION 11. The field K(j(M;))/K is the normal field.
DEFINITION 4. The field K(j(M;))/K is called the ring class field.

Follow to [16] it is possible to define ray class field. As in an imaginary quadratic field there is
no real infinite primes so modulus of the field is an ideal of the ring of integers of the field.

Let m be a modulus of the an imaginary quadratic field K, let Cl} be the ray class group, let
Tw be the Weber function .

Let R € Clg and let R* € CI be the ideal class whose image in Clk is equal to (m)R~L.

PROPOSITION 12. The field K(j(R), 7w (R*))/K is the ray class field.
Let C be an ideal class.
DEFINITION 5. The ideal class zeta function is the expression of the form

1
CC(S) = Z N(Cl)s

acC
a integral

s=o+1it, o> 1.

Below we present values of zeta and L-functions connecting with imaginary quadratic fields.
Let d be a squarefree integer number, K = Q(\/Zﬂ) a quadratic field, y be the character of the
quadratic field K. Let L(s,x) be the L—series with a nonunit character x modulo |D|. Here D is
the discriminant of the field K.
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PROPOSITION 13.

Cxe(s) = C8) (s 0) = () [T - X2),

pS
Let m be the number of roots of unity of the imaginary quadratic field [K : Q).

REMARK 6. m =4 for K = Q(v/—1), m =6 for K = Q(v/—3), m = 2 for all other imaginary
quadratic fields.

Let h be the class number of the field K.

PROPOSITION 14. )
27
L(1,x) =

m+/|D]
COROLLARY 2. For imaginary quadratic fields with class number one (h = 1) we have
%7 K= Q( V _1)

T D =8,711,19,43,67,163.
VD]

6. Multiple zeta values

DEFINITION 6. Let x1,...x, be natural numbers with x, > 2. The multiple zeta value of the
weight w and the depth p s called the expression of the form

1
C(xl,...(I,'p): Z ﬁ,w:sz
0<ny <—<ny "1 "p

REMARK 7.

€(2,2) = Z nglng,w:Zaji:ZL.

O<ni<ng 1

REMARK &.

1
€(2,2) = 5(€(2)¢(2) = ¢(4)).
Let pn be the group of roots of unity.

DEFINITION 7. Let x1,...x, be natural numbers with x, > 2. The multiple zeta value relative
to un of the weight w and the depth p is called the expression of the form

n1 Tp
€ &
T1,.--Tp\ __ 1 Y .
C(El7""76p) - E nIl nxp , € € UN,
0<ny<-<np 1 p

w = in, (xp, €p) # (1,1).

7. Elements of non-Archimedean local fields and p—adic analysis

Here we present elements of p—adic local fields, their algebraic extensions and p—adic interval
analysis. We follow to [18, 21].
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7.1. Elements of non-Archimedean local fields

A non-Archimedean local field is a complete discrete valuation field with finite residue field.
Further, for brevity, we call these fields local. In other words, a field K is called local if it is
complete in a topology determined by the valuation of the field and if its residue field k is finite.
We assume further that the valuation v is normalized, i.e. the homomorphism of the multiplicative
group of the field to the additive group of rational integers v : K* — Z is surjective.

The structure of such fields is known: if the field K has the characteristic zero, then it is a
finite extension of the p—adic field Q,, which is the completion of the field of rational numbers with
respect to the p—adic valuation.

If [K: Q,] =n, then n = ef, where f is the degree of classes of residues, (i.e. f = [k :TFp]) and
e = vi(p) is the ramification index of K..

If the field K has the characteristic p, then it is isomorphic to the field k((7)) of formal power
series, where T is a uniformizing parameter.

Let L be a finite extension of a local field K with their residue fields [ and k, p = char k and
er/k be the ramification index of L over K.

An extension L/K is called unramified if a) ey /x = 1; b) the extension [/k is separable. An
extension L/K is called tamely ramified if a) p does not divide ey k; b) the extension [/k is
separable.

An extension L/K is called wildly ramified if ey = p°, s > 1;

Denote by Ty /i and by Normp, g respectively the trace and the norm of the extension L /K.
We drop indices, when it is clear what kind of extension we are talking about.

Denote by K, the maximal unramified extension of the field K (in a fixed algebraic closure of
the field K') with a residue field kg, which is the algebraic closure of a field k.

In a non-Archimedean local field K each of its elements « has a representation o = en™, where
e is a unit of the ring of integers of the field K and = its uniformizing element, that is v(7) =1,
m is an integer rational number. A unit is called principal if e =1 (mod 7).

LEMMA 1. If the local field contains a primitive p—th root &, of unity, then v(&, — 1) = pfl 18
an integer number.

Proof. £,—1 is the root of the equation (z+1)P~'+(z+1)P" 2+ -+ (z+1)+1 = 2P~ 4+p(- - )+p.
The value of the p—adic valuation at the root of this equation is pfl which proves the required. O
A complete discrete valuation field with an algebraically closed residue field is called a quas-ilocal

field.

7.2. p—adic intervals and p—adic distributions

Let X be a topological space. A distribution on X with values in an abelian group A is a finitely
additive function from the compact-open subsets of X to A. Let | |, be the p—adic norm.
Define (o, N], = {z € Q||z — o, < piN}, acQ, NeN

DEFINITION 8. We call sets [o, N, the p—adic intervals (disks) and define by these p—adic
intervals the basis of open sets on Q.

It is easy to test that axioms of open sets are satisfied.
REMARK 9. p—adic intervals [, N1, open and closed simultaneously.

Proof. Any union of open p—adic intervals is open. Intervals [«, N], are closed, because [a, N],
is an addition to the union of open intervals [, N], for all o' € Q, for which o/ = € [, N],. O

Further we will call [«, N, as intervals. More generally we will consider compact-open sets. Let
X be a compact-open set. Recall that a function f : X — Q, is is locally constant if and only if
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f has a representation as a finite linear combination of characteristic functions of compact-open
subsets.

Let U =U; UU U---UU, be a partition of U C X. Recall that the additive mapping p of a
set of compact-open subsets of X with value in Q) is called the p—adic distribution on X:

w(U) = p(Ur) + p(Uz) + -+ - + u(Un).

7.2.1. Bernoulli distributions.

Let By, (x) be the m—Bernoulli polynomial. These polynomials are defined by the decomposition

et o0 m
t
=2 Bul(@)
m=0
We have:
1 ) 1 s 3., 1 1
By(z)=1, Bl(x):m—§, By(z)=x —x—i-é, Bs(z)=xz —35% +§x, By(z)=x2*— 223 + 2 ~3

REMARK 10. If we substitute x = 0 in the m—Bernoulli polynomial we obtain m— Bernoull:

number:
1

Bo(0) = 1, By (0) = —%, By(0) = % By(0) =0, Bi(0) =~ 55

Let now for a the inequality 0 < a < p" —1 is satisfied. Define the function p B,m by the formula

MB,m([O‘7 N}p> = pN(m_l)Bm(a/pN)-

PROPOSITION 15. The function up, is expanded to the distribution on Z,. This distribution
for the given m is called the m—th Bernoulli distribution.

8. Iterated integrals and (multiple) zeta values

Here we follow to[22, 23].

Let C be the complex plane and f;(z) be the holomorphic function on C . Let f;(z)dz be the
differential of the first kind on C. Let S be a Riemann surfaces and w be the differential of the
first kind on S. Parshin has considered iterated integrals of this type on Riemann surfaces [22].
Chen [23] for smooth paths on a manifold M and respective path spaces have investegated iterated
(path) integrals. For differential forms wy, ..., w, on M he has constructed the iterated integrals by
repeating r times the integration of the path space differential forms (and their linear combinations).
Chen [23] has denoted the iterated integrals as [wiws---w, and set [wjws---w, =1 when r =0
and [wiws---w, =0 when r < 0.

REMARK 11.

/ dty /“ dts _w
1—t ’
More generally iterated integrals are path space differential forms which permit further
integration.
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9. Formal groups and p-divisible groups

Recall some definitions. Let K be a complete discrete variation field with the ring of integers
Ok and the maximal ideal My . A complete discrete variation field with finite residue field is called
a local field [24]. A complete discrete variation field K with algebraically closed residue field k is
called a quasi-local field [26]. Below we will suppose that in the case the characteristic of k satisfies
p > 0. Let K be a local or quasi-local field. If K is a local field [24] and has the characteristic 0
then it is a finite extension of the field of p-adic numbers Q,. Let vx be the normalized exponential
valuation of K. If [K : Q] = n then n = e f, where e = vi(p) and f = [k : Fp], where k is the
residue field of K (always assumed perfect ). If K has the characteristic p > 0 then it isomorphic
to the field k((7")) of formal power series, where T is uniformizing parameter. Let L be a finite
extension of a local field K, k,l their residue fields, p = char k and er i ramification index of L
over K. An extension L/K is said to be unramified if ef, /i = 1 and extension [/k is separable. An
extension L/K is said to be tamely ramified if p not devides er/k and the residue extension l/k is
separable. An extension L/K is said to be totally ramified if er i = [L : K] = (char k)*, s > 1.

Let L/K be the finite Galois extension of quasi-local field K with Galois group G, F(z,y) one
dimensional formal group low over the ring of integers O of the field K, F/(Mk) be the G - module,
that is defined by the group low F(x,y) on the maxilal ideal My of the ring O, Mk (t € Z,t > 1)
be the subgroup of ¢-th degrees of elements from My, Fl, := F(Mj},).

(n

DEFINITION 9. For n € Z the function u(n), Np,x(FT) C Py ) s defined by the condition:
F[“((”) is the least of subgroups Fj. (t=1,2,...) containes Ny (F}).

REMARK 12. Please do not confuse with the measure (.

Below we will suppose that char k > 3.

9.1. Norm Maps

Here we use results on formal groups from [27, 25|. Let F, = F/(M) be the G - module that is
defined by the n-dimentional group low F'(x,y) on the product (Mp)" := My x---x My, (n times)
of maximal ideals of the ring Or, of any finite Galois extension L of the field K.

DEFINITION 10. The norm map N : Fr, — Fx of the module Fp, to Fi is defined by the formula
N(a) = (((a+Fpoa)+p ) +F osa), where a +p b denotes the addition of points in the sense of
group structure of the module Fr,, a,b € My, G = Gal(L/K), 05 € G, [G : 1] = s.

Let p := char k, e := vi(p), (e = +o0, if characteristic of the field K is equal p and e is positive
integer in the opposide case), L/K be the Galois extension of the prime degree g, F/(z,y) be the
one dimensional group low over Og. Let p := char k > 0.

LEmMMA 2. Ifll; € 7§ - Op, s > 1 then
N(ILy) = Tr(Is) + > o0, ep[Norm IL])" (mod Tr(n?s - Or))
where ¢, € Ok are coefficients of the p - iteration of the group low.

Let R be a commutative ring. Let A, B, C be finite group schemes over R. The sequence

0 — 4 Ly B 9% ¢

is called exact if Im f = Ker g.
Let p be a prime number and h be an integer, h > 0.
Recall the definition of the p-divisible group by J. Tate.
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DEFINITION 11. A p-divisible group over R of height h is an inductive system
G = (Gp,iy),v =0,

where
(i) G, is a finite group scheme over R of order p'",
(#) for each v > 0,

0 — G, % Gy = G

18 exact.

REMARK 13. (G, = (Z/p"Z)", G = (Q,/Z,)".

10. Motives and (p-adic) (multiple) zeta values

Glanois in paper [8] presents the revised and expanded version of his Doctoral thesis [Periods
of the motivic fundamental groupoid of P*{0, uy, o0}, Pierre and Marie Curie University, 2016;],
written under F. Brown.

Let kny = Q(&n) be the cyclotomic field, x4 € pun be a primitive Nth root of unity and Oy be
the ring of integers of k. The corresponding multiple zeta values at arguments x; € N ¢; € un can
be expressed in terms of the coefficients of a version of Drinfeld‘s assosiators by Drinfeld [28], which
in turn, can be expressed in terms of periods of the corresponding motivic multiple zeta values
(MMZV).

These MMZV (™(&/77), € € pn, (xp, €p) # (1,1) relative to uy (of the weight w =Y z; and
the depth p), are elements of an algebra H" over Q and span the algebra.

The algebra HY carries an action of the motivic Galois group of the category of mixed Tate
motives over On[1/N]. The author studies the Galois action on the motivic unipotent fundumental
groupoid of P\{0, un, 00} (or of Gy, \py) for next values of N:

N € {2%3%, a4+ 2b < 3} = {1,2,3,4,6",8}.

His results include: bases of multiple zeta values via multiple zeta values at roots of unity puy for
the above IV; more generally, constructing of families of motivic iterated integrals with prescribed
properties; the new proof, via the coproduct by Goncharov [29] and its extension by Brown [7], of
the results by Deligne [30] that the Tannakian category of mixed Tate motives over On[1/N] ‘for
N = {2,3,4,8} is spanned by the motivic fundumental groupoid of P*\{0, ux, co} with an explicit
basis‘.

In article [11] Unver continues his investigation of p-adic multiple zeta values|9], presenting a
computation of values of the p-adic multiple polylogarithms at roots of unity. The main result of
the paper [11] (Theorem 6.4.3 with Propositions 6.4.1 and 6.3.1) is to give explicit expression for
the cyclotomic p-adic multi-zeta values (,(s1, s2;%1,i2) of depth two. The result is far too technical
to state here.

The proof of the theorem is rather technical; it is based on rigid analytic function arguments
and a long distance analysis of group-like elements of related algebras.

For number fields the category of realizations has defined and investigated by Deligne [4].
Results on multiple zeta values, Galois groups and geometry of modular varieties has presented
by Goncharov [6]. Interesting unipotent motivic fundamental group is defined and investigated by
Deligne and Goncharov [5]. Tannakian interpretation of p-adic multiple zeta values is given by
Furusho [10].

Results obtained in the paper [11] may be applied to the problems of the p-adic theory of higher
cyclotomy.
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11. On the Eisenstein series associated with Shimura varieties

Interesting classes of Shimura varieties form varieties which have an interpretation as moduli
spaces of abelian varieties. Moduli spaces of corresponding p—divisible groups over perfect fields of
characteristic p are used for investigation of the local structure of these Shimura varieties.

11.1. On some Shimura varieties and Siegel modular forms

Let C™ be n—dimensional complex vector space, {e1, ..., €2, } be 2n—linear independent vectors
and
A= {elz, ceey egnZ}

be a lattice. Then
C"/A

is a compact commutative topological group. If &« € GL,,(C) and A; = aA then
C"/A=C"/A;.
If n > 1 then not for every lattice A there exists an abelian variety.
PROPOSITION 16. Let x,y € C" and let F(x,y) be R—bilinear form such that
() F(x,y) = -F(y,x),

(ii) F(x,ix) is the Hermitian positive defined form
and for

(i11) x,y € A it takes integer values: F(A,A) € Z.
Then for this lattice A there exists the abelian variety.

DEFINITION 12. The pair (A, F) is called the polarized abelian variety.
Let M = M(F') be the matrix of the form F.

DEFINITION 13. The abelian variety A = (A, F) is called principally polarized if the bilinear
form F is unimodular or, equivalently, det(M) = det(M(F)) = 1.

Denote by II the period matrix of the abelian variety A. This is n X 2n complex matrix
IT = (M, M3) with nondegenerate n x n matrices M; and M.

DEFINITION 14. The period matriz 11 is called normalized if it has the form (E,,Z) where E,
1s the unit n X n matriz and Z € H,,, where.

H,, = {n x n matrices Z|Z* = Z and ImZ > 0},
is the Siegel upper half-plane. Here ZT is the matriz transposed to Z.

REMARK 14. It is clear that the Siegel matriz Z € H,, defines the normalized period matriz I1.

0 E,
r=( 5 )

DEFINITION 15. Siegel modular group I'y, = Spy,(Z) is the set of matrices
A B
v(23)

MTIM = J.

Let

such that
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DEFINITION 16. Siegel modular group Iy, acts on the the Siegel upper half-plane H,, by the
formula

Z v+ (AZ + B)(CZ + D).

PROPOSITION 17. In the framework of Definitions 13, 14 two Siegel matrices define isomorphic
principally polarized abelian varieties if and only if one of them can be obtained from the other by
the transformation of the Definition 15.

Sometimes we will use for Siegel matrices Z an equivalent notations: Z = X +1¢Y, X, Y are
real matrices, X7 = X, Y7 =Y, Y > 0; Y is the matrix of the positive definite quadratic form.

DEFINITION 17. Let f be an analytic function on the Siegel upper half-plane that satisfies the
equality
f((AZ + B)/(CZ + D)) = (CZ + D)"f(2),

and is bounded on the domains of the form
{Z=X+1Y, Z€eH,,Y >cE,, ¢>0.}

Then the function f is called Siegel modular form of the genus n and the weight k.

E, B
(BB

belong to T, (its determinant is equal 1) and

REMARK 15. As the matriz

f(Z + B) = f(2),

so f(Z) has a representation by the Fourier series.

11.2. On improper intersections of Kudla-Rapoport divisors and Eisenstein
series

Let k£ be an imaginary quadratic field, oy, its ring of integers and o, be the ring of integers of
the completion k, of k at p. Sankaran [37]| proves that the arithmetic degrees of Kudla-Rapoport
cycles on an integral model of a Shimura variety attached to a unitary group of signature (1,1) are
Fourier coefficients of the central derivative of an Eisenstein series of genus 2. The main results of the
paper are the following Theorem 4.13 on the value of the Eisenstein series and the Corollary 4.15 on
the relation between the arithmetic degree of special cycle and the Eisenstein series. These results
confirm conjectures by Kudla [31] and by Kudla, Rapoport [32] on relations between intersection
numbers of special cycles and the Fourier coefficients of automorphic forms in the degenerate
setting and for dimension 2. As have pointed out by Kudla [33] and others ‘these relations may
be viewed as an arithmetic version of the classical Siegel-Weil formula, which identifies the Fourier
coefficients of values of Siegel-Eisenstein series with representation numbers of quadratic forms‘. In
the paper by Kudla, Rapoport [34] ‘the Shimura variety is replaced by a formal moduli space of
p-divisible groups, the special arithmetic cycles are replaced by formal subvarieties, and the special
values of the derivative of the Eisenstein series are replaced by the derivatives of representation
densities of hermitian forms.¢ Sankaran defines the local Kudla-Rapoport cycles Z(b) and gives
some applications of results obtained in his earlier paper [38] where he proved the Theorem 3.14 on
cycles Z(b). He allows ‘the polarizations to be non-principal in a controlled way‘. An unpolarized
case of p-divisible groups with the given p™-kernel type and with applications to their Newton
polygons has considered in the paper by Harashita [35]. Sankaran‘s paper [37]| consists of four
sections. The first section presents the purpose of the paper and short description of ideas and
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results of next sections. Second section concerns with local Kudla-Rapoport cycles on the Drinfeld
upper half-plane. The main result of this section is the Theorem 2.14 on values of local intersection
numbers of these cycles. The third section is devoted to the prove of the closed-form formula for
representation densities (S, T"). Author specializes the explicit formula on Hermitian representation
densities by Hironaka [36] to the case at hand: F(S,T,X) € Q[X],T € Herma(oyyp),ord,det(T)
is even, S = diag(p, 1), a(Sy,T) = F(S,T,(—p)~"). In the last section global aspects are discussed
and main result is presented. Let M dl,l denote the Deligne-Mumford (DM) stack over oy of almost-
principally polarized abelian surfaces and £ the DM stack over oy of principally polarized elliptic
curves with multiplication by og. In conditions of the subsection 4.1 of the paper [37] author sets
M = & X specoy M(dl,l) and define for T' € Herma(oy) cycles Z(T). Then in subsection 4.3 the author
prove Theorem 4.13 and Corollary 4.15.

Conclusions

Classical and novel results on (p-adic) L-functions, (p-adic) (multiple) zeta values and Eisenstein
series are presented.
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AnHOTanusa

g kraccudeckoro moreniuasia Pucca uin gpobroro narerpasa I, XopoIrno n3BECTHBI YCI0-
Bus Xapau—Jlurnsyna—Cobonesa—Creiina—Beiica (LP, L9)-orpaHuYeHHOCTH CO CTEIIEHHBIMU BE-
camu. C momompio npeodbpasoBanust @ypre F mnorernuan Pucca omnpenensiercss paBeHCTBOM
FIaf)(y) = ly|7*F(f)(y). Baxxubim ob6obiienuem npeobpasoanust ®Pypbe crasno upeobpazo-
Baune Jlaukns Fj, OeficTByIoIee B JIeOETOBBIX MPOCTPAHCTBAX C BecoM JIaHKIIsI, Ompeesisie-
MBIM C TIOMOIIBIO cucTeMbl KopHeii R C R, ee rpymmsr orpaxkenuit G U HeOTpPHIATETHHON
dyukuu kparaoctu k Ha R, naBapuanTHoit orHocuTeabHO G. C. Tanraseny u FO. Iy ¢ momo-
wpio pasercTBa Fi (1o f)(y) = |y|~*Fr(f)(y) onpenenumu D-norernnman Pucca. s D-nores-
nuasia Pucca Takke ObLIH JTOKA3aHBI YCJIOBUS OIPAHUYEHHOCTH B JI€OErOBBIX MTPOCTPAHCTBAX
¢ BecoM JIaHKJIsI U CTEIIEHHBIME BECAMU, AHAJOIMYHBIE YCJOBUAM Jiist norennuaia Pucca. Ha
koudepennun "Follow-up Approximation Theory and Function Spaces" B Centre de Recerca
Matematica (CRM, Barcelona, 2017) M. JI. Tonsaman mocrasun Bonpoc 06 yciaosusix (Ly, Ly)-
orpanunvernocTu D-noreninana Pucca ¢ Kycogno-crenernabiMu Becamu. PaccMorpenue KycoqaHo-
CTEMEeHHBIX BECOB TO3BOJISIET BBIABUTH BIUSHUE HA OrPAHUYEHHOCTH D-niorenrmaina Pucca mo-
BeJeHusI BECOB B Hyse W OeCKOHeYHOCTH. B Hacrosdime#t padore Ha 3TOT BOIPOC TAETCS IOJ-
HbII oTBeT. B uacTHoCTH, B Ciiyuae moTeHnnaia Pucca morydeHbr HeOOXOIUMBIE U JTOCTATOYHBIE
ycioBus. B kauecTBe BCIOMOraTeIbHBIX PE3YIbTATOB JOKA3aHBI HEOOXOAWMbBIE W JIOCTATOUHBIE
YCJIOBUST OTPAHUIEHHOCTH OTIepaTopoB Xapau u BejiMana B 1e0eroBbIx MpOCTPAHCTBAX C BECOM
JIaHKJIS U KyCOYHO-CTEIIEHHBIMU BECAMU.

Kanouesnie crosa: Ilpeobpazosanne @ypobe, norennuan Pucca, npeobpasosanue Jlanks,
norenmman Jlankng—Pucca.
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Abstract

For the classical Riesz potential or the fractional integral I, the Hardy-Littlewood—
Sobolev-Stein—Weiss (L?, L?)-boundedness conditions with power weights are well known. Using
the Fourier transform F, the Riesz potential is determined by the equality F(I,f)(y) =
= |y|7*F(f)(y). An important generalization of the Fourier transform became the Dunkl
transform Fp(f), acting in Lebesgue spaces with Dunkl’s weight, defined by the root system
R C R4, its reflection group G and a non-negative multiplicity function k& on R, invariant
with respect to G. S. Thangavelu and Yu. Xu using the equality F (15 f)(y) = |y|=*Fr(f)(v)
determined the D-Riesz potential I*. For the D-Riesz potential, the boundedness conditions in
Lebesgue spaces with Dunkl weight and power weights, similar to the conditions for the Riesz
potential, were also proved. At the conference "Follow-up Approximation Theory and Function
Spaces" in the Centre de Recerca Matematica (CRM, Barcelona, 2017) M. L. Goldman raised
the question about (L, Ly)-boundedness conditions of the D-Riesz potential with piecewise-
power weights. Consideration of piecewise-power weights makes it possible to reveal the influence
of the behavior of weights at zero and infinity on the boundedness of the D-Riesz potential.
This paper provides a complete answer to this question. In particular, in the case of the Riesz
potential, necessary and sufficient conditions are obtained. As auxiliary results, necessary and
sufficient conditions for the boundedness of the Hardy and Bellman operators are proved in
Lebesgue spaces with Dunkl weight and piecewise-power weights.

Keywords: Fourier transform, Riesz potential, Dunkl transform, D-Riesz potential.
Bibliography: 23 titles.
For citation:

D. V. Gorbachev, V.I. Ivanov, 2019, "Weighted inequalities for Dunkl-Riesz potential" , Chebyshev-
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1. BBenenue

IIycrs R? — neiicrBuTebHOE d-MEpHOE EBKIMIOBO TPOCTPAHCTBO CO CKATAPHBIM TPOU3BEICHN-
em (z,y) u vopmoii |z| = \/(z,z), du(z) = (2r)~ %% dx — nopmuposannas mepa JleGera ma RY,
LP(RY), 1 < p < oo, — npocrpancrea Jlebera ¢ nopmoit || f|, = ([ga |fIP di) Yr < 00, Cy(RY) —
MPOCTPAHCTBO HEMPEPBIBHBIX OTPAHUYEHHBIX (DYHKIWH, S (Rd) — mpoctpancteo [IIBapia,

FHw) = | f@)e ™ du(a)

2This Research was performed by a grant of Russian Science Foundation (project 18-11-00199).
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— npeobpazoBanue Pypbe u A — oneparop Jlamaaca.
Mg 6ynem nucarb A < B, ecin A < CB ¢ goucranroit C' > 0, 3aBUCSIIEH TOJIBKO OT HECYIIEe-

crBennbix napamerpos, 1 A < B, ecsiu A < B u B < A. Kak o6biuno, aua p > 1, p/ = 2= —

p—1
COTIPSTZKEHHBI TeJThIEPOB MOKA3aTeNb, X g () — XapakrepucTnieckas pyHKINS MHOKeCTBa E C R

Tlorenmnuan Pucca wim apobusiit marerpan I, onpenensercda Kak WHTErPAJILHBIH OmepaTop

Inf(z) = (Ya) ™! /Rd f)le —y*Yduly) = (va) ™" /Rd TV (@) ]yl duly),

e 0 < a < d, v = 2°42T(a/2)/T((d — a)/2), u 7Y f(x) = f(xz +y) — omeparop caBura.
Dror oneparop Brepebie uccaegosan O. @pocrman [1]. Muorne BakHbIe €ro cBoiicTBa OBLIH
nokaszaubl M. Puccom [2]. @opmynbr g npeobpasosannii Pypre

F(laf) = [T*F(f),  F(=D)2f) = |- [*F(f),

YKa3bIBAIOT, 9TO IMOTeHNHa Pucca aBigerca oOpaTHBIM OIIEpaTOPOM sl APOOHOI CTeIeHn omepa-
Topa Jlammaca.

Becopast (LP, L9)-orpaHndeHHOCTh MOTEHIMAMa Pucca 3ammchlBAeTCS B BHUJIE HEPABEHCTBA
Creiina—Beiica

Il Taf )], < e(a 8,7, 9,0, d)|| |21 £ ()|, (1)

¢ KoHcTauTol c(a, 5,7,p,¢,d) u1l < p < q < 0.
Yes10Bust KOHEIHOCTH KOHCTAHTBI (v, 3,7, P, ¢, d) XOPOIIO U3BECTHHI.

Teopema 1. IIycmo deN,1<p<q<oo,7<g,ﬁ<]%,0<a<d,ua—7—5:d(%—%),

Konemanma c(o, 8,7,p,q,d) 6 nepasencmee (1) xoneuna, ecau p=q usup < q u o = d(% — %)

Teopema 1 6puta gokaszana ['X. Xapam u Jdx. 1. Jlutasynom (3] masa d = 1, C. Cobosnebbim [4]
st d > 1ny= =0, EM. Creiinom u I'. Beiicom [5| B obimem cayuae.

HepagencrBo Creitna—Beiica (1) B skBUBasIeHTHOH (hopMe MOKeT ObITH 3aIICAHO B BUJE HEPa-
BercrBa Xapau—Pesuxa—CobosieBa

el @), < elev 8,7, p,0. ||l (=) f @),

OnavM w3 BaKHBIX 06061IeHnl ipeobpazosanus Oypre F apaserca npeobpazosanue Jlankist
Fi (em. [6, 7]). Amanor nmorennmana Pucca nnst mpeobpasoanus JlaHKst, nCCaeIyeMblil B CTaThbe,
u HazbiBaeMblit Hamu D-norennmasnom Pucca, onpenennan C. Tanraseny u FO. Ty [8].

IIycts R C R\ {0} — cucrema kopmeit, Ry — momoxuTe bHas mogcucrema R, G(R) C O(d) —
rpynna OTpaXkeHwit, o0pasosanHas oTpaxkenusmu {o,: a € R}, rae 0, — oTpazkeHne OTHOCHTETBHO
runepmiockoctu (a,x) = 0, k: R — Ry — dyHKnusg KpaTHOCTH, WHBAPUAHTHAS OTHOCHTEIHLHO
rpymmst G. Hanomumwm, ato xorneanoe muozkectso R C RY\ {0} mazeisaercs cucremoii Kopueii, ecm

RNRa={a,—a} u o0,R= R nua Bcex a € R.

IIycts
v (x) = H [(a, )@ dug(z) = cpop(z)da

acERy
— _ 2
— Bec n mepa Jlankis, rie ¢, - fRd e~ Il /2vk(a:) dx — marerpan Maxknonansna—Mera—Cennbepra,

1/p
e T e

Tyf(e) = Difa)+ 3 haae) T L0 G 1 g

acER,

LP(RY, duy), 1 < p < 0o, — mpocTpancrsa JleGera ¢ nopwmoii || f
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d
—uddepenpanbHO-pasHoCTHBIE oneparopb! Jlankist u Ag = Y =1 Tj2 — snanyacuan Jlankid.
Anpo Mamkna Ei(x,y) aBagercss e MHCTBEHHBIM DEITEHMEM CUCTEMbI

Tjf(z) =y;f(x), j=1....d  f(0)=1

Oyukrust ex(x,y) = Ex(x,iy) urpaer poib 0600meHHO# sKcmoHeHTH. Ee cBoiicTBa moI06HB CBOI-
CTBAM KJIACCHYIECKOil sKcronenTs! ¢/ (%Y). Muorne u3 HUX BBITEKAIOT M3 MHTEIPATHLHOTO IIPEICTAB-
nenust Pecep [9]

cutany) = [ 0 (o), &)

rae pf — BepogrHOCTHAS Mepa Bopens ¢ HocuTeneM B BBIIYKIIOH o6ostouke G-opGutsl z B RY. B
wacrrocry, |ex(z,y)| < 1 u supp uk C By, rie B, — eBKJIHJIOB TMap pajgmyca r ¢ IEHTPOM B HyJie.
Hna f € L'(R?, duy) npeobpazosanue JIanKis OnpeieIsercs paBeHCTBOM

Fr(f)y) = y f(@)ex(z,y) dpr(z).
Ecnu k =0, o Fg coBnanaer ¢ npeobpazosannem Pypoe F. Ormernm, 9T0

File PP w) = e H 2 FRH @) = Fil() ().

I[Ipeobpazosanue Jdankis apigerca uzomerpueii B S(RY) u L2(R?, dyy,). Pasencrso ILnanmepess
UMEET BUJL

1 2. = 115 CF) |2,

M. Pecnep [10] ompesnennia oneparop obobmiennoro ciasura 7Y, y € R? ma mpocrpamcrse
L?(R%, duy,) paBencrsom

Fi(mYf)(2) = erly, 2) Fr(f)(2)

@) = [ ety ele DRE dul:).

Ou peiicreyer u3 L?(RY, duy) 8 L2(RY, dug) w ||79]|22 = 1.

Ecim k= 0,10 7Vf(2) = f(z+y). Ecm f € S(RY), ro 79 f(x) € S(R?) x S(R?) u pasencrso (3)
cpaseaymBo norodedno. K. Tpument pacapocrpanun 7¥ wa C°(R?) [11]. Hanpumep, 791 = 1. B
obuem cirydae, 7Y He SBISETCs HOJIOKUTEIBHBIM OLEPATOPOM U BOIPOC O €10 Ly,-OrpaHryeHHOCTH]
OCTaeTCA OTKPBITHIM.

IIycTe

d
dp = 2)\, + 2, /\k:§—1+2k(a). (3)

acR

C. Tamrasery u 0. Illy [8] ompenenmmn D-morenmuan Pucca ma S(RY) kax mHTerpaibmbIit
omepaTop

5 f(2) = () / Y F ()] dyu(y), (4)
Rd

e 0 < a < dg u~F = 297%/2D(a/2) /T ((d), — )/2). Kax u mnst norennmana Pucca s Hero
cripaseuBo pasencto Fi(IKf) = |- |72 Fu(f).

[Morennnan Pucca — mosoxkuresphblii omeparop. 3 onpenenenus (4) mooXuTe bHOCTE D-
norenrmaia Pucca me Beitekaer. Ham yaanocs mokaszars, uro D-morenruan Pucca Takxke apisercs
MTOJIOYKUTEJILHBIM OTIEPATOPOM, 3AINCAB €r0 ¢ MOMOIIBI0 TOJIOXKUTETFHOTO 0TlepaTopa 06061IeHHOTO
C/JABUTA.
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Mycrs Ry = [0,00), S¥1 = {x € R%: |z| = 1} — esxsmuona chepa, z = rz’, r = |z| € Ry,
2 € ST N> —1/2, bt = 22 T(A+ 1), dva(r) = byrP T dr — mepa na Ry, dog(2') = apvg(2”) da’
— BepositHOCTHAg Mepa Ha SYTL. Ormernm, uro duy(x) = dvy, (r) doy(2').

B [12] ma mpocrpanctse LllBapia HaMu ompeiesieH MOIOKUTENbHBIN OmepaTop 060BIIEHHOTO
CABUT'a PABEHCTBOM

1) = [ 77 H@ o) = [ lteee D F ) i)
- R
Ero nonoxurespHOCT BBITEKaeT U3 mpejcraBienns Peciep [13]
T'f(e) = [ 1) dok, (),
R4
rje UI;,t — BepoATHOCTHAA Mepa bBopemra ¢ mocnresem

supp crl;’t C U {z e R?: |z — ga| < t}.
geG

B wacrnocrn, TP1 = 1. Eam f € S(RY), 1 < p < o0, 10 | T fllpdue < |1flp,dpu, un omeparop T
MOKeT GbITh IPOIOJzKeH Ha npocrpancTsa LP(RY duy) mpu 1 < p < oo u npocrpanctso Cy(R?)
IIPU P = 00 € COXPAHEHHEM HOPMBI.

D-norenmman Pucca MoxKeT OBITH 3allMCaH CIEAYIONIAM 00pa3oM

I5f(2) = (1) / T @)t duy (1), (5)
0

13 npencrasiennst (5) u Ly-orpanndennocry omneparopa I BBITEKaeT €ro IONOKHTEIBHOCTH Ha
Bcex dyukimax u3 Ly, Ha KOTOpLIX OH onpefeset. IlosToMmy npu uccienosannu BecoBoit (L, Ly )-
OTPaHUYCHHOCTH D—HOTQHHI/IaHa PI/ICC& MOZKHO OT'PaHUYUTHCA HEOTPpUIATC/IbHBIMNT beHKLU/IHMI/I
Hepagsencrso Creitna—Beiica mra D-norennmasta Prucca npumer Bua
[l 15 f ()

< cile, B,7,p,¢,d)|[|z° f ()| feSERY, (6)

q,dpk p,dug’

¢ koHcTauToit ck(a, f8,7,p,¢,d) n 1 < p < ¢ < oo. Hepapercrso (6) 5KBUBAJIEHTHO HEPABEHCTBY
Xapau—Penmuxa—-CobosieBa

17 F @)l g, < el 82700, D12 (=802 F @) -

B [14] mamu moka3an mosHbLE aHasior Teopemst 1.

Teopema 2. ITycmv d € N, k — npoussosvhas gyuruyus kpamuocmu, 1 < p < g < 00, v < di

q 2
B < %; O<a<dy, ua—vy—p= dk(% — %) Konemanma ci (o, 8,7,p,q,d) 6 nepasencmee (6)
KOHEeUHA, eCAU P =q UAU D < q U o = dk(;lo - %)

MpbI BUINM, 9TO Be3I€ Pa3sMEpHOCThL d B TeopeMe 1 3aMeHgeTcd Ha 9ucao dj, KOTOPOEe MOXKHO
cuanTaTh 0GOBIIEHHO Pa3MEPHOCTHIO eBKINI0Ba mpocTpancTea RY ¢ Becom amkis.

Ecim k = 0, 1o d, = d u reopema 2 csopurcs K reopeme 1. Jljua rpymibl orpaskenuit Z9 u
v = =0, reopema 2 6bi1a gokaszana B [8]. s npoussosbHOil rpyninsl orpaskennit n y = 5 = 0
ona Obuta mokazana C. Xaccanu, C. Mycrada nu M. Cudwu [15]. Mbl IpeayioKuIn 11 9TOr0 CJIydast
U JIpyroe JoKazaTenbcTBo [12], ocHoBanHOe Ha miesx paboTsl [8] n ncnosb3yioliee npecTaBIeHne
(5). Ilpu p = g Teopema 2 6bLTa A0KazaHa B [16] mpu Gosiee CHIBHBIX orpaHmdeHusX 1 < p < 00,
0<y<® 0<B<s
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Ha xoudepentuu "Follow-up Approximation Theory and Function Spaces" B Centre de Recerca
Matematica (CRM, Barcelona, 2017) M.JI. loibaman nmocrasus Bompoc 06 yciaoBusx (L, Ly)-orpa-
nuuernoctu D-norennmana Pucca ¢ kycouno-crenenasivu secamu. Hacrosiimast pabora mocssiena
OTBETY Ha 3TOT BOIPOC.

Hycts By = {x € R?: |z| < 1}, Bf =R\ By, v = (71,72), 8 = (b1, B2),

u—y (@) = |2| X, (2) + |2 X (@), up(e) = |27 xm, (@) + |27 xpg (o)

— KYCOYHO-CTEIeHHbIe BecoBbIe (hyHKIMU. PaccMoTpruM HEpaBeHCTBO

[ty @) IEF @] g, < (v 87,204 D[ug(@) F (@], 4, ™)

¢ KoHCcTauTOM C (v, B,7,p,q,d) u 1 < p < q < 0.
Hepagercreo Xapan—Pennmnxa—CobosieBa B 3TOM Ciiydae OyIeT MMEeTh BUJ,

lumn (@) £ @), < €l 87,94, D) up (@) (~A0)*2F (@)

Mpge1 nokasbiBaeM caenymoliee yTBEDPK IEHHE.

pydpg”

Teopema 3. llycms d € N, k — npoussosvrnas dynxuusa xpamnocmu, 1 < p < q¢ < 00,
0 < a < di. Konemanma c(a, 8,7,p,q,d) 6 nepaserncmee (7) xonewna npu p = q uau npu p < q

u o> dg (% — %) mozda U MoabKko moada, kKo20a
dy; dp, dy, dy,
7 <-—, ﬁ1<7,7 a_72<7,7 06—52<7,
q p q p

11 (8)
7+ B <a—dk<5—§><72+52~

IIpu mokazaTeabCTBE TEOPEMBI 3 NCMOTL3YIOTCS HEPABEHCTBA TUMA XaP/IN JIJI OMEePaTOPOB Xap-
qau v BesiimMana B 1e0eTOBBIX TPOCTPAHCTBAX ¢ BecoM JIaHKIA W KyCOUHO-CTeneHHbIMY Becamu. OHu
UMET CaMOCTOSTEIbHBIN UHTEPEC U YCTAHABIUBAIOTCS B CEKITUU 2.

Ecnu B Teopeme 3 monoxuMm v = 2, f1 = [2, 10 momyuum ycaosust (Ly, Lq)-orpannaeHHOCTH
B TeopeMme 2.

B obmem ciyuae B Teopeme 3 mpm p < ¢ HAM HE W3BECTHA HEOOXOIMMOCTDH YCJIOBUS

a}dk(

% — %) HeobxoqnMocTs 9TOT0 yCI0BUS HaM YAAJIOCH T0KA3aTh TOJBKO mpu k = 0.
Teopema 4. Illyemv deN, k=0,1<p<q<oo,0<a<d Konecmanwma co(a, 8,7,p,q,d)
Koneuna 6 nepasencmee (7) mozda u moavko mozda, x020a 6wnoAHeHb: Ycarosus (8), 6 KOMopux

%Ziﬂ&)d@*%)

Takum obpazom, Teopema 4 006001IaeT Teopemy 1 1 TOKA3BIBAET, 9TO BCE YCJIOBUI HA MAPAMETPEI
B Hell SABJISIIOTCS HEOOXOIMMBIMHU.

1

g pajguayibHbiX DYHKINN YCJI0BUE (v 2> dk(% — q) npu p < ¢ MOYXKHO OCJIAbUTH.

Teopema 5. Ilycmo d € N, k — npoussosvhas Pywkuus xpamuocmu, 1 < p < q¢ < 00,
0 < a < di. Konecmanma ci(a, 8,7,p,q,d) 6 nepasencmee (7) konewna na nodnpocmparcmee
PadUAAHBLE PYHKUUT M0o20a U MoAbKO Mo2da, K02da 6unoateHs ycaosus (8) n

oz

(9)

"=
Q|

Teopema b 1ipu 1 = 72, 1 = P2 Obuta mokasana B [17, 18, 19| (mocrarodnocTs cM. TakkKe B

[20]).
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2. HepaBencTBa Tuna Xapam B MPOCTPAHCTBAX
c BecoM JlankJis

Hepapencrsa Xapaun va momynpsMoil, TPOCTOE JOKA3aTEILCTBO W WX MCTOPUS W3JIOXKEHBI, Ha-
npumep, B [21], [22, Section 1], [23, Introduction|. PyHKIIUKE B HUX TPE/ITONATAIOTCS HEOTPUTIATE b-

HBbBIMMU.

IIpengoxkenme 1. ITycmov 1 < p < g < 00, u(r), v(r) — usmepumvie, NO¥MU 6C10OAY NOAOHCU-

meavrvie Ha Ry 6ecosvie Pynryuu.
(i) Hepasencmso

(/OOO (u(?“) /D’”f@) dt)qdr>l/q < </Uoo(v(7')f(r))p dr>1/p

CNPAGedAUBO M020a U MOoAbKO Mo20a, K020a

o ([ Twe) " ([rem) " <o

(i) Hepasencmeo

(/Ooo<u(r) /TOO £#) dt)qdr)l/q

CNPaBedAUBo mMo2da U MoAbKo mozda, Ko2da

0sup (/r ul(r) dr) Ha </0<> v (r) dr) v < 0.
<r<oo Mo r

Onpenenum orepaTopsl Xapin

N

([ wwseyra)”

H(x) = /M| £ (0) dur(v)

u Bennmana

Bf(x) = /ym| £(v) dun(w).

(10)

JLTa HUX cTipaBeINBEI CIIeIYIONIe HepaBeHCTBA THIA XapAd B IPOCTPAHCTBAX ¢ BecoM Jlankmis.

q)yHK]_[I/II/I B HUX TaK2Ke IIPEAIIO/IaraloTCd HeOTPpULaTC/IbHBIMHA.

Teopema 6. Ilycmo d € N, k — npouseoavras Pynryus xpamuocmu, di u Ap onpedeseHvs 6

(3), 1 <p<gq<oo,u(r), vir) — secosne Pynryuu na Ry.
(i) Hepasencmso

([ twtahtr@yam@) " 5 ([ e duna)”

CNPaBedAUBo mozda U MoAbKo mozda, Ko2da

o0 1/ T 1/p’
sup (/ u? ()Rt dt) q(/ v P ()P dt) " < .
r 0

0<r<oco

(ii) Hepasencmeo

([ wlahBr@y du@) " < ([ @iy du) "

(11)

(12)
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CNPAGEIAUCO M0200 U MOABKO M020a, K020a

T 1 o0 , 1 /
sup_( / u (£ dt) / q( / v ()M dt) " < . (13)
0 r

0<r<oo

Jokazaresnbcrso. O6a yTBep:kieHus B TeopeMe 6 JOKA3BIBAITCS C TIOMOIIBIO TIpejiokenue 1.
Jlokaxem ToabK0 9acthb (i). JlokazarenbcrBo gactu (ii) Oyger mpoxoauTh aHAJTOTHIHO.

[Iycrs Buavase dyuxuus f(x) = fo(|z|) — paguansnas, x = ra’, y = ty', r = |z|, t = |y|.
[Tepexons K MOJAAPHBIM KOOPAUHATAM, TIOJIY THM

u@ = [ swdm= [ [ s o, o

- / o0y, ()= b, / o dt,
0 0

(ot sty aumtar) ™ =22 [ (aterr ™5 [t ae)”ar) ™
1 o8] 2241
o(|z]) f(2))? dpg (2 :bik v(r)r—»  fo(r rl_
(] wtahsyr )" = ( [~ sy ar)

Hocre 3amensr g(t) = fo(t)t> 1 mepasemcTro (9) 6yzer SKBUBAIEHTHO HEPABEHCTBY

(/000 (u(r)r%%l /Org(t) dt)qdr) v < (/Ooo(v(r)r_%;;’ﬂf(r))l’ dr) 1/p.

[Mpunmensist (10), npugem k ycaosuio (12).

Tak kak H f(x) Bcerma pannasnbHas GyHKINs, TO OOIMIKiT crydait MOXKeT ObITh CBE/IEH K Da/Iu-
anprOMy. ITycrs f(x) — npomssombrast, fo(r) = [q-1 f(r2’) doy(z') u Bemomnneno (12). Tpumersst
HepaBeHCTBO MHHKOBCKOTO, MOJIYIUM

([ Cwnmyan,m)"

1/p

(/OOO( . fra') dak(x/))pvp(r) vy, (r))
< ([ wliahs@yr dm) "
[To yxe mokazamuOMY,

([ ttahts@yam@) " = ([ (urr ™ [ gy ae) ' ar)

/0
/OO 22, +1
0

w5 oy ar)

1/p

1/p

Uraxk, nepasencrso (11) nokazano. [J
HanomuuMm, uro jjist v = (71, Y2) KYCOYHO-CTEIIEHHON BEC UMeeT BUJL

uy (@) =[x x B, () + |2 xBg (7).

Teopema 7. Ilycmov d € N, k — npouszsosvnaa dynkyua xpamnocmu, 1 < p < q¢ < 00,
v = (v1,7%2), B = (B1,P2). Hepasencmeo

([, tustlaD A @) dia) " ([ sl 1)) dyr)) " (14
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CNPAGEIAUCO M0200 U MOABKO M020a, K020a

dy d, 11
51<?, 72>?, 71+51<dk(]?+5><72+52-

oka3zareabcTBo. B cumy Teopembr 6 HEOOXOMMMO MTPOBEPUTH BhITIOTHERNE yeaoBust (12)

00 1/ r , 1/p
sup A(r) = sup </ ul ()Mt dt) q</0 ug” ()2 et dt) " < 0.

0<r<oco 0<r<oco

Ecim 0 <r <1, 10

/

! o Vas [T , 1/p
A(r) = ( / a2t gy 4 / ¢Tr2e 2t dt) ( / ¢ AP 2N dt) :
r 1 0

Heobxoanmo moTpeboBaTh
00 1
/ 2022+ e - 0, / PP 2241 gy < o0,
1 0

niau vy > %’“, b1 < %. [Tpu BoIMOIHEHUY 9TUX YCAOBUIL

A(r) = p—Brtde/p’ (1 + r*“{lerk/Q) — p—Bitde/p + r*71*51+dk(1/p’+1/@’

IO3TOMY M3 KOHEYHOCTH SUPg,.<1 A(r) BeITeKaer ycnosue v1 + S1 < dj, (}% + l).

Ecom r > 1, 1o

o0 1/‘1 1 / r / 1/p
A(T) - (/ $ 7202 6 +1 dt) (/ =B 2041 gy + / B2 2041 dt)
r 0 1

— T*’Y2+dk/(I(1 + r*52+dk/Pl) — p2tde/q 2= B24di(1/p'+1/q)

/

I3 xomeunocTu sup,; A(r) Beirexaer yciosue yp + B2 > dy, (1% + %) O

Teopema 8. [lycmo d € N, k — npoussoavran dynxyusa xpammuocmu, 1 < p < q < o0,
v = (71,7%), B = (P1,P2). Hepasencmeo

1/q 1/p

( /R (s () Bf @) dpuea) 5 ( /R (us(la) f(@))" dp () ) (15)

CNPaBedAUBo mo2da U MoAbKO Mozda, K020a

d d 1 1
B2>p—’f, 71<;’“, ’71+51<dk<?+5)<72+52«

Hoxka3zareabcTBo. B cumy Teopembr 6 HEOOXOMUMO MPOBEPUTH BhIIOTHEHUE yeaoBust (13)

" et Y[ ot g\ P

sup A(r) = sup ( ul ()" dt) ( ug” (L) dt) < 00.
0<r<oo 0<r<oo MO r

Ecm 0 <r <1, 10

T 1/q 1 / > / /v
A(T) — (/ t—71Q+2)\k+1 dt) (/ t—ﬂlp +2A5+1 dt +/ t—ﬁ2p +2A+1 dt) .
0 r 1
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Heobxoanmo morpeboBaTh
OO 22 +1 ! 2Ap+1
/ PP AL G < oo, / tIT2AFL gy < oo,
1 0

nnm y1 < %’“, Bo > %’f. [Tpu BoIMOTHEHUY 9TUX YCAOBU

Ar) = r—n+di/q (1 + T*/Blerk/p/) — /P r*’y1*51+dk(1/p'+1/f1)7

IIO3TOMY 13 KOHEYHOCTH SUPg,.<1 A(r) BeITexaer ycnosue v1 + S1 < dj, <1% + 5)‘

Ecomr > 1, To

1 r 1/q s [° ) /v
A(T) — (/ t*“/qur?)\kJrl dt + / t*71q+2)\k+1 dt) (/ t*ﬁw +2Ap+1 dt)
0 1 T

~ p—B2tdi/p (1 + T—’72+dk/lI) — p—Batdi/q + 2= B2tde(1/p'+1/q)

W3 xoneunocTu sup,>; A(r) BeITeKaeT yciosme v + B2 > dy, (z% + %) O

3. /loka3aTeJbCTBO OCHOBHBIX TeOpeM

JokazaresnbcTBo TeopeMbl 3. Moxuo cuurars, uro f(x) > 0 u f € S(RY). B [14] pna
D-norennmasna Prcca nomytdeno mHTerpaJbHOe IpeICTaBIeHIE

IFf(z) = . F(y)®a(z,y) du(y) (16)
¢ sapom P (x,y), 11T KOTOPOTO BHITIOJHEHBI CBOTCTRA:
L. ®u(z,y) = Paly, x);

2. ‘ba(rﬁla 75?//) = ro=d (I)a(xl» (t/r)y');

3. de_1 D (ra’, ty') dog(x') = P o(r,t), Tme c;kl = f(;r sin =2 ¢ dop,
iy

D, 0(r,t) == (754)_16)\/% / (7“2 +t2 — 2rt cos cp) (a—dy)/2 sin®k—2 pdyp;
0

4 Dafz,y) = (90) " Jaallo + [y = 20y, m) @2 dpi (),
rie pui — BepoaTHOCTHAS Mepa u3 (2) 1 supp pk C By = {n: |n| < |x[}.

Pazobbem (16) Ha cymMMy Tpex JIMHEHHBIX OIEPATOPOB
I f(@) = Jof(z) + Jof () + Jaf(2), (17)

rae

I (x) = / F)®aly) dunly),  Jof(z) = / F ()0 (2, ) dui(y),
ly|<|x]/2

ly[>2|z|

Jsf () = / £ ()0 (2, ) dui(y).
|z|/2< |y <2|z|
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Ounenxka Jyf. Tak kax

(J] = 1yD)?* < |2 + [y* = 2(y,m) < (=] + [y])?,

10 npu |y| < |z|/2 u3 coiictBa 4 O (2,y) < |z|*~% . Crenobarensuo,
Tif@) = el [ ) i) = fal P H o 2).
lyl<|z|/2
Kycogno-crenennoit Bec obnamaer caaboil OqHOPOIHOCTHIO
(N (2) < 1y (Az) < c2(Nu_y (), A >0,
TO3TOMY TIO Teopeme 7

[t () J1 f (2 = JJu—y(2) )" H f(2/2) quMk

=< [Jur @l Hf@)]], g, S llusl@

Hq dp
.CU) Hp,duk

TOIJIA U TOJBKO TOIJIA, KOIJA
d; dg, 1 1
fr<—, a—7m<—, V1+51<a—dk<*—*><w+ﬂz-
p q p q
Ouenka Jof. Ilpu |y| > 2|z|, ®q(z,y) < |y|*%. Crenosarensho,

of () = /mm F@)lyl % du(y) = /|y|>2x|g(y) dyix(y) = By(22),

rae g(y) = f(y)|y|*%. Heobxomumo HAHTH YCIOBHS HA HAapaMeTphI, IPH KOTOPBIX HMEET MECTO
HEPABEHCTBO

[us(@)Bg(22)], 4, S lus(@)lal™ 9@, g,
ITo Teopewme 8
Hu,w(:p)Bg(Zx)H%duk = H“*’Y )By(x Hq dp
< [lus(@) 2 g(@)|], 4.,

TOT/Ja M TOJBKO TOTJa, KOTIa

d d 11
a—fy <= 4 < 71+51<a_dk<*_*><72+52~
p q p q

Omenka J3f. Ocraercst mokas3arTh, YTO MPU BBIMTOJHEHUH yCaoBuii (8) u mpu p < ¢ ycioBust

a > dk(% - %) CIIPaBEIJIMBO HEPABEHCTBO

s (@) J3f (@)]] g, < [Jwa@) (@), 4 (18)

Brauame JOKaKeM HEPaBEHCTBO

I @ (@) T f @], g S 5@ @] g (19)
Hepagencreo (19) 9KBHBAJIEHTHO HEPABEHCTBY
I @ (@) Fs(u—s £ @), g S @],
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Vuurbipas, uro npu |z] < 1, u—(z) X |2|™, u_g(x) = |2/, sanumem nocsenee HepaBeHcTEO

B BUJIE
A= |xm @l T f @) gy S 1@,
Tak xkax
%—Fd—llﬁ a—dk<l—1) wm dg > Q,
q p q
To cymecrByer napa (Yo, Sp) Takasi, 9To

dp dp. 1 1
Yo < —, Po<—, ’YO‘i’BOZOJ_dk(*—*)?'Yl‘FBl-
q 7 p q

[MosTomy, mpumensist Teopemy 2 st napst (Yo, Bo), TOJIyanm

a<( /| s /WKM F@)Paley) i) dpnl@)) "

< /Rd(ﬂ‘”” /R Ty P, y) ) dya(a))
< |f@)

MBI BOCTIOJIB30BAIUCH TEM, UTO HEPABEHCTBO (6) MOXKEeT ObITH 3AIMCAHO B 9KBUBAJIEHTHON (hopme

T 12N @) g < ekl B0 0, D[ £ (@), g, -

Hp,duk'

Hepagsencrso (19) moxasaHo.
JlokarkeM HEPABEHCTBO

HXBT(:U ( )Jgf Hq dpg ™~ H (x)Hp,dy,k' (20)

Ono 9KBUBAJICHTHO HEPABEHCTBY

S 1@, g,

[x B¢ (@) 1y (2) T3 (u—p ) (@)]], 4.,

U3 yenosus || > 1 Berrexaer u_(z) < 2|72, u_g(z) < |z|~"2, nostomy mocrennee nepasencTBO
MOKHO 3alliCaTh TaK

A= HXBC |CU‘ T ﬁ2j3f Hq duy, ~ Hf(w)H;mduk'

Tak Kak g d 11
_i_i_ ——k<a—dk<*—*> nm a < dg,

q p P q

TO cymecTByer napa (Yo, fo) Takas, 9To
dy, dy, 1 1
a—v<-, a—pB<—, '70+50:a—dk<*—*><72+52~
q p p q

Tlnst nee Takxe 7o < %, By < ’f u 1o reopeme 2 st napsl (Yo, Bo)

A4S </|x<1 <‘$‘_%_BO /x|/2<|y<2|x f(4)®alz.9) dﬂk(y)>q duk(ﬂ”) v

s (/Rd<w|’m /Rd F@)lyl P dq (2, y) dﬂk(y))qdﬂk(ag))l/q
< [ f(x)

Hp,d,uk'
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Hepagsencreo (20) raksxke jgokazano. 113 (19), (20) Beirekaer Hepasencreo (18). O

JokazaresabcTBO Teopembl 4. C yueroM TeopeMbl 3 OCTAETCSl YCTAHOBUTH HEOOXOIMMOCTH
YCJIOBUS (v > d(%—%). Iycte 0 < e < 1/3, 20 = (1,...,1) € R, B.(20) = {z € RY: |z — 20| < e}
Ecmm z,y € B:(x0), TO

1
2

U C IIOCTOAHHBIMH, HE 3aBUCAIIUMHU OT &,

1
slel < 5L+ e)fzol < (1= e)laol < Iyl < (1 +€)laol < 2(1 — €)fao| < 22

u_y(z) <1, wug(x)=x1,

II03TOMY,

dy q 1/q
I M) Mo % (, (o =) @)

dx) l/p.

Jlenasg B mHTErpaaax 3aMeHbl IEPEMEHHBIX & = Tg + €2, Y = Tg + EW, MOIYIUM

d 1/
) et @ 2 ([ ([ ) )z e
1

| |z —wld—e

“Uﬁ(x)XBE(IO)('r)“p,dﬂk 'S (/

Be ($0)

[ us (@)X B w0) (@) g, S 77

CuretoBaTenbHO, JJTs COPABEIMBOCTH HepaBeHcTBa (7) mpu € — 0 HEOOXOIMMO BBIMOJHEHHUE YCJIO-
BUA  + g > %. O

Paccmorpum cysxenune D-norennuana Pucca na paguaibibie pynkiuu. [Iycrs x = ra’, y = ty/,
r=lz|, t = l|y|, f(x) = fo(r). Ipumenss nosspuble KOOpAUHATHI, cBolicTBa 1, 3 aapa P, (x,y),
TTOJTY UM

1 f(x) = /0 " folr ) @ao(ryt) dun, (£) = 1% fo(r),
rue

™
Do o(r,t) = (7)) ey, / (r* +1* — 2rtcos ) (@=di)/2 Gipydn—2 pdep.
0

[ycrs LP(R4,dvy, ), 1 < p < 0o, — npocrpamcrsa Jlebera ¢ nopMoif

& 1/p
i, = ([ 177 ) ™ < .

Moz papuansnoit ynkunu || f(2)|p.au, = [|fo(r)llp.dv,, -

IIpennoxxenue 2 [17-19]. Hyems» d € N, k — npoussosvnas dynkyus rwpammocmu,
l<p<qg<oo,0<a<dg. Hepasencmeo

HTJYIQIC fo(r) Hq,dwk N HrﬂfO(T) Hpvdw‘k

CNPAGEIAUCO M020a U MoABKO Mo2da, K020a
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HoxkazareabctBo Teopembl 5. [lycts r = |z, f(x) = fo(r) — veorpunarensuasa paguaabaas
dbyuknus. Kak u mpu mokaszareabcTBe TeopeMbl‘3 OymeM UCHoabp30BaTh passoxkenne (17). Tak kak
B HepasencTBax (14), (15) sKcTpeManbHBIM SIBIAETCS TOANPOCTPAHCTBO PAJAMAILHBIX (DYHKIUI, TO
ycaoBus (8) ABIAIOTCA HEOOXOAMMBIMA U JTOCTATOIHBIMHU JIJIsl CIPABEJINBOCTH HEPABEHCTB

[u—ry (@) Tif @), 4y S @) @), g, T=1.2

Hepagenctso
u—ry (@) T f @)y g, S s @ F @], 0,

JIOKA3BIBAETCS TAKXKE KAaK U B TeopeMe 3, TOJBKO BMECTO TEOPeMbI 2 CJeIyeT HCIOIB30BATE MPe-
JIOXKeHme 2.
Heobxomumocts ycnoBua a >

% % JoKaszaHa, Hanpumep, B [19]. O

4. 3akKJII04YeHue

Orpanuuennocts D-morentmana Pucca mccnemnoBana B JieDErOBBIX MPOCTPAHCTBAX C BECOM

JlaHK sl I CTEMEHHBIX W KyCOYHO-CTEIIEHHBIX BECOB. XOTs B TeopeMax 2, 3 OCTaeTCd HEBBIAC-

% - %) Jpyroit BaxkHON 3a7a9€eit
CTAHOBHTCS WCCJIEJ0BaHNE OTpaHmdeHHOCTH D-moTenmmana Pucca gis mapsr obmmx BecoB u(x),

v(x).
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AnHOTan M

B pabore uccuenyercs nzera-byuxuus (M (p1,p2)|a) monouma M (p1,p2), HOPOKieH-
HOMO OPOCTBIMH YuCHaMu p; < pg Buma 3n + 2. Jlajee, BbIIAEJsieTCs OCHOBHOW MOHOW/I
M3.1(p1,p2) C M(p1,p2) m ocHOBHOE MHOXKeCTBO A3 1(p1,p2) = M(p1,p2) \ M31(p1,p2). Ana
COOTBETCTBYIOIIUX /13eTa~-(DYHKIUN HalIeHbI IBHbIE KOHEYHBIE (DOPMYJILI, 33JAI0IIHe AHAJUTH-
YECKOEe TIPOJIOJIKEHUE HA BCI0 KOMILIEKCHYIO TJIOCKOCTH, KPOME CUETHOIO MHOXKECTBA MOJIOCOB.
Haiinensr obpaTHbIe PsIIbl AT 9THX A3eTa-PYHKINA 1 PYyHKIIHOHATBHBIE YPABHEHUS.

B pabore gaHbl onpesesieHns TPEM HOBBIM THIIAM MOHOWJIOB HATYDAJIBHBIX YUCEJ C OJIHO-
3HAYHBIM PA3JIOKEHUEM HA TPOCTHIE JIEMEHTHI: MOHOUIBI CTETNeHeH, MOHOUILI DHiepa Mo Mo-
JIYJII0 ¢ ¥ €IUHUYHBIE MOHOUIBI IO MOIYJIIO ¢. YKa3aHbl BhIpaXKeHUe uX n3era-QyHKIUH depes
3JIEpOBBI IPOU3BEIEHUA.

B pabore paccmorpen adpdext Irsennopra — XeitabOpoHHA 1715 A3€Ta~(DyHKINA MOHOUIOB
HATYDAJIbHBIX YHCEN, CBA3aHHDBIA C MOsIBJIEHUEM HyJsell y ma3era-pyHKIUH cIaraeMbix, MOJTyda-
IOIIUXCs IPU PA3OMEHUH HA KJIACCHI BBIYETOB [0 MOLYJIIO.

JIJIs1 MOHOMIIOB C 9KCIOHEHIMAILHON MOCIEI0BATEIFHOCTHIO TTPOCTHIX YHUCE JOKA3AHA TH-
moTe3a O 3arpaJuTeIbHOM PsiJie W MOKA3aHO, 9TO 00JACTHIO rojoMopdHOCTH A3eTa-byHKIUNT
TAKOTO MOHOW/IA SIBJISIETCs] KOMILJIEKCHAST TIOJIYIIOCKOCTD CIIPABa OT MHUMON OCH.

B zaksmogenun paccMOTPEHbI AKTyaTbHBIE 33Ja9H ¢ A3eTa~-(DyHKIUIMA MOHOUIOB HATYPAJIb-
HBIX 9HCEJI, TPEOYIOIHe JATbHEHIIEro uCCae0BaHUs .

Karwuesvie caosa: m3era-dyuknus Pumvana, psn Jdupuxie, q3era-QyHKIMS MOHOUIA HATY-
PATbHBIX YHUCEJI, UIEPOBO TPON3BEICHIE.

Bubauozpagus: 16 HazBanuii.
s muTupoBaHus:

H. H. Jo6poposbekuii. OHa MojesnbHas ji3era-pyHKIMA MOHOM/IA HATYpasbHbIX yucen // Yebbi-
mesckuti cbopuuk. 2019. T. 20, o, 1, C. 148-163.
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Abstract

The paper studies the Zeta function ((M (p1,p2)|a) of the monoid M (p1,p2) generated by
Prime numbers p; < py of the form 3n + 2. Next,the main monoid Ms1(p1,p2) C M(p1,p2)
and the main set A 1(p1,p2) = M(p1,p2) \ Ms.1(p1, p2)aredistinguished. For the corresponding
Zeta functions, explicit finite formulas are found that give an analytic continuation on the entire
complex plane except for the countable set of poles. Inverse series for these Zeta functions and
functional equations are found.

The paper gives definitions of three new types of monoids of natural numbers with a unique
decomposition into simple elements: monoids of degrees, Euler monoids modulo ¢ and unit
monoids modulo g. Provided the expression of the Zeta functions using the Euler product.

The paper discusses the effect Davenport — Heilbronn Zeta-functions of monoids of natural
numbers that is associated with the appearance of zeros of the Zeta-functions of terms obtained
by the classes of residues modulo.

For monoids with an exponential sequence of primes, the barrier series hypothesis is proved
and it is shown that the holomorphic domain of the Zeta function of such a monoid is the
complex half-plane to the right of the imaginary axis.

In conclusion, topical problems with zeta-functions of monoids of natural numbers that
require further investigation are considered.

Keywords: Riemann zeta function, Dirichlet series, zeta function of the monoid of natural
numbers, Euler product.
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Hoceauwaemes T70-aemuro arxademura Jumoscrot AH,
npogeccopa Anmanaca Jlaypunvuraca

1. BBenenue

ITycts p1 < pe — ABa mpocThIx uncsa Buaa 3n + 2. Hanpmvep, p1 = 2, po = 5. Hepes M (p1, p2)
obo3HauaeM, Kak OOBITHO, MOHOW, TTOPOXKAEHHBIN TPOCTHIMUA YUCTAMU P] U P2:

1 .
M(plap?):{n_pl p22|ﬁl752 } C(M(plap2)|a) = Z ﬁ (a:J+Zt70>O)‘
n€M (p1,pz2)

Scuo, uro monous M (p1,p2) ¢ OJHOZHAYHBIM PA3JIOKEHUEM HA MPOCTHIE MHOXKHUTEM, U TOITOMY
ero a3era-(pyHKINA BHIPAXKAETCS Yepe3 KOHEUHOE 3iIepOBO IIPON3BEICHHE:

C(M(pr.p2)lo) = P(M(pr.p2)la) = (1 - pl) (1 - 1) .

1 )

Paccemorpny morong Ms 1 (p1,p2) C M(p1, p2), 3aJaHHbIH PaBEHCTBOM
Ms1(p1,p2) ={n=3k+1= pflpéi2 |1+ P2=0 (mod 2)},
KOTOPBIH A1 KPATKOCTH OyIeM HA3bIBATHL OCHOBHBIM MOHOHIOM, H OCHOBHOE MHOYXKECTBO

A3 1(p1,p2) = M(p1,p2) \ M3,1(p1,p2) = {n =3k +2 —p1 p22 |f1+P2=1 (mod 2)}.

s morouna Ms 1 (p1, p2) sHerpyano onucars P(Ms 1(p1,p2)) — MHOXKECTBO IIPOCTBIX /IEMEH-
toB: P(M31(p1,p2)) = {q1,q2,¢3} u cOCTONT U3 TICEBAOMPOCTLIX THUCEIT

Q1=p%<Q2=P1p2<CJ3=P§-

O6o3naunm uepes P(Ms1(p1,p2)|a) sitiepoBo npousseaenue:

N O R SN SN

qEP(Ms3,1(p1,p2))

€M Ha3bIBATh KaHOHUYECCKUM PA3JIOZKEHUEM 2JIEMEHTA N U3 MVYJIBTUIIJINKATUBHOT'O MOHOMIA
Byx y ot

M3 1(p1, p2) HATYPAJIBHBIX THCET IPEJCTABIECHHE BUIA 1 = qlﬁ ! qg 2 qg %. Yepes k(n) 6ymem 0603HaIATH
KOJTMYECTBO PA3IMIHBIX KAHOHWYECKNX TPEeJACTABICHWN HYUCaa 7, TOT/a 3HIepOBO TPON3BEICHUE

P(Ms31(p1,p2)|a) 6yaer packaanplBaTbcs B caenyomuii pag Jupuxie

P(Ms31(p1,p2)|a) = Z k(”)

na
neMs3 1(p1,p2)

Tak kax B Monouge M3 1(p1,p2) HET OJHOBHAYHOCTH PABJIOKEHHUS HA IIPOCTHIE HJIEMEHTDI, Jefi-

CTBUTELHO, q1q3 = q3, T0 ((Ms1(p1,p2)|a) # P(Ms1(p1,p2)|a).
Nurepecno, aro monous, M(qi,qz) UMeeT OTHOZHAYHOE DA3/IOXKEHNe Ha MHOMKUTETH, TaK Kak

2
qf ! q§2 =p] Pr+5s ﬁ %, 9TO TOKA3LIBAET OJHO3HAYHOCTL PA3JIOKEHN Ha IPOCTHIE 3JIEMEHTHI. [losToMy

RSO S S 1=<1—1)_1 (1—10)_1:P<M<q1,q2>|a>.

(0%
n€EM (q1,92) B1,62=0 < o ﬁz) gl g

U Boobrme, cnpasemuso paBeHCTBO ((M(qy,qu)|o) = P(M(qy,qu)lo) 1 <v < p < 3.

Lens mamnoit paborer — Haiftu obpatneit pax Jdupuxiie naa qzera-gyuximu ¢(Msq(p1, p2)|o)
¥ aHAJMTUIECKOE TTPOIOJIZKEHNE Ha BCIO KOMILIEKCHYIO IJIOCKOCTH. Kpome sToro, B pabore bymer
JIOKa3aHa TUIOTe3a O 3arpaJuTeTbHOM psije s J3eTa-(PYHKIME MOHOUIA C SKCIOHEHHATLHOI
MOCTIEIOBATETBHOCTHIO MTPOCTHIX YUCE.
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2. Bec, mopsa1ok 1 paamyc B TOYKe

Pacemorpum dyskmuo f(«) 0T KOMILIEKCHOTO apTyMeHTa B OKPECTHOCTH TOUKW (g U €€ pasJio-

Kenue B psj Jlopana:
o0

fla) = Z c(a—ap)’, e #0.

v=n
Hazosém nopadkom n eecom 6 mouke g BETUUIUHBI N U Cp, COOTBETCTBEHHO. JTH ABa (PYHKITMOHATA
Hynem 0603HAYATE CJIEIYIONUM 00pa30M:

ordy, f(a) =n, VXeif(a) = Cp.

Hepr,Z[HO BUJETD, 9TO €CJu 1L > O, TO IIOPAJOK Q)yHKHI/II/I f(a) B TOYKE (Y) PaBE€H IMOPAIKY HYJIA
B 3T0it Touke. Ecan OPAZIOK HYJIEBOH, TO BEC B TOUKE () PABEH 3HAUYECHUIO (byHKI_U/H/I B 9TOU TOYKe.
Haxowmer, ecsin mOpsga0K OTPUIIATEIBHBIN, TO OH CO 3HAKOM MHUHYC PABEH MOPAIKY TIOJII0CA B TOUKE
Q.

JIEMMA 1. Qynruuonas nopadka addumusen:

orda, f(a)g(a) = orda, f(a) 4 ordy, g(c).

DYHKUUOHAA BECA MYADMUNAUKATNUBEH:
Wei f(a)g(a) = Wei f(a) - Weig(a).
[a7)) «@Q a0

JIOKABATEJILCTBO. [lefictBurensno, mycrs dbyuakmuun f(a) u g(a) packnagbBarTCa B Psijibl
Jlopamna:

f(Oé) = Z Cu(a - aO)Va Cn 7£ 0, g(a) = Z d“(Oé - aO)M7 dm 7& 0,

v=n pu=m

TOTIa
o0 vr—m

flagla)= > [ 3 cvmpdy | (@ —a0)”,  cndm #0.

v=n4+m \p=m

Orciona caeayer, 4To
orda, f(@)g(a) = n+m = ordy, f(a) + orda, g(a),  Wei f(a)g(a) = cpdm = Wei f(a) - Weig(a).
[y} aQ @

O

O6oznaunm uepes rady, f(«) pamnye cxonumoctu psina Jlopawa mns dyskimn f(«) B ToUuKe
ap. Takum obpazom, ecim nopsigiok gyHkimn f() B TOUKe ( HEOTpUIATE bHBI, TO rady, f(a) —
PAIIyC CXOQMMOCTH COOTBETCTBYIOIIETO CTENEHHOTO PSITa B TOUKE (), & €CJIM OH OTPUIATEIbLHBIIN,
to pax Jlopana cxogurcs mpu 0 < |o — ag| < radg, f() # pacxogurces npu |a — ag| > rady, f(a).

W3 jtemMbl 1 BRITEKAIOT CJIEJICTBUIS.
CAeEACTBUE 1. Cnpasedauenr pasencmesa
1 - 1
f(@) fla)  Weiy, f(a)

JTOKABATEJBCTBO. JleficrBurenbHo, ecan moaoxuTh B evme 1 gla) = ﬁ ¥ BOCIIOJIb30BATh-
cd 04eBUIHBIMEU paBeHCTBaMU ordy, 1 = 0, Wei,, 1 = 1, To yTBep:KIeHUe CIeJACTBUA CeayeT U3
gevwmbr 1. O

ordg, = —ordy, f(a), ngi



152 H. H. HobpoBosibckuii

CHEACTBUE 2. Ecau ord,, f(a) + ordy, g(a) =0, mo
flao)g(ao) = Wei f(a) - Wei g(a).

JJOKA3ATEJLCTBO. [eiicTBuTenbHo, ecan nopsaaku ¢yuknuii f(a) u g(a) B TOUKe vy HYIEBBIE,
TO WX 3HAYEHWS B 3TOH TOYKE PABHBI BECAM W YTBEPKICHHUE JIEMMBI CIipaBenso. Ecam onna mops-
JIOK TOJIOXKUTETBHBINA, TO 9TO MOPSAIOK HYJsl, a BTOpas (DYHKIUS UMEeT MOJIC B 9TOH TOYKE TOTO
>Ke opagka. [T03ToMy B MPOU3BEICHNN OH FACHTCA HYJIEM, a TPOU3BEJICHNE BECOB Oy IeT 3HAYCHNEM
IPOM3BENEHN B TOUKE. [

3. Ob6pamienue n3era-PyHKIINN JIJiE OCHOBHOTO MOHOUIA

Obpartenue a3era-QyHKIMI A8 OCHOBHONO MOHOMIA OyeM OCYIIECTBIISTE 10 CXeMe 13 PaboTh

|71-

Pacemorpum m3eta-dyukimio ((Ms1(p1, p2)|e), 3a1aHyi0 paBeHCTBOM

1 .
C(Ms31(p1,p2)|a) = Z ne (a=0+it, 0> UM3,1(p17P2))’ (1)
n€Ms 1(p1,p2)

TIE O)fy 4 (pyps) S 1 — abcmmcca abcomoTHON CXOIMMOCTH J[3eTa-PAja, W Yepe3 C*(Ms3.1(p1,p2)|c)
obosHauaercss obpaTHbiil paj, To ecth (*(Ms1(p1,pe)|a) = (TH(Ms1(p1, p2)|a).

JIEMMA 2. JlasA npouseoabno2o “ucas n = p’flng € Mz 1(p1,p2) u wucaa k(n) xanonuveckus

npedcmasaenuti n = qi‘lqé\2 q§3 CNPAGEIAUBO PABEHCINGO

MBI Gy = 5y =0 (mod 2)

min(B1,82)+1 —n
k(n) = { 2 , npu 1 =P2=1 (mod 2),
2

JOKABATEJIbCTBO. HeiicTBUTENbLHO, TaK KaK 1 = p’flp§2 € Ms1(p1,p2), T0

B1+62=0 (mod 2)

Paccymorpum mBa ciygas.

[Tycts f1 = B2 =1 (mod 2), rorna Ay = 1+, B1 = 2A\1+14)\, B2 = 2A3+1+\. CreoBaresnbHo,
A=2N, 0N < BlBLB)Tl gy — minBufe) il

ITycts f1 = B2 = 0 (mod 2), Torma Ay = 2A, 51 = 2A1 + 2, B2 = 2A3 + 2\. CreoBaresbHO,
0 <A 2lBuf) g gy = 2BLA)E2 o

Psan Hdupuxie aaa npoussejenus Jitaepa

|:min(61762)] +1

2

P(M31(p1,p2)|a) = Z A
B1+P2=0 (mod 2) (p1 Do )

abcomorHO cxoauTca Tpu o > 0 W ABASETCS MAXKOPUPYIOMIMM PIOM  JJIsT BEIECTBEHHBIX
a > 0 mera-pany ((Msi(p1,p2)|a). [lostomy abenumcca abcomOTHON CXOAUMOCTH A3€Ta-pPsaa
C(M31(p1,p2)|a) BymeT oy (prpy) = 0. Tlo Teopeme Jlanmay (cm. [13], ctp. 156) B Touke o =
= 001 (p1p2) = 0 OyZer ocobast Touka nzeta-pyHKnmn ¢(Ms1(p1,p2)|cr), XOTS 9TO U TAK OUEBUIHO
B cury Geckonewnoctu monouga Mz (p1, p2).
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JIEMMA 3. IIpu o0 > 0 cnpasedauso npedcmasaenue

) (1-

1

1 —1
2a> <1 -
by p

1\ 1
2a) -
2

M3 1(p1,p2)|a) = <1+
C(M3a( )ax) o1p2)
1 1\ ! 1\ !
() (-5) ()
a5 a1 qs3
JOKABATEJILCTBO. HeiictBure/ibHO
1 1
C(M3,1(p17p2)|0¢) = - = Z — =
n B1, B2
neMsz 1(p1,p2) B1+B2=0 (mod 2) <p1 Do )
oo
- Z ( ,6’1 > + Z (2,6’1+1 252+1 -
B1,82= B1,82=
1 > 1
=1+ — -
( - (plpz)a) Z (251) 2,82 )
£1=0
= (1 ) (1 585) (- 1)_1-(” 1><1 5
(p1p2)® pi~ p3” a3 ?
O
JIEMMA 4. IIpu o0 > 0 cnpasedauso npedcmasaenue
1 1 1\ ! 1\ !
C(Az1(p1,p2)|a) = <—|—> (1 > <1—> =
(satprpa)lo) = (o + ) (1= =
(i) () ()
pr Py 3

JIOKABATEJILCTBO. [eiictBuTebHO

>

C(As1(p1,p2)|a) =
n€As,1(p1,p2)

o0

B1,82= 1

()3
p? pg‘ 50(251)

(i) () (o
a p%a p%a

T PS5

O
JIEMMA 5. IIpu o > 0 cnpasedauso npedcmasaenue
) (175 (
1—
)

1

- Z (p2/31+1p2/32> +

1

) i

C*(M31(p1,p2)|a) = <1 + ip)®

() (%)

(

1

1

a3

a5

)_1_ 1 +i(_1)k2—2
2

+1)(1 1
5 qf

T 2a
b1

ko

k=2

1

ds3

)

1 1
“ 51+ﬁ212(m0d 2) (P?P%
vt (p%ﬁ1p2ﬁ2+1)
1 i 1 B
B2=0 (Pgﬂz)a

)
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JIOKABATEJILCTBO. [leiicTBUTE/IBHO, W3 JIEMMBI 3 CJAEIYET, ITO

¢ (Ms (1, o)) = (1 N 1>_1 <1 . 1) <1 L
3,1(P1, P2 = (p1p2)a p%a p%a

() (-5 (0-%)

1\ 7" & (-1)F
(Hq“) D= S TIR)
2

Hamee nmeem:

>:

k=0 12
ITosTomy
o0 o0 ') )
(C1)F (D & (D& (-
C (M31(p1 p2)|a) Z ko 72 a ka Z a ko +Z (k+2)a =
=0 12 =0 1192 i—p 93492 =0 9>
I L = A et
qS{ k=2 q12904 k=0 q%qga k=0 ngga
O

O6o3naunm uepes ((M(p1,p2), M31(p1,p2)|a) ornomenne aByx a3era-dyHKImii:

C(M(p1,p2), M3 (p1, p2)la) = ((M(p1, p2)|)¢ ™ (Ms 1 (p1, p2)| ).

O6o3zHa M koadbduIneHTs cooTBercTBYIONEro psiga Jupuxie vepes y(n):

C(M(p1,p2), M31(p1,p2)|a) = 1+ Z yygz), y(1) = 1.

n=2

TrEOPEMA 1. Illpu o > 0 cnpasediuso pasencmeo

C(M (p1,p2), M3 1 (p1,p2)|e) = <1 + plg) <1 * p12> (1 " (p1p2 >_

20e
(=%, npun = pi(pip2)*, k >0,
y(1) =1, y(n)=q (=¥ npun=pa(pip2)*, k>0,
07 68 OCTNAADHBIL CAYHAAL.

JOKABATEJILCTBO. [leiicTBUTENBHO, U3 JIEMMEI 5 CJIeIyeT, ITO

— y(n)
Zna’

n=1

1\ ! 1\ ! 1 -1 1
C(M(p1,p2), M31(p1, p2)|a) = (1 - p?> <1 - p%) <1 + (p1p2)“) (1 — p%a> (1 ~
(L 1 I N G L N G D LR = N G O
B <1 - P?) (1 - p%) (1 - (P1p2)a> B kz (p1p2)ke - k:ZO pY (p1p2)k * k;zo PS5 (p1p2) *
— (- — (-D* — (-D*
i ;::0 (p1pa)(B+De b = pf (p1p2)™ * kzo 5 (p1p2)ke
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4. AnrasuTnyeckoe npo/ioikeHne n (pyHKIIMOHAJbHOE yPaBHEHNE

Xopo1ro u3BecTHA TPOU3BOAIasd MYHKINA st unces Bepryman (em. [3], crp. 254-257):

o0
x B, .,

et —1 n!
n=0

., . 1
13 KOTOPOH HECJIOKHO TOJIyIHTH CJIEJIYIOIee pasjiozkeHne MepoMOphHONH (YHKINH _z— B pAL

Jlopana
1 1 & Bpi o,
ex_l_x+7;)(n+1)!x’

KOTOPBIii abcosmorHo cxoaures mpu 0 < |x| < 27, u wMeer TOJOC TEPBOTO MOpsiaka mpu © = 0
x+2kmi

¢ BeiaeToM papubIM 1. Kpome Toro, tak xak e* = e Jutd Jioboro 1esioro k, To B KaxK 0¥
Touke x = 2kmi mjs ar0b0Tro Neaoro k UMeeTcs IMOJIIOC TepPBOTO TOPSAKa C BRIUETOM PaBHBIM 1 u

pazsioxkenne B psia Jlopana

1 1 B
n+1 N
_ +3° 2 — 9k
e* =1  x—2kmi “— (n—l—l)!(x i),

KOTOpBIit abcomoTHO cxoautes upn 0 < |z — 2kmi| < 2.
[oacrasasgst © = —alnp, momydnm, aro a3era-byHKIWsS reoMerpudeckoii mporpeccun M (p)
ABJsTeTCs MEPOMOPQHON (hPyHKITMEH HA BCEH KOMILIEKCHOH Q-TLJIOCKOCTH C psinoM Jlopana

1\' 1 Z‘” Bt 1 1 & Bp
C(M(p)le) ( pa> alnp = (n—i—l)!( anp) alnp+2 ot (n—l—l)!( anp)”,

271'

KOTODBIiT abcostoTHo cxopures mpu 0 < |al < 5 1 IMEET TOJIOC TIePBOTO TOpAJIKa TIPH (¢ = 0c

BbIY€TOM PaBHBIM ﬁ

Jlpyroit ciocob mosrydenud psiga Jlopana cBs3am ¢ moACTaHOBKON © = aln p. JlefictBurensro,

1 1 & B 1 1 & B
M =1+—— =1 " Inp)" = - 2l (o Inp)”.
CMP)l)=1+ +a1np+;) @iy OdanerrnZl (g D)

DTu aBa psna Jlopara coBNagalT, TAaK KaK BCe HEUETHBIE YHUC/Ia BepHy/LIn HaduHaAst C TPETHETO
HOMEpPA PAaBHBI HYJIIO, U TTO3TOMY

1 1 <= Bonio —
\/1 = — B —————— 1 n .
(M (p)|a) alnp + 2 + nzo (2n + 2)!(04 np)

Cl{-l—%kJ’L o _ 2km .
np” st JIFOO0rO TMeaoro k, TO B KaxKIOH TOUKe o = mz ISt

Ji0boro 1esoro k UMeeTcs MoJIoC TEPBOTO MOPS/IKA C BHIYETOM PaBHBIM ﬁ ¥ Pa3aoXKeHue B pAj

Jlopana

o
Kpome Toro, Tak kax p* = p

1 1 Bapio(Inp)2ntl 2k \ 2
C(M(p)|er) = T §+Z ”2n+2 = i ;
lnp (Oé — m'&) p
KOTOpPBIH abcostorHo cxources mnpu 0 < ’oz - %r’f—;rz < iap-
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Koneuanoe sitmeposo mponssenenue:

—1 -1
1 1 1 1 1
P(M a)=|(1-— 1-— =1+ + +

(M(p1,p2)le) ( p?) ( p‘z’) f—-1 ps—-1 " (f §—1)
apasgercs mepoMmopdHoit (pyHKIMEH HA BCEl KOMILIEKCHON Q-ILJIOCKOCTH Kpome Toukm o = 0, B
KOTOpO# y Heé T0JII0C BTOPOTO MOPSIJIKA, U TOUEK (v = lik;lz o= 2T k0, B KOTOPBIX HOOCA,
TIEPBOTO TTOPAIKA.

Tak kak mpu 0 < |a < 1np oba pana Jlopamna

Inpa

1\ ! 1 1 & Bpa
1-—) = - = (glnp,)t v=1,2
(135) = annt ot Do) oot

abCOJTIOTHO CXOJSTCS, TO TIepeMHOXKAasT WX, HAXOIUM

1 -1 1 —1 1 1 1 1 1
( (ppr)‘a) < p?> < p%) a2 In p In po + 2 <lnp1 + 1np2) O¢+

Inpy <~ Bnii no1 . Inpi =~ Bun n—
+ Z( +1)!(alnp2) 1y Z( as (aInpy) 1y

In py —(n+ In po —(n+ 1)!
o) o] n—1
1 Bni1 Bt k Bn—k+1 —k
- —a"((1 "+ (1 " —T (1 — (1 " ",

Orcroga cremyer 9To A BerYeTa B Touke o = (0 cipaBeInBo PaABEHCTRO
1 1 1
Resg P(M (p1, a)==—+—].
oP(Mp1,palle) = 3 (111101 1112?2)

Tak Kak J'[OFapI/I(beI ABYX TPOCTBIX 9YUCEJI JITHETHO HE3aBUCUMBI, TO

2 1
kﬂ'i>: L

2km -
lnp/l Inpy

14

-1

¢ (M (pv)

ompesesieHo u oTaHdHO oT O mpu v # u, k # 0 Takum obpasom, nzera-pyrkius (M (p1)|«a)

2k mopsiaok —1 ¢ BecoMm - a m3era~dynxrums C(M(ps)|a) mopsox 0 c

HMeeT B TOUKe (v = pr lnp ,

—1
BECOM (1 — ) . Mosromy mo jmemme 1 mx mpomsBemeHHe B 9TOH TOUKE WMEET MOPAIOK — 1
l
2

-1
C BECOM 1n1p1 (1 — ) . AHAIOrMYHOE YTBEpKICHUE CIIPABE/JIUBO JI TOUYEK ( = ﬁlk;;i c
I
p2np1
_ 2km . _
k # 0. Tlosromy mns Beruera asera-dyuxmuu ((M(p1,p2)|a) B Touke a = T b k#0,v=12

CTIPABEJIJITBO PABEHCTBO

1 1 v
Res e C(M(p1, = L= | on=2-[5].
s 2 C(M(p1,p2)|a) np, pli’;;i H 2
m

B pa6ore [9] qokaszano dyHKumonansHoe ypasHenne s a3era-pyukiun (M (p1, p2)|a), koTo-
poe MMeeT BUJI
C(M(p1,p2)|a)

C(M(p1,p2)| — ) = (p1p2)®
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N3 nemmer 3 caexyer, uro ng3era-dyukiua ((Ms1(p1,p2)|a) — mepomopduas dbynknus Ha

BCell KOMILIEKCHOM Q-IJIOCKOCTH KpoMme Toukd « = 0, Iue y Heé IOJIIOC BTOPOTO MOPSAKa, M TO-
_ 2km
4eK o = WZ k#£0, v=1,3, nie nooca nepBoro mopsjiKa.

Taxke U3 JIeMMbl 3 HECJIOXKHO HAWTH (DYHKITMOHAJIBHOE yDaBHEHUE

C(M31(p1,p2)|)
(p1p2)® '

C(My(pr,p2)| — ) = Ji)acw&l@l,m)\m -

W3 nemumbt 4 Mbl HAX0AUM DYHKIIMOHAJBHOE YPAaBHEHUE /s J3eTa~-(DyHKITUH OCHOBHOTO MHOXKE-

((Asz1(p1,p2)|)

(p1p2)® '

N3 rteopembr 1 maxommm ouenp npocroe (QyHKIMOHAIBHOE YypaBHEHHWE id J3eTa~-DyHKINnT
C(M(p1,p2), M31(p1,p2)|e), 13 KOTOPOTO CyietyeT 9eTHOCTE TOM J13eTa-hyHKIHN:

CTBa:

C(A31(p1,p2)| — @) =

C(M (p1,p2), M31(p1,p2)| — @) = C(M(p1, p2), M3 1(p1,p2)|).

5. Monoub! creneneii, Jiijiepa M eAMHNIHBIE MOHOUABI TI0 MOJTYJIIO
Hawubosiee mpocThiM 110 CBOEl CTPYKTYypE MOXKHO cUuTaTh MOHOUA M}y — MOHOUJ k-X CTereHeii:
Mk:{nk|n€N}.

9TO MOHOW I C OJHOZHAYHBIM Pa3JI0ZKEHNEM Ha ITPOCTHIC 9JIEMEHTHI 1 MHOZKECTBO MPOCTHIX 3JIEMEHTOB
P(Mj,) cOCTOUT M3 MCEBIOMPOCTHIX YUCET:

P(M;) = {p" |p e P}.

Mosromy mng nzera-pynknun (M |a) cupasepiusel paBeHCTBA

> 1 \! 1
C(Mgla) = P(Mg|a) = H<1 - a) =((ka), a=oc+it, o> —.
el oCP (P*) k

Ilycts ¢ — marypanbroe umciao 6ogbine 2. Jlas a060r0 HATYPAJILHOTO YHUCIa N C KAHOHWYE-
CKUM PA3JIOKEHUEM T = p'fl pf’“, rae IpocTeie p1 < ... < Pk, €ro 3iaepoBoil KOMIIOHEHTOHR 110
MOZIYTIO ¢ HazoBeM dncio Fq(n), a eAuHnaHbIM geuTeaeM mo Mogyio ¢ — uciao Uy(n), 3agamnnsie
paBeHCTBAMEI

Ey(n) = H py Uq(n) = H -

pv#EL (mod q), (pv,q)=1 py=1 (mod q)

‘IepeS ny Oynmem 0603Haanb MYJbTUTLTAKATUBHOE JOTIOJTHEHNE 3i1/1IepOBOit KOMIIOHEHTHI 10 YUC/Ia 1
*

NG = Ty & 9ePes ng" — MyIETHILIMKATHBHOE JIOTOTHEHHE PONSBEeHHs SHiIePOBOT KOMIOHEHTHI
Ha e,ZLI/IHI/ILIHbII/I AeJInTe/ b 40 YMCJla 71 nq W OLIeBI/I,ZLHO, YTO BBIITOJIHAIOTCA CPABHEHUA
q q

— — — * kk
Ey(n)=Uy(n) =1 (modgq), n=n;=n," (modq).

Hazosém monoudom Fitsepa no modyso ¢ MaOKeCTBO Ey, 33aaHHO0E PaBEHCTBOM

By=Sn?@ ln=T[p% p#£1 (modq), (p.g) =1
pln
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Hazosém edunuunvim monoudom no modyato g Muoxecrso Uy, 33/]JaHHOE PABEHCTBOM

Uy=<n n:Hpﬂp,pzl (mod q)
pln

Monouger By u U; uMeroT 0JHO3HAYHOE PA3JI0ZKEHHE Ha IPOCThIEe 3/1eMeHTRI. JljIa e MHIIHOrO
MOHOH/Ia O MOJYJ/IIO ¢ MHOXKECTBO IIPOCTHIX d1eMenToB P(U,) cocTOUT u3 MpOCTBIX THCE:

PUg) ={plp=1 (modq)}.

D10 DECKOHEUHOE MHOMXKECTBO MPOCTBIX YHCE COIJIACHO Teopembl JIupuxje o mpoCTBIX YUCIax B
apudmernydeckoii mporpeccuu. [losromy

-1
1
C(Uyla) = P(Uylar) = H <1—a> a=o0+it, o>1
_ D
p=1 (mod q)
st MoHOUZA Ditepa MO MOIYJIIO ¢ MHOMKECTBO MPOCTHIX daeMenTos P(E,) cocTouT mu3 Ices-

JIOTTPOCTHIX UHCET:
P(Eg) = {p*?|p#£1 (mod q), (p,q) = 1}.

9T0 6€CKOHETHOE MHOXKECTBO [ICEBIOIIPOCTHIX IMCE COTJIACHO TeopeMbl JIupuxte o MpOCTHIX YNCIAX

B apudmeruveckoii nporpeccuu. I[losromy

1\ . 1
((Eqlor) = P(Eqlar) = H (1_W‘> a=0+it, o> 2@
p#l  (mod q), (p,q)=1

6. 9dbdekT /I3Bennopra — XeilaabOpoHHA

B snamenuroit padore I'. /Ispennopra n T'. Xeianbpona [16] 6b110 ycranoBaeHo, 94To j3era-
dbyukums 'ypsuna ((s,a) aasa panumonaabibix a, 0 < a < 1, a # % umMeerT HECKOHETHO MHOTO
HyJeil B TOJYIIIOCKOCTH abCOMIOTHON CXOMMMOCTH ompenensromntero psaga Jupuxme. Orcioma cpagy

cjlelyeT, 4To ecJid a = % — HecokpaTuMmas J1pobb u ¢ > 2, To a3eTa-PYHKIU KJIACCA BHIYETOB 110

MOJLYJIIO ¢
o0

1 .
¢(p,qla) = E — a=0+it, oc>1
n (03
“— (nq+p)
nMeeT OECKOHETHO MHOTO HYJIEHl B MOIYILTIOCKOCTH abCOMIOTHOM CXOAMMOCTH A3€Ta-PIIA.
Taxum obpazom, cyrb 3ddekra /lspennopra — XeilabOpoHHA COCTOUT B TOM, 4TO J3€Ta-

dyuknus PuMana pazduBaeTcst HA CYMMY CJIAaTaeMbIX
q
() = CUp,qlo),
p=1

4acTh U3 KOTOPBIX MMEET HYJIU CIpaBa OT abcuuccebl abCOJIIOTHOHM cxopuMoctd o = 1, a j3era-
dynknunst Pumana B 910 0bsacTi He MMeeT HYyJIei.

Kak ciemyer ns3 koneunoro npejcrapienns jgzera-gyukiun (M (p1,p2)|a) mornonga M (pi, p2)
HATYPaTbHBIX YUCET B BUJE SI€pOBa IPOU3BEIEHNUS

Ol = (1- pl)l (1- ;2)

OHa He UMeeT HyJiell BO BCell KOMILJIEKCHOR (:-ILJIOCKOCTU.
CorytacHo OIIpeJieJIEHUI0 CIIPABEIINBO PDABEHCTBO

C(M(p1,p2)|a) = ((M3,1(p1, p2)|c) + C(A3z,1(p1, p2)|c).
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TEOPEMA 2. [lsema-dynruyua ((Ms1(p1,p2)|e) obpawaemca 6 noav 6 mowkar o = %L
2de k — aroboe uyeaoe wucao.
Asema-pynxyua ((As1(p1,p2)|a) obpawaemca 6 noav 8 moukaxr o = %i, 2de k — aroboe

UeA0e YUCNO.

JOKABATEJILCTBO. [lefiCTBUTENBHO, COTIACHO JeMMe 3 UMeeM:

Bropoit u Tperuit coMHOXKUTEM HE OOPAIAIOTCS B HOJIb BO BCEH KOMILJIEKCHOH (Q-IIJIOCKOCTH, a
%i, rae k — aroboe 1mesoe 4uciao.
Tak Kak 9Tu HyJIW HE COBIAAAIOT C TIOTIOCAMHU BTOPOTO U TPETHETO COMHOXKUTEJIEIH, TO OHU OCTATOTCS
u myaamn azera-gyuximn ¢(Msq(p1, p2)|a).

Corytacuo jiemmMe 4 nmeeMm:

11 1\ ! 1\ !
ctantmrle = (g4 50) (1-7) (1-75) -
(A31(p1,p2)|) e T e 2

Bropoit u Tperuit coMHOXKUTEU HE OOPAIAIOTCS B HOJIb BO BCEH KOMILJIEKCHONH (Q-IIJIOCKOCTH, a
m(142k)
Inpa—Inp;
Tax Kak 3TH HYJIU HE COBIAIAIOT C TOJIOCAME BTOPOTO W TPETHETO COMHOKUTENEH, TO OHU OCTAIOTCS

u myaamn a3era-gyukmmu ((As 1 (p1, p2)|a). O
W3 nokazaumnoii Teopemsbl cienyer, uyTo 3bdekr apernopra — XeisibOpoOHHA UMEET MECTO U B

[IEPBBIfl COMHOXKUTEIb O0PAIAETCHd B HOJIb B TOYKAX (¢ =

[IEPBBIfl COMHOXKHUTE/Ib OOPAIAETCS B HOJIb B TOYKAX @ = i, rae k — Jiroboe 1mesoe Iucsio.

3TOM CJIy4ae, HO €0 XapaKTeP HECKOTbKO U3MEHUICH, TaK KaK HYJIU CJalaeMblX, BbIAETAEMbIX KJIaC-
CaMU BBIYETOB 10 MOIYJ/IIO 3, TOSIBJISIOTCS Ha abcimcce abCOMIOTHON CXOAMMOCTH Ja3eTa-pyHKInm
OCHOBHOI'O MOHOM/IA.

Jpyras curyanus Bo3HHKaeT B Caydae MOHOHMIa Diinepa Fy 1m0 MOLYI0 ¢ U B CIydae eJIuHNY-
noro moHouzaa U, mo momymio g. /lesno B TOM, 9TO BCe 37IeMEHTHI 3TUX MOHOMJOB IPWHAJIICKAT
OJ/IHOMY KJIACCY BBIYETOB I10 MOJIYJIIO ¢, & HAJIMINe IPOU3BE/IeHns Diljepa Jiuist 13eTa-pyHKIINA STUX
MOHOU,I0B MCKJIIOYaeT HaJu4ue HyJieil B obiactu abCOIOTHON CXOJMMOCTH.

Bormpoc o namuuann addexra Issennopra — XeiibOpoHHa 118 MOHOUIA k-X cTeneHelt Tpebyer
OT/EJIBHOTO PACCMOTPEHMsI, TaK KaK 37€Ch BO3MOXKHBI PA3HbIE TIOCTAHOBKU BOIPOCOB.

7. Ob6macTts rosomopdgHOCcTU a3eTa-PYHKINN MOHOHWJIA C IKCIIOHEH-
ITAAJIBHON II0CJIEJOBATEIbHOCTHIO MPOCTHIX

B pa6ore [6] 6b11a BBeIeHA SKCIIOHEHIMAILHAS TOCJIEI0BATEILHOCT TPOCThIX yncesa PE. ITzera-
dbyukums monouna M (PE) obnanaer iIepoBbIM TPOM3BEICHIEM:

1 1\ ! ,
((M(PE)la)= > — = P(M(PE)|a) = 11 (1-) . a=o+it, o>0.

le
neM(PE) pEPE

B pabore |9] 6bL1a BRICKa3ana runoresa, 9ro g3era-dyuxnuio (M (PE)|a) Heab3s IpogoIKATh
B JIEBYIO TIOJTYTLIOCKOCTE 0 < 0. JIpyrumu cioBamu, eé 061acTh rooMOphHOCTH COBIAIAET € IPABOM
TTOJIYTILIOCKOCThIO 0 > 0.

JIEMMA 6. IIycmob ag = 0 + ity — npousdsoavHaa mouxa 6 npagoti noaynasockocmu og > 0,
mozda nopadok ordy, ((M(PE)|a) =0 u paduyc 6 smot mouke rad,, ((M(PE)|a) = oy.
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JOKABATEJBCTBO. W3 majguuwns >itepoBa mMponU3BeACHU CAEAYeT, 9TO CIPABEIIUBO PABCH-
CTBO
C(M(PE)a) = ] ¢M@)la), a=o+it, o>0.
peEPE

OueBugHO, UTO MJis1 JE060TO p € PFE cripaBeTuBBI PABEHCTBA

orda, ((M(p)la) =0, Wei ((M(p)|a) = ¢(M(p)lac), rada, ((M(p)la) = /o5 + 77

e 7, = mingez )to - i’f—; 3aJ]aeT PACCTOSHUE 110 OJMKAMIIero IMoJoca %i m3era-pyHKIII
(M (p)|e).
Herpymauo Bumers, uro kpyr K(ap,00) = {a||a — ap| < o¢} aBasiercss mepecedenunem Beex

kpyros K (ao, \/ B+ 7'3) = {a||o— ao| < y/0f + 72}, Korma p npoberaer Bcé MHOKeCTBO PE:

K(ap,00) = m K(ao,\/ag—i—Tg).

peEPE

Kak wm3sectro (cMm. [4], crp. 59), Ha OKpYXKHOCTH KPyra CXOIAUMOCTH BCErJIa €CTh 110 MEHbIIei
Mepe ojiHa ocobast Touka. Tak Kak Bce TOUKM OKpyKHOCTH Kpyra K (o, 0¢) KpoMe TOUKM KacaHusl C
MHUMOH OCBIO IPHUHA/IIEKAT 001acTH abCOMIOTHOMN cxomuMmocTh Ja3eta-paaa (M (PE)|a), To ocoboit
TOYKOI ABJISETCI TOYKA KACAHUA « = itg. JIeMMa IOJIHOCTBIO JoKa3aHa. U

TEOPEMA 3. Ob6aacmwio 2oaomopprocmu dzema-dynkyuu ((M(PE)|a) asasemea a-noay-
naockocms o > 0.

JOKABATEJILCTBO. U3 noKazareabCTBa IPeIblIyINeil IEMMBI CIEIYeT, 9TO BCe TOTKN MHUMOI
ocu sBJisttorcst 0cobbiMu Toukamu jazera-byuknuu (M (PE)|a). Orcioga caeyer, 94T0 MHUMAs
0Ch TEJIUKOM siBJsieTcst ocoboit mmuueit mus n3era~-dyakmun ((M(PE)|a). A 510 03HagaeT, 9To
obaacTbio roslomopdrocTu p3era-byuknuu (M (PE)|a) ssasgerca a-noaynnockocts o > 0. O

JlokazaHHYI0 TeopeMy MOXKHO TIepPEHEeCTH Ha JIPYTroi KJIacC MOHOUOB HATYPAJBHBIX UHCEN.

IMycts Q@ — warypanbaoe uncao u Mmonous M = M(PE) s mpou3BOJIbHOM IKCIIOHEHITHATBLHON
HOCJIeI0BATe/IbHOCTH TPOoCcThIX uuces PE. Onpenemum monona M_g KaK MHOMXKECTBO HaTypaJib-
HBIX 9HCeN, He Jedamuxcs Ha npocteie p u3 P(M) n 6onsmux (. Ecan onpenenurs monong Mg
KaK MHOXKECTBO HATYPAJBHBIX UHUCET, UMEIOIINX B CBOEM KAHOHWYECKOM PA3JI0XKEHUU TOJBKO IIPO-
creie yncaa p € P(M), xoropsie Gombine Q, To N = M_g - Mg u ((a) = ((M_g|a){(Miqla).
[locmennee pasencTBo BepHO pu o > (.

JIEMMA 7. ITycmov ag = 0g + ity — npousdsoavHas mouka 6 npasoti noaynaockocmu og > 0,
mozda nopadox ordy, ((Myg|a) =0 u paduyc 6 smot mouxe radq, ((Migla) = oo.

JOKABATEJILCTBO. /l0C/I0BHO MOBTOPSd J0KA3ATEILCTBO JIEMMbI 6, MOJIyYnM JOKA3bIBAEMOE
yTBepK/Ienne, TaK KaK yajJeHne KOHETHOTO INCIa TPOCTHIX U3 SKCIIOHEHITNAIBHOM OC/Ie10BATE b-
HOCTH TIPOCTBIX OCTABJSET €€ IKCIOHEHIINAIBLHOM TOCIeI0BATEeIbHOCTRIO. [

TEOPEMA 4. Obaacmoto 20a0mopdrocmu dsema-pyrryuu ((Miglo) asasemea a-noaynaoc-
xocms o > 0.

JIOKABATEJILCTBO. YTBepKIeHWE CIeAyeT W3 TPEIbIAyINeil TeOpeMbl, TaK KakK Jjid JIE000i
SKCIOHEHIIUAILHOM Mocae10BaTeIbHOCTH TPOCThiX PE Monons My g 3ajaeTcsd To-Ke Iocaen0Ba-
TeIbHOCTH HPOCTBIX, U3 KOTOPOHR yAaJICHO KOHEYHOE YUCI0 HAYAJIbHBIX Y4JIeHOB. [

TEOPEMA 5. Obaacmovio zoaomopdrocmu dsema-pynryuu ((M_g|a) asasemes a-noaynaoc-
xocmb o > 0.
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JOKABATEJIBLCTBO. U3 pasencrsa

¢(@)
((M_qlar) =
C(Miqle)
ciaenyer, uro nzera-yukims ((M_g|o) — ananntudeckas QYHKOUS B (-TOJIYIUIOCKOCTH 0 > 0,
KpOMe TOYKM @ = 1, T/ie y Heé MOJII0C MepBOro mopanka. Ecam Ob1, eé 00/1acTh To0MOPGHOCTH
ObLIa IHpe YeM JAHHad MOJIYILIOCKOCTh, TO I3 PABEHCTBA,
¢(a)

C(MJrQ’Oé) = m

BBITEKAJIO OBl IPOTUBOPEYNE C MPEJIbIIYIIeil Teopemoii. O

8. 3akJIroueHue

JlocTaTodno mpocThie COOOPaKeHNs W3 MEPBOTO Pa3/esa MO3BOJININ HaM T0KA3aTh THIIOTE3Y O
3arpaJuTenbHOM psiae s O3eTa-(OYHKINH MOHOUIA ¢ SKCIOHEHIIHAJILHON MOCIeI0BATEIbHOCTHIO
MTPOCTHIX.

Paccymorpenne momenbHON n3eTa~-pyHKITMNH OCHOBHOTO MOHOH/Ia, I OCHOBHOI'O MHOXKECTBA, IT03BO-
JIFAIOT ITO-HOBOMY PaCCMATPUBATH BOIIPOC O MOBEIEHUN COOTBETCTBYIONMMX psiioB Jlupuxie.

B pabote [8] 6p110 maHO OMpeseeHe CHeNnaIbHbIX BUIOB MOCIE0BATEIBHOCTEH TPOCTHIX TH-
cesi. Bynem ropoputs, 9T0 6€CKOHEYHAS TTOCIEA0BATEILHOCTE [P IPOCTHIX UUCET

pr<pr<...<pp<...

SIBJISIETCST 0-TIOCJIEIOBATEEHOCTBIO TPEThero poja, ecan m3era-byukims ¢(Pq|a) nmeer aberuecy
A0COIIOTHOR CXOIUMOCTH Op, = 0.

U3 pabor [6], [8] caemyer, 9T0 0(-mOCTE0BATEIBHOCTH TPETHETO POJIA CYIIECTBYIOT JJist JTI060T0
oo u3 orpeska [0;1].

W3 nokasareabCTBa MOCTeIHel TeOpeMbl CIEIYeT, ITo Jjis 000l 0-1mocae10BaTe IbHOCTH Tpe-
Thero poga Py obnacreio rosomopduoctr azera-byuknun (M (Py)|a) sBisiercst momynaiockocTsb
o > 0. Bozaukaer Bompoc 06 obsactu rojgomopduoctu azera-pynuknun (M (P1)|a) mas mpowns-
BOJIBHOTO MHOKECTBA, MPOCTHIX Py.

Curetyromuit mpocToii IpuMep MOKa3bIBAET, YTO MOIYILIOCKOCTb o > 0 6e3 Toukn o = 1 MoxkeT
ObITH 00/1aCTHIO TOSIOMOPdHOCTH U s 1-M0Cae0BATEIBHOCTH TPOCThIX unces. JleficrBurenbro,
nycrts P; — mpoussosibHas (-110C/Ie10BATEIbHOCTD IPOCTHIX uucesi, torja Py = P\ Py Gyzer 1-
MOCIEI0BATEIBLHOCTBIO POCTHIX drces. QUeBUIHO, YTO

()

C(M(Py)|a) = ((M(P)|a)¢H(M(Py)|a) = C(M(Py)|or)

Orciona caeayer yreepKaeHne 06 06/1acTu roJoMOpgHOCTH.

B szaksgrouennn aBTOp BBIparkaeT CBOO NpU3HATENBHOCTH mpodeccopam B. W. MsamoBy wu
B. H. UybapukoBy 3a HOCTOSHHOE BHUMaHNIE K paboTe W IOJIE3HbIE 00CYKICHU.
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AnaHOTanusa

B pabore myist kaxkaoro moHouaa M HATYPATbHBIX YUCEN OMPEIeIEH HOBBIH KJIACC TIEPUOIH-
geckux GyHKnuit M, KOTOPBIH ABIgeTCs TOAKIACCOM M3BECTHOrO Kiacca Kopobosa mepuonu-
wecknx ynxmuit EY. Orrocutensno vHopMbl || f(7)| pe xKmace M apasgercsa necemapabenbHbIM
6GaHAXOBBIM MOJIIPOCTPAHCTBOM Kiacca E.

YcranoBieno, uto kixace MY 3aMKHYT OTHOCHTEIBHO JAeHCTBUS WHTETPATILHOTO OIEPATOPA
@perosibMa ¥ HA 9TOM KJIACCE PA3PELIMMO HHTErpajibHoe ypaBHenue @ pearosibMa Broporo po-
1a. B pabore mosydensr OeHKH HOPMbBI 00pa3a MHTErPAIbHOTO OMEPATOPA, KOTOPBIE COAEPXKAT
HOPMY s7pa ¥ s-10 cTemeHb ma3era-dyarnun mououga M. [TogydeHbr OMeHKM HA mapaMmeTp A,
IPU KOTOPBIX MHTErpaJibHblil omeparop Ay r sABisgerca cxkarueM. Jloka3zama TeopeMa O IIpej-
CTABJIEHUY €JIMHCTBEHHOIO DEIleHrs] HHTErPaJbHOr0 ypaBHenust ®pearoibma BTOPOro poja B
Bue paga Heiimana.

B pabore paccMoTperbl BOMpOChD pernenns audepeHnaaibHOr0 yPABHEHUST ¢ YaCTHBIMA
MPOM3BOIHBIMU C MU HEPEHITHATBHBIM OIEPATOPOM () (8%17 ey %) B mpocTpaHcTBe M, KO-
TOPBIA 3aBUCUT OT apUPMETHIECKUX CBOWCTB CIIEKTPA TOTO ONEPaTOpa.

B pabore obnapyrkeH mapaJoKCAIbHBIN (BaKT, 9TO JA1d MOHOUTA M, 1 9ncesl CPaBHUMBIX C
1 mo mMomynio g kBagparypHas ¢GhopMysia ¢ NapasleenuneIaIbHON CeTKOM s JOMyCTHMOrO
nabopa ko3¢ bunuenTos no Moaymo ¢ Touna Ha Kiacce MY . Bonee Toro, sTo yrBepKAeHHe
ocraercs BepHbIM u s knacca Mg, o ¢ 1 < a < ¢, koraa ¢ — upocroe yucno. Tak kax dynxuun
u3 Kacca Mg, o ¢ 1 < a < g ne umeior nysesoro kosdbununenra Pypre C' (6), TO IPHX IPOCTOM

Mecenenosanue Boimonseno upu dbunancopoii nogepxke PO®PIT B paMKax Hay4HOIO IPOEKTA
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Abstract

For every monoid M of natural numbers defined a new class of periodic functions M,
which is a subclass of a known class of periodic functions Korobov E¢. With respect to the
norm || f(Z)| ge, the class Mg is an inseparable Banach subspace of class £

It is established that the class M is closed with respect to the action of the Fredholm
integral operator and the Fredholm integral equation of the second kind is solvable on this
class.

In this paper we obtain estimates of the image norm of the integral operator, which contain
the kernel norm and the s-th degree of the Zeta function of the monoid M. Estimates are
obtained for the parameter A, in which the integral operator Ay s is a compression. The theorem
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on the representation of the unique solution of Fredholm integral equation of the second kind
in the form of Neumann series is proved.

The paper deals with the problems of solving the partial differential equation with the
differential operator @ (%,...m%J in the space M, which depends on the arithmetic
properties of the spectrum of this operator.

A paradoxical fact is found that for a monoid M, ; of numbers comparable to 1 modulo g,
a quadrature formula with a parallelepiped grid for an admissible set of coefficients modulo ¢

is exact on the class M .. Moreover, this statement remains true for the class Mg, ; with

1 < a < g when ¢ is a Prime number. Since the functions of class Mg, ; with 1 < a < ¢ do not

have a zero Fourier coefficient C (6), then for a simple ¢ the sum of the function values at the
nodes of the corresponding parallelepipedal grid will be zero.

Keywords: classes of functions, quadrature formulas, Dirichlet series, zeta function of the
monoid of natural numbers.
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Hoceauaemes T0-aemuro arxademura Jumoscroli AH,
npogeccopa Anmanaca Jlaypunvuraca

1. BBenenue

B mammoit paboTe mpecieayeTca meab — MOKa3aTh, 9TO TeOpUst M3eTa~(PyHKIUH MOHOWUIOB Ha-
TYPaJbHBIX YHCEJI CBA3aHa C TEOPETUKO-IYUC/JTIOBBIM METOAOM B HpI/I6JTI/I)KeHHOM aHaAJIN3E. Z[.Hﬂ 3TO-
I'0 BBOJUTCS HOBBIN KJIacC MEPHOINIECKUX (DYHKIMIT MHOTHX TepeMeHHbIX M, cOOTBeTCTBYOMIuIT
MOHOUAY M HATYPAJbHbBIX YUCEJ/I, ¥ KOTOPOI'0 MHO2KECTBO HOMEPOB IKCIIOHECHT, BXOAAIINX B KOM-
TTIEKCHBIH psifT Pyphe, 3a72eTCT 3TUM MYTBTHILTAKATABHBIM MOHOHIOM HATYPAJbHBIX Iuces. B pe-
3yJIBTATE MBI [IOJIYyYaeM HEKOTOPBIH MOIKIACC U3BECTHOTO KJACCA MEPUOJIMIECKUX (PYHKIIUN MHOIMX
nepemennbix B, Ornocurensno wopmsl || f(Z) | ge xknace M§ asnsercs necenapabebHpiv Ganaxo-
BBIM TIOJITPOCTPAHCTBOM.

Kak uzBecrno, kiacc &g onpejesnsierca kak obbequHenne scex kiaccos EY npu a > 1. C oxmoit
CTOpOHBI, KAace &g COCTONUT U3 HEMPEPHIBHBIX MEPUOTAIECKUX (DYHKITAH ¢ aBCOTIOTHO CXOIAITAMUCST
pagavu Oypoe. C ApyToit CTOPOHBI OH 3aMKHYT OTHOCUTEJILHO HeHCTBHST WHTETPATLHBIX OTIEPATO-
poB ®penrosibma u nojkaace audpeperiupyeMblx dbyHKIMN npu geiicrBun tudpepeHImaibHbIX
OTIEPATOPOB TIEPEXOANT B HEKOTOPHIH moakaace kmacca Eg .

Hesbio gaHHOM CTATBU SIBJISETCS IEPEHOC STUX CBOMCTB HA HOBBIM KJ1ace QyHKIINI.

2. MoHOuIbI HATYPAJbHBIX YHCEJ U KJIACCHI TIEPUOAMIECKNX (PyHK-
i

o e «
Ilycte M — npowm3BOJBLHBII MOHOW]I HATypajbHbIX uncen. Oupenemum kiaacc dyurmit M
ceayromuM 06pa3oM. JTOT Kaace nepuoguaeckux pynknuii cocrour us gpyukmmit (&), koropsie
3a/1a10TCS MHOTOMEPHBIM pgaoM Pypbe Buaa’
) 5 it 5 (i -
f(.’B) _ C<m)€2ﬂ'z(m,x) _ ( ) O6627r1(m,:(:)7
’ o (mr...my)
mpy€eM, (v=1,...,s) mpEeEM, (v=1,...,s)

831ech u mamee I BeIIECTBEHHBIX M moIaraeM m = max(1, |m]).
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rie Koadpdunmentsr Pypbe yAOBIECTBOPAIOT HEPABEHCTBAM

1/ (@) 2

[C(m)] < (s i)

1 (@)l e = sup |C(m)|(m1 ... ms)" = sup |e(m)| < oo.
myeEM, (v=1,...,s) myeM, (v=1,...,s)

Ecam o) — abenucca abeosorroit cxonuvoctu a3era-dyukimn (M |a) MoHOMIA HATYPATBLHBIX
wucen M, o ms moboro o > oy psit @ypee ura byaximmn f(Z) € M abcoaoTHO 1 pABHOMEPHO
cxogmres s moboro £ € RS,

TaxuMm obpaszoM, crpaBegiuBo Bioxkenne M C g, rae Ay — NPOCTPAHCTBO TEPUOUIECKUAX
dbyHKIU 0T S HEPEMEHHBIX C abCOTIOTHO cxoxdruMcd psimom Pypoe.

Paccmorpum mpoctpamctso Mg meprogumueckux MYHKINN OT S MEPEMEHHBIX, 33, IaHHOE PABEH-
creoM M = U,~,,, M3+ dAeno, aro M C As.

Herpyauo suuners, aro s nopmsel || f(Z)|c = supgers | f(Z)| cupasepmso nepasencrso

If @)l < I1f @)l eg (1+20(M]a))”.

Pacemorpum oneparop siioxkenusa A apocrpancTsa M B mpocTpanctso M2 mpa oy > .
Q1,02 S s 1 2
EcrecTBeHHO, uTO HOPMOIT OlepaTopa BJIOKEHNS Ay, o, HA3BIBAETCA BEJINYHMHA, OIpeesseMas pa-

LF (@) o

r@eme [F@)]gor

BCHCTBOM

HAOél,CmH -

a1
JIEMMA 1. Jlas a006x oy > g > Opp 044 HOPMBL ONEPAMOPA BAOHCEHUA Npocmparcmea M
6 npocmparcmeo MS? cnpasedauso paserncmeo

HAOCLOQ” =1

HOKABATENBCTBO. Meficteurensro, ecm f(7) = C, 10 [|[f(Z)||ge2 = [[f(@)||lger = C m,
3HA4UT, ||[Aq, 0] = 1.
C apyroit croponsl, eciv f(Z) € MY n

f(@) = (i) ™),

v 1@l
5 Egt
C(M)| € ———=57>
(my ... m,)™
IIO3TOMY
1 (@) goe = sup [C(m)|(mr ... ms)™ <
myEM, (v=1,...,s)
< [ P
X S P @1
TreM, (v=1,....5) (my ... ms)™ B
1 ||Aq; a0l < 1. CienoBarensuo, ||[Ay, q,]| =1. O

OueBuno, uro A1st 1060ro v > 1 mpocTpancTBo nepuogundeckux gpyuxnuit M apisercs mou-
IIPOCTPAHCTBOM ITepuonvdeckux GyHknuil £, CooTBETCTBYIONINN OTIEPATOD BJIOKEHHUA OyaeM 060-
3HavaTh Yepe3 A,. ZIcHO, uTo 3TOT OmEpaTop MMeer eMHUUHYIO HOpMY: ||[AL|l = 1.
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3. 3aMKHYTOCTh OTHOCUTEJBHO onepaTropa Ppearosbma

OHUM M3 BaXKHBIX KJIACCOB MHTErPaJIbHBIX YpaBHEHUH siBjisercs: ypaHenue Opejprosbma BTO-
poro pojia, To €CTh YpaBHEHUE BUIA

—)\//K (@)di+ f (F), (1)
rae Gy = [0;1)°.

XapakTepHasi 0COOEHHOCTH ypaBHeHnsI (1) — ero JnHEHHOCTD: Hen3BecTHAsT (DYHKINS ¢ BXOJUT
B HETO JIMHEHHO.

M1 6ynem mceesopath ypasHenme (1) st caywast, Korma ceoboamett wien f (£) m sapo
K (£, 9TOT0 ypaBHeHNs MPHHATIEXKAT, COOTBETCTEEHHO, Ktaccam M2 (Ch) n Mg (Ca).

TlepBbie paboThI MO TPUMEHEHUIO TEOPETUKO-UNCIOBBIX METOIOB JJIsT TPUOJIMKEHHOTO PEIIeHnsT
ypasuenne (1) npunannexxar H. M. Kopo6osy (cum. [10], [12]).

Comocrasum ypasuenmio (1) omeparop Ay ¢, OIpeseisieMblii PABEHCTBOM:

A (f) =g(F).

DT0 03HAUAET, UTO:
g (0) = Ar s (i —A//K (7.) p(@)di+ f () @)

Crpapeminpa CIeayolas JeMMa.
JIEMMA 2. Hycmo a > op, K (t_;ﬁ) e Ms.; f (f) , (f) € M$ moada

AAf(p()EMa

1Ax 50 (£) llpe < I1F (F) llpe + A 1K (£@) llsg, - lle () ll2e - (1+2¢(M[2a))°.

JOKABATEILCTBO. Ilyers Co = ||K, (,4) ||gg., C1 = ||f (£) llEe, C = |l¢ () || 52, Torma
. ) Cy
K, (f.@) = C(m, 7) 2l (D + (D)) C(m, )| < :
’ ( ) ml,.,.,’f;l ..... ng ( ) ‘ ( ’ (ml .Mmsny s)a
my,mvEM, (v=1,...,s)
FE = Cim)emiend), Cr)| € — L
MY, mg (ml . ms)a
mVEJW (v=1,...,s)

o (F) = Z C (1) >, o) < —

,,,,, s (my ... M)

g () =2x // > (17, i) 2w (0 + (7)) Z C(R)em D | dit

Lreees Mg,M] ;.. Ng kl k:s
Gs my,ny €M, (v=1,...,s) e
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[MepemuoxKEM abBCOTIOTHO CXOAAIIMECH PASBI U TOUICHHO MTPOMHTEIPUPYEM UX MPOU3BEICHUE, TI0-

JTY M
g (t_’) -\ Z C( ) k’ 27i(1m,t) // 2mi(ii+k,d du—i— Z o) (m)EQﬂi(ﬁz,f)'
'rﬁ,ﬁ,E o m,e, ms
T i ey €M, (v=1,....5) mpy€EM, (v=1,..., s)
Tak xax

TO A4 ¢ (F ) CITPaBEJIJINBO PABEHCTBO!

g (f) =\ E c(m, ﬁ)C(—ﬁ)e%i(’ﬁ@ + § : 4 (m)e%i(m,f) _
(L RETRRYLLY- XL RYREN) ns MY yeeny mg,
my, iy €M, (v=1,...,s) myEM, (v=1,...,5)

MY 5eens mg, MY seens ng,

Ouernm Moynb ko3 dunmenta Co ().

