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×ÅÁÛØÅÂÑÊÈÉ ÑÁÎÐÍÈÊ

Òîì 17. Âûïóñê 3.

ÓÄÊ 512.6+004.421.6

Î ÑÒÐÓÊÒÓÐÅ ÐÅÇÎÍÀÍÑÍÎÃÎ ÌÍÎÆÅÑÒÂÀ
ÂÅÙÅÑÒÂÅÍÍÎÃÎ ÌÍÎÃÎ×ËÅÍÀ

À. Á. Áàòõèí (ã. Ìîñêâà)

Àííîòàöèÿ

Èçó÷àåòñÿ ðåçîíàíñíîå ìíîæåñòâî âåùåñòâåííîãî ìíîãî÷ëåíà, ò. å. ìíîæåñòâî âñåõ çíà-
÷åíèé ïðîñòðàíñòâà êîýôôèöèåíòîâ, ïðè êîòîðûõ âåùåñòâåííûé ìíîãî÷ëåí èìååò ñîèçìå-
ðèìûå êîðíè.

Ðåçîíàíñíîå ìíîæåñòâî ìíîãî÷ëåíà ìîæåò ðàññìàòðèâàòüñÿ êàê íåêîòîðîå îáîáùåíèå
äèñêðèìèíàíòíîãî ìíîæåñòâà ïîñëåäíåãî. Çíàíèå åãî ñòðóêòóðû íåîáõîäèìî ïðè èññëåäî-
âàíèè ðåçîíàíñîâ âáëèçè ïîëîæåíèé ðàâíîâåñèÿ äèíàìè÷åñêîé ñèñòåìû.

Â ðàáîòå ïðåäëàãàåòñÿ êîíñòðóêòèâíûé àëãîðèòì ïîñòðîåíèÿ ïîëèíîìèàëüíîé ïàðà-
ìåòðèçàöèè ðåçîíàíñíîãî ìíîæåñòâà â ïðîñòðàíñòâå êîýôôèöèåíòîâ ìíîãî÷ëåíà. Ñòðóê-
òóðà ðåçîíàíñíîãî ìíîæåñòâà ìíîãî÷ëåíà ñòåïåíè n îïèñûâàåòñÿ â òåðìèíàõ ðàçáèåíèÿ
íàòóðàëüíîãî ÷èñëà n.

Îñíîâíûå àëãîðèòìû, îïèñàííûå â ðàáîòå, ðåàëèçîâàíû â âèäå áèáëèîòåêè â ñèñòåìå
êîìïüþòåðíîé àëãåáðû Maple. Ïðèâåäåíî îïèñàíèå ðåçîíàíñíîãî ìíîæåñòâà êóáè÷åñêîãî
ìíîãî÷ëåíà.

Êëþ÷åâûå ñëîâà: òåîðèÿ èñêëþ÷åíèÿ, ñóáðåçóëüòàíò, ñóáäèñêðèìèíàíò, ðåçîíàíñíîå
ìíîæåñòâî, êîìïüþòåðíàÿ àëãåáðà.

Áèáëèîãðàôèÿ: 12 íàçâàíèé.

ON THE STRUCTURE OF THE RESONANCE SET
OF A REAL POLYNOMIAL

A. B. Batkhin (Moscow)

Abstract

We consider the resonance set of a real polynomial, i. e. the set of all the points of the
coe�cient space at which the polynomial has commensurable roots. The resonance set of a
polynomial can be considered as a certain generalization of its discriminant set. The structure
of the resonance set is useful for investigation of resonances near stationary point of a dynamical
system.

The constructive algorithm of computation of polynomial parametrization of the resonance
set is provided. The structure of the resonance set of a polynomial of degree n is described in
terms of partitions of the number n.

The main algorithms, described in the paper, are organized as a library of the computer
algebra system Maple. The description of the resonance set of a cubic polynomial is given.

Keywords: elimination theory, subresultant, subdiscriminant, resonance set, computer
algebra.

Bibliography: 12 titles.



6 À. Á. ÁÀÒÕÈÍ

1. Ââåäåíèå

Âî ìíîãèõ ïðèêëàäíûõ çàäà÷àõ âîçíèêàåò ñèòóàöèÿ, êîãäà äëÿ íåêîòîðîãî âåùåñòâåííîãî
ìíîãî÷ëåíà f(x) íåîáõîäèìî ñôîðìóëèðîâàòü óñëîâèÿ íà åãî êîýôôèöèåíòû, ïðè âûïîëíåíèè
êîòîðûõ ýòîò ìíîãî÷ëåí èìååò ñîèçìåðèìûå êîðíè. Òàê, íàïðèìåð, óñëîâèå öåëî÷èñëåííîé ñî-
èçìåðèìîñòè (êðàòíîñòè) êîðíåé õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà ìàòðèöû ëèíåéíîé ÷àñòè
óðàâíåíèé äâèæåíèÿ âáëèçè ïîëîæåíèÿ ðàâíîâåñèÿ âûäåëÿåò â ïðîñòðàíñòâå êîýôôèöèåíòîâ
ìíîãî÷ëåíà (èëè ïàðàìåòðîâ óðàâíåíèé äâèæåíèÿ) ìíîãîîáðàçèÿ, íà êîòîðûõ èìååòñÿ ðåçî-
íàíñ ìåæäó ñîáñòâåííûìè ÷àñòîòàìè êîëåáàíèé. Ñëó÷àé, êîãäà ìíîãî÷ëåí f(x) èìååò êîðåíü
êðàòíîñòè k > 1 ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì îïèñàííîé âûøå ñèòóàöèè.

Ýòà ñòàòüÿ ïðîäîëæàåò èññëåäîâàíèÿ àâòîðà [1�3] ïî îïèñàíèþ ñòðóêòóðû è ïîñòðîåíèþ
ïàðàìåòðè÷åñêîãî ïðåäñòàâëåíèÿ äèñêðèìèíàíòíîãî ìíîæåñòâà D(fn) ìíîãî÷ëåíà

fn(x)
def
= xn + a1x

n−1 + a2x
n−2 + · · ·+ an (1)

n-é ñòåïåíè ñ âåùåñòâåííûìè êîýôôèöèåíòàìè. Âåùåñòâåííîå n-ìåðíîå ïðîñòðàíñòâî Π ≡ Rn
åãî êîýôôèöèåíòîâ a1, a2, . . . an, êàê è ðàíåå, íàçîâ¼ì ïðîñòðàíñòâîì êîýôôèöèåíòîâ ìíîãî-
÷ëåíà (1).

Îïðåäåëåíèå 1. Ïàðó êîðíåé ti, tj, i, j = 1, . . . , n, i 6= j, ìíîãî÷ëåíà (1) íàçîâ¼ì p : q-
ñîèçìåðèìîé, åñëè ti : tj = p : q.

Çàìå÷àíèå 1. Çäåñü è äàëåå ïðåäïîëàãàåì, ÷òî p ∈ Z\{0}, q ∈ N, ò. å. èñêëþ÷àåì ñëó÷àé,
êîãäà îäèí èç êîðíåé ti èëè tj ðàâåí íóëþ, ïîñêîëüêó íóëåâîé êîðåíü ñîèçìåðèì ñ ëþáûì
äðóãèì êîðíåì.

Çàìå÷àíèå 2. Åñëè ó ìíîãî÷ëåíà (1) åñòü ïàðà p : q-ñîèçìåðèìûõ êîðíåé, òî åñòü è
ïàðà q : p-ñîèçìåðèìûõ êîðíåé. Ñëåäîâàòåëüíî, äàëåå ïðåäïîëàãàåì, ÷òî êîýôôèöèåíò ñîèç-
ìåðèìîñòè p : q óäîâëåòâîðÿåò óñëîâèþ |p/q| > 1.

Îïðåäåëåíèå 2. Ðåçîíàíñíûì ìíîæåñòâîì R(fn) ìíîãî÷ëåíà fn(x) íàçîâ¼ì ìíîæå-
ñòâî âñåõ òî÷åê ïðîñòðàíñòâà êîýôôèöèåíòîâ Π, â êîòîðûõ fn(x) èìååò õîòÿ áû ïàðó
p : q-ñîèçìåðèìûõ êîðíåé. Äëÿ ôèêñèðîâàííîãî êîýôôèöèåíòà ñîèçìåðèìîñòè, çàäàâàåìîãî
ðàöèîíàëüíûì ÷èñëîì p/q ∈ Q, ñîîòâåòñòâóþùåå ðåçîíàíñíîå ìíîæåñòâî îáîçíà÷èì ÷åðåç
Rp:q(fn), ò. å.

Rp:q(fn) = {P ∈ Π : ∃i, j = 1, . . . , n, ti : tj = p : q}.

Öåëü äàííîé ðàáîòû � ðàçðàáîòàòü êîíñòðóêòèâíûé àëãîðèòì âû÷èñëåíèÿ ïàðàìåòðè÷å-
ñêîãî ïðåäñòàâëåíèÿ âñåõ êîìïîíåíò ðåçîíàíñíîãî ìíîæåñòâà R(fn) ïðèâåä¼ííîãî âåùåñòâåí-
íîãî ìíîãî÷ëåíà fn(x).

Ñòàòüÿ ñîñòîèò èç ââåäåíèÿ, òð¼õ ðàçäåëîâ è çàêëþ÷åíèÿ. Â ðàçäåëå 2 ôîðìóëèðóåòñÿ
óñëîâèå íà êîýôôèöèåíòû ñóùåñòâîâàíèÿ ñîèçìåðèìûõ êîðíåé ìíîãî÷ëåíà (1) â òåðìèíàõ
îáîáù¼ííûõ ñóáäèñêðèìèíàíòîâ, êîòîðûå ñ òî÷íîñòüþ äî ìíîæèòåëÿ ñóòü ñóáðåçóëüòàíòû
ïàðû ìíîãî÷ëåíîâ fn(px) è fn(qx). Â ðàçäåëå 3 äàíî îïèñàíèå èåðàðõè÷åñêîé ñòðóêòóðû ðåçî-
íàíñíîãî ìíîæåñòâàRp:q(fn), óêàçàíà ñâÿçü ýòîé ñòðóêòóðû ñ çàäà÷åé ðàçáèåíèÿ íàòóðàëüíîãî
÷èñëà n, îïèñàí àëãîðèòì ïîñòðîåíèÿ ïàðàìåòðè÷åñêîãî ïðåäñòàâëåíèÿ êîìïîíåíò ýòîãî ìíî-
æåñòâà è äàíî îïèñàíèå ïðîãðàììíîé áèáëèîòåêè äëÿ ñèñòåìû êîìïüþòåðíîé àëãåáðû Maple.
Â çàêëþ÷èòåëüíîì ðàçäåëå 4 ïðèâåäåíî îïèñàíèå ðåçîíàíñíîãî ìíîæåñòâà êóáè÷åñêîãî ìíî-
ãî÷ëåíà. Ñòàòüÿ ïðåäñòàâëÿåò ñîáîé ñîêðàù¼ííûé âàðèàíò ïðåïðèíòà [4].
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2. Óñëîâèå p : q-ñîèçìåðèìîñòè êîðíåé ìíîãî÷ëåíà fn(x)

Ïóñòü ìíîãî÷ëåí fn(x) èìååò ïàðó p : q-ñîèçìåðèìûõ êîðíåé. Ýòî ýêâèâàëåíòíî òîìó, ÷òî
äâà ìíîãî÷ëåíà fn(px) è f(qx) èìåþò îáùèé êîðåíü, èëè, äðóãèìè ñëîâàìè,

Res x(fn(px), fn(qx)) = 0,

ãäå Res x(g, h)�ðåçóëüòàíò ìíîãî÷ëåíîâ g(x) è h(x), âû÷èñëåííûé îòíîñèòåëüíî ïåðåìåííîé x.

Îïðåäåëåíèå 3. Ïóñòü g(x) =
∏n
i=1(x − ti), h(x) =

∏m
i=1(x − ui) ñóòü äâà ïðèâåä¼ííûõ

ìíîãî÷ëåíà ñòåïåíè n è m ñîîòâåòñòâåííî. Òîãäà èõ ðåçóëüòàíò îòíîñèòåëüíî ïåðåìåííîé
x âû÷èñëÿåòñÿ ïî ôîðìóëå

Res x(g, h) =
n∏
i=1

m∏
j=1

(ti − uj).

Ïîñêîëüêó ïðè p = q = 1 ìíîãî÷ëåíû fn(px) è fn(qx) èìåþò n îáùèõ êîðíåé, òî ðå-
çóëüòàíò Resx(fn(px), fn(qx)) äåëèòñÿ íà ìíîæèòåëü (p− q)n. Â ñèëó çàìå÷àíèÿ 1, ðåçóëüòàíò
Resx (fn(px), fn(qx)) äåëèòñÿ íà ñâîáîäíûé ÷ëåí an ìíîãî÷ëåíà (1). Òàêèì îáðàçîì, óêàçàííûé
âûøå ðåçóëüòàíò ïðåäñòàâèì â âèäå

Res x(fn(px), fn(qx)) = an(p− q)n GDp:q(f),

ãäå GDp:q(fn) � ââåä¼ííûé â [5,6] îáîáù¼ííûé äèñêðèìèíàíò ìíîãî÷ëåíà fn(x).

Çàìå÷àíèå 3. Òåðìèí îáîáù¼ííûé äèñêðèìèíàíò âûáðàí â ñâÿçè ñ òåì, ÷òî ïðè ñòðåì-
ëåíèè êîýôôèöèåíòà ñîèçìåðèìîñòè p : q → 1, GDp:q(fn) ñòðåìèòñÿ ê çíà÷åíèþ äèñêðèìè-
íàíòà D(fn) ìíîãî÷ëåíà (1).

Ó ìíîãî÷ëåíà (1) ìîæåò áûòü íå îäíà ïàðà p : q-ñîèçìåðèìûõ êîðíåé. Äëÿ ïîëíîãî èññëå-
äîâàíèÿ ñòðóêòóðû p : q-ñîèçìåðèìûõ êîðíåé ââåä¼ì íåñêîëüêî âñïîìîãàòåëüíûõ ïîíÿòèé.

Îïðåäåëåíèå 4. Öåïî÷êîé p : q-ñîèçìåðèìûõ êîðíåé äëèíû k (êðàòêî öåïî÷êîé êîðíåé)
íàçîâ¼ì îòðåçîê äëèíû k ãåîìåòðè÷åñêîé ïðîãðåññèè ñ îñíîâàíèåì ti è çíàìåíàòåëåì p/q,
êàæäûé ÷ëåí êîòîðîé ÿâëÿåòñÿ êîðíåì ýòîãî æå ìíîãî÷ëåíà. Îñíîâàíèå ïðîãðåññèè ti íà-
çîâ¼ì ïîðîæäàþùèì êîðíåì ñîîòâåòñòâóþùåé öåïî÷êè.

Çàìå÷àíèå 4. Äëÿ òîãî ÷òîáû êîýôôèöèåíòû ïîëèíîìèàëüíûõ îáúåêòîâ (ìíîãî÷ëåíîâ,
ñóáðåçóëüòàíòîâ, ïàðàìåòðè÷åñêèõ ïðåäñòàâëåíèé êîìïîíåíòîâ ðåçîíàíñíîãî ìíîæåñòâà
Rp:q(fn) è äð.) áûëè ïðåäñòàâëåíû â âèäå ìíîãî÷ëåíîâ, à íå ðàöèîíàëüíûõ ôóíêöèé îò ÷èñåë
p è q, áóäåì â öåïî÷êå êîðíåé äëèíû k â îïðåäåëåíèè 4 èñïîëüçîâàòü âåëè÷èíó qk−1ti â êà÷åñòâå
ïîðîæäàþùåãî êîðíÿ.

Ðåçîíàíñíîå ìíîæåñòâî Rp:q(fn) äëÿ êàæäîãî ôèêñèðîâàííîãî êîýôôèöèåíòà ñîèçìåðè-
ìîñòè p : q ñîñòîèò èç êîíå÷íîãî ÷èñëà ìíîãîîáðàçèé Vl, íà êàæäîì èç êîòîðûõ ìíîãî÷ëåí
fn(x) èìååò l öåïî÷åê êîðíåé ñ ðàçëè÷íûìè ïîðîæäàþùèìè êîðíÿìè. Ñóììàðíàÿ äëèíà ýòèõ
öåïî÷åê êîðíåé ðàâíà ñòåïåíè ìíîãî÷ëåíà n.

Äëÿ îïèñàíèÿ êàæäîãî èç ìíîãîîáðàçèé Vl íóæíî çíàòü ñòðóêòóðó êîðíåé ìíîãî÷ëåíà

f̃p:q(x)
def
= gcd(fn(px), fn(qx)). (2)

Ïóñòü d = deg f̃p:q > 0, òîãäà êîðíè ìíîãî÷ëåíà f̃p:q(x) äàþò èíôîðìàöèþ î ñîèçìåðèìûõ
êîðíÿõ èñõîäíîãî ìíîãî÷ëåíà (1): êàæäîé öåïî÷êå êîðíåé äëèíû k 6 d ìíîãî÷ëåíà f̃p:q(x)
ñîîòâåòñòâóåò öåïî÷êà êîðíåé äëèíû k + 1 ìíîãî÷ëåíà fn(x). Ñòðóêòóðó êîðíåé ìíîãî÷ëåíà
óäîáíî îïðåäåëèòü ñ ïîìîùüþ ñóáðåçóëüòàíòîâ [7, 8] ïàðû ìíîãî÷ëåíîâ fn(px) è fn(qx).

Èçâåñòíî ìíîãî ìåòîäîâ âû÷èñëåíèÿ ðåçóëüòàíòà ïàðû ìíîãî÷ëåíîâ. Èõ îáçîð äàí, íàïðè-
ìåð, â [2, 7, 9]. Çäåñü îãðàíè÷èìñÿ ìåòîäîì Ñèëüâåñòðà.
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Îïðåäåëåíèå 5. Ìàòðèöåé Ñèëüâåñòðà Sylv(f, g) äâóõ ìíîãî÷ëåíîâ f(x) è g(x), äëÿ
êîòîðûõ n = deg f(x) è m = deg g(x), íàçûâàåòñÿ êâàäðàòíàÿ ìàòðèöà ðàçìåðà (n + m),
ñòðîêè êîòîðîé ñóòü âåêòîðû, ñîñòàâëåííûå èç êîýôôèöèåíòîâ ìíîãî÷ëåíîâ

xm−1f(x), xm−2f(x), . . . , xf(x), f(x), g(x), xg(x), . . . , xn−2g(x), xn−1g(x)

â áàçèñå xn+m−1, . . . , x, 1.

Îïðåäåëåíèå ñóáðåçóëüòàíòà äàäèì ñ ïîìîùüþ èííîðà [10] ìàòðèöû Sylv(f, g).

Îïðåäåëåíèå 6. Ïóñòü Mn � êâàäðàòíàÿ ìàòðèöà ðàçìåðà n×n. Òîãäà ìàòðèöà Mn−k,
k < [n/2], ïîëó÷åííàÿ âû÷¼ðêèâàíèåì k êðàéíèõ ñòðîê è ñòîëáöîâ ñ îáåèõ ñòîðîí èñõîäíîé
ìàòðèöû Mn, íàçûâàåòñÿ åå k-ì èííîðîì.

Îïðåäåëåíèå 7. k-ì ñóáðåçóëüòàíòîì Res
(k)
x (f, g) ìíîãî÷ëåíîâ f(x) è g(x) íàçûâàåòñÿ

îïðåäåëèòåëü k-ãî èííîðà ìàòðèöû Ñèëüâåñòðà Sylv(f, g).

Çàïèøåì ìàòðèöó Ñèëüâåñòðà Sylv(fn(px), fn(qx)) ðàçìåðà 2n×2n äëÿ ìíîãî÷ëåíîâ fn(px)
è fn(qx):

Sylv(fn(px), fn(qx)) =

=



pn a1p
n−1 · · · an−2p

2 an−1p an 0 · · · 0 0
0 pn · · · an−3p

3 an−2p
2 an−1p an · · · 0 0

...
...

. . .
...

...
...

...
. . .

...
...

0 0 · · · pn a1p
n−1 a2p

n−2 a3p
n−3 · · · an−1p an

0 0 · · · qn a1q
n−1 a2q

n−2 a3q
n−3 · · · an−1q an

...
...

. . .
...

...
...

...
. . .

...
...

0 qn · · · an−3q
3 an−2q

2 an−1q an · · · 0 0
qn a1q

n−1 · · · an−2q
2 an−1q an 0 · · · 0 0


. (3)

Ìàòðèöà (3) èìååò n−1 íåòðèâèàëüíûé ñóáðåçóëüòàíò. Î÷åâèäíî, ÷òî â ñèëó å¼ ñòðóêòóðû,
êàæäûé èç ýòèõ ñóáðåçóëüòàíòîâ ðàñêëàäûâàåòñÿ íà òðè ìíîæèòåëÿ. Ìîæíî ïîêàçàòü, ÷òî äëÿ
k-ãî ñóáðåçóëüòàíòà ìíîãî÷ëåíîâ fn(px) è fn(qx) èìååò ìåñòî ñëåäóþùåå ðàçëîæåíèå

(k)

Res
x

(fn(px), fn(qx)) = (p− q)n−k(pq)k(n−k) GD(k)
p:q (fn). (4)

Îïðåäåëåíèå 8. Íàçîâ¼ì k-ì îáîáù¼ííûì ñóáäèñêðèìèíàíòîì GD
(k)
p:q (fn) ìíîãî÷ëåíà

fn(x) äëÿ êîýôôèöèåíòà ñîèçìåðèìîñòè p/q òðåòèé íåòðèâèàëüíûé ìíîæèòåëü â ôîðìó-
ëå (4).

Ïóñòü ìíîãî÷ëåí fn(x) èìååò öåïî÷êó p : q-ñîèçìåðèìûõ êîðíåé äëèíû k ñ ïîðîæäàþùèì
êîðíåì t, ò. å. â ñèëó çàìå÷àíèÿ 4 îí èìååò âèä

fn(x) = u(x)

k−1∏
i=0

(
x− piqk−1−it

)
.

Çäåñü ìíîãî÷ëåí u(x) ñòåïåíè n− k íå èìååò êîðíåé p : q-ñîèçìåðèìûõ ñ t. Òîãäà

fn(px) = u(px)
(
px− qk−1t

)
pk−1

k−2∏
i=0

(
x− piqk−2−it

)
,

fn(qx) = u(qx)
(
qx− pk−1t

)
qk−1

k−2∏
i=0

(
x− piqk−2−it

)
.
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Ñëåäîâàòåëüíî, ìíîãî÷ëåí f̃p:q èç ôîðìóëû (2) èìååò öåïî÷êó p : q-ñîèçìåðèìûõ êîðíåé äëèíû
k − 1 ñ ïîðîæäàþùèì êîðíåì t/q.

Â ñèëó ïðèâåä¼ííûõ âûøå ðàññóæäåíèé, à òàêæå òåîðåìû 3.3 èç [8], èìååò ìåñòî ñëåäóþùàÿ

Òåîðåìà 1. Äëÿ òîãî, ÷òîáû deg f̃p:q(x) = d, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû â ïîñëå-

äîâàòåëüíîñòè i-ûõ îáîáù¼ííûõ ñóáäèñêðèìèíàíòîâ GD
(i)
p:q(fn) ïåðâûì îòëè÷íûì îò íóëÿ

îáîáù¼ííûì ñóáäèñêðèìèíàíòîì áûë ñóáäèñêðèìèíàíò GD
(d)
p:q(fn) ñ íîìåðîì d.

Ââåä¼ì ïîëèíîìèàëüíûå èäåàëû I(l)
p:q(fn), ñîñòîÿùèå èç ïåðâûõ l îáîáù¼ííûõ ñóáäèñêðè-

ìèíàíòîâ GD
(l)
p:q(fn):

I(l)
p:q(fn) =

{
GD(i)

p:q(fn), i = 0, . . . , l − 1
}
.

Òîãäà ñîãëàñíî òåîðåìå 1 íóëè èäåàëà I(l)
p:q(fn) îáðàçóþò ìíîæåñòâî, íà êîòîðîì ìíîãî÷ëåí

fn(x) èìååò â òî÷íîñòè k < n ðàçëè÷íûõ öåïî÷åê p : q-ñîèçìåðèìûõ êîðíåé.

3. Ïàðàìåòðèçàöèÿ ðåçîíàíñíîãî ìíîæåñòâà Rp:q(fn)

Ìíîæåñòâî Rp:q(fn) ñîñòîèò èç àëãåáðàè÷åñêèõ ìíîãîîáðàçèé Vl ðàçìåðíîñòåé l, 1 6 l 6
6 n−1. Îáùåå ÷èñëî ýòèõ ìíîãîîáðàçèé, à òàêæå ÷èñëî ðàçëè÷íûõ ìíîãîîáðàçèé Vl, èìåþùèõ
ôèêñèðîâàííóþ ðàçìåðíîñòü l, çàâèñèò îò ÷èñëà ðàçáèåíèé p(n) ñòåïåíè n ìíîãî÷ëåíà fn(x).

3.1. ×èñëî êîìïîíåíò ðåçîíàíñíîãî ìíîæåñòâà Rp:q(fn)

Íàïîìíèì çäåñü îñíîâíûå îïðåäåëåíèÿ, ñâÿçàííûå ñ ðàçáèåíèåì íàòóðàëüíûõ ÷èñåë; ïî-
äðîáíåå ñì. [2, 11�13].

Îïðåäåëåíèå 9. Ðàçáèåíèåì λ íàòóðàëüíîãî ÷èñëà n íàçûâàåòñÿ âñÿêàÿ êîíå÷íàÿ íåóáû-
âàþùàÿ ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë λ1 6 λ2 6 · · · 6 λk, äëÿ êîòîðîé

k∑
i=1

λi = n.

Êàæäîå èç ðàçáèåíèé çàïèøåì â âèäå λ = [1n12n23n3 . . . ], ãäå ni � ÷èñëî ïîâòîðåíèé ñëàãàå-
ìîãî i â ðàçáèåíèè, ò. å.

∑k
i=1 ini = n.

Îñíîâíûå ÷èñëîâûå ôóíêöèè, ñâÿçàííûå ñ ìíîæåñòâîì ðàçáèåíèé ÷èñëà n ñëåäóþùèå.

� Ôóíêöèÿ p(n) çàäà¼òñÿ ÷èñëîì âñåõ ðàçáèåíèé ÷èñëà n (ïîñëåäîâàòåëüíîñòü A000041
â [13]).

� Ôóíêöèÿ pk(n) çàäà¼òñÿ ÷èñëîì âñåõ ðàçáèåíèé n íà k ñëàãàåìûõ.

� Ôóíêöèÿ q(n) çàäà¼òñÿ ÷èñëîì âñåõ ðàçáèåíèé n íà ðàçëè÷íûe ñëàãàåìûe (ïîñëåäîâà-
òåëüíîñòü A000009 â [13]).

� Ôóíêöèÿ qk(n) çàäà¼òñÿ ÷èñëîì âñåõ ðàçáèåíèé n íà k ðàçëè÷íûõ ñëàãàåìûõ.

Î÷åâèäíî, p(n) =
n∑
k=1

pk(n) è q(n) =
n∑
k=1

qk(n).

Ðàññìîòðèì ðàçáèåíèå λ = [1n12n2 . . . ini . . . ] íàòóðàëüíîãî ÷èñëà n. Âåëè÷èíà i â ðàçáèåíèè
λ çàäà¼ò äëèíó öåïî÷êè p : q-ñîèçìåðèìûõ êîðíåé äëÿ ñîîòâåòñòâóþùåãî ïîðîæäàþùåãî êîð-
íÿ ti, à ni � ÷èñëî ðàçëè÷íûõ ïîðîæäàþùèõ êîðíåé, çàäàþùèõ öåïî÷êó êîðíåé äëèíû i. Òîãäà
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l =
∑

i ni åñòü ÷èñëî ðàçëè÷íûõ ïîðîæäàþùèõ êîðíåé ìíîãî÷ëåíà fn(x) äëÿ êîýôôèöèåíòà
ñîèçìåðèìîñòè p/q è

∑
i ini = n. Ëþáîå ðàçáèåíèå λ ÷èñëà n îïðåäåëÿåò íåêîòîðóþ ñòðóê-

òóðó p : q-ñîèçìåðèìûõ êîðíåé ìíîãî÷ëåíà è ýòîé ñòðóêòóðå ñîîòâåòñòâóåò â ïðîñòðàíñòâå
êîýôôèöèåíòîâ Π íåêîòîðîå àëãåáðàè÷åñêîå ìíîãîîáðàçèå V il , i = 1, . . . , pl(n), ðàçìåðíîñòè l
ïî ÷èñëó ðàçëè÷íûõ ïîðîæäàþùèõ êîðíåé ti. ×èñëî òàêèõ ìíîãîîáðàçèé ðàçìåðíîñòè l ðàâíî
pl(n), à îáùåå ÷èñëî ìíîãîîáðàçèé âñåõ âîçìîæíûõ ðàçìåðíîñòåé ðàâíî p(n) − 1, ïîñêîëüêó
ðàçáèåíèþ [1n] ñîîòâåòñòâóåò ñèòóàöèÿ, êîãäà âñå ïîðîæäàþùèå êîðíè ìíîãî÷ëåíà (1) çàäàþò
öåïî÷êè êîðíåé äëèíû 1, ò. å. ñðåäè âñåõ êîðíåé ìíîãî÷ëåíà fn(x) íåò íè îäíîé ïàðû p : q-
ñîèçìåðèìûõ êîðíåé.

Çàìå÷àíèå 5. Â ñèëó òîãî, ÷òî èñõîäíûé ìíîãî÷ëåí (1) âåùåñòâåííûé, êîìïëåêñíûå
êîðíè åãî îáðàçóþò ïàðû � ñàì êîìïëåêñíûé êîðåíü ti è åìó êîìïëåêñíî ñîïðÿæ¼ííûé t̄i.
Åñëè ïîðîæäàþùèé êîìïëåêñíûé êîðåíü ti çàäà¼ò öåïî÷êó êîðíåé äëèíû k, òî è ñîïðÿæ¼í-
íûé åìó êîðåíü t̄i çàäà¼ò öåïî÷êó êîðíåé òàêîé æå äëèíû, â êîòîðîé êàæäûé êîðåíü ÿâëÿ-
åòñÿ êîìïëåêñíî ñîïðÿæ¼ííûì ñîîòâåòñòâóþùåìó êîðíþ èç öåïî÷êè êîðíåé, çàäàâàåìûõ
êîðíåì ti. Çíà÷èò, â ðàçáèåíèè λ, êîòîðîå ñîîòâåòñòâóåò òàêîé ñòðóêòóðå êîðíåé, áóäåò
äâà ðàâíûõ ñëàãàåìûõ. Ñëåäîâàòåëüíî, íà àëãåáðàè÷åñêîì ìíîãîîáðàçèè Vl ⊂ Π ðàçìåðíîñòè
l ìíîãî÷ëåí fn(x) èìååò òîëüêî âåùåñòâåííûå êîðíè, åñëè ñîîòâåòñòâóþùåå åìó ðàçáèå-
íèå ÷èñëà n åñòü ðàçáèåíèå, ñîñòîÿùåå èç l ðàçëè÷íûõ ñëàãàåìûõ. ×èñëî òàêèõ ðàçáèåíèé
äëÿ ôèêñèðîâàííîãî l åñòü çíà÷åíèå ôóíêöèè ql(n), à îáùåå ÷èñëî êîìïîíåíò ðåçîíàíñíîãî
ìíîæåñòâà Rp:q(fn), íà êîòîðûõ âñå êîðíè âåùåñòâåííû, çàäà¼òñÿ ôóíêöèåé q(n).

3.2. Èåðàðõè÷åñêàÿ ñòðóêòóðà êîìïîíåíò ìíîæåñòâà Rp:q(fn)

Ðàññìîòðèì ðàçáèåíèå
[
n1
]
, êîòîðîå ñîîòâåòñòâóåò ñëó÷àþ, êîãäà èìååòñÿ åäèíñòâåííàÿ öå-

ïî÷êà êîðíåé äëèíû n, çàäàâàåìàÿ ïîðîæäàþùèì (î÷åâèäíî âåùåñòâåííûì) êîðíåì t1. Òîãäà
ìíîãî÷ëåí fn(x) èìååò âèä

fn(x; t1) =
n−1∏
j=0

[
x− pjqn−1−jt1

]
. (5)

Çäåñü çàïèñü fn(x; t1) îçíà÷àåò, ÷òî âñå êîðíè ìíîãî÷ëåíà (1) çàâèñÿò îò ïàðàìåòðà t1. Â
ýòîì ñëó÷àå åãî êîýôôèöèåíòû ai âûðàæàþòñÿ ÷åðåç ýëåìåíòàðíûå ñèììåòðè÷åñêèå ìíîãî-
÷ëåíû [12, 14] σi(x1, x2, . . . , xn), âû÷èñëåííûå íà êîðíÿõ âèäà (p/q)jt1, j = 0, . . . , n − 1, ñîîò-
âåòñòâóþùåé öåïî÷êè êîðíåé.

ai = (−1)iσi
(
qn−1t1, pq

n−2t1, . . . , p
n−1t1

)
, i = 1, . . . , n. (6)

Â ñèëó îäíîðîäíîñòè ñèììåòðè÷åñêèõ ìíîãî÷ëåíîâ σi, êîýôôèöèåíòû ai ÿâëÿþòñÿ ñòåïåííûìè
ôóíêöèÿìè ñòåïåíè i ïàðàìåòðà t1.

Ñîãëàñíî òåîðåìå 1 â ýòîì ñëó÷àå deg f̃p:q(x) = n−1, ò. å. â ïîñëåäîâàòåëüíîñòè îáîáù¼ííûõ

ñóáäèñêðèìèíàíòîâ GD
(i)
p:q(fn), i = 0, . . . , n− 1, ïåðâûé îòëè÷íûé îò íóëÿ îáîáù¼ííûé ñóáäèñ-

êðèìèíàíò åñòü GD
(n−1)
p:q (fn). Ñëåäîâàòåëüíî, ôîðìóëû (6) çàäàþò ïàðàìåòðè÷åñêîå ïðåäñòàâ-

ëåíèå íóëåé èäåàëà I(n−1)
p:q . Ýòè íóëè ïðåäñòàâëÿþò ñîáîé îäíîìåðíîå ìíîãîîáðàçèå (êðèâóþ)

V(1)
p:q â ïðîñòðàíñòâå êîýôôèöèåíòîâ Π. Ýòà êðèâàÿ íå èìååò îñîáûõ òî÷åê, ïîñêîëüêó â ñèëó

å¼ ïàðàìåòðè÷åñêîãî ïðåäñòàâëåíèÿ (6) ai ∼ ti1 è, ñëåäîâàòåëüíî, ïðîèçâîäíûå dai/dt1 îäíî-
âðåìåííî â íîëü íå îáðàùàþòñÿ.

Ðàññìîòðèì ñëåäóþùóþ êîíñòðóêöèþ. Âûáåðåì íà êðèâîé V(1)
p:q ïàðó òî÷åê, ñîîòâåòñòâóþ-

ùèõ çíà÷åíèÿì ïàðàìåòðà t1 6= 0 è (p/q)−1t1, è ïðîâåä¼ì ÷åðåç íèõ ïðÿìóþ. Ïîêàæåì, ÷òî íà
ýòîé ïðÿìîé ìíîãî÷ëåí fn(x) èìååò îäíó öåïî÷êó p : q-ñîèçìåðèìûõ êîðíåé äëèíû n−1 è îäíó
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öåïî÷êó êîðíåé äëèíû 1, ò. å. ïðîñòîé êîðåíü. Äåéñòâèòåëüíî, ðàññìîòðèì âñïîìîãàòåëüíûé
ìíîãî÷ëåí

g(x; t1, v)
def
= fn(x; t1) + v

fn(x; t1)− fn
(
x; (p/q)−1t1

)
t1

. (7)

Òîãäà ñ ó÷¼òîì ôîðìóëû (5) ïîëó÷èì, ÷òî

g(x; t1, v) =

[
x−

(
pn−1t1 + v

pn − qn
p

)] n−2∏
j=0

[
x− pjqn−1−jt1

]
.

Âûáèðàÿ

v =
p
(
t2 − pn−1t1

)
pn − qn ,

ïîëó÷èì, ÷òî g(x; t1, t2) = (x− t2)
n−2∏
j=0

[
x− pjqn−1−jt1

]
. Î÷åâèäíî, ÷òî ñòðóêòóðà êîðíåé â ýòîì

ñëó÷àå ñîîòâåòñòâóåò ðàçáèåíèþ
[
11(n− 1)1

]
.

Òàêèì îáðàçîì, êîýôôèöèåíòû âñïîìîãàòåëüíîãî ìíîãî÷ëåíà (7) çàäàþò â ïðîñòðàíñòâå Π
ìíîãîîáðàçèå V2, ïðåäñòàâëÿþùóþ ñîáîé ëèíåé÷àòóþ ïîâåðõíîñòü. Îí îáðàçîâàíà ñåêóùèìè,
êîòîðûå ïåðåñåêàþò êðèâóþ V1 â òî÷êàõ, ñîîòâåòñòâóþùèõ òàêèì çíà÷åíèÿì t11 è t

2
1 ïàðàìåòðà

t1, ÷òî t21/t
1
1 = p/q. Ïðè p/q → 1 ýòà ëèíåé÷àòàÿ ïîâåðõíîñòü ïðåâðàùàåòñÿ â êàñàòåëüíóþ

ðàçâ¼ðòûâàþùóþ ïîâåðõíîñòü, ïàðàìåòðèçàöèÿ êîòîðîé çàäà¼òñÿ ôîðìóëîé (3.6) èç [2].
Îïèñàííóþ âûøå ïðîöåäóðó òåïåðü ìîæíî ïîâòîðèòü äëÿ ìíîãîîáðàçèÿ V2 è ïîëó÷èòü

ïàðàìåòðè÷åñêîå ïðåäñòàâëåíèå ÷àñòè ìíîãîîáðàçèÿ V3, íà êîòîðîì èìååòñÿ öåïî÷êà êîðíåé
äëèíû n−2 è ïàðà ïðîñòûõ êîðíåé, ò. å. åìó ñîîòâåòñòâóåò ðàçáèåíèþ

[
12(n− 2)1

]
. Ïðîäîëæàÿ

ïîñëåäîâàòåëüíî ýòó ïðîöåäóðó â èòîãå ïðèä¼ì ê ïàðàìåòðè÷åñêîìó ïðåäñòàâëåíèþ ìíîãîîá-
ðàçèÿ Vn−1 íàèáîëüøåé ðàçìåðíîñòè. Íà í¼ì èìååòñÿ îäíà öåïî÷êà p : q-ñîèçìåðèìûõ êîðíåé
äëèíû 2, à îñòàëüíûå êîðíè ïðîñòûå, ò. å. åìó ñîîòâåòñòâóåò ðàçáèåíèå

[
1n−221

]
. Î÷åâèäíî,

÷òî â ñèëó çàìå÷àíèÿ 5, ïîëó÷åííàÿ ïàðàìåòðèçàöèÿ îïèñûâàåò òîëüêî òó ÷àñòü ìíîãîîáðàçèÿ
Vl, 3 6 l < n, íà êîòîðîì âñå êîðíè ìíîãî÷ëåíà (1) âåùåñòâåííûå.

3.3. Àëãîðèòì ïîñòðîåíèÿ ïàðàìåòðèçàöèè ìíîãîîáðàçèé Vl
Ðàññìîòðèì êîíñòðóêòèâíóþ ïðîöåäóðó âû÷èñëåíèÿ ïàðàìåòðè÷åñêîãî ïðåäñòàâëåíèÿ

ìíîãîîáðàçèé V il äëÿ âñåõ çíà÷åíèé l = 1, . . . , n− 1 è i = 1, . . . , pl(n).

Òåîðåìà 2. Ïóñòü â ïðîñòðàíñòâå Π èìååòñÿ ìíîãîîáðàçèå Vl, dimVl = l, íà êîòîðîì
ìíîãî÷ëåí (1) èìååò l ðàçëè÷íûõ öåïî÷åê p : q-ñîèçìåðèìûõ êîðíåé, ïðè÷¼ì öåïî÷êà êîðíåé
ñ ïîðîæäàþùèì êîðíåì t1 èìååò äëèíó m > 1. Äðóãèå l − 1 êîðíåé íå ÿâëÿþòñÿ p : q-ñîèç-
ìåðèìûìè ñ êîðíÿìè ïåðâîé öåïî÷êè. Ïóñòü rl(t1, . . . , tl) � ïàðàìåòðèçàöèÿ ìíîãîîáðàçèÿ
Vl, òîãäà

rl(t1, . . . , tl, tl+1) = rl(t1, . . . , tl) +
p(tl+1 − pm−1t1)

t1(pm − qm)
[rl(t1, . . . , tl)− rl((q/p)t1, . . . , tl)] (8)

çàäà¼ò ïàðàìåòðèçàöèþ ÷àñòè ìíîãîîáðàçèÿ Vl+1, íà êîòîðîì èìååòñÿ öåïî÷êà êîðíåé äëè-
íû m − 1 ñ ïîðîæäàþùèì t1, ïðîñòîé êîðåíü tl+1, à îñòàëüíûå öåïî÷êè êîðíåé òàêèå æå,
êàê íà èñõîäíîì ìíîãîîáðàçèè Vl.
Äîêàçàòåëüñòâî. Â ñèëó óñëîâèÿ òåîðåìû ìíîãî÷ëåí fn(x) íà ìíîãîîáðàçèè Vl ôàêòîðè-
çóåòñÿ ñëåäóþùèì îáðàçîì:

fn(x; t1, . . . , tl) = u(x)

m−1∏
j=0

[
1− pjqm−1−jt1

]
, (9)
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ãäå ìíîãî÷ëåí u(x) íå èìååò êîðíåé p : q-ñîèçìåðèìûõ c êîðíÿìè öåïî÷êè, ïîðîæä¼ííîé t1.
Ðàññìîòðèì âñïîìîãàòåëüíûé ìíîãî÷ëåí g(x; t1, . . . , tl, v), êîýôôèöèåíòû êîòîðîãî íåïðåðûâ-
íî çàâèñÿò îò ïàðàìåòðîâ t1, . . . , tl, v ñëåäóþùèì îáðàçîì

g(x; t1, . . . , tl, v) = fn(x; t1, . . . , tl) + v
fn(x; t1, . . . , tl)− fn (x; (q/p)t1, . . . , tl)

t1
.

Ïîäñòàâëÿÿ âûðàæåíèå äëÿ fn(x) èç ôîðìóëû (9), ïîëó÷èì

g(x; t1, . . . , tl, v) = u(x)

[
x−

(
pm−1t1 + v

pm−1 − qm−1

p

)]
×
m−2∏
j=0

(
x− pjqm−2−jqt1

)
.

Ïîëàãàÿ òåïåðü

v =
p
(
tl+1 − pm−1t1

)
pm − qm ,

ïîëó÷àåì

g(x; t1, . . . , tl+1) = u(x; t2, . . . , tl)(x− tl+1)

m−2∏
j=0

(
1− pjqm−2−jqt1

)
.

Òàêèì îáðàçîì, ìíîãî÷ëåí g(x; t1, . . . , tl+1) èìååò öåïî÷êó êîðíåé äëèíûm−1 ñ ïîðîæäàþùèì
t1, îäèí ïðîñòîé êîðåíü tl+1 è îñòàëüíûå n − m êîðíåé òàêèå æå, êàê ó ìíîãî÷ëåíà fn(x).
Ñëåäîâàòåëüíî, ôîðìóëà (8) ïàðàìåòðèçóåò òó ÷àñòü ìíîãîîáðàçèÿ Vl+1, íà êîòîðîé ìíîãî÷ëåí
fn(x) èìååò îïèñàííóþ âûøå ñòðóêòóðó êîðíåé. 2

Çàìå÷àíèå 6. Ïóñòü îäèí èç êîðíåé, íàïðèìåð u1, ìíîãî÷ëåíà u(x) â óñëîâèè òåîðåìû 2
ïðîñòîé, ò. å. u(x) = (x − u1)ũ(x). Òîãäà íà ÷àñòè ìíîãîîáðàçèÿ Vl+1 èñõîäíûé ìíîãî÷ëåí
èìååò ïàðó êîìïëåêñíî ñîïðÿæ¼ííûõ êîðíåé. ×òîáû ïîëó÷èòü ïàðàìåòðè÷åñêîå ïðåäñòàâ-
ëåíèå ýòîé ÷àñòè ìíîãîîáðàçèÿ Vl+1, ñëåäóåò ñäåëàòü ñëåäóþùóþ çàìåíó ïàðàìåòðîâ:

tl+1 → v1 + iv2, u1 → v1 − iv2.

Ýòà çàìåíà ïàðàìåòðîâ ïðèâåä¼ò ê òîìó, ÷òî ìíîãî÷ëåí fn(x) íà ÷àñòè ìíîãîîáðàçèÿ Vl+1,
ãäå åñòü ïàðà êîìïëåêñíî-ñîïðÿæ¼ííûõ êîðíåé, ìîæíî ïðåäñòàâèòü â âèäå

fn(x) = ũ(x)
(
(x− v1)2 + v2

2

)m−2∏
j=0

[
1− pjqm−2−jt1

]
. (10)

Åñëè ïîìåíÿòü çíàê ïåðåä ñëàãàåìûì v2
2 â ïðàâîé ÷àñòè ôîðìóëû (10), òî ïîëó÷èì ôàê-

òîðèçàöèþ ìíîãî÷ëåíà fn(x) íà òîé ÷àñòè ìíîãîîáðàçèÿ Vl+1, ãäå èìååòñÿ ïàðà ïðîñòûõ
âåùåñòâåííûõ êîðíåé v1± v2. Òàêèì îáðàçîì, äëÿ ïîëó÷åíèÿ ïàðàìåòðèçàöèè âñåãî ìíîãîîá-
ðàçèÿ Vl+1 ñëåäóåò èñïîëüçîâàòü ïîäñòàíîâêó

tl+1 → v1 +
√
v2, u1 → v1 −

√
v2, (11)

êîòîðàÿ, â èòîãå, ïîçâîëèò çàïèñàòü ìíîãî÷ëåí fn(x) íà âñåì ìíîãîîáðàçèè Vl+1 â âèäå

fn(x) =
(
(x− v1)2 + v2

)
ũ(x)

m−2∏
j=0

[
1− pjqm−2−jt1

]
.

Òàêæå, êàê ýòî áûëî ñäåëàíî â [2, 3], ââåä¼ì òðè îñíîâíûå îïåðàöèè, êîòîðûå ïîçâîëÿò
ïîñëåäîâàòåëüíî ïåðåéòè îò ïàðàìåòðè÷åñêîãî ïðåäñòàâëåíèÿ îäíîìåðíîãî ìíîãîîáðàçèÿ V1

ê ïàðàìåòðèçàöèè âñåõ äðóãèõ êîìïîíåíòîâ ðåçîíàíñíîãî ìíîæåñòâà Rp:q(fn).
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1. Íàçîâ¼ì îïåðàöèþ ïåðåõîäà îò ìíîãîîáðàçèÿ Vl ê ìíîãîîáðàçèþ Vl+1 â òåîðåìå 2
¾ÏÎÄÚ�Ì¿. Ýòà îïåðàöèÿ ïîçâîëÿåò ïåðåéòè ê ìíîãîîáðàçèþ, ðàçìåðíîñòü êîòîðî-
ãî íà åäèíèöó áîëüøå ðàçìåðíîñòè èñõîäíîãî. Åñëè íà í¼ì ìíîãî÷ëåí (1) èìååò òîëüêî
âåùåñòâåííûå êîðíè, òî ïîëó÷èì ïîëíóþ ïàðàìåòðèçàöèþ ýòîãî ìíîãîîáðàçèÿ, åñëè èìå-
þòñÿ êîìïëåêñíûå êîðíè, òî ïðèìåíèì ñëåäóþùóþ îïåðàöèþ.

2. Îïåðàöèþ, îñíîâàííóþ íà çàìåíå (11) â çàìå÷àíèè 6, íàçîâ¼ì ¾ÏÐÎÄÎËÆÅÍÈÅ¿.
Ýòà îïåðàöèÿ ïîçâîëÿåò ïîëó÷èòü ïàðàìåòðèçàöèþ âñåãî ìíîãîîáðàçèÿ Vl+1, ïîëó÷åííî-
ãî â ðåçóëüòàòå îïåðàöèè ¾ÏÎÄÚ�Ì¿ â ñëó÷àå, êîãäà íà ïîñëåäíåì èìåþòñÿ êîìïëåêñ-
íûå êîðíè.

3. Åñëè íà ìíîãîîáðàçèè Vl+1 ìíîãî÷ëåí fn(x) èìååò ïàðó ðàçëè÷íûõ öåïî÷åê êîðíåé îäè-
íàêîâîé äëèíû k, òî ìîæíî ïåðåéòè ê ìíîãîîáðàçèþ Vl, íà êîòîðîì èìååòñÿ öåïî÷êà
êîðíåé óäâîåííîé äëèíû 2k. Òàêóþ îïåðàöèþ íàçîâ¼ì ¾ÑÏÓÑÊ¿. Åñëè ïîñëå ýòîãî
ïåðåõîäà íà ìíîãîîáðàçèè Vl èìååòñÿ ïàðà êîðíåé îäèíàêîâîé êðàòíîñòè, òî äëÿ íèõ
ñëåäóåò âûïîëíèòü ïðîöåäóðó ¾ÏÐÎÄÎËÆÅÍÈÅ¿.

Îïèøåì àëãîðèòì ïîëó÷åíèÿ ïàðàìåòðè÷åñêîãî ïðåäñòàâëåíèÿ àëãåáðàè÷åñêèõ ìíîãîîá-
ðàçèé V il , l = 1, . . . , n− 1, i = 1, . . . , pl(n), ñîñòàâëÿþùèõ ðåçîíàíñíîå ìíîæåñòâî Rp:q(fn).

1. Âíà÷àëå ñòðîèì ïàðàìåòðè÷åñêîå ïðåäñòàâëåíèå îäíîìåðíîãî ìíîãîîáðàçèÿ V1 ïî ôîð-
ìóëàì (6).

2. Ïðèìåíÿåì îïåðàöèþ ¾ÏÎÄÚ�Ì¿ ïîëó÷àåì ïàðàìåòðèçàöèþ ìíîãîîáðàçèÿ V1
2 , ñîîò-

âåòñòâóþùåãî ðàçáèåíèþ
[
11(n− 1)1

]
.

3. Âíîâü ïðèìåíÿåì îïåðàöèþ ¾ÏÎÄÚ�Ì¿ è ïîëó÷àåì ïàðàìåòðèçàöèþ ìíîãîîáðàçèÿ V1
3 ,

êîòîðîå ñîîòâåòñòâóåò ðàçáèåíèþ
[
12(n− 2)1

]
. Ïîñêîëüêó íà ýòîì ìíîãîîáðàçèè èìååòñÿ

ïàðà ïðîñòûõ êîðíåé, òî ñëåäóåò ïðèìåíèòü îïåðàöèþ ¾ÏÐÎÄÎËÆÅÍÈÅ¿. Â èòîãå
ïîëó÷àåì ïîëíóþ ïàðàìåòðèçàöèþ ìíîãîîáðàçèÿ V1

3 .

4. Ïðèìåíÿÿ ê ïîñëåäíåé ïàðàìåòðèçàöèè îïåðàöèþ ¾ÑÏÓÑÊ¿, ïîëó÷àåì ïàðàìåòðè÷å-
ñêîå ïðåäñòàâëåíèå ìíîãîîáðàçèÿ V2

2 , íà êîòîðîì êîðíè ìíîãî÷ëåíà fn(x) ñîîòâåòñòâóþò
ðàçáèåíèþ

[
21(n− 2)1

]
.

5. Ïîñëåäîâàòåëüíî êîìáèíèðóÿ îïåðàöèè ¾ÏÎÄÚ�Ì¿, ¾ÏÐÎÄÎËÆÅÍÈÅ¿ è ¾ÑÏÓÑÊ¿,
ïîëó÷èì ïàðàìåòðè÷åñêîå ïðåäñòàâëåíèå âñåõ êîìïîíåíò ðåçîíàíñíîãî ìíîæåñòâà
Rp:q(fn).

Óòâåðæäåíèå 1. Ðåçîíàíñíîå ìíîæåñòâî Rp:q(fn) âåùåñòâåííîãî ìíîãî÷ëåíà fn(x) äëÿ
ôèêñèðîâàííîãî êîýôôèöèåíòà ñîèçìåðèìîñòè p : q äîïóñêàåò ïîëèíîìèàëüíóþ ïàðàìåòðè-
çàöèþ.

3.4. Ïðîãðàììíàÿ ðåàëèçàöèÿ

Äëÿ îðãàíèçàöèè âû÷èñëåíèÿ ðåçîíàíñíîãî ìíîæåñòâà Rp:q(fn) â ñèñòåìå êîìïüþòåðíîé
àëãåáðû Maple áûë ðåàëèçîâàí íàáîð ïðîöåäóð, èç êîòîðûõ ñêîìïîíîâàíà ïðîãðàììíàÿ áèá-
ëèîòåêà ResonanceSet. Áèáëèîòåêà ðàñøèðÿåò âîçìîæíîñòè äðóãîé áèáëèîòåêè SubDiscrim,
îðèåíòèðîâàííîé íà ðàáîòó ñ äèñêðèìèíàíòíûì ìíîæåñòâîì ìíîãî÷ëåíà D(fn) è îïèñàííîé
â [2, 3].

Â ñîñòàâ áèáëèîòåêè âîøëè ñëåäóþùèå ïðîöåäóðû:

� GDiscrim � äëÿ âû÷èñëåíèÿ k-ãî îáîáù¼ííîãî ñóáäèñêðèìèíàíòà GD
(k)
p:q (fn) ìíîãî÷ëåíà

fn(x) äëÿ ôèêñèðîâàííîãî êîýôôèöèåíòà ñîèçìåðèìîñòè p : q.
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� MkFam1 � äëÿ âû÷èñëåíèÿ ïàðàìåòðè÷åñêîãî ïðåäñòàâëåíèÿ ìíîãîîáðàçèÿ V1.

� ProcUp � äëÿ ðåàëèçàöèè ïðîöåäóðû ¾ÏÎÄÚ�Ì¿ (ñì. ï. 1 íà ñòð. 13).

� ProcCont � äëÿ ðåàëèçàöèè ïðîöåäóðû ¾ÏÐÎÄÎËÆÅÍÈÅ¿ (ñì. ï. 2 íà ñòð. 13).

� ProcDown � äëÿ ðåàëèçàöèè ïðîöåäóðû ¾ÑÏÓÑÊ¿ (ñì. ï. 3 íà ñòð. 13).

Êàæäàÿ èç ïðîöåäóð ðåàëèçîâàíà â äâóõ âàðèàíòàõ. Ïåðâûé âàðèàíò ïðåäíàçíà÷åí äëÿ âû-
÷èñëåíèé ïðè öåëîì êîýôôèöèåíòå ñîèçìåðèìîñòè, âòîðîé � ïðè ðàöèîíàëüíîì. Áèáëèîòåêà
ResonanceSet áóäåò äîñòóïíà ïî àäðåñó http://keldysh.ru/batkhin/ResonanceSet.zip ïîñëå çà-
âåðøåíèÿ òåñòèðîâàíèÿ. Âñå âû÷èñëåíèÿ â ðàçäåëå 4 ïðîâîäèëèñü ñ èñïîëüçîâàíèåì áèáëèî-
òåêè ResonanceSet.

4. Ðåçîíàíñíîå ìíîæåñòâî êóáèêè

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ñòðóêòóðó ðåçîíàíñíîãî ìíîæåñòâà êóáè÷åñêîãî ìíîãî-
÷ëåíà

f3 = x3 + a1x
2 + a2x+ a3. (12)

Îí èìååò äâà îáîáù¼ííûõ ñóáäèñêðèìèíàíòà

GD(1)
p:q(f3) = pqa2

1a2 + (p2 + pq + q2)a1a3 − (p+ q)2a2
2,

GD(0)
p:q(f3) = p2q2 (p+ q)2 a3

1a3 − q3p3a2
1a

2
2−

− pq
(
p2 + pq + q2

) (
p2 + 4 pq + q2

)
a1a2a3+

+ p2q2 (p+ q)2 a3
2 +

(
p2 + pq + q2

)3
a2

3.

Ðåçîíàíñíîå ìíîæåñòâî Rp:q(f3) ñîñòîèò èç äâóõ êîìïîíåíò V1 è V2, ñîîòâåòñòâóþùèõ ðàç-
áèåíèÿì

[
31
]
è
[
1121

]
. Èõ ïàðàìåòðèçàöèè ñóòü

V1 :
{
a1 = −(p2 + pq + q2)t1, a2 = pq(p2 + pq + q2)t21, t3 = −(pq)3t31

}
, (13)

V2 :
{
a1 = −(p+ q)t1 − t2, a2 = pqt21 + (p+ q)t1t2, a3 = −pqt21t2

}
. (14)

Ïîñêîëüêó íà ìíîãîîáðàçèè V1 íåò êîìïëåêñíûõ êîðíåé, òî V1 ⊂ V2.
Ãåîìåòðè÷åñêè ìíîæåñòâî Rp:q(f3) ïðåäñòàâëÿåò ñîáîé ëèíåé÷àòóþ ðàçâ¼ðòûâàþùóþ ïî-

âåðõíîñòü (14) ñî ñêðó÷åííîé êóáèêîé (13) â êà÷åñòâå íàïðàâëÿþùåé. Ýòà ïîâåðõíîñòü ñàìîïå-
ðåñåêàåòñÿ ïî ñâîåé íàïðàâëÿþùåé, êîòîðàÿ ÿâëÿåòñÿ ìíîæåñòâîì îñîáûõ òî÷åê ïîâåðõíîñòè
è ïîêàçàíà íà ðèñ. 1 äëÿ çíà÷åíèÿ êîýôôèöèåíòà ñîèçìåðèìîñòè p : q = 7.

Ïîñêîëüêó íà ìíîãîîáðàçèè V2 êóáèêà (12) èìååò òîëüêî âåùåñòâåííûå êîðíè, òî ïîâåðõ-
íîñòü (14) íå ïåðåñåêàåòñÿ ñ äèñêðèìèíàíòíîé ïîâåðõíîñòüþ D(f3), êîòîðàÿ äåëèò ïðîñòðàí-
ñòâî êîýôôèöèåíòîâ êóáèêè íà äâå îáëàñòè ñ ðàçíûì ÷èñëîì âåùåñòâåííûõ êîðíåé. Ïîâåðõ-
íîñòè Rp:q(f3) è D(f3) êàñàþòñÿ äðóã äðóãà âäîëü ïàðû êðèâûõ, íà êîòîðûõ òðåòèé êîðåíü
ñîâïàäàåò ñ îäíèì èç ïàðû ñîèçìåðèìûõ êîðíåé. Íàêîíåö, îòìåòèì, ÷òî ïîâåðõíîñòü (14) äå-
ëèò ïðîñòðàíñòâî êîýôôèöèåíòîâ Π íà îáëàñòè, â êàæäîé èç êîòîðûõ ïîïàðíîå îòíîøåíèå
âñåõ êîðíåé èìååò ñâîþ ñòðóêòóðó.

5. Çàêëþ÷åíèå

Ðåçîíàíñíîå ìíîæåñòâî R(fn) ìíîãî÷ëåíà fn(x) ìîæåò ðàññìàòðèâàòüñÿ êàê íåêîòîðîå
îáîáùåíèå äèñêðèìèíàíòíîãî ìíîæåñòâà D(fn) äëÿ ñëó÷àÿ, êîãäà îòíîøåíèå ïàðû êîðíåé



ÐÅÇÎÍÀÍÑÍÎÅ ÌÍÎÆÅÑÒÂÎ ÌÍÎÃÎ×ËÅÍÀ 15

Ðèñ. 1: Ðåçîíàíñíîå ìíîæåñòâî Rp:q(f3) äëÿ p : q = 7 : 1.

ðàâíî íåêîòîðîìó ÷èñëó. Ðåçîíàíñíîå ìíîæåñòâî ñîñòîèò èç êîíå÷íîãî íàáîðà àëãåáðàè÷åñêèõ
ìíîãîîáðàçèé ðàçìåðíîñòåé îò 1 äî n − 1, ÷èñëî êîòîðûõ îïðåäåëÿåòñÿ ÷èñëîì p(n) ðàçáèå-
íèé ñòåïåíè n ìíîãî÷ëåíà fn(x). Êàæäîå èç ýòèõ ìíîãîîáðàçèé âûäåëÿåòñÿ ñîîòâåòñòâóþùèì
èäåàëîì, ñîñòîÿùèì èç îáîáù¼ííûõ ñóáäèñêðèìèíàíòîâ, è äîïóñêàåò ïîëèíîìèàëüíóþ ïàðà-
ìåòðèçàöèþ.

Ðåçóëüòàòû ðàáîòû ìîãóò áûòü ïðèìåíåíû ê ðåøåíèþ ïðîáëåìû ôîðìàëüíîé óñòîé÷èâî-
ñòè [15] ïîëîæåíèÿ ðàâíîâåñèÿ ñèñòåìû Ãàìèëüòîíà ñ ÷èñëîì ñòåïåíåé ñâîáîäû áîëüøå äâóõ.
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ÒÅÎÐÅÌÀ Î ÏËÎÙÀÄÈ ÄÈÑÊÎÂÎÉ ÄÈÀÃÐÀÌÌÛ
ÍÀÄ C(3)-T (6)-ÃÐÓÏÏÎÉ

Í. Â. Áåçâåðõíèé (ã. Òóëà)

Àííîòàöèÿ

Ãåîìåòðè÷åñêèå ìåòîäû øèðîêî èñïîëüçóþòñÿ â êîìáèíàòîðíîé òåîðèè ãðóïï. Òåîðèÿ
ãðóïï ñ ìàëûìè ñîêðàùåíèÿìè ýôôåêòèâíî èñïîëüçóåò ìåòîä ãðóïïîâûõ äèàãðàìì. Ýòî
ïîçâîëÿåò ðåøàòü, â ÷àñòíîñòè, ðàçëè÷íûå àëãîðèòìè÷åñêèå ïðîáëåìû. Îäíîé èç òàêèõ
ïðîáëåì ÿâëÿåòñÿ ïðîáëåìà ñòåïåííîé ñîïðÿæ¼ííîñòè. Áóäó÷è ðåø¼ííîé â êëàññå ãðóïï ñ
óñëîâèÿìè ìàëîãî ñîêðàùåíèÿ C(6)-T(3), îíà îñòà¼òñÿ îòêðûòîé â áëèçêîì êëàññå C(3)-
T(6)-ãðóïï.

Â äàííîé ñòàòüå èññëåäóåòñÿ ñòðóêòóðà îäíîñâÿçíûõ äèàãðàìì íàä C(3)-T(6)-ãðóïïàìè
è óêàçûâàåòñÿ, êàê ýòî èññëåäîâàíèå ìîæåò áûòü èñïîëüçîâàíî ïðè ðåøåíèè ïðîáëåìû
ñòåïåííîé ñîïðÿæ¼ííîñòè.

Îñíîâíûì ðåçóëüòàòîì äàííîé ñòàòüè ÿâëÿåòñÿ äîêàçàòåëüñòâî òåîðåìû î íèæíåé îöåí-
êå ïëîùàäè äèñêîâîé äèàãðàììû íà ãðóïïîé ñ óñëîâèÿìè C(3)-T(6). Èçâåñòíî, ÷òî äëÿ
ãðóïï ñ óñëîâèÿìè C(p)-T(q) ïðè (p, q) ∈ {(3, 6), (4, 4), (6, 3)}, ÿâëÿþùèõñÿ àâòîìàòíûìè,
èçîïåðèìåòðè÷åñêîå íåðàâåíñòâî ÿâëÿåòñÿ êâàäðàòè÷íûì. Òî æå ñàìîå óòâåðæäàåòñÿ â
èçâåñòíîé â òåîðèè ãðóïï ñ ìàëûìè ñîêðàùåíèÿìè òåîðåìå î ïëîùàäè. Îáà óòâåðæäåíèÿ
îãðàíè÷èâàþò ñâåðõó ïëîùàäü îäíîñâÿçíîé ïðèâåä¼ííîé äèàãðàììû â ðàññìàòðèâàåìîì
êëàññå ãðóïï êâàäðàòè÷íîé ôóíêöèåé äëèíû ãðàíèöû.

Â äàííîé ñòàòüå äîêàçàíî, ÷òî íèæíÿÿ ãðàíèöà äëÿ ïëîùàäè äèàãðàììû óêàçàííîãî
òèïà òîæå ÿâëÿåòñÿ êâàäðàòè÷íîé ôóíêöèåé äëèíû ãðàíèöû. Âàæíîñòü ýòîãî ðåçóëüòàòà
âèäíà ñ òî÷êè çðåíèÿ îöåíêè ñëîæíîñòè àëãîðèòìà, ðåøàþùåãî ïðîáëåìó ðàâåíñòâà ñëîâ.
Îí îêàçûâàåòñÿ íå ìåíåå, ÷åì êâàäðàòè÷íîé ñëîæíîñòè îò äëèíû ñðàâíèâàåìûõ ñëîâ.

Êëþ÷åâûå ñëîâà: êàðòà, äèàãðàììà, äóàëüíàÿ êàðòà, äýíîâñêàÿ îáëàñòü, ïîëîñà, êîëü-
öåâàÿ äèàãðàììà, óñëîâèÿ ìàëîãî ñîêðàùåíèÿ, îïðåäåëÿþùåå ñîîòíîøåíèå, îáðàçóþùèå.

Áèáëèîãðàôèÿ: 15 íàçâàíèé.

THE AREA THEOREM FOR THE DISC DIAGRAM
OVER C(3)-T (6)-GROUP

N. V. Bezverkhniy (Tula)

Abstract

Geometric methods are widely used in combinatorial group theory. The theory of small
cancellation groups use the diagram method. In particular, it allows to approach various
algorithmic problems. One of them is the power conjugacy problem. It is already solved
for groups with a presentation satisfying the small cancellation conditions C(3) and T(6).
However, it remains open for a similar class of groups, having a presentation satisfying the
small cancellation conditions C(3) and T(3).

In this paper we investigate the structure of connected diagrams over presentations satisfying
the small cancellation conditions C(3) and T(3) and we indicate how our results may be possible
used in the power conjugacy problem.
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The main result of this article is the proof of the theorem about lower bound on square of
the reduced diagram on the group with small cancellation conditions C(3)-T(6). It is known
that for groups with conditions C(p)-T(q) with (p, q) ∈ {(3, 6), (4, 4), (6, 3)}, being automatic,
isoperimetric inequality is quadratic. The same stated in well-known in small cancellation theory
theorem of the square. Both statements restrict the area of the simply connected diagrams in
the considered class of groups by the quadratic function of the length of the boundary.

In this article it is proved that the lower bound for the area of the diagram of the speci�ed
type also is a quadratic function of the length of the border. The importance of this result
is visible from the point of view of evaluation of complexity of the algorithm solves the word
problem. It is not less than quadratic complexity of the length of the compared words.

Keywords: map, diagram, dual map, dehn region, band, ring diagram, small cancellation
condition, de�ning relation, generators.

Bibliography: 15 titles.

1. Ââåäåíèå

Èçâåñòíàÿ òåîðåìà î ïëîùàäè [1] îãðàíè÷èâàåò ñâåðõó ÷èñëî îáëàñòåé ïðèâåä¼ííîé äèà-
ãðàììû M íàä C(p)-T(q) ãðóïïîé êâàäðàòè÷íîé ôóíêöèåé äëèíû ãðàíèöû:

|M | 6 q

p2

( ∗∑
M

[q − i(D)]

)2

, (p, q) ∈ {(3, 6), (4, 4), (6, 3)}.

Â ýòîé ñòàòüå äîêàçûâàåòñÿ, ÷òî ïëîùàäü ëþáîé ïðèâåä¼ííîé äèñêîâîé äèàãðàììû M íàä
C(3)−T (6)-ãðóïïîé ñ ãðàíèöåé ∂M = σ∪τ è R, R̄-íåñîêðàòèìûìè ìåòêàìè ϕ(σ), ϕ(τ) ÿâëÿåòñÿ
êâàäðàòè÷íîé ôóíêöèåé äëèíû ãðàíèöû ∂M .

Ñâîéñòâî êâàäðàòè÷íîñòè èçîïåðèìåòðè÷åñêîãî íåðàâåíñòâà äëÿ àâòîìàòíûõ ãðóïï, êî-
èìè ÿâëÿþòñÿ è C(3) − T (6)-ãðóïïû, óñèëèâàåòñÿ, è íåðàâåíñòâî ñòàíîâèòñÿ êâàäðàòè÷íûì
óðàâíåíèåì.

Òàêèì îáðàçîì, äèàãðàììû óêàçàííîãî òèïà íå ìîãóò áûòü "òîíêèìè"è äîëæíû èìåòü
ñòðóêòóðó âëîæåííûõ ìàòð¼øåê. Ïîÿñíèì ýòî ïðèìåðîì.

Ðàññìîòðèì íà ïëîñêîñòè E2 ïðÿìîóãîëüíèê M1 èç n êëåòîê ðàçìåðà 1 × 1 ñ âåðøè-
íàìè A1(0, 0), B1(0, 1), C1(n, 1), D1(n, 0). Îí ñîäåðæèòñÿ â ïðÿìîóãîëüíèêå M2 ñ âåðøèíàìè
A2(−1,−1), B2(−1, 2), C2(n+ 1, 2), D2(n+ 1,−1), êîòîðûé, â ñâîþ î÷åðåäü, ñîäåðæèòñÿ â ïðÿ-
ìîóãîëüíèêå M3 ñ âåðøèíàìè A3(−2,−2), B3(−2, 3), C3(n + 2, 3), D3(n + 1,−2), è òàê äàëåå.
Ïðÿìîóãîëüíèê Mm èìååò âåðøèíû Am(−(m − m),−(m − 1)), Bm(−m + 1,m), Cm(n + m −
1,m), Dm(n+m− 1,−(m− 1)).

Ñðàâíèì ïëîùàäü ïðÿìîóãîëüíèêà Mm ñ äëèíîé åãî ãðàíèöû:

|Mm| = |AmBm||BmCm| = (2m− 1)(2m+ n− 2) = 4m2 + 2m(n− 3)− n+ 2;

|∂Mm| = 2|AmBm|+ 2|BmCm| = 2((2m− 1) + (n+ 2m− 2)) = 8m+ 2n− 6.

Òàêèì îáðàçîì, ïëîùàäü |Mm| ñ ðîñòîì m ðàñò¼ò, êàê êâàäðàò äëèíû ãðàíèöû ∂Mm. Ïî-
õîæóþ ñòðóêòóðó èìåþò ïðèâåä¼ííûå äèñêîâûå äèàãðàììû íàä C(3)− T (6) - ãðóïïàìè.

Ïîëó÷åííûé ðåçóëüòàò ìîæåò áûòü èñïîëüçîâàí â èññëåäîâàíèè ðàçðåøèìîñòè ïðîáëå-
ìû ñòåïåííîé ñîïðÿæ¼ííîñòè ñëîâ â êëàññå ãðóïï ñ óñëîâèÿìè C(3)-T(6). Ñîîòâåòñòâóþùèé
àëãîðèòì ïðåäñòàâëÿåò èíòåðåñ ïðè ïîñòðîåíèè îäíîñòîðîííèõ ôóíêöèé, ïðèìåíÿþùèõñÿ â
êðèïòîãðàôèè äëÿ ïåðåäà÷è èíôîðìàöèè ïî îòêðûòîìó êàíàëó [12, 13, 14].
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2. Îñíîâíûå îïðåäåëåíèÿ

Áóäåì ñ÷èòàòü, ÷òî êîïðåäñòàâëåíèå G = (X;R) îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:
|X| < ∞, |R| < ∞, X ñîäåðæèò èíâåðñèè âñåõ ñâîèõ ýëåìåíòîâ, ìíîæåñòâî R îïðåäåëÿþ-
ùèõ ñîîòíîøåíèé ñèììåòðèçîâàíî: ñîäåðæèò èíâåðñèè è âñå öèêëè÷åñêèå ïåðåñòàíîâêè ñâîèõ
ýëåìåíòîâ.

Îïðåäåëåíèå 1. Îáîçíà÷èì ÷åðåç F = F (X) ñâîáîäíóþ ãðóïïó ñ áàçèñîì X. Íåïóñòîå
îáùåå íà÷àëî äâóõ ðàçëè÷íûõ îïðåäåëÿþùèõ ñîîòíîøåíèé íàçûâàåòñÿ êóñêîì. Ãðóïïà G ñ
êîïðåäñòàâëåíèåì (X;R) óäîâëåòâîðÿåò óñëîâèþ C(p), åñëè íè îäíî èç ñëîâ ìíîæåñòâà R
íå ïðåäñòàâèìî â âèäå ïðîèçâåäåíèÿ ìåíåå, ÷åì p êóñêîâ. Ãðóïïà G óäîâëåòâîðÿåò óñëîâèþ
T (q), åñëè äëÿ ëþáîãî íàáîðà ñëîâ r1, . . . , rt èç R, 2 < t < q, òàêèõ, ÷òî ñîñåäíèå ýëåìåíòû â
ïîñëåäîâàòåëüíîñòè r1, r2, . . . , ri, ri+1, . . . rt, r1, íå ÿâëÿþòñÿ âçàèìíî îáðàòíûìè â F (X), ïî
êðàéíåé ìåðå îäíî èç ïðîèçâåäåíèé r1r2, . . . , rtr1 ïðèâåäåíî â F (X).

Êëàññ ãðóïï ñ óñëîâèÿìè C(3) − T (6) îòëè÷àåòñÿ îò äâóõ íàçâàííûõ ñëàáîñòüþ óñëîâèÿ
C(3) è ñïåöèôèêîé óñëîâèÿ T (6). È òåì íå ìåíåå, ðàáîòà â ýòîì êëàññå ñèëüíî óïðîùàåòñÿ,
áëàãîäàðÿ ñëåäóþùåìó ýëåìåíòàðíî äîêàçûâàåìîìó â ñòàòüå [2] óòâåðæäåíèþ.

Ñâîéñòâî êîïðåäñòàâëåíèé ñ óñëîâèåì T (q) ïðè q > 4.
Åñëè ãðóïïà G îáëàäàåò êîïðåäñòàâëåíèåì (X;R) ñ óñëîâèåì T (q) ïðè q > 4, òî äëèíà

ëþáîãî êóñêà ðàâíà åäèíèöå.
Äîêàçàòåëüñòâî.

Ãðàôè÷åñêîå ðàâåíñòâî ñëîâ u, v áóäåì îáîçíà÷àòü u ≡ v. Ïðåäïîëîæèì, ÷òî r1 ≡ abr′1, r2 ≡
abr′2 � ðàçëè÷íûå îïðåäåëÿþùèå ñîîòíîøåíèÿ, ãäå a, b, r′1, r

′
2 � íåïóñòûå ñëîâà â àëôàâèòå X.

Ðàññìîòðèì ñëîâà èç R, îáðàòíûå ê r1, r2, è èõ öèêëè÷åñêèå ïåðåñòàíîâêè: u1 ≡ br′1a, u2 ≡
a−1(r′2)−1b−1, u3 ≡ br′1a, u4 ≡ a−1(r′2)−1b−1. Ïîñëåäîâàòåëüíîñòü u1, u2, u3, u4, u1 ïðîòèâîðå÷èò
óñëîâèþ T (6). Çíà÷èò, îáùåå íà÷àëî ab äâóõ ðàçëè÷íûõ îïðåäåëÿþùèõ ñîîòíîøåíèé èç R
èìååò åäèíè÷íóþ äëèíó.

2

Ïîíÿòèÿ îáëàñòè, êàðòû, äèàãðàììû, êîëüöåâîé äèàãðàììû, ãðàíè÷íîãî öèêëà îáëàñòè
D (∂D) è ãðàíè÷íîãî öèêëà ñâÿçíîé îäíîñâÿçíîé äèàãðàììû M (∂M), ãðàíè÷íîé ìåòêè ϕ(p)
ïóòè p áóäåì ñ÷èòàòü èçâåñòíûìè [1]. Êðîìå òîãî, ñ÷èòàåì, ÷òî ãðàíè÷íàÿ ìåòêà îáëàñòè
÷èòàåòñÿ ïî ÷àñîâîé ñòðåëêå, ãðàíè÷íàÿ ìåòêà ñâÿçíîé îäíîñâÿçíîé äèàãðàììû � ïðîòèâ.

Ïîäïóòü ∂D ∩ ∂M = p â ãðàíè÷íûõ öèêëàõ îáëàñòè D è äèàãðàììû M, ëèáî â ãðàíè÷íûõ
öèêëàõ äâóõ îáëàñòåé, íàçûâàåòñÿ ïîñëåäîâàòåëüíîé ÷àñòüþ ãðàíèöû êàê îáëàñòè D, òàê è
êàðòû M, èëè äâóõ îáëàñòåé, ñîîòâåòñòâåííî [1].

Ãðàíè÷íîé âåðøèíîé â êàðòå M íàçûâàåòñÿ ëþáàÿ âåðøèíà, ïðèíàäëåæàùàÿ ãðàíè÷íîìó
öèêëó êàðòû M. Âåðøèíû, íå ÿâëÿþùèåñÿ ãðàíè÷íûìè, íàçûâàþòñÿ âíóòðåííèìè. Âíóò-
ðåííèì ðåáðîì â êàðòå áóäåì ñ÷èòàòü îáùóþ ÷àñòü ãðàíè÷íûõ öèêëîâ äâóõ îáëàñòåé, ãîìåî-
ìîðôíóþ îòðåçêó è ÿâëÿþùóþñÿ ïîñëåäîâàòåëüíîé ÷àñòüþ ãðàíèöû îáåèõ îáëàñòåé. Îáëàñòü
D íàçûâàåòñÿ ãðàíè÷íîé â êàðòå M, åñëè â å¼ ãðàíè÷íîì öèêëå ∂D åñòü ãðàíè÷íûå âåðøèíû
êàðòû M, òî åñòü ∂D ∩ ∂M 6= ∅. Ãðàíè÷íûå ðåáðà äèàãðàììû M âçàèìíî îäíîçíà÷íî ñîïîñòà-
âèì ìíîæåñòâó áóêâ â ñëîâå ϕ(∂M).

Îïðåäåëåíèå 2. Ïàðà îáëàñòåé (D1, D2) ñ îáùèì ðåáðîì e â äèàãðàììå M íàçûâàåò-
ñÿ ñîêðàòèìîé, åñëè ãðàíè÷íàÿ ìåòêà îäíîñâÿçíîé ïîääèàãðàììû D1 ∪ D2 ðàâíà åäèíèöå â
ñâîáîäíîé ãðóïïå F (X). Åñëè â äèàãðàììå M íåò ñîêðàòèìûõ ïàð îáëàñòåé, òî äèàãðàììà
M íàçûâàåòñÿ ïðèâåä¼ííîé. (Ìîæíî îïðåäåëèòü ñîêðàòèìóþ ïàðó è â ñëó÷àå ìíîãîñâÿçíîé
äèàãðàììû D1 ∪D2 � ñì. [1].)

Î÷åâèäíî, ÷òî â ïðèâåä¼ííîé äèàãðàììå ìåòêà âíóòðåííåãî ðåáðà âñåãäà ÿâëÿåòñÿ êóñêîì,
à â C(3)− T (6)-äèàãðàììå � áóêâîé.
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Ñêàæåì íåñêîëüêî ñëîâ î ãåîìåòðè÷åñêîé èíòåðïðåòàöèè óñëîâèé ìàëîãî ñîêðàùåíèÿ C(3)
è T (6). Ðàññìîòðèì ïðîèçâîëüíóþ ãðóïïó G = (X;R) ñ êîïðåäñòàâëåíèåì, óäîâëåòâîðÿþùèì
óñëîâèÿì C(3) − T (6). Ïóñòü M � ïðèâåä¼ííàÿ äèàãðàììà íàä ãðóïïîé G ñ äàííûì êîïðåä-
ñòàâëåíèåì. Òîãäà óñëîâèå C(3) îçíà÷àåò, ÷òî åñëè îáëàñòü D ⊂M íå èìååò ð¼áåð íà ãðàíèöå
∂M äèàãðàììû M, òî ñòåïåíü îáëàñòè D : d(D) (÷èñëî ð¼áåð â å¼ ãðàíè÷íîì öèêëå ∂D) íå
ìîæåò áûòü ìåíüøå 3. ×èñëî âíóòðåííèõ ð¼áåð îáëàñòè D îáîçíà÷èì ÷åðåç i(D).

Óñëîâèå T (6) îçíà÷àåò, ÷òî ñòåïåíü d(v) (÷èñëî èíöèäåíòíûõ åé ð¼áåð) ëþáîé âíóòðåííåé
âåðøèíû v äèàãðàììû M íå ìîæåò áûòü ìåíüøå 6.

Öèêëè÷åñêèå ïåðåñòàíîâêè ñëîâà w îáîçíà÷àþòñÿ w∗. Ñèìâîëîì |w| îáîçíà÷àþò äëèíó
ñëîâà w.

Ñâÿçíóþ îäíîñâÿçíóþ äèàãðàììó (êàðòó) M íàä ãðóïïîé G = (X;R) áóäåì íàçûâàòü
äèñêîâîé, åñëè å¼ ãðàíè÷íûé öèêë ∂M ÿâëÿåòñÿ ïðîñòûì çàìêíóòûì ïóò¼ì.

Â ýòîé ñòàòüå íàñ áóäóò èíòåðåñîâàòü äèñêîâûå êàðòû ñ ãðàíè÷íûìè öèêëàìè âèäà ∂M =
= σ ∪ τ , ãäå ïðîñòûå ïóòè σ, τ èìåþò ðîâíî äâå îáùèå âåðøèíû A è B: σ ∩ τ = {A,B}.

3. Ïîíÿòèÿ R, R̄-ñîêðàùåíèé

Îïðåäåëåíèå 3. Ðàññìîòðèì äèàãðàììó M íàä C(3)− T (6)-ãðóïïîé. Îáëàñòü D ⊂ M
íàçûâàåòñÿ äýíîâñêîé, åñëè

1) ∂D ∩ ∂M � ïîñëåäîâàòåëüíàÿ ÷àñòü ãðàíèöû ∂M (òî åñòü ∂D ∩ ∂M = p � ïîäïóòü
â ãðàíè÷íûõ öèêëàõ îáëàñòè D è äèàãðàììû M [1]);

2) i(D) ∈ {0, 1}. Ïîíÿòèå äýíîâñêîé îáëàñòè àíàëîãè÷íî îïðåäåëÿåòñÿ è äëÿ êàðòû M, â
êîòîðîé ëþáàÿ âíóòðåííÿÿ îáëàñòü èìååò íå ìåíåå òð¼õ ð¼áåð è ëþáîå âíóòðåííåå ðåáðî
èìååò ñòåïåíü íå ìåíåå 6.

Îïðåäåëåíèå 4. Áóäåì ãîâîðèòü, ÷òî â ñëîâå w åñòü R-ñîêðàùåíèå, åñëè ñóùåñòâóåò
ýëåìåíò r ∈ R òàêîé, ÷òî:

1. r ≡ r1r2,

2. w ≡ w1w2w3,

3. r1 ≡ w2,

4. ñëîâî r2 ëèáî ïóñòî, ëèáî ÿâëÿåòñÿ êóñêîì,
5. ñëîâà w1r

−1
2 , r−1

2 w3 íåñîêðàòèìû â ñâîáîäíîé ãðóïïå;
6. â ñëó÷àå çàìåíû ñëîâà w ðàâíûì åìó â ãðóïïå G ñëîâîì w1r

−1
2 w3 áóäåì ãîâîðèòü, ÷òî

â w âûïîëíåíî R-ñîêðàùåíèå.
7. R-ñîêðàùåíèå â ñëîâå w, ÿâëÿþùåìñÿ ñòåïåíüþ íåêîòîðîãî ñëîâà v : w = vs, íàçûâà-

åòñÿ äëèííûì, åñëè |w2| > |v| äëÿ w2 èç ïóíêòà 2 îïðåäåëåíèÿ 4. Åñëè æå |w2| < |v|, òî
R-ñîêðàùåíèå íàçûâàåòñÿ êîðîòêèì.

Åñëè â ëþáîé öèêëè÷åñêîé ïåðåñòàíîâêå ñëîâà w íåò R-ñîêðàùåíèé, òî ñëîâî w íàçûâà-
åòñÿ öèêëè÷åñêè R-íåñîêðàòèìûì.