Co(m)| = |CL(m) + X Y Clm,M)O(=i)| <

nyE?\’ll,,‘('V"nls,ﬁ...,s)
< % + A Z — 703 — — ¢ =
(my ... mMs)» e (my ... MgAy ... 1) (—n1 ... —ng)®
nyeEM, (l/ 1,..., s)
1 1 C1 + 2CyC(1 4+ 2¢(M|2cx))*
== C1+ 2CC Z — —9a | — ! 27( 7C(a | ))
(my ... mMs) W, (mg) (my ... M)

Takum 06pazoMm MoOKa3aHo, YTO (DYHKIIUS ¢ ( ) Ay pp ( ) IPHUHAIEKUT Kaaccy M n

lg () e < I1F () llme + X - (1 +20(M|20))° - |l (F) g - 1K (£) |1,

A, cnegoBarenbHO, JOKA3aHO, UTO OIEpaTop Ay y IPH I0CTATOYHO MATOM A fABJSETCS CZKAMAIOITAM
oTobparkenuem. O

JIEMMA 3. Ilyemo |A] < K )HEa(q1+2((M|2a)) u g < 1 moeda onepamop Ay 5 Acasemca

CQfCGmUeM, mo ecmds
[ Axs01 — Axsp2llEe < qllor — p2llEe.

JOKABATENLCTBO. O6o3naunym depes Ay omeparop Ay s nmpu f = 0. I3 onpenenenns Ay
CJAeIyeT , 9TO 3TO JIMHEHHbIA onepaTop u

Avge () = Axe (1) + f ()
Orciona cieayer, 4To:

Ay o1 — Ay po2 = Axpr — Axpa = Ax(o1 — p2)
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Mpumenss gemmy 2 mpu f = 0, noayaum

AN (p1 = @2)llpe < IM((1 +2¢(M[20))*) o1 () — w2 () B2 - 1K (£@) || g, -

Torna mpn

A <€

155 (8.@) [ e (1 + 2¢(M]20))*

CTIPABETMBO HEPABEHCTBO:

[Axse1 — Axpe2llBe < dller — @2llEg,
9T0 U TpebOBAJIOCH J0KA3aTh. [

TEOPEMA 1. ITyems ¢ <1 u
Al < : (3)

1K (@) [l 2o (1 + 2¢(M|20))*

Tozda ypasnenue Ppedzoavma (1) umeem eduncmeennoe pewenue U A He20 CNPaBedAuGo npeod-
cmasaenue 6 eude pada Hetimana

p () =)+ N // Ko (F i) Ko (it i) . . . Koty iiy,) f (i), diy . . . diig.
EZI Gsk

JOKA3ATEJILCTBO. Tak kak coryiacHo jgemme (2) Ipu A, yI0BJIETBOPSIOIIEM yeaoBuio (3) orme-
paTop A) § ABASETCA CKATHEM MOTHOTO IPOCTPAHCTBA Y, TO OH nMeeT eMHCTBEHHYIO HeIIOABHK-
HYIO TOYKY, TO €CTh yPABHEHHE

Anse (B) = ¢ (F)

UMeeT eIMHCTBeHHOe permenne. Ho 310 n o3HavaeT, 94To ¢ (t) perrenue ypasaenust (1).
Kak nzsecruo, as j11060# TOYKK X IIOJHOTO HPOCTPaHCTBa F 1 cxxuMaroiiero orobpaskenus A
MOCJIEIOBATEIBHOCTD {Xy }, T1e ), = A" xg, CXOAUTCST K HEMOJBIKHOI TOUKe omepaTopa A B HOpMe

—

npocrpancrsa F. Ilpumensag sto x npoctpanctsy B = EY, onepatopy A = A r, Touke xg = f (t)
u HOpMeE || - || po, IOy IIM, WTO

AT (8) = ¢ (F)
rie ¢ — pertenne ypasuenus (1). To ecrs

lo — A3 4 fllge — 0, 11 1 0. (4)

Tak kKak
l9(@)[lc < (1 +2¢(20))%]|g(Z)]| e

qutst mroboit dyuknmm g(Z) € ES, To u3 (4) creayer, ato
le —AX s fllc =0, n— oo

n
JlpyrumMu ciioBaMu, MOC/I€I0BATETHHOCTD AA, f f PAaBHOMEDHO CXOAUTCS K permenHuto ypasaenus (1).
JokazkeM 10 WHIYKITAH, 9TO

Kff = f (E) + Z /\k // K (E; 61) Ks(ﬁl, ﬁg) ... Ks(ﬁkfl, ﬁk)f(ﬁk)dﬁl ... duy. (5)
k=1 G.sk
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JeticrBurensro, (5) cnpasemmmeo npu n = 1, Tak Kak
Ansf =1 () + A// K (I,@) f(@)di.
Gs

Hastee nmeem:

AVELf = Ay (AR f) =

= Ay f(F)+ZAk//KS(ﬂﬁl)KS(ﬁl,ﬁg)...Ks(ﬁk_l,ﬁk)f(ﬁk)dﬁl...dﬂ‘k =

k=1

Gs
=f@®)+A|f(©) +Z)\k//Ks(ﬁﬁl)Ks(ﬁl,ﬁz)...Ks(ﬁk_l,ﬁk)f(ﬁk)dﬁl...dﬁk =
k=1 G

Gs
n
+Z)\k+1 //Ks(t,ﬁl) //Ks(ﬁl,l_b).--Ks(ﬁk—lyﬁk-&-l)f(ﬁk-&-l)dﬁZ~'-dﬁk+1 diy .
k=1 Gs Gsk

Tax Kak JJis HENPEPBIBHBIX (DYHKITHI MOPSI0K WHTEIPUPOBAHUS TTPOU3BOJIBLHBIN, TO

//Ks(jﬁl) //Ks(al,ag)...Ks(ak,ﬁkﬂ)f(ﬁkﬂ)d@...dﬁkﬂ dit; =
Gs Gsk

= // Ks(t_; 1) Ks(ty,us) . .. Ks(Ug, Ug1) f(Ugyr1)ddy ... dilq.
Grt1)s

13 pasrOMepHOil cxoqmMocTu nocaegosarensaocta Ay rf caemyer, aro

() =f(E)+D_ N //Ks(f,ﬁl)Ks(ﬁl,ﬁg)...Ks(ﬁk1,a’k)f(ﬁk)dﬁl...dﬁk,
k=1 G

M 9TOT pan paBHOMepHOo cxomauTcs Ha Gg. Teopema moHOCTHIO moKazana. O

CHAEACTBUE 1. ITycmb 66iNOAHACINCA YCAOBUE MEOPEMbBI, 0206 OAf pewerusn ypasrenu (1)
CIPABEJAUBO COOMHOWEHUE

p () =f@)+> N //Ks(f, i) K (i, ) ... Ky(t_1, @) f (i) dily . .. diy+
k=1 Gsk

¢ 0| f(B)ee

+ 1—gq

2de |O] < (14 2¢(2a))°.
JIOKA3BATEJBCTBO.

A\F // K (t i) Ky, s) - .. Ky (1, i) f(@)dids . .. did, = A5 f (F) .
Gsk
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Orcroma cieayer, 410

Z )\k//K (1) Ky (i, @) . . . Kg(t_1, ) f()dids . .. didy|| <

k=n—+1
Eg

o0

< Y IASF () Il

k=n+1

Tak kak Ay smHeHHBI onepaTop u s ero HOpMbI || Ay || mo semme (1) cnipaBeyinBo HepaBeHCTBO
AN < MK () [[my50 - (1+20(M[20))* <, o [[AR]] < [JAN]" < g™

[Tosromy

Z Ak/ K (t @) Ky (@1, i) . .. K1, @) f(@)da; ... didg|| <

k=n+1
B
o n+1
kg (F ¢ F (B
< 3 IF @) Il = TR
k=n+1 q
Orciona cieayer, 4To
[e.@]
> )\k//Ks(t,ﬁl)Ks(ﬁl,ﬁg)...Ks(ﬁk1,ﬁk)f(ﬁk)dﬁ1...dﬁk <
k=n+1 G
k C

¢ |f @) pe

< (1+202a))

geM CJIEICTBHUE IOJHOCTBIO JoKa3aHo. O

I

(Y (0%
4. Iuddepennuaabable CBOICTBa KJjaccoB M

Kak X0po1o m3BecTHO, TEOPETUKO-YUCI0BBIE METO/bl IPUMEHUMbI JijIsd PEIIeHAs] yPaBHEeHUI ¢
qacTHRIMY TIpon3BoaHbiME [11, 13, 14, 15].
Pacemorpum

8 jl a]s
Q<8$17..., ) Z Zajl, ’Jsa Jl...axs.s (6)

J1=0 Js=0

— nudpdepennuanbubiit oneparop mopsiika n(Q) = ny + ...+ Ng, ¢ MAKCUMATBHBIM TOPSIIKOM 110
OTJIE/IbHBIM TI€PEMEHHBIM, He npeBocxojgammm m(Q)) = max(ni,...,ns), a ¢(¥) = o(r1,...,x5) —
[ePHOIMIECcKasl C TIEPUOJIOM €IMHUIIA 110 KAaXKIOMY H3 CBOMX apryMeHTOB (hyHKIHs u3 Kiaacca M
(a>m(Q)+1).2

Takum obpazowm,

p(x1,. 0 as) = Z Crny g €TV T2 (7)

mUENI (v=1,...,s)

4¥Venosue Ha o rapantupyer, uro psig @ypee st o6pasza Q (6%1, e W) ©(Z), mosryaeHnbIi TOUIEHHBIM -

depeHIMpoBaHreM, pABHOMEPHO U abCOIIOTHO CXOIUTCS.
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u g kodduimentoB Oypre BLITOIHAETCS OIEHKA

ol 2o
le,...,ms| < 7(7”71 ﬁ)a- (8)
... Mg
Begnunna
lollpe = sup [emy,.m (M1 ... M5)%| < o0 (9)
mi,...,Ms

SBJIsIETCA HOPMOIT Ha IpocTpaHcTBe M, OTHOCHTENHHO KOTOPOIl OHO SIBJISeTCs Hecenapabe bHbIM
0aHaxXOBBIM IPOCTPAHCTBOM.

B cBoeit pabore B. C. Psabennbkuii npejioxKul HeKOTOPbIH 001U TI0IX0/] YUCACHHOTO PEIIeHIS
3agaun Komm ¢ MCImoan30BaHueM MPOM3BOJIBHBIX CETOK, IJIsT KOTOPBIX BBIIOJHEHBI CIEHAJJILHBIE
YCJOBUs, U TOKA3AJI, 9TO €ro KOHCTPYKIMS TPUMEHUMA I MHOTOMEPHBIX KyOMIeCKUX CETOK, KO-
TOpBIE €I1€ HA3LIBAIOT PABHOMEPHLIMHE, W JIJIsI MapaJsieaennne aIbabix cerok H. M. Kopoboga.

IIpexie Bcero Hailigem cobcTBeHHbIE DYHKITNE U PO JudHepeHnnaibHOro olepaTopa
0 0 0
Oxy’ " 0ws )

My={meZ|\m,e M, (v=1,...,9)}.

Iomoxum

Jns moboro m € M 3anaaum Benanabl (M) paBeHCTBAMI

ni Ns n(Q)

QU =Y aj g, @riy et L oms = " A () (2mi), (10)
71=0  js=0 7=0

A;(m) = Z Wy gt mIe. (11)

Jit..+js=j

3amernM, 9TO ecau Bee KO MUNUEHTE aj, . ;. — ajredpaumdecKue 4ncia, TO B CHIy TPaHC-
HeHAeHTHOCTN uncaa 7 BenmanHa Q(m) = 0 Torma u Tosbko Torga, korga Aj(m) = 0, aas Beex

j=0,...,n(Q).
JIEMMA 4. Jlaa mobozo m € My dynryua ™0 geaaemea cobemesennoti dynryued onepa-
mopa Q (8%1’ ce %) ¢ cobemeennvm wucaom Q(m), ecau Q(m) # 0, uau npunadaesrcum aopy

Kerg onepamopa, ecau Q(m) = 0.

JIOKABATE/NIBLCTBO. [eitcTBuTe /1bHO,

627rz(m,x) _ (27”;)]1+...+]Sm]11 o mgse%rz(m,x).

ajl 8]@

oxy' Ox¥

[TosTomy

9 O\ omi(mg) _
Q(axl,...,8x8>e =

ni Ns
o A ‘ N F14e s g0 1 s ,2mi(m,Z%) __
= E E aj, .., (2mi) ‘my' ... mlte (m2) —

j1=0 7s=0

=Q (m) eZm’(Tﬁ,f) ,
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9TO U JOKA3bIBACT YTBEP2KICHUE JIEMMbI. O

Bynem ucnompzoBaTs oboznadenue Kerg ana camoro aipa oneparopa, a JJis MHOXKECTBa 3Ha-
weHnit 1M, aus Koropeix e2™HmT) ¢ Kerg 6ynem ucnonbszosarh oboznauenue Kerg.

IIycts S C Mg — mpou3Bo/ibHOE KOHEYHOE MHOXKECTBO TEJI0UNCIEHHBIX BEKTOPOB 1. Obo3HaunM
gepes3 To(S) — mpocTpaHCTBO BCEX TPUTOHOMETPUYECKUX MHOTOUYJIEHOB C MOCTOSTHHBIMYU KO(hdhu-
IIMEHTAMU

To(S) = {P(f) = by by e C, e s} .
mesS
Ouesngro, uro ecnu f(Z) € Kerg u f(Z) # 0, To ypaBHenue
0 0
—_— ., = 7)) = f(Z 12
Q5 ) 1) = £10) (12)

He umeer pemniennii. Bosiee Toro, npocrpancTeo To(S) MOXKHO PEACTABATH KaK TPAMYIO CyMMY
TIOIIPOCTPAHCTB

To(S) =Ty (S \ Kerg) EB']TO (SﬂKerQ>

u ypapaenue (12) mMeer perneHre TOTAa U TOJBKO TOTJIA, KOT/IA
f(@) € To (S\ Kergq) .

TEOPEMA 2. Jasa npocmparcmea To(S) obusum pewenuem dudpepernyuarvroeo ypasHenus

0 0 . S
Qoo ) uld) = 1(2)
f(@) = Z by, e?™ ™) ¢ T (S\ Kerg), —oo<z,<oc0 (r=1,...,s) (13)

meS\Kerg
ACAAETNCA mpUZOHOMempUHeC%uﬁ MHO20HACH

w@ =Y b(’ﬁ_,>em(7ﬁ’f)+ Y cpemina), (14)
meS\Kerq m meS () Kerg

20e C — NPOUZBOALHBIE HUCAA.
JOKABATEJILCTBO. Paccmorpum nponssosbHbl MHOTOWIEH u(Z) € To(S):
u(¥) = Z e 2THITT)
mes

Torna

9 9 2\ — >N\ 2mwi(M,E)
Qgayrr+ 2, ) 1) = X @59 =

= Z ch(frﬁ)e%i(ﬁ’f):f(f): Z b,y 20T

meS\Kerg meS\Kerg

Taxum obpazom, npupaBHUBasi KO3DMUITMEHTHI TPUTOHOMETPUIECKUX MHOTOUIEHOB CJIEBA U CIIPABA,
TTOJTYIUM

i D _
" QM)
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auist Kaxxgoro m € S\ Kerg u ¢ — npoussobHOe 4ncio, eciun 1m € S () Kerg, 9ro u JoKa3bBaeT
YTBEpKIeHUE TeopeMbl. [

Bompoc o nepexoze ot npocrpancrsa To(S) k npocrpancrey M Tpebyer j10M0THUTETLHOIO aHa-
Jin3a, TaK KaK CBSA3aH C apupMeTHIECKUME CBOHCTBAMU CIEKTpa JuddepeHIina bHOT0 OIepaTopa

o) o] (o
Q («97:1’ cees 6Tgs> Ha npocrpasdcree M, oT KOTODPBIX 3aBUCUT CXOAMMOCTBH TPUI'OHOMETPUUECKOI'O

psa GopMaIbHOTO pEeHus
b- L L
E : Q(ﬂl)e%rz(m,x) + 2 : Cm€27rz(m,z)
m
meMs\Kerq meKerg

JUUTsT TTPOU3BOJIBHON (DYHKITHH

f@= > bpetm e Mg
meMs\Kerg

o
5. O morpemiHocTu KBaJgparypHbIX (popMyJ1 Ha KJjacce M 1jig HeKo-
TOPBIX MOHOUIOB M

IMycte q¢ > 3% u momouy M = M, 1, cocTosmuii u3 HATYPAILHBIX 9HCEJ CPABHUMBIX C 1 10
MOZYJIIO q:
Myi={m|m=1 (mod q)}.

Paccmorpum xBagparypuyo ¢hopMysy ¢ mapasiesenune aabHol CeTKON

@] 57)) Hmo
q) q P q b IR
Ha xyacce Mg

j.../lf(f)df:q1f<];,{a;k},...,{a5;1k}> CRUF@), f@)eM.  (15)
0 0

Ecan

MM m &
my s mi,...,ms, (ml ot ms)
myEM, (v=1,...,s) mpyEeM, (v=1,...,s)

TO JIJIsi OTPEITHOCTH MPHO/INKEHHOTO HHTerprpoBanns Ry[f(Z)] cupaseqmnBo paBeHCTBO
. c(m)
RU@ = Y =L gy armyt ..+ as i),
ml,u.,nzs,ﬁiqéa,
mpyeM, (v=1,..., s)

rae cumBost Kopobosa 64(m) 3a1an paBeHcTBaMU

[ 1, ecoum =0 (mod q),
0q(m) = { 0, ecmum #Z0 (mod q).

Hazosém nabop koaddurmentos (aj,...,as—1) JTOMYCTHMBIM 10 MOJYJIIO ¢, €CIH JJIst JHI060r0
Habopa 1 <y < ... <y <s—1lupuk=1,...,5 — 1 BbIIOJHEHBI COOTHOIIEHUSI

+a,, £...xta,, #1 (modgq), =a,, £...£a, #0 (mod gq).
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TEOPEMA 3. Jlas mwobozo donycmumozo wabopa (ai,...,as—1) No Mo0ys0 q K6a0pamypras
dopmyaa (15) mouna na xaacce M.

JIOKABATEJILCTBO. JleficrBurenpro, Tak kak m, € M, to qubo m, = +1 (mod ¢), smbo
my, = 0. Obogmaunm Habop 1 <11 < ... <y <s—1lmpu k=1,...,s — 1 Takux 3HAYEHHUH v, 9TO
my+1 = £1 (mod ¢q), a ana Becex ocranbhbix v > 0 umeem my,41 = 0.

Ecau my = 0, o u3 pasencrsa d(mi+arme+. . .+as_1ms) = 1 caegyer, uro £a,, £...£a,, =0
(mod ¢). Ecniu my = £1 (mod q), 0 +a,, £... £ a,, = F1 (mod ¢). Ho oba cpasuenus mesos-
MOXKHBI, TaK Kak HAOOp (ai,...,as—1) gonycrumbiii. CregoBaTe/bHO, B CyMMe JIjis TIOMPEITHOCTH
TpubIMKEHHOTO HHTETPUPOBAHUS BCE CIaraeMble HyJIeBbIe U TeopeMa JoKa3aHa. [

Jlokazanmast TeopeMa, a TOUHEe METO €€ TOKa3aTeTbCTBa, TTO3BOJIAET TOJIYINTh YTBEPKICHNE
It JiI000# ONTUMAIBHON TTapaJLIe/ eI A TbHON CeTKY, /IJId KOTOPOU rumepbomIecKuil mapaMerp

6oapire 1.
IMycrs A(aq, ..., as—1;q) HEJOUUCICHHAS PEIIETKA PEIIeHnil JIMHEHHOTO CPaBHEHMSI:
Aay,...,as—159) ={m € Z°|mi +aima+ ... +as_1ms =0 (mod q)}
u q(A(ay,...,as-1;q)) — runepboamdeckuil mapamerp Toi Penérku, T0 ecTh
q(A(at,...,as-15q)) = min ...
MEA(a1,...,as-139), M7F#0
TEOPEMA 4. Jlas 4106020 onmumasvrozo wabopa (ai,...,as—1) no modyao q c

Q(A(ah ey s—1;5 Q)) >1
keadpamypnas popmyaa (15) mouna na xaacce ME.

JTOKABATENBLCTBO. [eiicreurensho, ecan q(A(ai,...,as—1;q)) > 1, To Hu oxur HABOD
(my,...,ms) cm, € M, (v=1,...,s) "He byaer npuHaIe)RaTh permérke A(ai,...,as—1;q), 970 1
JIOKA3BIBAET YTBEPKICHHE TeopeMbl. [

6. 3akJiroueHue

W3 paccMOTpEHHBIX MaTepUasioB BUIHO.

Bo-niepBrix, ¢ kKaxabiM MoHOUIOM M HATYPATBHBIX YUCEJT CBA3BIBAETCHA KJACC TEPUOIUIECKIX
dbyrxmmit M, KOTOPHII BJIOXKEH B XOPOIIO M3BeCTHLIN Kiace B

Oxazasoch, 4T0 KJace Iepuojandeckux yHKOuil MY 3aMKHYT OTHOCHTEIBLHO HHTErpasbHBIX
ornepatopoB @penrosbMa U HA HEM pPA3PEIUMO WHTErpaabHOEe ypaBHeHue Ppearojbma BTOPOTO
poja.

Bo-Bropeix, ana monouga M = M, 1 cripaBeyiuB napaJoKCaIbHbIH Pe3yIbTaT O TOYHOCTH KBal-
parypuoii pOpMYyJIbl ¢ Hapa/UIeeNuIeJa bHON CeTKOM € jomycTuMbiM HAOOPOM KO3 duimenTon
I Beero Kyacca M.

Herpynno Buzmers, uto eciu depes M, 0003HAUUTL KJAcC BBIYeTOB m = a (mod ¢) npu
o a
2 < a<qg—1, 70 MOXKHO ompeseuTh Kaace pyukmmit M, g.a,s CIEILYIOMIIM obpazomM. DToT Kaacc me-

puoandeckux (byHKIuit cocront u3 byuknuit f(Z), KOTOpbe 3a1a10TCst MEOTOMEPHBIM psiioM Pypbe
BUIA
i (1,2 c(m .
(@) = E C(ﬁl)eZﬂ(m’x) = E #e%dm,x)’

(my...m5)%

mq,...,ms, mq,...,ms,
my€Mgq,a, (v=1,...,s) myEMg,a, (v=1,...,s)
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rie Koadpdunmentsr Pypbe yAOBIECTBOPAIOT HEPABEHCTBAM

1/ (@)l ze

(m1 .. .Ws)a

[C(m)] <

1f(@)lpe = sup |C(m)|(m1 ... m)" = sup |e(m)| < oo
myeM, (v=1,...,s) myeM, (v=1,...,s)

Ecmm oy, , — abcnmcca abeomoTHOMR CXOAUMOCTH JI3eTa~-PyHKIIINT

o0

((My,aler) = Z

m=—0Q

1
lgm + al®

= «
K1acca Beraetos My 4, T0 171st moboro o > oy, , pan Pypue ana bysknun f(F) € M, o abcomoTno
¥ PABHOMEPHO CXOIMUTCS Jjist Jiroboro & € RS,
Ecnm Moynb ¢ — mpocroe ancsio, To s KBaaparyproii (hopmyst (15) Teopemsr 3 u 4 octarores
cipaBeTHBBIME W i Kiaacca Mg, o Tax xax dynxmm f(¥) us xmacca Mg, ; MMEOT HyTesoe

3HavueHue st Hysnesoro koadbdurnmenta Pypoe C(0), To oTCIOMa CIIEAyeT, UTO

-1

)2 - roe.
0 q e !

<

b
Il

TPU ITUX YCIOBUSX.
B-Tperbux, Bompoc o perenun auddepeHInaabHOT0 YPABHEHUS ¢ YACTHBIMU TTPOU3BOIHBIMU C

nubpepeHIMaTBHBIM OTIepaTOPOM () (6%1’ cees ai

(0%
- ) B IPOCTpAHCTBE M¢ zaBucutr or apudmernde-

CKHMX CBOHCTB CIIEKTPA ITOr0 oneparopa.
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AnHOTanus

B pabore j1si MpOM3BOJILHONO MOHOHIA HATYPAJIBHBIX YHUCET CTPOSTCA OCHOBBI AJTe€0OpbhI
psimoB Jupuxiie mud0 Ha 9UCIOBBIM MTOJIEM, JTUOO HA KOJTBIIOM IEIbIX TUCE aaredbpanieckoro
YUCIOBOTO TOJI.

st mro6oro gucsiosoro noss K nokazano, uro muoxkecrso D* (M )k Bcex o6paTuMbIX PsijioB
Hupuxsie uz D(M )k siBisiercs 6eckoneqHoi abes1eBoil Py IO, COCTOAIEN U3 PAIOB, Y KOTOPbIX
epBbIH KOI(MMUIUEHT OTIUYEH OT HYJIS.

Broaurcst mousitre 1menoro psaga Jupuxie MOHOUIA HATYPAJbHBIX YHCEJT, KOTOPbIe 00pa3yoT
aredpy HaI KOJBIIOM IEJIBIX aJredpandeckux duces Zyg anaredpandeckoro moss K. I[Tokazawno,
aro gy rpynnbl Ug ajaredpandeckux €IWHUIL KOJIBIA IEIbIX AJredpanvdecKnx duces Zg ajl-
re6pandeckoro nosis K muoxkecrso D(M )y, uensix psgos dupuxie, y koropeix a(l) € Uk,
ABJACTCA MYJbTUILJIMKATUBHONU I'PYIIION.

st moboro psima dupuxime w3 anrebpor pamos lupuxie MOHOWIA HATYPATbHBIX UHCENT
OIIPE/IEJIEHbI IPUBEECHHBIN PsiJl, HEOOpATUMAs 4aCTh U JIONOJHUATEbHBIA psijt. Hailtnena ¢op-
MyJia PA3JIOKEHNsT TPOM3BOJBHOrO psifa lupuxiie B Mpon3BeeHre MPUBEIEHHOTO PSIa, U KOH-
CTPYKIIUU U3 HEOOPATUMON JACTH U JOMTOJTHUTEILHOTO PS/Ia.

Mecenenosanue Boimonseno upu dbunancopoii nogepxke PO®PIT B paMKax Hay4HOIO IPOEKTA

Ne19-41-710004_p_a.
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s 11060T0 MOHOHA HATYPAIbHBIX YUCEJT BhIe/IeHa anaredpa psaaos Jlupuxie, cxonsammxcs
Ha Bceit KoMILTeKcHoit obmactu. Takske mocTpoeHa anredpa psiaoB Jlupuxiie ¢ 33 aHHON MOTY-
IJIOCKOCTBIO abCOMIOTHOM cxoauMocTu. [lokazano, 9To a1 J000ro HETPUBHAIHHOTO MOHOMIA
M wu pjpsg a1000r0 BEMIECTBEHHOTO 0g Hafiercs OECKOHEYHOe MHOXKECTBO psaoB lupuxie w3
D(M) rakux, 9TO 06JIACTHIO WX TOIOMOPMHOCTH SIBJISIETCS (-TIOIYILIOCKOCTh 0 > 0Y).

C momompio Teopembr yauBepcasbaoctu C. M. Boponuna ymaaoch m0ka3ars caadymo (op-
My TEOpeMbl YHHBEPCAJbHOCTHU IS MUPOKOTO KJIAcCa a3eTa-PyHKINN MOHOWIOB HATYPAIbHBIX
qHCet.

B zakirodyenny paccMOTPEHbI aKTyaJlbHbIE 33Ja4d C J3eTa-(pyHKUUIMUA MOHOHMIOB HAaTy-
PaJIbHBIX YHCE]I, TPEOYIOIIne JATLHEHINero nccjaegoBanus. B 4acTHOCTH, €CIM BEPHA TUIIOTE3a,
Jluranka—6parumoBa, TO IS HUX JOJIKHA, OBITH CIPABEJINBA W CUJIHLHAS TEOPEMa, YHUBED-
CAJILHOCTH.

Kamouesnie carosa: n3era-pyukinsa Puvana, pan dupuxie, n3era-pyHKIES MOHONWIA HATY-
PAJIbHBIX YKCeT, IUTEPOBO MPOU3BE/ICHNE, TEOPEMA YHUBEPCATBHOCTH, aiaredpa psaaoB dupuxie.

Bubauoepagus: 15 HazBanuii.
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Abstract

In this paper, for an arbitrary monoid of natural numbers, the foundations of the Dirichlet
series algebra are constructed either over a numerical field or over a ring of integers of an
algebraic numerical field.

For any numerical field K, it is shown that the set D*(M )k of all reversible Dirichlet series
of D(M)k is an infinite Abelian group consisting of series whose first coefficient is nonzero.

We introduce the notion of an integer Dirichlet monoid of natural numbers that form an
algebra over a ring of algebraic integers Zg of the algebraic field K. It is shown that for a group
Uk of algebraic units of the ring of algebraic integers of Zk an algebraic field K the set of
D(M)y, of entire Dirichlet series, a(1) € Uk, is multiplicative group.

For any Dirichlet series from the Dirichlet series algebra of a monoid of natural numbers,
the reduced series, the irreversible part and the additional series are determined. A formula
for decomposition of an arbitrary Dirichlet series into the product of the reduced series and a
construction of an irreversible part and an additional series is found.

For any monoid of natural numbers allocated to the algebra of Dirichlet series, convergent
in the entire complex domain. The Dirichlet series algebra with a given half-plane of absolute
convergence is also constructed. It is shown that for any nontrivial monoid M and for any real
00, there is an infinite set of Dirichlet series of D(M) such that the domain of their holomorphism
is a-half-plane o > 0.

With the help of the universality theorem S. M. Voronin managed to prove the weak form
of the universality theorem for a wide class of Zeta functions of monoids of natural numbers.

In conclusion describes the actual problem with the Zeta functions of monoids of natural
numbers that require further research. In particular, if the Linnik—Ibrahimov hypothesis is true,
then a strong theorem of universality should be valid for them.

Keywords: Riemann zeta function, Dirichlet series, zeta function of the monoid of natural
numbers, Euler product, universality theorem, Dirichlet series algebra.
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Hoceawaemes 70-asemuto axademura Jumoscroti AH,
npogeccopa Anmanaca Jlaypunsuraca

1. BBenenue

3a moc/eHIe TOITOPA N0/1a HAYAJI0 WHTEHCUBHO PA3BUBATHCS HOBOE HAIIPABJIEHUE UCCJEI0BA-
HUIi, CBI3aHHOE C M3ydeHneM jJ3eTa-pyHKIUA MOHOMIOB HATYpAIbHBIX unces |5, 6, 7,9, 10, 11].

B nannoit pabore mpeciiesiyercs 1eJib — IIO0Ka3aTh, YTO TEOpuUs J3eTa-hyHKINNE MOHOUIOB Ha-
TYPaJbHBIX 9HUCE/T BXOAUT KaK COCTaBHAs 4acThb B Oosiee 001yt0 Teoputo Aredpsr psiios Jupuxie
MOHOU/Ia HATYPAJbHBIX YUCE, OCHOBBI KOTOPOW U OYy/IyT U3J/I0XKEHBI JaJiee.

2. OcHOBHBIE OIIpeieJIeHNd N 0003HAYEHUS

ITycrs M C N — npousBosibHBIR MOHOM/| HATYpasbHBIX 4nucen. Paccmorpum MHOkecTBO D(M)
— TPOU3BOJIbHBIX psifioB Jupuxie Bumia

f(oz):ZaT(Ln) a=o0+it, o>o052>o0y,



Aurebpa psijios Jlupuxjie MOHOWIA HATYPAJIBHBIX UHCES 183

rjae oy — abcuucca abCOMIOTHOR CXOAUMOCTH U U;Z — abcrmeca cxoamMocT. Kak XOpOoIno m3BeCTHO
[14, 15], as mo6bIx psios Jupuxiie cipaBe/inBO HEPABEHCTBO 0f < O';Z + 1.

ITycts K — npowusposibroe gucioBoe noje. Takum obpazom, Q C K C C. Eciu Bee koadpduriu-
entsl a(n) € K, To MmHOX)ecTBO Beex Takux psanos lupuxie 6ynem obozuadars depes D(M )k u oHO
SIBJISIETCST GECKOHEYHOMEPHBIM JIMHEHHBIM (DYyHKIIMOHATBHBIM TTPOCTPAHCTBOM HaJT mojeM K.

Beigesnm nmogmpocrpancrso D*°(M)g yenosmem sup,,cpr |a(n)| < oo. Ha D*°(M )k 3amaamm
HOPMY

[/ ()l = sup |a(n)].

neM

OrHOCuTEeNBHO 33 MaHHO0l HOpMbI D (M )k stBsteTcst HecemapabebHBIM TpocTpancTBoM. OHO Gy1er
HaHaxoBbIM, ecau nose K — 6anaxoso npocrpancTso Hak nojgeMm Q orHOCHTEILHO HOPMbI, 33 1aHHOM
abcositoTHON BesimanHOi uncia n3 noss K. Tak kak orcioga caeayer, uro gubo K = R, ymbo K = C,
o D*°(M)g — 6aHax0BO MPOCTPAHCTBO, TOBKO ais K = R, ymbo K = C.

Herpyaxo mousaTs, uto mpoctparctso D (M )k wag nosem K we siBiasercs anrebpoit, Tak Kak
HET 3aMKHYTOCTH OTHOCHTE/BHO TIpou3dBenerus pagos Jlupuxire.

Pacemorpum nponssenenne nyx psinos Jdupuxiie usz D(M)k:

o) =31 gy = ST H b e &,

neM ne neM ne
nMeeM:
flo)gla) = 32 ),
neM
re
c(n) = Z a(m)b (%) ceK neM

mln, m,-€M

Crenosarensho f(a)g(a) € D(M)g u D(M )k sBisiercs KommyTaTupHOil aarebpoit Has noaem K.
Awnanoruuno, aisi npousseienns TpéX psaaoB Jupuxiie umeem:

flo)= 3 M gy = 3 M ey = 3 ) b)) €

neM neM neM

(Fegenh@ = (3 L 3 amp(n)] ] 3 -

neM mln,m,-eM neM
=2 % > a(mq)b(ma)c(ms);
neM mi,ma,m3EM, mimaomz=n
F@)g@pe) =3 {5 LS bme ()] ] =
neM neM m|n,m,-€M
-y ) a(ma)b(ma)e(ms) = (f(a)g(@))h(a)
neM m1,ma,m3EM, mimamsz=n

YTO TOKA3BIBAECT acCOMUATUBHOCTDL anrebpol D(M )k wax moaem K.

Ecnu pan Hupuxie f(a) € D(M)g umeer kosddunuent a(l) # 0, To cymectByeT 06paTHBIit
pan dupuxie f~1(a) € D(M)g, To ecrb Takoii psy dupuxie
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Herpyaao Bugers, uro kosddunuentsr b(n) ya0BIETBOPAIOT COOTHONIEHUSIM:

b(1) = ——, b(n) = —— 3 a(m)b (%) neMn>l.

mln,m, €M, m>1

MHuoxkecTBO Beex obpatumbix psiaos Jupuxiie uz D(M )k oboznaumnm gepe3 D* (M )g. Scuo, ato 3ro
MYJIBTUILTHKATABHBIN MOHOW T, HO CIIPABEIINBO 0O/iee CUIbHOE yTBEPKICHUE.

TEOPEMA 1. Muoocecmso D* (M) ecex obpamumwz pados Jupuzae uz D(M)g asasemca
beckoneunoti abenesoti epynnoti, cocmoauwet ud pados, Yy KOMopuix Nepevil KOIPOUUUEHM OMAULEH
om HYAA.

JOKA3ATE/ILCTBO. [elicTBUTENBHO, U3 TPEIABIYINErO BUIHO, YTO €CJIU MEPBBIN KOIDDOUIHEHT
pama dupuxye a(l) # 0, To cymectsyer obparbiit psy dupuxae f~1(a) € D(M)k wu, 3maunr,
f(a) € D*(M)x.

IMokaxkem Temeps, uro ycnosue a(l) # 0 asagerca HeobxomaumbiM st obparumocTu psga Jlu-
puxje. [eiicteurensho, ecan a(l) = 0, To obo3nadnm depe3 m € M HauMeHBIIHH HOMED TaKOH,
uro a(m) # 0. [Tycrs npoussosbioe 09 > max (o, 0p-1) u BemunHa A 3a1aHa PABEHCTBOM

A = max Z ‘C;(Z))’Z“;Ez))' : f—1(a)zzbygz)’

neM,n>m neM neM

TOTa IIpU ¢ > 09 UMEEM:

<A felc Y a1y e 4

no mae—oo noo me—o0 :
neM,n>m neM,n>m

Orcroma cieayer, 910
lim L) f(a)=0
a>oo,a~>oof ( )f( ) ’
HO 3T0 mpoTuBopednT obparmvocta [~ (a)f(a) = 1.
Eanananbiv snementom sipasiercst psig dupuxae f(a) = 1.
3aMKHYTOCTh OTHOCHUTE/JIHLHO MPOU3BEJeHUs psaaoB upuxie odeBHIHA, TaK KAK MIAIIIAN KO-
3 DUIUEHT TTPOUIBEIEHUS SIBJISETCS TPOU3BEAeHNEM MIAMINX KoahdurmenTor. CyIecTBOBaHNSA
06paTHOroO 9JIEMEHTA BXOAUT B OIpPEIeIeHNe MHOXKECTBA 00PATUMBIX PsI0B. [

O6oznaunm uwepes Ay obsacTs aHAINTHYIHOCTH psja lupuxie f(o), To ecThb MaKCHMAJBHYIO
obmacte Kyna psn dupuxme f(a) amammrudeckn npogosnkaercs. depes Py — MHOXKECTBO IOJIHO-
COB €ero aHaJMTUYIeCKOro IIPOJIOJIKeHNUd, a depe3 Zy — MHOXKeCTBO ero mHyseil. OuesuaHo, 4T0 JJisd
f(a) € D*(M)Kk BBIIOJHAIOTCS COOTHOIIEHMUST

Apr = (Ap\ Zp) | Py

3. Aarebpa nesbix paaoB Jupuxiie

Paccemorpum KosbIio niesibix anrebpandeckux qucest Zg ajgredbpandeckoro nosis K. Psin Jlupuxie

fla)=Y" A ) eKone M

(0%
neM

OyaeM Ha3bLIBATh HeabIM panoM dwpuxie nan aaredbpanmdeckum monaeMm K ars moronma M. Mmoxe-
cTBO Beex Takux panos dupuxie 6ymem obozuagars depe3 D(M)z, . fAcuo, uro D(M)z, C D(M)k.
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Herpymuo Bumers, ¥T0 MHOXKECTBO IEIbIX PAA0B upwxie, ¢ 07HOI CTOPOHBI, ABAgeTCH ZK-
MOJIYJIEM, & C JPYTO#l CTOPOHBI, — aaredpoii HaJI IEIbIM aaredpandecKuM KoJbIoM ZK.

Ob6ozuaunm gepes Uk rpymnmy aarebpandeckux eIUHUI] KOJBIA [EJbIX AJTeOPAnIecKuX THCesT
Zx anrebpamdeckoro mosst K. Yepes D(M )y, o6o3naduM HOIMHOXKECTBO IeIbIX pagos lupuxie
u3 anrebpst D(M)z, , y xoropsix a(l) € Uk.

TEOPEMA 2. Mmnoowcecmeo D(M )y, ueavix pados Jupurne A8AA€MCA MYAGMUNAUKGMUESHOU
2pynnot.

JOKABATEJIbCTBO. Bo-mepbix, mokaxem 4uro MmuoxkectBo D(M )y
onepanuu ymuoxkenusi psaiaoB Hupuxse. leficrBuresbno, ecin

f) =3 M gy = 32 ) o) € 2, a1),001) € Ui,

K 3AMKHYTO OTHOCHTEJIBHO

neM neM
fla)gla) =3 Cfl’;), )= 3 a(m (%) cZk neM, c1)=a(1)b(1) e Ug
neM mln, m,-€M

1 3aMKHYTOCTH YCTAHOBJIEHA.
Bo-BTOpBIX, eIUHIYIHBIM 31eMeHTOM gBjgerca pan dupuxie f(a) = 1.
Haxownewu, g noboro f(a) € D(M)y, umeewm:

fHa) = Z bn) b(1) = a(ll)’ b(n) = L Z a(m)b (ﬁ) neMmn>1.

n®’ m
neM mln,m, €M, m>1

Scno, aro b(1) € Ugk. Janee uugykimeii mo n Mbl moxyvaem, 9ro aag Beex n € M, n > 1 umeem
b(n) € Zk, uro nokaspisaer f~1(a) € D(M)y,. Tem cambiM Teopema MOJTHOCTBIO OKa3aHa. O

Ecnu onpenemuts muoxecrso D(M);, uensix pagos Jupuxse ¢ a(l) = 1, To HETPYAHO BUIETS,
410 310 Gyner noarpynna: D(M )y, C D(M)y, C D*(M)k.

4. Anredbpa HeoOpaTumbIx paaoB Jlupuxiie

Mg npoussosbraoro psna lupuxie f(«) € D(M)g onpegenum ero HeobpaTuMyto qacts f*(«)
pasenctom f*(a) = f(a) — a(1). dcno, uro f*(a) = f(a) TOABKO MA9 HEOOPATUMBIX PAJOB
Jupuxse. O603HaUNM MHOKECTBO BCeX HeobpaTuMbIx paios lupuxie gepes DY (M )k, a MHOKECTBO
BCeX HeobpaTuMbIX etbix pajgos Jupuxie gepes DU(M )z, . Ouesnmo, uro D(M )k — atrebpa mas
nosem K, a DY(M)z, — anrebpa nam kombrom Zk.

SlcHO, 9TO CHIpaBeIUBLI CJEAYIONINE PA3IOKEHNs B IPAMBIE CyMMBI:

D(M)x =KEPD (M),  D(M)z, = Zx PD(M)z,.
Kpowme 3Toro, cipaBemBel paBeHCTBA:
D*(M)g =K* +D°(M)g,  D*(M)z, = Zx +D°(M)z,,  D(M)y, = Ug +D°(M)z,,

rae K* =K\ {0} u Zy = Zg \ {0}.

st npoussosbroro psina Jdupuxie f(a) € D(M)g onpenesnm ero JOMOJHUTENIbHYIO YacTh
f**(a) pasencteom f**(a) = (1 + f*(a))™! - 1.

Ecan gan npoussosbabiit psag Jupuxie f(a) € D(M )k, To ero npusegeHHbIM psijgom Jlupuxiie
nazosém pan fP)(a) € D(M)k, sagannsii pasencreom fP)(a) = 1+ f*(a). OueBmmno, uro s

f(a) € D(M)1, Gyner fP)(a) = f(a).
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TEOPEMA 3. Jlas awbozo f(a) € D(M)k cnpasedauso pasencmeo

fle) = fP(a)(a(1) + f*(a) + f(a) [ (a)).

HOKABATEJILCTBO. [eiicTBuTe1bHO,

)
FP (@) (a(1) + (@) + fl@)f (@) = fP(a)(f(a) + fla) f*(a) =
= (@) fP (@)1 + f*(a)) = f(a).

CHEACTBUE 1. Jaa awbozo f(o) € D(M)z, cnpasedauso paserncmeo
fla) = fP(@)(a(l) + f*() + f(e) [ (@),
2de fP)(a),a(1) + f*(a) + f(a)f*(a) € D(M)z,.

JIOKA3ATEJILCTBO. JleficTBuTebHO, KaXK bt TpuBeaeHHbIH psay Jupuxie f (p)(a) JLIS TTPOM3-
BOJILHOTO 1esoro psiga dupuxie f(o) € D(M)z, npunamnexur rpymme D(M)q, . Crenosarensbho,
1+ f*(a) € D(M )1y, a 3uaunt, 1 a(l) + f*(a) + f(o) f* () € D(M)z,. O

5. Anrebpa pgamoB Jlupuxie, cxoadmimxcd HA Bceil KOMILJIEKCHOI

IIJIOCKOCTHI

Pacemorpum psin dupuxie fo(a) € D(M)g, 3a1aHHBI pABEHCTBOM

fola) = 2 nalen-

neM

st mroboro o = o + it MazkopupytomuM psaaom 1t fo(a) Oymaer psi
>
P

KOTOPBIN CXOJMTCA 110 UHTErpajbHOMY Tpu3Haky Koru, Tak Kak cXOnuTcss HeCOOCTBEHHBIH WHTE-

rpaJ
o0 o0 o0
dx dz . dzx 2
xoer’ et S | o5 evo’
1 To To

e T, > 1 onpexnensdercd w3 ycaopus x > —20 lnx npu T > 4.
Orcroma caenyer, aro psan Hupuxmne fo(a) € D(M)r cxomurcst aJist 06010 KOMILIEKCHOTO .
Tak kak n! pacrér Opicrpee wem e, ro u psag dupuxie fi(a) € D(M)q, 3a1annblii paBeHCTBOM

file) =Y~

Oyuer cxoqurhest Jts a06oro komiiekcuoro a. Tak xkak D(M)g C D(M)g ajis 1106010 4UCIOBOIO
nosig K, o agsa groboro gucsioBoro mogist K MmHOXKecTBO psijioB Adupuxiie, cXoAsmuxcs s Jiroboro
KOMILJIIEKCHOIO @, Herycro. O6o3Haunm 910 MHoxkecrBo depe3 DC(M k.

Bymem wepes D i, (M), Dpin (M) 7z, D pin (M) uy, Dpin (M) 1, u D}m(M)K 0603Ha9aTh COOTBET-
CTBYIOIIAE MHOXKECTBA KOHEUHBLIX psiioB lupuxse. OUeBUIHO, UTO BCE 9TU MHOXKECTBA SIBSIOTCS
noamuoxkectsamu Muokectsa DC(M)k. Tlepsbie qBa MHOXKECTBA ABIAIOTCS ajirebpamu, a MOCTe]-
HUe TPH — MYJIbTUIIMKATUBHLIMEA MOHOWJIAMM, TaK KakK IOCJeIHIe TPU MHOYKECTBA HE3AMKHYTHI
OTHOCHUTETHHO OTEPAITUN CJIOXKEHUSI.
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TEOPEMA 4. Jlas a06020 monouda M namypasonux wuces muoocecmeo DC(M )k aeasemcea
anzebpoti nad nosem K.

JTOKABATENBLCTBO. Tor dakr, uro DC(M )k siBisiercst JTUHERHBIM IIPOCTPAHCTBOM HaJl T10JeM
K, oueBusien. Tpebyercs oKa3arh, YTO TPOU3BEIeHNE ABYX PAioB Jdupuxiie abCoMIOTHO CXOMISITNX-
cd Tt TI0H0T0 KOMILIEKCHOTO 3HAYeHUd v Oy1eT abCOMIOTHO CXOAUTHLCH /Tt JTFI0DOr0 KOMILIEKCHOTO
3HAYEHUS (.

IIycts Benmuaunnbl A, B u m, onpeneseHsbl U3 yCJIOBUi

PR LI o L Y R S R S 1)

neM neM neM,n>me neM,n>me
TOrIA
AB = S1 + S2 + S3+ S4,
rie
1 a(n b(n)
s= Y LY epw= | X MW PO

n
neM, n<m?2 m,k€ M, mk=n, m,k<m. neM,n<me neM,n<me

1 la(n)] [b(n)|
s- Y LY i<y ko) (s b,
neM, n<m?2 m,k€EM, mk=n,m<mec, k>=m. neM,n<me neM,n>me
1 la(n)| [b(n)|
Ss= Y. ) a(mpb) < (> =5 >
neM, n<m?2 m,k€M, mk=n,m>me, k<me neM,n>me neM,n<me
1 la(n)| [b(n)]
Si= > = > a(mp®) < | > =2 >
neM, n>m? m,keM, mk=n, m,k>=mg neM,n>me neM,n>me

W3 npenpiayimero ciaemgyet, 9TO
(A—e)(B—e)<S1<AB, 0< S, <As, 0<S3<Be, 0<S;<e

Orciona BeiTekaer, uTo psij dupuxie

S S lalmbh)

neM m,keM, mk=n
abCOTIOTHO CXONUTCA W PABEH MPOMU3BEIEHUI0 COOTBETCTBYIOMMX PsiaoB Jupuxie. O

TEOPEMA 5. Fcau yeawt pad us D(M)z abcosromno cxodumesa 0asn 4106020 KOMNAEKCHO20
snanenua o, mo on u3 Dy (M)z:

DC(M)z = Dysn(M)sz.

JTOKA3ATEJLCTBO. [eiictBuTenbho, ecan testii psa dupuxie f(a) € DC(M)z, To

fla) =Y “752), a(n)€Z (ne M)
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u Geckoneunoe wucao a(n) # 0, #o 910 03HAUaeT, uro npu o = 0 PsiJ PACXOAUTCS, TAK KAK 00Imit
YJIEH HE CTPEMUTCS K HYJIIO.

CuleioBare/ibHO, eciu Ledblil psa JIupuxie cxouurces g Jo00ro KOMILIEKCHOIO 3HaUYeHuUsl «,
TO OH COJICPKUT KOHEYHOE YHCIIO ciaaraeMblX, To ectb DC(M)z = Dy, (M)z. O

3aMeTnM, 9TO €CJIU MbI IEPEXOIUM K 10JI0 anrebpandeckux qnces K va monem Q, To yrBepxae-
HUE TeOpeMbl D mepectaeT ObITh BEPHBIM. JleiCTBUTE/IBHO, B BEIIECTBEHHOM aIre0paniecKoM IoJie
CyIIecTByeT OECKOHEYHO MHOT'O aJjirebpandeckux ejunuil. B wacraoctu, ecim € € Zg u 0 < € < 1,
to pan Jdupuxie ¢ a(n) = €™ n € M Gymer npuMepoM Meyioro psaa JIupuxiie, KOTOPBIA CXOAUTCS
JIJI JIIODOTO 3HAYEHUS (V.

6. Anrebpa psaaoB lupuxie ¢ 3aJJaHHOI MOJYMJIOCKOCThIO abCOJIIOT-
HOM CXOAMMOCTH

ITycrb 09 — npoussosbHoe BemecrBerHoe dncao. O6o3naunm depe3 Dy (Mg 1ogMHOKECTBO
Beex pszo dupuxie f(o) uz D(M )k, ans kotopsix 05 < 0g. OueBunno, uro DC(M)x C Dgy (M )k
mts jii0boro og. IoBTopsisi 10CIOBHO TOKA3ATEIBCTBO TEOPEMBI 4 IOy InM CAEIYIONIN Pe3yThTAT.

TEOPEMA 6. s aw6020 monouda M namypasvnos wuces muoscecmeo Dy (Mg asasemca
anzebpoti nad nosem K.

HerpynHo BuzseTs, 9To 1ipn 01 < 0 Oyzaer BomosaeHo BRoderne Dy, (M)g C Dy, (M)x n

D(C(M)K: ﬂ DUO(M)K7 D(C(M)ZK = ﬂ DUO(M)ZK'
ogo€R op€ER

Hecnoxknuo 3agars npu o1 > 0g n3oMopdu3M guaeiHbIX npocTpancTB Dy, (Mg u Dy, (M)k.
JetictBuTeIbHO, KAXKAOMY pany lupuxiie

flo)= Y " e b, (arye

o) = 3 2 e p, (ary

C IIOMOIIBIO paBeHCTBa
b(n) = a(n) "), n e M.

U1 naobopor, kaxgomy pany dupuxie g(a) mocraBum B coorBercrue psn Jlupuxie f(a) ¢ momo-
IGO0 PABEHCTBA
b(n)

=]

a(n) = n e M.

VKazaHHOE COOTBETCTBHUE OCYINECTBISET W30MOPGMUIM JUHEHHBIX TPOCTPAHCTB, HO H30MOPQMUIM

aarebp TPU 3TOM HE BBITIOJTHAETCsI, TAK KaK MPOU3BEJIeHHe He TIePEXOUT B POU3BE/ICHNUE.
O6o3naunm ykazamnoe orobpazxenne Dy, (M)k B Dy (M)k 4depe3 g, g,. ITO JHHelHOE HIpE-

06pa3oBaHWe MOXKHO TPUMEHUTh K Jtobomy psaay dupuxme f(a). Ono 6ymer casurarsh abermccy

abCOTIOTHON CXOIMMOCTH.

TEOPEMA 7. [lasa abcyuccor abeoatommnoti crodumocmu obpasa psada Jupuxae f(a) enpasedauso
PABEHCMEO

J@dl,oo(f) = Uf + 01— 00-
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JOKABATEJNBLCTBO. CornacHo onpeesienuio abcuucehbl abCOIOTHOR cxoguMocTy psija dupux-
ae f(a) g moboro 3HaYEeHUd o = 0 + it UpU 0 > 0f Pl

>

neM

cxouTCs, a coryacuo Teopeme Jlanmay (em. [14], crp. ) pan

3 Lot

neM

PACXOIUTCS.
Pan dupuxie qnsg ©q, 0, (f) nMeer Bua:

Por,00(f) = Z M'

neM ne
st psaa abCOTFOTHBIX BEIWYWH MMeeM HEePABEHCTBA:
1 |a(n)[n7 70 |a(n)|[n "] |a(n)[n7 7
b3 g bl
2 no no no
neM neM neM

Tax Kak 1pu 0 — 01 + 0 > 0y MakKOPUPYIOMU PN CXOIUTCH, & IIPU 0 — 01 + 0¢ = 0§ PACXOJNATCH,
TO YTBEPIKJIEHNE TEOPEMBI JOKa3aHOo. [

7. Pagpl /lupuxisie ¢ 006JacThi0 TroJIOMOPQHOCTH 33aJIaHHOI ITPaBOii
MMOJIYIIJIOCKOCTBIO

B pabore [8] 6buta ToKa3aHa THIOTE3a 0 3arPaUTEIBHOM Psijie Jist a3eTa-(DyHKINH MOHOUIOB C
9KCIIOHEHIINAIbHOI T0CIIe0BATEIBFHOCTHIO IPOCTHIX U3 paBoThl [9]. DTUM 2Ke MeTOI0M MbI [IOKaKeM,
9TO0 JJId TPOCTENTIIero MOHOWIA — TEOMETPUIECKON MPOTPECCHU CYMIecTBYeT pan Uupwxie, s
KOTOPOr0 001aCTHIO TOJIOMOPMHOCTH SIBIIETCI 33aHHALA TPABAS MOJIYILIOCKOCTD.

JL1s1 TpOM3BOILHOTO BEIIECTBEHHOTO 09 W HATypaJabHOTo ¢ > 1 ompenennM paa dupuxie

froale) =3 qqffj eD(M(g)), M(g)={m=q"|n=01,..}
n=0

Herpynwao Bumers, aTo

1 —1
foo,Q(a) - (1 - qa_(m) :

Orciona cmenyer 9To st abCIICCh aDCOMIOTHON CXOINMOCTH CIPABEIINBO PABEHCTBO

Ufoo,q = 0y.

Dyuxius fy, q() — Mepomopdnas yHKIUA HA BCell KOMIUIEKCHON (-IUIOCKOCTH KpPOME TOUeK

_ 2mik

o =09+ Tng *

Oupenenum pyuxiuuno F,, (o) ¢ noMompo 06001eHHOro npousseaenns Jilaepa:
0,4

B 00 B 00 - 1 71_ 00 ﬂ
Fa@) = T] o =TT (1= Ggemsn) =2 s

m=1 n=0 q

k — Jymoboe 11es10€e 9ucIo.
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rae a(0) = 1 w npu n > 0 a(n) — KOJMIECTBO peIIeHWH B HEJIbIX HEOTPUIATENTbHBIX YHCIAX
JIMHEHHOrO yPABHEHUs! C PACTYIIUM YUCJIOM CJIaraeMbiX

r1+2x2+ ...+ nzy, =n. (1)
fAcno, aro Fyy 4(o) € D(M(q)).
JIEMMA 1. IIpu a =0 +it u o > o9 pad Jupuzae daza Fy 4(a) abcortomno crodumca.

JJOKABATEILCTBO. Bosbmém morapudm obobiierntoro mponssegennst Ditnepa maiast Fi o(a),

TTOJTY TUM
In FUO»Q Z Z m o (qm)(a—oo)n

mlnl

[lpu § = 0 — g > 0 nyst HETO WMeEeTCst Ma}KOpI/IpyIOHH/Iﬁ pan
=, n(m) 1
YPPRRIL IS o L R SE RIS
m=1n= 1 m=1 nlm

KOTOPBIA abCOMIOTHO PABHOMEPHO CXOTUTCS. [
Hanee Bysem ucrnosnb3oBarh 0603HAUEHNST W OTIpe/eJieHns 13 paborsl [8].

JIEMMA 2. IIyemo oy = 01 + it; — Npousdeosvnas mouka 6 npasoti NOAYNAOCKOCMU o1 > 0q,
mozda nopadok ordy, Fipy 4(a) =0 u paduyc 8 smot mouke rady, Fo, q(a)) = o1.

JOKABATEJILCTBO. W3 Hamunst 06001EHHOTO 3i/IepOBa IPOU3BEAEHUS CJIEIYET, 9T0 CIIPABE/I-
JINBO PABEHCTBO

UO:(I H fo’o, 7 o =0 +Zt, o > 0g.

OueBugHO, YTO NJIs1 JTEOOOTO M 2 1 cnpaBe/inBBI paBEHCTBA

ordg, fao,qm(a) =0, \gfi Joo,qm (a) = Joo,qm (1), Ttada, foo,qm(a) = \/(‘71 - 00)2 + T%,

2w
mlIngqg

3a/1aeT PacCTOAHME 10 OamKaiiero moswca oy + Tg’fr’qui byHaKIIN

rjie Ty, = Mingez )tl

fo'o,qm (a)

Herpynno Bugers, aro kpyr K (aq,01 —09) = {a| |a — a1| < 01 — 0¢} aBagerca nepeceuennem

BCex Kpyros K (al, V(o1 —00)2+72) ={a|la— a1 < /(o1 —0¢)? + 72}, korga m npoberaer
BCE HATYPATbHBIE 3HAUEHHUSL:

K(a1,01 — 0'()) = ﬂ K (041, \/(0'1 — 0'0)2 +7—31) .
m=1

Kak wm3secrro (cum. [3], crp. 59), Ha OKpYXKHOCTH KPyra CXOAUMOCTH BCEr/Ia €CTh 110 MEHbIIei
Mmepe ogHa ocobast Touka. Tak Kak Bce TOUKM OKpyzHOCTH Kpyra K(ap,01 — 0g) KpoMe TOUKH
KacaHUs C IPsMOHt 0 = o0g HpuHaJexar obaacTi abCoIOTHON cxomuMocTu pana Fg, 4(o), To
0co60it TOUKOM sAB/IAETCS TOUKA KacaHus « = oq + it1. JleMma moJHOCTBIO oKa3ana. [

TEOPEMA 8. Obaacmoto eonomopprocmu pada Jupuzae Fy () A6AAMCA O-NOAYNAOCKOCTID
o > 0.

JIOKABATEJILCTBO. U3 nmokazarenscTBa NpeapLIyIeil JeMMBI CIEAYET, 9TO BCE TOUKH IIPSAMOi
0 = 0p ABAAI0TCH 0cOOBIMU ToUKamu psiia Jupuxie Fy, o(o). OTcioga cuemyer, 9o npsMas o = o0y
IEJIUKOM sIBJIsAeTCsT 0c00oil ymHuelt st paga dupuxie Fp, o(a). A 910 03Hadaer, 4ro 06/1aCTHIO
rosiomopduocru psajaa Jupuxie Fy, o(o) gBIsiercss a-0IyIockocTs o > oq. O

M3 noxazauboit TeOpeMbl ClIemyeT 4TO MJid JIF0OOr0 HeTPUBHUAILHOTO MoHOWIA M w mua Jiro-
6Oro BEIIeCTBEHHOTO 0( Haiimercs 6eckoHeuHoe MHOXKecTBO psinio lupuxie uz D(M) makux, 9ro
00,1aCTBI0 WX TOTOMOPQHOCTH SABJSIETCI (-TIOTYIIOCKOCTD 0 > 0.
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8. YHuBepCaJbHOCTh HEKOTOPHIX paAsOB Jlnpuxie n n3era-dyHKImii
HEKOTOPBIX MOHOUJ0B HATYPAaJbHbIX YUCEeJI

45 ner Tomy mazanx 21 asrycra 1974 roma B penmakmuio Mzsectuit AH CCCP Cepus marema-
Tuyeckas nocrynuia pabora C. M. Boponuna, B KoTopoit 6bLia J0Ka3aHa 3HAMEHUTAS TEODEMa
06 yuupepcaiabHocTH a3era-bynknun Pumana [1]. Drta pabora oTKphLIa 1[eJ10e HOBOE HAllPABJIEHHe
HCCAETOBAHUN, B KOTOPOM 3HAUUTEIbHYIO POIb chirpaan A. Jlaypurankac un ero yuennkn. Bosee
OAPOOHO O BKIA/E B JAHHYIO TEMATUKY JINTOBCKOM ITKOJ/IbI TEOPUHU YMCEJI MOYKHO Y3HATH 110 pabore

12).

TEOPEMA 9. Ilyemv 0 < 17 < %; nyemo f(s) — PyHKUUA, AGHEAUMUYECKAA SHYMPU KPY2a
|s| < 7 u nenpepwsnas énaomv do epanuybe kpyza. Ecau f(s) we umeem wnyseld enympu kpyza
|s| < r, mo daa scaxoezo € > 0 cywecmeyem sewecmeennoe T' = T'(g) maxoe, wmo

f(s)—§<s+ (i+iT>>‘ <e.

JOKA3ATE/NILCTBO. COMm. [1] mm [2], crp. 240-250. O

max
[s|<r

Jlna manbueitmero naMm morpebyrorcd MOHOUALI M ¢ OHOBHATHBIM PA3JI0KEHUEM HA ITPOCTHIC
qHCIa Takue, 910 s ux ja3era-pyuaknun ((M|a) crpaBeuBo pas3ioKeHNe B MPOU3BEICHNE Dii-
Jlepa

-1
1 , 1
peP(M)
JloKa3aTesbCTBO CyIeCTBOBAHUS TAKMX MOHOUIOB COAep:KuTcs B pabore |7|. Bynem gepes M, 060-
3HAYATH KJIaCC MOHOUZOB M ¢ OJHO3HAUHBIM PA3/IOKEeHHEeM Ha MPOCTHIE UNCIa TAKUX, 9TO JT3€Ta-
dbyuxpn ((M|a) npeiacrasiasiercs B Bue MponsBejeHnst Jiiaepa, abCOTIOTHO U PABHOMEPHO CXO-

JAIIETOCS B TIOJYTIJIOCKOCTH T 2 0.

JIEMMA 3. Ilpu Q > 4 das moboeo q > Q u das A106020 seutecmaennozo T cnpasedsucn
HEPABEHCTNEA

1
1- qa+%+iT 1 4 1 1 n 1
max -1l <—, max|l—-——| < —.
sl R a1+§ ok al< qa+%+zT VQ
q 4

JIOKABATEJIBLCTBO. [leiicTBUTEBHO, /g BTOPOTO HEPABEHCTBA MMEEM:

1 1 1 1
- |1l t++— <1+ <14+ —.
qa+§+iT qa+%+z‘T SiT gz <L VQ
Hamee nmeem:
_ 1 3 1 1
1 qo‘+%+iT = qa+4 — T 1 = 1- 7T i < 4 '
—— qa+% —1 qo‘+4 -1 q% Q

O

ITycrb po — npocroe uncao u morous, M_(pg) obo3HaUAaET MOHON/| HATYPAJIbHBIX YUCEI, HE JIeJIsi-
muxes Ha po. dzera-dbyrrmus ((M_(po)|a) B mpasoit nogymiockoctan o > 1 uMeer mpencTaBIeHIe
B BUJIe IIPOU3BEAeHU Dilaepa:

ool =TT (1- 1)1.

P#Po
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TrEOPEMA 10. Ilyecmv Q > 4,0 <7r < %; nyemo () — GYHKYUA, GHAAUMUYECKAR GHYMPU
kpyea o] < r u nenpepwsnas enaomv do epanuyn, kpyza. Ecau f(a) ne umeem nyaed snympu
wpyea |a| <1 u A(r, f) = max|q <, |f(a)], mo dan ecaxozo € > 0 u daa aobozo npocmozo py > Q
cywecmeyem sewecmeennoe T = T (g, pg) makoe, wmo

a+<i+iT>>‘<e(1+\/1©>+j%.

JTOKABATEJBLCTBO. Onpexnennm dyHnkimo fi(a) ¢ HOMOIIBIO paBeHCTBA

max
|oo| <

fla) —¢ <M (#0)

-1

st Heé BoinosHeHbl Bee ycaosus reopembl C. M. Boponuna (reopema 9), mosTomy st BCAKOTO
e > 0 cymecrsyer Berecrsentoe 1T' = T'(g, pg) Takoe, 4To

fl(oz)—c<oz+ (i—l—zT))' <e.

max
laf<r

Tax Kax
-1
3 . . 1
(<a+(4+zT>>—C<M_(po)a+<4+zT>> 1— po— ,
Py
TO
1——1
Flo— ¢ (M) ot (2t —
— - - — < - .
ﬁ?ﬁ « 1_ ai% ¢ Po) |+ 4—1-2 E‘Ianz); qa+%+iT
q

[Ipuvenaa meMMy 3, TOJIYYIUM yTBEPXKIeHNE TeOpeMbl. [

Teopemy 10 MOXKHO CYITIECTBEHHO yCuauTh. Ilycts () — HaTypasbHOe uncio u mounoug M € 1.
2

Omnpenemm moHOH M_( KaK MHOMKECTBO HaTYPaJbHBIX MHCEN, He JEIANINXCA Ha IPOCThIEe p 13
P(M) n 6onpumx Q. Ecin onpegenurs monong Mg Kak MHOKECTBO HATYPAJIBHBIX YHCEIT, HMEFO-
MUX B CBOEM KAHOHHYECKOM DA3JIOKEHWN TOJBKO TpocThie uncaa p € P(M), kotopsie 6osblie @,

1o N =M_q- Mg u (a) = ((M_gla)(Migla).

JIEMMA 4. JTas at0boz0 sewecmeennozo €1 > 0, 1 < 1 natdémes namypasvnoe Q = Q(g1)
makoe, wmo oaa aobozo eewecmeennozo T cnpacedausv, HEPAGEHCTNEA

1
C(Migla+§+il)

((Mygla+3)

——1
((Migla+ 2 +1iT)

max
o]t

< 3e1, max <1+eq.

laf<d

JIOKABATEJILCTBO. [leiicrBurensro, Tak kak M € 91, 1o mag aoboro « u3 kpyra |a < %
2

CIIPABEJJIMBO PABEHCTBO
¢ (M

B KOTOPOM TIPOU3BE/IEHNe Jiijiepa PABHOMEPHO U abCOJIOTHO CXOIATCS.

-1
3 . 1
Oé+4+ZT)_ H <1_pa+i+ZT> )

peEP(M)
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Tloanenwo nposorapudMupoBaB, MOy IUM

1n§< a+ — +1T> Z Z (a+ T

peP(M)v=1VP
IHC <M+Q

3 .
a+4+lT> Z Z (a+3 +zT)V

peEP(M),p>Q v=1 Vp

Orcroma caemyer, 9To st JI0GOro BelecTBeHHoro €1 > 0 Haliaéres HarypaasHoe Q) = Q(e1) Takoe,
4TO JIId JIFOOOr0 BelecTBeHHOro 1’ cupaBelInBbl HEPABEHCTBA

3
—In(1+¢)) < 1n<(M+Q a+4+iT>’ <In(l+ey)
¥, 3HAYNUT,
L <1+
max - €1-
jal<t | ¢ (Myq o+ § +iT)
Anajioruyno,
Mgla+3 > 1 1
In AZ( rala- 4).T _ Z( - (oz+3+iT)V> _

C(Miglat+ g +iT)| | panpsqrmt \wp T ypleta

o0

= > Z(ii)y@—p:@)< > Z ,,<21n1+51)

peP(M)p>Qv=1YP peP(M)p>Qu=1"

Orciona caeayer, 4To

-1 <(1—|—€1)2—1<3€1.

((Mygla+3)
((Myqla+ 3 +iT)

TrEOPEMA 11. ITycms 0 < r < %; nyemo f(a) — Pynkyua, aHGAUMUNECKAs BHYMPY KPY2Q
la| < 7 u nenpepvishas enaomov do eparuun kpyea. Ecau f(a) ne umeem wyael enympu xpyea
lal <7 u A(r, f) = max||<, | f(@)], mo daa ecaxozo € > 0 u daa ecaxozo 1 > &1 > 0 cywecmeyem
namypaavnoe Q = Q(e1) maxoe, wmo cywecmsyem eewecmeennoe T = T(e, 1) maxoe, wmo

max
lal<r

o+ <i+ZT>>‘ <e(l+e1)+ 3A4e;.

ﬂm—c@LQ

JJOKABATEJABLCTBO. Ilycrs @ = Q(£1) 3 semmbr 4. Oupenesnnm dyHkimo fa(a) ¢ mOMOIBIO

paBeHcTBa
tmmzfmemQa+j)

st veé BoinosiHenbl Bee ycaoBus reopembl C. M. Boponuna (reopema 9), mostomy st BCAKOTO
e > 0 cymecrpyer Bemectsennoe T = T'(g,&1) Takoe, 910

(s (21 <=
(on ()Y = (oo (2rir) )< (i

max
la|<r

Tak kak

o (Bem).
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TO
¢((Migla+i) 3. 1
) it g o + G +D)) C<M‘Q a+<4+ZT>> SRS (Mg ot 3Ty

[Ipumenaa meMmy 4, TOJIYyIUM YTBEPKIeHNE TeopeMbl. [

9. 3akJiroueHue

Teopus nzera-PpyHKIUI MOHOUIOB HATYPAJBHBIX UMCEJ BXOMWT KaK COCTABHAA IACTh B Hojee
obrryro Teopuio Arebpnl psaos Jdupuxie MOHOKMIA HATYPAJbHLIX THCE.

IIpeacraBiger uurepec, HAIpUMeEp, UCCAE0BAHAE OTAAreOphI psanoB Jlupnxiie, CXOMSIITAIXCI Ha
Bceit KomIiekcHO# miockocTu. pyras nnrepecuas ajredpa obpaszosana psiganvu lupuxiie, KOTopbie
UMEIOT aHAJUTHIECKOE TTPOIOJIKEHNE Ha BCIO KOMILJIEKCHYIO TJIOCKOCTh.

C nmomomipio Teopembl yauBepcasbrHoctu C. M. Boponwna ymamoch mokazarsk caabyro (popMmy
TEOpEeMbl YHUBEPCAJIbHOCTH s IIHPOKOr0 KJIACC A3eTa-PYHKIINN MOHOHUIOB HATYPAIbLHBIX IHCET.
Boi1o 661 MHTEPECHO BLISICHUTH KaKue 3aeMeHThl jokasarenabecrsa C. M. Bopornuna HenocpeacTBeHHO
IIEPEHOCATCA HA 9TOT KJIACC A3eTa-PYHKINI MOHOUIOB HATYPAJbHBIX THCET?

Nurepecto 3aMeTnTh, 9T0 KaK 1mMokasaHo B pabore [8] cpean mzera-dbyHKimit MOHOWIOB HATY-
PATbLHBIX YHCENI, A7 KOTOPBIX CIpaBeaanBa c1abasi TeopeMa YHUBEPCAILHOCTH, €CTh T€, I KOTO-
PBIX 00J1aCTh TOJOMOPGHOCTHA COBIMAJAET CO BCEH Q-MOIYILIOCKOCThIO o > 0, KpoMe Toukn o = 1,
IJIe v HEAX IIOJII0C IePBOTro Hopsaaka. Takmm obpa3oM, OHE MPOJOIAKAIOTCI B JIEBO OT IOJIYILIOCKOCTH
abCoTIOTHON CXOAMMOCTH, HO HE Ha BCIO IJIOCKOCTh. Eciu BepHa runoreda JIwmuuka—-6parumosa
[13], To mnst HUX moszKHA OBITH CIIpaBEJINBA W CHJIbHASA TeOpeMa YHUBEPCAJILHOCTH.
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In honor of Professor Antanas Laurincéikas on the occasion of his 70th birthday

1. Introduction

For a polynomial f € C[z], let throughout

m(f) := min [f(z)]
|z|=1
be the minimal value of f on the unit circle. Motivated by some questions raised by Campbell,
Ferguson, Forcade [2|, and Smyth [11] Boyd in [1] studied the behavior of m(f) for Newman
polynomials f. (Recall that f(x) = Z;l:o ajz’ is a Newman polynomial if a; € {0,1} for each
j=0,1,...,d.) In particular, in [1] it was shown that for each d > 12 there is a Newman polynomial
f of degree d satisfying m(f) > 1 and that for each sufficiently large d € N there is a Newman
polynomial f of degree d satisfying m(f) > d%'37. Here, 12 is the smallest possible such degree. For
example,
m(l+z+a2? +2° +a* + 27 + 2% + 2"+ 2'%) = 1.36237.....

See also [9] for some results on the irreducibility of Newman polynomials.

One can raise similar questions with degree of f replaced by its length (see [1], [4] and [8]). Such
questions turn out to be more difficult. More precisely, let Ny be the set of Newman polynomials
of length d, namely,

Ny = {xkl + -+ 2P, where k| < --- < kg are nonnegative integers}.

As in 8], we put
d) = .
p(d) max m(f)
Evidently, 1(1) = 1 and u(2) = 0. The values of x(3) and u(4) have been calculated in [11] and [4],
respectively. (They come from polynomials 1+ 22 + 22 and 1+ 22 4 23 + 2*.) Tt is conjectured that
p(d) — oo as d — oo (see [1], [8]), but even much weaker inequality p(d) > 1 is still not established
for each d > 5 (see [8]).

In [8] Mercer proved that p(d) > 0 for each d > 3. This is equivalent to the fact that for each
d > 3 there is a Newman polynomial of length d which has no roots on the unit circle. In this note
we describe which Newman polynomials of the form

a C
fa)=Yal+Y 2l =1+ +a"+a" +- +2°,
=0 =b

where 0 < a < b < ¢, have roots on the unit circle and which do not have. These polynomials are
naturally obtained by taking a degree ¢ polynomial with all coefficients 1 and then replacing in it
a string of consecutive coefficients by zeros. Note that Theorem 3 immediately implies the above
mentioned result p(d) > 0 for every d > 3.

For a positive integer m and a prime number p, let v,(m) be the power of p in the prime
factorization of m, and v,(0) = 0.

THEOREM 1. Let a,b,c be integers satisfying 0 < a < b < c¢. Then the Newman polynomial
1442+ 2P+ -+ 2° has a root on the unit circle if and only if ¢ = a + b or at least one of
the inequalities

ged(a+1,c—b+1) > 1, (1)
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ged(ec+1l,e—b+a+2)>1, (2)
va(|le —a —b|) > va(b) (3)
holds.

In particular, selecting a = d—2 > 1 and b = ¢ = n > a, we see that ¢ # a + b and
that ged(a + 1,c — b+ 1) = ged(d — 1,1) = 1, so (1) does not hold. Inserting ¢ + 1 = n + 1,
c—b+a+2=d,|c—a—-b=d—2and b=ninto (2) and (3), we obtain the following special
case of Theorem 1:

THEOREM 2. Let d and n be integers satisfying n > d — 2 > 1. Then the Newman polynomial
1+z+---+297 242" € Ny has a root on the unit circle if and only if at least one of the inequalities

ged(n+1,d) > 1, (4)
va(d —2) > va(n) (5)
holds.
Let ¢(m) be the Euler totient function. From Theorem 2 we shall derive the following;:

THEOREM 3. Let d > 3 be an integer. Write d in the form d = 2™ (214 1) with integers m,l > 0.

If k € N satisfies
logd

~ (2l +1)log2 (6)

then the Newman polynomial 1+ + - -- + 2% 2 + 2" € Ny, with degree n = 2°HVE has no roots
on the unit circle.

The proof of Theorem 1 is based on the following very simple lemma which was proved in [3].
(Subsequently, it was used in a different context in [6], [7], [10].)

LEMMA 1. Suppose z1, 29, 23, 24 are complex numbers of modulus 1 satisfying
21+ 29+ 23+ 24 =0.
Then z1 + z; = 0 for some j € {2,3,4}.

In the next section we give the proof of Theorem 1. In Section 3 we prove Theorem 3. Finally,
in Section 4 we present one more construction of Newman polynomials without roots on the unit
circle.

2. Proof of Theorem 1
For ¢ = a + b, the polynomial
1+ Fat4ab+ 2= 14 +29)(1 +2°)

is a product of cyclotomic polynomials, so all of its roots are roots of unity. In all what follows we
will assume that ¢ # a + b.
If a complex number ¢ of modulus 1 is a root of

fl@)=1++a"+2"+ - +2°

then ¢ # 1 and
0=(1-QF() =1 - ¢+ =,
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Since the four numbers on the right hand side of this equality, namely, 1, =21, ¢b, —¢¢t1, are
all of modulus 1, by Lemma 1, we must have one of the following three possibilities:

1_Ca+1 :Cb_Cc+1:0
1 _CC+1 _ _Ca+1 +<b:07

1+Cb :Ca+1+CC+1 —=0.

In particular, these equalities imply that if ¢ of modulus 1 is a root of f, then ¢ must be a root of
unity.

Now, will show that in the first (resp. second and third) case the inequality (1) (resp. (2) and
(3)) holds and, conversely, if (1), (2) or (3) holds then f(&) = 0 for some root of unity £. (Evidently,
€l =1)

In the first case, we have (¢*! = ¢¢~0+1 = 1. Set g := gcd(a+1,c—b+1). Then, there are some
u,v € Z such that g = u(a+ 1) + v(c — b+ 1), and therefore (Y = 1. This is impossible if g = 1,
because ¢ # 1. Hence g > 1 which proves (1). On the other hand, we will show that & := e2™/9 £ 1
is a root of f. Indeed, then, as g divides a + 1 and ¢ — b+ 1, we have &1 = ¢¢70+1 = 1 which
yields €71 = €0, Consequently,

1-9f(@)=1—¢ ¢t peb=1-1+0=0,

giving f(&) = 0.

In the second case, we have (¢! =1 and ¢*~%! = 1. Therefore, (¢t = (¢70*+2+2 = 1. As above,
putting g1 := ged(c+ 1,¢ — b+ a + 2) we derive that (9 = 1. Hence g1 > 1 which proves (2). On
the other hand, we will show that & := €27/91 £ 1 is a root of f. Indeed, then £+ = gebtat2 — 1
which yields £ = ¢!, Consequently,

(1-f(=1-¢T -+ =1-1+0=0,

giving f(§) = 0.
In the third case, we obtain ¢ = —1 and ¢“~% = —1. Hence (¢ %% = 1, and so ¢lco~bl = 1.
From (* = —1 we find that ¢ = ™D/t for some k € Z. So, using ¢!“=*~% = 1, we obtain

6Tri(2k+1)\cfafb|/b -1

It follows that (2k + 1)|c — a — b|/b must be an even integer, which is only possible when
va(|lc —a — b|) > vo(b). This implies (3). To prove that the condition (3) is sufficient, we assume
that v9(b) =t > 0 and va(jc—a—b|) =s >t +1. Then b =2!(2¢+ 1) and |c —a — b| = 25(20 + 1),
where ¢,¢ > 0 are integers. (Here, we use the fact that ¢ # a + b.) Putting £ := e™/2'  we deduce
that

¢b = 2 QatDmi/2 _ (et _
and
€|c—a—b| _ 625(2£+1)7ri/2t _ eQS’t(%—Q—l)ﬂ'i - 1.
Thus 1 4+ &% = 0 and £€7%7% = 1, which yields &1 = —¢o+1, Tt follows that & is a root of

(1—2)f(x) =1 — 20" 4 2b — 2¢+1 Since & # 1, it is a root of f. This completes the proof of
Theorem 1.
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3. Proof of Theorem 3

To derive Theorem 3 from Theorem 2 we first observe that (6) implies

n— 2@(2l+1)k _ ecp(2l+1)k:log2 > elogd =d,

so 14z +---+2% 242" is indeed a Newman polynomial of length d. Next, from (6), n = 2#(2+1Dk,
d > 3 and the trivial inequality v5(c) < log, ¢ for ¢ € N, it follows that

va(n) = (2l + 1)k > logy d > logy(d — 2) > vo(d — 2),

so (5) does not hold. To show that (4) does not hold as well, we need to prove that the numbers
n41 = 29C+Dk 11 and d = 27(21+1) are coprime. By Euler’s theorem, 292+ D% = 1 (mod 21+1).
Consequently, n + 1 = 2¢@HDE 11 modulo 2/ + 1 is 2. Combining this with the fact that n 4 1 is
odd, we derive that

ged(n +1,d) = ged(n + 1,21+ 1) = ged(2,2l + 1) = 1.

This completes the proof of Theorem 3.

4. Another series of Newman polynomials without unimodular roots

Finally, in order to give one more alternative (and very short) proof of the fact that u(d) > 0 for
each d > 3 we recall the following result of Filaseta, Finch and Nicol (see the proof of Theorem 4.1
in [5]):

LEMMA 2. There is an infinite sequence of nonnegative integers S := {s1 < s2 < 83 < ...}
such that for every finite set T C S the polynomial 143, p 2 is irreducible over the rationals.

Fix d > 3 and take any 7' C S with d — 1 elements, for instance, T' = {t; < --- < t4_1} C S.
Then

fla) =1+ 2" e Ny

teT

We claim that f has no roots on the unit circle. Indeed, if ¢ is a root of f satisfying || = 1 then so is
¢ = 1/¢, and hence the minimal polynomial g of ¢ over Q is reciprocal. Since g|f and, by Lemma 2,
f is irreducible, we must have g = f. It follows that f is reciprocal, namely, f(z) = 2P f(1/z), with
D = 4%a-1, However, the identity

zP +Z$D_4t =2Pf(1/z) = f(z) =1 —I—ch4t

teT teT

does not hold in view of
D — (D —4") =41 < 3. 4ld2 < gla-t _gla—2 = D — gla—2,

Hence f has no roots on the unit circle, as claimed.
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from the Research Council of Lithuania.
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Abstract

An abelian group G is called a T'I-group if every associative ring with additive group G is
filial. An abelian group G such that every (associative) ring with additive group G is an ST-ring
(a hamiltonian ring) is called an ST-group (an SIg-group). In this paper, TI-groups, as well as
SI-groups and S1g-groups are described in the class of reduced algebraically compact abelian
groups.
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1. BBenenue

Wzydenne B3aMMOCBSI3N MEXKTY CBOMCTBAMN KOJBIIA W CTPOEHUEM €T0 &I TUTHBHON TPYIITIHT NMe-
er JIOATYI0 UCTOPHIO B asirebpe (cM., Hanpumep, [1-5]), a Tak»ke BbI3bIBAET MHTEPEC Y COBPEMEHHBIX
anrebpancros ([6-8] n npyrux), Hambosiee mosHBIE 0630pHI cogepkarcs B (9] u [10].

Jng ompenenenus KOABIEBON CTPYKTYPBHI Ha abeseBoit rpymme G HEOOXOMWMO yKa3aTh TOMO-
Mopdmam g G @ G — G, KOTOPBIN Ha3bIBaeTCsT yMHOXKeHmeM Ha rpymme G. Abenesa Tpynma ¢
3aJIaHHBIM HA Hell yMHOXKEHMEM Ha3blBAeTCsl KOJIbIOM Ha 9Toi rpymme. B [11] nosyueno onucanue
BCeX YMHOXKEHHI Ha PeayIIHPOBAHHON aJredpamdecKn KOMIIAKTHOM abesieBoii rpyiimne, KOTOPOe BbI-
ABJIACT TECHYIO CBA3b ME2KAY KOJIbIICBBIMU CTPDYKTYPaMU U 6&3HCHI)IMI/[ HOAMOJYJIAMU P-aJINICCKUX
KOMIIOHEHT 1 JaeT y,ZLO6HbIﬁ METOHd TTOCTPOCHUA am“e6pa1/1quKI/I KOMITaKTHBIX KOJICII. Ha OCHOBaHUU
9TOTO OTUCAHWS B HACTOAIIEH paboTe NCCIETYIOTC CBOHCTBA KOJIET Ha PEIYITHPOBAHHBIX aaredpan-
YEeCKU KOMITAKTHBIX a6eHeBbIX Trpyniax. MSyquI/Ie KOJICI Ha aﬂre6paI/IquKI/I KOMITAKTHBIX TPYTIIIAX
obycsoBsieno u caeayomum dakrom. B [9] mokazano, 9To yMHOXKEHHE Ha MTPOU3BOIBHOI abeseBoil
TPyIIe MPOJOJIKAETCS OAHO3HAYHO JI0 YMHOXKEHUS Ha, €€ CEPBAHTHO-WHbHEKTUBHOW U KOTIEPHOIH-
JecKnX 000J0YKAX, TIOITOMY U3YUEHHe KOJIel Ha aJrebpandekn KOMIAKTHBIX W KOTEPUOTTICCKUX
TPYIIIax MOXKET JATh OJIE3HYI0 MHGOPMAINIO 00 YMHOKEHUIX HA MPOU3BOIBHON abeseBoit rpy-
ne. Takum criocobom, HampumMep, B [12] omucanbl abCOMIOTHBIE HATh-UCATBl CMEITAHHBIX a0EIeBhIX
TPy,

B [13] usyuarorcs agpurusabie rpymmns SI-koJerr, SI-KOJIbIIO — 9TO KOJBIO, B KOTOPOM JH000€
MOJAKOJBIO ABJIseTCs uieaaoM. AccormaruBaoe ST-KOJIbIO HA3BIBAETCS MAMUJIBTOHOBBIM KOJBI[OM
njim H-KOHBHOM, TTOCKOJIBKY 9TU CTPYKTYPbI B ONPEACTIEHHOM CMBICJIE aHAJOTUYIHBI TaMUJIBTOHO-
BBIM TpymmaM. ['aMuIbTOHOBEI KOJBIIA CHCTEMATHIECKN M3YUIAJNChH MHOTUMHI aBTOPAMU, Hanbosee
3HAYUTEJIbHBIE Pe3yabTaThl cojepykarcsa B [14-16]. A6enesa rpynma, Ha KOTOPO# Jito6oe (accory-
aTHBHOE) KOJIBIO siBistercst SI-gombiom (H-kosbiom), HaseiBaercss SI-rpymmoit (SIy-rpymmoii).
EcrectBenubpim 06001ennemM H-komerr aBagrorca puanaabHbIe KOJbIA, TO €CTh ACCONNTATHBHBIE
KOJIbIIA, B KOTOPBIX OTHOIIEHUE «OBITH UAEAT0OM» TPAH3UTHBHO. OumnansbHble KOJbIa H3YUaIiuCh B
[17-20]. B cBst3u ¢ srum B |21] BBemeno moustue T I-rpynmst (or «transitive ideal»). AGenesa rpymma
HasbiBaeTcs 1 I-rpymmoit, ecau Jiioboe acconuaTuBHOEe KOblo Ha Heil dummanbho. B [22] C. Deit-
reJIbCTOK M3ydasi abeIeBhbl IPYIIIbI, HA KOTOPBIX JII000€ YMHOKEHUE KOMMYTATUBHO, TAKUE TPYIIIHI
nasbiBatorca C R-rpymmavu. B (8] BBegeno mousarue SAC R-rpynmet, SAC R-rpymma — 310 abesneBa
Ipylila, Ha KOTOPOii ji1060e KOJIbLO sBJISETCH aCCOLMATUBHBIM U KOMMYyTaTuBHbIM. B [22| onucanb
nepuoarieckne C' R-rpynmbl, a B [8] mokasaHo, 4To B KJacce BCEX TEPUOANTECKUX abesIeBbIX IPYIII
nousitust C' R-rpymmet u SAC R-rpynnbl skBuBajieHTHB. B [13] mosydeno onucanme mepuognaecKunx
SIg-rpynn u ST-rpymi, a B [21] — onucanue nepuoguueckux 1 I-rpyii.

B nacrogmett pabore onncannt T I-rpytmsl, a takske SI-rpymist, STg-rpynnst u S AC R-rpymms
B KJIACCE PEAYIMPOBAHHBIX aJIre0PamdecKy KOMIAKTHBIX abeIeBbIX TPYIII.
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Bce rpynmbi, paccmarpuBaembie B pabore, abesieBbl, U CJIOBO «TPYIIas Be3je B jajbHeRInem
o3na4daer «abejesa rpymmay. YMaoKerue 4 : G® G — G Ha rpynie G yacto 0bo3HadIaETCH 3HAKOM
X (-mr o), Te u(gr ® g2) = g1 X g2 ang J00bIX g1, 92 € G. YMHOKEHHE X 3aJ3eT KOJIbIO Ha
rpynme G, kotopoe obozuadercsa (G, X ). Ecau B8 kombie (G, X) BeimosiageTcsd g1 X g2 = 0 171 Beex
g1, 92 € G, To YMHOMKEHIe HA3BIBACTCA HYJIEBBIM, a Koubllo (G, X ) obozHauaerca GV, Kax o6brdmHo,
N, Ny, P — MmHO>XKECTBa HATYPAIBHBIX, [EIBIX HEOTPUIIATEIHHBIX, BCEX MPOCTHIX 9MCET COOTBETCTBEH-
HO, 7 — KOJIBIIO HEJIBIX YHCeT, 2},, Qp, — ajmTHBHAS TPy U KOJIBIO TEJBIX P-aIMIeCKUX THCeT
COOTBETCTBEHHO, Z(Nn) — IUKInYecKas rpyiia Hopsaaka n, a Ly, — Koabio Z/nZ. Ilukanyecknii Mo-
JIyTb HaJl ACCOIMATHBHBIM KOJIBIIOM R, MTOPOKIEHHBIH 3JIeMEeHTOM e, Oy/IeM 3aluchiBaTh B Buje Re.
[ycrs G — rpynna, g € G u (G, X) — kosbno Ha G, yepes T'(G) 0603HAIUM [EPHOUUECKYIO 9aCTh
rpynnel G, 0(g), (g), (g)x — MOPSIOK 3JeMeHTa ¢, TUKINIeCcKas TPYIa, MOPOKICHHAS ¢, U HIe-

a1 kousiblia (G, X), IIOPOXK/EHHBIH ¢, COOTBETCTBEHHO. DjieMeHT npsiMoro npousseiuens G = [[ G;
i
rpynn G; (i € I) 6ynem 3amuceiBaTh B BUzE (g;)icr, vae ¢; € G nnas Beex @ € I. Ecom J — umean

KoJibIa R, To tiutem J <| R. UTobs momaepkayTh, 9TO pasioxkenne G = A® B rpynmnst G B IPAMYTO
CyMMY TOATPYTIT A u B sIBJISTeTCST TakKe Pa3oKeHneM HEKOTOPTo (PpUKCUPOBAHHOTO KOIbIA HA (G
B IPAMYIO CyMMy Hjeasos, Oyjaem nucarh G = A+ B. 3a Bcemu onpejieeHuaMyu 1 0003HAUCHUSIMH,
ecJI He OTOBOPEHO MPOTHUBHOE, MBI OTCHLIIaeM K [9).
Nsecrno [9], 4ro pejynuposaHHas ajiredpandecku KoMIlakTHas rpyia G upejcraBumMa B Bu-
e G = [[Gp, rne G, — p-agnmdeckass anrebpantdeckyn KOMITAKTHAS IPYIINA, KOTOPas HA3HIBAETCS
P

p-ajudeckoii kommorenToit rpynmel G. Ilpu stom pasnoxenne G = [[ G aBasiercsa pasioxkenuem
p
ar06oro Kosiblia Ha G B npsiMoe npouseegenne ujenos [11]. Jliaa onucanus p-aguaeckux asnrebpau-

YeCKM KOMITAKTHBIX TPYII TpuBeneM onpenesenus u3 [23]. [lycrs I — muOXKecTBO nHgekcos. Habop
HeJIblX p-ajnaeckux auces {a; | ¢ € I} HasplBaeTCH MOYTH KOHEUHBIM, €C/IH, BO 11€PBbIX, He GoJee
YeM CYETHOE YUCI0 a; (i € ) OTIUYIHO OT HYJIs; BO BTOPBIX, JJist JIIOGOT0 HATYDATHHOTO UHCIA T

nouru Bee a; (i € I) pensitest B Q;, na p™. Ilycrs II Qpéi — upsaMoe pou3Be/ieHne IMKINYeCKUX
i€l
p-aJIMIeCKUX MOJyJell ¢ obpasyiomumu sementamu e;. lloarpymmy rpymmer [[ Qje;, cocrosmtyio
i€l
u3 Takux 91eMHTOB (a;€;)icr, 910 {a; | i € I} — nourn KoHeuHBIH HAOODP HEIBIX P-AUUECKIX TUCE,
Ha3bIBAIOTCH PErYJSPHON TIPAMOl CyMMON NMUKJIMYECKUX P-aJUIECKUX MOJAYyJell u 0003HAYAI0TCH

ZQZei. Kaxgas p-agnueckas ajarebpandeckn KOMOakTHast rpymnna G m3oMopdHa p-afmdecKoMy
el
MOTIOJTHEHUIO CBOEro GasucHOTo moaMoyas B = (@;e,—, rae I — HeKOTOpoe MHOXKECTBO HHIEKCOB

iel
[9], ceosarenbro, G ABIAETCA PETYAAPHON TPAMOH CyMMOl MK mgecKux Momyet: G = ) Qre;.
el
Kpoume Toro, Taxyio rpymiry MoxHO TpenctasuTh B e G = A® C, rne A = ) Qpe; — anreb-
i€l
pauvecKn KOMIaKTHasi rpymna 6e3 kpydenus, C = ) Qpei — yperyimposannag anrebpanvecku

i€y
KOMITaKTHas Tpymma, 37ech o(e;) = oo npu i € I w o(e;) = p* (k; € N) npu i € Is.

2. Anrebpamvecku KoMOakKTHbIE T [-rpynnbl

JIEMMA 1. 1) Jlwboe Koavuo ¢ HEHYALBBM YMHOHCEHUEM HA 2DYNne Z? USOMOPPHO KOADUY
ka; npu Hexomopom k € Ny.
2) Hoearamu £0avua pk(@; (k € Ng) asasromea nodepynno pk+k1Q;‘, (k1 € Ng) u moavko onu.

JOKABATEJILCTBO. 1) 3amuiem Tpymmy ip B BUJIE 21, = Qpe, tne e € ZD. IIycts e x e = pFae,
rie a € Qy \ pQy. Torga ze X ye = (wy)pFae ana mobwix x,y € Q; [11]. JTerko mpoBepuTh, 9TO
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oTOOparkeHne

o : Qe — p*Q},
mpu KoropoM ¢(xe) = pFar nna moboro x € Qy, asngerca mzomopdusmom xorer; (Qpe, x) n
PFQ; (k € No).

2) Mycrs I < pk(@; U IyCThb k] — HAWMEHBINEe IeJI0€ HEeOTPUIATETLHOE YHUCJI0 TAKOEe, UTO
p"RQp NI # 0. Torga cymectsyer # € Q3 raxoii, uto g = p"™az € I u p { 2. Dnevenr
MOZKHO IIPEJCTABUTh B Bune © = a + pPy, e a € Z, y € Q,mp 1 a. CymectBytoT u,v € Z, njis
KOTOPHIX ua 4+ vp* = 1. Nmeenm

ug = prth (ux) = prth (ua + upky) — phth (1- up® + upky) = phtk 2tk o T

e z = uy —v € Qp. llockombky g1 = pPhtkiy = g(pFa=12) € I, 10 pF*F = ug — g1 € I.

Orcroma pk+k1(@; C I. Taxk kak oOpaTHOE BKJIIOUEHWE BBLITTOJHAETCH B CUIY BbiOOpa wucaa ki, TO
_ kt+k *

I'=pQy. O

CaeacTBUE 1. I'pynna Z, yeswz p-aduneckuz wucen asasemca T'I-2pynnot.

JJOKABATEILCTBO. KosbIio ¢ Hy/1eBeIM yMHOKEHUEM Ha Tpynne Zj, Apjidercsa dunnaababiv. Ecan
YMHOXKEHNEe X Ha Zj, HeHyI1eBoe, 10 (Zy, X ) n30MOPQHO KOJIBILY pk(@; (k € Ng) no iemme 1. Ilycrn
J<I pk(@;, rorma I = pk+k1Q;‘,, J = pk+k1+k2(@;, rae ki, ky € Ng B cuty siemmbl 1. 3Haqnr,

J < ka;. Crenosarennno, Z, asngerca T1-rpynmoit. O

JIEMMA 2. Ilyemov p € P, A — makaa epynna, wmo A # T(A) uau A, # 0. Tozda xoavyo
Q; + AY ne seasemesa PuauasvHbLM.

JOKABATENBLCTBO. Ilycrs a — rakoit ssement u3 rpyuisl A, aro o(a) = oo wiam o(a) = p.
Homoxnm g =p+a € Q4+ A, I =pQy+(a) <Q;+ A, J :pQQ;+ (g). Tak xak ¢g-a =0 (31ech -
— ymmoxenne B xKosbie Qy + A), To merpynno BuaeTs, uto J <1 <1 Qy + A%, TTonycrum, 1-g € J,
e 1 € Qp, rorna l-g=p= (p*x + kp) + ka miput HEKOTOPEIX T € Qy, k € Z.

Ecmm o(a) = oo, To k = 0, oTkyna p = p?z. Ecmm o(a) = p, 10 k = pky, e ki € Z, oTKyaa
p=p*(x+ki), rnex+k € Q,- B KaxK/10M U3 ciyuaes 10J1yu/In IPOTUBOPEUNE, CIIEJ0BATE/ILHO,
J 4 Qp+ A%, BuaunT, KOIBIO Q; + A ne arnsercs bummambabiM. O

CneaCTBUE 2. ITyemo p € P, A — makas epynna, wmo A # T(A) uau A, # 0. Tozda epynna
Zyp ® A ne asasemes T1-2pynnod.

BAMEYAHUE 1. U3 npedaooicenut 1, 2, T 6 [21] caedyem, wmo ecau A — makaa epynna, wmo
A #T(A) unu Ay, # 0, mo epynne Z(p") B A (n > 2) u Zy ® Zy ® A ne asaaromes T1-2pynnamu.
Tam oice nokasaro, wmo npamwie caazaemuvie T1-2pynnoe asaaromea T 1-epynnamu.

TEOPEMA 1. p-aduueckan aszebpauseckyu womnaxmuas 2pynna G, He AGAAIOULQACA NEPUOIU-
weckoti, asasemea T'I-2pynnoti mozda u moavko moezda, koeda G = Zj,.

JOKA3ATEJILCTBO. Ilycts G — p-aanveckas aarebpandeckn KOMIakTHas rpymnia. Torma G MOKHO
npejcraputh B Bujle G = A® C, rie A = Y Qpe; (31ech 0(e;) = 00) — anrebpamtecKn KOMIAKT-
i€l
naa rpynma 6es kpydennsa, C = Y Qe; (371ech o(e;) = pF) — yperymupoBanHas anrebpanuecKu
i€lr

kommakTHag rpynna [9]. Ilycrs G ssasiercs T'I-rpynmoit, torna A u C' — takxke T [-rpymmsl.

Ecrm A # 0, o A = Qpe1 = Z, upn nexoropom p € P B cuny crencreua 2. Ilo Tomy xe
craenctBuio B aToM cayuae C = 0.
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Honyctum, A = 0. Torna G = C # T(C), nosromy rpynny C' MOXKHO TIPEJCTABUTHL B BUJE
C = Z(p*) @ C1, tne Cy # T(C1), w0 mpoTuBOpednT TpeToxenmio 2 B [21] (cM. 3amedamnme 1).

Taxum obpasom, G = ip. Crencrue 1 3aBepiaer 10Ka3arej bCTBO. [

Hasee cumsonom (a,b), kKak 06br4HO, 0603HATAEM HAMOOIBIIHAN OOIIH JEJUTEb TETBIX THCE
aub.

JIEMMA 3. ['pynna Z, ® Z(n), 2de n — HAMYPAALHOE “UCAO, C60000HOE OM KE6aIPAMOSE U
(p,n) =1, asasemca T1-epynnoi.

JOKA3BATENBCTBO. [pymmy G = ip @ Z(n) MOXKHO 3alucaTh B BHUJIE
G = Q;;el ® Zea, (1)

e e; € ZD, es € Z(n), o(ea) = n. lycrs (G, x) — koo mHa rpynne G, TOrga passio-
xkerne (1) aBasiercs passoxkenmeMm Kosblia (G, X) B mpaMyro cymmy wuieaso. llpu srom, co-
wacHo [11], (zrer + yie2) x (w2e1 + yae2) = (x1z2)(e1 X e1) + (yiy2)(e2 X e2) st Jar06bIX
r1,12 € Q, y1,y2 € Z. Jlerko Bugers, 910 KO0 (G, X) ABIACTCA aCCOMUATHBHBIM U KOMMY-
TatuBHBIM. IlycTh ey X ey = tgeg, rae tg € Ny. ITo meopeme 1 B [19] kKosbio (G, X) sABISIETCS
(bI/I.HI/Ia.HBHbIM TOTJa 1 TOJILKO TOTdad, KOTda

(9)x = (9)% + {9), (2)

st moboro g € G.
IIycts
g =p"ae; +tes € G, (3)
rie k € No, a € Q; \ pQy, t € Z.
Caywait 1. Ymnoxenne X wuaynupyer na Qe; HeHysneBoe yMHOKeHHE.

B sTOM coydae 97€MeHT e MOMKeT OBITH BHIOpPAH TakmM 06pasomM, 4ro e X e; = pFe; s
nekoroporo kg € Ng. Torma

(@« =gxG+(g) = Pk+k0(@;€1 + (ttoea) + (9)- (4)
Tax xax (p,n) = 1, 10 u1p" + vian = 1 npu mexoropsix uy, vy € Z. Nmeem:
(vin)g = (Prvian)er +0 = p*(1 — wip™)er = pFer — (P our)er € (9)x. (5)

Tak kax (p*Foup)e; € (g)x B cuny (4), To u3 (5) momyuaem, uro pFe; € (g)x, oTkyma
(p*Z)e1 C (g)x. CnemoBarenbHo, (pk(@;;)el = (p*Z)e; + (pk+k0Q;§)el C (9)x. Orcrona u3 (3) mvmeem
(tea) C (g)x. 3uauwnr,

(9)x = (P*Qp)er + (tea). (6)

Paccymorpum Temepn
I=(9)% + (g) = P**Qp)er + (t*toea) + (g)- (7)

Nmeem uap %0 + vona = 1 npu HeKOTOPBIX Ug, Vo € Z, OTKYIR

k+k0)

(van)g = (pkwna)el = pk(l — Uop e1 = pPey — (quQHkO)el € (9)x- (8)

Tak xak (ugp®***0)e; € I B cuy (7), To u3 (8) mmeem pFe; € I, orxyna (pFZ)e; C I. Cremosarens-

HO, (pk(@;)el = (ka)el+(p2k+k0Q]’;)el C I. Orcroga onyaaem (tea) C I B cuty (3). 3HaunT, B crty
(7) mmeem I = (9)% + (9) = (*Q})e1 + (tea) = (g9)x. Cnenoarensuo, komsno (G, X) pumansuo
B ciy (2).

Cayuait 2. ¥Ymnoxenune X ungynupyer na Qper nynesoe ymHoxenmue.
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B sroum ciyuae (G, x) = Z
= (t*toe2) + (g).
Bamerum, uro o(ttpes) = ﬁ,
CrenoBarensho, (t’tes) = (ttpes). Suauur, (9)% + (g9) = (ttoea) + {g) = (9)x. Cienosaresbho,
kouibllo (G, X) dummansao. O

2—]— Zes, (g)x = (ttoez) + (g). Herpynno sumers, uro (g)% + (g) =

nosromy (t,o0(ttpez)) = 1, Tak Kak n CBOOOJHO OT KBAJPATOB.

JIEMMA 4. Ecau Py C P, mo epynna || Z(p) asasemca TI-2pynnod.
p€Po

JOKABATENLCTBO. 3anumem rpyuny G = [[ Z(p) B Buge G = [] Zep, vae o(ep) = p. llycrs
pEPy peP
(G, x) — xompro na rpymae G. Torma pasnoxenne G = [] Ze, aBisercs pa3ioxKeHneM KOJbIIA
pEPo

(G, x) B mpsaMoe TpousBeieHne ueanos. [Ipu s1oMm Kosbio (G, X ) aCCONUATHBHO ¥ KOMMYTATHBHO,
TaK KaK TaKNM sIBJISETCS KaKAblil u3 naeanos Ze, (p € Po).

Ilycte g € G, g # 0. O6o3naunm: m, — npoekius G ua Zey,, Py ={p € Py | m,(g) # 0, e,xe, # 0}.
Bes morepn obuHOCTH MOXKHO CaUTaTh, 910 Py # &. DyemenTsi €, (p € P1) MoTyT GBITH BHIOPAHDI

TaKUM 00pa3oM, UTO €, X €, = €p.

Herpymmo users, uro (g9)x = [[ Ze, + (g), otkyna (g)x = (g)% + (g). o reopeme 1 5 [19]

p€EPy
kouibllo (G, X) dummansao. Cneposarensho, G seasiercs T I-rpynmnoii. O

TEOPEMA 2. Ilyemo G — pedyuuposannas ar2e6pausecky, KOMNAKMHAA 2PYNNG, He AGAAIOULL-
aca nepuoduyeckot. I'pynna G asasemca T1-epynnoii mozda u moavko mozda, xozda G ydosse-
MEOPAEM 00HOMY US CACOYIOUUT YCAOSULL:

1) G=1Zp, 2de p € P,
2) G = ZD @ Z(n), ede p € P, (p,n) = 1, n — namypaavroe wucio, c6obodnoe om Keadpamos,

3) G = [] Z(p), 2de Py — beckoneunoe nodmmoocecmeo muoocecmea P.
pePo

JIOKA3ATEJILCTBO. Ilycrs G — peayimpoBanHas ajrebpandecku KOMMakTHas rpymmna u G #

# T(G). Torna G = [] Gy, rue G, — p-agndeckast aarebpandecks KOMIAKTHAs rpymma. Jomycrum,
peP

G aBnsierca TI-rpynmoii, Torga G Takxe gpisiorcsa 1'1-rpynnaMu npu Beex p € P (3amevanue 1).

Iycts Py = {p € P | G 75 0}. Homycrwm, agist _HEKOTOPOTo p € Py rpynma G, ne sBisiercs

nepuondeckoii, rorna Gp = Z 1o Teopeme 1 u G = Z & [[ Gq, rne Py =Py \ {p}. Ecrm Py =
q€P1

10 G = 2,,. Ecmu xe Py # &, To B cuity cileIcTBHS 2 MHOXKecTBO [P1 KoHeuHO 1 Gy — IepHoaudecKast

rpynma s Beex ¢ € Py, Ilpu srom kaxkgas u3 rpymmn Gy (¢ € Py) He nveeT MpsiMbIX CIaraeMbix

suna Z(q"), tne k > 2, u Z(q) © Z(q) (cm. zamewanne 1). Crenosarensno, G, = Z(q) mpu mo6om

q € Py, u, 3naunt, [[ Gy = @ Z(q) = Z(n), tae n = [] ¢. Taxum obpazom, G = 2p @ Z(n), vae
q€ePy qelPy qePy

(n,p) = 1 u gncygo n cBOGOTHO OT KBAJIPATOB.

ITycts Teneps mist moboro p € Py rpynma G, sBasiercss mepuognteckoii. B sTom ciaywae, Tak
kak G # T(G), muo)kecTBO Py Geckoneuno. Orcioma s aroboro p € Py rpynma G MoxkeT OGbITH
zammcano B Buge G = Gp @ By, tne B, = [| Gy - rpynma 6e3 kpydenusi. 3HAYNAT, HU OfHA

q€Po\{p}
w3 rpynn G, (p € Py) me comepwur noarpynn suna Z(pF), roe k > 2, u Z(p) @ Z(p) (3ameuanne

1). Crenosarensuo, G, = Z, upu Bcex p € Py. Bmaunr, G = [] Z(p), tne Py — 6eckoneunoe

pePo
MHO>KECTBO HpOCTbIX qHuceJsI.

N3 cneacreus 1 n nemm 3, 4 nonyyaem obparuoe yrsepxKaenune. O
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3. Aarebpamyecku KoMnakTubie S[-rpynmbl u SAC R-rpynnsl

Ilycts G — peaynupoBanHas ajnrebpanvyeckKn KOMIAKTHAs rpynna, Toriaa, G MoxKeT ObITh [peJ-
craiena B Buge G = [[ Gp,rme Po CPuGp= Q;egp) — peryigpHas mpsMas CyMMa, Py JIio-

pePy i€lp
6om p € Py. Cormacuo [11], ast 1100BIX 9/1€MEHTOB Ti(jp) € G Taxux, 410 O(TZ»(JP)) < min{o(e;),o(ej)},
CyIecTByerT yMHOXKeHne X Ha G, JJist KOTOPOTo egp ) x €§p ) = Ti(jp ) u ez(p ) % egq) = 0 upu p # q. Cie-

JIOBATEIBHO, €C/IU XOTd Obl JJIsl OJIHOI'O P MHOXKEeCTBO [, comep:Kutr OoJiee OJHOIO 3jIeMEHTa, TO Ha
rpymuie G cylIecTByeT HEKOMMYTATUBHOe yMHOKeHNe. OTCIoNa MOIydaeM OIMCAHne aJrebpaniecKn
koMakTHbix S AC R-rpyii.

TIPEAJIOXKEHUE 1. Pedyyuposannan anzebpauyecku xomnaxmuas epynna G aeasemca SACR-

epynnot mozda u moavko mozda, kozda G = [ G,, 2de Py C P, G, = 212 unu G = Z(p*) (k € N)
pEPo
npu a0bom p € Py. [l

B cienyromeit Teopeme onucanbl ST-rpyinbl u SIp-rpylibl B KAacce PeyMPOBAHHBIX a/ared-
pamvYecKyn KOMIAKTHBIX TPYIIIL.

TEOPEMA 3. Ilycmv G - pedyyuposannasn anrzebpaunecku womnaxmuas epynna. Tozda caedy-
0ULUE YCAOGUA PAGHOCUNDHDL:

1) G asasemea SI-zpynnof,

2) G asanemca Slg-epynnoi,

3) G = Z(n) npu nexomopom n € N.

JIOKABATEJILCTBO. Tak kak To, uto u3 1) creayer 2), a u3 3 caeayer 1), 04eBUIHO, JOKAXKeM,

g0 u3 2) crenyer 3). llycte G — Sly-rpynna u G = [[ G)p, toe Py C P, G, — p-anudeckas
p€EPo

komnonenta rpynust G. [Iycrs p € Py, rorpa rpynna G asinsgerca STgp-rpynnoif B cuiy jiemMMbl 3
B [13].

Ormernm, uro Zjy, ve asigerca S1g-rpynnoil, H0CKOIbKY B KOJIbLE Q; HOJAKOJILLO Z HE SIBJISICTCS
npeasom. 3Haunt, G, He COMEPIKNUT MOITPYIIITHI Zp n nmeer sug G, = > Z(p™»), roe n;yp € N

icl,

upu Beex @ € I,. ITo caencremio 9 B [13| rpynmna T'(G)) aBiagerca SIy-rpynmoi, u, ciei0BaTe/IbHO,
T(Gp) = Z(p™) npu nexoropom n, € N (o reopeme 7 B [13]). Orciona u G), = Z(p"»), tak kak G,
— a0 p-agmdeckoe nonosnenue T(G)).

Jonycrum, Py — 6eckonednoe muozkecTo. Jamummiem rpymmy G B Buge G = [[ Zep, rae
pEPy

o(ep) = p"?, W OTpeseIMM aCCONUATUBHOE yMHOXKeHNE X Ha (G, TIOJIOKUB €, X €, = €p 1 €y X eg = 0

upu p # ¢. Paccmorpum anemenr g = (ep)pep, € G, Toraa noarpynmna (g) sBJISETCA TOAKOJIBIOM

kombua (G, X), HO He aBsgerca ero niaeagom. Cnemosarensro, G e ssagerca SIy-rpynmnoii. Or-

~

CrO7Ia TOJIy9aeM, 9T0 MHOXKeCTBO Py koHeuHOo u, 3uauut, G = [[ Z(p™) = Z(n), tne n = [] p™».

pEPg p€EPy
O

CAEACTBUE 3. B xaacce nenepuoduveckur pedyyupoSaHHHT aA2e0PAUNECKY KOMNAKMHOLT
2pynn ne cywecmeyem SIT-epynn u Slg-2pynn. (I

4. 3akJ/I04eHue

B [9] nokazato, 4ro s060e yMHOKEHHUE Ha TIEPUOANYECcKOli rpymie G MOJTHOCTHIO OIPeessieTcs
ero cyzkeumeM Ha HazucHyo noArpymiry rpynnsl G. Kak yxKe oTMedasoch, OMucaHne BCeX YMHOKE-
HUI HA PeJlyIMPOBAHHBIX ajrebpandeckn KOMIIAKTHBIX Ipytnax [11] Takzke BBISBUIIO TECHYIO CBSI3b
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MEKJTy KOJIBIIEBBIMU CTPYKTYyPaMy Ha TUX TPYyNnax u OA3UCHBIMU MOAMOILYAAME UX P-aJuIeCKIX
KOMIIOHEHT. DTOT (DAKT MO3BOJIAET YCIENHO U3YyYaTh U CTPOUTH KOJIbIIA HA ajredpanvecku KOM-
MAKTHBIX IPYIIAX.

B ¢BoWO 0uepesib, BO3SMOXKHOCTH MPOJIOJIXKEHUS YMHOXKEHUsI Ha I'PYIHIE 0 YMHOXKEHUs Ha ee
CEepPBaHTHO-UHHEKTUBHON 000JIOUKE JaeT MeTO/| u3ydeHus KOJell Ha [IPOU3BOJILHBIX PEeyIUpOBaH-
HBIX Tpynmnax. JleficTBUTebHO, BKIAAbIBAS KOJBIIO HA PEAYIUPOBAHHON Tpymne (G B KavecTBe O
KOJIBI[A B KOJIBIIO HA aJredpamdecKu KOMITAKTHOM IpyTie, CBOMCTBA, KOTOPOTO M3BECTHBI, MBI MO-
JKEM MoJiydars wHpopMaluio o Koabeiax #Ha (. Tak, Hanmpumep, HETPYJIHO BUJETH, YTO TPYIIIA,
CEepPBAHTHO-MHbEKTUBHAS 000/109Ka KOTOPOit aBastercs ST-rpynmott (S1y-rpymmnoit), caMma saBagercs
SI-rpymmoit (SIp-rpymnmoit); 3aMeTnM, 9T0 06paTHOE HE BEPHO, MPUMEPOM UMY CJIYIKUT aJjIu-
TuBHag rpynna Z. Kpome Toro, rpymnmna ssiasercs SACR-Tpymmoit Torga u TOABKO TOTIA, KOTIA
S AC R-rpynmioit sIBISIETCST €€ CePBAHTHO-NHBHEKTHBHAST 000T0TKA.
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AnBOTan s

Vuuoxkenne Ha abenesoit rpynmne G — 310 romomopdusm p: G ® G — G. Abenesa rpymma
G maswiBaerca M T-rpynmnoit, eciiu gi060e yMHOXKEHENE Ha, ee MePUOJINIECKON YaCTH OIHOZHATHO
MPOIOJIZKAETCST 710 yMHOXKeHust Ha, G. M T-rpyninbl 3y 4aauch BO MHOMHX pabOTax 1O TEOPUH aJl-
JUTUBHBIX TPYIII KOJIEI], HO BOIPOC 0O UX CTPOEHUHU OCTAETCsT OTKPLITHIM. B HacTosIHell pabore
st MT-rpynnst G paccMarpuBaeTCsi CEPBAHTHAS BIIOJTHE XapaKTepucrudeckas noarpymna G,
OJIHO M3 OCHOBHBIX CBOJCTB KOTOPOH 3aKJ/II0YAETCst B TOM, 4T0 noarpymua (| pGh asasercs

PEA(G)

HWJIb-MJIEAJIOM B JIF0O0OM KOJIbIIE € aJauTHBHOI rpynmoii G (3meck A(G) — MHOMXKECTBO BCEX MTPO-
CTBIX YHCEJI P, JIJIs KOTOPbIX P-IpUMAapPHAs KOMIIOHEHTa rpyibl G OTinvHa OT HyJis). IlokazaHo,
qro ang moboit MT-rpyunsr G mbo G = G, mubo dbakroprpynna G/G HecdyerHa.

Karuesvie caosa: AbeseBa rpyrma, yMHOXKEHIE Ha TPYTINE, KOJIBIO HA abeIeBoii TpyTe.
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Abstract

A multiplication on an abelian group G is a homomorphism p : G ® G — G. An mixed
abelian group G is called an MT-group if every multiplication on the torsion part of the group
G can be extended uniquely to a multiplication on G. MT-groups have been studied in many
articles on the theory of additive groups of rings, but their complete description has not yet
been obtained. In this paper, a pure fully invariant subgroup G} is considered for an abelian
MT-group G. One of the main properties of this subgroup is that () pGj} is a nil-ideal

peEA(G)
in every ring with the additive group G (here A(G) is the set of all primes p, for which the
p-primary component of G is non-zero). It is shown that for every MT-group G either G = G
or the quotient group G/G?} is uncountable.

Keywords: Abelian group, multiplication on a group, ring on an abelian group.
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BBenenue

YmMHOKeHUEM Ha abesieBoii rpyiire G Ha3biBaeTcs romoMopdusm i : GRG — G, Bce yMHOKEHU S
Ha rpynne G obpasytor rpynny MultG = Hom(G ® G, G). A6enesa rpynna G ¢ 3ajaHHBIM Ha Hel
YMHOYKEHUEM Ha3bIBAETCsT KOJBIOM Ha G.

B [1] mokazamo, uro moboe yMHOXKEHUE Ha TEePUOINIecKoil abemeBoii rpymme G ompeessiercs
JACTUIHBIM yMHOXKeHueM (1 : B ® B — G mHa 6asucHoit morpymnme B rpynnsl G u, 60jee Toro,
Mult G =2 Hom(B ® B,G). 9T0 3HAYUT, YTO [T 3aaHUs] YMHOKEHUsI HA, TEPUOJIUIECKON IpyTIe
JIOCTATOYHO yKa3aTh MOMAPHbBIE TPOU3BEICHUS 3JIEMEHTOB HEKOTOPTo ee Gasmca. ITOT PakT Mo3-
BOJISIET CTPOUTH W M3y4aTh KOJbIA HE TOJBKO Ha MNEPUOIMYECKUX IPyNNax, HO W HA CMEITaHHBIX
abesiepbix Tpymmax (G, 00aAKONUX CAEAVIONINM CBOHCTBOM: OO0 YMHOXKEHWE Ha TepPUOImde-
ckoit vactu T'(G) rpynnbl G OTHO3HATHO TPOIOJIKAETCS 70 YMHOYKEHHsT Ha Beeil rpyrmme. Takne
rpynubsl HaseiBatorcs MT-rpynnavu, 3a/ada ux n3ydeHus nocrasieHa B |2, crp. 34, npobiaema 38|,
ee PEIeHnto TOCBAMIEeHbl paboTer (3, 4, 5| u np. Kimacc MT-rpymmn 10cTaTodHO MHUPOK, OH COMIEP-
JKUT, HAIIPUMED, YPEryJnpOBaHHBIE KOMEPUOANIecKre Ipy bl G 1 BCe X BIIOJIHE XaPAKTEPUCTUYIE-
ckue noarpymmsl, conepzxkantue 1T'(G). Ouesunno, qasa MT-rpynnst G ©MEIOT MECTO ©30MOPGMU3MBI
Mult G = Mult T(G) 2 Hom(B ® B, T(G)).

Muorue paboThI IO TEOPUH AAAUTUBHBIX TPYIIT KOJIEIT TTOCBSIIEHbBI TTOATPYIIAM abeeBhIX TPYIITT
C TaK HA3BIBAEMBIMHU «abCOIOTHBIMU CBOHCTBAME»: abCOMIOTHBIM wuiaeasaM [6-9], abcooTHBIM
HWIb-ujeasaM (HUIbHOTeHTHbIM njeanam) [10-12] u trn. A6comrorHbIM MeanoM (HUIb-NIeasIoM,
HUJIBITOTEHTHBIM H7eaqoM) abesieBoit rpynnbl G HABBIBAKOT €€ MOATPYIILY, KOTOpasi sIBJSETCS W/Ie-
asoM (HUJIb-N7ea oM, HUJIBIIOTEHTHBIM UjeasioM) B JroboM Kousble Ha G. B [12] maua cmemannoit
abenesoit rpynnel G onpejnieseHa cepBaHTHas BIIOJIHE XapaKTepucTudeckad moarpynma G, oTHO
U3 OCHOBHBIX CBOHCTB KOTODOil 3aKirogaercs B ToM, uro ecnu G — MT-rpymma, To () pG}

PEA(G)
ABJIIeTCH ee HaubOIbIIMM abCO/IOTHBIM Hitb-uaeanoM, 3gech A(G) = {p | T,(G) # 0}, T,(G) —
p-IIpuMapHad KoMIOHeHTa Ipynmbl G. OnHAKO BOIPOC O BO3MOXKHOM HHJEKCe NOATpymmel G\ B
MT-rpynne G ocraBajics OTKpbIThIM. B HacTositeit pabore nmokasaHo, aro jjs 6ot MT-rpyiiibt
G 6o G = G, mibo dakroprpynma G /G necderna.

Bcee rpynmel, paccmarpuBaembie B paboTe, abeeBbl, U CJIOBO «TPYINay BCIOAY B JaJbHelrneM
o3nauaer «abejeBa rpynmay. YMHOKeHNE [ 0 G® G — G Ha Tpymnne G yacto 0603HATAETCH 3HAKOM
X U T.I0., TO ecThb (g1 ®ga) = g1 X g2 s BCex g1, 92 € G. I'pynna G ¢ 3aJaHHBIM Ha HEll yMHOKEHU-
eM X oIpejesisierT Kosiblo Ha rpymie G, koropoe obosnauaercs (G, X). MHoxKecTBa [eJIbIX, HeIbIX
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HEOTPUIATEIbHBIX, HATYPAJIBHBIX U BCEX TPOCTHIX uuces obo3zuauarorcsa Z, Ng, N u P coorBercraen-

HO. DJieMeHT npsiMoro npousseenus || G; 3anucwiBaerca B suge (g;)icr, tie g; € Gy, uiu B BUjie
i€l

(91,92, ), eciim muOxkecTBO I cuérno. [Tycrs P; C P, rpynna G naseisaercs Pq-nennmoii, ecim ona

p-penumMa gust aoboro p € Py, [na npoussosbroit rpymmel G obosuaunm: 1),(G) — p-upumaphast

komnonenta rpymst G, A(G) = {p | To(G) # 0}, Gy = {g € G | (Vp € A(G)) hy(g) = oo},

n

G = G/G}, ® G — n-ag rensopnasg crenens rpymmis G. Ecim g € G, 1o § = g+GL € Gp, hy(9)
— P-BBICOTA 3/1eMEHTA ¢, 0(g) — MOPSIIOK SJIEMEHTA ¢.. 38 BCEMU ONPEJENEHUIMU 1 0003HAUEHUSIMH,
ecJIi He OrOBOPEHO MPOTHUBHOE, MBI OTChLTaeM K |1, 13].

B [14] upun nsyuennu paciiemisieMoCcT TeH30PHBIX CTeleHeil CMeIaHHON rpyIiiibl ObLI0 BBeje-
HO caemytomiee onpeaenenne. [lycts d — neficrBurenbroe uncno, G — Tpynmna; Mbl TOBOPHM, 9TO
ssieMenT g € G yI0BAETBOPSET YCJAOBUIO (%) jijig d M IPOCTOTO YUCTIa P, €CJIM CYIIECTBYET HEeYObIBa-
tomas neorpannvennas dynknus f: Ng — Ny rakast, uto h,(p'g) > d(i+ f(i)) ansa moboro i € Ny.

OrnpeiesTuM IO IMHOXKECTBA, GSX") (neN, n>2), Gy u G* rpynust G cieyomum o6pa3oM:

GXL) ={9€ G| (Fk € N) kg ynosnersopsier ycaosuio () aua —5 u moboro p € A(G)},

n

Gr=U GS\") ={9€ G| (3k €N) (3d > 1) kg yrosnersopsier yciaosuio (x) mius d u 106010
n>2

p e MG},
G*={9e€ G| (FkeN) (3d > 1) kg yrnosaersopsier ycaouto (%) aus d u moboro p € P}.

B [12] mokaszano B r060it cMmemmanHoil rpynme G MOIMHOXKECTBA GXL) (n>2), G} u G* apas-
IOTCsT CEPBATHBIME BIIOJIHE XaPaKTEPUCTHICCKUMI TOATpyImamu, comepxammmvn 1'(G) un G}Q npu

9TOM (PaKTOPTPYIIITHI G/Gg\n) (n>2), G/G} u G/G* aBnsaorcs rpynnaMu 6e3 KpyIeHnsl.

1. Nunexc noarpynnsl Gy B MT-rpynne ¢

Cdopmynupyem Tpu (hakTa 0 CMENTaHHBIX IPYIIAX, KOTOPhIe HyaeM WCIOIB30BATEL B JaJbHEl-
IeM.

TEOPEMA 1. 1) [14] ITycmv G — pedyyuposannas epynna u daxmopepynna G /T (G) asasemca
n

A(G)-deaumoti. 'pynna @ G pacwenasemces mozda u moavko mozda, k0204 0an 4106020 2aemerma
g € G\T(G) cywecmsyem k € N maxoe, wmo kg ydosaemsopaem ycaosuro (x) dasa 15 u a06020
p € A(G).

2) [12] Ecau cmewannan epynna G umeem A(G)-deaumyro darxmopepynny G/T(G), mo
Gy =G/ G/l\ udomopdra cepearmuoti nodzpynne Z-aduueckozo NONOAHEHUA 6a3UCHOT nod2pynnv
epynnw T'(G).

3) [3] Ecau G — MT-epynna, mo G — pedyyuposannas 2pynna u gaxmopepynna G/T(G)
asasemea N(G)-deaumod. O

JIEMMA 1. IIyemo (G, 1) — xoavuo na MT-epynne G, Dy — maxcumanronaa A(G)-deauman
nodepynna epynnu G. Toeda daa a0bozo snemenma g € G cywecmsyem n € N maxoe, wmo
cmenens g" anemenma g 6 Koavuye (G, (1) npu 10607 paccmanoske ckob0K codeparcumes 6 nodepynne
T(G) @ Dy.

HdOKABATE/ILCTBO. Ilycrs g € G, Torga g € GS{L) IpU HEKOTOPOM HarypajsHoM 1 > 2. Torma

yMHOXKeHUe (4 #Ha G UHIYTUPYeT YMHOKEHNE Ha Gg\n). ITpu stom Dy C Gs\n), T(G) C GE\n) ¥ TPYIIIa

GEX”)/ T(G) ssaserca A(G)-menmmoii, Tak Kak Gg\n) cepBanTHa B G.

n
9 o n
ITycrb g™ crenens siementa g B Kosbie (G, () ¢ HEKOTOPOI pacCcTaHOBKOM CKOBOK, ®GE\) —
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n)

TEH30PHAS CTEMEeHb TPYIIIHI GE\

Q)T V) = QG /T(6))

[1], orcrona (Q Gf\n))/T(® Gs\n)) spaisiercst A(G)-jes1uMoit rpy oii.

Tax xax &) GE\") — paciierutsiercs mo Teopeme 1, 1o ) G&n) = (Q GE@)/T(@ Gg\n +T(Q GXl))
— 910 cymma A(G)-pemumoit u nepuoguyeckoii rpymi. 3uauut, " € Dy & T(G). O

C TOIf »Ke PaCCTAaHOBKOM CKOOOK. meem

JIEMMA 2. [lycmo g — aaemenm cmewannot 2pynnoe G. Tozda caedyrowue ycaosus pasro-
CUADHDL:

1) das arbozo deticmseumenvrozo wucaa d > 0 cywecmeyem p € P maxoe, wmo g ne ydosae-
meopaem ycaosuto (%) das d u p.

2) dan a0bozo deticmeumenvnozo wucaa € > 0 cywecmeytom p € P u i, € Ny maxue, wmo
hp(p'rg) —ip < €ip.

JIOKABATEJBLCTBO. Ilycts qis snemenrta g € G Boimoagercs yeaosue 1) u mycts € > 0. TTosioxknm
d=1+35, f(i) = [5i]. Tak kax g ne y,Z];OB.HeTBOpHeT ycaosuio () mast d 1 p, To Haiinercs iy, € Ny
Takoe, uro hy(p'rg) < d(ip + f(ip)) < dip + Sip = ip + €ip.

O6paTHO, TyCTD JIJIsT 3JIEMEHTa, ¢ BBIOJHSIETCS YCJA0BUE 2) U MyCcTh 3ajaubl d > 1 u HeyObiBato-
mag Heorpanndyennasa dynkuusa f : Ng — Ng. ITosoxkum € = d — 1 > 0. Torpa naiinerca i, € Ny,
i Koroporo hy(pg) — i, < i, = (d — 1)i, < (d —1)i, + df (ip), orciona hy(pg) < d(i, + f(ip)),
TO €CTh § HE YJOBJIETBODSAET yCa0BuiO (%) mis d u p. O

Teopema 1 mo3BoageT cBecTH n3yvdenne Kojtelr Ha M T-Tpynmnax K U3yIeHuIo KOJell Ha YPeryiau-
POBAaHHBIX aredpandecKn KOMIAKTHBIX I'PYIIAaX, BCe YMHOXEHHUs Ha KOTOPbIX omucansl B [15].

ITycts rpymma G mmeer A(G)-gennmyto dbaxkroprpynmny G/T(G). s kaxgoro p € A(G) Ga-
sucuyto noarpymiy rpynnst 1,(G) sammmen B suge B, = @ (e;”), B\p — p-aJMuecKoe TOTOTHEHIe

i€l

rpyunet By, torna B = @ B, — 6a3ucnas nmoarpyuna rpyuust 1'(G), B = [[ B, — Z-
PEA(G) B _ peA(G)

aJdeckoe tonosHenue rpynnsl B. B rpynme G pacemorpum noarpynmst B, = (B, @ GX)/G}

u B = (B® G})/G\. Torma B, = @<€Ep)>’ B= @ B, wpuston B, 2 B,, B~ Bu
i€lp peA(G)
o(el(p)) = o(e (p)) npu Beex p € A(G), i € I,
Ob6o3naunm gepes V), p-ajudecKoe HOIOJTHEHUE IPYTIIEI Bp, trorma V =[] V,— Z-amuueckoe

PEA(G)
nomno/HeHne rpynnsl B u V = B, Vp = B), upu Bcex p € A(G). Hepes 7, Gynem 0603HaIATD IPO-
exnuio V' ma V), rpynmy V), Gygem paccMaTpuBaTh KakK CEPBAHTHYIO HOArpyLiy rpynmsl | [ <e§p )),
i€l

TO €CTh 3JeMeHT a € V), 3aImuceIBaeTCa B BUIE @ = (ki,pegp))ielp, rae k;p € Z. B cuny Teopemsbr 1
rpynna G\ gBJSETCH CEPBAHTHON MOATPYIION TPYIIThl V.

Ilycts ma rpymme G 3amamo xombmo (G, x), Torma ompesereno daxTopkonbio (Ga, X),
Tax Kax moArpymma G sBasercs abcomoTHBIM measom rpymmbl (. [lomapHble TpoM3BeTeHMT

P B _ B )

i 5= J 0a3MCHLIX 3JIEMEHTOB B KOJDLIIE (GA, ) OIpEIesIIIOT TAaKXKe YMHOXKEHUE

maVC [ I <ei >, TO ecTh yMHOXKeHHe Ha G\ TMPOIONAKaeTcd 10 yMHOKenus Ha V. Kombio
peA(G) i€,
(V, X) 6ymeM Ha3BIBATH K0ALUOM, coomeememeyrouum koavyy (G, X).
[ycts G — M T-rpynma. Ompenenny acCONMMATABHOE M KOMMYTATHBHOE YMHOXKEHIE X Ha TPYIITe
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T(G), nonoxus

o ><e(g): egp), ecm p = ¢ u 1=7
! J 0, emp#q wnm i1#]

aist mobsIx p,q € A(G) n g mobsix ¢ € I,, j € I, Drto ymuoxkenue na T'(G) onHO3HATHO
IPOIOJIZKAETCA 40 ACCONUATHBHOIO M KOMMYTATHBHOTO yMHOXKeHHS Ha (G, TAKOE€ YMHOMKEHTE OymeM

Ha3BIBATL KGHOHUYECKUM YMmHooicenuem na G, onpedesennoim basucom {el(p) |pe AG), i€ I,}.

JIEMMA 3. Hyemo G — MT- epynna, x — xanonuweckoe ymmnoocenue na G, g € G\ Gj.
Tozda g*> = g x g ¢ G3.

JIOKA3ATEJILCTBO. Ilycts X — KaHOHM4YeCKOe YMHOXKeHMe Ha (G, onpeneieHHoe Ha3ucoM
(e |peA@), jel}, geG\Gh

Torna g ¢ @Z = (Gp)*. Homycrum, g2 € G\, rorga g’ € éj\. Cuenosarensno, §g" € T(G) npu
mekotopoMm n € N B cuny nemmbr 1. 3uawmr,

g =0 (1)

IpH HEKOTpoM ¢ € N.

IMycts (V, X) — komb1o, coorBercTByomee Koubity (G, X ), roraa g ¢ V*, tak kak G cepBaHTHA
B V. lna p € A(G) oboznauum 7,(g) = (pkjvpame;p))je[p = (pklvPaLpegp), kavpagpegp), ) eV,
vae kjp € No, ajp € Z, pf oy (j € N), npudem nocienosarensrocts {kjp}jeN He OrpaHndeHa, 1

MOKHO CYHTATh, 9T0 k1) < kg p < -+, Ob03HAUNM o(egp)) = p®r (j € N). U3 [15] creayer, ato

(") = ("rat el prrag el ).

Caywsait 1. m,(g) ¢ V, = (V)" npn mekotopom p € A(G).
B srom ciygae Oyaem OmMycKaTb WHIEKC p: eg-p) = e;; sip = 855 (@) = (PYajei)jen;
n

“n\ _ (o nk; AW
m™(g") = (p ey €j)jen-
ycrs t € N, mokazkem, aro p*|c. B cuty memmbr 2 mveem

1 )
nmax{s; —k;j|1 <j < t}lo

0 < hy(p™g) —io < (2)

npu HEeKoTOpoM g € N.
Tak xak mpy(g) ¢ V', T0 m,(g) — 97eMenT 6ECKOHETHOTO HOPSA/IKA, TIO3TOMY HOCTIEI0BATE TbHOCTD
{s; — kj}jen Be orparndena. CrnenoBaresbHo, Haiinercs Takoe uucio [ € N, aro

s; — k; > ig. (3)

Ormernm, aTo B cuity (2) u (3) BeIIOIHSIETCH 5 — j; > G9 > max{s; — k;|1 < j < t}, 3maunr | > ¢,
oTkyaa k; > ki, mpudeM nHAEKC | MOXKHO BLIOPATh TaKuM 00pa3oM, 9ITO

sj —kj <ip mpmBcex j <L (4)

[Mosyuaem uz (3) u (4) 4
hp(P*°g) — o = k. (5)

C apyroit croponsl, u3 (2) u (3) nmeem

. 1 1
h,(pg) —ig < —4 —(s; — k). 6
»(P"9) Zo_nlo<n(81 1) (6)
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13 (5) u (6) noryuaem
k; < s; — nk;. (7)
N3 (1) mmeem m,(cg™) = 0, orxyna cp”kloz?el = 0, 3naqnrT, cpnkla? = 0(mod p*') u, ciregoBaTEBHO,
c = 0(mod p*—"h)
He orpanmyena, To ¢ = 0.
Coyuait 2. m,(g) € V" mpu Beex p € A(G).

. Buaunr, p* | ¢ B cuny (7), orkyga pFt | c. Tak kak moc/eoBaresbHOCTD {ky e n

Ecmm g ¢ pGp nns 6eCKOHETHOTO MHOMKECTBa TPOCTBIX |HcesT p, To g2 ¢ pG Jyia BCexX p u3
sToro MuEOKecTBa. ClenoBarebno, g2 ¢ G-
ITycrs Teneps g € pGp maa mourn Beex p € A(G). Toraa cymecTByer 6eCKOHEUHOE MHOXKECTBO
IPOCTBIX {HCEJI P, AJIsl KayKJOr0 U3 KOTOPBIX CYIIECTBYeT i, € N Takoe, 410
P\ 1.
0 < hy(pg) —ip < s (8)

Badurcupyem 01HO U3 Takux p, Toraa p'rg # 0, mosromy 51.p — kip > ip npu nexoropom [ € N. Ilpu
9TOM, | MOXKHO BBIOpPATh TaK, ITO

sjp—kjp <ip upumscex j <l (9)
Torna ‘

h(p'*g) —ip = kip >0 (10)

B cuiy (9). U3 (8) numeem

, 1 1

h(p'g) —ip < —ip < — —kip). 11
(pg) —ip < P n(sl,p ) (11)

Uz (10) u (11) mosy1aem
Sip — nkhp > klﬁﬂ > 0. (12)
N3 (1) cnenyer, uro m,(cg") = 0, orkyna cp”kl«Poz?pel(p) = 0, u, 3gaunt, cp"™r = 0(mod p*i»).

Crenosarensro, ¢ = 0(mod p*» " ) 1e. p | c. B cuny 6eCKOHEYHOCTH MHOMKECTBA TAKHX P
nosydaem, uto ¢ = 0. Dro nporusopeunr (1), suaunr, g2 ¢ Gy, O

TEOPEMA 2. Ecau G — MT-zpynna, mo G = G} uau epynna G/G boaee wem cuemna.

JOKA3ATEJILCTBO. IlycTth X — KaHoHm4ueckoe yMHOXKeHne Ha (G, omnpenejeHHOe HA3HCOM
p .
{e | P MG). j € I},

(V, x) — xombIo, coorBercTBylomiee Kouply (G, x). Honyctum, G # G}, u nycts g € G \ G},
torya g% ¢ G no siemme 3, snaunur, g2 ¢ V*. Ilycrs m,(32) = (ijpeg.p))jeN.
Cayuaait 1. m,(g*) € V¥ upn Beex p € A(G).
B stom cmyuae cymectByorT Geckomeunoe MHOXKeCTBO {p, € P | n € N} um muoxkecTBO

{in, € N | n € N} rakwue, 4ro
, 1
o (P13 5%) = in < —in (13)

npu Beex n € N. Tax xax 7, (pirg?) = (pﬁfbjypnegp"))jeN st Kazkaoro n € N, o

hpn (P752) = i, (D705, ™)) (14)

n ZJn,Pn> gy,
mpu HEKOTOPHIX j, € N (n € N).

[Tycts T — GeckOHEUHOE MHOXKECTBO HATYpaJIbHBIX uncen. Qupenennm ymuoxenune X Ha T'(G),

TIOIOKIB eg»i") xTe(p”) = e(.p") ang Bcex n € T, a Bce oCTaabHbBIE TOTIAPHBIE MPOU3BEIEHNsT DA3UCHBIX

In In
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snemenToB T'(G) paBHBIMU Hy/H0. DTO YMHOKEHUE OJHO3HAYHO TIPOOJIZKAETC /10 YMHOMKEHUS X
ua G. llycrs (V, X7) — KoJBII0, cooTBETCTBYIOMMEE KOytbity (G, X71).
Iyctrb x = gx7g € G<V, ke Nuwue>0. Torma cymecrsyer t € T, jjisg KOTOPOTro % <ewm

Pt 'f k.
B cuny (14) mveem

i (D k) = Py (D1 ) = B, (it b, €)= B, (i1 7).

orkyna hy, (pikx) — iy < iy < iy B cury (13). Dro 3maunT, UTO T =g X7 g ¢ G\ 10 emue 2.

Tak Kak § X7 § — 9xs9=9%wm3, rie S, TCN, M=(TUS\SNT), 0 gXprgugxsg
CPABHHMbI TI0 TIOATPYTIITe G A €CJIM U TOJIBKO eciiu MHOxkecTBa ' u S nournu pasubl. Cle10BaTenbHO,
rpyrmma Ga /Gy comepkur HecaeTHoe moaMHOKecTBo {(§ X7 §) + Go|T C N}. Buauutr, i rpymma
G/G, boisee gem cueTHA.

Caysait 2. m,(g) ¢ V,° mpu mekoropoum p € A(G).
B stom ciyuae Gygem omyckarb HMHJIEKC P: e? = ej, bjp = bj. Onpenemm mocsenoBaTeb-
HOCTH HATypaJbHbIX ducen {nk}reN, {iktren, {Jk}ren caepytommm obpazom. IHomoxum ny = 2;

PE/IoI0KIM, uTo onpeseneno ny € N. Torma onpeseneno HarypajibHoOe iy, JAJs KOTOPOTO
. 1
0 < hyp(p*g®) — ir < —ix. (15)
ng
Tak kax my(pi*g?) = (p*bje;)jen Ans kaxuoro k € N, ro naiiserca takoe ji € N, uro
hp(p*g%) = h(p™*bj,e;) < o0 (16)

Onpegem/IM Nk+1 KaK HaMMEHBbIIEE HATYPaJIbHOE 9UCJI0, JJId KOTOPOIr'o

p*tbj e, =0 (17)
3 (15), (16), (17) mosygaem, 11O
kg1 > Npg1 > T > Ny (18)
mpu Becex k € N. Ilostomy 4
p*bj.ej, =0 (19)

npu Beex s < k. 13 (16) u (19) mosygaem, aro Bee uncna ji (k € N) pazandnsbi.

[Iycrs T — 6eckOHEUHOE MHOKECTBO HATYPAIbHBIX uncest. Onpegemum ymuoxkenue X Ha T(G),
HOJIOXKUB €, XT €5, = €, upu Bcex k € T', a Bce ocTaIbHbIE IONAPHbLIC TPOU3BEICHNA DA3UCHBIX
ssiemenToB T'(G) paBHBIME HYJII0. DTO yMHOXKEHNUE OJHOZHAYHO MPOJOJIKAETCS JI0 YMHOKEHUS Ha,
G.

ITycts (V, X7) — KOJBIO, COOTBETCTBYIOIIEE KOJIbILY (G, x7), u mycte © = g X7 g € V, T0-
raa mp(x) = (bj,ej)ker- Hoxaxem, aro x ¢ GA Bamerum, uro mast aoboro k € T umeem
hy(p'* g?) < hy(pz) < hy(p'bj,.ej, ), orkyna hy(p™*x) = hy(p™*g*) B cuy (16). CietoBaresnbho, u3

(15) nosyuaem

0 < hy(p*a) — iy < —iy (20)
n
mpu Bcex k € T ‘
Ilycts € > 0, s € Ny nokazxkem, 4To heWp'e) 4 ¢ qtsi Hekoroporo ¢ € N. Beibepem m € T,
JIsE KOTOPOTO Ny, > maxz{2, s}, rorza % < § ¥ im >Ny > s B cuny (18). Tax xax {4 [t € T} —

HeorpaHWYeHHOe MHOXKECTBO, TO cymiecTByer Takoe t € T, aro t > m n iy > (1 + %)2?8 + s. Torma
1 . 2s

it_8>(1+n7)? (21)
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h,(p't 1 1
hte) 1 L (22)

¢ ¢ Nm,

B cuity (20). O6o3naunm i = iy — s. Vcnoawsys (21) u (22), noaydaem

hp(pi.“x) h( .“a:) . it h(pifx)(l 45
7 1t 14— S N it — S

1 1 €
<(1+—)1+ i ):1+—+§<1+5.

)

CnemoBarensHo, p°r HE yIOBAETBOPSET yCIOBHUIO (%) st p u aroboro d > 1 mo nemme 2. 3uaqwr,
_ _ —k
x=gx7g¢ Gy Kak u B ciyuae 1, nonygaewm, uro rpynna G/G 6ojee dem cuerna. O

2. 3akJiroueHue

Urax, 8 MT-rpynme G g noarpynmsl Gf BO3MOXKHEI JIBa cilydad. B mepsom — daxToprpynma
G/G’\ mecuerna. B sToM ciaydae u3 qoKaszareabCTBA TeOpeMEl 2 i u3 geMMbl 9 B [12] ciexyer, 1To
ast oboro g € G\ G CyInecTByeT HeCYeTHOEe MHOXKECTBO aCCOIMATHBHBIX M KOMMYTATHBHBIX
koster] Ha (3, B KayKJ0M U3 KOTOpbIX cucreMa {g" | n € N} Bcex HATypaJIbHBIX CTEleHeil d7eMeHTa
g JINHEHHO HE3aBUCUMA.

Bo Bropom cinydgae G = G\. B sroit curyamun B cuiy jJeMMbl 1 @ TOro, 4TO MaKCHMa/IbHAdA
A(G)-pemumas noarpynna rpyunsl G siBjsiercst abCOIIOTHBIM HUJIBIIOTEHTHBIM HjeanoM |16], st
moboro kosbiia (G, X) Ha G daxroprossno (G/T(G), x) sBisercs HIIb-KOIbIOM. Bosee Toro,
Jtst Jiroboro g € G cymectByer Takoe n € N, 9uTo B KaxKI0M Kojiblie Ha G crenenb ¢" mpu jr0boit
paccranoBke cKobok npunarexur 1(G).
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Let xo,X1,... be a sequence of points in [0,1)°. A subset S of [0,1)® is called a bounded
remainder set if there exist two real numbers a and C such that, for every integer N,

|card{n < N | x, € S} —aN| < C.

Let (xn)n>0 be an s—dimensional Halton-type sequence obtained from a global function
field, b > 2, v = (y1,..,7s), 7 € [0,1), with b-adic expansion v; = ;1671 + 72072 + ...,
i =1,...,s. In this paper, we prove that [0,71) X ... X [0,7s) is the bounded remainder set with
respect to the sequence (x,,),>¢ if and only if

i> - .
Dax max{j > 1|7, # 0} < o0

We also obtain the similar results for a generalized Niederreiter sequences, Xing-Niederreiter
sequences and Niederreiter-Xing sequences.
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1. Introduction

1.1. Bounded remainder sets. Let xg, X1, ... be a sequence of points in [0,1)*, S C [0,1)5,

where 1g(x) = 1, if x € S, and 1g(x) = 0, if x ¢ S. Here A(S) denotes the s-dimensional

Lebesgue-measure of S. We define the star discrepancy of an N-point set (xn)fgol as

D*((Xn>7]:[:_ol) = Sup0<y1,‘..,y5§1 |A([07 y)v (Xn)nN:_OI)/N|7

where [0,y) = [0,y1) X - -- x [0,ys). The sequence (x,,),>0 is said to be uniformly distributed in [0, 1)*
if Dy — 0. In 1954, Roth proved that limsupy_,.. N(In N)~2 D*((x,)Y=") > 0. According to the
well-known conjecture (see, e.g., [1, p.283]), this estimate can be improved to

lim sup y_,oo N(In N)~*D*((x,)N21) > 0. (1)

See [2] and [7] for results on this conjecture.

A sequence (xﬁf))nzo is of low discrepancy (abbreviated l.d.s.) if D((xﬁf))N_l) =O(N~}(InN)?®)

n=0
for N — oco. A sequence of point sets ((xfz\,)ﬁf:—ol)%:l is of low discrepancy (abbreviated 1.d.p.s.)

if D((xglsj\,)flv:_ol) = O(N~1(In N)*~1), for N — co. For examples of such a sequences, see, e.g., [1],
[3], and [11].

Definition 1. Let x¢, X1, ... be a sequence of points in [0,1)°. A subset S of [0,1)° is called a
bounded remainder set for (x,)n>0 if the discrepancy function A(S, (x,)N=") is bounded in N.

Let o be an irrational number, let I be an interval in [0,1) with length |I], let {na} be the
fractional part of na, n = 1,2,... . Hecke, Ostrowski and Kesten proved that A(S, ({na})?_,) is
bounded if and only if |I| = {ka} for some integer k (see references in [4]).
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The sets of bounded remainder for the classical s-dimensional Kronecker sequence studied by
Lev and Grepstad [4]. The case of Halton’s sequence was studied by Hellekalek [5].
Let b be a prime power, v = (71, ...,7s), % € (0,1) with b-adic expansion

Vi =Yiab g4, i=1,.,s,

and let (x;,)n>0 be a uniformly distributed digital Kronecker sequence. In [7], we proved the following
theorem:

Theorem A. The set [0,71) X ... X [0,75) is of bounded remainder with respect to (Xp)n>0 if
and only if

max max{j > 1|~;; # 0} < oo. (2)
1<i<s

In this paper, we prove similar results for digital sequences described in [3, Sec. 8]. Note that
according to Larcher’s conjecture [6, p.215], the assertion of Theorem A is true for all digital (¢, s)-
sequences in base b.

2. Definitions and auxiliary results.

2.1 (T, s) sequences. A subinterval E of [0,1)° of the form
S
E = [Jlaib™%, (a; + 1)b~%),
i=1

with a;,d; € Z, d; >0, 0 < a; < bdi, for 1 <17 < s is called an elementary interval in base b > 2.

Definition 2. Let 0 < t < m be integers. A (t,m, s)-net in base b is a point set Xq, ..., Xpm_1
in [0,1)* such that #{n € [0,b™ — 1]|z, € E} = b for every elementary interval E in base b with
vol(E) = b'=™,

Definition 3. Let t > 0 be an integer. A sequence X, X1, ... of points in [0,1)° is a (¢, s)-sequence
in base b if, for all integers k > 0 and m > t, the point set consisting of x,, with kb"™ <n < (k+1)b™
is a (t,m, s)-net in base b.

By [Ni, p. 56,60], (t,m, s) nets and (t, s) sequences are of low discrepancy. See reviews on (t,m, )
nets and (¢, s) sequences in [3| and [11].

Definition 4. ([3, Definition 4.30]) For a given dimension s > 1, an integer base b > 2, and a
function T : Ng — Ny with T(m) < m for all m € Ny, a sequence (xo,X1,...) of points in [0,1)° is
called a (T, s)-sequence in base b if for all integers m > 0 and k > 0, the point set consisting of the
POINES Tipm, .., Tppm pm—1 forms a (T(m), m, s)-net in base b.

Definition 5. ([3, Definition 4.47|) Let m,s > 1 be integers. Let CL™) .. CG™) e

m X m matrices over Fy. Now we construct b™ points in [0,1)°. For n = 0,1,...,0™ — 1, let

n= Z;nzfol aj(n)b’ be the b-adic expansion of n. Choose a bijection ¢ : Zp :={0,1,....0— 1} = F,
with ¢(0) = 0, the neutral element of addition in F,. We identify n with the row vector

n = (ag(n), ...,am-1(n)) € Fy* with a,(n) = ¢(ar(n)), r € [0,m). (3)

We map the vectors

D = (), D) == 00Ty = NG () € Fy, (4)
r=0
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to the real numbers

o0 =" a2l = ) (5)
j=1
to obtain the point
X, = (2, .., 2l®)) € [0,1)%. (6)

The point selt {xg,...,Xpm_1} is called a digital net (over Fp) (with generating matrices
(cm) - clsm)y)

For m = oo, we obtain a sequence Xq, X1, ... of points in [0,1)* which is called a digital sequence
(over Fy,) (with generating matrices (C(1L) ... C())),

We abbreviate Co™) as C®) for m € N and for m = oco.

2.2 Duality theory (see [3, Section 7]).

Let NV be an arbitrary Fy-linear subspace of F;™. Let H be a matrix over F, consisting of sm
columns such that the row-space of H is equal to A/. Then we define the dual space N+ C Fy™ of
N to be the null space of H (see [3, p. 244]). In other words, N'* is the orthogonal complement of
N relative to the standard inner product in Fj™,

Nt ={AeF™|B-A=0 forall BeNY}.

Let ¢, ..., CH) e Fp°% be generating matrices of a digital sequence (x,(C))n>0 over Fp.
For any m € N, we denote the m x m left-upper sub-matrix of C by [C¥)],,. The matrices
[CW],,,, ..., [C™)],, are then the generating matrices of a digital net. We define the overall generating
matrix of this digital net by

[Clm = ([CVILICP ) [CW)],) € By (7)

for any m € N.
Let C,, denote the row space of the matrix [C],, i.e.,

Cm = {< cj7rar(n)>1<j<m i |0<n<b }
The dual space is then given by
C-={AecF"|B-A" =0 forall B€(,}.

Lemma A. ([3, Theorem 4.86]) Let b be a prime power. A strict digital (T, s)-sequence over Fy, is
uniformly distributed modulo one, if and only if liminf,, o (m — T(m)) = occ.

2.3 Admissible sequences.

For z = 2]21 z;b™, and y = 2321 y;b~7 where x;,y; € Zy := {0,1,.....,b
— 1}, we define the (b-adic) digital shifted point v by v = z &y = > ,5;v;677, where
v; = x; +y; (mod b) and v; € Zy. Let x = (M, ....2()) € [0,1)%, y = (yV),...,y)) € [0,1)*.
We define the (b-adic) digital shifted point v by v .= x @y = (¢ @ y®, ..., 26 @ y)). For
ni,n2 € [0,0™), we define ny ® ny :
= (n1/0™ @& n2)b™)b™.

For z = ZjZl x;b™", where x; € Zy, x; =0 (i = 1,...,k) and 1 # 0, we define the absolute
valuation |||, of z by ||z||, = b=*"1. Let |n||, = b* for n € [bF,bF+1).

Definition 6. A point set (Xxy,)o<n<pm in [0,1)° is d—admissible in base b if

S
- —m—d — (1)
ouin |%n © xpll, >0 where ||x||, := H Ha?] )



228 Mordechay B. Levin

A sequence (Xp)n>0 in [0,1)% is d—admissible in base b if inf,~p>0 |0 S k|, X ||xn © xx|, > b~
By [8], generalized Niederreiter’s sequences, Xing-Niederreiter’s sequences and Halton-type (¢, s)
sequences have d—admissible properties. In [8], we proved for all d—admissible digital (¢, s) sequences

(Xn)nzo
ND* > s
1<N Sbm ((en & Wosnan) 2 Km
with some w and K > 0. This result supports conjecture (1).

Definition 7. A sequence (x5,)n>0 i1 [0,1)° is weakly admissible in base b if

m = i n 0 Vm>1wh = H @ .
%, ocilin |%n © %k ||, > m > 1 where |x]|, £[1 @7,
Let m > 1, 7y, = [log,(km)] +m, w = (wD, .., w®), w = (wgi), ...,wg-il),
gw={A>1]af,; =w jell,nl, i€ls]} and gy #0 Yl €z, (8)

Theorem B. (see |9, Proposition|) Let (x,)n>0 be a uniformly distributed weakly admissible
digital (T, s)-sequence in base b, satisfying (8) for all m > mq. Then the set [0,71) X ... X [0,7s) is
of bounded remainder with respect to (xp)n>0 if and only if (2) is true.

2.4 Notation and terminology for algebraic function fields. For the theory of algebraic
function fields, we follow the notation and terminology in the books [14] and [13].

Let b be an arbitrary prime power, [, a finite field with b elements, Fy(z) the rational function
field over Fy, and Fy[z] the polynomial ring over Fy. For v = f/g, f, g € Fy[x], let

Voo(@r) = deg(g) — deg(f)

be the degree valuation of Fy(x). We define the field of Laurent series as
Fp((2)) := { Z a;x’ |meZ, a; € Fb}.

A finite extension field F' of Fy(x) is called an algebraic function field over Fy. Let Fj be
algebraically closed in F. We express this fact by simply saying that F'/Fy is an algebraic function
field. The genus of F/Fy is denoted by g.

A place P of F is, by definition, the maximal ideal of some valuation ring of F. We denote by
Op the valuation ring corresponding to P and we denote by Pr the set of places of F. For a place P
of F', we write vp for the normalized discrete valuation of F' corresponding to P, and any element
t € F with vp(t) =1 is called a local parameter (prime element) at P.

The field Fp := Op/P is called the residue field of F' with respect to P. The degree of a place
P is defined as deg(P) = [Fp : Fp]. We denote by Div(F) the set of divisors of F/Fy.

The completion of F with respect to vp will be denoted by F(P). Let t be a local parameter of P.
Then F(P) is isomorphic to Fp((t)) (see [13, Theorem 2.5.20]), and an arbitrary element o € F(*)
can be uniquely expanded as (see [13, p. 293])

a= Z S;t"  where Si:Si(t,oz)EFng(P).

i=vp ()

The derivative 9, or differentiation with respect to t, is defined by (see [13, Definition 9.3.1])

dt’
da > . i—
—dt = E ZSit 1. (9)

i=vp(a)
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For an algebraic function field F/Fy, we define its set of differentials (or Hasse differentials, H-
differentials) as

Ap ={ydz |y € F, zis aseparating element for F//F}}
(see [14, Definition 4.1.7]).

Lemma B. ([14, Proposition 4.1.8] or [13, Theorem 9.3.13|) Let z € F be separating. Then
every differential v € Ap can be written uniquely as v =y dz for some y € F.
We define the order of a dg at P by

vp(a dB) == vp(a dB/dt), (10)

where ¢ is any local parameter for P (see [13, Definition 9.3.8]).

Let Qf be the set of all Weil differentials of F'/F,. There exists an F'—linear isomorphism of the
differential module Ag onto Qp (see [14, Theorem 4.3.2] or [13, Theorem 9.3.15|).

For 0 # w € U, there exists a uniquely determined divisor div(w) € Div(F'). Such a divisor

div(w) is called a canonical divisor of F//IFy. (see [14, Definition 1.5.11]). For a canonical divisor W,
we have (see [14, Corollary 1.5.16|)

deg(W)=2g—2 and ((W)=g. (11)

Let « df be a nonzero H-differential in F' and let w be the corresponding Weil differential. Then
(see [13, Theorem 9.3.17|, |14, ref. 4.35])

vp(div(w)) =vp(adf), forall P e Pp. (12)

Let a dB be an H-differential, ¢ a local parameter of P, and

adf= Y Stdte FP.

i=vp(a)
Then the residue of o df (see [13, Definition 9.3.10) is defined by
Resp(a dB) := Trg, /r, (S-1) € Fy.
Let
Resp (o) := Resp(adt).

For a divisor D of F/Fy, let £L(D) denote the Riemann-Roch space
L(D)={ye F\0]|div(y) +D > 0} U{0}. (13)

Then £(D) is a finite-dimensional vector space over F, and we denote its dimension by ¢(D). By
[14, Corollary 1.4.12],

D) ={0} for deg(D) <DO. (14)
Theorem C (Riemann-Roch Theorem). [14, Theorem 1.5.15, and 14, Theorem 1.5.17 | Let W
be a canonical divisor of F/Fy. Then for each divisor A € div(F), {(A) = deg(A)+1—g+{(W —A),

and

0(A) =deg(A)+1—g for deg(A)>2g—1.
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3. Statements of results.

3.1 Generalized Niederreiter sequence. In this subsection, we introduce a generalization
of the Niederreiter sequence due to Tezuka (see [3, Section 8.1.2]). By [3, Section 8.1], the Sobol’s
sequence, the Faure’s sequence and the original Niederreiter sequence are particular cases of a
generalized Niederreiter sequence.

Let b be a prime power and let pi,...,ps € Fp[z] be pairwise coprime polynomials over Fy.
Let e; = deg(p;) > 1 for 1 < i < s. For each j > 1 and 1 < i < s, the set of polynomials
{yijr(x) + 0 <k < e;} needs to be linearly independent (mod p;(x)) over Fy,. For integers
1<i<s,5>1and 0 <k < e;, consider the expansions

Yijoh () (@) (s —r-1
BV = E a\’(j, k,r)x
pi(z)? r>0

over the field of formal Laurent series Fy((z~1)). Then we define the matrix C(9) = (c§f2)j21,r20 by

&)= a(Q+1,kr)€F,  for  1<i<s, j>1,7>0,

where j — 1 = Qe; + k with integers Q = Q(i,7) and k = k(i, j) satisfying 0 < k < e;.
A digital sequence (xy,)n>0 over Fj, generated by the matrices cW,...,C® is called a generalized
Niederreiter sequence (see |3, p.266]).

Theorem D. (see |3, p.266| and |7, Theorem 1|) The generalized Niederreiter sequence (Xp)n>0
with generating matrices, defined as above, is a digital d—admissible (t, s)-sequence over Fy with
d=ey, t=ey—sandey=e1+ ...+ es.

In this paper, we will consider the case where (z,p;) = 1 for 1 < i < s. We will consider the
general case in [10].

Theorem 1. With the notations as above, the set [0,71) X ... X [0,7s) is of bounded remainder
with respect to (Xn)n>0 if and only if (2) is true.

3.2 Xing-Niederreiter sequence (see [3, Section 8.4 |). Let F//F, be an algebraic function
field with full constant field F, and genus g. Assume that F'/Fj has at least one rational place P,
and let G be a positive divisor of F//IF, with deg(G) = 2¢g and P ¢ supp(G). Let Py, ..., Ps be s
distinct places of F/Fy, with P; # Py for 1 <i < s. Put e; = deg(F;) for 1 < i < s.

By [3, p.279 |, we have that there exists a basis wo, w1, ..., wy of L(G) over Fy, such that

vp, (wy) =mn, for 0<u<yg,
where 0 = ng <ny < .... <nyg < 2g. For each 1 <14 < s, we consider the chain
L(G) C LG+ P) C LGH+2P) C ...

of vector spaces over Fy. By starting from the basis wo, w1, ..., wg of L(G) and successively adding
basis vectors at each step of the chain, we obtain for each n € N a basis
{wo, w1, ..., wy, /-cgi), kéi), s kﬁfe)l}

of L(G + nP;). We note that we then have

KV e LG+ ([(G—1)/ei +1)]P) for 1<i<s and j>1. (15)

Lemma C. ([3, Lemma 8.10|) The system {wo, w1, ..., wg} U {k‘y)}lgngl of elements of F is
linearly independent over Ty,
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Let z be an arbitrary local parameter at Py,. For r € Ng = NU {0}, we put

{ZT if r ¢ {ng,n1,...,n4},
Zp =

. (16)
wy, if r =n, for some u € {0,1,...,g}.

Note that in this case vp_(z,) = rforall 7 € Ny. For 1 <i < sand j € N, we have /-c](-i) € LIG+nP)

for some n € N and also Py ¢ supp(G + nF;), hence VPOOUfJ(-i)) > 0. Thus we have the local
expansions

kj(i) = Zag?nzr for 1<i<s and jeN, (17)
r=0
where all coefficients aﬁ € Fy. Let Hy =Ny \ Ha = {h(0),h(1),...}, Ha

= {ng,n1,...,ng}.
For 1 <i < s and j € N, we now define the sequences

65?7)“ = a%(r)’ cg'Z) = (65'%705'33 ) = (ag?z)neNo\{no ..... ng} — (aé'fzb(r))TzO (18>
EPNONNG o0 NORQ) N
= (@m0 Vimot1r - Ty > Vg 11 SIS VARTC) AT o) €Ty

where the hat indicates that the corresponding term is deleted.
We define the matrices CV, ..., C®) e IFIEXN by

c =W e )T for 1<i<s, (19)

i.e., the vector cg-i) is the jth row vector of C() for 1 <i < s.

Theorem E (see [3, Theorem 8.11] and [7, Theorem 1|). With the above notations, we have
that the matrices CY,...,C) given by (19) are generating matrices of the Xing-Niederreiter
d—admissible digital (t,s)-sequence (Xp)n>0 withd =€+ ...+ es, t =g+e1+...+ €5 —s.

In order to obtain the bounded remainder set property, we will take a specific local parameter
z. Let Py € Pp, Py ¢ {P1,..., Ps, Pxo}, Py ¢ supp(G) and deg(Py) = ep. By the Riemann-Roch
theorem, there exists a local parameter z at Py, with

2 € L((29 + 1)Py — Poo) \ L((2g + 1)Py — 2P5). (20)

Theorem 2. With the notations as above, the set [0,71) X ... X [0,7s) is of bounded remainder
with respect to (Xp)n>0 if and only if (2) is true.

3.3 Generalized Halton-type sequences from global function fields.
Let ¢ > 2 be an integer

n= Zew(n)qj_l, eqj(n) € {0,1,...,¢ — 1}, and ¢4(n) = Z eqi(n)g.

i1 j>1

Van der Corput proved that (¢q(n))n>0 is a 1—dimensional l.d.s. Let

Hy(n) = (pg,(n),...,p4(n), n=0,1,2,..,

where ¢i,...,4s > 2 are pairwise coprime integers. Halton proved that (ﬁs(n))nzo is an
s—dimensional 1.d.s. (see [11]).
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Let @ = (q1,92,....) and Q; = q1¢2....qj, where ¢; > 2 (j =1,2,...) is a sequence of integers.
Every nonnegative integer n then has a unique @-adic representation of the form

o
n= miq--qi-1=n1+noq +n3qqa+ -,
j=1

where n; € {0,1,...,q; — 1}. We call this the Cantor expansion of n with respect to the base Q.
Consider Cantor’s expansion of z € [0,1) :

T = Z]oil zj/Qj, x; €{0,1,...,¢; —1}, x; # g; — 1 for infinitely many j.

The (Q—adic representation of z is then unique. We define the radical inverse function

o)

> -
(PQ(anQl"'Qj—l> ZZ &
j=1

j:1 qlqj

_ Let pij > 2 be integers (s > i > 1,j > 1), g.cd.(pik,pju) = 1 for i # j, Po = 1,

Pij=1li<k<jpin: i €18, j =1, Pi = (pi1,pi2, ) P = (P1,..., Ps).
In [5], Hellecaleq proposed the following generalisation of the Halton sequence:

Hp = (¢p,(n), .., o7, ())70- (21)

In [Te|, Tezuka introduced a polynomial arithmetic analogue of the Halton sequence :
Let p(z) be an arbitrary nonconstant polynomial over Fy, e = deg(p),

n=ap(n)+ar(n)b+ -+ am(n)b™.

We fix a bijection ¢ : Z, — F, with ¢(0) = 0. Denote v, (z) = ag(n) + ar(n)x + - - + a@m(n)a™,
where a,(n) = ¢(ar-(n)), r = 0,1,...,m. Then v,(x) can be represented in terms of p(z) in the
following way:

vn(x) = ro(z) + r1(x)p(x) 4+ - - + ri(p(x)*, with k= [m/e].

We define the radical inverse function ¢, : Fy[z] — Fy(z) as follows

o) (n (@) = ro(2) /p(2) +r1(2) /9 (2) + -+ i/ (p(2))* L.

Let p1(x), ..., ps(x) be pairwise coprime. Then Tezuka’s sequence is defined as follows

Xnp = (01 (@pl(x) (n))7 R 708(90195(90) (n)))zo:m

where each 0; is a mapping from F to the real field defined by 0;(3_ >, ajxl) = > jsw ¢ L(a;)b7.
By [Te], (xn)n>0 is a (%, s) sequence in base b.

In 2010, Levin [7] and in 2013, Niederreiter and Yeo [12]| generalized Tezuka’s construction to
the case of arbitrary algebraic function fields F'. The construction of [12] is follows:

Let F'/Fy, be an algebraic function field with full constant field Fj and genus g. We assume that
F/Fy, has at least one rational place, that is, a place of degree 1. Given a dimension s > 1, we
choose s+ 1 distinct places P,...,Ps, Py of F' with deg(Ps) = 1. The degrees of the places Pi,...,Ps
are arbitrary and we put e; = deg(P;) for 1 < i < s. Denote by Op the holomorphy ring given
by O = ﬂp?époo Op, where the intersection is extended over all places P # P, of F', and Op
is the valuation ring of P. We arrange the elements of O into a sequence by using the fact that
Or = U,,>0 £L(mPx). The terms of this sequence are denoted by fy, fi,... and they are obtained as
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follows. Consider the chain £(0) C L(Px) C L(2Px) C --- of vector spaces over Fy. At each step
of this chain, the dimension either remains the same or increases by 1. From a certain point on, the
dimension always increases by 1 according to the Riemann-Roch theorem. Thus we can construct
a sequence v, v1, ... of elements of Op such that {vg, vy, ..., vg(mPSJrl),l} is a Fy-basis of L(mPsy1).
We fix a bijection ¢ : Zj — Fp with ¢(0) = 0. Then we define

fo= Zdr(n)vr € Op with a.(n) =¢(ar(n)) for n= Zar(n)br

Note that the sum above is finite since for each n € N. We have a,(n) = 0 for all sufficiently large
r. By the Riemann-Roch theorem, we have

{f|feﬁ((m—i—g—l)PSH)}:{fn\nE[O,bm)} for m>g.

For each i = 1,..., s, let p; be the maximal ideal of Op corresponding to P;. Then the residue class
field Fip, := Op/p; has order b (see [14, Proposition 3.2.9]). We fix a bijection op, : Fp, — Zpe;.
For each ¢ = 1, ..., s, we can obtain a local parameter t; € O at g;, by applying the Riemann-Roch
theorem and choosing t; € L(kPx — P;) \ L(kPx — 2P;) for a suitably large integer k. We have a
local expansion of f, at p; of the form

Fo= Y041 withall £ € Fp, n=0,1,...
7>0

We define the map £ : Op — [0,1)° by

(Zapl fr(u) ) ZUPS w ()™ 1)

Now we define the sequence xg, X1, ... of points in [0, 1]° by x,, = &(f,) for
n=0,1,.... From [12, Theorem 1|, we get the following theorem :

Theorem F. With the notation as above, we have that (X,)n>0 s a (t, s)-sequence over Fy, with

t=g+e +..+es—s.

The construction of Levin [7] is similar, but more complicated than in [12|. However in [7], we
can use arbitrary pairwise coprime divisors D1, ..., Dy instead of places Py, ..., Ps.

In this paper, we introduce the Hellecalek-like generalisation (21) of the above construction:
Let Pp := {P|P be a place of F'/Fy}, Py, Px, € Pp, deg(Px) = 1, deg(Fp)
=eg, Py 7& Py, PiJ' € Ppforl< 73,1 <1 < s, Pil;jl 75 P,L'QJQ for 7 75 12, P,L'J 75 Py, f)i,j 75 P, for
all 4, j, nij = deg(Py;), ni; = deg(Pi;), Poj = Fy,

Pio=1,Pij= [ Pk nij=deg(Pij) = nij1+inij,nio=0. (22)
1<k<j

Let i € [0, s]. We will construct a basis (wj(»i)) ;>0 of Op in the following way. Let

Lij = L((nij +29 — 1)Px) = L(Aij), Aij = (nij +29 —1)Px, (23)
i = E((nm' + 2g — 1)Poo — ’Pi,j) = E(Bi,j), Bi,j = (nm + 2g — 1)Poo — ’Pi,j,
ZLij=L((nij+29—1)Pec —Pij-1), Bij=nij+29—1)Px—Pij-1.

)
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Using the Riemann-Roch theorem, we obtain

deg(A4; ;) =n;; +2g—1, dim(L;;) =n;; +9g, deg(B;;)=2g—1, (24)
dim(Si,j) =g, deg(Bi,j) = ’fl@j + 29 — 1, dim(‘iﬂi’j) = ’I;Lz"j + g.

Let (u ())u 1 be a Fy linear basis of £; ;. By (23) and (24), we get that the basis (u(z) )9_, can be

Ujn . Ju
extended to a basis (v](q, e ,U](?T” ugq, . 5;) of & ;.
Bearing in mind that (u§ L)M 1 is a [y linear basis of £;;, we obtain that vju ¢ £;; for
ne [1,7'%7]']. So
UJ(’ZL S ]L'i,j = ogi,j \si,j for n e [1,T'Li’j]. (25)
Let
Vig i= o | 1€t iy 1<k <G U{ull) | p= 1,9}, (26)

We claim that vectors from V; ; are Iy, linear independent. Suppose the opposite. Assume that there
exists b,(;L € IFy, such that

nz k g ) )
U+ 1 =0, where @ = Zwk, wy, = Zbk kau’ = Z b(()ILuyL (27)
k=1 p=1 pn=1

Let w; # 0 for some [ € [1,7] and let wy, = 0 for all k € [1,1).
Using (23) - (25), we get

wp € Ly =L((nig+29 —1)Ps — Piy—1) \ L((nig + 29 — 1)Po — Piy).
Applying definition (13) of the Riemann-Roch space, we obtain
wp € L((nij+29 — 1)Pog — Pig—1) \ L((ni; +29 — 1)Ps — Pi1).
But from (27), (22) and (25), we have

l J
—wlIiL—i-ﬁ—Zwk: Z wk+u'eﬁ((ni,j+2g—1)Poo—Pi,l).
k=1 k=Il+1

We have a contradiction. Hence vectors from V; ; are [y linear independent.
By (23) - (26), we have V; ; C L; ; and
J
card(V;, ank—kg—nm—i—g—dlm( ij)-
k=1
Hence vectors from V; ; are the [y linear basis of L; ;.

Now we will find a basis of L; j_o,. We claim that u(z) ¢ Li;_o4 for p € [1,g]. Suppose the
opposite. By (23) and (24), we get

ugfl S Lm_Qg N Qm’ = ﬁ((nm_gg + 29 — 1)POO) N E((nm + 29 — 1)Poo — ’Pi,j)
= E((nm_gg +29—1)Ps — Pi’j) = [:(T).

By (22), deg(T') = nij j—29+29—1—mn;; <0. Hence L(T') = {0}. We have a contradiction. Bearing
in mind that V; ; is IF, linear basis of L; j, we obtain that a basis of L; j_2, can be chosen from the
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i (@) (@) (@
set (vgz)l, ST vjfl, s vj?%i’j)

=Vi;\ {uj,u | p=1,...,9}. From (23) - (25), we get

v,(:L €Lk CLijog for pell,ngg) and 1 <k <j—2g.
Hence vectors
(4)

(4) (1) (4) (4) ~(1) ~(1) : ~(1) _

vlfl, ”'7vll,m,1’ ...,vjl_QgJ, ”ﬂ”jl—Qg,m,j,zg’ jfl, ...71)]-?9 with vjfu =g

1 <pu<g, for some p € [1,n;;] and k € (j — 2g, j] are an F, linear basis of L; j_a4 (0 < i < s).
Therefore (1),?L)1<M<nZ wr>y 15 the Fy linear basis of O = U;>1L; ;. We put in order the basis

—="",R,k=Z

7
(’U](ﬁ,L)1<“<nl L k>1 as follows

Py S v
’

wl =0l with nig=0,1<p < 0<i<s, (28)

So we proved the following lemma :

Lemma 1. For all i € [0, s] there exists a sequence (w@)jzo such that (w§i))j20 is a By linear

J . .
basis of O and for all j > 1 a Iy linear basis of L; j can be chosen from the set {w((]l), oy w® }.

N j+2g—1

Bearing in mind that ( ]@)j>0 is the Iy, linear basis of Op, we obtain for all 7 € [1,s] and r > 0

()

that there exists ¢; . € Fy and integers l( ) such that

cg?j)_l =1, and cg?T) =0forj—1#nr. (29)
Let n =" 50ar(n)b". We fix a bijection ¢ : Zj — F, with ¢(0) = 0. Then we define

fn= Zar ) € O with a,(n) = ¢(a,(n)) for n=0,1,.... (30)
By (29), we have for i € [0, s]

fo= 3 an(m) Yoy =3 wly Y a(n Zyw wi? (31)

where y(i)- = ZTZO dr(n)cg'?- € Iy, yfloj) = C_ljfl(n)-

n?]
We map the vectors

D = ) (32)
to the real numbers
=S "o )/
j>1
to obtain the point
x, = (21, .., 2l8)) € [0,1)°. (33)

Theorem 3. With the notations as above, the set [0,71) X ... X [0,7s) is of bounded remainder
with respect to (Xp)n>0 if and only if (2) is true.
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Remark. It is easy to verify that Hellekalek’s sequence and our generalized Halton-type
sequence (Xp)n>o are l.d.s if

lim supm™*° ZS: ilog(piyj) < oo and limsupm™° i: ideg(Pm) < o0.

m—00 i=1 =1 m—»00 =1 j—1

3.4 Niederreiter-Xing sequence (see [3, Section 8.3 |). Let F//F, be an algebraic function
field with full constant field Fj, and genus g. Assume that F/F, has at least s + 1 rational places.
Let P, ..., Ps11 be s+ 1 distinct rational places of F. Let G, = m(P1+ ...+ Ps) — (m—g+1)Ps11,
and let ¢; be a local parameter at P;, 1 <i < s+ 1. For any f € £L(G,,) we have vp,(f) > —m, and
so the local expansion of f at P; has the form

o0
f=Y fijtl, with fi;€F, j>-m, 1<i<s.

j=—m

For 1 <i <'s, we define the Fy-linear map ,,; : L£(Gnn) — F}* by

Ymi(f) = (fi—1, s fi—m) € Fy', for fe L(Gn).

Let
My = M (Pr, ..., Ps; Gi) = {(wm,l(f)v a@Z’m,S(f)) eFy” | f € L(Gm)}-

Let C,....C0) ¢ F;°*>° be the generating matrices of a digital sequence x,(C)n>0, and let
(Cm)m>1 be the associated sequence of row spaces of overall generating matrices [Cl,,, m = 1,2, ...

(see (7)).

Theorem G. (see [3, Theorem 7.26 and Theorem 8.9]) There exist matrices CV, ..., C®) such
that (x,(C))n>0 is a digital (t,s)-sequence with t = g and Cry = My (P, ..., Ps; G form > g+1,
s> 2.

In [8, p.24], we proposed the following way to get x,(C)n>0 :

We consider the H-differential dtsy;. Let w be the corresponding Weil differential, div(w) the
divisor of w, and W := div(dtsy1) = div(w). By (9)-(11), we have deg(W) = 2g — 2. We consider a
sequence g, U1, ... of elements of F' such that {90, 01, ..., D((m—g+1)P, .1 +W)—1} is an Fy, linear basis
of Ly, :=L((m — g+ 1)Psy1 + W) and

Up € Lyy1 \ Ly, vp,(0p) =-1"+9g—2,7r>g, and Uppy0-g=1, 0 ; =0 (34)
for 2<j <r+2—g, where

Uy 1= Z @r,jt;ij-l for ©,; €, and r > g.
J<r—g+2

According to Lemma B, we have that there exists 7, € F (1 < ¢ < s) such that
dt3+1 = Tidti, for 1 < 1 < s.
Bearing in mind (10), (12) and (34), we get

Vp, (i)jTi> = I/P,L.(T'JjTidti) = VPL-(T')jdts—i-l) > vp, (diV(dt5+1) — W) = 0, j > 0.

We consider the following local expansions

€F,, 1<i<s, j>1. (35)

oo
VpT; = Zc'gfltg_l, where all 0'52
7j=1
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Now let C(1) = (C'g'fl)j—l,rzoa 1 <4 <s,and let (C#L)mzl be the associated sequence of row spaces

of overall generating matrices [C],,, m = 1,2, ... (see (7)).

Theorem H (see [8, Theorem 5]). With the above notations, (xn(C))n>0 4s a digital
d—admissible (t,s) sequence with d = g+s, t = g, and C;z = M, (Pi, ..., Ps; Gy) for allm > g+ 1.

We note that condition (34) is required in the proof of Theorem H only in order to get the
discrepancy lower bound. While the equality C;5 = M., (P, ..., Ps; Gp) is true for arbitrary sequence
09, U1, ... of elements of Iy, such that for all m > 1

{00,901, s Vo((m—g+1)Poyr+w)—1} 18 @ Iy linear basis of Ly,. (36)

In order to obtain the bounded remainder property, in this paper, we will construct from (05, )n>0
a special basis (Up)n>0 as follows:

Let Py € Pp, Py # P; (i=1,...,s+ 1), and let ¢y be a local parameter of Py. For simplicity, we
suppose that deg(FPy) = 1. Let

Lyp=L({(m—g+1)Ps1+ W), ZLn=L(M4+2)Psi1+W —mB),
L =L(Mm+2)Psi1 + W — (m+1)F). (37)

It is easy to verify that

deg(gm) = 2g, dlm(jm) =g+1, deg(gm) =29—1, dlm(gm) =9,
form >0, deg(Ly,) =m+g—1, dim(L,,) =m, form >g. (38)

Using the Riemann-Roch theorem, we have that there exists
Wi € L\ Ly, and Wiy, € Lipyggya, m=0,1,.... (39)

According to Lemma B, we have that there exists 79 € F', such that dtsy1 = mpdtg.
Let u € Ly, = L((m — g+ 1)Ps1 + W) with m > 0. Bearing in mind (10), (12), (37)-(39) and
the Riemann-Roch theorem, we get

vp,(uty) = vp,(urpdty) = vp,(udtsy1) = vp,(div(u) + W) > 0 (40)

and
vpy(wmm0) = vpy (div(wy,) + W) =m for m=0,1,.... (41)

We consider the sequence (9;);>0 (34). By (36), (bj)?:f)l is an Fy linear basis of L,,. Let

j—1
Vi ={0; + ];)bki)k | by € Fy, k€10,7)}, a(y) = iréz%/)]( vp, (vT0). (42)

It is easy to verify that a(j) # a(j) for ¢ # j. We construct a sequence (¥;);>0 as follows :
Vg = Vg, i}j S {1) € VJ | VPO(UT()) = Oé(])}, j=12,... (43)

It is easy to see that (9;);>0 satisfy the condition (36). Bearing in mind (40)-(42) and that ¢; € Ly,
for j < m, we get

vp, (V570) # vp, (Ur10) for j # k, and vp, (¥;70) = a(j) >0, 5> 0. (44)
Hence, for all f € L,,, we have

vp,(f10) € {a(0),(1),...} =: H.
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Taking into account (41) and (44), we obtain
H={n|n>0}=N,. (45)

Suppose that «(j) > j+g. By (36) - (38), ¥; € Ljy1 = L((j — g+ 2)Ps1 + W). Hence 9; € L(X),
with X = —g+2)Psp1+W—-(+9g+1)P.

Bearing in mind that deg(Fy) = deg(Ps+1) = 1 and deg(W) = 2g — 2, we get deg(X) = —1.
Therefore £(X) = {0} and we have a contradiction. Hence

a(j) <j+g. (46)

By (45), we have that for every integer k& > 0 there exists 7 > 0 with «(r) = k. Therefore the map
a: Ny — Ny is an isomorphism. Hence there exist integers (k) > 0 such that

B(k) = a~Y(k), a(B(k)) = k and B(a(k)) =k for k =0, 1, ... (47)
From (46), we get for j = A(k)
k=a(Bk) =a(j) <j+g=pBk)+g. (48)
Let
Bj={r=0]ar) <j} (49)
Taking r = B(k), we get a(r) = k and

B; ={p(0),8(1),....8(j — 1)} for j=>1. (50)

Suppose j ¢ Bjyg+1 for some j, then j = (j+ g +1) for some [ > 1. Using (48) with k = j +g+1,
we obtain

JHl=0G+g+)—g<pl+g+1) =17

We have a contradiction. Hence
J € Bjygq1 forall j>0.

We consider the local expansion (35), applied to i =0 :

Vel j>1, O =), 1,50 (51)

)

o
. . .(0),5—1 .(
VpTo = E Cj,rtO , where ¢
j=1

Let (xi?)(c'*@)))nzo be the digital sequence generated by the matrix C'(©),

Now we consider the matrix C) = (c‘ﬁ)j,LQo, obtained from equation (35) and (51), where
we take ¥, instead of 0, (i =0,1,...,s). Using Theorem H, we obtain that (:CS))(C’(O)), %, (C))n>0 is
the digital (¢, s + 1)-sequence with t = g. Therefore we have proved the following lemma :

Lemma 2. There exists a sequence (V;)j>0 such that (:cgo)(é(o)),xn(é))nzo is the digital
(t,s + 1)-sequence with t = g and {0,1,...,m — 1} C Byy44.

In §4.4, we will prove

Theorem 4. With the notations as above, the set [0,71) X ... X [0,7s) is of bounded remainder

with respect to (xn,(C))n>0 if and only if (2) is true.
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4. Proof

Consider the following condition

lim inf(m — T(m)) = occ. (52)
m—r0o0
We will prove (52) for the generalized Halton sequence in §4.3. For other considered sequences,
assertion (52) follows from Theorem D, Theorem E and Theorem H.
The sufficient part of all considered theorems follows from Definition 2 and (52). Therefore we
need only consider the case of necessity.

4.1 Generalized Niederreiter sequence. Proof of Theorem 1.

From Theorem D, we have that (x,)n>0 is the uniformly distributed digital weakly admissible
(t,s)-sequence in base b. By Theorem B, in order to prove Theorem 1, we need only to check
condition (8). By ( 8, p.26, ref 4.6 ), we get

-1

@) . Yik(i,5)(2) — _ r+2\ Yik(i,5) ()
i = Poli(;bfl( pi(z)! — ar(n)z ) N Polj,isil( pi(z)! n(:z:)) (53)
m—1 ' '
with I = Q(i,j) + 1, n(z) = aj(n)x ™ and a;(n) = PRes 1(n(:c)a:‘”‘l).
i=0 et

We take 9, jx(x) = 2™y, jx(x) instead of y; j 1 (x). Now using Theorem D, we obtain from (53),

(4) - (6) that (Xp)g<p<pn is a (t,70, s) net for 1 = s7,, +t with a:iL)J qﬁ_l(yx)]) a:l(ﬂ,)mj Bearing

in mind that %X, = xpm,, we obtain (8). Hence Theorem 1 is proved. =

4.2 Xing-Niederreiter sequence. Proof of Theorem 2.

By Theorem B and Theorem E, in order to prove Theorem 2, we need only to check condition
(8).
From (3) - (6), we get that in order to obtain (8), it suffices to prove that
#{n e [0,6M) |y =l j e [1,7,] forie[l,s], and aj_1(n) = u”
j€ll,m]} >0, with M = s7, + (m + 29)(2g9 + 1)eg + mo, (54)

m0:2g+2+61+-~~+es,forallug-i)EIFb.
Let

5(F) = {1, if T is true,

0, otherwise.

Let k) = zx) = 2"0) for j € Hy with Hy = No\ Hy = {h(0),h(1),...}, Ha = {no,n1,...,ng}.
From (17), we have
oV =§(j-1=reH) j>L

Let C(O) = al })L( By (4), (5) and (20), we get

\_/

O =5 -1=hr), 4= @) = a; 10, (55)

20 =3 apgnym)/p and K =200 € L(a(j - 1)(29+ DR), j > 1.
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So, we obtain a digital s + 1-dimensional sequence (:U%O),xn)nzo.
Let n = Zi\/[o ar(n)b" and let

i= Y anb, =Y a b, U={nne0,bM)},U = {in € [0,6)}.
reHy reHs
By (4), (18) and (55), we get

by = D ar(mel = 3 @+ 3 ar(mel) = il + i,

r>0 reH; reHs

. 0 _ 0 .
i€ (L8], Yy =Yp, = an-1)(n), yf”) =0, j=1

We fix 71 € U. Let

Aug={n € [0,6M) [y =ul j e [L,7m), i € [1,3],

0 0 . .
yy(w)'zug-),‘]E[l,m], n=n}. (56)
It is easy to verify that statement (54) follows from the next assertion
#Awi >0 Vi) eF,, ael. (57)

Taking into account that yff)] = yff)] + y,(;)], we get

Awi={neU|yh =al, je L), ieLs), yy)=ul”, jel,m]},
where ﬂ§ Q- u( D _ yé)]
According to (4), (18) and (55), in order to prove (57) , it suffices to show that the vectors
mar(el?) = (), el ) € B, with 1<j<d;, 0<i<s, (58)

di = T, 1 <1 < s and dy = m, are linearly independent over Fy.
To prove this statement, we closely follow [3, p.282]. Suppose that we have

m

S 07l +ZZ]’ (y—0eFM
7j=1 i=1 j=1
for some f1” € Fy with Y271 |67 (£17)] + X5, 7 1o (£7)] > 0.
We put fr(o) = 0 for r > m. Hence

Zf(o +ZZf ) =0 for rel0,M).
i=1 j=1
By (18) and (55), we obtain ¢/} = al)  for 1 <i < sand ¢} =4(j —1
= h(r)). Therefore

S

0= 7% —1=nh(r +22f a0 <0>+1+22f“ ) (59)

7j=1 =1 j=1 =1 j=1
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for r € [0, M).
Now consider the element o € Fy, given by a = a1 + ag, where

th(r +1Zh(7’ Q2 = sz( sz Zav Ny Wy (60)

i=1 j=1 i=1 j=1 u=0

Using (17), we get

ZZf”(Z%m o) = 3 (3000

=1 j=1 u=0 reH; =1 j=1

From (18), (59) and (60), we obtain

D IHNED I LT EED WIS 3 ST R

r>0 =1 j=1 i=1 j=1

Hence
vp,.(a) > M. (61)

Furthermore, (15), (16), (20), (55) and (60) yield

s

a1 € L((m+29)(29 + VR, a2 € £(G+ Y (Irnfei] +1)P). (62)
i=1

Combining (61) and (62), we obtain

o€ L'(G + i([Tm/ei] + )P+ (m+29)(2g+1)Py — MPOO>.
i=1

But from (54), we have

s

deg (G + Z([Tm/ei] + )P+ (m+29)(29g+1)Py — MPOO>
i=1

S
=29+ Y ([rm/ei] + Ve + (m +29) (29 + )eo — M
=1
<29+ st +er+--+es+ (m+2g9)(29 + 1)eg — M < 0.

Hence .
E(G + 3 ([rm/ei] + ) Pi + (m +2g)(2g + 1) Py — MPOO> — {0}
i=1
by (14) and therefore we have oo = 0.

y (15), we have ypo(k:](z)) > 0 and vp,(w,) > 0 for all 4,7, u. According to (60), we get
vp,(a2) > 0. Suppose that a; # 0. Taking into account that zp = z,, = wo # Zp(ry for r >0,
we obtain from (60) that upo(al) < 0. We have a contradiction. Hence a; = 0 and a2 = 0. From
Lemma C, we conclude that f = 0 for all 7, j. Hence the system (58) is linearly independent over
F.

Thus (54) is true and (xp)n>0 satisfies the condition (8). By Theorem E, (x;)n,>0 is the
d—admissible uniformly distributed digital (¢, s)-sequence in base b. Applying Theorem B, we get
the assertion of Theorem 2. m
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4.3 Generalized Halton-type sequence. Proof of Theorem 3.
Lemma 3. The sequence (Xp)n>0 is uniformly distributed in [0, 1)°

Proof. By Lemma A, in order to prove Lemma 3, it suffices to show that m — T'(m) — oo
for m — oo. Let Ry = maxi<i<s ik, k = 1,2,... . We define j;; from the following condition
Mijiy, 2 B > nij 1. Let Rp =350 iy,

We consider the definition of (¢,m, s) net. Suppose that for all

S
E= H[aib—div (ai + 1)b d 7 with a; = Zal] B a Qg5 S Zba dz > Oa
=1

1<1<s,dy+---+ds = Ri, we have

#{n € [0,6™) | 2 € B} = #{n € [0,5™) | o) =, j € [L.di),i € [1, ]}

= vt where m > Ry, + (39 + 3)eo, Ugi) = ¢ '(aiy) € Fy, (63)

jell,dl, iell,s].

By Definition 2, we get that (x,)n>0 is a (7, s)-sequence in base b with m — R(k) > T'(m) for
m > Ry, + (3¢ + 3)eg. Bearing in mind that R(k) — oo for k — oo, we obtain the assertion of
Lemma 4.

Taking into account that d; < Ry < n;j,, for 1 <i <'s, we get that in order to prove (63), it
suffices to verify that

#n e [0,6) |yl =l j e [Lniy,,), i€ [L,s]} = b (64)

J )

for all ul” € Fy, with j € [1,n;,,], i € [1,5].

Let M = (mpeg + 29 — 1) Pso with mg = [m/eg] — 29 — 1.

By Lemma 1, we obtain that there exist sets H; and Hy such that H; U Hy = {0,1,....m — 1},
HiNHy, =0, (wT )rem, is the Fy linear basis of £(M) and #Hy = m — mpeg — g =: g1, with
g1 —eo(2g+1) — g € 0,e0). Let n = 3" a,(n)b" and let

=Y a )b, =Y a ()", U={nne[0,b™}, U= {iin € [0,b™).

reH, rcHo

So

LM) < n=mn, forne|0,b").

Il
ﬁMi
§I

We fix 71 € U. Let

Aug = {n e [0,0™) |y =, je Lniy,, ), i€ 18], iv=n}.

It is easy to see that statement (64) follows from the next assertion
#Auz = b7 Vu()er, nel. (65)

Taking into account that yff)] = yff)] + y.(_i). we get

n,3’

Aua={ne Uy =4l jellniy,l il s),
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(D) _ - (0) (@)
where 4" = ;" —yg . Let

N 1 S S R
J0) = Gt ethtlh, ) € FR.

We consider the map ¢ : £(M) — Ff’“ defined by
O(f) == (fn) where L(M)> f=f, withsomen eU.

Note that QZ is a linear transformation between vector spaces over Fy. It is clear that in order to
prove (65), it suffices to verify that ¢ is surjective. To prove this, it is enough to show that

dim (E(M)/ker(i)) = Ry, (66)

Using (23), (25) and (28), we get that wl(i) =0 (mod P; ;) for

[ > nij,,. By (23), (25), (28), and (31), we derive that y. s = 0 for all j € [1,n;,,] if and only if
f=fun= 0(mod Pijii) for i € [1,s].

From the definition of @E it is clear that

ker(P) = L(H), with H=M-Y P;

i=1

ni,]’i_’k :

Using Riemann-Roch’s theorem, we obtain that dim(M) = mgeg + g = m — g1, where
deg(M) = mpep +2g — 1 and

S
deg(H) = moeg +2g — 1 —Znihji’k =m+g—1—g — Ry
i=1

Hence dim(ker()) = m—Ry—g1 > (3g+3)eo—g1 > (39+3)eo—(2g+2)eg—g > 1, dim(M) = m—g;

)

and (66) follows. So 1 is indeed surjective. Therefore (65) and Lemma 3 are proved. m

Lemma 4. The sequence (Xn)n>0 satisfies condition (8).

Proof. Let

s

M = ([Ml/eo] + Sg + ]‘)607 Ml = Zni7ji,7n Where nji,m 2 Tm > nji,m_l (67)
=0
for i € [1, 5], noj,.,, = ([m/eo] + 1)eo jom = [m/eo] + 1.
Bearing in mind that yg); =a;—1(n), (j =1,2,...), we get from (32) - (33), that in order to obtain
(8), it suffices to prove that

#{n e 0,6M) |y =l jellngy,,] for ie0,s]} >0 (68)

for all u € Fy. Let M = (([Mifeo] + 1)eg + 29 — 1)P. By (22), deg(Px) = 1. Hence
deg(M) = ([M1/eo] + 1)eg 4+ 29 — 1. Using Riemann-Roch’s theorem, we obtain that

dlm(./\/l) = ([Ml/e[)] + 1)60 +g9g=Mi+¢g1+g with g¢g;:= ([Ml/eo] + 1)60 — M. (69)

By Lemma 1, we get that an Fy, linear basis of £(M) can be chosen from the set {wéo), vy wg\g)_l

with M = ([M1/eo] + 39 + 1)eo = no (a1, /eo)+3g+1-
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Let n = M P an(n)b” and let f, = Zfiﬁl &T(n)wgo). We get that for all f € £(M) there
exists n € [0,b6M) such that f = f,.
From (31), we have

fn = Zys,)jwj('i_)p 0<i1<s. (70)
j=1
Let o
V() = Ot o8t ) €, (1)

Consider the map ¢ : L£(M) — Fp"* defined by
O(f) :==¢(fn) where f=f, withsomen e [0,bM).

We see that in order to obtain (68), it suffices to verify that Y is surjective.
To prove this, it suffices to show that

dim (L(M)/ker(¢))) = M. (72)

Using (23), (25) and (28), we get that w,(:) = 0 (mod Py, ,,) for k > n; . From (70), (23),
(25) and (28), we derive that yff’)j =0 for all j € [1,n;,,,] if and only if f, = 0 (mod P, ) for
i€ |0,s]. '

From the definition of 1 it is clear that
ker(y)) = L(H), with H=M-Y P
=0

7j7l,m’
Using (67), (69), (22) and Riemann-Roch’s theorem, we obtain that

s
deg(H) = M1 + a0 +2g -1 Zn@ji,m =01 +2g -1
=0

and dim(ker(v))) = g1 + g. By (69), dim(M) = M; + g1 + g. Hence dim (ﬁ(/\/l)/ker(@[})) = M.
Therefore (72) is true. So 9 is indeed surjective and (68) follows. Therefore Lemma 4 is proved. =

Lemma 5. The sequence (xp)n>0 is weakly admissible.

Proof. Suppose that 2 = J,‘](j) for some 4, n, k. From (71) and (32)-(33), we get that yff)] = y,(:z
for j > 1.
Using (70), we have
fn = nyf)](n)wg(lzl
Jj=1

(0)

Hence f, = fi. Taking into account that (wy, ’)r>0 is an Fy linear basis of Op, we obtain from (30),
that n = k. By Definition 7, Lemma 5 is proved. m

Applying Theorem B, we get the assertion of Theorem 3. m

4.4 Niederreiter-Xing sequence. Proof of Theorem 4.

Similarly to the proof of Lemma 5, we get that (x,)n>0 is weakly admissible. By Lemma 2,
(xn)n>0 is the digital uniformly distributed sequence.

According to (4), (5), (8) and Theorem B, in order to prove Theorem 4, it is enough to verify
that

#{n € 0,0y =ul?, j € [1,7l,i € [1,5], aj(n) = 0 for j € [0,m)} >0 (73)
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for all ugi) € Fy, where M = s7,, +m + 29 + 2.

Bearing in mind that by Lemma 2 (x%o),xn)nzo is a (g, s + 1) sequence, we obtain

#{n e 0,0 = ol j e Lmnlie L), 4 =0, € [Lm+g+2]} >0

] ’ n7

for all u}) € .
T herefore in order to prove (73), it suffices to verify that

if y ©) — Oforje[l,m+g+2 then a;(n)=0forje[0,m). (74)

n]

Now we will prove (74) :
From (35) and (43), we have 9,79 = ZJ>1 gr)tj !
= a(r). Hencecg)_()for] < a(r )andc )#Ofor]:oz(r)%-l.

with vp, (0,70)

Using (4), (47) and (49) we obtain Cg; 7é 0 and
vy = Y amd) = 3 amd]) = 3 ame), iz
r>0 a(r)<j reB;
We apply induction and consider the case j = 1. By (50), we see that agy(n) = 0 if yf@o% = 0.
Suppose that aggy(n) = -+ = agq_1)(n) = 0 if nyO])L = = yflol) = 0 for some [ > 1 .Now let
Z/r(LO% == yS)Z) = y,(fl)H = 0. We see

0 _ .(0 _ .(0 _ .(0
0= yé,l)ﬂ = Z aT(n)cl(-i—)l,r = Z ar(”)cl(Jr)l,r = “ﬂ(l)(”)cl(+)1,5(l)‘
r€By1 r€B1\B;

Bearing in mind that cl(Jrl A0 # 0, we get Gﬁ(l)( n) = 0.

Therefore if yT(”) =0forall1<j<m+g+1,then ag;_1)y(n) =0forall 1 <j<m+g+1. Using
Lemma 2, we get a,(n) =0 forall 0 <r <m — 1.
Hence (74) is true and Theorem 4 follows. m
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AnHOTanusa

[MepuoguaHoCTh ¥ KBA3UIEPUOIUIHOCTD (DYHKIIMOHATHHBIX HEIPEPBIBHBIX JIpo0eil B rume-
pasunrudeckom 1oie L = Q(x)(y/f) umeer Gosiee Cil0xHYI0 NPUPOJLY, YEM I€PUOJMYHOCTD
YUCJIOBBIX HEMPEPBIBHBIX IpPO0Ei 3JIeMEHTOB KBAAPATHIHBIX mojeil. VI3BecTHO, 9TO mepuoand-
HOCTh HeMpepbuIBHO 1pobu axementa /f/h9TL, mocTpoennoit Mo HOPMUPOBAHMIO, CBAZAHHOMY
C MHOTOYWJIEHOM h TIepBO¥ CTEMeHHU, SKBUBAJIECHTHA HAJUIUIO HETPUBUAJIBHBIX S-€IUHUIL B MTOJIE
L poma g u 9KBUBAJIEHTHA HAJIUYUIO0 HETPUBUAIBHOTO KPYUEHHs B TPYIIE KJIACCOB JIMBH30-
poB. B nmamHoli crarbe HalileH TOYHBIM NMPOMEXKYTOK 3HAYEHUN S € 7 TAKUX, 9TO IJIEMEHTHI
Vf/h® mmeroT mepromIeckoe pa3ioskenne B HEMPEPBIBHYIO 1pobb, Tae f € Q[z] — cBobommsbIit
OT KB3JPATOB MHOTOUYJIEH YeTHOW cremenu. /s MHOro4JIeHOB [ HEYETHOU CTemeHu mpobire-
Ma TIePHOJMYHOCTH HETPEPBIBHBIX 1pobeil smemenTor Buma +/f/h® pacemorpena B cratbe [,
mpUYeM TaM JIOKA3aHO, 9TO JJIMHA KBA3UIIEPUOIA HE MPEBOCXOIUT CTereHu (yHIAMEHTATEHON
S-eauuuipt nosist L. TIpobiiema 11epuoiM4HOCTH HellpepbiBHbIX J1pobeit 31emMenTos suja +/ f /h®
JIJIsi MHOPOYIEHOB [ 9eTHOH CcTereHu sBisercs 0oJiee CI0KHON. DTO MOMY9EPKUBACTC HAMIEH-
HBIM HaMU IPUMEPOM MHOTOUJIeHa, f cremnenu 4, 171 KOTOPOrO0 COOTBETCTBYIOIINE HEMTPEPHIBHBIE
JIpOOM MMEIOT aHOMAJIBHO DOJIBINYIO JJHHY Tepnosa. Panee B cratbe [5] Takrke ObIM HaiiIeHBI
MPUMEPHI HENPEPBIBHBIX APOOEil 3IEMEHTOB MUIEPILTUITHIECKOro nost L ¢ IIuHON KBa3ure-
PHOJA 3HAYUTETHLHO TPEBOCXOIUBINEH CTereHb (DYHIAMEHTATBHON S-eauHuIlbl mosis L.

Karwuesvie cao6a: HETPEPBIBHBIE Apo0H, (DYHIAMEHTAIbHBIE eIUHUIBI, S-€IUHUIBI, KPYUe-
HU€ B SKOOMAHAX, TUMEPIJIIUITHIECKUE MO, IUBU30PHI, IPYIIA KJIACCOB IUBU30DOB.
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Abstract

The periodicity and quasi-periodicity of functional continued fractions in the hyperelliptic
field L = Q(z)(+/f) has a more complex nature, than the periodicity of the numerical continued
fractions of the elements of a quadratic fields. It is known that the periodicity of a continued
fraction of the element /f/h9%!, constructed by valuation associated with a polynomial h of
first degree, is equivalent to the existence of nontrivial S-units in a field L of the genus g and
is equivalent to the existence nontrivial torsion in a group of classes of divisors. This article
has found an exact interval of values of s € Z such that the elements \/f/h® have a periodic
decomposition into a continued fraction, where f € Qz] is a squarefree polynomial of even
degree. For polynomials f of odd degree, the problem of periodicity of continued fractions of
elements of the form /f/h® are discussed in the article [5], and it is proved that the length of the
quasi-period does not exceed degree of the fundamental S-unit of L. The problem of periodicity
of continued fractions of elements of the form +/f/h® for polynomials f of even degree is more
complicated. This is underlined by the example we found of a polynomial f of degree 4, for
which the corresponding continued fractions have an abnormally large period length. Earlier in
the article [5] we found examples of continued fractions of elements of the hyperelliptic field L
with a quasi-period length significantly exceeding the degree of the fundamental S-unit of L.
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1. BBenenue

Ilycts F(X) € K[X] — cBobomaubIii OT KBaJpaToB MHOTOWIEH HaJ moseM K Xapakrepn-
CTMKM OTIM4HON oT 2. B KjraccmueckoMm Ciydae pacCMaTPUBAETCH TUIIEPI/IIANTHIECKOE II0JIE
L = K(X)(VF), tne y muorodnena F cremenu 2g 4+ 2, g > 1, crapimit Koshduruent gsis-
eTCsl TIOJTHBIM KBapPaToM B MyabTuimkaTuHoil rpymme K* moja K. Kpurepuit nepuogmarocTn
HenpepbiBHOi pobu ' F, mocrpoennoit B moe K ((X 1)), 6bu1 ussecren eme AGesio [1] u Ue-
ObiieBy [2], coBpemenHble pesysibrarbl HauboJiee 1OJIHO u3/0keHbl B [3]. B uacraocru, uz srux
PE3YIIBTATOR CIeyeT, 9To B moje L sement v/ F 1 ero pasjiorkenye B HEMPEPBIBHYIO ApO0L UrpaeT
KJIIOUEBYIO POJIb B BOMPOCAX CBA3AHHBIX C MOMCKOM (BYHIAMEHTAJBLHBIX €IUHUI] U PAIMOHAILHBIX
TOYEK KPYUeHHs B AKOOMaHe THITEPIIIHITHYeCKOH KPUBOil, 3a1aHH0# ypasHeruem Y2 = F(X).

B ormmune 0T YHCI0BBIX HEMPEPLIBHBIX Apobeii, B byHKIMOHATILHOM CJIydae HelpephIBHAs PO0h
MOXKET ObITh KBa3UIEPUOSUYECKONR — MEePHOAUYECKOi € TOYHOCTHIO JI0 KOHCTAaHThl w3 K *. s
HEIPepBIBHOMN 1pobu s1emMenTa v/ F CIIpaBeyIABO yTBEPAKICHIE: €C/I JINHA KBA3HIIEPHOIA KOHed-
HA, TO JJIMHA Nepuoza jubo paBHA JJIMHE KBA3UTEPHO/a, ub0 PaBHA YABOCHHON JINHE KBA3HIIE-
pHrojIa.

B crarbe [4] paHa oneHKa CBepXy Ha JUIMHY KBa3WIepuojia ¢ HEmpepbIBHON 1pobu sjeMeHTa
cnenmansroro suga B = (B + VF)/A € L, tne A,B € K[X], A | F — B2, cornacso KoTopoii
t<m-—p+1, rae m — nopsiyIoK Kaacca jgusuzopa (00~ — oot) B rpymnme KiaccoB JAMBU30POB
A°(L), p — NopsI0K TI0JTI0Ca 3/eMeHTa, 3 B 00 .

B ‘ZLaHHOI';I CTaThbe MbI ITOKaXKeM, 9YTO B I10JI€ E MOTYT CYIIECTBOBATH IJIEMEHTBI, MMECIOITINE TIe-
PHOJIMYECKYTO HEMPEPBIBHYIO Jpobb € JIIHHON KBA3HIIEPHOa CYIIECTBEHHO OOJIbINE, 9eM MOPSIOK
Kjacca qusuzopa (0o~ — oo™) B rpynme kiaccos ausuzopos A°(L). YacrHble npuMepbl Herpe-
PBIBHBIX Jp00eii, OCTPOEHHBIX 10 KOHEYHOMY HOPMHUPOBAHUIO, JIJIsT KOTOPBIX JIJTHHA KBAZUIIEPHOJIA
CYIIECTBEHHO GOJIBINE CTENEHU COOTBETCTBYIOIIEIO JUMBU30PA KPYU€HHUsl, ObL/IM IPUBEJIEHBI B CTATHE
[5] (em. mpumepsr 1-4).

HyCTb Q dBJIAeTCAd KOPpHEM MHOTI'OYJICHQ

H(X) = XX2 420X + X, 1ae Ao, M, de € K[z], (Mo, A1, A2) € K*. (1)

Bennunny d = )\% — A2Ag OymeM Ha3bIBATH COKPAIIEHHBIM THCKPUMHHAHTOM MHOTOUIeHa (1) min
mpocTo Jduckpumunanmom. lomoxkum f — cBoGOmHAS OT KBaJpaToOB YacThb MHOTOUIEHA d, T. €.
d=w’f, ffue KlzluaecL=K()/f).

ycrs h € K[z], deg h = 1, m nopmuposanue vy, nost K () nuvMeer asa HpoJo/KeHns v, 1 v; Ha
nose L = K(x)(y/f). llone L moxeT GbITh BJIOKEHO B 110J1€ GOPMAIbHBIX cTeneHnbix psagos K ((h))
ABymst criocobamu. Ml dukcupyem 0jiHO U3 BJIOXKEHUit, COOTBETCTBYIONee HOpMUPOBaHuio vy, . To-
/12 J11000#1 SreMeHT 1011 L nMeeT e IMHCTBEHHOe Pa3/IoyKeHne B HelpepbiBHYI0 1pods B K ((h)) (cM.
[5], [6]). Tlomozkum Sy, = {v,, U;Lr} [Mycrs o = [ag; aq, . . .| — pas3/oxkeHue o B HENPEPBIBHYO J1POOb,
COOTBETCTBYIOIee HOPMUPOBAHMIO v, . [Tomoxkmm r = max(deg Ao, deg i, degXa).

B teopeme 1 craren [5] JOKa3aH o0Iuit KpUTepnii KBA3UIIEPUOIMIHOCTH HEMIPEPHIBHBIX Apobeit
B nosie popmasbHbIX crernenunx psiaos K ((h)) st smementor mosst L. CorytacHo 9TOMY KPUTEPHIO
CTIEIYIONINE YCIOBHS 9KBUBAEHTHBI:

1. menpepbisHas 1pobb v B nose K ((h)) kBazunepuoguueckas;

2. B mome L cymectByer merpmBmambHas Sp-emmpmna Buga u = hT(wp + weVd), e
Sp={v,, v;}, wi,wy € K[h], v, (we) =0, degw; — degwa > 7;

3. ypaBHeHUe
w} — dw? = bh*™ (2)

uMeer perienue wi,we € K[h| rakoe, uro vy, (we) = 0, degw; —degws > r, b € K*, degw; = m.
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B crarpax [5]-[15] ormeuanoch, uto smementsl Bujga +/f/h° nus pasnudHBIX § € Z NCPAOT
0COOYI0 POJIb JIJIsT TOUCKA (DYHIAMEHTATBHBIX Sp-eIUHUI U W3YUEHNsT UX CBOMCTE B THIIEPIJLTHIITH-
yeckom nojie L = K (h)(y/f). B crarbe [11] gokazano, 4ro KaxK 1ask KBa3UIIEPUOJAUYECKas HellPepblB-
Hast 1poOb sementa uga /f/h®, s € Z, apisderca nepuoaudeckoii, a B crarbe |13] mokasamo, aro
U3 MEepHOJNYHOCTH HEMpPEepLIBHON npobu snementa /f/h® cremyer meproumIHOCTh HEMPEPBIBHOM
apobu \/f/h*=5 rae k = deg f.

B reopeme 2 crarbu [5| s HeKOTOPOro (bUKCHPOBAHHOTO § € 7 Haii/IeHbI TOCTATOYHbIE YCJIO-
BUS OJIHOBPEMEHHOI KBa3UIIEPUOJANIHOCTH HElpephIBHbIX jgpobeil snementos a, a - h® € L\ K(x).
st runepsanuntaaeckux noneit L = K(z)(v/f), MOCTPOEHHBIX ¢ TIOMOIIBI CBOGOJHBIX OT KBa/l-
paros MHorounenos f € K|[z| neuernoii cremenn 2g + 1 HaiijieHHbIE JOCTATOUHBIE YCIOBUS TAKIKe
ABJIAIOTC HeoOxouMbiMu. B ciywae deg f = 2¢ + 2 ykasanHble TeopeMme 2 crarbu [5| mocrarod-
Hble YCJIOBMsI He sIBJISIFOTCH HEOOXOAMMBIMH, 9TO HOATBepKaercs npumepamu 1-3 [5]. Opganm u3
HamIsiIHBIX 9(DEKTOB ciryuas, KOT/ia s JIEMEHTOB & U & - h® JIOCTaTOYHbIE YCJOBUS HE siBISIOTCS
HeO6XO,ZI;I/IMbIMI/I7 ABJIACTCA 3HAYUTE/IbHOEC OTJIMYNE JIJIMH KBA3UIICPUOAO0B U II€PUOA0B HCIIPEPBIBHBIX
napobeit sstemenToB (v i v - h®. Tak, B mpumepe 4 craTeu |5| HaiixeH cBOGOIHBII OT KBaIPATOB MHOTO-
unen f € Q[h] cremeny 6, 118 KOTOPOTO JIMHA TEPHOIA HEIPEPLIBHON Apobu s1eMenTa o = +/f /b3
paBHa 2, a JUINHA, IePHUO/I2 HEIIPEPBIBHOI pobu s1emenTa o - b3 = y/f pasua 18 mpu oM, uTo moJe
L = Q(h)(V/f) obaanaer dbynnamenransuoit Sp-equnuueit crerenn 4, tae S, = {v, , vy }.

Ilesbio nanHO# cTarby ABASETCH yTOYHEHHME TeopeMbl 2 crarbu [5]. A mmeHHO, B Teopeme 2
JAHHOM CTATBH MBI HAXOAWM HEOOXOJWMBIE YCIOBUS OHOBPEMEHHON KBA3UIEPUOAMIHOCTH HEMpe-
PhIBHBIX fpobeit sementos o, a - h® € L\ Q(x) anga runepsmmnruueckux noteit L = Q(x)(v/f),
deg f = 2g + 2. TaxsKe MBI OPUBOAMM HHTEpECHBI mpuMep smmmnTidexoro moxs Q(X)(vF),
deg F = 4, jurst KOTOropo JIMHa KBa3nuIeproia HelpepbIBHOIl 1pobu s1ementa  F pasHa 3, JumiHa
KBA3HUIIEPIO/I2 HEIIPEPLIBHOiT 1pobu smementa v/ F /X pasna 20, [UiHA KBA3UIEPHOIA HEIPEPHIBHOM
apobu sxementa F/X? pasna 19, a mmma nepuoga — 38. Duements: VF /X u VF/X? umeror
AHOMAIBHO OOJIBINYIO INHY KBAa3HUIEPHOA TT0 CPABHEHHWIO C MOPSIIKOM m = 4 KJjacca JUBH30pA
(00™ — 0o™) B rpymme knaccos muenzopos A°(L).

Cumpouiom lc (R) oboznaunm crapimit koaddunmenT st MHOTOUYIeHa R, a cumBosiom tc (R) —
CBOOOTHBIN 4NeH MHOTOUIEHA R.

2. BcmomoraresabHble YyTBEPXKIEHUA

Cneayromas seMma Gblia jgokasana B [5].

JJEMMA 1. ITyemo Q,F € K[X], muozounen Q nenpusodum 6 K[X], vg (F) > 0, u noae
L = K(X)(VF) obaadaem dyndamenmanvroti edunuuet ¥, + o /F, 20e U1, ¥y € K[X]. To-
20a Oan 10600 nempusuaavnot edunuys Qy + Qo' F noas L, 2de Q1,Qy € K[X], cnpasedaueni
coommowernus vy (1) =vg (V1) =0 v vg (Q2) = vg (V).

WMaea mokazarenbcTBa 3aK/II0UAETCA B TOM, 9TO 063 OrpaHuvueHns ODIHOCTH MOXKHO CUMTATH,
uTo 175 HekoTopbix 1 € N u ¢ € K* cupaBel/InBbl TOXIECTBA

Q1 + WVE = (U, + Uy VF)" = (3)
| 3 (;) VHGEE | 1o Y (2 L 1) N AR V)
o<j<n/2 N 0<jen/2 N

Ocraercst 3ameTnTh, 40 M3 yciaosust vQ (F) > 0 crenyer vg (V1) = 0.
Crenyromast TeopeMa yTOIHsIeT TeopeMy 2 [5| [/1s1 MHOTOYWIEHOB f eTHOl CTemeHn.

TEOPEMA 1. ITycmws nenpepwsnas dpobw aaemenma o € L = K(h)(V/f) xeasunepuoduueckas,
mMo20a CNPasediuss, CACIYUWUE YMEEPHCIEHUA:
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1. ecau s € 7 ydosaemeopaem Hepasercmeam
deg Ao — degw; + degwsy < s < degwy — degwy — deg g, (4)
mo Henpepwvieuvie dpobu asemenmos a - h® u @ - h® xeasunepuoduveckue;

2. ecau cmenend mrozousera d newemnas u S He ydosaemeopaem nepasencmeam (4), mo nenpe-
’
pouieHBIE 0po¢5u anemenmos o - h® u o - h® ne ﬁ:sasunepuuc?u%ecnue;

3. ecau cmenens mHozouseHa d uemnas u 6 nose L dyndamenmanvras Sp-edunuya

up = (u1 — p2y/f)/h™

maxas, wmo deg 1 —deg o —g— 1 # 0, mo daa s ne ydosaemeoparousum rvepasencmeanm (4)
HenpepvisHvie dpobu aremenmos o - h® u @ - h® ne xeasunepuoduveckue.

JOKABATENBCTBO. IlynkTer 1. u 2. 6110 JOKa3aHbl B Teopeme 2 [5].

Hoxazkem mysxT 3. O6ozragmm X = 1/h, U1(X) = 1 /™, Uo(X) = po/h™ 971 F = f/h29+2,
u g Hekoroporo n € N mosoxum Q) + QoVF = (\111 + \Ilg\/f)n, 021,09,¥1,¥9 € K[X]. U3
JTOKa3aTeabcTBa TeopeMbl 2 5] caeayer, uro vy (VUe) = |deg puy — deg g — g — 1|, To ectb B HaIEM
caydae vx (U2) > 0. Mmeem vy (V1) = vx (F) = 0, ciepoparesnbho, u3 (3) nonyuaem vx (1) =0,
vx (Q2) = vx (V). danbheiimee 10Ka3aTeIbCTBO AHAJIOTUIHO TOKA3ATEIBCTBY MYHKTA 2. TEOPEMBI
2105. O

B Teopewme 1 He pazobpanb! ciyvyan, KOria

deg Ao —degw; +degws =0 wmam  degw; — degws — deg A\g = 0.

OKa3bIBAETCA, YTO ITH CJIYIaAH SIBJIAIOTCI Hanbojee MHTEPECHBIMH, M UMEIOT CBOU ocobennocTH. s
nx paCCMOTPEHUA Had I10JIEM K = Q MbI I/I3yLH/IM pannoOHaJIbHBIC KOPDHI ABYX HOC.He,ZLOBa.Te.HbHOCTefI
OUMHOMUAIBHBIX MHOIOYJIEHOB.

Hna n € N onpegenum ase nocsienoBareibHOCTH MHOTOWIEHOB Ty, @ € Z[X]| crepyromum

obpazom
n 4 n -
T.(X) = X7, n(X) = , X7, 5
- % () em- ¥ (,0) 5)
0<j<n/2 0<j<n/2
Torna deg T, = [%], deg @, = [”771] U CIIPABEJINBO TOXKJIECTBO
Tn(X?) + XQn(X?) = (X +1)™ (6)

Boimmriiem niepebie HECKOIBKO MHOTOWIEHOB 1)y, @y € Q[x]

Tl(x) = la Ql(‘r) = 17 TQ(x) =T+ 17 Q2(x) - 27
Ta(zx) =3c+1, Qs(x)=z+3, Tu(z)=2>+6z+1, Qu(z)=4(x+1),
Ts(z) = 52° + 10z +1, Qs(x) =2*+ 10z +5, ...

JIEMMA 2. Mnozouseno, T, u Qy, 63aumno npocmuv, (Ty, Q) € Z.

HOKABATEJBCTBO. 3ameruM, 4T0 A7 joboro z € C cupaBenIuBbl TOXKIECTBA

(1+V2)" =T(2) +vV2Qu(2), n=1,2,..., (7)
U, cJeIoBaTebHo, g u = /2 € C umeem

(1+u)" =T, (u?) + uQn(u?), n=1,2,.... (8)
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Eciu npemonoxuts, 4o ug € C apisgerca obmum koprem muorownenos Tr(u?) u Qn(u?), To 3
(8) 3aksrouaem, 9aTo up = —1, HO

T(-D%)= (§.>>o, (-1 = > (2j”+ 1>>o.

0<j<n/2

JIEMMA 3. Ecau wucao n npocmoe, mo muozousenvs T, Qn € Q[z] nenpusodumos nad Q.

JIOKABATEJBCTBO. Ilycrs m = p — upocroe, Toraa p | (1;) mna 1 < j < p— 1. Cremosarensro,

II0 IIpHU3HAKY Jifsenmreitna Muorounensl 1y, Qp € Q[x] Henpusoaumst nay Q. O

JIEMMA 4. Jlaan,m € N u a € Q maxuzx, wmo T,,(a) # 0, cnpasedausv, mostcdecmesa

-1

2de b = a(Qn(a)/Tn(a))z. B wacmmuocmu, us ycaosua, wmo muozousen Tom () - Qum(z) umeem
pauuonasvrvl Kopers caedyem, umo Tp(x) - Qn(x) uau Ty(x) - Qm(x) umeem payuonasvroii xo-
pemo.

HOKA3ATENBCTBO. Ilycrs n,m € N u z € C rakoe, uro T,,(z) # 0, Torga u3 (7) umeem
(1L+ V2" = (Ta() + V2Qu(2)) " = Tu(2)™ (1 + V)" =

= (Tn(2))™ (T (u) + VuQum(u)) =
e u = 2(Qn(2)/Tn(2))’. O

JIEMMA 5. Jlaa n € N maxoeo, wmo n # 0 (mod 2) un # 0 (mod 3), muozousernw Tp,(x) u
Qn(z) payuonasvrur KopHel He umerom.

JOKA3ATEJBCTRO. By;LeM paccyXaaTh 10 UHAYKIAN 10 KOJIMYECTBY NPOCTHIX JeJUTesIedl Yucya
n ¢ y4eToM UX KpaTHocTel. Baza WHIYKIUE 71 MPOCTLIX N COpaBeIinBa. PaccMoTpum n = p - m,
p — mpoctoe, p # 2, p # 3. Tax xax Tp(z) n Qp(z) wenpusognver u degT), > 2, deg Qp > 2, To
1o (9) mostygaeMm, 4TO MHOXKECTBO PAIIMOHATIBLHBIX KOpHeH MHOrOuneHa Ty () - Qprn () coBmazaer c
MHOKECTBOM PAIlMOHAIBHBIX KOpHe# Muorouaena 1, (z) - Qn (), KoTopoe mycro 1o MHAYKIIHOHHOMY
IPEANOJOXKEHN0. [

JIEMMA 6. Jasa a € Q un € N maxuz, wmo Ty,(a) = 0, umeem Tpm(a) =0 u Qpm(a) # 0,
ecau m € N nevemno, u Tpm(a) # 0 u Qpm(a) = 0, ecau m € N wemno; ecaua € Q un € N
makue, wmo Qn(a) =0, mo Qpm(a) =0 u Thm(a) # 0 daa arwbozo m € N.

JOKABATENBLCTBO. Crenyer u3 (10). O

TIPEAJIOXKEHUE 1. Payuonasvhbie KopHu mHo2ouaernos Ty, Qn, n € N, onucanv 6 mabauuye 1.

JTOKA3ATEJILCTBO. Crenyer us jgemm 2-6. O
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Tabmuna 1: Pammonaibable KOPHE MHOTOWIEHOB 1, QO

n (mod 12) 0 11 2 3 4 15 6 718 9 10 | 11
part. Kopuu 17, -1]-1/3 -1 -1/3 ] -1
par. Kopuu @, | -1/3; -1; -3 3] -1 -1/3; -3 -1 -3

3. OcHOBHBIE PE3YyJIHTATHI

Crenyrolas TeopeMa yTouHseT TeopeMy 1 jiid sjieMenTos sujga h™ S/ f.

TEOPEMA 2. Ilyecmo f € Q[z] — c6060dnwii om xeadpamos mmuozousen, deg f = 2g + 2
u h € Qx] — aunetinwt mnozousen. Iycmv up = h™"™(uy + pa/f) — dyndamenmanvnas Sp-
edunuya 6 noae L = Q(x)(\/f). Horoocum dasa n € N

up = h‘”m(ug”) + ,u(Qn) \/}), Ty = ’deg ,u(ln) — deg ,ugn) —g—1].

1. Ecaury # 0, mo anemenmu, euda h™%\/ f umerom nepuoduneckoe pazaogcenue 8 HENPEPbEHYIO
dpobv moeda U Mmoavko mozda, koeda g+ 1 —1ry <s<g+1+7r1.

2. Fcaury = 0, mo asemenmor 6uda h™5%/ f umerom nepuoduueckoe pazaogicenue 6 HENPEPbIEHYIO
dpobv moeda U Mmoavko mozda, koeda g+ 1 —ro —r3 < s<g+1+79+73.

JOKA3ATEJIBLCTBO. Ilynkr 1 coeayer u3 Teopemsr 1.
Pacemorpum nyukr 2, korga 1 = 0. Obo3naunm

X = 1/h, Wi(X) = /A", W2(X) = pa /W™ 7971, Do(X) = f/h**2,
Torga B (3) MOKHO CINTATh € = 1,

Q(X) = A (X) = g, Qa(X) = Q57 (X) = g heHm,
Honoxum Z = W3Dy /W2, Toraa

U + Qoy/Do = V(T (2) + Qu(Z)VZ).

Ormernm, 910 Tpm n > 2 BO3MOXKHO 7, > (0 Torma m TonbKO TorAa, Koraa te (1) = 0 wmam
tc () = 0, Tak Kax tc (1) = tc(Q2) = 0 meBosMoxHO M3-3a yeopua Q2 — 02Dy € Q*. Tak
kak 1o ycaosuio 11 = 0, 10 vx (V1) = vx (Vo) = vx (Do) = 0, u MoxKeT 6bITH KOPPEKTHO BBHIYHC-
JeH npenen Zg = limy_0Z € Q. llycrs muorounensr T, u @, onpeznenensl Kak B (5). Torma B
cuny (3) BozmoxkHO te (1) = 0, eciu u ronbko ecau T,,(Zy) = 0, u, ananoruuno, tc (Q2) = 0, ecan
U TOJBKO ecau Qp(Zy) = 0. U3 mpenmoxenns 1, garorero moJHOe OMUCAHUE BCEX PAIMOHATIBHBIX
KOpHer MHOrowieHoB Ty, u @y, B 9acTHOCTH CJeayer, 910 eciu 1, = 0 npu n < 3, 10 7, = 0 upwu
n > 4. Jlanblire HaM 0CTaeTCs IPOBEPHUTD, CKOIBKO MJIAIIINX KOS(MMUIUEHTOB MHOIOWIEHOB 21 1 {29
MOTYT ODHYIUTHCS B KaXKIOM U3 CAYIAEB, COOTBETCTBYIOMINX PA3IMIHLIM KOPHIM Z() MHOTOUICHOB
Ty, Qn, ONUCAHHBIX B TPeIoKeHnn 1.
IIycTs

U (X)=T104+ 11X (mod X?),

Uy(X) = Voo + ¥y X  (mod X?),
Do(X) = Doo+ Do1 X (mod X?),
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npuuem Vg # 0, Uaog #0u Dgg # 0.

IIpeamomoxum, ato r9 > 0. llo mpenmoxennio 1 BRIIOJHEHO HEPABEHCTBO T3 > () TOIBKO, ecyn
te (Qf)) = 0. [ocreanee ycaosue paHoCHIBHO limyx 0 72(Z) = T2(Zp) = 0, 9T0 BO3MOKHO
ToJIEKO Tipu Zg = —1. llo ompenenennto Beauyunasl Z, ycaoBue Zg = —1 paBHOCHUIBLHO YCJIOBUIO
\I/%,O + W%70D070 = 0. Takxke o mpemoxkennto 1 gcHO, w0 Tpy 19 > 0 CIpaBeIUBBI COOTHOIIICHU ST
vx (an)) =0upun#2 (mod 4), n vy <an)) =0npun #0 (mod 4). TTokaxkewm, uro g k € N
BBITTOJTHEHBI PABEHCTBA VX (QYUH_Q)) = vy (QP) = vy <Qg4k)> =7r9.

s Hawama paccMoTpuM 952) (X) = ng()) + QﬂX (mod X?), rue

) )

af) = io+ ¥30D00 =0,

)

OF) = 20, g0y 1 + 2Wa0Ws 1 Do + U3 Do 1.

)

[To dopmymam (10) nmeem

2
4k+2 U5 D
QD) _ gkt < \%Q > _
1

40, 92D,
2
(¥ + ¥3Do)
= 0 (491093,Dgp)" - X (mod X2).

= (U] + U3Do) - Toxta ( ) (0% + w3Dp)* =

4k+2 2
Takum obpazom, Qg 1+ ) = 0 Torma u TOJBKO TOT/A, KOr/Ia Qg % = 0. Jlanee, paccykaasa aHaIOTHI-
2 2 2
HO, IPU YCJOBUH, ITO Qg()) = Qg % =...= Qg 7)171 = 0, T0 UHAYKITUH NMeeM

Qg4k+2) _ ngr)L (4\1/1,0\115’0D070)k X" (mod Xn+1)7

T. €. Qﬁfﬁ) = 0 TorJMa W TOJBKO TOTJA, KOTJIa 9527)1 = 0, 9TO O3HAYAELT VX (Qg4k+2)) = vy (Q?)).
Amnamormano, mo dopmyram (10) mosydaem

_ viD
o) — w2 (Y22 -
1

(wF + ‘I’%Do)2
k—

i . (4‘1’1,0‘1’5,0170,0) X (mod X?).

(2 _

= 0 Torja u TOJHKO TOT/A, KOTJa, Ql’l = 0. [asee, 110 MHAYKITUN MOy IAEM

(2) _ 0, 94TO O3HAYAET VY <Q(24k)> =X (ng))'

1,n
IIpeamonoxum, aro r3 > 0. B sTtom cayuae r; = ro = 0. Ilo npemioxkenuto 1 HEpaBEHCTBO

= (U2 4+ WIDy) - Qo ( ) (U2 + W3Dg)* " =

2

)

=l (Qa1) -
CnenoBaresbHo, lef )
Q4k+2)

1n =0 Torma m rompko Torga, Korza Q

r3 > (0 MOxKeT OBITH BBIITOJTHEHO TOJIBKO, ecjiu tc (Qg‘”) =0 nm tc (Qg‘s)) =0.

IlepBbiM paccmoTpuM ycjoBue tc (Qg‘)’)) = (), KOTOpOe PaBHOCUJILHO
lim T5(Z) = T3(Zg) = 0,
lim T5(Z) = T5(Zo)
YTO BO3MOXKHO TOJLKO 11pu Zoy = —1/3. Tlo onpenenenuto Benmaunb Z, yciaosue Zg = —1/3 pasuo-
CHJIBHO YCJIOBUIO \If%’o + 3\I/§7OD0,0 = 0. Taxzke 10 npeaIoKeHuio 1 4CHO, YTO B 3TOM C/Iydae CIpa-
BEJIJTUBBI COOTHOIIEHUS Vx (an)) =0 mpun # 3 (mod 6), u vx (an)) =0 opu n # 0 (mod 6).

[loxaxkewm, aro mia k € N BLIIOTHEHB! PABEHCTBA VX (Q§6k+3)) =vx (Qg‘”) =y (Qé%)) =r3.
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JIra Hagasa paccMOTPUM Q (%) (X)=Q g()) + QﬁX (mod X?), re

7

9(3% =3(2Dg V1 0V20V21 + Do,oq’l,l‘l’g,o + Do,l‘l’l,o‘lf%,() + \I’io‘l’l,l)-

)

QF) = W 0(¥3 4 + 33, Do ) =0,

1
[To dpopmymam (10) umeem

2
(6k+3) _ 1,6k+3 ‘I’2D0 _
P w00
1

W2Dy (302 + U2D,\ >
= U292 4 302D, - T 270 L 2 U2 4+ 02D =
v (P 3D0) - Doy w3\ U3 +3¥3D, (v w3D0)™

= 0100 (¥30D00)" - (259 - X (mod X?),

rae Q(g(% = 3\11 + U3 0Doo # 0. Taxum obpasom, Q(6k+3) = 0 Torga ¥ TOJbKO TOIJA, KOLIA

(6k+3) (3)

3 _ _
Q7 =0. ,Haﬂee 10 UHAYKINHA moJIydaeM () = 0 rorga u TO1BKO TOrAR, Koraa {1y = 0, 4ro

O3HaYaeT Uy (Q§6k+3)) = vy (QP).
Ananornano, no dhopmynam (10) momyuaem

_ UZp
0y = wi ZQGk( \1/) -
1

W2D, /302 + 02D, \ > _
k 0 0 2(k—1) _
= UL (W2 4 302Dy (392 + W2Dg) Qo ( é% < @%1 2 \Ié DO) (W2 + 3W2Dy) =

=1 (Qar) - Q) - (W3 0D, o)k_1 : (Q%)%*l - X (mod X?).

7

3) 6k) 6k
CrenoBaresibHO, ec/u Qil # 0, T0 95,1 % 0. CiegoBaresbHO, Qg,1) = 0 Torga ¥ TOJIBKO TOT/IA,
3 6k 3
KOTJa Qg % = 0. Jajee, 10 HHAYKIIAN IOy 9IaEM Qg n) = (0 Torma m TOJLKO TOT/A, KOT/Ia Qg% =0,

9TO O3HAYAET Vy (Q(Gk)> (Q(3)>

Teneps paccMoTpuM ycsioBue tc (Qgg)> = (0, KOTOpoe PaBHOCUIBLHO
lim Q3(2) = @3(Zo) =0,
X—0

9TO0 BO3MOXKHO TOJBKO TIpu Zg = —3. llo ompenenennio BeMwWYImHLI Z, ycjaoBue Zg = —3 paBs-
HOCHJIBHO YCJIOBHIO 3\11%0 + \If% 0Do,o = 0. Taxxke no mpesyokennio 1 gacHo, 9TO B 9TOM CIydae

CIIPaBEIMBO VX <Qén)) =0 npun # 0 (mod 3). ITokazxkem, uro aysi k € N BbinoHeHbI paBEHCTBA,
vx (Qg?)k)) =vx (9(23)> = 3.
1 Havasa paccMOTpUM Qgg) (X) = Qgg()) + QéB%X (mod X?), rue
QL) = W20(33 o + W3, Do 0) =0,
Qé?’% = 3D0,003 W21 + Do V3 o+ 3WF Wg 1 + 60100y 1Wap.
[To dopmymam (10) nmeem

Q(ﬁk) \Il6k 2Q <\II%DO> _
\112
1

_ U3D, (393 +W3Dy\’ 21
= Ui (W] + 303D (3\11%+\P§D0)Q2k< é% (\If§1+ 3@2 D0> (U2 4 303Dp)*" Y =

)Qk—l

= U2E2Q0(0) - 25 - ()™ X (mod X?).

)
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k) 3)

CremoBaTenbHo, Q( = 0 TOrga m TOILKO TOTIa, KOTIA Qg 1 = 0. lasee, 110 MHAYKINU HOTydaeM
(256:) = (0 ToTma W TOJBKO TOT/A, KOT/A Qg’% = 0, 9TO O3HAYAET VX (Qé&k)) =vx (Qgg)).
Awnanornuno, no dbopmynam (10) nomyuaem

6k+3 W2 Dy
QP = W Qg ( é% > =

W2D, /302 + 02D, \ >
k— 0 0 2% _
= U1 (305 + U3 Dp) Qopt1 ( é% <‘1}%1+ 3\1’§D0> (U7 +3¥3D) " =

= U251 Qo1 (0) - Q5 - (20D X (mod X?).

)

Taxum obpazom, Q(GHP’

ofo

Teopema 2 mokazana. O

= (0 TOT/Ia U TOJBKO TOT/IA, KOTIA, Qg?’% = 0. Janee, 0 MHAYKITAY TOJTYIaEM

= 0 TOoTJIa W TOJBKO TOTJA, KOTJIa QS}% = 0, 9TO O3HAYAET VY <Q§6k+3)) = vy (Q;g)).

4. 3akKJII04eHue

Ipusesem mpuMep saementa smmanTmaeckoro mois £ = Q(X)(VF), F € Q(X], degF =4,y
KOTOPOTO JTHHA KBA3UIIEPHO a HEIIPEPBIBHON Apobr 3HAUUTEHHO MPEBOCXOIUT TMOPSI0K TOPSIOK
Kjacca auBu3opa (0o~ — oo™) B rpymme Kiraccos qusu3opos A°(L). Dror npumep 6bL1 HafijeH ¢
LOMOLLBIO CUMBOJIBHBIX KOMIIBIOTEDHbBIX Bbluuc/ieHuil u napamerpusanuu Kybepra [16] Beex ssumu-
TUYECKUX KPUBBIX, UMEIOINX TOYKY KOHEYHOTO TTOPAIKA.

Homowxmm F = 4X* — 8X3 — 8X2 — 12X — 3. Beckoneurnoe mopmmaposanue mos Q(X) mveer
JIBa HEIKBUBATEHTHBIX npoo/kenus na nojie £ = Q(X)(VF). Pacemorpum siement a = VF u
€ro HEIPEPLIBHYIO APO0b.

(2)

1
B obo3znadenusix Teopembl 2 CIIPaBEIJIMBBI COOTHOIIEHUSA VX (Qg)) = ux (Ql ) = 0,

3
vx (Qg )) =2, 10 ectb 1] = 19 = 0, r3 = 2. IloaTOoMYy, coryiacHO IYyHKTY 3 TEOPEMBI 2, 3JIEMEHTHI

VF - X® g —2 < s < 2 IMEI0T IepHOINIECKOe PA3IOKeHIe B HEIPEPEIBHYIO IPO0D.
Henpepsisras 1pobs sreventa VF B Q((1/X)) mveer Bu

X 1 X2 X X 1
VF = 2X2—2X—3;—€+178X— +—+ ,8X — 6+474X2—4X—6].

12 12

Hnmua, kBazumepnoaa pasHa 3, JJIWHA TTeproja pasHa 6, koaddummenT kBasumepnoga ¢ = —48,
[IepUON UMeeT CUMMeTPHYHLIA Bua. B mose £ cymecrsyer (byHIaMeHTadbLHasl eIUHANA CTenenn 4,
HopsiJIOK Kjacca gusuzopa (oo~ — oot) B rpynne kiaccos gusuzopos A°(L) pasen 4. B orinume
ot snementos vV F /X u /F/X? nna snevenra v/ F clpaBe/InBsl YCIOBUS yTBEPAK ICHHS U3 CTATHI
[4] 06 onenke maMHBL KBa3UIEPHO/A.

Herpepoisrasg 1po6s sinementa v E/X B Q((1/X)) umeer sus

VF X 2 2X 2 X 1
Yo— X -2 - 423X -6, 42 27X — 27, — —,24X2 — 36X — 18,
X T3 Ty Tt Ty SESTANTS
X X 1 16X3 16X2 X 1
-= 24X —24, - 4o 0 T 8X — ~,24X — 24
36+3 12763 I DR ’
X 1 X 1 2X 2 X 2
— 2 24X2 - 36X — 1 — 27X — S 23X —6,—= 24X —4].
36 " 36’ 30 S T A Ty Ty R byt

Jlivna meproa COBIAAAeT C AANHON KBa3unepruoga u pasua 20, mepros mMeeT CUMMETPUIHBIN BUT.
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Henpepsisras 1pobs sreventa VF /X2 8 Q((1/X)) nmeer Bus

)\/(E: 2;—)2(—1—3,8?4—4,—)222+§—é,48X—96,—§1+;,?Q;(—16,
4 3 2
%—16 X+@48X 96, );:jL)g—é,iX—Hl, )2(+18X 16,
—?—i,%ﬁ—QX—I—i —3X 46, 2?))( é,—%—l—l,—X—l,—g—l—%,
4 3 2
%—24 X8+%+%+%+33 323X 24,—§+%,—X—1,—%+1,
2?—;,—3X+6,?—2X+§ )6( 1,8X—16,—§+1
Homaa kBasunepnoma pasaa 19, ayinHa neprosa pasa 38, kosddunuent kpasunepuoaa ¢ = —1/16,

TIEPUOJT UMEET CABUHYTHI CUMMETPUIHBIN BU/I.
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O6001ménHada npeaejJbHasg TeopeMa JJid MePUoInIecKoi
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AnaHOTanusa

C Bpemen Bopa u Ieccena (1910-1935) B meopuu a3era-dbyeximii IpMMEHSAIOTCH BEPOAT-
HocTHbie MeTozbl. B 1930 1. onu 0Ka3anu nepBylo Teopemy i n3era-byukiuu Pumana ((s),
§ = 0 + it, KoTopas ABJIAETCS TPOTOTUIIOM COBPEMEHHBIX IPEJIETbHBIX TEOPEM, XapaKTepUu3yrto-
X TOBEIeHNE N3eTa-(YHKIMH MPYU MTOMOIIN CJIa00N CXOINMOCTH BEPOSITHOCTHBIX Mep. Bosee
TOYHO, OHW TIOJIYyYUJIN, UTO Npu ¢ > 1 CyIecTByeT mpeaes

lim ~J{t € [0,T]: logC(o +it) € R},
T—oo T

rae R — mpsAMOyTOJbHUK HA, KOMILIEKCHOW TIJIOCKOCTH CO CTOPOHAMW, MAPAIEILHBIMUA OCSM, a
JA obozmauaer mepy 2Kopmama muoxkecrBa A C R. /IBa roga CIycTss OHM PaCIpOCTPAHUIA
MIPUBEJEHHDIN pe3yIbTaT Ha MOIYILIOCKOCTh 0 > %

Nnen Bopa n Meccena Guimn pa3suTsl B pabotax Buntrepa, Bopmcennyca, eccena, Cemn-
Gepra u Jpyrux W3BeCTHHIX Maremarnkos. CoBpemenubie Bepcmu Teopem Bopa-Ileccena s
IMIAPOKOrO KJaacca a3era-pyHKIuil Ob1mn momydenst B paborax K. Marcymoro.

B ocuosuom teopust Bopa-Ileccena npumensiacs s a3era-gyHKIUI, IMEIONHX 3iIepOBO
[IPOUBBEJIEHNE TI0 IPOCTBIM 4YucaaM. B Hacrosieid crarbe JT0Ka3bIBAETCs IPEJIeIbHAS Teope-
Ma s n3eta~-hyHKINN, HE UMEIONINX 3MIepOoBA MPOU3BEISHUS W SBJISIOMNUXCS 0000IIeHreM
kJtaccuaecckoii m3era-dyukmuu ypsuna. Ilycrs «, 0 < o < 1, dpurcupoBaHHbIil mapamerp, a
a={am:m e Ny =NU{0}} — nepuoauyeckas nocjie0BaTeIbHOCTh KOMILJIEKCHBIX dnces. To-
raa nepuoguyeckas a3era-byukuus ['ypsuna ((s, ;a) B nosymiockoctu o > 1 onpenessercs
psimom dupuxie

C(S,Oz;ﬂ) = aims
2 ta

U MepoMOP(HO MPOIOJIKAETCS Ha BCIO KOMILIEKCHYIO 110cKocTh. Ilycts B(C) — GopeneBckoe
O-TI0JIe KOMILTEKCHOM IockocTn, measA — mepa JleGera m3mepumoro mMuoxkectBa A C R, a
dbyukuus ¢(t) upu t > Ty uMeer MOHOTOHHYIO IIOJIOKUTEJIbHY IO IIPOU3BOAHYIO ' (t), ipu t — 00
yaosaersopstontyto onenkam (¢’ () ™! = o(t) u p(2t) max;<, <o (' (v))~! < t. Torna B craTbe
TTOJIy4Y€HO, YTO TIPpN 0 > %

1

7 meas {t €]0,T):¢(0c +ip(t),a;a) € A}, Ae B(C),
npu T — o0 caabo CXOauTcs K HEKOTOPOil B sIBHOM BH/IE 33/JaHHON BEPOATHOCTHOH Mepe Ha
(C,B(C)).

Karwuesvie caosa: n3era-dyuknus 'ypBuia, Mepa Xaapa, mepuogundeckas ma3era-(yHKIus
l'ypeuna, npegensHas Teopema, crabas CXOIUMOCTb.

Bubauoepagpus: 11 nHazBaHuIii.
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A generalized limit theorem for the periodic Hurwitz zeta-function

A. Rimkeviciené

Audroné Rimkevi¢iené — doctor of mathematics, associated professor, Siauliai State College,
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Abstract

Probabilistic methods are used in the theory of zeta-functions since Bohr and Jessen
time (1910-1935). In 1930, they proved the first theorem for the Riemann zeta-function ((s),
s = o + it, which is a prototype of modern limit theorems characterizing the behavior of {(s)
by weakly convergent probability measures. More precisely, they obtained that, for o > 1, there
exists the limit

lim —J{t € [0,T] :log¢(c +it) € R},

T—oo T
where R is a rectangle on the complex plane with edges parallel to the axes, and JA denotes
the Jordan measure of a set A C R. Two years latter, they extended the above result to the
half-plane o > %

Ideas of Bohr and Jessen were developed by Wintner, Borchsenius, Jessen, Selberg and
other famous mathematicians. Modern versions of the Bohr-Jessen theorems, for a wide class
of zeta-functions, were obtained in the works of K. Matsumoto.

The theory of Bohr and Jessen is applicable, in general, for zeta-functions having Euler’s
product over primes. In the present paper, a limit theorem for a zeta-function without Euler’s
product is proved. This zeta-function is a generalization of the classical Hurwitz zeta-function.
Let a, 0 < & < 1, be a fixed parameter, and a = {a,, : m € Ng = NU{0}} be a periodic sequence
of complex numbers. The periodic Hurwitz zeta-function ((s, «;a) is defined, for o > 1, by the

Dirichlet series
oo
(s,;0)
=2 Gitar

m=0
and is meromorphically continued to the whole complex plane. Let B(C) denote the Borel o-field
of the set of complex numbers, measA be the Lebesgue measure of a measurable set A C R,
and let the function ¢(t) for ¢ > Ty have the monotone positive derivative ¢'(¢) such that
(¢'(1))"! = o(t) and ¢(2t) max;<u<2:(¢’(u)) ™! < t. Then it is obtained in the paper that, for
o> %,
%meas {t €]0,T):¢(c +ip(t),a;a) € A}, Ae B(C),

converges weakly to a certain explicitly given probability measure on (C,B(C)) as T' — oc.

Keywords: Haar measure, Hurwitz zeta-function, limit theorem, periodic Hurwitz zeta-
function, weak convergence.
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1. Introduction

The idea of application of probabilistic methods in the theory of zeta-functions is due to Bohr
and Jessen. In [2], they proved a theorem for the Riemann zeta-function

1
C(S)ZZE, 8:U+it,0'>1,

m=1

which is a prototype of a modern limit theorems on weakly convergent probability measures. Denote
by JA the Jordan measure of a measurable set A C R, and let R be a rectangle on the complex
plane with edges parallel to the axis. Then they proved that, for o > 1, there exists the limit

1
lim —J{t€0,7]:log¢(c +it) € R}.
T—oo T

Two years later, Bohr and Jessen extended [3] the above result to the half-plane o > % In this case,
a problem arises because of possible zeros of ((s). Therefore, they defined the set

1 ) 1
G:{SG(C:G>2}\ U {s:a+ztj:2<a<aj},

sj=0j;+it;

where s; runs over all zeros of ((s) in the region {s € C: 3 < o < 1}, and proved that there exists
the limit

1
lim =J{te€[0,T]:0+ite G, log((c+it) € R}.
T—oo T

In the sixth decade of the last century, the theory of weak convergence of probability measures
was created. Therefore, it became possible to state Bohr-Jessen type theorems in the sense of weakly
convergent probability measures, for results, see [6] and [8].