Îïðåäåëåíèå 5. Ïîëîñîé â äèàãðàììå M íàä C(3) − T (6)-ãðóïïîé íàçûâàåòñÿ ïîääèà-

ãðàììà Π =
k⋃
i=1

Di ñî ñâîéñòâàìè:

1) ∂Di ∩ ∂M = p � ïîñëåäîâàòåëüíàÿ ÷àñòü ãðàíèöû ∂M ;

2) ∂Π ∩ ∂M � ïîñëåäîâàòåëüíàÿ ÷àñòü ãðàíèöû ∂M ;

3) ïðè k = 3 i(D1) = i(D2) = i(D3) = 2, ïðè÷¼ì ñîñåäíèå îáëàñòè èìåþò îáùåå ðåáðî, à
âñå òðè îáëàñòè ïîëîñû èìåþò îáùóþ âåðøèíó;

ïðè k > 3, k = 2l+1 i(D1) = i(D2) = i(D2l) = i(D2l+1) = 2, i(D3) = i(D5) = . . . = i(D2l−3) =
i(D2l−1) = 3, i(D4) = i(D6) = i(D2l−4) = i(D2l−2) = 2;

4) ∂Di ∩ ∂Di+1 � ðåáðî (i = 1, . . . , k − 1).
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Ïîíÿòèå ïîëîñû àíàëîãè÷íî îïðåäåëÿåòñÿ è äëÿ êàðòû M.

Çàìå÷àíèå 1. Ëþáàÿ ïîëîñà â äèàãðàììå M ñ öèêëè÷åñêè íåñîêðàòèìîé â ñâîáîäíîé
ãðóïïå, öèêëè÷åñêè R-íåñîêðàòèìîé ãðàíè÷íîé ìåòêîé ϕ(∂M) ÿâëÿåñÿ ïðèâåä¼ííîé äèàãðàì-
ìîé.

Äåéñòâèòåëüíî, ïðåäïîëîæèâ, ÷òî äâå ñîñåäíèå îáëàñòè â ïîëîñå îáðàçóþò ñîêðàòèìóþ
ïàðó, ïðèõîäèì â âûâîäó î ñâîáîäíîé ñîêðàòèìîñòè ñëîâà ϕ(∂M), ëèáî ê âûâîäó î òîì, ÷òî â
ñëîâå ϕ(∂M) åñòü R-ñîêðàùåíèå. Äîñòàòî÷íî ðàññìîòðåòü äâà ñëó÷àÿ: 1) ñîêðàòèìûå îáëàñòè
D1, D2 èìåþò âíóòðåííèå ñòåïåíè i(D1) = 2, i(D2) = 2; 2) i(D1) = 2, i(D2) = 3.

Â ïåðâîì ñëó÷àå èç ñîêðàòèìîñòè ïàðû (D1, D2) ñëåäóåò ñâîáîäíàÿ ñîêðàòèìîñòü ñëîâà
ϕ(∂M). Âî âòîðîì ñëó÷àå ðàññìîòðèì òðè ñîñåäíèå îáëàñòè â ïîëîñå: D1, D2, D3. ßñíî, ÷òî
i(D3) = i(D1) = 2, i(D2) = 3. Èç ñîêðàòèìîñòè ïàðû D1, D2 è èç òîãî, ÷òî êóñîê â T (6)-
ãðóïïå èìååò äëèíó 1 ñëåäóåò, ÷òî â ñëîâå ϕ(∂M) åñòü R-ñîêðàùåíèå: ìåòêà ðåáðà ∂D2 ∩ ∂D3

ÿâëÿåòñÿ ïîäñëîâîì â ìåòêå ïóòè ∂D1 ∩ ∂M, è îáëàñòü D3 ìîæíî íàêëåèòü ïî óêàçàííîìó
ðåáðó íà ãðàíèöó ∂M, â ðåçóëüòàòå ÷åãî áóäåò ïîëó÷åíà îáëàñòü, ðåàëèçóþùàÿ R-ñîêðàùåíèå
â ãðàíè÷íîé ìåòêå äèàãðàììû M.

Ïîíÿòèå R̄-ñîêðàùåíèÿ ìîæíî îïðåäåëÿòü â ðàññìàòðèâàåìîì êëàññå ãðóïï àíàëîãè÷íî
òîìó, êàê ýòî ñäåëàíî äëÿ R-ñîêðàùåíèÿ (ñì. òàêæå [3,4] � R̄-ñîêðàùåíèå äëÿ ãðóïï ñ óñëîâèåì
C(6) è C(4)− T (4)). Íî èç-çà ãðîìîçäêîñòè òàêîãî îïðåäåëåíèÿ â ãðóïïàõ, óäîâëåòâîðÿþùèõ
óñëîâèþ T (6), áóäåì ïîëüçîâàòüñÿ äðóãèì, ýêâèâàëåíòíûì îïðåäåëåíèåì.

Îïðåäåëåíèå 6. Ïóñòü Π � ïîëîñà â äèàãðàììå M. Ãðàíè÷íûì ñëîâîì îáëàñòè Di ⊂ Π
íàçûâàåòñÿ ìåòêà ïóòè ∂Di ∩ ∂M, ïðî÷èòàííàÿ â ñîîòâåòñòâèè ñ îðèåíòàöèåé îáëàñòè
Di. Ãðàíè÷íûì ñëîâîì ïîëîñû Π íàçûâàåòñÿ ìåòêà ïóòè ∂Π∩∂M, ïðî÷èòàííàÿ â íàïðàâëå-
íèè, ïðîòèâîïîëîæíîì îðèåíòàöèè ãðàíèöû ∂M. Àíàëîãè÷íî îïðåäåëÿåòñÿ ãðàíè÷íîå ñëîâî
äýíîâñêîé îáëàñòè.

Ïîíÿòèÿì R-, R̄-ñîêðàùåíèé äàäèì îïðåäåëåíèÿ, èñïîëüçóþùèå òîëüêî ÿçûê äèàãðàìì.

Îïðåäåëåíèå 7. Áóäåì ãîâîðèòü, ÷òî â ñëîâå v åñòü R-ñîêðàùåíèå, åñëè ñóùåñòâóåò
ñâÿçíàÿ îäíîñâÿçíàÿ äèàãðàììà M íàä êîïðåäñòàâëåíèåì G = (X;R), â êîòîðîé ñóùåñòâó-
åò äýíîâñêàÿ îáëàñòü, ãðàíè÷íîå ñëîâî êîòîðîé ÿâëÿåòñÿ ïîäñëîâîì â v. Â ñëîâå v åñòü
R̄-ñîêðàùåíèå, åñëè ñóùåñòâóåò ñâÿçíàÿ îäíîñâÿçíàÿ äèàãðàììà M íàä êîïðåäñòàâëåíèåì
G = (X;R), â êîòîðîé ñóùåñòâóåò ïîëîñà Π, ãðàíè÷íîå ñëîâî êîòîðîé ÿâëÿåòñÿ ïîäñëîâîì
â v.

Ñëåäñòâèå (èç îïðåäåëåíèÿ 7.) Äëÿ ëþáîãî öèêëè÷åñêè íåñîêðàòèìîãî â F (X) ñëîâà w, íå
ðàâíîãî åäèíèöå â ãðóïïåG, ñóùåñòâóåò öèêëè÷åñêè R, R̄-íåñîêðàòèìîå ñëîâî w0, ñîïðÿæ¼ííîå
c w â G.

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, èç îïðåäåëåíèÿ 7 ñëåäóåò, ÷òî â ðåçóëüòàòå R, R̄-
ñîêðàùåíèÿ äëèíà ñëîâà ñòðîãî óìåíüøàåòñÿ. Çàïèñàâ ïðîèçâîëüíîå ñëîâî w íà îêðóæíîñòè
C è âûïîëíÿÿ â åãî öèêëè÷åñêèõ ïåðåñòàíîâêàõ R, R̄-ñîêðàùåíèÿ, ïîëó÷èì ëèáî ïóñòîå ñëîâî,
÷òî íåâîçìîæíî, ïîñêîëüêó w 6= 1 â G, ëèáî íåïóñòîå ñëîâî w0, â öèêëè÷åñêèõ ïåðåñòàíîâêàõ
êîòîðîãî íåò R, R̄-ñîêðàùåíèé. 2

Òàê æå ïðîñòî äîêàçûâàåòñÿ óòâåðæäåíèå î ñóùåñòâîâàíèè R, R̄-íåñîêðàòèìîãî ñëîâà, ðàâ-
íîãî äàííîìó.

Ïîíÿòèÿ äýíîâñêîé îáëàñòè, ïîëîñû áûëè ââåäåíû â ðàáîòå [5] íà ÿçûêå ãðóïïîâûõ äèà-
ãðàìì. Íåçàâèñèìî àíàëîãè÷íûå ïîíÿòèÿ èñïîëüçîâàëèñü â ðàáîòå [1] ïðè èññëåäîâàíèè êóñî÷-
íî åâêëèäîâûõ êîìïëåêñîâ. Ðàáîòàÿ ñ äèàãðàììàìè, ìû áóäåì ïðèäåðæèâàòüñÿ òåðìèíîëîãèè,
èñïîëüçîâàííîé â [1,5].
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4. Ñâîéñòâà äèñêîâûõ äèàãðàìì

Îïðåäåëåíèå 8. Ïóñòü M � äèñêîâàÿ (6,3)-êàðòà, òî åñòü M � îäíîñâÿçíàÿ êàðòà
ñ ãðàíè÷íûì öèêëîì ∂M áåç ñàìîïåðåñå÷åíèé. Êðîìå òîãî, âñå âíóòðåííèå âåðøèíû â M
èìåþò ñòåïåíü íå ìåíüøå 6, à âñå âíóòðåííèå îáëàñòè èìåþò ñòåïåíü íå ìåíüøå 3.

Îïðåäåëåíèå 9. Ïóñòü ãðàíè÷íûé öèêë êàðòû M ÿâëÿåòñÿ îáúåäèíåíèåì äâóõ ïóòåé:
∂M = σ∪τ, ïðè÷¼ì σ∩τ = {A,B} � äâå âåðøèíû. Îïðåäåëèì ãðàíè÷íûå ñëîè Kσ è Kτ êàðòû
M êàê ïîäêàðòû, ñîñòîÿùèå èç âñåõ îáëàñòåé âìåñòå ñ ãðàíèöàìè, èìåþùèõ âåðøèíû íà σ
è τ, ñîîòâåòñòâåííî.

Â ýòîé ñòàòüå ñ÷èòàåì, ÷òî ñëîè Kσ,Kτ íå ñîäåðæàò ïîëîñ è äýíîâñêèõ îáëàñòåé êàðòûM.

Îïðåäåëåíèå 10. Ïàðó îáëàñòåé â ñëîå Kσ (Kτ ) êàðòûM âíóòðåííåé ñòåïåíè i, èìåþ-
ùèõ îáùåå âíóòðåííåå ðåáðî, áóäåì íàçûâàòü i-ïàðîé. Ïðè ðàçëè÷íûõ i,j i-ïàðó è j-ïàðó áóäåì
íàçûâàòü ðàçíîèì¼ííûìè. Îáëàñòü âíóòðåííåé ñòåïåíè i áóäåì íàçûâàòü i-îáëàñòüþ.

Îïðåäåëåíèå 11. Îáëàñòü D ⊂ M íàçûâàåòñÿ ïðîñòîé, åñëè ìíîæåñòâî ∂D ∩ ∂M
ñâÿçíî è ÿâëÿåòñÿ ïîñëåäîâàòåëüíîé ÷àñòüþ ãðàíèöû îáëàñòè D.

Ñâÿçíàÿ îäíîñâÿçíàÿ êàðòà M ñ ãðàíèöåé ∂M = σ ∪ τ íàçûâàåòñÿ ïðîñòûì äèñêîì, åñëè
σ ∩ τ = {A,B} � äâå âåðøèíû, è âñå îáëàñòè â M ïðîñòûå.

Îïðåäåëåíèå 12. Ñâÿçíàÿ îäíîñâÿçíàÿ ïîäêàðòà M1 êàðòû M íàçûâàåòñÿ îñòðîâîì
â M, åñëè M = M1 ∪M2 ∪ p, ãäå p � ïðîñòîé ïîäïóòü â ∂M, âîçìîæíî íóëåâîé äëèíû, íå
èìåþùèé ð¼áåð â ãðàíè÷íûõ öèêëàõ îáëàñòåé êàðò M1 è M2 è èìåþùèé ïî îäíîé âåðøèíå
â öèêëàõ ∂M1 è â ∂M2, |M1| > 0, |M2| > 0. Áóäåì ãîâîðèòü, ÷òî M1 � îñòðîâ íà ó÷àñòêå s
ãðàíèöû êàðòû M, åñëè ãðàíè÷íûé öèêë ∂M1 ÿâëÿåòñÿ ïîäïóò¼ì â s.

Îïðåäåëåíèå 13. Ñâÿçíàÿ îäíîñâÿçíàÿ ïîäêàðòà M1 êàðòû M íàçûâàåòñÿ ïîëóîñòðî-
âîì â M, åñëè ñóùåñòâóåò îáëàñòü D0 ⊂M : M = M0 ∪D0 ∪M1, |M1| > 0, |M2| > 0, ïðè÷¼ì
êàðòà M1 ∪M0 íå ÿâëÿåòñÿ ñâÿçíîé. Áóäåì ãîâîðèòü, ÷òî M1 � ïîëóîñòðîâ íà ó÷àñòêå s
ãðàíèöû êàðòû M, åñëè ãðàíè÷íûé öèêë ∂M1 ÿâëÿåòñÿ ïîäïóò¼ì â s.

Ëåììà 1 (5). (Î ïîëîñàõ.) Ïóñòü M � ñâÿçíàÿ îäíîñâÿçíàÿ (6, 3)-êàðòà, íå ñîäåðæàùàÿ
äýíîâñêèõ îáëàñòåé, |M | > 0. Òîãäà â íåé åñòü äâå ïîëîñû, íå èìåþùèå îáùèõ îáëàñòåé.

Ëåììà 2 (6). (Îá îñòðîâàõ è ïîëóîñòðîâàõ.) Ïóñòü M � ñâÿçíàÿ îäíîñâÿçíàÿ èëè
êîëüöåâàÿ êàðòà. Ïóñòü s � ïîäïóòü â ãðàíè÷íîì öèêëå ∂M äëÿ îäíîñâÿçíîé êàðòû M èëè
â îäíîì èç ãðàíè÷íûõ öèêëîâ σ, τ äëÿ êîëüöåâîé êàðòû M ñ ãðàíèöåé ∂M = σ ∪ τ. Òîãäà åñëè
â êàðòå M íåò ïîëîñ Π è äýíîâñêèõ îáëàñòåé D, äëÿ êîòîðûõ ∂Π ∩ ∂M � ïîäïóòü â s,
∂D ∩ ∂M � ïîäïóòü â s, òî â M íåò îñòðîâîâ è ïîëóîñòðîâîâ íà ó÷àñòêå ãðàíèöû s.

Ëåììà 3 (6). (Î ñòðîåíèè ãðàíè÷íûõ ñëî¼â äèñêîâîé êàðòû.) Ïóñòü M � äèñêîâàÿ
êàðòà òèïà (6, 3), è ãðàíè÷íûå ñëîè Kσ,Kτ íå ñîäåðæàò ïîëîñ è äýíîâñêèõ îáëàñòåé, òî
âåðíî ñëåäóþùåå:

1) äëÿ êàæäîé èç âåðøèí {A,B} â êàðòå M ñóùåñòâóåò åäèíñòâåííàÿ îáëàñòü DA, DB,
ñîîòâåòñòâåííî, òàêàÿ, ÷òî A ∈ ∂DA, B ∈ ∂DB;

2) i(DA) = i(DB) = 2;
3) ñëîè Kσ,Kτ ñîäåðæàò òîëüêî îáëàñòè âíóòðåííåé ñòåïåíè 2 è 3, ïðè÷¼ì, â êàæäîé

èç ïîäêàðò Kσ\(DB∪DA),Kτ\(DB∪DA) îáëàñòåé ïåðâîãî òèïà íà äâå áîëüøå, ÷åì âòîðîãî.
4) â ñëîÿõ Kσ,Kτ ìîãóò âñòðå÷àòüñÿ òîëüêî 2-ïàðû è 3-ïàðû è íåò 2-òðîåê, 3-òðîåê,

è ò. ä., ïðè÷¼ì, â êàæäîì èç ñëî¼â ÷èñëî 2-ïàð íà 1 áîëüøå, ÷åì 3-ïàð, à ðàçíîèì¼ííûå
ïàðû ÷åðåäóþòñÿ â êàæäîì èç ñëî¼â Kσ,Kτ . Òî æå âåðíî è äëÿ îáëàñòåé: â Kσ,Kτ ìîãóò
âñòðå÷àòüñÿ òîëüêî 2- è 3-îáëàñòè.
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Ëåììà 4 (6). (Î äëèíå ãðàíè÷íûõ ñëî¼â äèñêîâîé êàðòû.) Ïóñòü â ãðàíè÷íûõ ñëîÿõ
Kσ,Kτ äèñêîâîé (6, 3)-êàðòû M íåò ïîëîñ è äýíîâñêèõ îáëàñòåé. Òîãäà â êàðòå M ÷èñëî
îáëàñòåé ñ ð¼áðàìè íà σ íå ïðåâûøàåò ÷èñëà îáëàñòåé ñ ð¼áðàìè íà τ, óìíîæåííîãî íà 5, è
íàîáîðîò.

5. Äîêàçàòåëüñòâî îñíîâíîé òåîðåìû

Ëåììà 5. Ïóñòü M � ïðèâåä¼ííàÿ äèñêîâàÿ äèàãðàììà íàä C(3) − T (6)-ãðóïïîé ñ ãðà-
íèöåé ∂M = σ∪ τ è R, R̄-íåñîêðàòèìûìè ìåòêàìè ϕ(σ), ϕ(τ). Òîãäà äèàãðàììà M1 = M\Kσ

òîæå ÿâëÿåòñÿ äèñêîâîé.

Äîêàçàòåëüñòâî.

Ïðåäïîëîæèì, ÷òî äèàãðàììàM1 íå ÿâëÿåòñÿ äèñêîâîé. Çíà÷èò, îíà ÿâëÿåòñÿ îáúåäèíåíè-
åì íåñêîëüêèõ äèñêîâN1, . . . , Ns, ñîåäèí¼ííûõ ïðîñòûìè ïóòÿìè p0, . . . , ps, ïðè÷¼ì êîíöû ïóòè
pi ïðèíàäëåæàò ãðàíèöàì äèñêîâ Ni, Ni+1, à ïóòè p0, pi ÿâëÿþòñÿ â äèàãðàììåM1 øèïàìè, òî
åñòü â ãðàíè÷íîì öèêëå ∂M1 îíè ïðîõîäÿòñÿ äâàæäû â ïðîòèâîïîëîæíûõ íàïðàâëåíèÿõ. Íå
èñêëþ÷åíî, ÷òî íåêîòîðûå èëè äàæå âñå ïóòè pi èìåþò íóëåâóþ äëèíó.

Èç R, R̄-íåñîêðàòèìîñòè ñëîâ ϕ(σ), ϕ(τ) ñëåäóåò îòñóòñòâèå ïîëîñ è äýíîâñêèõ îáëàñòåé â
ñëîå Kσ. Çíà÷èò, èõ íåò â äèñêàõ Ni íà ó÷àñòêàõ ãðàíèö ∂Ni ∩ σ ïðè i ∈ {1, . . . , s}.

Òå æå ðàññóæäåíèÿ ïîçâîëÿþò ñäåëàòü âûâîä îá îòñóòñòâèè ïîëîñ è äýíîâñêèõ îáëàñòåé
â äèñêàõ Ni íà ó÷àñòêàõ ãðàíèö ∂Ni ∩ τ ïðè i ∈ {1, . . . , s}. Çíà÷èò, äèñêè Ni óäîâëåòâîðÿþò
óñëîâèþ ëåììû 3.

Ïóñòü ãðàíèöà äèñêà Ni ñîñòîèò èç äâóõ ïóòåé σi, τi. Ïî äîêàçàííîìó ìåòêè ýòèõ ïóòåé
R, R̄-íåñîêðàòèìû. Â ñîîòâåòñòâèè ñ ëåììîé 3 ïóíêòîì 1 â äèñêå Ni ñóùåñòâóþò îáëàñòè
DA, DB, âíóòðåííåé ñòåïåíè 2.

Îáîçíà÷èì ïóòü ∂DA ∩σi êàê AC. Êîíöåâàÿ âåðøèíà C ýòîãî ïóòè ÿâëÿåòñÿ âíóòðåííåé â
êàðòåM . Çíà÷èò, ïî óñëîâèþ T (6) å¼ ñòåïåíü d(C) íå ìåíüøå 6. Íî â êàðòå Ni îíà èíöèäåíòíà
ëèøü òð¼ì ð¼áðàì (ïî ëåììå 3). Çíà÷èò, òðè äðóãèå ðåáðà, èñõîäÿùèå èç C, îïðåäåëÿþò â ñëîå
Kσ 2-ïàðó îáëàñòåé (D1, D2).

Áëèæàéøåé â êàðòå Ni ê âåðøèíå C âäîëü ïóòè σi ÿâëÿåòñÿ íå 3-ïàðà îáëàñòåé, à 2-ïàðà,
÷òî òàêæå ãàðàíòèðóåò ëåììà 3. Ýòîé 2-ïàðå ñîîòâåòñòâóåò 2-ïàðà (D3, D4) â ñëîå Kσ.

Òàêèì îáðàçîì, â ñëîå Kσ, à çíà÷èò, è â êàðòåM íà ó÷àñòêå ãðàíèöû σ åñòü ïîëîñà ñîñòîÿ-
ùàÿ èç âñåõ îáëàñòåé ñëîÿ Kσ, ðàñïîëîæåííûõ ìåæäó ïàðàìè (D1, D2), (D3, D4), âêëþ÷àÿ ýòè
ïàðû. Ýòîò âûâîä ïðîòèâîðå÷èò R̄-íåñîêðàòèìîñòè ãðàíè÷íûõ ìåòîê èñõîäíîé äèàãðàììûM .

Â ýòîì ðàññóæäåíèè ìû íèêàê íå èñïîëüçîâàëè ñîñåäíèå ñ Ni äèñêè. Ïîýòîìó îíî ïðèìå-
íèìî è ê ñëó÷àþ, êîãäà ïîñëå óäàëåíèÿ èç M ñëîÿ Kσ îñòà¼òñÿ îäèí äèñê N1 ñ îäíèì èëè
äâóìÿ øèïàìè.

Ëåììà 5 äîêàçàíà. 2

Ëåììà 6. Ïóñòü M0 � ïðèâåä¼ííàÿ äèñêîâàÿ äèàãðàììà íàä C(3)− T (6)-ãðóïïîé ñ ãðà-
íèöåé ∂M0 = σ0 ∪ τ0 è R, R̄-íåñîêðàòèìûìè ìåòêàìè ϕ(σ0), ϕ(τ0). Òîãäà äèàãðàììà M1, ïî-
ëó÷åííàÿ èç M óäàëåíèåì ãðàíè÷íûõ ñëî¼â Kσ0 ,Kτ0, òîæå ÿâëÿåòñÿ äèñêîâîé, à ãðàíè÷íûå
ìåòêè ϕ(σ1), ϕ(τ1) R, R̄-íåñîêðàòèìû (çäåñü σ1 = ∂(M\Kσ0) ∩ ∂Kσ0, τ1 = ∂(M\Kτ0) ∩ ∂Kτ0).

Äîêàçàòåëüñòâî.

Íåñîêðàòèìîñòü ãðàíè÷íûõ ìåòîê ϕ(σ1), ϕ(τ1) ñëåäóåò èç îòñóòñòâèÿ ïîëîñ è äåíîâñêèõ
îáëàñòåé â ñëîÿõ Kσ0 ,Kτ0 .

Îñòàëüíîå ÿâëÿåòñÿ ñëåäñòâèåì ëåììû 5.
2
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Òåîðåìà 1. (î ïëîùàäè äèñêîâîé äèàãðàììû). Ïóñòü M � ïðèâåä¼ííàÿ äèñêîâàÿ äèà-
ãðàììà íàä C(3) − T (6)-ãðóïïîé G = (X;R). Ïóñòü ãðàíèöà ∂M = σ0 ∪ τ0) èìååò R, R̄-
íåñîêðàòèìûå ìåòêè ϕ(σ0), ϕ(τ0). Òîãäà ïëîùàäü äèàãðàììû M0 ÿâëÿåòñÿ êâàäðàòè÷íîé
ôóíêöèåé äëèíû ãðàíèöû ∂M0.

Äîêàçàòåëüñòâî.

Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü âëîæåííûõ äèàãðàìì: M ⊃ M1 ⊃ M2 . . . ⊃ Mk, ïîëó÷åí-
íûõ èç äèñêîâîé äèàãðàììû M óäàëåíèåì ãðàíè÷íûõ ñëî¼â:

M1 = M\(Kσ0 ∪Kτ0),M2 = M1\(Kσ1 ∪Kτ1), . . . ,Mk = Mk−1\(Kσk−1
∪Kτk−1

).

Ïðè ýòîì ïîñëåäíÿÿ äèàãðàììà â ýòîé ïîñëåäîâàòåëüíîñòè ëèáî 1-ñëîéíàÿ, ëèáî 2-ñëîéíàÿ,
òî åñòü íà ñëåäóþùåì øàãå ïîñëå óäàëåíèÿ ãðàíè÷íûõ ñëî¼â îñòà¼òñÿ ïóñòîå ìíîæåñòâî.

Â ñîîòâåòñòâèè ñ ëåììîé 6 âñå ýòè äèàãðàììû ÿâëÿþòñÿ äèñêîâûìè, à ìåòêè ϕ(σi), ϕ(τi), i =
1, . . . , k R̄, R-íåñîêðàòèìû.

Êðîìå òîãî, èç ëåììû 3, îïèñûâàþùåé ñòðîåíèå ãðàíè÷íûõ ñëî¼â äèñêîâîé äèàãðàììû,
ñëåäóåò, ÷òî ÷èñëî îáëàñòåé â Kσ0 ∪Kτ0 íà 6 áîëüøå, ÷åì â Kσ1 ∪Kτ1 , è òàê äàëåå.

Íàéä¼ì ïëîùàäü äèàãðàììû M , ïðåäïîëàãàÿ, ÷òî â äèàãðàììå Mk−1 ÷èñëî ãðàíè÷íûõ
îáëàñòåé ðàâíî s.

|M | = |Mk|+ s+ (s+ 6) + . . .+ (s+ (k − 1)6) = |Mk|+ ks+ 3k(k − 1).

Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà òåîðåìû îñòà¼òñÿ ñâÿçàòü ÷èñëî ñëî¼â k ñ äëèíîé ãðàíèöû
∂M . Ïóñòü N � ÷èñëî ãðàíè÷íûõ îáëàñòåé â äèàãðàììå M . Òîãäà âûïîëíÿåòñÿ ðàâåíñòâî
N = s + 6(k − 1), è k = 1 + (N − s)/6. Ïîäñòàâëÿÿ ýòî âûðàæåíèå âìåñòî k â ôîðìóëó äëÿ
ïëîùàäè äèàãðàììû M , ïîëó÷àåì:

|M | = |Mk|+ s (1 + (N − s)/6) + 3 (1 + (N − s)/6) ((N − s)/6) .

Íåòðóäíî îöåíèòü ÷èñëî îáëàñòåé, èìåþùèõ ð¼áðà íà ãðàíèöå ∂M ÷åðåç äëèíó ãðàíèöû
|ϕ(∂M)|: N > |ϕ(∂M)|/|r0|, ãäå r0 � ñàìîå äëèííîå îïðåäåëÿþùåå ñîîòíîøåíèå â êîïðåäñòàâ-
ëåíèè ãðóïïû G = (X;R). Ýòà îöåíêà âìåñòå ñ ïðåäûäóùåé ôîðìóëîé äëÿ ïëîùàäè |M | äà¼ò
íèæíþþ îöåíêó ïëîùàäè äèàãðàììû M , èç ÷åãî ñëåäóåò êâàäðàòè÷íàÿ çàâèñèìîñòü ïîñëåä-
íåé îò äëèíû ãðàíèöû.

2

6. Çàêëþ÷åíèå

Äîêàçàííàÿ òåîðåìà î ïëîùàäè äèñêîâîé äèàãðàììû â ðàññìàòðèâàåìîì êëàññå ãðóïï èí-
òåðåñíà òåì, ïðè ðàññìîòðåíèè êîëüöåâûõ äèàãðàìì ñîïðÿæ¼ííîñòè ñëîâ â C(3)-T(6)-ãðóïïàõ
òàêèå äèñêîâûå äèàãðàììû ìîãóò áûòü âûäåëåíû êàê ïîääèàãðàììû êîëüöåâûõ.

Â ñëó÷àå, êîãäà ãðàíè÷íûå ìåòêè êîëüöåâîé äèàãðàììû ÿâëÿþòñÿ ñòåïåíÿìè ôèêñèðîâàí-
íûõ ñëîâ, èç âûäåëåííûõ äèñêîâûõ äèàãðàìì óäà¼òñÿ ñêëåèâàòü îäíîñâÿçíóþ äèàãðàììó ñ
áûñòðî ðàñòóùåé ïëîùàäüþ. Âñ¼ ýòî ìîæåò áûòü èñïîëüçîâàíî äëÿ èññëåäîâàíèÿ ïðîáëåìû
ñòåïåííîé ñîïðÿæ¼ííîñòè â äàííîì êëàññå ãðóïï.
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Àííîòàöèÿ

Â ðàáîòå ðàññìàòðèâàåòñÿ êëàññ íåëèíåéíûõ äèíàìè÷åñêèõ ìîäåëåé îáîëî÷åê, íåëè-
íåéíîñòü êîòîðûõ îòðàæàåò ãàóññîâó êðèâèçíó ïîâåðõíîñòè; â ñëó÷àå êîãäà íàãðóçêè,
äåéñòâóþùèå íà îáîëî÷êó ìåíüøå êðèòè÷åñêèõ â ëþáîé ìîìåíò âðåìåíè. Ïðè ýòîì ëþ-
áàÿ íåèçâåñòíàÿ ôóíêöèÿ, âõîäÿùàÿ â óðàâíåíèÿ ñèñòåìû, îäíîçíà÷íî âûðàæàåòñÿ ÷åðåç
ôóíêöèþ ïðîãèáà, à îáëàñòü, îïðåäåëÿåìàÿ ñåðåäèííîé ïîâåðõíîñòüþ îáîëî÷êè, ÿâëÿåòñÿ
îãðàíè÷åííîé è èìååò êóñî÷íî-ãëàäêóþ ãðàíèöó. Ê ýòîìó êëàññó óðàâíåíèé îòíîñÿòñÿ òà-
êèå ìîäåëè êàê ìîäåëü Êèðõãîôà�Ëÿâà, óòî÷íÿþùàÿ å¼ ìîäåëü Òèìîøåíêî, çàäàííàÿ êàê
â ïåðåìåùåíèÿõ, òàê è â ñìåøàííîé ôîðìå, ìîäåëü îòðàæàþùàÿ ñâÿçü ïîëåé äåôîðìàöèè
è òåìïåðàòóðû è äðóãèå ìîäåëè.
Äëÿ òàêèõ ìîäåëåé â êà÷åñòâå ÷èñëåííîãî ìåòîäà ðàñ÷¼òà íàïðÿæåííî-äåôîðìèðîâàííîãî
ñîñòîÿíèÿ îáñóæäàåòñÿ ìåòîä ïîñëåäîâàòåëüíîãî íàãðóæåíèÿ, ðàçðàáîòàííûé â 70-õ ãîäàõ
XX âåêà ïðîôåññîðîì Â. Â. Ïåòðîâûì, êîòîðûé ñâîäèò ðåøåíèå íåëèíåéíûõ óðàâíåíèé ê
ðåøåíèþ ïîñëåäîâàòåëüíîñòè ëèíåéíûõ óðàâíåíèé. Â ðàáîòå îáñóæäàþòñÿ âîïðîñû, ñâÿ-
çàííûå ñ ðåàëèçàöèåé ýòîãî ìåòîäà. Èçâåñòíî, ÷òî ìåòîä Â. Â. Ïåòðîâà ìåäëåííî ñõîäèòñÿ.
Ïîýòîìó ðàññìàòðèâàþòñÿ âîïðîñû, ñâÿçàííûå ñ óëó÷øåíèåì ñõîäèìîñòè. Äàëåå, ïðèìåíå-
íèå âàðèàöèîííûõ ìåòîäîâ äëÿ ðåøåíèÿ ëèíåéíûõ ñèñòåì óðàâíåíèé òðåáóåò îïðåäåëåíèÿ
ñêîðîñòè ñõîäèìîñòè ýòèõ ìåòîäîâ, à òàêæå íàõîæäåíèÿ îðòîãîíàëüíîé ñèñòåìû ôóíêöèé,
óäîâëåòâîðÿþùåé ãðàíè÷íûì óñëîâèÿì. Ýòè âîïðîñû òàêæå ðàññìàòðèâàþòñÿ â ðàáîòå.

Êëþ÷åâûå ñëîâà: îáîëî÷å÷íàÿ êîíñòðóêöèÿ, íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå,
íåëèíåéíûå ìîäåëè îáîëî÷åê, ìåòîä ïîñëåäîâàòåëüíîãî âîçìóùåíèÿ ïàðàìåòðîâ.

Áèáëèîãðàôèÿ: 15 íàçâàíèé.

ABOUT NUMERICAL REALIZATION OF THE METHOD
OF SUBSEQUENT PARAMETERS PERTURBATION FOR

CALCULATING A STRESS-STRAIN STATE
OF SHALLOW SHELLS

L. V. Bessonov, T. A. Kuznetsova, S. V. Chumakova (Saratov)

Abstract

The paper investigates a class of nonlinear dynamic shell models, which non-linearity re�ects
Gaussian curvature of a surface; in the case when loads are smaller than critical ones in every
point in time. Moreover, every unknown function from the system of equations, can be uniquely
identi�ed through the de�ection function. Domain that is de�ned by the middle shell surface is
bounded with piecewise smooth boundary. Such models as Kirchho�-Love model (that specify
Tymoshenko model, de�ned both in transferences and mixed forma), a model that re�ects the
bond between deformation �elds and temperature and others can represent that equation class.
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The method of subsequent parameters perturbation developed by professor V. Petrov in
1970s is used as a numerical method for such models. This method brings the solution of
nonlinear equations to the solution of a sequence of linear equations. The paper discusses
problems connected with the realization of this method. It is known, that method of V. Petrov
converges slowly. That is why questions of convergence improvement are examined. The usage
of variation methods for solving systems of linear equations requires de�ned convergence speed
and orthogonal system of functions that satis�es the boundary conditions. These questions are
investigated in the paper as well.

Keywords: shell, the stress-strain state, nonlinear shell model, serial parameters pertur-
bation method.

Bibliography: 15 titles.

1. Ââåäåíèå

Äàííàÿ ðàáîòà ïîñâÿùåíà îïèñàíèþ àëãîðèòìà ÷èñëåííîé ñõåìû ðàñ÷¼òà íàïðÿæ¼ííî-
äåôîðìèðîâàííîãî ñîñòîÿíèÿ ãåîìåòðè÷åñêè íåëèíåéíûõ îáîëî÷åê â äîêðèòè÷åñêîé îáëàñòè
ïàðàìåòðîâ â äèíàìè÷åñêîì ñëó÷àå. Â îñíîâå ýòîé ÷èñëåííîé ñõåìû ëåæèò ìåòîä ïîñëåäî-
âàòåëüíûõ íàãðóæåíèé, ðàçðàáîòàííûé â 70-õ ãîäàõ Â. Â. Ïåòðîâûì [1]. Ñóòü ýòîãî ìåòîäà
çàêëþ÷àåòñÿ â òîì, ÷òî ðåøåíèå íåëèíåéíîé ìîäåëüíîé çàäà÷è ñâîäèòñÿ ê ðåøåíèþ ðÿäà
ëèíåéíûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé. Ìåòîä ïîñëåäîâàòåëüíûõ íàãðóæåíèé äà¼ò
çíà÷èòåëüíîå ïðåèìóùåñòâî âî âðåìåíè ïî ñðàâíåíèþ ñ ïðèìåÿåìûìè ðàíåå ìåòîäàìè ðàñ÷¼òà
îáîëî÷å÷íûõ êîíñòðóêöèé. Ê íåäîñòàòêàì ýòîãî ìåòîäà îòíîñèòñÿ, âî-ïåðâûõ, åãî ìåäëåííàÿ
ñõîäèìîñòü. Êàê ïîêàçàíî â ðàáîòå [2] ïîðÿäîê ñêîðîñòè ñõîäèìîñòè ñîâïàäàåò ñ ïîðÿäêîì
ðàçáèåíèÿ íàãðóçêè íà ìàëûå ñîñòàâëÿþùèå. Ïîýòîìó ìåòîä Â. Â. Ïåòðîâà íàø¼ë øèðîêîå
ïðèìåíåíèå â ñëó÷àå, êîãäà òðåáîâàëàñü íåâûñîêàÿ òî÷íîñòü ïðè ðåøåíèè ìîäåëüíîé çàäà-
÷è. Âòîðûì íåäîñòàòêîì ÿâëÿåòñÿ òîò ôàêò, ÷òî ìåòîä íå ïîçâîëÿåò îïðåäåëèòü òó âåòâü
ðåøåíèÿ íåëèíåéíîé çàäà÷è ïðè ïåðåõîäå â çàêðèòè÷åñêóþ îáëàñòü, êîòîðàÿ îòâå÷àåò ìèíè-
ìàëüíîé ïîòåíöèàëüíîé ýíåðãèè îáîëî÷êè. Ïîýòîìó íóæíî èç êàêèõ-ëèáî ñîîáðàæåíèé çíàòü,
÷òî âû÷èñëåíèÿ âåäóòñÿ â äîêðèòè÷åñêîé îáëàñòè ïàðàìåòðîâ.

Íóæíî ñêàçàòü, ÷òî â îòäåëüíîñòè ýòè íåäîñòàòêè áûëè óñòðàíåíû â ðàáîòàõ, îïóáëè-
êîâàííûõ â ïîñëåäíåå äåñÿòèëåíèå. Òàê, â ðàáîòå [2] áûëà ïîëó÷åíà ìîäèôèêàöèÿ ìåòîäà
Â. Â. Ïåòðîâà, ïîçâîëÿþùàÿ íà íåñêîëüêî ïîðÿäêîâ óëó÷øèòü åãî ñõîäèìîñòü. Â ðàáîòàõ [4�6]
áûë ðàçðàáîòàí ñïåêòðàëüíûé êðèòåðèé ïîòåðè óñòîé÷èâîñòè, êîòîðûé ïîçâîëÿåò îïðåäåëèòü
¾ñëàáûå òî÷êè¿ � òî÷êè ëîêàëüíîé ïîòåðè óñòîé÷èâîñòè. Íàêîïëåíèå òàêèõ òî÷åê ïîçâîëÿåò
ãîâîðèòü î òîì, ÷òî ïàðàìåòðû îáîëî÷êè ïðèáëèæàþòñÿ ê êðèòè÷åñêèì.

Îòìåòèì, ÷òî ìîäèôèêàöèÿ ìåòîäà Â. Â. Ïåòðîâà è ñïåêòðàëüíûé êðèòåðèé îòëè÷àþòñÿ
ïðîñòîòîé ÷èñëåííîé ñõåìû, íî äëÿ èõ ðåàëèçàöèè íåîáõîäèìî ñòðîèòü îðòîíîðìèðîâàííóþ
ñèñòåìó ôóíêöèé, óäîâëåòâîðÿþùèõ ãðàíè÷íûì óñëîâèÿì. Ïîýòîìó ÷èñëåííàÿ ðåàëèçàöèÿ
ýòèõ ìåòîäîâ â ðàáîòàõ [4�6] ïðîâîäèëàñü â ñëó÷àå ïðÿìîóãîëüíûõ â ïëàíå ïîëîãèõ îáîëî÷åê.

Ïðèâåä¼ííàÿ â íàøåì ñëó÷àå ÷èñëåííàÿ ñõåìà èñïîëüçóåò ìîäèôèêàöèþ ìåòîäà Â. Â. Ïåò-
ðîâà è ðàáîòàåò â ñëó÷àå ïðîèçâîëüíûõ â ïëàíå ïîëîãèõ îáîëî÷åê.

Ðåçóëüòàòû ðàñ÷¼òà îáî÷å÷íûõ êîíñòðóêöèé ïðîèçâîëüíîé êîíôèãóðàöèè ãðàíèöû ìîäè-
ôèöèðîâàííûì ìåòîäîì Â. Â. Ïåòðîâà â ñòàòè÷åñêîì ñëó÷àå ïðèâåäåíû â ðàáîòàõ îäíîãî èç
ñîàâòîðîâ äàííîé ñòàòüè [10�13].

Îñòàíîâèìñÿ áîëåå ïîäðîáíî íà îòäåëüíûõ ìîìåíòàõ âûøåèçëîæåííîãî.
Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ êëàññ äèíàìè÷åñêèõ ãåîìåòðè÷åñêè íåëèíåéíûõ ìîäåëåé

îáîëî÷å÷íûõ êîíñòðóêöèé, ò.å. íåëèíåéíîñòü êîòîðûõ îòðàæàåò ãàóññîâó êðèâèçíó ñåðåäèííîé
ïîâåðõíîñòè îáîëî÷êè, óäîâëåòâîðÿùèõ îãðàíè÷åíèÿì:
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1. Âñå ôóíêöèè, âõîäÿùèå â óðàâíåíèÿ ìîäåëè, äîëæíû îäíîçíà÷íî âûðàæàòüñÿ ÷åðåç
ôóíêöèþ ïðîãèáà.

2. Ñåðåäèííàÿ ïîâåðõíîñòü îáîëî÷êè äîëæíà áûòü îäíîñâÿçíîé è êîìïàêòíîé â R3 è îãðà-
íè÷åíà ïðîñòûì æîðäàíîâûì êîíòóðîì, ñêëàäûâàåìûì àëãåáðàè÷åñêèìè êðèâûìè.

Ïóñòü Ω � îáëàñòü â ïëîñêîñòè XOY , êîòîðàÿ îïðåäåëÿåòñÿ ïðîåêöèåé ñåðåäèííîé ïîâåðõ-
íîñòè îáîëî÷êè è Γ � ãðàíèöà ýòîé îáëàñòè. Áóäåì ïðåäïîëàãàòü, ÷òî Γ ÿâëÿåòñÿ êóñî÷êî-
àëãåáðàè÷åñêîé êðèâîé, ò.å. Γ = σΩ = ∪iΓi, ãäå Γi � êðèâûå, çàäàííûå àëãåáðàè÷åñêèìè
óðàâíåíèÿìè φi(x, y) = 0.

Â êëàññ òàêèõ ìîäåëåé âõîäÿò ìîäåëè Êèðõãîôà�Ëÿâà, Òèìîøåíêî, çàäàííûå êàê â ïå-
ðåìåùåíèÿõ, òàê è â ñìåøàííîé ôîðìå. Ïðîàíàëèçèðóåì ñõåìó ðàñ÷¼òà, ðàçðàáîòàííóþ äëÿ
ýòîãî êëàññà íåëèíåéíûõ ìîäåëåé, íà ïðèìåðå äèíàìè÷åñêîé ìîäåëè Êàðìàíà. Ýòà ìîäåëü
îïðåäåëÿåòñÿ ñëåäóþùåé ñèñòåìîé óðàâíåíèé:

γ
g
∂2W
∂t2

= −D∆2W + L(W,F ) + ∆kF + q, t ∈ [O;T ],

1
E∆2F = −1

2L(W,W )−∆kW,

(1)

ñ ãðàíè÷íûìè óñëîâèÿìè â ôîðìå Íåéìàíà

W (t, x, y)|Γ = F (t, x, y)|Γ =
∂W (t, x, y)

∂η̄

∣∣∣∣
Γ

=
∂F (t, x, y)

∂η̄

∣∣∣∣
Γ

= 0, (2)

è íà÷àëüíûìè óñëîâèÿìè
W (0, x, y) = W0, F (0, x, y) = F0,

∂W (0,x,y)
∂t = W1,

∂F (0,x,y)
∂t = F1,

(3)

ãäå D � öèëèíäðè÷åñêàÿ æåñòêîñòü, îïðåäåëÿåìàÿ ïî ôîðìóëå D =
Eh3

12(1− ν2)
(ν � êî-

ýôôèöèåíò Ïóàññîíà), E � ìîäóëü Þíãà, ∆2• = ∆(∆•), ãäå ∆ � îïåðàòîð Ëàïëàñà,

L(W,F ) =
∂2F

∂y2

∂2W

∂x2
+
∂2F

∂x2

∂2W

∂y2
−2

∂2F

∂x∂y

∂2W

∂x∂y
� îòðàæàåò ãàóññîâó êðèâèçíó äåôîðìèðîâàí-

íîé ñåðåäèííîé ïîâåðõíîñòè îáîëî÷êè, ∆k = ky
∂2

∂x2
+ kx

∂2

∂y2
, kx è ky õàðàêòåðèçóþò êðèâèçíó

ïîâåðõíîñòè îáîëî÷êè âäîëü ñîîòâåòñòâóþùèõ îñåé, q � âåëè÷èíà íîðìàëüíîé íàãðóçêè,W �
ôóíêöèÿ ïðîãèáà, F � ôóíêöèÿ óñèëèé.

Èñêîìûå ôóíêöèè �W (t, x, y) è F (t, x, y) èùóòñÿ â ïðîñòðàíñòâå L∞([0;T ], H2(Ω)×H2(Ω)),
ãäå H2(Ω) � ïðîñòðàíñòâî Ñîáîëåâà.

Áóäåì ïðåäïîëàãàòü, ÷òî íàãðóçêè, äåéñòâóþùèå íà îáîëî÷êó íå ïðåâîñõîäÿò êðèòè÷å-
ñêèõ. Òî åñòü íàãðóçêà òàêîâà, ÷òî ñîõðàíÿåòñÿ åäèíñòâåííîñòü ðåøåíèÿ ìîäåëè íà âñ¼ì îò-
ðåçêå [0;T ]. Ïîä ìàëîñòüþ íàãðóçêè â ýòîì ñìûñëå áóäåì ïîíèìàòü íàãðóçêó äîêðèòè÷åñêóþ.
Òî åñòü ñîîòâåòñòâóþùàÿ íåëèíåéíàÿ ìîäåëü íà âðåìåííîì èíòåðâàëå [0;T ] èìååò åäèíñòâåí-
íîå ðåøåíèå â ïðîñòðàíñòâå L∞([0;T ], H2(Ω) × H2(Ω)) è ýòî ðåøåíèå ìîæíî íàéòè ìåòîäîì
Â. Â. Ïåòðîâà � ìåòîäîì ïîñëåäîâàòåëüíîãî íàãðóæåíèÿ (ñì. [1,3]).

Ìåòîä ïîñëåäîâàòåëüíûõ íàãðóæåíèé áûë ïðåäëîæåí ïðîôåññîðîì Â. Â. Ïåòðîâûì. [1]
Ðàçâèòèå ýòîãî ìåòîäà ïîëó÷èëî øèðîêîå ïðèìåíåíèå ïðè ðàñ÷¼ò íàïðÿæåííî-äåôîðìèðîâàí-
íûõ ñîñòîÿíèé òîíêîñòåííûõ îáîëî÷å÷íûõ êîíñòðóêöèé è, êàê ñëåäñòâèå, ïðî÷íîñòè, óñòîé-
÷èâîñòè è äîëãîâå÷íîñòè êîíñòðóêöèé. [3] Â îñíîâå ìåòîäà ëåæèò ïðîñòîé ôàêò: ìàëûì íà-
ãðóæåíèÿ ñîîòâåòñòâóþò ìàëûå ïðîãèáû. Íàãðóçêó q ïðåäñòàâèì â âèäå

q =

N∑
i=0

∆qi, (4)
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ãäå ||∆qk|| < ε äëÿ âñåõ t ∈ [0;T ].
Ïóñòü íà n− 1 øàãå ïîëó÷åíî ðåøåíèå (Wn−1, Fn−1), ñîîòâåòñòâóþùåå íàãðóçêå

∑n−1
i=0 ∆qi.

Çàïèøåì ðåøåíèå íà øàãå n â âèäå

Wn = Wn−1 + δWn =
∑N

k=1 δWk,

Fn = Fn−1 + δFn =
∑N

k=1 δFk.

(5)

Íà øàãå n íîðìàëüíàÿ íàãðóçêà ìåíÿåòñÿ íà âåëè÷èíó ∆qn. Â ðåçóëüòàòå ýòîãî âîçäåé-
ñòâèÿ ïðîãèá íà n-îì øàãå áóäåò îòëè÷àòüñÿ îò ïðîãèáà íà ïðåäøåñòâóþùåì øàãå íà δWn,
ïðè÷¼ì îòëè÷èå ýòî áóäåò íåçíà÷èòåëüíûì. Ýòîò ôàêò ïîçâîëÿåò ðàññìàòðèâàòü äëÿ íàõîæ-
äåíèÿ ïðîãèáà ëèíåéíóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

γ
g
∂2W
∂t2

= −D∆2w + L(w,Fn−1) + L(Wn−1, f)−∆kf + ∆qn, t ∈ [0, T ],

1

E
∆2f = −L(w,Wn−1)−∆kw,

(6)

ãäå Fn−1 è Wn−1 � èçâåñòíûå ôóíêöèè, íàéäåííûå íà ïðåäûäóùåì øàãå, à ÷åðåç w è f äëÿ
óïðîùåíèÿ çàïèñè îáîçíà÷åíû èñêîìûå ôóíêöèè, óïîìÿíóòûå â (5) δWn è δFn ñîîòâåòñòâåííî.

Ïðè ñîîòâåòñòâóþùèõ èñõîäíîé çàäà÷å ãðàíè÷íûõ óñëîâèÿõ ïîñëåäíÿÿ ñèñòåìà ðåøàåòñÿ
îäíèì èç âàðèàöèîííûõ ìåòîäîâ. Íàïðèìåð, ìåòîäîì Áóáíîâà�Ãàë¼ðêèíà. Èçâåñòíî, ÷òî ïî-
ñäåîâàòåëüíîñòü ôóíêöèé (5) ñõîäèòñÿ â ïðîñòðàíñòâå L∞([0;T ], H2(Ω) × H2(Ω)) ê ðåøåíèþ
íåëèíåéíîé ìîäåëè (1). [2] Íî ýòà ñõîäèìîñòü ÿâëÿåòñÿ ìåäëåííîé. Â ñâÿçè ñ ýòèì ïðè ðåøåíèè
ñèñòåìû (1) ìåòîäîì ïîñëåäîâàòåëüíûõ íàãðóæåíèé ïðèõîäèòñÿ ðåøàòü çàäà÷ó, ìîäèôèöèðóÿ
õîä ìåòîäà ñ öåëüþ óëó÷øåíèÿ ñõîäèìîñòè.

Äàëåå âñòàþò çàäà÷è ïî ðåøåíèþ ñèñòåìû (6) ìåòîäîì Áóáíîâà�Ãàë¼ðêèíà, ñâÿçàííûå ñ
ïîñòðîåíèåì îðòîãîíàëüíîé ñèñòåìû ôóíêöèé â L2(Ω), óäîâëåòâîðÿþùèõ ãðàíè÷íûì óñëîâè-
ÿì è îïðåäåëÿþùèì ñêîðîñòü ñõîäèìîñòè ìåòîäà Áóáíîâà�Ãàë¼ðêèíà.

Çàäà÷è òàêîãî ðîäà âñòàþò ïðè ðåøåíèè ëþáîé èç íåëèíåéíûõ ìîäåëåé èç óêàçàííîãî íàìè
êëàññà ìîäåëåé.

Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ âîïðîñû, ñâÿçàííûå ñ ðåøåíèåì ýòèõ çàäà÷.
Îòìåòèì, ÷òî ïîäîáíûå âîïðîñû âñòàþò è ïðè ðåøåíèè ñòàòè÷åñêèõ ãåîìåòðè÷åñêèè íåëè-

íåéíûõ ìîäåëåé îáîëî÷åê (ñì. [4,5]).

2. Ìîäèôèêàöèè ìåòîäà ïîñëåäîâàòåëüíîãî íàãðóæåíèÿ

Â ðàáîòå [6] ðàññìàòðèâàëàñü ìîäèôèêàöèÿ ìåòîäà ïîñëåäîâàòåëüíîãî íàãðóæåíèÿ, óëó÷-
øàþùàÿ ñõîäèìîñòü ïðè ìàëûõ âðåìåííûõ çàòðàòàõ. Ïóñòü (W ∗n−1, F

∗
n−1) � ïðèáëèæåííîå

ðåøåíèå, ïîëó÷åííîå ìîäèôèöèðîâàííûì ìåòîäîì íà øàãå n − 1. Ïóñòü (∂Wn, ∂Fn) � ðå-
øåíèå ëèíåàðèçîâàííîé â òî÷êå (W ∗n−1, F

∗
n−1) ñèñòåìû óðàâíåíèé ñ ãðàíè÷íûìè óñëîâèÿìè â

ôîðìå Íåéìàíà.
Òîãäà áóäåì ïîëó÷àòü ïðèáëèæ¼ííîå ðåøåíèå ñ ¾íåäîñòàòêîì¿ íà øàãå n ïî ôîðìóëå

W−n = W ∗n−1 + δWn. (7)

Ðåøåíèå ñ ¾èçáûòêîì¿ ïîëó÷èì ïî ôîðìóëå

W+
n = W ∗n−1 + λδWn, (8)

ãäå λ > 1 è ÿâëÿåòñÿ êîðíåì óðàâíåíèÿ
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¨
Ω
K1(F ∗n−1 + f,W ∗n−1 + λw, qn)(W ∗n−1 + λw)dxdy = 0,

ãäå K1(f, w, q) = 0 � ïåðâîå óðàâíåíèå ñèñòåìû Êàðìàíà (1), qn =
∑n

i=0 ∆qi, à ÷åðåç w è f
îáîçíà÷åíû óïîìÿíóòûå â (7) è (8) ∂Wn è ∂Fn ñîîòâåòñòâåííî.

Â [7] ïîêàçàíî, ÷òî òàêîå çíà÷åíèå λ áóäåò îòâå÷àòü ìèíèìàëüíîìó çíà÷åíèþ ïîòåíöèàëü-
íîé ýíåãðèè îáîëî÷êè.

Òåïåðü ïðèáëèæåííîå ðåøåíèå W ∗n äëÿ øàãà n ïîëó÷èì ïî ôîðìóëå

W ∗n =
W+
n +W−n

2
.

Ïðè ýòîì ôóíêöèþ óñèëèé F ∗n äëÿ øàãà n ïîëó÷èì êàê ðåøåíèå âòîðîãî óðàâíåíèÿ ñèñòåìû
Êàðìàíà (1).

Â [6] ÷òî òàêîãî ñîðòà ìîäèôèêàöèÿ äà¼ò çíà÷èòåëüíóþ ýêîíîìèþ âî âðåìåíè ïî ñðàâíåíèþ
ñ íåìîäèôèöèðîâàííûì ìåòîäîì ïîñëåäîâàòåëüíîãî íàãðóæåíèÿ è íåêîòîðûìè èçâåñòíûìè
åãî ìîäèôèêàöèÿìè, íàïðèìåð, ïî ñðàâíåíèþ ñ ïðåäëîæåííîé â [8] ìîäèôèêàöèåé.

3. Âîïðîñû ãëàäêîñòè ðåøåíèé ëèíåéíûõ çàäà÷ è âîïðîñû ñõî-
äèìîñòè ìåòîäà Áóáíîâà�Ãàë¼ðêèíà

Ìåòîä ïîñëåäîâàòåëüíîãî íàãðóæåíèÿ çà ñ÷¼ò ëèíåéíîé àïïðîêñèìàöèè ïî îòäåëüíûì ïà-
ðàìåòðàì ïîçâîëÿåò ñòðîèòü ïîñëåäîâàòåëüíîñòü ôóíêöèé {wn}, êîòîðûå ÿâëÿþòñÿ ðåøåíèåì
ñîîòâåòñòâóþùåãî ëèíåéíîãî îïåðàòîðíîãî óðàâíåíèÿ âèäà

γ
g
∂2W
∂t2

= −D∆2w + Ln(w) + fn, t ∈ [O;T ],

w(0, •) = w0,
∂w
∂t (0, •) = w1,

(9)

ãäå Ln(w) = ∂2Fn
∂y2
· ∂2w
∂x2

+ ∂2Fn
∂x2
· ∂2w
∂y2
−2∂

2Fn
∂x∂y · ∂

2w
∂x∂y , à fn = ∆kFn+ q è {Fn} � ïîñëåäîâàòåëüíîñòü

ôóíêöèé, ïîëó÷åííàÿ êàêèì-ëèáî ìåòîäîì, ñõîäÿùàÿñÿ â ïðîñòðàíñòâå L∞([0;T ], H2(Ω)) ê
ôóíêöèè ïðîãèáà F . Â ðàáîòå [2] â êà÷åñòâå ïîñëåäîâàòåëüíîñòè òàêèõ ôóíêöèé áûëà âçÿòà
ïîñëåäîâàòåëüíîñòü ôóíêöèé, ïîëó÷àåìûõ ìåòîäîì ïîñëåäîâàòåëüíûõ íàãðóæåíèé. Â äàííîì
ñëó÷àå âîçüì¼ì ïîñëåäîâàòåëüíîñòü ôóíêöèé {Fn}, ïîëó÷àåìóþ ìåòîäîì Áóáíîâà�Ãàë¼ðêèíà
è èññëåäóåì âîïðîñû ãëàäêîñòè è ñõîäèìîñòè ðåøåíèÿ. Èçâåñòíî [9], ÷òî òàêàÿ ïîñëåäîâà-
òåëüíîñòü ñõîäèòñÿ â ïðîñòðàíñòâå L∞([0;T ], H2(Ω)), ãäå H2(Ω) � ïðîñòðàíñòâî Ñîáîëåâà, ê
ôóíêöèè óñèëèé F . Îòíîñèòåëüíî ãëàäêîñòè ôóêíöèé wn, ïîëó÷åííûõ â ðåçóëüòàòå ðåøåíèÿ
ëèíåéíûõ îïåðàòîðíûõ óðàâíåíèé âèäà (9) èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Ïðåäïîëîæèì, ÷òî:

1. Ôóíêöèè ∂2Fn
∂xi∂yj

íåïðåðûâíû ïî âðåìåíè.

2. Îïåðàòîð An = D∆2 − Ln ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåë¼ííûì.

3. Ïðè ëþáîì t ∈ [0;T ] ôóíêöèè w0, w1, q ïðèíàäëåæàò îáëàñòè îïðåäåëåíèÿ îïåðàòîðà
∆2r, ãäå äåéñòâèå îïðåàòîðà Ëàïëàñà ðàññìàòðèâàåòñÿ â ïðîñòðàíñòâå H2

0 (Ω).

Òîãäà, äëÿ ëþáîãî t ∈ [0;T ] ðåøåíèå wn çàäà÷è (9) ïðèíàäëåæèò îáëàñòè îïðåäåëåíèÿ îïåðà-
òîðà ∆2r.
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Ðàññìîòðèì âîïðîñ ñõîäèìîñòè ìåòîäà Áóáíîâà�Ãàë¼ðêèíà äëÿ îïåðàòîðíîãî óðàâíåíèÿ
(9). Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 1. Ìåòîä Áóáíîâà�Ãàë¼ðêèíà äëÿ îïåðàòîðíîãî óðàâ-
íåíèÿ (10) çàêëþ÷àåòñÿ â îïðåäåëåíè ïîñëåäîâàòåëüíîñòè ôóíêöèé

wm,n(t, x, y) =

N∑
k=1

βk,n(t)ek, (10)

ñõîäÿùèõñÿ ê ðåøåíèþ wn, ãäå {ek} � ñèñòåìà ñîáñòâåííûõ ôóíêöèé îïåðàòîðà ∆, à êîýôôè-
öèåíòû βk,n(t) íàõîäÿòñÿ èç óñëîâèé:

1.
(
γ
g
∂2wn,N
∂t2

, er

)
+
(
D∆2wn,N + Ln(wn,N ), er

)
= (fn, er), r = 1, N ;

2. wn,N (0, •) = w0,N ,
∂wn,N
∂t (0, •) = w1,N ,

ãäå w0,N −→ w0, w1,N −→ w1, ïðè N −→∞.
Îòíîñèòåëüíî ïîðÿäêà ñêîðîñòè ñõîäèìîñòè ìåòîäà Áóáíîâà�Ãàë¼ðêèíà ïðè ñäåëàííûõ

âûøå ïðåäïîëîæåíèÿõ èìååò ìåñòî òåîðåìà.

Òåîðåìà 2. Ñêîðîñòü ñõîäèìîñòè ïîñëåäîâàòåëüíîñòè ôóíêöèé {wn,N} âèäà (10) ê
ðåøåíèþ wn îïåðàòîðíîãî óðàâíåíèÿ (9) â ïðîñòðàíñòâå L∞([0;T ], H2

0 (Ω)) èìååò ïîðÿäîê
O
(

1
N2r−1

)
.

Äîêàçàòåëüñòâî òåîðåìû 2 ñì. â ðàáîòå [2].

4. Ïîñòðîåíèå îðòîíîðìèðîâàííîé ñèñòåìû ôóíêöèé äëÿ ðåøå-
íèèÿ çàäà÷è ìåòîäîì Áóáíîâà�Ãàë¼ðêèíà

Ïðè n = 0 ôóíêöèèW0 è F0 ÿâëÿþòñÿ ðåøåíèåì ëèíåéíîé ñèñòåìû óðàâíåíèé, ïîëó÷åííîé
â ðåçóëüòàòå ëèíåàðèçàöèè ñèñòåìû (1) ïðè q = ∆q0. Ëèíåéíûå ñèñòåìû âèäà (6) ðåøàþòñÿ
ìåòîäîì Áóáíîâà�Ãàë¼ðêèíà. Òóò ñëåäóåò îòìåòèòü, ÷òî äëÿ ïðèìåíåíèÿ ìåòîäà Áóáíîâà�
Ãàë¼ðêèíà ïîòðåáóåòñÿ ïîñòðîåíèå ïîëíîé îðòíîðìèðîâàííîé ñèñòåìû áàçèñíûõ ôóíêöèé èç
L2(Ω), îòâå÷àþùèõ ãðàíè÷íûì óñëîâèÿì çàäà÷è. Ýòî íåñëîæíî ñäåëàòü, ê ïðèìåðó, äëÿ ïðÿ-
ìîóãîëüíûõ â ïëàíå îáîëî÷åê. Â ñàìîì äåëå, äëÿ îáîëî÷êè, ñåðåäèííàÿ ïîâåðõíîñòü êîòîðîé
îïðåäåëåíà êàê ïðÿìîóãîëüíàÿ îáëàñòü Ω = {(x, y) : 0 ≤ x ≤ a & 0 ≤ y ≤ b}, â êà÷åñòâå òàêîé
ñèñòåìû ïîäîéä¼ò, ê ïðèìåðó, ñëåäóþùàÿ ñèñòåìà

pm,l = sin
2πm

a
sin

2πl

b
, m = 1, 2, . . . , l = 1, 2, . . . .

Â ñëó÷àå îáîëî÷å÷íîé êîíñòðóêöèè ñ ïðîèçâîëüíîé êîíôèãóðàöèåé ãðàíèö, óäîâëåòâîðÿ-
þùåé ëèøü óñëîâèÿì, îïèñàííûì âî ââåäåíèè, çàäà÷à íàõîæäåíèÿ òàêîé ïîëíîé îðòíîðìèðî-
âàííîé ñèñòåìû áàçèñíûõ ôóíêöèé èç L2(Ω) ñóùåñòâåííî óñëîæíÿåòñÿ.

Ïîñòðîèì ëèíåéíî íåçàâèñèìóþ ñèñòåìó ôóíêöèé, îïðåäåëåííûõ â îáëàñòè Ω è óäîâëå-
òâîðÿþùèõ ãðàíè÷íûì óñëîâèÿì çàäà÷è Êîøè (1). Ñ ýòîé öåëüþ ââåä¼ì âñïîìîãàòåëüíóþ
ôóíêöèþ φ(x, y).

Ïóñòü ãðàíèöà îáëàñòè Ω ÿâëÿåòñÿ êóñî÷íî àëãåáðàè÷åñêèì ëèíèåé, ò.å. Γ =
⋃
i Γi, ãäå

Γi îïðåäåëÿåòñÿ àëãåáðàè÷åñêèì óðàâíåíèåì φi(x, y) = 0 è ðàññìàîòðè íóëåâûå ãðàíè÷íûå
óñëîâèÿ âèäà: 

W |Γ = 0,
∂W

∂η̄

∣∣∣∣
Γ

= 0,

F |Γ = 0,
∂F

∂η̄

∣∣∣∣
Γ

= 0.
(11)
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Òîãäà âñïîìîãàòåëüíàÿ ôóíêöèÿ áóäåò èìåòü âèä

φ(x, y) =
∏
k

φk(x, y). (12)

Îïðåäåëèì ñèñòåìó ôóíêöèé {pi,j(x, y)} ñëåäóþùèì îáðàçîì:

P = {pi,j(x, y) : pi,j(x, y) = φ2(x, y)xiyj}, i ∈ N+, j ∈ N+.

Âûïîëíèì ïðîöåäóðó ïîíèæåíèÿ ðàçìåðíîñòè ìóëüòèèíäåêñà. Ñâåä¼ì ìóëüòèèíäåêñ (i, j)
ñèñòåìû ôóíêöèé P ê îäíîìåðíîìó èíäåêñó m êàê ïîêàçàíî â [10-13]. Òàêàÿ ñèñòåìà áóäåò
ëèíåéíî íåçàâèñèìîé. Òåïåðü âûïîëíèì îðòîãîíàëèçàöèþ ñèñòåìû P:

R̂ =
{
r̂m(x, y) : r̂m(x, y) = r̃m(x,y)

‖r̃m(x,y)‖L2
, r̃0(x, y) = r0,

r̃m(x, y) = rm −
m−1∑
j=0
〈rm, rj〉rm(x, y)

}
,

(13)

ãäå 〈·, ·〉 îáîçíà÷àåò

〈u, v〉 =

˜
Ω

u(x, y)v(x, y)dxdy

˜
Ω

v(x, y)v(x, y)dxdy
. (14)

Ïîëó÷åííàÿ ñèñòåìà ôóíêöèé R̂ ÿâëÿåòñÿ îðòîíîðìèðîâàííîé è óäîâëåòâîðÿåò êðàåâûì
ãðàíè÷íûì óñëîâèÿì çàäà÷è Êîøè äëÿ ìîäåëè Êàðìàíà, âçÿòîé äëÿ îáîëî÷êè ïðîèçâîëüíîé
êîíôèãóðàöèè.

Íà êàæäîì øàãå ìåòîäà ïîñëåäîâàòåëüíîãî íàãðóæåíèÿ, êðîìå âîçìîæíî ïåðâîãî, ðåøàåò-
ñÿ çàäà÷à ñ ãðàíè÷íûìè óñëîâèÿìè â ôîðìå Íåéìàíà. Â ýòîì ñëó÷àå âñïîìîãàòåëüíàÿ ôóíêöèÿ
áóäåò âûãëÿäåòü ñëåäóþùèì îáðàçîì

φ(x, y) =
∏
k

φk(x, y). (15)

Çàìåòèì, ÷òî â äàííîé ðàáîòå íå ïëàíèðîâàëèñü ïðèìåðû ÷èñëåííîé ðåàëèçàöèè ìîäèôè-
öèðîâàííîãî ìåòîäà Â. Â Ïåòðîâà.
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ÎÒ ÄÈÎÔÀÍÒÎÂÛÕ ÏÐÈÁËÈÆÅÍÈÉ ÄÎ
ÄÈÎÔÀÍÒÎÂÛÕ ÓÐÀÂÍÅÍÈÉ

À. Ä. Áðþíî (ã. Ìîñêâà)

Àííîòàöèÿ

Ïóñòü â âåùåñòâåííîì n-ìåðíîì ïðîñòðàíñòâå Rn = {X} çàäàíî m îäíîðîäíûõ âåùå-
ñòâåííûõ ôîðì fi(X), i = 1, . . . ,m, 2 6 m 6 n. Âûïóêëàÿ îáîëî÷êà ìíîæåñòâà çíà÷åíèé
G(X) = (|f1(X)|, . . . , |fm(X)|) ∈ Rm+ äëÿ öåëî÷èñëåííûõ X ∈ Zn âî ìíîãèõ ñëó÷àÿõ ÿâëÿåò-
ñÿ âûïóêëûì ìíîãîãðàííûì ìíîæåñòâîì, ãðàíèöà êîòîðîãî äëÿ ||X|| < const âû÷èñëÿåòñÿ
ñ ïîìîùüþ ñòàíäàðòíîé ïðîãðàììû. Òî÷êè X ∈ Zn, äëÿ êîòîðûõ çíà÷åíèÿ G(X) ëåæàò
íà ýòîé ãðàíèöå, íàçâàíû ãðàíè÷íûìè. Îíè ÿâëÿþòñÿ íàèëó÷øèìè äèîôàíòîâûìè ïðè-
áëèæåíèÿìè äëÿ êîðíåâûõ ìíîæåñòâ óêàçàííûõ ôîðì. Èõ âû÷èñëåíèå äà¼ò ãëîáàëüíîå
îáîáùåíèå öåïíîé äðîáè. Äëÿ n = 3 îáîáùèòü öåïíóþ äðîáü áåçóñïåøíî ïûòàëèñü Ýéëåð,
ßêîáè, Äèðèõëå, Ýðìèò, Ïóàíêàðå, Ãóðâèö, Êëåéí, Ìèíêîâñêèé, Áðóí, Àðíîëüä è ìíîãèå
äðóãèå.

Ïóñòü p(ξ) � öåëûé íåïðèâîäèìûé â Q ìíîãî÷ëåí ñòåïåíè n è λ � åãî êîðåíü. Íàáîð
îñíîâíûõ åäèíèö êîëüöà Z[λ] ìîæíî âû÷èñëèòü ïî ãðàíè÷íûì òî÷êàì íåêîòîðîé ñîâîêóï-
íîñòè ëèíåéíûõ è êâàäðàòè÷íûõ ôîðì, ïîñòðîåííûõ ïî êîðíÿì ìíîãî÷ëåíà p(ξ). Äî ñèõ
ïîð ýòè åäèíèöû âû÷èñëÿëèñü òîëüêî äëÿ n = 2 (ñ ïîìîùüþ îáû÷íûõ öåïíûõ äðîáåé)
è n = 3 (ñ ïîìîùüþ àëãîðèòìîâ Âîðîíîãî). Êàæäàÿ åäèíèöà îïðåäåëÿåò àâòîìîðôèçì
ãðàíè÷íûõ òî÷åê â Rn è àâòîìîðôèçì èõ îáðàçîâ â Rm+ . Â ëîãàðèôìè÷åñêîé ïðîåêöèè
Rm+ íà Rm−1 ìîæíî íàéòè ôóíäàìåíòàëüíóþ îáëàñòü äëÿ ãðóïïû âòîðûõ àâòîìîðôèçìîâ,
ñîîòâåòñòâóþùèõ åäèíèöàì.

Ñ ïîìîùüþ ýòèõ êîíñòðóêöèé ìîæíî íàõîäèòü öåëî÷èñëåííûå ðåøåíèÿ äèîôàíòîâûõ
óðàâíåíèé ñïåöèàëüíîãî âèäà. Àíàëîãè÷íî âû÷èñëÿþòñÿ âñå óêàçàííûå îáúåêòû äëÿ äðó-
ãèõ êîëåö ïîëÿ Q(λ). Ïðèâåäåíû ïðèìåðû.

Íàø ïîäõîä îáîáùàåò öåïíóþ äðîáü, ïîçâîëÿåò âû÷èñëèòü íàèëó÷øèå ñîâìåñòíûå ïðè-
áëèæåíèÿ, îñíîâíûå åäèíèöû àëãåáðàè÷åñêèõ êîëåö ïîëÿ Q(λ) è âñå ðåøåíèÿ íåêîòîðîãî
êëàññà äèîôàíòîâûõ óðàâíåíèé äëÿ ëþáîãî n.

Êëþ÷åâûå ñëîâà: îáîáùåíèå öåïíîé äðîáè, äèîôàíòîâû ïðèáëèæåíèÿ, íàáîð îñíîâíûõ
åäèíèö, ôóíäàìåíòàëüíàÿ îáëàñòü, äèîôàíòîâî óðàâíåíèå.

Áèáëèîãðàôèÿ: 16 íàçâàíèé.

FROM DIOPHANTINE APPROXIMATIONS TO
DIOPHANTINE EQUATIONS

A. D. Bruno (Moscow)

Abstract

Let in the real n-dimensional space Rn = {X} be given m real homogeneous forms fi(X),
i = 1, . . . ,m, 2 6 m 6 n. The convex hull of the set of points G(X) = (|f1(X)|, . . . , |fm(X)|)
for integer X ∈ Zn in many cases is a convex polyhedral set. Its boundary for ||X|| < const
can be computed by means of the standard program. The points X ∈ Zn are called boundary
points if G(X) lay on the boundary. They correspond to the best Diophantine approximations
X for the given forms. That gives the global generalization of the continued fraction. For n = 3
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Euler, Jacobi, Dirichlet, Hermite, Poincar�e, Hurwitz, Klein, Minkowski, Brun, Arnold and a lot
of others tried to generalize the continued fraction, but without a succes.

Let p(ξ) be an integer real irreducible in Q polynomial of the order n and λ be its root. The
set of fundamental units of the ring Z[λ] can be computed using boundary points of some set of
linear and quadratic forms, constructed by means of the roots of the polynomial p(ξ). Similary
one can compute a set of fundamental units of other rings of the �eld Q(λ). Up today such sets
of fundamental units were computed only for n = 2 (using usual continued fractions) and n = 3
(using the Voronoi algorithms).

Our approach generalizes the continued fraction, gives the best rational simultaneous
approximations, fundamental units of algebraic rings of the �eld Q(λ) and all solutions of a
certain class of Diophantine equations for any n.

Keywords: generalization of continued fraction, Diophantine approximations, set of funda-
mental units, fundamental domain, Diophantine equation.

Bibliography: 16 titles.

1. Öåïíàÿ äðîáü

Ïóñòü α0 è α1 � íàòóðàëüíûå ÷èñëà. Äëÿ íàõîæäåíèÿ èõ íàèáîëüøåãî îáùåãî äåëèòåëÿ
èñïîëüçóåòñÿ àëãîðèòì Åâêëèäà ïîñëåäîâàòåëüíîãî äåëåíèÿ ñ îñòàòêîì:

α0 = a0α1 + α2, α1 = a1α2 + α3, α2 = a2α3 + α4, . . .

ãäå íàòóðàëüíûå ÷èñëà a0, a1, a2, . . . ñóòü íåïîëíûå ÷àñòíûå. Ýòî àëãîðèòì ðàçëîæåíèÿ ÷èñëà
α = α0/α1 â ïðàâèëüíóþ öåïíóþ äðîáü [1], è îí ïðèìåíèì ê ëþáûì âåùåñòâåííûì ÷èñëàì α.
Ïðè ýòîì a0 = [α], ãäå [α] � öåëàÿ ÷àñòü ÷èñëà α, a1 = [1/(α− a0)], . . . , ò. å.

α = a0 +
1

a1 +
1

a2 +
. . .

, (1)

è (
αk+1

αk+2

)
=

(
0 1
1 −ak

)(
αk
αk+1

)
, ak = [αk/αk+1].

Åñëè ðàçëîæåíèå (1) îáîðâàòü íà ak è ñâåðíóòü ýòó îáîðâàííóþ öåïíóþ äðîáü â ðàöèîíàëü-
íîå ÷èñëî pk/qk, òî ïîëó÷àåòñÿ ïîäõîäÿùàÿ äðîáü, êîòîðàÿ äà¼ò íàèëó÷øåå ðàöèîíàëüíîå
ïðèáëèæåíèå ê ÷èñëó α. Ïðè ýòîì(

pk pk−1

qk qk−1

)
=

(
pk−1 pk−2

qk−1 qk−2

)(
ak 1
1 0

)
,(

ak 1
1 0

)−1

=

(
0 1
1 −ak

)
, det

(
pk pk−1

qk qk−1

)
= ±1,

ò.å. âåêòîðû (αk, αk+1) è (pk, qk) ïðèíàäëåæàò ñîïðÿæ¼ííûì ïëîñêîñòÿì, è ïàðà âåêòîðîâ
(pk, qk), (pk−1, qk−1) ìîæåò ñëóæèòü áàçèñîì â îäíîé èç íèõ. Ëàãðàíæ [1, � 10] äîêàçàë, ÷òî
äëÿ êâàäðàòè÷íûõ èððàöèîíàëüíîñòåé α ðàçëîæåíèå â öåïíóþ äðîáü ïåðèîäè÷íî (è îáðàòíî),
òî åñòü ïîñëåäîâàòåëüíîñòü íåïîëíûõ ÷àñòíûõ a0, a1, a2, a3, . . . , íà÷èíàÿ ñ êàêîãî-òî íîìåðà
ñîñòîèò èç ïîâòîðÿþùåãîñÿ îòðåçêà ak, ak+1, . . . , ak+t.

Èòàê, ðàçëîæåíèå ÷èñëà â öåïíóþ äðîáü: ïðîñòî; äàåò íàèëó÷øèå ðàöèîíàëüíûå ïðèáëè-
æåíèÿ ê ÷èñëó; êîíå÷íî äëÿ ðàöèîíàëüíîãî ÷èñëà; ïåðèîäè÷íî äëÿ êâàäðàòè÷íûõ èððàöèî-
íàëüíîñòåé [1, � 10]; óñòðîåíî êàê äëÿ ïî÷òè âñåõ ÷èñåë [1, ãë. III] äëÿ êóáè÷åñêèõ èððàöèî-
íàëüíîñòåé [2]. Êðîìå òîãî, îíî îáëàäàåò åù¼ ðÿäîì çàìå÷àòåëüíûõ ñâîéñòâ.
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2. Ãëîáàëüíîå îáîáùåíèå öåïíîé äðîáè è íàèëó÷øèå äèîôàíòîâû
ïðèáëèæåíèÿ

Îáîáùèòü öåïíóþ äðîáü äëÿ âåêòîðîâ áåçóñïåøíî ïûòàëèñü Ýéëåð, ßêîáè, Äèðèõëå, Ýð-
ìèò, Ïóàíêàðå, Ãóðâèö, Êëåéí, Ìèíêîâñêèé, Áðóí, Àðíîëüä è ìíîãèå äðóãèå [3, 4], [5, ï. 1.2].
Òîëüêî ïîøàãîâûå àëãîðèòìû Âîðîíîãî [6] áåçîòêàçíû, íî ñëîæíû.

Â [5,7, 8] ïðåäëîæåíî ñëåäóþùåå îáîáùåíèå öåïíîé äðîáè.
Ïóñòü â n-ìåðíîì âåùåñòâåííîì ïðîñòðàíñòâå Rn ñ êîîðäèíàòàìè X = (x1, . . . , xn) çàäàíû

m îäíîðîäíûõ âåùåñòâåííûõ ôîðì (ò. å. ìíîãî÷ëåíîâ îò ïåðåìåííûõ) f1(X), . . . , fm(X), 2 6
6 m 6 n.

Ìîäóëè gi(X) = |fi(X)| ôîðì fi(X), i = 1, . . . ,m, çàäàþò îòîáðàæåíèå G(X) =

= (g1(X), . . . , gm(X)) ïðîñòðàíñòâà Rn â ïîëîæèòåëüíûé îðòàíò S
def
= Rm+ â m-ìåðíîì ïðî-

ñòðàíñòâå Rm ñ êîîðäèíàòàìè S = (s1, . . . , sm): si = gi(X) = |fi(X)|, i = 1, . . . ,m. Ïðè ýòîì
öåëî÷èñëåííàÿ ðåø¼òêà Zn ⊂ Rn îòîáðàæàåòñÿ â íåêîòîðîå ìíîæåñòâî Z ⊂ S. Çàìûêàíèå
âûïóêëîé îáîëî÷êè H ìíîæåñòâà Z\0 ÿâëÿåòñÿ âûïóêëûì ìíîæåñòâîì. Âñå öåëî÷èñëåííûå
òî÷êè X ∈ Zn\0, îòîáðàæàþùèåñÿ íà ãðàíèöó ∂H ìíîæåñòâà H, íàçîâ¼ì ãðàíè÷íûìè.

Çàäà÷à 1. Íàéòè âñå ãðàíè÷íûå òî÷êè X.

Ðåøåíèå çàäà÷è 1. Â äàëüíåéøåì îãðàíè÷èìñÿ ñëó÷àÿìè, êîãäà âûïóêëîå ìíîæåñòâî H ÿâëÿ-
åòñÿ ìíîãîãðàííûì, ò.å. åãî ãðàíèöà ∂H ñîñòîèò èç âåðøèí, ð¼áåð, ãðàíåé ðàçëè÷íûõ ðàçìåð-
íîñòåé è íå ñîäåðæèò íåïðåðûâíûõ ¾êðèâûõ¿ ÷àñòåé. Â ýòèõ ñëó÷àÿõ ãðàíèöà ∂H âû÷èñëÿåòñÿ
ñ ïîìîùüþ ñòàíäàðòíûõ ïðîãðàìì äëÿ âû÷èñëåíèÿ âûïóêëûõ ìíîãîãðàíûõ îáîëî÷åê [9, 10].
Ýòî è äà¼ò àëãîðèòìè÷åñêîå îáîáùåíèå öåïíîé äðîáè íà ëþáóþ ðàçìåðíîñòü. Ïðèìåðû ñì.
â [5].

Â ÷àñòíîñòè, ýòî äà¼ò âîçìîæíîñòü âû÷èñëèòü íàèëó÷øèå ñîâìåñòíûå ðàöèîíàëüíûå
ïðèáëèæåíèÿ q1/q0, . . . , qm/q0 ê âåùåñòâåííûì ÷èñëàì β1, . . . , βm, ãäå q0, q1, . . . , qm ∈ Z è
fi(q0, qi) = q0βi − qi, i = 1, . . . ,m. Çäåñü m = m è n = m+ 1.

Ïðèìåð 1. Ïóñòü f1 = x1α − x2, f2 = x1, ãäå α ∈ R, α > 0. Çäåñü n = m = 2. Êàæäîé
âåðøèíå ëîìàíîé ∂H ñ x1 = p, x2 = q ∈ Z+ ñîîòâåòñòâóåò ïîäõîäÿùàÿ äðîáü q/p öåïíîé
äðîáè ÷èñëà α. Ýòà òî÷êà (x1, x2) ÿâëÿåòñÿ ãðàíè÷íîé. Íî, âîîáùå ãîâîðÿ, íå êàæäîé ïîä-
õîäÿùåé äðîáè s/r, r, s ∈ Z+ öåïíîé äðîáè ÷èñëà α ñîîòâåòñòâóåò âåðøèíà x1 = r, x2 = s
ëîìàíîé ∂H.

Ãèïîòåçà. Åñëè âñå f1, . . . , fm ñóòü ëèíåéíûå è êâàäðàòè÷íûå ôîðìû, òî ãðàíèöà ∂H íå
èìååò íåïðåðûâíûõ êðèâûõ ó÷àñòêîâ, ò. å. ÿâëÿåòñÿ ìíîãîãðàííîé.

Áîëåå òîãî, äî ñèõ ïîð íåèçâåñòíî íè îäíîãî íàáîðà ôîðì f1, . . . , fm, äëÿ êîòîðîãî ãðàíèöà
∂H íå áûëà áû ìíîãîãðàííîé.

3. Îñíîâíûå åäèíèöû êîëüöà Z[λ]

Ïóñòü äàí öåëûé íåïðèâîäèìûé â Q âåùåñòâåííûé ìíîãî÷ëåí

p(ξ) = ξn + b1ξ
n−1 + . . .+ bn−1ξ + bn (2)

ñ öåëûìè êîýôôèöèåíòàìè bi, ò. å. îí íå ðàçëàãàåòñÿ â ïðîèçâåäåíèå äâóõ íåòðèâèàëüíûõ
ìíîãî÷ëåíîâ ñ êîýôôèöèåíòàìè èç Q. Åìó ñîîòâåòñòâóåò êîëüöî Z[λ] ÷èñåë âèäà

ξ(X) = x1 + x2λ+ . . .+ xnλ
n−1 (3)
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ñ öåëûìè êîýôôèöèåíòàìè xi, ãäå λ � êîðåíü ìíîãî÷ëåíà (2) è X = (x1, . . . , xn) ∈ Zn. Êàæ-
äîìó ÷èñëó (3) ñîîòâåòñòâóåò êâàäðàòíàÿ ìàòðèöà D(ξ) = (dij):

λiξ(X) =
n−1∑
j=0

dijλ
j , i = 0, 1, . . . , n− 1.