The present note is devoted to limit theorems for the periodic Hurwitz zeta-function. Let «,
0 < o < 1 be a fixed parameter, and let a = {a,, : m € Ng = NU {0}} be a periodic sequence
of complex numbers with minimal period ¢ € N. The periodic Hurwitz zeta-function (s, a;a) was
introduced in [7], and is defined, for ¢ > 1, by the Dirichlet series

((s,a;a) = aims.
mZ::o (m+ «)

If a, =1, then ((s, a;a) becomes the classical Hurwitz zeta-function

o

((s,a) = Z w, o>1,

m=0

which has a meromorphic continuation to the whole complex plane with the unique simple pole at
the point s = 1 with residue 1. The periodicity of the sequence a implies, for o > 1, the equality

q—1
(s ai0) = =3 aC (s,”“) .
q =0 q
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Therefore, the function ((s, a; a) also can be continued meromorphically to the whole complex plane
with the unique simple pole at the point s = 1 with residue

If a = 0, then the periodic Hurwitz zeta-function is entire.

In [4], [9] and [11], limit theorems on weakly convergent probability measures on the complex
plane for the function ((s,«;a) were proved. Denote by B(X) the Borel o-field of the space X.
Then, for example, it was obtained in [10] that if the parameter « is transcendental and o > % is
fixed, then, on (C, B(C)), there exists a probability measure P, such that

%meas {te[0,T]: C(o +it,a;a) € A}, A€ B(C),

converges weakly to P, as T" — co. Moreover, the measure P, is given explicitly.
The aim of this note is a generalization of the above theorem for

def 1
T -T,

PT,U,a;a(A) meas {t € [To, T} : C(O- + i@(t)a a3 Cl) € A} ) Ae B((C)’
for certain functions ¢(t) and Ty > 0. For its statement, we need some notation and definitions.
Let « be the unit circle on the complex plane, and

0o
Q= H Ym s
m=0

where 7, = v for all m € Nyg. With the product topology and pointwise multiplication, the torus
Q) is a compact topological Abelian group. Therefore, on (€2, B(2)), the probability Haar measure
mpy can be defined. This gives the probability space (92, B(f2),my). Denote by w(m) the mth
component, m € Ny, of an element w € Q, and, on the probability space (2, B(2), my) define, for
o> %, the complex-valued random element ((o, a; a)

((o,a;a) = Z m.

m=0

Let P, be the distribution of the random element ((o, o; a), i.e.,
Proaa(A) =mp{weQ:((o,a5a) € A}, AeB(C).

Now, define the class of functions. We say that ¢ € L(Tp) if ¢ is a real differentiable function

for t > Ty > 0 such that ¢'(¢) is monotonic positive, @%(t) = o(t) and p(2t) max;<y<ot ﬁ <t as

t — oo. For example, the function ¢(t) = t* + 2t3 + 2 is an element of the class L(1).
The main result of this note is the following theorem.

THEOREM 1. Suppose that the parameler o is transcendental, o > % is fired and ¢ € L(Tp).
Then Pr g . converges weakly to the measure P s .0 as T — 0o.

2. Lemmas

We start with a limit theorem for probability measures on (€2, B(€2)). For A € B(Q), let

QT,a (A) =

1 :
. —ip(t) .
— Omeas{te[Tg,T].((m—f—a) .meNo)eA}.
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LeMMA 1. Suppose that ¢ € L(Ty). Then Qr,o converges weakly to the Haar measure mpy as
T — oo.

Wil

Proor. We apply the Fourier transform method. Let the sign mean that only a finite number
of integers k,, are distinct from zero. Denote by gr(k), k = (km : km € Z,m € Np) the Fourier
transform of Q7. Then the definition of Q)7 implies that

OO, T OO/
gr.a(k) = / H whm(m) | dQra = ! / H (m + a)"Fmed gy
2 \m=0

T —1To Jg et

T -y
! / exp{—ip(t)" ki log(m + a) }dt. (1)

CT-Tp Jg, —

Clearly,
91.2(0) = 1. (2)

Since « is transcendental, the set {log(m + «) : m € Ny} is linearly independent over the field of
rational numbers, thus the finite sum

r défz km log(m + o) # 0

m=0
for k # 0. Obviously,
T T T
/ exp{—ire(t)}dt = / cos(rp(t))dt — z/ sin(rp(t))dt. (3)

To To To

If the function ¢'(¢) is decreasing, then (¢/(¢))”" is increasing. Thus, by the mean value theorem
for integrals,

T 1 Tre' () cos(re(t) ,, 1 T cos(r
/TO cos(ry(t))dt = " /TO 10 dt = 2 (T) /é ©'(t) cos(re(t))dt

T
_ W}(T) /f dsin(r(t)) = o(T), (4)

as T' — oo, where Ty < € < T Similarly, we find that

T
/T sin(ro())dt = o(T), T — oo. (5)

If the function ¢/(t) is increasing, then (¢/(¢)) " is decreasing, and we obtain by similar arguments
that

/T T exp {—irp(t)} dt = O (M) . (6)

Now, the estimates (4)-(6), and equalities (3) and (1) show that

1 if k=0
lim gra(k)=4_ . °
T—o0™ "’ 0 if E+#0.

The right-hand side of the latter equality is the Fourier transform of the Haar measure my. This
and a continuity theorem for probability measures on compact groups prove the lemma. O
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N'OVV7 we will deal with absolutely convergent Dirichlet series. Let 6 > % be a fixed number, and
( ) m—+ « 0
Un\m, o) = €ex — .
n 9 p n

Calsy ) = 3 dmonl @)

Define the functions

m=0 (m + a)s
and
2. apmw(m)v,(m, o)
S? ) ; a =
Gn(s, 0, wi @) mZ::O (m+ «)®
We note that the above series are absolutely convergent for o > % [5]. Consider the function

Un,g,aa - 2 — C given by the formula

Unoaa(w) = (oo, a,wsa), o> %
Then the function uy ¢ q;q is continuous. Moreover,
Prngoa = QTaln b
This observation together with Theorem 5.1 of [1] gives the following assertion.
LEMMA 2. Suppose that ¢ € L(Ty). Then, for o > %,

d

L neas{t € [Ty, T] : G0 +ip(t), aca) € A}, A € B(C),
T-—1Ty

nooca 48 T — 00.

converges weakly to measure Py, 5 o0 = My
Now we will approximate (o, a;a) by (,(s, a;a). For this, we need a mean square estimate.
LEMMA 3. Suppose that p € L(Ty) and o > % s fized. Then, for T € R,
T
[ 6o in+ i) 03 )Pt oo T (14 -
To
PROOF. Suppose that T > Ty. Then

2T

C(o + it +ip(t), o @) Pdep(t)

T+p(t)
/ |C(0 + iu, a; a)|*du

2T o ,
/T|¢(a+w+z<p(t),a;a)| dt:/T =0

1 2T
< max // d
T<t<2T ¢'(1) Jr i

T+p(t)
/ \C(U—i—iu,a;a)]Qdu

2T

(7)

To

1
< Tt<oT ¢/ (t) ( .

For o > %, the estimate

T
/ (0 + i, 0 @) du <gaa T
To
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is true [5]. Therefore,
2T
<<0',oz,a ’T| + SO(QT)

T+(t)
/ (0 + iu, o a)|2du
To

This together with hypothesis that ¢(27") maxr<i<or

T
1

7 <T and (7) gives

2T
/T (o + i+ ip(t) s )Pdt Soan |7l + 0 21) max —os

1
<<U,oz,a T+ ‘T| Tg}fz)Z{T @/7@) <<U,oz,a T (1 + ‘TD .

Taking 27%~17 in place of T' and summing over k € N, gives the estimate of the lemma. O

LEMMA 4. Suppose that ¢ € L(Ty) and 0 > 5. Then

lim lim sup
n—=0 T 50 —Tj

T
|16+ iptt)aia) = Gulo + is (o). aslde 0.
To

PrOOF. Define the function

ln(s,a) = gI‘ (g) (m+ a)?,

where I'(s) is the Euler gamma-function, and the number 6 comes from the definition of v, (m, «).
Then the function (s, ; a) has the integral representation [5]

O+ioco
Cn(s,050) = ! /+ C(8+z,a;a)l”(z’a)dz.
0

2T Jo—ioo z

Then, using the residue theorem and properties of the gamma-function, we obtain that

1 T
o [ o+ ip0,ai0) — Gulo + (o). sl

To
o) 1 T

Coa [ zn<ol+w,a>|( / |<<og+¢7+w<t>,a;a>|dt> dr + o(1)
—00 T_TO TO

as T' — oo, where 01 < 0 and o9 > % Hence, in view of Lemma, 3,

1 T
T_TO/T IC(0 +ip(t),a;a) — oo +ip(t), a; a)|dt

<Lo,a50 / |ln(0'1 + 17, OZ)‘ (1 + |’7’|) dt + 0(1)

—00

as T — oo. Thus, by the properties of [, (s, @),

lim lim sup
n—=0 T 00 —Tp

T
|16t ig0).ai0) = 6o + iptt), st 0.

Od
We recall that P, 5 ;4 is the limit measure in Lemma 2.

LeEMMA 5. The sequence {Pp 500 : 1 € N} s tight, i.e., for every e > 0, there exists a compact
set K = K(e) C C such that
Prooa(K)>1—¢

for alln € N.
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PROOF. Let £ be a random variable defined on a certain probability space with measure P, and
uniformly distributed on [0, 1]. Define the complex-valued random element X7, 4.0 = X7 a:a(0)
by

XT,ma;a = Cn(a + Z(p(ﬁT), Qg Cl)-

Then the assertion of Lemma 2 is equivalent to the relation
D
XT,n,a;a T;)o Xn,a;aa (8)

where X, 4.q(0) is the complex-valued random element having the distribution P, 5 q.q. By Lemma
3 with 7 =0, fora>%,
T
|16+ iplt) s )Pt <o .
To
Hence, the Cauchy inequality implies

T

T 1/2
[ 1cto + gt asaar < ((T ~70) [ I¢to+ ig () a>|2dt>) <oaaT.

To To

Therefore, using Lemma 4, we obtain that, for ¢ > %,

T
/ Ca(0 + ip(t), 0 @)]df < Copra < 0. (9)
neN T—oo 1 —To Jp

Let € > 0 be an arbitrary fixed number, and M = My o.q(c) = Co-,a;ae_l. Then, by (9),

sup lim sup

1
sup limsup P (| X7, a:a| > M) = suplimsup meas {t € [Ty, T] : |Cn(o +ip(t), a;a)| > M}
neN T—oo neN T—oo —Tp

T

< sup lim sup |Cn(o +ip(t), a;a)|dt < e.

neN T—ooo (I'—To)M Jr,
This together with (8) shows that
P(|Xnaal > M) <e (10)

for all n € N. The set K = K(¢) = {s € C: |s| < M} is compact, and, by (10),
P(Xpaw€K)>1—¢

for all n € N, or equivalently,
Pn,a,a;u(K) >21-—c¢

for all n € N. Thus, the sequence {P,, 5,a:a : 7 € N} is tight. O

3. Proof of Theorem 1

The existence of the limit measure for Pr, o.q as T — oo easily follows from Lemmas 4 and 5,
relation (8) and Theorem 4.2 of [1].
PRrROOF. [Proof of Theorem 1] By the Prokhorov theorem [1, Theorem 6.1], and Lemma 5, the
sequence {P, . : 7 € N} is relatively compact, i.e., every subsequence {Py, saia} C {Proaia}
contains a weakly convergent subsequence. Thus, there exists a subsequence {P,, 5 a:a} such that
P, o,a:a converges weakly to a certain probability measure P, o.q on (C,B(C)) as r — oco. In other
words,

D
Xn,«,a;a(g) — Py aza- (11)

r—00 0
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Define one more complex-valued random element
X700 = X1a:a(0) = ((0 +ip(ET), o; a).
Then Lemma 4 shows that, for every ¢ > 0 and ¢ > %,

lim limsupP (| X7,0:a(0) = X7 m,a:0(0)] = €)

n—o0 T—00

= lim limsup meas {t € [Ty, T] : |¢(0 + ip(t),;a) — oo +ip(t), a;a)| = e}

n—00 700 1 —1Tp

1 T
< lim limsu / o +ip(t),a;a) — (oo +ip(t), a;sa)|dt = 0.
novo gt (T — Tp)e Ty o€ (1), oa) = G o(t), oz a)

The later equality, relations (8) and (11), and Theorem 4.2 of [1] prove that

D
XT,a,a;a(U) Tjo Pa,a;a‘ (12)

in other words, Pr g a:q converges weakly to Py o.q as T' — co. Moreover, relation (12) shows that
the measure P, ,.q does not depend of the subsequence P, 4 o.q. Therefore, we have the relation

D
Xon,a5a(0) o Fo aza-

This relation allows to identify the measure Py o.q. Namely, in [5], it was proved that, for o > %,

1 .

meas {t€[0,T]:{(c +it,a;a) € A}, A e B(C),
as T' — oo, also converges weakly to the limit measure Py o.q 0f Py 5.0 @5 n — 00, and that Py o.q
coincides with P 5 o.q. Therefore, Pr g o.q converges weakly to Pr 5 a.q as T — oo. The theorem is
proved. O
4. Conclusions

In the paper, a generalized limit theorem for the periodic Hurwitz zeta-function
> a
m
s,z a) = ———, Res=o0>1,
((s, a50) mZO it oy

where 0 < o < 1 is a fixed transcendental parameter and a = {a,, : m € Ny} is a periodic sequence
of complex numbers, is obtained. More precisely, it is proved that, for o > %,

- ! meas {t € [T0,T): (o +ip(t), o) € 4}, A€ B(O)

converges weakly to the explicitly given probability measure on (C,B(C)) as T — oo. Here
the function ¢(t) for ¢ > Ty has a monotone positive derivative ¢'(t) satisfying the estimates
(')~ = o(t) and ©(2t) mathuggtﬁ < t as t — oo. The theorem obtained generalized
previous author’s results with ¢(t) = t. Moreover, it can be extended to a collection of periodic
Hurwitz zeta-functions. Also, the case of rational o can be considered.
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AnHOTanusa

B crarbe paccmarpuBaeTcs 3a/1a9a pacCesiHus 3BYKOBBIX BOJIH a0COJIIOTHO KECTKUM I[UJIHH-
JPOM C PaanabHO-HEOTHOPOIHBIM U30TPOIMHBIM YIPYTHM IMOKPBITUEM B ILIOCKOM BOJTHOBOJIE.
[Tomaraercsi, 9T0 BOJHOBO/, 3AIIOJHEH OTHOPOIHON KIEATBHON KUIKOCTHIO, OIHA €r0 T'PAHMU-
1A, ABJIAeTCa abCOMIOTHO KECTKOM, a Apyras — aKyCTHYECKH MSAI'KOH, 3aKOHbI HEOIHOPOHOCTH
MaTEPHUaJIa, MOKPBITHS IIUINHIPA OMUCHIBAIOTCH auddepeHmpyeMbiMu (DYHKIIASIME, TAPMOHU-
JecKasi 3BYKOBas BOJIHA BO30YKIAeTCs 3aJAHHBIM DACIPEIEIEHHEM HCTOYHUKOB HA CEYCHUHU
BOJIHOBOJIA.

B cnyuae ycranoBUBIIHXCsS KOTEOAHMWH PACIPOCTPAHEHNE MAJIBIX BO3MYIIEHUH B HAEATHHO
KHUIKOCTH ONUCBbIBaeTca ypasHenmeMm [enbmrosibiia. Konebanus: HEOTHOPOTHONO H30TPOITHOIO
YOPYTOrO IUJIMHIPHIECKOTO CJIOST OMUCHIBAIOTCS OOIIMMY yPABHEHWSIMU JBUKEHUS CILIONTHOMN
Cpenbl.

Jl1a HaxoXK/IeHUs MOJIsd CMEeIeHu B HEeOJHOPOIHOM MOKPBITUM IIOCTPOEHA KpaeBas 3aj1ada
JI7IsI CUCTeMBI OOBIKHOBEHHBIX (P PepeHITnaTbHBIX YPABHEHNH BTOPOTO MOPSIIKA.

[IepBr4nOE 110/I€ BO3MYIIIEHUIT IIPEICTABIEHO COBOKYITHOCTHIO COOCTBEHHBIX BOJTH BOJTHOBO/IA.
JlapaeHne paccesHHOrO IMJINHIPUYECKUM TeJIOM TIOJsT WINETCS B BUAE TOTEHIINAJIa TTPOCTOTO
CJIOSI.

ITocTpoena dbyukiusa 'puna mis ypaBaenusi [ebMrosbiia, yaIoBI€TBOPSIONAS 3aJaHHBIM
TPAHUYIHBIM YCIOBHUAM Ha CTEHKAX BOJTHOBOIA M YCJIOBHSAM U3IydeHns Ha OeckonednocTr. OyHK-
Iy TJIOTHOCTH PACIpeesieHus HICTOYHUKOB HINETCs B BUAE pasnoxkenusd B pan Pypwe. s
HAXOXKJEeHUS KOI(PPUIMEHTOB 3TOr0 PA3JIOKEHHUS IIOIydeHa OCCKOHEYHAs JIMHEHHAsA CHCTEMa
ypasuenwuii. [IpoBemeHo yceuerne OECKOHEUHON CHUCTEMBI U €€ PelleHne HANIeHO MEeTomoM 00-
PaTHOU MaTPHIIBI.

ITonygensl aHATUTHYECKHE BBIPAYKEHUSA I PACCETHHOIO AKYCTHYECKOTO MO B PA3HBIX
00J1aCTIX BOJIHOBOA.

Karouesnie cao6a: paccesiune, 3BYKOBBIE BOJHBI, ITUIWH/IP, HEOTHOPOIHOE YIIPYTOe MOKPHITHE,
MJIOCKWIT BOJTHOBOJI,.

Bubauoepagua: 15 nazBaHuii.
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Abstract

In paper the problem of sound wave scattering by absolutely rigid cylinder with radially
inhomogeneous isotropic elastic coating in a planar waveguide is considered. It is believed
that a waveguide filled with a homogeneous ideal fluid, one of its borders is absolutely rigid
and the other — acoustically soft, heterogeneity laws of a coating material are described by
differentiable functions, harmonic sound wave excited by a given distribution of sources in the
section waveguide.

In the case of steady state oscillations the propagation of small perturbations in ideal fluid
is described by the Helmholtz’s equation. The oscillations of an inhomogeneous isotropic elastic
cylindrical layer described by general motion equations of the continuous medium.

The boundary-value problem for the system of ordinary second order differential equations
is constructed for determination of the displacement field in inhomogeneous coating.

The primary field of disturbances is represented by a set of its own waveguide waves. The
pressure of the field scattered by the cylindrical body is sought as potential of a simple layer.

The Green function for the Helmholtz equation that satisfies the given boundary conditions
on the waveguide walls and conditions of radiation at infinity is constructed. The function
of distribution density of sources are sought as a Fourier series expansion. The infinite linear
system of equations is obtained for determination of the coefficients of this decomposition. The
solution of truncated infinite system is found by the inverse matrix method.

Analytical expressions for the scattered acoustic field in different areas of the waveguide are
obtained.
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1. BBenenue

CymecTByer 60JIBINTOE KOJUUECTBO pabOT M0 AuPAKINT aKyCTHIECKUX BOJH Ha, TeIax Pa3HOM
¢OpMBI B BOJTHOBOAAX, B TOM YHCJIE IJIOCKOCIONCTHIX. B pane pabot pemrenne 1udpakIiHOHHBIX 3a-
a9 HAXOIMIOCH B TIPEIIOMIOKEHNY, 9TO P derTaMmu MHOTOKPATHOTO TEPEOTPAYKEHU 3BYKA MEYK Ty
TEJIOM U TPAHAIIAME BOJTHOBOIA MOXKHO mpeHedbpednb. OIHAKO yIeT MHOIOKPATHOTO PACCETHHS ABJIs-
€TCd BEeCbMa CyH_[eCTBeHHbIM, XOTsd n yC.)'[O)KHHeT pemenne 3a1a49n ,ZLI/I(bp&KH;I/H/I STO CBA3aHO C TEM,

2The study was carried out at the expense of a grant from the Russian science Foundation (project 18-11-00199).
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YTO aKYCTHUYIECKOE I10JI€ JOJIZKHO YAOBJIETBOPATDH 'PAHUYHBIM YCJIOBUAM Ha I'DAHUIAX BOJJITHOBOIA 1
MOBEPXHOCTH TeJa, KOTOPhIE MMEIOT Pa3Hyl0 I'eOMETPHIO U CBOHCTBa. MHOXKECTBEHHOE pacCessHue
3BYKOBBIX BOJIH HA TEJI€ MPOU3BOJILHOM (DOPMBI U IPAHUIAX [LJIOCKOCJOUCTOTO BOJHOBOIA PACCMAT-
puBasioch, Hampumep, B [1-4|, a B |5-8] m3ydasock pacmpocTpaHeHHe 3BYKOBBIX BOJH B ILTOCKHX
BOJIHOBOJIAX, COMEPXKAIMX MUINHAPAYIECKHe Teaa. Jndpakiusa 3ByKOBBIX BOJH Ha CILIONIHOM OJI-
HOPOJIHOM YIIPYIOM I[WJIMHJPE B BOJHOBOJE C WjeaJbHBIMHU I'DaHullaMK uccjaenosana B [5, 6]. B
[5] crerkm BOTHOBOIA TOJIATAIICE aOCOTIOTHO MATKAMHA. B [6] paccMmarpuBasics crydail, Korma o/-
HA TPAHUIA BOJHOBO/IA, ABJISIETCs aDCOJIOTHO JKECTKOM, a Apyras — aKyCTUIeCKH MATKON. 3aadn
T pakiyst 3BYKOBBIX BOJH Ha OJHOPOJHBIX YOPYIHX [UJIMHIPAX B BOJHOBOJE C WUMIIETAHCHBIME
creHkamu perenbl B |7, 8|. 3BykooTpazkaroliue XapakTepUCTHKI pacCcenBaTesiell MOKHO U3MEHSITh
C TIOMOIIBIO TIOKPBITHI B BHUJIE HENPEPBIBHO-HEOTHOPOIHOTO ¢Jiost (cM., Hampuwmep, |9, 10]). B na-
crosiieit pabore MeTOIOM, TIpeIOKEHHBIM B [5], pemmaercst 3ajiaua qudpakius 3ByKOBBIX BOJIH Ha
JKECTKOM [UJIHHJIPE ¢ PauabHO-HEOIHOPOJHBIM YIPYIUM ITOKPBITHEM B ILTIOCKOM BOJTHOBOJE, Y
KOTOPOTO OJIHA IPAHUIA — ADCOIIOTHO KECTKAs, a APyras — aKyCTUYECKH MTKAsl.

2. IlocranoBka 3ajga4n

Paccmorpum mrockuit BOJTHOBO mupUHOM d, 3AII0THEHHBIN MI€ATbHON KUJIKOCTHIO C ILJIOTHO-
CTBIO P1 U CKOPOCTBHIO 3ByKa c. QjiHA CTEHKA BOJHOBOA $IBJIAETCs abCOJIIOTHO JKECTKOMU, a JApyras
— aKyCTHYeCKN MATKOi. B BosiHOBOM mOMeltieH 6eCKOHEUHBIN abCOTIOTHO YKECTKUN MUINHAD PAIIY-
ca rg. [lnmuaap mMeeT MOKPBITHE B BUIE KOAKCHAJIHHOTO PAINaIbHO-HEOIHOPOIHOTO M30TPOITHOTO
YIPYTOTO MUINHIPUIECKOTO CJI0S C BHEITHUM paJanycoM 71. MaTeprnaa NOKpBITHA XapaKTepu3yeTcs
TJIOTHOCTBIO 0 W YIPYTUMH MOCTOSTHHBIMEU A\ U (. OChb BpaIlleHus MUANHIPA TapasiebHa CTEHKAM
BOJIHOBOJIa. BI0oB CTEHOK BOHOBOJA TMEPHEHIUKYIASIPHO K OCH MUAWHIPUIECKOTO Teja PaCIpo-
CTPAHSETCH TAPMOHUYECKAS 3BYKOBAd BOJIHA JABACHUS Py C KPYTOBOW IaCTOTON w, BO30OyKmaeMast
3aJaHHbIM paclpee/ieHieM UCTOYHUKOB Ha CeYEeHHU BOJIHOBOJA, PACIIOJIOXKEHHOM Ha PACCTOAHUU
Xo ot ocu muamuApa. B pasbHeiimeM BpeMenHON MHOXKHTEML e ! Gymem omyckarh. Cxema BOJI-
HOBOJIHO# cucTeMbl n300pakeHa Ha PUCYHKE.

VA
d MArkas rpaHunua
r——
TS P1-€
Po
—
7]
—
—
p(rLA(r).u(r) ,
0 x

)KecCTKad rpaHuua XO

Puc. Cxema BOJIHOBOAHOI CUCTEMbI

Bsejiem npsiMOyrobHYHO JEKAPTOBY CHCTEMY KOODIWHAT X, Y, Z TAaK, YTOOBI OCb & MPOXOIU/IA
110 HUXKHeH CTeHKe BOJTHOBOR, OCh Y JIeXKajla B CEUEHHN BOJHOBOJA C 33JaHHBIM DaCIIpee/IeHIeM
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WCTOYHUKOB 3BYKA, & OCh z ObLia mapa/uiesibHa ocu nuiauHapa. [lycTs HuKHSA TPAaHuUIa BOJIHO-
BOJIa, ompeiesigeMas ypaBHeHueM y = 0, ABseTCs YKECTKOH, a BepXHsd T'PaHUIla, ompeeasaeMas
ypasHerueMm y = d, — markoii. [lojioxkerune ocu MUINHIpA OIPEIEIAeTcsl KOOPAUHATAMU

r=Xg, y=Yy, —o0 <z <o00.
WcToynuky 3ByKa paCIpeIe/IeHbl [0 IOMEPEIHOMY CeICHUIO BOJHOBOIA
r=0, 0<y<d, —-oo0o<z<ox.

C nmWIMHIPOM CBSIZ)KEM HMIJIMHPUIECKYO CUCTEMY KOODJIMHAT T, ©, 2.

Ilostaraem, 9T0 MI0THOCTL MaTEpUAJIA OKPHITHS O ABJILETCHA HEIPEPLIBHON (pyHKIMEH paaua/ib-
HOI KOOPJIWHATHI T, & MOIY/IU YIPYTOCTH TOKPHITAA A U 1 — audpdepennupyeMbiMu (DyHKIIHAMI
KOODJAWHATHI 7.

OmpemesmM aKyCTHIECKOe TTOJIe B BOJHOBOJE, & TaKXKe HafigeM TMoJie CMEeIeHn B YIIPYTOM TI0-
KPBITHH.

3. AHajmnTndeckoe perieHne 3aJ1a9u

PaCCManI/IBaeMaH 3aJa49a ABJIACTCA ,Z[ByMepHOI‘/JI. Bce NCKOMBIC BECJIMYIUHBI HEC 3aBUCAT OT KOOD-
JUHATH 2.

Pacmpocrpanenne Maabix BO3MYITIEHUN B UACATBHON KUAKOCTHA B CJAY9Ya€ YCTAHOBUBIIAXCH KO-
aebannit B obmactu (r > r;, 0 < y < d, —00 < o < 00) onuchiBaeTcst ypasHenueM LebMrosibiia
[11]

2
Ap +k*p =0, (1)
TIae p = Po + Ps — JaBJIEHWE IOJHOTO aKyCTHUUIECKOrO IMOJs B BOJHOBOJE, Ps — JABJEHUE aKyCTH-
YECKOTO TOJIsl, PACCESTHHOTO TIMIMHIPOM C MOKPBITHEM, k = w/c — BOJHOBOE UHCJIO B KUIKOCTH.
[Tpu sTOM CKOPOCTH FACTHI] KUIKOCTU V = - grad p.
1p1w

VpaBHeHus IBUKEHNS HEOTHOPOIHOTO U30TPOITHOTO YIPYTOTO NUAMHIPUIECKOTO CJIOA B CIyYdae
YCTAHOBUMBIIMXCs KOJIeOAHU B IMJIMH/PUYECKOT cucTeMe KoopjuHaT uMeor suj [12]

0oy . laaw 4 Trr — Opp _ —wzpu
or r Op r " 5
Jorp, 100y, 2 9 (2)

ar 1 ap plreT W

€ Uy, Uy — KOMIOHEHTBI BEKTOpA CMEIIEeHUs U TaCTHI] HEOJHOPOIHOIO CJIOS, 0j; — KOMIOHEHTE
TEH30pa HANPSIKEHUI B HEOAHOPOJHOM c1oe, p = p(1), ro < 7 < 1.

Ha rpanmnax BOJHOBOIA JOJZKHBLI BBIIOJIHATLCI KPAEBLIE YCIOBHUS, KOTOPBIE 3aKII0YAIOTCI B
pPaBEHCTBE HyJIIO HOpMaﬂbHOﬁ CKOPOCTH YaCTHul, 2KUAKOCTU HaQ HU>KHEeH CTEeHKe n PpaBE€HCTBE HyJHO
AKyCTHYIEeCKOTO JABJCHAs Ha BEePXHEH CTeHKe:

—(x,0) =0, p(z,d)=0. (3)

I'panuunbre ycaoBus Ha BHEITHEH TOBEPXHOCTU HEOIHOPOIHOTO MOKPLITUS 3aKJJII0UAIOTCI B Pa-
BEHCTBE HOPMaJIbHBIX CKOPOCTell 4acTUll yIIpyroil HeOJHOPOIHOM cpeibl U KUJIKOCTU, PABEHCTBE Ha
Hell HOPMaJIBHOI'O HANPSXKEHUS ¥ aKyCTUYECKOTO JIaBJAEHUS, OTCYTCTBUU KACATETbHBIX HAIPIKEHU I

r=mry: —iWlUy = Vp, Opp = —P, Orp = 0, (4)
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Ha BuyTpenneil moBepxXHOCTH MOKPHITHS TOKEH OBITH PABEH HYJIO BEKTOP CMEIEHUsT TaCTHII
YIIPYTOI Cpelibl

r=rg: ur =0, u,=0. (5)
Kpome Toro, Heo6GXxouMO BLITIOJHEHUsT YCJIOBUE U3/ TyYeHns Ha OECKOHEUHOCTH B HAIPABJIEHUN
ocu x 5
. Ps .
lim r(—— —ikps ) =0. (6)
r—+o00 87“

TlepBudunoe mose BO3MYyIIEHWH pg MOYKHO TPEJICTABATL B BUIE PA3I0KEHUS 110 TOJTHON CHCTEME
cobcTBeHHBIX (byHKIMIT Kpaesoii 3agaqau (1), (3)

Pl y) = e cos Ay, (7)

T
tneé, = VE2 =X u )\, = ﬁ(Qn—i— 1) — npozosibHAS U TOTEPEYHAA KOMIIOHEHTEI BOJTHOBOTO IHCIA

k CcOOTBETCTBEHHO.

C momorwio cucrembl dbyukiwii (7) B obmacta & > 0 gaBjeHre Mo/ HCTOYHUKOB MOYXKeT OBbITh
PE/ICTABIEHO COBOKYITHOCTBIO COBCTBEHHBIX (HOPMAIBHBIX) BOJH BOJTHOBOJIA, PACTPOCTPAHIIONIAX-
¢S BIIOJIb OCH X

oo
Po (‘T’ y) = E Anezgna; COs )‘nya (8)
n=0
rae A, — 3aIaHHLle AMILIATYILL.
JlaB/ieHre paccessHHOrO [UJIMHIPOM TIOJIsI Ps TIPEJCTABUM B BHJIE TIOTEHIMAIA TPOCTOrO CJIost [5]

ps (,v) :/Vl (%0, y0) G (z,y|z0, yo) dlo, 9)
Lo

rae vq (2o, yo) — HemsBecTHas (DYHKIIUSA, OMMCHIBAIOIIAS PACIIPEIETEHIE UCTOYHUKOB OIS Ps HA
BHEIITHEH TTOBEPXHOCTH HEOTHOPOIHOTO moKpbITHs, G (, y|To, yo) — dysakus 'puna, Ly — OKpy K-
HOCTH pajmyca 11 ¢ nearpom B touke (Xo, Yy), dly = ridpg — snement konrypa L.

Oyuxius G (x,y|xo, yo) ABASETCS pelneHneM KpaeBoil 3a1a9u

AG + kG = —6 (x — x0) § (y — o) » (10)
oG
87?; ([B, 0‘x07y0) = 07 G (xv d‘.To, yO) = 07 (11)
) oG .
QZEI:EOOR (aR — sz) =0, (12)

e R = \/ (z — x0)* + (y — yo)* — paccrosHme MezKIy TOUKOH HaGonenus (z,y) I HCTOUHIKOM
nosst (xo,yo) Ha KoHTYpe L. Yeaosus (11) u (12) 3anucanbl Ha ocHoBanun ycaosuii (3) u (6).
Oyuknuio I'puna 6yaeM HCKAaTh B BHIE

G (z,ylz0, %0) = »_ Culx) cos Any, (13)
n=0
enl@=20) g > g
rae Cn(x) =Cn { e*ign({l‘fIO), T g To ’

st onpesenennsi Koa(pOUIMEHTOB ¢, NMpojeJaeM CJepyiolie Ipeodpa3oBanus. Pasmoxum
nenbra-byuximo 0 (y — yo) B paa Pypee no dbyHKIMAM €COS Ay Y

0(y—yo) = Z dy, cos A\py.
n=0
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YMHOKUM 06€ HaCcTH OCJIEIHEr0 yPaBHEHUs: Ha COS Ay U HpounTerpupyeM 1o npomexyrky [0, d].
Haxomum xosdpunimenTs! d,,, yIUTLIBas, UTO IO CBOWCTBY 0-(DYHKIINK

d
/5 (y — yo) cos A\qy dy = cos A\gyo
0

1 9T1T0

d 0, n#gq,
/cos)\ny cosAgydy=1< 0, n=¢q=0,
0 d/2, n=q#0.

B pesyabrare moxydaem

COS ApY COS ApYo- (14)

5 (y — o) dz

[oncrasum pazmoxenud (13) u (14) B ypasuenue (10). YMHOKEM 00€ TaCTH Oy I€HHOTO YPaB-
HEHUsl Ha COS A\gy U 1pouHTerpupyem 110 y B upejesnax or 0 o d. Ilpuxonum k ypaBHenuto

5On

0?Cy, () 9 19 2
IIpounTerpupyem JIeByI0 U TPABYIO JACTH MOCJASIHETO YPABHEHUS 1O X O MAJIOH OKPECTHOCTH
xo+e
TOUKH & = To. YuurbBas, aro [ 0 (z — z9) dz = 1, noayaum
Tro—¢&
xo+e
dCy () ot 2 2 2
_— k*— A C dr = ————— AnYo, 15
dx xro—¢€ " ( ”) / " (x) v d(l + 5071) €08 Andlo ( )
ro—E€

rae

dCy, (z ) — ¢ i€petn(@=20) g > g
dr - tn _igne—ifn(aj—xo)7 x < xo ’
Ilepeitnem x mpemeny npu € — 0. Tak kak dyskiwa C), () HenpepbIBHA B TOYKE T = T(, TO
dC,, ()
BTOpOE cjaraemoe B ypasaerun (15) obparmaercst 8 wyab ipu € — 0. [IpousBonnas “dr B TOUKe
x
T = X UMeeT Pa3phIB IIEPBOIO POJia, PABHLIN 110 Benuuune 2i &y, ¢y, B pesyabraTe Haxommm
1
End(1 + don)

Takum obpaszom, nckomas pyHkInu I prHa nMeer BUI

Cp = Cos Ap¥o-

o

i 1  loa
G (x,ylzo, y0) = - > TS Any €os Ao e'Srleeol, (16)
n=0 mn n

Korma A, >k, &, = \/m CTAHOBUTCS 9MCTO MHUMBIM. B 3TOM C/Iyvae Jjisi BBITTOJTHEHUS
yenosuit mamydenus (12) meobxomammo, atober Im &, > 0, To ectb &, = i\/\2 — k2.

Bamuiem mojie CTOUHUKOB (8) B MOIAPHOI CMCTEME KOOPAMHAT, CBA3aHHOM ¢ TainHIpoM. Boc-
TIOJTB3YEMCST IIPEICTABICHAEM COS Ay = (Y e ~An¥) /2 it yurem, 4T0 BBEICHHbIEC MIPAMOYTOIBHbIE
W TAWHAPUYECKAE KOOPAMHATHI CBA3AHBI MEXKTY COOO0M COOTHOTIEHUAMM

x=Xog+rcosp, y=Yy+rsing, z==z.
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. X n An
Tax kax k—g + k—g =1, To mosoXKAM T = cosY m i sin 1. Torma

fnw + )\ny = anO £ A Yo + kr COS(SO + ¢)

Ncnonssyst dhopmyay [13]

oo
eik’r cos¢p _ Z Zme (]67“) eimqﬁ’
m=—o00
TOJTY 9aeM
o0 .
po (r, ) = Z amJm (kr)e™?, (17)
m=—o00

rie Jp(z) — muaunapuaeckas dyrakuus Beccesst mopsijka n,

oo
. A
am = 1" Z A, e X0 cog (A Yo —map), 1 = arcsin ?n

n=0

Teneps 3anummem dyuxnuo 'pura (16) B mossipHoii cucreme Koopauaat. Jljis 9T0ro BBIpasum
qepes3 9KCIIOHEHTHI COS A\p Yo U IPOeTaeM MpeodPa30BaHms, aHAJOTHIHbIE TPUBEACHHBIM BbITe. [To-
JIYIUM

G (r,|ro, vo) = > Z (Kot eos9) o9l (Vg + 7 sin )] T X0 x
2 2 (1 + don) &

% |:ei)\nY0$ikr1 cos(pot)) + efi/\nY0¥ik:7“1 cos(poF) ) (18)

3ech BepXHUit 3HAK COOTBETCTBYET CJYYUalO0 X > X, a HUXKHAN — T < I(.
O6osnauast v (zg,yo) = m1v1 (T, Yo) ¥ IEPEXoJst OT JEKAPTOBLIX KOOPAWHAT T, Y K MOJSIPHBIM
T, ¢, BeIpaykenue (9) MpejcTaBuM B BHUJIE

27T
pa (1, ) = / v (00) G (r, g1, o) dego. (19)
0

[Tpu sTOoM YHKIUS TIOTHOCTH paclpeeenns KCTOYHUKOB U Ha BHEIIHEH MOBEPXHOCTH TTOKPbI-
TUA ITAJIVHPA 3aBUCAT TOJBKO OT OHOW YTJIOBOM KOOPAMHATHI, TaK KaK Ha ITON TMOBEPXHOCTHU
paJuaabHast KOOpPJIUHATa OCTOSHHA W PaBHA 7.

Oyuxnus ps (r, @), onpenensemas dopmymnoii (19), yaosnersopsier ypaBHenuto [eabMrosbia
(1), kpaeBbIM yca0BHAM (3) ¥ yCIOBHAM M3IydeHus Ha Geckoneanoctu (6). Takum obpasom, 3a1ada
OLPEJIEICHUS PACCESTHHOTO [0JIS Pg CBOJUTCA K HAXOXKJIEHUIO (DYHKIIMS IJIOTHOCTH PACIIPEIETICHUsI
HCTOIHUKOB V((p(), obeciiednBaomeii BHIIOIHEHNE TPAHIIHLIX ycroBuil (4).

OyHKINIO TIOTHOCTH PACIpeleeHns UCTOYHUKOB OylIeM UCKaTh B BHUJE PA3JIOXKEHUS B P
Dypre

o
vig)= > bne™?, (20)
m=—0oo
e KOs UnmenTs! b, MOIIEKAT OMPeIeIeHHIO.

CooTHoTeHNsT MEXK, Ty KOMITOHEHTAMW TEH30pa HAMPSKEHU W BEKTOPA CMEIEHN B HEOTHOPO/I-
HOM TTOKDPBITHH 3aITUCBIBAIOTCS CJIEAYIONIM obpasoM [12]:

ou, X [0
Urr:(A‘FQM) 81:“ _|_r<8l:;0+ur>,
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A+2u (Ou ou,
Top = (8: + Ur) +A o (21)

B 10u, Ouy, uy,
%—“(ra@ *w%)’

e A=A, = u(r).
Ucnonb3ysa coornomrenust (21), 3anummem ypasaenus (2) uepes KOMIIOHEHTbI BEKTOPA CMEIEHUs

u:
Pu, A+ p 0%u p 0%u A+2p\ Ou
A+2 a L4 o (N2 -
(—l—,u)(%?—i— r  Ordp T28cp2+< Tt r >8r+
1 A+3 0 NooA+2
+- ()\,— + M>%+<_ +2M+W2p>ur:07
r r Oy r r
M82u¢+)\+u O*up A+ 20 0%y, </+H> %—i-
Or? r  Orde 2 Oy? r/ Or
L/, A+3u) Our g
L . _F =0 22

re MTPAX O3HaYaeT mudpepeHnnpoBaHye 1o 7.

KoMmoHeATEl BEKTOPa, CMEMIEHUs U B YIIPYTOM CJIO€ SBISIOTCA TePUOANIECKUME (DYHKITUAMA
KOODJMHATHI ¢ ¢ nepuogom 27. llosromy dbynknum u,.(r,p) n uy(r, @) 6yaeM nckaTh B BUIE PAIOB
Dypre

o0 [e.e]

up(r, ) = Z Ut (1)e™P5 uy(r, @) = Z Uy ()€™ (23)

m=—0Q m=—0oQ

IMopcrasngast Beipazkenus (23) B ypasHenus (22), moyduM CIeAyRONLYH0 CUCTEMY JIMHEHHbBIX
OOBIKHOBEHHBIX MU MEPEHIINATHHBIX yPABHEHAN BTOPOTO MOPSAIKA OTHOCUTETHHO HEM3BECTHBIX
hYHRUTA U1 (1) ¥ U2 () 11 KaZKI0TO M

AUl 4 BuUL + CplUp, = 0, (24)
rae U, = (ulm, uQm)T; lem, Bm, C’m — MAaTPHUIbL BTOPOIr'o IIOPAIKA

i :7‘2<)\+2M ()>. B <()\’+2u’)r2+()\+2u)r im()\—l-u)r).

0 w ) om im(A 4 p)r wWrE+pr )7
& Nr— X —(2+m?)u+ w?pr? im (N'r— X —3u)
me im (u'r + X+ 3p) —p'r —m2X — (2m? + 1)y + w?pr?

Ba/iada COCTOUT B HAXOKJICHUN (DYHKIUN Uy, (1) U Uy (1), 00ECTIEINBAIONINX BBITOTHEHHE TPa-
HuaHbIx yeaopuit (4) u (5).

KosddummenTs! by, n emme 1Ba KpaeBbIX YCIOBHS JIJIsT HAXOZKIEHNS TACTHOTO PEIIEHNST CHCTEMBI
(24) nopuexkar ONpeseNeHNI0 U3 TPeX TPAHUYHBIX ycaoBuii (4).

Bocnosp3yemcst epBBIM UX TPAHUIHBIX ycaoBuii (4). Bynem yunTeiBaTh, 9T0 HOpMAsBbHAS IIPO-
M3BOJIHASI OT [OTEHIUAJIA, IPOCTOIO CJI0s Ha IOBEPXHOCTH TeJla UMEeT Pa3phlB [IEPBOIO POJia, PABHBIN
o Beawante v [14]. Torna Ha BHeIIHell rpaHUIe TOKPBITHS

2w

= (¢) + / v (120) M (12, 00) dgo, (25)
0

Ips (1, )
or

r=ri

0
riae M (p, po) = EG (r, olr1, o) (rouka (r1, ) JEKUT HA MOBEPXHOCTH PACCENBATEIA).

r=r1
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Nurerpan B (25) ciejyer NOHUMATL B CMBICJIE TJIABHOIO 3HAYEHMUSI.

Taxmm obpazom, nojcrasisgs pasaoxenus (20) u (23) B nepsoe yciaosue (4) u yuursiBas (25),
nostydaeM GECKOHEUHYIO JIMHEeHHYI0 CUCTeMYy yPaBHeHUil orHOCuTeNbHO KO dunueros by,, 3asu-
CAITUX OT Ui (71)

o0

> G+ amn)bn = £+ [ uim () (m =0, £1, £2,..) (26),

n=—oo

e

2w 27
1 3 —im
Qi = QTFQ//M(% o) " 0e” " dpo dep,
0 0
1 1
FO = Zank g, (kri), D= =wpr.
i T

W3 Broporo yciosust (4) mosydaem ere 0gHy GECKOHEUHYIO CUCTEMY yDPaBHEHUH

Z anbn = 957(1)) + g%)ulm (Tl) + gg)UQm (Tl) + gfss)ullm (7“1) (27)

n=—0oo

(m =0, £1, +2,...),

rae
1 21 27
Brmn = %//K(% po) €0 dpg dip, K (,00) = G (1,001, 00)|—p,
0 0
A(r im\ (r
gﬁ)g) = —(Ime (]{37“1), gﬁ)}b) = - ( 1)7 gSrZL) = _ﬁ )
71 r1
g = =\ (r1) + 2u (r1)].

U3 moc/ieiHero TpaHnIHOTO yeIoBHs (4) TOIy9IaeM COOTHOIIEHHE
m , 1

Zulm (r1) + uy,, (r1) — T—luQm (ri)=0 (m=0, £1, £2,...). (28)

U3 rpannanbix yciaosuit (5) Haxoaum

rT=rp: Ulm = 0,  ugy, = 0. (29)

ITposemem yceuenme cucrem (26) u (27), Boibpas mopsimok ycedenust N. B marpuanoM Buze
ycedennasi cucrema (26) Gyjem nmern

Qb= O+ fWu,

rae
Q - (5mn +amn)(2N+1)><(2N+1)a b= (be) b*N+17 "'7b07 bla "‘7bN)T7

FO = (£ i o £ S BT,
FMWyy = (fg)vuL—N(n), fglj)\erlul,—N—i-l(rl)v .._7f(§1)U10(7’1)a ”ﬂfz(vl)ulN(rl))T‘

Metomom obparHO# MaTPUITBI HAXOIUM

b=Q ' (f O+ fMuy)
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WIN B KOOPAMHATHON popme
N
b= o[£+ Vg (r)] (n=0, £1, £2,..., £N), (30)
j=—N

TJIe Gnj — DJIEMEHTBI 00PaTHON! MaTpPUITBI Q.
Iloncrasum (30) B yceuennyto cucremy (26). [lomyumm

N N
I wim (1) + 953 uam (1) + 650U (1) = D Bun D dng f;l)ulj(rl) =
n=—N j=—N

N N 0
n=—N j=—N

Takum 06pa3oM, MOJYUUIN YeThIPpe KpaeBbiX ycaoBust (27-29), (31) KOTOPBIM JOIKHO yIOBJIE-
TBOPATH pernenune cucrembl auddepennuanbubx ypasaeruii (24).

IToctpoennas kpaesas 3amada (24), (27-29), (31) moxkeT OBITH peleHa KaKNM-JIAO0 METOIOM.
B pesyabrare Haxogmm moje cMemennii B HeogHOopoaHoM nokpeitun (23). 3arem no dopmyme (30)
BbIUHCIsieM KO3(hDMUIHEHT! pa3iokeHnsa (BYHKIUA IIOTHOCTH PACHpeeaeHus HCTOIHUKOB (20).
AnasmTuyueckoe onmmcaHue PACcCeTHHOTO AKyCTHYECKOTO MOJIsd AaeTcs Bhiparkenunem (19).

[oncrasum (18) u (20) B (19) u BocmonB3yeMcst opmytoii [15]

27
/ei[kTCOS(wsoo)ersﬁo]d@O.
0

4 1
T (kr)e™ = ——
m(kr) 2mym
ITepexonst K I€KApTOBOH CHCTEME KOODIMHAT, TTOJYIUM CJIEIYIONIAe BhIPAYKEHUs IS PACCesiH-
HOTO 1015t Ps (2, y):
npu x = Xog + 171

o0

Ps (1‘, y) = Z Ageifnx COs )\nyv

n=0

HpH$<X0—’I“1

00
Ps (l‘, y) = Z A:Leiignx oS An Y,

n=0
TIe
r 27Ti —iénXo > -\
&= T+ o) S (=) b (krr) cos(AnYy — map),
Al 211 i€n Xo - -m
e > i Tm(kr1) cos(AnYo + map).

4. 3akJro4eHue

B nacrosmgeit padore 1oy 4eHO aHAJIUTUYIECKOE PEIIeHNE 33/[a91 PACCEsHUS 3BYKOBBIX BOJIH aKy-
CTUYECKH YKECTKUM ITWJIMHJIPOM C HEMPEPLIBHO-HEOTHOPOIHBIM YIIPYTUM TTOKPBITHEM, HAXOATIINM-
¢d B IIOCKOM BOJIHOBOJE C HAEAJbHBIMI cTeHKaMu. [1omobubiil moaxom MoxkeT ObITh MCIOJIB30BAH
PU Pertenun 337349 JudpPAKITUN 3BYKOBBIX BOJIH HA a0COIOTHO XKECTKOM U YIPYTOM IHMJIMHIAPAX C
HETIPEPBIBHO-HEOTHOPOIHBIMI U AUCKPETHO-HEOTHOPOJHBIMI TOKPBHITUSIMHU B TIJIOCKOM BOJIHOBOJE C
UMIIEIaHCHBIMU TPAHUIIAMUA.



282

JI. A. To/IOKOHHUKOB

CIUCOK IIUTUPOBAHHOI JINUTEPATYPHEI

1.

10.

11.
12.
13.
14.
15.

Hackman R. H., Sammelman G.S. Acoustic scattering in an inhomogeneous waveguide: Theory
// J. Acoust. Soc. Amer. 1986. V. 80, No. 5. P. 1447-1458.

. Hackman R. H., Sammelman G.S. Multiple-scattering analysis for a target in oceanic waveguide

// J. Acoust. Soc. Amer. 1988. V. 84, No. 5. P. 1813-1825.

. Kysbkun B. M. Paccesinue 3ByKOBbIX BOJIH Ha TeJie B ILJIOCKOCJIOUCTOM BOJIHOBOJE // AKycru-

geckuit xypu. 2003. T. 49, Ne 1. C. 77-84.

. HTapdapen B.II. Merosg pacuera mo/isg u3aydaresasd U MOJId PACCETHUS HEOTHOPOIHOTO BKJIIO-

YEeHHUsS B IJIOCKOCJIOUCTBIX BOJTHOBOMAX // Akycrmaeckuii xypHa. 2004. T. 50, Ne 1. C. 123-128.

. Besios B. E., Topckuii C. M., Sunosnes A. 0., Xuasko A. . Ilpumenenne MeToa WHTErpaIh-

HBIX YPABHEHUiT K 3a/1a4e 0 TupakIiuy aKyCTHIECKUX BOJH Ha YIIPYTUX TEJIaX B CJIOE KUIKOCTH
// Axycruuecknii »xypH. 1994. T. 40, Ne 4. C. 548-560.

. Angpuanosa T. A., Bemos B. E., Banesckuit A. A., [llaponos ['. A. WccaenoBanme MogoBOTO

COCTaBa W IMIPOCTPAHCTBEHHOT'O pacIpeaeeHus aKyCTHIeCKOTO 0 IIPU Pa3InIHOM JTJoKaIn3a-
LU HEOHOPOHOCTEH B cioe xxujkoctu // Axycrudeckuii xypa. 1996. T. 42, Ne 4. C. 465-477.

. Benos B.E., l'opckuit C. M., 3amesckuit A. A., 3unosbes A. FO., Xuipko A. U. Paccesrne aky-

CTUYECKUX BOJIH YIIPYIMMH I[[MJIMHIPAMK B MHOIOMO/IOBBIX CJOHCTHIX BOJHOBOgaX. // ®opmu-
pOBaHNe aKyCTUIECKNX MoJell B OKEAHNIeCKUX BOJTHOBOTAX. PEKOHCTPYKITHS HEOTHOPOTHOCTEN.
H. Hoeropoa: UTI® PAH, 1994. C. 63-88.

. Belov V. E., Gorsky S. M., Zalezsky A. A., Zinovyev A. Yu. Application of the integral equation

method to acoustic wave diffraction from elastic bodies in a fluid layer // J. Acoust. Soc. Amer.
1994. Vol. 103, No 3. P. 1288-1295.

. Pomanos A.T., Tomokonuukos JI. A. Pacceanne 3ByKOBBIX BOJIH TUJIHHAPOM C HEOTHOPOTHBIM

yupyrum nokpsituem // Ilpukiajnas maremarnka u Mexanuka. 2011. T. 75, Ne 5. C. 850-857.

Tomoxonnnkos JI. A. Paccesiine HaRIOHHO TAIAOMIEH TIOCKOH 3BYKOBOHM BOJTHBI YIIPYTUM TIH-
JIMHJPOM C HeoAHOPOofHbIM TokpbiTHeM // VsBecrus Tysbckoro roc. yH-ra. EcrecTBennblie Ha-

yku. 2013. Beimn. 2. Yacts 2. C. 265-274.

Tenmepor E.JI. Boanorsie 3amaun rugpoakycruku. JI.: Cymocrpoenne, 1972. 352 c.
Hopangwuit B. Teopust ympyrocru. M.: Mup, 1975. 872 c.

Ckyunk E. Ocnoser akycruxn. T. 2. M.: Mup, 1976. 544 c.

Tuxonos A. H., Camapcruit A. A. Ypasuenuns maremarudeckoit pusnku. M.: Hayxka, 1972. 736 c.

Upamos E. A. Jludpakius 3,/eKTpOMardEuTHBIX BOJTH Ha ABYX Teaax. Munck: Hayka n Texnuka,
1968. 584 c.

REFERENCES

1.

Hackman, R. H. & Sammelman, G. S. 1986,“Acoustic scattering in an inhomogeneous waveguide:
Theory“, J. Acoust. Soc. Amer., vol. 80, no. 5, pp. 1447-1458.

. Hackman R. H. & Sammelman G.S. 1988, “Multiple-scattering analysis for a target in oceanic

waveguide”, J. Acoust. Soc. Amer., vol. 84, no. 5, pp. 1813-1825.



Paccesnne 3ByKOBBIX BOJIH IUIUHIPOM . . . 283

10.

11.

12.
13.
14.

15.

. Kuz’kin, V.M. 2003, “Sound scattering by a body in a planar layered waveguide®, Acoustical

Physics, vol. 49, no 1, pp. 68-74.

. Sharfarets, B.P. 2004,“Method for calculating the field of an opaque source and the field

scattered by an inhomogeneous inclusion in a planar layered waveguide®, Acoustical Physics,
vol. 50, no 1, pp. 107-—111.

Belov, V. E., Gorskij, S. M., Zinov'ev, A.Y. & Khil’ko, A.1. 1994, “Application of the method
of integral equations to diffraction of acoustic waves at elastic bodies in a layer of liquid“,
Acoustical Physics, vol. 40, no 4, pp. 548-560.

Andrianova, T.A., Belov, V.E., Zalezsky, A.A. & Sharonov, G.A. 1996, “An analysis of
the mode composition and spatial distribution of acobstic fields for different localizations of
inhomogeneities in an liquid layer®, Acoustical Physics, vol. 42 no 4, pp. 407-419.

Belov, V. E., Gorskij, S. M., Zalezsky, A. A., Zinov’ev, A. Y. & Khil’ko, A.I. 1994, “Scattering of
acoustic waves by elastic cylinders in multimode layered waveguides®, in “Formation of acoustic
fields in oceanic wavequides. Reconstruction of inhomogeneities”, Inst. Prikladnoj Fiziki RAN,
Nizhnij Novgorod, pp. 63-88 [in Russian].

. Belov, V. E., Gorsky, S. M., Zalezsky, A. A. & Zinovyev, A. Yu. 1994, “Application of the integral

equation method to acoustic wave diffraction from elastic bodies in a fluid layer* J. Acoust.
Soc. Amer., vol. 103, no 3, pp. 1288-1295.

. Romanov, A. G. & Tolokonnikov, L. A. 2011, “The scattering of acoustic waves by a cylinder

with a non-uniform elastic coating, J. Appl. Math. Mech., vol. 75, no. 5, pp. 595-600.

Tolokonnikov, L. A. 2013, “Scattering of an obliquely incident plane sound wave by an elastic
cylinder with a non-uniform covering®, Izv. Tul. Gos. Univ., Ser. Estestv. Nauki, no. 2-2,
pp. 265-274 [in Russian|.

Shenderov, E.L. 1972, “Wave problems of underwater acoustics”, Sudostroenie, Leningrad,
352 p. |in Russian|.

Nowacki, W. 1975, “Teoria sprezystosci®, Mir, Moscow, 872 p. [in Russian|.
Skudrzyk, E. 1976, “The Foundations of Acoustics“, vol. 2, Mir, Moscow, 544 p. |[in Russian|.

Tikhonov, A.N & Samarskiy, A. A. 1972, “Fquations of Mathematical Physics®, Nauka, Moscow,
736 p. |in Russian|.

Ivanov, E. A. 1968, “Diffraction of electromagnetic waves by two bodies”, Nauka i tekhnika,
Minsk, 584 p. [in Russian|.

[Mosyueno 25.01.2019 t.
[Ipuaaro B mevars 10.04.2019 1.



284 B. H. Yy6apukosn

YEBBIINEBCKNIT CBOPHUK
Towm 20. Bermyck 1.

VK 511.3 DOT 10.22405/2226-8383-2019-20-1-284-293

O6o6miennbie cymmbl I'aycca m MmHOTOWIEeHBI Beprynamn
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AnBOTanusa

s nmepuomuaeckoit apudmerndeckoit GyHKIMA ¢ TEePUOIOM, PABHBIM IIPOCTOMY YHCITY ¢,
IIPH IeJIbIX M, N BBOAUTCS HOHATHE 00001ménHolM cymmbl [aycca Gy(m) ¢ cumBosom Jlexkanapa

(5):
= /n mn
o))
n=1 q q
Paccmorpenst gacrubie caydau f(x) = B, ({z}),v > 1, tne B, (x) — muorouwienst Bepryiiim.

B pabore ncnonb3yercs rexanka KOHeIHBIX panoB @ypoe. Ecnn dyakmus f (%) ompeaeeHa

B roukax k =0,1,...,g — 1, To eé MOXKHO Pa3JI0KUTh B KOHEIHBIN psii Pypbe
-1 q—1
k K :mk 1 k o imk
f<)zcm627”q7 Cme(>6 2mi )
q m=0 q k=0 q

C nomorpo pazioxkeHus B KoHeuHbI# psg Pypbe 06001ménHON cymmbr Taycca

Gy (m) = Gy(m; B,) = qil (Z) By ({“T * wén})

n=1

mpu v = 1 u v = 2 HalifeHbl HOBbIE (HOPMYJIBI, BHIPAYKAIOIINE 3HAYECHNE CUMBOJIA JIexkanapa
9epe3 MOTHBIE CYMMBI OT TePUOAUIECKUX (DYHKIHUH. ITO 00CTOATEIHCTBO MO3BOJISIET Oy YUTh
HOBBIE AHAJUTHYIECKUE CBOMCTBA COOTBETCTBYIONNX PsAnoB lupuxie u apudmerndeckux GyHK-
|ii, 970 OyIeT TeMOoil Claemdyronmx paboT.

B pabore obnapyxkeHo BaxkHoe cpoiicrso cymm G u Ga, a HMEHHO:

Gy #0,ecin g=3 (mod 4) u G; =0, ec;iu ¢ =1 (mod 4);
q—1

Gy =0,ecm g =3 (mod 4) u Gy = q% > n? (%) ,ecmm ¢ =1 (mod 4).
n=1

Karoueswie carosa: Cymmbl Naycca, muorounenst Beprymim, cumpon Jlexanpa
Bubauoepagusn: 17 HazBanuii.
s nmuTupoBaHus:

B. H. Yy6apukos. O6obménnsie cymmbl Laycca n muorowiensr Bepaymmn // Uebbimesckuii c60p-
wuk. 2019. T. 20, e, 1, C. 284-293.
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Generalized Gaussian sums and Bernoulli polynomials
V. N. Chubarikov
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Abstract

The conception of Generalized Gaussian Sum Gj(m) for a periodic arithmetical functon
with a period, is equal prime number ¢, for integers m, n is introduce:

s =52 (1)1 ().

Here are considered the particular cases f(z) = B,({z}),v > 1, where B,(z) — Bernoulli
polynomials.

The paper uses the technique of finite Fourier series. If the function f (g) is defined at

k=0,1,...,4g— 1, it can be decomposed into a finite Fourier series

k (i o mk 1 i E\ _opimk
f -] = Z Cm€ ™ y Cm = — Z.f —)e .
q m=0 1= \1

By decomposition into a finite Fourier series of a generalized Gauss sum

cutm =i =5 (7). ({477}

n=1

for v =1 and v = 2 , new formulas are found that Express the value of the Legendre symbol
through the full sums of periodic functions. This circumstance makes it possible to obtain new
analytical properties of the corresponding Dirichlet series and arithmetic functions, which will
be the topic of the following works.

An important property of the sums G; and Gs, namely:

G1#0,if ¢g=3 (mod 4) and G; =0, if ¢ =1 (mod 4);

q—1
Gy =0,if =3 (mod 4) and G‘Q:qi2 S n? (%),ifqzl (mod 4).
n=1
Keywords: Gaussian sums, Bernoulli polynomials, the Legandre symbol
Bibliography: 17 titles.

For citation:
V. N. Chubarikov, 2019, "Generalized Gaussian sums and Bernoulli polynomials" , Chebyshevskii
shornik, vol. 20, no. 1, pp. 284-293.
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BBenenue

2w
n q .

ITycTh ¢ — mpocTOe YUCsI0, N — HATYPAJTBHOE YUCIIO, — cumBoat Jlexanzapa, eq(n) = e

Torna cymma laycca nmeer sug (cm. [10]-[15])

G(m) = g (%) extmm = v
e

. 1, ecmg=1 (mod 4),
| 4, ewmqg=3 (mod4).

Hanee onpenennm muOrOwneHbl Beprymmu B, (x) ¢ nomompoo nponssogsimedi dyakmum (cM.

[16]-{17])

tet® _ i B, (xz)t¥
el—1 = v

B wacraocTu, ipu = 0 u npu || < 27 HAXOAUM MPOU3BOJAIIYIO DYHKIMO JJIs 9rces BepHymin
B,:

t i B,t"
et—1 v’
v=0
TIe
1 (=)' (2v)¢(2v)
Bo = 1, Bl = —5, BQ,/ = 92 —1 20 , Bgl,+1 = 0, Ve N,

v 1 1
By (z) = ];0 <%) Bra"™%, Bi(z) =2 — 3 By(z) =2 —x + 6

Onpenenum Tenepb 06001mEHAYIO cyMmmy laycca

u npu Res > 0 mosyanm

w3 ()= S () 5 L ({20

n

q) nMeeM pasJiokenue B KoHeUHbIH psajg Pypoe (em. [15])

Momoxum x = 0. Ins pyukmun B, (

q—1

n 2 kn

B, | — :E cpe o a
q k=0

e
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JleticTBUTEIBHO,
= omibn 1 i T\ 2rikn=r)
che a = — By<>e a =
k=0 q k=0 r=0 q
q r=0 q k=0 1

D

N

Il

|

.
7N\
|3
~__

&

N
7 N
|3
~_

Il

Q

l‘
N
|3
S~
ES Q
LML

o

ES

&)

[\]
el
=[F

n=1 n
q—1qg—1 q—1
kn k
— <n) 2T 5\/62 () ck(v)
k=0n=1 q k=0

Henbio mauuO# paboOThI ABISIETCS JOKA3ATEIBCTBO CIAEAYIOMNUX IBYX TEOPEM.

TrorPEMA 1. Ilycmb ¢ — npocmoe wucao, <§> — cumson Jleocandpa, ¢ — wosdpduyuenmao:

Dypve pynxuuu Gi(x) npu x = 1. Tozda
q—1 q—1
k € k 1
e ) 55 e
k=0 \4 =NV T
npuuém G1 # 0, ecau ¢ =3 (mod 4) u G =0, ecau g =1 (mod 4).

TEOPEMA 2. Ilycmv q¢ — npocmoe wucao, (g) — cumeon Jleocandpa, ¢, = c,(2) — woopdu-
yuenmu koneunozo pada Pypve dynxyuu Gy = Go(1). Tozda

q—1 2 q—1 k 672771'%
oyt () ey = e § (B)
k=1 q q (1

—27Tiﬂ>2 '
— e q
npuuém Go =0, ecau ¢ =3 (mod 4) u Go = 4 S n? (%) , ecau ¢ =1 (mod 4).

1. JlemMmBI

Ham HeobxoanMbl cienyoIme BCIOMOTATeIbHBIE YTBEP:K ICHHS.

JIEMMA 1. Jaa ar0b6oz20 yenozo ¢ > 2 umeem

= z— 24
r
a)fo=) 2" = ,
1—=2
r=1
q—1
» — patl qz9

-1
. , 22— 20T 2 (2g 4+ 1)27TE g2t

c)f2:Zr2zT:z 1:2(1_2)3—1— (1= 2) 1=
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JIOKABATEJILCTBO. YTBEpKaeHne a) o01men3secTHo, b) cieayer u3 nenovku PaBeHcTs

P _ (=g (A —2)+ (229 _ z—g2"+(¢—1)"
toeom (1—2)2 B (1—2)2 -
_z— 2q+1 gz
C(1-2)?2 1-2z
YTBepKIeHHE €) HAXOAUM U3 COOTHOIICHUH

B z(l —(g+1)29)(1 — 2) +2(z — 2471) 21711 — 2) + q21 _

fo=2fi= TSt T
24+ 22— (g D)2 4 (- 1)1 P — (P - )2t
(1-2)° (1—-2)?
PR qQZq + (2q2 —2q — 1)Zq+1 _ (q2 + 1)Zq+2 B
(1—-2)°
L 2= 2= (2 + 1)27T g2
(1—2)3 (1—2)2 1—2

Jlemma gokazama. O
JIEMMA 2. IlTycmwv das ar06020 npocmozo wucaa ¢ > 2

erm =3 (1)1 (7).

n=1

2de f(x) — nepuoduueckan Pynxyua c nepuodom 1 u (%) — cumeon Jleocandpa evivema n no
MOAYA10 q.
Tozda umeem

(%) 65t0) = Gytm),

a npu Res > 1 u npu G¢(1) # 0 daa L-pada Jupuzse cnpasedausa dopmyna
= /n 1 “d n\ e 1 mn

£ (et EOE ()
=2 () = qm L () S

JIOKABATEJILCTBO. Crenaem 3aMeHy mepeMenHoit cymmuposannst, moaoxkus k = mn (mod q),
nomyanm km ' =n (mod ) u B cury mepmogmaHocTn dDyHKIIE f(2) mMeeM:

=5 () ({21 = (S G (42D = (o

1 I1epBoO€ YTBEPZKICHUE JIEMMBI JOKa3aHO.

Ecmu Gf(1) # 0, To (%) = %ff(( )) Orcroma ceyer, 9To

w05 (1) - gm g o =g (0 ({5

n=1

B cuny abcostorHoil CX0auMOCTH PII0B MOXKHO IIEPECTABUTD [MOPIIKHA CyMMWPOBAHWS, TOJIYYUM

a0 S ()

¥ JeMMa TOJHOCTHIO JoKa3aHa. U
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JIEMMA 3. Hycmo q > 1,u — namypaavrove wucaa. Tozda umeem

({3 ~{2) -4

2de ¢k = qrerpn U 1Sk <q—luco=—g

JIOKABATE/NBCTBO. Ucnonb3ysa cooTHOIIIEHE

-1
}qz:e (am) = 1, ecmau q | m,
ot 1 ~ | 0, B OpoTHBHOM Ciaydae,
a=
HAXOIAM
U iy m 1 !
(D)~ En (5]) e
4 m=0 q 1 =0

Boraucinm kosdpdbunmentsr Pypoe ¢,. Umeem

1 m 15 (m 1 1
:7231 —4) == R I —
q = q q q 2 2q

mpu 1 < a < ¢ — 1 u3 gemmbr 16) mosryanm

(5] - Evcom

1 < eq(—a) —1 qg—1
PE
Jlemma pgokazana. O
JIEMMA 4. Hycmo g > 1,0 — namypaavroe wucaa. Toeda umeem

q—1

w({T) =) {5 s e

_26742 npul <k<qg—1uc= #.

DA WS DS
e 2 _ e r- — T _
1= " \q 3 7 q
Haiiném xosdpdpunmentor Oypobe ¢ =

-1
1 qZB <7‘> —omikr ik
= — 21 —1]e 9 = 3 r-e a 2
qr:O q q 1 q r=1

(1-eg(=a))? 1~ eq(—@)>  qleg(—a) = 1)
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Hasee Bocronibzyemcst caeayomumu hopmynamu (remma 1.6,8)

n
oy uum

X
CrenoBare/ibHO,

q—1 2 +2 +1 2
, 20 —21 z—(2¢+1)z4 q-z1
;”QZ_ 1 2)3 1-22  1-2
= 17*2 z— 21 (q—l)zq‘
o (1—2)2 1—2
q—1
3N 2 () — eqg(—k) — (29 + L)eg(—k) 1
=42 k) = G T el )
B eq(—k) B 1
*(1—eq(—k))*  q(1 —eq(—k))’
5 eq(—k) —1 B g—1
TP —eg(-R) (1 —eg(—k)
eﬂm‘%
cr = cp(2) = —2¢72

Jlemma gokazama. O

kN 2
(1 . e—27‘rz%>

2. Bwuruucaenue (G;. JlokazareabcTBO Teopembl 1

W3 onpenenenna G Haxoaum

CrenoBarebHO,

=L (3) () -5

n=1

(5)(G-2)

S (1),

n=1

n=1

qG1

B wactHocTH, ipr ¢ = 3 (mod 4) moIyYnM 1menouKy CpaBHEHUit

Hasmee ipn ¢ = 1 (mod 4) nmeem

qG1 = Zn (mod 2), Gi=1 (mod 2),
ol (¢=1)/2
=2 () -r
n=1 n=1

G| > 1.

(5)-e

Hakower, mcxomnst u3 dopmysst a) geMMbl, ipu 1 < k < ¢ oxyInm

-1
14 (r 1) , 1
Csz —_— = e q —= —
qZ_ q 2 q?

_ 2mik

;
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Orcrona, ucnoas3ya npejcTapienne s (G, HAXOIUM

omaiS (1) 55 (1)

Bce yrBepxkpenus Teopembr 1 qokazanbi. O

3. Beruucnenune G,. /loka3zaTeabCTBO TEOPEMBI 2

Haiiném pazioxkenue B koneunblil psjg Pypee cymmbr Ga. lomyanm

—2mikr

oo (o - B E)

o ikr\2°
k=1 (1—62mq>

Hasee seraucanM G nipu ¢ = 3 (mod 4). Umeem

[Tocste 3amensr mepemenuoii cymmupoBanusa n uva ¢ —n npu 1 < n < ¢ — 1 maxogum

S (r)-S () -

n=1
qlq—n n q_ln n q_1n2 n
-2 ()= ()X R ()
n=1 n=1 n=1
CrenoBarenbHO,

iy n? /n it n(n

> (3)-250)

n=1 n=1

Orcrona nosryunM, uro Go = 0 pu ¢ = 3 (mod 4).
Hakowner Borancium Gy npu ¢ =1 (mod 4). Mmeem no Teopeme 1

-5 ({2))

n=1

Teopema 2 noxazana. O

4. 3akJiroueHue.

B macrosimeii crarbe Haiifenbl HOBBIE (POPMYJIBI, BHIPAKAIONINe 3HadeHne cuMBota Jlexkamapa
4yepes 110JIHble CyMMbl 0T nepuojudeckux dyuxuuii. ITocieunee obcrosrenberBo 1103B0JISIET 110-
JYYUTh HOBblE aHAJIWTHYECKHe CBONCTBA COOTBETCTBYMOINX PsaAnoB JInpuxie n apudmerndeckux
dbyuxmmit (em. [1]-]9]).

BaskHyt0 poJib B [OJIyUeHNH OCHOBHBIX PE3YJILTATOB ChIMPaJsia TeXHUKA KOHEUHBIX psijoB Pypre,
KOTOpast [O3BOJISIET HAXOANWTE MPOCTHIE (DOPMYIIBI J/IsT HEKOTOPBIX TEOPETHKO-IHCIOBBIX (DYHKITHI
yIO0GHBIe [ UCCIeA0BAHMIL.
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Paccmorpum waTerpan Hupuxie Buga

—_

* , ecmm x>0,
2 [ sin 27Txy
— 0, ectu z= =0,
T

0 -1, ecm x <0.

B nacrostieit pabore Gy1eT JaHo ere 0jHO IpuMeHenue 31oro uarerpasa D(x) (eum., Hanpumep, [1]).
Haiinennnie nuzke TeopeMel 1 1 2 gBISIOTCA IOJE3HBIM HHCTPYMEHTOM B JHO(MAHTOBOM aHAJIM3E,
ITycrs A > 0 — BemecTBeHHOE YUCTIO0, U YCTh ha () — nHAMKATOPHAS DYHKIMST TIPOMEKYTKA
[—A, A, Te
1, ecmm |z| < A,
ha(z) =< 1/2, ecim |z|= A,
0, ecim |x| > A.

Torga waxommm

ha(z) = % (D(z+A) — D(z — A)).

Bocnonbzosasmmics dhopmystoit mist uarerpana lupuxiae D(z), moaydanm

o0
2 (2mAy)
/sm T cos (2mzxy) dy.
T

0

TroOPEMA 1. Hycmos TA > 1. Tozda umeem

ha(z) = A(z,T) + R(z,T),

2de .
Az, T) = 2 / Wcos (2mizy) dy = % (Dp(x 4+ A) — Dp(x — A)),
T
0
2 r (2muy) 8
sin (2muy
D =— | ———dy, |R(z,T) < T :
r(w) ”0/ S IR S0 T) = s

JOKA3ATEJNBLCTBO. Ilpeobpasyem unrerpan R(x,T). Ioayunwm

R(x,T)

am

/ sin (27 (x + A)y) — sin (27 (x — A)y)) a;y = R1 — R».
T

Orcioa, uCmob3yst BTOPYIO TEOPEMY O CPEIIHEM, UMEEM

o0

1 du 1 1

R =|- ny—| < ———— Ro| < —————.
Bl T / S — Tz + Al | 2|_7T2T\33—A\

2T |z+A|

Taxkum 06pazom, s JIOObIX BEIECTBEHHbIX T U 1os102KuTesbHbix A, T ¢ yeaosuem |x| # A, naxo-
JIIM

2

R(x,T)| < |R Ryl < ———.
IR, T)] < (Rl + Rl <

Caesosarensno, npu |z — Al > 1/T nm |z + A| > 1/T, nonyanm |R(z, T)| < 3.
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Iycrb, reneps, mmbo |z — Al < 1/T, qubo |z + A| < 1/T. Torna umeem

R(z,T) = ha(z) — A(z,T) = ha(z) — Ag — % (A1(z + A) — Ay (z — A)),

rue
AO = A(xaA_l)aAl(u) - g / w dy
T Y
A1

Crajio 6BITh, COPABEIMBO HEPABEHCTBO
|R(z, T)| < ha(z) + [Ao| + 5 (!Al(ﬂﬁ +A)[ + |Ai(z — A)]).

Hamee, nmeem

2 in (2rA 2
|Ao| = |— / Sln(77ry)cos(27my) dy| < —,
T Yy v

0

B cayqae |u| < 1/T nomyamm

2
|A1(u)| < = ]u\T < —.
T

Haxoner, cobupass BMecTe TOTy9IeHHbIE HEPABEHCTBA W MCIIONB3YS YCIOBHUE, UTO JTHOO
x€[-A-1/T,-A+1/T], mubo ze€[A-1/T,A+1/T],
HAXOIM
Rz, T) <1+ %
Takum o6pazom, Ay JHOOBIX & U JHOOBIX TOM0KATEIbHEIX T, /A, cipaBe/I/INBO HEPABEHCTBO

1 8
: < .
TIA - !wH) V1+THA — [a])?

|R(z,T)| < 4min <1

Teopema 1 noxazana. O

TrOPEMA 2. Ilpu TA > 1 umeem mecmo dopmyia

o(x,T) =

oo
i T2 —20) /f cos (2mxy) dy,
0

npunem 0as y > 0 cnpagediuo HEPABEHCMEO

1 + IDTe_y/T'

[f ()l <

JOKA3ATEJLCTBO. U3 unTerpansroii dhopmyast @ypoe mist byurmnuu o(x,T') Haxommm Hop-
myny s dbyaxmun f(y). Mveem

cos 27T:cy

Ve? —x)?

fly) = 2/U(x,T) cos 2mxy dr = 165/ dx = 16eg(y),
0 0
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e e =1/T.
s onenkn dbynkunu ¢(y) HaM HEOOXOJUMO PACCMOTPETh (DYHKITHIO KOMILJIEKCHOTO II€pEeMeH-

HOTO
cos (2mzy)

e2 4+ (A —2)?

h(z) =

B obmactu Rez > 0,Imz > 0.

Bamerum, uro dyakuusa h(z) Oymer 0OMHO3HAYHONW aHAJINTUIECKON (DyHKIMEH B 3TOM TIEPBOM
KBaJIpanTe ¢ pazpe3oM 10 ayay (A +i/T, A + ioco).

TTocTtpoum 3aMKHYTBI KOHTYP L, KOTOPBIH 0OXOMUTCA B MOJOKUTEIHHOM HAPABICHUN, W CO-
CTOUT U3 CEMU OTPEIKOB

L, = [OvU}v LQZ[U7W]7 Ly = [VVvP]a Ly= [P’Q]a Ls = [va]a L¢ = [P)V}v L7:[V7O]

(cm. puc. muxke). Touka O — HaUa0 KOOPJAMHAT, ToUKe U OTBEYAET KOMILJIEKCHOE UHCIO U, TOUKE
V' — wucio iv, rouke W — gucio u + iv, Touke P — 4uciao A + v, u, HakoHerl, Touke () — 49ucio

A +i/T.

M

A W
Q

o) A U *

Crangapraoe npuMmeHenne teopembl Ko k dbyukimu h(z) u paccMarpuBaeMomy KOHTYDPY L
IPUBOAUT K JOKA3aTEIbCTBY TeopeMsl 2. O

CIIMCOK IIUTUPOBAHHOI JINTEPATYPhI

1. Apxwunos,I. U., Cagosanuanii,B. A., Uybapukos,B. H. Jlekmuu nmo MareMaTuyecKoMy aHaJIA3Y,
6-e m3n. — M.: Hpoda, 2008, 640 c.
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LHEHHYI0 ApoOb, rje a,, u N, napaMerpsl HapasJiesenule albHoil CeTKH, KOTOPas ABJIAETCI
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This paper is devoted to the computation of partial quotiens of decomposition of J‘i;:; into
a continued fraction, where a,, and N,, are parameters of a parallelepipedal grid, which is an
approximation of a quadratic algebraic grid by a rational grid.

The results of this work allow us to implement fast algorithms for calculating the quality
function of these rational approximations.
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1. BBenenue

B pa6ote [3| paccmarpuBanock Keagparmdaroe nmone F' = Q(y/p), Tae p — mpocroe YHCIO 1

p =2 wmp = 3 (mod4). Tng Hero KoJbIO IebIX ajrebpaundeckKux 4duces Zp WMeeT BUJL:
Zr =A{n+k\/pln,k € Z}.
Yepes A(F) obosnagaercs: anrebpandeckas periérka moss F:

AF)={(0",6%)j0 =0 ezy}

1 O 0@ — nenple anrebpandeckn CONPAZKEHHBIE YUCIIA.
Taxum o6pasom, O = n 4 ky/p, 0B =n— kyp nke€Zmn 0, 0@ — kopuu ypasuenus
22 — 2nz + n? — pk? = 0. Basuc pewérku A(F) mmeer sug: X, = (1,1), Xy = (v, —/D), 2

nerepmuHAHT peméTky det A(F) = 2,/p. Bazuc p3aumuoii pemérku A*(F) nmeer BII: = (%, %),

ﬁ; = (‘2/—5, —\2/71?) U JleTepMUHAHT B3anMHON perérku det A*(F) = ‘2/—5.
PaccMOTpEM pasiioiKeHue |/p B IENHY0 TEPHOATIECKYIO IPO0b:
1
VP =q0+ (1 @ns 200)] = g0 + .
+
q1 . 1
- . +
2q0 + !
qo0 1
q+ —
¢ nepuosioM (qi, - .., qn, 2qo)- Hepes % obozHagaeTcd m-as MoaXodmas 1pobb K /p. Taxum 06-
pasowm,
P, —1)™0
p:—m+()72m, 0<b,<1 (m=0,1,...). (1)
Qm Q@

Yepes Ay, (F') obosragaeTcst anrebpandeckast PEMIETKA 3a/IaHHAsT PABEHCTBAMU:

A (F) = {(@m(n + ky/p), Qu(n — ky/p))In, k € Z} ,

a uepes A, (p) — uenoumciennas pemérka 3aaHHasi DABEHCTBAMU:

Am(®) = {(Qmn + kPp, Qun — kPy)|n, k € Z} .
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Basnc permérkn Am(F) HNMEET BIJ Xm,l = (Qma Qm)v Xm,2 = (Qm\/ﬁa _Qm\/ﬁ)v a JeTepMu-
naut pemérku det A, (F) = 2Q2,,/p. Basuc esanmuoit pemérku A%, (F) mveer Bui:

N (L LY g (VP VP
ml 2Qm’2Qm ' m2 2me7 2pQm

u jerepMUHAHT B3auMmuOl pemérku det Af (F) = 2pQ2 .
m

m(
Mg meoanciaennoit pemérku Ay, (p) 6asuc mmeer Buj >\m1 z = (Qm,Qm), m2 z = (Pn,
—P,,), a gerepmunant pemérku det Ap,(p) = 2Qm P, Basuc szaumuoii pemérku Af, (p) umeer
BHI:

—

P Lot
e 2Qm 2Qm Mnaz = \ap, " am,
)=

U JlerepMUHAHT B3auMHOl pewérku det AY (p 5P Q
m m

Paccmorpusatorca caegytorue 186 COTKM:
Mi(Ap(F)) = AL (F) N [=1:1)°, M(Am(p)) = Ay, (p) N [051)°.

Herpymuo Bumers, ato

B n Dk n_ Pk
Ml(Am(F)) - { <2Qm + 2me7 2Qm 2me>

ke A(n), n] < 2Qm—1}

—2P,, < k < 2P, upu n =0,
An) =<k —2Pm+%<k<2Pm—%, mpun=1,...2Q, — 1, ,
—2Pm—%<k<2pm—%, mpun=—1,... —2Qm + 1;
n k n k
M(A = — ke B 0<n<?2 -1,
o) ={ (565 + 30500~ 7 )| £ € B0 < < 200 - 1]
k=0, mpu n = 0,
B(n) =<}k —megngL mpun=1,...Qmn — 1,
+%<k<2Pm—%, mpua N = Qum,...2Qm, — 1;

2
XOpoIIo W3BECTHO, YTO IPAHUIHON (DYHKITHEH KJ1acca ES2 (-, %) JIIs TIapaJsiiesienune 1albHbIX

cetok seaserca bymxmma h(z,y) = 9(1 — 2{z})?(1 — 2{y})?, mosTOMY /715 OIEHKM KaueCTBa CETKH
M (A, (p)) B pabore [3] npemioxkeHo ucrnoab3oBaTh GyHKIIUIO

v =t 5 5 (i) ()’

n=0 keB(n

KOTOpas it KPATKOCTH HazBaHa dyHKIuell kagecTsa. g Beraucienus Qyukimm kadecrsa 06006-
ménnoil napasterennnesansuoit cerku M (A, (p)) tpebyerca O(N (P, Qm)) apudmerndecKux
ouepauuit, rjie N (P, Q) — kosmvecrso touek cerku M (A, (p)). B pabore [3]| naituen anropurm
Buranciaennst byakunu kadectsa 3a O(y/ N (P, Q) apudmernvyecknx onepanuii, a B pabore [4]
MOCTPOEH AJITOPUTM BBIUUCIeHUsT 3HadeHuii dbyukimm kadectsa 3a O(In N (Py,, Q.,)) apudmernde-
ckux omeparnuii. [leHTpasbHBIM MOMEHTOM B 9TOH pabore OBLIO MOKA3ATETHCTBO, YTO 0000IEHHA ST
HapaJiie/enune aabHas ceTka, NPUOIUKAONas aarebpandeckyio KBaIpaTHIHyI0 CeTKY, sBIsSeTCs
mapaJiIeIenunea bHol ceTkoi. OnTuMaabHbIli KOIMOUIUEHT Ay 10 MOAYITIO Ny, = 2P,Qp B
9Toi pabore 3ajaBaJics 1Mo HopMye

| 2P Qm—1 — 1, Ipu M— HEIETHOM
" 2P (Qm — Qm—1) — 1, 1pm m— verHOM.
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Ilens mammON PabOTHI — HANTH HEMOJHBIE YACTHBIE PABTOKEHN X,—m B [EIHYIO AP00b:
m

q1,m +

aumabt [ = [(m).
2. CBeleHNs U3 TEOPUMHU IIENHBIX ApPo0eil KBaJApATUYHBIX HPPAIUO-

HaJILHOCTEMN

B sroit pabore Hac Oyjer mHTEPECOBATH TOJIBKO LenHad Apods s /p. Corsacao reopun (cum.
[2], crp. 104, 111,112) pyst mpocTeix Buga p = 3 (mod 4) nenuas 1pobb i /P WMeeT Bu/

\/I) =4qo0,91y---59k,9k+1,4k> - - -, 41, 26]0
un = 2k+1, rae k Moxer ObITH JFOOBIM TIeabIM dnciaoM k > 0. OTcroja cieyer, 9To MpOn3BOIhLHAS
MTOAXOASIIAsT APOOD g—m K YUCTTY /P UMEET BUJL

Pn 905+ @mlm+1)

m B [QL s >Qm](m)

e ckobkm itnepa [b1, . .., by](n), OTPesieIenbI PeKypPPEHTHO
[](_1) = 0, [](0) = 1, [b17~--7bn](n) = bn[b17~--7bn—1](n—1) + [bl,...,bn_Q](n_z) (n > 1)

1 HEMOJIHbIC YaCTHBIE ¢, 3aJaHbl DAaBCHCTBAMN

(o, opu v =0
Qu, mpu 1 <v<1+k
dn+1-v, npu 2+ k<v<n
4@ =< 2qo, mpuv =n-+1
Uy} 00 {77} >0
2qo, npu {r#l} =0.

Hamomuwm, aT0 crrpaBeyinBo paBeHCTBO

Qm—l [Q17 ey qm—l](m—l) . 1

Qm q1;-- -5 49m|(m 1
la ]() Gm +

g

1
qo + —
q1

3. Caydait He4eTHOTO0 HOMepa moaxoAdmieii Jpoou

Ecnn m — medeTHOE, TO

Npm  2PnQm Qm

am 2PQO—1 -1 o Qm—l B %m
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_1 v msyYm—1---4m —vi(v—
Monoxum R, = Qu—y + (D" lam g 21P 2w V(0 <v<m+1). deno, uro

1 am Iy

Ry = ms Ry = m—1 = ) N T Do
0=0Q 1= Qm-1 5B N, R

[Gms Gm—1 - - - Q2] (m—1) R (@ @1 - @1)m) Qe
2P, Al 2P, T 2P,

Rp=1-

JIEMMA 1. Cnpasedausvi pasencmea Ry, = ¢m—yRyt1 + Ryy2, (0 < v <m—1).

HOKABATEJILCTBO. HeitcTeuTenbuo, npu v = 0 mMeeM:

_11 _12Qm
Ry = Qm ZQQO—l +Qm—2 = dm (Rl - (Q)PM> + Ry — M ZQle + Ry

" yTBepXKJIeHne BepHo Tpu v = (.

Hanee numeeMm mipu v > 0:

(_1)V[qm7 gm—1--- 7Qm+2—l/](1171)
R, =Qm-v + 2D, =

(_1)V[qm7 m—1--- 7Qm-‘r2—l/](ufl)

= meumez/fl + Qm71/72 + oP, =

(_1)V+1[Qma dm—1--- an-I—l—I/](y) (_1)V+2[Qma dm—1--- 7‘]m—1/](y+1)
= dm—v (Ru+1 - 2D, + Ry+2 — °p
(=1)"[gms @m—1- - - s gmr2—v]@w—1)

+ 2P, = meuRqul + Ry+2a

TaK KaK

Qm—u[Qma dm-1-- -, Qm—&—l—u](y) + [Qm7 qm—1-- -, Qm+2—u](ufl) = [va dm-1--- 7Qm—y](u+1)-

JIEMMA 2. Cnpasedauso pasencmeo

2PQO—1 -1 . 1

2P0 Qm 1
Gm +

dm—1 +

Rm+1

q +

HOKABATEJBCTBO. Tak Kak

2PQO_1 —1 _ Qm—l - ﬁ Ry
2PQO Qm RO’
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TO 1O jeMMme 1 oC/IeA0BATE/IBHO TTOJIYIUM:

2PnQm-1—1 1 _ 1 o 1 _
2PnQm Ry 1 T 1 B
m + Ry m + 7& Gm + 1
Qm—1+ R, gm—1+ . 1
- R, o
= R
1
= ... = :
Gm + 1
Gm—1 T i 1
o Rm+1
Q1+ R,

M JEMMa MOJHOCTBIO JoKa3aHa. [

JIEMMA 3. Cnpasedauso pasencmeo

Rm—H _ 1
R,
2q0 +
do . 1

q1 ' 1

. . + P

dm

JIOKABATENILCTBO. JleficTBuTensuo, Qm = [q1;- - -5 Gmlm), Pm = (905 -+ @m]m+1) B Pm =
= qQm + (g2, -, dm)(m-1)-
Orcrona cieryer, 910
Qm
Rm+1 _ 2P, _ Qm _ Qm
Rn 1_ [‘Im»qu;;qﬂ(m—l) 2P = [@ms Gm—1- -, ©@lm—-1)  200Q@m + [Gm, Gm—1- - -, @2)(m-1)
amee momyaum:
Rm+1 o 1 o 1
R, Q1 -+, _ 1
PN [Gms Gm—1 - - - Q2] (m—1) 20 +
[Gms Gm—1 -, 1) (m) 1

qQ+———
. 1
. . + .
dm

¥ JeMMa TOJHOCTHIO JoKa3aHa. [

TEOPEMA 1. Ilpu neuemnom m cnpasedaiuso paseHcmseo

Um
N
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qm +

dm—1 +

q1 +

2qo0 +
q0 . 1
q1 ‘ 1
4
dm

JIOKABATEJILCTBO. Y TBEPXKIEHUE TEOPEMbI HETIOCPEICTBEHHO CaeAyeT u3 jiemm 2 u 3. O

4. Ciay4aii 94eTHOTO HOMEpa MOAXOAdIIeil apodou

Ecan m — wermnoe, To

a7m B 2PQO — 2PQO_1 -1 i Qm - Qm—l - ﬁ . 1

Nm 2PQO Qm Qm—l + %
1+ m 1
Qm - Qm—l 2P,

37eCh BO3MOXKHO [IBA CIAYIAA: ¢, = 1 B @y > 1.
CrauaJta, pacCMOTPUM BTOPOI cirydaii ¢, > 1. Torna

am 1 B 1
N it 1
m 14 Qm 1 2P, . 1+ -
Qm_Qm—l_m G — 1 me2_ﬁ
m
mel + ﬁ
[Ipomonykast pa3iokeHne, TOJTYIUM
meQ - Qqum B 1
Qo+ b Qs + il
qm—1 =
" Qm—? - %m
am 1 . 1
Np 1 B 1
. — 1+
Qm72 - ﬁ 1
Gm — 1+ S——20 g =1+ T
mel + 2P, Qm—3 + dm,qdm—1](2)

2P,
meZ ~ 2P,

Ilycts Teneps ¢, = 1, Torma

1 1 1

1 1 m— m — ’
Q -1+ 2P Q n—3 Qqu : Qm—3 l gmp 1](2)

1 1 Im—-1 1 1 gm—1 q -
Qm—Q 2P, Qm—? 2P, Qm—2 2Pﬂ:n

A,
N,

1+
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TToJIOK M R;(; — mez/ _ (_1)V[Qm7Qm7211;7;;Qm+27u](u71)’ (2 <v<m+ 1) HCHO, qT0
dm [Gm; Qm—1](2)
R} = o———, Ri= — —_—
2 Qm 2 2Pm ’ 3 Q’m 3 + 2Pm ’
R o1 [Gms Gm—1- - -, @2) (m—1) e @ @mer ey Qe
me 2P, rooomAl T 2P, 2P,

JIEMMA 4. Cnpasedauent pasencmea R = qm— Ry + R 5, 2<v <m—1).
JIOKABATEJNBLCTBO. [leitctBurenpuo, mpu v > 1:

-1) myYm—1---yUYm4+2—v|(v—
R:::Qm—y_( )Y [gm> Gm—1 dm+2 ]( n _

2P,
(_]‘)V[q 7q —17q +2— ] —1
= qm*l/mez/fl + mez/72 — o Am m vi(v—1) _
2D,
— * (_1)V+1[Qma dm—1--- va-l-l—V](l/) * (_1)V+2[Qma dm—1--- ,Qm—u](u+1)
ey | M 2P, + R0+ 2P, B
(_1)1/[(] yqm—1-..,4 +2_1,] 1 . .
_ m> dm m v=1) _ Gm—v Ry + R,
2P,
TaK KaK
mez/[Qma qu]_ ey Qm+171/] (I/) + {Qm’ qu]_ ey qm+2*7/:|(l/—1) = [qm’ qul . 7qm71/](y+1)~

O

Herpymuo Bumers, 9T0 CpaBeyinBhI PABEHCTBA

1
1 , 1P gm > 1
1+
! 1
a’l _ dm — + R;)
N, Qm—1 + Rig
1
o npu Gy = 1.
3
1+ g1+ —
dm—1 R;
dAcro, 9TO BTOpPOE TOMAYUAETCs W3 MEPBOTO NPH ¢, = 1. lloBTOpsad AOCTOBHO paccyKIeHUs W3
IPeABIAYIIEro pa3/iesia, HOJYUYuM CIeIYIONYI0 TeOPEeMy.
TEOPEMA 2. Ilpu wemnom m cnpasediuso paseHcmseo
am 1
N, 1
1+
1
dm — 1 + 1
dm—1 + ' 1
. . +
1
q +
2q0 +
40 . 1
q1 . 1
4 —
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5. 3akJiroueHue

IIycTh (v — TPOM3BOJIbHASI BEIIECTBEHHAS MPPAINMOHAJBHOCTL U pemérka A(a) 3amana paBen-
CTBOM
Aa) ={(n+ ka,n — ka)|n,k € Z}.

IIycTs 5—’” obosHauaeT m-10 moaxoasamast Apodb K «. [lo amamorunm ¢ KBagpaTUIHBIM CJIyYIaeM
m

MOZKHO PaCCMOTPETH CETKY

n k n k
M(Am(a)):{<2Qm +2Pm’2Qm - 2Pm>‘k‘EB(n),0<n<2Qm—l},

k=0, mpu n = 0,
B(n) =<k —%gkg%, mpun=1,...Qm—1,
—2Py, + Bt <k < 2P, — B2 mpun = Qm, ... 2Qm — 1;

U3 pesynpratos A. B. MuxssieBoii [4] caiemyer, aro 910 Beerma Oymer mapasieenuinefa bHast ceT-
ka. KauecrBo 910f CeTKM MOXKHO Paccyurarb C LHOMOLIbIO OBICTPOrO ajropurMa u3 padors [1].
Jlokazanmbie TeopeMbl 1 1 2 JAI0T BCIO HEOOXOAUMYIO WH(POPMAIIHIO JI/Id 3TUX AJITOPUTMOB.

Bripazkato cBoro 61aroiapaHocTs HaydHOMY pyKoBoauTento mpodeccopy H. M. Hobposoabckomy
3a MOCTAHOBKY 33a/1a4M, 1T0JIe3H0e 00CYXKeHNe U TOCTOAHHOe BHUMAaHNWe K pabore.
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AuHOTanmuga

Hannas paboTa MOCBSIIEHA BOIPOCAM [MOCTPOEHUsI OBICTPLIX AJTOPUTMOB BbIYUCJICHUS
byHKIINKU KAYeCTBA PAIMOHAIBHBIX CETOK, MPUOJMIKAMIINX KBAIPATHIHBIE AJTEOPANIECKUE
CEeTKH.

ITokazano, uTo 0OOOIEHHAS TApaJIEIENUNeIATbHAS CeTKA, MPUOINAKAONAs KBAIPATHY-
HYIO aJrebpamvecKyio CeTKY, siBJIsieTcs mapaJuiesenumnesaabuoi. Kak cieacTBue mocTpoen aj-
roputM Bbraucsenus Gyukuuu Kadecrsa 3a O (In N) apudmernveckux onepanuii.
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This work is devoted to the construction of fast algorithms for calculating the quality
function of rational grids approximating quadratic algebraic nets.

It is shown that the generalized parallelepipedal net approximating the quadratic algebraic
net is parallelepiped.As a consequence, an algorithm for calculating the quality function for
O (In N) arithmetic operations is constructed.

Keywords: quadratic fields, approximation of algebraic grids, quality function, generalized
parallelepipedal grid.

Bibliography: 27 titles.
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1. Beenenue

Jst IpOM3BOMBLHOTO BEKTOPA T €ro ApOOHOH JacThi0 HA3BIBAETCA BEKTOD

{#} =z}, {zs)).

B pabore [2] paccmarpusanocs kBaparmynoe moae F = Q(,/p), rae p — mpocroe uymcio u
p = 2wmwm p = 3 (mod 4). Iast HEr0 KOJBIO TEJBIX AJreOpanvecKux Ynucena Zp UMeeT BUJT:
Zr =A{n+k\/pln, k € Z}.

Yepes A(F) obosnauaercs anrebpandeckasi pemérka moJsd F:

AF)={(0",6%)j0 =0 ezy}

1 00, 03 — nenpie anrebpanteckn ConpsKEHHbBIE THCIA.

Taxum o6pazom, O1) = n+ky/p, 0@ =n— kyp nke€Zmn 0M, 0@ — kopuu ypasHeHus
22 — 2nx + n? — pk? = 0. Basuc pemérku A(F) mMeer BuI: Xl = (1,1), XQ = (b, —/D), a
aerepMuHaHT peméTky det A(F) = 2,/p. Bazuc p3anmuoil pemérxu A*(F) mveer BILI: Xi = (3,3),

_)3 = (*2/—5, —‘2/—5) u jerepMuHAHT B3aumuON pemérku det A*(F) = \2/—5.
PaccmorpuM pasnokenne /p B HEMHYIO HEPHOATIECKYIO JPOOH:
1
\/13:‘10‘*‘[((]17--')Qn72%)]ZQO+ 1
+
q1 . 1
| 2q0 + !
do0 1
qQ+—
¢ nepuogoM (qi, - - -, qn, 2qo)- Hepes % obozHagaercd m-asd MOAXodmas Ipobb K /p. Taxum 06-
pasowm,
P, —-1)™0
VD= " ()72’” 0<b,<1 (m=0,1,...). (1)
Qm Qm

Yepes A, (F') obosradaercst aarebpandeckas PeniéTKa, 3a/laHHas PABEHCTBAMA:

A (F) = {(Q@m(n + kv/p), @m(n — ky/p))In, k € Z}

a gepe3 Ay, (p) — menouncaeHHas pemeéTKa, 3a/JaHAast PABEHCTBAMMA:

Am(®) = {(Qmn + kPp, Qun — kPy)|n, k € Z} .
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Basnc permérkn Am(F) HNMEET BIJ Xm,l = (Qma Qm)v Xm,2 = (Qm\/ﬁa _Qm\/ﬁ)v a JeTepMu-
naut pemérku det A, (F) = 2Q2,,/p. Basuc esanmuoit pemérku A%, (F) mveer Bui:

oo (L LN o (VP VP
ml QQm’2Qm ’ 2 2me7 2pQm

U JIeTePMUHAHT B3anMuoi pemérku det Af (F) = 2587)2 .
s nenounciaensoit pemérku A, (p) 6asuc mmveer Bu XmJ,Z = (Qm,Qm), m2 z = (Pn,
—P,,), a gerepmunanT pemérku det Ay, (p) = 2Q, Py,. Baszuc B3anMmuoil perérku Afn( ) umeer

BUT:

w1 1 oo (1 1
N2 2Qm ) T 2Py 2P,

U JlerepMUHAHT B3auMHOl pemérku det AY (p) = ﬁ.
m m

Paccmorpusarorcsa caegytorue 186 COTKM:
My(Am(F)) = A5 (F) 0 [=1;1)% M(Am(p)) = A% (p) N [0;1)°.

Herpymuo Bumers, aTo

B n N/ B Pk
Ml(Am(F)) - { <2Qm + 2me7 QQm QPQm>

ke An), |n] < 2Qu — 1 }

—2P,, < k < 2P, upu n =0,
Aln) =k —2Pm+%<k<2pm—%, mpun=1,...2Qm — 1, :
—2Pm—ﬁ<k<2pm—%’";, mpun=—1,...—2Q, + 1;

n k n k
M) = { (5= + 350 ~ 5 )| F € B0 < n <20, 1

k=0, mpu n = 0,
B(n) =<}k —%mjgkg%, mpun=1,...Qm — 1,
—2Py, + B <k < 2Py, — B mpun = Qm,. .. 2Qm — 1;

2
XopomIo H3BECTHO, 9TO IPaHIIHON (QyHKIHel Kaacca F2 (-, %) JUI HapaJuiesenune/aabHbIX

cerox apagerca dynknus h(z,y) = 9(1 — 2{z})?(1 — 2{y})?, mosTomy jis1 ONEHKN KauecTBa COTKNU
M (A, (p)) B pabore |2] mpemmoKeHO HCIOIB30BATH (DYHKITHIO

w5 5 (o)) (2l )’

n=0 keB(n

KOTOPas /s KPATKOCTH HazBaHa (byHKImel KagecTsa. g Berauciaenns Gyukimm kKadecTsa 0606-
ménHo# mapasuterennuesanbHoit cetkn M (A, (p)) tpebyercas O(N (P, Qm)) apudMeTndecKux
onepanuii, rie N (P, Q) — xonmgectso tovyek cerku M (A, (p)). B pabore [2| naitnen anropurm
Borancyierns Gysxinun Kadectsa 3a O(y/N (P, Q) apudyveTndecKux oneparuii u chopMyJIu-
pOBaHa IUIOTE3a, YTO MOYKHO IMOCTPOUTH AJTOPUTM BbIYUCIEHUs 3HAYeHUi (DYHKIINU KadecTBa 3a
O(In N(Pp,, Qm)) apudMeTHIecKuX Omepariuii.

ITens mammoit padOTHI — MOCTPOUTH TAKON AJITOPUTM.
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2. IIpeoOpa3zoBanue pyHKIMN KaIeCTBA
JLtsi KOJTM9eCcTBa CJAAraeMbIX B BBHIPAKEHUN i (DYHKIINMN Ka9eCcTBa, KOTOPOe 0003HATNM depe3

N = N(P,Q), rne P = P, Q = Qn, cupasegyuso paseactso N = N (P, Q) = 2PQ.
Hapsiny c oboznagennem H (M (A, (p))) 6yaem ucnonbzosars H (P, Q):

o35 3 (2(r ) ((#)

Herpynao BuIeTh, 9TO

o35 2 (-8 -())

O6ozuaqnm gepes 1'(n) sernuuny 1'(n) = [%} fAcuo, uro T(n + Q) = P + T(n). B pabote [2]
J0Ka3aHa TeopeMa.

TEOPEMA 1. Cnpasedauso pasencmeso

Q-1
H(P,Q) = % <§P + 3% % +2 Z <1 + 2T (n) — 2T(n)(T(n) ;;Z(QT(TL) + 1)_'_
4

1)(3T%(n) + 3T (n) — 1)

15P4
n T(n)(T(n) +1)(2T(n) + 1)
_46 <1 +2T(n) — 3p2 > +
n\? T(n)(T(n) +1)(2T(n) +1)

D10 BBIpaXKeHue u JaéT aaroput™ seranciaenns dbyuxnnn kadectsa 3a O (/N (P, Qm)) apud-
METHUYECKUX OIepaluii.

3. HoBoe Bbipakenne Ay (PyHKOUU KA9ECTBA

B mannom paszese mokaxkem, 9To 0600mERHAs TapaJuienerunenaabaas cerka M (A, (p) asis-
€TCA TTapaJiIeJICInIe JaJIbHON CeTKOM.
Ilonoxum N, = 2P,,Q., u 1e10€ a,, 33TaI0M PABEHCTBOM

0 — 2P Qm-1 — 1, npu Mm— HEIETHOM
" P (Qm — Qm—1) — 1, 1pm m— 9érHOM.

TEOPEMA 2. Cnpasedauso pasencmso M (A, (p)) = M(am, Np,), 20e napassesenunedanivras
cemxa M (ap,, Np,) 3adaémes pasencmeom

o= { ({52

nzO,...,Nm—l}.
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JIOKABATEJIBCTBO. Paccmorpum oTnenbHO ciiydait 94€THOrO M U HEIETHOTO.
IIycts m — meuérroe unciio, rorna PpQm—1 — Pn—1Qm = 1. llonoxum n = tP,, + kQ.,, T1e
0<t<2Qm —1uke B(n). Torga

n.o t k AmM | (2PQO—1 - 1)(th + ka)
No ~ 2Qum | 2By {Nm}_{ Nin }

[Ipeobpasyem BhIpasKeHHUE MO/ 3HAKOM JAPOOHOHN [0/, Oy IUM:

{(2PQO1 - 1)(th+ka)} — {(1+2Plem)th - ka} _ t k

N, Non 2Qm 2P,

9TO JOKa3bIBACT YTBEPXKIACHHNE TCOPEMDBI IJId CJay4dad HEIETHOTO M.

Ilepeiimem K caygaro géraoro m, toraa P,Qm—1 — Pm—1Q@Qm = —1. Haaee nmeem:
amn | _ (2Pn(Qm — Qm—-1) — 1)(t Py + kQm) _ (=2P,Qm-1 — 1)tPy, B k _
N, N Np, 2P,
 (=2(Pp1Qm — 1) = 1)tPy, k ot k
N No, 2P, | 2Q., 2P’

9T0 JIOKA3LIBAET YTBEPIKICHHE TEOPEMBI LI CIydas IETHOTO M.
Teopema MosTHOCTBIO J0Ka3aHa. O

Paccvorpum passoxkernne 4 B emHYI0 TEPUOTNTECKVIO IPOOh:
N,
m

1

am
Np, 1
d1,m + . 1
. . +
1
qi—1,m + —
I,m
amsbt [ = [(m).
g nanbreiinero Ham norpebyrorcs ckobku Diinepa [by, . .. ,bn](n), KOTOPBIE OIIPEIesIdIOTCs

PEKYPPEHTHO
[](_1) =0, [](0) =1, [bl,...,bn](n) = bn[b17-~-7bn—1](n—1) + [b17-~-7bn—2](n—2) (TL = 1)
B pabore [1] ast Bemann Hy, 3aJaHHBIX paBEHCTBAMI

Qr—1 2 2
_9 o o J
i = Qr 2 (1 2Qk> (1 2{ Qr }> ’

n=0

JOKA3aHa TEOPEMa
TEOPEMA 3. Cnpasedauso pasencmeso

3(P+ Q7))

Q3

k

4

Hy=1+—5 (10+5k+> ¢} -
Py A=1

Kk k-1
1
+ - (2 D (@ Teps1 + Qa2Tirsr + QaoTin1) — 10 QA—ITk,M-l)) :

Qr \ = A=1

3necw wepes Ty, oboznagenst Bemanibl Ty, = [qu11, - - - Q] (k—v)-
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TEOPEMA 4. [asn ¢ynwyuu xvawecmea H(M (A (p))) cnpasedauso pasencmeo

l 2 2
4 3P, + Qi)
H(M(A,, =1 1 I § 2 m m
( ( (p))) + 5N2 < 0+ 50+ — Am Q[Qm +

l -1
1
Qz (25 D @xm T xi1 + Qr—2mTxi1 + Qr—2mT 1 —102 Qx- 11TM+1>>
m

A=1 A=1

P)\m

2de 5 — A-aa nodzodawyan dpobv & wucay {- = (A=0,1,....0, T}, = [@u+1,ms - -+, Qm) (1—0)-

,Z[OKABATEJIBCTBO B cuny Teopemnr 2 yrBepKmenme TeopeMm CJIeyeT W3 TeOpeMbl 3 3aMeHOM
knal, & na N ; TOJIXO/ATIIX IpO0edt 1 HETIOTHBIX YACTHBIX K 47 HA COOTBETCTBYIOIIHE TIOIXO/IAIIE
APpobU 1 HETIOHbIE YacTHBIe K 17, O

m

4. 3akKJ/II04eHue

Teopema 1 u3 paboTsl |2| MO3BO/IsIET BLIYUCTATE 3HAUCHUE (DYHKIINA KAYeCTBA 32

O (VN(Puy Q)
apucdMmerndeckux onepaiuii. JlokazanHnas Teopema 4 MO3BOJISIET TO CI/IaTh 38

O(In N(Pp, Qm))

apuOMETHIECKIX OTEPATTHIA.

OcHOBHBIM MOMEHTOM B Haleil pabore ObLIO JI0KA3aTE]bCTBO, 9YTO ODOBINEHHAS TAapAJIIEIENN-
melaTbHAs CeTKa, MPUOIMKAIOIIAs aredpandecKyt0 KBaIPATUIHYIO CETKY, sIBISETCS mapaJuieie-
IANETAJBHON CETKOM.

Ha ror dakr, uro cerka M (A, (p) aBnsierca napasuiesenunenagbHoil, 00parua BHUMAHUE
A. B. Poanomog, 3a 9T0 BBIPaykaio eMy CBOIO OJIAr0gapHOCT.

Taxke BbIpaXKaro CBOK OJIATOJAPHOCTH HAYUHOMY pyKoBomutesto mpodeccopy H. M. lobpo-
BOJIBCKOMY 32 MOCTaHOBKY 33/1a49M, MOJIe3HOe 00CYKJIeHrNe U TOCTOSTHHOE BHUMAaHWE K pabore.
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AuHOTanuga

Pabora ornocurcs k obsactu u3ydeHus CTPYKTYPhI airedp JIu ¢ ImOMOIIBIO CrieruasbHbIX
OO'BEKTOB, MO3BOJIAIONIUX CBECTH UCCJIE0BAHIE UCXOHBIX CUCTEM K DOJIee IPOCTHIM.
CrpykTypa JaHHOI pabOTHI BHITJISIIAT CIEAYIOMMUM 00pa30M:

1. B mepBOM pa3jesie OMUCHLIBAIOTCS TMOHATHS KJIACCHYECKUX PAJAUKAJIOB aaredp Jlu, mpuBo-
JATCA OCHOBHBIE OIIPE/IeJIeHNd U CBOMCTBA PaIUKaJIOB;

2. BTOpOIl pazues nocdiién caabo aprunosbiMm airedpam Jlu. Ilpusesensr npumeps ciabo
apTuUHOBBIX aare6p Jlu. OCHOBHBIMU pe3y/abTaTaMU SBJISIOTCS JOKA3aTEIbCTBO CBOWCTBA
JIOKAJIbHOHM HHUJIBIIOTEHTHOCTH MEPBUYHOIO PAJINKAJIa CjIab0 apTHHOBOW asrebpsl JIn, a
TakxKe perrenne upodsemsl A. B. Muxanésa o pa3peniuMocT IEPBUYHOrO PaauKaia ciaabo
apruHoBO#l anrebpsr Jlu;

3. B TpeTbeM pasjieie PACCMATPUBAIOTCA BOMPOCHI IpUMeHeHHUs IeHTponga Maprunaeitna K
HCCIIE0OBAHUIO CTPYKTYPBI HETEPOBBIX CHEMUATBHBIX anreOp Jlu. OcHOBHBIM pe3yIbTaToM
SIBJISIETCsI PelreHne IpobIeMbl BIOKEHHs J1I000i HETEPOBOI MOTYIEPBUTHON CIEIUATbHOI
asrebpst JIu B asrebpy Marpui, HaJI KOMMYTATHBHBIM KOJIBIOM, SBJISIOIIMMCS [IPAMOIA
CyMMOIt TIoJIeit;

4. B 9eTBEPTOM pa3/eiie PACCMOTPEHBI CBOICTBA MEPBUYHOIO PAIUKAIA TPALYUPOBAHHBIX {2-
CpyMUIL.
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Abstract

The work relates to the study of the structure of Lie algebras.

The structure of this work is as follows:

— the first section describes the concepts of classical radicals of Lie algebras, the basic
definitions and properties of radicals;

— the second section is devoted to the weakly artinian Lie algebras. The main results are the
proof of the local nilpotence property of the prime radical of the weakly artinian Lie algebra
and the solution of the A.V. Mikhalev problem;

— the third section deals with the application of the Martindale centroid to the study of the
structure of Noetherian special Lie algebras. The main result is a solution to the problem
of embedding Any Noetherian semiprime special Lie algebra into algebra of matrices over
commutative ring which is the direct sum of fields;

—in the fourth section, the properties of the prime radical of graded 2-groups are considered.

The research results are reflected in the 10 publications of the author in the period from 2015
to 2018, which were completed during graduate studies at the guidance of doctor of physical-
mathematical Sciences, Professor S. A. pikhtil’kova (02.03.1953-24.12.2015) and candidate of
physico-mathematical Sciences, associate Professor O. A. Pikhtilkova.
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Ceemaoti namamu C€p2€.ﬂ Aunexceesuua [Hurmuavrosa nocsAULGEMCA.

BBeaeunne

ObsacTs uccienoBanusi. Pabora orHocnTcs K obJsiacTn m3ydeHust CTPyKTypbl asuredbp Jln.
B Teopun anrebpandeckux cucTeM pa3paboTaHbl pa3IHIHbIE 00BEKTHI, KOTOPBIE MOKHO TPUMEHSITD
IpU TMTOCTPOEHUN CTPYKTYPHOI Teopuu. K WX 9uc/y OTHOCATCA PAIUKAJIBI U 1eHTpous Maprummeii-
Jla, PacCMAaTpPUBaEMble B TaHHOH pabore.

AKTyanbHOCTb TeMbI auccepTaruu. V3ydenne anrebpamdecknx CHCTEM SBIIETCI CYIIe-
CTBEHHOHN 9aCThIO COBPEMEHHDLIX HCCIeHoBaHUi B 00mmeit aarebpe. OmmHONM M3 OCHOBHBIX 33a4, BO3-
HUKAIOMUX TPU MCCAEA0BAHNEN aaredpandecKux CUCTEM, sIBJSETCI MOCTPOEHUWE CTPYKTYPHOH Teo-
PHH, TIO3BOJISIONIEH CBECTH N3yUeHNe NCXOIHON cucTeMbl K OoJiee pocToii. Pagnkan siBiasieTcs Bazk-
HBIM HHCTPYMEHTOM IOCTPOEHUsI CTPYKTYpPHOU Teopuu ajrebpamdeckux cucrem. C Tex mop, Kak
A. I Kypomr » C. AMuilyp BBeIH IIOHATHE PauKaJa Jjad Kojel H aarebp, Teopus PaluKajoB
PACIIPOCTPAHMJIACh U HA JIpyrue ajiredpanvieckue CTPYKTYPhI, B UUC/Ie KOTOPbIX ajaredpol Jlu.

PesynwpraTel, mosrygaembie Tpu MCCAEA0BAHUE PAINKAIOB ajaredbp JIu, Haxomdar cBOE mpumenre-
HEe B Pa3INYHBIX 00/IACTIX MATEMATHKH, MEXAHUKH, YTO TOATBEPKIACT AKTYAJIbHOCTD N3y YCHUST
CBOUCTB PAJUKAJIOB U MOCTPOEHUS CTPYKTYPHOM Teopuu aaredp Jln.

Teopun rpynm u anrebp Jlu moCBAIEHB! UCCIETOBAHUS MHOTUX MaTeMaTuKoB. Hadaso co3ma-
HUA CTPYKTYPHOM Teopnu KOHEIHOMEPHBIX anredp JIu orHocwTcs k kouiy XIX Beka m CBS3aHO C
kpaccuaeckumu paboramu C. Jlu, ®@. Jurens, D. Kaprana, B. Kuumnara [7]. B XX Beke Hauamioch
n3ydenne O6CKOHETHOMEPHBIX aaredp JIu, BOHUKAIONINX MPY N3y YeHNN BEKTOPHBIX TO/IEH TTAKUX
MuOT006pazuii. BompocaMn Teopuu 6eckorednoMepHbIX anrebp JIn sammmanncy A. U. Koctpukum,
FO. I1. Paswmeicqos, FO. A. Baxrypusn, C. I1. Mumenxo, M. B. Baiites, A. B. Muxanés, F. N. Senb-
MaHOB.

Tloctpoenne obiieit CTPyKTYpPHO!N Teopuu jjisd TPOU3IBOILHBIX aaredp Jlu 3arpyanureabHo, mo-
TOMY BBIJIEJISIOTCS CIIEIUAIBHBIE KJIACCH! aJIredp, JIJid KOTOPBIX TaKyH0 TEOPUI0 IOCTPOUTH BO3MOK-
no. Uccnenytorca aarebpot Jlu, ynoBiaerBopsitomme KakuM-aud0 ycaoBugaM. B kadecTse momnosiHu-
TeJIbHBIX YCJIOBUIl, HAKJIA/bIBAEMbBIX Ha ajrebpol J1u, paccmMarpuBaloTcd yCaoBus o0phIBa BO3pacTa-
IOIINX WM yOBIBAIOIINX TIETei MIeasIoB, mogaaredp, moAmpocTaHCTB (HETEPOBOCTh U APTUHOBOCTS ),
BBITIOJTHEHNE TIOJITMHOMUWAJIBHOTO TOXKAECTBA U JIpPyTrHe.

Tlousirue pajivkasia 1103BOJISET U3 KJIACCA aJileOpanyecKuxX CUCTEM BBLJIEJIUTH 11OJIYIPOCTHIE U
PaauKaJdbHbIE CUCTEMbI, OTINCATH CTPYKTYPY KOTOPBIX 3HAYUTE/JIHHO TTPOIIE, 9eM MCXOJHYIO CUCTEMY.
[TocTpoenue u uccae0BaHNEe PA3TUIHBIX PAIUKAIOB aarebp Jlu mposogmmock B paborax [2, 4, 5,
16, 17, 21, 27, 30, 31, 34, 35, 43, 53, 54, 59, 60].

OHUM U3 PAJIMKAJIOB, PACCMATPUBAEMBIX B TEOPUH KOHEUYHOMEDPHBIX aarebp Jlu u oTBevarommx
TpeGOBaHUSIM CTPYKTYPHOI Teopuu, siBJisiercst Hanbosbimil pazpemumbiii ugear [13]. B cuny Toro,
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9TO HE BCErja CyMMa Pa3peIuMbIX WAeAJOB OylneT pa3permmMbiM KIeaaoM B TeOpur OECKOHETHO-
MepHBIX ajarebp Jlu, Takoi 1moX0/ K MOHUMAHUIO PAJINKAJIA He MOXKET OBbITh BEPHBIM.

B xagecTBe amasora paspermmMoro paguKasia g 0eCKOHeUHOMEPHBIX aaredp JIu MokHO OBLIO
OBl paccMaTpUBATDL JIOKAJIBHO paspermMblit pagukan. Onaako B pabore [20] mpeacraBieHo JoKa-
3aTe/ILCTBO TOTO, UTO JIOKAJIHHO PA3PEIIUMBbIN PauKal HE MOXKET ObITb €IWHBIM JIid BCEX aJiredp
JIn.

ITpobiiemoit moCTPOEHUST €IMHOTO PAJUKAIA JJIs BCeX KJaaccoB ajrebp Jlu sarumasics B. A. [Tap-
¢énoB. B kauecTBe Takoro paJiMKajia OH MPEeJJIoKU/I PacCMaTPUBATh HAubO IbIIuit cjiabo pasperu-
MBIt ueas aarebpel JIu 1 OKa3aa KOPPEKTHOCTH €ro UCHoIb30Banus [27].

Kpowme ciiabo paspemmmoro pajukalsia, Obln HaliieHbl u Apyrue pajukasbl ajgrebp Jlu, yiosie-
TBOPSOIINE TPEOOBAHUSIM CTPYKTYPHOI Teopuun. OIHUM U3 TAKUX PAJUKAJIOB SIBJISIETCS TEPBUYHBI
paguKa.

NccnenoBanme nepBudHOro pajukasia NPOBOAMIOCH i ajiredp Jlu, ymoBaeTrBopsiomux pas-
JMYHBIM JIOTIOJIHUTEIbHBIM yeaoBusM. Tak, B paborax [2, 4, 5] npoBeseHo nccienosanme CBOHCTB
MEPBUIHOTO PaJMKaIa CreluanabHbix aaredp Jlu. Ilybaukamuu [21, 37, 58] mocBaIneHsl n3ydeHmnto
CBOUCTB TEPBUYHOTO PAMWKAIA PABINIHBIX APTUHOBBIX aaredp Jlu.

WuTepec mpencTaBasgiOT COOTHOIEHUS TIEPBUYHOTO paanKaja ajaredbp JIu ¢ paspemuMbiMu pa-
mukanavu. B pabore [34] mokasano, 9TO MepBUUHbBIA PajnKaI IPOU3BOJILHOM CriennanbHO anred-
pbl JIu comepKuT JIOKAJBbHO HUJIBIOTEHTHBIN pajgukadd. s oboménHo crermuaibibix ajarebp Jlu
C. A. HuxrunbkoeiM 1 K. 1. Beiimapom 0bLI0 IIOKA33HO COBIALEHUE [EPBUYHOIO PAJUKAIA C
HAUOOJIBINNM JIOKATBHO PA3PEITUMBIM UAATOM U €1a00 paspemnMbiM uiaeaiom [4, 5.

Wccnenytorest u croiicTBa nmepeudHOro pajukajia aarebp Jlu. Ocoboe BHUMaHUE yAeIgeTCsT BO-
IPOCaM Pa3perMMOCTH IEPBUIHOrO pajuKkaia. Tax, B Monorpacdun [36, c¢. 111] mpeacraBieno qoka-
3aTeIHCTBO PA3PENIMMOCTH IEPBUYHOTO Pa/iiKaia HETepoBoii anre6ps JIu, B crarse [21] paccmarpu-
BAaETCs JI0KA3aTe/IbCTBO PA3PENIUMOCTH [IEPBUYHOrO PaJinkasia aarebp J1u, yIoBaeTBopsionmx pas-
JIMIHBIM YCJIOBUAM aPTUHOBOCTH. Pa3pe]_HI/IMOCTb IIePBUYIHOTO paduKaJIia CHeHHaﬂbHOﬁ apTI/IHOBOﬁ
anrebpe! Jlu mokazana B [33]. Ilybsukamnus [37| mocaimena oka3aTebCTBY CBOMCTBA JIOKATIBLHOI
Pa3pEIMMOCTH TIEPBUTHOTO PAAnKa/Ia ca1abo apTuHOBON aaredopsl JIu.

Taxum obpazom, uUccjae0BaHUE CBOMCTB MEPBUYHOIO PAJIMKAJIA SIBJISETCS OJIHON U3 aKTyaJlb-
HBIX 33aJ]a4 Teopuu paanKasaoB anredp Jlu.

B Teopuun koneunomepubix anarebp Jlu paccmarpuBaloTcs TakyKe HUJIBIIOTEHTHBIM pajguKas, pa-
mukas Jxexobcona.

IIpuMenenre HUIBIIOTEHTHOrO paJinKajia u pajukasia JxKekobcoHa B Teopuu HECKOHETHOMED-
HBIX a/ire0p JIu TakaKe BBHI3BIBAET 3ATPYAHEHUS B CUJIY HEBBITIOIHEHUS OMPEeICTEHHBIX TPeOOBAHMI,
KOTODBIM JIOJIZKEH YIOBJIETBOPSTE pajuKaJl agrebpandeckoit cucremsr [35]. IlosTomy akTyanbHbIM
ABJISIETCS BOIIPOC O TOM, KaKWe PAJUKAIBl OECKOHEUHOMEPHBIX aaredp Jlu 6yayT ymoBieTBOPATH
CBO¥ICTBaM, aHAJIOTMUYHBIM CBOMCTBAM HUJIBIIOTEHTHOr'O paJInKajia u pajukasa Jlxekobcona Teopun
KOHEYHOMEPHBIX ayiredop Jlu.

Jpyroii KoHCTpYKIIME, UCIIOIB3YEMO#l TIPpU M3yUYeHUM CTpoeHusi ajrebp Jlu, smisercs meHT-
poux Mapruneitia. [Honesnoit korcTpyKIus 1eHTpon a MapruHgeiia oKa3ajack MpU UCCIEI0-
BaHnuu crenuaabubix anredp Jlu. Cormacuo pabore |42| paccMoTpenne MEpBHYHBIX CHEIHATBHBIX
anrebp Jlu Hazm nenTpommom MapTuHiaeisia MOXKeT BRICTYNATH KaK yCJAOBHE KOHEUHOCTH. bBjaro-
Iaps 9TOMY, BO3MOXKHO HMCCJIEIOBAHNE CTPYKTYPhI MEPBUUHBIX ClenuaibHbIX aaredp Jlu, a Takxe
MpUMeHeHUe MEPBUTHOTO PAJUKAJIa IPU PEIEHUH 33,/1a1 TeOpUuu painKaiaos aaredp JIu. Hampuwmep,
TTOUCK YCJIOBHIA, TIPU KOTOPBIX TIpucoeaunénnas anrebpa AdL aBisercd mepBUIHON acCOTMATHBHOM
PI-anrebpoii [36, c. 34|, nwaum cymecTBoBanus HAMOOJBINErO JOKAJBHO HUJIBIIOTEHTHOTO Heasa B
obouénno crnernuanboit anrebpe Jlu [36, c. 59).

B macrostimett paboTte mpoaoIKaeTes n3yueHne paaukaaos aaredp Jlu, nagaroe C. A. [TuxTnis-
KOBBIM. B wactHOCTH, 0cOb0e BHIMAaHME yaeneHo pernernto mpodbiaem A. B. Muxanésa o pazpemnmmo-
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CTV TEPBUYHOTO PajnKaia ¢1abo aprunoBoil agrebpst Jlu uw M. B. Baiinesa o Baoxkernn HETEPOBOIA
cuernuaJibHoit anrebpol Jlu B anrebpy marpuir.

Menb paboThl — ncc/ien0BATH CBOMCTBA 00BEKTOR, MPUMEHIEMBIX TTPU TOCTPOEHUN CTPYKTYP-
HOif Teopun apTHHOBBIX M HETepOBLIX asredp Jlu.

3agaum:

1. 1oKaz3aTh JIOKAJbHYI0 HUJBIIOTEHTHOCTH TEPBHYHOIO paJinKaJja €JIab0 apTUHOBOH ajredph

JIu;
2. pemwuts mpobaemy A. B. Muxanésa aiga ciabo apTuHOBBIX ajarebp Jlu;

3. pemuts mpobaemy M. B. 3aiitieBa 0 BoKeHUU HETEPOBOIl creruajbHON aarebpsl Jlu B aj-
rebpy MaTpPHIL;

4. ucciaenoBaTh CBOHCTBA I'DAJIyUPOBAHHOIO MEPBUYHOrO PaJMKaJa IpajyupoBaHHBIX (d-rpymmn
Kak Oosiee 0BIIIEro MOHATHS MEPBUIHOTO paanKaaa aaredp Jlu.

Hayunas woBusHa. B mayuno-kBamndukanmonnoit pabore moaydeHbl CIeIyIONne OCHOBHBIE
pEe3yIbTATHL:

1. okazana JIOKaIbHAS HUJIBIIOTEHTHOCTD IEPBUYIHOrO PASMKAJIA ¢1ab0 apTUHOBLIX aarebp Jlu.
2. Pemena npobiema A. B. Muxanésa ais ciabo apTuHOBbIX ajuredp Jlu.
3. Permena npobsema M. B. 3aiitieBa jiyist oy epBUYHBIX CIIENUAIbHBIX HETEPOBBIX aarebp Jlu.

4. JTokazaHa JIOKAJIbHAS HUJILIOTEHTHOCTh I'PAAyHPOBAHHOIO NEPBUIHOTO PAJMKAJIA TPy uPO-
BAHHBLIX ()-TPYIIIL.

IIpakTuveckasi 1 TeopeTHdeckKasi HeHHOCTb. PaboTa MMeeT TEOPETUYECKYIO HaIlpaBJIeH-
HocTh. Ilosiyuenuble pe3ysbrarhl paboTbl MOTYT ObITH MCIOJIB30BAaHBI JJf PA3BUTHS TEOPUH Da-
JIMKAJIOB aJredp JIu, a Tak»Ke WMCIOJBb30BATHCI NIPU PEIIeHUH MPOOJeM W 3aJ1ad, BOBHUKAIONINX B
Teopuu anaredp Jln.

Anpobarusa pe3yabTaToB. Pe3yabrarshl HayYHO-KBAJINMUKAIMOHHON PAbOTHI 0K IBIBAJINCH
Ha CJIEIYIONNX KOH(MepeHnsIX:

1. Bcepoccuiickoit HayuHno-npakTudeckoit koudepenimn «YHuupepcurer XXI Beka: Hay4IHOE U3-
Mepenmney, Tyna, Poccusa, 2021 maa 2016 r.;

2. MexIyHapoaHO# Hay THO-TIPAKTHIECKON KoHbepeHn « Arebpa u JOTUKa: TEOPUs W MTPHIIO-
KeHusiy, nocssméennas 70-sgeruto B. M. Jlesuyka, Kpacuoapck, Poccust, 24-29 uronsg 2016 r.;

3. XIV mexaynapogHoii KoHdepeHiun «Ajredpa u Teopus YUCe: COBPEMEHHBIE TTPODIEMbI 1
MPUJIOXKEHUsT», TOCBAMIEHHAst 70-7eTuio co aust poxkaenus . . Apxumosa u C. M. Boponuna,
Capatos, Poccus, 12-15 centsibpst 2016 r.;

4. Mlecrott mkosme-koHdepertn « Anrebpsr JIu, agsrebpandeckue Ipynnbl U TEOPHUsT WHBAPUAH-
toB», Mocksa, Poccus, 30 ausapa — 6 despana 2017 r.;

5. Bceepoccuiickoit HayIHO-TPAKTUTIECKON KOH(MEPEHIINN « Y HUBEPCUTETCKUI KOMILIEKC KaK pe-
THOHAJIBHBIN IIEHTP Pa3BUTHUS 00Pa30BaHus, HAYKNA U KyAbTypbly, Opeunbypr, Poccus, 1-3 des-
pansa 2017 r;
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6. MexyHapOomHOM HAYIHO-TIPAKTUIECKON KoHdepennu « Bormpockr COBpeMEHHBIX HAY IHBIX UC-
caenoBanuity, Omck, Poccus, 27 nexkabpst 2018 1.

Croucok mybsukarnuii cocrout u3 10 pabor [61-70] (5 Tesucos m 5 crareii, aBe U3 KOTOPBIX
ony6JIMKOBaHbI B KypHasiax u3 nepeuns BAK, onna — B KypHaJe, MHIEKCUPYEMOM B SCOpUS) U
TMPUBEIEH B KOHIE PAOOTHI.

CrpyKTypa HaYyYHO-KBAJAMMPUKATIMOHHOH paboTbl. Hayuno-kBanundukanumonnasa padoTa
COCTOUT W3 BBEJIEHUsI, YeThIPEX Pa3esioB, PA3bUThIX HA MOJAPA3IE/bl, 3AKJIOUEHNUs, CIINCKA JILTE-
paTyphl ¥ MPUIOKEHUS.

Ilepseriit pazmen (crp. 319) HOCHT BCOOMOTATEIBHBIN XapaKTep W HEOOXOIMM J1Jisi BBEJCHUS OC-
HOBHBIX TTOHSITUN TEOPUH KJIACCHIECKNX PAINKAIoB aaredbp JIu u cucreMaTn3annu CBeIeHUN O HUX.
PaccmarpuBatoTcst OCHOBHBIE TIOHSITHSI TEOPUU KJIACCUYECKUX DPaJIMKaJioB ajirebp Jlu, xoropoie B
nmasbHeimeM 6yayT UCIob30BATHCH B paboTe pU MOy Ie€HUH OCHOBHBIX PE3Y/IbTaTOB.

B mompasmene 1.1 (crp. 319) mosicHsIeTCS TEDMUH «KJIACCHYECKHE PAJITKAJIBI.

B nozmpasnene 1.2 (ctp. 320) paccmaTpuBaeTcst IepBUYIHBIN paukan aaredp Jlu, hopmyaupyror-
Cs CBOMCTBA IMEPBUYIHOTO PaJuKaJid U ITPUBOJATCA N3BECCTHBIC (baKTbI O COOTHOIMEHUAX MMEPBUYIHOTO
pajuKasia u pa3permMbiX pajnKaios aaredbp Jlu.

B noxpasznene 1.3 (cTp. 322) paccMaTpuBaOTCs MOHATUS HUIBIIOTEHTHOTO PAUKATIA KOHETHO-
MepHBIX aaredp JIu u JoKaJIbHO HUJBIIOTEHTHOTO pajuKaaa OeckoHeuHOMepHBIX aarebp Jlu. Ilpu-
BoguTCa mpumep 2 (crp. 323) 6eCKOHETHOMEPHOI JIOKAIBHO HUIBIIOTEHTHOH aarebps! JIu, KoTopas
He sIBJISIeTCS HIJIBIMOTEeHTHOH. [aHHLINT mpuMep MOKA3LIBAET €CTECTBEHHOCTDL BBEJIEHUS JOKAJTBLHO
HUJIBIIOTEHTHOTO PAJNKAIA B TEOPUH HECKOHEITHOMEPHBIX aarebp Jlu.

IMoppazgen 1.4 (crp. 325) nocssimén BonpocaM onpegesnennst pajaukana Lxexobcona mis Hec-
KOHETHOMEPHBIX aaredp JIn, TpuBOASTCS OTpemeennsT eCTEeCTBEHHBIX, TOMOJOTHIECKN 3aJaHHBIX
pagukasos aarebp Jlu: HETPUBOAMMO TPEACTABJIEHHOTO paauKasia, PI-HempUBOINMO MIpEICTABIEH-
HOTO PanKa/Ia U KOHEYHO HEIMTPUBOIMMO MIPEACTABICHHOTO PAINKAIA.

Bropoii pazgen (ctp. 326) mocssmien ¢abo apTUHOBBIM ajrebpam Jlu.

B nompasmese 2.1 (crp. 326) npuBeieHbI TpUMEpBI HECKOHETHOMEPHBIX ¢1a60 apTUHOBBIX aarebp
JIn.

FﬂaBHbIMI/I pe3ynbrarTaMu ABJIAITCA JJOKA3aTE/IbCTBO CBOWCTBa JIOKAJIbHOW HUJABIIOTEHTHOCTH
MEPBUYHOTO pajauKaaa caabo apTuHoBoi anrebpsr JIn (mogpazmen 2.2 (crp. 329)) u pemenue mpo-
baembr A. B. Muxanésa o pas3pernmmMocTH TepBUYHOTO pajuKaaa CI1ado apTHHOBON anreOpw! JIn
(noxpazgen 2.3 (crp. 331)).

OcHOBHBIE PE3YIBTATHI BTOPOTO pasjesia chOPMYJIUPOBAHBI B BUIE CIEIYIOMMX TEOPEM.

TEOPEMA 4 (ctp. 329) Ilycmv L — caabo apmunosa anzebpa Jlu. Tozda eé nepsuunvili padukan
P = P(L) - 40KaAbHO HUABNOMEHMEN.

TEOPEMA 6 (ctp. 332) IIycms L — caabo apmunosa anzebpa Jlu. Tozda eé nepsuunvil padukan
P = P(L) - paspewum.

B Tperbem paszgene (crp. 335) paccMaTpuBarOTCH BONIPOCH MpUMEHeHUs reHTpongaa Maprus-
Jleiiyia K UCCJIeIOBAHUIO CTPYKTYPhl HETEPOBBIX CIIEIUATBHBIX aaredp Jlu.

B mompasese 3.1 (ctp. 335) cdhopmyaupoBanbl 0bIue OIpe/e/eHnst, NCIOIb3yeMble B IJIaBe.

B noxpasnene 3.2 (crp. 335) paccMaTpuBarOTCS OCHOBHBIE MOHATUSA U PE3YJILTATHI, CBA3AHHBIE
¢ KOHCTpYyKIHeit mentponna MapTuanaeitna.

B moapazaene 3.3 (crp. 338) cdopMmynmupoBaH U JOKa3aH OCHOBHOI pe3ysabTaT pasmesna 3, 3a-
KJTFOUAIONTUICS B PeIeHnn mpobJieMbl BAOKEHUs JTH000# HETEPOBOI MOTYTIEPBUYIHON CIeNNaIbHOM
aarebpsl JIu B anredpy MaTpuil HaJ KOMMYTATHBHBIM KOJIBIIOM, SBJISIIONIEMCS TTPIMOi CyMMOit 10~
JIeH.

B Tpernem pazgene chopMyaupoBaHbI U JTOKA3AHBI CAEAYIONINE TEOPEMBI.

TEOPEMA 11 (ctp. 338) ITycmo L — nepsunnan cneyuasvran aseebpa Ju. Tozda
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1. L — mampuunasn anszebpa Jlu;

2. ecau L umeem cA0HCHOCTIL M, O OHG KOHENHOMEPHA Ha0 ceoum yernmpoudom Mapmundetisa

PA3MEPHOCIIIU HE BbLUWE 712,

TEOPEMA 12 (ctp. 339) [Tycmov anzebpa Ju L — noaynepsuunas némeposa cnevuasvran. Tozda
L saooicena 6 anzebpy sly,(F) @p C, 2de C — npamas cymma noaed.

Yerréproiii pasaen (crp. 339) sBASETCS JOMOJTHEHNEM, B KOTODOM MPUBE/IEHBI PE3YIBTATHI UC-
CJe/I0BAHNUS TIEPBUYHOTO PAMKa/Ia TP IlyUPOBAHHBIX ()-TPyr.

OCHOBHBIM PE3YABTATOM SIBJISIETCST JOKA3ATEILCTBO CBONCTRA JIOKAJILHOW HUJIBIIOTEHTHOCTH TPa-
JYUPOBAHHOTO TEPBUYHOrO PAIUKAIA IPAJTYUPOBAHHON ()-TDYIITIHI.

TEOPEMA 13 (ctp. 342) ITycmov A — epadyuposannasn d-2pynna ¢ yeao8uem KonewHocmu, yoo-
BAECMBOPAINWAA YCAOBUI 0OPBIBA UEnouer Yousaouur 2padyuposannus udearos. Tozda 2padyupo-
sannvili nepsuunvl padukan P(A) epadyuposannots Q-epynnv A — A0KaABHO HUALNOMENMEN.

1. Kraccnyeckue paaukaJjibl ajreop JIu

1.1. IlougaTue KJacCUYeCKUX pPaauKaIoOB ajaredp Jlu

B paborax, nocamgnubix crpykTypHOil Teopum aaredp Jlu, BcrpedaroTcs pasamdHbIE OLpe-
JIeJIeHNsT TOHATHS PaJuKaia. ITO 0OYCJOBICHO MCCIEI0BAHUEM aaredp JIm MHOTHME aBTOpaM# C
pasHbIXx TodeK 3penus. Hambosiee pazpaboTaHHOl sIBJISETCS TeOpUsi KOHEIHOMEPHBIX ajrebp Jlu,
Hagaj0 KOTopoit B KoHIe XIX Beka mosoxuau paborer C. JIu, 9. Kaprana, ®@. Durens, B. Ku-
smara. Torja ke MOsABISETCS MOHATHE PAIUKaAJIA JJId KOHEYHOMEPHBIX ajsrebp Jlu, onmucanHoe B
rpyaax B. Kumnmunra.

Panukan koneunomepubix agredbp JIu cBA3aH C MOHATHEM PA3PEITMMOCTH.

ONPEAENEHUE 1. ([13, c. 17]) Hycms L — aazebpa Jlu. Paccmompum caedyrousuds paod udearos
anzebpor L:
L'=|L,L], L"=[L,L, .., L) = L™ 1),

Craorcem, wmo L — paspewumasn anzebpa Jlu, ecan L™ = 0 dan nexomopozo HAMYPEALHO20 N.

M3BecTHO, 9TO CyMMa KOHEYHOTO WHCJA PA3PEIIMMBIX WAeaI0B aarebpsl JIu asagercd paspe-
muMbIM ueaoM. [losromy B KoHeuHOMEpPHOI anrebpe Jlu cyiecTByeT HANOOIBITNN PA3PEITUMBbIiT
uear.

CoryacHo COBpeMeHHOMY MMOHUMAHIIO 00BLEKTOB CTPYKTYPHOI Teopun ajrebp JIn, pagnkan Ku-
JIMHTA — 9TO HAUOOBIINI pa3pemnmMbiii ugeas B ajarebpe Jlu.

B 6eckoneunomepubix anarebpax Jlu cymma Bcex paspermmMbIX HIEATOB HE BCErJa SABJSIETCH
Pa3pPEIMNMbIM UEAJIOM. CyH_[eCTByIOT MHOI'OYUCJIEHHBIE Hy6.}II/IKEM_[I/II/I7 B KOTOPbBIX MCCJACAYIOTCA BO-
MIPOCHI TOCTPOEHUsT CTPYKTYPHOU Teopuu ajiredp JIu ¢ mOMOIIBIO pa3IHYHbIX PATUKAIOB, KAK JIJId
KOHEIYHOMEPHBIX, TaK U JJIA 6eCKOHeqHOMeprIX CJIIy91aeB.

EcrectBennriv 00001TIeHIEM TTOHSITHS PA3PENITMOTO MIea I8 SABASETCS JTOKAIBHO PA3PEeITuMBbIi
nmeas.

B 30-40 romax XX Beka B TIpoIecce MCCIEI0BAHUST TPOU3BOIBHBIX (6ECKOHETHOMEPHBIX) KOJIEI
7 ayiredp HalIeHO HECKOJIBKO PAJUKAJIOB, YIOBIETBOPIIONNX TPEOOBAHNAM CTPYKTYPHON Teopun u
COBIAIAIOIINX B KJIACCUIECKOM CJIydae C KJIACCHYECKUM HUJIBIIOTEHTHBIM pajnkajaoM. K naunbosee
PaCITpPOCTPaHEHHBIM OTHOCSITCS HUKHUN HUIb-pPagnukaa bBapa, JIOKaIbHO HUIBIIOTEHTHBIN PaIuKaT
JleBuiikoro, BepxHuuii Huib-pajukai Kére u kpasuperynsipublit pajukad Ilepiuca—/lxexobcona.

Ilepeuncientbie pauKasbl HAIIJIM IPUMEHEHNE B PA3HBIX 00JIaCTAX COBPEMEHHO Teopun aareb-
pauueckux cucreMm. OHM BCTpedaloTcs 1o4TH B 110060 MOHOrpaduu 0 TEOPUH KOJel, Wil aJjiredp,
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Hauunasi ¢ MmoHorpadun xxekobcona [10]. TTosromy MOXKHO CKa3arb, 4TO YKa3aHHBIE DajMKa/IbI
crasim Kiaccuueckumu. Takoe Ha3BaHUe OMPAB/IBLIBAETCA U TEM, YTO B KJIACCUYECKOM CJIyuae KOHEY-
HOMEPHBIX aJITe0dP U KOJIell C YCJIOBUEM MWHUMAJILHOCTH BCE THU PAJUKAJIBI COBIAIAIOT C KJIACCHYe-
CKHUM HUJIBIOTEHTHBIM pajukaaoM [1].

Tlo amasmoruu ¢ JamHBIM ONpeAe eHneM KIACCUIeCKUX PAINKAIOB [IJid MPON3BOIbHBIX aaredpa-
WYeCKUX CHUCTEM, PACCMOTPUM PAaJUKAJIbI, KOTOPBlE MOXKHO OTHECTH K KJIACCHUIECKUM PaIUKATIAM
aaredbp Jlu.

Jamee paccMOoTpUM HEOOXOANMBIE CBEIEHUST 00 OMpPeIe/IeHNsIX W CBOMCTBAX PAINKAJIOB aaredp
Jlu, KoTOopble MOYKHO OTHOCUTH K KJIACCHYECKUM.

1.2. IlepBuuHsbiii pagukajda aaredp Jlu m ero coorHomieHus: ¢ pa3penimMbiMa pa-
ANKaJIaMu

Paccymorpenne mepsuaHoro pagukaia psaga aaredpandeckux CTPYKTYP MOKa3ai0 cebd Kak OnuH
U3 IJIOJIOTBOPHBIX TIOXO0JIOB K MOCTPOEHUIO CTPYKTYPHO# Teopuu anrebpandeckux cucrem. Cyie-
CTBYIOT MHOTOYHMC/ICHHBIE TyOJIUKAIINY, MOCBAINIEHHBIE M3YYEHWIO CBONUCTB MEPBUYHOTO PATUKAIIA
TaKuX ajrebpanvyeckKnx CUCTeM, KaK Py, KoJiell, aaredp, pemerok. B 1949 roxy H. Makkoit BBén
MOHATHS TEPBUIHOIO KOJIBIA W IIEPBUYHOIO HEAJA, C ITOMOIIBI0 KOTOPBIX OMPEJIE/INI IIEPBUIHBIN
paJiKas KakK Iepecedenne BeeX MepBUYHBIX UIeaIoB KoJbia |55]. lasee Teopus mepBUTHOTO pa/Iu-
KaJia ObLJa pacmpocTpaHeHa u Ha JApyrue ajgredbpamyeckue cuctembl. B 1960 r. K. K. Illykuu B pa-
6ore «RI*-pazpentmmblii pajuKkas rPyIny BBEJI ONpeJeaeHHe TEPBUYHBIX HOPMaJIbHBIX JIEJINTeJeNH,
MEPBUYIHON TPYTIBI, a TaK:Ke MEPBUIHOTO pajukasa rpymmsl [45]. [leppuunsrii pagukas Q-rpymnm
uccrenopaicst B paborax A. B. Muxanépa, C. A. IMuxruaskosa, . H. Banaber u apyrux [26, 27,
49]. PaccmarpuBasnch onpeiesieHns 1 CBOHCTBA MEPBUIHOTO PATHKATA, JIJIS TAKAX aarebpandecKux
CTPYKTYP, KaK PeIIeTOYHO YIOpsijodeHHble anrebpaudeckue cucrembl 24, 25, 26, 28, 29|, saymus
u Q-mymsr 8, 9]. C. A. IluxtwiskoseiM, U. H. Banaboit u K. 1. Beiimapom paccmorpen nepsud-
HBI pajuKas u ero cpoiicrea js cynepasarebp Jlu, cnenumanbubix aarebp Jlu [4, 5, 36, 37|. Pap
paboT MOCBAIIEH UCCAEI0BAHUSM MEPBUYHOIO pajukasia ajredbp Jlu, Ha KOTOpble HAKJIAIBIBAIOTCS
JIOTIOJIHUTEJIbHBIE YCJIOBUs: aPTUHOBOCTH, HETEPOBOCTD, JIOKAIbHAsI HUJIBIIOTEHTHOCTH (21, 36, 37,
39].

Paccmorpum cremytorue onpeneerud.

ONPEAEJNEHUE 2. ([37]) Aaecebpa JIu L nasweaemca nepsuwnoti, ecau oaa 406wz ey eé
udeanos U u V us [U, V] =0 caedyem, wmo U =0 uau V = 0.

ONPEAEJEHUE 3. ([37]) Hdean P anezebpo. Jlu L naswseaemcsa nepsuunvim, ecau @axmop-
anzebpa L/P — nepsuuna.

ONPEAENEHWE 4. ([/37]) Hepsuunvim paduranom P(L) anzebpv JIu L nasweaemces nepeceue-
HUe 6CeT € NEPSUMNHBLT U0CAN06 UL CAMA AA2EOPA, ECAU UT HEM.

ITpumer 1. Pacemompum anzebpy Jlu L = L1 @ Lo, 2de L1 u Lo — npocmuie anzebpu, JIu. Tozda
anzebpa Jlu L umeem moavko dea nempusuasvuor cobemeennos udeana: I = {(x1,0) : z1 € L1}
uJ ={(0,22) : zo € La}.

Aneebpa Jlu L sasasemces nepeuuwnoti. Kpome mozo, nepsuunvimu aeasomes u udeasve 1 u J.
IIpu amom nepsuwnud paduxans P(L) pasen nyao.

ONPEAENEHUE 5. ([36, c. 15}]) Aaeebpa naswseaemea nosynepsusnot, ecau 0ai a106020 eé
udeasa I usz moeo, wmo I? =0 caedyem, wmo I = 0.

Ornpeniesienne 5 OTHOCUTCHA KaK K aCCOIMATHUBHBIM aJjirebpaM, Tak u K ajarebpam Jlu. OHo 9KxBU-
BaJIEHTHO PABEHCTBY HYJIIO MIEPBUYHOTO DAAUKAJIA.
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OTMeTuM HEKOTOPLIE CBOMCTBA IEPBUYHOrO pajukaia aaredp Jlu.

1. Avunyp [47] nokaszar, aro ecau A — accoyuamusras anzebpa u Alz] — Koavyo mrozovseros
nad A, mo P(Afx]) = P(A)[x].

Amnanornanelit pe3ysapTaT MOIydeH U B Ciaydae, korna L — amrebpa Jlm u L|z| — xoabmo Mmo-
rouwnenoB Hajg L. B pabore [40] mokazamo, uro P(L|z]) = P(L)[z]. Kpome Toro, mrs xombia
MHOTOUJIEHOB HaJl L OT m KOMMYTHDPYIOIIMX TI€peMeHHbIX L[X1,...,Ty] cripaBeimBo paBeHCTBO
P(L[xy,...,xy)) = P(L)[z1, ..., zp].

ONPEJAENEHUE 6. ([7, c. 12]) Hoean anzebpw Jlu, ycmotinuewnd omuocumenvno ecex dugde-
DEHUUPOSAHUT, HAZBIGALMCA TAPAKMEPUCTNUNECKUM.

Ileppuunsrit pagukan P(L) npoussosbHO anrebpel Jlu L Hax mMoIeM XapaKTEPUCTHKU HYJTb
siBJIsieTcsi Xxapakrepucrudeckum 36, c. 43].

AKTyaJTBbHBIM SBJSIETCS BOTPOC O PA3PENTUMOCTH TMEPBUIHOTO paankasa aarebp Jlu. Uccmemo-
BaHUSA PA3PENTUMOCTH TEPBUYHOTO pajnkaga aaredbp JIn, Ha KOTopble HAK/IAIBIBAIOTCH JTOTIOTHU-
TeJIbHBIE YCJIOBUSI, OTParXKeHbl B paborax |2, 21, 39, 58|.

ONPEJAEJEHUE 7. (/36, c. 30]) Paccmompum cucmemy mMno204A€H08:

fO(xl) =1, fl(gjl,x2) = [x17x2]7 f2(x17x27x37x4) = Hxlvx?L [$3,1‘4”, sy

fk_H(IL’l, ...,:Ii2k+1) = [fk(.%’l, ...,ka), fk($2k+1, ...,x2k+1)], P

Aunzebpa Jlu L nwaswsaemea paspewiumoti cmyneny ¢, ecats oHG Yodosaemeopaem monicoecmsy
fe = 0 u ne ydosaemsopaem moocdecmsy fo—1 = 0.

Aunzebpa Jlu nasweaemca paspewsumoti, ecat oG AGAAEMCA PAIPEWUMOT 0.A2e0P0t HeKomopol
CMYNEHU.

ONPEAENEHUE 8. (/36, c. 41]) Aaeebpa Jlu L nasweaemes caabo pagpeusumoti, ecau 0is A1060-
20 Koneunomeprozo noonpocmpancmea V- C L cyuecmeyem maxoe k, 4mo nosuHoMm pa3petsumocmu
fr ecmynenu k obpawaemca 6 nysv npu nodecmanosxre a100ux ssemenmos u3 V.

ONPEJAENEHUE 9. ([36, c. 30]) Anzebpa JIu nasvieaemcs A0KGAGHO Pa3PEWUMOT, eCal A100aH
eé Koneunas nodanzebpa — pa3petiuma.

B. A. [Tapdénos BBEN B paccmoTpenue Jiist aarebp Jlu ciabo paspermmmbrii pagukas [30]. B pabo-
re [30] mokazawo, 4To pacwuperue caabo paspewumoti aazebpu Ju npu nomowsu caabo paspewumot
asaaemca caabo paspeuwsumot. Torna jans nmponsBosibHON ayrebpsl JIu cymma cirabo pazpermmmbix
HJIeAI0B SBJIgeTcd ciaabo paspemumbiM uaeasom. B. A. [Tapdénos Tak:ke g0oKa3ajl, 4T0 KAGCC 6CET
€660 paspewumnis anzebp Jlu asagemca padukaabHbM 68 YHUBEPCAABHOM KAacce 6cex anrzebp Jlu.

Haubonpmmii crabo paspernmmbriii ugean T'(L) anre6per Jlu L HaspiBaeTcst BEpXHUM €1abo pas-
pPermmMBbIM paauKaIoM aarebpsr Jlm.

Kak u jus acconmaruBubix asurebp, s aarebp Jlu onpenessitorcss BepxHUN U HUMKHUN HUJIh-
PaIUKAJIBL.

Ob6o3raunm uepe3 p(L) cymmy paspemmumbix uaeaaos aarebper Jlu L.

CyMMa paspermmbIX Ueai0B siBASETC PA3PelMMbIM Ueaa0M, 103Tomy uiaean p( L) ssagercs
JIOKAJIbHO Pa3pPeNIuMbIM.

C 1oMOIIbI0 TPAHCHUHUTHON MHIYKIUN OLPEJAEANM J1jIsi Ka2KJIOI0 MOPSIIKOBOTO YUCIA (v UJIEAJ
p(a) caeayrommm 06pazoMm.

1. p(0) =0.

2. IIpeamosoxkum, ato p(a) ompeneneno mist Becex o < (. Torma ompenenum p(f5) ciaemyrormmm
obpazom:
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a) ecim 8 = v+ 1 He gBASIETCA NPEIEIBLHBIM TTOPAAKOBBIM ducioM, 70 p(f) — 910 Takoit ngean
ancetper L, 110 p(8)/p(x) = o(L/p()):

6) ecim B — MpesesbHOE MOPSATKOBOE YUCIIO, TO

v<B

Pacmupenne JIoKaabpHO paspenmmoii anre6psl JIu ¢ TOMOIIBIO JIOKAJIBHO PAa3permmoil aareGphl
He MOXKeT OBITh JI0KaNIbHO paspemmMbiM [46], #Ho ono Oyzner caabo paspemmmbiM [30].

N3 coobpaxkennit momnoctu p(f) = p(B + 1) mas nekoroporo 3. Craxewm, uto p() — HuKHAI
c1abo pazpemmMbiil paguka aarebpsr JIn L.

Cnabo pasperiumMbie aarebpbl JIu SBISIOTCS aHAIOTOM JIOKAJIbHO HUIBIIOTEHTHBIX ACCOIUATHAB-
HBIX aareop.

M3BecTHO, 9TO [JIst HPOU3BOIBHON aire6pe! J1u BBIOIHAETCA COOTHOIIEHHE, COIVIACHO KOTOPOMY
MEPBUYHBII PAUKAJ COIEPIKUTCS B HANOOJIbINEM C1ab0 paspermmMoM ujaease. B monorpaduu [36]
MOJIyY€eH pPe3yJibTaT O COOTHOIIEHNN TMEePBUYHOrO pajuKasia n caabo paspernMoro pajukasia st
IPOM3BOJILHBIX aarebp Jlu.

TEOPEMA 1. ([36, c. 43]) Iepsuunut paduxas npoussosvnot aszebpv. JIu nad nosem F cos-
nadaem ¢ HUNCHUM CAA00 PA3PEWUMBM DAOUKAAOM.

1.3. HunbmoTeHTHBIN 1 JOKAJBHO HUJIBIIOTEHTHBIN paaukajbl aaredp JIn

HunbnorenTrsiit pagukan aarebpol JIu urpaer BazKHYIO POJIb B TEOPUHU IIOIYIPOCTHIX KOHEUHO-
MepHbIX aarebp Jlu Ham mojgemM xapakTepUCTUKY HYJIb.

HunboorenTrsiil pagnkas aaredp JIn OTHOCHTCS K KIACCHIECKUM paJuKaJIaM CTPYKTYPHOI Teo-
pur KOHEUHOMEPHBIX ajaredbp Jln.

ONnPEAENEHUE 10. ([13, c. 20]) Onpedesum no undykyuu nustcrnutd uernmpasvhvil pad anzebpo
JuwL: Ly =L, Ly = [L, L], ..., Lns1 = [L, Lal, ...

Auneebpa L nusbnomeHmma, ecau 4AeHb, HUNCHE20 UEHMPAAbH020 pada obpawaromes 6 0 Ha
HexKomopom KoHeunom waze. Haumenvwee namypasvnoe n, das xomopozo L, = 0, naswvisaemcs
OAUHOT, HUABTLOMEHTMHOCTIU.

Hpyrumu ciosamu, aarebpa JIu L HUIBIOTEHTHA, €CTU CYIIECTBYET KOHEUHAsT YOBIBAIONIAS I1€-
nouka eé npeasnos J;, i = 1,...,n, rakast, aro J; = L, J, = {0} n [L, J;—1]| C J; pnsa i = 1, ..., n.

ITpumepom HubIOTEHTHOH anrebpsl JIu sBiagerca kommyrarusaas anrebpa Jlu. Ussectho [13],
uTo ecyin anrebpa L HUJIBIOTEHTHA, TO OHA Pa3peIuMa.

OnPEAENEHUE 11. Hoean I aneebpor Jlu L nasvieaemca HUABTOMERMHOIM, €CAU OH HUADBNO-
menmen xax aszebpa Jlu.

W3 kmaccuaeckoii Teopun KoHedHoMepHBIX asredp Jlu (|7, [11]) u3BecTHO, UTO B KaxK 1011 KOHe-
HOMepHO#T asrebpe JIu cymecrByer e uHcTBeHHBIN HANOOIBIINI HUILIOTEHTHBIT njeat. OnHako ox
He siBJIsTeTCs pajankasom [36, c. 64].

Hunenorentasiit pagnkan aaredbpsl JIn L BBOIUTCS Kak TepeceveHne sigep e€ HeMPHUBOIMMBIX
KOHEYHOMEDPHBIX [IPeJICTABJIEHHI.

ONPEAENEHUE 12. ([15]) Ecau modyas M — koneurnomeprwdi, mo nauboavwud udean U anze6-
por L maxot, wmo sndomopdusm Tpr, coomeememsyouuti sIAemenmy T, A6AALMCA HUADNOMEHRM-
HotM 0aa ecex © € L 6 aneebpe End(M), — nasweaemea naubosvuum udeaiom HUALTIOMERMHOCTIU
NPeCmasAcHUs.
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Jna koneanomephoit anre6per Jlu L auabnorenTHbil pagukan N (L) xapakrepusyercs SKBu-
BaJIEHTHBIM 00pPa30M HE TOJIBKO KaK IepeceveHune sjiep KOHEUHOMEPHBIX IIPEJICTABJIEHUH, HO U KaK
repecedenrie HAUOOJIBINNX UIEAJI0B HUJIBIIOTEHTHOCTH KOHEYHOMEPHBIX IpEACTaBaeHuil aaredpor L

7).

TEOPEMA 2. (O nuavnomenmmnom paduxane [7, c. 59]). Haa npouseosvnoti xoneunomepnot
anzebpo, JIu L mad nosem xapaxmepucmuky nysv cnpasedauco pasencmeo N(L) = [R(L), L], 2de
R(L) - paspewumvili padukan.

Hac unrepecyer cymecrsoBanye HanboIbIIET0 HUJIBIIOTEHTHOIO MI€aja B CJyuae OECKOHEUHO-
mepubix asarebp Jlu. B pabore [41] paccmarpuBatorcst KOHEUHO HOPOXKIEHHBIE CIENUAIBHBIE aJl-
rebphl, JJ1s KOTOPBIX JOKA3BIBAETCS, 9TO HAMbOJIbINNI HUJIbIIOTEHTHBIH ujeas cyiecTByer. Takxke
JIOKA3aHO, YTO TAKOM mj1eajl CyIIECTBYET JlJid KOHEYHO IMOPOXKIEHHBIX YHUBEPCAJIbHLIX aaredp Ko-
HEYHON CHIHATYDbI, YI0BIETBOPSIONIX cucremMe Toxaects Kanemm nekoroporo nopsiaka [12].

C apyroit croponsl, Ais 6eCKOHEYHOMEPHBIX ajredp JIu HUIBIOTEHTHBIN B CMBIC/E IPUBEIEH-
HOTO OIPEeIeHNs] PAJUKA] MOXKET He ObITh HUJIBIOTEHTHBIM. PaccMorpuM mpumep OeCKOHETHO-
MEPHO JIOKAJIbHO HUJIBIIOTEHTHOMH ajredps! J1u, KoTopas He dBJsgeTcsd HUJIBIIOTEHTHOM.

IIpuMEP 2. Hycmo L — amo anzebpa Jlu 6ecKOHEUHBT SEPTHEMPEY20ADHHLT MATRPULY, NO OM-
HOWEHUIO K ONEPOUUY KOMMYMUPOSaHUA Had nosem F xapaxmepucmuru nHyiv, co0epicauus sutd
KOHEUHOE YUCAO IMEMEHMOB, OMAUSHBIL O HYAS.

Ilycmo N — nodanzebpa mampuyy, anzebpor Jlu L ¢ nyiesvmu ssemenmamu wa 0ua2oHa.

ITycrs marpuna A € N COIepKHUT HEHYJIEBBIE CIIATAEMBIE Qjj, €ij1s QijoCijo, - - -5 QijyCijis © 7 J15
i # 2, ..., U # i, TOe €;; — MaTpUIHAA €JUHUIA.
DJIeMEHTHI €44, €5, 5, npuHanexar L. Torma

k k
leiis Al = aj,eij, = > aijei, €N,
s=1 s=1

[leiis Al €j,5,] = aijieijy = aij eij, € N.

Urak, N C [L, N].

C npyroit croponsr, N — uneasn anredbpst Jlu L, To ects [L, N] C N.

Takum obpazom, N = [L, N].

Tak kak 11000e KOHETHOE MHOYKECTBO MATPUIL ajaredps JIn L MoxkeT ObITH BIOKEHO B aaredpy
JIu MaTpuIp KOHEIHOTO MOPsiKa (IIPENOJIATATCs, UTO IPH BJIOKEHUH MOYKHO OTOPOCUTEH GECKOHEU-
HOE MHOYKECTBO HYJIEBBIX 3JIEMEHTOB), MOKHO YTBEPXKIAATh, uTo anrebpa Jlu L swsiaserca paspemu-
MOH, a N — JIOKaJbHO HUJIBIIOTEHTHOM.

Paccmorpum koreunomeproe mpeactasiaenne M amnredpsr Jlu L.

IMycts L uw N — romomopdusie 06passt amredp Jlu L u N B anrebpe Jlu End(M).

Anrebpa Jln L gBaderca konearomeproil. CoracHo TeopeMe 2, HUIBIOTEHTHBIH paJuKaJl aJl-
re6pot JTu L paser N (f) = N. CoriiacHo ompee/IeHI0 HIJIBIIOTeHTHOTO PAIHKAIIA, JHI0MOPdOH3M
T )/, COOTBETCTBYIONTHI 3JIeMeHTY 7, ABJISeTCS HAILIOTEHTHRIM /1 BeeX x € L, B anrebpe End(M).
Caeposarenbio, ajurebpa Jlu N cogepkurcs B HaubOJIbIIEM MEAJIE HUJIBIOTEHTHOCTH [IPEJSCTaB-
Jgeaust M.

VYuThiBag MPOM3BOJBHOCTE KOHEIHOMEDPHOI'O HpeAcTaBIeHud M, MBI MOJIYIHUIH BKJIOUCHHE
N C N(L).

Ilokaxkem, 4To mepecevenre HanOOJIBIINX HIEAJIOB HUJILIIOTEHTHOCTH KOHEIHOMEPHBIX MIpPE-
craBjennit copmagaer ¢ N.

Ilycts mrs maTpuiel A anrebpsl L craraemoe a;;€;; He PABHO HYJIO.
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Aurebpa JIu L mpepcrasiena sagoMopdusMaMu 6eCKOHETHOMEPHOTO BEKTOPHOTO TPOCTPAHCTBA
V u 3amuch e€ 371eMEHTOB B BU/JIE MATPUIL IIOJIyYaeTcd mocjie Boibopa 6azuca tq,ta, . . ..

TTocse cooTBeTcTBYIOIIEH TEpEHYMEPAIIUN 3JIEMEHTOB 6a31Ca MOXKHO MOJAYIATh, 9T0 ajiel] 7# 0.

Paccmorpum nompnpocrpancreo W, sBigionieecs JinHeRHOH 000J109KON OAa3MCHBIX 3JIEMEHTOB
ta,t3,.... llyets V = V/W baKTOp-IpOCTpanCTEo.

Ilycts maTpuisl geficTBYIOT CripaBa HA BEKTOPHI V.

ITokazkem, aTo moampocTpancTBo W MHBApUMAHTHO OTHOCUTEIBLHO anreopsr Jlu L.

Anrebpa Jlu L asrgerca juneiHol 000I09KON MATPUYIHLIX AUHULL €55, 1 < J.

Torna tre;; = Oritj, Tme Op; — cumsos Kponekepa, k < j.

Mozkno cumrars, uro L peiicrByer Ha dakTop-mpocrpancree V.

Torma t1A = ajity. Orciona ciaeayer, aro t1 A" = a4ty # 0, n € N.

Nrak, marpuna A me jgexxur B HaubOJIbIIEM HAEAJIE€ HAIbIOTEHTHOCTH [IPEACTABICHUS alredphl
Jlu L B mpocrpanctse V.

Tak kak A — npoussosnbhast marpuna L ¢ HeHyneBbiMu 3/1eMerHTamMu Ha guaronasu, To N(L) C N.

B pesysprare nonyaaem, aro N(L) = N u anrebpa N He sBIsgeTCS HUJIBIOTEHTHOM.

JlaHHBIN TpUMep TOKA3bIBAET €CTECTBEHHOCTH BBEJCHUS s OECKOHEUHOMEPHBIX aaredp Jlu
TTOHATUA JIOKAJIbHO HUJIBIIOTEHTHOTO pPaJuKaJia. TaKOfI PaguKaJI 6y,ZLeT YAOBJIETBOPATDH CBOMiCTBaAM
AHAJIOTUYHBIM CBOMCTBAM HUJIBIIOTEHTHOTO PAJIUKAJA KOHETHOMEPHBIX aaredbp Jlu.

ONPEJIENEHUE 13. Aunczebpa Jlu nasvisaemcsa A0kaAbHO HUuLbNROMEHNMHOU, ecau A0baa eé Ko-
HEUHO NOPONHCIENHAA NOOAA2E0PA HUNDTOMEHNHA.

JIOKa/IbHO HUJIBIIOTEHTHBIM PaAuKagoM (uim pagukasaom Jlesunkoro) aare6pbr R HasbiBaercs
eé HAMOOJIBINIT JIOKAJIbHO HUJIBIOTEHTHLIH uaeas |1]. Oguako curyanus myist 6ECKOHETHOMEPHBIX
aynredp JIu B MOHMMAaHNN IMOIX0Aa K OIPEIeIeHNIO JOKAJILHO HIJILIOTEHTHOrO PAINKAIa, HECKOILKO
VHAA.

IlousTre JOKaJbHO HUILIOTEHTHOIO PajuKaJa s OeCKOHEYHOMEpPHBIX aarebp Jlu spisercs
AHAJIOTOM HHJIBIIOTEHTHOTO PAIUKAIA KOHCIYHOMEPHEIX aaredp JIm.

B pabore [35] BBeAeHO MOHSATHE JIOKAJIBHO HUIBIIOTEHTHOTO DajNKAJa CIEIHATBHON aaredphi
Jlu.

Paccemorpum cradasa nonsitue crernuasibHoi anrebpor Jlu.

ONPEAEJEHUE 14. ([10, c. 323]) Accoyuamuenas arzebpa A nasweaemea Pl-anzebpoti, ecau
cywecmeyem Hexkommymamusrold nosunom f(x1,...,x,) € F(x), ede F(x) — ce0bodnas accoyua-
muenas aszebpa, Maxod, ¥mo

flai,...,an) =0 Odaa npouseosvuur ai,...,a, € A.

B 1963 r. B. H. Jlarsiues oupejesnni cuenpaabHyto anrebpy JIn [19].

ONPEAENEHUE  15. ((/19]) Anzebpa JIu L wnaswsaemca cneyuasvnoti aszebpoti uau SPI-
anzebpoti, ecau cywecmeyem accoyuamushan Pl-anzebpa A maxas, wmo L enooicena 6 A xax
anzebpa Jlu, 20e A5 — anzebpa Jlu, 3a0ammas wa A ¢ MOMOUBIO ONEPAUUL KOMMYMUPOSAHUA

[z,y] = zy — yx.

Jra PI-tipencrapiennit anrebp Jlu amamor HanboabIinero mpeasia HUIBIIOTEHTHOCTH BBOSUTCS
caeaymuM 006pazoMm.

TEOPEMA 3. (/36, c. 66-67]) llycmwv anzebpa JIu L umeem Pl-npedcmasaenue 6 xoavuye sndo-
MOpPu3Mo6 6exmoprozo npocmpancméea M. Tozda

1. sce udeaav, J anzebpor L marue, 4mo xp; nuabnomenmmuo das aobozo x € L, codepoicamcs
o00nom u3 nwux, nanpumep U;
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2. obpas U udeasa U asasemcsa A0KaAbHO Husbnomenmuovim 6 anzebpe End(M);

3. udean U asafAemcas MHOMCECTNBOM daemenmos & € L makxux, wmo xp; npunadaesicum nep-
suuromy padukaay P accoyuamusnol anzebpor A(L), accoyuuposannol ¢ npedcmasienuem
anzebpor L.

Tora o anaioruy ¢ KOHedHOMEpHBIMEU ajiredpamu uipeasn U Ha3bIBAETCH HANOOIBIITUM UI€AI0M
JIOKQJIGHON HUJIBIIOTEHTHOCTH PI-TIpejcTaBieHnd.

ONPEJAENEHUE 16. (/35]) Jlokasvno nusvnomenmmuvim paduxarom N(L) cneyuarvnot areebpo
JIu L nad nosem F nazvieaemes nepecenerue HaUbGOAUUT UIEAA08 A0KAALHOT HUADTOMEHMHOCTY
scex PI-npedcmasaenuti anzebpo Jlu L nwad nosem F.

B pabore [35] mokaszaHbl CBOHCTBA JIOKAIBHO HHUJIBIIOTEHTHOrO pasgmkasa N (L) crermanbHOM
anrebpsl JIu L. B wacraocTH, mokasano, uro pagukaa N (L) cnenmanbHoit anrebpst Jlu L sisasercs
JIOKAJIbHO HUJIBIIOTCHTHBIM.

1.4. Pagukan /I>kekoO6CoHa u CBA3aHHBIE C HUIM paJuKaJjbl ajaredop Jlum

Paguxan Txxexobcona — kaaccuiaeckuil pajinkaJi, yAOBACTBOPAOMN TpeboBaHuIM CTPYKTYP-
HOIl TEOPWHU W PACCMATPUBAEMBIN JJIsT PA3IUIHBIX AJITeOpandecKux CUCTeM. B Teopum paanKajon
KOJIETT W3BECTEH TaK»Ke Kak KBazuperyaspHbril pagukan [lepaunca—/lxekobcona. Kak mpasmio, BBO-
JUTCST B PACCMOTPEHUE C TIOMOIIBI0 MOJTYJIEHH.

Panmkanom JIxekobcoHa B TeOPHUHM aCCONMMATUBHBIX KOJIEIN HA3KIBAETCHA TIEPECEUEHNe BCEX MAaK-
CUMAJTFHBIX MPABBIX Hea o Kosbia [44]. Pagukan xekobcona accormaTuBroi aarebpel R onpe-
JIeJISeTCs KaK IIePecedeHne aHHyJIsITOPOB TIPaBbiX (JIeBbIX) HenmpuBoauMbix R-mosyseii [1]. Onpe-
JlejieHne, SKBUBAJIEHTHOE JTAHHOMY, MOXKET ObITh COOPMYIUPOBAHO CJEIYIONIMM 00pa30M: PaJIMKaJ
JxekoOCcOHa acCONMMATHBHOMN aaredpbl R ecTh mepecedenne siiep BCEeX HEIMPUBOANMBIX TTPEICTABIIE-
HUil.

AnajiornunbiM 06pa3oM onpeaesserca pagukai JIxekobcona aarebpst Jlu. Brepsbie g anredbp
Jlu ompenenenue pagukaia Jxkekobcona mano E. Mapmamanom. st ciaydas 6eCKOHETHOMEPHBIX
anredp JIu yrouneno @. Kybo.

ONPEAEJEHUE 17. ([15]) Paduxasom Uocexobcona J(L) aneebpw JIu L nazweaemca nepece-
YEHUE MAKCUMAAOLHYIT UDCANOB UAU CAME GA2e0DA, €CAU UT HEM.

OrMmeTuM, 9T0 JIJIsi KOHEYHOMEPHOit asrebpol JIu Hajl mojieM XapakTepUCTUKY HyJIb HUJIBIIOTEHT-
HBI pajuKas copnajaer ¢ pajukaaom Jxexkobcona [56].

E. Mapman mamen ycioBue, npu koropom pajgukasn xxekobcona J(L) koneunHomepHO#t ared-
pol JIu L maj nosem coenagaetr ¢ [L,o(L)], tne (L) aBisiercs paspeluMbIM PaJuKaIoM aaredpsl
JIu L. Takum ycnoBuem sigisiercst passoxkenue Jlesu anre6pnt JIlu L B npsmyto cymmy L = S@o (L),
rie S — nosgynpocrast anrebpa [56].

H. Kamuits namesn yciaosue npejcrasienns pajukana Ixxekodcona J(L) we 06a3aTe/bHO KOHEY-
HOMepHO#t anre6per JIu L B Buge J(L) = [L,0(L)], tae o(L) — MakCHMaIbHBIH JIOKAJBHO Pa3pPeIIn-
mbiit uaean L. Jga sToro anredpa Jlu L gokua OBITH TOPOXKAEHA KOHETHOMEPHBIMH JIOKATHHBIME
nopuaeanavu L [53]. HamomuanMm, aro umean wieasta aarebpsl Jlu L HaseiBaercs moguaeansom [15].

CeoiicTBa pajukasa Jlxkekobcona st 6eckoHeuHOMepHBIX ajredbp Jlu ucciaemosan O. Kybo
[54]. On nokazas, uro pesynsrarsl E. Mapmanna u H. Kamuiis B obiem ciydae HeBepHbI st
HeckoHedHOMEpHBIX anredp Jlu maxe B ciydae JTOKAJILHO KOHEYHBIX aaredp. VM Takke M3ydeHbl
HeckoHeuHOMEDPHBIE aredps! JIu ¢ HyneBbIM pagukaioMm Jlkekobcona.

O n3 crmocob0B U3yUEHUsT CBOHCTB aaredp, a TakyKe WX UAeaIoB TMPeInosaraeT roMoJIoTrde-
CKOe omnmcanme maeasaoB anredp. Ilog roMoornIecKuM OMMCAaHNEM WAEAJI0B KOJeIl, aaredp, aaredp
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Jlu nonuMaeTcs ux 3ajanue depes Mouyan [23]. AKTyasubHBIM SBISETCS BOIPOC O TOMOJIOTMYECKOM
omucanuu pajukaia /lxekobcona s anrebp Jlu.

B pa6ote [31] paccMoTpeHBI OlpejiesieHnst €CTeCTBEHHBIX, TOMOJIOINYECKH 3a/[aHHBIX PAJUKAJIOB
anre6p Jlu, a TakKe MPUBEIEHDBI UX COTIOCTABAEHUA ¢ pagnkagoMm /xxexobcona. [lpusenem mammbre
ompefeseHns B coorBercTBun ¢ paboroii [31].

ONPEAENEHUE 18. Ob6osnauwum uepes Irr(L) nepeceuenue annysamopos 6cex HenpusooumbLs
Mmodyset nad anrzebpoti JIu L u camy anrzebpy L, ecau ux nem, u HaA306EM HENPUBOJUMO Npedcmas-
ACHHDBIM PAOUKasom anzebpvr Jlu.

ONPEAEJEHUE 19. Ob6osnawum wepes IrrPI(L) nepecevwenue annyasmopos ecex nenpusodu-
muix PI-npedcmasaenuti anzebpu, JIu L u camy arzebpy L, ecau ux nem, u nasoeém PI-nenpusodumo
npedcmasaennvim padurasom aszebpos Jlu.

ONPEAENEHUE 20. O6osnauum wepes IrrFin(L) nepeceuenue annyaamopos ecex nenpueodu-
MBL KOHEUWHOMEPHUT npedcmassenuli anrzebpu, Ju L u camy anzebpy L, ecau ux vem, u HO306EM
KOHEUHO HENPUBOOUMO NPEeJCMABAEHHBM PAOUKaAOM anzebpvt Jlu.

B pa6ore [31] Takzxke uccsiem0BaHbI CBOMCTBA HEIPUBO MO TIPEJICTABICHHBIX PAINKAIOB. B qact-
HOCTH, JIOKa3aHO, 9TO /I TPOU3BOJIBLHOM anredbps JIu [ HeMPHUBOANMO TIPEACTABIEHHBIN PaTUKAT
Irr(L)y=LNJU(L)), rne U(L) - yuuBepcasbHast obepThiBaiomas aarebpa.

B ciayuae xomeumnomepmoii aarebper Jlu L mHam mosem XapakTepuCTuUKy Hy/Ib PI-HenpwBommMo
MPEJICTABIEHHBIN PAIUKAJ COBIAIAET C HUIBIIOTEHTHBIM paJinKajoM ajarebpor Jlu L.

Tax2ke uccie0BaHbl COOTHOIIEHUA MEXK /Ty BCEMU I'OMOJIOIMYECKH 33/ JaHHbIMU pajinkasgamu. [lo-
Ka3aHo, 9TO B CJyUae, KOTJAA ¥ OCHOBHOTO TIOJIST XAPAKTEPUCTUKA PABHA HYJII0, UMEIOT MECTO CJIeTy-
tompe Brytogennst: [rr(L) C IrrPI(L) C IrrFin(L).

N3yuernune ceoiicts paspermumoctr Pl-HEIPUBOANMO MPEICTABACHHOTO PAINKAIA TOKA3AI0, ITO
B obrmmeM caygae I[rrPI(L) He SBJIsIeTCS JTOKATBHO PA3PEITUMBIM JTazKe JIJIs CIIeNUaJbHBIX aarebp Jlu.

B pa6ore [31] cuenan BbIBOj O HpejcTaBiaeHnr pajukana J>kekobGcoHa depe3 MOJYJIU, COTIac-
HO KOTOPOMY JIjiss KOHEYHOMEDPHBIX ayiredp Jlu Haj mojieM XapakTepucTuKyu HyJib Pl-HENTpUuBOIuMO
[pefcTaBaeHHbli pagukan aarebpsl JIu coBnagaer ¢ pagukanom /xekobcona. CaegosarenbHo, pa-
quka Jxxexkobcona asredbps! JIu L MOXKHO OIIpee/iuTh KaK IepecedeHne aHHYJIATOPOB BCEX HEIIPH-
BoguMbix PI-mpencrasiennit aarebper Jlu u camy anredbpy L, eciaum mx Her.

2. Cnabo apTuHOBHI aJredpsnl JIn

2.1. IlongTue u mpumepsl caabo apTUHOBBIX aaredp Jlu

OpHuM U3 yCIOBUiT KOHEYHOCTH, HAKJIABIBAEMbBIX Ha aareOpnl JIu, sBiisteTcs CBONCTBO apTHHO-
BOCTH.

9. ApTuH BIEPBBIE PACCMOTPEN KOJIBI@Q € YCIOBUEM MUHUMAIBHOCTH.

JIJtst accOnMaTUBHBIX KOJIEI PACCMATPUBAETCS TTOHSTHE MPABOi WM JIeBOit apTuHoBOCTH. ECam B
ACCOIMATHBHOM KOJTblle R j1r06ast yObIBatoas MEmovIKa ero IpaBbixX (JIeBbIX) U1eaI0B CTabuIn3upy-
eTCs1, TO KOJIbIIO R Ha3bIBAeTCsT MPaBo (JIEBO) apTUHOBBIM. ACCOIMATHBHOE KOJIBIIO HE 00SI3aTETHHO
obsrajiaer croiicTBamMu paBoil u J1eBoit apTuHOBOCTH OjiHOBPeMeHHO. I3Becren nipuvep Cumosa [18,
c. 122| kosbI1a, KOTOPOE SIBISIETCS TPABO APTUHOBBIM, HO HE SIBJISIETCST JIEBO APTHHOBBIM.

ApTUHOBOCTD ACCOTMATUBHBIX KOJIET] TAKyKe MOKET OMPEeTsIThCs W TOJTBKO JIJIsT TBYCTOPOHHUX
uneasoB. B aTom ciydae BO3HUKAET OHATHE CAaD0M apTUHOBOCTH, KOTOPOE ciiabee apTUHOBOCTH.

Samernm, uTo B anrebpax Jlu Bce uieasbl SBASIOTCS JABYCTOPOHHUMU M€AJaMU, [TIOITOMY JIJIst
anrebp Jlu He BBOIATCA MOHATHS TPABOH WU JIEBOH apTHHOBOCTH.
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OnpPEAEAEHUE 21. Hycmo L — aseebpa Jlu. Ecau youearowas yenowks udearos cmabuiusu-
pyemca, mo aszebpa HA3HIBAEMCA CAGDO APMUHOGOT.

Kpowme nojixosa K orpe/iesieHuio apTUHOBOCTHY J1jist ajirebp J1u, mpu KOTOpOM HCIOJIB3YIOTCH U/le-
asipl aarebp Jlu, cymecrByer moaxo, KOraa apTUHOBOCTH MOXKHO OIPEIEJATh Yepe3 mogaaredpsl,
BHyTpeHHne neannl. B padore [22] E. B. Memepunoii paccMoTpeHbl pasjindHble TTOHATHST apTHHO-
BocTH 11 anrebp Jlu.

B my6aukarnun [22] cnabo apruHoBa anrebpa HasbeiBaercs i-aprunooil. Takske B crarbe [22]
PacCCMOTPEHBI MOHSATUS APTUHOBOCTH B cyiyuae oOpbiBa yOBIBAIOIIEH MEmOYKH ajrebp U MemodIKu
BHYTpeHHUX waeanoB. [loka3amo, 9T0 W3 apTHHOBOCTH B CMBICJTE OOPBIBA IMEMOYKH BHYTPEHHUX
UJIeaIoB cJaeayer ciaabasi apTUHOBOCTL aaredbp JIu, u3 apTuHOBOCTH B CMBIC/Ie 00PBIBA yOBIBAIOIIEH
nenouky aaredp Takxke ciemyer ciabas apTUHOBOCTL aaredpswt Jlu.

Paccmorpum mpumepst cirabo apTunoBBIX anredbp Jlu.

Paccemorpum npuMepbl 6eCKOHEYHOMEPHBIX TPOCTHIX aaredp.

Jliobasg mpocrtag anredpa Oymer crabo apTUHOBOM, TAK KAK Y HEE TOJBKO ABA WIEAJIa — TPUBU-
aJIbHBIH 1 caMa ajrebpa.

IIpuMEP 3. Pacemompum nose F. [ycmo charF = 0. Hycmo K — 6eckonevnomeproe pacusu-
penue noas F. Hzsecmno, wmo anzebpa sla(K) asasemes npocmots u 6€CKoOHEUHOMEPHOT.

IIpuMEP 4. Paccemompum beckoneunomepnoe eexmopnoe npocmpancmeo V. wnad noaem F.
Iyemoy L = L(V)(_) — anzebpa Jlu, nosyuennas u3 nosnot aszebpu, Aunetinur omobpasicenutd V ¢
NOMOWBIO ONEPAYUY KOMMYMUposanua [,y = xy — yx. Hzsecmuo, wmo L — npocmasn anrzebpa.

IIpuseném apyrue npuMeps! ¢1abo apTUHOBBIX ajarebp Jlu.

I[IPUMEP 5. Ilycmov F — noae zapaxmepucmuryu nyav, K = F(x1,x9,...,Tp,...) — nose payu-
OHAALHBLEL GYHKUULGT 0M CUEMHO20 YUCAG KOMMYMUPYIOUWUL NEPEMEHHUTL L1, T2, ..ay Tpyy --.-

Obosnarwum uepes Ly aneebpy JIu mampuy nopadka 2 nad nosem K co caedom nyav Ly = slao(K).
Bydem paccmampusams Ly xax aneebpy Jlu nad nosem K.

Ilycmov Lo — arwbas neusomoppran Ly anzebpa Jlu.

Paccmompum aneebpy JIu L = L1 & Lo. B aszebpe L, xpome neé camoli u HYyss, CYUWECmsyom
moavko 2 udeasra, 00un u3 xKomopur usomoppen L1, a dpyeot — Lo, moeda arobas uyenv udeanros
obpweaemcs, mo ecmbs aszebpa Jlu L asasemca caabo apmunosod.

ITpuMEP 6. IIycmov F — noae npoussosvrnoti xapaxmepucmuru. M — npocmas anzebpa Jlu.

Hszsecmmo, wmo npocmuie anzebpot JIu KonedsHomepHoie U 6ECKOHEMHOMEPHDBIE CYULECTBYIOM 0L
noaett 4100600 TaPAKMePUCMUKU.

Obosnavum wepes M;, i = 1,2, ... anszebpo Jlu, usomopprvie M.

IIyemv P = Mi+Mo+...+My+... — npamas cymma 6exmopuvis npocmpancms.

Ob6o3HaunM 4Yepes Ty 3JeMenT x € M.
Beeném ma P cTpykTypy anrebpbl ¢ MOMOIIBIO Omeparnn

[az’a bj] = [av b]min(iyj)*l'

Ecmu min(i, j) — 1 < 1, T0 npousseieHne CINTACTCS PABHBIM HYJIHO.

Ha cymmer ) a; 1 b; npousBe/leHNe PACIPOCTPAHSIETCS IO TUCTPUOYTUBHOCTH.
i J
i€l jeJ
[IpoBepuM aHTHKOMMYTATHBHOCTD.
Ilycts ¢ < 5. Torpa

[ai, bs] = [a,b]i-1 = —[b, ali-1 = —[bj, as.
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AHajornuHo mpoBepseTcs caydail, Korga ¢ > J.
IIpoepum ToxxmecrBo fxobm.
Pacemorpum ciryuaaii, korpga @ < j < k. [Hogyunm

Ha’i’ bj]v Ck?] + [bj’ [Ck7aiH + [[Ckv ai]? bj] = Ha’ b]’ C]ifl + [bv [C7 a”ifl + [[C’ CL], b]ifl = 0.

AHaJIOruIHO POBEPSAIOTCS OCTATBHBIE CJIYUAMN.
Wrak, anrebpa P gapisercs anrebpoit Jlu.

Omnpenenum neiictue anredbpsr M wa P no dopwmyne [z, a;] = [z, al;, tme x € M.
Heiicteue anaredbpur M vHa P 3amaér roMmomMopdusmM

p: M — DerP.

HettcTBUTETBLHO,

cp([x, y])(al) = Hxv y]v ai] = H‘T? a]i7 [y7 a]l]
Ilycrs anredpa Jlu L = M O P asngercd noaynpaMbiM mpousseaenneM aaredbp M u P. lanunas
asirebpa L sBiisiercs coiabo aprunosoii. [lokaxkem ato.

ITokazkem, aTo Bce uaeassl aarebpel Jlu L umeror Bug
L, P=Mi+My+..+M,, n=12...
Ilycts [ — uneasn anrebpot Jlu L, a € I, a umeer Buj
a=x+mi+..+mg, xTeM, m;e M.

1. Ipeanosoxum, uro z = 0. Torna a = x 4+ my + ... + my, tae my # 0.

Mmeer cvbica paccMaTpuBaTh TOJILKO HEHYJIEBBIE 3JeMEHTHI a. IIponsseném npeobpa3oBanus B
HECKOJIBKO TITaroB.

MozHo BbIGpaTh Takoii saement m € My, aro [m;,m] # 0. Torna [a,m] = x1 + ... + Tp41, 11
x; € M;, 1 # 0. OrmeruM, uro [a,m] € I. VI Tak najee, noka He npujéM K sjaementy y € My,

y#0,yel

HeiictByda va y smementamu n3 M, momyanm Bce asemenTsl M. 31ech NCTOTB3YeTCT TTPOCTOTA
ajirebpel M u e€ HENPUBOJMMOCTE KaK MOAyis Hajg M.

WNrak, nosyuwnin sxiatovenne My C 1.

B kauecrtBe mpoMexkyTOUHOTO 3jieMeHTa ¥ Hac Obul 21 + 20 € I, z; € M;, z9 # 0. MbI yxke
ycranoeuiau, aro z; € 1. CienoBarensho, zo € 1. leficTBys Ha 2o snemeHTamMu u3 M, mogyanm
Bryouenue Mo C 1.

TIposo/kas aHaoruyaHbIE PACCYIKIEHNUS, IOy IUM

My + Mo+ ...+ Mg C1I.

2. lIpennonoxum Temeps, uro x # 0. To ectb @ = & + mq + ... + my.
TMonGepém m € My, Takoe, aro [z, m] # 0. Tlomyunm

[a,m] = [z, m] + [m1,m] + ... + [my, m].
Orvernm, ut0 [a,m] € My, [m;, m] € M;_,. CaegosarensHo, [a,m| € I mpecTaBUMO B BUIE

[a,m] =x4+mi+ ... +mp,z; € M,z # 0.
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Cornacno 1, cupasennuso Bratodenne M+ Mo+...+ My, C I. Tlonyunm & = a—mq—...—my € 1.
HeitctBys Ha x saemenTamu u3 M, nosryuum Bratouenne M C I. CienosaresbHo,

M, =[M,M,| C I

mign =12, ... .

HUmax, doxaszano sxamouenue L C I. Taxum obpasom, anzebpa L — caabo apmunosa. O

2.2. JIokanbHasgs HUJIBIIOTEHTHOCTDh IIEPBUYHOTO PaJMKaJja cjadbo apTUHOBOI aJ-
rebpst JIn

ONPEAENEHWE 22. ([3, c. 84]) Anzebpa Jlu L naswsaemcs Huabnomewmuot cmyneny ¢, ecau
ona YdosaemeopAem moicdecmsy HUAbNOMEHMHOCTU CINENEHY C

[.%'1, ceey xc] =0
€ AEBOHOPMUPOGAHHOU PACCMAHOBKOT CKOOOK U He y@oeﬂemeopﬂem moofa?ecmsy
[.1'1, ...,xc_l] =0.

Hamomuawnm, garo anrebpa JIu L nHaspiBaeTcs JOKAIbHO HUJIBIOTEHTHOMN, ecyin Jii000€e €€ KOHETHOE
MHO2KECTBO 3JIEMEHTOB [OPOXK/IAeT B L HUJIBIIOTEHTHYIO TOAJITe0PY.

IIpuseném mpumep JIOKAJIBHO HUIBIOTEHTHOM aiarebps! J1u.

ITpumer 7. Hycmo F — noae npoussosvnoti xapaxmepucmury. O603navum wepes e1, €, ...
€n, - . 0a3UC CHEMHOMEPHO20 8EKMOPHO20 Npocmparcmea V.

Pacemompum cucmemy sexmopnuz npocmpancms My = span(eq, ..., ex). Omu nodnpocmpan-
cmea 06pasyrm 803PACMANULYIO NOCAEIOBATNEALHOCID

My C My C ...

Paccmompum anzebpy A aunetlinoz omobpasicenuti xoneunozo paneza [V — V, ydosaemesopa-
rowuz yeaosuro f(My) =0, f(My) C M1, k=2, 3, ....

Obosnanum wepes P aneebpy JIu A | noayuennyo us A ¢ nomowsio onepayuu Kommymupo-
sanus [T,y] = xy — yz.

Mooicno npedcmasaamo cebe anemenmul anzebpo. Jlu P xax beckonenmnvie Mampuyst, y KOmMopols
MOABEO KOHEUHOE HUCAO CINOABUOE OTNAUNHO O HYAA:

0 a2 ais

0 0 a3
0O 0 O
0O 0 O

Tocmpoennas maxum obpasom aszebpa JIu P asasemea A0KAADHO HUADNOMEHMHOU.

TEOPEMA 4. Ilyemwv L — caabo apmunosa aszebpa Jlu. Tozda eé nepsuunvit paduxans P = P(L)
— AOKGABHO HUABNOMENMEN.

JOKABATEJIBLCTBO. [ng qoka3zareabcTBa TEOPEMbI HAM MOTPeOyeTCs MpeICcTaBAeHuE TePBUI-
HOT'O paJuKaJjia ajredbphl JIn Kak HIKHEro ¢1ab0 pa3permMoro pajinKaia, KOTOpoe pacCMOTPEHO B
nyHkre 1.2 naHHOi paboThI.
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IMycts o(L) — 910 10601 HEHyneBoit abenes umean u3 P(L). Takoii ujgean CymecTByer, Tak Kak
uneas o(L) comepKuTcs B IEPBUYIHOM paJIHKAJIE.

Taxoil ujieas copepxKuTcs B JIFOOOM HEHYJEBOM Pa3pPElIMMOM HjleaJsie HEPBUYHOIO PaJMKaJIA
P(L), KOTOpBIil CyIIeCTBYeT, COMVIACHO KOHCTPYKIINU HUKHErO €J1ab0 PaspermMoro nuieasa, eciiu
P(L) # 0 [27] (B cayuae pasencrBa P(L) = 0 yTBep:KaeHNE TEOPEMBI BBIIOJIHEHO).

Kak uzsecrro [11], 1060t HeHys1eBO# pas3permMblil vieas CouepKUT HeHyJIeBOH abesien njeadl.

C noMoIip0 TpaHCHUHUTHOM WHIYKITA OTPEIEINM JIJTsi KaXKJI0r0 TTOPSIIIKOBOTO YHC/IA (v HIeal
7(a) C P(L) cnepyrormum o6pazom.

1. 7(0) = 0.

2. TIpexnomnoxum, uro 7(a) onpeneneno st seex o < . Torma onpepennm 7(8) caemyrommm
obpazoM:

a) ecm B = v+ 1 He ABAFETCSA TPEETHHBIM MOPSIKOBBIM IUCI0OM, TO 7([3) 3T0 Takoi umea
anrebpel L, aro 7(8)/7(v) = o(L/7(7));

0) ecsim 8 — mpenebHOE MOPSITKOBOE YUCJIO, TO

7(8) = {J (7).

v<B

U3 coobpaxkennit momuoctu 7(5) = 7(8 + 1) mas wexkoroporo (. Torma 7(5) = P(L).
Tloctpoum emgé omHO TpeaCTaB/ICHNE NEPBUYHOIO PAIUKAIA 10 HUJIBIIOTEHTHBIM WICAIAM.

Ilycts o(L) — 910 cyMMa BCex HEeHyJeBBIX abeseBbiX naeanos u3 P(L). U3 craboit apruHOBOCTH
aarebpol Jlu L ciemgyer, 970 uX KOHEYHOE UUCJIO.

B [11] nokazano, 94T0 CyMMa HUJIBIOTEHTHBIX WealoB aarebpsl JIn — uusbnorentHa. Cienosa-
TesbHO, ueast o(L) — HUIBIOTEeHTEH.

Takke KaK u PaHbIIe, ¢ TOMOIILI0 TPAHC(PUHUTHON UHIYKITUNA OMIPEIE/TUM T KaXKI0TO MOPII-
KOBOTO unciaa a uaean o(a) C P(L) crexyomum o6pa3oMm.

1. 0(0) =0.

2. IIpeanonoxkum, aro o(a) ompegeneno s Becex « < . Torma ompenennm o () caenyrommm
obpazom:

a) ecau =7+ 1 He ABIAACTCS MPEAETBHBIM IOPSIKOBBIM UHCIOM, TO 0([3) 9TO TAKOU Heast
anreopus L, 110 o(8) /o (7) = o(L/o(+));

6) ecim 8 — MpesesbHOE MOPSATKOBOE YUC/IO, TO

v<B

W13 coobpaxkennii mormnoctu () = (8 + 1) anst wekoroporo . Torna o(B) = P(L).

O6oznaunm wepes N (o (L)) crenens aubnorenTHOCTH Haeana o(L).

Mycts X C P(L) — memycroe KOHEUHOE MHOXKeCTBO. JIOKazKeMm, 4TO BCE NPOM3BEJIECHUS
[Ti), Tiy, ..., 4], TOE T3, € X € JIBOIT pacCTaHOBKOM CKOGOK paBHBI () /1711 HEKOTOPOIO HATYPAJIbHOTO
T

st kazkjtoro @ € X obozuaunm depes (X ) nopsgroBoe 9ucsio « rakoe, uro x € o(a)\o(a—1),
ecan o — 1 ompenenieHo u «, ecan x € o(a) u o — 1 HE ONpeesieHo.

Beeném muoxecrso X = {[zi,, Tiy, ..., T4, ||, € X, 1 < k< m}. Iycrs

a1 = max (a([zi,, Tiy, ..., i | | i), € X)), m1 = N(o(aq)).
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Paccmorpum Bee IpousBeieHus [T, , Tiy, -.., Ti,, |. OHU yJIOBIETBODPSIOT yCIOBUIO
[Ty Tigy ooy T4, ]) < 1.

Brenén mmoxectso Xo = {[2, Tiy, -y Ty, |73, € X, 1 <k < my}. Hyers ag = mz)i(x(a(x)),
TEX2

ma = N(o(az2)). I3 ckazanHOrO BblIIE Ceyer, 4o ag < a.

Beeném muoxkectsoXs = {[@iy, Tiys ooy Ti,, |73, € X),1 < k < ma}. Homyuum nocneoparess-
HOCTH MHOXKeCTB X1, Xo, ... 1 yOBIBAIOIIYIO TTOCIEI0BATEIBHOCTE OPAMHAIBHBIX THCET (1] > Qg > ...,
KOTOpas He MOXKeT ObITh HECKOHETHOH.

CrenoBaTebHO, I HEKOTOPOTO T BCE DJEMEHTHI MHOYXKecTBa X, paBHBI HYJIIO.

OTO 03HAYAET HUIBIIOTEHTHOCTH aaredpbl JIu, MOpoXKIEHHON MHOXKECTBOM X, W JIOKAJBHYIO
HWJIBIIOTEHTHOCTH TIepBUYHOTO pajankaaa P(L). O

2.3. O mpobaeme A. B. MuxanéBa

[Ipobaema A. B. Muxanésa cBa3aHa ¢ BOMPOCOM Pa3pEITUMOCTH MEPBAYHOTO PAJNKAIA apTH-
HOBBIX ajrebp Jlu.

IlepBuunbiit pagukas anredbpst JIlu L paspemmm, eciim OH dBJISIETCS PA3PEIUMbIM Kak ajaredpa
JIm HEKOTOPOH CTyIEHN.

Bompoc o paspermmmocTs epBHYHOTO pajukasa aarebp Jlu paccmarpusascs B paborax |2, 21,
33, 39].

B ciiygae npousBosibabix anrebp Jlu uccienosana ciadas u JIOKAJIbHAT PA3PEIIMMOCTD II€PBUY-
HOTO PaInKaJIa.

[epBuunsrit pagukan P(L) amrebpst Jlu L gBaserca ciabo pa3pemnMbIM, €Cau g 6010
KOHETHOMEpHOro moanpocrpancrea V- C P(L) cymecTByeT Takoe k, 9TO MOJHHOM Da3peIuMOCTH
fir crynernu k obparaercs B Hy/Ib NPH TOCTAHOBKE JIFOOBIX 3JIEMEHTOB U3 V.

B pabore [27] nokazano, 4T0 nepBuuHbI paukas aarebpsl JIn ciabo paspentim.

Mepsuanstii pagukan P(L) anre6por Jlu L sBasierca JOKAIBHO PAa3penmMbiM, eCau aobast eé
KOHeUYHas mogaarebpa — paspernmma.

B pab6ote [27] nokazaHo, 9TO mepBUYHBIH pajnuKas aaredpsl JIu MoxkeT He OBITH JOKATBHO pas-
PeImMMBbIM.

Bompocam pazpermmmMocTt nepBUYHOTNO PAAUKANIA, YIOB/IETBOPIIONIETO MTOMOJHUTEILHBIM YCI0-
BHUSIM, TIOCBSIIIeHBI paboTel |21, 36, 39].

W3BecTHO, UTO mMEpBUYHBIN pajuKa HETEPOBO ajaredpsw! Jlu HAI TOJIeM sIBJISETCs Pa3peru-
MbIM [36, ¢. 111]. Bosuukaer Bonpoc: cywecmeyem au apmunosa aszebpa Jlu, nepsuunoit paduran
Komopotl ne asasemcea paspewumvim? Bompoc o cymmecTBOBaHUN C1abo apTHHOBON aarebpbr Jlu,
MEePBUYHBIN paUKaa KOTOPOil He sBjsgeTcsa paspermmuMbiM, chopmyauposan A. B. Muxaméseiv B
2001 roxy ma cemuuape «KoJblta 1 MOIY/IH», TPOBOAMMOM HA MEXaHHUKO-MATEMATHIECKOM (DaKyIhb-
Tere MI'Y um. M. B. Jlomonocosa.

B mporecce pemenust gamnoit npobsembl A. B. Muxanésa moydeHbl CJIEIYIONME PE3YABTATHI.
C. A. IluxTuibKOB TOKA3a/, 9TO MEPBUYIHBIN pa UK CIEMUaIbHON ¢1ab0 apTHHOBON anrebphr —
paszpeminm [33]. Takzke paspermmumocTsb IMePBUYHOIO PaJMKaJIa JI0KA3aHa JJisi aDTUHOBbIX 0600OIIEHHO
cueruaJbHbIX aaredp Jlu. /laHHoe CBOWCTBO IIEPBUYHOrO PaJIMKaJja JIOKA3aHO U JJisi cynepaJiredp
Jlu [2]. Paspemmmocrs nepBudHOro pajukasia TakxKe jokaszaHa Jisi cJabo apTUHOBBIX JIOKAJIBHO
HUABIOTeHTHBIX anre6p JIu [39]. Ocnabiaennas npobiema A. B. Muxanésa pertena Jyist HepBUIHOTO
pagukana aarebpol JIu, yIoBIeTBOPSIOINIEH YCI0BUIO OOpbIBa yOBIBAIOIIUX IIETOYEK BHYTPEHHUX
neasioB wian mogasredp [21].

CrauaJia, OTMETUM CJeIYIONuit (haxT.
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TIPEAJIOXKEHUE 1. ITycmo 1 — nenyaesoti udean caabo apmunoeoti aszebpus Ju L. Fcau 1
HE ABAAECMCA PAIPEUWLUMbBIM, MO CYULCMEYEM HEMPUBUaLbHull udean R, codepoicausutica 6 I, das
xomopozo [R, R] = R.

JOKABATENBLCTBO. Ilycrs L — cnabo aprunosa anredpa Jlu, I — eé nenyneBoit mumean. Pac-
eMorpuM mpoussomusiit pax I = [I,1],..., I™HD = [, 17],....

Nmetor mecro srmoverns [ D ' D 1" > ... > 1M 5 .

Tax xak anrebpa JIu L apiserca caabo apTHHOBOI, yOBIBAIOIMIAA MOCIEAOBATEILHOCTD UICATIOB
craGumasupyercst, To ectb R = I = 1) Tlonyuaen R, R] = R.

Ecim R = 0, 1o R = I = 0, a 510 03Ha4aer, 40 | SBIAETCH PA3PEIIIMBIM HIEATOM, UTO
nporusopeunt ycaosuto. Torma [R, R = R # 0. O

Jlajee HaM MOHAIOOATCA CACIVIONINE YTBEPKICHUS.

TEOPEMA 5. ([13, c. 21]) HHycmov I — udean 6 anzebpe Jlu L. IIpednoaosicum, wmo ssemenm
x € L asanemes npoussedenuem k aremenmos us L (npu nexomopoti paccmanoske ckobok), npuuém
r u3 amux snemenmos codepoicamcsa 6 I. Toeda x € I".

CHEJACTBUE 1. ([13, c. 21]) Jaa aw6oz20 nusvnomenmnozo udeara I anzebpw, Jlu L cmenenu
nuavbnomenmmuocmu T npouzsedenue k onemenmos anzebpo. JIu npu mo6ol paccmanosre ckobok
PABHO HYAI0, ECAU OHO COOEPAHCUM, T 2AeMENMO6 U3 I .

TEOPEMA 6. ITycmwv L — caabo apmunosa aszebpa Jlu. Tozda eé nepsuunvit padukas P = P(L)
— PA3PEUWUM.

,Z[OKASATEHBCTBO.
1. PaccmoTpuM mpom3BOAHBIN DA IEPBUIHOTO paawkaaa P

P' =[P, P],.., Pt = [p(W) pv] . (1)

Mmetor mecto Brmowenns P O P > P’ > ... > P®™ 5 . Tak kak anreGpa Jlu
SIBJIeTCs €J1ab0apTUHOBOM, TO yOBIBAIOIIAs MOCJEI0BATEIbHOCTD UJIEAT0B CTAOUIN3UDYETCs, T.€.
Ry = Pt = P Tlonyuaem [R1,R1] = Ry.

FEcmm Ry = 0, To nepBuYHLIN pagukasn P pa3penmM 1 yTBEPKIEHNE NTMeeT MECTO.

Ipenmomoxkum, aro Ry # 0. Ilycrs unean Ry comepKuT COOCTBEHHBIN HEPA3PEITUMBIH HIeaT
P.

Crpoum nns Py npousBomabiii pan (1) u Tak e mokasbiBaeM CyIecTBoBaHue ueana Ry Takoro,
ato [Ra, Ra] = Ra.

PasenctBo Ry = 0 mporuBopednT HepazpermuMoct P.

Tloayunnu yOBRIBAIONIYIO TOCAEIOBATEBHOCTh PA3IUYHBIX HEHYJIEBBIX U/1€aJI0B

RiDRyD...DR, D ...,

YIAOBJIETBOPSIOMUX yeaoButo [Ry, Ri| = Ry, k = 1,2,.... I3 caaboit apruroBoctu aarebpsr JIn L
CTeYeT, UTO YOBIBAIOIIAS TOCIEI0BATEILHOCTD UICAJTOB HE MOXKET OBITh HECKOHEUHOIA.

IIycr K = R, — mociennumii maeas yOBIBaioeil menu maeasoB. 3 mocTpoeHHs HIeaioB
Ry, Ry, ... cieayer, uro [K, K| = K wu xaxplii cobcrBennblii upean K — pasperm.

2. g mokazaresbcTBa TEOPeMBl HaM MOTpebyeTcs TMpeICTABIEHNe TIEPBUIHOTO PATIKAIA, ajl-
reOpbI JIn Kak HIZKHETO ¢1a0b0 Pa3pENIMOro PaJinKasa, KoTopoe ObLIO PAcCMOTPEHO B pasjene 1.2
MaHHON PAbOTHI.

ITycts o(L) — aro mroboit HenyneBoii abeses umeasn w3 L. Takoit wmeas cyriecTByer, ecyan mnep-
BUUHBIN pajnkan HeHysepoit P(L) # 0, To ectb anrebpa L He siBiasieTcs nosynepsudHoi [27].
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Abener maean copepkuTcs B JHOO0M HEHYJIEBOM DPA3PEIIMMOM HJEAJ]e MEPBUIHOTO PAJUKAIA
P(L), koTopblil CylecTByer COMIACHO KOHCTPYKIUHM HUXKHErO €J1ab0 PasperiuMoro ujeaa, ecjiu
P(L) # 0 [27] (B cayuae pasencrsa P(L) = 0 yTBep:KjieHue T€0peMbl BBIIIOJIHEHO).

Kak uzsectro [27], 110600t HeHys1eBO# pas3permMblil ujieas CouepKUT HeHyJIeBoH abesen ujeadl.

C nomorpio TpaHCHUHUTHON UHIIYKIIUN OIPEIEIUM JIJIs KazKJI0r0 HOPSIKOBOIO YHUCJIA (v MJIeaJl
7(a) C P(L) cnepyomumm 06pazom.

1. 7(0) = 0.

2. Ilpemmomnoxkum, aro 7() ompenerneno ais Beex o < (. Torma ompenenum 7(f5) ciaemyrommm
obpaszoM:

a) ecym =7+ 1 He gBAAETCS NPEETBLHBIM MOPSIIKOBBIM IUCIOM, TO T([3) 9TO TAKOH meas
anrebpsr L, aro 7(8)/7(y) = o(L/7(7));

6) ecim [ — mpemesbHOE MOPSAIKOBOE YUC/IO, TO

<8

U3 coobpaxkennit momuoctu 7(5) = 7(8 + 1) mias wexkoroporo (. Torma 7(5) = P(L).

3. Tlokaxkewm, uro nmocrpoenHsblil B nyHkTe 1 Hepaspemmmblii npean K = [K, K| papen K = 7(w),
BaHYMEPOBAH TIEPBBIM OECKOHEUHBIM TTOPSAIKOBLIM THCIOM.

Unean K ne moxer pasuarbeas K = 7(n), tae n — marypanbunoe. B stom ciayuae maean K
paspermrM Kak KOHETHOE TTOC/Te0BATETHFHOe pacIinpenre abeIeBbIX HIeaaoB.

Bamernm, aro unean K = 7(w) He sBasiercs paspemuMbiM U K = 7(w) — epBbIi Hepa3peru-
MBIl ujeas B BO3pacTalomei nocaeaosarenbuoctu uaeanos 7(0) C 7(1) C ... .

Pazpemmmebiit maean S1 cnabo aprunoBoit anrebpet Jlu crymenn k saBasieTca moCIe0BaTeTEHBIM
pacIupenneM KOHEYHOTO YHCJIa HUAEATOB. ¥ HEro KOHEUHOE YHCJIO 1y abeleBbIX WeaoB, WHade
Hapyiaercs ciaabast apTuHOBOCTh. Obo3HaunM uepes Ji cyMMmy abeIeBbIX UIeaioB Si.

Pacemorpum dakTop-anrebpy Sy = S1/J1. O6o3nadum gepes3 Jo cymMMy ng abeeBbIX HIAT0B
Ss.

CuoBa paccmorpnm dakrop-anrebpy S3 = Sa/Ja.

Ham nmpuméres dpaxTopm3oBaTh o abemeBbIM naeagaM k pas, Mocjie 9ero MOIydIuM HYIeBYTO
aarebpy.

HepeCLH/ITbIBaH KOJINYECTBO a6eﬂeBbIX NJI€aI0B, TTOJIYINM

K =7(n), (2)

raen =ny +ng + ... + ng.
Pasencrso (2) mporuBopednt npeanonoxkennio K = 7(w).
Nrax, mbl gokazanu, 4ro npean K = 7(w) He siBIsiercs: pa3permMbIM.

4. [TocTponm ermé o7HO TIpejCTaBIeHNe TIEPBUTHOIO PAINKAIA [0 HUJIBIIOTEHTHBIM HeasTaM.

ITycts (L) — 910 cyMMma BCex HEHY/IEBBIX abeseBbix naeanos n3 P(L). 113 craboit apTuHOBCTH
aarebpor Jlu L ciemgyer, 9T0 mX KOHEYHOE UUCJIO.

B [13] mokazaHo, 9TO cyMMa HHJIBIIOTEHTHBIX HIeag0B aarebpsl Jlu — nuibnorentra. Cremnosa-
TesibHO, uiean (L) — HuIblIoTeHTeH.

Takrke Kak 1 PaHbIe, ¢ TOMOIILI0 TPAHCPUHUTHON UHIYKITUNA OMPEIE/TUM T KaXKI0TO TOPSII-
KoBOro dnciaa a ugean p(a) C P(L)crexymommm o6pazoM.

1. p(0) = 0.
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2. Mpeanonoxum, uro p(a) onpeneneno mus Beex o < (. Torma onpemenum p(f3) caemyrommm
obpaszoM:

a) ecim B =7+ 1 He ABISETCS TPEETBHBIM MOPSIAKOBBIM IHCIOM, TO p([3) 9TO Takoil mieas
anrebper L, aro p(B)/p(v) = o(L/p(7));

6) ecim 8 — mpemesbHOE MOPSATKOBOE YUCIIO, TO

p(8) = r(v).

v<B

U3 coobpaxkennii momuoctn p() = p(B + 1) mra wekoroporo (. Torma p(8) = P(L).

Pacmupenne HUIBIOTEHTHOM aarebps! JIu Ipu MOMONTH HIJIBIOTEHTHOMN SB/IAETCH HIIBIOTEHT-
Hoit anrebpoit JIu [13].

Tax kax nneassl {p(n)|n € N} aBASIOTCS KOHETHOH TTOCTEI0BATETHHOCTHIO PACIIIPEHH HILIb-
IIOTEHTHBIX aﬂFe6p ﬂI/I, TO BCE€ OHM HUJIBIIOTCHTHBI.

M1 TOJIyYnIn 1IpeJcTaBJaeHne naeasaa K KaK ITOCJIe10BATCJIbHOCTH BO3PACTAOINX HUJIBIIOTCHT-
HBIX HJICAJIOB

p(0) C p(1) C ... C p(n) C ...,

upu srom K = [J;2, p(4).
O6oznaunm wepes N(p(n)) creneHs HUIBIOTEHTHOCTH Haeata p(n).
s kazxoro © € K obo3HadnM vepes ax) HATypasIbHOE IUCI0 « Takoe, 910 = € p(a)\p(a—1).

5. lasiee GyjieM MCIOIB30BATH pacCyzKjaenne n3 paborsl [39] u npuvernnm Teopemy 5 (crp. 332)
u crencreue 1 (cTp. 332).

HanomumM, o s upeasna K soimosaeno yeaosue K, K] = K.

Ilycrs b € K — menynesoii smement. Torpa b= Y " | [b;, b], rie Bee ssementst by, b, € K. Toraa
[b;,b;] # 0 myst Hekoroporo i. O6o3HadInM 5T0T KoMMyTaTop [by, b)].

IIpencrapisis qasiee by B BHJE CyMMBI KOMMYTATODOB 37eMeHTOB u3 K u paccykKzasi aHa-
JIOTMYHO, TIOJIyYMM HEHy/IeBoH kommyrarop [bi,[be,bh]], tme b1, be,b, € I. B cuny pasencrsa
[b1, [b2, 5]] = [[b1,ba], b5] — [[b1,b5], b2]], onHO w3 caraembix oramuHo oT Hysst. OBGo3HAYUM €ro
ssemenThl [by, [ba, bh]].

HeiicTBys aHATIOTHYIHO, TIOMYyIUM OECKOHETHYIO MOCIEA0BATENIBHOCTD b1, ba, ... € K Takyfo, 910
BCe KOHEUHbIE KOMMYTATOPBI C JIEBOH PACCTAHOBKON OTJINYHBI 0T Hysist [by, ba, ...by] 0, n = 1,2, ....

Paccmorpum memouky nmeasion Ji, TOPOKAEHHBIX /TEMEHTAMUI

Je= (b1, b)), k=1,2,..., J12J2D..DJ;2D...

M3 cnaboit aprunosocTu aarebpnt Jlu L ciaemyer CyIecTBOBaHWe HATYPAJILHOTO N TAKOTO, 9TO
Ip = n+1-

Beeném obosuauenue a = [by, ba, ..., by].

Iycrs f = max(a(a), a(bpt1)). Obo3uaaum wepes m = N(p(f)) cremnenb HUIBIIOTEHTHOCTH

uneana p(f).
OTMeTHM, ITO 3/IEMEHT @ OT/IMYEH OT HYJIH.
CyImecTByoT HATYpPAIBHOE THCJIO T M SJIEMEHTBI

Cij € Li=1,...rj=1, ..,k

TaKue, 9TO

T

a= Z[a, bn+1, Cily +ey C'Lkz]

i=1
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HO,ZLCT&BJ'[HH BBIDAXKEHUE IJIEMEHTA a4 B IMPABYIO 9aCTh, ITOJIYIUM

T
a= z[a, bnt15 Cily e Cikys Ont 1, Ci1s oy Gk )
ij=1

IIpomomkas 3ToT Tporece m pas3, DOAYYAM B KAXKIOM KOMMYTATOPE IOJ 3HAKOM CYMMBI He
MEHEe 1 JIEMEHTOB BUIA G, by1.

HamomMHNM, 9TO 9IEMEHTHI @, by, 41 J€KAT B HUJIBIOTEHTHOM njease p([3) CTeleHn HIIbIOTeHT-
HOCTH .

CorntacHO caeacTBHO 1, Bce KOMMYTATOPBI IO 3HAKOM CYMMBI M, CJI€IOBATE/JILHO, SJIEMEHT ¢
PaBHBI Hy.HIO.

DT0 MPOTUBOPEUUT TPEITIOIOKEHUIO, CACTAHHOMY BBIIE O TOM, UTO JEMEHT ¢ — HEHYJIEBOii,
9TO W JOKA3LIBAET PA3PEIINMOCTD IEPBUYHOTO paanKaa. O

3. HérepoBnbl anredopsr JIn

3.1. OcHOBHBIE ONpeae/IeHNd U CBOIiCTBA

B srom paspesie paccmorpeno peirierue mpobJeMbl BJIOXKEHUs JiF000N HETEPOBOM CIeINuaJbHON
asaredpol JIu B ajiredpy mMarpurl HaJ KOHEYHO MOPOXKIEHHBIM KOMMYTATUBHBIM KOJIBIIOM.

ONPEAEJEHUE 23. Aseebpa Jlu nasweaemes Hémeposot, ecau 6 Hell cmabusudupyemes 410064
803PACMANOULAA UENOUKA UJEANO8.

Takxke, Kak 1 B caydae co ¢1abo apTuHOBBIME asirebpamu JIu, oUeBuIHbIME TPUMEPaMU HETe-
poBbIx anrebp Jlu sijigrorcs npocthie ajirebpsl JIu, y KOTOPBIX TOIBKO JIBa KJleaja — TPUBHAJIbHbIIH
u cama asrebpa Jlu (npumvepst 3 (ctp. 327) u 4 (crp. 327) nanuoit paborsl).

IIycts M =V Qp C, re V — xoneunomepuoe mpocrpamctso Hag noaem F, C =C1 @ ...HC,
— OpgaMad CyMMa IoJIeH.

Beegénm momarme pasmeproctu uajg C. Kaxkgaerit C-moamoayas W OmHO3HAYHO MPeICTaBUM B
BHJe TIpsiMoii cyMMbl nogmpocrpancts W = Wi @ ... @ W, wax noasvmu Cy. Kaxkmoe momampo-
crparcTBO W xoreanomepro Haj mogem Cl.

Ompenennm dime W = dimg, Wi + ... + dimg, W,.

JIEMMA 1. IIyemv M = V QpC, 2de V — xoneunomeproe npocmpancmeo nad nosem F,
C=C16p...PC, — npamas cymma noset. IlTycme K C L C M — C-nodnpocmpancmaa.
Tozda K = L < dim¢ K = dim¢ L.

JHOKABATENLCTBO. K = L <= dim¢ K; = dimg L; ang Beex @ = 1,...,n. Oraugne mogupo-
crparcTB K u L BO3MOXKHO TOJIBKO npu oTinduu paszmepuocreit dimg K = dimg L. O

Jlma nampHedmux paccyxkaeHuil Ham norpebyerca nonarue rentpornna Maprunmeiia.

3.2. lHenTpoua Maptusaeitiaa aaredop JIn

Koucrpyknust nenrpouyia MapTunieiisia UCIIOAb3YETCS TIPU UCCAEJOBAHUNA CTPYKTYPbI CIIEIHU-
astbHBIX aarebp Jlu. [lyis permenus 3a/1aq JaHHOTO pas3jieia Tak»Ke PACCMOTPUM TTOHITHE [TEHTPAJIb-
HOTO 3amMbIKaHud. [Ipu BBe/IeHNN TaHHBIX TOHATHI OYyIEM UCIOIH30BATH MTOX0/, €JIMHBINA, KaK JIJIsd
aaredp Jlu, rak m jyisg accormmaTuBHBIX ajgredp. PesysbraThl B HEACCOIMATUBHOM C/Iydae PacCMOT-
penbl B paborax [42, c. 40], [48]. Beaen 3a FO. T1. PasmbicsioBbiv Gyiem ciiegoBarh MOIXOLY, OIH-
CaHHOMY TIPH PACCMOTPEHUH YHUBEPCAJBHBIX aare6p [42, c¢. 51].

Jlts magasa pacCMOTPUM TIOHATHS NWHBHEKTUBHOTO MOIY/IsT M MHLEKTUBHON 000TOUKM.
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ONPEAEJNEHUE 24. Modyav M nad accoyuamuenol anzebpoti ¢ edunuuett A wasweaemca
UHBEKTNUSHBIM, eCat Oaf aobox deyxr modyaet My, My, arwbo20 monomoppusma @ @ M1 — My u
2100020 20momopPpusma ¥ @ My — M cywecmeyem zomomoppusm p @ Mo — M | das xomopozo

pop=1.

ONPEAEJNEHUE 25, ITodmodyav M modyas P naswsaemcs boavwum 6 P, ecau 110600 Heny-
2601 N0OM0dYAb 6 P umeem ¢ M nenyaesoe nepecenwenue.

OTNPEJAEJEHUE 26. A-modysv P nasweaemca unsexmuehnotli 060a0uxot A-modysa M, ecau
BHINOANEHDL YCAOBUA:

1. P — unsexmuenoili A-modyav;
2. M - nodmodyav ¢ P;

3. M - 6oavwol nodmodyae 6 P.

Hnsexmusnana oborouwra cyuecmeyem 0as kaoncdozo modyss M, u ona eduncmeenna ¢ mouHo-
Mmoo 00 U3OMOPPUSMG.

FO. I1. Pagmbicion mis kaxk o F-aarebpnol L curaaTypsl {2 ompesesna CBA3AHHYO ¢ Hell acco-
mraTnBHyo noganrebpy A = A(L) B EndrA ([42], c. 40). B caygae sueswix anrebp aarebpa A(L)
SBJISIETCST TIPUCOEINHEHHO aarebpoit AdL anrebpwr L, mopoxaéunoii 8 Endp L BcemMu BHYTpeHHU-
mu guddepennuposanuamu adx (z € L). Eciu L — acconmarupnast F-anrebpa, o A(L) sisasercs
anrebpoit ymHOXKeHnit anrebpel L, nopoxaéunoii 8 Endp L snevmenramu Buja rq, Iy (a,b € L), rue

a,x € L, re(x) =xa, l(x)=ax.

ITycts L — F-anrebpa curnarypel 2 u A = A(L) — cBsi3aHHas ¢ Heil accolMaTHBHAS M0AJI-
rebpa B EndrpA. Ilycts P — wnbektwsHas obosouxka A-momyns L. E = EndaP — anrebpa Bcex
sugoMopdmaMos A-moayna P, S = EL — A-nogmoayns B P.

Jlasiee OTHOCUTETLHO BBEIEHHBIX 0OBEKTOB PACCMOTPUM HEKOTODBIE yTBEpXK IeHus (6e3 moxasa-
TEIbCTBA).

JIEMMA 2. (42, ¢. 42, aemma 3.1]) Hyemv L — noaynepsunnas F-anzebpa cuenamypw ).
Tozda oepanuvenue p deticmeus anrzebpv, E na A-modysv S xommymamusho.

SAMEYAHUE 1. Onpedeneriue Nepeustbls U NOAYNEPSUUHHEL 420D OAL CAYHAA YHUBEPCANDHDIL
an2e6p ONPEesACNCA AHANOLUYHO IMUM NOHAMUAM 6 cayyae anrzebp Jlu u accoyuamusrox arzebp.
Tax xox 6 daavretiwem IMu NOHAMUA NPUMERAIOMCA MOALKO 8 MOALKO 8 CAYUAE ACCOUUAMUBHHLL
anzebp u anzebp Jlu, mo omadesvHo 0Aa YHUBEPCANDHOLL GAZEOD ONPEIEAERUA PACCMATNPUBAING HE
Heobxrodumocmu.

Tax kak no onpenesennto S = EL u coraacho semme 2 anrebpa C(L) = E/Kerp kommyTa-
THUBHA, TO MBI MOXKEM IPOJOJIKATE BCe omepaluy curHarypsl § mo C-jguHeliHOCTH ¢ anrebpe! L Ha
asnrebpy S u HaAeuThH S CTPYKTYPOit Z-aarebpbl curHaTyphl €.

ONPEAENEHUE 27. Aueebpa C = C(L) nazweaemca yenmpoudom Mapmundetina nosynep-
suurol anszebpor L.

ONPEAENEHUE 28. C-anazebpa S HA3DI60EMCA UEHMPAALHOIM 3AMBLKAHUEM ar2e6pb L.

TMTPEAIOKEHUE 2. ([42, npedaoocerue 3.1]) Ecau L — noaynepsuunas F-anzebpa cuznamypo
Q, mo yenmpoud C = C(L) u uyenmpaavroe samwvxarnue S = S(L) A6AA0OMCA NOAYNEPEUNHDLMU
aA2e0PAMU, TAPAKMEPUSYIOUWUMUCA CALIYIOUUMY CE0TCMBAMU:
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1. C — xommymamusnas F-anrzebpa ¢ edunuuetd u S = CL;

2. npoudsosvhbili Heryaeeott A-nodmodyass 6 S nepecexaemces ¢ L no nenyaesomy udeasry arzed-
por L;

3. 0aa w6020 A-zomomopdusma p Henyaeeozo A-nodmodyss I u A-modyan S 6 S cyuecmsyem
anemenm ¢ € C, daa xomopozo ci = (i), 2de i — npoussosvubili ssemenm modyaa 1. Bo-
aee mozo, ecats I — 6oavwol A-nodmodyss 6 S, mo snemeHm ¢ 0OHOZHAUHO ONPEOEAAEMCA
20MOMOPPUIMOM ©.

[IPEAJIOKEHUE 3. ([42, npedaoocenue 3.2]) Ecau L — nepsuunan F-arzebpa cuenamypos 2, mo
yermpoud C(L) asasemes nosem, S(L) — nepeunnoti F-anzebpoti u C-anzebpa S capaxmepusyemcs
CACOYIOULUMU CEOTICTNGAMU.

1. S=CL;
2. npouseosvbHulll HenYAee0T A-nodmodyass 6 S umeem Henysesoe nepecevenue ¢ L;

3. 0601 wacmuunoitl A-sndomopdusm o nenyaesozo udeana I anzebpu. L 6 L odnosnauno onpe-
deasem sndomopdusm ¢ € C, oepanunenue xomopozo Ha I coenadaem ¢ .

Hawm morpebyerca Ttakxke Teopema Ilo3mepa.

TEOPEMA 7. (Ilosnepa [52]). Ilycmo A — nepsuunaa accoyuamuenas Pl-aszebpa, K — nose
wacmuwx yenmpa Z(A), Q(A) = K®Z(A) A — anzebpa uenmpasvroir wacmuvr A. Tozda Q(A) —
npocmas anzebpa, KoHeuHoMepHas nad ceoum yenmpom, u Z(Q(A)) = K.

TEOPEMA 8. Ilycmo A — nepeuunas Pl-aazebpa, y0o6aAemEopA0ULLA NOAUHOMUAALHOMY TROHC-
decmey cmenenu d. Toeda A woneunomepna nad ceoum yenmpoudom Mapmumndetina C(A), u eé
pasmeprocme nad C ne npesoczodum [d/2]2.

JTOKABATEJBCTBO. K — mosie wactHbix nentpa Z(A), Q(A) = K®Z(A) A — anrebpa nen-
TPAJIBHBIX JaCTHBIX A.

Tax xKak @(A) sBJIsIeTCSI TEH30PHBIM IIPOM3BE/IeHNEM aireOphl A Ha KOMMYTATHBHYIO ajarebpy
K, ona yzoeserBopsier Tomy ke ToxjectBy crenenu d, uro u A. CiemoBaresbHO, CONIACHO TeO-
peme Kammanckoro, pasmeprocts (Q(A) mag K me mpesocxomut [d/2]2. Tak kax K C C(A), To
pazmeprocTs A mag C(A) takske we mpesocxoput [d/2]2. O

ONPEAEJNEHUE 29. Ilycmv A — accoyuamustan Pl-anzebpa uau anzebpa Jlu, ydosaemeopsiro-
wasa mootcdecmeennomy coomuowenuto. Hazoeém caoocnocmoio n(A) areebpor A naumenvuut us
NoOPAJKOS MAMPUNHHIE aA2e0D, 6cem moscdecmeam Komopot ydosaemeopaem gdaxmop aszebpor A
no nepeunnomy paduxasy. Crasicem, wmo anzebpa A nemampuyunan, ecau n(A) = 1.

Amnajior Teopemsr [lozuepa s cnermanbabix aaredp Jlu crepyer uz reopemsr FO. T1. Pazmbic-
JI0Ba 0 paHre. XOTsl TeOpeMa O paHre CIpaBeJINBA JTayKe [T YHUBEPCAJbHBIX anrebp (|42, c. 47]),
MbI OY/JIEM MMETb B BUJY aCCOIUATUBHBIE ajiredpnl win aaredpnl Jlu.

IIycts A — anrebpa JIu nin accommaTnBHasa aarebpa uas mogeM F. Jlto6oit moanHOM

dk(xlw"?xkvyla' . 7yl)

u3 cBoboguoN anrebper Jlu F(X) mam accommaTuBHOW COOTBETCTBEHHO, KOTOPBIH TTOJUJIMHEECH W
KOCOCUMMETPHYEH OTHOCUTEIBHO 71, ..., Lk, Ha3biBaeTcd noauHoMoMm Kamemnn nopsinka k. Ilycro
V' — npoussBosbHoe BekTopHoe F-mnoanpocrpancrso B anrebpe A. Ckaxkem, 4ro Ha V BBIIOJIHEHBI
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BCe TOoXKaecTBa Kamemnnm mopsaka k, ecan g Jiroboro moamHoMa Kamemnn mopsiaka k u T00BIX
9JIEMEHTOB
vi,..., 0. €V, ai,...,q; €A

B asnrebpe A BHIIOIHAIOTCA PaBEHCTBA
di(vy,...,v5,a1,...,a;) =0.

Panrom BekToproro F-moampocrpancrsa V oTHOCATENIBHO airedpnbl A HA3bIBAETCH HAUMEHb-
mee gucsao k, Jiisi KOTOPOTO Ha V' BBIMOJHSAOTCA BCe ToXKlecTBa Kanesu mopsijika k. 910 quciio
oboznauaercs rank(A, V).

JIerko 3amMeTuTh, UTO [ KOHeIHOMEpHOH anredbpnl A pasmepHocTn n Haj F panr oHoro
MOANPOCTPAHCTBA, OTHOCUTEIbHO aaredper A He mpesocxomut 1 + 1. To ke MOKHO cKazaTh U PO
BCe anredphl, JTeKAIIe B MHOTO00Pa3WH, OPOKIEHHOM aarebpoit A.

TeOPEMA 9. ([6]) Tycmv L — cneyuasvnas anzebpa Jlu.

1. Ecau L — nepsuunas, mo y Heé cywecmeyem nepsudnas Pl-obosouxa, womopas mooicem
OvMmb NOAYHERG KAk 20MOMOPPHLIT 00pas s0bot Pl-oborouku.

2. ¥V npocmoti cneyuanonot anzebpu, Jlu cywecmeyem npocmas Pl-oboaouka, xomopas moocem
OvMmb NOAYHERG KAk 20MOMOPPHLIG 00pas a0botl Pl-oborouku.

TEOPEMA 10. (Pasmwicaosa o panze, [42, c. 47, meopema 4.1]) Ilycmo V — sexmopnoe F-
noonpoCmpancmeo 6 nepsuutoli accoyuamuehot anrzebpe A uau anszebpe Jlu.
Ecau rank(A,V) < 0o, mo ¢ yenmpasorom samvikanuy S(A) areebpu A cnpasedauso pasen-
cMeo
dimg4) C(A)V = rank(A, V) — 1.

TrOPEMA 11. Ilycmv L — nepsunnas cneyuaavrasn anzedpa Ju. Tozda
1. L — mampuunas aszebpa Jlu;

2. ecau L umeem CAOHCHOCTIL T, O OHG KOHENHOMEPHA HA0 ceoum yernmpoudom Mapmundetisa

PA3SMEPHOCIIIU HE 8blUWE 712,

JOKA3ATEJIBCTRO.

1. ITo ycnoButo Teopembl L — cnernuanpHas anarebpa Jlu. Torga w3 teopembr 9 ciaenyer, 4To y
asnrebpel L cymecrByer nmepeudHast Pl-obomouka A.

U3 Teopemsr [losmepa ciaenyer, aTo anrebpa A yIoBIETBOPSIET BCEM TOXKIECTBAM aarebpbl MaT-
putt HekoToporo mopsyka. CregoBarenbHo, u aaredpa L yIoBIEeTBOPSIET JUEBBIM TOXKIECTBAM HEKO-
TOpO# anarebphl MATPHIL, TO €CTh SBJISETCS MATPUYHOHN aaredpoii.

2. Ilycts anrebpa L mmeer ciioxkuocTh n. Torma oHA yAOBIETBOPSIET BCEM JIUEBBIM TOXKIECTBAM
anrebpel MATPHIl TOpsisika n. Panr jroboro moampocrpancTsa Vo anrebpsl sly,(F') He TpeBOCxOIuT
n? +1.

Cornacno Teopeme 10, cnpaseammso nepasencrso dime(r) L < n?. O

3.3. O mpobaeme M. B. 3aitnesa

IMycts U — mogmuoxkectBo B anrebpe JIn L. fcno, uro anuyasrop Z1,(U) — nomanrebpa B L.

Bouee Toro, ecim U — umean B L, ro Z(U) Takxke sBjsieTcs uueaaom B L.

Naean U B L maswiBaeTcd aHHYJIATOPHBIM, €CIH CYIIECTBYeT TaKO# HeHnysaeBoit mpean V B L,
aro U = Zp(U).

Ecau V —wudean 6 L wU = Z1,(U), mo Zr(Zr(U)) =U.
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Hedicteurensho, V. C Zp(U) u nosromy U = Zp(V) D Zp(Zr(U)). C npyroii cropossi,
(U, Z,(U)] = 0 u, cneposaresnsro, U C Zr(Z(U)). O

ITycts L — moaynepsuanast anrebpa Jlu u V —ungean 8 L. Torma V () Z1 (V') — umean ¢ HyseBbiM
ymuoxkennem. Caenosaresnsro, V () Zr(V) = 0 B cuny nonyneppuanoctu L.

Annynaropubrit upean aarebpsr Jlu L Ha3bIBaeTCS MaKCUMAJBHBIM, €CJU OH HE sIBJMeTCs: C0b-
CTBEHHBIM [IOJIMHOXKECTBOM JIFOOOT0 JIPYrOro aHHYJISTOPHOTO HIEAIA.

B [38]| nmosnyden kpurepuii mpeacTaBUMOCTH CIEMUAIBHON aareOpsl JIn B BHIE KOHEUTHOTO TOJI-
MPSAMOTO MPOU3BEACHU TEPBUIHBIX aIredp.

JIEMMA 3. Ilyemo L — noaynepsuunan anzebpa Ju. Toeda caedyrougue ycao8us sK6USAAEHIMHDL:
i. L ne codepoicum becKOHeuHbT NPAMBEL CYMM HEHYAEEHIT UJCAA08;

ii. L ne co@epowum OECKOREYHVIL MHONCECTNG HEHYAEBDIT NONAPHO HENEPECEKAIOULUTCA uc?ea./me;

iii. L ydosaemeopaem ycaosuio o6puisa 603pacmalouus yenet GHHYAAMOPHBIEL UJea.n06;
iv. Kaorcdol marxcumarvnoll annyaamoprot udean 6 L asasemcea nepeudnoum;

V. MHOIHCECMBO MAKCUMAALHDIL GHHYAATMOPHHIL udearoe 6 L xoneuno u ur nepecevenue pacro
HYA0;

vi. L npedcmasumo 6 6ude KoHewH020 NOONPAMO0 Npoussedenus nepesuinor arzedp Jlu.

ITpobsema M. B. Baiitiesa GopMyIupyeTcst CAeAyIONInM 00pa3oM: 6ePHO All, ¥MO 410004 HEMe-
posa cneyuaavhas aszebpa Jlu saoocena 6 arzebpy mampuy?

TEOPEMA 12. Ilycmws anzebpa Jlu L — nosynepsuywnas némeposa cneyuasvnas. Tozda L eao-
orcena 6 anzebpy sy, (F) @p C, 2de C — npamas cymma nosed.

JIOKA3BATEJIBCTBO.

Ilo ycnoButo anrebpa L — monynepBuunas u HéTepoBa. llpumMensis myHKT iii JIeMMBI 3 TIOJIy<IuM
Paz/IoKUMOCTb aaredpbl L B BUE KOHEYHOTO HOAPIMOr0 MPOU3BEAEHUs NEPBUYHbIX aairedp Jlu.

OTH TepBUYHBIE AJreOPhl BJsTOTCT SPI-aaredpaMu, TTOCKOJBKY JeKaT B MHOMOOOpa3WH, 1M0-
DOXKJIEHHOM CIIerMaabHOi anrebpoii Jlu u umeroT Tpusnasibhbie neHTpol ([3, caencrue 6.3.5]).

Torga nenrpouy C(L) anre6pst Jlu L npencraBuM B BUE TIPAMOI CyMMBI IEHTPOUIOB EPBUY-
HbIX aarebp Jlu, To ecTb moseit.

Coracuo Teopeme 11, pasMepHOCTH BCEX MEPBUYHBIX ajarebp Haj cBowME TeHTpougamu Map-
THHJEIIa He IPeBOCXOIAT HEKOTOPOi KoHCTaHThl m = [d/2]?, Tie d — cremens TOXIeCTBa BBITIOI-
mennoro B Pl-obosouke.

MosKHO cuuTaTh, YT0 L BJIOYKEHA B MATPUUHYIO aiarebpy HOpsKa He BBIIIE 1M HAJ IEHTPOUIOM
Maprungeitna C(L).

Taxum obpazom, npobsiema M. B. Baiiniesa perena jiisd 10JIyIEPBUYHBIX HETEPOBBIX CIIEIUAb-
wbix aarebp Jlun. O

4. IlepBuunblii pajJuKaJ IpajgydpPOBaHHBIX ()-rpymmn

4.1. I'pagyupoBauubie ()-rpynnbl

HekoToprie croficTBa MepBUYHOTO pajanKasia cjIabo apTUHOBLIX aarebp JIn Bepusr m B Oojee
obImeit CUTyalun — IJIst TPagyUPOBAHHBIX §)-TPyIIIL.

Janee paccMOTpUM HM3JI0JKEHNE 7eMEeHTOB Teopun (-rpyiin B coorBercTBun ¢ paboramu [14],
[27].

Hawm norpebyrorca ciemyromme ompeeiennsd.
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OnpPeEAENEHUE  30. ['padyuposannol 2-zpynnoti nasweaemcea epynna A ¢ addumuenoti 3a-
nucL U HeUmpPasvHoM daemermom 0, epadyuposannan epynnoti G, 6 Komopotl 3adana NOMUMO
CAONCENUA EUWE CUCTEMA N-AGPHBIT aAzebpauseckus onepauul ) (npu Hexkomopux n, ydos.aemeops-
wur yeaosuro n = 1), npuuem das ecex w € ) JOANCHO GOBINONHANBCA YCAOGUE

MuozkecTBo oneparuii {2 — He IyCcToe U COIEPXKUT XOTsI OBl OIHY N-apHYIO OIEePAINIo, ¥ KOTOPOii
n > 2.

I'pymma A packiagpiBaerca B IPAMYIO CyMMy HOPMaJIbHBIX moarpynn Ay, g € G, Ha3bIBaeMbIX
OJIHOPOJHLIMA KOMIIOHEHTaMH.

Hna Beex ay € Ay, az € Agy,.., ap € Ay, 1 10000 N-apHON omepanyu w € ) BHIIOTHEHO
ycoBue (a1, az, ..., an)w € Agigs..gn-

Ecin B momosmenne K yKasaHHBIM CBOMCTBaM BBIIOJHEHO CJIEAYIONIEe YCIOBHE: IS JII0OOro
xoneunoro muoxkecrsa X C A, s Bcex

n>=2a,a9,..0qp € X,w € €

MHOKECTBO 3JIEMEHTOB (a1, a2, ...0n)w — KOHEYHO, TO CKaxkeM, 4To rpajynposanHas (d-rpymma A
V0BJIETBOPSIET YCAOBUIO KOHEYHOCTH.

DaemenTsl MHOKecTBA h(A) = 9€G A, Ha3BIBAIOTCA OJHOPOIHBIMH 3JIEMEHTAMH I'DaJyHPOBaH-
Ho#t Q-rpymmnr A, a oTmanblii ot 0 sseMenT ay € Ay Ha3bIBaeTCHd OJHOPOAHEIM 3JICMEHTOM CTEIeHI
g.

JIro6oit, ormanbiii or 0, 3;1eMeHT @ € A nMeeT eIMHCTBEHHOE TIPEJCTABIEHNIE B BUIE KOHETHOTO
NIPOU3BeICHNA HEHYJIEBBIX OJIHOPOJIHBIX 3JEMEHTOB, TO €CTh

a=ag +ag +..+a,, TIE a5 € A,

SﬂeMeHTbI agi B TaKOM Pa3JIO2KCHHUHN HA3BIBAIOTCA OAHOPOAHBIMHN KOMIIOHEHTAMMU dJIEMEHTA Q.

I'pagyuposannbie Q-rpynmel MOTYT yIOBJIETBOPATL TAKXKE YCJIOBHUSIM, [PEBPAIIAIONIAM €€ B
TPYIIy, aCCONMATUBHYIO aaredpy, HEACCOIMATUBHYIO aaredpy, cymneparedpy, KOHMOPMHYIO WIN
BEPTEKCHYIO aJirebpHhl.

Jlst rpaaynpoBaHHbBIX ()-TPYIII MOMKHO BBECTH IOHATHE IPaIyHpPOBAHHOIO HIeasIa, I'PAIYHPO-
BAHHOTO MEPBUYHOTO PAJUKANIA, PA3PENTINMO, HUJBIIOTEHTHOMN, JIOKAJIBHO Pa3PEIuMOil U JIOKAIBHO
HIJIBIIOTEHTHOM I'PaIyHpPOBAHHBIX {)-IPYIIL.

ONPEAENEHUE 31. Ilycms A — epadyuposannas Q-epynna. Henycmoe nodmmoscecmso I C A
HA3BIBAEMCA 2PAOYUPOBAHHBIM UJCAAOM, ECAU BHINOAHEHBL CACOYIOULUE YCAOBUSA:

1. nodmmoocecmeo I asasemes Hopmasvrot nodepynnoti addumuenots epynnv, A;

2. Oaa ecaxoli n-aprol onepayuu w € ), 4106020 saemenma a € I u A06ML IAeMERMOS
T1,22, ..., T € A npu i =1,2,...,n JOANCHO UMEMD MECTNO EKANOUEHUE

—(z1, 22, ooy Tp)w + (X1, ey Ti1, 0 + T4y Tig1 ey Tn)w € 1

3. ecau anemenm T € I asasemca cymmoti 00HOPOOHBIT IAEMEHMOE, O eCMb

T =Tg + Tgy + .. + Ty, Ty, € Ay, 95 € G,

4. mo 6ce x4, npunadiesicam I.
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OnPEAENEHUE 32. Ilyemov I,J C A — epadyuposannvie 2-nodepynnor epadyuposarnots €2-
epynno, A. Bsaaumnoim kommymarnmom [I, J| naswsaemcsa Q-nodzpynna Q-epynnw A, nopooicoén-
HaA 6 Helh MHONHCECTNBOM IAEMEHMOE (C1, Ca, ...Cp)w, 2de n = 2, w € Q, asemenmus ¢, 1 = 1,2,...,n,
npunadsescam I uau J, npu amom snemenmor kax I, max u J obasameavno ecmpeuaromes cpedu
Ci.

OnPEAEJNEHUE 33, Hasosém epadyuposannyro Q-epynny A paspewumoti cmynenu k, ecau
cywecmeyem makoe namypasoroe k, wmo AR =0, AK=D £ 0, 20e

AO =4 A =140 4O AGD — 140 A0,

ONPEAEJNEHUE 34. Has06ém zpadyuposannyio Q2-zpynny A Husbnomenmuolt cmynenu k, ecau
cywecmeyem maxoe namypasvroe k, umo A =0, Ax_1 # 0, 2de

AU - A7 Al - [A07A0]) e ey Ai-i-l - [AO)Ai])

4.2. O cBoiicTBax rpaJlyupoOBaHHOTO MEPBUYHOTO PAANKAJIA TPAAYUPOBAHHBIX ()-
rpymnn

ONPEAEJNEHUE 35. I'padyuposannas Q-zpynna A nasvieaemcs nepeusHol, ecat 0as 400
deyx epadyuposarnur udeanros I, J C A us pasencmsa [I,J] =0 caedyem, wmo I =0 uau J = 0.

ONPEJIEJEHUE 36. ['padyuposannnti udeanr P epadyuposannoti Q-zpynnwv A nasvieaemca nep-
sunhvim, ecau Q-armop-epynna A/ P asasemces nepsusnos.

ONPEAENEHUE 37. Hasosém epadyuposarnvim nepsuunvim padurasom P(A) epadyuposannol
Q-zpynnoe A nepeceuenue 6cer 2padyuposannvs NePeuNHbLLT udea.no6 2padyuposannot Q-zpynnot A.

CaoiicTBa paJyHpPOBAHHOTO MEPBUYHOTO PAANKAIA IPALYHPOBAHHBIX (-TPYHI pacCMOTPEHBI
B crarbe [27]. B wactHOCTH, 10KA3aHO, YTO 2padyuposantvili nepeuyHvl padukas NpouseoabHol
epadyuposanmoti d-2pynnve ¢ YCAOBUEM KOHEYHOCTIU COBNADGEM C HUNCHUM 2DA0YUPOSAHHBIM CAA6O
PASPEULUMBIM PAOUKAAOM, CAEOOBATNEABHO, ABAAEMCA CAGOO PA3PEUSUMDBIM.

ONPEAENEHWE 38. I'padyuposannas Q-zpynna A nasweaemcs abeaesoti, ecau [A, Al = 0.

JIEMMA 4. J[060t nenyaesoti pagpeusumviti 2padyuposannvil udeas 2padyuposannot 2-2pynnot
A codeporcum nenyaesoli abeses 2padyuposannbili udean.

JOKABATEJBLCTBO. Ilycrs [ — HenysieBoil paspemmMblil TPaLyUPOBAHHBLIA WIEAJT TPALYUPO-
BaHHO# )-Tpymmnl A.