Îïðåäåëèòåëü detD(ξ) íàçûâàåòñÿ íîðìîé ÷èñëà (3) è îáîçíà÷àåòñÿN(ξ). Íîðìà ïðîèçâåäåíèÿ
÷èñåë ðàâíà ïðîèçâåäåíèþ èõ íîðì: N (ξ1 · ξ2) = N(ξ1) ·N(ξ2). Òå ÷èñëà (3), ó êîòîðûõ íîðìà
N(ξ) = ±1, íàçûâàþòñÿ åäèíèöàìè [11, ãë. II]. Â äàëüíåéøåì ïðåäïîëàãàåì, ÷òî ñðåäè êîðíåé
ìíîãî÷ëåíà p(ξ) íåò åäèíèö. Ñóùåñòâóåò òàêîé íàáîð åäèíèö Σ = (ε1, . . . , εr), ÷òî âñÿêàÿ
åäèíèöà ε ∈ Z[λ] îäíîçíà÷íî ïðåäñòàâëÿåòñÿ â âèäå

ε = ±εa11 · · · εarr , (4)

ãäå ai � öåëûå ÷èñëà. Ýòè åäèíèöû ε1, . . . , εr íàçûâàþòñÿ îñíîâíûìè.

Çàäà÷à 2. Äëÿ ôèêñèðîâàííîãî ìíîãî÷ëåíà (2) íàéòè íàáîð îñíîâíûõ åäèíèö êîëüöà
Z[λ].

Ðåøåíèå çàäà÷è 2. Ïóñòü íåïðèâîäèìûé â Q ìíîãî÷ëåí (2) èìååò l âåùåñòâåííûõ êîðíåé λ1,
. . ., λl è k ïàð êîìïëåêñíî ñîïðÿæ¼ííûõ êîðíåé λl+1, . . ., λl+k, λ̄l+1, . . ., λ̄l+k, l+ 2k = n. Çäåñü
l > 0, k > 0. Ðàññìîòðèì m = k + l ôîðì

fi(X) = 〈Li, X〉 , i = 1, . . . , l,

fl+j(X) = 〈Kl+j , X〉
〈
K̄l+j , X

〉
, j = 1, . . . , k,

ãäå

Li =
(
1, λi, λ

2
i , . . . , λ

n−1
i

)
, 〈Li, X〉 = x1 + λix2 + . . .+ λn−1

i xn,

Kl+j =
(

1, λl+j , λ
2
l+j , . . . , λ

n−1
l+j

)
, K̄l+j =

(
1, λ̄l+j , λ̄

2
l+j , . . . , λ̄

n−1
l+j

)
.

Ïî òåîðåìå Äèðèõëå [11, ãë. II, � 4, ï. 3] äëÿ ìíîãî÷ëåíà (2) ÷èñëî îñíîâíûõ åäèíèö r = k+l−1.
Äàëåå ïðåäïîëàãàåì, ÷òî m = k + l > 2. Èáî, åñëè k + l 6 1, òî r 6 0 è ïî òåîðåìå Äèðèõëå
îñíîâíûå åäèíèöû îòñóòñòâóþò.

Òåîðåìà 1 ( [11, ãë. II, � 1, ï. 2]). Äëÿ ÷èñåë (3) ñ X = (x1, . . . , xn) ∈ Rn

N(ξ) = f(X)
def
= f1(X) . . . fm(X). (5)

Ïîýòîìó äëÿ âñåõ åäèíèö âèäà (3)

f(X) = ±1 è g(X)
def
= |f(X)| = 1. (6)

Ïóñòü Žn � ìíîæåñòâî òî÷åê X ∈ Zn ñî ñâîéñòâîì (6). Ðàññìîòðèì äëÿ íåãî (ò. å. äëÿ X ∈ Žn)
êîíñòðóêöèè ðàçäåëà 1: ìíîæåñòâî Ž çíà÷åíèé

G(X) = (g1(X), . . . , gm(X)) ⊂ S = Rm+ ,

ãäå gi(X) = |fi(X)|, i = 1, . . . ,m, âûïóêëóþ îáîëî÷êó Ȟ ìíîæåñòâà Ž è å¼ ãðàíèöó ∂Ȟ.
Ãðàíèöà ∂Ȟ èìååò ðàçìåðíîñòü m − 1 = r, íå èìååò êðèâûõ ó÷àñòêîâ è ñîñòîèò èç âåðøèí,
ð¼áåð è ãðàíåé.
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Òåîðåìà 2. Âñå ãðàíè ãðàíèöû ∂Ȟ ÿâëÿþòñÿ ñèìïëåêñàìè, à çíà÷åíèå G0 = (1, 1, . . . , 1)
ÿâëÿåòñÿ å¼ âåðøèíîé.

Ïóñòü ∆ � íåêîòîðàÿ (m − 1)-ìåðíàÿ ãðàíü ãðàíèöû ∂Ȟ, ñîäåðæàùàÿ âåðøèíó G0 =
(1, 1, . . . , 1), à R1, . . . , Rm−1 � å¼ ð¼áðà, ñîäåðæàùèå G0.

Òåîðåìà 3. Ïóñòü Gi � âòîðàÿ âåðøèíà ðåáðà Ri, îòëè÷íàÿ îò âåðøèíû G0, i =
1, . . . ,m − 1. ×èñëà (3), ó êîòîðûõ G(X) = Gi, i = 1, . . . ,m − 1, îáðàçóþò íàáîð îñíîâíûõ
åäèíèö êîëüöà Z[λ].

Ñëåäîâàòåëüíî, äëÿ âû÷èñëåíèÿ îñíîâíûõ åäèíèö íàäî íà íåêîòîðîì îãðàíè÷åííîì ìíî-
æåñòâå ||X|| < const, X ∈ Žn âû÷èñëèòü êóñîê ãðàíèöû ∂Ȟ, ñîäåðæàùèé (m−1)-ìåðíóþ ãðàíü
∆.

Êàæäîìó ÷èñëó (3) ñîîòâåòñòâóåò ìàòðèöà

T (ξ) = x1E + x2B + . . .+ xnB
n−1,

ãäå E � åäèíè÷íàÿ, à B � ýòî ìàòðèöà, ñîïðîâîæäàþùàÿ ìíîãî÷ëåí (2):

B =


0 1 0 · · · 0 0
0 0 1 · · · 0 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 · · · 0 1
−bn −bn−1 −bn−2 · · · −b2 −b1

 .

Åñëè ÷èñëî (3) ÿâëÿåòñÿ åäèíèöåé, òî ìàòðèöà T (ξ) óíèìîäóëÿðíà è ëèíåéíîå ïðåîáðàçî-
âàíèå X∗ = T (ξ)X â Rn ÿâëÿåòñÿ àâòîìîðôèçìîì ìíîæåñòâà H è èíäóöèðóåò àâòîìîðôèçì

s∗i = gi(X)si, i = 1, . . . ,m, (7)

ìíîæåñòâà Ȟ â S = Rm+ . Ñëåäîâàòåëüíî, êàæäîé åäèíèöå ε ñîîòâåòñòâóåò ïåðèîä T (ε) îáîáù¼í-
íîé öåïíîé äðîáè. Êîëè÷åñòâî íåçàâèñèìûõ ïåðèîäîâ ðàâíî m− 1. Ýòî � îáîáùåíèå òåîðåìû
Ëàãðàíæà [1, � 10], äîêàçàííîé äëÿ n = l = 2, k = 0, ò. å. m = k + l = 2.

4. Ôóíäàìåíòàëüíàÿ îáëàñòü

Â ïîëå Q(λ) âñÿêàÿ öåëàÿ ñòåïåíü t > n ÷èñëà ξ èç (3) îäíîçíà÷íî çàïèñûâàåòñÿ â âèäå
ìíîãî÷ëåíà îò λ ñòåïåíè n− 1, èáî

λn = −
(
bn + bn−1λ+ . . .+ b1λ

n−1
)
.

Ïîýòîìó îòíîøåíèå äâóõ ìíîãî÷ëåíîâ îò λ îäíîçíà÷íî çàïèñûâàåòñÿ â âèäå ìíîãî÷ëåíà îò λ
ñòåïåíè n− 1.

Òåîðåìà 4. Ïóñòü X = (x1, . . . , xn), Y = (y1, . . . , yn), Z = (z1, . . . , zn) ∈ Qn è ξ(X)·ξ(Y ) =
ξ(Z), òîãäà fi(X) · fi(Y ) = fi(Z), i = 1, . . . ,m.

Ñëåäñòâèå 1. Â óñëîâèÿõ òåîðåìû 4 gi(X) · gi(Y ) = gi(Z), i = 1, . . . ,m.

Ëîãàðèôìè÷åñêàÿ çàìåíà

hi(X) = ln gi(X), i = 1, ...,m, H
def
= (h1, . . . , hm)
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âçàèìíî îäíîçíà÷íî ïåðåâîäèò S = Rm+ â Rm. Ïðè ýòîì (m − 1)-ìåðíàÿ ãðàíèöà ∂H ìíîãî-
ãðàííîãî ìíîæåñòâà H ïåðåõîäèò â (m−1)-ìåðíóþ ïîâåðõíîñòü, êîòîðàÿ âçàèìíî îäíîçíà÷íî

ïðîåêòèðóåòñÿ íà Rm−1 = {H ′}, ãäå H ′ def
= (h1, . . . , hm−1).

Íà Rm−1 àâòîìîðôèçì (7) ïðèíèìàåò âèä

h∗i = ln gi(X) + hi, i = 1, . . . ,m− 1, (8)

ò. å. ÿâëÿåòñÿ ïàðàëëåëüíûì ïåðåíîñîì. Åäèíèöû êîëüöà Z[λ] îáðàçóþò àáåëåâó ãðóïïó ïî
óìíîæåíèþ. Ïî òåîðåìå 4 èõ ëîãàðèôìû H îáðàçóþò àáåëåâó ãðóïïó ïî ñëîæåíèþ. Â Rm−1

èìååòñÿ ôóíäàìåíòàëüíàÿ îáëàñòü F îòíîñèòåëüíî ñäâèãîâ (8) ýòîé ãðóïïû. Ïóñòü m-ìåðíûå
âåêòîðû Gi, i = 1, . . . ,m − 1, ñîîòâåòñòâóþùèå îñíîâíûì åäèíèöàì òåîðåìû 3, èìåþò âèä
Gi = (g1i, . . . , gmi). Ïîëîæèì

Γi = (ln g1i, . . . , ln gm−1,i) , i = 1, . . . ,m− 1. (9)

Òåîðåìà 5. Â Rm−1 ôóíäàìåíòàëüíàÿ îáëàñòü îòíîñèòåëüíî ñäâèãîâ (8), (9) � ýòî
(m− 1)-ìåðíûé ¾êóá¿

F =
{
H ′ = µ1Γ1 + . . .+ µm−1Γm−1, 0 6 µi 6 1, i = 1, . . . ,m− 1

}
. (10)

Ïðè âû÷èñëåíèè ãðàíèöû âûïóêëîé îáîëî÷êè íåêîòîðîãî ìíîæåñòâà òî÷åê òðóäíîñòè âîç-
ðàñòàþò âìåñòå ñ ðîñòîì êîëè÷åñòâà òî÷åê. ×òîáû óìåíüøèòü ýòè òðóäíîñòè ìîæíî âû÷èñëå-
íèÿ ðàçáèòü íà ñëåäóþùèå 6 øàãîâ.

Øàã 1. Ñíà÷àëà â êîëüöå Z[λ] íàõîäèì âñå åäèíèöû ñ X ∈ Zn èç îáëàñòè ||X|| < const,
âû÷èñëÿÿ çíà÷åíèÿ g(X) â ýòèõ X.

Øàã 2. Çàòåì íà ìíîæåñòâå åäèíèö {X̌} íàäî âû÷èñëèòü ãðàíèöó ∂Ȟ èõ âûïóêëîé îáîëî÷êè
Ȟ.

Øàã 3. Ïî òåîðåìå 3 èç ∂Ȟ âûäåëÿåì íàáîð îñíîâíûõ åäèíèö, ïðåäñòàâëåííûõ â S âåðøè-
íàìè G1, . . . , Gm−1.

Øàã 4. Ïî òåîðåìå 5 íàõîäèì ôóíäàìåíòàëüíóþ îáëàñòü (10).

Øàã 5. Òåïåðü âûïóêëàÿ îáîëî÷êà çíà÷åíèé G(X) ñ ξ(X) ∈ Z[λ] âû÷èñëÿåòñÿ òîëüêî ïî òåì
X, ó êîòîðûõ H ′(X) ïîïàäàþò â ôóíäàìåíòàëüíóþ îáëàñòü (10) è å¼ áëèçêóþ îêðåñò-
íîñòü.

Øàã 6. Ïî ýòîé ÷àñòè ãðàíèöû ∂H âîññòàíàâëèâàåòñÿ âñÿ ãðàíèöà ∂H ñ ïîìîùüþ ïåðèîäîâ
Gi, i = 1, . . . ,m− 1, ñîîòâåòñòâóþùèõ îñíîâíûì åäèíèöàì, èëè ñ ïîìîùüþ ñäâèãîâ (8).

5. Äèîôàíòîâû óðàâíåíèÿ

Ìíîãî÷ëåíó p(ξ) ñòåïåíè n èç (2) ñîîòâåòñòâóåò ôîðìà f(X) èç (5) ñòåïåíè n îò n ïåðå-
ìåííûõ X = (x1, . . . , xn). Å¼ êîýôôèöèåíòû ÿâëÿþòñÿ ìíîãî÷ëåíàìè îò êîýôôèöèåíòîâ bi
ìíîãî÷ëåíà (2). Òàê, ïðè n = 2

f(X) = x2
1 − b1x1x2 + b2x

2
2,

ïðè n = 3

f(X) = x3
1 − b1x2

1x2 + b2x1x
2
2 − b3x3

2 +
(
b21 − 2b2

)
x2

1x3 + (3b3 − b1b2)x1x2x3−
− b1b2x2

2x3 +
(
b22 − 2b1b3

)
x1x

2
3 − b2b3x2x

2
3 + b23x

3
3.
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Äëÿ ëþáîãî n ïðè x3 = . . . = xn = 0 èìååì

f(X) = xn1 − b1xn−1
1 x2 + b2x

n−2
1 x2

2 − . . .
. . .+ (−1)n−1bn−1x1x

n−1
2 + (−1)nbnx

n
2 .

Çàäà÷à 3. Äëÿ çàäàííîãî ìíîãî÷ëåíà (2) íàéòè âñå ðåøåíèÿ (3) ñ ξ ∈ Z[λ] óðàâíåíèÿ

f(X) = β, (11)

ãäå ÷èñëî β ðàöèîíàëüíî, β 6= ±1.

Ðåøåíèå çàäà÷è 3.

Òåîðåìà 6 ( [11, ãë. II, � 5, òåîðåìà 1]). Âñå ðåøåíèÿ (3) ñ ξ ∈ Z[λ] óðàâíåíèÿ (11) èìåþò
âèä

ξ = ξ0
j ε
a1
1 · · · εarr , j = 1, . . . , J, (12)

ãäå ξ0
1 , . . . , ξ

0
J � êîíå÷íîå ìíîæåñòâî âûäåëåííûõ ðåøåíèé è a1, . . . , ar � ëþáûå öåëûå ÷èñëà.

Åñëè âûäåëåííûõ ðåøåíèé ξ0
j íåò, òî óðàâíåíèå (11) íå èìååò ðåøåíèé.

Äàëåå äà¼òñÿ íàáðîñîê êîíñòðóêòèâíîãî äîêàçàòåëüñòâà ýòîé òåîðåìû, ïîçâîëÿþùèé âû-
÷èñëÿòü ñîîòâåòñòâóþùèå ïîñòîÿííûå è âûäåëåííûå ðåøåíèÿ ξ0

1 , . . . , ξ
0
J .

Ñîãëàñíî ïðåäûäóùèì ðàçäåëàì íàõîäèì íàáîð îñíîâíûõ åäèíèö Σ = (ε1, . . . , εm−1) êîëüöà

Z[λ] è ïî íèì ñòðîèì ôóíäàìåíòàëüíóþ îáëàñòü F â êîîðäèíàòàõ H ′
def
= (h1, . . . , hm−1).

Ëåììà 1. Äëÿ âñåõ òî÷åê X ∈ Rn, ó êîòîðûõ ëîãàðèôìè÷åñêèå ïðîåêöèè

H ′ = (h1, . . . , hm−1)

ëåæàò â ôóíäàìåíòàëüíîé îáëàñòè F , ñïðàâåäëèâû îöåíêè

µi 6 gi(X) 6 νi, i = 1, . . . ,m− 1, (13)

ãäå 0 < µi < νi � âåùåñòâåííûå ÷èñëà.

Ëåììà 2. Äëÿ âñåõ òî÷åê X, ó êîòîðûõ H ′ ∈ F è âûïîëíåíî ðàâåíñòâî g(X) = |β|,
ñïðàâåäëèâû îöåíêè

µm 6 gm(X) 6 νm, (14)

ãäå 0 < µm < νm � âåùåñòâåííûå ÷èñëà.

Íèæíèå îöåíêè â (13) íóæíû äëÿ ïîëó÷åíèÿ âåðõíåé îöåíêè â (14).
Ïîñêîëüêó 〈K,X〉 = 〈<K,X〉+ i 〈=K,X〉, òî

〈K,X〉
〈
K̄,X

〉
= 〈<K,X〉2 + 〈=K,X〉2 .

Ëåììà 3. Åñëè

γ
def
= det (Λ1, . . . ,Λl,<Kl+1,=Kl+1, . . . ,<Kl+k,=Kl+k) 6= 0, (15)

òî îáëàñòè â Rn, ãäå âûïîëíåíû íåðàâåíñòâà (13) è (14), îãðàíè÷åíû.
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Ïîñêîëüêó

γ =
1

(−2i)k
det
(
Λ1, . . . ,Λl,Kl+1, K̄l+1, . . . ,Kl+k, K̄l+k

)
,

è ïîñëåäíèé îïðåäåëèòåëü îòëè÷àåòñÿ îò îïðåäåëèòåëÿ Âàíäåðìîíäà W íåíóëåâûì ìíîæèòå-

ëåì, à W =
n∏

1<i<j
(λi − λj), òî óñëîâèå (15) ýêâèâàëåíòíî óñëîâèþ, ÷òî ó ìíîãî÷ëåíà (2) íåò

êðàòíûõ êîðíåé. Íî ýòî òàê ïî óñëîâèþ, ÷òî ìíîãî÷ëåí (2) íåïðèâîäèì â Q.
Íåðàâåíñòâà (13), (14) âûäåëÿþò â Rn âñåãî 2m îãðàíè÷åííûõ îáëàñòåé âèäà

µi 6 κifi(X) 6 νi, κi = ±1, i = 1, . . . ,m.

Â êàæäîé èç íèõ êîëè÷åñòâî öåëî÷èñëåííûõ òî÷åê X ∈ Zn êîíå÷íî. Â êàæäîé èç ýòèõ òî÷åê
ìîæíî âû÷èñëèòü f(X) è îòîáðàòü òå Xi, â êîòîðûõ âûïîëíåíî óðàâíåíèå (11). Íàêîíåö,
ñðåäè ýòèõ òî÷åê Xi îñòàâëÿåì òîëüêî òå X0

1 , . . . , X
0
J , äëÿ êîòîðûõ îòíîøåíèÿ ξ(X0

i )/ξ(X0
j )

ïî j 6= i íå ëåæàò â Z[λ]. Òîãäà ξ0
j = ξ(X0

j ), j = 1, . . . , J , ÿâëÿþòñÿ âûäåëåííûìè ðåøåíèÿìè
óðàâíåíèÿ (11) è âñå ðåøåíèÿ ýòîãî óðàâíåíèÿ èìåþò âèä (12).

6. Îáîáùåíèÿ

6.1. Åäèíèöû ñ ïîëîæèòåëüíîé íîðìîé

Äëÿ åäèíèöû ε íîðìà N(ε) = ±1. Èíîãäà íóæíû òîëüêî åäèíèöû, ó êîòîðûõ íîðìà
ïîëîæèòåëüíà. ×òîáû ïðè ÷¼òíîì n íàéòè áàçèñíûé íàáîð òàêèõ (êâàçèîñíîâíûõ) åäèíèö
Σ̂ = (ε̂1, . . . , ε̂m−1), íàäî â îïèñàííîé ïðîöåäóðå ðàçäåëà 3 îñòàâëÿòü òîëüêî òå òî÷êè X ∈ Žn,
äëÿ êîòîðûõ f(X) = +1, è ïî íèì óêàçàííûì âûøå ñïîñîáîì âûäåëèòü ìóëüòèïëèêàòèâíûé
áàçèñ. Ïðè íå÷¼òíîì n âñÿêîé åäèíèöå ε ñîîòâåòñòâóåò åäèíèöà ε′ ñ N(ε′) = 1: ýòî ëèáî ε, ëèáî
−ε, ò. å. â çàïèñè (3) X çàìåíÿåòñÿ íà −X.

6.2. Ïðîèçâîëüíûé ïîðÿäîê

Ñîãëàñíî [11, ãë. II,� 2] ïîëíûé ìîäóëü â ïîëå Q(λ), ñîäåðæàùèé ÷èñëî 1 è ÿâëÿþùèéñÿ
êîëüöîì, íàçûâàåòñÿ ïîðÿäêîì ïîëÿ Q(λ). Î÷åâèäíî, ÷òî êîëüöî Z[λ] ÿâëÿåòñÿ ïîðÿäêîì
ïîëÿ Q(λ). Íî â ýòîì ïîëå ìîãóò áûòü è äðóãèå ïîðÿäêè. Íàïðèìåð, åñëè â çàïèñè (3) âñå
x2 � ÷¼òíûå, òî ïîëó÷èì ïîäêîëüöî êîëüöà Z[λ]. Âñå ðåçóëüòàòû ðàçäåëîâ 3�5, äîêàçàííûå
äëÿ ïîðÿäêà Z[λ], ñïðàâåäëèâû äëÿ ëþáîãî ïîðÿäêà Ω ïîëÿ Q(λ). Ïóñòü ω1, . . . , ωn � áàçèñ
ïîðÿäêà Ω, ò. å. âñå ÷èñëà α ∈ Ω èìåþò âèä

α = y1ω1 + y2ω2 + . . .+ ynωn, yi ∈ Z. (16)

Ïðè çàïèñè ýòèõ ÷èñåë â âèäå (3) êîýôôèöèåíòû xi ìîãóò áûòü ðàöèîíàëüíûìè ÷èñëàìè.
Îòìåòèì îòëè÷èÿ, âîçíèêàþùèå äëÿ ïðîèçâîëüíîãî ïîðÿäêà Ω. Åäèíèöû (3) ýòîãî ïîðÿäêà

ìîãóò èìåòü ðàöèîíàëüíûå êîýôôèöèåíòû xi. Ñóùåñòâóåò òàêîé íàáîð åäèíèö ε1, . . . , εr ∈ Ω,
÷òî âñå åäèíèöû ïîëÿ èìåþò âèä (4). Íàçîâ¼ì ýòè åäèíèöû îñíîâíûìè. Äëÿ íèõ ñïðàâåä-
ëèâû âñå êîíñòðóêöèè è òåîðåìû ðàçäåëîâ 3�5. Òîëüêî ìàòðèöà ïåðèîäà T (ε) ìîæåò èìåòü
ðàöèîíàëüíûå ýëåìåíòû, íî detT (ε) = N(ε) = ±1. Ïîýòîìó äëÿ îòûñêàíèÿ îñíîâíûõ åäèíèö
ïîðÿäêà íàäî âû÷èñëÿòü f(X) íà ðåø¼òêå ÷èñåë (16), çàïèñàííûõ â âèäå (3) ñ ðàöèîíàëü-
íûìè xi. Äàëüíåéøèå âû÷èñëåíèÿ òàêèå æå, êàê äëÿ êîëüöà Z[λ]. Ìóëüòèïëèêàòèâíûé áàçèñ
åäèíèö ñ ïîëîæèòåëüíîé íîðìîé îáðàçóåò íàáîð êâàçèîñíîâíûõ åäèíèö Σ̂ = (ε̂1, . . . , ε̂m−1) ñ
ïîëîæèòåëüíîé íîðìîé. Çäåñü òàêæå ìîæíî íàéòè ôóíäàìåíòàëüíûå îáëàñòè F è F̂ , ñîîòâåò-
ñòâóþùèå íàáîðàì Σ è Σ̂.
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6.3. Ìàêñèìàëüíûé ïîðÿäîê

Â ïîëå Q(λ) èìååòñÿ ìàêñèìàëüíûé ïîðÿäîê Ω̃. Åãî áàçèñ ω̃1, . . . , ω̃r íàçûâàåòñÿ ôóíäàìåí-
òàëüíûì, î åãî âû÷èñëåíèè ñì. [11, ãë. II, � 2]. Âñ¼ ñêàçàííîå äëÿ ïîðÿäêà Z[λ] ñïðàâåäëèâî è
äëÿ ìàêñèìàëüíîãî ïîðÿäêà. Â ÷àñòíîñòè, îí èìååò íàáîð îñíîâíûõ åäèíèö Σ = (ε1, . . . , εr),
íàáîð êâàçèîñíîâíûõ åäèíèö Σ̂ = (ε̂1, . . . , ε̂r) ñ ïîëîæèòåëüíûìè íîðìàìè è ñîîòâåòñòâóþùèå
èì ôóíäàìåíòàëüíûå îáëàñòè F è F̂ .

7. Ïðèìåð 2

Ïóñòü p(ξ) = ξ2 − 5. Òîãäà n = 2, à êîðíè ìíîãî÷ëåíà p(ξ) ñóòü λ = ±
√

5 ≈ ±2.23605.
Ïîýòîìó k = 0, l = 2, m = k+ l = 2 è r = m−1 = 1. Îñíîâíàÿ åäèíèöà ìàêñèìàëüíîãî ïîðÿäêà
Ω̃ åñòü ε = (1 + λ)/2 ≈ 1.61803, ò. å. â çàïèñè (3) x1 = x2 = 1/2. Ïîñêîëüêó N(X) = x2

1 − 5x2
2,

òî N(ε) = −1 è êâàçèîñíîâíàÿ åäèíèöà ìàêñèìàëüíîãî ïîðÿäêà Ω̃ åñòü ε̂ = ε2 = (3 + λ)/2 ≈
2.61803. Îñíîâíàÿ åäèíèöà êîëüöà Z[λ] åñòü ε3 = 2 + λ ≈ 4.23605 ñ íîðìîé N

(
ε3
)

= −1.
Íàêîíåö, êâàçèîñíîâíàÿ åäèíèöà ýòîãî êîëüöà åñòü ε̂ = ε6 = 9 + 4λ ≈ 17.94421.

Óðàâíåíèå (11) çäåñü èìååò âèä x2
1− 5x2

2 = β. Ïîëîæèì β = 4 è íàéäåì âñå öåëî÷èñëåííûå
ðåøåíèÿ (x1, x2) óðàâíåíèÿ

x2
1 − 5x2

2 = 4, (17)

ò. å. ξ(x1, x2) = x1 + x2

√
5 ∈ Z

[√
5
]
. Îãðàíè÷èìñÿ ðåøåíèÿìè x1, x2 > 0, îñòàëüíûå ðåøåíèÿ

ïîëó÷àþòñÿ èçìåíåíèåì çíàêîâ. Ïîýòîìó íàøà îñíîâíàÿ åäèíèöà � ýòî ε̂ = ε6 = 9 + 4
√

5 ≈
17.94421 < 18. Ôóíäàìåíòàëüíàÿ îáëàñòü F̂ â êîîðäèíàòàõ x1, x2 � ýòî

1 6 f1
def
= x1 + x2

√
5 6 ε̂ < 18. (18)

Íà êðèâîé (17) íàä F̂ âûïîëíåíû íåðàâåíñòâà 4/ε̂ 6 f2
def
= x1 − x2

√
5 6 4, ò. å.

2

9
6 x1 − x2

√
5 6 4. (19)

Íà ïëîñêîñòè (x1, x2) ∈ R2 íåðàâåíñòâà (18), (19) âûäåëÿþò ÷åòûð¼õóãîëüíèê, îãðàíè÷åííûé
ïðÿìûìè f1 = 1, f1 = 18, f2 = 2/9, f2 = 4 è ïîêàçàííûé íà ðèñ. 2.

0

Q4

Q3

Q2

Q1

1

4

x2

1 4
x1

Ðèñ. 2: Îáëàñòü â R2, ãäå ñîäåðæàòñÿ âñå âûäåëåííûå ðåøåíèÿ ξ0
i , ïîêàçàíà øòðèõîâêîé.
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Âåðøèíû ýòîãî ÷åòûð¼õóãîëüíèêà ñóòü

Q1 =

(
1

2
+

1

9
,

1

2
√

5
− 1

9
√

5

)
≈(0.61111, 0.17392),

Q2 =

(
9 +

1

9
,

9√
5
− 1

9
√

5

)
≈(9.11111, 3.97524),

Q3 =

(
11,

7√
5

)
≈(11, 3.13051),

Q4 =

(
5

2
,−3
√

5

10

)
≈(2.5,−0.67082).

Òåïåðü äëÿ êàæäîãî öåëîãî x2 : 0 6 x2 6 3, ïåðåáåð¼ì âñå öåëûå x1 : 1 6 x1 < 11 è
âûáåðåì ñðåäè òàêèõ òî÷åê (x1, x2) ðåøåíèÿ óðàâíåíèÿ (17). Ïîëó÷àåì òî÷êè (2, 0), (3, 1),

(7, 3). Ïîñêîëüêó îòíîøåíèÿ
(
3 +
√

5
)
/2,

(
7 + 3

√
5
)
/2,

7 + 3
√

5

3 +
√

5
=

3 +
√

5

2
íå ëåæàò â Z

[√
5
]
,

òî ïîëó÷èì òðè âûäåëåííûõ ðåøåíèÿ ξ0
1 = 2, ξ0

2 = 3 +
√

5, ξ0
3 = 7 + 3

√
5. Ïî òåîðåìå 6 âñå

ðåøåíèÿ ñ x1, x2 > 0 èìåþò âèä

ξ = ξ0
i

(
9 + 4

√
5
)a
, i = 1, 2, 3, 0 6 a ∈ Z.

8. Ïðèìåð 3

Ïóñòü p(ξ) = ξ3 − 7ξ − 2, âñå åãî êîðíè âåùåñòâåííû:

λ1 ≈ −2.489288, λ2 ≈ −0.289168, λ3 ≈ 2.778457.

Çäåñü n = m = l = 3, k = 0, r = m − 1 = 2. Ôóíäàìåíòàëüíûé áàçèñ ìàêñèìàëüíîãî ïîðÿäêà
Ω̃ åñòü 1, λ,

(
λ+ λ2

)
/2. Âû÷èñëåíèÿ ïðîâåä¼ì â 6 øàãîâ ðàçäåëà 4.

Øàã 1. Âû÷èñëÿÿ çíà÷åíèÿ g(Y ) íà òî÷êàõ ξ = y1 +y2λ+y3

(
λ+ λ2

)
/2 ñ öåëûìè yi, íàõîäèì

åäèíèöû εi = (y1, y2, y3): ε1 = (0, 0, 1), ε2 = (1, 2, 2), ε3 = (−2, 0, 1), ε4 = (−10,−2, 3),
ε5 = (5, 2,−2), ε6 = (0, 2,−1).

Øàã 2. Âû÷èñëÿåì âûïóêëóþ îáîëî÷êó ñîîòâåòñòâóþùèõ òî÷åê G0, Gi = G(Y ) è ïîëó÷àåì
ó íå¼ 6 äâóìåðíûõ ãðàíåé. Èõ ëîãàðèôìè÷åñêèå ïðîåêöèè íà ïëîñêîñòü h1, h2 ïîêàçàíû
íà ðèñ. 3. Íà í¼ì ëîãàðèôìè÷åñêèå ïðîåêöèè ð¼áåð ïîêàçàíû ïðÿìûìè îòðåçêàìè, õîòÿ
îíè ÿâëÿþòñÿ êðèâîëèíåéíûìè. Çàìåòèì, ÷òî εi+3 = ε−1

i , i = 1, 2, 3.

Øàã 3. Çäåñü ëþáàÿ ïàðà εi è εj 6= ε±1
i (i, j = 1, . . . , 6) îáðàçóåò íàáîð ôóíäàìåíòàëüíûõ

åäèíèö.

Øàã 4. Äëÿ ïàðû ε1, ε3 ôóíäàìåíòàëüíàÿ îáëàñòü F � ÷åòûð¼õóãîëüíèê ñ âåðøèíàìè
0, ε1, ε2, ε3.

Øàã 5. Ëîãàðèôìè÷åñêàÿ ïðîåêöèÿ ãðàíèöû âûïóêëîé îáîëî÷êè çíà÷åíèé G(Y ) ïî Y ∈ Z3

ñ H ′(Y ) ∈ F ïîêàçàíà íà ðèñ. 4.

Òóò èìåþòñÿ äâå íîâûå âåðøèíû: δ1 = (0, 1, 1) è δ2 = (1, 1, 1). Íà íèõ g(Y ) = 2. Èìååòñÿ
÷åòûð¼õóãîëüíàÿ ãðàíü ñ âåðøèíàìè 0, δ1, ε2, δ2.
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O

h2

h11

1

ε1

ε2

ε3

ε4

ε5

ε6

Ðèñ. 3: Ëîãàðèôìè÷åñêàÿ ïðîåêöèÿ âåðøèí, ð¼áåð è ãðàíåé ìíîãîãðàííèêà ∂H̃. Ïîêàçàíû
ïðîåêöèè åäèíèö, áëèçêèå ê íóëþ. Ïðîåêöèè ð¼áåð âûïðÿìëåíû.

O

h2

h1−1

−1

ε1

ε2

ε3

δ1

δ2

Ðèñ. 4: Ëîãàðèôìè÷åñêàÿ ïðîåêöèÿ ìíîãîãðàííèêà ∂H íà ôóíäàìåíòàëüíóþ îáëàñòü.

Øàã 6. Ñäâèãàÿ ôóíäàìåíòàëüíóþ îáëàñòü ðèñ. 4 íà öåëî÷èñëåííûå ëèíåéíûå êîìáèíàöèè
ëîãàðèôìîâ èçâåñòíûõ åäèíèö, ïîëó÷àåì ñõåìàòè÷åñêóþ ïðîåêöèþ âñåãî ìíîãîãðàííèêà
∂H íà ïëîñêîñòü h1, h2, ïîêàçàííóþ íà ðèñ. 5. Íà ðèñ. 6 ïîêàçàíà òî÷íàÿ ëîãàðèôìè-
÷åñêàÿ ïðîåêöèÿ ìíîãîãðàííèêà ∂H íà ïëîñêîñòü h1, h2; ïðîåêöèè ð¼áåð êðèâîëèíåéíû.
Îòðåçêè â ðîìáàõ � ýòî îøèáêè: èõ íå äîëæíî áûòü. Ýòîò ðèñóíîê âçÿò èç [5], êóäà îí
ïîïàë èç [12].
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1

O

ε2

ε1

h2

h11

1ε3

δ1

δ2

1

Ðèñ. 5: Ëîãàðèôìè÷åñêàÿ ïðîåêöèÿ ìíîãîãðàííèêà ∂H íà ÷àñòü ïëîñêîñòè h1, h2.

Ðèñ. 6: Àíàëîã ðèñ. 5 ñ òî÷íûìè ïðîåêöèÿìè ð¼áåð. Ð¼áðà, ðàçäåëÿþùèå ðîìáû íà òðåóãîëü-
íèêè, îøèáî÷íû.
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Ýòîò ïðèìåð âçÿò ó Âîðîíîãî [6, � 59, ïðèìåð]. Òàì íàéäåíû äâå ïàðû îñíîâíûõ åäèíèö
ε2, ε3 è ε2, ε4, íî íåò àíàëîãîâ íàøèõ ðèñóíêîâ. Íà ñàìîì äåëå, â ýòîì ïðèìåðå ãðàíèöà ∂H
âû÷èñëÿåòñÿ ñðàçó êàê âûïóêëàÿ îáîëî÷êà çíà÷åíèé G(Y ) ïî Y ∈ Z3, èáî ðàçìåðíîñòü çàäà÷è
n = 3 íåâåëèêà. Íî çäåñü ïîêàçàíî ðàçáèåíèå íà øàãè, êîòîðîå ìîæåò áûòü ïîëåçíûì ïðè
áîëüøèõ ðàçìåðíîñòÿõ n è m.

9. Ïðåäøåñòâåííèêè

Äëÿ n = 2, k = 0, l = 2, êîãäà m = 2 è r = 1, ò. å. äëÿ âåùåñòâåííûõ êâàäðàòè÷íûõ ïîëåé
ñïîñîá âû÷èñëåíèÿ îñíîâíîé åäèíèöû ìàêñèìàëüíîãî ïîðÿäêà Ω̃, îñíîâàííûé íà ðàçëîæåíèè â
öåïíóþ äðîáü, îïèñàí â êíèãå [11, ãë. II, � 7]. Â êîíöå ýòîé êíèãè â òàáë. 1 ïðèâåäåíû çíà÷åíèÿ

îñíîâíûõ åäèíèö ε > 1 ìàêñèìàëüíûõ ïîðÿäêîâ ïîëåé Q
(√

d
)
äëÿ 2 6 d 6 101, d ∈ Z.

Äëÿ n = 3, m = 2 (r = 1) è n = 3, m = 3 (r = 2) îñíîâíûå åäèíèöû ìàêñèìàëüíûõ
ïîðÿäêîâ âû÷èñëÿë Âîðîíîé [6] ñ ïîìîùüþ ñâîåãî ïîøàãîâîãî îáîáùåíèÿ öåïíîé äðîáè. Â [3,
5, 13] âû÷èñëåíû ìíîãîóãîëüíèêè è ìíîãîãðàííèêè ∂H.

Äëÿ n = 4, k = 2, l = 0, ò. å. m = 2 (r = 1), Ïàðóñíèêîâ [14] âû÷èñëèë åäèíèöû ìàê-
ñèìàëüíûõ ïîðÿäêîâ ïîëåé Q(λ) äëÿ 41 ìíîãî÷ëåíà (2) ñ ïîìîùüþ ïîøàãîâîãî àëãîðèòìà,
îñíîâàííîãî íà âûïóêëîì ìíîãîóãîëüíèêå. Íî áîëüøèíñòâî íàéäåííûõ èì åäèíèö íå ÿâëÿþò-
ñÿ îñíîâíûìè, à ÿâëÿþòñÿ ëèøü èõ öåëûìè ñòåïåíÿìè.

Ïðåäâàðèòåëüíûå âåðñèè ýòîé ñòàòüè � ýòî ïðåïðèíò [15] è ñòàòüÿ [16].
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ÎÁÎÁÙÅÍÍÛÉ ÒÅÍÇÎÐ ÊÐÈÂÈÇÍÛ ÂÀÃÍÅÐÀ

ÏÎ×ÒÈ ÊÎÍÒÀÊÒÍÛÕ ÌÅÒÐÈ×ÅÑÊÈÕ
ÏÐÎÑÒÐÀÍÑÒÂ
Ñ. Â. Ãàëàåâ (ã. Ñàðàòîâ)

Àííîòàöèÿ

Íà ìíîãîîáðàçèè ñ ïî÷òè êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðîé (M, ~ξ, η, ϕ, g) è ýíäîìîð-
ôèçìîì N : D → D ââîäèòñÿ ïîíÿòèå N-ïðîäîëæåííîé ñâÿçíîñòè ∇N = (∇, N), ãäå ∇ �
âíóòðåííÿÿ ñâÿçíîñòü. Íàéäåí ýíäîìîðôèçì N : D → D, ïðè êîòîðîì òåíçîð êðèâèçíû
N-ïðîäîëæåííîé ñâÿçíîñòè ñîâïàäàåò ñ òåíçîðîì êðèâèçíû Âàãíåðà. Äîêàçûâàåòñÿ, ÷òî
òåíçîð êðèâèçíû âíóòðåííåé ñâÿçíîñòè ðàâåí íóëþ òîãäà è òîëüêî òîãäà, êîãäà íà ìíî-
ãîîáðàçèè M ñóùåñòâóåò àòëàñ àäàïòèðîâàííûõ êàðò, äëÿ êîòîðûõ êîýôôèöèåíòû âíóò-
ðåííåé ñâÿçíîñòè îáðàùàþòñÿ â íóëü. Ñòðîèòñÿ âçàèìíî-îäíîçíà÷íîå ñîîòâåòñòâèå ìåæ-
äó ìíîæåñòâîì N-ïðîäîëæåííûõ ñâÿçíîñòåé è ìíîæåñòâîì N-ñâÿçíîñòåé. Ïîêàçàíî, ÷òî
êëàññ N-ñâÿçíîñòåé âêëþ÷àåò â ñåáÿ ñâÿçíîñòü Òàíàêà-Âåáñòåðà è ñâÿçíîñòü Ñõîóòåíà-âàí
Êàìïåíà. Ïîëó÷åíî ðàâåíñòâî, âûðàæàþùåå N-ñâÿçíîñòü ÷åðåç ñâÿçíîñòü Ëåâè-×èâèòà.
Èññëåäóþòñÿ ñâîéñòâà òåíçîðà êðèâèçíû N-ñâÿçíîñòè, íàçâàííîãî â ðàáîòå îáîáùåííûì
òåíçîðîì êðèâèçíû Âàãíåðà. Äîêàçûâàåòñÿ, â ÷àñòíîñòè, ÷òî îáðàùåíèå â íóëü îáîáùåí-
íîãî òåíçîðà êðèâèçíû Âàãíåðà â ñëó÷àå êîíòàêòíîãî ìåòðè÷åñêîãî ïðîñòðàíñòâà âëå÷åò
ñóùåñòâîâàíèå ïîñòîÿííîãî äîïóñòèìîãî âåêòîðíîãî ïîëÿ ëþáîãî íàïðàâëåíèÿ. Ïîêàçà-
íî, ÷òî òîæäåñòâåííîå ðàâåíñòâî íóëþ îáîáùåííîãî òåíçîðà êðèâèçíû Âàãíåðà âîçìîæíî
ëèøü â ñëó÷àå íóëåâîãî ýíäîìîðôèçìà N : D → D.

Êëþ÷åâûå ñëîâà: ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà, N-ïðîäîëæåííàÿ ñâÿç-
íîñòü, îáîáùåííûé òåíçîð êðèâèçíû Âàãíåðà, ñâÿçíîñòü Òàíàêà�Âåáñòåðà, ñâÿçíîñòü
Ñõîóòåíà�âàí Êàìïåíà.

GENERALIZED WAGNER'S CURVATURE TENSOR
OF ALMOST CONTACT METRIC SPACES

S. V. Galaev (Saratov)

Àííîòàöèÿ

On a manifold with an almost contact metric structure (M, ~ξ, η, ϕ, g) and an endomorphism
N : D → D the notion of an N-prolonged connection ∇N = (∇, N), where ∇ is an interior
connection, is introduced. An endomorphism N : D → D found such that the curvature tensor
of the N-prolonged connection coincides with the Wagner curvature tensor. It is proven that the
curvature tensor of the interior connection equals zero if and only if on the manifoldM exists an
atlas of adapted charts for that the coe�cients of the interior connection are zero. A one-to-one
correspondence between the set of N-prolonged and the set of N-connections is constructed. It
is shown that the class of N-connections includes the Tanaka-Webster Schouten-van Kampen
connections. An equality expressing the N-connection in the terms of the Levi-Civita connection
is obtained. The properties of the curvature tensor of the N-connection are investigated; this
curvature tensor is called in the paper the generalized Wagner curvature tensor. It is shown
in particular that if the generalized Wagner curvature tensor in the case of a contact metric
space is zero, then there exists a constant admissible vector �eld oriented in any direction. It is
shown that the generalized Wagner curvature tensor may be zero only in the case of the zero
endomorphism N : D → D.

Key words: almost contact metric structure, N-prolonged connection, generalized Wagner
curvature tensor, Tanaka�Webster connection, Schouten�van-Kampen connection.
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1. Ââåäåíèå

Â ïîñëåäíèå ãîäû íà ãëàäêîì ìíîãîîáðàçèèM ñ ïî÷òè êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðîé
(M, ~ξ, η, ϕ, g) âñå ÷àùå, íàðÿäó ñî ñâÿçíîñòüþ Ëåâè�×èâèòà, èñïîëüçóþòñÿ êàê ìåòðè÷åñêèå òàê
è íå ìåòðè÷åñêèå ñâÿçíîñòè ñ êðó÷åíèåì. Â íàñòîÿùåé ðàáîòå âñå ëèíåéíûå ñâÿçíîñòè ∇N~x ,
çàäàííûå íà ìíîãîîáðàçèè M ñ ïî÷òè êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðîé (M, ~ξ, η, ϕ, g) è
îäíîçíà÷íî îïðåäåëÿåìûå óñëîâèÿìè

1) S(~x, ~y) = 2ω(~x, ~y)~ξ + η(~x)N~y − η(~y)N~x, ~x, ~y, ~z ∈ Γ(TM);
2) ∇N~x g(~y, ~z) = 0, ~x, ~y, ~z ∈ Γ(D);

3) ∇N~x ~ξ = 0, ~x ∈ Γ(TM);
4) ∇N~x η = 0, ~x ∈ Γ(TM), ãäå S(~x, ~y) � êðó÷åíèå ñâÿçíîñòè, N : D → D � ýíäîìîðôèçì

ðàñïðåäåëåíèÿ ñòðóêòóðû, îáúåäèíåíû â îäèí êëàññ ñâÿçíîñòåé, íàçâàííûõ N-ñâÿçíîñòÿìè.
Òåíçîð êðèâèçíû K(~x, ~y)~z N-ñâÿçíîñòè, íàçâàííûé â ðàáîòå îáîáùåííûì òåíçîðîì êðèâèçíû
Âàãíåðà, íàõîäèòñÿ ïî ôîðìóëå K(~x, ~y)~z = 2ω(~x, ~y)N~z +R(~x, ~y)~z + η(~x)(P (~y, ~z)− (∇NP~yN)~z)−
η(~y)(P (~x, ~z)− (∇NP~xN)~z), ~x, ~y, ~z ∈ Γ(TM), ãäå R(~x, ~y)~z � òåíçîð êðèâèçíû Ñõîóòåíà [1].

N-ñâÿçíîñòü ìîæåò áûòü îòîæäåñòâëåíà ñ ïàðîé (∇, N), ãäå ∇ � âíóòðåííÿÿ ñâÿçíîñòü,
îñóùåñòâëÿþùàÿ ïàðàëëåëüíûé ïåðåíîñ äîïóñòèìûõ âåêòîðîâ âäîëü äîïóñòèìûõ êðèâûõ.

Èäåÿ ïîñòðîåíèÿ N-ñâÿçíîñòåé áåðåò íà÷àëî â ãåîìåòðè÷åñêîé òåîðèè íåãîëîíîìíîé ìå-
õàíèêè. Ñ ãåîìåòðè÷åñêîé òî÷êè çðåíèÿ óðàâíåíèÿ äâèæåíèÿ íåãîëîíîìíîé äèíàìè÷åñêîé
ñèñòåìû èíòåðïðåòèðóþòñÿ êàê óðàâíåíèÿ ãåîäåçè÷åñêèõ âíóòðåííåé ñâÿçíîñòè [1] � [2], çà-
äàííîé íà íåãîëîíîìíîì ìíîãîîáðàçèè � êîíôèãóðàöèîííîì ïðîñòðàíñòâå ìåõàíè÷åñêîé ñè-
ñòåìû. Èíòåãðèðîâàíèå óðàâíåíèé äâèæåíèÿ âî ìíîãîì çàâèñèò îò óäà÷íîãî âûáîðà ñèñòåìû
êîîðäèíàò [2]. Â íåêîòîðûõ ñëó÷àÿõ, ãåîìåòðè÷åñêèå ñâîéñòâà íåãîëîíîìíîãî ìíîãîîáðàçèÿ
ïîçâîëÿþò âûáðàòü òàêóþ ñïåöèàëüíóþ ñèñòåìó êîîðäèíàò, â êîòîðîé óðàâíåíèÿ äâèæåíèÿ
íåãîëîíîìíîé äèíàìè÷åñêîé ñèñòåìû ïðèíèìàþò íàèáîëåå ïðîñòîé âèä. Ïîèñê íåîáõîäèìûõ
ãåîìåòðè÷åñêèõ èíâàðèàíòîâ ïðèâîäèò Â. Â. Âàãíåðà ê ïîñòðîåíèþ òåíçîðà êðèâèçíû íåãîëî-
íîìíîãî ìíîãîîáðàçèÿ, íàçûâàåìîãî ñåãîäíÿ òåíçîðîì êðèâèçíû Âàãíåðà. Íàìè ïîêàçàíî, ÷òî
â ñëó÷àå êîíòàêòíîãî ìíîãîîáðàçèÿ òåíçîð êðèâèçíû Âàãíåðà ñîâïàäàåò ñ òåíçîðîì êðèâèç-
íû íåêîòîðîé ñâÿçíîñòè â âåêòîðíîì ðàññëîåíèè (D,π,M), ïðîñòðàíñòâîì êîòîðîãî ÿâëÿåò-
ñÿ ðàñïðåäåëåíèå D êîíòàêòíîé ñòðóêòóðû (M, ~ξ, η, ϕ). Íåîáõîäèìóþ äëÿ ïîëó÷åíèÿ òåíçîðà
êðèâèçíû Âàãíåðà ñâÿçíîñòü áóäåì íàçûâàòü ñâÿçíîñòüþ Âàãíåðà. Çàäàíèå ñâÿçíîñòè Âàãíå-
ðà ñâîäèòñÿ ê ïðîäîëæåíèþ âíóòðåííåé ñâÿçíîñòè äî ñâÿçíîñòè â âåêòîðíîì ðàññëîåíèè ñ
ïîìîùüþ ýíäîìîðôèçìà N : D → D, èìåþùåãî ñïåöèàëüíîå ñòðîåíèå.

Â íàñòîÿùåé ðàáîòå, ñ îäíîé ñòîðîíû, êîíñòðóêöèÿ Âàãíåðà óòî÷íÿåòñÿ äëÿ ñëó÷àÿ ìíî-
ãîîáðàçèÿ ñ ïî÷òè êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðîé, à ñ äðóãîé ñòîðîíû, ìû îáîáùàåì
ïîñòðîåíèÿ Âàãíåðà, èñïîëüçóÿ íàïåðåä çàäàííûé ýíäîìîðôèçì N : D → D. Ïîëó÷åííàÿ òà-
êèì îáðàçîì â âåêòîðíîì ðàññëîåíèè (D,π,M) ñâÿçíîñòü ïîëó÷àåò íàçâàíèå N-ïðîäîëæåííîé
ñâÿçíîñòè. Âñÿêîé N-ïðîäîëæåííîé ñâÿçíîñòè åñòåñòâåííûì îáðàçîì ñîîòâåòñòâóåò íåêîòîðàÿ
N-ñâÿçíîñòü. Âîîáùå ãîâîðÿ, N-ñâÿçíîñòü ∇N~x íå ÿâëÿåòñÿ ìåòðè÷åñêîé ñâÿçíîñòüþ. Âûáèðàÿ
ñîîòâåòñòâóþùèì îáðàçîì ýíäîìîðôèçì N , ìîæíî ïîëó÷èòü ÷àñòî èñïîëüçóåìûå â ãåîìåòðèè
ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ïðîñòðàíñòâ N-ñâÿçíîñòè: ñâÿçíîñòü Òàíàêà�Âåáñòåðà, ñâÿç-
íîñòü Ñõîóòåíà�âàí Êàìïåíà è äðóãèå ñâÿçíîñòè [3] � [8].

Ïðåäëàãàåìàÿ ðàáîòà óñòðîåíà ñëåäóþùèì îáðàçîì. Âî âòîðîì ðàçäåëå íà ïî÷òè êîíòàêò-
íîì ìåòðè÷åñêîì ìíîãîîáðàçèè M îïðåäåëÿþòñÿ âíóòðåííÿÿ è N-ïðîäîëæåííàÿ ñâÿçíîñòè
è èçó÷àþòñÿ èõ îñíîâíûå ñâîéñòâà. Â òðåòüåì ðàçäåëå óñòàíàâëèâàåòñÿ ñîîòâåòñòâèå ìåæ-
äó êëàññîì N-ïðîäîëæåííûõ ñâÿçíîñòåé è ïîäêëàññîì ëèíåéíûõ ñâÿçíîñòåé íà ìíîãîîáðàçèè
ñ ïî÷òè êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðîé. Äàåòñÿ îïèñàíèå êàê óæå õîðîøî èçâåñòíûõ
N-ñâÿçíîñòåé � ñâÿçíîñòè Òàíàêà�Âåáñòåðà [3] � [5] è ñâÿçíîñòè Ñõîóòåíà�âàí Êàìïåíà [6],
òàê è ñîâñåì íåäàâíî ïîëó÷èâøèõ ñâîå ðàçâèòèå � ñâÿçíîñòè Áåæàíêó [7] è ϕ-ñâÿçíîñòè [8].
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Â ÷åòâåðòîì ðàçäåëå îïðåäåëÿåòñÿ îáîáùåííûé òåíçîð êðèâèçíû Âàãíåðà, è èçó÷àþòñÿ åãî
ñâîéñòâà. Äîêàçûâàåòñÿ, ÷òî îáðàùåíèå â íóëü îáîáùåííîãî òåíçîðà êðèâèçíû Âàãíåðà âëå-
÷åò ñóùåñòâîâàíèå ïîñòîÿííîãî äîïóñòèìîãî âåêòîðíîãî ïîëÿ ëþáîãî íàïðàâëåíèÿ.

2. Âíóòðåííÿÿ è N-ïðîäîëæåííàÿ ñâÿçíîñòè

Ïóñòü M � ãëàäêîå ìíîãîîáðàçèå íå÷åòíîé ðàçìåðíîñòè n = 2m + 1, m > 1, Γ(TM) �
ìîäóëü ãëàäêèõ âåêòîðíûõ ïîëåé íà M . Âñå ìíîãîîáðàçèÿ, òåíçîðíûå ïîëÿ è äðóãèå ãåî-
ìåòðè÷åñêèå îáúåêòû ïðåäïîëàãàþòñÿ ãëàäêèìè êëàññà C∞. Ïðåäïîëîæèì, ÷òî íà M çàäàíà
ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà (M, ~ξ, η, ϕ, g) [9], ãäå ϕ � òåíçîð òèïà (1,1), íàçûâà-
åìûé ñòðóêòóðíûì ýíäîìîðôèçìîì, ~ξ è η � âåêòîð è êîâåêòîð, íàçûâàåìûå, ñîîòâåòñòâåííî,
ñòðóêòóðíûì âåêòîðîì è êîíòàêòíîé ôîðìîé, g � (ïñåâäî) ðèìàíîâà ìåòðèêà. Ìû òðåáó-
åì, ÷òîáû ~ξ ∈ kerω, ãäå ω = dη. Êîñîñèììåòðè÷åñêèé òåíçîð Ω(~x, ~y) = g(~x, ϕ~y) íàçûâàåòñÿ
ôóíäàìåíòàëüíîé ôîðìîé ñòðóêòóðû. Ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà íàçûâàåò-
ñÿ êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðîé, åñëè âûïîëíÿåòñÿ ðàâåíñòâî Ω = dη. Ïóñòü D �
ãëàäêîå ðàñïðåäåëåíèå êîðàçìåðíîñòè 1, îïðåäåëÿåìîå ôîðìîé η, D⊥ = Span(~ξ) � åãî îñíà-
ùåíèå: TX = D ⊕ D⊥. Â êîíòàêòíîì ñëó÷àå âåêòîð ~ξ îäíîçíà÷íî îïðåäåëÿåòñÿ èç óñëîâèé
η(~ξ) = 1, kerω = Span(~ξ) è íàçûâàåòñÿ âåêòîðîì Ðèáà. Áóäåì íàçûâàòü D ðàñïðåäåëåíèåì ïî-
÷òè êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðû. Â ðàáîòå, â ÷àñòíîñòè, ðàññìàòðèâàåòñÿ ïðîñòðàíñòâî
(ìíîãîîáðàçèå) Ñàñàêè � êîíòàêòíîå ìåòðè÷åñêîå ïðîñòðàíñòâî, óäîâëåòâîðÿþùåå äîïîëíè-
òåëüíîìó óñëîâèþ Nϕ + 2dη ⊗ ~ξ = 0, ãäå Nϕ(~x, ~y) = [ϕ~x, ϕ~y] + ϕ2[~x, ~y] − ϕ[ϕ~x, ~y] − ϕ[~x, ϕ~y] �
òåíçîð Íåéåíõåéñà ýíäîìîðôèçìà ϕ. Âûïîëíåíèå óñëîâèÿ Nϕ + 2dη ⊗ ~ξ = 0 îçíà÷àåò, ÷òî
ïðîñòðàíñòâî Ñàñàêè ÿâëÿåòñÿ íîðìàëüíûì ïðîñòðàíñòâîì.

Êàðòó K(xα) (α, β, γ = 1, ..., n) (a, b, c, e = 1, ..., n − 1) ìíîãîîáðàçèÿ M áóäåì íàçûâàòü
àäàïòèðîâàííîé ê ðàñïðåäåëåíèþ D, åñëè ∂n = ~ξ [9]. Ïóñòü P : TM → D � ïðîåêòîð,
îïðåäåëÿåìûé ðàçëîæåíèåì TX = D ⊕ D⊥, è K(xα) � àäàïòèðîâàííàÿ êàðòà. Âåêòîðíûå
ïîëÿ P (∂a) = ~ea = ∂a − Γna∂n ëèíåéíî íåçàâèñèìû è â îáëàñòè îïðåäåëåíèÿ ñîîòâåòñòâóþ-
ùåé êàðòû ïîðîæäàþò ñèñòåìó D: D = Span(~ea). Òàêèì îáðàçîì, ìû èìååì íà ìíîãîîá-
ðàçèè M íåãîëîíîìíîå ïîëå áàçèñîâ (~eα) = (~ea, ∂n) è ñîîòâåòñòâóþùåå åìó ïîëå êîáàçèñîâ
(dxa, η = Θn = dxn + Γnadx

a). Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî [~ea, ~eb] = 2ωba∂n. Àäàïòèðî-
âàííûì áóäåì íàçûâàòü òàêæå áàçèñ ~ea = ∂a−Γna∂n, êàê áàçèñ, îïðåäåëÿåìûé àäàïòèðîâàííîé
êàðòîé. Óñëîâèå ~ξ ∈ kerω âëå÷åò ñïðàâåäëèâîñòü ðàâåíñòâà ∂nΓna = 0. Ïóñòü K(xα) è K ′(xα

′
)

� àäàïòèðîâàííûå êàðòû, òîãäà ïîëó÷àåì ñëåäóþùèå ôîðìóëû ïðåîáðàçîâàíèÿ êîîðäèíàò:
xa = xa(xa

′
), xn = xn

′
+ xn(xa

′
).

Òåíçîðíîå ïîëå t òèïà (p, q), çàäàííîå íà ïî÷òè êîíòàêòíîì ìåòðè÷åñêîì ìíîãîîáðàçèè,
íàçîâåì äîïóñòèìûì (ê ðàñïðåäåëåíèþ D), åñëè t îáðàùàåòñÿ â íóëü êàæäûé ðàç, êîãäà ñðåäè
åãî àðãóìåíòîâ âñòðå÷àþòñÿ ~ξ èëè η. Êîîðäèíàòíîå ïðåäñòàâëåíèå äîïóñòèìîãî òåíçîðíîãî
ïîëÿ â àäàïòèðîâàííîé êàðòå èìååò âèä: t = t

a1...ap
b1...bq

~ea1 ⊗ ...⊗ ~eap ⊗ dxb1 ⊗ ...⊗ dxbq .
Ïðåîáðàçîâàíèå êîìïîíåíò äîïóñòèìîãî òåíçîðíîãî ïîëÿ â àäàïòèðîâàííûõ êîîðäèíàòàõ

ïîä÷èíÿåòñÿ ñëåäóþùåìó çàêîíó: tab = Aaa′A
b′
b t
a′
b′ , ãäå A

a′
a = ∂xa

′

∂xa .
Èç ôîðìóë ïðåîáðàçîâàíèÿ êîìïîíåíò äîïóñòèìîãî òåíçîðíîãî ïîëÿ ñëåäóåò, ÷òî ïðîèç-

âîäíûå ∂ntab ÿâëÿþòñÿ êîìïîíåíòàìè äîïóñòèìîãî òåíçîðíîãî ïîëÿ. Çàìåòèì, ÷òî îáðàùåíèå
â íóëü ïðîèçâîäíûõ ∂ntab íå çàâèñèò îò âûáîðà àäàïòèðîâàííûõ êîîðäèíàò.

Ââåäåì â ðàññìîòðåíèå äîïóñòèìûå òåíçîðíûå ïîëÿ, îïðåäåëÿåìûå ðàâåíñòâàìè

h~x =
1

2
(L~ξϕ)(~x), C(~x, ~y) =

1

2
(L~ξg)(~x, ~y), g(C~x, ~y) = C(~x, ~y), L~x = C~x− ψ~x, ~x, ~y ∈ Γ(TM).

Â àäàïòèðîâàííûõ êîîðäèíàòàõ ïîëó÷àåì: hab = 1
2∂nϕ

a
b , Cab = 1

2∂ngab, C
a
b = gdaCdb, ψca = gbcωab.
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Áóäåì èñïîëüçîâàòü ñëåäóþùèå îáîçíà÷åíèÿ äëÿ ñâÿçíîñòè è êîýôôèöèåíòîâ ñâÿçíîñòè
Ëåâè�×èâèòà òåíçîðà g: ∇̃, Γ̃αβγ . Â ðåçóëüòàòå íåïîñðåäñòâåííûõ âû÷èñëåíèé óáåæäàåìñÿ â
ñïðàâåäëèâîñòè ñëåäóþùåé òåîðåìû.

Òåîðåìà 1. Êîýôôèöèåíòû ñâÿçíîñòè Ëåâè-×èâèòû ïî÷òè êîíòàêòíîãî ìåòðè÷åñêîãî
ïðîñòðàíñòâà â àäàïòèðîâàííûõ êîîðäèíàòàõ èìåþò âèä:

Γ̃cab = Γcab, Γ̃nab = ωba − Cab, Γ̃ban = Γ̃bna = Cba − ψba, Γ̃nna = Γ̃ann = 0,

ãäå Γabc = 1
2g
ad(~ebgcd + ~ecgbd − ~ebc).

Ïîä âíóòðåííåé ëèíåéíîé ñâÿçíîñòüþ íà ìíîãîîáðàçèè ñ êîíòàêòíîé ìåòðè÷åñêîé ñòðóê-
òóðîé [9] ïîíèìàåòñÿ îòîáðàæåíèå ∇ : Γ(D) × Γ(D) → Γ(D), óäîâëåòâîðÿþùåå ñëåäóþùèì
óñëîâèÿì:

1)∇f1~x+f2~y = f1∇~x + f2∇~y;
2)∇~xf~y = (~xf)~y + f∇~x~y,

3)∇~x(~y + ~z) = ∇~x~y +∇~x~z,

ãäå Γ(D) � ìîäóëü äîïóñòèìûõ âåêòîðíûõ ïîëåé. Êîýôôèöèåíòû ëèíåéíîé ñâÿçíîñòè îïðå-
äåëÿþòñÿ èç ñîîòíîøåíèÿ ∇~ea~eb = Γcab~ec. Èç ðàâåíñòâà ~ea = Aa

′
a ~ea′ , ãäå

Aa
′
a =

∂xa
′

∂xa
, (1)

îáû÷íûì îáðàçîì ñëåäóåò ôîðìóëà ïðåîáðàçîâàíèÿ äëÿ êîýôôèöèåíòîâ ñâÿçíîñòè:

Γcab = Aa
′
a A

b′
b A

c
c′Γ

c′
a′b′ +Acc′~eaA

c′
b . (2)

Êðó÷åíèå âíóòðåííåé ëèíåéíîé ñâÿçíîñòè S ïî îïðåäåëåíèþ ïîëàãàåòñÿ ðàâíûì

S(~x, ~y) = ∇~x~y −∇~y~x− P [~x, ~y].

Òàêèì îáðàçîì, â àäàïòèðîâàííûõ êîîðäèíàòàõ ìû èìååì Scab = Γcab − Γcba.
Êîîðäèíàòíîå ïðåäñòàâëåíèå òåíçîðà êðó÷åíèÿ âíóòðåííåé ñâÿçíîñòè óêàçûâàåò íà öåëåñî-

îáðàçíîñòü íàçûâàòü âíóòðåííþþ ñâÿçíîñòü ñ íóëåâûì êðó÷åíèåì ñèììåòðè÷íîé ñâÿçíîñòüþ.
Äåéñòâèå âíóòðåííåé ëèíåéíîé ñâÿçíîñòè îáû÷íûì îáðàçîì ïðîäîëæàåòñÿ íà ïðîèçâîëüíûå
äîïóñòèìûå òåíçîðíûå ïîëÿ. Åñëè êðó÷åíèå âíóòðåííåé ñâÿçíîñòè ðàâíî íóëþ è ∇g = 0, òî
ñîîòâåòñòâóþùóþ ñâÿçíîñòü áóäåì íàçûâàòü âíóòðåííåé ìåòðè÷åñêîé ñâÿçíîñòüþ áåç êðó÷å-
íèÿ.

Âíóòðåííÿÿ ëèíåéíàÿ ñâÿçíîñòü ìîæåò áûòü îïðåäåëåíà çàäàíèåì ãîðèçîíòàëüíîãî ðàñ-
ïðåäåëåíèÿ íàä ïðîñòðàíñòâîì âåêòîðíîãî ðàññëîåíèÿ (D,π,M). Áóäåì ãîâîðèòü, ÷òî íàä
ðàñïðåäåëåíèåì D çàäàíà ñâÿçíîñòü, åñëè ðàñïðåäåëåoíèå D̃ = π−1

∗ (D), ãäå π : D → M �
åñòåñòâåííàÿ ïðîåêöèÿ, ðàñêëàäûâàåòñÿ â ïðÿìóþ ñóììó âèäà D̃ = HD ⊕ V D, ãäå V D �
âåðòèêàëüíîå ðàñïðåäåëåíèå íà òîòàëüíîì ïðîñòðàíñòâå D.

Ââåäåì íà D ñòðóêòóðó ãëàäêîãî ìíîãîîáðàçèÿ, ïîñòàâèâ â ñîîòâåòñòâèå êàæäîé àäàïòè-
ðîâàííîé êàðòå K(α) íà ìíîãîîáðàçèè M ñâåðõêàðòó K̃(xα, xn+a) íà ìíîãîîáðàçèè D, ãäå
(xn+a) � êîîðäèíàòû äîïóñòèìîãî âåêòîðà â áàçèñå ~ea = ∂a − Γna∂n. Ïîñòðîåííóþ ñâåðõêàðòó
òàêæå áóäåì íàçûâàòü àäàïòèðîâàííîé. Çàäàíèå ñâÿçíîñòè íàä ðàñïðåäåëåíèåì ýêâèâàëåíòíî
çàäàíèþ îáúåêòà Gab (x

a, xn+a) òàêîãî, ÷òî HD = Span(~εa), ãäå ~εa = ∂a−Γna∂n−Gba∂n+b. Â ñëó-
÷àå, êîãäà Gab (x

a, xn+a) = Γabc(x
a)xn+c, ñâÿçíîñòü íàä ðàñïðåäåëåíèåì îïðåäåëÿåòñÿ âíóòðåííåé

ëèíåéíîé ñâÿçíîñòüþ. Â íàñòîÿùåé ðàáîòå óòî÷íÿåòñÿ ââåäåííîå ðàíåå [11] ïîíÿòèå ïðîäîë-
æåííîé ñâÿçíîñòè. Ïóñòü ∇ � âíóòðåííÿÿ ëèíåéíàÿ ñâÿçíîñòü, îïðåäåëÿåìàÿ ãîðèçîíòàëüíûì
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ðàñïðåäåëåíèåì HD, è N : D → D � ïîëå äîïóñòèìîãî òåíçîðà òèïà (1,1). N-ïðîäîëæåííîé
ñâÿçíîñòüþ íàçîâåì ñâÿçíîñòü â âåêòîðíîì ðàññëîåíèè (D,π,M), îïðåäåëÿåìóþ ðàçëîæåíèåì
TD = H̃D ⊕ V D, òàêóþ, ÷òî H̃D = HD ⊕ Span(~u), ãäå ~u~x = ~ε − (N~x)v, ~ε = ∂n, ~x ∈ D,
(N~x)v � âåðòèêàëüíûé ëèôò. Îòíîñèòåëüíî áàçèñà (~εa, ∂n, ∂n+a) ïîëå ~u ïîëó÷àåò ñëåäóþùåå
êîîðäèíàòíîå ïðåäñòàâëåíèå: ~u = ∂n −Na

b x
n+b∂n+a.

Ïîä êðó÷åíèåì N-ïðîäîëæåííîé ñâÿçíîñòè áóäåì ïîíèìàòü êðó÷åíèå èñõîäíîé âíóòðåí-
íåé ñâÿçíîñòè. Áóäåì èñïîëüçîâàòü ñëåäóþùåå îáîçíà÷åíèå äëÿ N-ïðîäîëæåííîé ñâÿçíîñòè:
∇N = (∇, N), ãäå ∇ � âíóòðåííÿÿ ñâÿçíîñòü. N-ïðîäîëæåííóþ ñâÿçíîñòü íàçîâåì ìåòðè÷å-
ñêîé, åñëè ∇ � âíóòðåííÿÿ ñèììåòðè÷íàÿ ìåòðè÷åñêàÿ ñâÿçíîñòü è âûïîëíÿåòñÿ ðàâåíñòâî
∇N~ξ gab = ∂ngab −N c

agcb −N c
b gac = 0.

Åñëè íå îãîâîðåíî ïðîòèâíîå, íà ïðîòÿæåíèè âñåé ðàáîòû ïîä ñâÿçíîñòüþ ∇ áóäåò ïîíè-
ìàòüñÿ âíóòðåííÿÿ ñèììåòðè÷íàÿ ìåòðè÷åñêàÿ ñâÿçíîñòü.

Äîïóñòèìîå òåíçîðíîå ïîëå, îïðåäåëÿåìîå ðàâåíñòâîì

R(~x, ~y)~z = ∇~x∇~y~z −∇~y∇~x~z −∇P [~x,~y]~z − P [Q[~x, ~y], ~z],

ãäå Q = 1−P , íàçâàíî Âàãíåðîì [1] òåíçîðîì êðèâèçíû Ñõîóòåíà. Êîîðäèíàòíîå ïðåäñòàâëå-
íèå òåíçîðà Ñõîóòåíà â àäàïòèðîâàííûõ êîîðäèíàòàõ èìååò âèä: Rdabc = 2~e[aΓ

d
b]c + 2Γd[a||e||Γ

e
b]c.

Òåíçîð êðèâèçíû Ñõîóòåíà âîçíèêàåò â ðåçóëüòàòå àëüòåðíèðîâàíèÿ âòîðûõ êîâàðèàíòíûõ
ïðîèçâîäíûõ: 2∇[a∇b]vc = Rcabev

e + 4ωba∂nv
c.

Îáðàùåíèå â íóëü òåíçîðà êðèâèçíû Ñõîóòåíà ðàâíîñèëüíî òîìó, ÷òî ïàðàëëåëüíûé ïå-
ðåíîñ äîïóñòèìûõ âåêòîðîâ âäîëü äîïóñòèìûõ êðèâûõ íå çàâèñèò îò ïóòè ïåðåíîñà. Íàçîâåì
òåíçîð Ñõîóòåíà òåíçîðîì êðèâèçíû ðàñïðåäåëåíèÿ D, à ðàñïðåäåëåíèå D, â ñëó÷àå îáðàùå-
íèÿ â íóëü òåíçîðà Ñõîóòåíà, � ðàñïðåäåëåíèåì íóëåâîé êðèâèçíû. Èç ôîðìóë (1), (2) ñëåäóåò,
÷òî ÷àñòíûå ïðîèçâîäíûå ∂nΓabc = P abc ÿâëÿþòñÿ êîìïîíåíòàìè äîïóñòèìîãî òåíçîðíîãî ïîëÿ,
îáîçíà÷àåìîãî â äàëüíåéøåì P (~x, ~y).

Äëÿ Ê-êîíòàêòíûõ [9] ïðîñòðàíñòâ òåíçîð êðèâèçíû Ñõîóòåíà íàäåëåí òåìè æå ôîðìàëü-
íûìè ñâîéñòâàìè, ÷òî è òåíçîð êðèâèçíû ðèìàíîâà ìíîãîîáðàçèÿ. Â áîëåå îáùåì ñëó÷àå ïðå-
ïÿòñòâèåì ê ýòîìó âûñòóïàåò íàëè÷èå ïðîèçâîäíûõ ∂ngbc â ðàâåíñòâå

∇[e∇a]gbc = 2ωea∂ngbc − gdcRdeab − gbdRdeac.

Âåêòîðíûå ïîëÿ (~εa = ∂a − Γna∂n − Γbacx
n+c∂n+b, ~u = ∂n − Na

b x
n+b∂n+a, ∂n+a) îïðåäåëÿþò

íà D íåãîëîíîìíîå (àäàïòèðîâàííîå) ïîëå áàçèñîâ, à ôîðìû (dxa,Θn = dxn + Γnadx
a,Θn+a =

dxn+a + Γabcx
n+cdxb + Na

b x
n+bdxn) � ñîîòâåòñòâóþùåå ïîëå êîáàçèñîâ. Ïðîâîäÿ íåîáõîäèìûå

âû÷èñëåíèÿ, ïîëó÷àåì ñëåäóþùèå ñòðóêòóðíûå óðàâíåíèÿ:

[~εa, ~εb] = 2ωba~u+ xn+d(2ωbaN
c
d +Rcbad)∂n+c, (3)

[~εa, ~u] = xn+d(∂nΓcad −∇aN c
d)∂n+c, (4)

[~εa, ∂n+b] = Γcab∂n+c,

[~u, ∂n+a] = N c
a∂n+c.

Èç (3), (4) ïîëó÷àåì âûðàæåíèå äëÿ òåíçîðà êðèâèçíû N-ïðîäîëæåííîé ñâÿçíîñòè:

K(~x, ~y)~z = 2ω(~x, ~y)N~z +R(~x, ~y)~z, (5)

K(~ξ, ~x)~y = P (~x, ~y)− (∇~xN)~y, (6)

ãäå ~x, ~y, ~z ∈ Γ(D).
Êàê ñëåäóåò èç (5), (6), òåíçîð êðèâèçíû N-ïðîäîëæåííîé ñâÿçíîñòè ïîëíîñòüþ îïðåäå-

ëÿåòñÿ äîïóñòèìûìè òåíçîðíûìè ïîëÿìè. Åñëè ïîëîæèòü â àäàïòèðîâàííûõ êîîðäèíàòàõ
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Na
b = 1

4mω
cdRacdb, òî ñîîòâåòñòâóþùóþ N-ïðîäîëæåííóþ ñâÿçíîñòü è åå òåíçîð êðèâèçíû áó-

äåì íàçûâàòü ñâÿçíîñòüþ Âàãíåðà è òåíçîðîì êðèâèçíû Âàãíåðà ñîîòâåòñòâåííî. Â áîëåå îá-
ùåì ñëó÷àå íàçîâåì òåíçîð êðèâèçíû N-ïðîäîëæåííîé ñâÿçíîñòè îáîáùåííûì òåíçîðîì êðè-
âèçíû Âàãíåðà. Äëÿ ñâÿçíîñòè Âàãíåðà áóäåì èñïîëüçîâàòü îáîçíà÷åíèå ∇W . Ýíäîìîðôèçì
Na
b = 1

4mω
cdRacdb ïîëó÷åí Âàãíåðîì [1] ïðè ïîñòðîåíèè òåíçîðà êðèâèçíû íåãîëîíîìíîãî ìíî-

ãîîáðàçèÿ êîðàçìåðíîñòè 1.
Âûáîð ýíäîìîðôèçìàN îïðåäåëÿåòñÿ ïðåäïî÷èòàåìûìè ñâîéñòâàìè êîíñòðóèðóåìîé ñâÿç-

íîñòè.

Òåîðåìà 2. Íà ìíîãîîáðàçèè ñ êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðîé ñóùåñòâóåò N -
ïðîäîëæåííàÿ ìåòðè÷åñêàÿ ñâÿçíîñòü, îäíîçíà÷íî îïðåäåëÿåìàÿ ñëåäóþùèìè óñëîâèÿìè:

1. ~zg(~x, ~y) = g(∇~z~x, ~y) + g(~x,∇~z~y) (ñâîéñòâî ìåòðè÷íîñòè),
2. ∇~x~y −∇~y~x− P [~x, ~y] = 0 (îòñóòñòâèå êðó÷åíèÿ),
3. N � ñèììåòðè÷åñêèé îïåðàòîð, òàêîé, ÷òî

g(N~x, ~y) =
1

2
L~ξg(~x, ~y), (7)

ãäå ~x, ~y, ~z ∈ Γ(D) � ñå÷åíèÿ ðàñïðåäåëåíèÿ D.

Äîêàçàòåëüñòâî. Ïåðâûå äâà óñëîâèÿ òåîðåìû îäíîçíà÷íî îïðåäåëÿþò âíóòðåííþþ ìåòðè-
÷åñêóþ ñâÿçíîñòü [1]. Â ñëó÷àå, êîãäà L~ξg = 0, ïîëàãàåìN = 0. Ïóñòü, òåïåðü, L~ξg 6= 0. Àëüòåð-

íèðóÿ âòîðóþ êîâàðèàíòíóþ ïðîèçâîäíóþ, ïîëó÷àåì: ∇[e∇a]gbc = 2ωea∂ngbc−gdcRdeab−gbdRdeac.
Ïðåäïîëàãàÿ, ÷òî ñóùåñòâóåò N -ïðîäîëæåííàÿ ìåòðè÷åñêàÿ ñâÿçíîñòü, óäîâëåòâîðÿþùàÿ

óñëîâèÿì òåîðåìû, è, ñðàâíèâàÿ ïîëó÷åííûé ðåçóëüòàò ñ (7), íàõîäèì ÿâíîå âûðàæåíèå äëÿ
ýíäîìîðôèçìà N :

Nf
b =

1

4m
ωea(Rfeab + gbdg

cfRdeac)

Äàëåå, ñ ïîìîùüþ ïðÿìîãî âû÷èñëåíèÿ óáåæäàåìñÿ â ñïðàâåäëèâîñòè ðàâåíñòâà ∇ngab = 0
äëÿ íàéäåííîãî âûøå ýíäîìîðôèçìà N . Òåì ñàìûì òåîðåìà äîêàçàíà. 2

3. N-ïðîäîëæåííûå ñâÿçíîñòè è ñïåöèàëüíûå ñâÿçíîñòè â ïî÷òè
êîíòàêòíîì ìåòðè÷åñêîì ïðîñòðàíñòâå

Ïóñòü ∇N � N-ïðîäîëæåííàÿ ñâÿçíîñòü íà ìíîãîîáðàçèè ñ ïî÷òè êîíòàêòíîé ìåòðè÷åñêîé
ñòðóêòóðîé (M, ~ξ, η, ϕ, g). Ïîñòàâèì â ñîîòâåòñòâèå ñâÿçíîñòè ∇N ëèíåéíóþ ñâÿçíîñòü íà ìíî-
ãîîáðàçèè M , îáîçíà÷àåìóþ òåì æå ñèìâîëîì ∇N è óäîâëåòâîðÿþùóþ ñëåäóþùèì óñëîâèÿì:

1) S(~x, ~y) = 2ω(~x, ~y)~ξ + η(~x)N~y − η(~y)N~x, ~x, ~y, ~z ∈ Γ(TM);
2) ∇N~x g(~y, ~z) = 0, ~x, ~y, ~z ∈ Γ(D);

3) ∇N~x ~ξ = 0, ~x ∈ Γ(TM);
4) ∇N~x η = 0, ~x ∈ Γ(TM), ãäå S(~x, ~y) � êðó÷åíèå ñâÿçíîñòè ∇N~x .
Èìååò ìåñòî

Òåîðåìà 3. Ïóñòü (M, ~ξ, η, ϕ, g) � ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà, çàäàí-
íàÿ íà ìíîãîîáðàçèè M . Òîãäà íà ìíîãîîáðàçèè M ñóùåñòâóåò åäèíñòâåííàÿ ñâÿçíîñòü ∇N~x
òàêàÿ, ÷òî âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

S(~x, ~y) = 2ω(~x, ~y)~ξ + η(~x)N~y − η(~y)N~x, ~x, ~y, ~z ∈ Γ(TM), (8)

∇N~x g(~y, ~z) = 0, ~x, ~y, ~z ∈ Γ(D), (9)

∇N~x ~ξ = 0, ~x ∈ Γ(TM), (10)
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∇N~x η = 0, ~x ∈ Γ(TM), (11)

ãäå N : D → D ðàñïðåäåëåíèÿ D.

Äîêàçàòåëüñòâî. Èç ïðåäïîëîæåíèÿ ñóùåñòâîâàíèÿ ñâÿçíîñòè, äîêàæåì åå åäèíñòâåííîñòü.
Ïîëó÷èì ÿâíîå âûðàæåíèå äëÿ êîýôôèöèåíòîâ Γαβγ ñâÿçíîñòè ∇N~x â àäàïòèðîâàííûõ êî-

îðäèíàòàõ. Óñëîâèÿ (8), (9) îïðåäåëÿþò êîýôôèöèåíòû Γabc = 1
2g
ad(~ebgcd + ~ecgbd − ~ebc). Èç

óñëîâèé (10), (11) ñëåäóåò ñïðàâåäëèâîñòü ñëåäóþùèõ ðàâåíñòâ: Γabn = Γnan = Γann = Γnab =
Γnnb = Γnnn = 0. Ïîâòîðíî èñïîëüçóÿ óñëîâèå (8), ïîëó÷àåì, ÷òî Γbna = N b

a. ×òî è äîêàçûâàåò
åäèíñòâåííîñòü. Îïðåäåëèì òåïåðü îòëè÷íûå îò íóëÿ êîýôôèöèåíòû ñâÿçíîñòè ∇N~x , ïîëîæèâ
Γabc = 1

2g
ad(~ebgcd + ~ecgbd − ~ebc), Γbna = N b

a. Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî îïðåäåëÿåìàÿ òåì
ñàìûì ñâÿçíîñòü óäîâëåòâîðÿåò óñëîâèÿì (8)-(11). Òåîðåìà äîêàçàíà. 2

Òåîðåìà 3 óêàçûâàåò íà áèåêòèâíîå ñîîòâåòñòâèå ìåæäó ìíîæåñòâîì N-ïðîäîëæåííûõ
ñâÿçíîñòåé è ìíîæåñòâîì N-ñâÿçíîñòåé. Ñëåäóþùåå óòâåðæäåíèå ïîçâîëÿåò ïîñòðîèòü N-ñâÿç-
íîñòü, èñïîëüçóÿ ñâÿçíîñòü Ëåâè�×èâèòà.

Òåîðåìà 4. Ïóñòü (M, ~ξ, η, ϕ, g) � ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà, çàäàí-
íàÿ íà ìíîãîîáðàçèè M . Òîãäà îïðåäåëÿåìàÿ ñ ïîìîùüþ ðàâåíñòâà

∇N~x ~y = ∇̃~x~y − η(~x)∇̃~y~ξ + (ω + c)(~x, ~y)~ξ + η(~x)N~y

ñâÿçíîñòü ∇N~x ñîâïàäàåò ñ N-ñâÿçíîñòüþ ñ ñîîòâåòñòâóþùèì ýíäîìîðôèçìîì N : D → D.

Äîêàçàòåëüñòâî òåîðåìû ñâîäèòñÿ âû÷èñëåíèþ êîýôôèöèåíòîâ ñâÿçíîñòè â àäàïòèðîâàí-
íûõ êîîðäèíàòàõ.