Tak kak | — paspelmmMbli, TO CyImecTByeT Takoe HaTypasbhoe k, uro I*) = 0. To ects
IR = (1= 1,:=D] = 0, mpuaém IF—1) £ 0. Tagum obpazon, I+~ geasercs nenynensiv abee-
BBIM IPAJIYUPOBAHHBIM M1€a0M. [

JIEMMA 5. Cymma HusbnomeHmuns 2padyuposaHHns udearos epadyuposannot -zpynno, A
— HUAONOMENMHG.

JOKA3ATEJ/ILCTBO. PaccmoTpuMm ciydait Jijist CYMMBI JIBYX HUJIBIIOTEHTHBIX IPaIyUPOBAHHBIX
MJEAJIOB IPayupoBannoii Q-rpymms A.

Ilycts I n J — HUJIBTIOTEHTHBIE TPAIYUPOBAHHBIE HIeaIbl rpaayupoBanuoii Q-rpynmer A. Torma
CYIIECTBYIOT HATYpabHbie n u m, ato I, =0, I,_1 # 0, J,, =0, Jy,—1 # 0.

ITycrs | = max(n, m). Paccmorpum rpajgynposannbiii ugean B. st a06oii onepannu w, 3e-
MEHT

(a8, ab, 2l (o (2F,23, . 2iy, (21, 23, o 2 JW)w) )W,
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B KOTOPOM § COMHOXKHUTeJEH n3 B, a ocrajibHble — U3 rpajayupoBanaoii Q-rpynmbr A, comepurcs B
Bs. Torma unean (I + J)g; CONEPKUTCA B CYMME JIEMEHTOB BUIA

2l 21 2l 2,2 2 1,1 1
y= (27,25, ..., x5 q(..(21, 25, ..., ki1, (27, 23, .y T )W) W) ... )W, (3)
rae x] aubo comepxkutcs B I, mbo B J.
Kazaprit smement y Buga (3) cogepxut wiw | pa3 comaoxkurenem I, wmm | pa3 COMHOXKUTEIEM
J. To ectb y comepxurcs B I; win J;. Otcrona cieqyer, 910

(I-l— J)Ql cCI+ J.
Tak kak [; = 0w J; =0, 1o (I + J)g =0, 10 ectb [ + J — HusbnorenTHa. O

OnpPeEAEJAEHUE 39. I'padyuposarnasn d-2pynna Ha3v6aeMes AOKAGADHO HUASBNOMEHMHOU, ECAU
210005 €€ KOHEWHO NOPOHCOERHAA 2padyuposartas (2-nod2pynna HUALNOMEHMHG.

TrEOPEMA 13. ITycmv A — epadyuposannas -2pynna ¢ ycaosuem KOHEWHOCTU YI08AEME0-
PANOULAA YCAOBUIO 00pBIBa Uenodwek Yousaowur epadyuposannor udearos. Tozda zpadyuposartuiil
nepsuunvil paduxas P(A) epadyuposantot Q-zpynno, A — A0KAABHO HUABNOMEHMEN.

JTOKABATEJILCTBO. /s JoKa3aTebcTBa TEOpeMbl HaM MOTpeOyeTcs TpeCcTaBIeHne TPaly-
WPOBAHHOTO TEPBUYHONO PAAWKAIL TPALYUPOBAHHON ()-TPyNmbl KaK HUMKHETO TPayHPOBAHHOTO
cJ1ab0 Pa3PENIIMOoro paJuKasia, KOTOpoe pacCMOTPEHO B [27].

IMycts 0(A) — 9710 H060#H HeHyneroit abenes rpagyuposannbiii niaean n3 P(A). Takoit ugean
CYIIECTBYeT, TaK Kak uieas o(A) colepKuTcs B TpalyiPOBAHHOM EPBHYHOM Da/THKAJIE.

Takoit ujean CoaepKuTCst B JI0O0M HEHYJIEBOM DA3PEIIMMOM I'DAJLyMPOBAHHOM HJI€AJe IPaLy-
UPOBAHHOTO TepBUIHOrO pajankana P(A), KoTopslit cymecTByeT, COrIaCHO KOHCTPYKITHA HUKHETO
IpaJlyipOBAHHOTO ¢J1abo paspentumoro umaeana, ecau P(A) # 0 (B caydae pasenctsa P(A) = 0
YTBEDKIEHUE TEOPEMBI BBITIOJTHEHO ).

J11000#1 HeHyIeBOU pa3pelmnMblii TPa IyUPOBAHHBIN Uea COMEPKUT HEHYJIEBO abeses rpajy-
UPOBAHHDLINA MAEAJL.

C noMompio TpaHChUHUTHON UHIYKITMHA OIPEJIETUM JIJIs KaykK[0r0 TOPSIKOBOrO YHCIa (v Tpa-
ayuposanubit ugean 7(«a) C P(A) crnegyromum o6pazom.

1. 7(0) = 0.

2. Mpeanonoxkum, aro 7(a) onpenerneno aist Becex o < (. Torma ompenennm 7(f) caemyrommm
obpaszoM:

a) eciu B =y + 1 He gBAAETCS NPEETBLHBIM MOPSAKOBBIM IHUCIOM, TO T([3) 9TO TAKOH meas
anrebpsl L, aro 7(8)/7(v) = o(A/7(7));

6) ecim (3 — MpesebHOE MOPSATKOBOE YUCIIO, TO

v<B

N3 coobpaxenuii mornoctu 7(8) = 7(8 + 1) mua mwexkoroporo 3. Torna 7(8) = P(A).

ITocTpouM emmgé oJHO MpejICTaBJeHre TPAyHPOBAHHOTO MEPBUYHOIO PAJIUKAIA 110 HUJIHIOTEHT-
HBbIM H/JI€AJIaM.

ITycts 0(A) — 970 cymMMa BCeX HEHYJIEBBIX abefeBbIX IPaJyHpOBaHHBIX uaeanoB u3 P(A). 13
TOrO, 4TO TpajyupoBaHHast ()-rpynna A yAOBJIETBOPSIET YCJAOBUIO 00PBIBA MHEIOYEK yObIBAOIIMX
TPAAYUPOBAHHBIX UECAJIOB CJIEAYET, 9TO UX KOHEIHOE IUCJIO.

Cormacuo jemme 5 (crp. 341) cymMma HUIBIIOTEHTHBIX TPAIYUPOBAHHBIX MIEAJ0OB TDATYUPOBAH-
HO#t Q-rpynel A — HusbnorenTHa. CoegoBaresasHo, niean o(A) — HUIBIOTEHTEH.

C moMoIbio TpaHCHUHUTHON MHIYKIIAA OIIPeIeINM JIJIs KazKI0r0 MOPSIKOBOTO YUCIa (v HJIea
o(a) C P(A) creayromum obpasom.
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1. 0(0) =0.

2. IIpeanosoxkuM, aro o(«) ompeneneno s Beex o < . Torma ompenennm o () caenyrommm
obpazom:

a) ecim =+ 1 He ABAAETCS MPEAETBHBIM TTOPSIKOBBIM YUCIOM, TO 0([3) 9TO TAKOH measn
anrebpen 4, w10 0(8) /() = o(Lfo());

6) ecim [ — mpesesbHOE MOPSATKOBOE YUC/IO, TO

v<B

U3 coobpaxenuit momuoctu o(f) = o(8 + 1) maas wexkoroporo (. Torna o(f8) = P(A).

O6oznaunm uepes N(o(A)) crenens HunbnoTeHTHOCTH Heasna o(A).

IMycrs X C P(A) — menycroe KoHeuHOE MHOKECTBO. Jlokaxkem, 4ro BCe onepanun w € ) Ha
9JIEMEHTAMU X1, L2, ..., L] MHOKECTBA PaBHBI () 119 HEKOTOPOTO HATYPATLHOTO /.

s kaxxjoro © € X obosnaunm depes (X)) nopsijikoBoe unciio « takoe, 4ro ¢ € o(a)\o(a—1),
ecan o — 1 ompenesieHo u «, ecan x € o(a) U o — 1 He OMpeeseHo.

IIycts
o = max(a (@2, 22 2 (L (22, 2d, L ak ) (o, 2, ,xi)w)w))wﬂxf € X)),
m = N(o(ay)).
PaccmoTpum BCe 3eMeHTHI BHIA
y=(z2, 22, a2 (222l 2 (el 2l e w)w).w.

OHU YIOBIETBOPSIOT YCJIOBUIO

(@, 2 (2R 2d, (w2, ) w)w). L )w) < ag.

Bseném muoxkecTso

Xo = {(23, 23, . 22 (23,23, .2, (e, 2d, o w)w).)w|af e XY

Ilycts g = maxgex, (a(z)), ma = N(o(az)). I3 cka3aHHOTO BBIIIE CIIEYET, UTO (g < Q.

Awnajoruuno BeegéM MHOXKeCTBO X 3. [Tomyanm nociemoBare1bHOCTE MHOXKECTE X1, X9, ... 1 yObI-
BAIOIIYIO MOCIEI0BATEIbHOCTD OPANHAILHBIX UUCE (1] > (g > ..., KOTOpas HE MOKET OBITH OecKo-
HEYHOM.

CirenoBare/bHO, Jjisl HEKOTOPOTO § BCE BJIEMEHTHI MHOXKeCTBa, X PABHBI HYJIIO.

9T0 03HAYAET HIILIOTEHTHOCTL MPaAyHpPOBaHHOM {2-rpynnsl A, IOpOXKIEHHOH MHOKECTBOM X
U JIOKAJIbHYI0 HUJIBIIOTEHTHOCTH I'PaJyHPOBAHHOTO epBUYHOro paukana P(A). O

5. 3akJ/roueHue

IIpoeenénnoe nccnenosanne no TeMe «Kmaccudeckne paauKasanl U nenTpoun] Mapruneiina ap-
TUHOBBIX W HETEPOBLIX aynredp JIuy mo3BOJIET CAEIATH C/IEIYIONINE BHIBOIHI.

Bo-niepBhIxX, KjIaccuueckue pauKalibl, IOCTPOEHHBIE B TEOPUU KOHETHOMEPHBIX aaredp Jlu, me
BCETIa MOT'YT PACCMATPUBATHCS U MPUMEHATHCA B KAUECTBE PAINKAIOB DECKOHEIHOMEDHBIX aJiredp
JIn. B pa3namvHBIX WCCIEIOBAHNAX MPUBOAATCI MPUMEPHI, TOKA3LIBAIONINE HECOCTOATEILHOCTE Ta-
KOTO puMeHenus. B manuoit pabore Takke IPUBEAEH TPUME]D, COTVIACHO KOTOPOMY HUJIBITOTEHTHHIN
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PagruKaJl HEe MOXKEeT 0TBeYaTh HeO6XO,Z[I/IMbIM Tpe6OBaHI/IHM AJIgd eT0 IIPUMECHCHNYA B TE€OPHUHN 6eCKO-
HEYHOMEDPHBIX aJjirebp Jlu.

Bo-BTophIX, cBOliCTBA PAIUKAIOB KOHETHOMEPHBIX U OHECKOHEIHOMEPHBIX aaredbp Jlu moryt cy-
ITeCTBEHHO OTJIMIATHLCA. Dojiee TOrO, CBONCTBA PAIMKAIOB OecKOHeIHOMEPHBIX aaredp Jlu moryT
OTJIMYATHCA U B CJIydae HAJIOXKeHUsT Ha aiaredpbl JIu pazandHbIX JIOTOJHUTEBHBIX ycioBuii. [lo-
TOMY HCCJIe0BaHNE CBOMCTB Pa/IMKAJIOB {BJISETCH aKTyaJbHON 3ajadeil B 00JaCTH CTPYKTYPHO
Teopun beckoHedHoMepHBIX aarebp Jlu. B pabore paccMOTpeHbI CBOHCTBA MEPBUYHOTO pPauKasia
aarebp Jlu, ynoBaeTBopsaomnX yCJIOBUIO 00PBIBa yOBIBAIONNX Tereli uaea os. /lokazano, aro mep-
BUYHBIH pajuKaJsl cabo apTHHOBBIX ajredp Jlu dBjsercsd JOKabHO HUIBIOTEeHTHBIM. [Ipu permennn
npobjiembl A. B. Muxaiépa ycTaHOBIEHO CBOTICTBO PA3PEITMMOCTH IIEPBUYHONO PauKa/ia ciabo ap-
TUHOBO# asrebpor Jlu.

B-Tperbux, moMuMo paaukaJion, [Jisi H3YUeHUT CTPYKTYPBI aiaredp JIu nosesnoit okasbiBaercs
KOHCTPYKIUS IeHTpou1a Maprusaeiisia, TpuMeHeHne KOTopoil mpu permennn npobaemsr M. B. Baii-
1I€BA TIO3BOJIMJIO JIOKA3ATh BJIOXKUMOCTH [OJIYIIEPBUYHON HETEPOBOI criennaabHoi aarebps! JIu Ha
nonem F B anrebpy sly,(F) @p C, rae C — npamas cymma moJiei.

B-uerBéprhix, HEKOTOPBIE CBONCTBA PAIUKAIOB MOTYT OBITH BEPHBI U B OoJsiee o0Imeit cuTyamn.
Tax, cBOIICTBO EPBUYHOTO paJuKasa cjaabo apTUHOBON ajarebpbl JIn OBITH JTOKAJIBHO HUJIBIIOTEHT-
HBIM OKa3dJIOCH CIIPAaBEAJIUBBIM U JIJIA T'PAAYUPOBAHHOT'O IMEPBUYHOTO DPaJVKaJjia I'paJyNPOBAHHBIX
Q-rpymm.

Cresyer OTMETUTD, 9TO B TEOPUM PAIUKAI0B aaredp Jlu ocrarorcs: HEpeméHHBIMEU MHOXKECTBO
3a/1a4, CPEU KOTOPBIX UHTEPEC JJIA JAJTBHEAIINX UCCEeT0BAHME IPEICTABIILIOT CIeyOIINe:

1. Ilycrs P(L) mw N(L) — mepBUYHBIN 1 JIOKAJIBHO HUJIBIOTEHTHBINH PAIUKAIBI CIIEIHATBHON a-
re6psl JIu L coorsercrsento. Bepuo s, uro N(L) C P(L)?

2. Mycrw J(L) u IrrPI(L) - pagukan JIxxeko6cona n wenpusoaumMo PI-mipeicTaBIeHHblii paanKa
anre6bpsl JIu L coorsercreenno. s kakux anre6p JIu Bepuo, uro J(L) C IrrPI(L)?

3. Moo yiu ipusectu npumep anrebpsr Jlu Taxoit, uro N (L) He aBIsieTCs JIOKAJIbHO pa3peru-
7
MbIM !

4. dmnsgercs nu HenipupoauMo Pl-1pejicTaB/ieHHbBIN paJUKaJ ClielnaabHoit ajarebpol J1u jokasib-
HO HI/I.)IBHOTGHTHI)IM?

5. dsngercss m wHenpuBo Mo Pl-npeacraBieHHblil pajukan ¢iabo apTuHoBoil (cnabo HETepo-
BOif) asrebps! J1u JIOKAJIBHO HUIBIIOTEHTHBIM !
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IIpunoxxenune A

(cnpasounoe)

Crucok ob6o3HaveHUit
[a, b] — KOMMyTATOD 3JIEMEHTOB B aCCONMATUBHO anrebpe win aarebpe Jlu
A —acconmarupras anre6pa A 10 OTHOIMIEHNMIO K OTEPAIME KOMMY THPOBAHS [z,y] = zy—yx
A(M) — acconnmpoBanHast ajarebpa MpeCTaBIeHNsI, TIOPOKIEHHAS JeMeHTaMu aare6pel L B
anrebpe End(M) xak acconmarushaga anrebpa, rae M — L-moyns
Ad L — npucoeguHénnas accomuaTuBHas aarebpa ais aarebpsr Jln L
C(L) - nearpouy Maprunpeiina anrebper JIu L
D,, — anrebpa maTpurl nopsaka 1 HaJj ajaredbpoit D
Irr(L) — HenpuBOMMO TpEACTABAEHHBIH pajaukan anrebpor Jlu L
IrrFin(L) — KOHEYHO HETPUBOIAWMO MPEICTABICHHBIH pajnukast aarebpsl JIn L
IrrPI(L) — PI-aenpuBoauMo npeacTaB/aeHHbIN pagukan aaredpet Jlu L
J(D) — panukasn /I:xekobcona anrebpor D
L' wmn L? — xomMyTanT aare6pe! Ju L
L™ — spemenTsr pom3BogHoTo psiga anrebpot Jln L
L, — 3JieMeHTBbI HUZKHETO MEHTPAJIBLHOTO psifia aarebpst Jlu L
P(L) — nepsuunsblii pagukan aaredbpsr Jlu L
sl (F) — cienmasibHas JuHeHHasd aaredpa mopsijka n HaJl moaeM F
span(xy, T2, ..., Ty) — IuHEHHAA 060I0YKA BEKTOPOB I, L2, ..., T,
SPI-anrebpa Jlu — cunernmanbhas ajarebpa Jlun
U(L) - yausepcanbhasi 00éprhiBatomas aarebpa aarebpor JIu L
Z(D) — nentp anredbper D
[Mosyueno 05.12.2018 1.
[Ipuagaro B mevars 10.04.2019 1.
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AnHOTanusa

B crarbe npeacrapieHa peTpoCeKTHBA, CTAHOBJIEHNS U PA3BUTHUS OJHOTO W3 YHUKAIbHBIX SB-
JIEHAI METAJIOBENCHUS U (DU3UKH METAJJIOB — CBEPXIIACTUIHOCTH. J[aHa mCTOpHYEeCKas: CIpaB-
Ka ACIOJIb30BAHKA OOBIINX IIACTHIECKUX AedOpManuil B pAHHUX TEXHOJIOTUAX I€JI0BETECKOr0
obmecrsa. Q4epyeH Kpyr MaTepuasioB, J€EMOHCTPUPYIOIIMX CBEPXILIACTUYHOCTD. [IpuBesen ne-
pPEeYEeHb OCHOBHBIX MCCJIEIOBAHUN B O0JIACTH MEXAHUKY CBEPXIJIACTUIHOCTH, 8 TAKYKE METAJJIOBE-
JEeHAST W (PUBWKHM CBEPXILIACTHIHBIX MATEPHAJIOB. PACKPBIBAETCA POJIb MEPBBIX SKCIIEPUMEHTOB
Aupu duyapna Tpecka (Tresca), Bappe e Cen-Benana (Saint-Venant), I'. /I. Benraxa. IIpen-
CTaBJIEHbI B KAYECTBE IIEPBOINPOXOIEB CBEPXIIACTUIHOCTH: aBTOP MEPBOIl MMPOKO MW3BECTHOMN
Hay4aHOH crarbu o ceepxmacruanoctu — C. E. Ilupcon u coBerckue y4eHbie — aBTOpPbI CaMO-
IO HA3BAHUS «CBEPXIUIACTHYHOCTh» — akageMuk A. A. Bousap m 3. A. Ceumepckas. Omucano
COBPEMEHHOE COCTOsTHWE WCCJIEOBAHUIN B 00/IACTH CBEPXIIJIACTHIHOCTH METAIIMIECKAX CHCTEM

!PaBora nogrorosiena B paMKax BBIIOJIHEHHs OCYJIAPCTBEHHOrO 3aianus Munobpuayku Poccuu 1o mpoexry
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(MeTasIoB, cTajell, BETHBIX CIIABOB), & TaKKe BAaXKHOCTh MCIIOJIb30BAHNS SIBJICHUS CBEPXILIA-
CTUYHOCTU B MPOMBINLIEHHBIX TEXHOJOTUIX, TIPU CO3JAHUU PECYPCOCOEPEraonnx MPOIeccoB:
06paboTKK METAJLIOB U CIUIABOB jaBjeHueM (6ecduiibepHOro BOJIOYeH s, BAKYYMHON 1 ra30Boii
dbopmoBku, 0bbemHOro sedopMupoBanus U GOpMOU3MEHeHNs); OO bEMHON IITAMIIOBKU UHCTDPY-
MEHTAJbHBIX YTJIEPOANCTHIX M BHICOKOJETHPOBAHHBIX METAJIJIOPEKYIINX CTAJIEl W MTOPONTKOBBIX
CILJIABOB; XUMUKOTEPMUIECKOM, TEPMOIUKINIECKON, TEPMOMEXaHUIECKON U TepMUIECKON 00pa-
0OOTOK METAIJINIECKUX, KOMIIO3UITUOHHBIX W METAJIJIOKEPAMUIECKIAX MATEPHUAJIOB; CBAPKHU METAJI-
JIOB JlaBJIEHUEM B TBEPJOM COCTOAHUM; IOJIy9€eHNA BOTOKHUCTBIX KOMIIO3UIIMOHHBIX MAaTEPUAIOB
MEeTOJaMU IPOKATKU UJIA I'OPAYEr0 IIPeCCOBaHU [1aKeTOB U3 CBEPXILIACTUYHbIX MeTa/JINYeCKUX
GOBT, MEKTY KOTOPHIMY PACIOIATAIOTCS PSIABI BHICOKOMPOUYHBIX KEPAMUYECKUX BOJIOKOH. [Ipu-
MEepaM¥ CO3/IaHUs MAJIOOTXOIHBIX TEXHOJIOTHI MOTYT CJIyXKWUThH paspaboranubie B HCTHTYTE
MeTajIypruu u Marepuajosenenus um. A. A. Baiikosa PAH majooTxoHbIe TPOIECCHI CBEPX-
ITACTHIECKOTO 1e(POPMUPOBAHNS OBICTPOPEKYIIUX CTAIel PA3HON MeTalTyprudecKoil mpupo-
JIbI U MAJIOTIEPEXO/HBIE IIPOIIECCHI IePEPAOOTKH MOPOIITKOB ObICTPOPEKYINEI CTAIIH, IOy YAEMbBIX
pPaCHbLIEHUEM UJIM U3 CTPYKEYHbIX OTXO/0B, B 3ArOTOBKH MUHCTPYMEHTA PA3/IMIHOr0 IPOduIIs.

Karwuesvie ca06a: CBEPXILIACTUIHOCTH, METAJJIOBEIECHNE, MEXaHUKA, MATEMATHKA, (DU3NKA
MeTa/IoB, aedopMalys, MIaCTHuIeCKoe (POPMOU3MEHEHNE, PECYPCOCOEPeramInne TeXHOJIOTHH,
MEeTaJIJINYeCKNEe CUCTEMBI.
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Abstract

The article presents a retrospective of the formation and development of one of the unique
phenomena in metal science and metal physics — superplasticity. The paper gives historical
background on the use of large plastic deformations in the early technologies of human
society. It delineates a range of superplastic materials. The article provides a list of the
basic studies in the field of superplasticity mechanics, as well as the science and physics of
superplastic materials. The paper explains the role of the first experiments by Henri Edouard
Tresca, Barre de Saint-Venant, G. D. Bengough. The article presents the following authors as
pioneers of superplasticity: S.E. Pearson, who is the author of the first well-known scientific
paper on superplasticity, and the Soviet scientists — academician A. A. Bochvar and Z. A.
Sviderskaya, who are the authors of the term ‘superplasticity’. The article describes the current
state of research in the field of superplasticity of metal systems (metals, steels, non-ferrous
alloys), as well as the importance of using the phenomenon of superplasticity in industrial
technologies when creating resource-saving processes: processing of metals and alloys by pressure
(filter-free drawing, vacuum and gas forming, volumetric deformation and forming); volume
stamping of tool carbon and high-alloy metal-cutting steels and powder alloys; chemical-thermal,
thermocyclic, thermomechanical and thermal treatments of metal, composite and metal-ceramic
materials; welding of metals by pressure in a solid state; production of fibrous composite
materials by rolling or hot pressing of packages made of superplastic metal foils between which
there are rows of high-strength ceramic fibers. As the examples of low-waste technologies,
the authors refer to the developed at the Institution of Russian Academy of Sciences A.A.
Baikov Institute of Metallurgy and Material Science RAS low-waste processes of superplastic
deformation of high-speed steels of different metallurgical nature and low-pass processes of
processing of high-speed steel powders obtained by spraying or from chip waste into tool blanks
of various profiles.

Keywords: superplasticity, metallurgy, mechanics, mathematics, metal physics, deformation,
plastic forming, resource-saving technologies, metal systems.
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1. BBenenue

Asnenne cepxmiactuanoctu (CII) MaTepmasoB cBA3aHO ¢ UCIOJB30BAHIEM OOJBIINX U OUEHD
bostbImuX maacTruaecknx jgedopmarmii. Ix mpruMenenune HaIa/10Ch ¢ HavYasa Hamed 3pol. Emé B apes-
neMm KuTae BeIpabaThIiBaIN CI0KHOY30PUIATYIO JEKOPATUBHYIO TKAHE — APy, BKIIOIAIONIYIO B cebst
TOHYANINNE HUTH U3 30JI0Ta, cepedpa WIn UMAUTHPYOMNX UX MeTaanos. [lonyyuenne sTux Hureii OnI-
JIO HEPA3PHIBHO CBABAHO C PeAIn3aIineil 3HAUNTEIbHBIX TTACTHIECKTX JepOPMAIIniii, COTTOCTABIMBIX
o pennunie ¢ xapakTepubiMu ajs CII. Borareifimmee murbhbe 30/I0TBIMI W CepeOPAHBIMU HUTSIMHA,
WMEBITIEECS BO BCEX OPEBOIOIMOHHBIX XPUCTHAHCKUX MOHACTBIPAX W XpaMax, — 9TO OBLIN JapbI
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MMEHUTBIX BKJIAJUMKOB WM PE3YJIBTATHl UCKYCHOTO TPYAd MECTHBIX MOHAXUHB. 30JI0ThIE KYTIOJIa
XpaMoB — erre ojuH npumep wucnosibzoBanus ClI. Kymona mokpeiBasm TOHYANIIIUMEU JIUCTAMEI TaK
HA3bIBAEMOTO CYCAJBHOTO 30JI0Ta. DTH JIMCTOUKHU TOJYUIAJN [IYTEM «PACKOBKU» TOPOIIMHBI 30JI0TA
MAJIEHbKAMHU MOJIOTOYKAMH, TAK UTO MCXOHAS TOJIIIMHA TOPOIIWHDI- «3arOTOBKU» YMEHbINAIACh B
ThICAYy pa3. B komme 1940-x — magamge 50-X romoB «KHMKEYKH» CYCAILHOTO 30JI0Ta CBOOOTHO U
HEIOPOro TPOIABAJNCH B OTEUECTBEHHBIX IOBEJIUPHBIX Mara3mHax.

C TOYKHM 3peHUsT COBPEMEHHON HAYKH 0 METa/LIaX CBEPXILIACTHIHOCTD (aHTI. superplasticity) —
9TO COCTOSHYME MATEPUATIA, WMEIONIEro KPUCTAMIHIECKYIO CTPYKTYPY, KOTOPOe I0mycKaeT medop-
MAIMH, Ha TOPSTOK TPEBBIAONIHE MAKCIMATHFHO BOZMOXKHBIE JIJIsT 9TOTO MATEPHATA B OOBITHOM
cocrositun [1]. CII xapakrepusyercs: psi/loM HPU3HAKOB: — AHOMAIBHO BBICOKUM DPeCcypcoM jedop-
MAITMOHHOM CIIOCOOHOCTH; — HANPSKEHNEM TeYeHUs MaTepuasa B HECKOJIBKO Pa3 MEHbIIe MpeJIe/ia
TEKY9eCTH, XaPaAKTEPUIYIOIIErO MIACTUIECKOE COCTOSTHUE JTAHHOTO MATEPUAIa; — KpaliHe He3HAYH-
TeJThHBIM JePOPMAIINOHHBIM YITPOIHEHHEM; — TTOBBITIIEHHON IYBCTBUTEILHOCTHIO HATTPSIYKEHUST TetIe-
HUsT MaTepuaJia K u3MeHeHuto ckopoctu jgedopmairuu. Cll o6praHO HACTyAET TPHU TEMIEPATypax,
MTPEBBIMAOIINX TTOJOBUHY TEMITEPATYPhI IIABJEHUsT TI0 abcomoTHOH 1Kaje. Obpasibl B COCTOsI-
uun CII mpu pacTsizKeHnn, Kak MPaBuIo, He 06pa3yioT «IMefKry M He MOJIBEpyKEeHbl HWHEPIHATLHOM
KABUTAINK, 9TO WMEET MECTO MW pPas3pyIIeHun 00Pa3IoB B COCTOSHUU OOBIYHON TLIACTHIHOCTH.
Muorue amopdHble MaTepraJIbl (HATpUMeD, CTEKJIA U TTOJUMEDBI) TaKKe JTEMOHCTPUPYIOT BO3MOZK-
HOCTB DOJTBINTHX JehOopMAaInii PU MOBBIMIEHHBIX TEMIIEPATYPAX, OJHAKO UX COCTOSTHUE HE OTHOCUTCS
k CII, Tak KaK 9T MaTepuaJbl He KPUCTAJINYECKHE BEIIeCTBa. VX cOCTOSHIE OIUCHIBAETCS 3aKO0-
HaMU TIOBEJIEHUsT HEIOTOHOBCKOMN KUIKOCTH.

Cocrosane CIT xapakTepHO I METAJIJIOB U KEPAMUK ¢ MEJIKUM PAa3MepPOM 3epHa, OOBITHO MEHb-
me 20 MmrM. Kpome oCTaTovHo MEIKOro 3epHa, OT MAaTEepPUaJIa, JIisd JOCTUKEHNsT COCTOSTHUST CBEPX-
TTACTUIHOCTH TPeDyeTCs BBICOKAS OJHOPOIHOCTEH PACIIPeeSIeHNsT 0 00beMY TepMOILIACTHUHBIX
KOMIIOHEHTOB, KOTOPBIE CBA3BIBAIOT MeXK 1y cOO0#l MpAHUIIBl 3ePEH B MPOIECCE TLIACTUIECKOT0 Teve-
HUSI, TO3BOJIAST MATEPUAILY COXPAHATH CBOK KPHUCTAJIHIECKYIO CTPYKTYPY. Jlasd MeTasios mno cux
IIOP HET OJIHO3HAYHO NPUHSTOIO MHEHUS 0 MexaHu3Me Bo3HUKHOBeHusi cocrosinusi CII. Cuuraercs,
UTO OH JIEKUT B 06JTACTHU SIBJIEHUI aTOMApPHOH audDy3un u NpoCKab3bIBAHUS 36PEH OTHOCUTETBHO
JPYT ApYTA.

Ieav dannot paboms, — OCBETUTH OCHOBHBIE MOMEHTHI B UCTOPUU OTKPBITHSI, UCCACIOBAHUN 1
HayaHOTO obocHOBaHus sijienust CII Merasios, mpeacTraBuTh NMEHa 3HAKOBBIX YUEHBIX, PA3BUBIITIX
nanpassenne ClI, mpeacTaBuTh My T TPOMBIILIEHHOTO UCIIOJIB30BAHUS PA3JINIHBIX TDAaHEH ABJIeHUS
CBEPXIIACTUIHOCTH METALINIECKUX CILIABOB.

Ocnostaa udes. st HaydHBIX cO0BIIECTB, paboTaroNuX B OJIM3KUX 06/IACTIAX C OJHUMU W TEMU
7K€ MaTepraIaMi XapaKTepHa, K COXKATEHNIO, HEKOTOPas PA30OIIEHHOCTh B METOIAX UCCIETOBAHMIA,
aHaJIN3a U JaKe S3bIKEe U3JI02KEHUs PE3YIbTATOB. DTOT HEMATUBHBIN (DaKT MEIIaeT yIeHbIM aKTUBHO
COTPYIHUYATE JA2Ke B CMEYXKHBIX 00JIACTSX U IPOCTO MOHUMATD JPYT JAPyrd. DTO SBJACHUE ChIIPAJIO
CBOIO POJIb M B MCTOpUHU OTKpbIiTHd U aHagm3a siiennst CIL. TlporuBopedunssie, a 3a4acTyio MPOCTO
B3aMMHO UCKJIIOUatoIme Teoperudeckue obocHopanusi ClI, pazBuBasum, KaxKable CO CBOet CTOPOHBI,
KaK y9YeHble-MEXaHUKHU, TaK U METALIOBEIbI.

2. NcTtopus OoTKpPBITUSA SBJEHUS CBEPXIIJIACTUYHOCTU

Haubouiee spkum npumepom cambix panaux uccjegopanuit CII yueHbIMu-MeXaHUKAMY sIBJSOTCS
onbITel Aupn Dayapaa Tpecka (Tresca H.) ¢ 1864 o 1872 rr. no Tevuenuio Teepanix Teu [3]. Kparkoe
OMUCAHWE STUX ONBITOB mpuBoauTCs B KHure k. ®@. Besra [4]. 3a 8 et Tpecka nmposest HeOGBIYANRHO
6OJILIII0E YNCI0 SKCIHEPUMEHTOB 10 MJIACTHYECKOMY J1edOPMUPOBAHNIO MHOXKECTBA TBEPABIX TeJI,
— OT CBUWHIIA U MeJH JI0 JibJa, napaduHa U KepamMudeckoil nactbl. OH TPOAEMOHCTPUPOBAJ, YTO
CYIEeCTBYIOT U3MEPUMbIC M BOCIIPOU3BOJUMBIC TTAPaAMETPBI, KOTOPBIE MOIJIM CO3JaTh OCHOBY MIJId
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Teopun DOJBIINX TIIACTHYIECKUX JAeOPMAINi B TBEPABIX TEIaX.

Boawmyio gacts onbiros Tpecka Boimosnma Ha cBuaie. OH BRIOMBAT U3 JUCTOB MAIHHIPAIE-
CKHE JICMEHTBI IIPU IIOMOIIM 3aKaJICHHOI'O CTAaJIbHOT'O CTEPZKHA (HyaHCOHa) MEHBIIIETO JuaMeTpa;
BBIJIABIHBAJT TAIHHIPUIECKHE 00pA3IThl depe3 KPYIIble, TPEYTONbHBIE U MPAMOYTOJIbHBIE CKBO3HBIE
OTBEPCTHS U B TYMUKOBBIE YIIYOJIEHNs; CKUMAJ TUIHHIPUYECKAE 0OPA3Ibl KPYroBOTO CEUEHWUS,
TTOMEIMIEHHBIC MEXKJTYy 3aKaJIEHHBIMU TIJINTAMUW; UCCICI0BAJT O6paTHyIO IKCTPY3UIO CIIJIOMIHBIX ITU-
JIUHIPOB PA3IUYHON TOJIIIMHB TIPW HAJUYAN W OTCYTCTBUU GOKOBOTO CTECHEHWsT U T. M. JIjist Toro,
uToOBI HADIIOMATE TeUeHUe, OH CO31ajl 00pasilbl B BUJE TTAKETa OTAEIbHBIX TIACTUH. U3Mepenns
COCTOSITA B (PUKCAITNN TPHIOKEHHOTO JaBICHUS W COOTBETCTBYIOMINX W3MEHEHWH B (hopMe U T0-
JIOZKCHUU OTAC/JIbHBLIX IIJIACTHH. HOHepequIe Pa3pe3nl IMakeTa, ITPOU3BOAUBIINECA B KOHIIEC KaxKJ10TO
M3 OTBITOB, TIO3BOJISLIH €MY JETaILHO OMMUCATDH, T/Ie KaykK/I0€ CeUeHNe Tesa TeKJIO B TPOTECce FKCIe-
pumenTa ganHOro THna. /st 6osee Markux marepuasos (riuHa, napaduH U Ip.) OH MCIOJIb30BAJ
CJIOUCTBIE MapKephl PA3IUYHDBIX IIBETOB, YTOOBI POCIEINTD MyTh TeUCHMS.

OcnosubiMu orkpeiTusMu A. 9. Tpecka JIxk. Besn canran cienyromime BIBOJIBL:

1) TBep/BIe Tea UpU JTOCTATOIHBIX YPOBHAX JABICHIA MOTYT T€Yb MOJ0OHO JKUIKOCTSIM;

2) CymecTByeT mpoMeKyTOIHasi 00JIACTh ILIACTUYECKOrO YIIPOYHEHUs, UMEOIIasi MECTO 33 [pe-
JIEJIOM YIIPYTOCTU U JI0 TOTO, KAK HAYAHAETCA TMOCTOSHHOE TeUeHNe;

3) cymecTByer xapakTepucTuka Marepuaia (koaddurment K), BrIpazkaomas MaKCHMAJIbHOE
KaCaTeJIbHOE HallpAZKeHne, TP KOTOPOM HE3aBUCUMO OT TUIIQ OIBITa TBEPJ0E TEJIO TeYeT,

4) mpu TpoOWBKE IWJINHIPWUYECKUM IIYAHCOHOM ITHJIMHIPUIECKOro OJIOKA JIWHA BhIOHBae-
Moit wactu L cBazama ¢ pammycom 1rrammna Rp m pagmycom obpasma R 3aBucumocthio: L =
By [1-+1g(R /By )

5) mIacTUYeCKOe TEUEHUE TBEPABIX TE MPOUCXOIUT 0e3 m3MeHeHus obbema, (ABJIseTcs U30X0-
DHUYECKUM ).

Hecmorpst Ha To, uTo ofuH w3 cosparesneit Teopun mractuunoctu bappe jge Cen-Benan cpa3zy
TMPU3HAT W BOCTOPYKEHHO OMHCAJ KAK BBLIAIOIIEECs JTOCTHKEHNE TPEThE U3 3TUX OTKPBITHH, TPo/Ie-
MOHCTPHUPOBaBIIIEE BaKHOCTb KpUTEPUA IIPEACIBHOTIO KaCaTe/JITbHOT'O HAIIPA?KCHUA TIPU ITOCTPOCHUN
reopun mwiactuanocru |5, 6]. Cam xe A. 9. Tpecka, mo-BUANMOMY, CIUTAT CBOMM HAMOOJIBIINM
JocrukenrneM GopMyJLy Jisl JJIMHBL BeIOnBaeMoil yactu crepxus [3).

[TepBoie HaywHBIE COOOITEHNS METAIOBEIOB 00 YINBUTETHHON CIIOCOOHOCTH HEKOTOPBIX METAJ-
JIMYECKUX MATEPUAJIOB K OOJIBIINM TL1acTHYeCKUM jtepopmarusam nogBuwiuch, B 10-30-x rr. mpormwnio-
TO CTOJIETUMA.

Hawubosnee panuum coobiienuem sBisietcs, onybankopantas B 1912 r. pabota I'. /. Benraxa
(Bengough G. D.) [7], B koTopoii Ha obpasnax n3 jaryau npu remneparype 700 °C 6biuia qocrurnyra
orHocuTesbHas gedopmanus 163 %.

B 1920 r. ussectHblii anrauiickuii meranoses Posenreiin (Rosenghain) [8] uccaenosan mosee-
HUe CTTaBa MTHHKA, AJIOMHHAS U Mean, mpokaragaoro mpu 250 °C. OH yeTaHOBHI, UTO BEJIWYHHA
VIJIMHEHWS JI0 pa3pbiBa 00pasioB, U3rOTOBJIEHHBIX U3 3TON0 MATEPUaa, CYIMIECTBEHHO 3aBUCHT OT
CKOPOCTHU HArpyxKeuus. [Ipu 6picTpoM HATPYKEHUN 06pa3Ihl TPOSIBILIN 0ObraHoe Toeaenue. [lpn
MEIJIEHHOM — KBA3UCTATUYECCKOM HAI'DY2KCHUU 10 He6OJ'[bH_H/IX 3HAYEHUN HATrpPy3KW OHU HAYWHAJIN BE-
cTu cebs Tak, Kak eCyu Obl OBITH U3TOTOB/IEHB U3 CMOJIBI WJIH JErTd. BLLIN JOCTUTHYTHI Y THHEHUST
B COTHHM MIPOLEHTOB, YTO [JisI TOI'O BPEMCHHA 61)1.}10 COBEPIIIEHHO HOBBIM W YyAWUBUTEC/IbHBIM CbaKTOM.

Hukro Torzma e MOr W TPEIONIOXKHUTL, UTO METAJINIECKWil CIJIaB MOKeT BecTh cebsl, Kak
BSI3KAS KUJIKOCTH. DTOT (pakT TpeboBas cBOero 00bsICHEHNUSI.

POSeHI‘eﬁH OPEeATToJIOZKNI, 9TO TaKOE YANBUTEJIILHOC USMEHEHUE CBOWCTB KPUCTAJIJIMIECCKOTO Ma-
tepnasia kKak CII asigerca cecTBreM TPOKATKA — OHA YACTUYIHO aMOPMUIUPYET CTPYKTYPY Ma-
repuasia. He cormamasgcek ¢ 3roit Toukoit 3penus, 3. xxkeddpu u P. C. Apuep (Jeffries Z. and
Archer R. S.) |9], onHumu u3 nepBbIX 0OpaTHIM BHUMAaHHE HA TO, UTO KaxKyIascsd aMopdusa-
Tua CTPYKTYPbI MaTepHraJja CBiA3aHa C MMEIONIUM MECTO TIPU MPOKATKE M3MEeJbYeHrueM 3€PHA, 9TO
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HPUBOAUT K Pe3KOMy ycuienuto ausHusi rpanur 3eper. C. H. Jlxenxkunc (Jenkins C. N.) [10]
B 1928 1. npu pacrsizkeHun 00Pa3I0B, U3TOTOBJEHHBIX U3 IPEIBAPUTENBHO ITPOKATAHHBIX CILJIABOB
Ka/IMU-1IMHK U 0JIOBO-CBMHEI, YCTAHOBUJL, YTO yJJIMHEHUE 10 PA3PhIBA CUJIBHO 3aBUCHT OT CKOPOCTH
IPUIOKEHNS HAIPY3KU W €e BeIMdIuHbL JIng crtaBa 010BO-CBHHEN ObLIN JOCTUIHYTHI Y/ IHHEHUS
BioTh 110 400 %. ®@. Xaprpusc (Hargreaves F.) [11, 12], uccrenys merogom Bpunesist TBeprocTsb
JIEFKOTIJIABKMX 3BTEKTUYECKUX CILJIABOB, yCTAHOBHJI, ITO OHA MOYKET OBITH CYIIECTBEHHO YMEHbBIIEHA
MOCPEICTBOM TIPEIBAPUTENLHON KOBKH.

B 1934 r. 6b11a onybmkoBaHa pabora mpenogasaresisi Metautypruu B Apmcrporr-Kosuie ke
(Bemukobpuranus) C. E. Ilupcona (Pearson C. E.) [13|, koropas cefidac mpu3HaHa KJIaCCHIECKOI,
HECMOTPsI Ha TO, UTO OHA OBLIA IOJHOCTBIO 3a0BITa B KOHIE 30-X IT. I13BecTHBIN MONBCKUl BCcTe-
nosarens Mameit I'pabeknit npunuceisaer ITupcory B cBoeit kuure [14] decTb OTKDBITHS SBJICHUS

CIIL.

ITupcon uccenoBas MEXAaHUIECKOE TTIOBEICHUE CILIABOB HA OCHOBE 0J10Ba: 010B0-cBuHel (Sn-Pb)
u 0510B0-BUCMYT (Sn-Bi). I3 ciuTKOB MeT010M 06PATHOTO BHIIABINBAHUS [[MPCOH TTOTyTaI TTPYTOK.
Hunusapudeckre o6pa3ibl UCTIBITHIBAJINCH HA PACTSIKEHNE IPU PA3IUUHBIX YCIOBUIX HATDYKEHUS
¥ DPA3HOM BPEMEHW BBIIEPKKHU TOCTE IKCTPY3uh. M3 TMOTyIeHHBIX DPE3YIBTATOB CAETOBAIO, UTO
BeJIMUWHA VIJUHEHUS JIO Pa3pbiBa PACTeT M0 MEPE CHUXKEHUS HATPY3KU W YMEHBIIEHUS BPEMEHU
BBIZIEPKKH TTOCTe 9KCTPy3un. s noctmkenusd erne 6oabimux yaauaennit [lupcon npemioxur mpo-
BOJIUTH UCIBITAHUE [IPU TTOCTOSHHOM HamnpsizkeHuu Tedenusi. C 37Ol 1eJIbI0 OH YMEHBIIAJ BETUIHHY
HpI/I.HO}KQHHOfI K 06pa3uy HATrpPy3KHW IO Mepe YMEHBbIIEHUA TIJIOIAAN €TI0 ITOIEPEIHOTr0 CeHCHUA, 9TO
MIO3BOJIAJIO JIOCTHYb PEKOPAHOro 3Havdenust yaauaenust B 1950 % st cruiasa Sn-Bi. st Toro 9ro6bl
cdororpadupoBaTh NOIyYeHHBIH B uTOre 00pasen, JAjmHa KOTOPOro cocrapuiaa 82,1 mwoiima (npu
UCXOJTHOM ytnHe pabodeil yacTu 4 mioiiMa), ero MpHUILIoCh CBEPHYTh B CIHUpasib. DTa dororpadus
crasta Kiraccuaeckum npuMepom CII w npuBoguTCst Tenepb BO MHOIUX YIeOHUKAX.

Hecomuennoii 3acayroii C. E. [Tupcona sBasgercss u 10, YTO OH BIIEPBBIE MPOBEJ CHCTEMATHYIE-
CcKue MUKPOCTPYKTypHble ucchaepopanusd. C. K. Ilupcon ormerni, 9To, HECMOTPS Ha UPe3BBIYAiHO
6onbrme yaymaenus (Biiors 10 2000 %), on He 00HADY KU IPU MUKPOCKOTTMYECKOM MCC/IETOBAHNN
IIOJIOC C/IBUTA BHYTPH 3epeH. Kpowme Toro, pazMmep 3epeH He MeHsiicd B xoje Jedopmarnuu. Bee 1o
LIO3BOJIMJIO HE TOJIbKO nogrsepaurs runoredy 3. lxeddpu u P. C. Apuepa [9] o rom, uro upej-
BapuTenbHast 00paboTka (MPOKaTKa WM SKCTPY3Us) W3MENbUAET 3€PHO, HO TAK’Ke W BBIIBUHYTH
TUMIOTE3Y O TOM, UTO OCHOBHBIM MEXAHU3MOM IeOPMAITHE SIBJISETCS 3€PHOTPAHUTHOE CKOJIBYKEHUE
(3T'C). C. E. Tlupcon ycramoBuj, 9r0 HabIIOIAEMAs <«BA3Kas» AeDOPMAIUd He SBIAETCH HbIO-
TOHOBCKUM TeueHueM. Hamnpsikenne He OBLIO MPSMO MPOTOPIUOHAIBHO CKOPOCTH JedopMaIiuu u
MaTepuajg BeJ cebs Tak, KakK ecju Obl ero BA3KOCTHh YMEHBIMAJACH ¢ YBEIUUEHHEM HATIPSIKEHUS
TedeHUs. B 3TOM CMBIC/Ie TIOBE/IEHUE HCCIIEyeMBIX CILIABOB HANOMUHAET ITOBEJIEHNE KOJIOWIHBIX
PAaCTBOPOB M HEKOTOPBIX JUCIEPCHBIX CHCTEM, HAMPUMEp, CYCIEH3UH YaCTUIl MUKPOCKOMTHIECKIX
pa3MepoB.

Kak u Besikast kiraccuaeckas pabora, crarbs C. E. [lupcona u ceiivac, ciiycrs 60 jet, He yTpaTu-
JIa CBOETO 3HAYCHUA W IIPEeACTABIIIEeT HECOMHEHHBI HpaKTI/IquKI/Iﬁ nHrepec a4 BCeX mccjaeaoBaTe-
Jteit, nzyqaromux sipjerre CII. B 1994 r. ManuecTtepckuit yHUBEpCUTET MIPOBES JIAXKe CIEIUATBHY O
MEXKIYHAPOIHYI0 KOH(bepeHtnio, mocBamenuyto 60-meturo Beixoma B ceer paborsl C. E. IMupcona.
Dmbaemoit korbepentu Ob11 3HaMernThI 06paser; C. E. [lupcona (puc.1).

Pa6ora C. E. ITupcona 6s11a Hezac ykerno 3abpita B Korte 1930-x rr. lcTopryaecku cio2KuI0Ch
TaK, 9TO PA3BUTHUE ,Z[aﬂbHefIH_[I/IX I/ICCJ’[Q,Z[OB&HI/H?I ABJIEHUA CBEPXIIJIACTUYIHOCTH CBA3aHO C MMEHaMHU
HAINIX COOTEUECTBEHHUKOB — COBETCKUX YUIEHBIX — akajemnka A. A. Bousapa m ero coTpyTHHUITHI
3. A. CBumepckoit.

A. A. Bousap u 3. A. CBuzepckas 00HAPYKUJIN OUEHB CTPAHHOE TTOBEJIEHUE JIUTHIX CILJIABOB
muaka, ¢ 15-20 % amomunans (Zn-22 % Al («iuHKaIb»)) MPH THIATOMETPHYECKOM AHAM3E: 3a-
KaJIeHHBIe 00pas3ibl mpu Harpese g0 Temmeparyp Bbime 150 °C CcTaHOBUANCH TAaKUMU MATKUMM,
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9TO CIIPECCOBBIBAJINCH IO ’ZﬂeﬁCTBI/IeM TIPY2KUHOK OIITUYICCKOT'O JJUJIATOMETPA. HpI/I 9TOM TBEPAOCTH
CIUTaBa MOHOTEKTOMJIHOIO COCTaBa OKa3asjaCh Ha IOPSIOK MEHbINE, YeM Y YHCTHIX KOMIIOHEHTOB
CLUIABA: UHKA M AJIIOMHUHES, & OTHOCUTE/IbHOE yiunenue J0cTuriio 450 %, 410 6bL10 COBEPLIEHHO
HeOOBIMHO /i TUTOro MaTepuasa [15].

Puc.1: O6paser C. E. [lupcona — smbema mexaynapoanoii kordepennun [CSAM (Internatio-
nal Conference on Superplasticity in Advanced Materials), nocssamennoii 60-1eTuto BeIXOJa B CBET
ero paboTol

A. A. BouBap ObLT MEPBBIM, KTO TOHSJI, UTO MEPEUNCTEHHBIE (DAKTHI YKAZBIBAIOT HA CYIIECTBO-
BaHUE€ HOBOI'O SIBJIEHUsI, HA3BAHHOI'O UM <«CBEPXILIACTUYHOCTBIOY. DTOT TEPMUH CTAJ MEXKYHAPO/I-
HBIM. UTOOBI 00BICHUTDH SKCIIEPUMEHTAIBHO HAOII0IaeMble 0oIbIme gedOopMaIuy TTPU NCIE3AF0IE
MaJIbIX HAMPSKEHUAX, TpeIoKu Teoputo |15, 16|, cyTh KOTOPOii 3aKI09aIach B TOM, 9TO B JABYX-
dazubix Marepuasax TUIA IUHKAIS u3Menenne PpopMbl 00PA3Ia MOKET OCYIECTBAATLCH 33 CUET
HampaBJaeHHOTo a1 y3uOHHOTO TIeperoca Macchl. A. A. Bousap mepBeIM yKasaj Ha TO, 9TO MpH
ceepxmtactuaeckoit gedpopmaruu (CIII) moken mpoTeKaTh €Ime oJuH TMPOIEeCe, KOTOPHIH ObLT Ha-
3BaH UM <«3a/JIEUUBAHUEM» OUATOB DA3PYIIEHUS TPU TepemMerntennsx. Takum obpazoMm, B paborax
A. A. Bousapa B 40-¢ roger XX Beka 661710 BHOBL OTKpHITO stBiaenne CII. Hamumu coorevecTren-
HUKaM# OBLIO BBEIEHO B HAYKy CaMO 3TO TOHATHE, CHOPMYIHUPOBAHBI OCHOBHBIE TPeDOBAHWA K
CTPYKType JIBYx(}a3HBIX CBEPXILUIACTUYHBIX CILIABOB U BBIIBUHYTA runoresa o mexanuzme CILI,
KOTOpag OBbLIa MOATBEPXKICHA Pe3yIbTaTaMu 00/Iee O3 JHUX UCCACIOBAHUIA.

Kraccnaeckoe onpefienenne cBepXILIaCTHIHOCTH OBLTO Jamo yuernwkoMm A. A. Bousapa mpo-
deccopom U. U. Hosukosbim [17]. CeepxmiacrudHOCTb — 9T0 CHOCOOHOCTH META/JIMYECKUX TeJl
KBa3UPABHOMEDPHO YJJIMHATHCHA C BBICOKON CKOPOCTHON UyBCTBUTEIbHOCTHIO HAIIPSKEHUA TEUYEHUS
(m > 0,2...0,3) YcraHoB/ieHbl JBa TUIA CBEPXILIACTMYHOCTU: CTPYKTYpHas (M30T€pPMUUECKast)
CBEPXIJIACTUIHOCTH MaTEPHUAJIOB C YABTPAMEJIKUM 3€PHOM W CBEPXILIACTUIHOCTL TPEBPAICHUS,
obyc/ioBIeHHAsT (DA3OBBIM MPEBPAIIEHUEM U HAnbojIee SpPKO MPOSABISIONIAAC TP ITUKINIECKIX U3-
MeHeHugX Temmeparypol. /laree bymer paccMoTpeHa TOMBKO CTPYKTYPHAS CBEPXILIACTUIHOCTD.

Dta Tema 6b1a pofoKena A. A. [IpecusakorbiM. B komre 50-x — magane 60-x rogos A. A. IIpec-
HAKOB ¢ coTpyauukamu 06uHapyxkui ClII Bo mHOTEX crncremax. v 6bLI0 0myOIMKOBAHO MHOMKECTBO
pabor, B yacTHOCTH KHUTA [18], mepewsgannas B 1976 r. B Besmkobpuranuu. OH OTHUM W3 EPBBIX
chOPMYIUPOBAJ U CTAJT HEYTOMUMO TPOIMATAHIUPOBATH IIPEACTABICHNE 0 MEXaHU3MEe U CyTH TOTO,
Kak, npoucxoaut camo gedopmuposanue mpu CII. Ou yTBep) a1, 4To 1pu GOIBIUX IIACTUIECKIX
nedbopMaIgax, HECMOTPS HA TO, YTO JIOCTUTAIOTCH YAUBUTEIHLHO OOIBINNE OTHOCUTEIBHBIE YIINHE-
HUsl BILIOTH JI0 HECKOJIbKUX THICSY MPOIEHTOB, IPOUCXOIUT JoKau3arus gedpopmariun. Konternms
[MoJIyum/ia Ha3BaHnue «Oeraromeil mefikuy 1npu PacTazKeHUN.

Brgors g0 magana 1960-x rr. 6ossmHCTBO nccaenoBareseii oraocuoch Kk CII, kak K sx30TH €~
CKOMY SIBJICHWIO, KOTOPOE MOXKET HAD/TI0AATHCS TOJIBKO ¥ KPaliHe OTPAHUYIEHHOTO YNC/Ia MATEPUAJIOB,
B UpEe3BBIUAHO y3KOM TeMIepaTypHOM anarnazone; B ceasu ¢ uem CII moxkeT paccMaTpuBaThCs He
Hosee, Kak HeKuil «HOKYC», TOBOJBHO 3aHUMATEIBHBIN, HO BPsi/l JIM UMEIOIIH KaKoe-Trnb0 TpaKTu-
geckoe 3uadenue. Ilomoxkenne KOpeHHBIM 00pa30M M3MEHWIOCH MOCAe TOro, Kak B 1964 r. rpymma
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uccaenosareseii mog pykosoacrsom B. A. Bekodena (Backofen W. A., Turner G. R., Avery D. H.)
3 MaccadyceTcKoro TexXHOJOTHIECKOr0 MHCTUTYTA, OybiankoBaga pabory [19], B KoTopoii uccie-
JIOBAJIACh CBEPXIJIACTUIHOCTD ITUHKAJIS B ILJIAHE €€ MPAKTUIECKOro ocBoeHusi. C 3Toil 1e/ibio u3
JINCTOBOI 3aroroBku ToJimHoit (0,76 MM yepe3 marpuity guamerpoM 100 MM MeTo/10M CBOOOHOTO
BBIIYBaHUsT OBLIN OT(OPMOBAHBI KYII01a OOJBIIEro JuaMerpa, deMm auamerp Marpuiibl. Craso oue-
BugHbIM, uTO siBjiearie CII MoxkeT OBITH MCIOJB30BAHO B TEXHOJOTHIECKUX TPOIECcax 00paboTKu
METAJIJI0OB JIABJIEHUEM. DTO MPUBEI0 K OYPHOMY PA3BUTHIO UCCAEIOBAHUI TTPUPOLI 1 MEXaHU3MOB
CII; B mepuogmaeckoil mevarTn CTajo MOABAIThC ¢ToabKO mybmukaruii mo CII, uro k komity 60-x
I'T. CUTYyalus nmprobpesia xapakTep MHMOPMAIMOHHOTO «B3PLIBAY.

Buatuenne padorsl [19] Hacroapko Besmuko, uro M. I'pabekmit B [14] Ha3BIBaeT ee «BTOPBHIM OT-
KPBITHUEM CBEPXIJIACTUIHOCTHI» (HaHOMHI/IM7 YTO YEeCTHh IMepPBOr0 OTKPBHITUA CBEPXIIJIACTUYIHOCTH, I10
ero MHEHHUIO, IpuHaIekuT [lupcony).

B 1964 B. A. Bskoden ¢ corpynmHuKaMu GOMBINOE COMPOTHBICHWE 00PA30BAHUIO TIEHKH TPH
PACTAXKEHNHN CBEPXITIJIACTUYHOTO MaTepHuaJia O6’])HCHI/I.HI/I BBICOKOI IYBCTBUTEJIbHOCTHIO HATTPAZKCHU A
TeYeHUsI K CKOPOCTH medpopManui. B 910l ke paboTe coobInagoch 0 CEHCAIMOHHOM SKCIEPUMEHTE
C BBIIYBKO# 0/ HeBOTBITIM Ta30BBIM JIABJICHIEM KyIOJI000pa3Hoit getanyu u3 crnasa Zn — 22% Al
[20]. Bekope mocste 9Toit myGInKane TOsIBUIACH MHOTOYUCICHHBIE TTPE/TIOKEHIS TEXHOJOTTIECKOTO
UCMIO/TL30BAHNS CBEPXIJIACTUYHOCTH: THEBMO(DOPMOBKA W3 JUCTA u3gaeauii caoxHuoit ¢hopmbr (1o
aHasjoTuu ¢ (DOPMOBAHUEM U3JIC/IUIl U3 TEPMOILIACTHKOB), O0BEMHAsT H30TEPMUIECKAST [IITAMIIOBKA
TPy AHOACPOPMUPYEMBIX CILIABOB U JIP.

3. CoBpeMeHHOEe COCTOAHME ITPOOJIEMBI CBEPXITLJIACTUIHOCTH

OrpowmubIii nHTEpeC K mpobjieMe CBEPXILIACTUIHOCTU MPOABUICS B PE3KOM UUCIE TyO UK
B 60-x rogax. Haumnmas ¢ 1964 1. BemeT €BOit OTCUET MCTOPUA MUPOKOMACIITAOHBIX UCCACIOBAHUN
spieans ClI, koTopoe HaxonuT Bce BOJIbIIEE TPUMEHEHUE B PA3JINYHBIX OTPACSIX MPOMBIILICHHO-
ctu. KomuuectBo mybaukanmii, mocesenabix ucciepoanuio ClI, pacrer ¢ xaxasim rogom. Ha
CErOHSIHUN IeHb MPOBEJEHO YKe BOCEMb MeXKIyHapoaHbiX KoHbepentuit mo ClI, koTopbie HOCST
kparkoe Hazpanme [CSAM (International Conference on Superplasticity in Advanced Materials):
ICSAMr — Can-/lnero, Kamudopuuga, CIIA; ICSAM — ['penobin, @pammms; [CSAM — Bsiin,
Bammmuarron, CIITA; ICSAM — Ocaka, fAmnonus; ICSAM 1994 r. — Mocksa, Poccus.

Bribop B 1994 rony MockBb! B KauecTBe MECTa MTPOBEIEHNUS TPEICTABATEILHOTO MEXK TYHAPOTHO-
ro hopyma He ciaydaeH. V3pecTHbI amMmepukaHCcKuit yuenbiit Teperc JISHIIOH HITIET B TPEIUCIOBUE
K cOOpHUKY TPyIOB 3T0# KoHDepentmnu: «XO0Ts FBIEHUE CBEPXILIACTUIHOCTY BIIEPBBIE OBLIO MPO-
JIEMOHCTPUPOBAHO B HAYYHBIX IKCIIEPUMEHTAX, POBEJeHHBIX B Benukobpuranuu, 60Jbi1ad 4acTb
CUCTEMATUYeCKMX HAYYHBIX UCCACI0BAHNI 9TOTO siBjieHus ObLia nposeaena B Poccuu. [leficTBuretsb-
HO, JIayKe caM MEXKJ/IYHAPO/HbI TepMuH «superplasticitys sBiisiercs mpaMbIM II€PEBOJOM PYCCKOTO
CJIOBA «CBEPXILIACTHIHOCTBY ...» [21].

Anasms npegcrasienubix Ha MockoBekyw koudeperntto ICSAM B 1994 r. gokiafos jaer jo-
CTATOYHO IIOJIHOE IIPEJICTaBJIEHNE O COBPEMEHHOM COCTOSHUM U MacinTabax MCC/IeI0BAHU 10 CBEPX-
IUIACTUYHOCTU: ¥ O 00raToM TEeMaTuvIecKOM PaszHoo0pasuu, u O MUPOKOH reorpaduu y4aCTHUKOB.
Ocuoruble Hampasjenus: ¢gpyamamertagbibie acnekTsl CII, CII mamOKpuCTAIIRIECKUX MaTepHa-
gioB, CII merannos, CII kepamuk, CII unrepmeramingos, ClI KoMIo3uTOB ¢ METALINYIECKON MAT-
pHUIIeit, PEOJIOTHsI, MeXaHWKa W OCHOBBI 00paboTku, npakTuueckoe npumMenenne CII. Crpanb! yuact-
vukn: Benukobpuranusi, l'epmanust, Hanws, Unaus, Uranns, Kazaxcran, Kanana, Kurait, Keipror-
cran, Jlarsug, [oaema, Poccus, Cunranyp, CIITA, Ykpanna, @Opanrus, FOxuaa Kopes, dnonns.

B kauectBe Begymmx mayunbix 1eHTpoB CII B Poccum Moxuo Hazparh ciaeayromme: BUAM —
Beepoceniicknit ”HCTUTYT aBUAIMOHHBIX MaTepuafos, I. Mocksa; BUJIC — Beepoccuiickuit nucru-
TYT Jierkux criaBoB, T. Mockea; UacturyT duzuku tBepgoro tena PAH, r. Yepuoronoeka; Mu-
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cruryT pusnkn npounoctu u mMarepuasiosegernus CO PAH, r. Tomck; UaCTHTYT runposnHAMAKA
CO PAH, r. Hosocubupck; Uncturyt mpobiem ceepxmiactuanoctn Mertaanos PAH, r. Yda; Moc-
KOBCKHI MHCTUTYT CTaJIM W CILIaBOB; HuKkeropojckwii rocynapcrBeHnbiil yausepcurer; HaywHo-
UCCIIeI0BATENILCKII UHCTUTYT aBUAIMOHHON TexHosoruu, I. Mocksa; «Ilpomereity — llenTpasib-
HBII HAYIHO-UCCIE0BATEIBCKII HHCTUTYT KOHCTPYKIMOHHBIX MaTepuasios, r. Caukr-Ilerepbypr;
Cankr-Ilerepbyprcekuit locynapcTBeHHBIN YHUBEPCUTET.

Ilepeunciienue, TONBKO OCHOBHBIX pabOT, BEIYIITUX COBETCKUX U POCCUIICKUX yUeHBIX-MEXAHUKOB
¥ MeTaJII0BEeJIOB, BHECITNX BKJIAJ W pas3BuBaionmux cefigac nccnemoanns ClI, 3aiiver menyio crpa-
auiy. 910 Muxoma C. I [22], Unsromus A. A. [23-27|, KaiiGenmes O. A. 28, 29|, Bamues P. 3.
[30], Pabunosuu M. X. [31, 32|, Paboruos FO. H. [33, 34], M. X. ITlopmopos [35], Tuxonos A. C.
[36], CmmproB O. M. 37|, l'oxdensx . A. [38], Iloznees A. A. 39|, Jlofinsackuit J1. I'. [40], Mann-
nun H. H. [41], ITapron B. 3. [42], T'Bozues A. E. [43]. Tpyapl 91ux u MHOIUX JIPYIUX UCC/IEA0BATEEI
nocTpoenbl Ha ¢usuydeckoM ocaoBanuu Teopuu ClI. dro mpex e Bcero paboTbl OCHOBOIIOJIOKHUKOB
reopun JedeKToB Kpucraaandeckoro crpoenns ®penkenst . M. [44], JTawgay JI. /., Jlusmw-
na E. M., [45, 46], TToayxuna II. 1., Topeanka C. C., Boporrnosa B. K. [47], Boasmosoit T. ®.
[50], Bepumreitna M. JI. [51], Irpemens M. A. [52, 53], ['yisesa A. II. [54]|, Hosukosa 1. I1.,
[Mapraosa B. K. [55], IIpecuskosa A. A. [18] u ap. [56-62]. Ix paborsl mo3soman pa3paboraTs
HOBBIe MeTOAUKE U Tpubopse! anaiusa CII [48, 49] u ucmop30BaTh €ro B MPOMBIIILIEHHOCTH.

4. BeiBoabI

Ha ocnoBanwu npuwBemeHHOTO 1a6K0 HE TMOTHOTO CIIUCKA MOYKHO CIEIaTH CJEIYIOIINEe BhIBOIHI.
Arnenue ClI ucciienyor Bo BceM MUpe yUeHbIE CAMBIX Pa3/IMYHBIX crienuaabHocTeil. [lpn aroMm, kak
IIPABUJIO, KAXKAbIA UCCIeL0BATE/ILCKUN EHTD KOHIEHTPUPYET CBOe BHUMAHUE Ha TOM MU UHOH CTO-
pome sipienuns CII. Hanpuwmep, B I'penobse (Opannmst) ocHOBHOE BHUMAaHHUE Y/Ie/s1eTCs (BDU3HIECKO-
my acnekty npupogbl CIT; mpodeccop Mak-Kyun us Kana bl ceruajnsupyercs Ha UCCIeOBAHAN
0cODEHHOCTEl TPOTEKAHUS ITPOIIECCOB JIMHAMUYECKON PEKPUCTAIIN3AINY B MeTa/JIaX U CILIaBax U
1. g. Ho B Mupe Her TakuxX Hay4dHBIX HEHTPOB, B KOTOpbIX siBjienne CII uccienoBasiocs Obl KOM-
TIJIEKCHO, Ha Pa3JIMYHBIX NIaCH_[Ta6HbIX YPOBHAX, C TPUBJICHEHNUEM BEAYIIUX CIIEIUAJIUCTOB CaMOTO
pasmaroro npoduiasa. Her wurme — kpome Poccun. B 1985 1. 6B1I0 TpUHSTO peIieHEE O CO3a-
wun B CCCP yHUKAJIBHOTO MUPOBOTO HAYUHOTO IeHTpa — UHCTUTY T TpobieM CBEPXILIaCTHIHOCTH
merasnos (UIICM). [dnst Gostee yCHENIHOrO Pa3BUTHsI HAYYIHBIX M3BICKAHWH W HEMOCDEICTBEHHOI
CBLA3M WX PE3YJALTATOB C MPOM3BOJCTBOM B OPraHM3aIMOHHYIO CTPYKTYPy WHCTHTYTa mipm ero co-
3/aHUK ObLIA 3aJI02KeHa, CITOCODCTBYIOIIAS 3TOMY CXeMa — COeJMHEHNe HayYHO-UCC/IeI0BATETbCKOTO
¥ KOHCTPYKTOPCKO-TEXHOJOTHIECKOTO OTIeeHU 1 onbITHOrO npoussoctea. B UITCM paborator
M3BECTHBIE ¥ HAC B CTPaHE U 33 pybexkoM ucciegoparesau. Y HukayibHocTs UIICM cocrout B TOM, 9TO
3/1eCh PsAIOM, B COCenHUMX JabopaTopusx, paboTaroT ydueHble CAMbIX PA3JIMYHBIX CIIEIUA/THHOCTEH:
duznKNM, MaTEPUAJIOBE/IbI, MEXAHUKY, TEXHOJIOTH.

5. 3akJ/roueHue

Mexanunka CBEPXILIACTUYHOCTH €II€ HE ITOCTPOEHA, HO CYIIECTBYET MEXAHUKA CBEPXIJIACTUUHO-
CTU B TOM CMBICJIE, YTO IPOBOJATCHS MEXaHUUYECKUE DKCIEPUMEHTHI s oThickKanus pexxkuma ClI,
OIIPEJE/IEHNs] CKOPOCTHOM 1yBCTBATEILHOCTH Marepuasia u T.1. [loarBepxjeanemM CKa3aHHOMY CJIy-
KUT W KPATKUM UCTOPUIECKUI SKCKYPC, TPOBEJAEHHBIH B 910 pabore. leiicreurensuo, C. E. Tlup-
COH TIPOBOUJI MHTEPECHLIE MEeXaHWIECKNe IKCIEPUMEHTHl U JaXKe BBISCHIJI XapaKTep CKOPOCTHOM
3aBUCUMOCTHU HAMPSYKEHUN, HO OCHOBHAS 3aCJyrd €ro COCTOWT B TOM, UTO OH TEPBBIM COPMYJIN-
posaJ ocuoBHoit Mexanuzm CII/l — 3epHOrpaHnYHOE MPOCKAIb3bIBAHUE; TTPEJJIOKUT TEOPUIO AUh-
bHY3MOHHOTO TTePEeHOCa MACCHl; HACTAWBAET HA Mexanm3me jokaaudamnun gedopmarun; B. Bakoden
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¢ KoJLTeraMu ocyiectsisger «BTopoe orkpbiTue Clly, ordopMoBaB Kymoa MeTom0M CBOHOTHOTO BhI-
nyBaHus... He kaxkercs Jiv, 9T0 B M3JI02KEHUU UCTOPUU OTKphITUsS U ocBoenus CII gyscrByercs
«PYKay (pU3UKaA-MATEPUATOBEAT!

ABenve CBEPXILIACTUIHOCTH OBICTPOPEKYIIIX CTAIEH 11e/1eCO000PA3HO MPUMEHATEH B 06paboTKe
nassenueM. [Ipu 31oM peasn3yoTcs clegyole TPenMyIecTBas

— 9ddeKT CBEPXIJIACTUIHOCTH TO3BOJISIET TOJYYATh TOTOBBIE JAETANU CJI0XKHON (DOPMBI TpHU
MEHBITIEM UHC/IE OTEePAInii, HAMPUMED, TPHU MTAMIIOBKE WiIn (POPMOBKE;

— 1pu JedopMaliuy B YCAOBUSX CBEPXILIACTUYHOCTHU CYIIECTBEHHO CHUKAITCI SHEPrO3aTPATHI,
YTO MTO3BOJISET UCIOIb30BATH 000PY/IOBAHNE MEHBITIEH MOITHOCTH;

— CHUZKAIOTCH CTOMMOCTH WHCTPYMEHTa W €ro M3HOC B MPOIECCe IKCILIYATAITHN;

— 00paboTKa JaB/IeHreM METAJJIMYeCKuX Marepuajos B pexxumax CII nprBoauT K MOBBITIIEHNTO
TaKUX TEXHOJIOTHIECKUX XAPAKTEPUCTHUK, KAK CBAPUBAEMOCTH, KOPPO3UOHHAST CTONKOCTH, U3HOCO-
CTOUKOCTE;

— nocae pedopmupoBanus B ycaoBuax ClI B geTasisix CHUMKAIOTCA OCTATOUYHBbIE HANPSIKEHUS,
9TO 00ECTEINBAET BBICOKYIO CTAOMIBHOCTD PA3MEPOB M3IENU;

— B HEKOTODPBIX C/IydadAX CH ABJIdeTCAd €MHCTBCHHBIM MHMCTOYHUMKOM IIOBLIIMICHUA IIJIACTUYIHO-
CTY TAKUX TPATUITUOHHO MAJIOIJIACTUIHBIX MATEPUAJIOB, KAKOBBIMU sIBISIOTCA METAJLJIOKEPAMUKA U
AUCTIEPCHO-YIIPOYHEHHBIC CIIJIaBBI.

Ha 06aze adpdexra crepxmracTuanoCTH pas3paboTaHbl MPUHITUIHAILHO HOBBIE TPOIECChl 00pa-
6oTku naBjennem: HGecduiibepHOe BOJIOUEHHE, BAKYyMHAas U ra3oBasi opMOBKa. B Hare#l crpane
BrepBbie 5Tu paboThl mosyunin pazsutre B MOCKOBCKOM WHCTUTYTE CTAaJiel W CILIABOB MO PY-
xopojicteoM 4. M. Oxpumenko u O. M. Cumupnosa. Hapsiiy ¢ aTuMu mporieccamMy 3HAUUTEIbHBIIH
WHTEpeC pejcTaB/isieT u popMoobpazoBanue B kecrkux mramnax. [lox pykosomcreom O. A. Kaii-
6pireBa paspaboTaHbl MPOMBIIIJIEHHAS TEXHOJOTUS U OCHACTKA, JIJIsi TVIyDOKON BBITSKKM JleTaJjieil
M3 HEPIKABEIOIIEH CTaJi U TPYAHO Je(POPMUPYEMBIX CILJIABOB. AHAJOTHYHBIE PAbOTHI IO 00BEMHOT
HITAMIOBKE MHCTPYMEHTAJIbHBIX YIVIEPOAUCTBIX U CJI0XKHOJETUPOBAHHBIX METAJJIOPEKYIIUX CTaIei
BoinosiHenbl B Tynl'V u TTIIY um. JI. H. Tosacroro. B nocinejnem ciydae Haps/ly ¢ 00blYHbIMU
3aTr'OTOBKaMM MCIIOJIB30BAHBI 1 HO.Hy(l)a6pI/IKaT])I, TOJIYIE€HHbIC C TPUMEHEHNEM HOpOLHKOBOfI MeTaJI-
JIYPTUH.

Baarogaps 0coboit criocobHOCTH aKTUBUPOBATH COCTOSTHUE MATEPHUAJIOB, ABIEHNE CBEPXILIACTHY-
HOCTH MOXKeT HaliTH MINPOKOE IMIPUMEHEHHE B [IPOIECCAX XUMUKOTEPMUYECKON, TEPMOITTUKINIECKOI,
TEPMOMEXAHUIECKON, TEPMUIECKON U Ap. 00PadOTOK METAINIeCKUX, KOMIIO3UIIMOHHBIX U METaJl-
JIOKEPAMUTIECKUX MaTEPUATIOB.

Crepxiutactuueckoe J1eOpPMUPOBAHUE sIBISIETCS OCHOBOH [1jisi pa3spaboTKM MaJIOOTXOIHBIX Pe-
CYyPCOCHEPETAIoNTNX TEXHOIOTHIECKUX TPOIIECCOB.

TIpumepamvu cozmanms MATOOTXOMHBIX TEXHOJOTHI MOTYT CJIYKUTH paspaboranubie B MHCTHTY-
Te MeTaIypruu u Matepruanosegenust M. A. A. Baiikosa PAH u B 6a3oBoit abopatopun UMET
B TyalV «Hossie mpomeccor hopMOU3MEHEHNST METALINIECKUX MATEPUAIOB CIEIHAJIHLHOTO HAZHA-
YEHUsT» MAJIOOTXO/IHBIE MIPOTIECCH] CBEPXILIACTHIECKOTO J1ebOPMUPOBaHUST OBICTPOPEKYINNUX CTael
PA3HOI METALTYPrUTecKol TPUPOIBI U MATOTEPEXOHBIE TPOIECCH TIePePabOTKH TOPOITKOB OBICT-
POPEXKYIIEil CTa/H, MOTyYaeMbIX PACIBIIEHHEM UJIN U3 CTPYKETHBIX OTXO/0B, B 3ar0TOBKH UHCTPY-
MEHTa Pa3/JUuIHOTO MPOMUIsi. DTHU IPOIECCHl UCKIIYAIT ONEPANUI0 CleKaHus. K HUM OTHOCITCS
[IAroBagd IIPOKATKA I[T0JI0CHI, SKCTPY3Us U M30TEPMUUECKAS IITAMIIOBKA B PEXKUMAaX CBEPXILJIACTHU-
qeckoit medpopmarmn. [lepsrie aBa mporecca MO3BOSIOT TOAYYaTh JIMHHOMEDHBIE 3aTOTOBKH IO
CBepJIa, PA3BEPTKU, METYUKHU, & TPETUI — 3arOTOBKHU IO PPe3bl MMUPOKON HOMEHKJIATYPHI U THIIO-
pasmepoB. Byiarogapss ToMy, 9TO BO BCEX CJIYUaAX 0DECIEUNBACTCSA BBICOKAs MUCIEPCHOCTD KapOuI-
vbix ha3 u pparmenTapras CTPyKTypa peppUTHON U MAPTEHCUTHON COCTAB/ISIIONINX, XaAPAKTEPHBIX
JUTsT TEpMOMeXaHu4decKoit 06paboTku, CTOMKOCTL MHCTpyMeHTa Bo3pactaeT B 1,8...2,2 pa3a, a Ko-
s dunmenT ucmoap30BaHns Marepuasios — g0 0,87,
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Kpowme ykazaHHBIX BbIle TperMytnecTs obpaborkn pasienuem B pexkxumax CII ciemyer ocobo
OTMETUTH [OBBIIIEHUE TAKUX TEXHOJOIMIECKIX XAPAKTEPUCTUK KAK BO3MOXKHOCTD MOy YE€HUsT U37e-
Jitt CJI0KHOM DOPMBI TPU MEHbBIIIEM YUCJIE OIEPAIUil, HAIIPUMED, [IPH IIITAMIIOBKE U (POPMOBKE, CHU-
JKEHUE DHEPI'o3aTPaT, BO3MOXKHOCTb HCIOJIB30BAHUS MEHEE MOIITHOI'O 00OPY/I0BAHUA, YMEHBIIEHUE
CTOUMOCTH MHCTPYMEHTA, OTCYTCTBHE OCTATOYHBIX HAMPSAXKEHU, MOBLIINIEHNE Psia CBONCTB m37e-
it (KOPPO3MOHHASA CTONKOCTE, W3HOCOCTOWKOCTB ), YTy dIleHne CBAPUBAEMOCTH U T.J. B HEKOTOPBIX
cnydasx CII ciyKuT eIMHCTBEHHBIM PECYPCOM MOBBIIIEHHE J1e(DOPMAITMOHHON CIIOCOOHOCTH TAKHX
TPAJUITUOHHO MATOTLIACTUIHBIX MATEPUAJIOB KAK METALIOKEPAMUKA U IUCTIEPCHO-yITpOYHeHHbIe Ni-
Cr crurasbl, nHanpumep, tura 2KCO6KII, uncrpymentanasubie craaun ¥ 8, P6M5 u .n. C npumenenu-
em CIIJI myist TepMOMEXaHUYIECKOTO YIPOUHEHUS -+ THTAHOBBIX CILIABOB W CTAJIEH MOTydYeHO pe-
KOP/IHOE COYeTaHue MPOYHOCTH, IJIACTUYHOCTH U BSI3KOCTU pa3pylierus O1aronapst hpopMUpOBAHHIIO
MeJIKODI0UHOM cTpyKTYpbl. OMHON W3 OCHOBHBIX 3amau npaktudeckoro npumMenenust ClI apasercs
MOJIyYeHUEe JIOCTATOYHO MEJIKOI'O 3€pHA B 3ar0TOBKE JJis IOCAeyIomieli oOpaboTKu JIaBJjeHUEM B
pexkumax CITJL. TTomumo 06paboTKu TaB/IEHUEM U TEPMOMEXaHUIeCKoro ynpounenus: adgexr CII
UCIOJIB3YETCd U /I CBAPDKU METAJIJIOB JABJEHUEM B TBEDPJ/IOM COCTOSTHUU W IIOJIyY€HUs! BOJIOKHU-
CTBIX KOMITO3UITMOHHBIX MATEPUAJOB METOJAMU TPOKATKU U/ TOPSUIEro MPEeCCOBAHUS MAKETOB U3
CII merammuueckux GOJIBL, MEXKIY KOTOPBIMU PACIOJNATAIOTCS PSIAbl BBICOKOTTPOYHBIX KepaMude-
CKUX BOJIOKOH. DTH TPOIECCHI SIBASIOTCA TPSIMBIM CJIEJICTBUE 0COO0 aKTUBUPOBAHHOTO COCTOSTHUS
Merasmndeckux craBos mpu CIIJI. B oryimane or TpauiinoHHBIX METOI0B CBAPKHU JABJIEHUEM CBaP-
ka B pexkumax ClII obecrieunBaer ciieIyIomue NpenMyIecTBa: TeEMIEPATYPa IPOIECCA CHUKAESTCH Ha
100-150 rpaj, B HECKOJIBKO Pa3 YMEHBIMAIOTCS HEOOXOANMbIE YCUINS, ¥ B TECATKHU Pa3 COKPAIAeTCH
JUINTETbHOCTE cBapku. 1Ipu monydeHnn KOMIO3UIIMOHHBIX MATEPHAJIOB MPAKTUYECKH UCKJIIOYaeTCS
ApobJieHre XPYTIKUX BOJOKOH [61].

Ipenpinymme nccaemoanus CII mpoBoguancsk husnkaMu 1 MaTepuajoBegaMmu. Bee aTu ncciie-
JIOBaHWS, KaK TTPABUJIO, BKJIIYAT B ceOs 3JIEMEHT MEXaHWUIECKUX UCIbITAHUN W OTMHPAIOTCS HA
Hux. OHAKO TTOIYIUIOCH TAaK, YTO PACCKA3BIBAJIN 00 ITUX UCHBITAHUIX CAMHU Ke MATePUATOBEIHI,
MTO3TOMY OHU, KaK ITPaBUJIO, He 06paIlail BHUMAHUS HA MEXaHUUIECKHUE JIETAJTU U UCIOJB30BAJIUCDH
PE3yIbTATHl MEXAHWIECKUX UCIBITAHUN TOJBKO KaK MOATBEPXKICHWE CBOWX TUIIOTE3, KACAIOIIUXCS
0CcOBEHHOCTEl CTPYKTYPHOTO MOBEJIEHUS MATEpUAIOB PU IIacTHYecKol fedopmanium u opMons-
MEHEHUSI.

O6brano Bce ucciaenopanud 1o dpenomenosioruu CII Brirogaior B cebs MeXaHUYECKUH acleKkT, u
B 9TOil CBS3U MOYKHO TOBOPHTH O TOM, HACKOJBKO TPAMOTHO (C MEXaHWYECKOW TOUKM 3PEHWUsI) OHU
MOCTABJIEHBI, HACKOJBKO aKKyPATHO (C MAaTEeMATUYECKON TOYKM 3pEHust) 00pabOTaAHbBI IOy YEHHbIE
pPEe3YIbTATHI, CBI3aHHBIE C PEIIEHNEeM KOMILIEKCHBIX KPAEBBIX 33/a9 MEXAHUKH, MEeTALIOBEICHUS,
GbU3NKN KOHACHCUPOBAHHOTO COCTOSHUST W HACKOJBKO KOPPEKTHO CPOPMYIUPOBAHBI IOy IEHHBIE
BBIBO/IBI.

IIpu 5TOM BaxkHO, 9TOOBI KpaeBbIE 33,1891 ObLIM TPAMOTHO ITOCTAB/IEHBI U KOPPEKTHO PerneHbl. B
9TOM U COCTOUT COBMECTHAS KOMILIEKCHAs paboTa MEXAaHUKOB C (PU3NKAMY, MATEMATUKAMU, CIIeIHa-
JINCTAMHU 110 KOMITBIOTEPHOMY MOJIEJIUPOBAHUIO, METAJJIOBEIAMY, MATEPUAIOBEIAMU U TEXHOIOIAMU
IO COBJAHUIO PECYyPCOCOEPEraionX TeXHOIOTHH 00PADOTKN CBEPXIIJIACTUYHBIX METALINIECKUX CH-
CTEeM.
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AnHOTanusa

[pengoxken moax01 K GOPMUPOBAHUIO U PELIEHUIO KJIACCA 33/1a9 MHOIOKPUTEPHATBHON OI1-
TUMW3ALNHN, PACTIAPSIONINAN METOIOLOIOTHIO aHAIN3a, CPEIbl (DYHKIIMOHUPOBAHUS CJIOKHBIX CH-
CTeM, PaCCMaTPUBAEMBIX KaK COIMO-IKOsIoro-skoHomuueckue cucrembl (COIC). Tloaxoz BKIIIO-
qaer B cebst (POPMUPOBAHKE YACTHBIX U MHTErPATTbHBIX TOKA3aTe el pe3yIbTaTUBHOCTH, OTITUIH-
€M KOTOPOTO SBJISETCs BbIYUCTIEHHE COOCTBEHHOIO HOPMATUBA sl KaXKIOr0 U3 PACCMATPUBAe-
MbIX OOBEKTOB HCCIIEI0BAHUs. AJITOPUTM KOHCTPYUPOBAHUS WHIUKATOPOB HA OCHOBAHUY CTATH-
CTUYECKON 00pabOTKM TAHHBIX W IKOHOMETPUUYECKOTO MOIEIUPOBAHUS 00CCTICUNBAECT YUET B3au-
MOCBSI3M KaK YaCTHBIX MOKA3ATeJeH OIEHKY, TaK U KOHKPETHBIX CYIIECTBEHHBIX YCJIOBUHN (hyHK-
nuonupoBanus CIIC (dakTopos cocrosinus u Boszeiictsus). [Ipeacrasiena meromuka Ghop-
MUPOBaHus KOI(DDUIMEHTA TAPMOHHIHOCTH, XapaKTEPUIYIOIMIEro cOaIaHCUPOBAHHOCTD YPOBHS
pazBurusi CIIC, KOTOpaAsk SBISETCH ONHUM U3 KPUTEPHUEB YCTONYMBOCTU CIOXKHBIX CHCTEM.
Ocy1ecrBiena MOCTAHOBKA 33a4U OITUMU3ALUU KPUTEPUsl PE3YJIbTaATUBHOCTU (DYHKIMOHUDO-
Bauuss CI9C 3a cuer moucka (GHaKTOPOB COCTOSAHUS W BO3IEHCTBUS, MPU KOTOPHIX HOPMATHUB
MOKeT OBITh JOCTUTHYT. B 0bIiem ciydae Takas 3aJada CBOIUTCS K HEJIMHEHHON 3a7adye MHO-
TOKPUTEPUATHLHON ONTUMU3AINK ¢ OTPAHUYeHUsAMU. Kpurepuil onTuMaaIbHOCTH BHIOMpAETCs B
3aBpucuMocTa OT Tesieil cyobekron ynpasierus CIIC. PaccMoTper 4acTHBIM CiIydaii perenms
33/1a49U ONTUMHU3ALUYU JJist peruoHoB LleHTpanbHoro (hesepajibHOro OKpyra ¢ UCIOJIb30BAHUEM
narubix Poccrara 3a 2007-2015 rogsr.

Kaouesvie €406a; SKOHOMETPUYECKOE MOJEJMPOBAHUE, HHTEIPAJbHBIA OKA3ATEb, COLHO-
9KOJI0ro-3koHOMuYeckue cucreMbl (CIIC), MHOrOKpUTEPUATIBHAS ONTUMU3AIHS.
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Abstract

An approach to the formation and solution of a class of multicriteria optimization problems is
proposed, extending the methodology of analysis of the environment of functioning of complex
systems considered as socio-ecological and economic systems (sees). The approach includes
the formation of individual and integral performance indicators, the difference of which is the
calculation of its own standard for each of the objects of study. The algorithm for constructing
indicators on the basis of statistical data processing and econometric modeling provides for
taking into account the relationship between the particular indicators of evaluation and the
specific essential conditions of the sees functioning (state and impact factors). The technique
of formation of the coefficient of harmony, which characterizes the balance of the level of
development of sees, which is one of the criteria for the stability of complex systems. The
statement of the problem of optimization of the sees performance criterion is carried out due to
the search for the state and impact factors in which the standard can be achieved. In the General
case, this problem reduces to a nonlinear multi-objective optimization problem with constraints.
The optimality criterion is selected depending on the objectives of the sees management entities.
A special case of the solution of porblem for regions of the Central Federal district with the use
of Rosstat data for 2007-2015 is considered.

Keywords: econometric modeling, integral index, socio-ecologo-economic system (SEES),
multicriteria optimization.
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1. BBenenue

IIpobiieMe onenkn cocrostausg 1 PYHKIHOHMPOBAHU CJIOXKHBIX CHCTEM, PACCMATPUBAEMEIX KaK
conmo-3K010r0-3k0HOMuYeckue cucrembl (CIIC), nocsamensl MHOTHE PABOTHI POCCHICKHUX U 3a-
PyDEKHBIX aBTOPOB, KaCaloIluecs KaK MeTOJ0B (hOPMUPOBAHNS YACTHLIX U HHTEPAJLHBIX HHIIH-
KATOPOB, TaK M IOUCKA ONTUMAJbHBIX PEMICHUi, IIPU KOTOPBIX CJIOXKHAS CUCTEMA [EPEXOJUT Ha
ONTUMAIBHBIN 1 ycToiunesiit peskuM. nenrudmranmsa CIIC, ux aHaain3 U OIEHKa, 3aBUCAT OT
TOYEK 3PEHUsI, UCIOJL3YEMEIX IOIX0M0B U METOI0B 00PabOTKHU M MPEICTABICHUS JAHHLIX, ITO Je-
MOHCTPHUPYETCS HAJUUINEM WX OOJIBIIOr0 pazHoobpasns. Beibop mokazareseil OMeHKN COCTOTHUS Pe-
FHOHOB COBPEMEHHLIMHU YYEHBIME 3KOHOMUCTAMHE, COIMOJIOraMU U reorpadaMu OIpeaeseTcs Ipa-
KJIQJHBIMHU 337[a9aMu 1 COPMYJTUPOBAHHBIMY TEJIMU HCCIEAOBAHUS, 8 TAK¥Ke ODIIHOCTHIO W3Y-
JaeMoll KaTeropur W SKCIEPTHBIME 3ak/IioueHusMu [1]. DTo u ompejesser Haamdne pasHooOpas-
HBIX TIOJXOJ0B, METOINK, MOJesell, a TaKXKe UCIOJb3YEeMbIX YaCTHBIX U WHTErPAJbHBIX WHIUKATO-
poB. TpaIulIHOHHLIM IIOAXOI0M (DOPMUPOBAHUI HHTEIPAJLHBIX HHINKATOPOB A/ aHAJIA3a COLMO-
9KOJIOTO-3KOHOMUIECKUX CUCTEM SIBJIAETCS MPOTIEAypa YCPEIHEHUS YACTHBIX TOKA3aTe e, Hallpu-
Mep, BBIYHCICHHE cpefHnX xapakrepuctuk [2], meron (Data Envelopment Analysis) DEA [3, 4] u
ero poccuiickuit anasor ACD, upeioxennsiii B.E. Kpusonoxko u A.B. JIbiuesbiv [5], a Taxkxke
ero MogMUKAINSA B YaCTH (DOPMUPOBAHMS STATOHHBIX TPAHWI 3PDPEKTUBHOCTH, paszpaboTaHHast
E.Il. Mopryuosbim [6]. s onenku kadectsa kusuu Hacesnerust A.C. AiiBa3ssHOM OBbLT WCIOJIb-
30BaH METOJ [VIABHBIX KOMIIOHEHT C IIeJIbI0 (DOPMUPOBAHUS WHTErPAJBHOIO WHIUKATOPA OIEHKH,
OTHOCSIIIIETOCsT K CHHTETUYIECKOi JaTeHTHOH Kareropuu [7]. [IpuMeHsioTCs METOABI MHOTOMEPHOTO
CTATUCTUYECKOTO aHAMN3a U UMUTAIIMOHHOIO MOJeJupoBanust [8].
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s oneaku ycroitunpoctr C9IC 1 NPUHATHS PEIIEHUI UCTIOIB3YIOTCS TTOX0/IbI, OCHOBAHHBIE
ma waesx 1. Jloitma, M. IToprepa, A.A. Tommcona, P.A. @arxyTannosa u psijia APyTUX aBTOPOB
[9]. TIpu sTOM peraTcs KJIaccuuecKue 3aj1auu OITUMU3AINK, B DOJIBIIMHCTBE CBOEM CBOJSIINECs
K 3a/[a9aM JIMHEHHOTO WJIN HeJIMHEHHOTo mporpamMupoBanus |10], B ToM ducse ¢ uCIob30BaHIeM
MeTOMIOB Tponudeckoit omrumusarun [11]. Jas npunstus permenuit B cdepe ympasierust CIIC
60J1ee TPUMEHUMBI METO/IbI MHOFOKpI/ITepI/IaJTbHOfI OTITUMU3AINN, KOT/a IKCIIEPTHOE OICHUBaHWE
AJIbTEPHATUB MOXKeT OBITH (DOPMAIN30BAHO WM 3aMEHEHO CTPOTOI MaTEeMAaTHYECKOH MOCTAHOBKOM
wim nouckom Ilapero-onrumasnbhoro muoxkecrsa [12]. TIpu 9roM BO3HHKAET BONPOC OIEHKM BaXK-
HOCTH KPUTEPUEB, BIOOpA WX BECOBBIX K03(hdIHeHTOB U MeTonoB perrerus [13, 14, 15|, ¥ro Ha
CETOIHATITHUH TeHb ABJIAETCA OTKPBITON mpPobIeMoii.

2. KoHcTpyupoBaHue KpuTepueB OIEHKN

ITycts mmerorca mogmuoxkectBa X dakropos cocrosinus x;(t) € X; = X1 | Xo|J X3 muOKe-
crea X D X npuuem X = X1 |J X2 |J X3 C Re, re X; B ob1meM ciiydae mepeceKkaloninecs: IO IMHO-
JKECTBA, NMEOIINE COMUAIBHBIN, SKOHOMUIECKUI 1 9KOJOrHmIeCKuit cMbICa (j = 1..n - KOJU9IecTBO
bakTOPOB COCTOSIHNUST), & TaK¥Ke MMOJMHOKECTBA Zy (hakTopoB BoszeiicTeus 25(t) € Zs C Z C Re
(s = l.u, u - komuecTBo GakTOPOB BO3melcTBUs), ¢ - napamerp Bpemenu (t = 1..7). Beegem
muOKecTBa Y; 1 Y; pesymbraros yi(t) € Y; = Vi JYaUYs € Reu i(t) € Vi = ViUYaUYs C Re
(1 = 1..m, m - 4MCJIO PE3YJIBTATUBHBIX PU3HAKOB) COOTBETCTBEHHO, IJIE MOCJIEJHEE OLIPEe/IsIeTCs
nexoropoit dbymkmueii f;(X, Z) makoit,aro f: X |JZ — Y;. Kawoe us nogmmomxects x;(t), zs(t),
yi(t) m g;(t) mpeacraBsiror coboit HaAOOP MoKa3aTe el MepPeMEeHHBIX, MOJYIEeHHBIX B MOMEHT BpeMe-
HA t ¢ xapakTepucTukamu: Maremarnaeckue oxuganns M (x;j(t)), M(zs(t)), M(yi(t)), M(g;(t)) u
cpennekBasgpaTndeckue oTkiaonenus o(z;(t)), o(zs(t)), o(yi(t)), oyi(t)). Toraa snementamn moa-
muokecTe ¢ magexcom (*) (X7, Z7, V77, Y;*) Gymyr:

zy,; — M(z;(t))

0= 0wm) .

() = e 2, ®
e o Uki— M(yi(t))

i) = e~ ), 3)

gi(t) = 2 = MG0) (1)

o(gi(t)
rie k-Toiii ssevent mMHOokecTBa K (oO0bekta nccnepopanns (CIIC)) comepkur B cebe 1eMeHTHI
HOAMHOXKeCTB Yii(t) € Yk, Uri(t) € Vi, xj(t) € Xpj, 2xs(t) € Zyps (K = 1.N, N - uucio
paccmaTpuBaeMbix 00HeKTOB). [Ipu 3TOM BBITONHAIOTCS YCIOBUA:

m m m m
Y; = E Yii,Yi= § Yii, X = E Xij, Zs = § ks (5)
k=1 k=1 k=1 k=1
B kawecTBe 00bEKTa MOXKET BBICTYTIATE XO3SIHCTBYOIIHH Cy0beKT, MyHHUITUITAIEHOE 06pa3oBaHue,
PErmoH u T.II. Omnpeermv smemenTs mopvuokects ¢ nagekcom (0) (Y2, Y0) kax:

0o _ y?éz - mm{ylﬁ,ia ?9;;1}
Yri = * Nk . * Ak ’ (6)
' mafc{ym, yk,i} - mln{ykyi, yk,i}

0 Z??Sl - mm{y/f;,ia QZz}
Yri = * Nk . * Nk . (7)
7 max{ykﬂ., yk,i} - mln{ykyi, yk,i}
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Tor;pa JaCTHBIMW MHAWUKATOPAMUW PE3YJIbTATUBHOCTU k -Toro sjemenTa MHOXKeCTBa K MOXKHO
CHUTAaTh OTHOIIICHUE:

r,i(t) = yo’i (8)

o6pasyiomumu Muoxkecrso =0 Onpeeiym 4ic/ia, KOTOpble XapaKTepPU3YIOT CBSI3b MKy P-ThIMU
0 vO0 0 v0 o .
Y, Y, ug-teivu Y, Y’ IOAMHOXKECTBAMHE Tpg, Tpg B BUJE:

. C1 X Cica Y Ui (t) - Uig®) )

VS SN S (v, 0) S S S ()]

_ Cp X Zfil Y ORI/ |
VS S S (51,0) S S S (52, 00)

Ouesn/iHO, 4TO 3TH 3HAYEHH OYJIyT OMHAKOBBIMM Jist HojmMHOxecTs V', Y n V', V5, a rakxke
Y,, Y.

Onpenennm MuOKecTBo =) 316MeHTAME KOTOPOTO SIBJISIIOTCS OGOGIIEHHbIC HHIHKATOPHL Pe-
3yJbTaTUBHOCTH &) (1), TOJIyUeHHBIE W3 COOTHOIICHNUSI:

(10)

\/Zp 12 g1 Tpg " ykp( )‘yg,q(t)
\/Ep 12(1 17pq - ykp( )'ﬂg,q(t)'

(11)

B ofmem cayuae cosceM He 0ba3aTenbho onpeeaars muoxkectso 2N | B cocras koToporo Bxogar
BCE M Pe3yJIbTATHBHBIX IPH3HAKOB, & COCTABIATE noamuoxkecrsa EP) 13 naGopa m; < m 1eMeHToB
B CJIydYae, €C/IM BO3HUKAET HEOOXOIMMOCTBH OIEHWBATH PE3Y/IbTaThl (DYHKIIMOHUPOBAHUS CHUCTEMBI
[0 ee CTPYKTYPHBIM Uu (DYHKIIMOHATHHBIM JeMEHTaM (HAIpUMeEp, OTPAC/Ib, CEKTOD SKOHOMUKH,
cdepa JedaTeIbHOCTH U T.I1), & 3aTeM yzKe npoBoauTh 0606menune (11) no yxe copMupoBaHHBIM
Ha [peJbIAYIIeM Iare WHIANKATOpaMm, (POpMHUpPYT, TeM CaMbIM, MHOTOYPOBHEBYIO CXEMY OIICHKH.

Bug u cocras dbyukmmit f; : X|JZ — Yi, SABJISIIOIINAXCS MPEICTABICHUSIMI MHOIO(hAKTOPHBIX
PerpeccuonHBIX MOJeselt, OTPeesTioTCS permeHeM mTpobaeMbl uxX CrenuduKaInm, Ha oCHOBe F-
CTaTHCTUKA U (-OIEHKH ITapaMeTpOB.

Bripaxkenune (11), sBmstionieecst, o CyTH, OPONEAYPOIl CBEPTKU NAHHBIX, MOXKHO OMUCATL M B
TEPMUHAX BEKTOPHOIO aHa/m3a. Kax/j0e 3HadeHne y]g,p(t) MOKHO CYHTATh KOMIIOHCHTOH BEKTOpPa

2 B M-MEPHOM TPOCTPAHCTBE C KOCOYTOJbHBIM 0a3ucoM, 0ODA30BAHHBIM €IWHUIHBIMU OPTAMU
0 , IPUYEM YTOJI MEXKAY COOTBETCTBYIOIIMMI OCSIMH MOKHO IPEJICTABATL B BUIE:

vy vy
coscppq:’ o7 (12)

Torma jumay BEKTOpA 72, KOTOpasi B IMIPUHITAIIE HE 3aBUCUT OT BbIOOpa Haszmca, MOXKHO Ompe-

JCJINTDh KakK.
m m
|72| = 70 O = Z erq ) y]g,p ) yg,(ﬁ (13)

p=1g=1

qaT0 coBragaer ¢ uncanrenem B (11). Takum ke o6pa3oM WHTEpOpeTUPYETCs U 3HaMeHare b B (11).
Nx orHomenre n ompenesser KOJIUIECTBEHHYIO OIEHKY Pe3y/abTaToB (DYHKIMOHWPOBAHUSA Kk-TOTO
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snementa MaOKecTBa, K. Ecmu () > 1, TO MOXKHO CUMTATE, YTO OHU SBASIIOTCS yJ0BIETBOPUATETb-
HBIMH, B IPOTHBHOM CJIydae HeOOXOJUMO NPHUHATH MEPHI, HAIIPABJICHHbIE HA JOCTHKEHUE HOPMATH-
Ba, KOTOPBIN PACCUUTAH Jjisi KAXKI0I0 k-TOro 00beKTa.

B03MOKHOCTD HCIOTB30BAHUS MPE/IOKEHHOTO MO/IX0/1a TIO3BOJISIET y0BIETBOPUTDL BCeM Tpeho-
BaHUSAM, IPEIbABIICMBIM K MHTEIPAJbLHBIM UHIAKATOPAM OIEHKH. MHOTOypOBHEBas ¢XeMa, 060CHO-
BBIBAET €r0 yHUBEPCATHLHOCTD, Bhipaskenus (1)—(4) onpenensier 6e3pazmeprocts, a (6)—(7) — nopma-
musario. Coornormenust (8)—(11) obecreunBaroT yeaoBre HOPMATH3AINN, TPUIEM TIOCTETHEE OCY-
TIECTBJALET YI€T B3aNMOCBA3N YaCTHBIX IoKaszareseit (I/IH’ZLI/IKaTOpOB) PEIYIBTATUBHOCTH. BXO;[?IH_U/IQ
B COCTAB HOPMATHBHBIC 3HAYCHWS MOKA3ATE/CH DE3yTBTATHBHOCTH M3 MHOKECTB Y;* TO3BOJISIOT
Y1IeCTh KOHKPETHBIE (PAKTOPBI COCTOSHUA ¥ BO3IEACTBUA /i 00HEKTOB n3 MHOXKecTBa K.

3. Monenu ¢dopMupoBaHUS HOPMATHUBOB

JLisa popMupOBaHra HOPMATHBOB MOYKHO UCIO/IH30BATH MOE/H TPOU3BOIHLHOTO Buta. Hambosee
PaCIPOCTPaHEeHHBIMU SIBJASIOTCS MOJAEIN JIMHEHOTO THIIA:

n S
A% * *
g =Y Cij-aj+Yy Dis- 25, (14)
j=1 s=1
1T 06O0OMIEHHOr0 HOpMaTHUBa:
04 1/2
m m n S 0 n S
A~k A~ * * * *
Yi = E: Tpq - E:C%i*%¢+‘§ Dyi- 2y | - E C%j*%4+‘§ Dyj - 2
p=1g=1 i=1 i=1 j=1 j=1
(15)

TJe M — YUCJO PEe3YIbTATUBHBIX MPU3HAKOB; N — YUCJI0 (PAKTOPOB COCTOSHUSA, S — GUCIO (PAKTO-
POB BO3JIEMCTBULA; P, ¢ — UHJIEKCHI P-TOI'O U G-TOT0 PE3YJABTATUBHOIO NPU3HAKOB; %, j — WHIEKCHI
i-TOTO W j-TOTO (DAKTOPHBIX TMPU3HAKOB;, kK — WHIEKC pacCMaTPUBAEMON €IUHUITLI COBOKYITHOCTH;
Tpg — TMAPHBIH KO3(MMUIUEHT KOPPETIANNT MEXKIY P-THIM U ¢-TBIM PE3yIbTATUBHBIM IPU3HAKAMIU,
Cpis Cqjs Dpiy, Dy j — cOOTBETCTBYIOIITE BECOBBIE KOI(MDMUIMEHTAMI MEXKY P-ThIM, -ThIM Pe3yJIhb-
TATUBHBIM U -THIM U j-THIM (PaKTOPaMH COCTOSHNAS U BO3IEHCTBUS COOTBETCTBEHHO; xz’i, xz i Zz,i?
zz j — COOTBETCTBYIOIIHE UM (bakTrueckue cranmapTu3oBaHHbIe 3HAUEHUs; WHEKC () mokaswbiBaer,
YTO MPOBEJIEHA MPOTIEIypa HOPMAJIN3aIuu s B coorercrBun ¢ (6)—(7).

Takke pacmpoCcTpaHeHo WCHOIL30BAHNE HEeTMHEHHBIX MOEIeH MYJIbTUILITUNKATHBHOTO THIIA HJIN
UX JIOTapUPpMUTECKIX AHATOTOB:

n S
Ing; =Y Cij-Inaj+> Diy-Inzf, (16)
j=1 s=1

YTO SIBJASETCA PABHOCUJIBHBIM [PEJICTABICHUIO HEJUHEHHBIX MOJeJIell, a B CJydae UCIIOJIb30BAHUS
TPy/la M KalnTana B KadecrBe o0bsACHSIOIINX HepeMenHbix, — B opme Kobba-Tyruaca [16]:

n S

ge = [« T (17)

j=1 s=1

Becosbie xoabdunuenter Cp i, Cy i, Dpi, Dgj HaxogaTCda ¢ HOMOMIBIO METOIQ HAMMEHbIINX
ksazgparos (MHK) nin nomarosoro MHK [17].

DakTOphl BO3MEHCTBUS BKIIOYAIOT B cebsI KaK (DaKTOPHI €CTECTBEHHOrO, TAK U AHTPOIOTN€HHOTO
XapakTepa, MOCAETHUE U3 KOTOPHIX MOTYT OBITH YIIPABAIEMbIMY U HEYIIPABIAEMbIMUA. ¥ IPABIIEMbIE
$aKTOPBI TMO3BOJIAIOT IIEPEBECTH CUCTEMY B KEJIaEMO€ COCTOSHME M 3aJaHHOe ee (DYHKIMOHUPOBAa-
HUE.
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4. Kpurepuit rapMOHUIHOCTH

TapMonnunoe cocTogrme, (GyHKIIMOHUPOBAHNE W PA3BUTHE COIMO-IKOJIOTO-3KOHOMUIECKON CH-
CTeMBI SBJISIIOTCS OJHUMHU W3 CBOMICTB ee yCTOWYMBOCTH. DTO TMOHATHE CBSI3aHO CO COATAHCUPOBAH-
HBIM POCTOM, TO €CTh PABHOMEPHBIM TOJIOKUTETHHBIM W3MEHEHNEeM KJTI0UEBBIX TTOKa3aTesel, Xa-
pakrepuzytomux CIIC. TTokazarenb H0KeH YAOBIETBOPATL YCAOBUAM 6e3pa3MepHOCTH U HOPMa-
quzarun. [Ipu 9ToMm TpeboBaHEe paBHOMEPHOTO POCTa TIPETONPEIEISTeT HEOOXOINMOCTh PABEHCTBA
sHaveHnit 06obienHbIx nmokazareseit (popmymnsr (2), (11)) mo kaxaomy u3 Hanpapsiesuii (oTcyr-
crBre acuHaXpoHHOCTH). [loHATHO, UTO Takas cuTyanus BO3MOXKHA TOJBKO B MICAJTBHOM CIydae, U
MIPAKTUYECKH HEe Pean3yeMa, OJHAKO MOXKHO ONPEeESUTh Mepy, KOTopas MO3BOJISeT OEeHUTh CTe-
[IeHb PABHOMEDPHOCTH (TapMOHUYIHOCTH) COCTOAHUs, GyHKIMoHupoBaHus u paspurus CIIC. Ta-
KOPi 110/IX0/I IPUMEHMM U K OLEHKE OTJE/bHBIX COCTAB/IAIONINX (COIMAIbHAS, IKOJTOTUIECKAST UJIN
9KOHOMUYECKAs), UTO OIPEJIEIACT €r0 YHUBEPCAIbHOCTh. K03 duinmenT rapMOHHIHOCTH MOXKHO
pEeICTaBUTh Kak [18]:

Ki(t)=1- (&) (18)

M (&:(t))’

M (&,i(t)) — maremaTuueckoe oxuganue, o(&y;(t)) — cpeHEKBAPATHIECKOE OTKIOHEHHE, OLpe/ie-
JisieMble 110 (bopMyIam:

M (&k,i(t)) = %ka,i(t)a (19)
=1
L 2
o(&ri(t)) = 4| D Gnat) = M(&i(®)) | - (20)
=1

Yewm 6immke K egunune Ky, TeM rapMonnydnee (QyHKITMOHUDYET OOBEKT ucciieoBanus. Jlanubii
WHANKATODP He XapaKTepu3yeT ero CIEIUAJIU3AINI0, & YKA3bIBAeT CTENeHb COOTBETCTBHUS PACCMAT-
PUBAEMbIX WHIMKATOPOB HOPMATHBAM, C YIeTOM KOHKPeTHBIX ycoBuit. B (18) Berauraemoe ects uHn
YTO WHOE KaK MepBbIi KO3 MUIIMEHT Bapualiiuy, XapakKTepU3yIOMnii BeJINUNHY Pa3zdbpoca 3HAUCHUT
oKa3aTe el OTHOCUTEIBHO CpeqHero 3uadennd. 3BecTHo, uT0 KOI(DDUITHEHT BAPUAITNHT OITEHUBAET
CTEIeHb OJTHOPOJHOCTH COBOKYITHOCTH, B JJAHHOM CJiydae nokaszarejeil pesyiabrarupaoctu C93C.
Ecnu xosdpdpunment sapuanuu xe npessimaer 10%, To c4uTalOT, YTO CTENEHb PACCESHUd HeZHAYM-
reqabHa. Ipu npepbimennn 33% MOXKHO MOBOPUTH O HEOJHOPOIHON COBOKYIHOCTH. AHAJIOIHIHYIO
IrPaJAIII0 MOXKHO CenaTh i Ko3hdUIMeHTa rapMOHUIHOCTH: 1 — MaeabHbIH (rapMOHUYHBIN );
0,9..1 — BeIcokuit; 0,8..0,9 — cpexnnmit; 0,66..0,8 — nuskwit; <0,66 — HecbaaHCHPOBAHHBIN (HErAPMO-
HUYHBII).

B ciyuae pasencrsa Bcex cocrasistionux & ;(t), o(&x,i(t)) 6yaer pasuo 0, a, cieroBaTeIbHO,
K03 PUIMEHT TAPMOHUIHOCTH TPUMET 3Ha4denne 1, 910 OyaeT COOTBETCTBOBATDH MACAJIHLHOMY COCTO-
saanio (byuxnuonnposannto) CIIC. B nannom ciydae, Ko3hhUIHMEHT rapMOHUIHOCTH TPE/ICTAB-
JIEH B CTATWYECKOM BapHUAHTE, TO €CTh €10 3HAUEHUE XapaKTepu3yeT He ¢HaTaHCHPOBAHHBIN POCT, &
c6aIaHCUPOBAHHOCTD CJIOXKHO CUCTEMBI B 33 [aHHBII TIEPUO/] BpEMEHH 110 BIOPAHHBIM [I0Ka3aTe/IsiM
OLIEHKHU.

5. IlocTanoBKa 3aa4 ONTUMU3AIAN

B caydae HeCOOTBETCTBHSA IOKa3aTeaedl (PyHKIMOHMPOBAHKUSA CJIOKHON CHCTEMBI HOPMATHBAM,
korga suadenns & ,(t), (), paccumramubie coorsercrtBenno mo (8) u (11), Menbime eamHUIB,
HEOOXOAMMO H3MEHATE (PAKTOPHI COCTOAHHUS W yIPaBJIgeMble (PAKTODPHI BO3ACHCTBHA C LIEILIO JIO-
CTYKEeHnst TpeOyeMbIX 3HAYeHUI WHANKATOPOB Pe3yTbTATUBHOCTH. DTO BO3MOXKHO OCYIIECTBUTE 32
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CUYeT MPOBEJEHUS MTPOIEAYPHl ONTUMWIANNY [1€J1eBOH (DYHKIUK 0 COOTBETCTBYIOIIUM YITPABJISIO-
M KOMIIOHEHTaM MOJIEJIH.

B 3aBucumocTy or mesieit ynpasiisommx BO31eHCTBYI MOXKHO COOPMYJIMPOBATH HECKOIBKO TH-
OB 3a/1a4.

Bamadga 1. OnruMusaimst YaCcTHBIX TOKA3aTe el pe3yIbTaTHBHOCTH.
ITycTs i-ThIit HOpMATHB (YaCTHBIN TOKA3aTENb PE3YJIBTATUBHOCTH) 7T K-TOrO 3jeMeHTa COBO-
KYITHOCTH gjg ;(t) Mozer OBITEH Ipe/CTABIEH B OOIIEM BHJE KAK:
b

~ * * * * 0
ylg,i(t) = f (5 (t) + Axg (1), 25 (1) + Dzg (1) (21)

rae j, s — unuexce hakTopos cocrosmna ¥, (t) m Bosgefictsus zp; (t); Azy, (1) m Az, (2)
— WX COOTBETCTBYIOIINE BO3MOYKHBIE MPUPAIIEHUs (CTAHIAPTU30BAHHBIE); ¢ — BpeMsi (Tepuon);
nporeaypa HopManusanuu obosnadena sepxaum wagekcom (0). Bug dynknmu f — moxer ObiTh
npon3BosibHbIM (mHeitHbIM (14), (16) nan zHesmHeiiHBIM, HanpuMep (17)).

Crasures 3a71a4a: Ipy KAKNX BO3MOXKHBIX sHateHusx xj ,; () + Azj , (1), 21 ; ((¢) + Azp; ()
BbIpazkenue (8) crpemmiock Obl K euauIe. To ecTh:

0
Yk,i
~0

Y

—1, (22)

TJle © — WHJEKC 9aCTHOTO TIOKA3aTeNsl Pe3yIbTATHBHOCTH; ygﬂ., gg,i — COOTBETCTBEHHO HOPMATHBHBIE
n d)aKTI/ILIeCKI/Ie SHQUEeHUd MHANKATOPA.

Ha ocHoBanum 310ro TpeGOBAHWSI MOXKHO MPEJICTABUTH HEJEBYI (DYHKIMIO B BUIE PA3HOCTH
CbaKTI/IquKOFO n pacdeTHoro 3HAYEHUN YaCTHOTO MMOKA33aTesId PEIYIBTATUBHOCTH, HOJTyLIeHHOﬁ u3
cooTHOMIeHUsT (22):

F(t) = ng,i - ylg,i — man. (23)

IlycTb umeroTcs orpanudenust B obIeM cjydae HEJUHEHHOro BUJIA!
gu (@hi i (8) + Axi; 5 (8), 2 p (1) + Azi (1), 2544 (8) + AzE () =0, (24)

mpudaeM [ - 9UCI0 OrpaHuIeHmi, j — WHAEKC (GPaKTOPOB COCTOSHUA, P, § — WHICKCHI HEYTTPABJISIEMbBIX
¥ yIPaBJIAEMbIX (DAKTOPOB BO3HEHCTBUS S COOTBETCTBEHHO, a z,jl s = z,jﬂ-,p U z,jl .

Tpebyercs naittu Takoe pemenne Axy . (t), Az (1) = {Azy, (1), Az, (1)}, npu koropom
dbyuknus (23) npu Haawaym orpanwdeHuii (24) mpuHEMaa 6bI MUHUMATBHOE 3HAUCHIE.

To ecTh npouesypa ONTUMUAZALUA B JAHHOM CJIydae CBOJIUTCH K 33Ja49€ HeJUHEHHOrO Mporpam-
MUPOBaHMsI, KOTOPas MOXKeT ObITh pereHa MerojgoM Jlarparxka [19].

Pemenne Taxoil 3a1a49u MOXKHO KAUE€CTBEHHO HHTEPIPETHPOBATH CICAYIONIIM 0OPa30M.

Unrepnperauus 1: nackosbko nabmofaercs Axy j(t), Az, q(t) nepepacxo sl (HeJI0nCIoNb30Ba-
Hue) hakTOpoB coCTOdAHUSA U Bo3aeiicTust B k-Toit C9IC.

Nurepuperanus 2: xHackonbko Axy j(t), Az, q(t) He0OXOINMO HHTCHCHPUIUPOBATD UCIOIB30-
BAHHE T, ; ; (t) u palMOHAJIN3UPOBATDH thr,i,q(t)’ 9T06b1 HOpMaTHB B k-Tott COIC ObLT JOCTUTHYT.

JlanHas MOCTAHOBKA NMPUMEHHMa B CJIydae, eCau JIg OPTaHOB yIPABICHUSA TPHOPUTETOM SB-
JIETCA YIydIlenne OJHON M3 XapaKTepUCTUK (PYHKIMOHUPOBAHUA COIMMO-3KOJIOT0-3KOHOMUIECKOH
CHCTEMBI IPH MAKCHMAJIbHO JOMYCTHMBIX PACX0OJaX Ha PEATU3ANNI0 MEPOIPHUATHN, HAIPABJICHHBIX
Ha n3MeHeHus (baKTOPOB COCTOAHUSA U BO3IEHCTBUS.

B nmueitHOM coryvae pemenune 3aaum ONTUMABAIUE CBOJAUTCA K 00IIel 3a/1a49e JUHEHHOTO 1Ipo-
IrpaMMUPOBAHNS:

0

D Cij (@i (0) + Axh () + D Dis - (,5() + Azt ()| —yR; — min, (25)
j=1 s=1
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Z ki g+ (Th () + Axg; 5(1)) + Z i+ (254,5(t) + Azp; (1) > (<, =)bi. (26)

3aech ak; j, dii s, b; - cooTBETCTBYIOMMUE KOI(MDGMUINEHTE! CUCTEMbBI OIDAHIYCHHA.

3agaga 2. Onrumusanus GaKTOPOB COCTOSHUS U BO3ACHCTBUA JIJId JACTHOIO IIOKA3ATEs Pe-
3YABTATHBHOCTH.

Jlannas 3a/a9a aHAJOTHIHA, TPEIBIIYINEH, 0JHAKO BUJ IIeJeBOH (DYHKIINK OTIPEIEITeTCsT CyM-
MOil mpupalnenust (pakKTOpOB COCTOSHUA U Bo3AeiicTBus. Takas IIOCTAHOBKA MOMKET IPHMEHHMa B
cJydae, eCJIM IPUOPUTETOM OPraHOB YIPABJICHUSA ABJ/IAEeTCA MUHUMHU3ANNA 3aTPAT HA PEATU3ANIO
MEpOIIPHUSTHI, HaIIPaBIEHHLIX Ha COKpAIeHHe PA3HUILI MeXIy (PaKTHIECKHM W HOPMATHBHLIM
SHAYECHUAMU YaCTHOTO ITOKAa3aTeJId peSyﬂbTaTI/IBHOCTI/I.

B stoMm cayuae mesrepas pyHKIHS MOXKeT OBITL IpeicTaB/IeHa Kak:

F(t)= Z‘Amk” ‘—i—Z‘Azmq )‘—>min. (27)
i=1 s=1

Torna Beipazkenue (23) M0KHO OBITH BKJIIOUEHO B CHCTEMY OTDAHHYICHUIL:
70 >0, (28)
yk,z yk 4 =

g (@hi i (8) + Axi; (1), 2 p () + Az (1), 27 4 (1) + Az (£) = 0. (29)

Perrenwe Takoit 3amaun MoxKeT OBITH OCYIECTBIEHO METOMAMU, ONTUCAHHBIMY B 3a7aqe 1.

Bagaua 3. MuorokpuTepraibHas ONTUMEAZAINS sl YACTHBIX OKa3aTes el pe3ybTaTHBHOCTH.

IMorpebyem, 9T06BI OJHOBPEMEHHO BBITOMHSIUCH yCa0Busa (23) u (27), uro nogpasymesaer obec-
nedenue TpebyeMoro HOpMaTUBa U MUHUMU3AIAK 3aTPAT CO CTOPOHLI OPraHOB yIpaBJieHus. B arom
caydae 3a/a9a CBOAWTCH K MHOTOMAPAMETPUIECKON ONTUMHUBAINN [BYX IEIE€BhIX (PYHKIUN mpu
HA/IMYIAN CUCTEMBI Orpanudenuii (29).

F(t) =ik, — Yis — min. (30)
n S
)= |Aai (O] + D |z 4(8)] = min. (31)
i=1 s=1
g (@55 () + Axj (1), 25 5,(8) + Dzi s (1), 215 (8) + Az (1) = 0. (32)

Z[.HH pemennda TaKOM 3aJa91 MOXKHO BOCIIOJIB30BATHCA IMMPOKO U3BECTHBIMHU METOAAMM, HAIIPH-
Mep: METOJI B3BEIIEHHBIX CYMM € TOYEYHBIM OIEHUBAHUEM BECOB, METO/] CBEPTLIBAHMS YACTHBIX KPH-
Tepues B cynepkpurepuit (K03 OUIMEHTbI HAXOAATCS IKCIEPTHO MO € HOMOIIBI MeToa Jlarpan-
xka), meroy Ilapero.

3agayga 4. OnTuMusanug 060OIIEHHOr0 MOKA3aTe/IsT PE3YIbTATHBHOCTH.

Kak u B IpeapAyIux 3a/1a49ax, MeaeByio hyHKINIO MOKHO MPEJICTAaBUThL B BUE PA3HOCTH (hak-
THYECKOTO M PACYETHOrO 3HAYEHUIT 0000IEHHOTO (TaCTHOTO) TTOKA3ATE ST PE3YTLTATHBHOCTH, TTOJTY-
qeHHY0 U3 coorHommerus (8) wau (11) mast BeIOpaHHOTO k-TOTO 3/1eMeHTa COBOKYIHOCTH. Torma mrs
000OIIEHHOr0 BUI3 MOXKHO 3aIINCATh:

F(t) = Yk,norm - Yk,fact (33)

WJIn:

F(t) = Z Z Pq yk:p t) 'Qg,q(t) - Z erq ‘ yg,p(t) 'ylg,q(t) — min, (34)

p=1qg=1 p=1qg=1
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rje Q27p(t) MOXKeT OlpejeasaThesi cooTHomernsmu (17) n nporeypoii Hopmasmsaiun (7).

Orpannvenns umeror Buj (24).

Takas 3a7a1a MOKET OBITH TOCTABICHA B CYYae, €CIM OPTaHAM YIIPABICHNAST HEOOXOIUMO YTy -
HIINTh KOMIIEKCHYIO COCTaBJILIONYI0 dyHKImonupopanusg CIIC, Hanpumep, orpacisb jnbo 0606-
IMEHHBIE XaPAKTEPUCTUKYU SKOHOMUKH SKOJOTHH WU COIMUATBHOTO Pa3BuTHA. g TUHEHHOTO BUIA
HOPMATHBOB W CHUCTEMBl OTPAHUYEHWH MOXKHO BOCITOJB30BATHCA AJITOPUTMOM, MPETTOKEHHBIM B
[20]. B manHOM KOHTeKCTE haKTOPHBIE MTPU3HAKU HE PA3JESIOTCT Ha (haKTOPhI COCTOSIHUSI W BO3-
JeficTBIA 1 0003HAMEHbBI OJUHAKOBO ().

Ilorpebyem, 94TOOBI BBITIOJIHSIOCH YCIOBHE:

fk,fact -1 (35)

gk,norm

PaccmarpuBas pecypcHEIN MOTEHIHAI KaK COBOKYTHOCTH (DAKTOPHLIX MPH3HAKOB Tj, MOMKHO
TMPEINONIOKHAT, ITO MPH HeA(DMEKTUBHOM YIIPABICHIN OJWH M HECKOIBLKO (PAKTOPHBIX MPU3HA-
KOB HMCIOMB3YIOTCS HeparuoHaabao. CreoBaTesbHo, CYyIMEeCTBYIOT TOTEPH TIPU NUCTIOTB30BAHUN -
TOTO (haKTOpPa, KOTOPHIE MOXKHO YUEeCTh TMOCPEJICTBOM BBEICHWS COOTBETCTBYIOMNX KOI(DPUIIHEH-
T0B Kj, IMEIOIIX CMBICII MyJIBTUILINKATOPOB (akceaeparopos). Ilpu pocrimkenun "HOpMaTHBHOrO"
3HAYEHHdA Pe3yTbTATUBHOIO IpU3HAKa, K; MOKHBI IPUHATH 3HaUYeHNe, paBHOe efnHHIe. Ecmm Ko-
s¢pdunuenter B (15) C; <0, 10 K; > 11, eciu Cj 5 > 0, 1o K; < 1.

B mepBoM ciIydyae 09eBHIHO, YTO UeM BBIMIE 3HadeHHEe K, TeM MeHee PAIlHOHATIBHO HCIOJIb3Y-
erca j-Thlii (baKTOP, BO BTOPOM CIydae: 9eM MeHblne 3HadeHue Kj, TeM Xy»Ke HCIOIB3YeTCs j-ThIi
daxTop. B sToM cmblcie npeacTaBuM (aKTHUECKOe 3HAUCHHE &k fqct, UCIONB3Yd (opmy (15) u
BKJTIOUMB B HEE MYJBTUILIAKATOPBI (AKCEIepaTOPHI):

1/2

f B m m n n - | | Thop @
k,fact — ZZZZ”J'CZ, 'C],q‘ Kkp ' qu ) (36)

i=1 j=1 p=1 ¢q=1

e M — YUCI0 PE3YJIbTATUBHBIX MPU3HAKOB, N — YNCI0 (DAKTOPHBIX MPU3HAKOB, { — UHIEKC {-TOTO
Pe3yJILTATUBHOTO MPU3HAKA, § — HHJEKC j-TOr0 Pe3yJIbTaTHBHOIO MIPU3HAKA, P,q — UHIIEKC P-TOro (g-
Tor0) AaKTOPHOrO MPU3HAKA, kK — HHIEKC PACCMATPUBAEMOTT €IMHUIIBI COBOKYIIHOCTH, 7% j — IAPHBII
K03 PUIMEAT KOPPEIAIUN MEKILY i-ThIM U J-THIM Pe3yJIbTaTUBHBIM MPHU3HAKOM, BLITUCIEHHBIH 110
(9), Cip, Cjq — "Beconoii" koabUIIEAT MEKILY i-THIM (J-TBIM) PE3YIBTATHBHBIM U P-THIM (g-ThIM )
(baKTOPHBIM IPU3HAKAMHE, T p (T q) — PAKTHYECKOE 3HAUCHHUE CTAHIAPTU30BAHHOIO P-TOrO (g-TOrO)
bakTOpHOrO NpH3HaKaA [is k-TOH exmHuIpl coBokynHocTH, Ky, (Kj ) — akceneparop p-toro (g-
TOro) aKTOPHOTO NpHU3HAKA /I k-TOH eauHuIbl coBOKyIHOCTH. OueBuHO, 4To Bhipazkenue (36)
ABJIACTCS TOJOKATEIBEHO OMPeIeTCeHHBIM.

Orcroma chopMyIMpyeM OCHOBHYIO 3aaMy OPraHOB BAACTH B 9aCTH TOCYIAPCTBEHHOTO yIIpaB/Ie-
HUA M KOHTPOJIA: BbIABJICHIE H&I/I60ﬂee HU3KMNX 3HaUYEeHU (I/IJ‘H/I BBICOKHMX 3HaueHUuii B cjrydae oTpu-
nareabHocTH Ko3dbdunuenta B (36)) akcesepaTopos, a TaKzkKe IPUIHHBI, KOTOPBIE TTOBJIUSIIA Ha, UX
dopmuposanue. [Ipuanabr MOryT OBITH ONpPeEIEHBI TOCPEICTBOM AHAIN3A METOIOM JKCIEPTHBIX
OIIEHOK, B PE3Y/IBTATE YEro OKa3blBACTCHA BO3MOXKHBIM pa3padoTaTh PEKOMEHIAINU [ XO3SiCTBY-
IOIMUX Cy6”beKTOB C IIEJILIO IIOBLIIMICHUA S(b(beKTI/IBHOCTI/I UCIIOJIB30BaHUA PECYPCHOr'O IMmoTeHIaJIa.
Ypasuenne (36) nmeer MHOXKecTBO permennii. CiemoBaTesbHO, Hanbosee 1e1ecO00pa3HbIM TPe]-
CTAaBJISIETCH BBISBUTH TOT (AKTOP, y KOTOPOro axcenaeparop munumases (B caygae C;p(Cjq) > 0)
mubo makcumaien (8 ciaygae C;,(Cjq) < 0).

C 3T0lt MEeNbIo OMpeeInM HAIPABJIEHNEe, B KOTOPOM TpaBas dacTh ypasaexus (56) yBenmau-
BaeTCA HaMCKopeimuM obpazoM. I 3TOr0 BEIMUCIMM YaCTHBIE TPOU3BOJHBLIE IO MApaMETPaM -
aKCeJepaTopaM - U BBIJEJNM N3 HUX MAKCUMAIbHOE 3HadeHue. 11ocIe HeKOTOPBIX mpeodpasoBaHmii
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IOy 9M:

9 1 Doy 21 2 opm1 Tig [Cip - Cis + Cjp - Cig] - Ix(ii : f{%z

e 2 I S S S iy Cup Oy e )
i=1 2uj=12up=122q=1"T15 " “ip " “ia K., K,

311ech 4,§,p — UHJIEKChI CYMMUWPOBAaHUS, S — HHJIEKC S-TOT'0 aKCeJepaTopa, k — HHJIEKC paccMaTpu-
BaeMOM eMHUITEI COBOKYIHOCTH, IO KOTOPOMY bOepercs dacTHas mpousBogHasi. OupepesinM S-Thiit

(37)

HHIEKC U3 yCJIOBHUA:

&, ‘ m m n o,
§ = max [8[{“] = msmz Z Zrm [Cip-Cijs+Cip-Cis)- K—ki T s- (38)

i=1 j=1 p=1

OrnpejiesiuB s-Thiil MHIEKC, MOXKHO MEPEXOJIATL K OIPEIEJEHUI0 S-TOr0 aKCeJIepaTopa, IPUHSB,
9TO0 Ha TIEPBOM IIAre BCe OCTAIbHBIE 3HAYCHUS aKCEIEPATOPOB PABHLI euHuIe. Perenne CBOANTCS K
OTIpeieJIeHNI0 KOPHell KBaIpaTHOroO ypaBHeHus u3 (36), re Hem3BeCTHBIM HapaMeTpoM Oymer K s,
T. €.:

ap - K7+ by Kps+cp =0, (39)
TJIe
n

m m n
llkvp xkvq $k,p
a =2 > rijld_ | D Cin Cig- o T (Cip Cis+ Cis - Cip) - 2= T | =

i=1 j=1 p=1 | g=1 k,p k.q k,p

~Ciys - Cjs - 47,5, (40)
b =S S S (G Coa b Oy G 2 41
k - Z Z rl’-] Z [ ’L,p : jvs + ]’p ' i’s] ' K ' xk757 ( )
i=1 =1  p=1 k.p
m m
— OO g2 42
Ck Z Z Tij 1,8 J.s " Th.s gk,norm ( )

i=1 j=1
Kopenn ypaBuenus BoiOupaem u3 yCaoBUSA HEOTPUIIATETLHOCTH aKCEJIEPATOPA.

Taxum 0b6pazom, MOKHO OIEHUTH HAMOOJIbIIKE ITOTEPU [PU UCIIOIH30BAHUU S-TOTO akTOpa U
MPUHATH MEPBI TI0 WX YCTPAHEHUIO, TO €CTh 0DECIeYnTh BBITIOTHEHNE PABEHCTBA:

fk,fact = fk,norﬁr (43)

ITonydgennoe KoaMuecTBeHHOE BBRIpazKeHue Jid Ky o onpejnenseT MaKCUMAIbHO BO3MOZXKHBIE T10-
TePHU TPOU3BOAUTE/IA IPYU UCIOJB30BAHUN S-TOTO (PAKTOPA MPU YCJAOBUHU, ITO BCE OCTAJILHBIE (DAK-
TOPHBIE IPU3HAKHU UCIIOJB3YIOTCS PAIMOHATIBHO.

Bosmoxken cayuait, korma ypasaenue (39) He mmeer permerns. B 3rom caydae MOKHO moTpe6o-
BaTb, YTOOLI:

ag - K]is + by - Kk7s + ¢ — min. (44)

13 (39) oueBnmano, uto aj > 0, CI€I0BATENBHO, J€BAst YACTh — CyTh napabo/ia, BETBU KOTOPOi
HAIIPABJICHBI BBEPX, a (44) nMeeT eIMHCTBEHHBIN MUHIMYM Ha Beeii obsactu onpeaenenus Ky, . 13
YCJIOBUA MUHUMYM3 HalJIeM, 4TO

by,
2-ag

Kks:

)

(45)

Janee, mofcTaBuB JanHOe Bhipazkenue B (36), maiigem &, fact- ITpopanKupoBaB psiJi 4aCTHBIX
MPOM3BOJIHBIX 110 yesioButo (38), HaiigeMm cieayromuit nugerce . U Tak, ucnob3yst OMUCAHHYIO Me-
TOAVKY, HalieM TOCeaYIONTe 3HAUeHNsI ¢ yUeTOM HAM/IEHHOTO Ha IPeJbIAYIeM Irare 3HadeHus
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akcesieparopa. [Iporecc npogoizKaem 10 Tex nop, moka He Gy/er BBITOJTHEHO paBeHCTBO (43), mocie
Yero Ipolle/iypa MOUCKA 3aBEPIIAETCS.

TTouck ectb He UTO MHOE, KAK BBISIBJICHNE IIPUYWH, BbI3BABIINX "HenoTdruBanne' pesysibTaros
JIeSTeJIbHOCTH [IPOU3BOIUTE/IEN CEIbCKOXO3ANCTBEHHON TIPOYKITMKN /10 "HOpMATUBHBIX' mapaMmer-
poB. lIpoussoauTcs oreHKa CTENeHN MOTEPD MTPU UCTIOIB30BAHUE S-TOT0 (hphakTopa. Tak:ke 0UeBuIHO,
UTO TMOTEPH - ITO UBJIUIIHKE 3aTPAThl HA eJUHUILY WCITOJIB3yeMoro ¢gakTopHoro npustnaka. Cremo-
BaTeJIbHO, aKkceaeparop K ¢ IOKa3bIBaeT, KaK HEOOXOIUMO COKPATUTH (yBeanmduTs npu Kj o > 1)
pacxoibl Ha S-Thiii (PaKTOPHBLIA HpU3HAK s JOCTHXKeHUd "HopMmaTupHbIX' mokaszaresnei. 1o u
OIIPEJIE/IsieT CYIIHOCTh MTPAKTUYIECKUX PEKOMEH AN JiJist k-TON €MHUITBI COBOKYITHOCTH.

amauva 5. Onrumusanusa (hpaxTOpoB COCTOSHUAS U BO3AEHCTBUA JIjid 0O0OMIEHHOI0 MOKA3aTe I
pPEe3yIbTATUBHOCTH.

B orsmume or 3amaum 2, B cucremy orpanuuenuii Oyger BrueHO Bbhipazkenue (34). B srom
caydae IIOCTAHOBKA 3a/1adu OYIeT BBIIVISAIETH CJIEIYIONIUM 00pa30M:

F(t)=> Azt ;0] + D |Az, ,(t)] = min. (46)

=1

Tora Beipazkenne (34) M0MKHO OBITH BKJIOYEHO B CHCTEMY OTDAaHUYEHHUIL:

m m
Z prq : Z)lg,p t) - G q Z erq ykp t) yg,q(t) 20, (47)

p=1qg=1 p=1q=1

gl (ac}';”(t) + A (1), 250 () + Azp (1), 2 4(F) + AZ?;Z-,q(t)) =0. (48)

Perrenne Takoit 3agaun MoxKeT OBITH OCYIIIECTBIEHO METOAAME, OMMMCAHHBIMA B 3a1a49ax 1, 4.

3amaya 6. MuOrokpuTepuaibHast ONTUMABAINS JIJIsl YaCTHBIX TOKAa3aTe el pe3yIbTATUBHOCTH.

B Takoit nocranoBke yxe HEOOXOAMMO ONTUMHU3UPOBATH (DAKTOPHI COCTOAHUS W BO3IEHCTBULA, &
Takyke 000OIEeHHBIN U YaCTHBIE MOKA3ATEN PE3YIbTATUBHOCTH:

> Z Fog - G (0) - G0 () = [ DD g - Ul (1) - 9, (1) = main, (49)
p: :

p=1g¢=1

Qg,i - ?/12,1' — man, (50)

n

Z | Az, ()] + Z | Az ,(1)] = min, (51)

i=1
g (@hi i (8) + Axi; 5 (8), 2 p (1) + Az (1), 27 4 (8) + Az () = 0. (52)

Pemenne 3aa9m MOKET OBITH OCYIIECTBICHO METOJAMH, MPEIJIOKEHHBIMI B 3aa4e 3. O1HaKo
OHO OYJIET CBSI3aHO C BBOJOM JIOTOJTHUTEIBHBIX JOIYIEHUH OTHOCHTEIBHO 3HAYUMOCTH KazKJI0r0 13
kpurepues (49)—(52).

B ganmom ciaydae MOXKHO TPEIJIORUTH PACITUPAThL METOJ, OCHOBAHHBIA Ha Meromonornu ACD
(amamu3 cpenbl GyHKIMOHUpOBaHUs ), mpetoxkennbiii B. E. Kpusonoxko u A. B. JIbraesbim [5] u
MeToze Jlarpamxa.

CocraBuM 11e/1€BYI0 (DYHKITHIO B BU/IE:

p (Y (t) = 9R(8) + 00 i - (9, (1) — 9,(1))
Sy Sy i | a5 (0] + S iy e | A1)

F(t) = — max, (53)
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Tae fi, fi, Wi j, Mi,s - COOTBETCTBYIOMIUE BECOBbIE KO3 HUIuenTh 00001IeHHOr0 1 YaCTHIX II0Ka3a-
Tejiell pe3yJIbTaTUBHOCTH, a TakxKe (PaKTOpOB COCTOSHUS W BO3JeHCTBUS. B n1aHHOM COOTHOIIEHUN
npupaienns HGaKTOPHBIX MPU3HAKOB OyIeM CUMTATH HOPMAaJIN30BAHHBIMI, TO €CTh IPUBEICEHHBIMU
K mHTepBasy or 0 10 1 B cooTBeTCTBHU € aHAJOrWIHBIME cooTHOImeHuamu (6), (7), 9T0 B mpe/bl-
OVIAX 330a9aX He sIBASETCs 00a3aTebHBIM. UUCJAUTEe b TPEeACTaBIsgeT coD0il CyMMy pasHOCTel
GHaKTUIeCKOr0 M HOPMATUBHOTO 3HAYEHUH st 0DODIIEHHOr0 M YACTHBIX TOKA3aTes el pe3y/ibTa-
TUBHOCTHU, KOTOPbBIE JOJIKHBI CTPEMUTBHCS K MAaKCUMyMy. 3HAMEHATEh MO CYTH eCTh TpeboBaHUE
MUHAMHA3AOUN 3aTPAT HA PEAU3ANUI0 MEPONPUATHI, HAIPABJIEHHBIX Ha JOCTHKEHAE HOPMATHUB-
HBIX 3HaICHUH (DYHKIMOHUPOBAHUA PACCMATPUBACMON C/IOXKHON CHCTEMBI.
Hononuum cucremy orpanndenuit (52) yciaoBusivu:

=1

Z Zwm + Z Z Mis = 1. (55)

i=1 j=1 i=1 s=1

CocraBum (yHKIMOHAT B BUje CyMMbl cooTHommerus (53) u orpanndenuit (52), (54) u (55):

m m n m s k
LO=FE) + N+ > i =D+ dy - OO wig + 3. mis =D+ > N-gr. (56)
3 =1

i=1 i=1 j=1 i=1 s=1

re g; onpeengercsa coorromterneM (52), a Ay, Ayy, A - mapamerpsr (MuOKHITENN) Jlarpamka. s
YIIPOIIEHUsI BHIPAYKEHUS JIJIsl BECOBBIX KOA(DMUITMEHTOB U MHOKHTE e WHIEKC k 1 TIepUoJ ¢ OMyIIEH.
B3gs gactabie TPOU3BOMHBIE IO KAXKIAOMY U3 BECOBLIX KOI(MMUITMEHTOB, MHOXKHUTE/IAM Jlarpamxka, a
TaKzKe [0 PaKToOpaM COCTOSTHUS U BO3JICHCTBUS U IPUPABHAB UX K 0, HOJYYUM CUCTEMY ypaBHEHHIT,
pasperumMyo OTHOCUTEIBHO HEM3BECTHBIX, BKJIOUEHHBIX B (56):

(57)

B coorHomennn (53) MOXKHO MCK/IIOYATH 3HAMEHATEb W MPUBECTH €r0 K JUHEHHOMY BUJY TI0-
cpeacTBOM mpeobpazosanus Yapreca u Kymepa s 3a1a9 ApoOHO-IMHEHHOTO MPOTPAMMUPOBAHUST

14].

Ecnn BBECTH HEKOTOPBIH TApAMETD T, TAKOI ITO 3HAMEHATENb BhIpazkenud (53) cTaHeT paBHBIM

eJIMHATIC:
m n m S
0 0 _
T E E wig | Aap ()] + T E E Mis - | Az ()] =1, (58)
i=1 j=1 i=1 s=1
TO, YMHOXKHNB YUCJIUTE/Ib 1 3HaMEHaTEe/JIb Ha 7, MOXKHO CIAeJIaThb CJAECAYIOINIYIO 3aMEHY IIePEMEHHBIX:

vig =T wij - Az, ()], (59)
Vi =T s |A2, ()] (60)

Vp=1-p- (ylg(t) - ﬂg(t)) ) (61)
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Vi =T ;- (?/181(75) - ngz(t)) . (62)

Torma Beipazkenne (53) MOXKHO TIPEJICTABUTH B BUJIE:

F(t)=v,+ Z v; — max (63)
=1

[oraTHo, wTo ¥, HETMHENHO 3aBUCHT OT Vj; U V;s. LOTAa cHCTeMa OTpaHuYeHni OyJeT caemy-

IOIIEN:
DD vty D via=1, (64)

i=1 j=1 i=1 s=1
g1(vi j,vis) = 0. (65)

B ciyaae mureitnoro suia (65) mporienypa MOMCKa PEIIEHNsT YITPOIIAETCS.

Bamadga 7. Onrumuzaiust KOahGHUIMeHTa TapMOHTIHOCTH.

Pertenve mamHoO#l 3ajadu HANPABJIEHO Ha obecredeHue COATAHCHPOBAHHOTO (MapMOHUIHOIO)
dyuknmnorupopanusi COIC. 3amada Takxke MOXKET ObITh CHOPMYJIUPOBAHA B TPEX BAPUAHTAX: MAK-
cumuzarug KoddpdurumenTa rapMOHUYHOCTH, MUHUMUBAINY 33TPAT HA BHIPABHUBAHUE aCUMMETPUN
¥ MHOTOKPUTEpPUAJIbHASA ONTUMUBAINNA, KOTOpas MOXKET ObITh CBejeHa K (hOPMUPOBAHUIO €IMHOM
1eJieBoit pyHKIMU, B 00IEM C/Iydae HEeJWHEHHOM, U PeIreHa ¢ MOMOIILI0 OMMCAHHOTO BHIIIE AJITO-
puUTMa.

B ob1mieMm Buge COOTHOINEHNS NMEIOT BYLI:

poe - K+ - (1) — 90(8) + 3000 pa - (i (1) — ,(8))
Dy Dy Wi ‘Ax.g’,i,j(t)’ 2 D Mis ‘Azg,i,s(t)‘

F(t) = — maw, (66)

rie K, ompenensercs coorHomennem (18).

IMocnegnsist mocTaHOBKA TPUMEHNMA B CIyYae, €CJAH MPHOPUTETOM OPTaHOB YIDPABJICHUS SBJIS-
eTcs obecrieuenne chHamancupoBanuoro pyukiuonuposauug CIIC, MakcnMuzauu 000OIIEHHOTO U
YaCTHOTO MOKA3aTes el Pe3yIbTATHBHOCTI DY MHHUMHU3AIINH 32TPAT HA PEAJIN3AINI0 COOTBETCTBY-
OIUX MEPONPUATHN.

ITpenmyiecTBo mozxo/a, npecraBieHHoro Beipaxkerusivu (53) u (66) 3ak/ar09aercss B TOM, 9TO
BeCOBbIe KOI(DbUIMEHTHI KPUTEPNEB ONPE/IESIOTCS He SKCIEPTHO, & Ha, OCHOBAHWUN DEIIEHUs] MaTe-
MaTHYeCKOl 3a/1a4n ONTUMU3aIMK (B HACTOSIIIEe BPEMSI, C UCIIOIb30BAHMEM YHCJIEHHBIX METOJOB).

6. IIpakTuyeckas peaju3aliid HEKOTOPBIX 3334 ONTUMU3AIUN

B pamkax wmccnemoBanus Obuta pemena 1 3agada onTuMusanuu (ONTHMHU3AINMSA YACTHBIX T10-
Kasareaeil pe3yJIbTaTUBHOCTH) JIJIs SKOHOMUYECKON cocTapisitonieit dpyuknuonnposanns CIDC B
mureiinom cayuae (dbopmyssr (25), (26)). TlocTpoenne MHIAMKATOPOB OINEHKW W WX ONTUMU3AIUSA
npescTaBiensl B |21, 22| (sxosormtieckast cocrasisionas), |23] (commanpras cocrasisiomast) u [10]
(cocrapysirone 9KOHOMEKM). B kadecTse mHMOPMaNnOHHONW 6a3bl ObLIM UCIO/IB30BAHBI JAHHBIE
Poccrara 3a 2007-2015 rogst quis peruonos Lerrpanbroro deaepanbaoro okpyra [24]. Pacaer mpo-
BOJIMJICSL C IIOMOLIIBIO aBTOPCKOiT 9KCLepTHON cucrembl [25]. Bbuia npose/ieHa onruMu3aus 4aCTHbIX
TIOKA3aTeNel PE3yJIFTATUBHOCTH BAJOBOTO PETMOHAJIBHOTO TPOAYKTA MO OTACTBHBIM BUIAM 3KOHO-
MHYIECKON JeATeNbHOCTH. HeKOTOphIe Pe3yaIbTAThl pacdera MpecTaBIeHsbl B Tabguie 2.

Jlarubie TabaMIIBI TOKA3BIBAIOT: HA CKOJLKO B cpeanem Habmromaerca mepepacxon ("—") mm
uzsnmek ("+4") dakTopHOTO MpW3HAKA, B CBA3W ¢ YeM HOpPMAaTuWB He mocruraerca. 3nak ("—")
o3Ha4yaer, urTo ontumusanusa He Tpebyerca, (">100") — onrumusanug no garHOMY (HaKTOPY HE
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Tabnuma 2: TpeGyemble mamenenusi GaKTOPHBIX MPUIHAKOB JJIsl TOCTHXKEeHWsT HOpMaTuBa, (dpar-
menT), %

Cy6bekr/Tlokazaren A& (A2 ) A§4.2(Azg_271) Aby5(AZ0 )
Benropoackas obmacthb - - B

Bpsanckas: obiiacto - - -0,730
Baagnmupckas obracts >100 -86,672 >100
Boponexxckasa obmacts - - -
Neamnosckaga obsacts >100 - -
Kamnyxckas obaacts >100 -36,387 -

Kocrpomckas obsactsb - - -

Kypckasi obsractb - -
Jlumerkast 061acTh - -48,930 -

MockoBckast 061acTE >100 >100 -
OpJiosckast 06/1aCTh - - >100
Psazanckas obmacts - - -
TamboBckast 067aCTH - -10,277 -
Trepckast obacTs - - -
Tynbckag obaactb - -3,243 -
fpocnaBckas obacTh >100 -11,715 -

peamuzyema. 3jeck 2, €10, €45 — dacTHBIE TOKa3aTeu pesyabrarusaoctu BPII mo Bumam mesi-
Tenpaoctu "Pasnen D. O6pabaroiBatormue mpou3BogcTa'; "Paszmgen H. [octunnsr n pecropanbr”;
"Pazgenr K. Onepanuu ¢ HeABHAKNMBIM HMYIIECTBOM, apeHIA U NPEJOCTABIEHUE YCJIYT' COOTBET-
. .0 0 0o _ . "

CTBEHHO; 291, 2421, %451 bakTOphl BO3EHCTBUS (MHBECTUINM B OCHOBHOW KAIUTAJ 10 BUIAM
SKOHOMUYECKO#l JIesITeTbHOCTH) JJIsl BBIOPAHHBIX pas3/iesio. HopMaTuBHbBIE 3HAYEHWST COOTBETCTBY-
IOIMUX nmoxkasareJsiein peSyﬂbTaTI/IBHOCTI/I 6}31.)'[1/1 BbBIYUCJICHBI Ha OCHOBAHUU TIOCTPOCHHBIX JINHENHBIX
MOZeIel ¢ MCIIOIB30BAHUEM MOITAT0OBOI0 METOId HAMMEHBIINX KBAIPATOB:

2 = 0,396 - 25, + 0,395 - 5, + 0,226 - 25 (R = 0,964), (67)
12 =0,758 - 25 5 +0,229 - 2} 5, (R* = 0,942), (68)
a5 = 0,576 - 2} 55+ 0,408 - 2} 5 | (R* = 0,908), (69)

IJie T3 — CTOMMOCTH OCHOBHBIX (DOH/IOB IO IOJHOH YYeTHOH CTOMMOCTH Ha KOHEI IOJa 10 BHIY
sKonoMmueckoit aesresbnoctu (Pasjen D); 13 o, T} 99, T4 59 — CPEJIHEr00BAs YUC/CHHOCTD 3aHsI-
THIX 10 BUJIAM 3KOHOMUYecKoit mesrensroctn (pasgenst D, H u K coorsercrenno).

HanbGosiee onTuMaibHOE pelleHne IpenoaraeT u3Menenne (gpakropos Ha 10-15%.

Tlo pesynpraTam, mpeacTaBaeHHBIM B Tabjanume 2, MOXKHO CYIUTH O HEOOXOIWMOCTH PEIIeHUs
3329 OTTUMU3AINY 10 HECKOJBKUM TTapaMeTpaM Jijisi PerHoHOB co 3HaudeHueM >100.

7. 3akJIroueHue

B pesyabTare mpoBeIeHHoro NCCIeI0BAHIS TTPEACTABICHA, MeTOINKA KOHCTPYWPOBAHWS YACTHBIX
U WHTErpasbHBIX MOKa3aTeeil pe3yabTaTuBHOCTH (PYHKIIMOHUPOBAHUS CJIOXKHBIX cucTeM. VHanka-
TOPBI 00JATAIOT CBONCTBAMM YHUBEPCAJBLHOCTH (TIPOIEIypa CTAHIAPTH3AIMN TTO3BO/IAET CPABHU-
BaTh IPU3HAKI, UMEIOIINE PA3HBIH XapaKTep U OTHOCSIIUXCA K PA3HBIM TPOIeccaM (HapuMep, 3KO-
JIOTMYECKHH, SKOHOMUYECKUT M CONMA/ILHBIN) ); HOpMain3anuu (IPUBEIeHne moKa3aTeneil K mKae
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or 0 10 1 obecrieanBaeT MX OJMHAKOBBII MAcCIITald M HALJISIHOCTH TIPECTABICHUS JAHHBIX); HOD-
MHUPYeMOCTH (peasin3yeT BO3MOKHOCTh CpaBHEHUs (PaKTHIECKUX JAHHBIX ¢ HOPMATUBOM, KOTODBIi
paccuurbiBaeTcs st Koukpernoit CODC, dbyHKIMoHUPyOmel B XapakTepHOil j1/1s1 Hee yCJIOBUSIX );
y4eTa B3aUMOCBS3HM YaCTHBIX IT0KA3aTeel PE3YIbTaTUBHOCTH, HEOOXO0IUMOCTb KOTOPOro 000CHOBBI-
BAETCS PACCMOTPEHUEM 00bEeKTa MCCIETOBAHNSA KAK CJIOXKHON CHCTEMBI, & TAKKE YIeTa KOHKPETHBIX
ycaosmii byHKIMOHNpoBanus (npeanonaraer yuer (hpaktopos cocrostanss CIIC npm Kom4IeCcTBeH-
HOIl OIIeHKe YAaCTHBIX ¥ MHTErPAJbHBIX MOKa3aTeell).

IIpeacrasiena meroauka hopMupoBanus KOIMDUITMEHTA TAPMOHUIHOCTH, XaPAKTEPUIYIONIETO
cbaaHCUPOBAHHOCTD (DYHKIIMOHUPOBAHUS CJOYKHON CHCTEMBI.

Taxke paccMOTPEHBI 7 BAPUAHTOB MATEMATHUIECKON MOCTAHOBKYU 33129l ONTUMU3AINN B 3aBU-
cuMocTH OT 1ienelt cybbekTor yrnpasienuss C99C. Haubosee obiiast 3a/1a4a MHOTOKPUTEPUAJIBHOM
onTuMU3ANMK siBagercs: paciuperueM Mmerogojornu ACD u mo3BoJIsIeT HCKJIIUYUTE SKCIEPTHBIN
1oAO0P BECOBLIX KO PUIHEHTOB B I1e/1eBOH (DyHKIINAN.

IIpescrasieno pemenne 3a/1a9u ONTUMU3AIUU YACTHBIX [TOKA3aTE el PE3y/IbTaTUBHOCTH JIJIs
perunonos LHOO.
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1. BBenenue

IIpoucxoasamee B VIII B. KyIbTypHOE U WHCTUTYIIMOHATBLHOE CTAHOBJIEHUE NCJAAMCKON MMIIEpUN
TIPUBEJIO K TMOABJICHUIO MHOTUX HAYYHBIX JUCITUTIIINH. HpOBO,ZLI/I.HI/ICb 1 Pa3BUBAJIUCH KOPaHHUYICCKHUE,
JIMHTBACTUYIECKUE, IOPHINICCKNE, HCTOPUIECKNE U TEOJOITIEeCKHE NCCIEeI0BAHN, HEIOCPEICTBEHHO
CBSI3AHHBIE C HOBBIM OOIIECTBOM, €r0 WAEOJOTHENl W OpraHu3alueil. DTu MCCIeIOBAHUS CIeIaJn
BO3MOZKHBIM HE TOJIbKO CO3aHKe YCAOBUI U CPECTB, HEOOXOAUMBIX JIJIsl HOSIBJICHUS M NHTEIPAITAN
JIPYIUX HAYK, B TOM YHMCJIE€ MAaTEMATUIeCKuX u (PujiocoOPCKUX, HO Takke 00yC/joBmIn HOTPEOHOCTH
B HUX ¥ (POPMUPOBAHNE UX KOHTEKCTA.

B cBsa3m ¢ anrebpoit ocobbIit WHTEpEC MPEACTABISET OHA W3 TUX HOBBIX CODCTBEHHO MCTIAM-
CKUX JIUCIIUIUINH — HayKa O HACJIEJCTBEHHOM MpaBe WK HayKa O pacdere JoJeil HacaeacTsa (‘mim
aﬂ—cbapa’l/lzp)?’. DTa BO3HUKIINAS B PAMKAX MYCYJIBMAHCKOTO I'PAaXKAHCKOTO MIpaBa HAyJIHAs JTUCIH-
IUITMHA HE TOJBKO obecredmsia ajaredbpy objacTsaMy IIPUMEHEHNSA, TeM CaMBIM J1aB €if CONnaIbLHOe
obocuoBanue, HO u y4uacreoBasa B VIII B. B popmupoBanum omHOro m3 ee pasjiesioB — PeUb UJIET
0 TPUJIOKEHUSIX AATeOpBl K IpobJsieMaM paclpe/IesieHnst HACTeACTBA (IOICIeTy 3aKOHHBIX J0JIeil
HACJIEJIHUKOB) TI0 Pa3pabaThIBAEMBIM B PAMKaX HACIEICTBEHHOTO TIPaBa MPABUJIAM.

2. Aarebpa an-Xope3smnu

Bnepsbie kak caMocTOATETbHAS MATEMATHIECKAS TUCTIATLINHA 00 00X METO/1aX PEeIeHus JIu-
HEWHBIX W KBaJAPATHBIX ypaBHEHHWI CcO CBoOeit 0coboit jexcukoit anrebpa mpegcraer B «Kparkoit
KHITe 00 MCYHCACHUN aareOphl n amMyKabame»? («Am-xurab am-myxracap ¢u xmcab aa-mxKabp

3Tepyun «an-bapa’may — MHOKECTBEHHOE UICI0 OT apaBCKOro CI0Ba <ail-(hapruaas, 03HATAIOMEr0 06S3aTeIbHOe
npeanucanue Ajiaxa, PeJIMruo3HyIo 0643aHHOCTD, — B UCJIAMCKOM IOPUCIPY/IEHIUMY 03HAYALT «HACIEACTBEHHBIE 1011
VIMYIIECTBAS.

4 Manee no rekcry mpocro «Anre6pas. HamoMHEM, B MaTeMaTH4eCKOM KOHTEKCTE CIIOBA <aj-IpKabp» M <«ail-
MyKabasa» O3HAIAIOT HA3BAHMS ABYX aare0pamdecKux Onepanuii — COOTBETCTBEHHO «BOCIIOJIHEHMA» ypaBHeHus (1e-
PEHOC BBIYUTAEMBIX 9UJICHOB W3 OJHON YaCTH PABEHCTBA B APYTYI0) W «ITPOTHBOMOCTABJICHUT> (COKPAIIEHUE PABHBIX



Penurnozmo-npaBoBoit aciekT ajaredpol ai-Xope3mu u eé craryc B uepapxuu nayk aja-Papabu 393

Ba-J-MyKabasay ) OJJHOTO U3 KPYIHEHAIMX CPeIHea3naTcKuX YIEHbIX (MaTEeMAaTHKA, ACTPOHOMA, Te€0-
rpada, ucropuka) 1X B. Myxammama ubn Mycsr an-Xopesmnu (ok. 780-ok. 850) (pycekuii mepeBos
eM. [2]).

Knaura an-Xopesmu 6bu1a Hanucana okoso 820 r. [Ipumepro Torga e oH ObLT HA3HAYUEH aCTPOHO-
MOM 1 raBoii 6ubamoreku JToma myapoctu (Bafit am-xukmMa). dTa CBOEro pojia HayIHAS AKaJIEeMUsT
6pL1a ocHoBaHa B barnasne, ¢prHaHCcHpoOBaIach U KOHTPOJNPOBAIACH CEIBMBIM XaaudOM TUHACTAN
Abaccunos an-Mamynom (npasusmum ¢ 813 1o 833), M3BECTHBIM CBOMM MOKDPOBHUTEBCTBOM HAY-
Ke U uckyccrsaMm. Xajaud aa-MamyH JU9HO y4acTBOBAJI B MOBCEIHEBHON ku3uu Jloma myapocru,
pPeryagapHo mocerras PaboTaoMuX B HEM YUEHBIX W WHTEPECYSCh WX JedTEeJbHOCTHIO, YIACTBYSd B
Pa3IMIHBIX JTUCKYCCUAX W HAYYHBIX 00cy:x/eHnsx. O6 9TOM CBUIETEIbCTBYET U XapaKTEPUCTUKA
ar-Mamyna, JanHas aa- Xope3Mu BO BBEACHUHU K AITreOpanvieckoMy TPAKTATY, B KOTOPO OTMEYAI0T-
Cs CBOMCTBEHHBIE Xaaudy «/1000Bb K HAyKe U CTpeMJIeHHE TPUO/IMKATD K cebe yUeHbIX, IPOCTUpast
Ha/l HUMU KPBLJIO CBOEr0 MOKPOBUTEIBCTBA U IIOMOTas UM B PA3bACHEHUHU TOI'O, YTO JIJIS HUX HESICHO,
W B 00JIer9eHUN TOTO, 9TO JJIsl HUX 3aTPYIAHUTENLHO» [2, C. 21].5

B stom ke BBemenum as-Xope3mu, TOBOPS O MPETHAZHAYEHUW CBOETO COUYMHEHWS, OTMETAeT
MPUKJIATHOW XapaKTep HOBOW JTUCIUAILINHBI, 0BJIACTH MPUJIOKEHUS KOTOPOl OXBATHIBAIOT U apud-
METHUYECKHEe W reoMeTpudIecKne mpobaeMbr: «f coCTaBuI KPATKYIO KHUTY 00 MCUNCTIEHUN aaredphl
aiMyKabaJibl, 3aKJIFOYAIONIYIO B cebe MPOCThIe U CJI0YKHBIE BOIIPOCHI apudMeTnku, nbo 310 HeobXo-
IVMO JTIOISIM TIPH JIeJI€XKe HACIeICTBA, COCTABJICHUN 3aBEIAHN, Pa3/ese MMYyINecTBa u CyneOHbIX
JlejlaX, B TOPTOBJIE U BCEBO3MOXKHBIX CJIEJIKAX, a TAKXKE [IPU U3MEPEHUH 3€MEJIb, IPOBEJICHUN KaHa-
JIOB, TEOMETPHUU U LIPOUYMX PAZHOBHJIHOCTAX 110/100HbIX jiea» |2, . 21].

Tpakrar an-XopeaMu COCTOMT W3 JABYX YacTell — TEOpeTWUecKoi M MpakTudeckoit. B mepoi
W3 HUX W3JIaraeTcd TeOphsl JUHEHHBIX W KBAIPATHBIX YPABHEHHUI, a TAKKe 3aTPAruBaIOTCs HEKO-
TOpBIE BOTIPOCH! reoMeTpuu. Bo BTOpoit dacTu ajnrebpandeckne MeTo bl MPUMEHSIOTCS K DEIIeHITO
KOHKPETHBIX OBITOBBIX, TOPIrOBLIX W IOPUIANIECKHUX TPOOIEM.

3. HacnenacTrBeHnHoe nmpaBo u aJjredbpa ajg-Xope3Mu

«Jlemexy HacaeICTBA, COCTABICHHUIO 3aBEITAHWN, pa3aeny MMYIIECTBa», OTMEYEHHBIM aJI-XO-
pe3mMu BO BBeJeHUN K «Arebpey, ocBdITeHa G0IbINast 9acTh €r0 TPaKTaTa, BKIKUAKINas «Kaury

9JIEHOB B 00€MX YaCTAX PABEHCTBA), ¢ TIOMOIMIBIO KOTOPHIX AJTe0panvIecKue yPABHEHUs TIPUBOIAINCH K TECTH KAHO-
mmaecknM BumaM (br = ¢, ax? = bx, az® = ¢,ax® = bx +¢,ax® + ¢ = bz, az® +bx = c,a > 0,b > 0, ¢ > 0), pemaembim
110 MIPAaBUJIAM, OIIPEIEJICHHBIM AIpUopu aa-Xope3mu. Brepsble MCIoab3yeMble BMECTE B TPAKTATe ajl-XOPE3MHU ITH
TEePMUHBI AN MAaTEMATHIeCKON IMCIUIUINHE HA3BAHUE <WUCIHCICHHWE aareOphl M ajMyKabasIbl», KOTOPOE BITOCJIE-
CTBUM COKPATUJIOCH 0 «aJreOphly. IIpakTukyonux xe aaredpy MaTeMaTUKOB CTAJId HA3BIBATH <JIIOIbMU aIT€0phI»
(rakoe Bbipaxkenue Bcrpedaercs yxe y Cabura ubu Koppsor (826-901), nosauee y Omapa Xaitsama (1048-1181)).

5 OcroBHOIT TIETHIO AesaTempHOCTH JI0Ma MYIPOCTH GBHLITH TIEPEBOIB HA apabCKHil S3BIK C IPETECKOr0, ePCHICKOTO,
CaHCKpUTA (TaKKe C apaMeiiCKOro, MBPUTA, JIATBIHN) HAYIHBIX B (PUIOCOPCKAX COUMHEHN, & TAKXKE WX KOMMEHTHAPO-
Banue. Ko Bropoit nonosure IX 8. Tom myapocrn an-Mamyna cran KpynHelmum xpanmmmmeM Kaur 8 Mupe (boH b1
ero OmbIMOTEKN COOMPAINCH TPEMs TTOKOJIEHUSIMU abaCCUICKUX XaudOB: MPAJIEIOM, TeJ0M W OTIOM ajl-MamyHa
xammdom XapyHoMm ap-Pammmom) m OmHUM M3 CAMBIX MPOCIABIEHHBIX EHTPOB WHTE/IEKTYAIbHON EATEeTbHOCTA B
Cpennue Beka, Kya [PUTJIANIAIUCH CAMbIE JIyYIllie [IEPEBOIMUKYU U YIeHbIe U3 PA3HBIX CTPAH, IPEXK/IE BCEIO U3 TeX,
uro Bomn B coctaB Apabckoro xammdara (Cupwn, Erunra, ITepcum, Xopacana, Masepannaxpa u ap.). Corpya-
Hukamu JlomMa MymapocTu B pa3HOe BpeMsi ObLIM TaKWe BBIJAIONAECS MAaTEeMAaTHKN W aCTPOHOMBI, Kak ar-Pepranm,
asi-Toxkayxapu, an-Kunmu, 6parss Bany Myca, an-Maxanu, Cabur ubn Koppa, Kycra ubu Jlyka, A6y-i1-Bada an-
Bysmxanu, an-Kyxu u np. B pesynbrare, ¥ cepenune IX B. yxke cymectBoBaau apabckue Bepcun «Hagasrs EBkim-
na, Heckombkux pabor Apxumena, «Konmueckux cedenuit> Anosmnonus, «Asnbmarectas Iltonemes u ap. Ydenbre,
npurJamnessabie B JIoM MyZpOCTH OCYIIECTBJIS/IA U CAMOCTOSTEIbHBIE MCCIEJOBAHMS, [OIydasi IPU ITOM, HOTOOHO
asi-Xope3Mu, OpUrMHAJIbHBIE PEe3y/IbTaThl BO MHOrHX obsacTsx 3uamwms. B 1258 r. Jom myzapoctn ObLT paspyiieH
apMmeil MOHTOJIbCKOTO TIPaBUTeNs Xy/mary-xana (BHyka UwHrmc-xaHa), 3axBatusmeii Barmaa. Kanrm w3 ropogckux
6ubsmorek, B ToM uucse bubamoreku Joma myapocTtu, Oblmu OpoieHsl B peKy Turp B TakKOM KOJIHMYECTBE, 9TO, KAK
CBUETE/IbCTBYIOT HEKOTOPBbIE NCTOYHUKH, BO/Ia B PEKE TOYEPHEa OT YePHU U3 KHUT.
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sasemannii> («Knrab an-sacaita») us 8 raas u «Mcuncaenue kpyrooboporos»® («Xucab aj-nayp»)
u3 4 1JIaB W CTaBINas BIOCJEICTBUN MPAKTHYECKUM PYKOBOJICTBOM JIJIsi MCJAAMCKHUX [PAaBOBEIOB,
3aHUMABIIUXCS pasgesoM nmyiiectsa. Co BpEMEHEM COIEPKAHUE TOM YaACTH TPAKTATA, [PUBEIET
K arebpandecKoil UCIUIUIMHE [0/ HA3BaHUEM <«HCUYHUCJICHUe 3aBelanniiy (xucab asn-Bacaiia) mim
«HCUYUCTEeHUe JIoJIell HacaencTBay (xucab an-dapa’um), Koropas 6yaer mpernogaBaThest Kak 00/1aCTh
UCCTeA0BAHN JiIst aarebparcToB W IOPUCTOB TOCTe co3maHus B X B. IIKOJ MpaBa, TAKUX Kak
Huzammus.”

HacnencTeennbie mpaBumia, CONJIACHO KOTOPBIM OMPEETSIOTCS IO HACTETHUKOB OCTABJICHHOTO
WMYITECTBA, 3aKPEILIEHBI B IBYX OCHOBHBIX NCTOYHUKAX MCJIAMCKOTO OorocaoBud u mpasa — Koparme
u Cynne® — n gBIAI0TCA BasKHOI YACTHIO HCIAMCKOTO TpaBa (PuKX), a TakzKe DyHIaMEeHTATLHOM
I 00SI3aTeILHOM 4aCcThIO MmapuaTa’.

B Kopane cogepxkarcst 6osree 30 ctuxoB (agdTOB), OTHOCATINXCA K Pa3/iely HACAEACTBA. B Tpex
OCHOBHBIX U3 HUX JIOJTM HAC/EJICTBA OIUCHIBAIOTCS 00CTOATENBHO:

«3aBermaeT BaM AJIIaX OTHOCUTETHHO BAIUX JETEH: CHIHY — MO0, TTOJ0GHYIO J0Ie ABYX J0-
uepeit. A ecim OHUM (7eTm) — MKEHIIMHBI, 9UCA0M OOJIBIIE IBYX, TO MM — JBE TPETU TOrO, YTO OH
OCTaBWJI, & €CIW OJHA, TO €fi — MOJOBHHA. A POAUTENSIM €r0, KayKI0MY W3 JBYX — OTHA IIEeCTast
TOrO, YTO OH OCTABWJI, €CJIU Y HEro ecTh pebeHoK. A eciu y Hero Her pebeHKa u eMy HACJIEIyIT
€T0 POJUTETN, TO MaTePH — OJHA TpeTh. A ecam ecThb y Hero GpaThs, TO MAaTEpW — OJHA IIECTasT
TOCJIe 3aBEIAHHOr0, KOTOPOE OH 3aBEIAeT, WK J0JTa. POIUTEe N BaIld WX BAIlld ChIHOBBS — BBI
He 3HaeTe, KTO W3 HUX OJMXKe K BaM IO MMOJh3e, Kak ycraHosmeHo Asmaxom. Ilomcrmne, Ammax —
suatol, myapl» (Kopaw, cypa 4, asr 12 (11)) [3, c. 82];

«Bam — mosioBrHA TOTO, 9TO OCTABUIIN BAIIK CYIIPYTH, €CJIN y HUX HET peDeHKa. A eCiin y HUX €CTh
pebeHoK, TO BaM — YeTBEPTDb TOr0, YTO OHM OCTABUJIM IIOCJIE 3ABEIAHHOT0, KOTOPOE OHU 3aBEIIAIOT,
wm jgonras (tam ke, agar 13 (12)) [3, c. 82];

« .. Ajnax jgaer Bam perienue 0 60KoBoM JinauK. Kcu denoBek norubHeT u HeT y Hero pebeHka,
a eCTh y Hero cecrpa, To el ToJIOBUHA TOTO, 9TO OH OCTABWJI, M OH HACJEIyeT MOC/e Hee, eC/in y Hee
et pebeHka. A ecom ux — JBe, TO UM 0HENM JIBE TPETH TOTO, ITO OH OCTABWII. A €CM OHU — OpaThd,
MY>KYIMHBI U JKEHIIUHBI, TO MY?KCKOMY TOJIy CTOJBKO YK€, CKOJTBKO JIOJI JABYX JKEHITUH» (TaM JKe,
astt 175 (176)) [3, c. 101].

HeynueuresbHo, 9T0 TyIaBbI TPAKTATA ajl- XOPE3MHU O 3aBEIAHUSIX U pa3jesie HMYIIeCTBa, Onpe-
JIeIsteMble HOPMaMU MYCYJIBMaHCKOTO HAC/TEICTBEHHOIO MpaBa, B CBOK) OYEPEIb, OCHOBAHHBIMHI HA
BaKHEHITUX UCTOYHUKAX PEJUTUU UCIaMa, He ObLIN BK/IIOUEHBI HU B OJIUH U3 JIATUHCKUX TIEPEBOJIOB
«Anrebprr» as-Xopesmn. 0

Kak cmenyer u3 npuBenennbix ctuxoB Kopana, 9T00bI IPUMEHUTDH TAHHBIE B HUX ITPEIITUCAHIT
110 paCIPeIeJIEHUI0 UMYIIECTBA MEXK/y PA3JIMYHBIMU POJICTBEHHUKAMHU, HEODXOJUMO 3HAHUE apud-
Meruku. MHawe TOBOPs, pellerne PeIMrHO3HO-TIPABOBOM NPOOIEMBbl HACIEIOBAHUS MIPEITOIAraeT
3HaHWe apUMOMETUKN U 3JEMEHTAPHOH TEOPUHU YHCEJ.

KOF,ZI;& 7K€ KaKaA-TO 9aCTb HaCJI€ACTBa IIPH OIIPEAC/IEHHBIX YCJI0BUAX 3aBEIIaCTCA IIOCTOPOHHEMY

6 «Kpyroo6opoTsr» (apab. «mayps) — He MpeLyCMOTPEHHbIE paHee 06CTOSTEIHCTBA, MEHSIONINE MECTAMH MTOI0MKe-
He JINTI, HATTPUMeED, KOTa HACJIEJHIUK CTAHOBUTCS 3aBEN[ATE/IeM.

"Meupece Husamust — LIKOJIbI HCIAMCKOIO LPABa, IHOCTPOEHHBIE 110 MHUIUATUBE 3HAMEHUTOIO FOCYIAPCTBEHHOIO
JIeATENIS, BUUPA CEIbIKYKCKUX cyntanos Huzam am-Mynka (1018-1092) B XI B. B kpymHbIX ropomax Mpana, Vpaka n
Cupun. Camas nepBas u u3Bectnas — Huzamus B Barnae, B TedeHne HECKOIBKUX CTOJIETUI OCTaBABUIASICS BELy UM
y4eOHBbIM 3aBe/leHreM u 00PA3IOM [JIsi MHOTHX IIPABOBBIX IIKOJI BO BCEM HMCJIAMCKOM MUDE.

8Cymma (apab. «oGBIuail, IPAKTHKA, IPEJaHIe, 3aKOH» ) — MyCYIbMAHCKOE CBSIIEHHOE IIPeJaHye, OCHOBAHHOE Ha
YCTHO TepeIaHHON CIIOABMKHMKAMU TTPpopoka MyxamMmasa 3ammcu ero Jies1 U BBICKA3bIBAHUMN.

*Ilapuar (apal. <IPAMOi IIyTh» ) — KOMILIEKC IPABII IIOBEICHHS 9/ICHA MYCY/TbMAHCKOM OGIIMHDI, YCTAHOBICHHBIX
duxxom.

0Coxpanrmmucs Tpu maTuHCKEX HepeBoa TpakTaTa ast-Xopesmu: Pobepra Yecrepckoro (ox. 1145), Tepapma Kpe-
monckoro (ok. 1150) u npeauonoxurensuo [yiabensmo ge Jlynuca (ox. 1250), ¢ nocaeauero nepesoga 8 1313 r. Gbin
cesIaH aHOHUMHBIA UTAJIbAHCKUI TIEPEBO.
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JE/IOBEKY, 331248 OCTOKHAETCS W HeOOXOINMO YMEHWe COCTAB/IITE W PEeIaTh JUHEIHbBIE U HEOpe-
JleJIEHHbIE YDAaBHEHUsl, TO €CTh HEOOXOJMMO HEKOTOPOe HcUncieHue, ajredbpandeckoe no cyru. [lo-
SICHUM 9T0, O0PATUBIIKUCH K ABYM IpodeMaM u3 «Ayrebpbiy aa-Xopesmu, TOYHee U3 BXOJSIIEH B
Hee «KHuru o 3aBermannsax».

B «Kuure o 3aBermannsaxy paccMaTpUBaOTCA MPOOJIEeMbl, B KOTOPBIX 9aCTh HACTEICTBA 3aBeIa-
€TCA TIOCTOPOHHUM. PaCCManI/IBaIOTCH HE TTPOCTHIE CJAyYan 3aKOHHBIX ,Z[O.Heﬁ, KOTOPbIE MOT'YT 6bIT])
PEIIIEHBI C TOMOIIBIO 3IeMEHTAPHBIX apudMeTHIeCKUX onepalinii ¢ ApobsMu, a 6osiee CI0KHBIE CJTy-
Jau HACJIEI0BAHNA, TPEOYIOIINE 3HAHNUS AIre0pandecKux OMePaInii ¢ HEM3BECTHBIMU BeJIMINHAMH.

XapakTepHO, YTO B OOJBIITMHCTBE CJIYYAEB aJl- XOPE3MHU PellaeT HAC/IeICTBeHHbIE TPpobHIeMbl He3
obpalienns K IOPUANIECKONH CTOPOHE BOPOCa — MPABUJIAM HACIEIOBAHUS, PETYIUDPYIONUM BeJIMIH-
Hy 3aKOHHBIX JIOJIeil ¥ OFpaHMYEeHHYI0 BeJIMYMHY 3aBellaHHOTo HaciaencTsa.!! C HopMaMu Hacse-
CTBEHHOTO PaBa OBLIN 3HAKOMBI HE TOJIBKO IIPABOBE/IBI, HO W KAXKIbIH 00PA30BAHHBIN MyCY/IbMAHWIH,
ITOCKOJIBKY OHU W3JIaraJIuCh B CIIENNAJBHBIX YIeOHBIX OCODUSIX, M3YUABIIUXCS B HAYAJIBHBIX ITKO-
Jlax. 3Hast 3T0, aji- XOPE3MU, BUJUMO, 0Jaraj, 4To 00, KT0 u3ydaeT ero aaredpy, yxe 3HAKOM
C IpaBUJAMU HACJIEJOBAHWS U IIPOCTHIMU CJIydadgMU I0JICYeTa 3aKOHHBIX JoJiel. [losromy-To on
U HE KOHKDPETH3UPOBAJI TIPABOBBIE MOJOXKEHNsT (He YKA3BIBAJI 3aKOHHYIO JOJIE0 KAXKIOr0 HAC/IETHY-
Ka, He 0DOBSICHS, KaK JOJIXKEH PACIPeedThCsd OCTATOK CPEJICTB, KAKOBa 3aKOHHAST J0JIsT KayKI0TO
HACJIETHUKA B OCOOBIX CIyYasx, KaK HAXOMUThH OOIIUiI 3HAMEHATETh 0JIeil).

WNrax, nepsoiit mpumep: «Ecaum or ocTaBua Tpex CHIHOBEN W 3aBEIAJI OJHY IATYIO CBOETO MMY-
mecTBa 6e3 aupxeMa, IpUYEM OH OCTaBUJ JIECATH JIUPXEMOB B HAJIUYHOCTU U OTIJAHHOE B JIOJIT,
paBHOE JI0JIE OIHOTO W3 CHIHOBEl, TO MPABUJIO: TIPUMH IOy IAEMOe W3 JI0JITa 33 Belllh U MPUOaBh TO
K JlecaTu. Byner jecaTb u Bellb. BBIUTH OJHY ISITYIO 3TOI0 KaK 3aBENIAHHOE., DTO JIBA JUPXEMA U
ojHa nsgTas erm. OcTaHeTCsT BOCEMBb JAMPXEMOB M UETHIPE MSITHIX BEIU. 3aTeM MpubaBb JUPXEM,
TaK Kak ObLIO ckazano: 6e3 gupxema. llosiyunrest JieBATh JAUPXEMOB M 9Y€THIpE ISThIX Beriu. Pas-
JIeJIV 9TO MEXKJIY ChIHOBbAMU. ¥ KAaXKJIOI'0 ChbIHA Oy[eT TPU AUPXEeMa U OJHA [sTasd C TPETHIO OHOMN
nATOR Beru, 910 paBHo Bemu. [IpoTuBonoCTaBh OJHY MATYIO C TPETHIO OJHOM IMATON BEIU OJTHOM
Bemu. OcTaHeTCs: OAMHHAMNATD TSATHAIIATHIX BEIM PABHBI TpeM JupxeMaM. ['bl HYKJIACNIbCS B
nmomotHeHun Beru. [IpubaBh K HEll YeThipe MaTHAANATHIX BEIN W TPUOABH PABHOE ITOMY K TPEM
JUpXeMaM. DTO IUPXEM C OJHOU oauHHAAIATol. [loaToMy UeThipe U onHA OMUHHAIIIATAS JUPXEMA
paBHBI Bely. ITO U eCTh TO, YTO MOJIydaeTcs u3 jgosras |2, ¢.54-55].

Pemmenne 3Toii mpobieMbl CBOAWTCH, B COBPEMEHHON TEPMHUHOJOTHM, K [POCTOMY JWHEHHO-

My YPaBHEHMIO: IMYyCTh T — <«Bellb»'? — OTZaHHOe B JOJT, TOraa Bee mMmymecTso — (x + 10), a
3aBelaHHoe 0e3 JupxeMa — %(az +10) -1 = %az + 1; B TakOM cJjy4ae TpHM CblHa HacCJeAYIOT
(x + 10) — (%x +1) = %ZL‘ + 9, a KaxpIil ChiH — %:p + 3; 05 KaXKJOTO ChIHA, 110 YCJIOBUIO,

paBHA «Bellr», TAKUM 006pa30M, TOJIyUaeM JIMHEHHOE ypaBHEHUE %x +3 =2z, orkyma z = 41—11 .
Bropoit npumep: «2Kenmunaa ymepsia, 0CTaBuB By X J104YEPEil, MATh U MY2Ka, U 3aBEIAJIa OTHOMY

TeJIOBEKY paBHOE JI0Jle MATepPU U APYTOMY UeJI0OBeKY — OJHY JAeBATYIO Bcero mmytecTna. IIpasmio

TaKOBO: YCTAHOBYM YHUCJIO YaCTell HEOOXOMUMOTO HACAEICTBA, 9TO TPUHAIINATEL UacTell, A MaTepu

"He menee cemm cruxos Kopana (2: 180-182, 2: 240, 4: 33, 5: 106-107) mMeIOT UPAMOE OTHOLIEHWE K 3aBEINA-
TebHOMY pactopsizkennio. O6Iue mpaBuia 3aBenannii HeOe3bIHTEPECHBI BO MHOTHX OTHONIEHHUSIX: 3aBEIAHHAS OIS
(Bacaiia) He HOJKHA TIPEBBINATH 1/3 BCEro MMYNIECTBa 3aBENIATEIIs; 3ABEIIAHHAA /IO HE MOXKET OBITH IepeiaHa
9eJIOBEKY, KOTODBII yIKe SBJISeTCS HACIETHUKOM; 3aBeI[aHHAs [0Jid He MOKeT ObITh HAIIPABJIEHA HA [I€ATEIHbHOCTD
i (OH I, He COOTBETCTBYIONINE HOPMAM IrapuaTa. JII060My 9eI0BeKy MOKEeT CJIyINTHCS MOXKEPTBOBATH O0JIee TpeTH
CBOEro WMMYIIEeCTBa B Buje momapka. Ho, ecam Takoe mMoXKepTBOBAHUE IETAET CMEPTEIHLHO DOJTBHON 9eI0BEeK, TO ITO
[OKEPTBOBAHHUE CUUTAETCS HACJIEACTBOM M KaK TAKOBOE HEAEHCTBHTEIHHO HA BEJIMYIHMHY, IPEBbIIAomyio 1/3 Bcero
WMYIIECTBA, KOTOPYIO HEOOXOMMMO BEPHYTh 3aKOHHBIM HACJIETHIKAM.

Y Hanomumm, 9T0o TepMEHOM «Bembs (apab. «mait») an-Xope3Mu HA3BIBAET HEHM3BECTHYIO BeImumHy. B Teoperu-
9eCKOil ke JacTu «Asrebpbl» B 9TOM K€ 3HAYEHUH OH IIPUMEHIET TEPMUH «KODEHb» (JKM3D) U AaeT Cjeaylouee
ompenesenne: «Kopeub — 3T0 BcsKkast Bels, yMHOXKaeMas HA cebst, Oyap TO “NCJI0, pABHOE MU OOJIbINee €IUHUIEI,
nnm apobb, MeHbmas ee» [2, ¢. 21]. Onpenenenne cranoBuTca 6GoJI€e TIOHATHBIM, €CJIU Y9€CTh, YTO TPU PENICHUM
yDABHEHUI B Te BPEMEHA MCKAIU He TOJIbKO I, HO U T2, a HeU3BECTHYIO PACCMATPUBAIU KAK KODEHb U3 KBAJPaTa
HEU3BEeCTHOU.
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W3 HUX JBe 4YacTu. Temepb Thl 3HAENIH, YTO 3ABEIIAHHOE €CTh JIBE YaCTH W OJHA JEBATAS BCETO
umytiectsa. Ocraercsd OT HEro, BOCEMb JIEBATHIX UMYIIECTBA 0e3 JBYyX vacTeil /i HACJIETHUKOB.
Bocriosinn TBOE MMyIIIecTBO, CUMTas BOCEMb JEBATHIX 0€3 JBYX YacTell TPUHAANATHIO YaCTIMU, TO
ecTh mpubaBb K 9TOMY B YACTH, TAK ITO HOJYIUTCI: HMSTHAANATH PABHO BOCHMHU JIEBATBHIM HUMY-
mecTBa. 3aTeM npubaBhb K 9TOMY OIHY BOCBMYIO €r0, U K TATHAJANATA — UX OJHY BOCBMYIO, TO €CThb
OJIHY ¥ CEMb BOCHBMBIX UaCTH, JIJIA TOTO, KOMY 3ABEIAHa OJHA IEBATAsd, €My OHA U CEMb BOCHMBIX
nou. Apyromy, KoMy 3aBeraHa j0/ist MaTepu, — jaBe dacTu. OcTanyTcss TPUHAIIATE YacTeill, oHu
JEJISITCS MEXKY HACTETHUKAMH 0 WX JOJIM. DTO CTAHET TEJIBIM, e OyAeT CTO TPUAIAThH TSITh
qacreii» [2, c. 58].
Corytacuo Kopany, MaTh J0/KHA IOy YUTh % JOJIT0 UMYIIECTBA, MYXK — % , JBE JIOUEpH — %

B rakom ciyvae HacaeACcTBO aenmaoch Obl Ha 12 wacreit (12 — mammenbmmit o6mmit 3HAMeHATEH
JI0JIeit) M 10T HACJIETHUKOB OBLIM ObI COOTBETCTBEHHO % , 1‘3—2 u % . B cymme stir mom maror % ,
CJe70BATEbHO, OHU HE MOTYT OBbITH BBIJIAHBI TOJTHOCTHIO. B MOMOOHBIX CIyUasix, COTJIACHO HACTE-
CTBEHHOMY TTPABIUIIY, €CJIN CYMMa, YUCANTE e 1o1eit 60JIbIIe, 1eM 3HAMEHATE b, TO OH JOJIXKEH OBbIThH
VBEJIMYEH TaK, 9T00BI ObITH PaBHBIM 3TOlH cymMMe. Takoe mpaBU/IO-TIONPABKa HA3BIBAETCH «OTKJIOHE-
Huemy (an-‘ays) or nepsoHadaabHOro npasuia [4, c. 331]. Ilpu 510M 3aKOHHBIE 10U HACIEAHUKOB
OCTAIOTCS C HeM3MEHHBIMU YHCAUTEIsIMH, HO C HOBBIM 3HaMeHareaeM'>. As-Xopesmu 6e3 CChUIOK
Ha 9TO MPABUJIO YBEJUIUBACT 3HAMEHATE b M0 13, IPKU 9TOM MaTh U MY2K MO-TIPEKHEMY TOIYIAI0T
2 m 3 WacTH COOTBETCTBEHHO, a KaxKjaasd M04b — mo 4 wactm. [osa, 3aBemannasdg OJHOMY TIOCTO-
POHHEMY YeJOBEKY paBHa, 110 YCJOBHUIO, JI0J€ MATEPU U COCTABJLET 2 HaCTHU; JIOJIA, 3aBEITaHHAI
JIPYTOMY TIOCTOPOHHEMY YeJOBEKY PaBHA, IO YCJIOBHIO, % BCETO UMYIIECTBaA. VIMYIIECTBO BKIIOYAET
15 wacreit, 13 U3 KOTOPBIX HACIAEAYIOT POJACTBEHHUKM U 2 4YACTH, 3aBEIIAHBI OJJHOMY U3 IIOCTOPOHHUX

HacjaegoBareseit. [Tockoabky % TaCTh MMYIIIECTBA 3aBeIIaHa BTOPOMY TTOCTOPOHHEMY HUeIOBEKY, TO

Te 15 JacTeil COCTaBIAIOT % nmytmectsa. Torma % UMYIIECTBa COCTABJISET % = 1% JacTeil, Bce ke

WMYIIECTBO COMEPIKUT 1‘2—5 gacreit. Takum obpazom, pererne TpobIeMbl CBOAUTCA K HEOTPEIeIeH-

HOMY ypaBHeHMIO T = 2y + 3y + 8y + 2y + %:p, TJIe T — BCE UMYIIECTBO, Y — BEJIUYUHA OJHOI d9acTh
HAaCJ/Ie/ICTBA; CJIEJ0BATENBHO, %x =15y mwx = %y. An-Xopeamu moJsraraeT, 9ToO BCe UMYIIECTBO
coctouT m3 135 "acTefl, B TaKOM CJaydae MaTb HoaydaeT 16 wacreit, My — 24 gacTw, KaxXaasd u3
nouepeit — o 32 wacTu, neppas 3aBeriannaga Jg0Js paBHua 16 gactam , a Bropas — 15.

Ucropuk cpepnesekoBoil apabcekoit u espeiickoit maremaruku u acrponomun C. Tangs (1883—
1954) mazpan «Kuury o 3aBemanusaxs u3 «Anre6pbi» an-Xopezmn, BKIIOYAIONLYIO IBE PACCMOTPEH-

HBbIE HAMY TIPOOJIeMBI, «aarebpoii HacaemoBanusy |4, ¢. 328].

4. TpakraTr o HacjeacTBeHHOM npaBe ac-CaaKaBaHaU

B Tex penkmx ciydasx, KOrza an-XOpe3Mu BCe-TAKW CCHLIAETCS HA KOHKPETHBIE IOPUINIECKIE
MPUHIIATIBI, OHU OKA3BIBAIOTCS TOJIO2KEHUSIMU, TTPUHA/JIEKAITUMU BHIJAOIEMYCS UCIAMCKOMY 60-
rocsioBy u npasosegy A6y Xanude (699-767), uTo HENOCPEACTBEHHO CBUETEIBCTBYET 06 OCHOBA-
TeJTbHOM 3HAHUM aJI-XOPE3MHU FOPUIMIECKO CTOPOHBI TPobIeM.

Aby Xammda OBLI OCHOBATEIEM IIKOJBI XaHAMUTOB — OHOW N3 TPEX KAHOHUYECKUX CYHHUT-
CKUX DPEJTUTHO3HO-TIPABOBLIX KON (Ma3xabos), ocHoBanubix B VIII B. /IBe apyrme — 310 mKosa
MaJTMKUTOB, ocHOBaTe b Mannk nbn Anac (711-795), n mxona madunros, ocaoBarens Myxamma
ubn Wnapuc am-ladbun (767-820). DTuM 3HAMEHUTHIM TPABOBEIAM U WX YICHUKAM TPUHAIEKAT
I COYMHEHMS 10 MYCY/JIbMAHCKOMY HaciencrsenHomy mpasy.'? Tax, P. Pames ormedaer Tpakrar

13B kommenTapusax k sroit mpobaeme B. A. Posendenn (Takzke aBTOp PyCCKOro IIePeBOa anrebpanmdecKoro Tpak-
Tara an-Xope3Mu) He COBCEM BEPHO 00bsaCHAET BBIOOD 3HaMeHaTe st 13, nCxos u3 A01m KaxK A0l u3 nodepei B cayvae
3HameHaTesnd 12, paBHOI 3 % qaCTU: «9TOOBI M30erHyTh Ipobeil, an-Xope3Mu JesiuT HeoOXOAMMOe NMYIIecTBo Ha 13
gacTel, MpUIeM MaTh W My K IO-TIPEKHEMY MOIY9aioT 2 U 3 9acTH, a KaxkJad 1096 — 1mo 4 gactmy» [2, c. 134].

M TpunMIEl BBIHECEHUS! IPABOBBIX PELIEHMIl ITUX LIKOJI PACXOMAIUCH ¥ B OTHOIIEHUN HEKOTOPBIX ACIEKTOB My-
CYJIBMAHCKOTO HACJIEICTBEHHOTO TIPaBa, OTYACTH M3-3a pa3anauii B ToskoBannu Kopara u CyHHBL
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«Ucuncnenne 3apemanniiy («Xucab as-Bacaiisiy ) W3BECTHOTO MCJAMCKOrO npasosega Myxammvana
ubn Xacana amr-Llaitbanu (749-805), yuenuka A6y Xaumbsor u Manuka nbn Anaca [5, c. 107].
B 110/100HbIX TpakTaTax, COCTABAEHHbIX HE TOJILKO JI0 HAlUCaHUs «AJreOpbly aj-XOope3Mu, HO U
TMO3/THEee, PACCMATPUBAIOCH, KaK MPABUIO, 00IMee HACTEICTBEHHOE MPABO U MPOOIEMBI, OTPaHU-
YUBAIOIINECST BHIYUCTEHNEM HACTEJICTBEHHBIX JOJeH ¢ MOMOIIBIO 3JIEMEHTAPHBIX apupMETHIECKUX
omepanuit ¢ apobamu, 6e3 mprMeHeHUsT AATeOpPANIECKUX yPABHEHWI C HEM3BECTHLIMU BEJIMIWHA-
M. "? OHO# U3 BasKHeHIIX paboT B 5Tof 061acTH GBLT TPAKTAT MATEMATHKA, ACTPOJIOTA, Teorpa-
da, npeiacrapuTesnd xaHapuTckoro masxaba, 3HaToKa HacaeacrsenHoro npasa Cupask azg-/luna
ac-Camkaanan (ym. ok. 1203) «Kuwura nacnencreennoro npasa Cupamk an-lunay («Kurab an-
dapa’uz ac-cupapkuiiitar) mam npocro «Cupamkuititar. 1 Emy npumaniexar Takxe mareMaTn-
qeckne «Ynomobaenue o6 apudmeruke» u «Tpaxrar 06 anrebpe m aamykabaJies, COCTaBICHHBIE B

17 4 anrebpamueckoro TpakTaTos aj-Xopesmu. Bce Tpu coummeHmst

TpauIugax apudMeTHIeCKOr0
ac-CaKaBaHIu BKIIOYAINCH BO MHOTHE COOPHHUKM TI0 pa3fieay HACIeACTBa BIIOTH 10 XIX B. A
cam Tpakrar «Cupa/pkuiiiiay HEOJHOKPATHO KOMMEHTUPOBAJICS, B TOM 9HMCJIE U CAMUM aBTOPOM.

Bo BBenennn ac-CajzkaBaHan yKa3blBaeT BaKHOCTH HAYKU O HACJIEICTBEHHOM IIpaBe (‘UM ajl-
dapa’un): «3yuaiiTe mpasmia HaCIeI0BaHUS U o0yUaiiTe [sTuM mpaBuaam| Jrojeit, nbo oHu [mpa-
BUJIa| — OZiHA TIOJIOBHMHA TI0JIE3HOrO 3HaHusty [7, c. 11].

B xHure paccMaTpuBaroTCs MHOTHE IOPUINUECKUE TTOJ0KEHNS HAYKW O HACJIEICTBEHHOM TIpaBe,
BKJIIOYasl TPENATCTBUA K TOJYYUYECHUIO HACJIEICTBA (B YaCTHOCTH, UHOE BepOI/ICHOBe,ZLaHI/Ie)7 ydenune
0 JIOJISIX W JIUIAX, UMEIOIINX HA HUX IIPaBO, O pa3jiejie MMYIIeCTBA CPEIU HACTIETHUKOB U CPEIn
KPE/INTOPOB, O CJy4asdX BO3BPaTa, O KJIACCAX HACIETHUKOB M O JAJBbHUX POJCTBEHHMKAX.

Y1066l UMETH IIPEJCTABJIEHIE O MATEMATHYECKON COCTABJSIONIEH COYMHEHUI O HAC/IeJICTBEH-
HoM Tpase, monobHbIx «Cupamkuititny, paccMoTpuM 6osiee JeTaTbHO HEKOTOPHIE 3JIEMEHTHI ITOTO
COYMHEHUsI, OTHOCSIIMECS K apudMeTnke Apobeil, XapaKTepus3yoIieiicss B JaHHOM cJiy4ae ciierudu-
YEeCKO# JIEKCUKOI M OTJIMYHOM OT MaTEeMaTU4YeCKON JIOIMKON PACCyzKJICHUN U yMO3aKJAIOYeHUI.

YkazwiBasd, 9T0, coriacHo Kopany, HAC/IeACTBEHHDBIX J0J€eil MecTh ([0J0BUHA, Y€TBEPTh, BOCH-
Magl, [eCTasl, 1B TPETbUX U OJIHA TPeThs ), ac-CalKaBaHIu TOIpa3/Ie/isieT UX Ha JBa BUJA: TPH, B
Halreil TEpPMUHOJIOTHN, CO 3HAMEHATEJIEM, TPEJACTABIISIONINM CODOM CTeneHn 2, U TPU — OJIHA TPETH
U JIBE JIOJIU, TIOJIYYAIOINECS U3 Hee YIBOEHUEM W Pa3IBOCHUEM.

Hanee ac-CapkaBanaym npuBouT st 3TOr0 HAbOpa Aosei npasuao (1), CormacHo KoTopomy,
UMYIIECTBO JEJIUTCA HA YUCI0 YacTeil, pABHOE, B COBPEMEHHOM TEPMUHOJIOTUH, HAUMEHBITIEMY 0OIIIe-
My 3HAMEHATEJI0 JII000r0 Habopa HAC/IEICTBEHHBIX J0JIEM, CYIUBIITNXCH BMECTE: «KOT/IA [TOJIOBUHA,
KOTOpast €CTh JI0JIs IEPBOTO BUJA, CMEIIUBAETCS CO BCEMH JIOJISIMEU BTOPOTO BUJIA WU HEKOTOPHIME
U3 HUX, TO JCJIeHNE MMYyHIeCTBa JOJIZKHO 6bITb Ha IMIECTh; KOTAa YeTBepTad AJ0Jid CMEIINnBACTCA CO
BCEMHU JIOJIIMU BTOPOTO BUJIA WJIM HECKOJBKUMU W3 HUX, TO JieJIEHUe JI0JI2KHO ObITh Ha 12; u Korja
BOCbMad A0JIA CMEIIMBACTCA CO BCEMU JOJIAMU BTOPOTO BUAA UJIN HECKOTOPBIMU U3 HUX, TO 9TO A0JIZK-
HO ObiTh Ha 4 1 20 gacreit» |7, ¢. 29|. Kak yxke oTrMeqasocs, 3T0 MPABUIO MOTIATNBO IPUMEHSIETC
B PEIIEHUIX MHOTHX HACIEJICTBEHHBIX 3a71a4 U3 « Arebpbry aa-Xopeamun.

15113-3a ci10KHOCTH PACYETOB M OTHOCHTENHHO GOJIBLIONO KOAMYECTBA CTHXOB KopaHa, CBA3AHHBIX C Pa3e/oM
HACIEACTBa, ‘M an-dapa'ny (Hayka 0 HACTEJICTBEHHOM MpaBe) pacCMATPUBAJIACH MCJAMCKAME TTPABOBEIAMH KaK
0COOEHHO JTOXOHAsE 00/1aCTh [IPaBa, 9TO 00YCIABIMBAIO HAMMCAHUE COOTBETCTBYIOMMUX PAabOT.

6B 1792 r. B Kasbkyrre mamiickoil BeTBbIO m3marenbckoit xommanum <«Thacker & Company» (Jlommon) —
«Thacker, Spink & Company» — 661 Omy6MKOBaH TepBbIi aHTIMACKNN mepeBos «CUpaKUiiN», BBIIOTHEHHBI
auTmiickum dunonorom u opuctom Y. Ixoncom (1746-1794). B 1869 w 1890 rr. TaM ke IMOCIEI0BATNA IBA MEPEU3-
JIaHUS TOrO IEPEBOJA C BBeJAeHueM u npumedanuavu A. Pamcu (1825-1899), anpokara u npodeccopa mHARNACKON
opuctpyaeanun B Koposesckom kosmemxe JIOHZOHCKOrO yHUBEPCUTETA. DTHU MEPEU3JAHUS WCIOJIH30BAINCH B CY-
nax Bpuranckott Unpuu. 3amerum, uro gacth Tupaxka usnanus 1831 r. mepBoro anrimiickoro nepesoja «Amre6po»
a-Xope3mu, ocyiecTBaeHHOr0 HemernkuM opuentaiuctom @. Posenowm, 6buta pacupocrpanena B Kanbkyrre Takxke
xommanneii «Thacker & Company» [6].

Y"HanomanM, 4ro as-Xopesmu mpuHarexnT apudMeTHIecKuil TPaKTaT mox HaspaHmeM «KHura o6 mHmmiickom
cdere», B KOTOPOU BIIEPBBIE CHCTEMATHUYIECKYU U3JIAraeTCs MHAUNCKAs [MO3UIMOHHAA CUCTEMa 3AIMCH YHCeJs, UCIOJIb-
3yeTcst HOJIb JJIs1 0003HAYEHHST IIyCTOTO Pa3psa, a TaKKe PACCMATPHUBAIOTCS PA3IMIHBIE apU(METUIeCKIe METOIbI.
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Canenyroriee mpasuio (2) OTHOCHTCS K CIy9ar0, KOTJa CyMMa BCEX J0J1ell eCTh HEKOTOpas Herpa-
BUJIbHAs Jpo0b. B ucmosib3yeMoM HaMu aHMIRCKOM mepeBojie « CupajKuiiiiny 910 MpaBuio Ha3Ba-
HO «yBesmaeHueM» («increase»). DTo — TO Ke camMoe IPABUJIO, 9TO U IPABUJIO, HA3BIBAIOIIMECS «OT-
kjoneHmeM» («deviations, apab. «as-‘ayn») B crarbe C. lanmza [4, c¢. 331] (cMm. HAmm KoMMeHTapHit
KO BTOpOMY TipuMepy u3 «Ayrebpeiy an-Xopesmn). HamoManMm camMo mpaBuiio: €CJiu CyMMa, IUCITH-
Teeit moei 6OIbINe, YeM 3HAMEHATE/ b, TOCASHNN YBEJININBACTCA TaK, YTOOBI OBITH PABHBIM ITOI
CyMMe.

BaTeM IPUBOIUTCS CIIUCOK CHEIHATBHBIX TEPMUHOB JIJIsi 0003HAYEHHsT OTHOIIEHUH MKy IhC-
JIAMM:

1) anst paBeHCTBA ABYX "mCen — «Tamacysay (apab. «MIeHTHIHOCTD, CXOACTBOY );

2) ragaxyn (apab. «B3aUMONPOHUKHOBEHUEY ) — JIJI CIy9as, «KOTJIa MEHBIIEE U3 JBYX YHUCE/ TOUHO
u3MepsieT 6OJIbIIee, WM UCYEPIBIBALT €r0; . . . Korja 60Jibliee U3 JBYX YUCe] TOYHO JeJIUTCA MEHb-
IIMM; WM MBI MOYXKEM OIPEJIEeTUTh 9TO TaK, KOrja O0JIbIIee IPEBbINIAeT MEHBIIee Ha OJIHO YUCIIO,
paBHOE eMy |MeHbIiemy|, uiu Gostee. .. WK KOTJa MEHbBIIEE eCTh aTUKBOTHAS 9aCTh OOJBIIEr0, Kak
3 maa 9» |7, c. 31];

3) «raBacbyk» (apab. «COOTBETCTBUE, COTIACKE» ) — COTJIACHE JIBYX YHCE], KOTJIa «MEHBIIIee TOUHO He
n3MepsieT OOJIBITIEE, HO TPEThe UNCJI0 M3MepsieT uX 00a, Kak 8 n 20, KaXK10e N3 KOTOPBIX M3MEPIETCsT
4; OHU COIVIACYIOTCS B YETBEPTOl, MOCKOJIBKY YHCJIO, M3MepsIolee UX, eCTh 3HaMeHaTe b JIpo0u
obmedt i Hux» |7, ¢. 31, T0 ecTh pedb HAET O COM3MEPUMOCTH JIBYX UHCE;

4) «rabaityn» (apab. «pazmuuune, NPOTHBOPEUNE, HECOPAZMEPHOCTDY ) — «KOTJA HET TPETHETO YUC/IA
KaK-1u60 M3MEPSAIIEro J1Ba HECOMTACYIOMUXCA dncia, |takux| kak 9 u 10» |7, c. 31|, 31ech mox
«HECOIJIaCueM» ABYX YUCEeJI, O9€BUIHO, IMOAPA3YyMEBACTCA NX HECOUZMEPUMOCTD.

O6paTI/IM BHUMAHHKEC, 9TO JaHHAA TEPMHUHOJIOTHUA OTJINYaeTCAd OT TEPMUHOJIOI'NH, HpI/IHHTOﬁ B
TeopeTuIecKoil apudmMernke TOro BpeMenu (mo «hopMey ¥ CMBICJTY COBIAIAET JIUIIb TEPMUH «Ta-
GaityH», O3HAYAOIINH B MaTEMATHKE «HECOM3MEPUMOCTH» ). IIpuBeIeHHBIE TEPMUHBI MOYKHO DacC-
CMaTpPUBATH KaK CBOEOOPA3HbBIE IOPUAMIECKO-aprdpMEeTHIeCKre SKBUBAIEHTHI COOTBETCTBYIOAX Ma-
TeMATHYECKUX TEPMUHOB.

Emme oaao mpaBuio (3) onmceiBaeT «Crmocob MO3HAHWS COTIACHS W HECOTJIACHST MEXKJY JIBYMsI
KOJIMYECTBAMU» W PABHOCHUIBLHO METO/y HAXOXKIeHWsT HAnOO/IBIIEro OBIIero JeJuTess IByX YHCe
C HOMOIIBIO TOCJIEIOBATEIBHOTO BEIYHTAHNS S : «GOJIbIIee YMEHBITACTCH MEHBIIHM KOJIHIECTBOM C
JIBYX CTOPOH OJIMHAK/Ibl MJIK OOJIbIIE|e YnC/I0 pas|, 1oKa OHU He COIIACYIOTCS B OJHOM IIYHKTE; 1
€CJII OHU COIVIACYIOTCS TOJIBKO B €/IMHUIIE, MEXKJIy HUMHU HET YUCJOBOTO COIJIACHS;, HO €CJIU OHH CO-
DJIACYFOTCS B KAKOM-JTM00 9HC/Ie, TO OHU CONJIACYIOTCs B JIPOOU, Y KOTOPOi 9TO Y9UCIIO 3HAMEHATE b »
|7, c. 32]|.

Ormernm Takke pasuiio (4) «ycTaHoBKu»
HUKOB JIJII CJIY9aeB, KOTJa MMeeTCsl HECKOJIBKO MPeTeHIEHTOB Ha ONMPEJIeIeHHY0 00, HAIPUMED,
HECKOJIbKO JKEH, KOTOPBIM IoJjiaraercsi 1/8 HacsecTBa, M HECKOJIBLKO CeCTep, TIPeTeH IYIONMX Ha,
2/3 HacmencTBa. DTO IPABUIO COCTOUT U3 7 TOJIOXKEHHI.

19 qanmernimero o6Imero 3naMeraTe st 10Iei HacIe -

Pacemorpum BrOpoe mostokenue (4.2) mpaBuia «yCTAHOBKH»: «€CJIH JIOJIA OJHOTO KJacca, [Ha-
CJIE/THUKOB| JPOOHBIE, DU 9TOM €CTh COIJIacHe MeKJly WX YacTsMU M UX JHUIAMU, TO Mepa duc/ia
JIUIL, JI0JIU KOTOPBIX JpOOHBIE, 101KHa ObITh YMHOXKEHA HA KOPeHb (TO ecTh 3HaMeHaresb. — M.J1.)
ciaydas U ero ysesndenue (asi-‘aysi), ecyau 910 caydail ysesuuenus» [7, c. 33].

[TpumernM 3TO 1MOJOKEHNE K KOHKPETHOH nmpobsiemMe: MyKUnHa OCTABJISET HACJIEJACTBO PO/Iu-

'83amernv, uTo EBKIMI, M3TOKUBIIMA METOT HAXOXKIEHMS HAMOOJILIIEro OGINEro MeInTeNs MBYX UHCET @ ¥ b,
m3BeCTHBIA Kak amroputm EBkmmma, B kaure VII (mpegnoxkenns 1, 2) «Hagan», Takxke He menut a Ha b, a BRIIATAET
b mocienmoBaTesIbHO HECKOJIBKO pa3 U3 &, IOKA HE IMOJIYyYIUT OCTATOK €1 < b, TakmMm ke 00pa3oM BbIUUTAET U3 b
HECKOJILKO pa3 €1, MOKa, He TOJIYYHT C2 < ¢1 U T.J1. [I[prMenenre Bbrantanus EBKINIOM 00bICHIETCS TEM, UTO JIIOOBIE
oTeparuu HaJI YUCJAMU OH MBICJIUI P€OMETPUYECKH, IPEJICTAB/IAA YUC/IA B BUJE OTPE3KOB.

OTepesomunx «Cupampxuiiny Y.JI2KoHC Lepeses apabCeKoe CI0BO jlst HA3BAHU YTOI0 IPABU/IA KAK «arrangements,
He HAIsd COOTBETCTBYIONMETO APU(PMETUIECCKOTO0 TEPMUHA.
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ressiv 1 10 gouepsiv. B arom caydae orer loKeH MOIyYUTh 3aKOHHYIO 1/6 10110 Hacae1yemMoro
HUMyIIeCTBa, MaTh — Takxke 1/6, 10 mogepeii — 2/3 wiu 4/6 (o npasuty 1).

Caenyem moJioxeHuto 4.2:
1) mo mpaswmry 3, 10 (umcso godepeii) cormacyercsa ¢ 4 (YHCI0 HACAETyeMBIX UMHU 4YacTeii) B 2
(mpyrumu cioBamu, Haubo bt o6mmit mesurens 10 u 4 ects 2);
2) Toraa Mepa mcsa mun?? 6yger 10 : 2 = 5;
3) u HakoHel, 5 (Mepa JYHMCIa JIUI) YMHOXKAETCS Ha KOPeHb (3HaMeHares s) 6 u momydaercs 30;
4) B Takom caygae 30 — HaMMeHbIIHi 06K 3HAMEeHATENb HAaCAeyeMblx joeit 1/6, 1/6 u 1/15,
CJIEJIOBATELHO, HACIEICTBO HAJI0 pasfaesnTh Ha 30 gacTeil, OpU 9TOM MaTh W OTEI IMOJIyYaT o 5
gacreit, 10 gouepeit — no 2 vacru.

BameruM, 9T0 B myHKTaX 1)-3) PaKTHIECKN HAXOJUTCS JIOJIsI OJHON JT0Yepu:
2 2 1

161-6 — 56 30 15

Apudmernueckne meronsl «CupajzKuiiiiny M3/IaraloTcs B KOHTEKCTe IPaBOBLIX IOJIOMKEHHUIA,
KOTOPBIE PEryJIuPYIOT PACIPEAEJICHIe HACAEICTBA DU HAJTMYMK TEX WM MHBIX cuTyanuit (npu Ha-
JIMYUN JI0JITA, W3JIUIIKA HACJIEJLyeMOro MMYINECTBA, B CJIydae BO3BpaTa HACIEJCTBA) U C YIeTOM
DA3IUYHBIX KU3HEHHBIX OOCTOATENHCTB (KOIMYIECTBA HACTETHUKOB, CTENEHN POJCTBA, TeHIePHON
npuHAIeXRKHOCTH (0CO0BIH cayuait — caydait repmadpoauTa), 6epeMernocTr (TIOCKOIbKY TI0J pe-
GeHka elre He W3BeCTeH) 1 Jp.). B pe3ybrare TaKOro «COCYMIECTBOBAHUS» apU(MMETUIECKUX U IOPU-
JUIEeCKUX MPABUI, XapaKTEePHBIX s MOA00HBIX «CHpaKuiiiiny TPaKTaTOB, CO3MaBAJIUCH HOBBIE
METOBI IPEJCTABICHAS, PACIeTa U PENIeHUsT Tpob/JIeM HACIETOBAHU, CO3IABAIACh «ApPUQPMETHKA
HAC/ICOBAHUS».

5. Aaredopa B kjaccudukanum Hayk ajg-Papadu

IIponoskennbie u pacimupernsbie B 1X B. ucciie/loBanus, yKa3aHHbIE BO BBEJIEHUU, IIPUBEIH K
JBYM (DYHIAMEHTATBHBIM STTUCTEMOJOIMIECKIM PE3yIbTaTaM: HOBOH Kaccupukannm HayK U HOBO
KOHIIETIIINY SHITUKI0Tenun 3uanuit. Beaymyio pobs B 3T0# HOBOIM KIacCH(PUKAIMH CPEIN MaTeMa-
THYECKUX HAYK Urpasa aarebpa. 1ot dakT Hallea oTpaxkenue B Tpaktare «llepeduncnenne HayK»
(«Mxca’ an-‘ymym») BBIAAIOMErOCs yIEHOTO-9HINKIONEINCTa (MaTEMATHKA, ACTPOHOMA, TEOPETUKA,
MY3BIKH, OJHOIO U3 KPYITHEUIIINX TPEJACTaBUTE el BOCTOYHOTO MEPUIIATETU3MA, C AJIEMEHTAMK HEO-
nrarornsma) A6y Hacpa Myxammana nba Myxammama an-®apabu (872-950). MssecTHbIil B cpetHe-
BEKOBOI1 apabcKoil puaocodcKoil Tpagumun Kak «Bropoii yunrenn» mociae Apucrorens, aa-Papadu
OPTaHUYHO OOBEIUHUI B CBOEH KIACCU(MPUKAIIME IPEUECKIe HAYKH U WCIAMCKHUE JTACIIUILIAHBL.

K maremarwdeckuMm HayKaMm KpPOMe TPAIUIMOHHOrO KBAJIPUBHYMA — apuUPMETUKHU, IEOMETPHH,
ACTPOHOMHUHU U MY3BIKM — OH OTHOCHT TaKXKe ONTHKY, HAYKY O BECax W TaK HA3BIBAEMYIO HayKy 00
HCKYCHBIX TipueMax (‘mim asi-xuitan)?t.

B ornmane or Apucroresns, an-®apabu nojpasgesisier apudMETUKy, TeOMETPUIO U MY3bIKY Ha

22

MPAKTUYIECKYI0 W TeopeTnaeckyro. Tak, Teopernueckas apudmernka (1Mo CyTH, TEOPUS 9nUCeN)

20Tepmun «Mepa uncias me ompenensercs ac-CaakaBaHIy, TeM He MeHee, KaK CIeyeT U3 TeKCTa TPAKTATA, ITO —
9ACTHOE OT JIEIEHWs OTHOTO W3 ABYX Wmces (B JAHHOM CJIydae TuC/Ia CEcTep) OOJAIAI0NMX HAUOOIBITAM OOIIM
penuresneM (HAXOAAMMXCA B COIVIACHU) HA STOT JEJIUTEJIb.

2! (Hayka 06 mckycHBIX mpuemax» an-Papabu — 9T0 «yHueHme 0 TOM, KaKuM 00pa3oM HaI0 MOCTYIIATh, YTOGH TpH-
BECTH B COOTBETCTBHE W BOILIOTHTH B €CTECTBEHHBIX TEJaX BCE TO, Ybe CYIECTBOBAHUE TOKA3aHO B MATEMATHIECKUX
HayKaxX IyTeM PacCyzKJICHWUH U JOKA3aTeIbCTB», yUIeHHUe, JAIONee «PA3HbIe CIIOCOOBI U IIPUEMBI /sl HAXOXK IeHUs UC-
KYCCTBEHHBIM ILyTeM IIPUMEHEHUs] MATeMATHKY HA IIPAKTUKE B €CTECTBEHHBIX U OLIYIAeMbIX Tetax» [8, c. 31-33]. Dra
COBOKYITHOCTH [TUCIIATLIIAH, KOTOPBIE B OOJBITAHCTEE CBOEM Oy/IyT U3BECTHBI BIOCTIEICTBAN KaK HAYKH «CMEITAHHBIE>
(mymTazamk, repmun Berpevaerca y 6n Cunbl) mm «upomexyrounsie» (mediae y @ombr AKBUHCKOTO), BKIIOYAET
MCKYCCTBO PYKOBOJCTBA CTPOMTEIHCTBOM, <UCKYCHBIC TPUEMbI» W3MEDEHWs DA3JINIHBIX BUIOB TEJ, W3TOTOBJICHUS
PA3UIHBIX WHCTPYMEHTOB W MIPUGOPOB /I PA3TUIHBIX PEMECEN, B TOM YHUCJIe 3€PKAJ U BECOB, TO €CTh TO, 9TO MBI
OBl HA3BAM WHKEHEPHBIMU W IIPUKJIATHBIMEA HAyKAMU.

2Ipumevarensra pumocodckas naTeprpeTais an-Papabu TPUTHH BO3HUKHOBEHNS apuhMETHKMI, TPeICTABICH-
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U3yvaecT «9IucCjia B a6COJTIOTHOM CMBICJIE€, OTBJIEYEHHbBIC DA3yMOM OT TEJI W BCEro, 4TO IMOAAAETCA B
HUX CYETY... YUCJA 3/IeCh BBICTYHAIOT Kak 0oOIIne Kak Jijisd BOCIPUHUMAEMBbIX, TaK U [Jisi HE BOC-
LIPUHUMAEMBIX 9yBCTBAMM [IPEJIMETOB; 9Ta HAyKa IPOHUKAET BO Bee Hayku» |8, c. 17-18|. Teoperu-
Jeckasd apudMeTHKa U3ydaeT «BCE TO, 9TO IPUCYINE UX [IHCes| HHANBUAAYATHHBIM CYIIHOCTIM, 6e3
COOTHECEHUST OJTHUX K IPYTUM» (TO €CTh CBOCTBA YHCET), H3YUIAeT TO, «ITO CBOHCTBEHHO UM IIPH CO-
OTHECEHUHN OAHUX K APYTUM» (TO €CTh PAa3JINIHbIE OTHOIMEHUA MEXKIY LII/IC,H&MI/I), U3yvaeT onepannm
HaJ[ YUCJIaMU U «BCE TO, UTO BBITEKAET W3 ATOTO MPU COOTHECEHUN OJHUX K JPYIUM, U OObSICHSET,
KaKUM 00pa30M 4HC/Ia HAXOJATCS [0 KAKMM-TO HEM3BeCTHBIM ducaam» [8, ¢. 18-19|. Ilpakruueckas
apudmernka (‘mam as-‘agan an-‘amann), mo aa-Papabu, H3ydaer YucJI0 KOHKPETHBIX MEPECUNUTHI-
Ba€MbIX MPEAMETOB W IMPUMECHACTCA B TOPTOBBIX W TI'DaKAAHCKHUX Je/IaX. K TPaXKIaHCKUM JOeJIaM
(My‘amMasiaT MajgaHuita), OTHOCSATCS U IpOGJEMBbI pa3iesia HacaeacTBa. TakuM o6pa3oM, pacder J0-
JIeil HacaeCcTBa ¢ TOMOILI0 apudMernku aa-Papabn paccMaTpUBAETCS KaK Pas3mae] MaTEeMATHKH.

B «Kunre 6yks» am-®apabu yrBep:xkmaer: «Bermbio MOXKHO Ha3BaTh JOOYIO BEIb, KOTOPas
obaagaer aroitnocrsio (nar. “quidditas’. — H.JI.), mezaBucumo ot TOro Gyjer Jiu OHa BHEIIHEH 110
OTHOIIEHUIO K JyIIle WK IPOCTO MBICJUMON KAKUM-JINO0 00Pa30M. . . CYIIEe YKe BCErJia CKa3blBaeTCs
o Jt0boit Berru, obJ1a aIell ITONHOCTBIO, BHEITHEI K AYIie, U He MOXKET CKA3bIBATHCS O YTONHOCTH,
TOJIBKO yMO3pHuTenbHoit. Ha srom ocroBanun Berpb — 6osiee obiee nousitre, yem cymiees [10, c. 21].

WMurepecunr kommenTapuu X. Taxupn K 9tuM paccyxgerusMm aa-Papabu, cobcrenno u obpa-
TUBIIErO HAIlle BHUMaHWe Ha HUX: <. ..ag-Dapabu nanagaer Ha crapyto meradusuky |Apucrorens],
yTBep2KIast OPA3UTEIBHOE, YTO BEIhL — Hojiee 00Ias, YeM cylee. DTO KaK €CJid ObI TO, YTO MOXKHO
Ha3BaTh HAYKON 0 Bely, 66110 Ob1 GoJiee yHUBEPCAIBHBIM, YeM HayKa 0 Obitun [meradmsukal. Ectb
JIM HAyKa, YbUM OOBEKTOM sBJisieTcs Bellb? Tpajuiimonubiii dbuocod, 3HAHUS KOTOPOTO OTPaHU-
YEHBI TPEYCCKUM HAYIHBIM U (PUIOCOPCKUM PE3YILTATOM, ObLT ObI 033J1a9€H, YCJIBINIAB, YTO €CTh
4T0-TO, NoAobHOe HayKe o Bemu. OH norepiies Obl MOpakeHue, ecau Obl MONBITAJICA HAKTH 110,106~
HYIO B Kj1accudukanmn Hayk ai-Papadbu, IOCKOIbKY HE MOT 3HATh, 9T0 aBTop “Ilepeunciienns nayx”
MIOMECTHUJI €€ B HOBYIO KaTErOpHIO I10/] Ha3BaHWEM “HayKa O MCKYCHBIX mpuemax’» [10, c. 21].

Wrak, ecau, kax yreepxkgaer aja-Papabdbu, seis — Hojee yHUBEpCAIbHOE TOHSITHE, Y€M CYIIEe,
TO ecm ObI OBbLIA «HAyKa O BelwWy, OHA ObLia ObI 00Jiee YHUBEPCAIBLHON, YeM HAYKa O CYIIEM, TO
ecTh MeTadu3nKa.

Opnako aja-@apabu He TOJBKO HE OTPHUIAET YHUBEPCAJBHOCTH Merahusuku, HO, caeays Apu-
CTOTEJIO, YTBEPKIaeT 3T0 B cBoeM TpakTare «llems “Meradusukn’s: 9Ta HayKa «pacCMaTpPHUBAET
TO, YTO IPUCYIIE BCEMY CYIIEMY» 1 €€ IEPBbIN HpeaMeT — «abcooTHoe ObiThe, 11000H0e Bceobir-
HOCTH, a UMeHHO, enuHoe» |11, ¢. 335-337|. Bosee Toro, am-®Papabu yTBEpKIAET €THHCTBEHHOCTH
YHUBEPCAJIbHON HAYKH, [IOCKOJIbKY <«eCiau Obl UX ObLIO J[BE, TO KaXK/asd M3 HUX JOJDKHA Oblia Obl
UMEThb OT/EJIbHBIN IIPeIMeT UCCIAEI0BAHUS U He OXBATBHIBATH MPEJIMET KaKoii-ubo Jpyroir HayKH,
TO €CTh ABJATHCA 4acTHOW. B 3rom ciydae obe 31u Hayku Obliu Obl 4aCTHBIMU, & HTO BbI3BAJIO Obl
nporusopeunes |11, c¢. 335-337].

Hecmorpst #a 9T0, «HAYKOIT 0 Beminy, 00pa3HO TOBOPS, OKA3BIBAETCS aaredpa — OTHOCUTETLHO HO-
Bag BO BpeMena ay-Papabu MareMaTrdecKasd JUCIATLINHA, B PAMKaX KOTOPOH (hopMuUpyeTcs: HOBast
MaTeMaTHJYecKas 00beIUHsIONas KOHIEIIud — «aaredpanieckoe HeH3BeCTHOeY, 1 0003HaAYeH s
KOTOPOTO aJi- XOPEe3MU U MPUMEHWJT apabCKuil TEPMUH «ITaii», TO eCTh «Betby. An-Qapabu oTHOCUT
aredbpy K YUCIOBBLIM IIPHEMaM, BXOASIIAM B €0 «HayKy 00 MCKYCHBIX IIPHEMAaX», i XapaKTepPH3yeT

Hasd B ero tpakrare «O MPOUCXOXKIEHUM HAYK»: <. ..9HC]I0, KOTOPOE MPEACTABIAET CODOIl MHOKECTBO, COCTAB/IEHHOE
W3 eIMHUI], BO3HUKJIO OJIarogaps TOMy, 9TO CyOCTAHIMS MOXKET ObITh pa3/e/ieHa MHOTUMHU CIIOCO0AMU, U COIEPKUT
pazsnmanbie gacTu. Tak Kak CyOCTAHIWS IO CBOEil IPUPO/Ie MOYKET ObITH MOTEHIINAILHO PA3Je/IeHa 10 6ECKOHEIHOCTH,
TO W YHCJIO MOTEHNUabHO Oeckonedno. Hayka o gmciae — 370 Hayka 00 yMHOXKEHUU OJHUX dacTell CyOCTaHIMII HA
JApPYyTue, 0 JeJIeHUH OJHUAX Ha JAPYIrHe, 0 NPUOAB/IEHUH OJHUX K JAPYTrUAM, 00 OTHATHH OJHUX OT JPYIHUX, O HAXO0XK ICHUN
KOPHSI BCEX TeX YacTeil, KOTOPhIe NMEIOT KODHH, O HAXO0XKIeHUN X mporoprwii u T. 4. OTcona sicHo, KakKuM 00pa3oMm
OBLIO TIOJIY9YEeHO YHCJI0, OTKY/IAa OHO BO3HHUKJIO U CTAJI0 YMHOXKATHCsH, KAKOBA ObLIa IpUYHHA, 6/1aroJaps KOTOPOil OHO
[1OJ1y 9rJI0 OBbITHE, [IEPENLIo 0T BO3MOXKHOCTH K JeHCTBATEIbHOCTH U OT HeObITHd K OBITHIO. DTy HAyKy IDeYecKue
MyzApersl Ha3bBaoT apudmMeTukoits [9, c. 92-93].
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9TY JMCHUIUINHY KaK <ODIILYI0 U Jisl 9uces, u i reomerpuns |8, ¢. 33].

Ocobernnoctn nipegmera anrebpsr an-Papabu onuckiBaer ciaenyionmmM obpasom: «Ona [anrebpal
COJIEPKUT UCKYCHBIE TTPUEMBI HAXOXKJICHUS W TTPUMEHEHUST TUCEJT, OCHOBBI KOTOPBIX JIJIST PAIlMOHA/Ib-
HBIX ¥ UPPANUOHAIBHBIX BEJIUYNH JaHbl B gecaToit kaure “Hauanx” u B ToMm, 9To He ynomaryTo Fs-
koM. IlockonbKy palmoHaibHbIe U UPPAIUOHAIbHBIE BEIHYHHBI OTHOCSTCA OJHU K JIDYTUM, KaK
9UCIA K UMCIAaM, TO KaXKI0€ YUCI0 OYAeT COOTBETCTBOBATH PAIMOHAJLHON MJIM UPPAIMOHATLHON
BestmumHe. Kciu HaxXoaaTes Yiciia, KOTOphle COOTBETCTBYIOT HEKOTOPBIM BeJIMIMHAM, HAXOISITUMCS
B OPOMOPIHY, TO KAKUM-TO CIHOCOBOM HAMAYTCH W 9TW BeJWIWHbBI. [[09TOMY MBI TIOCTYJIHPYEM, 9TO
OIIpeJie/IEHHbIE PAITMOHAIBHBIE YUC/IA COOTBETCTBYIOT DAIMOHAJIBHBIM BEJIUYHHAM, & OIPE/IeIeHHbIE
MPPAIMOHATBLHBIE YHC/IA COOTBETCTBYIOT MPPAIMOHAIBLHBIM BestmauaaM» 2> [8) ¢. 33-34].

13 storo dpparmenta ciaemayer, uro kodddurmenTamu aaredpandecknx ypaBHEHUN MOTYT OBITDH
He TOJIBKO HATypaJbHBbIE YHC/Ia, HO U HEMpPEPBIBHbIE MeOMeTpudecKie Beauuunbl. Bojiee Toro, 1mo-
apaenne y aa-Papabu TEPMUHOB «PANMOHATBHBIE UHUCIAY W «HUPPAITUOHAILHBIE YHCIA», & TAKIKE
€ro yTBEPKJEHUE, 9TO OTHOIIEHUS HECOM3MEPUMbBIX BEJUYUH COOTBETCTBYIOT OTHOIIEHUSIM HATY-
PABHBIX UHCEJI, CBUAETEIBCTBYIOT O TOM, UTO MO/ YHCAAMU OH TIOHUMAET HE TOJHKO HATYPAJIBHBIE
YUCTIA.

Tor dakr, uTo ajnredpa NPpUMEHIETCS B PABHOI MEPE B ABYX HAYKaX — apudMETUKE U I'€OMETPUH,
anrebpamvueckasi «BeIb> — COBPEMEHHOE aaredpamvecKoe HEM3BECTHOE — MOYKET OBITh U 9UCIOM
M TEOMETPUYECKON BETUYIUHON, TPOTHBOPEUNT, OJHAKO, TE3UCY APHUCTOTENST O HECOM3MEPUMOCTH
BUJIOB, JIEYKAIEMY B OCHOBE €10 KJIaCCHMPUKAINT HAYK, APYTUMHU CJIOBAMU, TE3UCY O HEAOTYCTUMOCTHI
repexosia OT OJIHON HayKu K Jpyroil B mporiecce joKa3aresbcTBa: «Hesmb3st noKa3aTs mocpeicTBoM
OJIHOM HAYKW TIOJIOXKEHUS APYTOi, 38 UCKIIOUEHNEM TeX CIyYaeB, KOT/Ia HAYKN TaK OTHOCITCH APYT
K JPYTry, 4TO OJHA TOJYUHEHA JAPYroll, KAKOBO OTHOIIEHWE, HAIPUMED, ONTHKH K FeOMETPUU U
rapmonunn — K apudmeruke» (Apucrorens, «Bropas anamurukay, 75al4-16). Apucrorens orpunaer
BO3MOXKHOCTb B3aUMOJIEHCTBUS HE TOJILKO PA3JIMYHBIX HAyK, HO TaKXKe U HAYK B paMKax OJHOI
HayJHOI aucuuiabl (06 9ToM Gosiee moapobHo cm. [14; 15]).

An-®apabu ocozHABAI Jajeko wayime GpusocodCKre MOCHEICTBUS TePEOCMbICTIEHNST MaTeMa-
tuku. [logBieHne HOBBIX MAaTEMATHYECKUX JUCITUILINH, TAKUX KAK ITpaKTu4IecKas apudMeTuka, aj-
rebpa, «HayKa 00 MCKYCHBIX MPUEMAaX» OMPEIeNI0 HEOOX0IUMOCTh HOBOM K/TACCU(DUKAIINY HAYK U
HEAPUCTOTEIEBCKOH OHTOJIOTUH, TIO3BOJISIONIEH TO3HABATE OOBEKT 663 BOZMOXKHOCTU TOYHOTO MPEJI-
CTABJIEHUS O HEM.

6. 3akJIroueHue

N3 noxenunbie hakThl CBUAETENBCTBYIOT O TMOMBJICHUN W CYIECTBOBAHWHU OCODOM HAYJIHON Tpa-
JIATIAN, XAPAaKTEPHOU UCKJIIOUNTEIRHO JIJIS CPEJHEBEKOBON apabo-MyCyIbMaHCKON HAYKU U 3aKJIH0-
YaIoNMeNcd BO B3aUMOIEHCTBUM apuMETHKN U ajiredpbl C HAYKON O HAC/IEACTBEHHOM IIPABE WU
HayKOi 0 pacdere joseit nacieacrsa (‘wim an-dapa’'ni). Odopmupmasica B VIII B. B pamkax my-
CYJBMAHCKOTO TDAXK/IAHCKOTO TIPABA 9Ta JIUCIUIINHA, TPABIIA KOTOPOH OIIPEIEAIOTCS TPEITICA-
nusivu Kopana n CyHHBI, y9acTBOBaIa B POPMUPOBAHUN OJHOTO U3 PA3IEJ0B aaredphl — «aaredps
HacaenoBanusy. 1 «apudMeTnka HacIeIoBaHug» U «ajrebpa HacJAeIOBaHHUS» OCHOBBLIBAIOTCS HAa
pazpabaTbiBaeMbIX B HACIEICTBEHHOM IIPABE MPABUIAX, PETYIUPYIONINX PA3MeD 3aKOHHBIX 016l u
OTpAaHUYEHHBIH 00'beM 3aBENIAHHOIO HACIEACTBA C YUETOM PA3JIUIHBIX YKU3HEHHBIX 00CTOATENBLCTB.
«Anrebpa HaCcHemOBaHUSY, B OTJINUNE OT «aPUQPMETUKN HACTEIOBAHUT», UMEET 0 He C ITIPOo-
CTBIMU CJIyYasiMU PACIIPeJIesIeHNs] 3aKOHHBIX J0JIell, KOTOpble MOI'YT OBITH PEIeHbl ¢ MOMOIIBIO
3/IEMEHTAPHBIX apudMeTHIeCKUX oneparuii ¢ Apobsmu, HO ¢ 00/iee CAOKHBIMU CAYIAAMEI JTCICHUST

2 TIpencTaBmreHHEIT TIePEBOT 9TOrO (parMenTa oCHOBAH Ha pycckoMm mepesoze A. KyGecosa u 1. O. Moxammena
apabckoro rexcra sroro pparmenta [8, c. 33-34| u pycckom nepesoze I. II. MaTBueBckoil cpeaHeBEKOBOM JTaTHHCKON
Bepcun [12, c. 246]. Heckonbko oTmaHbiil anrniickuil nepesox naH B [13, c. 168].
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HACJIECTBA, PEIIeHNe KOTOPHIX MPOU3BOIUTCI C MOMOIILIO AJre0panvdecKux METOI0B, CBOIAAIIUXC
K JUHEHHBIM 1 HEOIPEICJIEHHBIM YypPaBHEHUAM, IIPH 9TOM OPUIMIECKNIE CTOPOHDLI PEIIaeMbIX IIPOo-
Os1em He 3aTparuBaioTcd. Takas «asredpa HAC/ICI0BAHUY COCTAB/ISAET OOJIBINYI0 YaCTh HAITUCAHHOM
B mmepBoii yersepru IX B. «KparTkoit kunrn 06 ncunciennu aaredpol  aJMyKadasibl» BbIIAOMIEr0Cs
CpeIHea3naTCKOr0 MaTEMATHKA afl-Xopesmu. HacaeacTeertnoe IpaBo pa3pabaThbiBaIOCh B IPOIECCE
GOPMUPOBAHNS PABIUIHBIX PETUTHOZHO-TPABOBBIX TITKOJI W CTAHOBJIEHUS HOPM HCJIAMCKOTO TTPABA.
VUeHBLIMU-TIPABOBEIAMHI, IIPEACTABATEASIMA 3TUX IITKOJI, COCTAB/ISINCH TPAKTATHI 0 HACIEICTBEH-
vomy npaBy ¢ VIII B. B rakux counnenusix, mogo0Ho Hanbo/iee 3HaanMoii u3 Hux « CupajaKuiiiiny
ac-Camkasannn (XII B.), apudmerndeckue mpasmia pacdera Jojeil HACJEIHUKOB PacCMaTPUBa-
JINCHh B KOHTEKCTe OBITEero HaCAeICTBEHHOTO IPABa U MPUHATHIX B HEM TOJIoXkKeHuil. B urore, cpej-
HEBEKOBbIE MCJIAMCKHE IOPUCTHI-MATEMATHKN M MATEMATHKH [TOJIYIAJIH HOBBIE METOIBI IPEeACTABIIE-
HUZ, PACYETA U PEIIeHNs HACIEICTBEHHBIX TPO6IeM, COUeTAIONINE SJIEMEHTHI TAKUX HEPOICTBEHHBIX
JUCIHAILIAH, KaK FOPUCIPYAEHITN ¥ MATEeMaTHKa, CO37aBad HAYIHYIO TPAJUIINUIO, OCHOBAHHYIO Ha,
COCYILIECTBOBAHUY MAaTEMATUYCCKON U IOPUAUIECKON ;LI/ICLUAIHJH/IH.24
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AnHOTanusa

B crarpe mpesacraBiieHa peTPOCIEKTHBA CTAHOBJIEHUSI U PA3BUTHs OJHOTO U3 METOIOB U3Y-
qeHus 1epOPMAIMOHHOTO YIIPOYHEHUS MATEPHATIOB — MATEMATHYIECKOTO AHATN3A JHATPAMM JIe-
dopmarnuu. IlonpobHO paccMOTpPeHO BarKHEHIee MaTeMaTHIeCKH ODOCHOBAHHOE HAIpPAB/IEHHE
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aHasm3a guarpamm gedopmaiinu, 0a3upyioleecss HA UCIOIH30BAHUN UX IEPECTPOEHUS B KO-
opuHATAX, OOYCIOBJIEHHBIX OMPEIeTEHHBIMUA MOJENIbHBIE MPEICTABICHUAMU, OMUCHIBAIOIIAMA
mporece AepOPMAIMOHHOrO yIpOodHeHus . [IpOrLIIOCTPUPOBAHO M3MEHEHUE METOAMK AHAJINA3A
KPUBBIX PacTsiKeHust (Harpy3Ka-yJIMHeHUe) U UX MATEeMaTUIeCKOrO OLUCAHU OT IIPEeICTaBIIe
umit X VII-XVIII Beka, pador JI. na Bunuu, P. T'yka, 1. Heiorona n0 copemernuoctu. Omucano
TOJTAMHOE PA3BUTHE MATEMATHIECKOTO OMUCAHUS Ae(DOPMAIMOHHOIO YIIPOYHEHUS C UCIOJIB30-
BaHueM guarpamMm aedopMaruu 0T (PeHOMEHOJIOTHIEeCKUX MOIX0A0B B pamMKax teopuii Jliomgsu-
Ka, Xommomona, 2Kayns-Kproccapa 10 coBpeMeHHBIX (PU3HIECKUX TEOpHil m1edOopMaIrnoHHOrO
yupoutenus JIxk. Teitnopa, H. @. Morra, E. Oposana, 9. U. ®penkens, 4. B. ®punmana,
A. Berepa, A. Korrpemnna, JIx. Puna, 6a3upyiommxcs Ha aHaIW3€ IBOJIONUH KOMILIEKCOB Je-
dexTOB cTpoeHuUs, pe3yabTaTax MeTalIorpadudecku 000CHOBAHHBIX TOHKUX METAJLIOMhu3nde-
CKUX KCIEPUMEHTOB. JlaH KPpUTHYECKUIT aHAJIN3 HEIOCTATKOB COBPEMEHHBIX MATEMATUIECKUX
METO/IOB OIEHKHU MapamMeTpoB auarpaMm AeOpMAIlid ¢ TOYKU 3PEHUs] PA3BUTHSA TErPAIAIAN U
Jecrpykiuu (10BPEXKIaeMOoCTH) B npouecce ucnbiranuii. IIpusesenbl npumMepbl pacdera napa-
METPOB MOBPEXKIEHHOCTH HA OCHOBE MOAXOAa aHaiu3a guarpamm gedopmaiun Oquara . A
JIubeposa FO. II., Pourckoro B. M., Puibakosoit JI. M., Biranrepa M. E. Ha npumepe majo-
YTJIEPOAMCTOM CTAJIM MPOBEJEHA IKCIEPUMEHTAIbHAS ampobannst NCIOIb30BAHNS MTEPEUNCIIeH-
HBIX MOJIETHHBIX TPEJICTABICHUN B CpaBHeHHUH ¢ moaxomamu Jlwoasuka, Xomnomona, 2Kaymns-
Kproccapa st OleHKE WX COOTBETCTBHUSI COBPEMEHHBIM IPECTABICHUSIM O BKJIAJE JErpajia-
UMOHHBIX U JECTPYKIUMOHHBIX IIPOLECCOB (noBpexiaeMoctu) B 1ehOpPMALMOHHOE YIIPOYHEHUE.
BrimosiHen komaecTBeHHBIN aHaIN3 KO3IMMUIINEHTOB YIIPOUHEHUS, TOOPOTHOCTH U JECTPYKIIH,
TO3BOJIMBINNI CBSA3aTh CTAAWIHOCTD 1eOPMAIMOHHOIO YIPOYHEHNS C MAPAJIIeIbHBIM Da3BU-
THEM JBYX OCHOBHBIX ITPOIECCOB: TpanchOpMaImei IUCIOKAINOHHON CyOCTPYKTYPBI U Pa3BU-
TreM 1ebOPMAIMOHHON MOBPEXKIEHHOCTH THUIIA, MUKPOTPEIIMH U 1OP. BhIABIEHBI KPUTHYIECKIE
3HaYeHus JeDOPMAIUU, ONPEIEISIONIE MPAHUIBI IUATA30HOB PE3KOr0 H3MEHEHU s [TADAMETPOB
1e(bOPMAIMOHHOTO YIPOYHEHNUS U NECTPYKIIUHN.
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Abstract

The article presents a retrospective of the formation and development of one of the methods
to study the materials strain hardening — mathematical analysis of strain diagrams. Discussed in
detail the most important mathematically reasonable direction of the analysis of the diagrams
of deformation based on the use of their rebuild in the coordinates, due to the defined model
representations, describe the process of strain hardening. The paper illustrates changing of
analysis methods of stretching curves (load-elongation) and their mathematical description
starting from representations of the 17¢"~18'" centuries in the works by L. da Vinci, R. Hooke,
I. Newton up to the present day. A phased development of the mathematical description of
strain hardening using strain diagrams from phenomenological approaches within the theories of
Ludwik, Hollomon, Jaul-Krussard to modern physical theories of strain hardening by J. Taylor,
N.F. Mott, E. Orovana, Ya.l. Frenkel, Ya.B. Friedman, A. Zeger, A. Cottrell, J. Reed, based
on the analysis of the evolution of complexes of structural defects, the results of metallographic
grounded thin metalphysical experiments. A critical analysis of the shortcomings of modern
mathematical methods for estimating the parameters of strain diagrams in terms of the
degradation and destruction (damage) development in the testing process is given. For example,
mild steel experimental testing of the use of the listed model representations in comparison with
the approaches Ludvika, Hollomon, Joule-Crosara to assess their conformity with modern views
on the contribution of degradation and destruction processes (damage) to work hardening. The
quantitative analysis of the coefficients of hardening, g-factor and destruction, which allowed to
link the stages of deformation hardening with the parallel development of two main processes:
the transformation of dislocation substructure and the development of deformation damage
such as microcracks and pores. The critical values of deformation determining the boundaries
of the ranges of sharp changes in the parameters of deformation hardening and destruction are
revealed.

Keywords: metal alloys, hardening, strain, mathematical analysis, diagram, tensile, damage,
steel, mathematical model, fracture, load, plasticity.
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1. BBenenue

Huarpavmbr gedopmaiinu (MM MAINIMHHBIE KPUBbIE), MIOJ1y Y€HHBIE DU UCIIBITAHUSIX HA, OJIHOOC-
noe pacrazxkenue o 'OCT 1497-84, sBnsiorcs ocHOBHON 6a30# 9KCIEPUMEHTAJIBHBIX PE3Y/IHTATOB,
HEOOXOMMBIX JIJIsT AaHAJN3a CBONCTB M CTPYKTYPHI MATEPUAJIOB W U3 w3 HuX. MeToauka ana-
JIN3a KPUBBIX PaCTAXKEHUA (HanyBKa-yﬂﬂI/IHeHI/Ie) U NX MaTEMATUYIECKOE OTITMCaHNE YXOOAT KOPHAMU
B XVII-XVIII Beka k paboram JI. ga Bunun, P. I'yka, . Herorona. Heckobko ThIcAd JieT 3019u€e
paCCUMTHIBAN TTPOYHOCTD, TJIABHBIM 00pas3oM, onupasch Ha naryunut. C onsiroB Jleorapao wa-
JaJjICcs SKCIIEPUMEHTAIbHBIN [IEPUO/I B PA3BUTUHN CTPOUTENIBHON MexaHuku. lajmneii cBes 60JIbINO
KPYT BOIIPOCOB, CBSI3AHHBIX C MTPOYHOCTHIO U PA3PYIIEHHEM MaTepUajos, B OfHY 001acTh 3uanug. On
BIIEpPBBIE YKA3AJ Ha, HEOOXOIUMOCTE TIOCTPOEHUST CODCTBEHHOH TEOPHH, CO3MAHES COOCTBEHHOM HAYKN
~ COIPOTHB/IEHUS MATEPUAIOB. [103/1Hee, ¢ MOSIBJICHNEM MOHATHS «HANPSIKEHUT» (0) U Auarpamm
«HanpsiKenne- fedopmanua» (o=f(g)) opopMUINCH TOHATHA «YCIOBHON» (0=f(€)) U «HCTHHHOI»
(S=f(e)) muarpamm nedopmanmu. Begennniocs 060CHOBAHHOE MATEMATUYECKN HAITPAB/IEHUE aAHAJIU-
3a 9TUX JUATPAMM C UCTIOIH30BAHNEM UX TEPECTPOEHUS B KOOPAMHATAX, 00YCIOBIEHHBIX OTIPETeTEH-
HBIMHU MOJIEJIBHBIE TIPEJICTABICHUSIME, OMUCHIBAIONIIMHI TIPOIECC TehOPMAIIHOHHOTO YIIpouHeHust [1].

Buauasue (XVIII-XIX BB.) 910 6l npocrbie denomenosorundeckue Moenn. o mepe cosep-
IMEHCTBOBAHNA B XX B. (DU3WIECKUX MPEJICTABICHUN 0 JeeKTaX CTPOCHNUS, TEXHUKN METAJTOMDH-
BUYECKOTO SKCIEPUMEHTa, METOUK aHAIN3a €r0 PE3YIbTATOB OBLIT OCYIIECTBIEH TEepexo] K pu3nde-
CK1 0OOCHOBAHHBIM M MeTaLIorpadndeckn (ONTUIECKH, SIEKTPOHHO-MUKPOCKOTTMIECKHN ) TIOITBED-
JKJIEHHBIM TeopusiM nedopMmarmontnoro yupounenus /1. Teitnopa, H.®. Morra, E. Oposana, A.1.
®penxkenst, J.B. Ppuavana, A. erepa, A. Korrpemnna, x. Puzna [2].

Tlo cymecTBy, mcropuorpadusa METOANK MATEeMATHIEeCKOTO aHAIn3a auarpamm gedopMarinm
OTpazkKaeT 3BOJIONUIO B3TASI0B HA IMPONECCH YIPOUHEHUsT TPU J1ehOPMUPOBAHUN MaTEPUATIOB.
HOCTeHeHHO BBIKPUCTAJIJIN30BAJINCH CTAHTAPTU30BAHHBIC XaPAKTECPUCTUKN MEXaHUYICCKMUX CBOI‘/JICTB7
ompejiesisieMble M3 aHAIN3a AuarpaMM jgedopMarnuu. [IpodrocTn: mpemes mTpouHOCTH, (PU3HIECKAHT
(ycnoBHBIH) TIpeen TeKydecTr. Y IpyrocT: MOY/Ib yIPYrocTu (mepBoro u BTOporo poga — HOwra,
cIIBUTA), mpemest yupyrocru. lliacTwanocT: oTHOCHTEIBHOE yTHHEHHE (ynpyroe, paBHOMEPHOE,
COCPEMIOTOUEHHOE, 00IIee), OTHOCUTENBHOE CyKEHME.