Èñïîëüçóÿ ðàâåíñòâà (5), (6), ïîëó÷àåì âûðàæåíèå äëÿ òåíçîðà êðèâèçíû N-ñâÿçíîñòè ∇N~x :

K(~x, ~y)~z = 2ω(~x, ~y)N~z +R(~x, ~y)~z + η(~x)(P (~y, ~z)− (∇NP~yN)~z)− η(~y)(P (~x, ~z)− (∇NP~xN)~z),

~x, ~y, ~z ∈ Γ(TM).
Íàçîâåì òåíçîð êðèâèçíû N-ñâÿçíîñòè, òàêæå êàê è òåíçîð êðèâèçíû ñîîòâåòñòâóþùåé

N-ïðîäîëæåííîé ñâÿçíîñòè, îáîáùåííûì òåíçîðîì êðèâèçíû Âàãíåðà. Çàäàâàÿ íàäëåæàùèì
îáðàçîì ýíäîìîðôèçì N : D → D, ïîëó÷àåì ñïåöèàëüíûå êëàññû N-ñâÿçíîñòåé:

1. Ñâÿçíîñòü Áåæàíêó ∇B ñ íóëåâûì ýíäîìîðôèçìîì N = 0. Áåæàíêó [7] îïðåäåëÿåò
ñâÿçíîñòü ∇B íà ïî÷òè êîíòàêòíîì ìåòðè÷åñêîì ìíîãîîáðàçèè ñ ïîìîùüþ ôîðìóëû

∇B~x ~y = ∇̃~x~y − η(~x)∇̃~y~ξ − η(~y)∇̃~x~ξ + (ω + c)(~x, ~y)~ξ.

Â àäàïòèðîâàííûõ êîîðäèíàòàõ îòëè÷íûìè îò íóëÿ êîìïîíåíòàìè ΓBαβγ ñâÿçíîñòè ∇B ÿâëÿþò-

ñÿ ΓBαβγ = Γabc = 1
2g
ad(~ebgcd +~ecgbd−~ebc). Â ñëó÷àå ìíîãîîáðàçèÿ Ñàñàêè òåíçîð êðèâèçíû ñâÿç-

íîñòè Áåæàíêó ñîâïàäàåò ñ òåíçîðîì êðèâèçíû Ñõîóòåíà. Ïîñòðîåííàÿ Áåæàíêó ñâÿçíîñòü,
âîîáùå ãîâîðÿ, íå ÿâëÿåòñÿ ìåòðè÷åñêîé. Òàê êàê ∇Bn gab = ∂ngab, òî ìåòðè÷íîñòü ñâÿçíîñòè
Áåæàíêó ýêâèâàëåíòíà Ê-êîíòàêòíîñòè êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðû. N-ñâÿçíîñòü ∇N
íà ìíîãîîáðàçèè ñ ïî÷òè êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðîé ñ çàäàííûì ýíäîìîðôèçìîì
N : D → D ìîæåò áûòü îïðåäåëåíà ñ ïîìîùüþ ðàâåíñòâà ∇N~x ~y = ∇B~x ~y + η(~x)N~y.

2. Ñâÿçíîñòü Òàíàêà-Âåáñòåðà ∇TW îïðåäåëÿåòñÿ êàê åäèíñòâåííàÿ ñâÿçíîñòü, óäîâëåòâî-
ðÿþùàÿ ñëåäóþùèì óñëîâèÿì:

1) ∇TW η = 0,
2) ∇TW ~ξ = 0,
3) ∇TW g = 0,
4) S(~x, ~y) = 2ω(~x, ~y)~ξ, ~x, ~y ∈ Γ(D),
5) S(~ξ, ϕ~x) = −ϕS(~ξ, ~x), ~x ∈ Γ(TM).
Ñâÿçíîñòü ∇TW ÿâëÿåòñÿ N-ñâÿçíîñòüþ äëÿ N = C.



60 Ñ. Â. ÃÀËÀÅÂ

3. Ñâÿçíîñòü Ñõîóòåíà-âàí Êàìïåíà ∇Sk îïðåäåëÿåòñÿ ñ ïîìîùüþ ðàâåíñòâà [6]:

∇Sk~x ~y = (∇̃~x~yh)h + (∇̃~x~yv),

ãäå ~yh = P~y, ~yv = Q~y. Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî ñâÿçíîñòü Ñõîóòåíà-âàí Êàìïåíà
ÿâëÿåòñÿ N-ñâÿçíîñòüþ äëÿ ñëó÷àÿ, êîãäà N = C − ϕ.

4. Ñîâñåì íåäàâíî áûëî ââåäåíî ïîíÿòèå ϕ-ñâÿçíîñòè [8]. Äëÿ K-êîíòàêòíûõ ìåòðè÷åñêèõ
ïðîñòðàíñòâ ϕ-ñâÿçíîñòü ñîâïàäàåò ñî ñâÿçíîñòüþ Ñõîóòåíà�âàí Êàìïåíà.

4. Ñâîéñòâà êðèâèçíû N-ïðîäîëæåííîé ñâÿçíîñòè

Ïóñòü (M, ~ξ, η, ϕ, g) � êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà, çàäàííàÿ íà ìíîãîîáðàçèè M .
Òåì ñàìûì íà ìíîãîîáðàçèè M îïðåäåëåíà âíóòðåííÿÿ ñèììåòðè÷íàÿ ìåòðè÷åñêàÿ ñâÿçíîñòü
∇ ñ êîýôôèöèåíòàìè Γabc = 1

2g
ad(~ebgcd + ~ecgbd − ~ebc). Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 5. Ïóñòü (M, ~ξ, η, ϕ, g) � ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà, çà-
äàííàÿ íà ìíîãîîáðàçèè M . Òîãäà îáðàùåíèå â íóëü òåíçîðà Ñõîóòåíà ýêâèâàëåíòíî ñóùå-
ñòâîâàíèþ òàêîãî àòëàñà, ñîñòîÿùåãî èç àäàïòèðîâàííûõ êàðò, äëÿ êîòîðîãî âûïîëíÿþòñÿ
ðàâåíñòâà Γabc = 0.

Äîêàçàòåëüñòâî. Äîñòàòî÷íîñòü óòâåðæäåíèÿ íåïîñðåäñòâåííî ïîäòâåðæäàåòñÿ êîîðäè-
íàòíûì ïðåäñòàâëåíèåì òåíçîðà Ñõîóòåíà â àäàïòèðîâàííûõ êîîðäèíàòàõ. Äîêàæåì íåîá-
õîäèìîñòü. Êàê ïîêàçàíî â [1], îáðàùåíèå â íóëü òåíçîðà Ñõîóòåíà âëå÷åò íåçàâèñèìîñòü
êîýôôèöèåíòîâ ñâÿçíîñòè Γabc îò ïîñëåäíåé êîîðäèíàòû: ∂nΓabc = P abc = 0. Ïîêàæåì, ÷òî íà
ìíîãîîáðàçèè M ìîæíî ïîñòðîèòü àòëàñ àäàïòèðîâàííûõ êàðò, â êîòîðûõ êîýôôèöèåíòû
ñâÿçíîñòè ðàâíû íóëþ. Ñîñòàâèì ñèñòåìó óðàâíåíèé â ïîëíûõ äèôôåðåíöèàëàõ.

∂af
b′ = Ab

′
a , ∂aA

c′
b = ΓcabA

c′
c . (12)

Óñëîâèÿ èíòåãðèðóåìîñòè ïîëó÷åííîé ñèñòåìû ñâîäÿòñÿ ê ñëåäóþùèì ñîîòíîøåíèÿì:
ScabA

c′
c = 0, RdabcA

d′
d = 0, êîòîðûå âûïîëíÿþòñÿ òîæäåñòâåííî. Ñëåäîâàòåëüíî, ñèñòåìà (12)

âïîëíå èíòåãðèðóåìà è èìååò ðåøåíèå ñ ïðîèçâîëüíûìè íà÷àëüíûìè óñëîâèÿìè, ÷òî è çàâåð-
øàåò äîêàçàòåëüñòâî òåîðåìû. 2

Òåîðåìà 6. Ïóñòü (M, ~ξ, η, ϕ, g) � êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà, çàäàííàÿ íà
ìíîãîîáðàçèè M . Îáîáùåííûé òåíçîð êðèâèçíû Âàãíåðà òîæäåñòâåííî ðàâåí íóëþ òîãäà è
òîëüêî òîãäà, êîãäà N = 0 è ñóùåñòâóåò ïîñòîÿííîå äîïóñòèìîå âåêòîðíîå ïîëå ëþáîãî
íàïðàâëåíèÿ.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî îáîáùåííûé òåíçîð êðèâèçíû Âàãíåðà òîæäåñòâåííî
ðàâåí íóëþ. Èç ðàâåíñòâà (5) çàêëþ÷àåì, ÷òî 2ω(~x, ~y)N~z+R(~x, ~y)~z = ~0. Â êà÷åñòâå ñëåäñòâèÿ
ëåãêî ïðîâåðÿåìîãî òîæäåñòâà Rd[abc] = 0, ïîëó÷àåì ðàâåíñòâî N b

a(m − 1) = 0. Ò.ê. m > 1, òî
îòñþäà ñëåäóåò, ÷òî N = 0. ×òî, â ñâîþ î÷åðåäü, âëå÷åò îáðàùåíèå â íóëü òåíçîðà Ñõîóòåíà.
Îñòàâøèåñÿ ðàññóæäåíèÿ ìîæíî ïðîâåñòè, îïèðàÿñü íà òåîðåìó 5. 2

5. Çàêëþ÷åíèå

N-ïðîäîëæåííûå ñâÿçíîñòè åñòåñòâåííûì îáðàçîì âîçíèêàþò â ðàçëè÷íûõ ðàçäåëàõ ìà-
òåìàòèêè è òåîðåòè÷åñêîé ôèçèêè [13-15]. Òàê, íàïðèìåð, â ðàáîòå [13] ñ ïîìîùüþ N-
ïðîäîëæåííîé ñèìïëåêòè÷åñêîé ñâÿçíîñòè îïðåäåëÿþòñÿ îáîáùåííûå êëàññû Ìàñëîâà ëåæàí-
äðîâûõ ïîäìíîãîîáðàçèé ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ïðîñòðàíñòâ. Äîêàçûâàåòñÿ, ÷òî âñå
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õàðàêòåðèñòè÷åñêèå êëàññû Ìàñëîâà âïîëíå ãåîäåçè÷åñêèõ ëåæàíäðîâûõ ïîäìíîãîîáðàçèé ïî-
÷òè êîíòàêòíûõ êýëåðîâûõ ïðîñòðàíñòâ ðàâíû íóëþ. Âî ìíîãèõ ñëó÷àÿõ çíàíèå ñòðîåíèÿ
îáîáùåííîãî òåíçîðà êðèâèçíû Âàãíåðà ïîçâîëÿåò çíà÷èòåëüíî óïðîñòèòü ïðîâîäèìûå èññëå-
äîâàíèÿ. Ïðè èíòåãðèðîâàíèè óðàâíåíèé äâèæåíèÿ ñèñòåìû, Âàãíåð, èñïîëüçóÿ ãåîìåòðè÷å-
ñêèå ñâîéñòâà òåíçîðà êðèâèçíû íåãîëîíîìíîãî ìíîãîîáðàçèÿ [2], ïîäáèðàåò òàêóþ ñèñòåìó
êîîðäèíàò, â êîòîðîé óðàâíåíèÿ äâèæåíèÿ ïðèíèìàþò íàèáîëåå ïðîñòîé âèä.
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Àííîòàöèÿ

Ïóñòü K � àáñòðàêòíûé êëàññ ãðóïï, è ïóñòü K ñîäåðæèò õîòÿ áû îäíó íååäèíè÷íóþ
ãðóïïó. Òîãäà êëàññ K íàçûâàåòñÿ êîðíåâûì, åñëè âûïîëíåíû ñëåäóþùèå òðè óñëîâèÿ:

1. Åñëè A ∈ K è B ≤ A, òî B ∈ K.
2. Åñëè A ∈ K è B ∈ K, òî A×B ∈ K.
3. Åñëè 1 ≤ C ≤ B ≤ A � ñóáíîðìàëüíûé ðÿä ãðóïïû A è A/B,B/C ∈ K, òîãäà

ñóùåñòâóåò íîðìàëüíàÿ ïîäãðóïïà D ãðóïïû A òàêàÿ, ÷òî D ≤ C è A/D ∈ K.
Ãðóïïà G íàçûâàåòñÿ àïïðîêñèìèðóåìîé êîðíåâûì êëàññîì K (èëè K-àïïðîêñèìèðó-

åìîé), åñëè äëÿ ëþáîãî íååäèíè÷íîãî ýëåìåíòà g ãðóïïû G, ñóùåñòâóåò ãîìîìîðôèçì ϕ
ãðóïïû G íà ãðóïïó èç êëàññà K òàêîé, ÷òî gϕ 6= 1. Äðóãèìè ñëîâàìè, ãðóïïà G íàçûâàåò-
ñÿ K-àïïðîêñèìèðóåìîé, åñëè äëÿ ëþáîãî íååäèíè÷íîãî ýëåìåíòà g ãðóïïû G ñóùåñòâóåò
íîðìàëüíàÿ ïîäãðóïïà N ãðóïïû G òàêàÿ, ÷òî G/N ∈ K è g 6∈ N . Íàèáîëåå èíòåðåñíûìè
àïïðîêñèìàöèîííûìè ñâîéñòâàìè ÿâëÿþòñÿ àïïðîêñèìèðóåìîñòü êëàññîì âñåõ êîíå÷íûõ
ãðóïï (ôèíèòíàÿ àïïðîêñèìèðóåìîñòü), àïïðîêñèìèðóåìîñòü êëàññîì âñåõ êîíå÷íûõ p-
ãðóïï è àïïðîêñèìèðóåìîñòü êëàññîì ðàçðåøèìûõ ãðóïï. Âñå ýòè òðè êëàññà ÿâëÿþòñÿ
êîðíåâûìè. Ïîýòîìó ðåçóëüòàòû îá àïïðîêñèìèðóåìîñòè êîðíåâûì êëàññîì ãðóïï èìåþò
äîñòàòî÷íî îáùèé õàðàêòåð.

Ïóñòü K � êîðíåâîé êëàññ êîíå÷íûõ ãðóïï. È ïóñòü G � ôóíäàìåíòàëüíàÿ ãðóïïà
êîíå÷íîãî ãðàôà ãðóïï ñ êîíå÷íûìè ðåáåðíûìè ãðóïïàìè. Ïîëó÷åíî íåîáõîäèìîå è äî-
ñòàòî÷íîå óñëîâèå ïî÷òè K-àïïðîêñèìèðóåìîñòè ãðóïïû G.

Êëþ÷åâûå ñëîâà: êîðíåâîé êëàññ ãðóïï, ôóíäàìåíòàëüíàÿ ãðóïïà ãðàôà ãðóïï, ïî÷òè
K-àïïðîêñèìèðóåìîñòü.

ROOT-CLASS RESIDUALITY OF FUNDAMENTAL GROUP OF
A FINITE GRAPH OF GROUP

D. V. Goltsov

Abstract

Let K be an abstract class of groups. Suppose K contains at least a non trivial group. Then
K is called a root-class if the following conditions are satis�ed:

1. If A ∈ K and B ≤ A, then B ∈ K.
2. If A ∈ K and B ∈ K, then A×B ∈ K.
3. If 1 ≤ C ≤ B ≤ A is a subnormal sequence and A/B,B/C ∈ K, then there exists a

normal subgroup D in group A such that D ≤ C and A/D ∈ K.
GroupG is root-class residual (or K-residual), for a root-class K if, for every 1 6= g ∈ G, exists

a homomorphism ϕ of group G onto a group of root-class K such that gϕ 6= 1. Equivalently,
group G is K-residual if, for every 1 6= g ∈ G, there exists a normal subgroup N of G such
that G/N ∈ K and g 6∈ N . The most investigated residual properties of groups are �nite groups
residuality (residual �niteness), p-�nite groups residuality and soluble groups residuality. All
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there three classes of groups are root-classes. Therefore results about root-class residuality have
sa�ciently enough general character.

Let K be a root-class of �nite groups. And let G be a fundamental group of a �nite graph of
groups with �nite edges groups. The necessary and su�cient condition of virtual K-residuality
for the group G is obtained.

Key words: root-class of �nite groups, fundamental group of a �nite graph of groups, virtual
K-residuality.

1. Ââåäåíèå

Àáñòðàêòíûé êëàññ ãðóïï K íàçûâàåòñÿ êîðíåâûì, åñëè âûïîëíåíû ñëåäóþùèå òðè óñëî-
âèÿ.

1. Åñëè ãðóïïà A ïðèíàäëåæèò êëàññó K è B � ïîäãðóïïà ãðóïïû A, òî ãðóïïà B òàêæå
ïðèíàäëåæèò êëàññó K.

2. Ïðÿìîå ïðîèçâåäåíèå ëþáûõ äâóõ ãðóïï èç êëàññà K ïðèíàäëåæèò êëàññó K.
3. Åñëè 1 ≤ C ≤ B ≤ A � ñóáíîðìàëüíûé ðÿä ãðóïïû A òàêîé, ÷òî ôàêòîð-ãðóïïû A/B è

B/C ïðèíàäëåæàò êëàññó K, òî â ãðóïïå A ñóùåñòâóåò íîðìàëüíàÿ ïîäãðóïïà D òàêàÿ, ÷òî
D ⊆ C è A/D ïðèíàäëåæèò êëàññó K.

Íàïîìíèì, ÷òî ãðóïïà G íàçûâàåòñÿ àïïðîêñèìèðóåìîé êëàññîì K (èëè êîðî÷å K-
àïïðîêñèìèðóåìîé), åñëè äëÿ ëþáîãî íååäèíè÷íîãî ýëåìåíòà g ãðóïïû G cóùåñòâóåò ãîìî-
ìîðôèçì ϕ ãðóïïû G íà íåêîòîðóþ ãðóïïó èç êëàññà K, ïåðåâîäÿùèé ýëåìåíò g â ýëåìåíò
îòëè÷íûé îò 1. Ãðóïïà G íàçûâàåòñÿ ïî÷òè K-àïïðîêñèìè ðóåìîé, åñëè â íåé ñóùåñòâóåò
K-àïïðîêñèìèðóåìàÿ ïîäãðóïïà êîíå÷íîãî èíäåêñà

Åñëè êëàññ K ñîâïàäàåò ñ êëàññîì F âñåõ êîíå÷íûõ ãðóïï, òî ïîíÿòèå K-àïïðîêñèìèðóåìî-
ñòè ñîâïàäàåò ñ êëàññè÷åñêèì ïîíÿòèåì ôèíèòíîé àïïðîêñèìèðóåìîñòè. Íàðÿäó ñ ôèíèòíîé
àïïðîêñèìèðóåìîñòüþ ðàññìàòðèâàåòñÿ òàêæå Fp-àïïðîêñèìèðóåìîñòü è Fπ-àïïðîêñèìèðó-
åìîñòü, ãäå p � ïðîñòîå ÷èñëî, π � ìíîæåñòâî ïðîñòûõ ÷èñåë, Fp � êëàññ âñåõ êîíå÷íûõ
p-ãðóïï, Fπ � êëàññ âñåõ êîíå÷íûõ π-ãðóïï. Çàìåòèì, ÷òî âñå ïåðå÷èñëåííûå êëàññû F , Fp,
Fπ ÿâëÿþòñÿ êîðíåâûìè êëàññàìè êîíå÷íûõ ãðóïï.

Àïïðîêñèìèðóåìîñòü ðàçëè÷íûìè êîðíåâûìè êëàññàìè êîíå÷íûõ ãðóïï äëÿ îáîáùåííûõ
ñâîáîäíûõ ïðîèçâåäåíèé è HNN-ðàñøèðåíèé ïîäðîáíî èçó÷åíàà â ðàáîòàõ [1]�[7]. Ðàáîòû [8]�
[10] ïîñâÿùåíû èçó÷åíèþ àíàëîãè÷íûõ àïïðîêñèìàöèîííûõ ñâîéñòâ äëÿ ãðóïï àâòîìîðôèç-
ìîâ, ðàñùåïëÿåìûõ ðàñøèðåíèé è íåêîòîðûõ êëàññîâ ðàçðåøèìûõ ãðóïï.

Ãðþíáåðã â [11] äîêàçàë, ÷òî ñâîáîäíîå ïðîèçâåäåíèå ãðóïï àïïðîêñèìèðóåìûõ êîðíåâûì
êëàññîì ñàìî àïïðîêñèìèðóåìî ýòèì êëàññîì ïðè óñëîâèè, ÷òî ëþáàÿ ñâîáîäíàÿ ãðóïïà àï-
ïðîêñèìèðóåìà ýòèì êëàññîì. Â ïîñëåäñòâèè Ä. Í. Àçàðîâ â [12] óñòàíîâèë, ÷òî ýòî óñëîâèå
âñåãäà âûïîëíÿåòñÿ, ò.å. ëþáàÿ ñâîáîäíàÿ ãðóïïà àïïðîêñèìèðóåòñÿ ëþáûì êîðíåâûì êëàñ-
ñîì. Ïîýòîìó ðåçóëüòàò Ãðþíáåðãà ïðèíèìàåò ñëåäóþùèé âèä: ñâîáîäíîå ïðîèçâåäåíèå ãðóïï
àïïðîêñèìèðóåìûõ êîðíåâûì êëàññîì ñàìî îáëàäàåò ýòèì ñâîéñòâîì.

Åñëè òåïåðü âìåñòî ñâîáîäíîãî ïðîèçâåäåíèÿ ðàññìîòðåòü ñâîáîäíîå ïðîèçâåäåíèå ñ îáú-
åäèíåííûìè ïîäãðóïïàìè, òî äëÿ íåãî ðåçóëüòàò, àíàëîãè÷íûé òåîðåìå Ãðþíáåðãà, óæå íå
èìååò ìåñòî (äàæå â ñëó÷àå êîãäà îáúåäèíåííàÿ ïîäãðóïïà êîíå÷íàÿ). Îäíàêî åñëè âìåñòî
àïïðîêñèìèðóåìîñòè êîðíåâûì êëàññîì ðàññìîòðåòü ïî÷òè àïïðîêñèìèðóåìîñòü êîðíåâûì
êëàññîì, òî óäàåòñÿ ïîëó÷èòü ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 1. Ñâîáîäíîå ïðîèçâåäåíèå äâóõ ãðóïï ñ êîíå÷íûìè îáúåäèíåííûìè ïîäãðóïïà-
ìè ïî÷òè àïïðîêñèìèðóåìî êîðíåâûì êëàññîì êîíå÷íûõ ãðóïï òîãäà è òîëüêî òîãäà, êîãäà
ýòèì ñâîéñòâîì îáëàäàþò ñâîáîäíûå ìíîæèòåëè.

Àíàëîãè÷íûé ðåçóëüòàò èìååò ìåñòî è äëÿ HNN-ðàñøèðåíèÿ ñ êîíå÷íûìè ñâÿçíûìè ïîä-
ãðóïïàìè.
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Òåîðåìà 2. HNN-ðàñøèðåíèå ãðóïïû ñ êîíå÷íûìè ñâÿçíûìè ïîäãðóïïàìè ïî÷òè àïïðîê-
ñèìèðóåìî êîðíåâûì êëàññîì êîíå÷íûõ ãðóïï òîãäà è òîëüêî òîãäà, êîãäà ýòèì ñâîéñòâîì
îáëàäàåò áàçà HNN-ðàñøèðåíèÿ.

Òåîðåìû 1 è 2 äîïóñêàþò ñëåäóþùåå ïðîñòîå îáîáùåíèå.

Òåîðåìà 3. Ôóíäàìåíòàëüíàÿ ãðóïïà êîíå÷íîãî ãðàôà ãðóïï ñ êîíå÷íûìè ðåáåðíûìè
ãðóïïàìè ïî÷òè àïïðîêñèìèðóåìà êîðíåâûì êëàññîì êîíå÷íûõ ãðóïï òîãäà è òîëüêî òîãäà,
êîãäà ýòèì ñâîéñòâîì îáëàäàþò âñå âåðøèííûå ãðóïïû.

Íàïîìíèì îïðåäåëåíèå ôóíäàìåíòàëüíîé ãðóïïû ãðàôà ãðóïï. Ýòî ïîíÿòèå áûëî ââåäåíî
è èçó÷åíî Áàññîì è Ñåððîì â [13].

Ïóñòü íåîðèåíòèðîâàííûé ñâÿçíûé ãðàô Γ ñîñòîèò èç ìíîæåñòâà âåðøèí X è èç ìíîæåñòâà
ðåáåð Y . Äëÿ êàæäîãî ðåáðà y ∈ Y çàôèêñèðóåì íà÷àëî ðåáðà α(y) ∈ X è êîíåö ðåáðà
ω(y) ∈ X.

Ãðàô Γ íàçûâàåòñÿ êîíå÷íûì ãðàôîì, åñëè â ýòîì ãðàôå ìíîæåñòâà X è Y ÿâëÿþòñÿ
êîíå÷íûìè.

Ãðàô ãðóïï Λ(Γ) ñîñòîèò èç ãðàôà Γ, ìíîæåñòâà ãðóïï {Gx : x ∈ X} (âåðøèííûå ãðóïïû),
ìíîæåñòà ãðóïï {Hy : y ∈ Y } (ðåáåðíûå ãðóïïû) è âëîæåíèé ãðóïï αy : Hy → Gα(y) è
ωy : Hy → Gω(y) äëÿ âñåõ y ∈ Y .

Â ãðàôå Γ âûáåðèì íåêîòîðîå ìàêñèìàëüíîå ïîääåðåâî S, ò.å. ìàêñèìàëüíûé ïîäãðàô,
ÿâëÿþùèéñÿ äåðåâîì.

Ôóíäàìåíòàëüíàÿ ãðóïïà ãðàôà ãðóïï Λ(Γ) îòíîñèòåëüíî ìàêñèìàëüíîãî ïîääåðåâà S �
ýòî ãðóïïà, êîòîðàÿ ïîðîæäàåòñÿ âñåìè âåðøèííûìè ãðóïïàìè Gx(x ∈ X) è ìíîæåñòâîì
{ty : y ∈ Y \ S} è îïðåäåëÿåòñÿ ñëåäóþùèìè ñîîòíîøåíèÿìè:

t−1
y αy(g)ty = ωy(g) (g ∈ Hy, y ∈ Y \ S),

αy(g) = ωy(g) (g ∈ Hy, y ∈ S),

Åñëè ãðàô Γ ïðåäñòàâëÿåò ñîáîé äâå âåðøèíû, ñîåäèíåííûå îäíèì ðåáðîì, òî ôóíäàìåí-
òàëüíàÿ ãðóïïà G ýòîãî ãðàôà ïðåäñòàâëÿåò ñîáîé ñâîáîäíîå ïðîèçâåäåíèå äâóõ âåðøèííûõ
ãðóïï ñ îáúåäèíåííûìè ïîäãðóïïàìè.

Åñëè ãðàô Γ ïðåäñòàâëÿåò ñîáîé îäíó âåðøèíó, êîòîðàÿ ñîåäèíåíà ñàìà ñ ñîáîé ðåáðîì â
âèäå ïåòëè, òî ôóíäàìåíòàëüíàÿ ãðóïïà G ýòîãî ãðàôà ïðåäñòàâëÿåò ñîáîé HNN-ðàñøèðåíèå
âåðøèííîé ãðóïïû.

Ïîýòîìó òåîðåìû 1 è 2 ÿâëÿþòñÿ ÷àñòíûìè ñëó÷àÿìè òåîðåìû 3.
Íåîáõîäèìîñòü â êàæäîé èç òåîðåì 1, 2 è 3 î÷åâèäíà. Äîñòàòî÷íîñòü â êàæäîé èç ýòèõ

òåîðåì äîêàçàíà íèæå.

2. Äîêàçàòåëüñòâî òåîðåìû 1

Ïóñòü K � íåêîòîðûé êëàññ êîíå÷íûõ ãðóïï, ÿâëÿþùèéñÿ êîðíåâûì. È ïóñòü

G = (A ∗B;H = K,ϕ)

� ñâîáîäíîå ïðîèçâåäåíèå ãðóïï A è B ñ ïîäãðóïïàìè H è K, îáúåäèíåííûìè îòíîñèòåëüíî
èçîìîðôèçìà ϕ. Ïóñòü ãðóïïû A è B ïî÷òè àïïðîêñèìèðóåìû êëàññîì K è ïîäãðóïïû H è
K êîíå÷íû. Ïîêàæåì, ÷òî ãðóïïà G ïî÷òè àïïðîêñèìèðóåìà êëàññîì K.

Òàê êàê ãðóïïà A ïî÷òè àïïðîêñèìèðóåìà êëàññîì K, òî â íåé ñóùåñòâóåò ïîäãðóïïà U
êîíå÷íîãî èíäåêñà àïïðîêñèìèðóåìàÿ êëàññîì K. Áåç ïîòåðè îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî
ïîäãðóïïà U íîðìàëüíà â A. Î÷åâèäíî, ÷òî ãðóïïà A ôèíèòíî àïïðîêñèìèðóåìà, òàê êàê
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êëàññ K ñîñòîèò èç êîíå÷íûõ ãðóïï. Îòñþäà è èç òîãî, ÷òî H � êîíå÷íàÿ ïîäãðóïïà ãðóïïû
A, ñëåäóåò, ÷òî â ãðóïïå A ñóùåñòâóåò íîðìàëüíàÿ ïîäãðóïïà V êîíå÷íîãî èíäåêñà òàêàÿ, ÷òî
V ∩H = 1. Ïóñòü M = U ∩ V . Òîãäà M � íîðìàëüíàÿ ïîäãðóïïà êîíå÷íîãî èíäåêñà ãðóïïû
A, M ∩H = 1 è ãðóïïà M àïïðîêñèìèðóåìà êëàññîì K.

Àíàëîãè÷íî ïðîâåðÿåòñÿ, ÷òî â ãðóïïå B ñóùåñòâóåò íîðìàëüíàÿ ïîäãðóïïà N êîíå÷íîãî
èíäåêñà, ÿâëÿþùàÿñÿ àïïðîêñèìèðóåìîé êëàññîì K è òàêàÿ, ÷òî N ∩K = 1.

Òàê êàê M ∩H = 1 è N ∩K = 1, òî îòîáðàæåíèå ϕMN ïîäãðóïïû HM/M = {hM : h ∈ H}
ãðóïïû A/M íà ïîäãðóïïó KN/N = {kN : k ∈ K} ãðóïïû B/N , ñîïîñòàâëÿþùåå êàæäîìó
ýëåìåíòó hM èç HM/M ýëåìåíò hϕN èç KN/N , ÿâëÿåòñÿ èçîìîðôèçìîì. Ïîýòîìó ìîæíî
ðàññìàòðèâàòü ñâîáîäíîå ïðîèçâåäåíèå

GMN = A/M ∗B/N(HM/M,KN/N,ϕMN )

ãðóïï A/M è B/N ñ ïîäãðóïïàìè HM/M è KN/N , îáúåäèíåííûìè îòíîñèòåëüíî èçîìîð-
ôèçìà ϕMN . Òàê êàê ãðóïïû A/M è B/N êîíå÷íû, òî ãðóïïà GMN ÿâëÿåòñÿ ôèíèòíî àï-
ïðîêñèìèðóåìîé [14].

Î÷åâèäíî, ÷òî ñóùåñòâóåò ãîìîìîðôèçì ρMN : G → GMN , ïðîäîëæàþùèé åñòåñòâåííûå
ãîìîìîðôèçìû εM : A→ A/M è εN : B → B/N . Òîãäà aρMN = aεM = aM è bρMN = bεN = bN
äëÿ ïðîèçâîëüíûõ ýëåìåíòîâ a è b èç ïîäãðóïï A è B ñîîòâåòñòâåííî.

Ïîñêîëüêó ãðóïïà GMN ôèíèòíî àïïðîêñèìèðóåìà è ïîäãðóïïû A/M è B/N êîíå÷íû,
òî ñóùåñòâóåò ãîìîìîðôèçì σ ãðóïïû GMN íà êîíå÷íóþ ãðóïïó G, èíúåêòèâíûé íà A/M è
B/N . Òîãäà ïðîèçâåäåíèå ρMNσ ÿâëÿåòñÿ ãîìîìîðôèçìîì ãðóïïû G íà êîíå÷íóþ ãðóïïó G.
Ïîýòîìó ÿäðî L ãîìîìîðôèçìà ρMNσ ÿâëÿåòñÿ íîðìàëüíîé ïîäãðóïïîé êîíå÷íîãî èíäåêñà
ãðóïïû G.

Òàê êàê A∩Ker ρMN = M è σ èíúåêòèâåí íà ïîäãðóïïå AρMN = A/M , òî A∩Ker ρMNσ = M ,
ò. å. L ∩A = M . Àíàëîãè÷íî ïîëó÷àåòñÿ, ÷òî L ∩B = N .

Òîãäà L ∩ H = L ∩ A ∩ H = M ∩ H = 1, ò. å. L ∩ H = 1. Îòñþäà è èç òîãî, ÷òî L �
íîðìàëüíàÿ ïîäãðóïïà ãðóïïû G, ñëåäóåò, ÷òî L ïåðåñåêàåòñÿ ïî åäèíèöå ñî âñåìè ñîïðÿæå-
íèÿìè ê H â ãðóïïå G. Ïîýòîìó â ñèëó òåîðåìû Õ. Íåéìàí (ñì., íàïð., [15, ñ. 122]) ïîäãðóïïà
L ðàñêëàäûâàåòñÿ â ñâîáîäíîå ïðîèçâåäåíèå ñâîáîäíîé ãðóïïû F è íåêîòîðûõ ïîäãðóïï âèäà

L ∩ x−1Ax = x−1(L ∩A)x = x−1Mx,

L ∩ y−1By = y−1(L ∩B)y = y−1Ny,

ãäå x, y ∈ G.
Ñâîáîäíàÿ ãðóïïà F àïïðîêñèìèðóåìà êîðíåâûì êëàññîì K [12], à ãðóïïû x−1Mx è y−1Ny

àïïðîêñèìèðóåìû êëàññîì K, ò. ê. x−1Mx ∼= M è x−1Nx ∼= N äëÿ ëþáûõ x, y ∈ G. Òàêèì îáðà-
çîì, ãðóïïà L ðàñêëàäûâàåòñÿ â ñâîáîäíîå ïðîèçâåäåíèå ãðóïï, àïïðîêñèìèðóåìûõ êîðíåâûì
êëàññîì K. Ä. Í. Àçàðîâ è Ä. Òüåäæî [12] äîêàçàëè, ÷òî ñâîáîäíîå ïðîèçâåäåíèå ëþáîãî ñåìåé-
ñòâà ãðóïï, àïïðîêñèìèðóåìûõ êîðíåâûì êëàññîì K, ÿâëÿåòñÿ K-àïïðîêñèìèðóåìîé ãðóïïîé.
Ïîýòîìó ãðóïïà L àïïðîêñèìèðóåìà êëàññîì K. Îòñþäà è èç òîãî, ÷òî L ÿâëÿåòñÿ ïîäãðóï-
ïîé êîíå÷íîãî èíäåêñà â ãðóïïå G, ñëåäóåò, ÷òî ãðóïïà G ïî÷òè àïïðîêñèìèðóåìà êëàññîì K.
Òåîðåìà 1 äîêàçàíà.

3. Äîêàçàòåëüñòâî òåîðåìû 2

Ïóñòü K � íåêîòîðûé êëàññ êîíå÷íûõ ãðóïï, ÿâëÿþùèéñÿ êîðíåâûì. Ïóñòü

G∗ = 〈G, t; t−1ht = hϕ(h ∈ H)〉
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� HNN-ðàñøèðåíèå ãðóïïû G ñ ïîäãðóïïàìè H è K, ñâÿçàííûìè èçîìîðôèçìîì ϕ. Áóäåì
ïðåäïîëàãàòü, ÷òî ïîäãðóïïû H è K êîíå÷íû. È ïóñòü ãðóïïà G ïî÷òè àïïðîêñèìèðóåìà
êëàññîì K. Ïîêàæåì, ÷òî ãðóïïà G∗ ïî÷òè àïïðîêñèìèðóåìà êëàññîì K.

Êàê è â äîêàçàòåëüñòâå òåîðåìû 1 ëåãêî ïðîâåðÿåòñÿ, ÷òî â ãðóïïå G ñóùåñòâóåò íîð-
ìàëüíàÿ ïîäãðóïïà M êîíå÷íîãî èíäåêñà, ÿâëÿþùàÿñÿ K-àïïðîêñèìèðóåìîé, è òàêàÿ, ÷òî
M ∩ H = 1 = M ∩ K. Òàê êàê H ∩ M = 1 = K ∩ M , òî îòîáðàæåíèå ϕM ïîäãðóïïû
HM/M = {hM : h ∈ H} ãðóïïû G/M íà ïîäãðóïïó KM/M = {kM : k ∈ K} ãðóïïû
G/M , ñîïîñòàâëÿþùåå êàæäîìó ýëåìåíòó hM èç HM/M ýëåìåíò hϕM èç KM/M , ÿâëÿåòñÿ
èçîìîðôèçìîì.

Ïîýòîìó ìîæíî ðàññìàòðèâàòü HNN-ðàñøèðåíèå

G∗
M

= 〈GM , t; t
−1ht = hϕM (h ∈ HM/M) 〉

ãðóïïû GM = G/M ñî ñâÿçàííûìè ïîäãðóïïàìè HM/M è KM/M . Òàê êàê ãðóïïà GM êî-
íå÷íàÿ, òî ãðóïïà G∗

M
ôèíèòíî àïïðîêñèìèðóåìà [16].

Î÷åâèäíî, ÷òî ñóùåñòâóåò ãîìîìîðôèçì ρM : G∗ −→ G∗
M
, ïðîäîëæàþùèé åñòåñòâåííûé

ãîìîìîðôèçì εM : G −→ GM è òàêîé, ÷òî tρM = t. Òîãäà äëÿ êàæäîãî ýëåìåíòà a èç G
âûïîëíÿåòñÿ aρM = aM .

Òàê êàê ãðóïïà G∗
M
ôèíèòíî àïïðîêñèìèðóåìà è åå ïîäãðóïïà GM êîíå÷íà, òî ñóùåñòâóåò

ãîìîìîðôèçì σ ãðóïïà G∗
M

íà êîíå÷íóþ ãðóïïó G, èíüåêòèâíûé íà ïîäãðóïïå GM . Òîãäà
ïðîèçâåäåíèå ρMσ ÿâëÿåòñÿ ãîìîìîðôèçìîì ãðóïïû G∗ íà êîíå÷íóþ ãðóïïó G. Ïîýòîìó ÿäðî
L ãîìîìîðôèçìà ρMσ ÿâëÿåòñÿ íîðìàëüíîé ïîäãðóïïîé êîíå÷íîãî èíäåêñà ãðóïïû G∗.

Ïîñêîëüêó G∩Ker ρM = M è σ èíúåêòèâåí íà ïîäãðóïïå GM = GρM , òî G∩Ker ρMσ = M ,
ò. å. L ∩ G = M . Òîãäà L ∩ H = L ∩ G ∩ H = M ∩ H = 1. Òàêèì îáðàçîì, ïîäãðóïïà L, à
çíà÷èò è âñå ñîïðÿæåííûå ê íåé ïîäãðóïïû ãðóïïû G∗, òðèâèàëüíî ïåðåñåêàþòñÿ ñî ñâÿçàííîé
ïîäãðóïïîé H. Ïîýòîìó â ñèëó òåîðåìû À. Êàððàñà è Ä. Ñîëèòåðà [3, ñ. 288] ïîäãðóïïà L
ðàñêëàäûâàåòñÿ â ñâîáîäíîå ïðîèçâåäåíèå ñâîáîäíîé ãðóïïû F è íåêîòîðûõ ïîäãðóïï âèäà

L ∩ x−1Gx = x−1(L ∩G)x = x−1Mx,

ãäå x ∈ G∗. Ïîñêîëüêó ãðóïïà F è ïîäãðóïïû L ∩ x−1Gx àïïðîêñèìèðóåìû êëàññîì K, òî è
ãðóïïà L àïïðîêñèìèðóåìà êëàññîìK. Îòñþäà è èç òîãî, ÷òî L ÿâëÿåòñÿ ïîäãðóïïîé êîíå÷íîãî
èíäåêñà â ãðóïïå G∗, ñëåäóåò, ÷òî ãðóïïà G∗ ïî÷òè K-àïïðîêñèìèðóåìà. Òåîðåìà 2 äîêàçàíà.

4. Äîêàçàòåëüñòâî òåîðåìû 3

Ðàññìîòðèì êîíå÷íûé ãðàô ãðóïï Λ(Γ) ñîñòîÿùèé èç ãðàôà Γ, ìíîæåñòâà ãðóïï {Gx :
x ∈ X} (âåðøèííûå ãðóïïû), ìíîæåñòà ãðóïï {Hy : y ∈ Y } (ðåáåðíûå ãðóïïû) è âëîæåíèé
ãðóïï αy : Hy → Gα(y) è ωy : Hy → Gω(y) äëÿ âñåõ y ∈ Y . Ïóñòü S � íåêîòîðîå ìàêñèìàëüíîå
ïîääåðåâî â ãðàôå Γ, ò.å. ìàêñèìàëüíûé ïîäãðàô, ÿâëÿþùèéñÿ äåðåâîì. È ïóñòü G � ôóíäà-
ìåíòàëüíàÿ ãðóïïà ãðàôà ãðóïï Λ(Γ) îòíîñèòåëüíî ìàêñèìàëüíîãî ïîääåðåâà S. Çàìåòèì, ÷òî
ãðóïïà G íå çàâèñèò îò âûáîðà äåðåâà S, äåðåâî S íåîáõîäèìî òîëüêî ïðè îïèñàíèè ãðóïïû
G.

Ïóñòü K � íåêîòîðûé êëàññ êîíå÷íûõ ãðóïï, ÿâëÿþùèéñÿ êîðíåâûì. Ïóñòü ãðóïïû Gx
ïî÷òè àïïðîêñèìèðóåìû êëàññîì K äëÿ ëþáîãî x ∈ X è ãðóïïû Hy ÿâëÿþòñÿ êîíå÷íûìè
äëÿ ëþáîãî y ∈ Y . Äîêàæåì, ÷òî ãðóïïà G ïî÷òè àïïðîêñèìèðóåìà êëàññîì K èíäóêöèåé ïî
êîëè÷åñòâó ðåáåð â ãðàôå Γ.

Äëÿ äîêàçàòåëüñòâà áàçû èíäóêöèè ðàññìîòðèì ãðàô ãðóïï ñ îäíîé ðåáåðíîé ãðóïïîé.
Ôóíäàìåíòàëüíàÿ ãðóïïà òàêîãî ãðàôà ïðåäñòàâëÿåò ñîáîé ëèáî ñâîáîäíîå ïðîèçâåäåíèå äâóõ
ïî÷òè K-àïïðîêñèìèðóåìûõ ãðóïï ñ êîíå÷íûì îáúåäèíåíèåì, ëèáî HNN-ðàñøèðåíèå ïî÷òè
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K-àïïðîêñèìèðóåìîé ãðóïïû ñ êîíå÷íûìè ñâÿçíûìè ïîäãðóïïàìè. Ñïðàâåäëèâîñòü òåîðåìû
3 â ýòèõ ñëó÷àÿõ ñëåäóåò èç òåîðåì 1 è 2.

Èíäóêòèâíûé øàã òàêæå îáåñïå÷èâàåòñÿ òåîðåìàìè 1 è 2. Â ñàìîì äåëå âîçìîæíû äâà
ñëó÷àÿ.

1. Ðàññìîòðèì ñíà÷àëà ñëó÷àé, êîãäà S ñîâïàäàåò ñ Γ. Â ýòîì ñëó÷àå ãðóïïà G ÿâëÿåòñÿ
äðåâåñíûì ñâîáîäíûì ïðîèçâåäåíèå ãðóïï Gx. Ïîýòîìó ãðóïïó G ëåãêî ïðåäñòàâèòü êàê ñâî-
áîäíîå ïðîèçâåäåíèå ñ êîíå÷íûìè îáúåäèíåííûìè ïîäãðóïïàìè äâóõ äðåâåñíûõ ïðîèçâåäåíèé
ñ ìåíüøèì êîëè÷åñòâîì ðåáåðíûõ ãðóïï.

2. Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà S íå ñîâïàäàåò ñ Γ, òî åñòü ñóùåñòâóåò ðåáðî y èç Y , íå
âõîäÿùåå â S. Â ýòîì ñëó÷àå ãðóïïó G ìîæíî ïðåäñòàâèòü êàê HNN-ðàñøèðåíèå ñ êîíå÷íûìè
ïîäãðóïïàìè, ñâÿçàííûìè ðåáðîì y, áàçîé êîòîðîãî ÿâëÿåòñÿ ôóíäàìåíòàëüíàÿ ãðóïïà ãðàôà
ãðóïï ñ ìåíüøèì ÷èñëîì ðåáåðíûõ ãðóïï.

Â ïåðâîì èç ðàññìîòðåííûõ ñëó÷àåâ èíäóêòèâíûé øàã îáåñïå÷èâàåòñÿ òåîðåìîé 1, âî âòî-
ðîì � òåîðåìîé 2. Òåîðåìà 3 äîêàçàíà.

5. Çàêëþ÷åíèå

Ðàññìîòðåí âîïðîñ î ïî÷òè àïïðîêñèìèðóåìîñòè êîðíåâûì êëàññîì îáîáùåííûõ ñâîáîä-
íûõ ïðîèçâåäåíèé ãðóïï è HNN-ðàñøèðåíèé. Ïîëó÷åíû êðèòåðèè ïî÷òè àïïðîêñèìèðóåìîñòè
êîðíåâûì êëàññîì êîíå÷íûõ ãðóïï ñâîáîäíîãî ïðîèçâåäåíèÿ äâóõ ãðóïï ñ êîíå÷íûìè îáúåäè-
íåííûìè ïîäãðóïïàìè è HNN-ðàñøèðåíèÿ ãðóïïû ñ êîíå÷íûìè ñâÿçíûìè ïîäãðóïïàìè. Ýòè
ðåçóëüòàòû ïîëó÷èëè îáîáùåíèÿ â âèäå êðèòåðèÿ ïî÷òè àïïðîêñèìèðóåìîñòè êîðíåâûì êëàñ-
ñîì êîíå÷íûõ ãðóïï ôóíäàìåíòàëüíîé ãðóïïû êîíå÷íîãî ãðàôà ãðóïï.

Îñòà¼òñÿ íåèññëåäîâàííûì âîïðîñ î òîì, áóäóò ëè òåîðåìû 1, 2 è 3 ñïðàâåäëèâû äëÿ
ïðîèçâîëüíîãî êîðíåâîãî êëàññà, íå îáÿçàòåëüíî ñîñòîÿùåãî èç êîíå÷íûõ ãðóïï.
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Àííîòàöèÿ

Â ðàáîòå ðàññìàòðèâàåòñÿ íîâûé îáúåêò èññëåäîâàíèÿ � ãèïåðáîëè÷åñêàÿ äçåòà-
ôóíêöèÿ Ãóðâèöà, êîòîðàÿ çàäàåòñÿ â ïðàâîé α-ïîëóïëîñêîñòè α = σ+it, σ > 1 ðàâåíñòâîì

ζH(α; d, b) =
∑
m∈Z

(
dm+ b

)−α
,

ãäå d 6= 0 è b � ëþáîå âåùåñòâåííîå ÷èñëî.
Ãèïåðáîëè÷åñêàÿ äçåòà-ôóíêöèÿ Ãóðâèöà ζH(α; d, b) ïðè

∥∥ b
d

∥∥ > 0 ñîâïàäàåò ñ ãèïåðáî-
ëè÷åñêîé äçåòà-ôóíêöèåé ñäâèíóòîé îäíîìåðíîé ðåøåòêîé ζH(Λ(d, b)|α). Âàæíîñòü ýòîãî
êëàññà îäíîìåðíûõ ðåø¼òîê îáóñëîâëåíà òåì, ÷òî êàæäàÿ äåêàðòîâà ðåø¼òêà ïðåäñòàâ-
ëÿåòñÿ îáúåäèíåíèåì êîíå÷íîãî ÷èñëà äåêàðòîâûõ ïðîèçâåäåíèé îäíîìåðíûõ ñäâèíóòûõ
ðåø¼òîê âèäà Λ(d, b) = dZ + b.

Äåêàðòîâû ïðîèçâåäåíèÿ îäíîìåðíûõ ñäâèíóòûõ ðåø¼òîê � ýòî ñóòü ñäâèíóòûå äèà-
ãîíàëüíûå ðåø¼òêè, äëÿ êîòîðûõ â äàííîé ðàáîòå óäàåòñÿ äàòü íàèáîëåå ïðîñòîé âèä
ôóíêöèîíàëüíîãî óðàâíåíèÿ äëÿ ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè ýòèõ ðåø¼òîê.

Èçó÷àåòñÿ ñâÿçü ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè Ãóðâèöà ñ ïåðèîäèçèðîâàííîé ïî ïà-
ðàìåòðó b äçåòà-ôóíêöèåé Ãóðâèöà ζ∗(α; b) è ñ îáû÷íîé äçåòà-ôóíêöèåé Ãóðâèöà ζ(α; b).

Ïîëó÷åíû íîâûå èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ ýòèõ äçåòà-ôóíêöèé è àíàëèòè÷å-
ñêîå ïðîäîëæåíèå ñëåâà îò ïðÿìîé α = 1 + it.

Âñå ðàññìàòðèâàåìûå ãèïåðáîëè÷åñêèå äçåòà-ôóíêöèè ðåø¼òîê îáðàçóþò âàæíûé
êëàññ ðÿäîâ Äèðèõëå, íåïîñðåäñòâåííî ñâÿçàííûé ñ ðàçâèòèåì òåîðåòèêî-÷èñëîâîãî ìåòîäà
â ïðèáëèæåííîì àíàëèçå. Äëÿ èññëåäîâàíèÿ òàêèõ ðÿäîâ ýôôåêòèâíûì ÿâëÿåòñÿ ïðèìåíå-
íèå òåîðåìû Àáåëÿ, äàþùåé èíòåãðàëüíîå ïðåäñòàâëåíèå ÷åðåç íåñîáñòâåííûå èíòåãðàëû.
Èíòåãðèðîâàíèå ïî ÷àñòÿì ýòèõ íåñîáñòâåííûõ èíòåãðàëîâ ïðèâîäÿò ê íåñîáñòâåííûì èí-
òåãðàëàì ñ ïîëèíîìàìè Áåðíóëëè, êîòîðûå òàêæå èññëåäóþòñÿ â äàííîé ðàáîòå.

Êëþ÷åâûå ñëîâà: äçåòà-ôóíêöèÿ Ãóðâèöà, ïåðèîäèçèðîâàííàÿ äçåòà-ôóíêöèÿ Ãóðâèöà,
äçåòà-ôóíêöèÿ Ãóðâèöà âòîðîãî ðîäà, ãèïåðáîëè÷åñêàÿ äçåòà-ôóíêöèÿ Ãóðâèöà, ðåø¼òêà,
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The paper deals with a new object of study � hyperbolic Hurwitz zeta function, which is
given in the right α-semiplane α = σ + it, σ > 1 by the equality

ζH(α; d, b) =
∑
m∈Z

(
dm+ b

)−α
,

where d 6= 0 and b � any real number.
Hyperbolic Hurwitz zeta function ζH(α; d, b), when

∥∥ b
d

∥∥ > 0 coincides with the hyperbolic
zeta function of shifted one-dimensional lattice ζH(Λ(d, b)|α). The importance of this class
of one-dimensional lattices is due to the fact that each Cartesian lattice is represented as a
union of a �nite number of Cartesian products of one-dimensional shifted lattices of the form
Λ(d, b) = dZ + b.

Cartesian products of one-dimensional shifted lattices are in substance shifted diagonal
lattices, for which in this paper the simplest form of a functional equation for the hyperbolic
zeta function of such lattices is given.

The connection of the hyperbolic Hurwitz zeta function with the Hurwitz zeta function
ζ∗(α; b) periodized by parameter b and with the ordinary Hurwitz zeta function ζ(α; b) is studied.

New integral representations for these zeta functions and an analytic continuation to the
left of the line α = 1 + it are obtained.

All considered hyperbolic zeta functions of lattices form an important class of Dirichlet series
directly related to the development of the number-theoretical method in approximate analysis.
For the study of such series the use of Abel's theorem is e�cient, which gives an integral
representation through improper integrals. Integration by parts of these improper integrals
leads to improper integrals with Bernoulli polynomials, which are also studied in this paper.

Keywords: Hurwitz zeta function, periodised Hurwitz zeta function, Hurwitz zeta function
of the second kind, hyperbolic Hurwitz zeta function, lattice, hyperbolic zeta function of lattice,
zeta function of lattice, Bernoulli polynomials, Hankel contour.
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1. Ââåäåíèå

Òåîðèÿ ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè ðåø¼òîê èçëàãàåòñÿ â ìîíîãðàôèÿõ [23], [13]
è [2], êîòîðûå îïèðàþòñÿ íà ðåçóëüòàòû èç ðàáîò [4]� [7], [10]� [17], [24], [25]. Òåîðèè ãèïåðáî-
ëè÷åñêîé äçåòà-ôóíêöèè ðåø¼òîê è îáîáùåííîé ãèïåðáîëè÷åñêîé äçåòà ôóíêöèè ñäâèíóòûõ
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ðåø¼òîê áûëè ïîñâÿùåíû äèññåðòàöèè [8], [28], [26], [11] è [5], ñîäåðæàíèå êîòîðûõ îòðàæåíî
â àâòîðåôåðàòàõ [9], [29], [27], [12] è [6].

Â ðàáîòå [16] ïîëó÷åíà íîâàÿ àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ ãèïåðáîëè÷åñêîé äçåòà-
ôóíêöèè àëãåáðàè÷åñêîé ðåø¼òêè êâàäðàòè÷íîãî ïîëÿ. Òàêèì îáðàçîì òåîðèÿ ðàçâèâàåòñÿ
êàê äëÿ ïðîèçâîëüíîé ðàçìåðíîñòè s, òàê è äëÿ êîíêðåòíûõ çíà÷åíèé, à èìåííî, äëÿ s = 2.
Â íàñòîÿùåé ðàáîòå âíèìàíèå ñîñðåäîòî÷åíî íà îäíîìåðíîì ñëó÷àå, òàê êàê ëîãèêà ðàçâèòèÿ
òåîðèè ïîêàçàëà, ÷òî èìåííî ê ýòîìó ñëó÷àþ åñòåñòâåííî ñâîäèòñÿ âñÿ òåîðèÿ ãèïåðáîëè÷åñêîé
äçåòà-ôóíêöèè äåêàðòîâûõ ðåø¼òîê.

Â áîëüøîé îáçîðíîé ðàáîòå [3] è â ðàáîòå [34] ïðèâîäÿòñÿ ïîñëåäíèå äîñòèæåíèÿ â ýòîé
òåîðèè � äà¼òñÿ âûâîä ôóíêöèîíàëüíîãî óðàâíåíèÿ äëÿ äçåòà-ôóíêöèè ïðîèçâîëüíîé äåêàð-
òîâîé ðåø¼òêè. Êðîìå ýòîãî, â ïîñëåäíåì ðàçäåëå ýòîé ðàáîòû äà¼òñÿ ñïèñîê àêòóàëüíûõ
íåðåøåííûõ ïðîáëåì òåîðèè ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè ðåø¼òîê. Îäíîé èç òàêèõ ïðî-
áëåì � ïîëó÷åíèþ àíàëèòè÷åñêîãî ïðîäîëæåíèÿ è âûâîäó ôóíêöèîíàëüíîãî óðàâíåíèÿ äëÿ
ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè Ãóðâèöà � ïîñâÿùåíà äàííàÿ ðàáîòà.

Äàííàÿ ïîñòàíîâêà âîïðîñîâ âîçíèêëà åñòåñòâåííûì îáðàçîì â ïðîöåññå èçó÷åíèÿ ãèïåð-
áîëè÷åñêîé äçåòà-ôóíêöèè ðåø¼òêè ïðèáëèæåíèé Äèðèõëå êâàäðàòè÷íîé èððàöèîíàëüíîñòè.
Ïðèëîæåíèå ïîëó÷åííûõ ðåçóëüòàòîâ ê ýòîìó êëàññó ãèïåðáîëè÷åñêèõ äçåòà-ôóíêöèé ðåø¼-
òîê áóäåò ïîñâÿùåíà íàøà ñëåäóþùàÿ ðàáîòà.

Êàê îáû÷íî, èñïîëüçóþòñÿ îáîçíà÷åíèÿ: N � ìíîæåñòâî íàòóðàëüíûõ ÷èñåë, Z � êîëüöî
öåëûõ ðàöèîíàëüíûõ ÷èñåë, Q � ïîëå ðàöèîíàëüíûõ ÷èñåë, R � ïîëå âåùåñòâåííûõ ÷èñåë
è C � ïîëå êîìïëåêñíûõ ÷èñåë; ÷åðåç {x} è [x] îáîçíà÷àþòñÿ äðîáíàÿ ÷àñòü è öåëàÿ ÷àñòü
âåùåñòâåííîãî ÷èñëà x: 0 6 {x} < 1, [x] ∈ Z, [x] 6 x < [x] + 1, x = [x] + {x}. Â ðàáîòå
äëÿ âåùåñòâåííûõ m èñïîëüçóåì î÷åíü óäîáíîå îáîçíà÷åíèå Êîðîáîâà m = max(1, |m|). Êàê
ïðàâèëî, èç êîíòåêñòà âèäíî, ÷òî ðå÷ü èäåò îá îáîçíà÷åíèè Êîðîáîâà, à íå îá êîìïëåñíî-
ñîïðÿæåííîì ÷èñëå.

2. Öåëè è ñîäåðæàíèå ðàáîòû

Â ðàáîòå [3] áûëè ïåðå÷èñëåíû íåñêîëüêî àêòóàëüíûõ íåðåøåííûõ ïðîáëåì òåîðèè ãè-
ïåðáîëè÷åñêîé äçåòà-ôóíêöèè ðåø¼òîê. Îäíîé èç òàêèõ ïðîáëåì ÿâëÿåòñÿ Ïðîáëåìà ñóùå-
ñòâîâàíèÿ àíàëèòè÷åñêîãî ïðîäîëæåíèÿ.

Êàê ïîêàçàíî ðàíåå â íàøèõ ïðåäûäóùèõ ðàáîòàõ, äëÿ ëþáîé äåêàðòîâîé ðåø¼òêè ñóùå-
ñòâóåò àíàëèòè÷åñêîå ïðîäîëæåíèå ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè ïðîèçâîëüíîé äåêàðòîâîé
ðåø¼òêè. Áîëåå òîãî, äëÿ ïðîèçâîëüíîé äåêàðòîâîé ðåø¼òêè ïîëó÷åíî ôóíêöèîíàëüíîå óðàâ-
íåíèå, çàäàþùåå ýòî àíàëèòè÷åñêîå ïðîäîëæåíèå â ÿâíîì âèäå.

Åñòåñòâåííî âîçíèêàþò âîïðîñû î ñóùåñòâîâàíèè àíàëèòè÷åñêîãî ïðîäîëæåíèÿ äëÿ ãè-
ïåðáîëè÷åñêîé äçåòà-ôóíêöèè â ñëó÷àå, êîãäà ðåø¼òêà íå ÿâëÿåòñÿ äåêàðòîâîé. Ïðîñòåéøåé
òàêîé ðåø¼òêîé ÿâëÿåòñÿ ðåø¼òêà ïðèáëèæåíèé Äèðèõëå êâàäðàòè÷íûõ èððàöèîíàëüíîñòåé.

Ïî-âèäèìîìó, êëþ÷îì ê ðåøåíèþ ïðîáëåìû àíàëèòè÷åñêîãî ïðîäîëæåíèÿ ÿâëÿåòñÿ äàëü-
íåéøåå èçó÷åíèå âîçìîæíîñòè ïðåäåëüíîãî ïåðåõîäà äëÿ ãèïåðáîëè÷åñêèõ äçåòà-ôóíêöèé äå-
êàðòîâûõ ðåøåòîê â ëåâîé ïîëóïëîñêîñòè ïî ñõîäÿùåéñÿ ïîñëåäîâàòåëüíîñòè äåêàðòîâûõ ðå-
ø¼òîê.

Åñëè òàêîé ïðåäåë âñåãäà ñóùåñòâóåò, òî, ïåðåõîäÿ â ôóíêöèîíàëüíîì óðàâíåíèè ñëåâà
è ñïðàâà ê ïðåäåëó, ïîëó÷èì ôóíêöèîíàëüíîå óðàâíåíèå äëÿ ïðåäåëüíîé ðåø¼òêè. Íàèáîëåå
ïåðñïåêòèâíî äîëæíî áûòü ïîëó÷åíèå ôóíêöèîíàëüíîãî óðàâíåíèÿ òîëüêî â òåðìèíàõ âçà-
èìíûõ ðåø¼òîê, òàê êàê ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè ðåø¼òîê ýêâèâàëåíòíà ñõîäèìîñòè
ñîîòâåòñòâóþùèõ âçàèìíûõ ðåø¼òîê. Çäåñü íåîáõîäèìî ïîä÷åðêíóòü, ÷òî îñíîâíàÿ ñëîæíîñòü
äîëæíà áûòü â ñëó÷àå, êîãäà ïðåäåëüíàÿ ðåø¼òêà íåäåêàðòîâàÿ.

Â ïðîöåññå îñóùåñòâëåíèÿ óêàçàííîé ïðîãðàììû äëÿ ñëó÷àÿ ðåø¼òêè ïðèáëèæåíèé Äèðè-
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õëå êâàäðàòè÷íûõ èððàöèîíàëüíîñòåé åñòåñòâåííûì îáðàçîì âîçíèêëî ïîíÿòèå ãèïåðáîëè÷å-
ñêîé äçåòà-ôóíêöèè Ãóðâèöà è âîïðîñ îá àíàëèòè÷åñêîì ïðîäîëæåíèè ýòîé ãèïåðáîëè÷åñêîé
äçåòà-ôóíêöèè, êîòîðàÿ òåñíî ñâÿçàíà ñ ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèåé îäíîìåðíîé ñäâè-
íóòîé ðåø¼òêè.

Â òðåòüåì ðàçäåëå ìû ðàññìàòðèâàåì íåñîáñòâåííûå èíòåãðàëû ñ ïîëèíîìàìè Áåðíóë-
ëè, êîòîðûå åñòåñòâåííî âîçíèêàþò â ýòîé ïðîáëåìàòèêå, êîãäà îò ðÿäà Äèðèõëå ñ ïîìîùüþ
òåîðåìû Àáåëÿ ïåðåõîäÿò ê íåñîáñòâåííîìó èíòåãðàëó.

Â ÷åòâåðòîì ðàçäåëå ïðèâîäÿòñÿ âñå íåîáõîäèìûå ôàêòû î ïåðèîäèçèðîâàííîé ïî ïàðà-
ìåòðó b äçåòà-ôóíêöèè Ãóðâèöà ζ(α; b) è î äçåòà-ôóíêöèè Ãóðâèöà âòîðîãî ðîäà.

Â ïÿòîì ðàçäåëå ââîäèòñÿ ïîíÿòèå ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè Ãóðâèöà è ðàçâèâà-
åòñÿ ñîîòâåòñòâóþùàÿ òåîðèÿ, êîòîðàÿ âî ìíîãîì ÿâëÿåòñÿ àíàëîãîì òåîðèè äçåòà-ôóíêöèè
Ãóðâèöà.

Íà îñíîâàíèè ïîëó÷åííûõ ðåçóëüòàòîâ â øåñòîì ðàçäåëå ñòðîèòñÿ ôóíêöèîíàëüíîå óðàâ-
íåíèå äëÿ ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè ñäâèíóòûõ äèàãîíàëüíûõ ðåø¼òîê.

Íàêîíåö, â çàêëþ÷åíèè îáñóæäàþòñÿ ïîëó÷åííûå ðåçóëüòàòû è âîçíèêàþùèå òðóäíîñòè
ïðè ðåàëèçàöèè íàìå÷åííîé ïðîãðàììû.

3. Ïîëèíîìû Áåðíóëëè è íåñîáñòâåííûå èíòåãðàëû ñ íèìè

Äëÿ äàëüíåéøåãî íàì ïîòðåáóþòñÿ ÷èñëà è ïîëèíîìû Áåðíóëëè, ñâåäåíèÿ î êîòîðûõ ìû
ïðèâåä¼ì èç [1] è [23].

×èñëà è ïîëèíîìû Áåðíóëëè îïðåäåëÿþòñÿ ðàâåíñòâàìè:

B0 = 1,
n∑
k=0

Cn+1−k
n+1 Bk = 0 (n > 1),

B0(x) = 1, Bn(x) =
n∑
k=0

CknBkx
n−k (n > 1),

yν(x) = Bν(x)−Bν (ν > 1).

Äëÿ ïîëèíîìîâ Áåðíóëëè ñïðàâåäëèâû ñëåäóþùèå âàæíûå ñâîéñòâà:

Bn(1)−Bn(0) =

{
0, åñëè n 6= 1, n > 0;
1, åñëè n = 1;

(1)

B′n(x) = nBn−1(x) (n > 1); (2)
1ˆ

0

Bn(x)dx = 0 (n > 1). (3)

Íåòðóäíî ïîäñ÷èòàòü ïåðâûå ïÿòü ìíîãî÷ëåíîâ yν(x):

y1(x) = x, y2(x) = x2 − x, y3(x) = x3 − 3

2
x2 +

1

2
x, y4(x) = x4 − 2x3 + x2,

y5(x) = x5 − 5

2
x4 +

5

3
x3 − 1

6
x.

Èç ñëåäóþùåé ëåììû âèäíî, ÷òî ïåðèîäèçèðîâàííûå ìíîãî÷ëåíû Áåðíóëëè yν({x}) ïðè-
íàäëåæàò êëàññó Eν1 ïåðèîäè÷åñêèõ ôóíêöèé ñ áûñòðî ñõîäÿùèìèñÿ ðÿäàìè Ôóðüå è èìåþò
íåïîñðåäñòâåííîå îòíîøåíèå ê òåîðåòèêî-÷èñëîâîìó ìåòîäó Í. Ì. Êîðîáîâà [23].
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Ëåììà 1. Ñïðàâåäëèâî ðàçëîæåíèå â ðÿä Ôóðüå

yν({x}) = −Bν +

∞∑′

m=−∞

(−1)
ν
2

+{ ν2}i2{ ν2}ν!

(2πm)ν
e2πimx =

=



−B2µ +
∞∑
m=1

2(−1)µ−1(2µ)!

(2πm)2µ
cos 2πmx, ïðè ν = 2µ,

1

2
+

∞∑
m=1

1

πm
sin 2πmx, ïðè ν = 1,

∞∑
m=1

2(−1)µ(2µ+ 1)!

(2πm)2µ+1
sin 2πmx, ïðè ν = 2µ+ 1,

(µ = 1, 2, . . .). (4)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, äëÿ ðàçëîæåíèÿ â ðÿä Ôóðüå

yν({x}) =

∞∑
m=−∞

C(m)e2πimx, C(m) =

1ˆ

0

yν(x)e−2πimxdx

èìååì

C(0) =

1ˆ

0

yν(x)dx =

1ˆ

0

(Bν(x)−Bν) dx =

1ˆ

0

Bν(x)dx−Bν =

= −Bν =


−B2µ, ïðè ν = 2µ,
1
2 , ïðè ν = 1,
0, ïðè ν = 2µ+ 1,

(µ = 1, 2, . . .),

ñîãëàñíî ðàâåíñòâó (3) è ñâîéñòâàì ÷èñåë Áåðíóëëè.
Ïðè m 6= 0 ïîëó÷èì

C(m) =

1ˆ

0

yν(x)e−2πimxdx =
yν(x)

−2πim
e−2πimx

∣∣∣∣1
0

−
1ˆ

0

y′ν(x)

−2πim
e−2πimxdx =

= − ν

−2πim

1ˆ

0

Bν−1(x)e−2πimxdx = . . . =
(−1)ν−1ν!

(−2πim)ν−1

B1(x)

−2πim
e−2πimx

∣∣∣∣1
0

−

−(−1)ν−1ν!

(−2πim)ν

1ˆ

0

e−2πimxdx =
(−1)ν−1ν!

(−2πim)ν
=

(−1)
ν
2

+{ ν2}i2{ ν2}ν!

(2πm)ν
.

2

Ðàññìîòðèì äëÿ 0 < β 6 1 è q > 0 íåñîáñòâåííûé èíòåãðàë ïðè ν = 1, 2, . . .

Iν(α; q, β) =
1

ν!

ν−1∏
µ=0

(α+ µ) ·
∞̂

q

yν({x})dx
(x+ β)α+ν

, (5)

êîòîðûé àáñîëþòíî ñõîäèòñÿ äëÿ α = σ + it ïðè σ > 1− ν.
Îòìåòèì ñðàçó, ÷òî Iν(α; q, β) = 0 ïðè α = 0,−1, . . . , 2 − ν, òàê êàê ïðè ýòèõ çíà÷åíèÿ α

íåñîáñòâåííûé èíòåãðàë àáñîëþòíî ñõîäèòñÿ, à ìíîæèòåëü ïåðåä èíòåãðàëîì îáðàùàåòñÿ â
íîëü. Âîïðîñ î çíà÷åíèè â òî÷êå α = 1− ν äîëæåí èññëåäîâàòüñÿ îòäåëüíî, òàê êàê èíòåãðàë
â îïðåäåëåíèè (5) ðàñõîäèòñÿ, à àíàëèòè÷åñêîå ïðîäîëæåíèå áóäåò ïîñòðîåíî ïîçæå.
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Ëåììà 2. Ñïðàâåäëèâî ðàâåíñòâî

Iν(α; q, β) =
1

ν!

ν−1∏
µ=0

(α+ µ) ·
(
qBν − yν+1({q})

ν+1

(q + β)α+ν

)
−

− 1

ν!

ν−2∏
µ=0

(α+ µ) · (α+ ν)Bν
(q + β)α+ν−1

+
1

ν!

ν−1∏
µ=0

(α+ µ) · Bνβ

(q + β)α+ν
+ Iν+1(α; q, β). (6)

Äîêàçàòåëüñòâî. Ïðåæäå âñåãî çàìåòèì, ÷òî
1ˆ

0

yν(x)dx = −Bν (ν > 1). (7)

Äåéñòâèòåëüíî,
1ˆ

0

yν(x)dx =

1ˆ

0

(Bν(x)−Bν) dx =

1ˆ

0

Bν(x)dx−Bν = −Bν

ñîãëàñíî ðàâåíñòâó (3).
Äàëåå çàìåòèì, ÷òî

xˆ

0

yν({t})dt = [x]

1ˆ

0

yν(t)dt+

{x}ˆ

0

yν(t)dt = −[x]Bν +

{x}ˆ

0

yν(t)dt =

= −xBν +

{x}ˆ

0

(yν(t) +Bν) dt = −xBν +

(
Bν+1(t)

ν + 1

)∣∣∣∣{x}
0

=

= −xBν +
Bν+1({x})−Bν+1

ν + 1
= −xBν +

yν+1({x})
ν + 1

.

Îòñþäà ñëåäóåò, ÷òî

∞̂

q

yν({x})dx
(x+ β)α+ν

=


x́

0

yν({t})dt

(x+ β)α+ν


∣∣∣∣∣∣∣∣
∞

q

+ (α+ ν)

∞̂

q

(
x́

0

yν({t})dt
)
dx

(x+ β)α+ν+1
=

=

(
−xBν + yν+1({x})

ν+1

(x+ β)α+ν

)∣∣∣∣∣
∞

q

+ (α+ ν)

∞̂

q

(
−xBν + yν+1({x})

ν+1

)
dx

(x+ β)α+ν+1
=

=
qBν − yν+1({q})

ν+1

(q + β)α+ν
+ (α+ ν)Bν

− ∞̂

q

dx

(x+ β)α+ν
+

∞̂

q

βdx

(x+ β)α+ν+1

+

+
α+ ν

ν + 1

∞̂

q

yν+1({x})dx
(x+ β)α+ν+1

=
qBν − yν+1({q})

ν+1

(q + β)α+ν
+

+(α+ ν)Bν ·
(
− 1

(α+ ν − 1)(q + β)α+ν−1
+

β

(α+ ν)(q + β)α+ν

)
+

+
α+ ν

ν + 1

∞̂

q

yν+1({x})dx
(x+ β)α+ν+1

.
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Ïîäñòàâëÿÿ ïîñëåäíèé ðåçóëüòàò â ïðàâóþ ÷àñòü ðàâåíñòâà (5), ïîëó÷èì

Iν(α; q, β) =
1

ν!

ν−1∏
µ=0

(α+ µ) ·
(
qBν − yν+1({q})

ν+1

(q + β)α+ν
+ (α+ ν)Bν ·

·
(
− 1

(α+ ν − 1)(q + β)α+ν−1
+

β

(α+ ν)(q + β)α+ν

)
+
α+ ν

ν + 1

∞̂

q

yν+1({x})dx
(x+ β)α+ν+1

 =

=
1

ν!

ν−1∏
µ=0

(α+ µ) ·
(
qBν − yν+1({q})

ν+1

(q + β)α+ν

)
− 1

ν!

ν−2∏
µ=0

(α+ µ) · (α+ ν)Bν
(q + β)α+ν−1

+

+
1

ν!

ν−1∏
µ=0

(α+ µ) · Bνβ

(q + β)α+ν
+ Iν+1(α; q, β)

è ëåììà ïîëíîñòüþ äîêàçàíà. 2

Çàìå÷àíèå 1. Èç äîêàçàííîé ëåììû âûòåêàåò, ÷òî ôóíêöèÿ Iν(α; q, β), çàäàííàÿ â ïðà-
âîé ïîëóïëîñêîñòè α = σ + it (σ > 1− ν), ïîñëåäîâàòåëüíî àíàëèòè÷åñêè ïðîäîëæàåòñÿ íà
âñþ êîìïëåêñíóþ α-ïëîñêîñòü.

Òåïåðü ìû ìîæåì îòâåòèòü íà âîïðîñ î âåëè÷èíå Iν(1− ν; q, β).

Ëåììà 3. Ñïðàâåäëèâî ðàâåíñòâî

Iν(1− ν; q, β) =
(−1)νBν

ν
. (8)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî,

Iν(1− ν; q, β) =
1

ν!

ν−1∏
µ=0

(1− ν + µ) ·
(
qBν − yν+1({q})

ν+1

q + β

)
−

− 1

ν!

ν−2∏
µ=0

(1− ν + µ) ·Bν +
1

ν!

ν−1∏
µ=0

(1− ν + µ) · Bνβ
q + β

+ Iν+1(1− ν; q, β) =

=
(−1)νBν

ν
.

2

4. Ïåðèîäèçèðîâàííàÿ ïî ïàðàìåòðó b äçåòà-ôóíêöèÿ Ãóðâèöà è
äçåòà-ôóíêöèÿ Ãóðâèöà âòîðîãî ðîäà

Â äàëüíåéøåì áóäåò èñïîëüçîâàòüñÿ ïåðèîäèçèðîâàííàÿ ïî âåùåñòâåííîìó ïàðàìåòðó b
äçåòà-ôóíêöèÿ Ãóðâèöà

ζ∗(α; b) =
∑

0<n+b

(n+ b)−α =


∞∑
n=1

n−α, ïðè {b} = 0,

∞∑
n=0

(n+ {b})−α, ïðè {b} > 0

, (σ > 1). (9)
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Êðîìå òîãî, îïðåäåëèì äçåòà-ôóíêöèþ Ãóðâèöà âòîðîãî ðîäà ζ∗∗(α; b) ðàâåíñòâîì

ζ∗∗(α; b) =
∞∑
n=1

cos 2πnb

nα
, (σ > 1). (10)

Ïî òåîðåìå Àáåëÿ (ñì. [32] ñòð. 106) ïîëó÷àåì èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ ïåðèîäè-
çèðîâàííîé äçåòà-ôóíêöèè Ãóðâèöà (σ > 1):

ζ∗(α; b) =



α

∞̂

1

[x]dx

xα+1
, ïðè {b} = 0,

α

∞̂

0

([x] + 1)dx

(x+ {b})α+1
= α

∞̂

{b}

[x+ 1− {b}]dx
xα+1

, ïðè {b} 6= 0

(11)

è èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ äçåòà-ôóíêöèè Ãóðâèöà âòîðîãî ðîäà (σ > > 1):

ζ∗∗(α; b) =



α

∞̂

1

[x]dx

xα+1
, ïðè {b} = 0,

α

∞̂

1

(sin(π(2[x] + 1)b)− sin(πb)) dx

2 sin(πb)xα+1
, ïðè {b} 6= 0,

(12)

êîòîðîå ïîëó÷àåòñÿ èç âûðàæåíèÿ äëÿ ñóììàòîðíîé ôóíêöèè ïðè {b} > 0

A(x) =

[x]∑
n=1

cos(2πnb) =
1

sin(πb)

[x]∑
n=1

cos(2πnb) sin(πb) =

=
1

2 sin(πb)

[x]∑
n=1

(sin(π(2n+ 1)b)− sin(π(2n− 1)b)) =
sin(π(2[x] + 1)b)− sin(πb)

2 sin(πb)
.

4.1. Àíàëèòè÷åñêîå ïðîäîëæåíèå ïåðèîäèçèðîâàííîé ïî ïàðàìåòðó b
äçåòà-ôóíêöèÿ Ãóðâèöà

Íåòðóäíî âûïèñàòü ðàçëè÷íûå ÿâíûå ôîðìóëû äëÿ àíàëèòè÷åñêîãî ïðîäîëæåíèÿ íà âñþ
êîìïëåêñíóþ ïëîñêîñòü êðîìå òî÷êè α = 1 ïåðèîäèçèðîâàííîé äçåòà-ôóíêöèè Ãóðâèöà. Â
ýòîé òî÷êå ïðè âñåõ âåùåñòâåííûõ çíà÷åíèÿõ b ïåðèîäèçèðîâàííàÿ äçåòà-ôóíêöèè Ãóðâèöà
èìååò ïîëþñ ïåðâîãî ïîðÿäêà ñ âû÷åòîì ðàâíûì 1.

Ïðèâåäåííûå íèæå ôîðìóëû ïîêðûâàþò âñþ êîìïëåêñíóþ ïëîñêîñòü, çàäàâàÿ ÿâíûé âèä
àíàëèòè÷åñêîãî ïðîäîëæåíèÿ ζ∗(α; b).

Ëåììà 4. Ñïðàâåäëèâû ðàâåíñòâà

ζ∗(α; b) =
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=



∑
0<n+b

(n+ b)−α, σ > 1,

1

2
+

1

α− 1
− I2(α; 0, 1), {b}=0,

σ>−1 ,

1

{b}α−
1

2
+

1

α− 1
+(1−{b})

(
1−α{b}}

2

)
−I2 (α; 1−{b}, {b}) , {b}6=0,

σ>−1 ,

2(2π)α−1Γ(1−α)

(
sin

πα

2

∞∑
n=1

cos 2πnb

n1−α +cos
πα

2

∞∑
n=1

sin 2πnb

n1−α

)
, σ < 0.

(13)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, ïåðâîå ðàâåíñòâî ïðè σ > 1 ñîâïàäàåò ñ îïðåäåëåíèåì
ïåðèîäèçèðîâàííîé ïî âåùåñòâåííîìó ïàðàìåòðó b äçåòà-ôóíêöèè Ãóðâèöà (9).

Âî âòîðîì ñëó÷àå èç ïåðâîé ôîðìóëû â ðàâåíñòâå (11) è ëåììû 2 (ñòð. 77) èìååì ïðè b ∈ Z

ζ∗(α; b) = α

∞̂

1

[x]dx

xα+1
= α

∞̂

1

(x− {x})dx
xα+1

=
α

α− 1
− α

∞̂

1

{x}dx
xα+1

=

=
α

α− 1
− I1(α; 0, 1) =

α

α− 1
− α ·

(
0 ·B1 − y2(0)

2

1

)
+

+
(α+ 1)B1

1
− α · B1

1
− I2(α; 0, 1) =

1

2
+

1

α− 1
− I2(α; 0, 1),

÷òî äîêàçûâàåò âòîðîé ñëó÷àé ðàâåíñòâà (13).
Àíàëîãè÷íî, â òðåòüåì ñëó÷àå èç âòîðîé ôîðìóëû â ðàâåíñòâå (11) èìååì ïðè b 6∈ Z

ζ∗(α; b) = α

∞̂

0

([x] + 1)dx

(x+ {b})α+1
= α

1−{b}ˆ

0

dx

(x+ {b})α+1
+ α

∞̂

1−{b}

([x] + 1)dx

(x+ {b})α+1
=

=
1

{b}α − 1 + α

∞̂

1−{b}

(x+ 1− {x})dx
(x+ {b})α+1

=
1

{b}α − 1 + α

∞̂

1−{b}

dx

(x+ {b})α+

+α

∞̂

1−{b}

(1− {b})dx
(x+ {b})α+1

− α
∞̂

1−{b}

{x}dx
(x+ {b})α+1

=
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=
1

{b}α − 1 +
α

α− 1
+ 1− {b} − I1(α, 1− {b}, {b}) =

=
1

{b}α +
1

α− 1
+ 1− {b} −

(
α · (1− {b})B1 − y2({1−{b}})

2

1
−

−(α+ 1)B1

1
+ α · B1 · {b}

1
+ I2(α; 1− {b}, {b})

)
=

=
1

{b}α −
1

2
+

1

α− 1
+ (1− {b})

(
1− α{b}}

2

)
− I2 (α; 1− {b}, {b}) ,

÷òî äîêàçûâàåò òðåòèé ñëó÷àé ðàâåíñòâà (13).
Íàêîíåö, ÷åòâåðòûé ñëó÷àé ñëåäóåò èç ôóíêöèîíàëüíîãî óðàâíåíèÿ äëÿ äçåòà-ôóíêöèè

Ãóðâèöà (ñì. [30], ñòð. 48), òàê êàê

ζ∗(α; b) =

{
ζ(α; {b}), ïðè {b} > 0;
ζ(α) = ζ(α; 1), ïðè {b} = 0

.

2

4.2. Ìíîæèòåëü Ðèìàíà

×åðåç

M(α) =
2Γ(1− α)

(2π)1−α sin
πα

2
(14)

áóäåì îáîçíà÷àòü ìíîæèòåëü èç ôóíêöèîíàëüíîãî óðàâíåíèÿ äëÿ äçåòà-ôóíêöèè Ðèìàíà (Ñì.
[30], ñòð. 19)

ζ(α) = M(α)ζ(1− α).

Ëåãêî ïðîâåðèòü, ÷òî
M(α) ·M(1− α) = 1. (15)

Äåéñòâèòåëüíî,

M(α) ·M(1− α) =
2Γ(1− α)

(2π)1−α sin
πα

2
· 2Γ(α)

(2π)α
sin

π(1− α)

2
=

=
Γ(α)Γ(1− α)

π
sinπα = 1

ñîãëàñíî ôîðìóëû äîïîëíåíèÿ äëÿ ãàììà-ôóíêöèè (ñì. [31], ñòð. 19).
Ìíîæèòåëü M(α) áóäåì íàçûâàòü ìíîæèòåëåì Ðèìàíà, à ôîðìóëó (15) � ôîðìóëîé äî-

ïîëíåíèÿ äëÿ ìíîæèòåëÿ Ðèìàíà.
Èç ñâîéñòâ ãàììà-ôóíêöèè, îïðåäåëåíèÿ (14) è ôîðìóëû äîïîëíåíèÿ (15) ñëåäóåò, ÷òî

ìíîæèòåëü Ðèìàíà � àíàëèòè÷åñêàÿ ôóíêöèÿ äëÿ ëþáîãî êîìïëåêñíîãî α, êðîìå òî÷åê α =
= 1, 3, 5, . . . � íå÷åòíûõ íàòóðàëüíûõ çíà÷åíèé, ãäå îí èìååò ïîëþñ ïåðâîãî ïîðÿäêà.

Äåéñòâèòåëüíî, ïðè α = n ∈ N èìååòñÿ ïîëþñ ïåðâîãî ïîðÿäêà ó ãàììà-ôóíêöèè Γ(1− α)
è ýòî âñå ïîëþñà, à ìíîæèòåëü sin πα

2 èìååò çíà÷åíèÿ

sin
πn

2
=

{
(−1)m, ïðè n = 1 + 2m, m = 0, 1, 2, . . . .
0, ïðè n = 2m, m ∈ N.