JIis MeTaIImuecKnx MaTepuaioB ( MeTA/LI0B U UX CIIJIABOB) HANOO/IEE 9aCTO TIPU AHAIU3E YCI0B-
HBIX ¥ MCTUHHDBIX JUATPaMM JehOpMalNN UCCIETOBATEISIMA UCTOTB3YIOTCS MOIETH AMMPOKCHMa-
mun Jlrogsuka, Xommomona, 2Kayns-Kproccapa. AHaimTuaecKe BhIPAKeHUs JJTsi OMMCAHUST YCIOB-
HOW 0 — & WM UCTUHHON S — e quarpamMM AeOpMAIUN OTIEHUBAIOT MO KAYEeCTBY AMMTPOKCHMATIHH.
Hawubosee pacupocrpanennbie npencrasaenus: Jlrogsuka S = Sy + Ke'™; Xoyutomona S = Sg - e”
u mpomseoamHble oT HuX Kayna — Kproccapa dS/de = Do -e" ! (Dy = n-Sp), onucbiBas m3me-
HCHUS BUJ/Ia KPUBbIX HAI'DY2K€HUA, K CO2KAJICHUIO HE OTPaXKal0T IPOUECC AEeCTPYKINUN (HaKO]TJTeHI/lH
NOBpexkAennii) B 1ehOpMUPYEMOM METAJLIE.

g momydennd 6ostee HATEKHBIX CBEJICHN 0 MEXAHU3MAX [JIACTUYECKOTO TeUCHWA W HAKOTILIE-
Hun gedpopMalmoHHoil nospexgaemoctu B 60-x rogax coerckumu yaenbiMmu Oguarom WAL, Jlu-
6eposbim FO.IL., Pounckum B.M., Pribakosoit JI.M., Biaanrepom M.E. 0bl1 mipoBesen psig uc-
crenoBaanii [3-8|. IIaBHBIM MHCTPYMEHTOM HCCIEIOBAHUN SIBJISIIOCH TIOIPOOHOE AHATUTHIECKOE
rpagpuaeckoe n3ydeHrne MeXaHu3Ma, POPMUPYIOMEro COOTHOIIEHN NCTUHHBIX HAMPSKEHUN U J1e-
dopmarmit, MOIyIaeMbIX B XOI€ CTATHYECKOTO W YCTAJTOCTHOTO pas3pyIienus. s sKCIepuMenToB
MCTIOMB30BATN 0OPA3IBI CTANEH PA3TMIHBIX COCTABOB, ME€Jb, AMIOMUHUN, HUKETh, apMKO-Ke1e30,
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CILJTABBl Ha, OCHOBE HUKEJIS, MEJIW U JP. B PA3JIMIHBIX COCTOSHUAX.

B pab6ore [9] 6BL10 TTOKA3aHO, UTO TP CTATHYECKOM DACTSIKEHUHW BEJIMINHBI UCTHHHBIX HATPS-
JKeHUI TevueHus S B aJIOMUHUU W MAJTOYTJIEPOIUCTON CTAIH ONMPEJeIdIOTCA BelmInHaMu CyO3epen
u GJIOKOB € B METaJIe U COOTHOITIEHNE MEK/Ty HUMU BBIPAYKAETCS CJIeayroreit dhopmystoit

' 1)

S=a-¢

[Ipu anasm3e SKCIIEPUMEHTATHHBIX JAHHBIX paboThl |7| aBropamu Oblia BBISBICHA IPOCTAs 3a-

BUCHMOCTBH MEXK/Iy MCTHHHON OCTarouyHoii pedopmarueil § u BeJuunHO# OJIOKOB €, U3 KOTOPOI,

npuHMasg BO BHUMaHEE (1), cieyer, YTO MCTHHHBIE HANPSKEHWS B METAJUIHIECKOM 00pasie npu

MPOCTOM PACTSIXKEHUU HAXOJSITCS B CJEAYIONIEM COOTHOIIEHWM C UCTUHHON OcTaTOUYHOU medopma-
mmen

1
S=Sc+v:672, (2)
e Se — pusHUECKu mMpeges yIpyrocTH, T.e. HAMPAXKEHWe HUKe KOTOPOTO MPH JAaHHON CKOpPO-
¢ty JehOPMUPOBAHNST B METAJIe HE TPOUCXOIIT CTPYKTYDHBIE M3MEHEeHUd, a v — K0IPOUIUEHT

mIacTHIHoCTH (7 = 1/, rJle — WHTEHCUBHOCTH J1ehOPMAIMOHHOTO YITPOTHEHNS ).
Jlaunbie, TOMyYeHHBIe W3 SKCIIEPUMEHTOB Ha CTATHYECKOe OJHOOCHOE PACTAXKEHWE, ObLIH HC-

1
TTOJTH30BAHDI TSI TOCTPOEHMUST TUATPAMM B KOOpJAUHATAX S — & /2, e S- NCTHHHOE HaNpsiKeHne, -
WCTUHHAS OCTATOYHAA AeDOPMAITS.

i P ]:
so |-

LT L
40 o

30 .
~ Bk 760
5 AZ-§50 I,"
% i g’

a2 aé ¢ af ar as

Puc. 1. Tuaepammor pacmasicenusn nukeasn (H1, H2), apmro-oceaesa (2K) u cmaau 45 (Cm4s) 6

1
Koopdunamaz S — & /2 (yudpv y mapox — memnepamypa npedsapumensrozo omorcuza) [10].

B pesynbrare mpoBeEeHHBIX KCIEPUMEHTOB U aHAJIN3A YKA3AHHLIX JHarpaMM OBbLI0 0OHADYKe-
HO, 9TO Ha JUarpaMMax B MapabojndecKuX KOOPAWHATAX B 0OJACTH ITACTHYECKON gedopmarmn
HAOJIIOIAIOTCS OJIMH MW JIBA TIPAMOJIMHEHHBIX yaacTka (puc. 1).

Bbu10 BBICKA3aHO IPE/IIIOJIOKEHIE O BO3MOXKHOI CBSI3U BbIABIEHHON crajuitnoctu S (5) ¢ pa3Bu-
THEM TIOBPeKJIeHHOCTH. IS aHAIM3a STOTO IPE/IIOIOKEHUs M3y IaIl COOTHOIIEHNE HAIPSIZKEeHHi
u jedopmaiuii npu nmkandeckoM Harpyxenun [11]. B pesysnbrare skciepumMenToB Ha 06pasnax
TEXHUIECKOTO 2KeJie3a 3abUKCHpPOBAIN TPU JTHHEHHBIX ydacTKa (puc. 2).

UccnegoBanme 9TuX JUarpaMM, & TakyKe MeTajaorpaduieckne nccae oBanus (puc. 3) mokasa-
JIF, ITO XapAKTEeP UX ONPEIeTIeTCs MEXAHI3MOM IIJIACTHIECKOi 1ehOpMAINY 1 KHHETHKOT TeCTPYK-
mn Marepuasia. OCHOBHOM BBIBOJI, K KOTOPOMY IIPHBOJSAT aBTOPOB UX JAIbHEIINe HCCae0BAHIS
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MMOKA3BIBAET, UTO MPOIECC AehOPMUPOBAHUS MOXKHO PA3AEIUThH YCAOBHO HA TPU OCHOBHBIE CTAUU

HAKOIUTEHNST MUKPOPAa3PYLIIeHHi, KaK/[as U3 KOTOPHIX XapaKTePH3YyeTCs OIPEIeJeHHBIM MeXaHn3-
MOM M CTeleHbIo passuTus (puc. 4).
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Puc. 2. Jluaepamma snaronepemertoli depopmayuu 00pasyos u3 MerHUeCcK020 HCeAesn 8

1
koopdunamaz S — & 12 [10].

Puc. 8. Muxpogomozpaduu noseprrocmu obpasya X 30: a — nocae 120 NOAHBT YUKAO8 COHCATMUA
u pacmagicenusa; 6 — nocae 166 noanvz yuraos [10].

Ha niepsom yuacrke (puc. 4) mporiece redopMalini TpakTHIECKH MOJTHOCTIO TacTnaeckuii. Ha
3TOMI CTaduN BCA WJIN IIOOABJIAIOIIAA 9aCTh LLerOpMaHHH O6yCJ’[OBJ’IeHa ABU2KEHUEM 1 PASMHOXKEHIEM
IUCIOKAIHNA.

Ha BTOPOM JIMHeTHOM yqaCTKe HAKOIIJICHUE I/ISMeHeHI/Iﬁ, OTPazKarImnx HHaCTI/IquKyIO KOMIIO-
HEHTY MaKPOCKOIIMIECKOH OCTATOTHOM TedpOPpMAITIH TBEPIOr0 Teja, pe3Ko cHmxKaercs. Ilpu stom Ha,
MEXAHU3M ILQd)OpMaHI/II/I SHAUUTC/IbHOE BJIUAHNEC HAYMHACT OKA3bIBATH PA3BUTUEC HapyIHeHI/Iﬁ CIIJIOIII-
HOCTH ¥ 0Opa30BaHNE MUKPOTPEIIMH. DTOT ITAll ONPEAEAACTCS B OCHOBHOM AedOopMalineil IIacTuKo
— HeCTPYKIIMOHHOTO XapaKTepa.

Ha tpervem yuactke medopmaliusa B MOAABIIIONIEH 9aCTH JECTPYKIMOHHA U IIPU 9TOM OHA, TT0-
CTEIIEHHO JIOKAJM3YETCS B y3KOH 00/IacTh KOHIEHTPAIINH HANPSIZKEHNA TPOABHKEHNS MATrHCTPAIhb-
HOI TPEIIUHBI, 9TO MPUBOIUT K OKOHUIATETHLHOMY PA3PYINEHUI0 PACTATUBAEMOTO 00pa3Ia.
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1
Puc. 4. Hoanaa duaepamma pacmancenus sceaesa 6 xoopournamaz S — § 2 [11].

B pa6orax JI. M. Puibakosoii ¢ corpyaankamu [11] 6bi1a npejgioxkena KaaccuduKarysi Bbl-
SABJIEHHON CTAMMIHOCTN YYACTKOB KPHWBOI HarpyxKenms. TouKa, pas3fesdrornias MepPBBI W BTOPOH
yuacTku (Touka Dpuc. 4) ObLra IpeIokKena Kak XapakTePUCTUKa 1eDOPMAINOHHON JTeCTPYKIUH.
PusndecKkas CyIIHOCTD 9TOH XapaKTEPUCTUKN — HAYAIO0 PA3BUTHS JECTPYKIIMOHHOTO IPOIIECCa, ILIa-
CTUYECKOrO AehOpMUPOBAHN. 3HAUEHUS ITON XaPAKTEPUCTUKY U3MEHSFOTCS /ISl PA3HBIX MaTePU-
aJloB B MIMPOKOil obmactu. Tak Touka Hava a JeCTPYKIUN HAOIIONAeTCA Mt aroMuHust pu 5%
ocraTo4Hoil gedpopManuu, g xkejaesa upu 8%, aus Meau npu gedopmanuu > 30%.

Apropamu [11] 6b110 11peIOKeHO BbleaNTh B 0011l ocTaTouHoil jedopmanuu 3a ToUYKoi D
JIBE KOMITOHEHTBL: TLTACTHYIECKYI0 Oq(HE CBSI3aHHYIO ¢ MUKDPOPA3PYIICHUAMN) U JECTPYKITHOHHYIO

dq(ompenensiemyto paszputueM Mukporpermus). [lapamerpsr muarpaMmer S — § /2 [O3BOJIAIOT BBI-
JBUTH W3MEHEHWE COOTHOIEHUS ILIACTUIECKON M JAECTPYKIMOHHON KOMIIOHEHT C POCTOM Jedop-
MallUU: yMeHbIIeHHUE [JACTUYECKO! U yBeaudeHue JeCTPYKIUOHHOM COCTaBIAININX, YMEHbIIeHnEe

ko3 putmenTa 1edOpMATTMOHHOTO YIPOIHEHNT — YO HAKJIOHA OTPE3KOB S — ¢ 2.

Takoii anaau3 guwarpaMmM PacTIKEHUs MO3BOJIIET XaPaKTEPU30BATH COCTOSHUE TBEPIOTO TEJIa
[IpY 33JIAHHOM OCTATOYHOMN medOpMaIul CIEAYIONIMI apaMeTpaMi MOBpexK/IeHHOCTH (puc. 5): 1
— K0P punmeHToM 100pOTHOCTH:

da
5 ®)

1

n A=n""—1- ko3dpdunmrenTom AeCTPyKINN:

g

= A, (4)

S
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Puc. 5. Crema onpedenenus rapaxmepucmur nospescdennocmu n u A [11].

(Ilpuseaena cuMBoMKa OpuruHaia crarbu [11])

Ileav pabomul: OTIEHUTH TPUMEHUMOCTD [TEPEUUCICHHBIX MOJEIeH, YIUTBIBAIOIINX TPOIECC Je-
CTPYKITHH C KJIACCUIECKUMU TIpecTaBaenuamn JIroasrka, Xoamomona, 2Kaynsa-Kproccapa aia ana-
sim3a guarpamum jgecopmanuu. B kadectBe 00beKTOB HCHOb30BasM 00pasiel crateir Cr3d, 05, 45,
25I'2, ¥Y7. OCHOBHBIM ODBEKTOM ABJISLIUCH 0Opa3Ibl MaOyTaepoaucToit cramu Ct3, objamarormei
MIPOTAKEHHON 001aCTHbI0 PAaBHOMEDHON M COCPEIOTOUYEHHON aedpopMalyy, yaobHoM a1d rpadude-
CKOT'O U aHAJIMTUIECKOTO aHAJN3a CTPYKTYPHON Jerpajjalinm.

CranuitHocTs /1ebOPMAIIUOHHOTO YIPOYHEHUS YIVIEPOJUCTHIX CTaJIeil 9acTo U3y YaroT, IPUMEHs st
CAEAYIOIINE AHATUTUICCKUE 3aBUCUMOCTH:

S=S8+K;-e" (5)

S=Ksy-e" (6)

e S u e — ucTuHHbIE Hanpsizkenue u Jgedopmanus; Sy, Kq, Ks, m, n — IoCTOSHHBIE.

Ocnosnasn udes. Tlapamerpsl, Bxojgine B Boipazkerus (5) u (6), He nmeror crpororo Gpusniecko-
ro cMbIc/ia. BeJU9uHbl m U 1 TPaKTYIOT Kak IOKa3aTeIun UiIn KodhPUImenThl 1edopMaluoHHOTO
yupounenusd, a kodpdurmentor K1 n K9 — Kak mokazarean CKOpocTu 1edopMaImoHHOTO yIipo«-
Henusi. JlaHHBIE O IPEUMYINECTBaX TOTO WM WHOTO YPAaBHEHUs B JIATEPAType IpOTHBOpeduBbl. 110
MHEHW0 aBTOPOB [8], 6osiee MOCTOBEPHBIM sIBJIsieTCs ypaBHenue (5), mo MHEHWO aTopos [12,13] —
ypasuernne (6). Kpome Toro, nmpu onmcanum KPUBBIX YyIPOUYHEHUS MHOTHX METAJIOB MCIOJb3YIOT
TakKe mapabosndeckoe ypasuenue [14,15]:

1
S =5_+qe 2, (7)

rae S— u ¢ — mocrostuHble. B ommame ot (5) u (6) ypaBHeHme (7) MOXKHO BBIBECTH TEOPETHIECKI

[14].

2. MexaHn4ecKne UCIbITAHUA

OHuM U3 TPOTECCOB, TTO3BOJIIOININX OCYIIECTBATh TIEPEX0 MATEPHATIA B PEIETLHOE COCTOI-
Hue, sapisgercd jgedopmarud. dedopmaruio myreM CTaTHYECKOr0 OJHOOCHOI'O0 PACTSIKEHUS IIPOBO-
TN Ha HCIBITATebHof Marmmre P-5 (vacmttab sanmen gaarpayy 50:1 co ckopoctsio 1e10~4c™1) o
BOJIOUEHUEM Yepe3 KaanOpoBaHHbIe (PUIbEPhl. Pe3yabTaThl, TOJIyIeHHbBIE B X0 TPEeABAPUTEIBHBIX
Harpy»KeHuil u coOGCTBEHHO UCIBITAHUA, UCIO/Ib30BAH JIJIs TTOJYUEHUS XapAKTEPUCTUK YIPYTOCTH,
IPOYHOCTH, TINIACTUIHOCTU 1 BA3KOCTH.

W3amepennst mocsie pactsizkerust ocyniectsisiin B coorsercreuu ¢ 'OCT 1497-84 npu KoMHATHOM
TEeMIIEpaType C 3aMUChI0 ArarpaMmbl fAedpopmarinu. Jig ucobITannii Ha CTATUIECKOE PACTIKEHNE
ucnop3oBaan 5-tu u 10-tu kparwasie ([/d) rnagkue nuIMHIpUYecKre 06pasibl W3 cTaseil Mapok
Cr3, 05, 45, 25I'2, Y7 auameTpoM 5 MM U pacdeTHOR AauHoil 25 MM 1 06pasinl u3 crajiu Mapku Ct3,
JuamMeTpoM 8 MM u pacuyeTHo# jymHOoi 90 MM. OOpasiibl U3roTaBJNBAJIU U3 IIPYTKOB B COCTOSHUM
NOCTABKU: TI0JIBEPIHYTHIX IOpadeil mpoKarke (OXJIasKeHUe Ha BO3JyXe), & TAKKE OTOXKIKEHHBIX

(rabm.1).
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Mexanndeckue CBOMCTBA MCCIETYEMBIX CcTasei
B COCTOAHHMNHU ITIOCTABKHN

Tabaumna 1.
Mapxka cramun | XapaKTepuCTUKA
HB J0.2, MITIa Og, MIIa (55, %
Cr3 100 195 360 22%)
05 125 295 440 35
45 143 300 635 29
y7 187 325 765 7
25I'2 200 600 630 13
%)010

OcHOBHBIE HCCTIENOBAHUS OCYIIECTBISIN B 00JACTH PABHOMEPHOM JedopManum, mMpeamnosaras, ITo
Ha 3TOM yJacTKe 00beM MeTaslIa IPAKTUICCKH ITOCTOSHEH.

N3 mmarpavmu gedopmaimm, o6paboTAHHBIX IO CTAHIAPTHBIM METOMMKAM, OTIPEIeIsIN XapaK-
TEPUCTHKH yHOPYTOCTH (CTaTHIeCKUH MOAYJIb HOpMabHOI ynpyrocta E = 7/, = %; IpeJIe Th

[POIOPIUOHAIBHOCTH 07 1 YIPYTOCTH 0 5); TPOUHOCTH (YCJIOBHBIN IPEIE TEKYUECTH 0 oW LIPe-

JIeJT TPOYHOCTH 032), & TAKIKE XapaKTEPUCTUKU IIACTUIHOCTH OTHOCUTEIBHOE CyXKEeHHe ) = %H
— l:_ZO
OTHOCUTEJILHOE YIIUHEHUE TPU pa3phbiBe § = o 100%) u Bsa3koctu (puc. 6).

&
e
%]

E=d7% Bife)

Puc. 6. Xapaxmepnue yuacmru u mowky duaepammos pacmasicenus. (Ha pucynre cosmewyerv
QUAZDAMMDL C TOCTNENEHHDIM U PEZKUM NEPETOJOM 6 NAACTNUMECKYIO 00AaCTD ).

Kpome cranmapTHBIX XapaKTEPUCTHK ONPEIeIAd MapaMeTphl 1eOpPMAIMOHHOTO YIIPOUHEHWS
u 1ehOPMAITMOHHON TTOBPEXKIEHHOCTH.

3. OnpenesieHue MapamMeTpoB J1e(pOPMAIMOHHOTO YITPOYHEHNUS

B pesynbrare ucnbiTanmit Ha pacTIKeHUe MOy YAl MAITUHHYI0 KPUBYIO PACTIKEHU B KOOPIH-
watax P — Al. Jljas onpenesienus mapaMeTpoB gedOpMaImOHHOTO YITPOTHEHMST MAITUHHYI0 KPUBYTO
DACTSIZKEHUsT TEPECTPANBAJIA 32 IIJIOIMAIKON TeKydIecTH (P ee HATUYUM) WIH 33 YCJIOBHBIM Ipe-

JIEJIOM TEKYUYecTH B MapabouvuecKuX KOOpAUHATax S — e /2 10 MeTomuKe [2, 6]:

Pi(lo + Alz)
§; =~ £ o) 8
o lo (8)
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1
e,/2 = In(1+

)

Al;
lo

); (9)

e Sy, ei/2, P;, Al; — Texympe 3HaYeHUs UCTUHHOTO HANpPSXKEHHs, HCTUHHON 0CTaTOYHOI dedop-
Malluy, HArCPY3KHU, yAIHHEHHs 00pa3ia cooTBEeTCTBeHHO; g u F — HauaabHble wHA 0Opazia u
ILIOIIATE €r0 [MOIEPEeIHOT0 CeUCHUS.

Taxum 06pas3oM TOMyYan JUHEAPU30BAHHYO Auarpammy pedopmaruu. [logyuennasie gnHeii-
HbIe YIACTKU C PA3JIUIHLIM HAKJIOHOM C UCIOJIb30BAHUEM JUHEHHOIO PErpPeCCHOHHOTO aHAIN3a, all-
MPOKCUMUPOBAJIN JTUHEHHBIMU 3aBUCUMOCTSIMHU BUIA § = ax + b, vae b = Sy; — Hanpsi>kerune, Heob-
XOJIMMOE JJIsI IIPOAOJIZKEHNA JePOPMAIIIOHHOTO YIIPOYHEHHS ¢ 33, JaHHON HHTEHCUBHOCTLIO OT HYyJIe-
Boit aedpopmariun; a = K; — koapdunuent gedopManuoHHOr0 yIPOYHEHU HA COOTBETCTBYIOIIEM
yuactke. Koadpduruenrsl a u b nogygasnu ¢ ucrnosb3oBanueM nporpamm Statgraphics, Statistica u
sekTpoHHbIX Tabaun “FXCEL”.

4. Onenka mnoBpexkgeHHocTu. Onpeaesenne xapakKTepucTtuk gedop-
MAaITMOHHOM JeCTPYKITUN

XapakTepucTUKN TOBPeKIeHHOCTH Sp, ep, A, 1) oupejesnsiin U3 UCIbITAHWHA Ha OJHOOCHOe
pacTszKeHne, aHAJIM3NPYs JTNHeApU30BaHHBIE JHarpaMMbl gedopmarnuu (puc. 6) B COOTBETCTBHH C
MeToaukoit [2,6] mo dopmymam (10) u (11).

ITapamerpsl fuarpaMmbr S—e /2 [6] mosBosIsIM BRIsIBUTE: 1) XapakTepHbIe YIaCTKN yIIPOYHEHUS;
2) mapaMeTpbl yIIPOYHEHWsT Ha JAHHBIX y9aCTKaX; 3) COOTHOIIEHNE TUTACTHIECKON U JTeCTPYKITHOH-
HOIl KOMTIOHEHT AepOPMaIni.

Tako#i aHaIW3 JIHarpaMM PacTsKEHUs MMO3BOJISET XapaKTepH30BaTh COCTOSTHHE TBEPIOTO Teja
PY 33aHHOM OCTATOTHON /epOpMAIIHU CASAYIOMIMA KOO UITHEHTAMIT:

€a

-2 _ 1
o = (10)
S A, (11)
€a

rae n — xospduiment nobporuocru; A = n~1 — 1 — xosdduimenT necTpyKIUn (puc. 5). Hanee
nuta obosnadennst auarpamm S(J) ucnosnpzosanu obosnadenns S(e).

B cooTBeTCcTBUY € TETBIO B JJAHHON paboTe TPOBETN SKCIEPUMEHTATLHYIO TPOBEPKY BBIPAKEHU
(5) = (7). MamunanbIe KPUBbLIE TIEPECTPAMBAINA B UCTHHHBIX KOOPAMHATAX B COOTBETCTBUU C METO-
mukoit [16]. Ha puc. 7 mpenacrapiena Tunudnasi auarpamva gecdopmarmu crajgn CT3 B MCTHHHBIX
KoopauHarax. ABHO buUKCHpyeTCd MAOMALKA TeKydIecTr. JacThb AuarpaMMbl 33 Heil MOXKeT ObITh
OTIHCAHA OJTHUM M3 MPEJICTABICHHBIX BBINIE MapaboTuIecKuX BhIPaKeHni.

Jlnsa anmpoKCUMAIMN KPUBBIX PACTIKEHUS W BBIUYACICHUS TIAPAMETPOB, BXOJATINX B YPABHEHUSA
(5) — (7), uCTUHHBIE AUATPAMMBI TIEPECTPANBAJN TaK, 9TOOBI TpadUIecKN OHU OBLIH MPEICTaBICHBI
JIMHEAHBIMI 3aBUCHMOCTAME. TaK, TOCTOBEPHOCTH BhIpaxkenus (7) MPOBEPSAIN IIyTEeM NePecTPOHKN

1
KPUBOI pacTsKenus B KoopuHarax S — e /2 (puc. 7).
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Puc. 7. Jluaepammo, depopmavuu cmaau Cm.8 6 xoopdunamar S —e u S — e 2.

Kak BUIHO, 9KCIIepUMEeHTAIbLHBIC TOYKH XOPOIIO YKJIAILIBAIOTCS Ha, TPU MPAMOIUHEAHBIX 0TPes3-
K& C Pa3HLIMHU 3HAYEHUSMHA mapaMerpos Sy u ¢ (tabsi.2, ctpokal), UTo CBUAETEILCTBYET O CTAIMi-
HOCTH yIpOYHEHMs BO BpeMs AedopMupoBanus. Ilepexos oT OAHO# CTaJuy K APYrof MpOUCXOJUT
npu gedopMmanuax e.q~ 6,3 u 10 %.

3HavyeHNs MapPaAMETPOB YIIPOUHEHNs Pa3IndYHbIX Mogeseit. Tabauta 2.

NeNe | Uexomnoe IIpeobpazosannoe [Tapamerp | Ilepsasa | Bropasa | Tperbs
ypaBHeHUE ypaBHEHTE CTaInsd | CTaAAA | CTausd
1 S=8,,+qe/? S = S, + qe'/? S, MITa | 140 240 280
g, MIla 1060 660 530
enp, J0 2,5 6,5 10,0
2 S = Kqe” InS =In Ky + nln(e) K5, MIla 925 730 725
N 0,3 0,2 0,2
3 S = So+Kie™ | In(S — Sy1) = Ky, MIla 1065 6400,3 | 605
So = Su1 =InK; +mln(e) M 0,5 0,3
4 S = So+Kie™ | In(S — Sui) = Ky, Mlla | 1065 655 530
So = SH; =In K1 + mlIn(e) M 0,5 0,5 0,5
1=1;2;3
5 S = So+Kie™ | In(dS/de) = Ky, Mlla 1060 660 530
=In(Kym)+(m—)In(e) | M 0,5 0,5 0,5

st mostydenust IMHEHHON 3aBUCHMOCTH ypaBHeHue (6) mpeoOpa3oBLIBAIN K BUTY
InS=InKs+n-Ine.

Ha puc.8 npejcrapiena kpuBasi pacTsikerus B kKoopanuaTtax InS — Ine. B atom coiyuae sxrcnepu-
MEHTAJILHBIE TOUYKH He YKIAILIBAIOTCS Ha OJHY MPIMYIO JUHHAI0. DTO TOBOPHUT O TOM, UTO [IapaMeTp
N He ABJISEeTCs MOCTOSTHHOM BEJTMYNHOMN, 8, 3aBUCKAT OT cTerenn gedopMaiiun. Beigesnam Tpu cTaun
C Pa3HBIME 3HAYEHUSIMU TOCTOSTHHBIX (Tab/1.2 crpoka 2). B pabore [16] Ha MeaKo3epHUCTOH yryiepo-
mucToit crasm 30 BRIIEIAIN TOABKO ABe craauu. llepexos orT ogHOM CTaann YIPOUHEHUT K APYTOi
MPOMCXOIU TIPU TeX Ke 3HAUEHWsIX €.q, YTO W B CJydae HCHOJb30BaHud ypasHenus (7). B roxke
JKe BpeMsl Ha JuarpaMMax KPYIHO3EPHUCTBIX 00PA3I0B ITOH CTAIU BBIIESIIN TPH CTAIUN.
O6paboTKy KPUBBIX PACTSI?KEHHsI C MOMOIIBI ypaBHEeHUst (5) MPOBOAWIN JBYMsl CIOCODAMHU.
B nepsom ciyuae mpeamosaranu, 9ro BequanHa Sou3BeCTHA M Bhipakenue (5) mpeobpaszoBbIBAIM
K Buay In(S — Sp) = In K + m - Ine. [lapamerp Sy ompenessiu SKCTpamnosiiyedi TrarpaMMbl

JnedbopMaITiy K HYJIEBOI IJIACTUIHOCTH TIPH TIPEICTABJIEHNN €€ B KOOpAuHaTax S —e 2 [12,13]. IIpm
91OoM Sy = S=. Basucumocts In(S — Sy) — In e npejcrasiena Ha puc. 8.
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5.4

- 5.2
C InS-Ine 6.2 I
=:3 =
= B =
e o
¥ 54 . £
— 5B
= —o——o——/ﬁ'ﬁg
= j

5  p— S 5.6

5.5 4.5 -3.5 2.5 1.8

Ine

Puc. 8. Juaepammov depopmavuu 6 xoopdunamaz InS = flln(e)] u In(S — Sp) = f[In(e)]

Ha nmagansuom yuactke mepBoii cragum ymupounenus mapamerp m = 0,5, a Ky = ¢, 3arem
KpUBasi HaKJOHseTCsT o000 3asucumoctd In S = f[ln(e)], u mapamerpst K1 u m uMeloT apyrue
suauenug. OpHaKo, ecim B Beipaxkenne (5) BMecTo Sy MOJACTABUTEL 3HAYEHUA S—;, BEIYUCJIEHHBIE IO
ypaBHeHUo (7) ¥ COOTBETCTBYIOIINE BTOPOH U TPETheil CTaAusIM YIPOUIHEHUs, TO YIACTKH TPSIMBIX
In(S —Sp) = flln(e)] pazmermatorcst moz Haksaonom 0,5, a Beauunna K paBHa napamerpy ¢ Ha BCex
Tpex cragusx (Tabis.2, crpoka 4).

Bropoii ciocob npeanosiaraer, 4ro BeauunHa Sy €CTh HEKOTOpas HEU3BECTHasd IIOCTOdAHHAadA. B
9TOM CJIydae ypaBHeHHe (5) mpeo6Gpa30BLIBAIN K BULY ln(ds/de) =In(Kym)+ (m —1)Ine.

Bemnauny dS/de (ko3 durmenT 1edOPMAMOHHOTO YITPOTHEHNUST ) OTIPEICISIIN TUCICHHBIM -
depeHnrpoBaHneM KPUBOH PACTIKEHUS, MOIarast dS/de ~ AS/Ae. [Monyuernnnle 3HaYCHWS dS/de
(puc.9) npoaHaM3UPOBATH JOBOJBHO 3ATPYIHUTENHLHO. BOJIBbIIOe paccestAne JaHHBIX BBIZBAHO TEM,
YTO M3MEHEHNE HAIIPSIKEHMs TedeHrs B OJIN3/IeKAIIX Hana30oHax JedopMalyii CpaBHUMO C TOYHO-
cThio onpegenenns ux suadenunii (£1 MIla). Kosddpunuent nedopmaimorroro ynpousenus onpe-
nedisiin 6osiee TouHO, MudHEepeHIIMPOBAHNEM BbIPAXKEHUS:

Slgo =1/ Y 2. (12)

Buavenus dS/de BBIYHC/ISIA C YI€TOM TOTO, 9TO HapaMerp ¢ Ha KasKJIOH CTajuu yIpOYHEeHUs!
IIPUHUMACT PA3HBIC 3HAYCHMA. HoﬂyquHbIe JdaHHbIE XOPOIIIO YKJIA/IbIBAIOTCA HA TPU HpHMOﬂHHeﬁ-
HBIX y9acTKa (puc.9).

Eciu 3apanee n3BecTHa 3aBUCHMOCTDH In dS/de = f[ln(e)], To MOXKHO BHIETH, YTO U 3HAYCHUS
In dS/dea paccunTaHHbIe YUCTEHHBIM MU dePeHITPOBAHNEM IUNArPAMMBbI 1ehOPMATINY, TIOIAHAFOT-
csl 9TOI 3aBUCUMOCTH. Pe3ybTaThl YKIAIBIBAIOTCS Ha TPU NPIMOTUHENHBIX YIaCTKa C HAKJIOHOM
(m — 1), pasubiv -0,5 (Taba.2, crpoka 5).

Takum 06pa3oM, TP OMUCAHUY KPUBBIX PACTSZKEHUS ¢ TIOMOIIBI0 ypapaenuit (5) — (7) nabmtoma-
1oTcst obrme 3akoroMeprHOCcTH. OHY U Ty YKe KPUBYI MOXKHO OMUCATH PA3HBIMU YPABHEHUSIMU IPU
6IM3KIX 3HAUeHHAX JOCTOBEPHOCTH ammpokcnmarmn (R?= 0,9934...0,9999). Ynpounenue u3yden-
HBIX MaJIOYTIJIEPpOAUCTBIX craJjiein OpoucCxoanuT B TPU CTAAUN, THTCHCUBHOCTH YIIPOYHEHUA C Ka}K’ZLOﬁ
nocseytonieit craaueil monmxaercd. Ograko Mexay coorHornerusavmu (5) — (7) umerorca cyie-
CTBEHHBIE Pa3juuns, 0cobeHHo Mexy Bbipaxkenusvu (6) u (7). Tak, mua onncanust auarpammbl
yTpouHeHus BhpaskenueM (6) ee He0OXOAMMO MPEJCTaBUTH B JBONHBIX JIOTapu(MMUIECKIX KOOD,IH-
HaTax, BCJIEJCTBUAE YET0 TPYAHO BBISBUTH CTAIUAHOCTH YIIPOYHEHMUS.

B xone ucciemoBanuii monTBepxK AeHO, UTO TpH AehOPMUPOBAHUN METAJLIA TAPAMETPBI YIIPOIHE-
HUH, BXOAsIMe B ypaBHeHus (6) u (7), n3MEHSIFOT CBOW 3HAYEHNsI B COOTBETCTBHU CO CTAIUIHOCTBIO
(MHOI/IA MOJIATAIOT, YUTO IAPAMETP N MOYKET MOHOTOHHO M3MeHAThCs ¢ aedopmarueii [17]).
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Puc. 9. Basucumocms koapduyuernmos deopmayuoniozo ynposHenus, paccHumanHbl
wucaenuvim duddepenyuposarnuem (a) u no ypasuenuwro (12) -(b).

CoorBeTCcTBeHHO, JUIs JABYX CTa Uil yupodHerus bipaxkenus (6) u (7) MokHO ObLIO 3amucaTh
caeayromuM 00pa3om:

S=K)-e"; (13)
S =Kl e (14)
S =8 +q e (15)
S=8"+q" e (16)

Ypasuenus (15) u (16) mpezacrasasin coboii 0HY U Ty:Ke Tapaboy ¢ PasHBIMA YUCTEHHBIMA
3HadeHUuIMU KOIPDUIMEHTOB, YTO YKA3bIBAET HA EIWHBIN J/Isi HUX MEXaHW3M yIpOdYHeHWsd. Bbi-
paxkenus ke (13) u (14), TakKe sBIAICH HEKOTOPBIME HapabojaMu, OTIHIAIOTCA MEXKIY coboit
HE TOJIBKO YHCAeHHBIMU Kodhdunuentamu (1abs.2, ctpoka 1), HO u dbyHKIMOHAIBHO. Mexanusm
VITPOYHEHWS Ha, TEPBOM W BTOPOM CTAIMAX MOIIMHIETCA PA3HBIM 3aKOHOMEPHOCTSAM, YTO TTPA OTHO-
CUTEJILHO HEDOJIBINMNX CTeNeHs X AehOpMallii MaJOBEPOATHO. DTO TO3BOJISET TOBOPUTH O HATOKE-
HUU HA ﬂHCﬂOKaHHOHHbIﬁ MEXaHU3M ILJIACTUYCCKOTO TeHCHUA JOIMOJTHUTC/IBHOIO (,ZLeCprK]_U/IOHHOFO)
mporiecca [1].

Ornmanrenpras 0COOEHHOCTH BhIpaXkeHus (6) — OTCyTCTBUE (DU3UIECKOTO CMBIC/IA BXOJISAIINX B
HEro MOCTOSTHHBIX (mapamerp Ko XapakTephu3yeT TO HAIPSKEHHe, KOTOPOe MOZKET OBITh JOCTUTHYTO
npu gedopmanuu 100 %). IMapamerpsr xxe S— u ¢ B (7) umetor crporuii dbusnueckuit cmbicst. s
MeTaJIIa ¢ MOCTOSTHHBIM Pa3MepOM 3€PHA BEJUUNHA, ¢ OMHMCBIBACTCS CaeayomuM obpasom [18]:

q = aGby/P/, (17)

e a — reoMeTpudeckuii paxTop; G — Moaysb ¢iBura; b — BekTop Broprepca; p- IOTHOCTL JUCITO-
kanmit. 3 Beipaxkenns (17) cieayer, 9ro mapaMerp ¢ ONpeesiercss NHTEHCUBHOCTLIO HAKOTLIEHUS
quciaokanuit B mpotecce aedopmarnu. [lapamerp S— xapakTepr3yeT TO HaJaIbHOE HAMPAXKEHWE,
KOTOPOE mMe 10 ObI MECTO TIPU YIPOYHEHWN C JAHHONR WHTEHCUBHOCTHIO OT HyJeBoit medopmaruu. B
JTAHHOM HCCJIEI0OBAHUN aHAJN3 BhIpazkeHHil (5) — (7) HO3BOIMI OTMETHTH BO BCEX CIIydasiX PE3KOe
canxkenue (B 1,6 pasa) MHTEHCUBHOCTH yIPOYHEHWs IIPU MEPEXOIE KO BTOPOH CTAIMM NP MOYTH
JIBYKPaTHOM pocTe S—.

5. BeiBoabI

3aduKcupoBaHHOE U3MEHEHUE TTapaMeTPOB YIPOUYHEHUS B M3YUEHHBIX YTJIEPOJNUCTBIX CTAJIAX
00BICHUMO TOJIBKO C TOYKH 3PEHWS HAJIOKEHUS Ha MPOIECC IIACTUIECKON medopMannm 1ecTPyK-
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THBHOTO TIPOIECCA, CBA3AHHOIO ¢ PA3BUTHEM MOBPEKIAEMOCTH. DTOT BHIBOJ, MOATBEPKIACTCS Y10~
BJIETBOPUTEIHHBIM BBHINOJHEHIEM ypaBaeHuit (5) — (7) Ha mepBOil cTagnu YIPOYHEHUS U PE3KUM
M3MEHEHMEM [apaMeTPOB YIPOYHEHWs Ha BTOPOH M Tperbeil crajusax. OnucaHHoe MmoBeJeHne ma-
paMeTpoB guarpamm JgedopMaliui TPYIHO 00bACHUMO € TO3UITUI JUCIOKATIMOHHBIX MOJIesIell n3Me-
HEeHMe TapaMeTpoB 1ehOpPMAIMOHHOTO YIIPOYHEHNT W HEe MOXKET ObITh CBA3aHO TOJBKO C M3MEeHe-
HUEM JINCIOKAIMOHHOr0 ancambyisa B mporecce 1eOPMUPOBAHUSA, 3 TAKKE C CO3JAHUEM STTEUCTOMN
crpykrypsl [19]. Ilepexon ko BTOpOii craann gedopMannoHHOTO YIPOTHEHUST OTPAZKAET HE TOJBKO
M3MEHEHWe BKJIQJA Pa3IMYHBIX CHCTEM CKOJBYKEHWs, HO W pasBuTHe JedeKTOB MOBPEKICHHOCTH
Tuma cyOMUKPOTpeNIuH B mporecce nedopmuposanus [18]. Meramtorpadudeckuit aHams, aHATI3
JIAHHBIX 9JEKTPOHHOT Mukpockonuu 5,20, a TakzKe oreHeHHOE B JaHHOH paboTe n3MeHeHue napa-
MeTpoB gectpykuuu (puc. 10) MOATBEPKIAIOT ITO.

0,9 0,6
I_._\_\_\_\--
0,35 Q\“\ — 0,5
0.8 A 04
1 0.75 e 0,3
0,7 - - 0,2
.__'_'_,_.I ‘-—__% ]
0,65 =4 0,1
0.6 0
0,3 035 gtz 04 0,45

Puc. 10. Hsmenenue xosdpuyuernmos dobpommocmu 1 u decmpykyuu A (cmasv Cm3)
Hawano warencuBroro cumxkenusi kodddurmenta 100poTHOCTH 1) U PocT Kod(duImenTa e-
cTpyKumr A HAOIIOTAN HMEHHO B JUAMA30HE PE3KOTO CHIKEHIS HHTEHCHBHOCTH Je(DOPMATTTOHHO-

T'0 YIIpOYHEHU, CBA3aHHOI'O C BbIXO/J10M ,ZLI/IC.)'[OKELHI/H;‘I Ha PA3BUBAIOIIUECA BHYTPEHHUE ITOBEPXHOCTU
[21-26].

6. 3akJiroueHue

1. IIpoBenennLIii cpaBHUTENLHLIA aHaIM3 Momeel AedopMaIllMOHHOro yIpounenus JIonpuka,
Xomnmomona, 2Kayna-Kproccapa, a Tak»ke KOJMYIECTBEHHBIN aHan3 KO MOUIMEHTOB yIIPOTHEHUST
(K;), mobporrocru (n) u gecrpykuuu (A), TTO3BOIUI CBSI3aTh paHee 3abUKCHPOBAHHOE CHUZKCHIE
WHTEHCUBHOCTH /1ehopMAITMOHHOT0 yupounenus ua 11 ctagnm mapaboamaeckoro yrpodHeHus ¢ Pas-
BHTHEM IBYX OCHOBHLIX IIPOIECCOB: TpaHcdopMalueil JUCIOKAIMOHHON CyDCTPYKTYPEL U pA3BUTHEM
nedeKToB AeOPMAITTOHHON TTOBPEKIEHHOCTH TUTIA MUKPOTPEIIWH U TI0P.

2. BoisiBJTeHBI KPUTHUYECKHE 3HAUEHUS JefcTBYIomero hbakropa (£.q), ONPEJESONNe TPAHUIIbI
JIMATTa30HOB PE3KOTO M3MeHeHus mapamerpos aedopmarnmonnoro ynpounenns (K;, So;) u gectpyxk-
uun (1, A, Sp, ep).

3. st m3ydeHHBIX CTajeil IoJIyIeHbl HOBLIE JaHHBIE 00 M3MEHEHHH IIapaMeTpPOB JeCTPYKIINN
(A, n) n nedopmanmontoro yupounerns (K;,S0,)B H3yUeHHBIX CTATSIX.

4. Ha ocrnose moax0I0B MEKPOMEXAHUKHA PA3PYIIEHN U BLIIOJIHEHHOT0 KOMILIEKCa COOCTBEHHLIX
WCCTeTOBAHMI TIPEIIOXKEeH KpuTepuit medekTocTolKocTn Marepnaios D py YIATBIBAIOIINI PeaTh-
Hole (paKTHIECKH 3a(pUKCHPOBAHHLIE ITapaMeTPhl IPOLecca Havdala aKTHBHOO MUKPOPA3pYIIEHHs.

TMonyuernnie pe3yabTaThl MOTYT OBITH HCIOJIB30BAHBI JIJIS CO3AAHUS PeCypcocheperaroimmy Tex-
Hostoruil 06paboTKH MeTALINIECKINX U KOMIIOSUIIMOHHLIX MAaTEpHAJIOB ¢ IPHMEHEHHeM HOBBIX Ha-
HOKOMIIO3MIIHOHHBIX CMA30K U HOKpBITHiT [27-34].
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BUKTOP HUKOJIAEBUY JIATHIIITEB:
K 85-jeTuro

2l

Penakimonnasa kosierna mo3zpasiisger 3aBemyiomero kadeapoit Boicieit aaredpbi, TOKTOPa
duznKOo-MaTEMATHIECKUK HAYK, [M0YeTHOro npodeccopa MoCKOBCKOTO roCyIapCTBEHHOTO YHUBED-
curera uMm. M. B. Jlomomnocosa Bukropa Huxonaesuua JlaToimesa ¢ BOCHbMUIECATUIIATAICTHEM.

Best maremaTndeckasi o0IeCTBEHHOCTE XOPOIIO 3HAET €ro KakK OJIECTSINEro POCCHIlCKOTO MaTe-
MaTHKa, BEIYIIEr0 CIIEeNua/InCTa B 00/1acTi MHOr000pasuit airedp, paciio3HaBaHusd CBOMCTE KOHEYHO
OlIpeJie/IeHHbIX aarebp ¢ KaHOHU3AIUE.

Muorue yuenukn ¢ 6/1ar0MapHOCTHIO BCIOMWHAIOT 3aMEYATEIbHBIE JEKIUN 110 aJiredpe u cruer-
KypChbl, KOTOphie unTas Buktop Hukosraeswd.

OyHIaMeHTATBHBIE PE3YIBTATE IO TEOPUN MHOT000pa3nii aarebp u pacno3HaBaHUSA CBONCTB KO-
HEYHO OTPEIeSIeHHbIX aTe0p ¢ KaHOHU3AIMeH MOCTY KU/ OCHOBOH /19 JaJIbHENIITNX NCCIeI0BAHTIT
B aTux obmactax. Bknas JlaTeiesa u ero yueHnkoB B perrenue mpodsemsr llnexTa mo 10CTONHCTBY
BBICOKO OI[€HEH MWUPOBOH MaTEMATUIECKON OOIEeCTBEHHOCTHIO.

B. H. Jlareimes moaroroeust Hosee 25 kKauauaaTos hu3nKo-MaTeMaTnieckux Hayk. losrue ro-
Il BBl MI0Z0TBOPHO PYKOBOIWIM CEMUHAPOM IO TEOPHH KOJIEI, Ha KOTOPOM ObLIM BOCTHTAHBI
HECKOJIBKO JIOKTOPOB (bU3UKO-MATEMATUYIECKUX HAYK.

Buxkrop Hukonaesnu ygactBoBas B CO3maHun Y/IbSHOBCKOTO YHUBEPCHUTETA, MEXAHUKO-MATE-
MaTuueckuii akyJbTeT KOTOPOTO B HACTOLINEE BPEMS IIPEBPATUIICS B KPYIHBIN ajrebpanmdeckuii
entTp, rye padboraor 10 10KTOPOB HAYK.

Kemaem cBoeMmy KoJijiere KPEmKoro 370POBb, JAJBHEHUINX TJI0IOTBOPHBIX HAYYHBIX H3BICKA-
HUH, TATAHTIUBBIX YIEHUKOB, CIACThSI W UCIIOJTHEHUS BCEX JKeJTaHumii!

[Mosyuaeno 05.01.2019 t.
[Ipuaaro B mevars 10.04.2019 1.
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K 80-j1eTuro
Panca CaapmanoBunua Vcmarmnjiona
10. A. Heperun, A. M. Crémnun

Hacrosmuit ouepk Hammucan B ca3u ¢ 100MIeeM HAITEro 3HAMEHITOrO KOJIJIETH, BBITYCKHUKA Ka-
denpor TODA mexanuko-mareMaTudeckoro (axymasrera MIY, nmpodeccopa MI'TY um. H. 9. Ba-
yMmaHa. Mbl XoTesu 6b JOIOIHATE XaPAKTEPUCTUKY €r0 MaTeMaTHIeCKOTO TBOPYECTBA, TAHHYIO B
craTbe B Ycrnexax maremarudeckux Hayk 2018 r. OCHOBHbIE TEMbI HACTOSINETO TEKCTA — HEJAB-
Hre crathbn Memarnaosa 1o Teopwun TPenCTaABIEHNH W CIEeKTPAILHON Teopnn AnddepeHnaabHbIX
OTIEPATOPOB.

Mub1 HagHEM ¢ TPYIIBL PAboT 10 onepamopam Paxa. CHavasa HATOMHUM, KaK MOABUIUCH KJIAC-
cuueckue muorousnensl Pakd (G. Racah). O6o3nauum wepes SU(2) rpynmy yHUTApHBIX MaTpPHI]
pasmepa 2 c onpeaenuresieM 1, a yepe3 Vi, ee HEIPUBOAMMOE MpEJCTaBIeHNe pazMepHocTH k + 1.
N3BecTHO, 4TO TEH30pHOE POM3BE/IEHNE JIBYX TAKHUX IIPEJICTABIEHUN PACKIA/[bIBAETCS B OJIHOKPAT-
HYIO MIPAMYIO CYMMY

p: k=1 <p<k+Il, k+1+puerno

3TO Pa3IOKEHNE JErKO CTPOUTCS SIBHO. PaccMOTpuUM Temeph TPOMHOe IPON3BEICHHE
Ve@ V) @V =V ® (Vi ® Vi) = ®ja;V; = ®;(CY @ V), (19)

rjie a; — KPaTHOCTH BXOXKJeHud V; B TeHzopHOe npousseenue. Takoe pas3iozKeHne MOXKHO MOCTPO-
UTh pasHbIME criocobamu. MoKHO cHaga a pasaokuTs Vi ® V) B npaMyto cymmy (18)

(Vi @ Vi) @ Vi, = (8,V}) @ Vi, = &, (V,, @ Vi),

a TOTOM PACKIaAbIBATh Kaxkjoe ciaaraemoe V, ® Vp, Bce mo Tomy xe mpasuiay (18). Ho moxmO
HavaTh ¢ pasiokenus Vi ® Vi,

B wurore MbI mosiydmM JBa Pa3HLIX PA3/IOXKEHUS OJHOI'O M TOIO YK€ YHUTAPHOI'O LPE/ICTaBjIe-
uus. Onu 6yayT CBsi3aHbI JUHEHHBIM OTEpaTOpoOM B TpaBoii dactu (19), oH yBazkaer ciraraeMble
C% ®@ V; n dakTmueckn JefCTByeT B KaXKI0M <«IIPOCTpaHcTBe Kparnocreity C%, mazosem ero one-
pamopom Paxd R; (ero Marpudmble 3/1eMeHTh! Ha3bIBAIOTCA 67 -cumsonamu). Ilo nocrpoenuto, sTor
OLIEPATOP YHUTAPEH, HO €CJIM $IBHO BBIIMCATH €0 MATPULy, TO YHUTAPHOCTb OKA3bIBAETCS BECHMA
HETPUBHUANLHBIM (PAKTOM.

Oxa3zpIBaercsd, 9TO CTPOYKM MaTpHUIbl [2; MOryT OLIThH 3alucaHbl KaK KOHeYHas CHCTeMa Op-
TOrOHAJIBHBIX MHOTOYJIEHOB JIMCKPETHOTO MIePEMEHHOTO (TaK Has3blBaeMble MHozouaenv Paka), Ira
CUCTEMA 3aBHCUT OT YeThIpex IeNbIX TapamerpoB k, I, m, j. llepBbie Tpm mapamerpa Jerko
C/IeIATh BEIIeCTBEHHBIMU, [JJIsi 9TOT0 HAJ0 PACCMOTPETHh YHUBEPCAJIbHYIO HAKDBIBAIOIILYIO I'DYIIIBI
SL(2,R) = SU(1,1) u ee npencTaB/eHUs CO CTAPIINM BECOM.

B wurore mosywaercss OpPTOrOHA/IbHAS CHUCTEMA IHIEPIe€OMETPUYECKUX MHOIOWIEHOB THUIIA
4F3]...;1], 3aBucdmias ot 3 BEIIECTBEHHBIX W OJHOIO JUCKPETHOrO mapamerpa (B MOJHON OBIIHO-
cru ee seenr W.Wilson B 1978r.). HanmomuuM, 410 K/jAACCHIECKHE MHOrO4YIEHBI SIKOOU SIBASIOTCS
BBIPOKJIEHUAMI MHOTOUIeH0B Paka.

EcrecrBenno nbrrarbes 0600mmrh 91y KOHCTpYKimioo. Onnako yxke gy rpymib SU(3) mbr
CTOJIKHEMCSI C TeM, UTO TEH30PHOEe IPOM3BE/EHNE IBYX HEIPUBOINMBIX IIPEJICTABIEHUIT IMeeT KpaT-
HOCTH, & TTO9TOMY BO3HUKAIOT CJIOKHOCTH C BBIUUCAEHHEM ormeparopos Paka (xors dopmanbHO nx
HECJIOKHO OIIPEJIesINTh ).

Bonpoc 06 ananore oneparopos Paka j1s 6eCKOHETHOMEPHBIX YHUTAPHBIX MTPEJCTABIEHIH ObLT
sajan opHoBpemenno Memarmmoseivm [PA2006] u W. Groenevelt’om (Acta Appl. Math., 2006). B
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9TOM CJIy9dae€ BMECTO KOHCHHOMEPDHBIX YHUTAPHbLIX MATPUI[ BO3SHUKAIOT YHUTAPHBIC OII€PATOPHI. OC-
HOBHAas TPYJIHOCTH B 3aJladax O TEH30PHBIX IPOU3BEIEHUAX - UTO KPATHOCTU B UX PA3JIOKEHUSIX
HOYTH BCET/Ia HE €JIMHUYHBIC, W, YTO Xy2Ke, OHU 4acTO (1/iu jazke 0OBIYHO) OKA3BIBAIOTCs OECKOHEY-
HBIMH.

KpaTHocTh /1B BOSHHKAIOT JlazKe B 0OMaHINBO KaxKymeMcs TpocTeiM caydae SL(2, R). CrekTpsb
mutg 3Toi 3amaqn Obuin Haiimensl JI. Ilykanckum B 19611, a cekrpasbabie mepsr — B. @. Mosraa-
uHoBeiM [MAH1979| [Tosxe sroit 3amate obpamasucet u apyrue apropsl (E. Koelink, W. Groenevelt,
H. Rosengren [Dev. Math, 2006], }O. A. Heperun [©A2005]), HO 110 110JIHO¥ sICHOCTH OHA HE J0Be-
JIeHa, 1 BO3MOXKHOCTH JIjI CBODOIHOrO OIEPUPOBAHUSA 3TUMU 00'bEKTAMU, HO-BUJIUMOMY, IIOKA HET,
1 OBLIO GBI KeJIATeIBHO ATy 3aja4y j1o/eaarh. ['pyHBeasT moctpomt omeparopbl Paka st SL(2, R)
B C/Iydae, KOTJa 110 KpafiHeil Mepe JBa COMHOXKMTENS TTPUHAJIIEKAT JUCKPETHBIM CepUsaM (B 3TOM
cJlydae KPpaTHOCTH B TPONHOM TIPOU3BEICHUH HE MOSIBJISIEOTCS ).

Wcemarnios Beramcsimi oneparopbl Paka mjis ciydast ocHOBHBIX cepuit rpymmbr SL(2, C), a rakke
IpeJCTaBJICHUI TPYIN ABUKEHUN TPOCTPAHCTB R3, R? (M B 9TUX CAyYasX KPATHOCTH HE TIOSIBJIS-
1orea’). O6CyamM HeoXKITAHEBIE CIIenyHKINOHATBHBIC I TeOMETPHICCKHE SBICHI, TTOABUBIIACCS
B 9THX paboTax.

Bo-niepBrix, B dopmysiax mossiisitorcss HeoObIuHble nHTerpasibl Tuna Mennuna-bapuca. [lycrs
ai, ..., G, b1,..., b, € C, mpuuem Rea;, Reb; € Z. Paccmorpum creyronmuit HHTETpaT

o X P(%(ak+m)—is)l“@(bk—km)—kz’s) ds

rFrfl[aa b] = z

e ks r(%(ak +m) —I—is)F(%(Ek +m)+1- is) '

(20)

Nuarerpanbabie sapa i oneparopos Paka Beipaxkaiorca uepe3 dbynkimu F._1 mpu r = 4. Beipa-
xkenwne (20) saBagercs rubpUIOM IBYCTOPOHHETO TUIIEPTEOMETPUIECKOTO PAia M0 k 1 BAPHCOBCKOTO
uHTerpaaa mo s. OHo okasbiBaeTcs OoJiee PYUHBIM 0OBEKTOM, UYeM MOYKeT TOKA3aThCsl, HAPUMED,
kak Beigcan P.C. B [MC62007], ono npeacTaBuMo B Buje

S G ) el Fra s 1,
j=1

rue pFp_1]...;1] — obbranble 0600IEHHBIE TUIEpreoMeTpudeckue (ByHKIMM, NaPAMETPbl KOTOPBIX
BBIPAKAIOTCS 9epe3 ap, by, a C; mpomssemenmsi ramMa-GyHKIN (961 apryMeHThI TOXKe BhIparka-
10TCs 9epe3 ap, by). Ilo-Bunmmowmy, dyukiuu ,F,_; 3aciyxusator orgensnoro usydenus. Ecre-
CTBEHHO TIPEIOJIAraTh 3/1€Ch CYIIeCTBOBAHN HAJICTPONKM HaJ| KJIACCUYECKOW Teopwell ruiepreo-
MeTpHIeCcKnX (PyHKITHI, B 9ACTHOCTH HOBBIX O€Ta-UHTEIPAJIOB U CBA3AHHBIX C HUMU SBHO PEIIaeMbIX
paznoctabix 334 Tuna [rypma—Jlnysuiis.

Bropoe HeoxkuanHOE SBIEHNE CBA3aHO C IPOCTPAHCTBAMHU IITAPHUPHBIX MHOTOYTOJBHUKOB, KO-
rTopeie Obumn BBemenbl A. A. Knauko (pabora onybimkosano B tpygax koudepenuun Algebraic
geometry and its applications (Yaroslavl, 1992), 1994, BnocsieICTBUA 9TH IPOCTPAHCTBA CTATH IPE]I-
METOM MHOTOYHCIEHHBIX UCCAEIOBAHM). A UMEHHO, 6ePeTCs MHOKECTBO

Kl, = Kl(ay,...,ay)

BCEX 3aMKHYTBIX N-3BEHHBIX JOMAaHBIX B R3 ¢ DUKCHpOBaHHBLIME [JIMHAME a1, ..., G, 3BEHbEB,
JIOMaHBIE OTIPEIe/eHE ¢ TOUYHOCTHIO m0 apmkenmii R3. Kak ofmapyxmn Kiasuko, 5To mpocTpan-
cTBO 0OMafaeT HeOXKUIAAHHON w Ooraroit reomerpwueti. OHO 06737a6T €CTECTBEHHONW CTPYKTYPOit

3Ten30pHbIE IPOU3BE/ICHUs YHUTAPHBIX [IPE/ICTABICHII SL(2,C) 6b11m pasnoxensr M.A . Haiimapkom B 1myGimka-

maax 1961-1963rr.
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cummexTraeckoro? u, Gomee Toro, Kameposa MHOr00Gpasusa. Ha HeM feficTByeT raMiIbTOHOBBIMA
BEKTOPHBIMH HOJAMY asre6pa Jlu rpymmsl Koc®. Kpome Toro MHBapHaHTLI N-KPATHBIX TEH30DHBIX
npoussesennit Vo, ® - -+ @V, koneunomepHbix npesjcrasiaenuii SU(2) 0TOXKICTBASIOTCS ¢ Ce9eHu-
SIMU €CTECTBEHHBIX JIMHEHHBIX PACCIOCHUT HA IPOCTPAHCTBE MHOTOYTOIBHUKOB (/I CITy9ast 1eJIbIX
JJTAH CTOPOH A1, - .., Gp).

TIpocTpancTBO MAPHUPHBIX YETHIPEXYTOJILHUKOB €CTECTBEHHO MOSBUIOCH B paborax Mcmarmio-
Ba [@A2008|, [MMJ2014] B cBasm omepaTopamu Paka ay1s rpynm asmzkennit npocrpancts R? n R,
OkasaJioch, 4T0 oneparopbl Paka KpacHBO BhIPaXKaIOTCS C IOMOIIBIO 3aMeH Koopaunatr Ha Klg. B
CBSI3U C 3THUM €CTECTBEHHO 33[yMaThCA O KPATHBIX TEH30PHBIX ITPOU3BEIEHUN YHUTAPHBIX ITPEJICTAB-
nernti. Ananorudnbie 00bekThl anga npeacrasienuit SU(2) (u mpeacrasrennit SU(1,1) co craprmmm
BECOM) — T.H. 3NJ-CUMBOAD, — MHOTO UCCJIETOBAJUCH.

Bo Bcakowm ciywae stm paboThl JAIOT HOBBIE BO3MOXKHOCTH [IJIsi TEOPUU YHUTAPHBIX MIPEICTAB-
JIEHUU U JIJId ee MPUJIOKEHUN K TEOPUU CHEeNUAJIbHBIX (DYHKITHIA.

Jpyras HemaBHAST TeOpeTUKO-TpeacTaBaeHdIeckas pabora P.C.MceMarnmosa mocBsmeHa ana.a0-
eam Tapakmepos das epynn dugdeomoppusmos. Paccmorpum obracrs Q@ C R™, rpynmy Diff ()
ee b deoMopdH3MOB, COXPAHAIONTIX OPHEHTAINIO, I ee yHHTapHOe IIpeJcTaBaeHue p, B L2(£)),
3ajianHoe PopMyJIOi

pa(0)f(x) = fla(x)) det J(q(x))"/*+7,

rme o — BerecTBeHHBI mapamerp, ¢ € Diff(2), a J — marpuna dkobu. /lasuo mssecro (u o-
HOBPEMEHHO MAaJIOM3BECTHO), YTO ITO Y ITUX IIPEJACTABJICHUN €CTh AHAJOIM XaPAKTEPOB. A MMEHHO
paccMoTpuM otTobpazenne h 13 komnaxTHoii obmacrti RY B Diff (Q), mycrs ¢(t) — riankas dynxius
Ha RY ¢ kommaxTaBIM HOCHTeeM. Torma

e[ o0 rt)de = | oo (h(e) dr (21)

rae

= 3 deilla@) 2
Xotd W= det(U(@) — D)

(cymMmupoBaHUe BeJEeTCsT MO BCEM HEMOABUKHBIM ToukaMm nud eomopdusma, st cemeicts h 06-
Iero moJioKennst 3ra (popmysna nveer cMbica). OHAKO 9Ty KOHCTPYKIMIO HE YAeTCs MOMIEBE/TUTh,
Jlake [Ijisi TEH30PHBIX TPOU3BEICHUU IPEICTABICHUN BUIA P, XAPAKTEPOB B TAKOM CMBIC/IE HET.
B crarpe [MC62015] npemiaraercss KOHCTPYKIUsS THOPHIA XapakTepa B YHOMSIHYTOM CMBICJIE CO
cepuueckumMu QYHKITUSIME, & UMEHHO TTOKA3bIBAETCH, YTO /I HEKOTOPOrO KJIACCa PeICTaBIeHN
npejcrapaeruii rpynn audeMopdu3IMOB 11T HEKOTOPBIX KAHOHUYECKU OIPEIEIEHHBIX MTPOEKTO-
poB P MOXKHO Hanucarh JJjst CJIe0B

t(P- [ 6(t)p(g)at-P)

RN
dbopmysier moxoxkwue Ha (21)—(22), npuuem mogydaembie (DYHKIHE OTHO3HATHO ONPEIENSIIOT TPe]-

CTaBJICHMA.

[Mepeiinem Ko Bropoii yacTu Haero oyepka. VICcaep0Banuio cCnekmpaisbruls c60tcme onepamo-
pos IImypma-JTuysuans Ly = —d?/dz® + q(x) na noayocu (0,00) ¢ Gvicmpo ocyutsupyousumy

‘PaccMOTPUM TPHAHTY/ISIMIO N-yTOIBHIKA HAGOPOM JMaroHasei, 0603HaINM Yepes £, j JIAHBL JuaroHasei, depes
¢; — nByrpaunbie yrybl. Cuviutektuaeckas Gopma onpegensercs Kak y . dl; A dg;. dra dopma me 3aBucut BoIGOpA
TPUAHTYJISIN, IPOBEPKA STOTO Y TBEPXKIEHUS OKA3bIBAETCS HEOXKUTAHHO HETPUBHUAJIBLHOM JaKe [T I€ THIPEX3BEHHBIX
JIOMAHBIX.

SI'pylia KOC AUCKpeTHa, HO y Hee eCTh KaHOHHYECKOe LOLOJIHeHHe 10 MaibleBy, KOTOpOe siBjsiercs «GecKOoHed-
HOMEpPHOH rpymmoit JIus. Anre6pa JIu sToit rpynmer 6611a ormcana T. Kohno.
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(6eusecmeeHtbIMU U HENPEPLIEHbLMU) NoMeryuasamy Tocesmena pabora P.C.Mcmarnnosa, omy6-
mukoBatHas B Journal of Spectral Theory (2016). IlpeapicTopust paccMaTpuBaeMOro BOIPOCa TAKO-
Ba. B ciayuae, xorga ¢(x) — +00 mpu & — 00 H, cTajo ObITh, CHEKTp oneparopa L, auckperew,
ACHMIITOTHIeCKas (POpMyJIa Jjisg COOTBETCTBYIOMIElH cunTatomnieil (byHKIuU ObLIa BeIYUCTIeH THTY-
MapIleM U COMEP:KUTCS B €ro u3BecTHoM Monorpachun 1946 roga. McenenoBanmne acCuMITOTHIECKOTO
TOBe/IeHNsT COOCTBEHHBIX 3HaUeHN L, B 6ostee CI0KHOM ciydae, Korga ¢(z) — —oo mpu & — 00
6bL10 TIpennpuHATO XelBynoM B 1954 1., a Takxke Arkunconom u @ysrronom B 1982 T

Bonpoc 06 acuMnToTuKe CreKTpoB Ly ¢ 6BICTPO OCHUUIIPYIOMMNMY TOTEHITMATIAME Ha IPUMepe
q(x) = hx cos 22

B ynomsamyToit Bblle HeZaBHell ero myOJIMKanuu JUCKPETHOCTh cHekTpa L, JokasaHa s
norennuanos suga h(v'(z))?cosv(z), rae h € (1/2,1), v u v/ HeorpaHWUEHHO BO3PACTAIOT U
v"/(v")? = 0 npu & — 00; ycTaHOBJIEHBI TakKe crekTpasbhbie acumirorukn N (0,t) < tw(v/1)

N(—t,0) < v(w(vt)), smecs w = (v')71.

Dror pesyabrar 06obImaer dakr u3 [M3,1985] o cymecrsoBatnu koadbdurmerTos h, st KOTO-
poix oreparop Ly ¢ ¢(x) = hx cos x? uMeeT JUCKPETHBIH CIEKTP C YKA3AHHBIM aCUMITOTUYECKIM
[IOBEJICHUEM.

KiroueBbiM mpu moKa3aTeabeTBe 3TuX (hakToB cayxuT caegyomiee (cm. [M3,1985]) npemmoxe-
mre 06 omenke unciaa N(«,3) Touek cmekTpa omeparopa L, mpuHamzexamux uHTepBanty (a, ).
IMycts Ai([a,b]) — manmenbimee coberBentoe 3madenne 3agadn Lqy = Ay, y(a) = y(b) = 0, mo-
caegoBareapHoct 0 = ag < a1 < ..., 0 =bg < by < ... crpemsrca K 6eckonmeunocr, A u B
ux dyHKIMN pacnpejiesnenus coorsercrBenno. Ecau Ap([ak—1,ak]) < o u Ai([bg—1,bk]) = 5 upn
k>1, to N(o,8) < liminf(B(x)—A(x))+1; ecam ke A\ ([ag—1,ar]) = a 1 A\ ([bg—1,bx]) < B npm
k>1, to N(a,B) = limsup(B(z) — A(z)) — 1. BbiBog 91010 npeioskeHust B HEKOTOPOM CMBbICJIE
POJICTBEHEH JI0KA3aTEILCTBY [OCTATOYHOrO YCIOBUS CYIIECTBEHHON CAMOCONPIKEHHOCTH Ly BBIBO-
mumoit Pancom Canpmanosuuenm (cm. [YMH, 1963]) uz undopmanun 06 orpaHndeHnn moTeHIpa A
¢ Ha HEIEePeCeKaloInecs OTPE3KH, YXOISIue B 6eCKOHEYHOCTb.

Bruepsbie paccmorpen Memarnnoseim B pabore 1985 roga.

B pabore Ucmarmmosa "O sosmywenuu cnexmpa, 6bi36aHHOM O02PAHUYEHHBIM B03MYUEHU-
em nomenyuaaa" [M3, 2014] paccmarpuBaercst orobpazkenue P, COMOCTABIAIONIEE BO3MYIIEHUIO
f € C°[0,00) moTeHIATA TAPMOHIHYECKOTO OCHIELIATOPA HA TOTIYOCH COOTBETCTBYIONIEe BOZMYIIIe-
HUEe CIIEKTpa, T.e. 3JeMeHT u3 npocrpancTa [*°. O6cyxKIaeTcss BOIPOC O TOM, B KAKOM CMBICTE
orobpaxkerne ®, MoxKer OBITH ANMMPOKCUMHUPOBAHO JuHeHHBIM. C yueToMm Toro, uro ®, mepeBoauT
kiacce emexkaoern f+Cyl0, 00) B kaace emexxuoct P(f)+1y chopmynuposana rumoresa o JUHET-
nocrn orobpazxkenns B : C°[0,00)/C[0,00) — 1°°/ly. Dra 3a1a4a IPEICTABILET HHTEPEC [0 ABYM
mpuauHaM. Bo-TlepBBIX, eCTi HEMTPEPLIBHBIH U BO3PACTAIONINI K HECKOHETHOCTH TIOTEHITHAT ¢ OTlepa-
ropa [rypma-JInysumnsa L,y = —y”+qy manoayocu [0,00) ¢ xpaeebim ycaosuem y(0) = 0 Takos,
9TO CIeKTp Lg J0CTATOYHO pasperkeH (HalpuUMep, BBIIOJIHEHO YCIOBHE A ~ n3/2te ¢ > 0), 1o
oTOOparkeHne 0 JIMHEHHO; BIIPOYEM, 3TO BEPHO U HE TOJBKO jjist oneparopos Iltypma-Jluysuiiis.
Bo-BToprIX, B Cilydyae HOTeHIuasna o2 HaiifyTca JuHeiiHoe orobpazkemme R : C b[0,00) — ™
noanpocrpancTso [; C [*° takwe, uro Ran(® — R) C [1. JloKa3aTesbCTBO 3TOTO YTBEPKIEHUST OC-
HOBAaHO Ha MCIIOJB30BaHNN CJeaytomero pesyibrara Memarnmosa n Kocriouernko [PA, 2009]. Iycrs
A, B — camMOCOlpsizKeHHbIE OMepaTopbl, A uMeeT JUCKPeTHbIH cnekTp A\; < A2 < ..., Ay, — o0, B
— orpannden, A\ < A2 < ... — cnekrp oneparopa A+ B; rorga npu t € [0, 1]

Z Mo — M) exp(—thp) = Tr(Bexp(—tA)) + O(tTrexp(—tA)).
k=0

TaTbd McMarniosa u ero yaeHuk JITAHOB oCcBdIIeHa Kaaccudurayuy dudde-
Cra Ncemvarunosa u ero yuenuka Cynaranosa [M3, 2011| moc eHa %,
PEHUUAADHBIL ONEPATOPOS 8MOPO20 NOpAdka, deticmeyrowus 6 npocmparncmear Howmpazuna 27-
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nepuomuecknxX PyHKIUH Ha R 1 CHMMETPUYeCKUX OTHOCUTE/THHO COOTBETCTBYIOMIEH nHaedrHmT-
HO#t 3pmuToBOit dbopmbl [z, y] = (Jx,y). Honyuenunslit aBropamMu pe3y/IbTaT CTABAT 33129y OTHICKA-
HUS yCa0BUil J-CaMOCOIPsi2KEHHOCTH HallIeHHBIX orteparopos. Ilycts D — npocTpanCcTBO OCHOBHBIX
dbyuknuii Ha okpyzkHOCTH, D’ — COOTBETCIBYIOIIEE IIPOCTPAHCTBO 00001eHHbIX QyHKIML. He-
dburnTHAZ dDopMma B D, nMemas KOHEUHBIH paHr UHACUHATHOCTH, 3aJaeTCI 3JIeMeHToM q € D',
nst koroporo ¢(t) = q(—t) = g(t), npuuem xoscdbdurmentni Dypre g, = { q, ™)
JIUIID 771 k 13 HEKOTOPOro KOHEYHOTO HEeIycToro Habopa u g > 0 1/1s BeexX ocTaibHbX k. [Tomo-
neane H' mpocrpancTsa D OTHOCHTENTBHO CKANSAPHOTO ponssenernsa (u,v) = Y. |qp|urli (3mech
u = > upe**) ecr» mpocrpamcrso IlonTpsaruna ¢ umgedbmauTHON bopMoit [u,v] = S qrurT.
2
pTe] +p1% +p2 ¢ D =D mnapa (q,L) HaswiBaer-
Csl 9JIEMEHTAPHOM, eCii ¢ WMeeT KOHEUYHBIN paHr WHIASMPUHUTHOCTH U KOIPMUIMEHTHI p; HUMEoT
HauMeHblnit 06wt nepuoy 2. B [M3, 2011] nosyuen cuncok rakux Lap; OHM MOTYT ObITh TPex

OTpHUITaTEeJIHLHBI

g muddepennmraabaoro oneparopa L = pg

TunoB: 1) ¢ PanmoHAIBHON 3aBUCHMOCTBIO G OT k; 2) C (j, BBIPAKAIOMUMUCS 9€pe3 3HAYEHUS
I-dyukuum; 3) mocrosinabie g mpu k > k.

OrMeTnM 3J1eCh TaKKe SBHYIO (DOPMYJIY JUIST CREKMPG ONEPAmMopa 6mopoti npoussodnoti wa Ko-
newnom epage G, omybaukoBamuyio Uemarmmoseim B [PA, 2012|. Tounee, mycts G = (V, E) —
CBSI3HBIA HEOPUEHTHPOBAHHBIA KOHEUHBIH rpad 063 meTess n KpaTHBIX pedep. Ecmu, 0ToX ecTBIdsT
pebpo | € E ¢ HEKOTOPBHIM OTPE3KOM, BBECTH HA | MeTpuky d W COOTBETCTBYIONIYIO OPHWEHTA-
muto, To mast f(x), x € [, onpeeseHa MPOU3BOHAS; TIPU STOM BTOPAsI TIPOU3BOIHAS HE 3aBUCUT OT
opmenTarmn. JI1s KOHIIEBBIX BEpIUH a,b pebpa [ ompemesieHbI OTHOCTOPOHHNE TTPOW3BOIHBIE

fil) = tim T@=I@ gy gy, J@ZT0)

sz—a  d(z,a) pz—b  d(z,b)

Badukcuposas uncaa p(l) = p(a,b) = p(b,a) > 0,1 = {a,b} € E (m1g HeCMeKHBIX Bep-
mmn p(a,b) = 0), ma mpoctpanctse dynxmuit kaacca C? ma G, yIOBICTBOPAIONINX YCTOBHU-
am y ypla,b)uj(a) = 0,1 = {a,b}, momygaem omeparop A : u +— —u’; oH cuMMeTpHUeH u

CYTIECTBEHHO CAMOCONDSIKEH B TUILOEPTOBOM MPOCTPAHCTBE H €O CKAJADHBIM MPOU3BEICHUEM
(f1, f2) = Dicr p(l)/f1 (z)f2(z) dz. OkaswiBaercs, aro nemas dynkuus [[72; (1 — A2/A2), co-
l

TTOCTaBJSTEMAsT MHOYKECTBY {/\%} HEHYJIEBBIX COOCTBEHHBIX 3HAUEHUI omeparopa A ¢ TOYHOCTHIO
110 PUKCHPOBAHHOTO MHOYKUTEJIST COBIIAIAET ¢ MHOTOUJIEHOM OT mepeMeHHbIX p(l), KoadbdurmenTa-
MM KOTOPOTO CJIYKaT TPUTOHOMETPUHIECKNE MHOTOYJIEHBI Rf()\), ABHO BBITTHMCHIBAEMBIE MO TAKNM
orobpaxenusm f:V — V, mra koropeix (v, f(v)) € E.

JIna KOMILIEKCHO3HAYHBIX (PYHKIWI Ha p-adUdecKOM IOJIE, [TO-BHAMMOMY, HET €CTECTBEHHOIO
amanora omeparopa auddepennmposanns. OQHAKO €CTh MPAMBIE aAHAJIOTW OTIEPATOPOB APOBHOTO
1udpepEeHIMPOBARA, XOPOIIO M3BECTHBIC CIICNUAJACTAM. A MMEHHO, PACCMATPHBAIOTCS CBEPTOY-
HBIC OIIePaTOPbl BUIA

Lnf(@) = [ o=yl () dy.
Op

COOTBETCTBEHHO TOSIBJISIIOTCS P-GOUNECKUE GHAA02U QUPPEPEHUUANOHBIT ONEPAGMOPOS 33TaBAEMbBIE
dopmynamu tuna L : I, + ¢(z), tae ¥(x) — Bemecrsennast dbyukmus ("morennuan). Crex-
TpaabHAsA TEOPUS TAKUX OTEPATOPOE OKAZBIBAETCA ZHAYMTENHHO HOJIee TPOCTON, YeM I KIACCH-
vecknx oneparopos lpemunrepa. MeMmarmios nosyamn GopMy/Ibl 418 aCEMITOTAKH BBIPAXKCHMI
Trexp(—tL) npu ¢t — +0, 9T0 B CBOWO 04Y€pe/b MO3BOJIAET MOJYUUTH ACUMITOTUKY COOCTBEHHBIX
uncen oneparopa L. OKa3plBaercs, 9TO 3TH PE3y/IbTAThl ZOIYCKAIOT PACIIPOCTPAHEHHIE Ha, IIMPOKMIL
KJIACC CBEPTOYHBIX OIEPATOPOB.

Hakownertr, ormetrum pesysbrar Memaruiosa o npedecmasaenuu 6 sude npouseedenun Pucca cnex-
mpaavHoli Mepvl 0 TIOTOKA, BO3HWKAIONIETO MPW OUPAHUYEHMH AeiicTBug R HA OCTATOYHYIO O-
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ajrebpy CTAMOHAPHOTO Cirydaitroro by aanus mo R. 1o mpouzBenenue Pucca umeer BuI
[e.e]
ihy |2
IT | vee + V1= peehs |7,
k=1

e pr € (0,1) u hy € R cyrs mapamerpsl 6yK1anug (BEpOATHOCTH HEMOJBHZKHOCTH HA k-OM
mare u COOTBETCTBEHHO BEJIMYMHA CMEIeHUsI B TPOTUBHOM ciyuae). HaidiieHo gocrarounoe yeaosue
CUHTYJIAPHOCTU MEPBI O.

Bnepsrie cea3p mponspenennii Prucca co cnekTpansbubiMu MepaMu paccmarpusaian @.Jlenpamnbe
(1970) mu s Meitep (1974). K cepepmne 80-x HAKOMMIUCH pa3HOOOpa3Hble (haKThI, PAZBUBAIOIIIE
9Ty CBA3b NPUMEHUTEIBHO K CAMOMOA0OHBIM JUHAMWYECKUM CUCTEMAM; OHU U3JI0YKEHBI B MOHOT DA~
dun Maptunsr Keedenex "Substitution dynamical systems - Spectral analysis onybmkoBasHO!H B
cepun Lecture Notes in Mathematics (1987). B mociencrsun 2. Bypren mpuMeHn mpousBeieHnst
Pucca x m3ydenwio guHAMUYECKUX CHUCTEM aNpPOKCHMArmonuoro paxra 1. MaTtepecnoe mpumene-
Hue npousBenenuit Prucca x mocrpoenuto R-peficTBuit criekTpasibHoil KparHoctu 1, 06/1a1arommx
CBOHCTBOM OBICTPOTO yOBIBaHUST Koppessiuii, paspaboran A.Ilpuxombko.

B zapeprenve maimero ouepka Mol xKejjaem Pancy CajbMaHOBUYY KPEMKOTO 3/0POBbsT M HOBBIX
MaTEMATHUYECKIUX BOOIYIIEBJICHUIA.

[Mosryueno 05.11.2018 1.
[Ipuaaro B mevars 10.04.2019 1.
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Munxann Muxaitaosud 1ryxoB
(HEeKpoJIOoT)

’i\\*

20 nosiops 1930 1. — 9 mexadbps 2018 r.

VImén U3 KU3HU 3aMevaTeJbHBIR 9eJ0BeK, BBIIAIOIINICA MaTeMaTHK, JeHCTBUTEIbHBIN dIeH
akagemunu kpuntorpacdun PO, mpodeccop Muxana Muxaitnosuua ['JTYXOB.

Pesynbrarer M. M. I'iiyxosa o anrebpe, 10 TEOPUU YHCEJT, 8 TAKXKE 110 UX IPUJIOKEHUSIM BHECJIN
3aMevaTeabHbII BKJIaJ B PA3BUTHEC KaK TEOPETUYICCKUX, TaK U IIPAKTUYICCKUX Pa3Je/I0B MaTeMaTH-
ku. Ero MHOTOrpaHHas HAay4dHO-OPTaHU3ATOPCKAs JEATEIbHOCTD U PEJAKTOPCKas paboTa B XKypHa-
gax "Jluckpernas maremaruka'" n "Yebbrmesckuit cbopHUK" BCerga crocoOCTBOBAN yIIyDJIEHITO
OTEeYIeCTBEHHBIX HAYIHBIX MUCCAETOBAHUN M MIPUTOKY MOJIOMIBIX HAYIHBIX KAJIPOB.

[Tomyveno 15.01.2019 1.
[Mpunsro B mevars 10.04.2019 1.
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Bopuc AnaroaneBny /lydopoBun
(HEKpoJIOoT)

6 amrpesist 1950 roga — 19 mapTa 2019 roxa

19 mapta 2019 roma crkonuasics npodeccop Bopuce Anaronbesnd JlybpoBuH, 3aBeTyIONnit Ja-
ODopaTopmelt TeOMEeTPUIECKUX MeTOA0B MaTeMarnvdeckoit ¢pusnkn nMmern H. H. Boroarobosa.

Bopuc Anaronbesrnd B 1972 rofgy OKOHIHI MEXaHUKO-MaTeMaTudecKuii dpaxynbreT. B 1976 ro-
Iy 3aIuTua KAHAWJATCKYIO nuccepranuio. B sTor ke rox 6ni1 ymocToen mpemun MoCKOBCKOTO
MareMaTuyeckoro obmecrsa. B 1984 roay cras JOKTOpOM HayK.

Bopuc Anaronsesuu ¢ 1975 roma mo 1993 paboran va Kadeipe BBICIIEH TeOMETPUH U TOTIOJIOTHH.
C 1993 roma — mpodeccop B SISSA, Tpuecr (Mranus).

C 2010 roga 3aBenoBaJl J1aboparopueil reOMEeTPUYECKUX METOL0B MaTeMaTuIeCKOi (DU3UKYA UMe-
wm H. H. Borostobora, cozmanmoit mocie obbstBaenust mobegureseit rpanTa [IpasurenscTa Poc-
cuiickoit @enepanun A TOCYIAPCTBEHHOM O AEPKKN HAyIHBIX MCCAETOBAHUHN, TTPOBOIUMBIX IO
PYKOBOACTBOM BEAYIINX YIEHBIX B POCCUMCKUX 00PA30BATEIBLHBIX YIPEKIEHUAX BBICIIETO TTPOdec-
CHOHAJIBHOTO 06pa30BaHUs.

Muposyto mzBecTHOCTH emy mpubecaun coBmectbie ¢ C. 1. HoBukoBbiM paboThl 10 Teopun
nepuonnyueckux perennit ypasuenus Koprepera—iae Opusa u KOHEUHO-30HHBIX TEPUOTUIECKUAX T10-
TEHITHAIOB B KBAHTOBON MEXAHWKE, & TaKKe paboThl, B KOTOPBIX ObLIH OTKPBITHI CKOOKM [Iyaccona
IPUJIPOIMHAMUYECKOT'O THIIA, BAXKHBIE JJIs Teopun coiuToHOB. IIIupoKyo n3BecTHOCTD Oy YUIN €10
PabOThI IO TOTOJIOTUYECKOM KBAHTOBOW TEOPHUU I0JIs, BKIIOYAIONINE CO3JAHHYI0 uM Teoputo ppobde-
HUYCOBBIX MHOro0oOpasuit. OH Hallle/1 BayKHbIEe IpUMeHeHns Teopun ypapuenus [lensese-1 B 3amage
006 OTIPOKMUIBIBAHUN B CHCTEMaX C MaJION JUCIIEPCHEi.

Bripazkaem rurybokne cobosie3HoBaHMS POJHBIM M OJIM3KUM TTOKOWHOTO.

[Mosmyueno 29.03.2019 1.
[Mpunsro B meuars 10.04.2019 1.



Amsbepr Pybernosua Ecasn 433

Aanbept PybenoBuu Ecasn
(HEKpoJIOoT)

10 Hosiops 1937 roma — 4 nexkabpa 2018 roxa

Penakima Yebnimmesckoro coopunka ¢ riaybokum npuckopbuem coobmraior, uto 4 mekabpsa 2018
roja Ha 82-roxy yimesn u3 xuzan Ecasn Annbept PyGeHoBnd — TOKTOp MeIArornIecKuxX HayK, KaH-
muaaT PpU3NKO-MaTEMATHIECKUX HAYK, mpodeccop kadenpsbl nadopMaTuku U WHMOPMAIMOHHBIX
TEXHOJIOTUH, BeLyIuil HaydHbl coTpynHuk llerTpa Teopun n MeToauku oOydeHus MaTEMATUKE U
nudopmarnke "MHCTHTYTa cTpaTernn passuThst obpasosanuga PAO" .

Ansbepr Pybenosuu Ecasgu B 1960 r. ¢ omymuanem oxonum TaKUKCKUIT TOCYAapCTBEHHBIM
VHUBEPCUTET C MpUCYXKAeHUEM KBaanpukanuu “Maremarvk. YauTegap MATEMATUKU CPEJIHEN KO-
ger’. B 1964 romy 3ammTui AuUCCEPTAIMIO HA COMCKAHWE YYIEHON CTermeHw KaHaugara (HOU3UKO-
MareMaTuueckux Hayk. B 1966 rony nosy4mi 3Banue noreHTa 1o kadenpe OyHKITMOHAJIBHOTO aHa-
gusa u audhepeHuaibHbIX ypaBaennit Tampkukckoro rocymapereentoro yausepeutera. C 1968
royia pabotas B TyiabCckoM rocynapcTBeHHOM Ienarorudeckom yHupepcutere um. JI. H. Tojcroro.

Mpr 3amoMHEM €10 HACTOAIMM TTPOMECCHOHATIOM CBOETO J€/1a, TAJAHTIUBBIM PYKOBOIUTEIEM,
JI0OPBIM OT3BIBUMBBIM UEJIOBEKOM.

Briparkaem uckpensee cob0IE3HOBAHUS CEMbe, POJIHBIM, On3kuM, apy3bsam Asbbepra Pybeno-
BHUYA.

[Mosmyueno 07.01.2019 1.
[Mpunsro B meuars 10.04.2019 1.
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B cpoeti aBTobuorpacdum, xpansieiics B auaHOM gene, Annbept Py6emosnu Ecasu ykaszarn,
uto pogmacs 10 mosbps 1937 r. B . Jymante (ropom ¢ 1929-ro o 1961 ron wasesanca Craau-
Habas). 31eck oH OKOHUMI mKoay u B 1960 romy — Ta/sKUKCKHUil rOCyIapCTBEHHBIN YHUBEPCUTET
um. B. 1. Jlenuna (ob6pazosan B mapre 1947 rona, ¢ 2008 roma — TapKukcKuii HAITMOHATBHBIN yHY-
BEPCHUTET) ¢ MPHUCYXKAeHneM KBaindukarnnn "MareMaTuk. YIuTeabr MaTeMaTUKK CpEIHE MKOTHI".
Boit ocrasien na kadenpe quddepennmnaibHabIX ypaBHeHHuit, e paboraa accucterTom B 1960-1961
rr. Ilapasutenbao B 1961-1962 rr. BO3rJiaB/isiji CTAHIIMIO BU3YAJIbHBIX HAOJ/IOIEHUN UCKYCCTBEHHBIX
CIyTHUKOB 3€MJTH.

B 1962 r. A. P. Ecagn moctynun B acnupanTypy BOpOHEKCKOTO TOCYIapCTBEHHOTO YHUBEP-
curera (co3gan B 1918 roay na 6aze Mmneparopckoro KOpbeBeckoro yHuBEpCUTETa, KOTOPBIH OBLI
spakyuposat u3 HOpoesa (abrae Tapty) B 1918 rogy B ¢Bsi3u ¢ yrpo30it TepMaHCKON HHTEPBEHITIH.
Hepurckuit (noszxe KOpbescknii) ynusepcurer B ropoge Jlepure 6b11 octoBan B 1802 romy ykazom
Anexcannpa I (mepsoocnoBarenem apmsiercs mseackuii koposs Lycras 1T Anonsd, ocrosasmmii
ero ermie B 1632 roxy).

K magany 1960-x romos odopMuiIack BOPOHEKCKAS MATEMATUUYECKAS TKOJIA, CBA3aHHAS B OC-
HOBHOM ¢ mMenamu Kpacuocersckoro — Kpeitra — CobosteBa. Ucropust mikossr HaunaaeTcs ¢ 1952
roja, kKoryaa B Boponex no mpurnamennio B. . Cobosesa mpueskaer Mapk Anmekcanaposnd Kpac-
Hocenbekuit (1920-1997, yuenuk M. T. Kpeitna, omun u3 cozmaresneil 0CHOB COBPEMEHHOTO MOIXO0/1A
K 3a/[a9aM HeJUHEHHOro (hyHKINOHAIBHOTO aHam3a). dueprud M. A. KpacHoceabekoro, nekpsria-
¢ 00POXKEIATENHHOCTD W ABTOPUTET CIIOCODCTBOBA/IM TOMY, 9TO B CKOpOoM Bpemenu B Boponexe
OKa3ajach 3aMedaresibHas iesna tajaHTinebix Maremarukon: C. I Kpeitn, 1O. ['. bopucosuu,
dA. B. Pyrunkuii, I1. E. Cobonesckuii. Bokpyr M. A. Kpacroceabckoro OypanT MareMaTudecKast
JKU3Hb B YHUBEPCUTETE U B TOPOJIE.

B 1954 roay B Boponex upuesxaer Cesum I'puropsesuu Kpeitn (1917-1999, yuenuk H. H. Bo-
ro1000Ba, crenuraanct B obactu PYyHKIITMOHAJTHHOTO aHAIN3a, TEOPWH BI3KOW YKUIKOCTH, ypaBHE-
HUSM B YaCTHBIX TIPOU3BOJIHBIX, OJIUH U3 CO37aTe el TEOPUH MHTEPITOJISIIIHI JTUHEHHBIX OIIEPATOPOB).
V mero ¢ M. A. Kpacrocenbckum mourn "pojcreennnie’ oraomenns: crapruit 6par C. I'. Kpeiiaa,
NMpU3HAHHBIL aBTopuTeT B 0bJjacTu pyHKIHOHAJbHOTO anaau3a M. I'. Kpeiin, 6611 HAyIHBIM PYKO-
Boguremem M. A. Kpacuocesnbckoro B Kuesckom yauBepcutere. /IBa 3aMeuaTeIbHBIX MAaTEMATHKA,
JIBe SipKWe JITYHOCTU COXPAHWIN A0OpBIe YyBCTBA JIPYT K JPYTY HA TPOTSKEHUH BCEH CBOEI KU3HU.
DTO B OIPOMHOI CTEeHn CIIOCOGCTBOBAIO TOM MPEKPACHON 0lyXOTBOPEHHOI aTMocdepe, KoTopast
IIapmwia B YHUBEPCUTETE B 3TO BpeM.

Tperbeit MUIHOCTHIO, KOTOPAs CO3JaBajia U HMOAepKuBaIa 370T Kaumar, oeir B. WM. CoboJies
(1913-1995, yuenuk JI. A. Jliocrepruka, cunernuannct B o6sactu GyHKIIMOHATBEHOTO aHAJIN3A, aB-
TOP MHUPOKO M3BECTHBIX y4eOHUKOB 10 (DYyHKIIMOHAJBLHOMY AHAJIM3Y ), Y€JI0BEK DEJIKOW JIyIeBHON
KPaCOTHI.

DT0 OBLIO BpeMd Wjeil U UX BOILIONIEHUs B Ku3Hb. llpn yHuUBepcuTeTe Gyiarofaps MeToaude-
ckoit HacroitunocTn u neseycrpemaérroctu C. . Kpeiina 6611 co3/1al MaTeMaTuaeCcKuil HHCTUTYT.
C. I'. Kpeiia cymesn co3maTh U TaKOe BOCXUTHTEIbHOE sBJieHne Kak Boponexkckas Sumuss Mare-
Marndeckas mkosa. Obmenpusnano, uro M. A. Kpacuocenbckuit u C. I'. Kpeiin cdopmuposasin
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M3BECTHYIO BO BCEM MUPE ITKOIY TI0 HEJTHHEHHOMY aHAIN3y W OTEPATOPHBIM ypasueruaM. OnHaxo, B
xomIe 60-bIX TOJIOB K OTPOMHO MMeYIai BOPOHEKCKIX MaTeMATHKOB cocTosiics nepee3n M. A. Kpac-
noceabckoro B MockBy, B ucturyr apromaruku u tenemexannku Axagemun nayk CCCP.

A. P. Ecasu okazsasics B BopoHexke Kak pa3 B IEPUON PACIBETa MATEMATHIECKOH mKOJbL. B
1962 r. oH mOCTYIHJI B aCOHUPAHTYPY, e obydaJics 1o crenuaasHocT "OyHKIIMOHAIbHBIN aHam3"
moj pykosojcreoM mpodeccopa M. A. Kpacuocesnbckoro. B 1964 1. mocpouno ObLia 3ammuineHa
JINCCEPTAINA Ha COUCKAHUE YYEHOM CTeleHr KaH uaara (PU3NKO-MATEMATHMYECKUX HAYK 110 TeMe
"O1eHKY ClIEKTPa JIMHERHBIX TOJI0KUTebHbIX ortepaTopoB”. B Tom xe rogy A. P. Ecasin BepHyJics
B lymamnbe u npomokua pabory B TaKukCckoM rocygapcrBeHHoM yHuBepcurere um. B. U. Jle-
HUHA, YK€ B JOJKHOCTHU CTApPIIEro mpemnojasaress Kadeapsl anddepeHnaaibibIX ypaBHEHNH U
3aMecTuTe s JeKana pu3nKo-MaTeMaTHYeCKOTO (DAKYIHTETA.

Hayunasa pearenbrocts A. P. Ecasna mporekaja B paMKax aKTHBHO PA3BUBAOIIEHCS TeOpUn
MTOJIYYIIOPSTIOUEHHBIX TPOCTPAHCTB U IMPOCTPAHCTB ¢ KOHYCOM. XapaKTepPUCTUKA ITOr0 HaIlpaBJie-
Hust TOApo6HO m3aoxkera B [1]. OTMeTHM OCHOBHBIE 9TAlbl IPOBOAUMBIX ucciegoBanmii. B 1935 r.
JI. B. KaaTopoBuuem ObLia JaHa pa3sBepHYTas aKCHOMATHUKA IOJYYIOPSI0YEHHBIX TPOCTPAHCTB.
Ero dyngaMenTaibHble MCCII€I0BAHNS JIEIVIM B OCHOBY ITOCJIEAYIONINX MHOTOYHMCIEHHBIX PaboTr co-
BETCKHUX U 3apyDOeKHbIX MaTEMaTUKOB.

Teomerpuyeckuii acekT TEOPUN MOJYYHIOPSI0YEHHBIX TpocTpancTB 66T passuT M. . Kpeitnom
(1937 r.) B CBA3M C HEKOTOPBIMH 33]a9aMU MTPOOIEMBI MOMEHTOB, TEOPUU WHTErPATBHBIX ONEPATO-
POB C TOJIOZKUTETBHBIMU SIIPAME ¥ MATPHIL C MTOJIOKUTEJbHBIME 31eMenTaMu. KoHycoMm HazbiBaeTCs
TaKOe 3aMKHYTOE BBIIIYKJI0€ MHOXKECTBO DaHax0oBa IPOCTPAHCTBA, KOTOPOE BMECTE C KaXK/IbIM 3Jjle-
MEHTOM & COJIEPXKUT Bechb Jiyd Az : 0 < A < 00, U KOTOPOE HE COJIEPAKUT IOJHOCTHIO HU OIHY
npsamyio. Konyce K mopoxKiaer mojyynopsi04eHHoCTb: ¢ < y, ecin iy — ¢ € K.

M. T'. Kpeiin, ero y49eHuky 1 mOCJACI0BATEN YCTAHOBUIKM PAJ] MHTEPECHBIX W BAXKHBIX /I [PU-
JIoKeHui (PaKTOB, CBA3AHHBIX C FEOMETPUYECKUME CBOMCTBAMH KOHYCOB. B yacTHOCTH, B IPOCTPaH-
CTBaX ¢ KOHYCOM UCCJIEIOBAJINCE IMHEHHBIE TIOJI0KNTEIBHEBIE OTTepaToPLI. JImHefiHbIil oepaTop, aeii-
CTBYIOIINY B TTPOCTPAHCTBE C BHIAEIEHHBIM KOHYCOM, HA3BIBAETCS MOJTOKUTEIHHBIM, €CJIN OH OCTaB-
JIIET 3TOT KOHYC MHBApUAHTHBIM. B cjydae KOHEUHOMEPHOTO MPOCTPAHCTBA C KOHYCOM BEKTOPOB
C HEOTPUIATETBHBIMIA KOOPAMHATAME KJIACC MOJOKUTEIBHBIX JTUHEHHBIX OMIePATOPOB COBIIAIAET C
KJIACCOM OTIEPATOPOB, TOPOXKIEHHBIX MATPUIIAMU U3 HEOTPHUIATETBHBIX 9JIEMEHTOB. MHTerpabHbIil
or1epaTop

b
A:E(t):/ K(t,s)x(s)ds,

JefCTBYOIINI B IIPOCTPAHCTBE HENPEPBIBHBIX HA OTpe3Ke [a,b] DyHKIMil ¢ BbIJEIEHHBIM KOHYCOM
HEOTPUIATEBHBIX (DYHKINH, TOJ0XKATEEeH, ecn siapo K (¢, s) HeoTpUIATETBHO.

s MaTpuIl ¢ TOJIO2KUTETBHBIMA 3/IeMeHTaMu B cuity Teopembl Ppobennyca — Ileppona ecthb
eIMHCTBEHHOE COOCTBEHHOE 3HAUYEHWE Ay, KOTOPOMY COOTBETCTBYET COOCTBEHHBIN BEKTOD C IOJIO-
JKUTETBHBIMA KOOpARHATAMH. AGCOMIOTHBIE BETUIHHBI OCTATBLHBIX COGCTBEHHBIX 3HATEHIH MEHBIIE
Ao. Teopema ®Ppobenmyca — Ileppona ObLIa HEpeHECeHA HA WHTETPAIBLHBIE OMEPATOPHI C IIOJI0XKH-
TeJIbHBIMU HEITPEPBIBHBIME sjipaMu KHTYEM, 9T0 TMOC/IYKUJI0 OTIPABHONW TOYKON JJs cepuu paboT
110 TEOPUH JUHEHHBIX MOJ0KHUTEIbHBIX OreparopoB. B 3tux paborax ObLIN BBIACICHBI PA3IUIHBIC
KJIACCHI MOJIOKUTEJIBHBIX OIEPATOPOB, UMEIOIINX, 110 KpaiiHeil Mepe, oJiuH COOCTBEHHBII BEKTOD B
KOHYCE; KJIACChl OIEPATOPOB, ¥ KOTOPbIX TAKOW COOCTBEHHBINH BEKTOD €IMHCTBEHEH; WCC/IE0BAHA
KPaTHOCTh COOTBETCTBYIONIEr0 COOCTBEHHOTO YHC/IA; MPOBEJEHO CpPaBHEHWe C JPYyTUMHU COOCTBEH-
HBIMU 3HadeHusMu. IlepBhle pe3ysbTaTH /1 BIOJHE HENPEPBIBHBIX OMEPATOPOB OBLIN TIOJTYIEHBI
M. A. Pyrmanom (1938 r.), 3arem Baxkubie Teopembr mokazan M. T. Kpeitn (19391940 rr.). Ho-
BBIE KJIACCHI OMEPATOPOB M3ydaanch B paborax M. A. Kpacmocensckoro, JI. A. Jlagsoxerckoro,
1. A. Baxtuna, B. . Crenenxo, A. P. Ecasua, C. H. Myxraposa u ap. (19541966 rr.).
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Teopus Moy ynOpsiIOUE€HHBIX MPOCTPAHCTB TIOJIYYWIa CBOE PA3BUTHE KAK B HAIIPAB/ICHUH PEITie-
HUsl BHYTPEHHUX 33/a4 3TOI TEODUHU, TAK W B HAIPABJEHUU [IPUMEHEHUN ee K CAMbIM pPa3/IMIHbIM
zagagam. B Jlymanbe A. P. Ecasgn, C. H. MyxrapoB u Apyrue npuMeHsm METOAbl TEOPUU KOHYCOB
JIUTsL TIOJIYY€HUS OIEHOK CIIEKTPAJIbHBIX PAJIMYCOB OIEPATOPOB U JIJIs PEIleHUs JIPYruxX 3a/ad.

B 1965 r. A. P. Ecasu mosyanst aumjioM KaHamuaaTa GU3HKO-MaTeMaTHIECKUX HAYK W BO3TJIABUIT
kadeapy OyHKITMOHAJTBHOTO aHa n3a U JuddbepeHnnaIbHbIX ypaBaenuit [lymranbuHckoro rocymap-
cTBenHOrO yHUBepcuTeTa. B 1966 1. A. P. Ecagmy mpucsoemno ydemnoe 3Bamue JOMEHTA.

B 1966 r. A. P. Ecasn yuacrsoajs B pabore MexXyHApOAHONO KOHIDECCa MATEMATHKOB B
r. Mockse, rme coBmectHo ¢ B. 4. Cremenko mpeacrasui mHaydnoe coobimenue mo rteme "JIoka-
JIM3AIMS CIIEKTPa JUHERHOTO omeparopa'.

B 1968 1. A. P. Ecagn yesxaer u3 [lymanbe, n Ha 5TOM 3aKaAHINBAETCS MEPBBIF TTEPHOT €TO
HayJIHOU JedTeJHbHOCTH, CBI3aHHBIN ¢ OIeHKAMU CIEeKTPOB omepaTopoB. B ator mepmon ¢ 1963 mo
1967 r., cormacuo [2|, um ony6inkosano 25 Hayunbix pabor: B JIAH TagxCCP (13 pabor), B o-
kragax AH CCCP (1 pabora), B Yemexax maremarndeckux Hayk (1 pabora), B Maremarndeckom
cbopruke (1 pabora), B Cubupckom mMaremarndeckom xypaajie (1 pabora) m B APYrux M3gaHUIX.
7 pabor He UMEIT coaBTOpOB, 12 pabor — B coaBropcTBe ¢ B. . Cremenko (1935-2006, mokTop
pUBUKO-MaATEMATHIECKUX HAYK, ITpodeccop, wieH-KoppecnougenT Tamxukckoit AH, ¢ 2000 rozga
paboras B CTaBpONOJIbCKOM IOCYAaPCTBEHHOM YHUBEpCUTETE Ha Kadeipe MaTeMaTUuIeCKOT0 aHAIIU-
3a), 4 paborel — B coasropcrse ¢ Tumypom Cabuposbiv (1940, kanauaar GuU3MKO-MATEMATUIECKUX
HayK).

C cenrsabps 1968 roma HaumHAETCH TYABCKUH Tepuos xkusau u jearenbhoctu A. P. Fcagana,
KOTOPBIN TPOIoKAICsT 10 cenTsiops 2018 roma, posuo mathaecat Jier! B 1968 r. om mocrymaer
Ha TOJI2KHOCTB JTOTEHTA Kadeaphl 9/IeMEHTAPHON MaTeMaTuKu 1 yI5CKOr0 TOCYAAPCTBEHHOTO TIeIa-
rorudeckoro uacruryra M. JI. H. Toxcroro (ocwosan B 1938 1.). C 1969 1. — morent kadeapb
BBICITIeH anredpol u reomerpuu, ¢ 1972 r. — 3aBeayrommit kadeapoit anredpbl U BBITUCIUTEIHLHON
MaTeMAaTUKH.

Tynbckwuit mepwo CBA3aH C MOATOTOBKOHM ydumTeseit maremMarnku u wHpopMmaruku. B 1986 T
A. P. Ecasmom Onuia cozmada Kadenpa HHGOPMATHKA U BLIYHCIATENLHON TEXHUKH, pa3paboTaH
KYPC BBIYUCIUTETBHON MaTeMaTHKN W TTPOTPAMMUPOBaHN, a no3xke Kypc "OcHOBBI mHMOpMATHKY
u BeruucauTeapHol Texuauku". B 1991 r. um 6b110 onybinkoBano yuebHoe mocobue st CTY/IEHTOB,
uzanHoe B u3gareascrse "[Ipocsemenne [3].

Tosopst 06 Asibbepre PybenoBude, HeJIb3si HE BCIOMHHUTD erie 00 OJHOM IIPEJICTaBUTEe BOPO-
Hexckoit maremarmueckoit mkose — A. C. Cumonose (1932-2013, yuennk JI. M. JIuxraprukosa
u C. I'. Kpeitna, Kauaumar hbusuKo-MaTeMaTHIeCKUX U JTOKTOP MEIArOTHIeCKUX HAyK ), KOTODBIi
mepeexan B Tyny B 1967 roay. Hecomuenmo, uTo Ayx BOPOHEIKCKOM TTKOIBI compoBoxkman A. P. Eca-
gua n A. C. CuMoHOBa HA TIPOTSKEHUN BCEH WX KU3HN. BOKPYT 3THX JTI0feH BCe BpeMst Oyp/Iinia
TBOpUeCKas jearebHOCTh. Oba oHU J00WIN paboTarTh ¢ MOJOIEKBIO U NPUOOIIATE CTYI€HTOB K
Hayd4HBIM uccaeopanusM. He mpepbiBajsach u CBsi3b ¢ BOPDOHEXKCKOH MaTeMaTHIeCKOU MK0/10#1. BhI-
JIX OPTaHU30BAHbI MMOE3AKHN CTYACHTOB U MOJIOABIX HpeHO,ZLaBaTe.HeI?I MaATEMATUYIECKOT'O (baKy.HbTeTa
TrILY uwm. JI. H. Toxcroro B Boporexkckyro 3uMmHIOI0 MaTeMaTUYecKyo MIKOJY. DTO HPUHECIO
cBom T10/1bI: OjtnH 13 BhInyCKHUKOB TTTLY cran yaennkom C. [ Kpeitna, KaHamaaroM U TOKTOPOM
pu3MKO-MaTEMATUIECKUX HAYK.

B 1994 r. upu xadenape nadopMaTuKu U BLIYUCINTEIbHON TEXHUKNA ObLIA OTKPBHITA aCHUPaH-
Typa no cnermanabaoctu 13.00.02 — Teopusa u meronuka obyuenust u BocnuTanusa (MHGOPMATHKA).
Cpemn yuennkos A. P. Ecasgna — ponents! [lnamakos U. M., Mapteraiok FO. M., Bamnsikuna I'. B.,
Cyunykosa T. O., kaugugarer negarorndecknx Hayk Cososbera T. A., Jlanunenko C. B. u npen-
craBurens Pecrybnnkn Vemen [ane6 Hamsan. Jonroe spemsa A. P. Ecasa pyKOBOIMI CeMHHADOM
10 WH(MOPMAITMOHHBIM TEXHOJIOTUAM ig yunreaeit r. Tyasr u obaacTu.
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B 1991 1. Ansbepry Pybenosutuy 6b1mo mpucBoeno 3sanme mpodeccopa. B 2001 1. om ycrmerr-
HO 3allUTUJI JUCCEPTAIUI0 HA COUCKAHUE YUEHOH CTEIeHH JOKTOpa MEeJarormdecKux HayK 10 TeMe
"Teopust u MeTOIMKA ODYUEHUS AJITOPUTMUBAIME HA, OCHOBE PEKYPCUU B Kypce HH(MOPMATUKHU [1€-
paroruyeckoro By3a'" mo crernumasibroctu 13.00.02 — Teopus u Meroguka o0ydeHUsd U BOCIUTAHUSA
(urdopmaruka). B ToMm ke TOIy OH cTas NefiCTBUTENBHBIM WIeHOM AKajeMun WHOOPMATH3AINN
0OpazoOBAHMSI.

B mocnennne roapr mayannie narepeckl A. P. Ecasna 6bLan ¢BA3aHbI ¢ UCCTEIOBAHIEM BO3MOXK-
HOCTEll KCIIOJIb30BAHUS COBPEMEHHBIX BLIYMCIUTEIbLHBIX cucrem Tuna Maple, Mathematica, PTC
Mathcad Prime, MATLAB, Maxima u ap. B 06y4uennn nadgopMaTHKe U MATEeMAaTHKE B IITKOJTE U B
BY3€, & TaKXKe C THe3JIOBBIMA MAaCCHUBAMU U PEKYPCUBHBIMEU METOIAMU PEIEHWS 3a,1a4.

C 2002 r. o 2018 . A. P. Ecasii sBIsiICS BeAYITUM UCIOJTHUTETEM PsiTa TTPOEKTOB, TO/Iep-
xkanubix rpanravMu POPU. B paMkax BBIIOJIHEHUs] 9TUX TPOEKTOB UM ObLI HAINCAH ILIEJIBIH P
yueOHbIX mocobuit 1 MOHOTpadmit o0 MareMarndeckuM makeraM (cM. [4]), KOTOpbIe HONB3yIOTCA
BOJBIITNM CIIPOCOM CPEJIH TIpenogaBaTesieil U CTyIeHTOB PA3IUYHBIX BY30B CTPAHHI.

A. P. Ecasan 6611 wienom HuccepraiimoHHOro copera npu MOCKOBCKOM IOPOJICKOM Iearornde-
CKOM YHUBEPCHUTETE.

C mrons 2015 . A. P. Ecagn paboran TakKe BeIyIUM HAYIHBIM COTPYAHUKOM llenTpa Teopun
" MeTOauKY o0ydenust Maremarnke u nagopmarnke PI'BHY MCPO PAO.

Hayunbie u nenaroruueckne ycnexu A. P. Ecasgra ormedensr psagoM TOOMIPEHWI U HATPAJL:

1. Buavok "OWIMYHUK HAPOIHOrO IpocBelieHus".

2. Berepan Tpyza.

3. I'pant rybepuaropa "llovernsbiit paboTHUK BhICIIEro 0bpa3oBanus B cdhepe HAyKu U TeXHUKHU"
3a "Pa3paboTky peKypcUBHBIX U ANAaNTUBHBIX AATOPUTMOB UHUCACHHOTO MHTETPUPOBAHUS HEKOTO-
PBIX MHOTOMEPHBIX (DUBUUECKUX 33129 ¢ UCITOIB30BAHNEM CHCTEM KOMIBIOTEPHON MaTeMaTuku'.

4. NunioMm oI pa3BUTHS 0TEIECTBEHHOTO 00pa30BaHMs 33 JIYUNIYID HAYIHYIO paboTy cpenn
npenomasareseit BY30s.

5. [louernas rpamora [lemapramenTa obpazosanus Tysibckoit obsracTu.

4 mexabpst 2018 . Ansbepr Pybernosuu yimes us xxkusau. Ou ymep B ¢. Pomamkoso O iuHIIOBCKOTO
paitona MockoBckoii obsiacTu, noxopoHeH B 1. Tyie.

CIIUCOK IIUTUPOBAHHO JIUTEPATYPHEI

1. Ucropus orevecTtBenHoit MaTemMaTnku. B deTwipex Tomax. Tom 4, kamra 1. 1917 — 1967. Kues,

1970.
2. Maremaruka 8 CCCP 1958-1967. Tom 2. Buobubsmorpacdus. Beimyck 1.

3. Ecagu A. P., Edumon B. ., [lamenko 9. A., Jo6posonsckuit H. M., Jlamunkaa JI. I1. Uadop-
MaTuka: ¥Yuebuoe mocobue myg nmeparormaeckux wHCTUTYTOB. — M.: IIpocserenne, 1991.

4. AJIbBEPT PYBEHOBUY ECA4H (k cemupecarunsrunernto). Jobposonsckuii H. M., JTanuu-
kast JI. I1., Mapreiaiok FO. M., Pe6posa 1. FO., Topuna E. T'., Uy6apukos B. H. // Yebnimenckuit
cbopumnk. 2012. — T. 13. — Ne 3 (43). — C. 106-110.

[Mosyuaeno 28.02.2019 t.
[Ipuuaro B mevars 10.04.2019 1.
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TJIABHBINT PEJAKTOP

Yybapukos Buiaaumup HukosiaeBuu — 10KTOp (PUBUKO-MATEMATHYECKUX HAYK, IPO-
deccop, zaBemyoormmit Kadenpoit MaTreMaTUUeCKMX M KOMIIBIOTEPHBIX METOJ0B aHAJIn3a, JIeKaH
MEXAaHUKO-MATEMATUYIECKOT'O CbaKy.HbTeTa MOCKOBCKOI‘O TOCyAapCTBEHHOT'O YHUBEPCUTETA WMEHU
M. B. JIomonocosa.
e-mail: chubarik2009@live.ru

SAMECTHUTEJIN [JIABHOI'O PEJAKTOPA:

Jobposoabckuii Hukousait MuxaityioBud — JOKTOpP (bU3UKO-MAaTEMATHIECKUX HAYK, IIPO-
deccop, 3apemytomuii kKadeapoit aaredpel, MATEMATHIECKOTO aHAIN3a U reoMeTpun 1 yabCKOTO TO-
CYZIapCTBEHHOTO Mearornieckoro yamsepcutera uM. JI. H. Tosmcroro.
e-mail: dobrovol@tsput.ru

Muxanes Anekcangp BacuabeBud — J0KTOD (PUINKO-MATEMATHYIECKUX HAYK, Mpodec-
COp MEXaHUKO-MATEMATHIECKOT0 hakyabTeTa MOCKOBCKOrO TOCYIapCTBEHHOTO YHUBEPCUTETA, UMEHN
M. B. JIomonocosa.
e-mail: mikhalev@shade.msu.ru

Huxxnnkos Asekcarap VIBaHOBUY — JOKTOP MEAArOrMYIECKUX HAYK, IPOGeEccop, 3aBeryio-
mmit kadeapoit Maremarndeckoin puzuku MOCKOBCKOI'O I1€/1ar0IMYECKOT0 T'OCY/IaPCTBEHHOIO YHU-
BEpPCUTETA, 3ACTYKEHHBIN PAbOTHUK BhICIeH kol PO.
e-mail: ainizhnikov@mail.ru, nizhnikov.ai@masil.ru

OTBETCTBEHHBIN CEKPETAPDL

Jobposoabckuii Hukosiaii HukosiaeBuy — kauanaar hU3MKO-MaTeMaTUIeCKuX HAyK, ac-
cuctenT Kadeapbl TPUKIAIHON MaTeMaTnky u wHpopMaTuky, TyabCKUi TOCYTapCTBEHHDBIN yHUI-
BEPCHUTET; JIOTeHT KadeIphl aaredpbl, MATEMATHIECKOTO aHan3a u reomerpun, Tyabckuit rocymgap-
CTBeHHbIN nejarornyeckuit yuusepcurer um. JI. H. Tosicroro.
e-mail: cheb@tspu.tula.ru, nikolai.dobrovolsky@gmail.com

YJIEHHBI PEIKOJIJIETIN:

ApramonoB BsauecsaB AJjiekKCaHAPOBUY — JI0KTOD (DUBUKO-MATEMATHYECKUX HAYK, HPO-
deccop, 3aseaytomuit kKadeapoit Bricieit agrebps MexaHNKO-MaTeMaTHIecKoro drakyabrera Moc-
KOBCKOTO TOCyJapcTBeHHOTO yHUBepcuTeTa nMmenu M. B. Jlomonocosa.
e-mail: viacheslav. artamonov@gmail.com

Brikosckuii BukTop AJsiekceeBUY — J0KTOD (PU3UKO-MATEMATUIECKUX HAYK, WICH-KOPpPe-
cougent PAH, samecturens aupekTopa @eqepaabHOr0 TOCYTAPCTBEHHOTO OI0IKETHOTO YUIPEKIe-
Hug Hayku WHCTHTYTA npuk/aaiHoil Maremaruku JlasbHeBocTouHoro orjesenns Poccuiickoil aka-
nevuu Hayk (MIIM JIBO PAH) mo mayuwoit pabore, aupekrop Xabaposckoro ormenenus ITM
JIBO PAH.
e-mail: vab@iam.khv.ru

Bocrokos Cepreit BaaaumMupoButd — 10KTOp PU3UKO-MATEMATHIECKUX HAYK, Tpodeccop,
npodeccop kadenps! aaredprr u Teopun unce Cankr-lleTepOyprckoro yHUBEpCUTETA, TPE3UIEHT
donga um. JI. Ditgepa.
e-mail: sergei.vostokov@gmail.com
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I'Bo3ner Agsexkcarnap EBrenbeBMY — [I0KTOp TEXHWYECKMX HAyK, mpodpeccop, mpodeccop
Kadeaphl TEXHOJIOTUN U cepBrca 1yabCKOro rocylapcTBEeHHOIO MIEIArOTMYeCKOT0 YHUBEPCUTETA UM.
JI. H. Tosacroro.
e-mail: gwozdew.alexandr2013Qyandez.ru

l'eopruesckuii JAvurpuii BiaagumupoBud — nokTop HU3MKO-MATEMATHIECKUX HAYK, TTPO-
deccop, 3aBenyromuii kadeapoit TEOPUN yIPYTOCTH MEXAHUKO-MATEMATHIeCKOTO (hakyabrera Moc-
KOBCKOTO TOCyZIapcTBeHHOTO yHUBepcuTeTa nMenn M. B. Jlomonocosa.
e-mail: georgiev@mech.math.msu.su

I'punienko Cepreii AsiekcanapoBud — JOKTOD (DUBUKO-MATEMATHIECKUX HAYK, Hpodec-
cop kadeapol Maremaruka 1 PuuancoBoro yuupepcurera pu [Ipasurenscrse P®, npodeccop
MexaHnko-maremarnyeckoro dakyabrera MI'Y nvenn M. B. Jlomonocosa.
e-mail: s.gritsenko@gmail.com

Hemuaos Cepreit CepreeBut — A0KTOD (PU3MKO-MATEMATHICCKUX HAYK, Podeccop, mpo-
deccop kadeaprl TEOPUN BEPOSTHOCTEN MEXaHUKO-MaTeMaTu4deckoro (hakysiaprera MI'Y, zaBeyio-
H.U/If/i Ka6I/IHeTOM NCTOPUHN 1 METOA0JIOTUN MATEMATUKHN 1 MEXaHUKHN, 3aB. OT,ZLQ.HOM ncropun CbI/ISI/IKO-
MaTemMaTnIecknx Hayk VHctnryTa nceropun ecrecrso3nanns u Texunku PAH, Dmasubiit pemaxTop
«Ucropuko-maremaruaeckux ncciaeaopanuiiy, Ilpesugent MexayrapogHoit AxajeMun HCTOPUE
HayKHU.
e-mail: serd42Q@mail.ru

Jdypues Basepuii 'eoprueBuyd — qoxTop pU3UKO-MATEMATHIECCKUX HAYK, TPOdeccop, 3ase-
nytoiuit Kadeapoit FpocaBeKoTo rocyapCcTBEHHOTO YHUBEPCUTETA.
e-matl: durnev@univ.uniyar.ac.mu

3ybokos Anapeii MuxaiisioBud — J10KTOp (DU3MKO-MATeMaTHIECKUX HAyK, mpodeccop, 3a-
Beaytommit kadeapoit MexaHuKO-MaTeMaTudeckoro dakysibrera MOCKOBCKOIO roCy1apCTBEHHOTO
yuuBepcutera umenn M. B. Jlomomnocora, zamegytommit OTmesoM AUCKpeTHONH Maremarnku Ma-
TeMaTndeckoro wHeTHTyTa M. B. A. Crekmosa PAH.
e-mail: zubkov@mi.ras.ru

NBanos Basiepuit UBanoBuu — j10KTOp (hU3UKO-MATEMATHIECKUX HAYK, TPOdeccop, 3aBey-
omuii kKadeapoit NPUKIaIHON MAaTEeMaTUK U WHMOPMATUKYA WHCTUTYTA MPUKJIATHON MATEMATHKI
M KOMITBIOTEPHBIX HayK TyJIbCKOrO rocy1apCTBEHHOTO YHUBEPCUTETA.
e-mail: waleryi@mail.ru

Kapramios Baaanmup KoHcTaHTUHOBUY — KauanaaT (PU3NKO-MATEMATHIECKAX HAYK, TTPO-
deccop, 3aBeaytomnuii kadenapoit Bogrorpackoro rocymapcTBEHHOTO COIUATBHO-TIETATOTTIECKOT0
yYHuUBEpCUTETA.
e-mail: kartashovvk@yandex.ru

Koponés MakcuMm AjiekCaHAPOBUY — JOKTOD (PUBMKO-MATEMATHIECKUX HAYK, CTAPIINL
Hay9HBINH coTpyaauk Maremarnaeckoro nactuTyTa nM. B. A. Crexmosa PAH.
e-mail: korolevma@mi.ras.ru

Ky3nuernos Banentun HukosaeBud — HOKTOP TEXHWYECKUX HAyK, mpodeccop, mpodeccop
Kadeaphl MPUKIATHON MATEeMATHKH 1 CHCTEMHOTO aHan3a CapaToBCKOrO IoCyIapCTBEHHOTO TeX-
nuaeckoro yansepcureta uM. FO. A. Tarapuma.
e-mail: kuznetsovvn@info.sgu.ru

Jlarbnmies Buktop HukogaeBud — n0kTOp DuBMKO-MaTEMATHYECKMX HAYK, mpodeccop,
npodeccop kadenpsr Broiciieir aarebpbl MexaHHKO-MaTeMarudeckoro ¢axysaprera MoCKOBCKOTO
rocyaapcreernnoro yuusepcurera nmeru M. B. Jlomonocosa.
e-mail: latyshev@basis.math.msu.su

Marusicesuu FOpuii Baagumuposud — J0KTOp (PUBHKO-MATEMATHUIECKUX HAYK, Ipodec-
cop, akajemuk Poccutickoit akagemun uHayk, copetHuk PAH Cawnkr-IlerepGyprckoro oraenenus
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Maremaruaeckoro nacruryTta uMm. B. A. Crekgosa PAH, npesugent Carkr-Ilerepbypreckoro mare-
MaTHYECKOr0 ODIIECTBA.
e-mail: yumat@pdmi.ras.ru

Mumienko Cepreii IlerpoBuyd — qoxTop pusnko-mareMaTnaecKux HayK, mpodeccop, 3ase-
aytoiuil kadenpoit anrebpo-reoMeTpuuecKuX BIYUCIEHUH Y/IbsiHOBCKOI'O I'OCY/IapCTBEHHOI'O YHU-
BepCHUTETA.
e-mail: mishchenkosp@mail.ru

Hecrepenko FOpuii Basentunosu4y — n10kTop HU3MKO-MATEMATUYECKUX HAYK, IPOdQEccop,
wireH-KoppectoraenT PAH, 3apexytomuit kade1poii Teopun Ynces MEXaHNKO-MaTeMaTuIecKoro ¢a-
KyabTeTa MOCKOBCKOTO TOCyIapCcTBEHHOTO yHUBEpcUuTeTa nMenu M. B. Jlomonocosa.
e-mail: nester@mi.ras.ru
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