Ïîýòîìó ïðè íå÷åòíûõ íàòóðàëüíûõ çíà÷åíèÿõ α = 1, 3, 5, . . . ìíîæèòåëü Ðèìàíà M(α) èìååò
ïîëþñà ñ âû÷åòîì
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Ïðè íàòóðàëüíûõ ÷åòíûõ çíà÷åíèé α = 2n, (n ∈ N) èìååì:

M(α) = lim
α→2n

2Γ(1− α)

(2π)1−α sin
πα

2
=

2

(2π)1−2n
lim
α→2n

Γ(1− α)(1− α− (1− 2n))·

· lim
α→2n

sin πα
2

π(α2 − n)
lim
α→2n

π(α2 − n)

2n− α =
2

(2π)1−2n
· (−1)2n−1

(2n− 1)!
·
(
−π

2

)
=

(2π)2n

2 · (2n− 1)!
.

Ïî ñâîéñòâàì ãàììû ôóíêöèè Γ(1 + 2n) = (2n)!, (n = 0, 1, 2, . . .). Ïîýòîìó â ÷åòíûõ îòðè-
öàòåëüíûõ çíà÷åíèÿõ α ìíîæèòåëü Ðèìàíà èìååò íóëè ïåðâîãî ïîðÿäêà

M(−2n) =
2Γ(1 + 2n)

(2π)1+2n
sin(−πn) = 0, n ∈ N0 = N

⋃
{0}. (16)

Òàê êàê ãàììà-ôóíêöèÿ íå èìååò íóëåé íà âñåé êîìïëåêñíîé ïëîñêîñòè, òî íóëè ìíîæèòåëÿ
Ðèìàíà ÿâëÿþòñÿ íóëÿìè ôóíêöèè sin πα

2 è ôîðìóëîé (16) èñ÷åðïûâàþòñÿ âñå íóëè ìíîæèòåëÿ
Ðèìàíà.

Íàêîíåö, â òî÷êàõ α = −1,−3,−5, . . . èìååì:

M(α) = M(1− 2n) =
2Γ(2n)

(2π)2n
sin

π(1− 2n)

2
=

2(2n− 1)!(−1)n

(2π)2n
, (n ∈ N)

è

M

(
1

2

)
=

2Γ
(

1
2

)
(2π)

1
2

sin
π

4
=

2
√
π

(2π)
1
2

√
2

2
= 1.

Ñëåäóþùàÿ ëåììà ÿâëÿåòñÿ ñâîåîáðàçíûì ôóíêöèîíàëüíûì óðàâíåíèåì äëÿ ïåðèîäè-
çèðîâàííîé ïî ïàðàìåòðó b äçåòà-ôóíêöèè Ãóðâèöà è äçåòà-ôóíêöèè Ãóðâèöà âòîðîãî ðîäà.

Ëåììà 5. Äëÿ 0 < b < 1 â ëåâîé ïîëóïëîñêîñòè σ < 0 ñïðàâåäëèâî ðàâåíñòâî

ζ∗(α; b) + ζ∗(α; 1− b) = 2M(α)

∞∑
n=1

cos 2πnb

n1−α = 2M(α)ζ∗∗(1− α; b). (17)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, ïðè σ < 0 ñîãëàñíî (13) èìååì

ζ∗(α; b) + ζ∗(α; 1− b) =

= 2(2π)α−1Γ(1−α)

(
sin

πα

2

∞∑
n=1

cos 2πnb

n1−α +cos
πα

2

∞∑
n=1

sin 2πnb

n1−α

)
+

+2(2π)α−1Γ(1−α)

(
sin

πα

2

∞∑
n=1

cos 2πn(1− b)
n1−α +cos

πα

2

∞∑
n=1

sin 2πn(1− b)
n1−α

)
=

= 4(2π)α−1Γ(1−α)sin
πα

2

∞∑
n=1

cos 2πnb

n1−α = 2M(α)
∞∑
n=1

cos 2πnb

n1−α = 2M(α)ζ∗∗(1− α; b)

÷òî è òðåáîâàëîñü äîêàçàòü. 2

4.3. Àíàëèòè÷åñêîå ïðîäîëæåíèå äçåòà-ôóíêöèè Ãóðâèöà âòîðîãî ðîäà

Òåïåðü íåòðóäíî äîêàçàòü àíàëîã ëåììû 4 (ñòð. 79) äëÿ äçåòà-ôóíêöèè Ãóðâèöà âòîðîãî
ðîäà.
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Ëåììà 6. Ñïðàâåäëèâû ðàâåíñòâà

ζ∗∗(α; b) =

=



∞∑
n=1

cos 2πnb

nα
, σ > 1,

1

2
+

1

α− 1
− I2(α; 0, 1), {b}=0,

σ>−1 ,

α(α+ 1)

∞̂

1

(
sin(π(2[x] + 1)b){x}+ cos(2πb)−cos(2π[x]b)

2 sin(πb)

)
dx

2 sin(πb)xα+2
− 1

2
, {b}6=0,

σ>−1 ,

M(α)

2

∑
n∈Z

1

n+ b
1−α =

M(α)

2
(ζ∗(1− α; b) + ζ∗(1− α; 1− b)) , {b}6=0,

σ<0 ,

M(α)ζ(1− α), {b}=0,
σ<0 .

(18)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, ïåðâîå ðàâåíñòâî ïðè σ > 1 ñîâïàäàåò ñ îïðåäåëåíèåì
äçåòà-ôóíêöèè Ãóðâèöà âòîðîãî ðîäà (10) (ñòð. 79).

Âòîðîé ñëó÷àé ñîâïàäàåò ñî âòîðûì ñëó÷àåì ðàâåíñòâà (13) (ñòð. 80), òàê êàê ïðè {b} = 0
èìååì ðàâåíñòâî ζ∗∗(α; b) = ζ∗(α; b).

Â òðåòüåì ñëó÷àå âîñïîëüçóåìñÿ âòîðûì èíòåãðàëüíûì ïðåäñòàâëåíèåì (12) (ñòð. 79) äëÿ
äçåòà-ôóíêöèè Ãóðâèöà âòîðîãî ðîäà, ïîëó÷èì, èíòåãðèðóÿ ïî ÷àñòÿì,

ζ∗∗(α; b) = α

∞̂

1

(sin(π(2[x] + 1)b)− sin(πb)) dx

2 sin(πb)xα+1
=

= α
f(x)

2 sin(πb)xα+1

∣∣∣∣∞
1

+ α(α+ 1)

∞̂

1

f(x)dx

2 sin(πb)xα+2
= α(α+ 1)

∞̂

1

f(x)dx

2 sin(πb)xα+2
,

ãäå

f(x) =

xˆ

1

(sin(π(2[t] + 1)b)− sin(πb)) dt =

[x]−1∑
k=1

k+1ˆ

k

(sin(π(2k + 1)b)− sin(πb)) dt+

+

xˆ

[x]

(sin(π(2[x] + 1)b)− sin(πb)) dt =

[x]−1∑
k=1

(sin(π(2k + 1)b)− sin(πb)) +

+ (sin(π(2[x] + 1)b)− sin(πb)) {x} =

[x]−1∑
k=1

sin(π(2k + 1)b)−

− ([x]− 1 + {x}) sin(πb) + sin(π(2[x] + 1)b){x} = sin(π(2[x] + 1)b){x}−

−(x− 1) sin(πb) +
1

2 sin(πb)

[x]−1∑
k=1

(cos(π(2k + 1)b− πb)− cos(π(2k + 1)b+ πb)) =

= sin(π(2[x] + 1)b){x} − (x− 1) sin(πb) +
cos(2πb)− cos(2π[x]b)

2 sin(πb)
.
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Îòñþäà ñëåäóåò, ÷òî

ζ∗∗(α; b) = α(α+ 1)

∞̂

1

(
sin(π(2[x] + 1)b){x}+ cos(2πb)−cos(2π[x]b)

2 sin(πb)

)
dx

2 sin(πb)xα+2
−

−α(α+ 1)

∞̂

1

(x− 1)dx

2xα+2
=

= α(α+ 1)

∞̂

1

(
sin(π(2[x] + 1)b){x}+ cos(2πb)−cos(2π[x]b)

2 sin(πb)

)
dx

2 sin(πb)xα+2
− 1

2
,

÷òî äîêàçûâàåò òðåòèé ñëó÷àé ðàâåíñòâà (18).
Íàêîíåö, ÷åòâåðòûé ñëó÷àé ñëåäóåò èç ôîðìóëû (17) è ôîðìóëû äîïîëíåíèÿ äëÿ ìíîæè-

òåëÿ Ðèìàíà, à ïÿòûé ñëó÷àé ñîâïàäàåò ñ ôóíêöèîíàëüíûì óðàâíåíèåì äëÿ äçåòà-ôóíêöèè
Ðèìàíà. 2

Çàìå÷àíèå 2. Èç ëåìì 5 è 6 ñëåäóåò, ÷òî äëÿ ëþáûõ α 6= 1 ñïðàâåäëèâû ðàâåíñòâà

ζ∗∗(α; b) =

{
ζ(α), ïðè {b} = 0;
M(α)

2 (ζ∗(1− α; b) + ζ∗(1− α; 1− b)) , ïðè {b} > 0.

Ëåììà 7. Ñïðàâåäëèâî ðàâåíñòâî

q−1∑
l=1

q−α
(
ζ∗
(
α;
l

q

)
+ ζ∗

(
α; 1− l

q

))
= 2ζ(α)

(
1− q−α

)
. (19)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, â ïðàâîé ïîëóïëîñêîñòè σ > 1 èìååì:

q−1∑
l=1

q−α
(
ζ∗
(
α;
l

q

)
+ ζ∗

(
α; 1− l

q

))
=

=

q−1∑
l=1

q−α

( ∞∑
n=0

(
n+

l

q

)−α
+
∞∑
n=0

(
n+ 1− l

q

)−α)
=

=

q−1∑
l=1

( ∞∑
n=0

(qn+ l)−α +
∞∑
n=0

(qn+ q − l)−α
)

=

= 2

∞∑
n=1

n−α − 2

∞∑
n=1

(qn)−α = 2ζ(α)(1− q−α).

Ïåðåõîäÿ ê àíàëèòè÷åñêîìó ïðîäîëæåíèþ, ïîëó÷èì óòâåðæäåíèå äëÿ ëþáîãî α 6= 1.
Ïðîâåðèì óòâåðæäåíèå äëÿ ëåâîé ïîëóïëîñêîñòè σ < 0. Ïî ëåììå 5 èìååì

q−1∑
l=1

q−α
(
ζ∗
(
α;
l

q

)
+ ζ∗

(
α; 1− l

q

))
=

=

q−1∑
l=1

q−α4(2π)α−1Γ(1−α)sin
πα

2

∞∑
n=1

cos 2πn lq
n1−α =

= q−α4(2π)α−1Γ(1−α)sin
πα

2

∞∑
n=1

1

n1−α

q−1∑
l=1

cos 2πn
l

q
.
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Òàê êàê
q−1∑
l=1

cos 2πn
l

q
= −1 +

q−1∑
l=0

e
2πinl

q + e
−2πinl

q

2
= qδq(n)− 1,

òî
q−1∑
l=1

q−α
(
ζ∗
(
α;
l

q

)
+ ζ∗

(
α; 1− l

q

))
=

= q−α4(2π)α−1Γ(1−α)sin
πα

2

( ∞∑
n=1

q

(qn)1−α −
∞∑
n=1

1

n1−α

)
=

= 4(2π)α−1Γ(1−α)sin
πα

2
ζ(1− α)

(
1− q−α

)
= 2ζ(α)

(
1− q−α

)
÷òî è òðåáîâàëîñü äîêàçàòü. 2

5. Ãèïåðáîëè÷åñêàÿ äçåòà-ôóíêöèÿ Ãóðâèöà

Îïðåäåëåíèå 1. Íàçîâ¼ì ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèåé Ãóðâèöà ïðè d 6= 0, d, b ∈ R
ôóíêöèþ ζH(α; d, b), çàäàííóþ â ïðàâîé α-ïîëóïëîñêîñòè α = = σ + it (σ > 1) ðàâåíñòâîì 2

ζH(α; d, b) =
∑
m∈Z

(
dm+ b

)−α
. (20)

Åñëè ìû ðàññìîòðèì ñäâèíóòóþ îäíîìåðíóþ ðåøåòêó Λ(d, b) = dZ + b, òî äëÿ ãèïåðáîëè-
÷åñêîé äçåòà-ôóíêöèè ýòîé ñäâèíóòîé ðåøåòêè ìû ïîëó÷èì

ζH(Λ(d, b)|α) =


ζH(α; d, b), ïðè

{
b
d

}
6= 0,

ζH(α; d, b)− 1, ïðè
{
b
d

}
= 0.

(21)

Êðîìå ýòîãî íàì ïîòðåáóåòñÿ äçåòà-ôóíêöèÿ ñäâèíóòîé ðåøåòêè ζ(Λ(d, b)|α), êîòîðàÿ çà-
äàåòñÿ ðàâåíñòâîì

ζ(Λ(d, b)|α) =
∑′

m∈Z
|dm+ b|−α, σ > 1, (22)

ãäå
∑′ îçíà÷àåò, ÷òî èç îáëàñòè ñóììèðîâàíèÿ èñêëþ÷åíà òî÷êà m, äëÿ êîòîðîé dm + b = 0,

è àíàëèòè÷åñêàÿ ôóíêöèÿ f1(α; d, b), çàäàâàåìàÿ ðàâåíñòâîì

f1(α; d, b) =
∑′

−1<dm+b<1

(
1− |dm+ b|−α

)
. (23)

ßñíî, ÷òî ñïðàâåäëèâî ðàâåíñòâî

ζH(Λ(d, b)|α) = ζ(Λ(d, b)|α) + f1(α; d, b). (24)

Áóäåì êàê îáû÷íî ÷åðåç ‖b‖ = min({b}, 1 − {b}) îáîçíà÷àòü ðàññòîÿíèå äî áëèæàéøåãî
öåëîãî. Êàê õîðîøî èçâåñòíî, ôóíêöèÿ ‖b‖ � ÷¼òíàÿ: ‖b‖ = ‖ − b‖.

Â ðàáîòå [16] ðàññìàòðèâàëàñü àíàëèòè÷åñêàÿ ïî α ôóíêöèÿ f(α, d), çàäàíàÿ ðàâåíñòâîì

f(α, d) =


0, ïðè d > 1,∑
16|m|6[ 1d ]

(
1− 1

|dm|α
)
, ïðè 0 < d < 1. (25)

2Çäåñü è äàëåå äëÿ âåùåñòâåííûõ m èñïîëüçóåì îáîçíà÷åíèå m = max(1, |m|).
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ßñíî, ÷òî
f1(α; d, 0) = f(α, d). (26)

Ïîëîæèì

f∗1 (α; d, b) =


f1

(
α; |d|, |d|

∥∥ b
d

∥∥) , ïðè
∥∥ b
d

∥∥ 6= 0;

f1

(
α; |d|, |d|

∥∥ b
d

∥∥)+ 1, ïðè
∥∥ b
d

∥∥ = 0.

(27)

Ëåììà 8. Äëÿ ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè Ãóðâèöà ζH(α; d, b) â ïðàâîé α-ïîëóïëîñ-
êîñòè α = σ + it (σ > 1) ñïðàâåäëèâû ðàâåíñòâà

ζH(α; d, b) = ζH

(
α; |d|, |d|

∥∥∥∥ bd
∥∥∥∥) =

= ζ

(
Λ

(
|d|, |d|

∥∥∥∥ bd
∥∥∥∥) ∣∣∣∣α)+ f∗1

(
α; |d|, |d|

∥∥∥∥ bd
∥∥∥∥) . (28)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, ïðè
{
b
d

}
= 0 èìååì

[
b
d

]
= b

d è

ζH(α; d, b) = 1 +

∞∑
m=1− b

d

d

(
m+

b

d

)−α
+

−1− b
d∑

m=−∞
d

(
m+

b

d

)−α
=

= 1 + 2
∞∑
m=1

|d|m−α = ζH

(
α; |d|, |d|

∥∥∥∥ bd
∥∥∥∥)

è â ýòîì ñëó÷àå ïåðâîå ðàâåíñòâî äîêàçàíî.
Ïóñòü òåïåðü

{
b
d

}
6= 0, òîãäà

ζH(α; d, b) =
∞∑

m=−[ bd ]

d

(
m+

b

d

)−α
+

−1−[ bd ]∑
m=−∞

d

(
m+

b

d

)−α
=

=
∞∑
m=0

|d|
(
m+

{
b

d

})−α
+
∞∑
m=0

|d|
(
m+ 1−

{
b

d

})−α
= ζH

(
α; |d|, |d|

∥∥∥∥ bd
∥∥∥∥)

è ïåðâîå ðàâåíñòâî ïîëíîñòüþ äîêàçàíî.
Àíàëîãè÷íî ïåðâîìó ðàâåíñòâó äîêàçûâàåòñÿ, ÷òî

f1(α; d, b) = f1

(
α; |d|, |d|

∥∥∥∥ bd
∥∥∥∥) . (29)

Äåéñòâèòåëüíî, ïðè d < 0 èìååì

f1(α; d, b) =
∑′

−1<dm+b<1

(
1− |dm+ b|−α

)
=

∑′

− 1
d
>m+ b

d
> 1
d

(
1−

(
|d|
∣∣∣∣m+

b

d

∣∣∣∣)−α
)

=

=
∑′

−| 1d |<m+‖ bd‖<| 1d |

(
1−

(
|d|
∣∣∣∣m+

∥∥∥∥ bd
∥∥∥∥∣∣∣∣)−α

)
= f1

(
α; |d|, |d|

∥∥∥∥ bd
∥∥∥∥) . (30)

Îòñþäà è èç ðàâåíñòâ (21), (24) è (27) ñëåäóåò ñïðàâåäëèâîñòü âòîðîãî ðàâåíñòâà â ôîðìóëå
(28). 2
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Ëåììà 9. Ñïðàâåäëèâî ðàâåíñòâî

f1

(
α; |d|, |d|

∥∥∥∥ bd
∥∥∥∥) =

=



0, ïðè |d| > 1,
∥∥ b
d

∥∥ = 0;∑
16|m|6

[
1
|d|

]
(

1− 1

|dm|α
)
, ïðè 0 < |d| < 1,

∥∥ b
d

∥∥ = 0;

0, ïðè |d| > 2,
∥∥ b
d

∥∥ > 1
|d| ;

1−
(
|d|
∥∥ b
d

∥∥)−α , ïðè |d| > 2, 0 <
∥∥ b
d

∥∥ < 1
|d| ;

2−
(
|d|
∥∥ b
d

∥∥)−α − (|d| − |d| ∥∥ bd∥∥)−α , ïðè

{
16|d|<2,

‖ bd‖>
∥∥∥ 1
|d|

∥∥∥ ;

1−
(
|d|
∥∥ b
d

∥∥)−α , ïðè

{
16|d|<2,

0<‖ bd‖6
∥∥∥ 1
|d|

∥∥∥ ;

[| 1d |−‖ bd‖]∑
m=−

[
1
|d|+‖ bd‖

]
(

1−
(
|d|
∣∣∣∣m+

∥∥∥∥ bd
∥∥∥∥∣∣∣∣)−α

)
, ïðè 0 < |d| < 1, 0 <

∥∥ b
d

∥∥ .

(31)

Äîêàçàòåëüñòâî. Ïðè
∥∥ b
d

∥∥ = 0 ïåðâûé è âòîðîé ñëó÷àé â ðàâåíñòâå (31) ñëåäóåò èç (29),
(26) è (25).

Ïðè
∥∥ b
d

∥∥ > 1
|d| è |d| > 2 îáëàñòü ñóììèðîâàíèÿ â ôîðìóëå (30) íå ñîäåðæèò öåëûõ òî÷åê,

ïîýòîìó ñóììà ðàâíà 0 è òðåòèé ñëó÷àé â ðàâåíñòâå (31) äîêàçàí.
Ïðè 0 <

∥∥ b
d

∥∥ < 1
|d| è |d| > 2 îáëàñòü ñóììèðîâàíèÿ â ôîðìóëå (30) ñîäåðæèò òîëüêî îäíó

öåëóþ òî÷êó m = 0, ïîýòîìó ñóììà ñîäåðæèò òîëüêî îäíî ñëàãàåìîå è ÷åòâåðòûé ñëó÷àé â
ðàâåíñòâå (31) äîêàçàí.

Ïðè
∥∥ b
d

∥∥ > ∥∥∥ 1
|d|

∥∥∥ è 1 6 |d| < 2 îáëàñòü ñóììèðîâàíèÿ â ôîðìóëå (30) ñîäåðæèò òîëüêî äâå
öåëûõ òî÷êè m = 0 è m = −1, ïîýòîìó ñóììà ñîäåðæèò òîëüêî äâà ñëàãàåìûõ è ïÿòûé ñëó÷àé
â ðàâåíñòâå (31) äîêàçàí.

Ïðè 0 <
∥∥ b
d

∥∥ 6 ∥∥∥ 1
|d|

∥∥∥ è 1 6 |d| < 2 îáëàñòü ñóììèðîâàíèÿ â ôîðìóëå (30) òàêæå êàê è â
÷åòâåðòîì ñëó÷àå ñîäåðæèò òîëüêî îäíó öåëóþ òî÷êó m = 0, ïîýòîìó ñóììà ñîäåðæèò òîëüêî
îäíî ñëàãàåìîå è øåñòîé ñëó÷àé â ðàâåíñòâå (31) äîêàçàí.

Íàêîíåö, ïðè 0 <
∥∥ b
d

∥∥ è 0 < |d| < 1 îáëàñòü ñóììèðîâàíèÿ −
∣∣1
d

∣∣ < m+
∥∥ b
d

∥∥ < ∣∣1d ∣∣ â ôîðìóëå
(30) ìîæíî çàïèñàòü â âèäå −

[
1
|d| +

∥∥ b
d

∥∥] 6 m 6
[∣∣1
d

∣∣− ∥∥ bd∥∥], ïîýòîìó ñóììà ïðåîáðåòàåò

óêàçàííûé âèä è ñåäüìîé ñëó÷àé â ðàâåíñòâå (31) äîêàçàí. 2

5.1. Äçåòà-ôóíêöèÿ ñäâèíóòîé ðåøåòêè

Äëÿ ïîëó÷åíèÿ ôóíêöèîíàëüíîãî óðàâíåíèÿ äëÿ äçåòà-ôóíêöèè ñäâèíóòîé ðåøåòêè Λ(d, b)
íàì åùå ïîòðåáóåòñÿ äçåòà-ôóíêöèÿ âòîðîãî ðîäà ñäâèíóòîé ðåøåòêè ζ∗(Λ(d, b)|α), êîòîðàÿ
çàäàåòñÿ ðàâåíñòâîì

ζ∗(Λ(d, b)|α) =


ζ(Λ(d, b)|α), ïðè

∥∥ b
d

∥∥ = 0,

∞∑′

m=−∞

cos
(
2πm b

d

)
|dm|α , ïðè

∥∥ b
d

∥∥ > 0.
(32)



88 Í. Ì. ÄÎÁÐÎÂÎËÜÑÊÈÉ, Í. Í. ÄÎÁÐÎÂÎËÜÑÊÈÉ È ÄÐ.

Âçàèìíóþ ñäâèíóòóþ ðåø¼òêó îïðåäåëèì ðàâåíñòâîì Λ∗(d, b) = Λ
(

1
d ,

b
d2

)
. Íåòðóäíî âè-

äåòü, ÷òî Λ∗∗(d, b) = Λ∗
(

1
d ,

b
d2

)
= Λ(d, b).

Ëåììà 10. Äëÿ äçåòà-ôóíêöèè ñäâèíóòîé ðåøåòêè ζ(Λ(d, b)|α) íà âñåé α-ïëîñêîñòè,
êðîìå òî÷êè α = 1, ãäå ïîëþñ ïåðâîãî ïîðÿäêà, ñïðàâåäëèâî ðàâåíñòâî

ζ(Λ(d, b)|α) =


2ζ(α)

|d|α , ïðè
∥∥ b
d

∥∥ = 0;

1

|d|α
(
ζ∗
(
α;

∥∥∥∥ bd
∥∥∥∥)+ ζ∗

(
α; 1−

∥∥∥∥ bd
∥∥∥∥)) , ïðè

∥∥ b
d

∥∥ > 0.

(33)

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñíà÷àëà ïðàâóþ ïîëóïëîñêîñòü α = σ + it (σ > 1).
Ïðè

∥∥ b
d

∥∥ = 0 ñîãëàñíî ðàâåíñòâó (22) (ñòð. 85) èìååì

ζ(Λ(d, b)|α) =
∑′

m∈Z
|dm+ b|−α =

∑′

m∈Z

(
|d|
∣∣∣∣m+

b

d

∣∣∣∣)−α =

=
∑′

m∈Z

(
|d|
∣∣∣∣m+

{
b

d

}∣∣∣∣)−α =
∑′

m∈Z
(|d| |m|)−α =

2ζ(α)

|d|α

è ïåðâûé ñëó÷àé ðàâåíñòâà (33) äëÿ ïðàâîé ïîëóïëîñêîñòè äîêàçàí.
Àíàëîãè÷íî, ïðè

∥∥ b
d

∥∥ > 0 èìååì

ζ(Λ(d, b)|α) =
∑′

m∈Z
|dm+ b|−α =

∑′

m∈Z

(
|d|
∣∣∣∣m+

b

d

∣∣∣∣)−α =

=
∑′

m∈Z

(
|d|
∣∣∣∣m+

{
b

d

}∣∣∣∣)−α =
∞∑
m=0

(
|d|
(
m+

{
b

d

}))−α
+

+

∞∑′

m=0

(
|d|
(
m+ 1−

{
b

d

}))−α
=

1

|d|α
(
ζ∗
(
α;

∥∥∥∥ bd
∥∥∥∥)+ ζ∗

(
α; 1−

∥∥∥∥ bd
∥∥∥∥))

è âòîðîé ñëó÷àé ðàâåíñòâà (33) äëÿ ïðàâîé ïîëóïëîñêîñòè äîêàçàí.
Òàê êàê âñå ôóíêöèè, âõîäÿùèå â ïðàâóþ ÷àñòü ðàâåíñòâà (33), àíàëèòè÷íû íà âñåé α-

ïëîñêîñòè, êðîìå òî÷êè α = 1, ãäå ó äâóõ ôóíêöèé ïîëþñ ïåðâîãî ïîðÿäêà, òî, ïðèìåíÿÿ
ïðèíöèï àíàëèòè÷åñêîãî ïðîäîëæåíèÿ, ïîëó÷èì ñïðàâåäëèâîñòü ðàâåíñòâà (33) íà âñåé α-
ïëîñêîñòè, êðîìå òî÷êè α = 1. 2

Ëåììà 11. Äëÿ äçåòà-ôóíêöèè ñäâèíóòîé ðåøåòêè ζ(Λ(d, b)|α) â ëåâîé ïîëóïëîñêîñòè
σ < 0 ñïðàâåäëèâî ôóíêöèîíàëüíîå óðàâíåíèå

ζ(Λ(d, b)|α) =


M(α)

det Λ(d, b)
ζ(Λ∗(d, b)|1− α), ïðè

∥∥ b
d

∥∥ = 0;

M(α)

det Λ(d, b)
ζ∗(Λ∗(d, b)|1− α), ïðè

∥∥ b
d

∥∥ > 0.

(34)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, åñëè
∥∥ b
d

∥∥ = 0, òî Λ(d, b) = Λ(d), Λ∗(d, b) = Λ∗(d) =

= Λ
(

1
d

)
= Λ

(
1
d ,

b
d2

)
è ñîãëàñíî ëåììå 10 è ôóíêöèîíàëüíîìó óðàâíåíèþ äëÿ äçåòà-ôóíêöèè

Ðèìàíà

ζ(Λ(d, b)|α) =
2ζ(α)

|d|α =
2M(α)ζ(1− α)

|d|α =

=
M(α)

det Λ(d, b)

∑′

m∈Z

1∣∣m
d + b

d2

∣∣1−α =
M(α)

det Λ(d, b)
ζ(Λ∗(d, b)|1− α)
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è ïåðâûé ñëó÷àé ðàâåíñòâà (34) äîêàçàí.
Ïóñòü òåïåðü

∥∥ b
d

∥∥ > 0, òîãäà ïî ëåììå 10 èìååì:

ζ(Λ(d, b)|α) =
1

|d|α
(
ζ∗
(
α;

∥∥∥∥ bd
∥∥∥∥)+ ζ∗

(
α; 1−

∥∥∥∥ bd
∥∥∥∥)) .

Ïðèìåíèì ôóíêöèîíàëüíîå óðàâíåíèå (5) (ñòð. 82) ê ïðàâîé ÷àñòè, ïîëó÷èì

ζ(Λ(d, b)|α) =
2M(α)

|d|α ζ∗∗
(

1− α;

∥∥∥∥ bd
∥∥∥∥) =

M(α)

|d|α
∞∑′

m=−∞

cos
(
2πm b

d

)
|m|1−α =

=
M(α)

det Λ(d, b)

∞∑′

m=−∞

cos

(
2π

m b
d2
1
d

)
∣∣m
d

∣∣1−α =
M(α)

det Λ(d, b)
ζ∗(Λ∗(d, b)|1− α).

2

Ðàññìîòðèì òåïåðü äâóìåðíóþ ñäâèíóòóþ ðåø¼òêó Λ(d1, b1, d2, b2) = Λ(d1, b1)×Λ(d2, b2) =
= d1Z× d2Z + (b1, b2). Å¼ äçåòà-ôóíêöèÿ îïðåäåëÿåòñÿ åñòåñòâåííûì îáðàçîì:

ζ(Λ(d1, b1, d2, b2) | α) = ζ(Λ(d1, b1) | α) · ζ(Λ(d2, b2) | α).

Àíàëîãè÷íî îïðåäåëÿåòñÿ äçåòà-ôóíêöèÿ âòîðîãî ðîäà ñäâèíóòîé ðåøåòêè:

ζ∗(Λ(d1, b1, d2, b2) | α) = ζ∗(Λ(d1, b1) | α) · ζ∗(Λ(d2, b2) | α).

Íåòðóäíî âèäåòü, ÷òî åñëè ïîëîæèòü Λ∗(d1, b1, d2, b2) = Λ∗(d1, b1)× Λ∗(d2, b2), òî

Λ∗∗(d1, b1, d2, b2) = Λ∗
(

1

d1
,
b1
d2

1

,
1

d2
,
b2
d2

2

)
= Λ(d1, b1, d2, b2).

Ëåììà 12. Äëÿ äçåòà-ôóíêöèè ñäâèíóòîé ðåøåòêè ζ(Λ(d1, b1, d2, b2)|α) â ëåâîé ïîëó-
ïëîñêîñòè σ < 0 ñïðàâåäëèâî ôóíêöèîíàëüíîå óðàâíåíèå

ζ(Λ(d1, b1, d2, b2)|α) =
M2(α)

det Λ(d1, b1, d2, b2)
ζ∗(Λ∗(d1, b1, d2, b2)|1− α). (35)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, òàê êàê det Λ(d1, b1, d2, b2) = det Λ(d1, b1) · det Λ(d2, b2),
òî óòâåðæäåíèå ëåììû íåïîñðåäñòâåííî ñëåäóåò èç îïðåäåëåíèÿ äçåòà-ôóíêöèè ñäâèíóòîé
ðåø¼òêè è ëåììû 11. 2

5.2. Èíòåãðàëüíûå ïðåäñòàâëåíèÿ

Îáîçíà÷èì ÷åðåç n(d, b) êîëè÷åñòâî ðåøåíèé ñèñòåìû íåðàâåíñòâ

−1 6 dm+ b 6 1

â öåëûõ ÷èñëàõ m, à ÷åðåç n∗(d, b) � êîëè÷åñòâî ðåøåíèé ñèñòåìû íåðàâåíñòâ

−1 < dm+ b < 1.

Íåòðóäíî âèäåòü, ÷òî n(d, b) = n
(
|d|, |d| ·

∥∥ b
d

∥∥), n∗(d, b) = n∗
(
|d|, |d| ·

∥∥ b
d

∥∥), êðîìå òîãî
n∗(d, b) =


n(d, b), ïðè 1−b

d , 1+b
d 6∈ Z;

n(d, b)− 1, ïðè 1−b
d ∈ Z, 1+b

d , 2
d 6∈ Z;

n(d, b)− 1, ïðè 1−b
d , 2

d 6∈ Z, 1+b
d ∈ Z;

n(d, b)− 2, ïðè 1−b
d , 1+b

d , 2
d ∈ Z.
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Ðàññìîòðèì øåñòü ïîëîæèòåëüíûõ ÷èñåë

ω1 = ω1(d, b) = 1 +
1

|d| −
{

1

|d| −
∥∥∥∥ bd
∥∥∥∥} , ω2 = ω2(d, b) = 1 +

1

|d| −
{

1

|d| +

∥∥∥∥ bd
∥∥∥∥} ,

ω∗1 = ω∗1(d, b) =
1

|d| +

{∥∥∥∥ bd
∥∥∥∥− 1

|d|

}
, ω∗2 = ω∗2(d, b) =

1

|d| +

{
− 1

|d| −
∥∥∥∥ bd
∥∥∥∥} ,

ω∗∗1 =

{
{ω∗1(d, b)}, ïðè {ω∗1(d, b)}>0;
1, ïðè {ω∗1(d, b)}=0;

, ω∗∗2 =

{
{ω∗2(d, b)}, ïðè {ω∗2(d, b)}>0;
1, ïðè {ω∗2(d, b)}=0.

Íåòðóäíî óâèäåòü, ÷òî

ω1 =


ω∗1, ïðè

{
1
|d|

}
6=
∥∥ b
d

∥∥ ;

ω∗1 + 1, ïðè
{

1
|d|

}
=
∥∥ b
d

∥∥ ;

, ω2 =


ω∗2, ïðè

{
1− 1

|d|

}
6=
∥∥ b
d

∥∥ ;

ω∗2 + 1, ïðè
{

1− 1
|d|

}
=
∥∥ b
d

∥∥ ;

Òåîðåìà 1. Â α-ïîëóïëîñêîñòè α = σ + it, σ > 1 ñïðàâåäëèâû òîæäåñòâà

Γ(α)ζH(α; d, b) = n(d, b)Γ(α)+

+|d|−α
∞̂

0

xα−1

1− e−x
(
e
−
(

1+ 1
|d|−

{
1
|d|−‖ bd‖

})
·x

+ e
−
(

1+ 1
|d|−

{
1
|d|+‖ bd‖

})
·x
)
dx = (36)

=n∗(d, b)Γ(α)+
1

|d|α

∞̂

0

xα−1

1− e−x
(
e
−
(

1
|d|+

{
‖ bd‖− 1

|d|

})
·x

+e
−
(

1
|d|+

{
− 1
|d|−‖ bd‖

})
·x
)
dx= (37)

=f∗1 (α; d, b)Γ(α)+



1

|d|α

∞̂

0

xα−1
(
e−‖ bd‖·x+e−(1−‖ bd‖)·x

)
1− e−x dx, ïðè

∥∥ b
d

∥∥ > 0;

2

|d|α

∞̂

0

xα−1

1− e−x e
−xdx, ïðè

∥∥ b
d

∥∥ = 0.

(38)

Äîêàçàòåëüñòâî. Áåç îãðàíè÷åíèÿ îáùíîñòè ñîãëàñíî ëåììå 8 (ñòð. 86) ìîæíî ñ÷èòàòü
d > 0, 0 6 b 6 d

2 .

Èçâåñòíî, ÷òî ïðè σ > 0 ñïðàâåäëèâî èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ ãàììà ôóíêöèè

Γ(α) =

∞̂

0

xα−1e−xdx.

Çàìåíèì òåïåðü â ýòîì èíòåãðàëå ïåðåìåííóþ x íà dm+ b · x 3. Ýòà çàìåíà äàñò ðàâåíñòâî:

Γ(α)
(
dm+ b

)−α
=

∞̂

0

xα−1e−dm+b·xdx.

3Çäåñü è äàëåå dm+ b = max(1, |dm+ b|)
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Ñóììèðóÿ ïî âñåì öåëûì m ∈ Z, ïîëó÷èì

Γ(α)ζH(α; d, b) = Γ(α)
∑
m∈Z

(
dm+ b

)−α
=

= lim
N→∞

N∑
m=−N

∞̂

0

xα−1e−dm+b·xdx =

= lim
N→∞

∞̂

0

xα−1

(
N∑

m=−N
e−dm+b·x

)
dx = lim

N→∞

∞̂

0

xα−1S(N, d, b)dx,

ãäå

S(N, d, b) =
N∑

m=−N
e−dm+b·x.

Ïóñòü N1 =
[

1−b
d

]
, N2 =

[
1+b
d

]
, òîãäà n(d, b) = N1 + N2 + 1. Àíàëîãè÷íî, ïîëîæèì N∗1 =

−
[
b−1
d

]
− 1, N∗2 = −

[
−1+b

d

]
− 1, òîãäà n∗(d, b) = N∗1 + N∗2 + 1 è ñïðàâåäëèâû íåðàâåíñòâà

N∗1 6 N1, N∗2 6 N2 è

N∗1 =

{
N1, ïðè

{
1−b
d

}
> 0;

N1 − 1, ïðè
{

1−b
d

}
= 0,

N∗2 =

{
N2, ïðè

{
1+b
d

}
> 0;

N2 − 1, ïðè
{

1+b
d

}
= 0;

.

Íåòðóäíî âèäåòü, ÷òî ïðè N > max(N1, N2)

S(N, d, b) =
N∑

m=−N
e−dm+b·x =

N∑
m=N1+1

e−|dm+b|·x +

N1∑
m=−N2

e−x +

−(N2+1)∑
m=−N

e−|dm+b|·x =

= (N1 +N2 + 1)e−x +

N−N1∑
m=1

e−(dm+dN1+b)·x +

N−N2∑
m=1

e−(dm+dN2−b)·x =

= (N1 +N2 + 1)e−x +

N−N1∑
m=1

e−(dm+1−d{ 1−b
d })·x +

N−N2∑
m=1

e−(dm+1−d{ 1+b
d })·x =

= (N1 +N2 + 1)e−x +
e−(d+1−d{ 1−b

d })·x − e−(d(N−N1+1)+1−d{ 1−b
d })·x

1− e−dx +

+
e−(d+1−d{ 1+b

d })·x − e−(d(N−N2+1)+1−d{ 1+b
d })·x

1− e−dx .

Ïîýòîìó

Γ(α)ζH(α; d, b) = Γ(α)(N1 +N2 + 1)+

+

∞̂

0

xα−1 e
−(d+1−d{ 1−b

d })·x + e−(d+1−d{ 1+b
d })·x

1− e−dx dx−

− lim
N→∞

∞̂

0

xα−1 e
−(d(N−N1+1)+1−d{ 1−b

d })·x + e−(d(N−N2+1)+1−d{ 1+b
d })·x

1− e−dx dx =

= n(d, b)Γ(α) + |d|−α
∞̂

0

xα−1

1− e−x
(
e
−
(

1+ 1
|d|−

{
1
|d|−‖ bd‖

})
·x

+ e
−
(

1+ 1
|d|−

{
1
|d|+‖ bd‖

})
·x
)
dx,
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òàê êàê

lim
N→∞

∞̂

0

xα−1 e
−(d(N−N1+1)+1−d{ 1−b

d })·x + e−(d(N−N2+1)+1−d{ 1+b
d })·x

1− e−dx dx = 0

â ñèëó îöåíîê ∣∣∣∣∣xα−1 e
−(d(N−N1+1)+1−d{ 1−b

d })·x + e−(d(N−N2+1)+1−d{ 1+b
d })·x

1− e−dx

∣∣∣∣∣ 6
6 xσ−2

(
e−(d(N−N1)+1−d{ 1−b

d })·x + e−(d(N−N2)+1−d{ 1+b
d })·x

) x

edx − 1
6

6
1

d
· xσ−2

(
e−(d(N−N1)+1−d{ 1−b

d })·x + e−(d(N−N2)+1−d{ 1+b
d })·x

)
;∣∣∣∣∣∣

∞̂

0

xα−1 e
−(d(N−N1+1)+1−d{ 1−b

d })·x + e−(d(N−N2+1)+1−d{ 1+b
d })·x

1− e−dx dx

∣∣∣∣∣∣ 6
6

∞̂

0

1

d
· xσ−2

(
e−(d(N−N1)+1−d{ 1−b

d })·x + e−(d(N−N2)+1−d{ 1+b
d })·x

)
dx =

1

d
·

·
((

d(N −N1) + 1− d
{

1− b
d

})1−σ
+

(
d(N −N2) + 1− d

{
1 + b

d

})1−σ
)
·

·
∞̂

0

xσ−2e−xdx =
Γ(σ − 1)

d
· (dN)1−σ·

·

(1− N1

N
+

1

dN
−
{

1−b
d

}
N

)1−σ

+

(
1− N2

N
+

1

dN
−
{

1+b
d

}
N

)1−σ
 ,

lim
N→∞

Γ(σ − 1)

d
· (dN)1−σ = 0,

lim
N→∞

(1− N1

N
+

1

dN
−
{

1−b
d

}
N

)1−σ

+

(
1− N2

N
+

1

dN
−
{

1+b
d

}
N

)1−σ
 = 2.

Àíàëîãè÷íî ïîëó÷èì è òîæäåñòâî (37).
Äëÿ ïîëíîòû èçëîæåíèÿ ïðîâåðèì íåïîñðåäñòâåííî, ÷òî ïðàâûå ÷àñòè â (36) è (37) ðàâíû.

Äëÿ ýòîãî íàäî ðàññìîòðåòü òîëüêî ñëó÷àé, êîãäà
{

1−b
d

}
= 0 èëè

{
1+b
d

}
= 0. Îáà ýòè ñëó÷àè

ðàçáèðàþòñÿ îäèíàêîâî è ñâîäÿòñÿ ê äîêàçàòåëüñòâó ðàâåíñòâà

Γ(α) + |d|−α
∞̂

0

xα−1

1− e−x
(
e
−
(

1+ 1
|d|

)
·x
)
dx =

1

|d|α

∞̂

0

xα−1

1− e−x
(
e
−
(

1
|d|

)
·x
)
dx.

Íî

1

|d|α

∞̂

0

xα−1

1− e−x
(
e
−
(

1
|d|

)
·x
)
dx− |d|−α

∞̂

0

xα−1

1− e−x
(
e
−
(

1+ 1
|d|

)
·x
)
dx =
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=
1

|d|α

∞̂

0

xα−1

1− e−x
(
e
−
(

1
|d|

)
·x
)(

1− e−x
)
dx =

∞̂

0

xα−1e−xdx = Γ(α),

è ðàâåíñòâî ïðàâûõ ÷àñòåé â (36) è (37) äîêàçàíî.
Ïåðåéäåì ê äîêàçàòåëüñòâó ïîñëåäíåãî ðàâåíñòâà â óòâåðæäåíèè òåîðåìû. Èç ëåììû 8

(ñòð. 86) ñëåäóåò, ÷òî

Γ(α)ζH(α; d, b) = Γ(α)ζ

(
Λ

(
|d|, |d|

∥∥∥∥ bd
∥∥∥∥) ∣∣∣∣α)+ Γ(α)f∗1

(
α; |d|, |d|

∥∥∥∥ bd
∥∥∥∥) .

Ïîâòîðÿÿ äëÿ äçåòà-ôóíêöèè ζ
(
Λ
(
|d|, |d|

∥∥ b
d

∥∥) ∣∣α) ïðåäûäóùèå ðàññóæäåíèÿ, ïîëó÷èì
Γ(α)ζ

(
Λ

(
|d|, |d|

∥∥∥∥ bd
∥∥∥∥) ∣∣∣∣α) =

=



1

|d|α

∞̂

0

xα−1
(
e−‖ bd‖·x+e−(1−‖ bd‖)·x

)
1− e−x dx, ïðè

∥∥ b
d

∥∥ > 0;

2

|d|α

∞̂

0

xα−1

1− e−x e
−xdx, ïðè

∥∥ b
d

∥∥ = 0

è äîêàçàòåëüñòâî ïîëíîñòüþ çàâåðøåíî. 2

Íàïîìíèì îïðåäåëåíèå êîíòóðà Õàíêåëÿ C, ñîñòîÿùåãî èç òðåõ ïîñëåäîâàòåëüíûõ ÷àñòåé
C1, C2 è C3. Äåëàåòñÿ ðàçðåç êîìïëåêñíîé α-ïëîñêîñòè âäîëü âåùåñòâåííîé îñè îò 0 äî áåñ-
êîíå÷íîñòè. Áåðåòñÿ ïîëîæèòåëüíîå ÷èñëî r, óäîâëåòâîðÿþùåå íåðàâåíñòâàì 0 < r < 2π. C1

îáîçíà÷àåò ëó÷, íà÷èíàþùèéñÿ â áåñêîíå÷íîñòè è èäóùèé äî òî÷êè α = r âäîëü âåðõíåãî
êðàÿ ðàçðåçà ïëîñêîñòè, C2 � îêðóæíîñòü ðàäèóñà r ñ öåíòðîì â òî÷êå α = 0, êîòîðàÿ îáõî-
äèòñÿ â ïîëîæèòåëüíîì íàïðàâëåíèè, è C3 � ëó÷, íà÷èíàþùèéñÿ â òî÷êå α = r è èäóùèé â
áåñêîíå÷íîñòü âäîëü íèæíåãî êðàÿ ðàçðåçà ïëîñêîñòè.

Îïðåäåëèì äëÿ êîìïëåêñíûõ α è ïîëîæèòåëüíûõ ω ôóíêöèþ F (α;ω) ðàâåíñòâîì

F (α;ω) =

ˆ

C

zα−1e−ωz

1− e−z dz. (39)

Òåîðåìà 2. Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1. Èíòåãðàë F (α;ω) âñþäó ñõîäèòñÿ è èçîáðàæàåò öåëóþ ôóíêöèþ.

2. Äëÿ ëþáîãî α 6= 1 ñïðàâåäëèâû òîæäåñòâà

F (α;ω1) + F (α;ω2) =
(
e2πiα − 1

)
· |d|α · Γ(α) · (ζH(α; d, b)− n(d, b)) , (40)

F (α;ω∗1) + F (α;ω∗2) =
(
e2πiα − 1

)
· |d|α · Γ(α) · (ζH(α; d, b)− n∗(d, b)) . (41)

3. Ôóíêöèÿ ζH(α; d, b) àíàëèòè÷åñêè ïðîäîëæàåòñÿ íà âñþ α-ïëîñêîñòü, êðîìå òî÷êè α =
1, ãäå îíà èìååò ïîëþñ 1-ãî ïîðÿäêà, ïðè÷¼ì

Res
α=1

ζH(α; d, b) =
2

|d| . (42)
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4. Â ïîëóïëîñêîñòè σ < 0 ñïðàâåäëèâû òîæäåñòâà:

ζH(α; d, b) = f∗1 (α; d, b) +
2M(α)

|d|α ·
∞∑
m=1

cos
(
2πm b

d

)
m1−α =

= f∗1 (α; d, b) +
2M(α)

|d|α · ζ∗∗
(

1− α, b
d

)
. (43)

Äîêàçàòåëüñòâî. Ïåðâîå óòâåðæäåíèå òåîðåìû ñëåäóåò èç òåîðåìû 31 èç [33] (ñì. [33],
ñòð. 82).

Ïðè σ > 1, ïîâòîðÿÿ ðàññóæäåíèÿ èç òåîðåìû 31 èç [33] è ïîëüçóÿñü òåîðåìîé 1 (ñòð.
90), ïîëó÷èì ïåðâîå ðàâåíñòâî âòîðîãî óòâåðæäåíèÿ òåîðåìû. Âòîðîå ðàâåíñòâî äîêàçûâàåòñÿ
àíàëîãè÷íî.

Òàê êàê âñå âõîäÿùèå â (40) ôóíêöèè èìåþò àíàëèòè÷åñêîå ïðîäîëæåíèå íà âñþ êîìïëåêñ-
íóþ α-ïëîñêîñòü, êðîìå òî÷êè α = 1, òî è ôóíêöèÿ ζH(α; d, b) àíàëèòè÷åñêè ïðîäîëæàåòñÿ íà
âñþ α-ïëîñêîñòü, êðîìå òî÷êè α = 1.

Òàêèì îáðàçîì âòîðîå óòâåðæäåíèå äîêàçàíî ïîëíîñòüþ, ïðè÷¼ì èç ðàâåíñòâà (40) ñëå-
äóåò, ÷òî â α-ïîëóïëîñêîñòè σ 6 1 ãèïåðáîëè÷åñêàÿ äçåòà-ôóíêöèÿ Ãóðâèöà îïðåäåëÿåòñÿ
ðàâåíñòâîì

ζH(α; d, b) = n(d, b) +
F (α;ω1) + F (α;ω2)

(e2πiα − 1) · |d|α · Γ(α)
.

Èç ïîñëåäíåãî âûðàæåíèÿ ñëåäóåò, ÷òî îñîáåííîñòè ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè Ãóð-
âèöà, åñëè òàêîâûå âîîáùå ñóùåñòâóþò, ìîãóò íàõîäèòüñÿ òîëüêî â òî÷êàõ α = 0,±1,±2, . . ..
Íî â òî÷êàõ α = 2, 3, . . . îñîáåííîñòåé áûòü íå ìîæåò, èáî âî âñåé α-ïîëóïëîñêîñòè σ > 1
ãèïåðáîëè÷åñêàÿ äçåòà-ôóíêöèÿ Ãóðâèöà èçîáðàæàåòñÿ àáñîëþòíî ñõîäÿùèìñÿ ðÿäîì (20).

Äàëåå, â òî÷êàõ α = 0,−1,−2, . . . íóëè ôóíêöèè e2πiα− 1 "ãàñÿò" ïîëþñû ãàììà ôóíêöèè;
ïîýòîìó ýòè òî÷êè òàêæå íå ÿâëÿþòñÿ îñîáûìè òî÷êàìè äëÿ ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè
Ãóðâèöà. Îñòà¼òñÿ òîëüêî òî÷êà α = 1. Äëÿ íå¼ èìååì:

Res
α=1

ζH(α; d, b) = lim
α→1

α− 1

e2πiα − 1
· F (1;ω1) + F (1;ω2)

|d| · Γ(1)
=

=
1

|d| · 2πi

ˆ
C

zα−1e−ω1z

1− e−z dz +

ˆ

C

zα−1e−ω2z

1− e−z dz

 =
2

|d|

â ñèëó ðàññóæäåíèé ïðè äîêàçàòåëüñòâå òåîðåìû 31 èç [33] (ñì. ñòð. 85). Òåì ñàìûì òðåòüå
óòâåðæäåíèå òåîðåìû äîêàçàíî.

Íàêîíåö, ïîâòîðÿÿ äîñëîâíî ðàññóæäåíèÿ èç ìîíîãðàôèè [33] íà ñòð. 87, ïðè σ < 0 ïîëó-
÷èì:

ζH(α; d, b) = f∗1 (α; d, b) +
i(2π)α−1Γ(1− α)

|d|α

(
e−πi

α
2

∞∑
m=1

e−2πimω∗∗1 + e−2πimω∗∗2

m1−α −

−eπiα2
∞∑
m=1

e2πimω∗∗1 + e2πimω∗∗2

m1−α

)
= f∗1 (α; d, b) +

2(2π)α−1Γ(1− α)

|d|α ·

·
(

cos
πα

2

∞∑
m=1

sin(2πmω∗∗1 )+sin(2πmω∗∗2 )

m1−α +sin
πα

2

∞∑
m=1

cos(2πmω∗∗1 )+cos(2πmω∗∗2 )

m1−α

)
.
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Òåïåðü âîñïîëüçóåìñÿ ïåðèîäè÷íîñòü òðèãîíîìåòðè÷åñêèõ ôóíêöèé è âèäîì âåëè÷èí ω∗∗1 è
ω∗∗2 , ïîëó÷èì:

sin(2πmω∗∗1 ) + sin(2πmω∗∗2 ) = sin

(
2πm

(
1 +

1

|d| −
{

1

|d| −
∥∥∥∥ bd
∥∥∥∥}))+

+ sin

(
2πm

(
1 +

1

|d| −
{

1

|d| +

∥∥∥∥ bd
∥∥∥∥})) = sin

(
2πm

∥∥∥∥ bd
∥∥∥∥)− sin

(
2πm

∥∥∥∥ bd
∥∥∥∥) = 0,

cos(2πmω∗∗1 ) + cos(2πmω∗∗2 ) = cos

(
2πm

(
1 +

1

|d| −
{

1

|d| −
∥∥∥∥ bd
∥∥∥∥}))+

+ cos

(
2πm

(
1 +

1

|d| −
{

1

|d| +

∥∥∥∥ bd
∥∥∥∥})) = 2 cos

(
2πm

∥∥∥∥ bd
∥∥∥∥) ,

ζH(α; d, b) = f1(α; d, b) +
4(2π)α−1Γ(1− α)

|d|α · sin πα
2

∞∑
m=1

cos
(
2πm

∥∥ b
d

∥∥)
m1−α =

= f1(α; d, b) +
4(2π)α−1Γ(1− α)

|d|α · sin πα
2

∞∑
m=1

cos
(
2πm b

d

)
m1−α =

= f1(α; d, b) +
2M(α)

|d|α
∞∑
m=1

cos
(
2πm b

d

)
m1−α = f∗1 (α; d, b) +

2M(α)

|d|α · ζ∗∗
(

1− α, b
d

)
è òåîðåìà ïîëíîñòüþ äîêàçàíà. 2

6. Ôóíêöèîíàëüíîå óðàâíåíèå äëÿ ãèïåðáîëè÷åñêîé äçåòà-ôóíê-
öèè cäâèíóòûõ äèàãîíàëüíûõ ðåø¼òîê

Äèàãîíàëüíûå ðåø¼òêè è ñäâèíóòûå äèàãîíàëüíûå ðåø¼òêè îòíîñÿòñÿ ê êëàññó ïðîñòåé-
øèõ äåêàðòîâûõ ðåø¼òîê. Óæå íà èõ ïðèìåðå âèäíî, ÷òî ôóíêöèîíàëüíûå óðàâíåíèÿ äëÿ
ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè ðåø¼òîê èìåþò äîïîëíèòåëüíûå ñëàãàåìûõ, êîòîðûõ íåò â
ôóíêöèîíàëüíîì óðàâíåíèè äëÿ äçåòà-ôóíêöèè Ðèìàíà.

Â ýòîì ðàçäåëå ðàññìîòðèì îäíîìåðíûé ñëó÷àé ôóíêöèîíàëüíîãî óðàâíåíèÿ ãèïåðáîëè-
÷åñêîé äçåòà-ôóíêöèè ζH(dZ+ b | α) è äâóìåðíûé ñëó÷àé ôóíêöèîíàëüíîãî óðàâíåíèÿ ãèïåð-
áîëè÷åñêîé äçåòà-ôóíêöèè ζH(d1Z× d2Z +~b | α).

Íàì ïîòðåáóåòñÿ ñëåäóþùåå îïðåäåëåíèå.

Îïðåäåëåíèå 2. Ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèåé âòîðîãî ðîäà ñäâèíóòîé ðåøåòêè
ζ∗(Λ(d, b)|α) íàçûâàåòñÿ ôóíêöèÿ ζ∗H(Λ(d, b)|α), êîòîðàÿ çàäàåòñÿ ðàâåíñòâîì

ζ∗H(Λ(d, b)|α) =


ζH(Λ(d, b)|α), ïðè

∥∥ b
d

∥∥ = 0,

∞∑′

m=−∞

cos
(
2πm b

d

)
dm

α , ïðè
∥∥ b
d

∥∥ > 0.
(44)

Åñëè ââåñòè îáîçíà÷åíèÿ

f2(α; d, b) =
∑′

−1<dm<1

cos

(
2πm

b

d

)(
1− |dm|−α

)
, (45)

òî ÿñíî, ÷òî ñïðàâåäëèâî ðàâåíñòâî

ζ∗H(Λ(d, b)|α) = ζ∗(Λ(d, b)|α) + f2(α; d, b). (46)
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6.1. Îäíîìåðíûé ñëó÷àé

Ëåììà 13. Äëÿ ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè ζH(Λ(d, b) | α) ïðîèçâîëüíîé ñäâèíóòîé
ðåø¼òêè Λ(d, b) âèäà Λ(d, b) = d · Z + b è äçåòà-ôóíêöèè ζ(Λ(d, b) | α) ñïðàâåäëèâî ðàâåíñòâî

ζH(Λ(d, b) | α) = ζ(Λ(d, b) | α) + f1(α; d, b). (47)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, èç îïðåäåëåíèÿ ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè ðå-
ø¼òêè ñëåäóåò, ÷òî

ζH(Λ(d, b) | α) =
∑

|dm+b|>1

|dm+ b|−α +
∑′

−1<dm+b<1

1 =

=
∑′

m∈Z
|dm+ b|−α +

∑′

−1<dm+b<1

(
1− |dm+ b|−α

)
= ζ(Λ(d, b) | α) + f1(α; d, b).

2

Òåîðåìà 3. Äëÿ ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè ïðîèçâîëüíîé äåêàðòîâîé ðåø¼òêè Λ
âèäà Λ = d ·Z, ãäå d > 0, â ëåâîé ïîëóïëîñêîñòè σ < 0 ñïðàâåäëèâî ôóíêöèîíàëüíîå óðàâíåíèå

ζH(Λ | α)− f(α, d) =
M(α)

det Λ

(
ζH (Λ∗| 1− α)− f(1− α, d−1)

)
. (48)

Äîêàçàòåëüñòâî. Ñì. [16]. 2
Äëÿ ñäâèíóòîé ðåø¼òêè Λ(d, b), êîãäà

∥∥ b
d

∥∥ 6= 0, ñèòóàöèÿ íåñêîëüêî äðóãàÿ.

Òåîðåìà 4. Äëÿ ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè ïðîèçâîëüíîé ñäâèíóòîé äåêàðòîâîé
ðåø¼òêè Λ(d, b) âèäà Λ(d, b) = d ·Z+ b, ãäå

∥∥ b
d

∥∥ > 0, â ëåâîé ïîëóïëîñêîñòè σ < 0 ñïðàâåäëèâî
ôóíêöèîíàëüíîå óðàâíåíèå

ζH(Λ(d, b) | α)− f1(α, d, b) =

=
M(α)

det Λ(d, b)

(
ζ∗H (Λ∗(d, b)| 1− α)− f2

(
1− α, 1

d
,
b

d2

))
. (49)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, ñîãëàñíî ôîðìóëàì (23) è (46) èìååì:

ζH(Λ(d, b)|α)− f1(α; d, b) = ζ(Λ(d, b)|α),

ζ∗H(Λ∗(d, b)|1− α)− f2

(
1− α;

1

d
,
b

d2

)
= ζ∗(Λ∗(d, b)|1− α).

Ñîãëàñíî ëåììå 11 (ñì. ñòð. 88) ïðàâûå ÷àñòè ñâÿçàíû ôóíêöèîíàëüíûì óðàâíåíèåì, îòñþäà
ñëåäóåò óòâåðæäåíèå òåîðåìû. 2

Óæå â îäíîìåðíîì ñëó÷àå ìîæíî ïðîèëëþñòðèðîâàòü ýôôåêòèâíîñòü ôóíêöèîíàëüíîãî
óðàâíåíèÿ äëÿ ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè ñäâèíóòîé ðåø¼òêè.

Ðàññìîòðèì ïðîèçâîëüíóþ ðåø¼òêó Λ(d) = d · Z è å¼ ïîäðåøåòêó Λ(d1) = d1 · Z. ßñíî, ÷òî
d1 = n · d, n ∈ N è èìååò ìåñòî ðàçáèåíèå íà ñäâèíóòûå ïîäðåø¼òêè

Λ(d) =

n−1⋃
b=0

Λ (d1, bd) . (50)

Èç ýòîãî ðàçáèåíèÿ âûòåêàåò ðàâåíñòâî â ïðàâîé ïîëóïëîñêîñòè α = σ + it (σ > 1):

ζH(Λ(d)|α) =

n−1∑
b=0

ζH(Λ (d1, bd)|α) . (51)
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Ïðèìåíèì ôóíêöèîíàëüíûå óðàâíåíèÿ äëÿ ëåâîé è ïðàâîé ÷àñòåé äàííîãî ðàâåíñòâà, òîãäà
â ëåâîé ïîëóïëîñêîñòè σ < 0 ïîëó÷èì

ζH(Λ(d) | α)− f(α, d) =
M(α)

det Λ(d)

(
ζH (Λ∗(d)| 1− α)− f(1− α, d−1)

)
,

ζH(Λ(d1, bd) | α)− f1(α, d1, bd) =

=
M(α)

det Λ(d1, bd)

(
ζ∗H (Λ∗(d1, bd)| 1− α)− f2

(
1− α, 1

d1
,
bd

d2
1

))
.

Ëåììà 14. Ñïðàâåäëèâî ðàâåíñòâî

f(α, d) =
n−1∑
b=0

f1(α, dn, bd). (52)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî,

n−1∑
b=0

f1(α, dn, bd) =

n−1∑
b=0

∑′

−1<dnm+bd<1

(
1− |dnm+ db|−α

)
=

=
∑′

−1<dm<1

(
1− |dm|−α

)
= f(α, d),

òàê êàê

Z =

n−1⋃
b=0

{nm+ b|m ∈ Z}.

2

Ëåììà 15. Ñïðàâåäëèâî ðàâåíñòâî

f(1− α, d−1) =
1

n

n−1∑
b=0

f2

(
1− α, 1

dn
,
bd

(dn)2

)
. (53)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî,

1

n

n−1∑
b=0

f2

(
1− α, 1

dn
,
bd

(dn)2

)
=

=
1

n

n−1∑
b=0

∑′

−1< m
dn
<1

cos

(
2πm

b

n

)(
1−

∣∣∣m
dn

∣∣∣α−1
)

=

=
∑′

−1< m
dn
<1

(
1−

∣∣∣m
dn

∣∣∣α−1
)

1

n

n−1∑
b=0

cos

(
2πm

b

n

)
=

=
∑′

−1<m
d
<1

(
1−

∣∣∣m
d

∣∣∣α−1
)

= f(α, d−1),

òàê êàê
1

n

n−1∑
b=0

cos

(
2πm

b

n

)
=

{
1, ïðè m ≡ 0 (mod n),
0, ïðè m 6≡ 0 (mod n)

.

2
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Ëåììà 16. Ñïðàâåäëèâî ðàâåíñòâî

ζ (Λ∗(d)| 1− α) =
1

n

n−1∑
b=0

ζ∗(Λ∗(dn, bd)|1− α). (54)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, Λ∗(dn, bd) = Λ
(

1
dn ,

b
dn2

)
è

1

n

n−1∑
b=0

ζ∗(Λ∗(d, b)|1− α) =
1

n

n−1∑
b=0

∞∑′

m=−∞

cos
(
2πm b

n

)∣∣m
dn

∣∣1−α =

=

∞∑′

m=−∞

1∣∣m
dn

∣∣1−α 1

n

n−1∑
b=0

cos

(
2πm

b

n

)
=

∞∑′

m=−∞

1∣∣m
d

∣∣1−α = ζ (Λ∗(d)| 1− α) ,

òàê êàê
1

n

n−1∑
b=0

cos

(
2πm

b

n

)
=

{
1, ïðè m ≡ 0 (mod n),
0, ïðè m 6≡ 0 (mod n)

.

2

Èç ëåìì 14 � 16 âèäíî, ÷òî ïðàâûå ÷àñòè ôóíêöèîíàëüíîãî óðàâíåíèÿ äëÿ ñäâèíóòûõ ðå-
ø¼òîê, ñîäåðæàùèå ôóíêöèè âòîðîãî ðîäà, îáåñïå÷èâàþò âûäåëåíèå ïîäðåø¼òîê èç ðåø¼òîê.

Òåîðåìà 5. Äëÿ ëþáîãî α0 = σ0 + it0 â ëåâîé ïîëóïëîñêîñòè σ < 0 ïóñòü K(α0) � ïðî-
èçâîëüíûé êîìïàêò â ýòîé ïîëóïëîñêîñòè, ñîäåðæàùèé òî÷êó α0, òîãäà äëÿ ëþáîãî d0 > 0
è äëÿ ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè ïðîèçâîëüíîé äåêàðòîâîé ðåø¼òêè Λ(d) âèäà Λ(d) =
= d · Z, ãäå d > 0, ñïðàâåäëèâî ðàâåíñòâî

lim
d→d0

ζH(Λ(d) | α) = ζH (Λ(d0)|α) . (55)

è ýòà ñõîäèìîñòü ðàâíîìåðíàÿ âî âñåì êîìïàêòå K(α0).

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, äëÿ ëþáîé òî÷êè α èç êîìïàêòà K(α0) òî÷êà α ïðè-
íàäëåæèò ëåâîé ïîëóïëîñêîñòè σ < 0, à 1 − α � ïðàâîé ïîëóïëîñêîñòè σ > 1, è ñîãëàñíî
òåîðåìå 3 (ñòð. 96) èìååì:

ζH(Λ(d) | α) = f(α, d) +
M(α)

det Λ(d)

(
ζH (Λ∗(d)| 1− α)− f(1− α, d−1)

)
.

Â ïðàâîé ÷àñòè âñå ôóíêöèè, çàâèñÿùèå îò d, íåïðåðûâíû, à ìíîæèòåëü M(α) � àíàëèòè÷å-
ñêàÿ ôóíêöèÿ íà êîìïàêòå K(α0), ïîýòîìó îãðàíè÷åíà íåêîòîðîé êîíñòàíòîé, çàâèñÿùåé îò
êîìïàêòà. Îòñþäà ñëåäóåò ðàâíîìåðíàÿ ñõîäèìîñòü â ðàâåíñòâå (61). 2

6.2. Äâóìåðíûé ñëó÷àé

Ïåðåéäåì ê ðàññìîòðåíèþ äâóìåðíîãî ñëó÷àÿ.
Ïîëîæèì Λν = dν · Z, Λν(dν , bν) = dν · Z + bν , (ν = 1, 2).

Ëåììà 17. Äëÿ ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè ζH(Λ | α) ïðîèçâîëüíîé äåêàðòîâîé
ðåø¼òêè Λ âèäà Λ = d1 · Z× d2 · Z è äçåòà-ôóíêöèè ζ(Λ | α) ñïðàâåäëèâî ðàâåíñòâî

ζH(Λ | α) = ζ(Λ | α) + ζ(Λ1 | α) + ζ(Λ2 | α)+

+f(α, d1)ζ(Λ2 | α) + f(α, d2)ζ(Λ1 | α)+

+f(α, d1)f(α, d2) + f(α, d1) + f(α, d2) =

= ζ(Λ | α) + ζH(Λ1 | α) + ζH(Λ2 | α)+

+f(α, d1)ζH(Λ2 | α) + f(α, d2)ζH(Λ1 | α)− f(α, d1)f(α, d2). (56)
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Äîêàçàòåëüñòâî. Ñì. [16]. 2

Òåîðåìà 6. Äëÿ ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè ïðîèçâîëüíîé äåêàðòîâîé ðåø¼òêè Λ
âèäà Λ = d1 ·Z×d2 ·Z, ãäå d1, d2 > 0, â ëåâîé ïîëóïëîñêîñòè σ < 0 ñïðàâåäëèâî ôóíêöèîíàëüíîå
óðàâíåíèå

ζH(Λ | α)− ζH(Λ1 | α)− ζH(Λ2 | α)− f(α, d1)ζH(Λ2 | α)−

−f(α, d2)ζH(Λ1 | α) + f(α, d1)f(α, d2) =
M(α)2

det Λ
(ζH (Λ∗| 1− α)−

−ζH(Λ∗1 | 1− α)− ζH(Λ∗2 | 1− α)−
−f(1− α, d−1

1 )ζH(Λ∗2 | 1− α)− f(1− α, d−1
2 )ζH(Λ∗1 | 1− α)+

+f(1− α, d−1
1 )f(1− α, d−1

2 )
)
. (57)

Äîêàçàòåëüñòâî. Ñì. [16]. 2
Òåïåðü ìû ìîæåì ïîëó÷èòü íîâóþ ôîðìó ôóíêöèîíàëüíîãî óðàâíåíèÿ äëÿ ãèïåðáîëè÷å-

ñêîé äçåòà-ôóíêöèè äâóìåðíîé äèàãîíàëüíîé ðåø¼òêè.

Òåîðåìà 7. Äëÿ ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè ïðîèçâîëüíîé äåêàðòîâîé ðåø¼òêè Λ
âèäà Λ = d1 ·Z×d2 ·Z, ãäå d1, d2 > 0, â ëåâîé ïîëóïëîñêîñòè σ < 0 ñïðàâåäëèâî ôóíêöèîíàëüíîå
óðàâíåíèå

ζH(Λ | α) =
M(α)2

det Λ
ζH (Λ∗| 1− α) +

+ζH (Λ∗1| 1− α)

(
M(α)

d1
(1 + f(α, d2))− M(α)2

det Λ

(
1 + f(1− α, d−1

2 )
))

+

+ζH (Λ∗2| 1− α)

(
M(α)

d2
(1 + f(α, d1))− M(α)2

det Λ

(
1 + f(1− α, d−1

1 )
))

+

+
M(α)2

det Λ
f(1− α, d−1

1 )f(1− α, d−1
2 ) + f(α, d1) + f(α, d2) + f(α, d1)f(α, d2)−

−M(α)

d1
f(1− α, d−1

1 ) (1 + f(α, d2))− M(α)

d2
f(1− α, d−1

2 ) (1 + f(α, d1)) . (58)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, ïî òåîðåìå 3 èìååì:

ζH(Λ1 | α)− f(α, d1) =
M(α)

d1

(
ζH (Λ∗1| 1− α)− f(1− α, d−1

1 )
)
,

ζH(Λ2 | α)− f(α, d2) =
M(α)

d2

(
ζH (Λ∗2| 1− α)− f(1− α, d−1

2 )
)
.

Îòñþäà ñëåäóåò, ÷òî

ζH(Λ1 | α) (1 + f(α, d2)) =

=

(
f(α, d1) +

M(α)

d1

(
ζH (Λ∗1| 1− α)− f(1− α, d−1

1 )
))

(1 + f(α, d2)) , (59)

ζH(Λ2 | α) (1 + f(α, d1)) =

=

(
f(α, d2) +

M(α)

d2

(
ζH (Λ∗2| 1− α)− f(1− α, d−1

2 )
))

(1 + f(α, d1)) . (60)

Ñëîæèâ ïî÷ëåííî (57), (59) è (60), ïîëó÷èì

ζH(Λ | α) + f(α, d1)f(α, d2) =
M(α)2

det Λ
ζH (Λ∗| 1− α) +
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+ζH (Λ∗1| 1− α)

(
M(α)

d1
(1 + f(α, d2))− M(α)2

det Λ

(
1 + f(1− α, d−1

2 )
))

+

+ζH (Λ∗2| 1− α)

(
M(α)

d2
(1 + f(α, d1))− M(α)2

det Λ

(
1 + f(1− α, d−1

1 )
))

+

+
M(α)2

det Λ
f(1− α, d−1

1 )f(1− α, d−1
2 ) + f(α, d1) + f(α, d2) + 2f(α, d1)f(α, d2)−

−M(α)

d1
f(1− α, d−1

1 ) (1 + f(α, d2))− M(α)

d2
f(1− α, d−1

2 ) (1 + f(α, d1)) .

Ïîñëå ïðèâåäåíèÿ ïîäîáíûõ ïîëó÷èì óòâåðæäåíèå òåîðåìû. 2

Ïåðåéäåì ê ïîëó÷åíèþ ôóíêöèîíàëüíîãî óðàâíåíèÿ äëÿ ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè
äâóìåðíîé ñäâèíóòîé äèàãîíàëüíîé ðåø¼òêè Λ(d1, b1, d2, b2) = (d1Z + b1)× (d2Z + b2).

Ëåììà 18. Äëÿ ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè ζH(Λ(d1, b1, d2, b2) | α) ïðîèçâîëüíîé
ñäâèíóòîé ðåø¼òêè Λ(d1, b1, d2, b2) âèäà Λ(d1, b1, d2, b2) = (d1Z + b1) × (d2Z + b2) è äçåòà-
ôóíêöèè ζ(Λ(d1, b1, d2, b2) | α) â ïðàâîé α-ïîëóïëîñêîñòè σ > 1 ñïðàâåäëèâî ðàâåíñòâî

ζH(Λ(d1, b1, d2, b2) | α) = ζ(Λ(d1, b1, d2, b2) | α)+

+ζ(Λ(d1, b1) | α)f1(α; d2, b2) + ζ(Λ(d2, b2) | α)f1(α; d1, b1) + f1(α; d1, b1)f1(α; d2, b2). (61)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, èç îïðåäåëåíèÿ ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè ðå-
ø¼òêè ñëåäóåò, ÷òî

ζH(Λ(d1, b1, d2, b2) | α) =
∑

|d1m1+b1|>1
|d2m2+b2|>1

(|d1m1 + b1||d2m2 + b2|)−α +
∑′

|d1m1+b1|>1
|d2m2+b2|<1

(|d1m1 + b1|)−α+

+
∑′

|d1m1+b1|<1
|d2m2+b2|>1

(|d2m2 + b2|)−α +
∑′

|d1m1+b1|<1
|d2m2+b2|<1

1 =
∑′

~m∈Z2

(|d1m1 + b1||d2m2 + b2|)−α+

+
∑′

|d1m1+b1|>1
|d2m2+b2|<1

(|d1m1 + b1|)−α
(
1− |d2m2 + b2|−α

)
+

∑′

|d1m1+b1|<1
|d2m2+b2|>1

(|d2m2 + b2|)−α
(
1− |d1m1 + b1|−α

)
+

+
∑′

|d1m1+b1|<1
|d2m2+b2|<1

(
1− (|d1m1 + b1||d2m2 + b2|)−α

)
= ζ(Λ(d1, b1, d2, b2) | α)+

+ζ(Λ(d1, b1) | α)f1(α; d2, b2)−
∑′

|d1m1+b1|<1
|d2m2+b2|<1

(|d1m1 + b1|)−α
(
1− |d2m2 + b2|−α

)
+

+ζ(Λ(d2, b2) | α)f1(α; d1, b1)−
∑′

|d1m1+b1|<1
|d2m2+b2|<1

(|d2m2 + b2|)−α
(
1− |d1m1 + b1|−α

)
+

+
∑′

|d1m1+b1|<1
|d2m2+b2|<1

(
1− (|d1m1 + b1||d2m2 + b2|)−α

)
= ζ(Λ(d1, b1, d2, b2) | α)+

+ζ(Λ(d1, b1) | α)f1(α; d2, b2) + ζ(Λ(d2, b2) | α)f1(α; d1, b1) + f1(α; d1, b1)f1(α; d2, b2).

2
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Òåîðåìà 8. Äëÿ ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè ïðîèçâîëüíîé ñäâèíóòîé ðåø¼òêè
Λ(d1, b1, d2, b2) âèäà Λ(d1, b1, d2, b2) = (d1Z + b1) × (d2Z + b2), ãäå d1, d2 > 0, â ëåâîé ïîëó-
ïëîñêîñòè σ < 0 ñïðàâåäëèâî ôóíêöèîíàëüíîå óðàâíåíèå

ζH(Λ(d1, b1, d2, b2) | α)− ζH(Λ(d1, b1) | α)f1(α; d2, b2)−
−ζH(Λ(d2, b2) | α)f1(α; d1, b1) + f1(α; d1, b1)f1(α; d2, b2) =

=
M2(α)

det Λ(d1, b1, d2, b2)
ζ∗(Λ∗(d1, b1, d2, b2)|1− α). (62)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, èç ëåìì 13 (ñòð. 96) è 18 (ñòð. 100) ñëåäóåò, ÷òî

ζH(Λ(dν , bν) | α) = ζ(Λ(dν , bν) | α) + f1(α; dν , bν), (ν = 1, 2),

ζH(Λ(d1, b1, d2, b2) | α) = ζ(Λ(d1, b1, d2, b2) | α)+

+ζ(Λ(d1, b1) | α)f1(α; d2, b2) + ζ(Λ(d2, b2) | α)f1(α; d1, b1) + f1(α; d1, b1)f1(α; d2, b2),

ζH(Λ(d1, b1, d2, b2) | α)− (ζH(Λ(d1, b1) | α)− f1(α; d1, b1))f1(α; d2, b2)−
−(ζH(Λ(d2, b2) | α)− f1(α; d2, b2))f1(α; d1, b1)− f1(α; d1, b1)f1(α; d2, b2) = ζ(Λ(d1, b1, d2, b2) | α),

ζH(Λ(d1, b1, d2, b2) | α)− ζH(Λ(d1, b1) | α)f1(α; d2, b2)−
−ζH(Λ(d2, b2) | α)f1(α; d1, b1) + f1(α; d1, b1)f1(α; d2, b2) = ζ(Λ(d1, b1, d2, b2) | α).

Ïî ïðèíöèïó àíàëèòè÷åñêîãî ïðîäîëæåíèÿ ïîñëåäíåå ðàâåíñòâî ñïðàâåäëèâî íà âñåé êîì-
ïëåêñíîé α-ïëîñêîñòè êðîìå òî÷êè α = 1.

Ïî ëåììå 12 (ñòð. 89) èìååì äëÿ ïðàâîé ÷àñòè ðàâåíñòâî:

ζ(Λ(d1, b1, d2, b2)|α) =
M2(α)

det Λ(d1, b1, d2, b2)
ζ∗(Λ∗(d1, b1, d2, b2)|1− α).

Îòñþäà ñëåäóåò, ÷òî

ζH(Λ(d1, b1, d2, b2) | α)− ζH(Λ(d1, b1) | α)f1(α; d2, b2)−
−ζH(Λ(d2, b2) | α)f1(α; d1, b1) + f1(α; d1, b1)f1(α; d2, b2) =

=
M2(α)

det Λ(d1, b1, d2, b2)
ζ∗(Λ∗(d1, b1, d2, b2)|1− α) (63)

è óòâåðæäåíèå òåîðåìû äîêàçàíî. 2

7. Çàêëþ÷åíèå

Àíàëèçèðóÿ ïîëó÷åííûå ðåçóëüòàòû, ìîæíî ñäåëàòü ñëåäóþùèå âûâîäû:

� âî-ïåðâûõ, òåîðèÿ ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè Ãóðâèöà ÿâëÿåòñÿ âïîëíå ñîäåðæà-
òåëüíîé è àíàëîãè÷íà òåîðèè îáû÷íîé äçåòà-ôóíêöèè Ãóðâèöà;

� âî-âòîðûõ, íà íàø âçãëÿä âûäåëåíèå äçåòà-ôóíêöèé âòîðîãî ðîäà ÿâëÿåòñÿ óäà÷íûì è
ïåðñïåêòèâíû;

� â-òðåòüèõ, ïîñëåäíÿÿ äîêàçàííàÿ òåîðåìà 8 ïîçâîëÿåò íàìåòèòü äàëüíåéøóþ ïðîãðàììó
èññëåäîâàíèé.Ñëåäóþùèì ýòàïîì äîëæíî ñòàòü ïîëó÷åíèå ôóíêöèîíàëüíîãî óðàâíåíèÿ
äëÿ ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè ïðîèçâîëüíîé äåêàðòîâîé ðåø¼òêè â àíàëîãè÷íîé
ôîðìå. Èìåþùååñÿ â íàñòîÿùåå âðåìÿ ôóíêöèîíàëüíîå óðàâíåíèå íå ïîçâîëÿåò ïåðåõî-
äèòü â íåì ê ïðåäåëó, òàê êàê ïðåäåë äçåòà-ôóíêöèé ðåø¼òîê íå âñåãäà ñóùåñòâóåò.
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Àííîòàöèÿ

Öåíòðàëüíîé ïðîáëåìîé àíàëèòè÷åñêîé òåîðèè ÷èñåë ÿâëÿåòñÿ äîêàçàòåëüñòâî (èëè
îïðîâåðæåíèå) ãèïîòåçû Ðèìàíà. Ê íàñòîÿùåìó âðåìåíè îíà íå ðåøåíà.

Â 1985 ãîäó À. À. Êàðàöóáà äîêàçàë, ÷òî ïðè ëþáîì 0 < ε < 0, 001, 0, 5 < σ ≤ 1,
T > T0(ε) > 0 è H = T 27/82+ε â ïðÿìîóãîëüíèêå ñ âåðøèíàìè σ + iT , σ + i(T + H),
1 + i(T + H), 1 + iT ñîäåðæèòñÿ íå áîëüøå, ÷åì cH/(σ − 0, 5) íóëåé ôóíêöèè ζ(s). Òåì
ñàìûì À.À. Êàðàöóáà ñóùåñòâåííî óñèëèë êëàññè÷åñêóþ òåîðåìó Äæ. Ëèòòëâóäà.

Äëÿ èíäèâèäóàëüíîãî ïðÿìîóãîëüíèêà ñóùåñòâåííî óìåíüøèòü âåëè÷èíóH íå óäàåòñÿ.
Îäíàêî ðåøàÿ ýòó çàäà÷ó ¾â ñðåäíåì¿, Ë.Â. Êèñåëåâà â 1989 ãîäó äîêàçàëà, ÷òî äëÿ ¾ïî÷òè
âñåõ¿ T èç ïðîìåæóòêà [X,X + X11/12+ε], X > X0(ε), äëÿ êîòîðûõ â ïðÿìîóãîëüíèêå
ñ âåðøèíàìè σ + iT , σ + i(T + Xε), 1 + i(T + Xε), 1 + iT ñîäåðæèòñÿ íå áîëüøå, ÷åì
O(Xε/(σ − 0, 5)) íóëåé ôóíêöèè ζ(s).

Â íàøåé ñòàòüå ïîëó÷åí ðåçóëüòàò ïîäîáíîãî ðîäà, íî òîëüêî äëÿ ¾ïî÷òè âñåõ¿ T èç
ïðîìåæóòêà [X,X +X7/8+ε].

Êëþ÷åâûå ñëîâà: äçåòà-ôóíêöèÿ, íåòðèâèàëüíûå íóëè, êðèòè÷åñêàÿ ïðÿìàÿ.

Áèáëèîãðàôèÿ: 23 íàçâàíèÿ.

ON NUMBER OF ZEROS OF THE RIEMANN ZETA
FUNCTION THAT LIE IN ¾ALMOST ALL¿ VERY SHORT

INTERVALS OF NEIGHBORHOOD OF THE CRITICAL LINE
Do Duc Tam (Belgorod)

Abstract

Proof (or disproof) of the Riemann hypothesis is the central problem of analytic number
theory. By now it has not been solved.

In 1985 Karatsuba proved that for any 0 < ε < 0, 001, 0, 5 < σ ≤ 1, T > T0(ε) > 0 and
H = T 27/82+ε in the rectangle with vertices σ+ iT , σ+ i(T +H), 1 + i(T +H), 1 + iT contains
no more than cH/(σ − 0, 5) zeros of ζ(s). Thereby A.A. Karatsuba signi�cantly strengthened
the classical theorem J. Littlewood's.

Decrease in magnitude of H for individual rectangle has not been obtained. However, by
solving this problem ¾on average¿, in 1989 L.V. Kiseleva proved that for ¾almost all¿ T in
the interval [X,X + X11/12+ε], X > X0(ε) in rectangle with vertices σ + iT , σ + i(T + Xε),
1 + i(T +Xε), 1 + iT contains no more than O(Xε/(σ − 0, 5)) zeros of ζ(s).

In this article, we obtain a result of this kind, but for ¾almost all ¿ T in the interval
[X,X +X7/8+ε].

Keywords: zeta function, non-trivial zeros, critical line.

Bibliography: 23 titles.
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1. Ââåäåíèå

Âïåðâûå ζ(s) ïðè âåùåñòâåííûõ s ðàññìàòðèâàëàñü Ë. Ýéëåðîì, êîòîðîìó ïðèíàäëåæèò
çàìå÷àòåëüíîå òîæäåñòâî, âûðàæàþùåå ζ(s) ÷åðåç ýéëåðîâî ïðîèçâåäåíèå

ζ(s) =
∏
p

(
1− 1

ps

)−1

,<(s) > 1,

ãäå â ïðàâîé ÷àñòè ñòîèò ïðîèçâåäåíèå ïî âñåì ïðîñòûì ÷èñëàì p. Òîæäåñòâî Ýéëåðà óêàçû-
âàåò íà ñâÿçü, êîòîðàÿ ñóùåñòâóåò ìåæäó ôóíêöèåé ζ(s) è ïðîñòûìè ÷èñëàìè.

Áåðíõàðä Ðèìàí ñòàë èçó÷àòü äçåòà-ôóíêöèþ êàê ôóíêöèþ êîìïëåêñíîãî ïåðåìåííîãî. Â
1859 ã. îí (ñì. [1, ñ. 219]) âûñêàçàë ãèïîòåçó î òîì, ÷òî âñå êîìïëåêñíûå íóëè äçåòà-ôóíêöèè
ζ(s) ëåæàò íà êðèòè÷åñêîé ïðÿìîé <(s) = 1/2. Ðèìàí îáíàðóæèë, ÷òî êîëè÷åñòâî ïðîñòûõ ÷è-
ñåë, íå ïðåâîñõîäÿùèõ x, âûðàæàåòñÿ ÷åðåç ðàñïðåäåëåíèå êîìïëåêñíûõ íóëåé äçåòà-ôóíêöèè.
Äî ñèõ ïîð ãèïîòåçà Ðèìàíà åù¼ íå äîêàçàíà è íå îïðîâåðãíóòà. Äçåòà-ôóíêöèþ èçó÷àëè ìíî-
ãèå ìàòåìàòèêè, íàïðèìåð: Ã. Õàðäè [2,3], Äæ. Ëèòòëâóä [3,4], À. Ñåëüáåðã [5], Í. Ëåâèíñîí [6],
À. À. Êàðàöóáà [7�16] è äðóãèå. À. À. Êàðàöóáà â ñâîåé ðàáîòå [12] âûäåëèë òðè íàïðàâëåíèÿ
â èññëåäîâàíèÿõ, ñâÿçàííûõ ñ íóëÿìè ζ(s) :

1. ãðàíèöà íóëåé ζ(s),

2. íóëè ζ(s) íà êðèòè÷åñêîé ïðÿìîé,

3. ïëîòíîñòü ðàñïðåäåëåíèÿ íóëåé â êðèòè÷åñêîé ïîëîñå.

Â íàñòîÿùåé ñòàòüå ïðîäîëæåíû èññëåäîâàíèÿ, ñâÿçàííûå ñ ðàñïðåäåëåíèåì íóëåé ζ(s) â
êðèòè÷åñêîé ïîëîñå. Ïîëó÷åíà îöåíêà ñâåðõó äëÿ ÷èñëà íóëåé ζ(s), ëåæàùèõ â ¾ïî÷òè âñåõ¿
î÷åíü êîðîòêèõ ïðîìåæóòêàõ îêðåñòíîñòè ïðÿìîé <(s) = 1/2.

Ïóñòü N(σ, T ) � ÷èñëî íóëåé ζ(s) â ïðÿìîóãîëüíèêå ñ âåðøèíàìè s = σ, s = σ + iT , s = 1
è s = 1 + iT . Â 1924 ã. Äæ. Ëèòòëâóä [4] íà îñíîâå òåîðåìû î êîëè÷åñòâå íóëåé àíàëèòè÷åñêîé
ôóíêöèè â ïðÿìîóãîëüíèêå äîêàçàë ñëåäóþùèå 2 òåîðåìû:

Òåîðåìà 1. Ïðè 1/2 < σ ≤ 1 ðàâíîìåðíî ïî σ ñïðàâåäëèâà îöåíêà

N(σ, T ) = O

(
T

σ − 0, 5
log

1

σ − 0, 5

)
. (1)

Òåîðåìà 2. Åñëè Φ(t) � ïîëîæèòåëüíàÿ è ñòðåìÿùàÿñÿ ê áåñêîíå÷íîñòè âìåñòå ñ t
ôóíêöèÿ, òî ïî÷òè âñå êîìïëåêñíûå íóëè ζ(s) ëåæàò â îáëàñòè∣∣∣∣σ − 1

2

∣∣∣∣ < Φ(t)
ln ln t

ln t
. (2)

Äîáàâèâ ê ñîîáðàæåíèþ Äæ. Ëèòòëâóäà èäåþ èñïîëüçîâàíèÿ ¾óñïîêàèâàþùåãî ìíîæèòå-
ëÿ¿, À. Ñåëüáåðã â [5] äîêàçàë ñëåäóþùóþ òåîðåìó:

Òåîðåìà 3. Åñëè H ≥ T a, ãäå a > 1/2, òî ïðè 1/2 < σ ≤ 1 ðàâíîìåðíî ïî σ ñïðàâåäëèâà
îöåíêà

N(σ, T +H)−N(σ, T ) = O

(
H

σ − 0, 5

)
. (3)

Îòñþäà ñëåäóåò, ÷òî ìíîæèòåëü ln (1/(σ − 0, 5)) â îöåíêå (1) ïîä çíàêîì O ìîæíî ïðîïó-
ñòèòü. Â òîé æå ðàáîòå À. Ñåëüáåðã äîêàçàë óñèëåíèå òåîðåìû Äæ. Ëèòòëâóäà:
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Òåîðåìà 4. Åñëè Φ(t) � ïîëîæèòåëüíàÿ è ñòðåìÿùàÿñÿ ê áåñêîíå÷íîñòè âìåñòå ñ t
ôóíêöèÿ, òî ïî÷òè âñå êîìïëåêñíûå íóëè ζ(s) ëåæàò â îáëàñòè∣∣∣∣σ − 1

2

∣∣∣∣ < Φ(t)
1

ln t
. (4)

Ñëåäóþùèé øàã â ýòîì íàïðàâëåíèè âûïîëíèë À. À. Êàðàöóáà, êîòîðûé â 1985 ã. ìåòîäîì
òðèãîíîìåòðè÷åñêèõ ñóìì äîêàçàë íåðàâåíñòâî (3) äëÿ H = T 27/82+ε, ãäå ε > 0 � ïðîèçâîëüíî
ìàëîå ÷èñëî.

Ë. Â. Êèñåëåâà â [18] ðàññìàòðèâàëà ýòó çàäà÷ó ¾â ñðåäíåì¿. Äîêàçàíî, ÷òî äëÿ âñåõ
T ∈ [X,X +X1], X1 = X11/12+ε è H = Xε, çà èñêëþ÷åíèåì o (X1) èç íèõ, èìååò ìåñòî íåðà-
âåíñòâî (3).

Â íàñòîÿùåé ðàáîòå ìû ïîëó÷èì ðåçóëüòàò ïîäîáíîãî ðîäà, íî òîëüêî äëÿ ñëó÷àÿ
T ∈

[
X,X +X7/8+ε

]
. Ñôîðìóëèðóåì îñíîâíóþ òåîðåìó:

Òåîðåìà 5. Ïóñòü ε > 0 � ïðîèçâîëüíî ìàëîå ôèêñèðîâàííîå ÷èñëî,

X > X0(ε) > 0, H = Xε, X ≤ T ≤ X +X1, X1 = X7/8+ε.

×åðåç E îáîçíà÷èì ìíîæåñòâî òåõ T èç ïðîìåæóòêà X ≤ T ≤ X + X1, äëÿ êîòîðûõ
íåðàâåíñòâî

N(σ, T +H)−N(σ, T ) ≤ c H

σ − 0, 5
, (5)

íå âûïîëíÿåòñÿ, ãäå 1/2 < σ < 1, c = c(ε) > 0 � íåêîòîðàÿ ïîñòîÿííàÿ, çàâèñÿùàÿ òîëüêî
îò ε. Òîãäà äëÿ ìåðû ýòîãî ìíîæåñòâà µ(E) ñïðàâåäëèâà îöåíêà:

µ(E)� X1X
−0,5ε.

2. Ëåììû

Â äàëüíåéøåì áóäåì óïîòðåáëÿòü ñëåäóþùèå îáîçíà÷åíèÿ: 0 < ε < 0, 01 � ïðîèçâîëüíî
ìàëîå ôèêñèðîâàííîå ÷èñëî, X � ðàñòóùèé ïàðàìåòð, X1 > X7/8+ε, X ≤ T ≤ X + X1,
P =

√
T/2π, H = Xε, L = lnX, Y = H0,01, P1 = PY , ÷èñëà δ(ν) è a(m) îïðåäåëÿþòñÿ

ñëåäóþùèì ðàâåíñòâàìè

δ(ν) =
∑
rν<Y

µ(νr)µ(r)

ϕ(rν)

(∑
r<Y

µ2(r)

ϕ(rν)

)−1

,

a(m) =
∑
nν=m

n6P,ν<Y

√
νδ(ν)√
n

. (6)

Ëåììà 1. Ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà

Σ =
∑
m<P1

a2(m) = O(1).

Äîêàçàòåëüñòâî ñì. â [20, ñòð. 149].

Ëåììà 2. Ïðè íàòóðàëüíûõ ÷èñëàõ m,m1,m2 ïîëîæèì

D(m1,m2) = a(m1)a(m2) exp

(
−
(
H

2
log

m2

m1

)2
)(

m1

m2

)−iT
,
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W (T ) =
∑

m1<m2<P1

D(m1,m2).

Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà:

ˆ X+X1

X
W (T )2dT � X1Y

8L5

H
,

ãäå ïîñòîÿííàÿ â çíàêå � çàâèñèò òîëüêî îò ε.

Äîêàçàòåëüñòâî. Åñëè
m2

m1
> 1 +

L

H
,

òî

exp

(
−
(
H

2
log

m2

m1

)2
)
< exp

(
−L

2

64

)
.

Ñ äðóãîé ñòîðîíû

δ(ν) =
∑
rν<Y

µ(νr)µ(r)

ϕ(rν)

(∑
r<Y

µ2(r)

ϕ(rν)

)−1

=
µ(ν)

ϕ(ν)

∑
rν<Y

(r,ν)=1

µ2(r)

ϕ(r)

(∑
r<Y

µ2(r)

ϕ(rν)

)−1

<
1

ϕ(ν)
.

Òàêèì îáðàçîì òðèâèàëüíî îöåíèâàÿ ÷àñòü ñóììû W (T ), îòâå÷àþùóþ òàêèì ñëàãàåìûì, ó
êîòîðûõ

m2 > m1(1 + L/H),

èìååì∑
m1<m2<P1

m2>m1(1+L/H

D(m1,m2)�
∑

ν1,ν2<Y

∑
n1ν1<n2ν2<P1

n2ν2>n1ν1(1+L/H)

√
ν1ν2√
n1n2

exp

(
−L

2

64

)
= O

(
exp(−0, 01L2)

)
.

Ñëåäîâàòåëüíî,

|W (T )|2 �

∣∣∣∣∣∣
∑

ν1,ν2<Y

S(ν1, ν2)

∣∣∣∣∣∣
2

+O(e−0,02L2
),

ãäå
S(ν1, ν2) =

∑
n16P

∑
n1ν1<n2ν26n1ν1(1+L/H)

n26P

D (n1ν1, n2ν2) .

Äàëåå, ïðèìåíÿÿ íåðàâåíñòâî Êîøè ê ñóììå ïî ν1, ν2, ïîëó÷àåì

|W (T )|2 � Y 2
∑

ν1,ν2<Y

|S(ν1, ν2)|2 +O(e−0,02L2
).

Ñëåäîâàòåëüíî,

ˆ X+X1

X
|W (T )|2 dT � Y 6

ˆ X+X1

X

∣∣∣∣∣∣∣∣
∑
n16P

∑
n1β<n26n1β(1+L/H)

n26P

Φ(n1, n2, T )

∣∣∣∣∣∣∣∣
2

dT,

ãäå

Φ(n1, n2, T ) =
1√
n1n2

(
n2

n1

)iT
exp

(
−
(
H

2
ln

(
n2

n1β

))2
)
,
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β = ν1/ν2 è ν1, ν2 � íåêîòîðûå ôèêñèðîâàííûå íàòóðàëüíûå ÷èñëà, íå ïðåâîñõîäÿùèå Y .
Ïóñòü P0 =

√
X/(2π). Ðàçáèâàÿ ïðîìåæóòîê ñóììèðîâàíèÿ ïî n1 íà äâà ïðîìåæóòêà òî÷êîé

P0, ïðèõîäèì ê íåðàâåíñòâó:

ˆ X+X1

X
|W (T )|2 dT � Y 6

ˆ X+X1

X

∣∣∣∣∣∣∣∣
∑
n16P0

∑
n1β<n26n1β(1+L/H)

n26P

Φ(n1, n2, T )

∣∣∣∣∣∣∣∣
2

dT+

+

ˆ X+X1

X

∣∣∣∣∣∣∣∣
∑

P0<n16P

∑
n1β<n26n1β(1+L/H)

n26P

Φ(n1, n2, T )

∣∣∣∣∣∣∣∣
2

dT

 . (7)

Îáîçíà÷àåì èíòåãðàëû â ïðàâîé ÷àñòè (7) ÷åðåç J1 è J2. Â ïîäûíòåãðàëüíîé ñóììå äëÿ J1

n1 6 P0, à äëÿ J2 � P0 < n1 6 Pα.
Îöåíèì J2 ñâåðõó. Ïóñòü P2 =

√
(X +X1)/(2π) è M = [P2Y ] + 1. Ïîëüçóÿñü ôîðìóëîé

1

M

M−1∑
l=0

exp

(
2πil(n− n′)

M

)
=

{
1, åñëè n = n′,

0, åñëè n 6= n′,

ïðåîáðàçóåì ïîäûíòåãðàëüíóþ ñóììó ïî n1, n2 â J2 òàê:

∑
P0<n16P

n1β<n26n1β(1+L/H)
n26P

Φ(n1, n2, T ) =
1

M2

M−1∑
l1,l2=0

∑
P0<n′1,n

′
26P

exp

(
−2πi (n′1l1 + n′2l2)

M

)
K(l1, l2, T ), (8)

ãäå

K(l1, l2, T ) =
∑

P0<n16P2

∑
n1β<n26n1β(1+L/H)

n26P2

Φ(n1, n2, T ) exp

(
2πin1l1
M

)
exp

(
2πin2l2
M

)
.

Ñóììû ïî n′1 è n
′
2 â (8) îöåíèâàåì ñâåðõó òàê:∣∣∣∣∣∣

∑
P0<n′16P

exp

(
−2πin′1l1

M

)∣∣∣∣∣∣� M

l1 + 1
;

∣∣∣∣∣∣
∑

P0<n′26P

exp

(
−2πin′2l2

M

)∣∣∣∣∣∣� M

l2 + 1
.

Îòñþäà è èç íåðàâåíñòâà (8) ñëåäóåò, ÷òî:∣∣∣∣∣∣∣∣∣∣
∑

P0<n16P
n1β<n26n1β(1+L/H)

n26P

Φ(n1, n2, T )

∣∣∣∣∣∣∣∣∣∣
�

M−1∑
l1,l2=0

1

l1 + 1

1

l2 + 1
|K(l1, l2, T )| .

Ïðèìåíÿÿ íåðàâåíñòâî Êîøè, ïîëó÷àåì:∣∣∣∣∣∣∣∣
∑

P0<n16P

∑
n1β<n26n1β(1+L/H)

n26P

Φ(n1, n2, T )

∣∣∣∣∣∣∣∣
2

6 L2
M−1∑
l1=0

M−1∑
l2=0

1

l1 + 1

1

l2 + 1
|K(l1, l2, T )|2 .



Î ÊÎËÈ×ÅÑÒÂÅ ÍÓËÅÉ ÄÇÅÒÀ-ÔÓÍÊÖÈÈ ÐÈÌÀÍÀ . . . 111

Ñëåäîâàòåëüíî,

J2 6 L
2
M−1∑
l1=0

M−1∑
l2=0

1

l1 + 1

1

l2 + 1

ˆ X+X1

X
|K(l1, l2, T )|2 dT 6 L4

ˆ X+X1

X

∣∣K(l′1, l
′
2, T )

∣∣2 dT, (9)

ãäå 0 6 l′1, l
′
2 < M � íåêîòîðûå ôèêñèðîâàííûå íàòóðàëüíûå ÷èñëà.

Îöåíèì òåïåðü ïîñëåäíèé èíòåãðàë ñâåðõó. Ïðèìåíÿÿ èçâåñòíûé ïðè¼ì (ñì., íàïðèìåð
â [8, ñ. 576]), ïîëó÷àåì:

ˆ X+X1

X
|K(l1, l2, T )|2 dT �

ˆ +∞

−∞
e−((T−X)/X1)2

∣∣K(l′1, l
′
2, T )

∣∣2 dT �
� X1

∑
P0<n1,n3≤P2,

∑
n1β<n2≤n1β(1+L/H)
n3β<n4≤n3β(1+L/H)

n2,n4<P2

1√
n1n2n3n4

exp

(
−
(
X1

2
ln

(
n2n3

n1n4

))2
)
6

6
X1

P 2
0 β

∑
P0<n1,n3≤P2

∑
n1β<n2≤n1β(1+L/H)
n3β<n4≤n3β(1+L/H)
|n2n3−n1n4|≤P 2

2L/X1

1 +O
(
e−0,01L2

)
6

X1

P 2
0 β
R+O

(
e−0,01L2

)
,

ãäå R � ÷èñëî âîçìîæíûõ n1, n2, n3, n4, óäîâëåòâîðÿþùèõ óñëîâèÿì:

P0 < n1, n3 ≤ P2, n1β < n2 ≤ n1β(1 + L/H),

n3β < n4 ≤ n3β(1 + L/H), |n2n3 − n1n4| ≤ P 2
2L/X1.

Åñëè çàôèêñèðóåì ÷èñëà n1 è n4, òî ÷èñëî âîçìîæíûõ ïàð n2, n4 íå ïðåâîñõîäèò âåëè÷èíû
R1, ãäå

R1 =
∑

−P 2
2L/X1+n1n46m6n1n4+P 2

2L/X1

τ(m)� P 2
2L

2

X1
.

Îòêóäà ïîëó÷àåì

R� (P2 − P0)
P2βL

H

P 2
2L

2

X1
� XL3β

H
.

Ñëåäîâàòåëüíî, ˆ X+X1

X
|K(l1, l2, T )|2 dT � X1

P 2
0 β

XβL3

H
=
X1L

3

H
.

Èç (9) è ýòîãî íåðàâåíñòâà ïîëó÷àåì:

J2 �
X1L

7

H
. (10)

Îöåíèì èíòåãðàë J1 ñâåðõó. Çàìåòèì, ÷òî â ôîðìóëå, êîòîðîé îïðåäåëÿåòñÿ J1, óñëîâèå
n2 6 Pγ ëèøíåå, òàê êàê

n2 6 n1β(1 + L/H) 6 P0αβ(1 + L/H) < P2γ.

Ðàçáèâàÿ ïðîìåæóòîê ñóììèðîâàíèÿ ïî n1 â ýòîé ôîðìóëå íà � L ïðîìåæóòêîâ âèäà
N < n1 ≤ N1 ≤ 2N ≤ P0α, ïðèõîäèì ê íåðàâåíñòâó

J1 � L2

ˆ X+X1

X

∣∣∣∣∣∣
∑

N<n1≤N1

∑
n1β<n26n1β(1+L/H)

Φ(n1, n2, T )

∣∣∣∣∣∣
2

dT.
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Ïîâòîðÿÿ òàêèå æå ðàññóæäåíèÿ, êàê è â ñëó÷àå äëÿ J2, ïîëó÷àåì íåðàâåíñòâî:

J1 � L2I1, (11)

ãäå

I1 =

ˆ X+X1

X

∣∣∣∣∣∣
∑

N<n1≤N2

∑
Nβ<n2≤N3β

e−(H ln(n2/n1β)/2)2

√
n1n2ν1ν2ν3ν4

(
n2

n1

)iT
E(n1, n2)

∣∣∣∣∣∣
2

dT,

E(n1, n2) =

{
1, åñëè N < n1 ≤ N1 è n1β < n2 ≤ n1β(1 + L/H),

0, â îñòàëüíûõ ñëó÷àÿõ,

N < N2 6 N1 è N < N3 6 N1(1 + L/H) � íåêîòîðûå ôèêñèðîâàííûå ÷èñëà.
Îöåíèì òåïåðü I1 ñâåðõó. Ðàññóæäàÿ òàê æå êàê ýòî áûëî ñäåëàíî äëÿ îöåíêè I(B′1, B

′
2),

èìååì

I1 � X1

∣∣∣∣∣∣
∑

N<n1,n3≤N2

∑
Nβ<n2,n4≤N3β

(
n2n3

n1n4

)iX
η(n1, n2, n3, n4)E(n1, n2)E(n3, n4)

∣∣∣∣∣∣ ,
ãäå

η(n1, n2, n3, n4) =
e−(H ln(n2/(n1β))/2)2e−(H ln(n4/(n3β))/2)2e−(X1 ln(n2n3/(n1n4))/2)2

√
n1n2n3n4

.

Åñëè |n2n3 − n1n4| > N2βL/X1, òî∣∣∣∣ln(n2n3

n1n4

)∣∣∣∣ > L

2X1
.

Îòñþäà ñëåäóåò, ÷òî ÷àñòü ïîñëåäíåé êðàòíîé ñóììû ïî n1, n2, n3, n4, îòâå÷àþùàÿ òàêèì
ñëàãàåìûì, åñòü âåëè÷èíà O(e−0,01L2

). Òåì ñàìûì ïîëó÷àåì:

I1 � X1 (Σ + |W |) +O
(
e−0,01L2

)
, (12)

ãäå Σ � ÷àñòü ïîñëåäíåé ñóììû, îòâå÷àþùàÿ òàêèì ñëàãàåìûì, ó êîòîðûõ n2n3 = n1n4, à W
� ñëàãàåìûì, ó êîòîðûõ 1 ≤ n2n3 − n1n4 ≤ N2βL/X1.

Îöåíèì ñóììó Σ òðèâèàëüíî. Èìååì:

Σ 6
1

N2β

∑
N<n1,n36N1

∑
n1β<n26n1β(1+L/H)
n3β<n46n3β(1+L/H)

n1n4=n2n4

1.

Ïóñòü d = (n1, n3). Òîãäà n1 = db, n3 = da, (b, a) = 1. Èç óñëîâèÿ n1n4 = n2n3 ñëåäóåò, ÷òî
n4 = ma è n2 = mb. Îòêóäà ïîëó÷àåì

Σ 6
1

N2β

∑
16d6N

∑
N/d<b,a6N1/d

(b,a)=1

∑
dβ<m6dβ(1+L/H)

1 6
1

N2β

∑
16d6N

N2

d2

dβL

H
6
L2

H
. (13)

Îöåíèì ñóììó W. Èìååì

W =
∑

N<n1,n3≤N2

∑
Nβ<n2,n4≤N3β

1≤n2n3−n1n4≤N2βL/X1

(
n2n3

n1n4

)iX
η(n1, n2, n3, n4)E(n1, n2)E(n3, n4).
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Åñëè óáåð¼ì ìíîæèòåëè E(n1, n2), E(n3, n4) è íàëîæèì íà ïåðåìåííûå n1, n2, n3, n4 äîïîëíè-
òåëüíûå óñëîâèÿ

0 < n2 − n1β ≤
c2NβL

H
è 0 < n4 − n3β ≤

c3NβL

H
,

òî ñóììà W èçìåíèòñÿ íà âåëè÷èíó O(e−0,01L2
). Ïóñòü l = n2n3 − n1n4, 1 ≤ l ≤ N2βL/X1 è

d = (n1, n3). Òîãäà n3 = da, n1 = db, (b, a) = 1, l = dl1, 1 ≤ l1 ≤ N2βL/(X1d), an2 − bn4 = l1.
Ïîñëåäíåå ðàâåíñòâî ðàâíîñèëüíî òîìó, ÷òî

n4 ≡ −l1b (mod a) è n2 = (bn4 + l1)/a,

ãäå bb ≡ 1 (mod a). Ïîëüçóÿñü ôîðìóëîé:

1

a

∑
−a/2≤x<a/2

exp

(
2πix(n4 + l1b)

a

)
=

{
1, åñëè n4 ≡ −l1b (mod a),

0, â îñòàëüíûõ ñëó÷àÿõ,

ïðåîáðàçóåì ñóììó W ñëåäóþùèì îáðàçîì:

W =
∑

d≤N2βL/X1

∑
1≤l1≤N2βL/(X1d)

∑
N/d<b, a≤N2/d

(b, a)=1

1

a
×

×
∑

−a/2≤x<a/2

∑
0<(bn4+l1)/a−dbβ≤c2NβL/H

0<n4−daβ≤c3NβL/H

(
1 +

l1
bn4

)iX
×

× exp

(
2πix(n4 + l1b)

a

)
η1(b, a, l1, n4) +O(e−0,01L2

),

ãäå η1(b, a, l1, n4) = η(b, (bn4 + l1)/a, a, n4). Ðàçîáüåì ñóììó W íà äâå ñóììû: W1 � ÷àñòü ýòîé
ñóììû, îòâå÷àþùàÿ ñëàãàåìûì ñ óñëîâèåì x 6= 0, W2 � îñòàëüíûì ñëàãàåìûì.

Îöåíèì òåïåðü ñóììó W2. Åñëè ïðîïóñòèì óñëîâèå

0 <
bn4 + l1

a
− dbβ ≤ c2NβL

H
,

òî ñóììà W2 èçìåíèòñÿ íà âåëè÷èíó O(e−0,01L2
). Ïîëüçóÿñü ôîðìóëîé

∑
d1/(b,a)

µ(d1) =

{
1, åñëè (b, a) = 1,

0, åñëè (b, a) > 1,

ïðåîáðàçóåì ñóììó W2 òàê:

W2 =
∑

d6N2βL/X1

∑
1≤l16N2βL/(X1d)

∑
d16N2/d

µ(d1)

d1

∑
N/(dd1)<a16N2/(dd1)

1

a1
×

×
∑

0<n4−dd1a1β≤c3NβL/H

∑
N/(dd1)<b1≤N2/(dd1)

(
1 +

l1
d1b1n4

)iX
×

×η1(d1b1, d1a1, l1, n4) +O(e−0,01L2
).

Ðàçîáüåì ïîñëåäíþþ ñóììó íà äâå ñóììûW2.1 èW2.2, ãäå âW2.1 âõîäÿò ñëàãàåìûå, ó êîòîðûõ
d1 < X/X1, à â W2.2− ñëàãàåìûå ñ d1 ≥ X/X1.
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Îöåíèâàÿ òðèâèàëüíî ñóììó W2.2, ïîëó÷àåì:

|W2.2| �
Y 2L2

H
.

Îöåíèì ñóììó W2.1. Ïðèìåíÿÿ ê ñóììå ïî b1 ïðåîáðàçîâàíèå Àáåëÿ, ïðèõîäèì ê íåðàâåí-
ñòâó:

|W2.1| �
∑

d≤N2βL/X1

1

d

∑
1≤l1≤N2βL/X1d

∑
d1≤X/X1

1

d1
×

×
∑

N/(dd1)<a1≤N2/(dd1)

1

a1

∑
0<n4−dd1a1β≤c3NβL/H

d

N2β
|W2.3| , (14)

ãäå

W2.3 =
∑

M<b1≤M1

exp

(
iX ln

(
1 +

l1
d1b1n4

))
,

M = N/(dd1), è N/(dd1) < M1 ≤ N4/(dd1) � íåêîòîðîå ôèêñèðîâàííîå ÷èñëî. Ïðèìåíÿÿ ê
ñóììå W2.3 ëåììó î çàìåíå òðèãîíîìåòðè÷åñêîé ñóììû èíòåãðàëîì è ïîëàãàÿ â íåé

a = M, b = M1, f(x) =
X

2π
ln

(
1 +

l1
d1xn4

)
,

∣∣f ′(x)
∣∣ =

∣∣∣∣ Xl1
2πx(d1n4x+ l1)

∣∣∣∣� X2NβL

X3
1

< X−0,1 < 1,

íàõîäèì

W2.3 =

∣∣∣∣ˆ M1

M
e2πif(x)dx

∣∣∣∣+O(1).

Îöåíèâàÿ ïîñëåäíèé èíòåãðàë ïî ïåðâîé ïðîèçâîäíîé, èìååì:∣∣∣∣ˆ M1

M
e2πif(x)dx

∣∣∣∣� N3

Xl1d2d1
.

Òåì ñàìûì ïîëó÷àåì:

W2.3 �
N3

Xl1d2d2
1

+ 1.

Ïîäñòàâëÿÿ ïîñëåäíþþ îöåíêó â (14), ïðèõîäèì ê íåðàâåíñòâó:

|W2.1| �
Y 2L3

H
.

Èç îöåíîê äëÿ W2.1 è W2.2 ñëåäóåò, ÷òî

W2 �
Y 2L3

H
. (15)

Îöåíèì òåïåðü ñóììó W1 ñâåðõó. Ìîæíî ñ÷èòàòü, ÷òî N íå ìåíüøå, ÷åì X
1/2−ε/2
1 . Åñëè

ýòî íå òàê, òî 1 ≤ l1 ≤ βLX−ε < 1. Èç óñëîâèÿ daβ < n4 ñëåäóåò, ÷òî dbβ < (bn4 + l1)/a. Òàêèì
îáðàçîì, åñëè ïðîïóñòèì óñëîâèå

0 <
bn4 + l1

a
− dbβ ≤ c2NβL

H
,
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òî ñóììà W1 èçìåíèòñÿ íà âåëè÷èíó O
(
e−0,01L2

)
. Êðîìå ýòîãî, èìååò ìåñòî ðàâåíñòâî

exp

(
2πi

(
X

2π
ln

(
1 +

l1
bn4

)))
= exp

(
2πi

(
Xl1

2πbn4

))
+O

(
X−0,7

)
.

Äàëåå, ïðèìåíÿÿ ê ñóììàì ïî b è n4 ïðåîáðàçîâàíèå Àáåëÿ, ïîòîì ïåðåõîäÿ îò ïîëó÷èâøåãî
ðàâåíñòâà ê íåðàâåíñòâó, ïîëó÷àåì:

W1 �
L4

N2β

∑
d≤N2βL/X1

∑
1≤l1≤N2βL/(X1d)

∑
N/d<a≤N2/d

1

a
S +O

(
X−0,075−ε) , (16)

ãäå

S =
∑

−a/26x<a/2
x 6=0

∑
N/d<b≤N4/d

(b,a)=1
adβ<n4≤N5β

exp

(
iXl1
bn4

)
exp

(
2πix(n4 + l1b)

a

)
,

N < N4 ≤ N2, ad < N5 ≤ ad+ c3NL/H.
Ïðèìåíèì ïðåîáðàçîâàíèå Àáåëÿ ê ñóììå ïî b â S, ïîòîì îñâîáîäèìñÿ îò çàâèñèìîñòè

ïðåäåëà ñóììèðîâàíèÿ ïî b îò ïåðåìåííîãî èíòåãðèðîâàíèÿ. Ïîëó÷àåì:

S = S1 + S2, (17)

ãäå

S1 =
1

a

∑
−a/26y<a/2

ˆ N4/d

N/d

∑
−a/26x<a/2

x 6=0

∑
N/d<b≤N/d+a

(b,a)=1

exp

(
2πi(xl1b+ yb)

a

)
×

×
∑

N/d<r6u

exp

(
−2πiyr

a

) ∑
adβ<n4≤N5β

1

n4
exp

(
2πi

(
xn4

a
+

Xl1
2πun4

))
iXl1
u2

du,

S2 =
∑

−a/26x<a/2
x 6=0

∑
N/d<b≤N4/d

(b,a)=1
adβ<n4≤N5β

exp

(
2πixl1b

a

)
exp

(
2πi

(
xn4

a
+

Xl1d

2πN4n4

))
.

Ðàçîáúåì ñóììó S1 íà 3 ñóììû: S1.1 îòâå÷àåò òàêèì ñëàãàåìûì, ó êîòîðûõ x <
< Xl1a/(2πuN

2
5β

2), S1.2 � ñëàãàåìûì, ó êîòîðûõ Xl1a/(2πuN2
5β

2) 6 x < Xl1a/(2πua
2d2β2) è

S1.3 � îñòàëüíûì ñëàãàåìûì. Òîãäà èç (16) è (17) ñëåäóåò

W1 �
L4

N2β

∑
d≤N2βL/X1

∑
1≤l1≤N2βL/(X1d)

∑
N/d<a≤N2/d

S1.1 + S1.2 + S1.3 + S2

a
, (18)

Ðàçîáúåì ñóììó â ïðàâîé ÷àñòè ïîñëåäíåãî íåðàâåíñòâà íà 4 ñóììû W3, W4, W5, W6, ñîîòâåò-
ñòâåííî ñóììàì S1.1, S1.2, S1.3, S2.

1) Îöåíèì W6. Èìååò ìåñòî íåðàâåíñòâî:

|W6| ≤
L5

N2β

∑
d≤N2βL/X1

∑
1≤l1≤N2βL/(X1d)

∑
N/d<a≤N2/d

∑
−a/26x<a/2

x 6=0

√
(xl1, a)

a0,5−ε1 |E| ,

ãäå

E =
∑

adβ<n4≤N5β

exp

(
2πi

(
xn4

a
+

Xl1d

2πN4n4

))
.
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Çäåñü ìû âîñïîëüçîâàëèñü îöåíêîé, (ñì. [22, c. 50]):

∑
N/d<b6N/d+a

(b,a)=1

exp

(
2πi

(
xl1b+ yb

a

))
<ε1 a

0,5+ε1
√

(xl1, a)L, (19)

ãäå 0 < ε1 < 0, 01ε � ïðîèçâîëüíàÿ ìàëàÿ ïîñòîÿííàÿ.
Åñëè x íå ïðèíàäëåæèò [Xl1/(32πN2β2), 2Xl1/(πN

2β2)), òî äëÿ îöåíêè E âîñïîëüçóåìñÿ
ëåììîé î çàìåíå òðèãîíîìåòðè÷åñêîé ñóììû èíòåãðàëîì (ñì. [20, ãë. 3]). Ïîëó÷àåì:

E =

ˆ N5β

adβ
exp

(
2πi

(
xz

a
+

Xl1d

2πN4z

))
dz +O(1).

Ïðèìåíÿÿ ê èíòåãðàëó â ïðàâîé ÷àñòè ëåììó îá îöåíêå èíòåãðàëà ïî ïåðâîé ïðîèçâîäíîé
(ñì. [21, ãë. 4]), íàéä¼ì îöåíêó

E � a/ |x| .
Åñëè Xl1/(32πN2β2) < x ≤ 2Xl1/(πN

2β2), òî äëÿ îöåíêè E âîñïîëüçóåìñÿ òåîðåìîé
Âàí äåð Êîðïóòà (ñì. [20, c. 362]). Ïîëàãàÿ f(n4) = xn4/a + Xl1d/(2πN4n4), k = 2, íàéä¼ì
E � N2/

√
Xl1d.

Èç ïîëó÷åííûõ îöåíîê äëÿ E ñëåäóåò, ÷òî

W6 �
1

H
.

2) Îöåíèì W3. Èìååò ìåñòî íåðàâåíñòâî

W3 �
XL6

N3β

∑
d≤N2βL/X1

d
∑

1≤l1≤N2βL/(X1d)

l1
∑

N/d<a≤N2/d

a−0,5+ε1×

×
∑

−a/26x<Xl1a/(2πu0N2
5β

2)
x 6=0

√
(xl1, a)

∣∣∣∣∣∣
∑

adβ<n4≤N5β

1

n4
exp

(
2πi

(
xn4

a
+

Xl1
2πu0n4

))∣∣∣∣∣∣ , (20)

ãäå u0 � íåêîòîðîå ÷èñëî èç ïðîìåæóòêà [N/d,N4/d]. ×åðåç Q îáîçíà÷àåì ñóììó ïî n4 â
ïðàâîé ÷àñòè ïîñëåäíåãî íåðàâåíñòâà. Ïðèìåíÿÿ ê Q ïðåîáðàçîâàíèÿ Àáåëÿ, ïîòîì ïåðåõîäÿ
îò ïîëó÷èâøåãî ðàâåíñòâà ê íåðàâåíñòâó, ïîëó÷àåì:

Q� 1

Nβ
Q1,

ãäå

Q1 =

∣∣∣∣∣∣
∑

adβ<n46N6β

exp

(
xn4

a
+

Xl1
2πu0n4

)∣∣∣∣∣∣ ,
ãäå ad < N6 6 N5 � íåêîòîðîå ôèêñèðîâàííîå ÷èñëî. Åñëè x < 0, òî Q1 îöåíèâàåòñÿ ïî
àíàëîãèè ñ îöåíêîé E â ïóíêòå 1). Ïîëó÷àåì îöåíêó Q � a/(Nβ |x|). À åñëè 0 < x <
Xl1a/(2πu0N

2
5β

2), òî ïðèìåíÿÿ êQ1 òåîðåìó î çàìåíå òðèãîíîìåòðè÷åñêîé ñóììû èíòåãðàëîì,
ïðèõîäèì ê íåðàâåíñòâó:

|Q| 6 1

Nβ

∣∣∣∣ˆ N6β

adβ
exp

(
2πi

(
xz

a
+

Xl1
2πu0z

))
dz

∣∣∣∣+O

(
1

Nβ

)
.
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Îöåíèâàÿ ïîñëåäíèé èíòåãðàë ïî âòîðîé ïðîèçâîäíîé, ïîëó÷àåì∣∣∣∣ˆ N6β

adβ
exp

(
2πi

(
xz

a
+

Xl1
2πu0z

))
dz

∣∣∣∣� N2β3/2

√
Xl1d

.

Ñ äðóãîé ñòîðîíû, òàê êàê 0 < x < Xl1a/(2πu0N
2
5β

2), òî ïî òåîðåìå îá îöåíêå èíòåãðàëà
ïî ïåðâîé ïðîèçâîäíîé, èìååì∣∣∣∣ˆ N6β

adβ
exp

(
2πi

(
xz

a
+

Xl1
2πu0z

))
dz

∣∣∣∣� ∥∥∥∥xa − Xl1
2πu0(N6β)2

∥∥∥∥−1

.

Òàêèì îáðàçîì, ñïðàâåäëèâà îöåíêà äëÿ Q:

Q� 1

Nβ
min

(∥∥∥∥xa − Xl1
2πu0(N6β)2

∥∥∥∥−1

,
N2β3/2

√
Xl1d

)
+

1

Nβ
.

Ïóñòü q = (xl1, a), a = mq, xl1 = sq, x = x1q1, l1 = l2q2, q1q2 = q. Ñîáèðàÿ âûøå ïîëó÷åííûå
îöåíêè äëÿ Q, èç (20) ïîëó÷àåì

W3 �
XL6

N4β2

∑
d≤N2βL/X1

d
∑

q26N2/d

q1+ε1
2

∑
1≤l2≤N2βL/(X1dq2)

l2

 ∑
q1<2N/d

qε11 ×

×
∑

m�N/(dq1q2))

m−0,5+ε1
∑

−mq2/36x1<0

mq2

|x1|
+

∑
q1�X/X1

qε11

∑
m�N/(dq1q2)

m−0,5+ε1×

×
∑

16x1�Xl2q2/(N2β2)

min

(∥∥∥∥ x1

mq2
− Xl2q2

2πiu1(N7β)2

∥∥∥∥−1

,
N2β3/2

√
Xl2q2d

)+O(H−1).

Ïðèìåíÿÿ ê ñóììå ïî x1 ëåììó èç [23, c. 94], ïîëó÷àåì:

W3 �
1

H
.

4) Ñóììó W5 îöåíèì ïî àíàëîãèè ñ W3:

W5 �
1

H
.

5) Îöåíèì òåïåðü ñóììó W4. ×åðåç P áóäåì îáîçíà÷àòü ñóììó ïî n4 â S1.3. Ïðèìåíÿÿ ê
ýòîé ñóììå ëåììó î çàìåíå òðèãîíîìåòðè÷åñêîé ñóììû èíòåãðàëîì (ñì. [20, ãë. 3]), ïîëó÷àåì:

P =

ˆ N5β

adβ

1

z
exp

(
2πi

(
xz

a
+

Xl1
2πuz

))
dz +O

(
1

Nβ

)
.

Äàëåå, ïðèìåíèì ê ïîñëåäíåìó èíòåãðàëó ìåòîä ñòàöèîíàðíîé ôàçû (ñì. [20, ãë. 3]). Ïîëó÷àåì

P =
1 + i√

2

(
2πua

Xl1x

)1/4

exp

(
4πi

√
Xl1x

2πua

)
+O(R),

ãäå

R =
1

Nβ
+
N2

Xl1
+

1

Nβ
min

(∥∥∥∥xa − Xl1
2πu(adβ)2

∥∥∥∥−1

,
N2β3/2

√
Xl1d

)
+
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+
1

Nβ
min

(∥∥∥∥xa − Xl1
2πu(N5β)2

∥∥∥∥−1

,
N2β3/2

√
Xl1d

)
.

Ïîäñòàâëÿÿ ýòî ðàâåíñòâî â ôîðìóëó, îïðåäåëÿþùóþ W4, ïîòîì ïåðåõîäÿ îò ïîëó÷èâøåãî
ðàâåíñòâà ê íåðàâåíñòâó è ïîëüçóÿñü íåðàâåíñòâîì (19), ïîëó÷àåì:

W4 �
X3/4L5

N2β

∑
d≤N2βL/X1

∑
1≤l1≤N2βL/(X1d)

l
3/4
1

∑
N/d<a≤N2/d

a−5/4+ε1
∑

−a/26y<a/2

×

×
∑

x�Xl1/(Nβ)2

√
(xl1, a)

x1/4

∣∣∣∣∣∣
ˆ U1

U

∑
N/d<r6u

exp

(
−2πiyr

a

)
exp

(
4πi

√
Xl1x

2πua

)
1

u7/4
du

∣∣∣∣∣∣+O

(
1

H

)
, (21)

ãäå

U = max

(
N

d
,

Xl1a

2πxN2
5β

2

)
� N

d
,U1 = min

(
N4

d
,

Xl1a

2πxa2d2β2

)
� N

d
.

×åðåç G áóäåì îáîçíà÷àòü èíòåãðàë â ïðàâîé ÷àñòè (21). Ìåíÿåì ïîðÿäîê èíòåãðèðîâàíèÿ è
ñóììèðîâàíèÿ ïî r â G, ïîòîì èíòåãðèðóåì ïî ÷àñòÿì. Ïîëó÷àåì

G =
∑

N/d<r6U

e−2πiyr/a

ˆ U1

U
exp

(
4πi

√
Xl1x

2πua

)
1

u7/4
du−

√
2πa

2πiU
1/4
1

√
Xl1x

exp

(
4πi

√
Xl1x

2πU1a

)
×

×
∑

U<r6U1

exp

(
−2πiyr

a

)
−

√
2πa

8πi
√
Xl1x

ˆ U1

U

∑
U<r6u

exp−
(

2πiyr

a

)
exp

(
4πi

√
Xl1x

2πua

)
1

u5/4
du+

+

√
2πa

2πi
√
Xl1x

∑
U<r6U1

exp

(
2πi

(
−yr
a

+ 2

√
Xl1x

2πra

))
1

r1/4
. (22)

×åðåç S áóäåì îáîçíà÷àòü ñóììó ïî r â ïîñëåäíåì ñëàãàåìîì ðàâåíñòâà (22). Ïðèìåíÿÿ ê
S ïðåîáðàçîâàíèå Àáåëÿ, ïîòîì ïåðåõîäÿ ê íåðàâåíñòâó, ïîëó÷àåì:

S �
(
d

N

)1/4
∣∣∣∣∣∣
∑

U<r6U2

exp

(
2πi

(
−yr
a

+ 2

√
Xl1x

2πra

))∣∣∣∣∣∣ ,
ãäå U < U2 6 U1 � íåêîòîðîå ôèêñèðîâàííîå ÷èñëî. Äàëåå, ê ñóììå ïî r ïðèìåíèì ëåììó î
çàìåíå ñóììû èíòåãðàëîì. Ïîëó÷àåì:

∑
U<r6U2

exp

(
2πi

(
−yr
a

+ 2

√
Xl1x

2πra

))
=

ˆ U2

U
exp

(
2πi

(
−yv
a

+ 2

√
Xl1x

2πva

))
dv +O(1).

Îöåíèâàÿ ïåðâûé èíòåãðàë â ïðàâîé ÷àñòè (22) ïî ïåðâîé ïðîèçâîäíîé è ïîëüçóÿñü íåðà-
âåíñòâîì ∣∣∣∣∣∣

∑
U<r6U1

exp

(
−2πiyr

a

)∣∣∣∣∣∣� a

|y|+ 1
,

ïðèõîäèì ê íåðàâåíñòâó

G�
√

a

Xl1x

(
d

N

)1/4
(

a

|y|+ 1
+

∣∣∣∣∣
ˆ U2

U
exp

(
2πi

(
−yv
a

+ 2

√
Xl1x

2πva

))
dv

∣∣∣∣∣+ 1

)
.
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Îöåíèì ïîñëåäíèé èíòåãðàë çàâèñèìîñòè îò çíà÷åíèÿ y. Îáîçíà÷èì ýòîò èíòåãðàë ÷åðåç
V . Åñëè y = 0, òî äëÿ îöåíêè V âîñïîëüçóåìñÿ òåîðåìîé îá îöåíêå ïî ïåðâîé ïðîèçâîäíîé.
Ïîëó÷àåì

V �
√

N3a

Xl1xd3
� N3

Xl1d2
.

Åñëè

y < −
√

2Xl1xad3

πN3
= M èëè

a

2
> y > −1

8

√
Xl1xad3

πN3
= M1 è y 6= 0,

òî îöåíèâàÿ èíòåãðàë V ïî àíàëîãèè ñ ïóíêòîì 1), íàéäåì

V 6
a

|y| .

Â ñëó÷àå êîãäà M 6 y 6 M1, ïðèìåíÿÿ ê V òåîðåìó îá îöåíêå èíòåãðàëà ïî âòîðîé
ïðîèçâîäíîé, ïîëó÷àåì

V � 4

√
N5a

Xl1xd5
� N2

√
d3Xl1

.

Ñîáèðàÿ ïîëó÷åííûå îöåíêè, èç (21) ñëåäóåò

W4 �
X1/4L5

N9/4β

∑
d≤N2βL/X1

d1/4
∑

1≤l1≤N2βL/(X1d)

l
1/4
1

∑
N/d<a≤N2/d

a−3/4+ε1×

×
∑

x�Xl1/(Nβ)2

√
(xl1, a)

x3/4

 ∑
y/∈[M,M1]

y 6=0

a

|y| +
N3

Xl1d2
+

∑
M6y6M1

N2

√
Xl1d3

+O

(
1

H

)
.

Ïîñëå íåñëîæíûõ âû÷èñëåíèé ïîëó÷èì

W4 �
1

H
.

Èç (15), (18), è îöåíîê äëÿ ñóìì Wj , j = 3, 4, 5, 6, ïîëó÷àåì:

W � 1

H
.

Èç (12), (13) è îöåíêè äëÿ W ñëåäóåò:

I1 �
X1Y

2L3

H
.

Ïîäñòàâëÿÿ ýòî íåðàâåíñòâî â (11), ïîëó÷àåì

J1 �
X1Y

2L5

H
. (23)

Èç (7), (10) è (23) ñëåäóåò óòâåðæäåíèå ëåììû.

Ñëåäñòâèå 1. Ïóñòü δ � ïðîèçâîëüíîå ïîëîæèòåëüíîå ÷èñëî, íå ïðåâîñõîäÿùåå 1, E2 �
ìíîæåñòâî òàêèõ T èç èíòåðâàëà [X,X +X1], äëÿ êîòîðûõ âûïîëíÿåòñÿ íåðàâåíñòâî

W 2(T ) ≥ X1−δ
1 Y 8L5

H
.

Òîãäà äëÿ ìåðû ìíîæåñòâà E2 ñïðàâåäëèâà îöåíêà µ(E2)� Xδ
1 .
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3. Äîêàçàòåëüñòâî îñíîâíîé òåîðåìû

Â ñëåäñòâèè 1 ïîëàãàåì δ = 1−4/7ε. Áóäåì ðàññìàòðèâàòü òå ÷èñëà T èç X ≤ T ≤ X+X1,
êîòîðûå íå ïðèíàäëåæàò ìíîæåñòâó E2; äëÿ íèõ âûïîëíÿåòñÿ îöåíêà

W 2(T ) <
Y 8L5

√
H

. (24)

Äàëåå, äîêàçàòåëüñòâî ïðîâîäèòñÿ ïî ñõåìå ðàáîòû À. À. Êàðàöóáû [13]. Ââåä¼ì òåïåðü
ôóíêöèþ

Φ(s) = ζ(s)f(s), f(s) =
∑
ν<Y

δ(ν)ν1−s.

Ïðèìåíèì òåîðåìó 11 èç [20, c. 324] ê Φ(s) è ïðÿìîóãîëüíèêó ñ âåðøèíàìè s = 0, 5 + iT ,
s = 0, 5 + i(T +H), s = 3 + iT , s = 3 + i(T +H). Ïîëó÷àåì

2π

ˆ 3

0,5
N(σ, T +H)−N(σ, T )dσ = 2π

ˆ 1

0,5
N(σ, T +H)−N(σ, T )dσ =

=

ˆ T+H

T
(log |Φ(0, 5 + it)| − log |Φ(3 + it)|) +

+

ˆ 3

0,5
(arg Φ(σ + i(T +H))− arg Φ(σ + iT )) dσ.

Ïîëüçóÿñü òåîðåìîé 12 èç [20, c. 325], îöåíèì âòîðîé èíòåãðàë âåëè÷èíîé O(log T ). Âòîðàÿ
ïîäûíòåãðàëüíàÿ ôóíêöèÿ ïåðâîãî èíòåãðàëà åñòü âåëè÷èíà ïîðÿäêà O(1). Ïðèìåíÿÿ òåîðåìó
2 èç [20, c. 345] ê ïåðâîìó èíòåãðàëó, ïîëó÷àåì

2π

ˆ 1

0,5
N(σ, T +H)−N(σ, T )dσ ≤ H

2
log

(
J

H

)
+O(H),

ãäå

J =

ˆ T+H

T
|ζ(0, 5 + it)|2 |f(0, 5 + it)|2 dt.

Ïîëüçóÿñü ïðèáëèæåííûì ôóíêöèîíàëüíûì óðàâíåíèåì äëÿ ζ(s) ( [21, c. 82]), ïîëó÷àåì

J ≤ 8J1 +O
(
HT−0,5Y L4

)
,

ãäå

J1 =

ˆ T+H

T

∣∣∣∣∣∣
∑
n≤P

1√
n
nit

∣∣∣∣∣∣
2

|f(0, 5 + it)|2 dt.

Âñïîìèíàÿ îïðåäåëåíèå f(s), ìîæíî ïåðåïèñàòü J1 òàê:

J1 =

ˆ T+H

T

∣∣∣∣∣∣
∑
m≤P1

a(m)mit

∣∣∣∣∣∣
2

dt,

ãäå ÷èñëà a(m) îïðåäåëåíû â (6). Èìååò ìåñòî öåïî÷êà ñîîòíîøåíèé

J1 ≤ e
ˆ T+H

T
exp

(
−
(
t− T
H

)2
)∣∣∣∣∣∣

∑
m≤P1

a(m)mit

∣∣∣∣∣∣
2

dt ≤ eH
∑

m1,m2≤P1

a(m1)a(m2)

(
m1

m2

)iT
×
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× exp

(
−
(
H

2
log

m1

m2

)2
)ˆ +∞

−∞
exp

(
−
(
v − ivH

2
log

m1

m2

)2
)
dv =

= e
√
πH

∑
m1,m2≤P1

a(m1)a(m2)

(
m1

m2

)iT
exp

(
−
(
H

2
log

m1

m2

)2
)
≤ e√πH (Σ + 2 |W (T )|) ,

ãäå Σ è W (T ) îïðåäåëåíû â ëåììàõ 1 è 2. Â ñèëó ëåììû 1 è îöåíêè (24) ïîëó÷àåì:

J1 = O(H), J = O(H),

ˆ 1

0,5
N(σ, T +H)−N(σ, T )dσ = O(H).

Ïóñòü σ > 0, 5 è σ1 = 0, 5 + 0, 5(σ − 0, 5) < σ. Îïðåäåëÿåì

g(α) = N(α, T +H)−N(α, T ).

Çàìåòèì, ÷òî g(α2) ≤ g(α1) ïðè α1 ≤ α2. Îòñþäà ñëåäóåò, ÷òî

N(σ, T +H)−N(σ, T ) ≤ 1

σ − σ1

ˆ σ

σ1

N(α, T +H)−N(α, T )dα ≤

≤ 2

σ − 0, 5

ˆ 1

0,5
N(α, T +H)−N(α, T )dα = O

(
H

σ − 0, 5

)
.

Äàëåå, óòâåðæäåíèå òåîðåìû ñëåäóåò èç ñëåäñòâèÿ 1.

4. Çàêëþ÷åíèå

Â íàøåé ðàáîòå ãðàíèöóH = Xε îïðåäåëÿåò ëåììà 1. Ýòî îáúÿñíÿåòñÿ òåì, ÷òî íàäî ¾óñïî-
êîèòü¿ äîñòàòî÷íî äëèííûé îòðåçîê ðÿäà Äèðèõëå, êîòîðûì îïðåäåëÿåòñÿ äçåòà-ôóíêöèÿ Ðè-
ìàíà. Â äàëüíåéøåì èíòåðåñíî áûëî áû ðàññìîòðåòü çàäà÷ó äëÿ ñóùåñòâåííî áîëåå êîðîòêèõ
ïðîìåæóòêîâ îêðåñòíîñòè êðèòè÷åñêîé ïðÿìîé.
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ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ1

Â. Í. Êóçíåöîâ, Î. À. Ìàòâååâà (ã. Ñàðàòîâ)

Àííîòàöèÿ

Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à ïîâåäåíèÿ ôóíêöèé, îïðåäåëåííûõ ðÿäàìè Äèðèõëå ñ
ìóëüòèïëèêàòèâíûìè êîýôôèöèåíòàìè ñ îãðàíè÷åííîé ñóììàòîðíîé ôóíêöèåé, ïðè ïîä-
õîäå ê ìíèìîé îñè. Ïîêàçàíî, ÷òî òî÷êè ìíèìîé îñè ÿâëÿþòñÿ òî÷êàìè íåïðåðûâíîñòè â
øèðîêîì ñìûñëå äëÿ ôóíêöèé, îïðåäåëÿåìûõ ðÿäàìè Äèðèõëå ñ ìóëüòèïëèêàòèâíûìè êî-
ýôôèöèåíòàìè, îïðåäåëÿåìûìè íåãëàâíûìè îáîáùåííûìè õàðàêàòåðàìè. Ýòîò ðåçóëüòàò
ïðåäñòàâëÿåò èíòåðåñ â ñâÿçè ñ ðåøåíèåì ãèïîòåçû Í. Ã. ×óäàêîâà î òîì, ÷òî êîíå÷íîçíà÷-
íûé ÷èñëîâîé õàðàêòåð, ïðèíèìàþùèé íåíóëåâûå çíà÷åíèÿ ïî÷òè íà âñåõ ïðîñòûõ ÷èñëàõ
è èìåþùèé îãðàíè÷åííóþ ñóììàòîðíóþ ôóíêöèþ, ÿâëÿåòñÿ õàðàêòåðîì Äèðèõëå. Â îñíî-
âå äîêàçàòåëüñòâà îñíîâíîãî ðåçóëüòàòà ðàáîòû ëåæèò òàê íàçûâàåìûé ìåòîä ðåäóêöèè ê
ñòåïåííûì ðÿäàì, îñíîâíûå ïîëîæåíèÿ êîòîðîãî áûëè ðàçðàáîòàíû Â. Í. Êóçíåöîâûì â
íà÷àëå 80-õ ãîäîâ. Ýòîò ìåòîä èçó÷àåò âçàèìîñâÿçü ìåæäó àíàëèòè÷åñêèìè ñâîéñòâàìè ðÿ-
äîâ Äèðèõëå è ãðàíè÷íûìè ñâîéñòâàìè ñîîòâåòñâóþùèõ (ñ òåìè æå êîýôôåöèåíòàìè, ÷òî
è ó ðÿäîâ Äèðèõëå) ñòåïåííûõ ðÿäîâ, ÷òî ïîçâîëÿåò ïîëó÷àòü íîâûå ðåçóëüòàòû êàê äëÿ
ðÿäîâ Äèðèõëå, òàê è äëÿ ñòåïåííûõ ðÿäîâ. Â íàøåì ñëó÷àå ìåòîä ðåäóêöèè ê ñòåïåííûì
ðÿäàì ïîçâîëÿåò íà îñíîâàíèè ïîëó÷åííûõ â ðàáîòå ñâîéñòâ ñòåïåííûõ ðÿäîâ ñ ìóëüòè-
ïëèêàòèâíûìè êîýôôèöèåíòàìè, îïðåäåëÿåìûìè íåãëàâíûìè îáîáùåííûìè õàðàêòåðàìè,
äîêàçàòü îñíîâíîé ðåçóëüòàò ðàáîòû.

Êëþ÷åâûå ñëîâà: ðÿäû Äèðèõëå, ñóììàòîðíàÿ ôóíêöèÿ êîýôôèöèåíòîâ, îáîáùåííûå
õàðàêòåðû, õàðàêòåðû Äèðèõëå.

Áèáëèîãðàôèÿ: 16 íàçâàíèé.

ON A BOUNDARY BEHAVIOR OF A DIRICLET SERIES
CLASS WITH MULTIPLICATIVE COEFFICIENTS

V. N. Kuznetsov, O. A. Matveeva (Saratov)

Abstract

In this paper we consider the behavior of funcions de�ned by Dirichlet series with
multiplicative coe�cients and with bounded summatory function when approaching the
imaginary axis. We show that the points of the imaginary axis are also the points of continuity
in a broad sense of functions de�ned by Dirichlet series with multiplicative coe�cients which
are determined by nonprincipal generalized characters. This result is particularly interesting
in its connection with a solution of Chudakov hyphotesis, which states that any �nite-valued
numerical character, which does not vanish on all prime numbers and has bounded summatory
function, is a Dirichlet character.

The proof of the main result in this paper is based on the method of reduction to power
series, basic principles of which were developed by prof. Kuznetsov in the early 1980s. Ths
method establishes a connection between analytical properties of Dirichlet series and boundary

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîîäåðæêå ÐÔÔÈ (ïðîåêò �16-01-00399)
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properties of the corresponding power series (i.e. a power series with the same coe�cients as
the Dirichlet series). This allows to obtain new results both for the Dirichlet series and for the
power series. In our case this method allowed us to prove the main result using the properties
of the power series with multiplicative coe�cients determined by the nonprincipal generalized
characters, which also were obtained in this work.

Keywords: Dirichlet series, summatory function of the coe�cients, generalized characters,
Dirichlet series.

Bibliography: 16 titles.

1. Ââåäåíèå

Ðàññìîòðèì ðÿä Äèðèõëå

f(s) =
∞∑
n=1

h(n)

ns
, s = σ + it, (1)

ãäå h(n) - ìóëüòèïëèêàòèâíàÿ ôóíêöèÿ íàòóðàëüíîãî àðãóìåíòà, äëÿ êîòîðîé ñóììàòîðíàÿ
ôóíêöèÿ îãðàíè÷åíà, ò.å.

S(x) =
∑
n≤x

h(n) = O(1). (2)

Èç óñëîâèÿ (2) è èíòåãðàëüíîãî ïðåäñòàâëåíèÿ

f(s) = s

ˆ ∞
1

S(u)

u(s+1)
du, σ > 1,

ñëåäóåò, ÷òî ôóíêöèÿ (1) ÿâëÿåòñÿ àíàëèòè÷åñêîé â ïîëóïëîñêîñòè σ > 0.
Îñíîâíàÿ çàäà÷à äàííîé ðàáîòû � âûÿñíèòü ïîâåäåíèå ôóíêöèè (1) ïðè ïîäõîäå ê ìíèìîé

îñè. Ýòà çàäà÷à ïðåäñòàâëÿåò èíòåðåñ â ñâÿçè ñ îêîí÷àòåëüíûì ðåøåíèåì èçâåñòíîé ãèïîòåçû
Í. Ã. ×óäàêîâà îòíîñèòåëüíî îáîáùåííûõ õàðàêòåðîâ, ñôîðìóëèðîâàííîé èì â 1950 ãîäó ( [1],
[2]). Í. Ã. ×óäàêîâ ïðåäïîëîæèë, ÷òî êîíå÷íîçíà÷íûé ÷èñëîâîé õàðàêòåð h(n), ïðèíèìàþùèé
íåíóëåâûå çíà÷åíèÿ ïî÷òè íà âñåõ ïðîñòûõ ÷èñëàõ, ñóììàòîðíàÿ ôóíêöèÿ êîòîðîãî èìååò
àñèìïòîòèêó

S(x) =
∑
n≤x

h(n) = αx+O(1),

ÿâëÿåòñÿ õàðàêòåðîì Äèðèõëå. Ýòî ïðåäïîëîæåíèå îñòàåòñÿ îòêðûòûì â ñëó÷àå íåãëàâíûõ
îáîáùåííûõ õàðàêòåðîâ (α = 0). Âñþäó â äàëüíåéøåì ïîä h(n) áóäåì ïîíèìàòü íåãëàâíûé
îáîáùåííûé õàðàêòåð.

Íèæå áóäåò ïîêàçàíî, ÷òî äëÿ ôóíêöèé, îïðåäåëÿåìûõ ðÿäàìè Äèðèõëå âèäà (1) òî÷êè
ìíèìîé îñè ÿâëÿþòñÿ òî÷êàìè íåïðåðûâíîñòè â øèðîêîì ñìûñëå. Â îñíîâå äîêàçàòåëüñòâà
ýòîãî ôàêòà ëåæèò òàê íàçûâàåìûé ìåòîä ðåäóêöèè ê ñòåïåííûì ðÿäàì, ãëàâíûå ïîëîæåíèÿ
êîòîðîãî áûëè ðàçðàáîòàíû â 80-õ ãîäàõ Â. Í. Êóçíåöîâûì [3], [4], [5], [6]. Ýòîò ìåòîä ïðåä-
ïîëàãàåò èçó÷åíèå âçàèìîñâÿçè àíàëèòè÷åñêèõ ñâîéñòâ ðÿäîâ Äèðèõëå è ãðàíè÷íûõ ñâîéñòâ
ñòåïåííûõ ðÿäîâ ñ òåìè æå êîýôôèöèåíòàìè, ÷òî è ó ðÿäîâ Äèðèõëå. Èçó÷åíèå òàêîé âçàè-
ìîñâÿçè ïîçâîëÿåò ïîëó÷àòü íîâûå ðåçóëüòàòû êàê â òåîðèè ðÿäîâ Äèðèõëå, òàê è â òåîðèè
ñòåïåííûõ ðÿäîâ (ñì, íàïðèìåð, [7], [8], [9], [10], [11]).
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2. Î ãðàíè÷íîì ïîâåäåíèè ñòåïåííûõ ðÿäîâ ñ ìóëüòèïëèêàòèâ-
íûìè êîýôôèöèåíòàìè

Ðàññìîòðèì ñòåïåííîé ðÿä âèäà

g(x) =

∞∑
n=1

h(n)xn, (3)

ãäå h(n) � íåãëàâíûé îáîáùåííûé õàðàêòåð.
Îòíîñèòåëüíî ñòåïåííûõ ðÿäîâ âèäà (3) äîêàæåì ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Ñòåïåííîé ðÿä

g(x) =
∞∑
n=1

h(n)xn,

èìååò â òî÷êå åäèíèöà êîíå÷íûé ïðåäåë âèäà

lim
x→1−0

g(x) = α0. (4)

Äîêàçàòåëüñòâó òåîðåìû 1 ïðåäïîøëåì ðÿä ëåìì îòíîñèòåëüíî ïðèáëèæåíèÿ íà îòðåçêå
íåïðåðûâíûõ ôóíêöèé àëãåáðàè÷åñêèìè ïîëèíîìàìè ñ ïðèâëå÷åíèåì àïïàðàòà ñèëüíî íåïðå-
ðûâíûõ îãðàíè÷åííûõ ïîëóãðóïï îïåðàòîðîâ (Ñ.Í.Î.Ï.Î.) â òåîðèè ïðèáëèæåíèé.

Èçâåñòíî, [12], [13], ÷òî íàëè÷èå Ñ.Í.Î.Ï.Î. {Vt, t ≥ 0}, äåéñòâóþùåé â áàíàõîâîì ïðî-
ñòðàíñòâå, îáåñïå÷èâàåò ïðÿìûå è îáðàòíûå òåîðåìû ïðèáëèæåíèÿ ïî çàäàííûì ïîäïðî-
ñòðàíñòâàì, àíàëîãè÷íûå êëàññè÷åñêèì, íî âûðàæåííûå â òåðìèíàõ îïåðàòîðà, ïîðîæäàþ-
ùåãî Ñ.Í.Î.Ï.Î. è ñîîòâåòñòâóþùèõ ìîäóëåé k-ãî ïîðÿäêà. Ïîä êëàññè÷åñêèìè ïîíèìàþòñÿ
ïðÿìûå è îáðàòíûå òåîðåìû ïðèáëèæåíèÿ ïåðèîäè÷åñêèõ ôóíêöèé òðèãîíîìåòðè÷åñêèìè ïî-
ëèíîìàìè.

Ïóñòü H � ëèíåéíîå ïðîñòðàíñòâî ñòåïåííûõ ðÿäîâ, ñõîäÿùèõñÿ íà èíòåðâàëå [0, 1), è H∗n
� ïîäìíîæåñòâî àëãåáðàè÷åñêèõ ïîëèíîìîâ ñòåïåíè ≤ n ñ ìóëüòèïëèêàòèâíûìè êîýôôèöè-
åíòàìè. Îïðåäåëèì â ýòîì ïîäìíîæåñòâå îïåðàöèþ ¾ñëîæåíèÿ¿. Ïîä ¾ñóììîé¿ äâóõ òàêèõ
ïîëèíîìîâ áóäåì ïîíèìàòü ïîëèíîì ñ ìóëüòèïëèêàòèâíûìè êîýôôèöèåíòàìè, ó êîòîðãî êî-
ýôôèöèåíòû ïðè ïðîñòûõ ñòåïåíÿõ îïðåäåëÿþòñÿ êàê ñóììà ñîîòâåòñâóþùèõ êîýôôèöèåíòîâ
ñëàãàåìûõ. Àíàëîãè÷íî îïðåäåëÿåòñÿ ¾óìíîæåíèå íà ÷èñëî¿. Â èòîãå ïîëó÷èì öåïî÷êó êîíå÷-
íîìåðíûõ ëèíåéíûõ ïðîñòðàíñòâ H∗n òîé æå ðàçìåðíîñòè, ÷òî è ëèíåéíûõ ïðîñòðàíñòâ Hp

n,
ïîðîæäåííûõ ñòåïåíÿìè xp, p � ïðîñòîå, p ≤ n.

Ïóñòü 0 < ε < 1 è Hε = C[0, 1 − ε]. Îáîçíà÷èì ÷åðåç H∗ε è Hp
ε çàìûêàíèÿ â Hε ëè-

íåàëîâ, ïîðîæäåííûõ öåïî÷êîé êîíå÷íîìåðíûõ ïðîñòðàíñòâ H∗n è öåïî÷êîé êîíå÷íîìåðíûõ
ïðîñòðàíñòâ Hp

n. Îòìåòèì, ÷òî ðàçìåðíîñòè ïîäïðîñòðàíñòâ H∗n è Hp
n àñèìïòîòè÷åñêè âåäóò

ñåáÿ ñëåäóþùèì îáðàçîì

dimHp
n = dimH∗n ∼

n

lnn
(5)

Êàê èçâåñòíî, ( [12], [13]), â ïðîñòðàíñòâå C∗[0, 2π] äåéñòâóåò Ñ.Í.Î.Ï.Î., ïîðîæäåííàÿ ãðóï-
ïîé ñäâèãîâ.

Îòîáðàæåíèå

g(x) = ϕ arccos
2π − 1 + ε

1− ε
îïðåäåëÿåò èçîìîðôèçì ïðîñòðàíñòâ C∗[0, 2π] è Hε � ñëåäîâàòåëüíî, ýòîò èçîìîðôèçì îïðå-
äåëÿåò Ñ.Í.Î.Ï.Î. {Vε(t), t ≥ 0}, äåéñòâóþùóþ â ïðîñòðàíñòâå Hε è â ïîäïðîñòðàíñòâå H

p
ε .

Ïóñòü ε > ε1. Ðàññìîòðèì ëèíåéíîå îòîáðàæåíèå

ψε,ε1 : H∗ε → Hp
ε1 ,
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êîòîðîå íà ìíîãî÷ëåíàõ ñ ìóëüòèïëèêàòèâíûìè êîýôôèöèåíòàìè îïðåäåëÿåòñÿ ñëåäóþùèì
îáðàçîì

ψε,ε1

(
n∑
0

anx
n

)
=
∑
p≤n

apx
p.

Â ðàáîòå [14] äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 1. Îòîáðàæåíèå ψε,ε1 ÿâëÿåòñÿ âçàèìíîîäíîçíà÷íûì, îãðàíè÷åííûì îòîáðàæå-
íèåì ïðîñòðàíñòâ H∗ε è Hp

ε1 .

Ýòî îòîáðàæåíèå îïðåäåëÿåò Ñ.Í.Î.Ï.Î. V ∗ε (t), t ≥ 0, äåéñòâóþùóþ â ïðîñòðàíñòâå H∗ε .
Äëÿ ëþáîé ôóíêöèè g(x) èç ëèíåàëà H̃∗ε , îïðåäåëåííîãî ïðîñòðàíñòâàìè H∗n ïîëîæèì ïî
îïðåäåëåíèþ:

V ∗ε (t)(g) = ψ−1
ε,ε1(Vε1(t)(ψε,ε1(g))).

Òîãäà, êàê ñëåäóåò èç ðåçóëüòàòîâ ðàáîò [12], [13], â êîòîðûõ èçó÷àþòñÿ âîïðîñû ïðèáëèæå-
íèÿ â ïðîñòðàíñòâàõ ñ Ñ.Í.Î.Ï.Î., â íàøåì ñëó÷àå äëÿ âåëè÷èíû E∗n(g) íàèëó÷øåãî ïðèáëè-
æåíèÿ ôóíêöèè g(x) ∈ H∗ε àëãåáðàè÷åñêèìè ïîëèíîìàìè ñòåïåíè ≤ n ñ ìóëüòèïëèêàòèâíûìè
êîýôôèöèåíòàìè èìåþò ìåñòî ïðÿìûå è îáðàòíûå òåîðåìû, àíàëîãè÷íûå êëàññè÷åñêèì.

Îñòàíîâèìñÿ íà îäíîì èç òàêèõ ðåçóëüòàòîâ. Â ðàññìàòðèâàåìîì ñëó÷àå â ñèëó (5) ðàçìåð-
íîñòü ïðîñòðàíñòâà ïîëèíîìîâ, îïðåäåëåííûõ òîëüêî ïðîñòûìè ñòåïåíÿìè ïåðåìåííîé ñòåïå-
íè ≤ n, àñèìïòîòè÷åñêè ðàâíà n

lnn . Â ýòîì ñëó÷àå, êàê ñëåäóåò èç ðåçóëüòàòîâ ðàáîòû [13],
èìååò ìåñòî óòâåðæäåíèå.

Ëåììà 2. Ïóñòü g(x) ∈ H∗ε . Òîãäà ýêâèâàëåíòíû ñëåäóþùèå óòâåðæäåíèÿ:

1. E∗n(g) = O
(
ω
(
lnn
n , g, V

∗
ε (t)

))
;

2. ω(δ, g, V ∗ε (t)) = O(ω̃(δ)),

ãäå ω(δ, g, V ∗ε (t)) � ìîäóëü ïåðâîãî ïîðÿäêà, ò.å.

ω(δ, g, V ∗ε (t)) = sup
0≤t≤δ

‖V ∗ε (t)g − g‖ ,

ãäå ω̃(δ) �ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèþ Áàðè.

Îòìåòèì, ÷òî ìîäóëü ω(δ, g, V ∗ε (t)) îáëàäàåò ñâîéñòâàìè, àíàëîãè÷íûìè ñâîéñòâàì ìîäóëÿ
íåïðåðûâíîñòè ω(δ, ε).

Â ðàáîòå [15] ïðèâåäåíû ïðÿìûå è îáðàòíûå òåîðåìû ïðèáëèæåíèÿ àëãåáðàè÷åñêèìè ïî-
ëèíîìàìè, âûðàæåííûå â òåðìèíàõ ãëàäêîñòè. Ñîîòâåòñòâóþùèå òåîðåìû èìåþò ìåñòî è â
ñëó÷àå ïðèáëèæåíèÿ ïîäïðîñòðàíñòâàìè èç Hp

ε , à â ñèëó ëåììû 1, è â ñëó÷àå ïðîñòðàíñòâà
H∗ε .

Ñëåäîâàòåëüíî, â ñèëó ëåììû 2 èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå:

Ëåììà 3. Ïóñòü g ∈ H∗ε , ìîäóëü íåïðåðûâíîñòè êîòîðîé ω(δ, g) óäîâëåòâîðÿåò óñëî-
âèþ Áàðè. Òîãäà ñóùåñòâóþò òàêèå ïîëîæèòåëüíûå êîíñòàíòû c1 è c2, â îáùåì ñëó÷àå
çàâèñÿùèå îò ε, äëÿ êîòîðûõ èìååò ìåñòî íåðàâåíñòâî

c1ω

(
lnn

n
, g

)
≤ ω

(
lnn

n
, g, V ∗ε (t)

)
≤ c2ω

(
lnn

n
, g

)
.

Ñëåäñòâèå 1. Ïóñòü ôóíêöèÿ g(x) îïðåäåëåíà ðÿäîì (3). Òîãäà èìååò ìåñòî îöåíêà

ω
(

1
n , g, Vε(t)

)
ω
(

lnn
n , g, V ∗ε (t)

) ≤ C ln−1 n, (6)

ãäå êîíñòàíòà C â îáùåì ñëó÷àå çàâèñèò îò ε.
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Äîêàæåì óòâåðæäåíèå, êîòîðîå óòî÷íÿåò íåðàâåíñòâî (6).

Ëåììà 4. Äëÿ ôóíêöèè g(x), îïðåäåëåííîé ðÿäîì (3), èìååò ìåñòî îöåíêà

ω
(

1
n , g, Vε(t)

)
ω
(

lnn
n , g, V ∗ε (t)

) < C ln−1 n, (7)

ãäå êîíñòàíòà C íå çàâèñèò îò ε.

Äîêàçàòåëüñòâî. Äëÿ çàäàííîãî ε îáîçíà÷èì ÷åðåç gt(x), ãäå t < 1
n , ôóíêöèþ gt = (Vε(t)−

E)g òàêóþ, ÷òî ‖gt(x)‖ε = ω
(

1
n , g, Vε

)
è îáîçíà÷èì ÷åðåç gt1(x), ãäå t1 < lnn

n , ôóíêöèþ gt1 =

(V ∗ε (t)− E)g, òàêóþ, ÷òî ‖gt1(x)‖ε = ω
(

lnn
n , g, V ∗ε

)
.

Çäåñü ìû ïðåäïîëàãàåì, ÷òî óêàçàííûå t è t1 ñóùåñòâóþò. Â ïðîòèâíîì ñëó÷àå â äîêàçà-
òåëüñòâî ëåììû 4 íóæíî ââåñòè íåçíà÷èòåëüíûå êîððåêòèâû.

Îáîçíà÷èì òàêæå

ω

(
1

n
, g, V (t)

)
= sup

ε>0
ω

(
1

n
, g, Vε(t)

)
,

ω

(
lnn

n
, g, V ∗(t)

)
= sup

ε>0
ω

(
lnn

n
, g, V ∗ε (t)

)
,

Çàìåòèì, ÷òî â ñèëó îãðàíè÷åííîñòè ñóììàòîðíîé ôóíêöèè êîýôôèöèåíòîâ áóäåò îãðàíè-
÷åíà ôóíêöèÿ g(x) íà èíòåðâàëå [0, 1), à å¼ ìîäóëü íåïðåðûâíîñòè ω(δ, g) îãðàíè÷åí åäèíîé
êîíñòàíòîé äëÿ âñåõ îòðåçêîâ [0, 1− ε].

Ñëåäîâàòåëüíî, èìåþò ìåñòî íåðàâåíñòâà

‖gt(x)‖ε ≤ C1ω(
1

n
, g, V (t)) ‖g(x)‖ε (8)

‖g(x)‖ε ≤ C2ω
−1(

lnn

n
, g, V ∗(t)) ‖gt‖ε , (9)

ãäå êîíñòàíòû C1 è C2 íå çàâèñÿò îò ε.
Â ñèëó (8) è (9) èìååì îöåíêó âèäà

ω(
1

n
, g, Vε(t)) ≤ ‖gt‖ε ≤ C1ω

(
1

n
, g, V (t)

)
‖g(x)‖ε ≤

≤ C2
ω
(

1
n , g, V (t)

)
ω
(

lnn
n , g, V ∗(t)

) ‖gt1‖ε ≤ C2
ω
(

1
n , g, V (t)

)
ω
(

lnn
n , g, V ∗(t)

)ω(
lnn

n
, g, V ∗ε (t)) (10)

Èç (10) ñëåäóåò
ω
(

1
n , g, Vε(t)

)
ω
(

lnn
n , g, V ∗ε (t)

) ≤ C2
ω
(

1
n , g, V (t)

)
ω
(

lnn
n , g, V ∗(t)

) (11)

Îáðàòíî

ω

(
lnn

n
, g, V ∗ε (t)

)
≤ ‖gt1‖ε ≤ C3ω

(
lnn

n
, g, V ∗(t)

)
‖g‖ε ≤

≤ C4
ω
(

lnn
n , g, V ∗(t)

)
ω
(

1
n , g, V (t)

) ω

(
1

n
, g, Vε(t)

)
,

ãäå êîíñòàíòà C4 íå çàâèñèò îò ε.
Îòñþäà ïîëó÷àåì

ω
(

lnn
n , g, V ∗ε (t)

)
ω
(

1
n , g, Vε(t)

) ≤ C4
ω
(

lnn
n , g, V ∗(t)

)
ω
(

1
n , g, V (t)

) (12)
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Â ñèëó (12) èìååì
ω
(

1
n , g, Vε(t)

)
ω
(

lnn
n , g, V ∗ε (t)

) ≥ ω
(

1
n , g, V (t)

)
ω
(

lnn
n , g, V ∗(t)

) , (13)

ãäå êîíñòàíòà C5 íå çàâèñèò îò ε
Èç íåðàâåíñòâ (11) è (13) ïîëó÷àåì

C5
ω
(

1
n , g, V (t)

)
ω
(

lnn
n , g, V ∗(t)

) ≤ ω
(

1
n , g, Vε(t)

)
ω
(

lnn
n , g, V ∗ε (t)

) ≤ C3
ω
(

1
n , g, V (t)

)
ω
(

lnn
n , g, V ∗(t)

) (14)

Íåðàâåíñòâî (14) çàâåðøàåò äîêàçàòåëüñòâî ëåììû 4. 2

Äîêàçàòåëüñòâî.

Â ñèëó ëåììû 4 èìååì:

ω

(
1

n
, g, Vε(t)

)
≤ C ln−1 nω

(
lnn

n
, g, V ∗ε (t)

)
,

ãäå êîíñòàíòà C íå çàâèñèò îò ε. Â ñèëó (14) ïîëó÷àåì:

ω

(
1

n
, g, V (t)

)
≤ C1 ln−1 nω

(
lnn

n
, g, V ∗(t)

)
. (15)

Ó÷èòûâàÿ, ÷òî g(x) = O(1) íà îòðåçêå [0, 1], èìååì:

ω

(
lnn

n
, g, V ∗(t)

)
= O(1),

÷òî â ñîâîêóïíîñòè ñ (15) äà¼ò îöåíêó âèäà

ω

(
1

n
, g

)
≤ C2 ln−1 n,

ãäå ω
(

1
n , g
)
� ìîäóëü íåïðåðûâíîñòè ôóíêöèè g(x) íà èíòåðâàëå [0, 1).

Òàêèì îáðàçîì, ôóíêöèÿ g(x) íåïðåðûâíà íà îòðåçêå [0, 1], ò.å. èìååò ìåñòî (4), ÷òî è
äîêàçûâàåò óòâåðæäåíèå òåîðåìû 1.

Îòìåòèì, ÷òî ðàññóæäåíèÿ, ïðèâåä¼ííûå ïðè äîêàçàòåëüñòâå ëåììû 4, ïîçâîëÿþò äîêàçàòü
ñëåäóþùèé ðåçóëüòàò.

Ëåììà 5. Ïóñòü g(x) � ôóíêöèÿ, îïðåäåë¼ííàÿ ñòåïåííûì ðÿäîì (3). Òîãäà äëÿ ìîäóëåé
k-ãî ïîðÿäêà èìååò ìåñòî àñèìïòîòè÷åñêàÿ îöåíêà

ωk
(

1
n , g, Vε(t)

)
ωk
(

lnn
n , g, V ∗ε (t)

) ≤ C ln−k n,

ãäå n ≥ n0, n0 îïðåäåëÿåòñÿ âåëè÷èíîé k è ãäå êîíñòàíòà C íå çàâèñèò îò ε è k.

Êàê ñëåäñòâèå ëåììû 5 ïîëó÷àåòñÿ ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2. Ïóñòü g(x) � ôóíêöèÿ, îïðåäåë¼ííàÿ ñòåïåííûì ðÿäîì (3). Òîãäà äëÿ ìî-
äóëÿ íåïðåðûâíîñòè ôóíêöèè g(x) íà îòðåçêå [0, 1] èìååò ìåñòî àñèìïòîòè÷åñêàÿ îöåíêà
âèäà

ω

(
1

n
, g

)
≤ C ln−k n, (16)

ãäå n ≥ n0, n0 îïðåäåëÿåòñÿ âåëè÷èíîé k è ãäå êîíñòàíòà C íå çàâèñèò îò k.
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Äîêàçàòåëüñòâî. Êàê ïîêàçàíî â ëåììå 5, äëÿ ìîäóëÿ íåïðåðûâíîñòè k-ãî ïîðÿäêà ôóíê-
öèè g(x) íà îòðåçêå [0, 1] èìååò ìåñòî îöåíêà âèäà

ωk

(
1

n
, g

)
≤ C ln−k n,

ãäå n ≥ n0, n0 îïðåäåëÿåòñÿ âåëè÷èíîé k è ãäå êîíñòàíòà C íå çàâèñèò îò k.
Êàê ïîêàçàíî â [12], [13], èç ýòîé îöåíêè äëÿ âåëè÷èíû En(g) íàèëó÷øåãî ïðèáëèæåíèÿ

ôóíêöèè g(x) àëãåáðàè÷åñêèìè ïîëèíîìàìè ñëåäóåò îöåíêà âèäà

En(g) = O(ϕ(n)),

ãäå ϕ(n) = o(ln−k n), ãäå ïðè ëþáîì íàòóðàëüíîì k êîíñòàíòà â ñèìâîëå ¾O¿ íå çàâèñèò îò k,
÷òî îáåñïå÷èâàåò îöåíêó âèäà

ω

(
1

n
, g

)
≤ C ln−k n,

ãäå n ≥ n0, n0 îïðåäåëÿåòñÿ âåëè÷èíîé k è ãäå êîíñòàíòà C íå çàâèñèò îò k, ÷òî çàâåðøàåò
äîêàçàòåëüñòâî òåîðåìû 2. 2

Îòìåòèì, ÷òî îöåíêà (16) ðàâíîñèëüíà îöåíêå âèäà

|g(x)− α0| ≤ C| ln−k(1− x)|,
ãäå α0 = lim

x→1−0
g(x), è x0 ≤ x < 1, ãäå x0 îïðåäåëÿåòñÿ âåëè÷èíîé k, à êîíñòàíòà C íå çàâèñèò

îò k.
Òàêèì îáðàçîì, èìååò ìåñòî

Òåîðåìà 3. Ñòåïåííîé ðÿä

g(x) =

∞∑
n=1

h(n)xn,

ãäå h(n) � íåãëàâíûé îáîáùåííûé õàðàêòåð, îïðåäåëÿåò ôóíêöèþ, èìåþùóþ êîíå÷íûé ïðåäåë
âèäà (4), ò.å.

lim
x→1−0

g(x) = α0.

Áîëåå òîãî, èìååò ìåñòî îöåíêà

|g(x)− α0| ≤
C∣∣lnk(1− x)

∣∣ , (17)

ãäå x0 îïðåäåëÿåòñÿ âåëè÷èíîé k, à êîíñòàíòà C íå çàâèñèò îò k.

Îòìåòèì, ÷òî îöåíêà (17) ÿâëÿåòñÿ áîëåå ñëàáîé, ÷åì îöåíêà, èìåþùàÿ ìåñòî ïðè óñëîâèè
îãðàíè÷åííîñòè ïðîèçâîäíîé ôóíêöèè g(x) íà èíòåðâàëå [0, 1).

3. Î ïîâåäåíèè ðÿäîâ Äèðèõëå ñ ìóëüòèïëèêàòèâíûìè êîýôôè-
öèåíòàìè â êðèòè÷åñêîé ïîëîñå

Â ðàáîòå [16] àâòîðàìè ðàññìàòðèâàëàñü çàäà÷à ïîâåäåíèÿ ðÿäîâ Äèðèõëå

f(s) =
∞∑
n=1

an
ns

(18)

ñ îãðàíè÷åííîé ñóììàòîðíîé ôóíêöèåé êîýôôèöèåíòîâ â êðèòè÷åñêîé ïîëîñå, â ÷àñòíîñòè,
ïðè ïîäõîäå ê ìíèìîé îñè. Â ýòîé ðàáîòå ïîêàçàíî, ÷òî âûïîëíåíèå ãðàíè÷íûõ óñëîâèé âèäà
(4), (17), äëÿ ñîîòâåòñòâóþùåãî ñòåïåííîãî ðÿäà îáåñïå÷èâàåò äëÿ ôóíêöèè f(s), îïðåäåë¼ííîé
ðÿäîì Äèðèõëå (18) ñëåäóþùèå àíàëèòè÷åñêèå ñâîéñòâà:
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1. Ôóíêöèÿ f(s) ÿâëÿåòñÿ àíàëèòè÷åñêîé è îãðàíè÷åííîé â îáëàñòè 0 < σ < 1, |t| < T
êîíñòàíòîé, çàâèñÿùåé òîëüêî îò âåëè÷èíû T .

2. Ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü ïîëèíîìîâ Äèðèõëå Qn(s), ðàâíîìåðíî ñõîäÿùàÿñÿ ê
ôóíêöèè f(s) â êàæäîé îáëàñòè 0 < σ0 ≤ σ ≤ 1, |t| ≤ T .

3. Äëÿ êàæäîãî èíòåðâàëà [−T, T ] ìíèìîé îñè ñóùåñòâóåò ïîäïîñëåäîâàòåëüíîñòü ïîëèíî-
ìîâ Äèðèõëå Qnk(s), äëÿ êîòîðûõ ïîñëåäîâàòåëüíîñòü ôóíêöèé fk(t) = Qnk(σk + it), ãäå
σk → 0 ïðè k →∞, ðàâíîìåðíî ñõîäèòñÿ íà ýòîì èíòåðâàëå.

Îòìåòèì, ÷òî ñâîéñòâî 3 ïîçâîëÿåò ñäåëàòü âûâîä î òîì, ÷òî êàæäàÿ òî÷êà ìíèìîé îñè
ÿâëÿòñÿ òî÷êîé íåïðåðûâíîñòè â øèðîêîì ñìûñëå äëÿ ôóíêöèè f(s).

Òàêèì îáðàçîì, ðåçóëüòàòû ðàáîòû [16] âìåñòå ñ òåîðåìîé 3 äîêàçûâàþò îñíîâíóþ òåîðåìó
äàííîé ðàáîòû.

Òåîðåìà 4. Ðÿä Äèðèõëå âèäà (1):

f(s) =
∞∑
n=1

h(n)

ns
,

ãäå h(n) � íåãëàâíûé îáîáù¼ííûé õàðàêòåð, îïðåäåëÿåò ôóíêöèþ, ðåãóëÿðíóþ â ïîëóïëîñ-
êîñòè σ > 0, îãðàíè÷åííóþ â ëþáîé îáëàñòè 0 < σ < 1, |t| < T êîíñòàíòîé, çàâèñÿùåé
òîëüêî îò âåëè÷èíû T , äëÿ êîòîðîé òî÷êè ìíèìîé îñè ÿâëÿþòñÿ òî÷êàìè íåïðåðûâíîñòè
â øèðîêîì ñìûñëå.

Îòìåòèì, ÷òî ðåçóëüòàò òåîðåìû 4 ñâÿçàí ñ çàäà÷åé àíàëèòè÷åñêîãî ïðîäîëæåíèÿ ðÿäîâ
Äèðèõëå âèäà (1) íà êîìïëåêñíóþ ïëîñêîñòü è ñ ðåøåíèåì ãèïîòåçû Í. Ã. ×óäàêîâà â ñëó÷àå
íåãëàâíûõ îáîáù¼ííûõ õàðàêòåðîâ. Íî íà ýòèõ âîïðîñàõ â äàííîé ðàáîòå îñòàíàâëèâàòüñÿ íå
áóäåì.
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Àííîòàöèÿ

Â 2007 ã. Ã. Ìèøó äîêàçàë ñîâìåñòíóþ òåîðåìó óíèâóðñàëüíîñòè äëÿ äçåòà-ôóíêöèè
Ðèìàíà ζ(s) è äçåòà-ôóíêöèè Ãóðâèöà ζ(s, α) ñ òðàíñöåíäåíòíûì ïàðàìåòðîì α îá îä-
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ñäâèãàìè (ζ(s+ iτ), ζ(s+ iτ, α)), τ ∈ R. Îí ïîëó÷èë, ÷òî ìíîæåñòâî òàêèõ ñäâèãîâ, ïðèáëè-
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Â ñòàòüå ïîëó÷åíî, ÷òî ìíîæåñòâî òàêèõ ñäâèãîâ èìååò ïîëîæèòåëüíóþ ïëîòíîñòü äëÿ âñåõ
ε > 0, çà èñêëþ÷åíèåì ñ÷åòíîãî ìíîæåñòâà çíà÷åíèé ε, ãäå ε � òî÷íîñòü ïðèáëèæåíèÿ.

Ðåçóëüòàòû àíàëîãè÷íîãî òèïà òàêæå ïîëó÷åíû äëÿ ñëîæíûõ ôóíêöèé F ( ζ(s), ζ(s, α))
äëÿ íåêîòîðûõ êëàññîâ îïåðàòîðîâ F â ïðîñòðàíñòâå àíàëèòè÷åñêèõ ôóíêöèé.
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Abstract

The Mishou theorem asserts that a pair of analytic functions from a wide class can be
approximated by shifts of the Riemann zeta and Hurwitz zeta-functions (ζ(s+ iτ), ζ(s+ iτ, α))
with transcendental α, τ ∈ R, and that the set of such τ has a positive lower density. In the
paper, we prove that the above set has a positive density for all but at most countably many
ε > 0, where ε is the accuracy of approximation. We also obtain similar results for composite
functions F (ζ(s), ζ(s, α)) for some classes of operator F .

Keywords: Hurwitz zeta-function, Riemann zeta-function, space of analytic functions,
universality.

Bibliography: 21 titles.

1. Introduction

Let ζ(s), s = σ + it, be the Riemann zeta-function. In 1975, S. M. Voronin discovered [21] the
universality property of ζ(s) which means that a wide class of non-vanishing analytic functions
can be approximated by shifts ζ(s + iτ), τ ∈ R. The non-vanishing of approximated functions is
connected to the existence of Euler's product over primes for ζ(s).

Now let 0 < α 6 1 be a �xed parameter, and ζ(s, α) denotes the Hurwitz zeta-function which
is de�ned, for α > 1, by the series

ζ(s, α) =

∞∑
m=0

1

(m+ α)s
,
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and can be meromorphically continued to the whole complex plane. Clearly, ζ(s, 1) = ζ(s), and

ζ

(
s,

1

2

)
= (2s − 1)ζ(s).

For other values of the parameter α, the function ζ(s, α) has no Euler product. It is well known that
the Hurwitz zeta-function with transcendental or rational 6= 1, 1

2 parameter α is also universal in
the above sense, however, its shifts ζ(s+ iτ, α) approximate not necessarily non-vanishing analytic
functions. The universality of ζ(s, α) with algebraic irrational α is an open problem.

Some other zeta-functions are also universal in the Voronin sense. The universality for zeta-
functions of certain cusp forms was obtained in [12], for periodic zeta-functions was studied in [20]
and [15], while the works [2], [4] and [5] are devoted to periodic Hurwitz zeta-functions. Universality
theorems for Lerch zeta-functions can be found in [11]. A very good survey on universality of zeta-
functions is given in [16].

In [19], H. Mishou began to study the so-called mixed joint universality. In this case, a collection
of analytic functions are simultaneously approximated by shifts of a collection of zeta-functions
consisting from functions having the Euler product and having no such a product. H. Mishou
considered the pair (ζ(s), ζ(s, α)) with transcendental α. For the statement of the Mishou theorem,
we need some notation. Let D =

{
s ∈ C : 1

2 < σ < 1
}
. Denote by K the class of compact subsets of

the strip D with connected complements. Moreover, let H(K), K ∈ K, be the class of continuous
functions on K which are analytic in the interior of K, and let H0(K), K ∈ K, be the subclass of
H(K) consisting from non-vanishing functions on K. Denote by measA the Lebesgue measure of a
measurable set A ⊂ R. Then H. Mishou proved [19] the following theorem.

Theorem 1. Suppose that α is transcendental number. Let K1,K2 ∈ K, and f1(s) ∈ H0(K1),
f2(s) ∈ H(K2). Then, for every ε > 0

lim inf
T→∞

1

T
meas

{
τ ∈ [0;T ] : sup

s∈K1

|ζ(s+ iτ)− f1(s)| < ε,

sup
s∈K2

|ζ(s+ iτ, α)− f2(s)| < ε
}
> 0.

Mixed joint universality theorems are also proved in [3], [7] and [10].
Our aim is to replace "lim inf"in Theorem 1 by "lim". In the case of the function ζ(s), this was

done in [13] and [18], and, in the case of ζ(s, α), a similar theorem was obtained in [14]. Let P be
the set of all prime numbers, N0 = N ∪ {0}, and

L(α,P) = {(log(m+ α) : m ∈ N0), (log p : p ∈ P)} .

Theorem 2. Suppose that the set L(α,P) is linearly independent over the �eld of rational
numbers Q. Let K1,K2 ∈ K , and f1(s) ∈ H0(K1), f2(s) ∈ H(K2). Then the limit

lim
T→∞

1

T
meas

{
τ ∈ [0;T ] : sup

s∈K1

|ζ(s+ iτ)− f1(s)| < ε, sup
s∈K2

|ζ(s+ iτ, α)− f2(s)| < ε
}
> 0

exists for all but at most countably many ε > 0.

For example, if α is transcendental, then the set L(α,P) is linearly independent over Q.
Let H(G) be the space of analytic functions on G equipped with the topology of uniform

convergence on compacta. In [9], universality theorems were proved for the functions F (ζ(s), ζ(s, α))
with some operators F : H2(D)→ H(D). Let

S = {g ∈ H(D) : g(s) 6= 0 or g(s) ≡ 0} .

Then, for example in [9], the following assertion was obtained.
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Theorem 3. Suppose that α is transcendental, and that F : H2(D) → H(D) is a continuous
operator such that, for every open set G ⊂ H(D), the set (F−1G) ∩ (S ×H(D)) is non-empty. Let
K ∈ K and f(s) ∈ H(D). Then, for every ε > 0,

lim inf
T→∞

1

T
meas

{
τ ∈ [0;T ] : sup

s∈K
|F (ζ(s+ iτ), ζ(s+ iτ, α))− f(s)| < ε

}
> 0.

More general results are obtained in [10].
Clearly, the transcendence of α in Theorem 3 can be replaced by a linear independence over Q

of the set L(α,P). Therefore, we will prove the following theorem.

Theorem 4. Suppose that the set L(α,P) is linearly independent over Q, and that F , K and
f(s) are the same as in Theorem 3. Then the limit

lim
T→∞

1

T
meas

{
τ ∈ [0;T ] : sup

s∈K
|F (ζ(s+ iτ), ζ(s+ iτ, α))− f(s)| < ε

}
> 0 (1)

exists for all but at most countably many ε > 0.

Now, let V be an arbitrary positive number, DV =
{
s ∈ C : 1

2 < σ < 1, |t| < V
}
and

SV = {g ∈ H(DV ) : g(s) 6= 0 or g(s) ≡ 0} .

For brevity, we use the notation H2(DV , D) = H(DV )×H(D).

Theorem 5. Suppose that the set L(α,P) is linearly independent over Q, and that K and f(s)
are the same as in Theorem 3, and V > 0 is such that K ⊂ DV . Let F : H2(DV , D)→ H(DV ) be
a continuous operator such that , for each polynomial p = p(s), the set (F−1{p}) ∩ (SV ×H(DV ))
is non-empty. Then the limit (1) exists for all but at most countably many ε > 0.

For example, Theorem 5 implies the modi�ed universality of the functions

c1ζ(s) + c2ζ(s, α) and c1ζ
′(s) + c2ζ

′(s, α) with c1, c2 ∈ C \ {0}.

Let a1, ..., ar be arbitrary distinct complex numbers, and

Ha1,...,ar(D) =
{
g ∈ H(D) : (g(s)− aj)−1 ∈ H(D), j = 1, ..., r

}
.

Theorem 6. Suppose that the set L(α,P) is linearly independent over Q, and F : H2(D) →
H(D) is a continuous operator such that F (S × H(D)) ⊃ Ha1,...,ar(D). When r = 1, let K ∈ K,
and f(s) ∈ H(K) and f(s) 6= a1 on K. Then the limit (1) exists for all but at most countably many
ε > 0. If r > 2, K ⊂ D is an arbitrary compact subset, and f(s) ∈ Ha1,...,ar(D), then the limit (1)
exists for all but at most countably many ε > 0.

The case r = 1 with a1 = 0 shows that, for F (g1(s), g2(s)) = eg1(s)+g2(s), the limit (1) exists
for all but at most countably many ε > 0. If r = 2 and a1 = 1, a2 = −1, then, for example, for
F (g1(s), g2(s)) = cos(g1(s) + g2(s)) and f(s) ∈ H1,−1(D), the limit (1) exists for all but at most
countably many ε > 0.

Theorem 7. Suppose that the set L(α,P) is linearly independent over Q, F : H2(D)→ H(D)
is a continuous operator, K ⊂ D is a compact subset, and f(s) ∈ F (S×H(D)). Then the limit (1)
exists for all but at most countably many ε > 0.
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2. Lemmas

In this section, we present probabilistic theorems on the weak convergence of probability
measures in the space of analytic functions.

Let γ = {s ∈ C : |s| = 1}, and

Ω1 =
∏
p

γp and Ω2 =
∞∏
m=0

γm,

where γp = γ for all p ∈ P, and γm = γ for all m ∈ N0. By the Tikhonov theorem, the tori Ω1 and
Ω2 with the product topology and operation of pointwise multiplication are compact topological
Abelian groups. Similarly, Ω = Ω1 × Ω2 is also a compact topological Abelian group. Therefore,
denoting by B(X) the Borel σ-�eld of the space X, we have that, on (Ω,B(Ω)), the probability
Haar measure mH can be de�ned, and we obtain the probability space (Ω,B(Ω),mH). Denote by
ω1(p) and ω2(m) the projections of ω1 ∈ Ω1 and ω2 ∈ Ω2 to the coordinate spaces γp, p ∈ P, and
γm, m ∈ N0, respectively, and, on the probability space (Ω,B(Ω),mH), de�ne the H2(D)-valued
random element ζ(s, ω), ω = (ω1, ω2) ∈ Ω, by the formula

ζ(s, α, ω) = (ζ(s, ω1), ζ(s, α, ω2)) ,

where

ζ(s, ω1) =
∏
p

(
1− ω1(p)

ps

)−1

and

ζ(s, α, ω2) =

∞∑
m=0

ω2(m)

(m+ α)s
.

Moreover, let
Pζ(A) = mH

(
ω ∈ Ω : ζ(s, α, ω) ∈ A

)
, A ∈ B(H2(D)),

i.e., Pζ is the distribution of the random element ζ(s, ω). We set ζ(s, α) =
(
ζ(s), ζ(s, α)

)
, and

PT (A)
def
=

1

T
meas

{
τ ∈ [0, T ] : ζ(s+ iτ, α) ∈ A

}
, A ∈ B(H2(D)).

Lemma 1. Suppose that the set L(α,P) is linearly independent over Q. Then P converges
weakly to Pζ as T →∞.

Proof. The lemma for transcendental α is proved in [19], Theorem 1, however, the
transcendence of α is used only for the linear independence of the set L(α,P).

�
Let X1 and X2 be two metric spaces, and let the function u : X1 → X2 be (B(X1),B(X2))-

measurable. Then every probability measure P on (X1,B(X1)) induces on (X2,B(X2)) the unique
probability measure Pu−1(A) given by the formula

Pu−1 = P (u−1A), A ∈ B(X2).

It is well known that if u is a continuous function, then it is (B(X1),B(X2))-measurable.
In the sequel, the following property of weakly convergent probability measures will be very

useful.

Lemma 2. Suppose that Pn, n ∈ N, and P are probability measures on (X1, B(X1)), the
function u : X1 → X2 is continuous, and Pn converges weakly to P as n → ∞. Then Pnu

−1 also
converges weakly to Pu−1 as n→∞.
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The lemma is Theorem 5.1 from [1].

Lemma 3. Suppose that the set L(α,P) is linearly independent over Q, and F : H2(D)→ H(D)
is a continuous operator. Then

PT,F (A)
def
=

1

T
meas

{
τ ∈ [0, T ] : F

(
ζ(s+ iτ, α)

)
∈ A

}
, A ∈ B(H(D)),

converges weakly to PζF
−1 as T →∞.

Proof. The de�nitions of PT and PT,F imply that PT,F = PTF
−1. Therefore, the continuity

of F and Lemmas 1 and 2 prove the lemma.
�

Let V > 0, and, for A ∈ B
(
H2(DV , D)

)
,

PT,V (A) =
1

T
meas

{
τ ∈ [0, T ] : ζ(s+ iτ, α) ∈ A

}
,

Pζ,V (A) = mH

(
ω ∈ Ω : ζ(s, α, ω) ∈ A

)
.

Lemma 4. Suppose that the set L(α,P) is linearly independent over Q, and F : H2(DV , D)→
H(DV ) is a continuous operator. Then

PT,F,V (A)
def
=

1

T
meas

{
τ ∈ [0, T ] : F

(
ζ(s+ iτ, α)

)
∈ A

}
, A ∈ B(H(DV )),

converges weakly to Pζ,V F
−1 as T →∞.

Proof. Clearly, the function uV : H2(D)→ H2(DV , D) given by the formula

uV (g1(s), g2(s)) =

(
g1(s)

∣∣∣
s∈DV

, g2(s)

)
, g1, g2 ∈ H(D),

is continuous, and, PT,V = PTu
−1
V . Therefore, Lemmas 1 and 2 imply that PT,V converges weakly

to Pζ,V as T →∞. Since PT,F,V = PT,V F
−1, we have that PT,F,V converges weakly to Pζ,V F−1 as

T →∞.
�

Now we consider the supports of the limit measures Pζ , PζF−1, Pζ,V and Pζ,V F−1.

Lemma 5. Suppose that the set L(α,P) is linearly independent over Q. Then the support of the
measure Pζ is the set S ×H(D).

Proof. Denote by m1H and m2H the probability Haar measures on (Ω1,B(Ω1)) and
(Ω2,B(Ω2)), respectively. Then we have thatmH is the product ofm1H andm2H , i.e., ifA = A1×A2,
where A1 ∈ B(Ω1) and A2 ∈ B(Ω2), then

mH(A) = m1H(A1)m2H(A2). (2)

The space H2(D) is separable, therefore, B(H2(D)) = B(H(D)) × B(H(D)). Thus, it su�ces to
consider the measure Pζ on the sets A = A1 ×A2, A1, A2 ∈ H(D).

It is known [20] that the support of the measure

m1H (ω1 ∈ Ω1 : ζ(s, ω1) ∈ A) , A ∈ B(H(D)) (3)
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is the set S. The linear independence of L(α,P) implies that of the set L(α) = {log(m+α) : m ∈ N0}.
Therefore, the case r = 1 of Theorem 11 from [6] gives that the support of the measure

m2H (ω2 ∈ Ω2 : ζ(s, α, ω2) ∈ A) , A ∈ B(H(D)), (4)

is the set H(D). Since

Pζ(A) = mH

(
ω ∈ Ω : ζ(s, α, ω) ∈ A

)
, A ∈ B(H2(D)),

in view of (2), we have that, for A = A1 ×A2,

Pζ(A) = m1H (ω1 ∈ Ω1 : ζ(s, ω1) ∈ A1)m2H (ω2 ∈ Ω2 : ζ(s, α, ω2) ∈ A2) .

Therefore, the lemma follows from remarks on supports of the measures (3) and (4), and minimality
property of a support.

�

Lemma 6. Suppose that the set L(α,P) is linearly independent over Q, and F : H2(D)→ H(D)
is a continuous operator such that, for every open set G ⊂ H(D), the set (F−1G) ∩ (S ×H(D)) is
non-empty. Then the support of the measure PζF

−1 is the whole of H(D).

Proof. We apply standard arguments. Let g ∈ H(D) be an arbitrary element, and G be its
any open neighborhood. Since the operator F is continuous, the set F−1G is open, too. Therefore,
by the hypothesis of the lemma, F−1G is an open neighborhood of a certain element of the set
S ×H(D). Hence, by Lemma 5, Pζ(F−1G) > 0. Therefore,

PζF
−1(G) = Pζ(F

−1G) > 0.

Since g and G are arbitrary, this proves the lemma.
�

In what follows, the Mergelyan theorem on the approximation of analytic functions by
polynomials will be exceptionally useful [17].

Lemma 7. Suppose that K ⊂ C is a compact subset with connected complement, and f(s) is a
continuous function on K which is analytic in the interior of K. Then, for every ε > 0, there exists
a polynomial p(s) such that

sup
s∈K
|f(s)− p(s)| < ε.

Lemma 8. Suppose that the set L(α,P) is linearly independent over Q, and V > 0. Then the
support of Pζ,V is the set SV ×H(D).

Proof. Let g be an arbitrary element of SV × H(D), and G be its open neighborhood. The
function uV de�ned in the proof of Lemma 4 is continuous. Therefore, by the de�nition of uV ,
the set u−1

V G is open and non-empty. Really, it is well known, see, for example, [8], that the
approximation in the space H(D) coincides with the uniform approximation on compact sets with
connected complements. Therefore, by Lemma 7, there exists a polynomial p(s) such that p(s) ∈ G.
Since the polynomial p(s) is an entire function, p(s) also belongs to u−1

V G. Thus, the set u−1
V G is

non-empty, and is an open neighborhood of an element from S ×H(D). Therefore, by Lemma 5,
Pζ(u

−1
V G) > 0. Hence, Pζ,V (G) = Pζu

−1
V (G) = Pζ(u

−1
V G) > 0. Clearly, if (g1, g2) ∈ S ×H(D), then

also (g1, g2) ∈ SV ×H(D). Therefore,

mH

(
ω ∈ Ω : ζ(s, α, ω) ∈ SV ×H(D)

)
> mH

(
ω ∈ Ω : ζ(s, α, ω) ∈ S ×H(D)

)
= 1.

Hence,
Pζ,V (SV ×H(D)) = 1.

�
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Lemma 9. Suppose that the set L(α,P) is linearly independent over Q. Let F : H2(DV , D)→
H(DV ) be a continuous operator such that, for each polynomial p = p(s), the set (F−1{p})∩ (SV ×
H(D)) is non-empty. Then the support of the measure Pζ,V F

−1 is the whole of H(DV ).

Proof. Let g be an arbitrary element of H(DV ), and G be its arbitrary open neighbourhood.
Then, by Lemma 7, there exists a polynomial p(s) ∈ G. Therefore, the hypotheses of the lemma
imply that the set F−1G is open and contains an element of the set SV ×H(D). Thus, in virtue of
Lemma 8, Pζ,V (F−1G) > 0. From this, it follows that

Pζ,V F
−1(G) = Pζ,V (F−1G) > 0,

and the lemma is proved because g and G are arbitrary.
�

Lemma 10. Suppose that the set L(α,P) is linearly independent over Q, and the operator
F : H2(D)→ H(D) satis�es the hypotheses of Theorem 6. Then the support of the measure PζF

−1

contains the closure of the set Ha1,...,ar(D).

Proof. Since F (S ×H(D)) ⊃ Ha1,...,ar(D), for each element g ∈ Ha1,...,ar(D), there exists an
element (g1, g2) ∈ S ×H(D)) such that F (g1, g2) = g. If G is an arbitrary open neighborhood of g,
then we have that the open set F−1G is an open neighborhood of a certain element of S ×H(D).
Therefore, in view of Lemma 5, Pζ(F−1G) > 0. Hence,

PζF
−1(G) = Pζ(F

−1G) > 0.

This shows that the element g lies in the support of the measure PζF−1. Since g is an arbitrary

element of Ha1,...,ar(D), we have that the support of PζF−1 contains the set Ha1,...,ar(D). However,
the support is a closed set, therefore, it contains the closure of Ha1,...,ar(D).

�

Lemma 11. Suppose that the set L(α,P) is linearly independent over Q, and F : H2(D) →
H(D) is a continuous operator. Then the support of PζF

−1 is the closure of F (S ×H(D)).

Proof. Let g be an arbitrary element of F (S ×H(D)), and G is its any neighborhood. Then,
by Lemma 5, Pζ(F−1G) > 0. Hence, PζF−1(G) > 0. Moreover, by Lemma 5 again,

PζF
−1 (F (S ×H(D))) = Pζ (S ×H(D)) = 1.

Therefore, the support of PζF−1 is the closure of F (S ×H(D)).
�

3. Proof of universality theorems

We will apply the equivalent of the weak convergence of probability measures in terms of
continuity sets. We remind that A ∈ B(X) is a continuity set of the probability measure P on
(X,B(X)) if P (∂A) = 0, where ∂A is the boundary of A.

Lemma 12. Let Pn, n ∈ N, and P be probability measures on (X,B(X)). Then Pn, as n→∞,
converges weakly to P if and only if, for every continuity set A of P ,

lim
n→∞

Pn(A) = P (A).
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A proof of the lemma can be found in[1], Theorem 2.1.

Proof of Theorem 2. Put

Gε =

{
(g1, g2) ∈ H2(D) : sup

s∈K1

|g1(s)− f1(s)| < ε, sup
s∈K2

|g2(s)− f2(s)| < ε

}
.

Then Gε is an open set in H2(D). Moreover,

∂Gε =

{
(g1, g2) ∈ H2(D) : sup

s∈K1

|g1(s)− f1(s)| < ε, sup
s∈K2

|g2(s)− f2(s)| = ε

}
∪
{

(g1, g2) ∈ H2(D) : sup
s∈K1

|g1(s)− f1(s)| = ε, sup
s∈K2

|g2(s)− f2(s)| < ε

}
∪
{

(g1, g2) ∈ H2(D) : sup
s∈K1

|g1(s)− f1(s)| = ε, sup
s∈K2

|g2(s)− f2(s)| = ε

}
.

Therefore, if ε1 > 0, ε2 > 0 and ε1 6= ε2, then ∂Gε1 ∩ ∂Gε2 = ∅. Hence, we have that Pζ(∂Gε) > 0
for at most a countable set of values of ε > 0. This means that the set Gε is a continuity set of Pζ
for all but at most countably many ε > 0. Therefore, by Lemmas 1 and 12,

lim
T→∞

1

T
meas

{
τ ∈ [0;T ] : ζ(s+ iτ) ∈ Gε

}
= Pζ(Gε),

or, by the de�nition of Gε,

lim
T→∞

1

T
meas

{
τ ∈ [0;T ] : sup

s∈K1

|ζ(s+ iτ)− f1(s)| < ε,

sup
s∈K2

|ζ(s+ iτ, α)− f2(s)| < ε
}

= Pζ(Gε) (5)

for all but at most countably many ε > 0. By Lemma 7, there exist polynomials p1(s) and p2(s)
such that

sup
s∈K1

∣∣f1(s)− ep1(s)
∣∣ < ε

2
(6)

and
sup
s∈K2

|f2(s)− p2(s)| < ε

2
. (7)

In view of Lemma 5,
{
ep1(s), p2(s)

}
is and element of the support of the measure Pζ . Therefore,

putting

Ĝε =

{
(g1, g2) ∈ H2(D) : sup

s∈K1

|g1(s)− ep1(s)| < ε

2
, sup
s∈K2

|g2(s)− p2(s)| < ε

2

}
,

we obtain that Pζ(Ĝε) > 0. Inequalities (6) and (7) show, that for (g1, g2) ∈ Ĝε,

sup
s∈K1

|g1(s)− f1(s)| < ε

and
sup
s∈K2

|g2(s)− f2(s)| < ε.

Thus, we have that Ĝε ⊂ Gε. Hence, Pζ(Gε) > Pζ(Ĝε) > 0. This together with (5) proves the
theorem.
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�

Proof of Theorem 4. De�ne the set

G1,ε =

{
g ∈ H(D) : sup

s∈K
|g(s)− f(s)| < ε

}
.

Then we have that G1,ε is a continuity set of the measure PζF−1 for all but at most countably
many ε > 0.Hence, in view of Lemmas 3 and 12,

lim
T→∞

1

T
meas

{
τ ∈ [0;T ] : F

(
ζ(s+ iτ, α)

)
∈ G1,ε

}
= lim
T→∞

1

T
meas

{
τ ∈ [0;T ] : sup

s∈K
|F (ζ(s+ iτ), ζ(s+ iτ, α))− f(s)| < ε

}
=PζF

−1(G1,ε) (8)

for all but at most countably many ε > 0. By Lemma 7, there exists a polynomial p(s) such that

sup
s∈K
|f(s)− p(s)| < ε

2
. (9)

De�ne

Ĝ1,ε =

{
g ∈ H(D) : sup

s∈K
|g(s)− f(s)| < ε

2

}
.

The polynomial p(s), by Lemma 6, is an element of the support of the measure PζF−1. Hence,

Pζ(Ĝ1,ε) > 0. Obviously, for g ∈ Ĝ1,ε, by (9),

sup
s∈K
|g(s)− f(s)| < ε.

Therefore, Ĝ1,ε ⊂ G1,ε, PζF−1(G1,ε) > PζF−1(Ĝ1,ε) > 0, and the theorem follows from (8).
�

Proof of Theorem 5.We follow the proof of Theorem 4, and use Lemma 4 in place of Lemma
3, and Lemma 9 in place of Lemma 6.

�

Proof of Theorem 6. The case r = 1. By Lemma 7, there exists a polynomial p(s) such that

sup
s∈K
|f(s)− p(s)| < ε

4
. (10)

By hypotheses of the theorem, f(s) 6= a1 on K. Therefore, in view of (10), p(s) 6= a1 on K as well
if ε is small enough. Thus, we can de�ne a continuous branch of log(p(s) − a1) which will be an
analytic function in the interior of K. Using Lemma 7 once more, we �nd a polynomial p1(s) such
that

sup
s∈K
|p(s)− a1 − ep1(s))| < ε

4
. (11)

Now we put f1(s) = ep1(s) +a1. Then f1(s) ∈ H(D) and f1(s) 6= a1. Therefore, by Lemma 10, f1(s)
is an element of the support of the measure PζF−1. De�ne

G1,ε =

{
g ∈ H(D) : sup

s∈K
|g(s)− f1(s)| < ε

2

}
.
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Then G1,ε is an open neighborhood of f1(s), thus, PζF−1(G1,ε) > 0. Now consider the set

Ĝ1,ε =

{
g ∈ H(D) : sup

s∈K
|g(s)− f(s)| < ε

}
.

Similarly as in the proof of the above theorems, we observe that G1,ε is an continuity set of the
measure PζF−1 for all but at most countably many ε > 0. Therefore, taking into account Lemmas
3 and 12, we have that

lim
T→∞

1

T
meas

{
τ ∈ [0;T ] : F

(
ζ(s+ iτ, α)

)
∈ Ĝ1,ε

}
= lim
T→∞

1

T
meas

{
τ ∈ [0;T ] : sup

s∈K
|F (ζ(s+ iτ, α))− f(s)| < ε

}
= PζF

−1(Ĝ1,ε). (12)

Clearly, by (10) and (11),

sup
s∈K
|f(s)− f1(s)| < ε

2
.

Therefore, if g ∈ G1,ε, then g ∈ Ĝ1,ε, i.e., G1,ε ⊂ Ĝ1,ε. Since PζF−1(G1,ε) > 0, we have that

PζF
−1(Ĝ1,ε) > 0. This inequality together with (12) proves the theorem in the case r = 1.
Now let r > 2. De�ne

G2,ε =

{
g ∈ H(D) : sup

s∈K
|g(s)− f(s)| < ε

}
.

Since f(s) ∈ Ha1,...,ar(D), we have by Lemma 10, that f(s) is an element of the support of PζF−1.
Moreover, G2,ε is an open neighborhood of f(s). Therefore,

PζF
−1(G2,ε) > 0. (13)

On the other hand, G2,ε is a continuity set of the measure PζF−1 for all but at most countably
many ε > 0. Therefore, in view of Lemmas 3 and 12, and (12)

lim
T→∞

1

T
meas

{
τ ∈ [0;T ] : sup

s∈K
|F (ζ(s+ iτ, α))− f(s)| < ε

}
= lim

T→∞

1

T
meas

{
τ ∈ [0;T ] : F

(
ζ(s+ iτ, α)

)
∈ G2,ε

}
= PζF

−1(G2,ε) > 0.

�

Proof of Theorem 7. We repeat the proof of the case r > 2 of Theorem 6, and, in place of
Lemma 10, we apply Lemma 11.

�

4. Conclusions

It was well known that the Riemann zeta-function ζ(s) and Hurwitz zeta-function ζ(s, α) with
transcendental or rational parameter α are universal in the Voronin sense, i.e., their shifts ζ(s+ iτ)
and ζ(s + iτ, α), τ ∈ R, approximate functions from wide classes. H. Mishou obtained a joint
universality theorem for ζ(s) and ζ(s, α). He proved that the set of shifts (ζ(s + iτ), ζ(s + iτ, α))
with transcendental α approximating a pair of given analytic functions has a positive lower density.
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In the paper, it is observed that the set of the above shifts has a positive density for all but at most
countably many values of ε > 0, where ε is accuracy of approximation.

Also, it is obtained that composite functions F (ζ(s), ζ(s, α)) for some classes of operators F
in the space of analytic functions H(D) has a similar approximation property, namely, the set of
shifts F (ζ(s+ iτ), ζ(s+ iτ, α)) approximating a given analytic function with accuracy ε > 0 has a
positive density for all but at most countably many values of ε.
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ÁÅÇ ÂÇÀÈÌÎÄÅÉÑÒÂÈß
À. À. Ëûêîâ, Â. À. Ìàëûøåâ, Â. Í. ×óáàðèêîâ (ã. Ìîñêâà)

Àííîòàöèÿ

Îáû÷íî â ìàòåìàòèêå è ôèçèêå ðàññìàòðèâàþòñÿ ñèñòåìû òî÷å÷íûõ ÷àñòèö ëèáî êîíå÷-
íûå ëèáî ñ÷åòíûå. Â ñòàòüå ââîäèòñÿ íîâûé ôîðìàëüíûé ìàòåìàòè÷åñêèé îáüåêò. Èìåííî,
ìû îïðåäåëÿåì ðåãóëÿðíûå ñèñòåìû êîíòèíóóìà òî÷å÷íûõ ÷àñòèö (ñ êîíòèíóàëüíûì ÷èñ-
ëîì ÷àñòèö). Â íà÷àëüíûé ìîìåíò êàæäàÿ ÷àñòèöà õàðàêòåðèçóåòñÿ ïàðîé: (íà÷àëüíàÿ
êîîðäèíàòà, íà÷àëüíàÿ ñêîðîñòü) â R2d. Ïðè ýòîì âñå íà÷àëüíûå êîîðäèíàòû ðàçëè÷íû
è çàïîëíÿþò íåêîòîðóþ îáëàñòü â Rd. Êàæäàÿ èç ÷àñòèö íà÷èíàåò äâèãàòüñÿ ñîãëàñíî
îáû÷íîé íüþòîíîâñêîé äèíàìèêå ïîä âëèÿíèåì íåêîòîðîé âíåøíåé ñèëû, íî áåç âçàèìî-
äåéñòâèÿ äðóã ñ äðóãîì. Åñëè âíåøíÿÿ ñèëà îãðàíè÷åíà, òî òðàåêòîðèè ëþáûõ äâóõ ÷àñòèö
â ôàçîâîì ïðîñòðàíñòâå íå ïåðåñåêàþòñÿ. Òî÷íåå ãîâîðÿ, â ëþáîé çàäàííûé ìîìåíò âðå-
ìåíè ó ëþáûõ äâóõ ÷àñòèö ëèáî êîîðäèíàòû ëèáî ñêîðîñòè ðàçëè÷íû. Ñèñòåìà ÷àñòèö
íàçûâàåòñÿ ðåãóëÿðíîé, åñëè ñòîëêíîâåíèé ÷àñòèö íåò è â êîîðäèíàòíîì ïðîñòðàíñòâå.

Óñëîâèå ðåãóëÿðíîñòè íåîáõîäèìî äëÿ òîãî, ÷òîáû êëþ÷åâîå ïîíÿòèå ñêîðîñòè ÷àñòè-
öû â çàäàííûé ìîìåíò è íàõîäÿùåéñÿ â çàäàííîé òî÷êå ïðîñòðàíñòâà áûëî åäèíñòâåííûì
îáðàçîì îïðåäåëåíà. È òîãäà äëÿ íåå êëàññè÷åñêîå óðàâíåíèå Ýéëåðà äëÿ ïîëÿ ñêîðîñòåé
èìååò ÷åòêèé ñìûñë. Õîòÿ êîíòèíóóì ÷àñòèö ýòî ôàêòè÷åñêè îïðåäåëåíèå ñïëîøíîé ñðå-
äû, íî âàæíåéøåå ïîíÿòèå ðåãóëÿðíîñòè, êàæåòñÿ, íå áûëî èññëåäîâàíî â ìàòåìàòè÷åñêîé
ëèòåðàòóðå.

Îáíàðóæèëîñü, ÷òî êàæóùàÿñÿ ïðîñòîòà îáúåêòà (îòñóòñòâèå âçàèìîäåéñòâèÿ) îáìàí-
÷èâà. È äàæå äëÿ ïðîñòûõ âíåøíèõ ñèë ìû íå ñìîãëè íàéòè ïðîñòûõ íåîáõîäèìûõ è
äîñòàòî÷íûõ óñëîâèé ðåãóëÿðíîñòè. Îäíàêî, îòêðûëñÿ áîãàòûé çàïàñ ïðèìåðîâ, êàê â îä-
íîìåðíîì òàê è â ìíîãîìåðíîì ñëó÷àå, äëÿ êîòîðûõ ìû è ïîëó÷àåì óñëîâèÿ ðåãóëÿðíîñòè
íà ðàçíûõ âðåìåííûõ èíòåðâàëàõ. Â çàêëþ÷åíèå ìû ôîðìóëèðóåì ìíîæåñòâî çàäà÷ äëÿ
ðåãóëÿðíûõ ñèñòåì ñ âçàèìîäåéñòâèåì.

Êëþ÷åâûå ñëîâà: äèíàìèêà òî÷å÷íûõ ÷àñòèö, ñïëîøíàÿ ñðåäà, óðàâíåíèå Ýéëåðà, îò-
ñóòñòâèå ñòîëêíîâåíèé.

Áèáëèîãðàôèÿ: 12 íàçâàíèé.

REGULAR CONTINUUM SYSTEMS OF POINT PARTICLES. I:
SYSTEMS WITHOUT INTERACTION

A. A. Lykov, V. A. Malyshev, V. N. Chubarikov (Moscow)

Abstract

Normally in mathematics and physics only point particle systems, which are either �nite or
countable, are studied. We introduce new formal mathematical object called regular continuum
system of point particles (with continuum number of particles). Initially each particle is
characterized by the pair: (initial coordinate, initial velocity) in R2d. Moreover, all initial
coordinates are di�erent and �ll up some domain in Rd. Each particle moves via normal
newtonian dynamics under in�uence of sone external force, but there is no interaction between
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particles. If the external force is bounded then trajectories of any two particles in the phase
space do not intersect. More exactly, at any time moment any two particles have either di�erent
coordinates or di�erent velocities. The system is called regular if there are no particle collisions
in the coordinate space.

The regularity condition is necessary for the velocity of the particle, situated at a given time
at a given space point, were uniquely de�ned. Then the classical Euler equation for the �eld
of velocities has rigorous meaning. Though the continuum of particles is in fact a continuum
medium, the crucial notion of regularity was not studied in mathematical literature.

It appeared that the seeming simplicity of the object (absence of interaction) is delusive.
Even for simple external forces we could not �nd simple necessary and su�cient regularity
conditions. However, we found a rich list of examples, one dimensional and many dimensional,
where we get regularity conditions on di�erent time intervals. In conclusion we formulate many
perspective problems for regular systems with interaction.

Keywords: point particle dynamics, continuum media, Euler equation, absence of collisions.

Bibliography: 12 titles.

1. Ââåäåíèå

Äàäèì ñíà÷àëà òî÷íîå îïðåäåëåíèå îáúåêòà, êîòîðûé ìû áóäåì çäåñü èçó÷àòü.
Ðåãóëÿðíàÿ êîíòèíóàëüíàÿ ñèñòåìà MT òî÷å÷íûõ ÷àñòèö îòîæäåñòâëÿåòñÿ ñ íàáîðîì

ïîäìíîæåñòâ Λt ∈ Rd â ìîìåíòû âðåìåíè t ∈ [0, T ), 0 < T ≤ ∞. Ïðè ýòîì Λ0 ïðåä-
ïîëàãàåòñÿ çàìûêàíèåì îòêðûòîé îáëàñòè â Rd ñ êóñî÷íî ãëàäêîé ãðàíèöåé ∂Λ0. Êàæäàÿ
òî÷êà ýòîé îáëàñòè ðàññìàòðèâàåòñÿ êàê �ìàòåðèàëüíàÿ ÷àñòèöà� áåñêîíå÷íî ìàëîé ìàññû.
Äèíàìèêà îïðåäåëÿåòñÿ ñèñòåìîé âçàèìíî-îäíîçíà÷íûõ îòîáðàæåíèé (äèôôåîìîðôèçìîâ)
Ut = U0,t : Λ0 → Λt, t ∈ [0,Ò), ïðè÷åì ýòè îòîáðàæåíèÿ ïðåäïîëàãàþòñÿ äîñòàòî÷íî ãëàäêèìè
ïî x è êóñî÷íî-ãëàäêèìè ïî t. Ïðè ýòîì U0(x) ÿâëÿåòñÿ òîæäåñòâåííûì îòîáðàæåíèåì. Òàêèì
îáðàçîì, êàæäàÿ òî÷êà (÷àñòèöà) x ∈ Λ0 îïèñûâàåò ñâîþ òðàåêòîðèþ â Rd: y(t, x) = Ut(x),
ãäå y(0, x) = x - íà÷àëüíîå ïîëîæåíèå ýòîé ÷àñòèöû. Èç îïðåäåëåíèÿ ñëåäóåò, ÷òî ÷àñòèöû
íèêîãäà íå ñòàëêèâàþòñÿ, òî åñòü y(t, x) 6= y(t, x′) äëÿ âñåõ t è x 6= x′.

Ìû íàçîâåì MT ñèñòåìîé áåç âçàèìîäåéñòâèÿ, åñëè y(t, x) îïðåäåëÿþòñÿ ðåøåíèÿìè óðàâ-
íåíèé

d2y(t, x)

dt2
= Fx(y(t, x)), y(0, x) = x,

dy(0, x)

dt
= v(x) (1)

äëÿ íåêîòîðûõ äâóõ äàííûõ ôóíêöèé: íà÷àëüíîé ñêîðîñòè v(x) è âíåøíèõ ñèë Fx(y), âîçìîæ-
íî ðàçíûõ äëÿ ðàçíûõ ÷àñòèö. Äàëåå ìû ñ÷èòàåì, ÷òî ëèáî Fx(y) = F (y) íå çàâèñèò îò x ëèáî
Fx(y) = F (y)

m(x) äëÿ íåêîòîðîé ôóíêöèè F (y) è m(x) > 0, ñì. íèæå ðàçäåë 4. Âñåãäà ïðåäïî-
ëàãàåòñÿ, ÷òî v(x) è m(x) äîñòàòî÷íî ãëàäêî çàâèñÿò îò x ∈ Λ0, à F (y) ãëàäêàÿ èëè êóñî÷íî
ãëàäêàÿ ïî y. Ïðè ýòîì, âñåãäà ïðåäïîëàãàåòñÿ, ÷òî êàæäîå óðàâíåíèå (1) èìååò åäèíñòâåííîå
ðåøåíèå íà âñåì ðàññìàòðèâàåìîì èíòåðâàëå [0, T ). Åñëè ñïåöèàëüíî íå îãîâîðåíî, ñ÷èòàåòñÿ
÷òî m(x) = 1.

Êîíå÷íî, ïîíèìàíèå ñïëîøíîé ñðåäû êàê ñîñòîÿùåé èç êîíòèíóóìà ÷àñòèö áåñêîíå÷íî
ìàëîé ìàññû õîðîøî èçâåñòíî ìàòåìàòèêàì, ñì. íàïðèìåð [7], ñòð. 56. Öåëü äàííîé ñòàòüè
� ïîä÷åðêíóòü âàæíîñòü ïîíÿòèÿ ðåãóëÿðíîñòè è äàòü ïðèìeðû êëàññîâ òàêèõ ñèñòåì. Åñëè
ñâîéñòâà ãëàäêîñòè y(t, x) ñëåäóþò èç îáùèõ òåîðåì òåîðèè îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé, òî ãëàâíàÿ òðóäíîñòü � ïðîâåðêà îòñóòñòâèÿ ñòîëêíîâåíèé (ïîä÷åðêíåì, ÷òî ìû
ðàññìàòðèâàåì òðàåêòîðèè íå â ôàçîâîì ïðîñòðàíñòâå Rd × Rd, à òîëüêî èõ ïðîåêöèè íà
ïðîñòðàíñòâî Rd).

Ñëîâî <<ðåãóëÿðíàÿ>> ïîä÷åðêèâàåò, ÷òî âîçìîæíû áîëåå îáùèå îïðåäåëåíèÿ êîíòèíó-
àëüíûõ ñèñòåì.
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2. Îñíîâíûå ðåçóëüòàòû

2.1. Îäíîìåðíûå ñèñòåìû

Ãëàäêàÿ ñèëà

Çàìåòèì ñíà÷àëà, ÷òî åñëè v(x) è F (y) íåóáûâàþùèå ôóíêöèè�òî ñòîëêíîâåíèé íå áóäåò,
ïîñêîëüêî ÷àñòèöà íå ñìîæåò äîãíàòü ÷àñòèöû, íàõîäÿùèåñÿ â ìîìåíò t = 0 ïðàâåå åå.

Çäåñü Λ0 = [0, 1], à F (y), y ∈ [−∞,∞), ïðåäïîëàãàåòñÿ ãëàäêîé. Îïðåäåëèì ïîòåíöèàëüíóþ
ýíåðãèþ â ïðîèçâîëüíîé òî÷êå y è ïîëíóþ ýíåðãèþ ÷àñòèöû â ìîìåíò t, âûøåäøåé èç òî÷êè
x, ñîîòâåòñòâåííî óðàâíåíèþ (1),

U(y) = −
ˆ y

0
F (z)dz,Ht(x) =

u2(t, y(t, x)))

2
+ U(y(t, x))

ãäå ÷åðåç

u(t, x) =
dy(t, x)

dt

îáîçíà÷åíà ñêîðîñòü ÷àñòèöû, îêàçàâøåéñÿ â ìîìåíò t â òî÷êå y.
Ìû äîêàæåì ñíà÷àëà áîëåå ïðîñòîå, íî íàãëÿäíîå óòâåðæäåíèå, à ïîòîì òåõíè÷åñêè áîëåå

ñëîæíîå. Îáîçíà÷èì T (x, y) ìîìåíò âðåìåíè, êîãäà òî÷êà x ∈ [0, 1] âïåðâûå ïîïàä¼ò â òî÷êó
y.

Ñäåëàåì ñëåäóþùèå ïðåäïîëîæåíèÿ:
1) v(x) > 0,
2) äëÿ âñåõ x ∈ [0, 1] è âñåõ y ≥ x ôóíêöèÿ H0(x)− U(y) > 0. Â ÷àñòíîñòè� òàê áóäåò åñëè

F (y) ïîëîæèòåëüíà ïðè âñåõ y > 0 (ïðè ýòîì âñå ÷àñòèöû äâèæóòñÿ â îäíó ñòîðîíó).

Òåîðåìà 1. Â ýòèõ ïðåäïîëîæåíèÿõ ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:
1) íà âñåì èíòåðâàëå [0,∞) íå áóäåò ñòîëêíîâåíèé ÷àñòèö;
2) äëÿ âñåõ y > 0 ôóíêöèÿ T (x, y) ñòðîãî óáûâàåò ïî x íà îòðåçêå x ∈ [0,min{y, 1}]:
3) ïðè x ∈ [0,min{y, 1}]

1

v(x)
+
v(x)v′x(x)− F (x)

2
√

2

ˆ y

x

dz

((H0(x)− U(z))
3
2

≥ 0

ïðè÷åì ðàâåíñòâî íóëþ âîçìîæíî ëèøü íà äèñêðåòíîì ìíîæåñòâå òî÷åê.

Òåîðåìà 2. Ïóñòü òåïåðü v(x) ≥ 0,m(x), F (y) > 0 ∈ C1(R1). Òîãäà â ñèñòåìà íå
áóäåò ñòîëêíîâåíèé â òîì è òîëüêî â òîì ñëó÷àå, êîãäà äëÿ âñåõ x ∈ [0,min{y, 1}] è y > x
âûïîëíÿåòñÿ íåðàâåíñòâî

H ′0(x)

(
1√

2(H0(x)− U(y))

1

F (y)
+

ˆ y

x

1√
2(H0(x)− U(z))

F ′(z)

F 2(z)
dz

)
< (2)

<
v′(x)

√
m(x)

F (x)
+

v(x)m′(x)

2F (x)
√
m(x)

Â ÷àñòíîì ñëó÷àå, êîãäà v(x) = 0, m(x) = 1 äëÿ âñåõ x ∈ [0, 1] íåðàâåíñòâî (2) ðàâíîñèëüíî
ñëåäóþùåìó:

1√
U(x)− U(y)

+ F (y)

ˆ y

x

1√
U(x)− U(z)

F ′(z)

F 2(z)
dz > 0

Îòìåòèì, ÷òî àíàëîãè÷íîå óòâåðæäåíèå âåðíî, åñëè ôóíêöèè F (y), v(x),m(x) ÿâëÿþòñÿ
êóñî÷íî ãëàäêèìè.
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Êóñî÷íî-ïîñòîÿííàÿ ñèëà

Òåîðåìà 3. 1) (îäíà ñòóïåíüêà) Ïóñòü äëÿ íåêîòîðûõ F1 > 0, F2 ≥ 0 è A > 1

F (x) = F1, 0 ≤ x < A, F (x) = F2, x ≥ A

Åñëè v(x) = 0 äëÿ âñåõ x ∈ [0, 1], òî ñòîëêíîâåíèé íå áóäåò åñëè è òîëüêî åñëè F2 ≥ F1.

Åñëè æå v(x) ≥ 0 äëÿ âñåõ x ∈ [0, 1], òî ñòîëêíîâåíèé íå áóäåò, åñëè è òîëüêî åñëè äëÿ
âñåõ x ∈ [0, 1] âûïîëíÿþòñÿ îäíîâðåìåííî äâà íåðàâåíñòâà:

− 2(A− x)v′(x) < v(x) +
√
D(x), (3)

v′(x)((F1 − F2)v(x) + F2

√
D(x)) > F1(F1 − F2), (4)

ãäå

D(x) = v2(x) + 2F1(A− x)

2) (äâå ñòóïåíüêè) ïóñòü v(x) = 0 äëÿ âñåõ x ∈ [0, 1], à äëÿ íåêîòîðûõ 0 < F2 < F1, F2 < F3

è 1 < A < B

F (x) = F1, 0 ≤ x < A, F (x) = F2, x ∈ [A,B), F (x) = F3, x ≥ B

Òîãäà ñòîëêíîâåíèé íå áóäåò òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿåòñÿ íåðàâåíñòâî:

B −A 6 α(A− 1), α =
F1(F3 − F1) (F3(F1 − F2) + F1(F3 − F2))

(F1 − F2)2F 2
3

, (5)

Îòìåòèì íåîáõîäèìîå óñëîâèå îòñóòñòâèÿ ñòîëêíîâåíèé: F3 > F1, âûòåêàþùåå èç ñôîðìó-
ëèðîâàííîãî óòâåðæäåíèÿ. Òàêæå çàìåòèì, ÷òî ìíîæåñòâî òåõ B > A > 1, äëÿ êîòîðûõ èìååò
ìåñòî îòñóòñòâèÿ ñòîëêíîâåíèé, íå ïóñòî ïðè óñëîâèè F3 > F1.

Íåîæèäàííûì ñëåäñòâèåì âòîðîãî óòâåðæäåíèÿ ïóíêòà 1) òåîðåìû 3 äëÿ ñëó÷àÿ F2 = 0
îêàçûâàåòñÿ ñëåäóþùåå ïðîñòîå äîñòàòî÷íîå (íî íå íåîáõîäèìîå) óñëîâèå îòñóòñòâèÿ ñòîëê-
íîâåíèé:

v′(x) >
F1√

F1x+ v2(0)
.

2.2. Ìíîãîìåðíûå ñèñòåìû

Ìíîãîìåðíûé àíàëîã ìîíîòîííîñòè ñèëû

Íàïîìíèì ñíà÷àëà, ÷òî â îäíîìåðíîì ñëó÷àå, åñëè ñèëà, äåéñòâóþùàÿ íà ÷àñòèöó, íå óáû-
âàåò è íà÷àëüíûå ñêîðîñòè íå óáûâàþò, òî ñòîëêíîâåíèé íå áóäåò. Ñôîðìóëèðóåì îáîáùåíèå
äàííîãî óòâåðæäåíèÿ äëÿ ìíîãîìåðíîãî ñëó÷àÿ.

Òåîðåìà 4. Ïóñòü ñèëà F (y) òàêîâà, ÷òî äëÿ âñåõ x, y ∈ Rd ñïðàâåäëèâî íåðàâåíñòâî:

(F (y)− F (x), y − x) > 0.

Äîïîëíèòåëüíî ïðåäïîëæèì, ÷òî äëÿ âñåõ x1, x2 ∈ Λ âûïîëíåííî íåðàâåíñòâî:

(v(x2)− v(x1), x2 − x1) > 0.

Òîãäà ñòîëêíîâåíèé íå áóäåò.
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Ëèíåéíàÿ ñèëà

Ïðåäïîëîæèì, ÷òî ñèëà F ÿâëÿåòñÿ ëèíåéíîé, ò.å.

F (y) = Ay + b,

äëÿ íåêîòîðîé (d× d)-ìàòðèöû A è b ∈ Rd.
Äàëåå ìû áóäåì äëÿ ïðîñòîòû ïðåäïîëàãàòü, ÷òî âñå ñîáñòâåííûå ÷èñëà λ1, . . . , λd ìàòðèöû

A âåùåñòâåííû è ñóùåñòâóåò áàçèñ ïðîñòðàíñòâà Rd ñîñòàâëåííûé èç ñîáñòâåííûõ âåêòîðîâ
ìàòðèöû A, ïðè÷¼ì, Aui = λiui, i = 1, . . . , d.

Òåîðåìà 5. Ïðåäïîëîæèì, ÷òî âñå ñîáñòâåííûå ÷èñëà ìàòðèöû A íåîòðèöàòåëüíû è,
÷òî äëÿ âñåõ x1, x2 ∈ Λ âûïîëíÿåòñÿ íåðàâåíñòâî:

(v(x2)− v(x1), x2 − x1) > 0,

òîãäà ñòîëêíîâåíèé íå áóäåò.

Êóñî÷íî-ïîñòîÿííàÿ ñèëà.

Lemma 1. Ïóñòü F (y) = F äëÿ âñåõ y ∈ Rd äëÿ íåêîòîðîãî ïîñòîÿííîãî âåêòîðà F ∈ Rd.
×àñòèöû x1, x2 ñòàëêèâàþòñÿ òîãäà è òîëüêî òîãäà, êîãäà âåêòîðû R(x1, x2) = x2 − x1 è
V (x1, x2) = v(x2)− v(x1) ïàðàëëåëüíû è âûïîëíåíî íåðàâåíñòâî:

(R(x1, x2), V (x1, x2)) < 0,

ãäå (, ) îáîçíà÷àåò ñòàíäàðòíîå åâêëèäîâî ïðîèçâåäåíèå â Rd.

Äàëåå, ïðåäïîëîæèì, ÷òî ñèëà F îïðåäåëÿåòñÿ ñëåäóþùèì óñëîâèåì:

F (y) =

{
F1, y ∈ Π1 = {y = (y1, . . . , yd) ∈ Rd : yd < A}
F2, y ∈ Π2 = {y = (y1, . . . , yd) ∈ Rd : yd > A}

,

ãäå Fk = (F 1
k , F

2
k , . . . , F

d
k ) ∈ Rd, k = 1, 2 ïîñòîÿííûå âåêòîðà è ïàðàìåòð A > 0. Äëÿ îïðåäå-

ë¼ííîñòè, áóäåì ñ÷èòàòü, ÷òî F d1 > 0. Áóäåì ñ÷èòàòü, ÷òî Λ ⊂ Π1.
Åñòåñòâåííûì è â êàêîé-òî ìåðå íåîæèäàííûì îáîáùåíèåì òåîðåìû (3) ÿâëÿåòñÿ ñëåäóþ-

ùåå óòâåðæäåíèå.

Òåîðåìà 6. Ïðåäïîëîæèì, ÷òî v(x) = 0 äëÿ âñåõ x ∈ Λ è F d2 > 0. Òîãäà ñòîëêíîâåíèé
íå áóäåò â òîì è òîëüêî â òîì ñëó÷àå, åñëè F d1 6 F

d
2 .

Çàìåòèì, ÷òî óñëîâèå F d2 > 0 íåîáõîäèìî äëÿ òîãî, ÷òîáû ÷àñòèöà ïîñëå ïîïàäàíèÿ â
ìíîæåñòâî Π2 íå âîçâðàùàëàñü â ìíîæåñòâî Π1. Åñëè ýòî óñëîâèå íå áóäåò âûïîëíÿòñÿ, òî
âîçìîæíû îñöèëëÿöèè ÷àñòèöû ìåæäó ìíîæåñòâàìè Π1,Π2 è àíàëèç îñëîæíèòñÿ.

Öåíòðàëüíîå ïîëå íà ïëîñêîñòè

Ðàññìîòðèì ñëó÷àé, êîãäà d = 2, è êðîìå åâêëèäîâûõ êîîðäèíàò x = (x1, x2) áóäåì òàêæå
èñïîëüçîâàòü ïîëÿðíûå êîîðäèíàòû (r, φ) íà ïëîñêîñòè:

x1 = r cosφ, x2 = r sinφ.

Ïóñòü Λ0 îãðàíè÷åíà è íå ñîäåðæèò íà÷àëà êîîðäèíàò, à çíà÷èò îíà ñîäåðæèòñÿ â íåêîòîðîì
êîëüöå

O(R1, R2) = {x : 0 < R1 < r < R2 <∞}
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Ñèëó áóäåì ïðåäïîëàãàòü öåíòðàëüíîé, òî åñòü íàïðàâëåííîé ïî ðàäèóñó è ðàâíîé

F (r) = −∂U(r)

∂r
, y ∈ R2,

ãäå U � ãëàäêàÿ ñêàëÿðíàÿ ôóíêöèÿ íà (0,∞), ïîòåíöèàëüíàÿ ýíåðãèÿ ïîëÿ.
| · | îáîçíà÷àåò åâêëèäîâó íîðìó íà ïëîñêîñòè
Áóäåì îáîçíà÷àòü r(t, x), φ(t, x) íîðìó è óãîë òî÷êè y(t, x) â ìîìåíò âðåìåíè t. Çàìåòèì,

÷òî òðàåêòîðèÿ

y(t, x) = (r(t, x), φ(t, x)).

îäíîçíà÷íî îïðåäåëÿåòñÿ ïîëåì íà÷àëüíûõ ñêîðîñòåé v(0, x), x ∈ Λ, èëè ôóíêöèÿìè

dr(0, x)

dt
,
dφ(0, x)

dt
, x ∈ Λ

Ñäåëàåì ñëåäóþùèå ïðåäïîëîæåíèÿ:

1. Äëÿ âñåõ òî÷åê x ∈ Λ

dr(0, x)

dt
= g(|x|) > 0.

dφ(0, x)

dt
= h(|x|)

çàâèñÿò ëèøü îò r è ïåðâàÿ èç íèõ ïîëîæèòåëüíà.

2. Äëÿ âñåõ r2 > r1 > R1 ñïðàâåäëèâî íåðàâåíñòâî:

−dU(r2)

dr2
+
M2(r1)

r3
2

> 0,

ãäå M(r) = r2h(r) � êèíåòè÷åñêèé ìîìåíò.

Êàê áóäåò âèäíî äàëåå, ýòè óñëîâèÿ ãàðàíòèðóþò, ÷òî òî÷êà x ìîíîòîííî óõîäèò â áåñêîíå÷-
íîñòü, ò.å. r(t, x) ìîíîòîííî óâåëè÷èâàåòñÿ ñ ðîñòîì t.

Òåîðåìà 7. Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ, äëÿ òîãî, ÷òîáû îòñóòñòâîâàëè ñòîëê-
íîâåíèÿ äîñòàòî÷íî, ÷òîáû äëÿ âñåõ R1 < r1 < R2 è r2 > r1 âûïîëíÿëîñü íåðàâåíñòâî:

ˆ r2

r1

d

dr1

1√
2(E0(r1)− V (z, r1))

dz <
1

g(r1)
,

ãäå

E0(r) =
1

2
g2(r) + U(r) +

1

2
r2h2(r), V (z, r) = U(z) +

r4h2(r)

2z2
.

Çàìåòèì, ÷òî äèíàìèêà îáëàñòè Λ0 áóäåò âûãëÿäåòü ñëåäóþùèì îáðàçîì. Âñå òî÷êè ïåðå-
ñå÷åíèÿ Λ0 ñ îêðóæíîñòüþ γr ðàäèóñà r > 0 â ìîìåíò âðåìåíè t áóäóò ëåæàòü íà îêðóæíîñòè
íåêîòîðîãî ðàäèóñà R(t, r), ïîâåðíóòûå âîêðóã íà÷àëà êîîðäèíàò íà îäèíàêîâûé óãîë φ(t, r).
Ïðè ýòîì R(t, r) è φ(t, r) çàâèñÿò òîëüêî îò r è t.

Óñëîâèå 2) ìîæíî îñëàáèòü, à èìåííî, ïðåäïîëîæèâ, ÷òî g(|x|) > 0. Òîãäà äîêàçàòåëüñòâî
íóæíî èçìåíèòü ïî òîìó æå ïëàíó, ÷òî è â òåîðåìå 2.
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3. Äîêàçàòåëüñòâà

3.1. Îäíîìåðíûå ñèñòåìû

Ãëàäêàÿ ñèëà � òåîðåìà 1

Ýêâèâàëåíòíîñòü 1) è 2) î÷åâèäíà � ýòî îçíà÷àåò ÷òî íèêàêàÿ ÷àñòèöà íå äîãîíèò íèêàêóþ
÷àñòèöó, ðàñïîëîæåííóþ â ìîìåíò t = 0 ïðàâåå. Äëÿ äîêàçàòåëüñòâà 3) çàìàòèì, ÷òî èç çàêîíà
ñîõðàíåíèÿ ïîëíîé ýíåðãèè Ht(x) = H0(x) ñëåäóåò ÿâíàÿ ôîðìóëà

T (x, y) =

ˆ y

x

dz√
2(H0(x)− U(z))

(6)

Çàìåòèì, ÷òî â íàøèõ ïðåäïîëîæåíèÿõ ôóíêöèÿ U íåâîçðàñòàþùàÿ ôóíêöèÿ x è ïîýòîìó
ïîäêîðåííûå âûðàæåíèÿ â ðàâåíñòâå (6) âñåãäà íåîòðèöàòåëüíû.Îñòàåòñÿ âû÷èñëèòü ïðîèç-
âîäíóþ

dT (x, y)

dx
= − 1√

2(H0(x)− U(x))
+

1√
2

ˆ y

x

d

dx
(

1

((H0(x)− U(z))
1
2

)dz =

= −v−1(x)− 1

2
√

2

ˆ y

x

(vv′x − F (x))dz

((H0(x)− U(z))
3
2

≤ 0 (7)

Ãëàäêàÿ ñèëà � Òåîðåìà 2

Ïðîèíòåãðèðóåì ïî ÷àñòÿì â ôîðìóëå, äëÿ T (x, y):

√
2T (x, y) = −

ˆ y

x

2

U ′(z)
d
√
H0(x)− U(z) =

= 2

(
−
√
H0(x)− U(y)

U ′(y)
+

√
H0(x)− U(x)

U ′(x)

)
+ 2

ˆ y

x

√
H0(x)− U(z)

(
1

U ′(z)

)′
dz =

= 2h(x, y) + 2g(x, y),

ãäå

h(x, y) = −
√
H0(x)− U(y)

U ′(y)
+

√
H0(x)− U(x)

U ′(x)
=

√
H0(x)− U(y)

F (y)
− v(x)

√
m(x)√

2F (x)

g(x, y) =

ˆ y

x

√
H0(x)− U(z)

(
1

U ′(z)

)′
dz =

ˆ y

x

√
H0(x)− U(z)

F ′(z)

F 2(z)
dz

Ïðîèçâîäíàÿ ïåðâîãî ñëàãàåìîãî ðàâíà:

d

dx
h(x, y) = H ′0(x)

1

2
√
H0(x)− U(y)

1

F (y)
− v′(x)

√
m(x)√

2F (x)
+
v(x)F ′(x)

√
m(x)√

2F 2(x)
− v(x)m′(x)

2
√

2F (x)
√
m(x)

Âîñïîëüçîâàâøèñü èçâåñòíîé ôîðìóëîé:

d

dx

ˆ y

x
f(x, z)dz = −f(x, x) +

ˆ y

x

∂

∂x
f(x, z)dz.

ïîëó÷èì

d

dx
g(x, y) = −

√
H0(x)− U(x)

F ′(x)

F 2(x)
+

1

2
H ′0(x)

ˆ y

x

1√
H0(x)− U(z)

F ′(z)

F 2(z)
dz.
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×òî è äàåò äîêàçàòåëüñòâî

d

dx
T (x, y) =

√
2
d

dx
h(x, y) +

√
2
d

dx
g(x, y) =

= H ′0(x)
1√

2(H0(x)− U(y))

1

F (y)
− v′(x)

√
m(x)

F (x)
− v(x)m′(x)

2F (x)
√
m(x)

+

+H ′0(x)

ˆ y

x

1√
2(H0(x)− U(z))

F ′(z)

F 2(z)
dz

Êóñî÷íî-ïîñòîÿííàÿ ñèëà � òåîðåìà 3

Äàííîå óòâåðæäíèå ìîæíî äîêàçàòü, îïèðàÿñü íà òåîðåìó 2 (âåðíåå íà å¼ àíàëîã äëÿ
êóñî÷íî ãëàäêîãî ñëó÷àÿ ñèëû F (x)). Íî ïîëåçíåå áîëåå ïðîñòîå äîêàçàòåëüñòâî.

Äîêàæåì ïåðâîå óòâåðæäåíèå òåîðåìû.
Î÷åâèäíî, ÷òî íà îòðåçêå [0,∞) íå áóäåò ñòîëêíîâåíèé â òîì è òîëüêî â òîì ñëó÷àå, åñëè

u(T (0, A), x) ÿâëÿåòñÿ íåóáûâàþùåé ôóíêöèåé ïî x ∈ [0, 1]. Èìååì î÷åâèäíûå ðàâåíñòâà:

u(T (0, A), x) = u(T (x,A), x) + F2(T (0, A)− T (x,A)), u(T (x,A), x) = F1T (x,A).

du(T (0, A), x)

dx
= F1

dT (x,A)

dx
− F2

dT (x,A)

dx
= (F1 − F2)

dT (x,A)

dx
.

ßñíî, ÷òî dT (x,A)
dx < 0 äëÿ âñåõ x ∈ [0, 1], îòêóäà è ñëåäóåò óòâåðæäåíèå.

Äîêàæåì âòîðîå óòâåðæäåíèå òåîðåìû.
Î÷åâèäíî, ÷òî íà îòðåçêå [0,∞) íå áóäåò ñòîëêíîâåíèé â òîì è òîëüêî â òîì ñëó÷àå, åñëè

u(T (0, A), x) ÿâëÿåòñÿ íåóáûâàþùåé ôóíêöèåé ïî x ∈ [0, 1] è T (x,A) ÿâëÿåòñÿ óáûâàþùåé
ôóíêöèåé ïî x. Èìååì î÷åâèäíûå ðàâåíñòâà:

u(T (0, A), x) = u(T (x,A), x) + F2(T (0, A)− T (x,A)), u(T (x,A), x) = v(x) + F1T (x,A).

du(T (0, A), x)

dx
= v′(x) + F1

dT (x,A)

dx
− F2

dT (x,A)

dx
= v′(x) + (F1 − F2)

dT (x,A)

dx
. (8)

Âûÿñíèì, ïðè êàêîì óñëîâèè ôóíêöèÿ T (x,A) óáûâàåò ïî x. Èç óðàâíåíèÿ

x+ v(x)t+
F1

2
t2 = A

ïîëó÷àåì

T (x,A) =
−v(x) +

√
D(x)

F1
, D(x) = v2(x) + 2F1(A− x). (9)

Îòñþäà

dT (x,A)

dx
=
−v′(x) + v(x)v′(x)−F1√

D(x)

F1
= v′(x)

v(x)−
√
D(x)

F1

√
D(x)

− 1√
D(x)

.

Ïîýòîìó, óñëîâèå dT (x,A)
dx < 0 ðàâíîñèëüíî íåðàâåíñòâó:

(v(x)−
√
D(x))v′(x) < F1.

Äîìíîæàÿ ïîñëåäíåå íåðàâåíñòâî íà v(x) +
√
D(x), èç (9) ïîëó÷àåì ýêâèâàëåíòíîå íåðàâåí-

ñòâî:
−2(A− x)v′(x) < v(x) +

√
D(x).
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Äàëåå, ïîäñòàâèì ïîëó÷åííóþ ôîðìóëó äëÿ dT (x,A)
dx â ôîðìóëó (8):

du(T (0, A), x)

dx
= v′(x)

(
1 + (F1 − F2)

v(x)−
√
D(x)

F1

√
D(x)

)
− F1 − F2√

D(x)
.

Ïîýòîìó óñëîâèå dv(T (0,A),x)
dx > 0 ðàâíîñèëüíî íåðàâåíñòâó:

v′(x)((F1 − F2)v(x) + F2

√
D(x)) > F1(F1 − F2).

Òåì ñàìûì óòâåðæäåíèå ïîëíîñòüþ äîêàçàíî.
Äîêàæåì òðåòüå óòâåðæäåíèå òåîðåìû.
Ïðåæäå ÷åì äîêàçûâàòü òåîðåìó, ìû áû õîòåëè íåôîðìàëüíî îáúÿñíèòü ïî÷åìó âîçìîæíà

ñèòóàöèÿ, êîãäà äâå áåñêîíå÷íî áëèçêèå ÷àñòèöû x1 = x, x2 = x + dx íå ñòîëêíóòñÿ ïîñëå
òîãî, êàê òðàåêòîðèÿ ëåâîé òî÷êè x1 äîñòèãíåò A. Â ïðåäïîëîæåíèè, ÷òî F2 < F1, ðàññòîÿíèå
ìåæäó òî÷êàìè áóäåò ñîêðàùàòüñÿ ëèíåéíî ñ òå÷åíèåì âðåìåíè ïîñëå ìîìåíòà T1 = T (x1, A)
ñî ñêîðîñòüþ w = u(T1, x1) − u(T1, x2). Òàê êàê òî÷êè áåñêîíå÷íî áëèçêè, òî w = a dx äëÿ
íåêîòîðîé êîíñòàíòû a = a(x1, x2) > 0. Ñ äðóãîé ñòîðîíû, D = y(T1, x1) − y(T1, x2) = b dx �
ðàññòîÿíèå ìåæäó òî÷êàìè â ìîìåíò T1, äëÿ íåêîòîðîé êîíñòàíòû b = b(x1, x2) > 0. Ïîýòîìó,
âðåìÿ íåîáõîäèìîå ëåâîé ÷àñòèöå äëÿ òîãî, ÷òîáû äîãíàòü ïðàâóþ ðàâíî t = t(x1, x2) = D/w =
b
a . Òàêèì îáðàçîì, ýòî âðåìÿ óæå íå ÿâëÿåòñÿ áåñêîíå÷íî ìàëîé âåëè÷èíîé. Îêàçûâàåòñÿ, ÷òî
ýòî âðåìÿ îòäåëåíî îò íóëÿ íåêîòîðîé êîíñòàíòîé t∗ äëÿ âñåõ 0 6 x1 < x2 6 1, ïîýòîìó íàì
äîñòàòî÷íî âûáðàòü äëèíó èíòåðâàëà B − A, ãäå äåéñòâóåò ñèëà F2, òàêèì îáðàçîì, ÷òîáû
ëþáàÿ òî÷êà èç [0, 1] ïðîõîäèëà îòðåçîê [A,B] çà âðåìÿ ìåíüøåå t∗. Äàëåå îñòà¼òñÿ âûáðàòü
ñèëó F3 äîñòàòî÷íî áîëüøîé.

Ïóñòü T = T (0, B). Î÷åâèäíî, ÷òî íà îòðåçêå [0,+∞] íå áóäåò ñòîëêíîâåíèé â òîì è òîëüêî
â òîì ñëó÷àå, åñëè u(T, x) ÿâëÿåòñÿ íåóáûâàþùåé ôóíêöèåé ïî x ∈ [0, 1]. Èìååì î÷åâèäíûå
ðàâåíñòâà:

u(T, x) = u(T (x,B), x) + F3(T − T (x,B)),

u(T (x,B), x) = u(T (x,A), x) + F2(T (x,B)− T (x,A)), u(T (x,A), x) = F1T (x,A).

Îòêóäà ïîëó÷àåì:

u(T, x) = F1T (x,A) + F2(T (x,B)− T (x,A)) + F3(T − T (x,B)).

du(T, x)

dx
= F1

dT (x,A)

dx
+ F2(

dT (x,B)

dx
− dT (x,A)

dx
)− F3

dT (x,B)

dx
=

= (F1 − F2)
dT (x,A)

dx
− (F3 − F2)

dT (x,B)

dx
.

Âû÷èñëèì âðåìÿ T (x,B). ßñíî, ÷òî

y(T (x,A) + s, x) = A+ T (x,A)F1s+
s2

2
F2,

ïðè 0 6 s 6 T (x,B)− T (x,A). Ïîýòîìó èç óñëîâèÿ y(x, T (x,A) + s) = B íàõîäèì, ÷òî

s = s(x) =
−T (x,A)F1 +

√
D(x)

F2
, D(x) = T 2(x,A)F 2

1 + 2(B −A)F2.

Çíà÷èò,

T (x,B) = T (x,A) + s(x) =
−T (x,A)(F1 − F2) +

√
D(x)

F2
.
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Âû÷èñëèì ïðîèçâîäíóþ:

dT (x,B)

dx
=
−dT (x,A)

dx (F1 − F2) +
T (x,A)

dT (x,A)
dx

F 2
1√

D(x)

F2
= −dT (x,A)

dx

(F1 − F2)− T (x,A)F 2
1√

D(x)

F2
.

Îòêóäà ïîëó÷àåì:

du(T, x)

dx
=
dT (x,A)

dx

(F1 − F2) + (F3 − F2)
(F1 − F2)− T (x,A)F 2

1√
D(x)

F2

 =

=
dT (x,A)

dx

(
(F1 − F2)F3

F2
− (F3 − F2)

T (x,A)F 2
1

F2

√
D(x)

)

Òàê êàê, dT (x,A)
dx < 0, òî óñëîâèå du(T,x)

dx > 0 ðàâíîñèëüíî âûïîëíåíèþ íåðàâåíñòâó:

dT (x,A)

dx
> β

√
D(x), β =

(F1 − F2)F3

(F3 − F2)F 2
1

.

Âîçâîäÿ â êâàäðàò ïîñëåäíåå íåðàâåíñòâî è ïðåîáðàçóÿ ñëàãàåìûå ïîëó÷àåì ýêâèâàëåíòíîå
íåðàâåíñòâî:

T (x,A) >
2(B −A)F2β

2

1− β2F 2
1

. (10)

Ïîñëåäíåå óñëîâèå äîëæíî âûïîëíÿòñÿ äëÿ âñåõ x ∈ [0, 1]. Íî T (x,A) > T (1, A) äëÿ âñåõ
x ∈ [0, 1]. Ñëåäîâàòåëüíî, (10) ðàâíîñèëüíî íåðàâåíñòâó:

T (1, A) >
2(B −A)F2β

2

1− β2F 2
1

.

Ïîäñòàâëÿÿ âûðàæåíèå äëÿ T (1, A) â ïîñëåäíåå íåðàâåíñòâî, ïîëó÷àåì:

(A− 1)
(1− β2F 2

1 )

F1F2β2
> B −A.

Ïðåîáðàçóåì ìíîæèòåëü ñ ñèëàìè â ïîñëåäíåì íåðàâåíñòâå:

α =
(1− β2F 2

1 )

F1F2β2
=

1

F1F2

(
1

β
− F1

)(
1

β
+ F1

)
=

=
F 2

1

F1F2(F1 − F2)2F 2
3

((F3 − F2)F1 − (F1 − F2)F3) ((F3 − F2)F1 + (F1 − F2)F3) =

=
F1

(F1 − F2)2F 2
3

(F3 − F1) ((F3 − F2)F1 + (F1 − F2)F3)

×òî è çàâåðøàåò äîêàçàòåëüñòâî.
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3.2. Ìíîãîìåðíûå ñèñòåìû

Äîêàçàòàëüñòâî òåîðåìû 4

Äëÿ äâóõ ðàçëè÷íûõ òî÷åê x1, x2 ∈ Λ ðàññìîòðèì ôóíêöèþ:

r(t) = ||y(t, x2)− y(t, x1)||2 = (y(t, x2)− y(t, x1), y(t, x2)− y(t, x1)).

Äèôôåðåíöèðóÿ, èìååì

d2r(t)

dt2
= 2(F (y(t, x2))− F (y(t, x1)), y(t, x2)− y(t, x1)) + 2||v(t, x2)− v(t, x1)||2.

Â ñèëó ñäåëàííûõ ïðåäïîëîæåíèé íà ñèëó F çàêëþ÷àåì, ÷òî

d2r(t)

dt2
> 0.

Ñ äðóãîé ñòîðîíû, äëÿ íà÷àëüíûõ óñëîâèé èìååì:

r(0) = ||x2 − x1||2 > 0,
dr

dt
(0) = 2(v(x2)− v(x1), x2 − x1) > 0.

Èç ýòèõ òðåõ íåðàâåíñòâ è ñëåäóåò óòâåðæäåíèå.

Ëèíåéíàÿ ñèëà � äîêàçàòåëüñòâî òåîðåìû 5

Äîêàæåì, ÷òî äëÿ âñåõ x êâàäðàòè÷íàÿ ôîðìà

Q(x) = (Ax, x) ≥ 0 (11)

Òàê êàê ëþáîé x ∈ Rd ìîæíî åäèíñòâåííûì îáðàçîì ïðåäñòàâèòü â âèäå

x =
d∑
i=1

xiui, xi ∈ R.

òî ìîæíî îïðåäåëèòü ñèììåòðè÷åñêóþ ìàòðèöó S = (si,j) êàê

si,j =
1

2
(λi(ui, uj) + λj(uj , ui)) =

1

2
(λi + λj)(ui, uj).

Òàê êàê
Q(x) =

∑
i,j

λi(ui, uj)xixj = (Sx, x),

òî ìîæíî çàïèñàòü
S = ΛU + UΛ,

ãäå Λ = diag(λ1, . . . , λd) � äèàãîíàëüíàÿ ìàòðèöà, U = ((ui, uj)). Ñëåäîâàòåëüíî ìàòðèöà S
íåîòðèöàòåëüíî îïðåäåëåíà, îòêóäà ïîëó÷àåì (11). Äàëåå, âîñïîëüçóåìñÿ òåîðåìîé 4 è ïîëó-
÷èì îêîí÷àòåëüíîå óòâåðæäåíèå.

Êóñî÷íî-ïîñòîÿííàÿ ñèëà. Äîêàçàòåëüñòâî ëåììû 1

Èìååì î÷åâèäíî ðàâåíñòâî äëÿ ïîñòîÿííîé ñèëû

y(t, x) = x+ v(x)t+
Ft2

2
.

è çíà÷èò
y(t, x2)− y(t, x1) = V (x1, x2)t+R(x1, x2).

Îòêóäà è ñëåäóåò óòâåðæäåíèå.
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Äîêàçàòåëüñòâî òåîðåìû 6

Èç òåîðåìû 1 äëÿ îäíîìåðíîãî ñëó÷àÿ ñëåäóåò, ÷òî íåîáõîäèìûì óñëîâèåì ñóùåñòâîâàíèÿ
ñòîëêíîâåíèé ÿâëÿåòñÿ óñëîâèå F d1 > F d2 . Äëÿ òî÷êè x = (x1, . . . , xd) ∈ Λ îáîçíà÷èì ÷åðåç

T (x) =

√
2(A− xd)

F d1
,

ìîìåíò âðåìåíè, êîãäà (y(t, x), ed) = A.
Ðàññìîòðèì äâå òî÷êè x1 = (x1

1, . . . , x
d
1) ∈ Λ, x2 = (x1

2, . . . , x
d
2) ∈ Λ. Ïðåäïîëîæèì, ÷òî

xd2 > xd1. Â ñèëó ñäåëàííûõ ïðåäïîëîæåíèé èìååì T (x1) > T (x2). Êðîìå òîãî, ÿñíî, ÷òî äî
ìîìåíòà âðåìåíè T (x1) ñòàëêèâàòüñÿ òî÷êè x1, x2 íå ìîãóò. Íà÷èíàÿ ñ ìîìåíòà T (x1) ìû
íàõîäèìñÿ â ñèòóàöèè ëåììû 1. Äåéñòâèòåëüíî, âû÷èñëèì ðàçíîñòè ñêîðîñòåé è êîîðäèíàò â
ìîìåíò âðåìåíè T (x1):

y(T (x1), x1) = x1 + (A− xd1)ed, v(T (x1), x1) = F1T (x1).

y(T (x1), x2) = y(T (x2), x2) + sv(T (x2), x2) +
F2s

2

2
, v(T (x1), x2) = v(T (x2), x2) + F2s,

ãäå
s = T (x1)− T (x2), v(T (x2), x2) = F1T (x2), y(T (x2), x2) = x2 + (A− xd2)ed.

Îòêóäà ïîëó÷àåì:

V (x1, x2) = v(T (x1), x2)− v(T (x1), x1) = F1(T (x2)− T (x1)) + F2s = s(F2 − F1).

R(x1, x2) = y(T (x1), x2)− y(T (x1), x1) = x2 − x1 − (xd2 − xd1)ed + sF1T (x2) +
F2s

2

2
.

Èñïîëüçóÿ ðàâåíñòâî T (x2) = T (x1)− s è îáîçíà÷àÿ r = x2 − x1 − (xd2 − xd1)ed, ïîëó÷àåì:

R(x1, x2) = r+ (sF1T (x1)− F1s
2

2
)− F1s

2

2
+
F2s

2

2
= r− F1

2
((s−T (x1))2−T 2(x1)) +

s

2
V (x1, x2) =

= r − F1

2
(T 2(x2)− T 2(x1)) +

s

2
V (x1, x2) = r − F1

F d1
(xd1 − xd2) +

s

2
V (x1, x2) =

= (x2 − x1) +
(xd2 − xd1)

F d1
F̂1 +

s

2
V (x1, x2),

ãäå ìû ââåëè îáîçíà÷åíèå:
F̂1 = (F 1

1 , F
2
1 , . . . , F

d−1
1 , 0).

Ðàññìîòðèì äâà ñëó÷àÿ.

1. F̂1 = 0. Ýòîò ñëó÷àé ñîîòâåòñòâóåò òîìó, ÷òî âåêòîð F1 íàïðàâëåí âäîëü âåêòîðà ed.
Ïîëó÷àåì ðàâåíñòâî:

R(x1, x2) = x2 − x1 +
s

2
V (x1, x2).

Ñëåäîâàòåëüíî âåêòîðû R, V ïàðàëëåëüíû â òîì è òîëüêî â òîì ñëó÷àå, åñëè x2 − x1

ïàðàëëåëåí âåêòîðó F2−F1. Ïðåäïîëîæèì, ÷òî x1 âíóòðåííÿÿ òî÷êà îáëàñòè Λ. Ïîëîæèì
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x2 = x1 +h(F2−F1), ãäå h < 0, òàê êàê xd2 > xd1, F
d
2 < F d1 . ßñíî, ÷òî äëÿ âñåõ äîñòàòî÷íî

ìàëûõ |h| òî÷êà x2 áóäåò ëåæàòü â îáëàñòè Λ. Èìååì ðàâåíñòâî:

(R, V )=s

(
h||F2 − F1||2 +

s2

2
||F2 − F1||2

)
=s||F2−F1||2

(
h+

s2

2

)
=s||F2−F1||2 (h+ ¯̄o(h))

ïðè h → 0−. Îòêóäà çàêëþ÷àåì, ÷òî ñóùåñòâóåò h < 0 òàêîé, ÷òî (R, V ) < 0. Ñëåäîâà-
òåëüíî, òî÷êè x1, x2 ñòîëêíóòñÿ.

2. F̂1 6= 0. Åñëè âåêòîðû R, V ïàðàëëåëüíû, òî x2−x1 ëåæèò â ëèíåéíîé îáîëî÷êå âåêòîðîâ
F̂1 è F2 − F1. Ïðåäïîëîæèì, ÷òî

x2 − x1 = uF̂1 + w(F2 − F1),

äëÿ íåêîòîðûõ u ∈ R è w < 0. Óìíîæàÿ ïîñëåäíåå ðàâåíñòâî ñêàëÿðíî íà ed ïîëó÷àåì:

xd2 − xd1 = w(F d2 − F d1 ).

Ñëåäîâàòåëüíî,

R(x1, x2) = (u+ w
(F d2 − F d1 )

F d1
)F̂1 + (w +

s2

2
)(F2 − F2).

Çíà÷èò, âåêòîðû R, V ïàðàëëåëüíû â òîì è òîëüêî â òîì ñëó÷àå, åñëè

u+ w
(F d2 − F d1 )

F d1
= 0.

Îòêóäà çàêëþ÷àåì, ÷òî âåêòîðû R, V ïàðàëëåëüíû â òîì è òîëüêî â òîì ñëó÷àå, åñëè
x2 − x1 ïàðàëëåëåí âåêòîðó

L =
(F d1 − F d2 )

F d1
F̂1 + F2 − F1.

Â ñëó÷àå ïàðàëëåëüíîñòè R, V èìååì:

(R, V ) = s||F2 − F1||2(w +
s2

2
) = s||F2 − F1||2(w + ¯̄o(w))

ïðè w → 0−. Îòêóäà çàêëþ÷àåì, ÷òî ñóùåñòâóåò w < 0 òàêîé, ÷òî (R, V ) < 0. Ñëåäîâà-
òåëüíî òî÷êè x1, x2 ñòîëêíóòñÿ. Òåì ñàìûì óòâåðæäåíèå ïîëíîñòüþ äîêàçàíî.

Öåíòðàëüíîå ïîëå íà ïëîñêîñòè

Äîêàçàòåëüñòâî òåîðåìû 7

Íàïîìíèì íåêîòîðûå èçâåñòíûå ôàêòû î äâèæåíèè òî÷êè â öåíòðàëüíîì ïîëå. Âåëè÷èíà

M(t, x) = M(x) = M(|x|) = r2(t, x)
dφ(t, x)

dt
,

íàçûâàåìàÿ êèíåòè÷åñêèì ìîìåíòîì, íå çàâèñèò îò âðåìåíè è ðàâíà, â ñîîòâåòñòâèè ñ íàøèìè
îáîçíà÷åíèÿìè:

M(x) = |x|2h(|x|). (12)
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Äèíàìèêà ðàäèóñà âåêòîðà òî÷êè x îïèñûâàåòñÿ óðàâíåíèåì:

d2r(t, x)

dt2
= −∂E

∂r
, r(0, x) = |x|, dr(0, x)

dt
= g(|x|), (13)

ãäå

E =
1

2

(
dr(t, x)

dt

)2

+ V (r(t, x)),

è ýôôåêòèâíàÿ ïîòåíöèàëüíàÿ ýíåðãèÿ îïðåäåëÿåòñÿ ðàâåíñòâîì:

V (r(t, x)) = V (r(t, x), x) = U(r(t, x)) +
M2(x)

2r2(t, x)
= V (r(t, x), |x|).

Âîçüìåì äâå òî÷êè x1, x2 ∈ Λ. Ðàññìîòðèì äâà ñëó÷àÿ:

1. |x1| = |x2| = r. Çàìåòèì, ÷òî â ñèëó ñäåëàííûõ ïðåäïîëîæåíèé â ëþáîé ìîìåíò âðå-
ìåíè t > 0 èìååò ìåñòî ðàâåíñòâî r(t, x1) = r(t, x2). Äåéñòâèòåëüíî, â ñèëó ðàâåíñòâà
(12) ôóíêöèè r(t, x1) è r(t, x2) óäîâëåòâîðÿþò îäíîìó è òîìó æå äèôôåðåíöèàëüíîìó
óðàâíåíèþ (13) ïî t ñ îäèíàêîâûìè íà÷àëüíûìè óñëîâèÿìè. Ñ äðóãîé ñòîðîíû, â ñèëó
ñîõðàíåíèÿ êèíåòè÷åñêîãî ìîìåíòà èìååì ðàâåíñòâà:

φ(t, xi) = M(r)

ˆ t

0

1

r2(s, xi)
ds+ φ(0, xi), i = 1, 2.

Ñëåäîâàòåëüíî, óãëû ìåæäó òî÷êàìè x1, x2 ñîõðàíÿþòñÿ ñ òå÷åíèåì âðåìåíè è ñòîëêíî-
âåíèé áûòü íå ìîæåò.

2. |x1| < |x2|. Â äàííîì ñëó÷àå ðàññóæäåíèÿ àíàëîãè÷íû ðàññìîòðåííîìó îäíîìåðíîìó ñëó-
÷àþ îòðåçêà. Â ñèëó óñëîâèÿ 3) è 4) íîðìà òî÷êè x ìîíîòîííî óâåëè÷èâàåòñÿ. Îáîçíà÷èì
Tr1(r2) ìîìåíò âðåìåíè êîãäà ÷àñòèöà ïðè äâèæåíèè â ïîëå ýôôåêòèâíîé ïîòåíöèàëüíîé
ýíåðãèè V (r, |r1|) ñ íà÷àëüíûìè óñëîâèÿìè r(0) = r1,

dr(0)
dt = g(r1) äîñòèãíåò òî÷êè r2.

Êàê è ðàíüøå èìååì ôîðìóëó:

Tr1(r2) =

ˆ r2

r1

dz√
2 (E0(r1)− V (z,M(r1)))

, E0(r) =
1

2
g2(r) + V (r, r).

ßñíî, ÷òî åñëè Tr1(r2) óáûâàåò ïî r1 äëÿ âñåõ r1 6 r2 è R1 < r1 < R2, òîãäà ïåðåñå÷åíèé
íå áóäåò. Äëÿ ïðîèçâîäíîé èìååì:

Tr1(r2)

dr1
= − 1

g(r1)
+

ˆ r2

r1

d

dr1

1√
2 (E0(r1)− V (z,M(r1)))

dz.

Îòêóäà ñëåäóåò óòâåðæäåíèå.

4. Çàêëþ÷åíèå

Çäåñü ìû ñäåëàåì íåñêîëüêî çàìå÷àíèé î äàëüíåéøèõ ïåðñïåêòèâàõ ðàáîòû: î ïëîòíîñòè,
âçàèìîäåéñòâèè è óðàâíåíèè Ýéëåðà.
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Ïëîòíîñòü

Ðàññìîòðèì ñëó÷àé êîãäà Fx(y) = F (y) íå çàâèñèò îò x. Ïëîòíîñòü â ìîìåíò t = 0 îïðåäå-
ëÿåòñÿ êàê ïðîèçâîëüíàÿ ïîëîæèòåëüíàÿ ãëàäêàÿ ôóíêöèÿ ρ(0, x) íà Λ0, à ïëîòíîñòü â ìîìåíò
t íà Λt êàê

ρ(t, y) = ρ(0, U−1
t y)

Õîðîøî èçâåñòíî, ÷òî îíà óäîâëåòâîðÿåò èçâåñòíîìó çàêîíó ñîõðàíåíèÿ (óðàâíåíèå Ëèóâèëëÿ)

ρt + (uρ)x = ρt + uρx + ρux = 0 (14)

Çàìåòèì, ÷òî âî âñåõ íàøèõ ïðèìåðàõ ïëîòíîñòü óáûâàåò äî íóëÿ. Ïðèâåäåì ïðèìåðû
êîãäà íàîáîðîò, îíà âîçðàñòàåò äî áåñêîíå÷íîñòè.

Ïóñòü z(t), t ∈ [0,∞), � ïðîèçâîëüíàÿ ãëàäêàÿ êðèâàÿ òàêàÿ, ÷òî âûïîëíåíû óñëîâèÿ:
z(0) = 1, z(t) > 0 äëÿ âñåõ t ∈ [0,∞), z(t) → 0 ïðè t → ∞, è z′(t) < 0, òî åñòü êðèâàÿ z(t)
ñòðîãî óáûâàåò.

Òîãäà ïîñòðîèì ñèñòåìó ñ Λ0 = (0, 1], ïîëîæèâ

v(x) = z′(t), F (y) = z′′(t)

ãäå t åäèíñòâåííûì îáðàçîì îïðåäåëÿåòñÿ èç óñëîâèÿ z(t) = x. Èíà÷å ãîâîðÿ, ïîëîæèòåëüíàÿ
ñèëà äåéñòâóåò íà ÷àñòèöû è óìåíüøàåò èõ ñêîðîñòè äî íóëÿ. Áîëåå òîãî, ÷àñòèöû íèêîãäà íå
äîñòèãàþò òî÷êè x = 0.

Î áîëåå îáùèõ ðåãóëÿðíûõ ñèñòåìàõ

Ôóíêöèþm(x) íà Λ0 ìîæíî ïðåäñòàâëÿòü êàê ïëîòíîñòü ìàññû èëè çàðÿäà, ÷òî ïðèâÿçûâà-
åò íàøå îïðåäåëåíèå ê ðåàëüíûì ôèçè÷åñêèì ñèëàì. ãðàâèòàöèîííûì è ýëåêòðîñòàòè÷åñêèì.
Ñëó÷àé ïðîèçâîëüíîé æå ñèëû Fx(y) ïîêà íå î÷åíü èíòåðåñåí ââèäó ñëåäóþùåãî óòâåðùäåíèÿ.

Ïðåäïîëîæèì, ÷òî âûïîëíåíî ñëåäóþùåå óñëîâèå íåâîçâðàùàåìîñòè: äëÿ ëþáîé ïàðû òî-
÷åê x, z òðàåêòîðèÿ y(t, x) ïðîõîäèò ÷åðåç òî÷êó z íå áîëåå îäíîãî ðàçà.

Proposition 1. Òîãäà ðåãóëÿðíàÿ êîíòèíóàëüíàÿ ñèñòåìà ìîæåò áûòü ïðåäñòàâëåíà
êàê ñèñòåìà áåç âçàèìîäåéñòâèÿ ñ íåêîòîðîé âíåøíåé ñèëîé Fx(y).

Äåéñòâèòåëüíî, âîçüìåì ïðîèçâîëüíóþ òðàåêòîðèþ y(t, x) = Utx ñ íà÷àëüíûìè óñëîâèÿìè
(1). Òîãäà, äîñòàòî÷íî ñèëó â òî÷êå y = y(t, x) òðàåêòîðèè îïðåäåëèòü êàê

Fx(y) =
d2y(t, x)

dt2

÷òîáû ñèñòåìà ñ äèôôåîìîðôèçìàìè Ut ñòàëà ñèñòåìîé áåç âçàèìîäåéñòâèÿ.
Ñêàæåì òåïåðü êðàòêî ÷òî òàêîå ñèñòåìû ñ âçàèìîäåéñòâèåì. Âçàèìîäåéñòâèå â êîíòèíó-

àëüíûõ ñèñòåìàõ ÷àñòèö ìîæåò áûòü ëîêàëüíûì, êîãäà ñèëà, äåéñòâóþùàÿ íà ÷àñòèöó â òî÷êå
y â ìîìåíò t, èìååò âèä

F (y) = f(ρ(y),∇ρ(y)) (15)

è íåëîêàëüíûì ñ ñèëîé

F (y) =

ˆ
g(|z|, ρ(y), ρ(y + z))dz (16)

äëÿ íåêîòîðûõ ôóíêöèé f è g.
Êîíå÷íî, ââåäåííûå çäåñü ñèñòåìû ÿâëÿþòñÿ ïðèáëèæåíèÿìè ñîîòâåòñòâóþùèõ ñèñòåì êî-

íå÷íîãî íî î÷åíü áîëüøîãî ÷èñëà N òî÷å÷íûõ ÷àñòèö. Èíòóèòèâíî ÿñíî, ÷òî â ñëó÷àå (15) ðå÷ü
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èäåò î ïðèáëèæåíèè ñèñòåìàìè N ÷àñòèö ñ óáûâàþùèì â áåñêîíå÷íîñòè ïàðíûì âçàèìîäåé-
ñòâèåì (ãäå èãðàåò ðîëü âçàèìîäåéñòâèå ëèøü ñ îãðàíè÷åííûì ÷èñëîì ÷àñòèö, íå çàâèñÿùèì
îò N). Â òî æå âðåìÿ â ñëó÷àå (16) ðå÷ü èäåò î âçàèìîäåéñòâèè òèïà mean �eld, ãäå êàæ-
äàÿ ÷àñòèöà îäèíàêîâî âçàèìîäåéñòâóåò ñ ÷èñëîì ÷àñòèö ïîðÿäêà N . Íåêîòîðûå ïðèìåðû ìû
ðàññìîòðèì â ïîñëåäóþùèõ ðàáîòàõ.

Î ñâÿçè ñ óðàâíåíèåì Ýéëåðà

Â ñëó÷àå ðåãóëÿðíîñòè ñèñòåìû äëÿ çàäàííûõ t, y ∈ Λt, íàéäåòñÿ ðîâíî îäíà òî÷êà x ∈ Λ0,
÷òî

u(t, y) = u(t, y(x)) =
dy(t, x)

dt

Ëåãêî ïîêàçàòü òîãäà, ÷òî îïðåäåëåííîå òàêèì îáðàçîì ïîëå ñêîðîñòåé, äëÿ ðåãóëÿðíîé ñè-
ñòåìû áåç âçàèìîäåéñòâèÿ, óäîâëåòâîðÿåò óðàâíåíèþ Ýéëåðà

∂u(t, y)

∂t
+
∑
α

∂u(t, y)

∂yα
uα(t, y) = F (y) (17)

Äåéñòâèòåëüíî, óñêîðåíèå ÷àñòèöû ñ òðàåêòîðèåé y(t, x) ðàâíî

dui(t, y(t, x))

dt
=
∂ui(t, y(t, x))

∂t
+
∑ ∂ui(t, y(t, x))

∂yj
uj(t, y(t, x)) (18)

è ïðèðàâíèâàåòñÿ ê ñèëå F (y(t, x). Ïîä÷åðêíåì åùå ðàç, ÷òî èìåííî îòñóòñòâèå ñòîëêíîâåíèé
ÿâëÿåòñÿ íåîáõîäèìûì äëÿ ïîäîáíîãî âûâîäà óðàâíåíèÿ Ýéëåðà.

Çàäà÷å Êîøè äëÿ ïðîñòåéøåãî óðàâíåíèÿ Ýéëåðà, ãäå t ∈ [0,∞), y = (y1, ..., yd) ∈ Rd, ñ
íà÷àëüíûìè óñëîâèÿìè

u(0, x) = v(x)

ïîñâÿùåíî ìíîãî ðàáîò, ÷àñòü êîòîðûõ âîøëà âî ìíîãèå ó÷åáíèêè è ìîíîãðàôèè, ñì. [1�12].
Ïóñòü òåïåðü Λ0 åñòü âñÿ âåùåñòâåííàÿ îñü R, ïðè÷åì äâèæåíèå òî÷êè x îïèñûâàåòñÿ òåì

æå óðàâíåíèåì (1) â òåõ æå ïðåäïîëîæåíèÿõ íà ôóíêöèè F (y), v(x) äëÿ âñåõ y, x ∈ R.
Õîðîøî èçâåñòíî, ÷òî õàðàêòåðèñòèêè y(t, x) ýòîãî óðàâíåíèÿ ïàðàìåòðèçóþòñÿ òî÷êàìè

x ∈ Rd è óäîâëåòâîðÿþò óðàâíåíèþ Íüþòîíà, îïèñûâàÿ òàêèì îáðàçîì äâèæåíèå ÷àñòèö
ïîä äåéñòâèåì ñèëû F (y). Áîëåå òîãî, ñòðóêòóðà ìíîæåñòâà õàðàêòåðèñòèê (òî÷íåå, ïðîåêöèè
ýòîãî ìíîæåñòâà íà x-ïðîñòðàíñòâî) îïðåäåëÿåò ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ
çàäà÷è Êîøè. Îäíàêî, óñëîâèÿ îòñóòñòâèÿ ñòîëêíîâåíèé â îáùåì ñëó÷àå ñîâñåì íåòðèâèàëüíû
è ïîêà ìîæíî ãîâîðèòü òîëüêî î ïðèìåðàõ òàêîé ñòðóêòóðû.

Ðàññìîòðèì ñëåäóþùèé ïðèìåð (ñì. [5]): F (y) = 0 äëÿ âñåõ y ∈ R è v(x) = − arctg(x). Äîêà-
çûâàåòñÿ, ÷òî â äàííîì ñëó÷àå ðåøåíèå u(t, y) óðàâíåíèÿ (17) ñóùåñòâóåò ïðè âñåõ t 6 1, y ∈ R,
íî åãî íåëüçÿ íåïðåðûâíî ïðîäîëæèòü íà îáëàñòü t > 1. Ñ äðóãîé ñòîðîíû, ìîæíî äîêàçàòü,
÷òî ñòîëêíîâåíèÿ â ñèñòåìå (1) âïåðâûå âîçíèêíóò â ìîìåíò t = 1.

Ýòîò âèä v(x) ôàêòè÷åñêè åñòü ÷àñòíûé ñëó÷àé íàøåãî çàìå÷àíèÿ â íà÷àëå ðàçäåëà 2.1,
êàñàþùåãîñÿ ìîíîòîííîñòè v(x). À ñëåäóþùèé áîëåå îáùèé ðåçóëüòàò ñëåäóåò èç íàøåé òåî-
ðåìû 2.

Òåîðåìà 8. Ïóñòü v(x) ≥ 0, F (y) ∈ C2(R) è F (y) > 0 äëÿ âñåõ y ∈ R. Óðàâíåíèå (17)
èìååò ãëàäêîå ðåøåíèå u(t, y) ïðè t > 0, y ∈ R ñ íà÷àëüíûì óñëîâèåì u(0, x) = v(x) â òîì è
òîëüêî â òîì ñëó÷àå, åñëè äëÿ âñåõ x < y âûïîëíÿåòñÿ íåðàâåíñòâî:

H ′0(x)

(
1√

2(H0(x)− U(y))

1

F (y)
+

ˆ y

x

1√
2(H0(x)− U(z))

F ′(z)

F 2(z)
dz

)
<
v′(x)

F (x)
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Ìîæíî ðàññìàòðèâàòü òàêæå çàäà÷ó Êîøè â êîíå÷íîé îáëàñòè ñ ôèêñèðîâàííîé ãðàíèöåé
ñ íåêîòîðûìè ãðàíè÷íûìè óñëîâèÿìè íà íåé, à òàêæå (êàê â íàøèõ ïðèìåðàõ) ñî ñâîáîäíîé
ãðàíèöåé áåç âñÿêèõ ãðàíè÷íûõ óñëîâèé.
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ÀËÃÅÁÐÀÈ×ÅÑÊÀß ÍÅÇÀÂÈÑÈÌÎÑÒÜ ÍÅÊÎÒÎÐÛÕ
ÏÎ×ÒÈ ÏÎËÈÀÄÈ×ÅÑÊÈÕ ÐßÄÎÂ

Â. Þ. Ìàòâååâ (ã. Ìîñêâà)

Àííîòàöèÿ

Ñòàòüÿ ïîñâÿùåíà èññëåäîâàíèþ àðèôìåòè÷åñêîé ïðèðîäû çíà÷åíèé â öåëûõ òî÷êàõ
ðÿäîâ, ïðèíàäëåæàùèõ òàê íàçûâàåìîìó êëàññó F� ðÿäîâ, ñîñòàâëÿþùèõ ðåøåíèå ñèñòåìû
ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ êîýôôèöèåíòàìè � ðàöèîíàëüíûìè ôóíêöèÿ-
ìè îò z.

Ðàññìàòðèâàåòñÿ ïîäêëàññ F - ðÿäîâ, êîòîðûé ñîñòîèò èç ðÿäîâ âèäà

∞∑
n=0

an · n!zn ,

ó êîòîðûõ an ∈ Q è |an| ≤ ec1n, n = 0, 1, ..., ãäå c1- íåêîòîðàÿ ïîñòîÿííàÿ. Êðîìå òîãî,
ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë dn òàêèõ, ÷òî dnak ∈ Z, k = 0, . . . , n.
Ïðè ýòîì dn = d0,nd

n, d0,n ∈ N, n = 0, 1, . . . , d ∈ N è äëÿ ëþáîãî n ÷èñëî d0,n äåëèòñÿ
òîëüêî íà ïðîñòûå ÷èñëà p, äëÿ êîòîðûõ âûïîëíåíî íåðàâåíñòâî p ≤ c2n. Ïðåäïîëàãàåì
òàêæå,÷òî ñòåïåíü, â êîòîðîé ÷èñëî p âõîäèò â ðàçëîæåíèå ÷èñëà d0,n, îáîçíà÷àåìàÿ ordpn,
óäîâëåòâîðÿåò ïðè âñåõ n íåðàâåíñòâó

ordpn ≤ c3
(

logp n+
n

p2

)
.

Ïðè âûïîëíåíèè ýòèõ óñëîâèé ãîâîðèì, ÷òî ðàññìàòðèâàåìûé ðÿä ïðèíàäëåæèò êëàññó
F (Q, c1, c2, c3, d).

Ðÿäû òàêîãî âèäà ñõîäÿòñÿ â òî÷êå z ∈ Z, z 6= 0, åñëè ðàññìàòðèâàòü èõ, êàê p�àäè÷åñêèå
÷èñëà ïðè ëþáîì ïðîñòîì p, êðîìå áûòü ìîæåò êîíå÷íîãî ÷èñëà ïðîñòûõ p.

Ïðÿìîå ïðîèçâåäåíèå êîëåö öåëûõ p� àäè÷åñêèõ ÷èñåë ïî âñåì ïðîñòûì p íàçûâàåòñÿ
êîëüöîì öåëûõ ïîëèàäè÷åñêèõ ÷èñåë. Åãî ýëåìåíòû

a =
∑

an · n!

ìîæíî ðàññìàòðèâàòü, êàê áåñêîíå÷íîìåðíûå âåêòîðû, êîîðäèíàòû êîòîðûõ, ñîîòâåòñòâó-
þùèå ïîëþ Qp, ïðåäñòàâëÿþò ñîáîé ñóììó a(p) ðÿäà a =

∑∞
n=1 an · n! â ïîëå Qp.

Äëÿ ëþáîãî ìíîãî÷ëåíà P (x) ñ öåëûìè êîýôôèöèåíòàìè îïðåäåëèì P (a) êàê âåêòîð,
êîîðäèíàòû êîòîðîãî â ïîëå Qp ðàâíû P (a(p)). Ñëåäóÿ êëàññèôèêàöèè ââåäåííîé â ðàáîòàõ
Â.Ã. ×èðñêîãî, íàçîâåì ïîëèàäè÷åñêèå ÷èñëà a1, . . . , am áåñêîíå÷íî àëãåáðàè÷åñêè íåçàâè-
ñèìûìè, åñëè äëÿ ëþáîãî ìíîãî÷ëåíà P (x1, . . . , xm) ñ öåëûìè êîýôôèöèåíòàìè, îòëè÷íîãî
îò òîæäåñòâåííîãî íóëÿ, ñóùåñòâóåò áåñêîíå÷íîå ìíîæåñòâî ïðîñòûõ ÷èñåë p òàêèõ, ÷òî
P
(
a1

(p), . . . , am
(p)
)
6= 0 â ïîëå Qp.

Â ñòàòüå äîêàçàíà òåîðåìà, óòâåðæäàþùàÿ, ÷òî åñëè F�ðÿäû f1, . . . , fm óäîâëåòâîðÿþò
ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé âèäà

P1,iy
′
i + P0,iyi = Qi, i = 1, . . . ,m

ãäå P0,i, P1,i, Qi� ðàöèîíàëüíûå ôóíêöèè îò z è åñëè ξ ∈ Z, ξ 6= 0, ξ îòëè÷íî îò ïîëþñîâ
âñåõ ýòèõ ðàöèîíàëüíûõ ôóíêöèé, òî ïðè óñëîâèè

exp

(ˆ (
P0,i(z)

P1,i(z)
− P0,j(z)

P1,j(z)

)
dz

)
6∈ C(z)
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f1(ξ), . . . , fm(ξ)� áåñêîíå÷íî àëãåáðàè÷åñêè íåçàâèñèìûå ïî÷òè ïîëèàäè÷åñêèå ÷èñëà.
Èñïîëüçóåòñÿ ìîäèôèêàöèÿ ìåòîäà Çèãåëÿ�Øèäëîâñêîãî è ïîäõîä Â. Õ. Ñàëèõîâà ê äî-

êàçàòåëüñòâó àëãåáðàè÷åñêîé íåçàâèñèìîñòè ôóíêöèé, ñîñòàâëÿþùèõ ðåøåíèå ðàññìàòðè-
âàåìîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé.

Êëþ÷åâûå ñëîâà: àëãåáðàè÷åñêàÿ íåçàâèñèìîñòü, ïî÷òè ïîëèàäè÷åñêèå ÷èñëà.

Áèáëèîãðàôèÿ: 30 íàçâàíèé.

ALGEBRAIC INDEPENDENCE OF CERTAIN ALMOST
POLYADIC SERIES
V. Yu. Matveev (Moscow)

Abstract

The paper describes the arithmetic nature of the values at integer points of series from the
so-called class of F�series which constitute a solution of a system of linear di�erential equations
with coe�cients � rational functions in z.

We consider a subclass of the series consisting of the series of the form

∞∑
n=0

an · n! zn

where an ∈ Q, |an| ≤ ec1n, n = 0, 1, . . . with some constant c1. Besides there exists a sequence
of positive integers dn such that dn ak ∈ Z, k = 0, . . . , n and dn = d0,ndn, d0,n ∈ N,
n = 0, 1, . . . , d ∈ N and for any n the number d0,n is divisible only by primes p such that p 6 c2n.
Moreover

ordpn ≤ c3
(

logp n+
n

p2

)
.

We say then that the considered series belongs to the class F (Q, c1, c2, c3, d). Such series converge
at a point z ∈ Z, z 6= 0 in the �eld Qp for almost all primes p.

The direct product of the rings Zp of p�adic integers over all primes p is called the ring of
polyadic integers. It's elements have the form

a =

∞∑
n=0

an · n!, an ∈ Z

and they can be considered as vectors with coordinates a(p) which are equal to the sum of the
series a in the �eld Qp (This direct product is in�nite).

For any polynomial P (x) with integer coe�cients we de�ne P (a) as the vector with
coordinates P (a(p)) in Qp. According to the classi�cation, described in V. G. Chirskii's works
we call polyadic numbers a1, . . . , am in�nitely algebraically independent, if for any nonzero
polynomial P (x1, . . . , xm) with integer coe�cients there exist in�nitely many primes p such
that

P
(
a
(p)
1 , . . . , a(p)m

)
6= 0

in Qp.
The present paper states that if the considered F�series f1, . . . , fm satisfy a system of

di�erential equations of the form

P1,iy
′
i + P0,iyi = Qi, i = 1, . . . ,m

where the coe�cients P0,i, P1,i, Qi are rational functions in z and if ξ ∈ Z, ξ 6= 0, ξ is not a pole
of any of these functions and if

exp

(ˆ (
P0,i(z)

P1,i(z)
− P0,j(z)

P1,j(z)

)
dz

)
6∈ C(z)
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then f1(ξ), . . . , fm(ξ) are in�nitely algebraically independent almost polyadic numbers.

For the proof we use a modi�cation of the Siegel-Shidlovsky's method and V. G. Chirskii's.
Salikhov's approach to prove the algebraic independence of functions, constituting a solution of
the above system of di�erential equations.

Keywords: algebraic independence, almost polyadic numbers. Bibliography: 30 titles.

1. Ââåäåíèå è ôîðìóëèðîâêà òåîðåìû

Íàïîìíèì îñíîâíûå ïîíÿòèÿ òåîðèè ïîëèàäè÷åñêèõ ÷èñåë.
Ýëåìåíòû êîëüöà öåëûõ ïîëèàäè÷åñêèõ ÷èñåë èìåþò êàíîíè÷åñêîå ïðåäñòàâëåíèå â âèäå

ðÿäà

a =
∞∑
n=1

an · n! (1)

ãäå an ∈ {0, 1, . . . , n}.
Êîëüöî öåëûõ ïîëèàäè÷åñêèõ ÷èñåë ÿâëÿåòñÿ ïðÿìûì ïðîèçâåäåíèåì êîëåö öåëûõ p-àäè÷å-

ñêèõ ÷èñåë Zpi ïî âñåì ïðîñòûì ÷èñëàì pi, ïðè ýòîì ðÿä a ñõîäèòñÿ â ëþáîì êîëüöå Zpi .
Äåéñòâèòåëüíî, ñòåïåíü, â êîòîðîé ïðîñòîå ÷èñëî p âõîäèò â ðàçëîæåíèå ÷èñëà n! íà ïðîñòûå
ìíîæèòåëè, ðàâíà n−Sn

p−1 , ãäå Sn � ñóììà öèôð â p-è÷íîì ðàçëîæåíèè ÷èñëà n. Ñëåäîâàòåëüíî,
äëÿ ëþáîãî pi ïðè n→∞

|an · n!|pi → 0,

÷òî ÿâëÿåòñÿ äîñòàòî÷íûì óñëîâèåì ñõîäèìîñòè ðÿäà (1) â Zpi , ñîîòâåòñòâóþùóþ ñóììó áóäåì
îáîçíà÷àòü a(pi).

Òàêèì îáðàçîì, áåñêîíå÷íûé íàáîð ýëåìåíòîâ a(pi) ∈ Zpi , ñîîòâåòñòâóþùèõ âñåì ïðîñòûì
÷èñëàì pi, ìîæíî ðàññìàòðèâàòü, êàê ñîâîêóïíîñòü êîîðäèíàò ýëåìåíòà a êîëüöà öåëûõ ïî-
ëèàäè÷åñêèõ ÷èñåë, ïðåäñòàâëåííîãî â âèäå âåêòîðà. Ïîýòîìó äëÿ ëþáîãî ìíîãî÷ëåíà P (x) ñ
öåëûìè êîýôôèöèåíòàìè ïîëèàäè÷åñêîå ÷èñëî P (a) èìååò â êîëüöå Zp êîîðäèíàòó P (a(p)).

Â ðàáîòå [1] ïðåäëîæåíà ñëåäóþùàÿ êëàññèôèêàöèÿ ïîëèàäè÷åñêèõ ÷èñåë.
Íàçîâåì ïîëèàäè÷åñêîå ÷èñëî a àëãåáðàè÷åñêèì, åñëè ñóùåñòâóåò îòëè÷íûé îò íóëÿ ìíî-

ãî÷ëåí P (x) ñ öåëûìè êîýôôèöèåíòàìè òàêîé, ÷òî ïîëèàäè÷åñêîå ÷èñëî P (a) ðàâíî íóëþ, òî
åñòü äëÿ ëþáîãî ïðîñòîãî ÷èñëà p â êîëüöå Zp âûïîëíåíî ðàâåíñòâî P (a(p)) = 0.

Ïîëèàäè÷åñêîå ÷èñëî, êîòîðîå íå ÿâëÿåòñÿ àëãåáðàè÷åñêèì, åñòåñòâåííî íàçûâàòü òðàíñ-
öåíäåíòíûì ïîëèàäè÷åñêèì ÷èñëîì. Â ýòîì ñëó÷àå äëÿ ëþáîãî îòëè÷íîãî îò íóëÿ ìíîãî÷ëåíà
P (x) ñ öåëûìè êîýôôèöèåíòàìè ñóùåñòâóåò õîòÿ áû îäíî ïðîñòîå ÷èñëî p òàêîå, ÷òî â êîëüöå
Zp âûïîëíåíî íåðàâåíñòâî P (a(p)) 6= 0.

Áóäåì íàçûâàòü ïîëèàäè÷åñêîå ÷èñëî áåñêîíå÷íî òðàíñöåíäåíòíûì, åñëè äëÿ ëþáîãî îò-
ëè÷íîãî îò íóëÿ ìíîãî÷ëåíà P (x) ñ öåëûìè êîýôôèöèåíòàìè ñóùåñòâóåò áåñêîíå÷íîå ìíîæå-
ñòâî ïðîñòûõ ÷èñåë p òàêèõ, ÷òî â êîëüöå Zp âûïîëíåíî íåðàâåíñòâî P (a(p)) 6= 0.

Íàêîíåö, áóäåì íàçûâàòü ïîëèàäè÷åñêîå ÷èñëî ãëîáàëüíî òðàíñöåíäåíòíûì, åñëè äëÿ ëþ-
áîãî îòëè÷íîãî îò íóëÿ ìíîãî÷ëåíà P (x) ñ öåëûìè êîýôôèöèåíòàìè è ëþáîãî ïðîñòîãî ÷èñëà
p â êîëüöå Zp âûïîëíåíî íåðàâåíñòâî P (a(p)) 6= 0.

Îòìåòèì, ÷òî èç áåñêîíå÷íîé òðàíñöåíäåíòíîñòè a íå ñëåäóåò òðàíñöåíäåíòíîñòü a(p) õîòÿ
áû äëÿ îäíîãî ïðîñòîãî ÷èñëà p.

Íàçîâåì ïîëèàäè÷åñêèå ÷èñëà a1, . . . , am àëãåáðàè÷åñêè çàâèñèìûìè, åñëè ñóùåñòâóåò îò-
ëè÷íûé îò íóëÿ ìíîãî÷ëåí P (x1, . . . , xm) ñ öåëûìè êîýôôèöèåíòàìè òàêîé, ÷òî ïîëèàäè÷åñêîå
÷èñëî P (a1, . . . , am) ðàâíî íóëþ, ò.å. äëÿ ëþáîãî ïðîñòîãî ÷èñëà p â êîëüöå Zp âûïîëíåíî ðà-
âåíñòâî P (a

(p)
1 , . . . , a

(p)
m ) = 0.
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Ïîëèàäè÷åñêèå ÷èñëà a1, . . . , am íàçûâàþòñÿ àëãåáðàè÷åñêè íåçàâèñèìûìè, åñëè äëÿ ëþáî-
ãî îòëè÷íîãî îò íóëÿ ìíîãî÷ëåíà P (x1, . . . , xm) ñ öåëûìè êîýôôèöèåíòàìè ñóùåñòâóåò õîòÿ

áû îäíî ïðîñòîå ÷èñëî p òàêîå, ÷òî â êîëüöå Zp âûïîëíåíî íåðàâåíñòâî P (a
(p)
1 , . . . , a

(p)
m ) 6= 0.

Áóäåì íàçûâàòü ïîëèàäè÷åñêèå ÷èñëà áåñêîíå÷íî àëãåáðàè÷åñêè íåçàâèñèìûìè, åñëè äëÿ
ëþáîãî îòëè÷íîãî îò íóëÿ ìíîãî÷ëåíà P (x1, . . . , xm) ñ öåëûìè êîýôôèöèåíòàìè ñóùåñòâó-
åò áåñêîíå÷íîå ìíîæåñòâî ïðîñòûõ ÷èñåë p òàêèõ, ÷òî â êîëüöå Zp âûïîëíåíî íåðàâåíñòâî

P (a
(p)
1 , . . . , a

(p)
m ) 6= 0.

Íàêîíåö, áóäåì íàçûâàòü ïîëèàäè÷åñêèå ÷èñëà ãëîáàëüíî àëãåáðàè÷åñêè íåçàâèñèìûìè,
åñëè äëÿ ëþáîãî îòëè÷íîãî îò íóëÿ ìíîãî÷ëåíà P (x1, . . . , xm) ñ öåëûìè êîýôôèöèåíòàìè è

ëþáîãî ïðîñòîãî ÷èñëà p â êîëüöå Zp âûïîëíåíî íåðàâåíñòâî P (a
(p)
1 , . . . , a

(p)
m ) 6= 0.

Òåðìèí ïî÷òè ïîëèàäè÷åñêîå ÷èñëî èñïîëüçîâàí äëÿ îáîçíà÷åíèÿ òîãî ñëó÷àÿ, êîãäà ðàñ-
ñìàòðèâàåìûé ðÿä ñõîäèòñÿ âî âñåõ ïîëÿõ Qp, êðîìå áûòü ìîæåò êîíå÷íîãî èõ ÷èñëà.

Íà ïî÷òè ïîëèàäè÷åñêèå ÷èñëà ïåðåíîñÿòñÿ âñå ââåäåííûå âûøå ïîíÿòèÿ: àëãåáðàè÷åñêîå
ïîëèàäè÷åñêîå ÷èñëî, òðàíñöåíäåíòíîå ïîëèàäè÷åñêîå ÷èñëî, áåñêîíå÷íî òðàíñöåíäåíòíîå ïî-
ëèàäè÷åñêîå ÷èñëî, ãëîáàëüíî òðàíñöåíäåíòíîå ïîëèàäè÷åñêîå ÷èñëî, àëãåáðàè÷åñêè çàâèñè-
ìûå ïîëèàäè÷åñêèå ÷èñëà, àëãåáðàè÷åñêè íåçàâèñèìûå ïîëèàäè÷åñêèå ÷èñëà, áåñêîíå÷íî àë-
ãåáðàè÷åñêè íåçàâèñèìûå ïîëèàäè÷åñêèå ÷èñëà, ãëîáàëüíî àëãåáðàè÷åñêè íåçàâèñèìûå ïîëèà-
äè÷åñêèå ÷èñëà.

Òåîðåìà 1. Ïóñòü
f1(z), . . . , fm(z) (2)

ïðåäñòàâëÿþò ñîáîé òðàíñöåíäåíòíûå F�ðÿäû ñ öåëûìè êîýôôèöèåíòàìè, ñîñòàâëÿþùèå
ðåøåíèå ñèñòåìû âèäà

P1,iy
′
i + P0,iyi = Qi, i = 1, . . . ,m

ãäå P0,i, P1,i, Qi ∈ Q(z).
(3)

Ïóñòü ξ ∈ Z, ξ 6= 0, à òàêæå âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

exp

(ˆ (
P0,i(z)

P1,i(z)
− P0,j(z)

P1,j(z)

)
dz

)
6∈ C(z), i 6= j. (4)

Òîãäà ïî÷òè ïîëèàäè÷åñêèå ÷èñëà α1 = f1(ξ), . . . , fm(ξ) = αm áåñêîíå÷íî àëãåáðàè÷åñêè íåçà-
âèñèìû.

Äîêàçàòåëüñòâî. [Äîêàçàòåëüñòâî òåîðåìû 1] Äëÿ äîêàçàòåëüñòâà èñïîëüçóåòñÿ ìîäèôèöè-
ðîâàííûé ìåòîä Çèãåëÿ�Øèäëîâñêîãî äëÿ F�ðÿäîâ [2].

Çäåñü ìû îãðàíè÷èìñÿ ðàññìîòðåíèåì ïîäêëàññà F -ðÿäîâ, êîòîðûé ñîñòîèò èç ðÿäîâ âèäà

∞∑
n=0

an · n!zn ,

ó êîòîðûõ an ∈ Q è |an| ≤ ec1n, n = 0, 1, ..., ãäå c1- íåêîòîðàÿ ïîñòîÿííàÿ. Êðîìå òîãî, ñóùå-
ñòâóåò ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë dn òàêèõ, ÷òî dnak ∈ Z, k = 0, . . . , n. Ïðè ýòîì
dn = d0,nd

n, d0,n ∈ N, n = 0, 1, . . . , d ∈ N è äëÿ ëþáîãî n ÷èñëî d0,n äåëèòñÿ òîëüêî íà ïðî-
ñòûå ÷èñëà p, äëÿ êîòîðûõ âûïîëíåíî íåðàâåíñòâî p ≤ c2n. Ïðåäïîëàãàåì òàêæå,÷òî ñòåïåíü,
â êîòîðîé ÷èñëî p âõîäèò â ðàçëîæåíèå ÷èñëà d0,n, îáîçíà÷àåìàÿ ordpn, óäîâëåòâîðÿåò ïðè
âñåõ n íåðàâåíñòâó

ordpn ≤ c3

(
logp n+

n

p2

)
.

Ïðè âûïîëíåíèè ýòèõ óñëîâèé ãîâîðèì, ÷òî ðàññìàòðèâàåìûé ðÿä ïðèíàäëåæèò êëàññó
F (Q, c1, c2, c3, d).

Ñôîðìóëèðóåì òåîðåìó (òåîðåìà 1 èç [3]), êîòîðàÿ áóäåò ïðèìåíåíà ê çíà÷åíèÿì ðÿäîâ (2).
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Òåîðåìà 2. Ïóñòü ðÿäû f1(z), . . . , fm(z) ïðèíàäëåæàò íåêîòîðîìó êëàññó

F (Q, C1, C2, C3, d0) .

Ïóñòü f1(z), . . . , fm(z) ñîñòàâëÿþò ðåøåíèå ñèñòåìû ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé

Y ′i =
m∑
j=1

Bi,j(z)Yi, i = 1, . . . ,m, (4)

Bi,j ∈ Q(z). Ïóñòü T0(z) ∈ Z[z] è T0(z) · Bi,j(z) ∈ Z[z], i, j = 1, . . . ,m, ïðè÷åì ïóñòü ñòåïåíü
T0(z)- íàèìåíüøàÿ âîçìîæíàÿ, à êîýôôèöåíòû T0(z) � âçàèìíî ïðîñòûå öåëûå ÷èñëà. Òîãäà
ïîëèàäè÷åñêèå ÷èñëà f1(ξ), . . . , fm(ξ) áåñêîíå÷íî àëãåáðàè÷åñêè íåçàâèñèìû.

Ïóñòü òðàíñöåíäåíòíûå ôîðìàëüíûå ñòåïåííûå ðÿäû y1, . . . , ym óäîâëåòâîðÿþò ñèñòåìå
äèôôåðåíöèàëüíûõ óðàâíåíèé

P1,iy
′
i + P0,iy = Qi, i = 1, . . . ,m. (5)

Äëÿ äîêàçàòåëüñòâà òåîðåìû 1 íóæíî äîêàçàòü àëãåáðàè÷åñêóþ íåçàâèñèìîñòü íàä Q(z)
ðÿäîâ f1(z), . . . , fm(z). Îíà ñëåäóåò èç äîêàçûâàåìîé íèæå òåîðåìû 3. Äîêàçàòåëüñòâî òåî-
ðåìû 3 èìååò òó æå ñõåìó, ÷òî è äîêàçàòåëüñòâà òåîðåì Â.Õ. Ñàëèõîâà [5], (ñì. òàêæå [4],
ñòð.198,199).

Òåîðåìà 3. Ïóñòü
f1(z), . . . , fm(z) (6)

ïðåäñòàâëÿþò ñîáîé òðàíñöåíäåíòíûå F�ðÿäû ñ öåëûìè êîýôôèöèåíòàìè, ñîñòàâëÿþùèå
ðåøåíèå ñèñòåìû âèäà

P1,iy
′
i + P0,iyi = Qi, i = 1, . . . ,m

ãäå P0,i, P1,i, Qi ∈ Q(z).
(7)

Ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

exp

(ˆ (
P0,i(z)

P1,i(z)
− P0,j(z)

P1,j(z)

)
dz

)
6∈ C(z), i 6= j. (8)

òîãäà ðÿäû f1(z), . . . , fm(z) àëãåáðàè÷åñêè íåçàâèñèìû íàä C(z).

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïðîâåäåì ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè.

Ëåììà 1. Ïóñòü òðàíñöåíäåíòíûå ðÿäû yi óäîâëåòâîðÿþò ñèñòåìå óðàâíåíèé (5) è
ïóñòü âûïîëíÿåòñÿ óñëîâèå (8) . Òîãäà ðÿäû y1, . . . , ym è 1 ëèíåéíî íåçàâèñèìû íàä Q (z).

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ïðîòèâíîå è ïóñòü ðàçìåðíîñòü âåêòîðíîãî ïðîñòâàí-
ñòâà íàä Q(z), ïîðîæäåííîãî ýòèìè ðÿäàìè, ðàâíà k, k < m. Òàê êàê ñðåäè ðÿäîâ y1, . . . , ym
íåò ðàöèîíàëüíûõ ôóíêöèé, k > 2. Ïðåäïîëîæèì, ÷òî 1, y1, . . . , yk−1 ëèíåéíî íåçàâèñèìû, à
1, y1, . . . , yk � ëèíåéíî çàâèñèìû è èìååò ìåñòî ðàâåíñòâî

q0 + q1y1 + . . .+ qkyk = 0, ãäå qi ∈ Q(z), i = 0, 1, . . . , k. (9)

Çàìåòèì, ÷òî ïî âûáîðó k ôóíêöèÿ qk 6= 0. Êðîìå òîãî, òàê êàê ñðåäè y1, . . . , yk íåò ðàöèî-
íàëüíûõ ôóíêöèé, ñóùåñòâóåò íîìåð l, 1 6 l 6 k − 1 òàêîé, ÷òî ql 6= 0.

Êðîìå òîãî, òàê êàê ñðåäè y1, . . . , yk íåò ðàöèîíàëüíûõ ôóíêöèé, ñóùåñòâóåò íîìåð l,
1 6 l 6 k − 1 òàêîé, ÷òî ql 6= 0.
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Ïðîäèôôåðåíöèðóåì ðàâåíñòâî (9), èñïîëüçóÿ ñèñòåìó (5):

(
q0
′ + q1

′y1 + q1

(
−P0,1

P1,1
y1 +

Q1

P1,1

)
+ . . .+

+ ql
′yl + ql

(
−P0,l

P1,l
yl +

Ql
P1,l

)
+ . . .+

+ qk
′yk + qk

(
−P0,k

P1,k
yk +

Qk
P1,k

))
= 0

èëè

q0
′ +

Qi
P1,i

(q1 + . . .+ qk) +

(
q1
′ + q1

(
−P0,1

P1,1

))
y1 + . . .+

(
ql
′ + ql

(
−P0,l

P1,l

))
yl + . . .+(

qk
′ + qk

(
−P0,k

P1,k

))
yk = 0

(10)

Èç (9) è (10) ñëåäóåò, ÷òî â ïîëå ðàöèîíàëüíûõ ôóíêöèé âûïîëíÿåòñÿ ðàâåíñòâî

ql
′

ql
− P0,l

P1,l
=
qk
′

qk
− P0,k

P1,k
, (11)

èíà÷å áû èç ýòèõ äâóõ óðàâíåíèé ìîæíî áûëî áû èñêëþ÷èòü ïåðåìåííóþ yk è ïîëó÷èòü íåòðè-
âèàëüíîå óðàâíåíèå, ñâÿçûâàþùèå íàä Q(z) ðÿäû 1, y1, . . . , yk−1. Ðàâåíñòâî (11) ïðåîáðàçóåì
ê âèäó

ql
′ +

(
−P0,l

P1,l

)
ql = qk

′ +

(
−P0,k

P1,k

)
qk

q′l +
(
−P0,l

P1,l

)
ql

ql
=
q′k +

(
−P0,k

P1,k

)
qk

qk
q′l
ql

+

(
−P0,l

P1,l

)
=
q′k
qk

+

(
−P0,k

P1,k

)
q′l
ql
− q′k
qk

=
P0,l

P1,l
− P0,k

P1,k

(ln ql)
′ − (ln qk)

′ =

(
P0,l

P1,l

)
−
(
P0,k

P1,k

)
(

ln
ql
qk

)′
=

(
P0,l

P1,l
− P0,k

P1,k

)
ln
ql
qk

=

ˆ (
P0,l

P1,l
− P0,k

P1,k

)
dz + lnC

ql
qk

= e

´(P0,l
P1,l
−
P0,k
P1,k

)
dz
· C

(12)

Èç óñëîâèÿ (8) ñëåäóåò , ÷òî ïðàâàÿ ÷àñòü ýòîãî ðàâåíñòâà íå ÿâëÿåòñÿ ðàöèîíàëüíîé ôóíê-
öèåé è íå ìîæåò áûòü ðàâíà ql

qk
. Ëåììà 1 äîêàçàíà. 2

Ïðîäîëæèì äîêàçàòåëüñòâî òåîðåìû ïî èíäóêöèè. Ïóñòü m > 1, ïóñòü ðÿäû

f1 = f1(z), . . . , fm = fm(z) (13)

àëãåáðàè÷åñêè çàâèñèìû íàä Q(z), à ÷èñëî l òàêîâî, ÷òî ëþáûå l−1 ñðåäè ýòèõ ðÿäîâ àëãåáðà-
è÷åñêè íåçàâèñèìû, íî ñóùåñòâóþò l ðÿäîâ òàêèõ, ÷òî îíè àëãåáðàè÷åñêè çàâèñèìû. Òàê êàê
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íóìåðàöèÿ ðÿäîâ (13) â íàøåì ðàñïîðÿæåíèè, ìîæíî ñ÷èòàòü, ÷òî f1, . . . , fl−1 àëãåáðàè÷åñêè
íåçàâèñèìû, à f1, . . . , fl àëãåáðàè÷åñêè çàâèñèìû. Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ
óðàâíåíèé êîòîðîé óäîâëåòâîðÿþò ðÿäû f1, . . . , fl

wi
′ = P0,iwi −Qi, i = 1, . . . , l (14)

è ñîîòâåòñòâóþùèé ñèñòåìå (14) äèôôåðåíöèàëüíûé îïåðàòîð

D =
∂

∂z
+

l∑
i=1

(P0,iwi −Qi)
∂

∂wi
(15)

Ïóñòü P = P (z, w1, . . . , wl) ∈ Q [z, w1, . . . , wl] îòëè÷íûé îò òîæäåñòâåííîãî íóëÿ è íåïðèâîäè-
ìûé ìíîãî÷ëåí òàêîé, ÷òî

P (z, f1, . . . , fl) = 0. (16)

Ïðèìåíÿÿ ëåììó 4 èç êíèãè [4] ( ãëàâà 4, ñòð 161�162) ïîëó÷àåì, ÷òî ñ íåêîòîðûì Q(z) ∈ Q(z)
âûïîëíåíî ðàâåíñòâî ìíîãî÷ëåíîâ èç Q [z, w1, . . . , wl]

DP = QP. (17)

Ïóñòü ñòåïåíü ìíîãî÷ëåíà P ïî ñîâîêóïíîñòè ïåðåìåííûõ w1, . . . , wl ðàâíà s. Ïðåäñòàâèì
ìíîãî÷ëåí P â âèäå

P =
∑

k1+...+kl6s

Pk · w1
k1 . . . wl

kl , (18)

ãäå k = (k1, . . . , kl), Pk ∈ Q[z], ki ∈ Z, ki > 0, i = 1, . . . , l. Èç (14) � (18) ñëåäóåò, ÷òî

D

 ∑
k1+...+kl6s

Pk w
k1
1 . . . wkll

 = Q

 ∑
k1+...+kl6s

Pk w
k1
1 . . . wkll

 ,

îòêóäà ∑
k1+...+kl6s

(
P ′
k
wk11 . . . wkll +

l∑
i=1

Pk

(
kiw

k1
1 . . . wki−1

i . . . wkll

)
· (P0,iwi −Qi)

)
=

=
∑

k1+...+kl6s

QPk w
k1
1 . . . wkll .

(19)

Ðàññìîòðèì ïðîèçâîëüíûé îòëè÷íûé îò íóëÿ ÷ëåí ìíîãî÷ëåíà P , èìåþùèé íàèáîëüøóþ
ñòåïåíü s ïî ñîâîêóïíîñòè ïåðåìåííûõ w1, . . . , wl. Ïóñòü îí èìååò âèä Pr w

r1
1 . . . wrll , ãäå r1 +

. . .+ rl = s, r = (r1, . . . , rl), Pr 6= 0.
Èç (19) ñëåäóåò, ÷òî Pr óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ

y′ =

(
Q−

l∑
i=1

riP0,i

)
y. (20)

Àíàëîãè÷íîå ðàâåíñòâî ñ çàìåíîé ri íà ti âûïîëíÿåòñÿ äëÿ ëþáîãî êîýôôèöèåíòà Pt ñ èíäåê-
ñîì t = (t1, . . . , tl), óäîâëåòâîðÿþùèì óñëîâèþ t1 + . . .+ tl = s.

Ïóñòü j âûáðàíî òàê, ÷òî rj > 0 è ïóñòü Pk � êîýôôèöèåíò ìíîãî÷ëåíà P ñ èíäåêñîì
k = (k1, . . . , kl), äëÿ êîòîðîãî âûïîëíåíû ðàâåíñòâà: ki = ri, i 6= j, kj = rj − 1. Èç (19) ñëåäóåò,
÷òî

Pk
′ =

(
Q−

l∑
i=1

kiP0,i

)
Pk +

l∑
j=1

(kj + 1)QiPk

(21)



ÀËÃÅÁÐÀÈ×ÅÑÊÀß ÍÅÇÀÂÈÑÈÌÎÑÒÜ . . . 173

ãäå
kj = (k1, . . . , kj−1, kj + 1, kj+1, . . . , kl) (22)

Ðàññìîòðèì ðÿä

Φ = Φ(z) = −
l∑

j=1

(kj + 1)Pkjfj (23)

è âû÷èñëèì, èñïîëüçóÿ (20), (23) (ò.ê. äëÿ Pkj ñóììà èíäåêñîâ ðàâíà s)

Φ′ = −
l∑

j=1

(kj + 1)
(
Pkj
′fj + Pkjfj

′
)

=

= −
l∑

j=1

(kj + 1)

(
fj

(
Q−

l∑
i=1

kiP0,i − P0,j

)
Pkj + Pkj (P0,jfj)−QjPkj

)
,

(24)

Φ′ = −
l∑

j=1

(kj + 1)

(
Q−

l∑
i=1

kiP0,i

)
Pkjfj +

l∑
j=1

(kj + 1)QjPkj

Èç óðàâíåíèé (21), (24) ñëåäóåò, ÷òî

Pk
′ − Φ′ =

(
Q−

l∑
i=1

kiP0,i

)(
Pk − Φ

)
. (25)

Îáîçíà÷èì Yk = Pk − Φ. Ïóñòü

w =
Yk
Pkj

,

ãäå Pkj = Pr 6= 0 ïî îïðåäåëåíèþ kj . Òîãäà ñîãëàñíî (20), (25)

w′

w
=
Y ′k
Yk
−
P ′kj
Pkj

=

Q− l∑
i=1
i 6=j

kiP0,i

−(Q− l∑
i=1

kiP0,i − P0,j

)
= P0,j ,

Ñëåäîâàòåëüíî,
w′ = P0,jw. (26)

Ðàññìîòðèì ðÿä

Ω = fj −
1

kj + 1
w = fj −

1

kj + 1

(
Pk − Φ

Pr

)
=

1

(kj + 1)Pr

(
Prfj

(kj+1) − Pk + Φ
)

=

1

(kj + 1)Pr

(
Prfj

(kj+1) − Pk +
l∑

i=1

(ki + 1)Pki · fi
)

= − 1

(kj + 1)Pr

Pk +
l∑

i=1
i 6=j

(ki + 1)Pkifi

 ,

(27)

òàê êàê r = kj , ââèäó îïðåäåëåíèÿ k è ðàâåíñòâà (22).
Ïîñêîëüêó, ââèäó (14) è (26)

fj
′ = P0,jfj −Q0,j ,

w′ = P0,jw,

w′

kj + 1
=
wP0,j

kj + 1
,
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ïîëó÷àåì

Ω′ =

(
fj −

1

kj + 1
w

)′
= f ′j −

1

kj + 1
· P0,jw =

= P0,jfj −Q0,j − P0,j ·
w

kj + 1
=

= P0,j

(
fj −

w

kj + 1

)
−Q0,j ,

òî åñòü Ω ÿâëÿåòñÿ ðåøåíèåì òîãî æå óðàâíåíèÿ, ÷òî è fj , íî ðàâåíñòâî (27) îçíà÷àåò, ÷òî
ðÿäû Ω, 1, f1, . . . , fj−1, fj+1, . . . , fl ëèíåéíî çàâèñèìû íàä Q(z). Íî ýòî ïðîòèâîðå÷èò ëåììå 1.
Òåîðåìà äîêàçàíà. 2

2. Çàêëþ÷åíèå

Â ðàáîòàõ [1] � [30] ðàçâèòà òåîðèÿ àðèôìåòè÷åñêèõ ñâîéñòâ p�àäè÷åñêèõ è ïîëèàäè÷åñêèõ
÷èñåë. Ïîëó÷åííûå â íàñòîÿùåé ðàáîòå ðåçóëüòàòû ïðîäîëæàþò èññëåäîâàíèÿ, ïðîâåäåííûå
â ðàáîòàõ àâòîðà è Â. Ã. ×èðñêîãî [13�15,18,19].
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ÎÁ ÀÂÒÎÌÎÐÔÈÇÌÀÕ ÑÈËÜÍÎ ÐÅÃÓËßÐÍÎÃÎ ÃÐÀÔÀ
Ñ ÏÀÐÀÌÅÒÐÀÌÈ (1276,50,0,2)

Â. Â. Íîñîâ (ã. Îðåíáóðã)

Àííîòàöèÿ

Ïóñòü Γ ñèëüíî ðåãóëÿðíûé ãðàô ñ ïàðàìåòðàìè (v, k, 0, 2). Òîãäà k = u2 + 1, v =
(u4 + 3u2 + 4)/2 äëÿ u ≡ 1, 2, 3(mod4). Åñëè u = 1, òî Γ èìååò ïàðàìåòðû (4, 2, 0, 2) � ãðàô
÷åòûð¼õóãîëüíèêà. Åñëè u = 2, òî Γ èìååò ïàðàìåòðû (15, 5, 0, 2) � ãðàô Êëåáøà. Åñëè
u = 3, òî Γ èìååò ïàðàìåòðû (56, 10, 0, 2) � ãðàô Ãåâèðòöà. Åñëè u = 5 òîãäà, ãèïîòåòè-
÷åñêèé ñèëüíî ðåãóëÿðíûé ãðàô Γ èìååò ïàðàìåòðû (352, 26, 0, 2) [4]. Åñëè u = 6 òîãäà,
ãèïîòåòè÷åñêèé ñèëüíî ðåãóëÿðíûé ãðàô Γ èìååò ïàðàìåòðû (704, 37, 0, 2) [5]. Åñëè u = 7,
òîãäà Γ èìååò ïàðàìåòðû (1276, 50, 0, 2). Ïóñòü G ãðóïïà àâòîìîðôèçìîâ ãèïîòåòè÷åñêîãî
ñèëüíî ðåãóëÿðíîãî ãðàôà ñ ïàðàìåòðàìè (1276, 50, 0, 2). Íàéäåíû âîçìîæíûå ïîðÿäêè è
ïîäãðàôû íåïîäâèæíûõ òî÷åê ýëåìåíòîâ ïðîñòûõ ïîðÿäêîâ ãðóïïû G. Ñ èñïîëüçîâàíèåì
òåîðèè õàðàêòåðîâ êîíå÷íûõ ãðóïï áûëè íàéäåíû âîçìîæíûå ïîðÿäêè ïîäãðàôû íåïî-
äâèæíûõ òî÷åê àâòîìîðôèçìîâ ãðàôà ñ ïàðàìåòðàìè (1276, 50, 0, 2). Äîêàçàíî, ÷òî åñëè
ãðàô ñ ïàðàìåòðàìè (1276,50,0,2) ñóùåñòâóåò, òî ïîðÿäîê åãî ãðóïïû àâòîìîðôèçìîâ äåëèò
2l · 3 · 5m · 7 · 11 · 29. Â ÷àñòíîñòè, G � ðàçðåøèìàÿ ãðóïïà.

Êëþ÷åâûå ñëîâà: ñèëüíî ðåãóëÿðíûé ãðàô, àâòîìîðôèçìû ïðîñòûõ ïîðÿäêîâ ñèëüíî
ðåãóëÿðíîãî ãðàôà, ïîäãðàôû íåïîäâèæíûõ òî÷åê.

Áèáëèîãðàôèÿ: 17 íàçâàíèé.

ON AUTOMORPHISMS OF STRONGLY REGULAR GRAPH
WITH THE PARAMETRS (1276,50,0,2)

V. V. Nosov (Orenburg)

Abstract

Let Γ be a strongly regular graph with parameters (v, k, 0, 2). Then k = u2 + 1, v = (u4 +
3u2 + 4)/2 and u ≡ 1, 2, 3(mod4). If u = 1, then Γ has parametrs (4, 2, 0, 2) � tetragonal graph.
If u = 2, then Γ has parametrs (15, 5, 0, 2) � Clebsch graph. If u = 3, then Γ has parametrs
(56, 10, 0, 2) � Gewirtz graph. If u = 5 then hypothetical strongly regular graphΓ has parametrs
(352, 26, 0, 2) [4]. If u = 5 then hypothetical strongly regular graphΓ has parametrs (704, 37, 0, 2)
[5]. Let u = 7, then Γ has parametrs (1276, 50, 0, 2). Let G be the automorphism group of a
hypothetical strongly regular graph with parameters (1276, 50, 0, 2). Possible orders are found
and the structure of �xed-point subgraphs is determined for elements of prime order in G. With
the use of theory of characters of �nite groups we �nd the possible orders and the structures of
subgraphs of the �xed points of automorphisms of the graph with parameters (1276, 50, 0, 2).
It proved that if the graph with parametrs (1276,50,0,2) exist, its automorphism group divides
2l · 3 · 5m · 7 · 11 · 29. In particulary, G � solvable group.

Keywords: strongly regular graph, prime order automorphisms of strongly regular graph,
�xed-point subgraphs.

Bibliography: 17 titles.
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1. Ââåäåíèå

Ìû ðàññìàòðèâàåì íåîðèåíòèðîâàííûå ãðàôû áåç ïåòåëü è êðàòíûõ ðåáåð. Åñëè a, b �
âåðøèíû ãðàôà Γ, òî ÷åðåç d(a, b) îáîçíà÷àåòñÿ ðàññòîÿíèå ìåæäó a è b, à ÷åðåç Γi(a) �
ïîäãðàô ãðàôà Γ, èíäóöèðîâàííûé ìíîæåñòâîì âåðøèí, êîòîðûå íàõîäÿòñÿ íà ðàññòîÿíèè i
â Γ îò âåðøèíû a. Ïîäãðàô Γ1(a) íàçûâàåòñÿ îêðåñòíîñòüþ âåðøèíû a è îáîçíà÷àåòñÿ ÷åðåç
[a]. ×åðåç a⊥ îáîçíà÷àåòñÿ ïîäãðàô, ÿâëÿþùèéñÿ øàðîì ðàäèóñà 1 ñ öåíòðîì a.

Ãðàô Γ íàçûâàåòñÿ ðåãóëÿðíûì ãðàôîì ñòåïåíè k, åñëè [a] ñîäåðæèò òî÷íî k âåðøèí
äëÿ ëþáîé âåðøèíû a èç Γ. Ãðàô Γ íàçûâàåòñÿ ðåáåðíî ðåãóëÿðíûì ãðàôîì ñ ïàðàìåòðà-
ìè (v, k, λ), åñëè Γ ñîäåðæèò v âåðøèí, ÿâëÿåòñÿ ðåãóëÿðíûì ñòåïåíè k, è êàæäîå ðåáðî èç
Γ ëåæèò â λ òðåóãîëüíèêàõ. Ãðàô Γ íàçûâàåòñÿ âïîëíå ðåãóëÿðíûì ãðàôîì ñ ïàðàìåòðàìè
(v, k, λ, µ), åñëè Γ ðåáåðíî ðåãóëÿðåí ñ ñîîòâåòñòâóþùèìè ïàðàìåòðàìè è ïîäãðàô [a] ∩ [b]
ñîäåðæèò µ âåðøèí â ñëó÷àå d(a, b) = 2. Âïîëíå ðåãóëÿðíûé ãðàô äèàìåòðà 2 íàçûâàåòñÿ
ñèëüíî ðåãóëÿðíûì ãðàôîì. Ãðàô Γ íàçûâàåòñÿ ñèëüíûì ñ ïàðàìåòðàìè (λ, µ), åñëè êàæäîå
ðåáðî èç Γ ëåæèò òî÷íî â λ òðåóãîëüíèêàõ è ïîäãðàô [a] ∩ [b] ñîäåðæèò µ âåðøèí â ñëó÷àå
d(a, b) = 2. ×èñëî âåðøèí â [a] ∩ [b] îáîçíà÷èì ÷åðåç λ(a, b) (÷åðåç mu(a, b)), åñëè d(a, b) = 1
(åñëè d(a, b) = 2), à ñîîòâåòñòâóþùèé ïîäãðàô íàçîâåì (µ-) λ-ïîäãðàôîì. Ðåêòàãðàôîì íàçû-
âàåòñÿ âïîëíå ðåãóëÿðíûé ãðàô ñ λ = 0, µ = 2. Åñëè ∆ � ïîäãðàô ãðàôà Γ è a, b ∈ ∆, òî ÷åðåç
d∆(a, b) îáîçíà÷èì ðàññòîÿíèå ìåæäó a è b â ãðàôå ∆.

Åñëè X � ïîäìíîæåñòâî ãðóïïû àâòîìîðôèçìîâ ãðàôà Γ, òî ÷åðåç Fix(X) îáîçíà÷èì ïîä-
ãðàô íà ìíîæåñòâå âåðøèí, îñòàþùèõñÿ íåïîäâèæíûìè ïîä äåéñòâèåì ëþáîãî àâòîìîðôèçìà
èç X. Ïîäãðàôû íåïîäâèæíûõ òî÷åê àâòîìîðôèçìîâ ñèëüíî ðåãóëÿðíîãî ãðàôà ñ ìàëûìè
çíà÷åíèÿìè ïàðàìåòðîâ λ è µ èìåþò æåñòêî çàäàííîå ñòðîåíèå. Òàê ïîäãðàô íåïîäâèæíûõ
òî÷åê àâòîìîðôèçìà ãðàôà Ìóðà ñàì ÿâëÿåòñÿ ãðàôîì Ìóðà èëè çâåçäîé (ñì. ëåììó 1 [1]).

Õîðîøî èçâåñòíî (ïðåäëîæåíèå 1.1.2 [2]), ÷òî ñèëüíûé ãðàô ñ µ > 2 ðåãóëÿðåí. Ïîýòîìó
ñâÿçíûå êîìïîíåíòû íåïóñòûõ ïîäãðàôîâ íåïîäâèæíûõ òî÷åê 2′-àâòîìîðôèçìîâ ñèëüíî ðå-
ãóëÿðíîãî ãðàôà ñ max{λ, µ} 6 2 ëèáî ÿâëÿþòñÿ êëèêàìè, ëèáî ñèëüíî ðåãóëÿðíû ñ ýòèìè
æå ïàðàìåòðàìè. Àâòîìîðôèçìû ãðàôîâ Ìóðà, ò.å. ñèëüíî ðåãóëÿðíûõ ãðàôîâ ñ ïàðàìåò-
ðàìè (v, k, 0, 1) èçó÷àëèñü â [1]. Àâòîìîðôèçìû ñèëüíî ðåãóëÿðíûõ ãðàôîâ ñ ïàðàìåòðàìè
(v, k, 1, 2) ðàññìàòðèâàëèñü â [3]. Àâòîìîðôèçìû ñèëüíî ðåãóëÿðíûõ ãðàôîâ ñ ïàðàìåòðàìè
(v, k, 0, 2) èçó÷àëèñü â [4] è â [5]. Ýòîò êëàññ ãðàôîâ � åäèíñòâåííûé èç êëàññîâ ñâÿçíûõ
ñèëüíî ðåãóëÿðíûõ ãðàôîâ ñ max{λ, µ} 6 2, èìåþùèé áåñêîíå÷íîå ìíîæåñòâî äîïóñòèìûõ
ïàðàìåòðîâ.

Â äàííîé ðàáîòå èçó÷àþòñÿ àâòîìîðôèçìû ñèëüíî ðåãóëÿðíîãî ãðàôà ñ ïàðàìåòðàìè
(1276, 50, 0, 2). Êðîìå îáû÷íûõ òåîðåòèêî-ãðàôîâûõ ìåòîäîâ, ïðèìåíÿâøèõñÿ â ðàáîòàõ [1,3],
â äàííîé ñòàòüå èñïîëüçóåòñÿ ìåòîä Äîíàëüäà Õèãìåíà, ïîçâîëÿþùèé óòî÷íèòü âîçìîæíûå
ïîðÿäêè àâòîìîðôèçìîâ è ñòðîåíèå ïîäãðàôîâ èõ íåïîäâèæíûõ òî÷åê ñ ïîìîùüþ òåîðèè
õàðàêòåðîâ êîíå÷íûõ ãðóïï (ñì. �2).

Ïóñòü Γ ÿâëÿåòñÿ ñèëüíî ðåãóëÿðíûì ãðàôîì ñ ïàðàìåòðàìè (v, k, 0, 2). Èñïîëüçóÿ ðà-
âåíñòâî (λ − µ)2 + 4(k − µ) = n2, ïîëó÷èì n2 = 4k − 4, ïîýòîìó n = 2u, k = u2 + 1,
n − m = u − 1, −m = −u − 1. Èç ïðÿìîóãîëüíîãî ñîîòíîøåíèÿ k(k − λ − 1) = µ(v − k − 1)
íàõîäèì v = (u4 + 3u2 + 4)/2. Êðàòíîñòü ñîáñòâåííîãî çíà÷åíèÿ n−m ðàâíà

f = (m− 1)k(k +m)/(nµ) = u(u2 + 1)(u2 + u+ 2)/(4u),

ñëåäîâàòåëüíî, u íå÷åòíî èëè u ≡ 2(4).
Äëÿ íåáîëüøèõ u ïîëó÷èì ñëåäóþùèå ãðàôû: u = 1 � ÷åòûðåõóãîëüíèê; u = 2 � ãðàô

Êëåáøà ñ ïàðàìåòðàìè (16, 5, 0, 2); u = 3 � ãðàô Ãåâèðòöà ñ ïàðàìåòðàìè (56, 10, 0, 2). Ñó-
ùåñòâîâàíèå ãðàôîâ ñ u > 3 íåèçâåñòíî. Ïðè u = 5 ïîëó÷àåòñÿ ãèïîòåòè÷åñêèé ãðàô ñ íàè-
ìåíüøèìè ïàðàìåòðàìè (352, 26, 0, 2). Àâòîìîðôèçìû ýòîãî ãðàôà èçó÷àëèñü â [4]. Ïðè u = 6
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ãðàô èìååò ïàðàìåòðû (704, 37, 0, 2). Àâòîìîðôèçìû ýòîãî ãðàôà èçó÷àëèñü â [5]. Ïðè u = 7
ãðàô èìååò ïàðàìåòðû (1276, 50, 0, 2). Ãðàô ñ ïàðàìåòðàìè (1276, 50, 0, 2) èìååò ñîáñòâåííûå
çíà÷åíèÿ n−m = 6 è −m = −8 ñ êðàòíîñòÿìè f = 725 è g = 550 ñîîòâåòñòâåííî.

Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿþòñÿ ñëåäóþùàÿ òåîðåìà.
Òåîðåìà. Ïóñòü Γ ÿâëÿåòñÿ ñèëüíî ðåãóëÿðíûì ãðàôîì ñ ïàðàìåòðàìè (1276, 50, 0, 2),

G = Aut(Γ), g � ýëåìåíò ïðîñòîãî ïîðÿäêà p èç G è ∆ = Fix(g). Òîãäà âûïîëíÿåòñÿ îäíî èç
ñëåäóþùèõ óòâåðæäåíèé:

(1) p = 2 è ëèáî ∆ � ïóñòîé ãðàô, 26-êîêëèêà èëè ñâÿçíûé ãðàô ñòåïåíè 6 íà 44 âåðøè-
íàõ, ëèáî ∆ èìååò ñåìü ñâÿçíûõ êîìïîíåíò, ÿâëÿþùèåñÿ ÷åòûðåõóãîëüíèêàìè, ëèáî ∆ �
ðåãóëÿðíûé ãðàô, ñòåïåíè 8 íà 58 âåðøèíàõ;

(2) p = 3 è ∆ ÿâëÿåòñÿ ãðàôîì Êëåáøà;

(3) p = 5 è ∆ � îäíîâåðøèííûé ãðàô, ëèáî ãðàô Êëåáøà;

(4) p = 7 è ∆ � äâóõâåðøèííàÿ êëèêà;

(4) p = 11 èëè 29 è ∆ � ïóñòîé ãðàô.

Èç òåîðåìû ñëåäóåò, ÷òî ïîðÿäîê ãðóïïû àâòîìîðôèçìîâ G ãðàôà Γ ñ ïàðàìåòðàìè
(1276,50,0,2) äåëèò 2l · 3 · 5m · 7 · 11 · 29. Â ÷àñòíîñòè, G � ðàçðåøèìàÿ ãðóïïà.

2. Àâòîìîðôèçìû ïðîñòûõ ïîðÿäêîâ ãðàôà ñ ïàðàìåòðàìè
(1276,50,0,2)

Ðàññìîòðèì ñèëüíî ðåãóëÿðíûé ãðàô Γ ñ ïàðàìåòðàìè (v, k, 0, 2). Ïóñòü G = Aut(Γ) �
ãðóïïà àâòîìîðôèçìîâ Γ. Âûáåðåì ïîäãðóïïó X íå÷åòíîãî ïîðÿäêà èç G. Ïóñòü Ω = Fix(X)
� ìíîæåñòâî âåðøèí ãðàôà Γ, íåïîäâèæíûõ îòíîñèòåëüíîX. Åñëè a, b � íåñìåæíûå âåðøèíû
èç Ω, òî [a]∩[b] � ïîäãðàô, äîïóñòèìûé îòíîñèòåëüíî X, ïîýòîìó [a]∩[b] ⊂ Ω. Çíà÷èò Ω � ëèáî
ïóñòîé ãðàô, ëèáî ñèëüíî ðåãóëÿðíûé ãðàô ñ λ = 0, µ = 2, ëèáî ÿâëÿåòñÿ êëèêîé ñ ÷èñëîì
âåðøèí, íå áîëüøèì 2.

Ïóñòü t � èíâîëþöèÿ èç G, ∆ = Fix(t), a, b ∈ ∆. Òîãäà, [a] ∩ [b] = c, d è ëèáî c, d ∈ ∆,
ëèáî ct = d. Åñëè [b] ∩ ∆ ñîäåðæèò ðàçëè÷íûå âåðøèíû e, f , òî âòîðàÿ âåðøèíà ïîäãðàôà
[e] ∩ [f ] òàêæå ïîïàäàåò â ∆. Â ÷àñòíîñòè, ñâÿçíûå êîìïîíåíòû ãðàôà ∆ ÿâëÿþòñÿ âïîëíå
ðåãóëÿðíûìè ãðàôàìè ñ λ = 0 è µ = 2.

Ëåììà 2.1. Ïóñòü Σ � ñâÿçíàÿ êîìïîíåíòà ãðàôà ∆ è β � ñòåïåíü íåêîòîðîé âåðøèíû
a â ãðàôå Σ. Òîãäà

(1) |∆| = (β2 + k + 2)/2, â ÷àñòíîñòè, ∆ � ðåãóëÿðíûé ãðàô ñòåïåíè β;

(2) âåðøèíà èç Γ−∆ ñìåæíà íå áîëåå ÷åì ñ äâóìÿ âåðøèíàìè èç ∆.

Äîêàçàòåëüñòâî. Ýòî ëåììà 2.1 èç [4].

Äîêàçàòåëüñòâî òåîðåìû ðàçîáú¼ì íà äâà ïðåäëîæåíèÿ è ðÿä ëåìì.
Ïðåäëîæåíèå 1.Ïóñòü Γ � ñèëüíî ðåãóëÿðíûé ãðàôà ñ ïàðàìåòðàìè (1276, 50, 0, 2), X �

ãðóïïà íå÷åòíîãî ïîðÿäêà èç Aut Γ. Òîãäà äëÿ ìíîæåñòâà íåïîäâèæíûõ òî÷åê Ω = Fix(X)
âîçìîæíû ñëåäóþùèå ñëó÷àè:

(1) Ω � ïóñòîé ãðàô è |X| äåëèò 319;

(2) |Ω| = 1, |X| äåëèò 25;

(3) Ω ÿâëÿåòñÿ äâóõâåðøèííîé êëèêîé è |X| äåëèò 49;

(4) Ω ÿâëÿåòñÿ ÷åòûðåõóãîëüíèêîì è |X| = 3;

(5) Ω ÿâëÿåòñÿ ãðàôîì Êëåáøà è |X| äåëèò 45.

Äîêàçàòåëüñòâî. Åñëè Ω � ïóñòîé ãðàô, òî |X| äåëèò 319, òàê êàê v = 22 · 11 · 29.
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Åñëè Ω = {a} ÿâëÿåòñÿ îäíîâåðøèííûì ãðàôîì, òî X äåéñòâóåò áåç íåïîäâèæíûõ òî÷åê
íà [a], ïðè÷åì |[a]| = 50. Ïîýòîìó |X| äåëèò 25.

Åñëè Ω ÿâëÿåòñÿ ðåáðîì {a, b}, òî |[a]− {b}| = 49 è |X| äåëèò 49.
Åñëè Ω ÿâëÿåòñÿ ÷åòûðåõóãîëüíèêîì {a, b; c, d}, òî |[a]− Ω| = 48 è |X| = 3.
Åñëè Ω ÿâëÿåòñÿ ãðàôîì Êëåáøà, a ∈ Ω, òî |[a]− Ω| = 45 è |X| äåëèò 45.
Çàìåòèì, ÷òî ÷èñëî ðåáåð ìåæäó Ω è Γ − Ω ðàâíî |Ω|(u2 + 1 − k(Ω)) è íå ïðåâîñõîäèò

v−|Ω|. Ïîýòîìó Ω íå ìîæåò áûòü íè ãðàôîì Ãåâèðöà, íè ãðàôîì ñ ïàðàìåòðàìè (352, 26, 0, 2),
íè ãðàôîì ñ ïàðàìåòðàìè (704, 37, 0, 2) Ïðåäëîæåíèå 1 äîêàçàíî.

Âûÿñíèì òåïåðü ñòðîåíèå ïîäãðàôîâ íåïîäâèæíûõ òî÷åê èíâîëþòèâíûõ àâòîìîðôèçìîâ
ãðàôà Γ. Ïóñòü t � èíâîëþöèÿ èç G, ∆ = Fix(t), δ = |∆|.

Ïðåäëîæåíèå 2. Ïóñòü Γ � ñèëüíî ðåãóëÿðíûé ãðàô ñ ïàðàìåòðàìè (1276, 50, 0, 2), èìå-
þùèé èíâîëþòèâíûé àâòîìîðôèçì t. Òîãäà äëÿ ∆ = Fix(t) âûïîëíÿåòñÿ îäíî èç ñëåäóþùèõ
óòâåðæäåíèé:

(1) ∆ � ïóñòîé ãðàô;

(2) ∆ ÿâëÿåòñÿ 26-êîêëèêîé;

(3) ∆ èìååò ñåìü ñâÿçíûõ êîìïîíåíò, ÿâëÿþùèõñÿ ÷åòûðåõóãîëüíèêàìè;

(4) ∆ � ñâÿçíûé ãðàô ñòåïåíè 6 íà 44 âåðøèíàõ;

(5) ∆ � ñâÿçíûé ãðàô ñòåïåíè 8 íà 58 âåðøèíàõ.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî ∆ íå ÿâëÿåòñÿ ïóñòûì ãðàôîì. Ïóñòü ∆ � ðåãó-
ëÿðíûé ãðàô ñòåïåíè β, δ = |∆|. Òàê êàê k = 50, òî β ÷åòíî. ×èñëî ðåáåð ìåæäó ∆ è Γ −∆
ðàâíî δ(50− β). Ââèäó ëåììû 1.1. óêàçàííîå ÷èñëî íå áîëüøå 2(1276− δ).

Ïóñòü Xi � ìíîæåñòâî âåðøèí èç Γ −∆, ñìåæíûõ òî÷íî ñ i âåðøèíàìè èç ∆, xi = |Xi|.
Òîãäà x0 + x1 + x2 = 1276− δ è x1 + 2x2 = δ(50− β). Ïîýòîìó β 6 8.

Åñëè β = 0, òî ââèäó ëåììû 1.1 ãðàô ∆ ÿâëÿåòñÿ 26-êîêëèêîé.
Åñëè β = 2, òî δ = 28 è ∆ èìååò ñåìü ñâÿçíûõ êîìïîíåíòû, ÿâëÿþùèõñÿ ÷åòûðåõóãîëüíè-

êàìè.
Åñëè β = 4, òî δ = 34 è ∆ ÿâëÿåòñÿ ñâÿçíûì ãðàôîì äèàìåòðà, áîëüøåãî 2. Íî ïî ïðåäëî-

æåíèþ 1.13.1 [2] ÷èñëî âåðøèí â ðåêòàãðàôå ñòåïåíè k íå áîëüøå 2k, ïðîòèâîðå÷èå.
Åñëè β = 6, òî δ = 44 è ∆ ÿâëÿåòñÿ ñâÿçíûì ãðàôîì äèàìåòðà, áîëüøåãî 2.
Åñëè β = 8, òî δ = 58 è ∆ ÿâëÿåòñÿ ñâÿçíûì ãðàôîì äèàìåòðà, áîëüøåãî 2. Â ýòîì ñëó÷àå

δ(50 − β) = 2(1276 − δ) è êàæäàÿ âåðøèíà èç Γ −∆ ñìåæíà òî÷íî ñ äâóìÿ âåðøèíàìè èç ∆.
Ïðåäëîæåíèå 2 äîêàçàíî.

Äîêàçàòåëüñòâî òåîðåìû îïèðàåòñÿ íà ìåòîä Äîíàëüäà Õèãìåíà ðàáîòû ñ àâòîìîðôèçìàìè
ñèëüíî ðåãóëÿðíîãî ãðàôà, ïðåäñòàâëåííûé â òðåòüåé ãëàâå ìîíîãðàôèè Êàìåðîíà [8]. Ïðè
ýòîì ãðàô Γ ðàññìàòðèâàåòñÿ êàê ñèììåòðè÷íàÿ ñõåìà îòíîøåíèé (X,R) ñ äâóìÿ êëàññàìè.
Åñëè P è Q � ïåðâàÿ è âòîðàÿ ìàòðèöû ñîáñòâåííûõ çíà÷åíèé ñõåìû, òî

P =

 1 1 1
k r s

v − k − 1 −r − 1 −s− 1

 ,

PQ = QP = vI. Çäåñü v � ÷èñëî âåðøèí, k, r, s � ñîáñòâåííûå çíà÷åíèÿ ãðàôà Γ êðàòíîñòåé
1, f, g ñîîòâåòñòâåííî (óêàçàííûå êðàòíîñòè îáðàçóþò ïåðâûé ñòîëáåö ìàòðèöû Q).

Ïîäñòàíîâî÷íîå ïðåäñòàâëåíèå ãðóïïûG = Aut(Γ) íà âåðøèíàõ ãðàôà Γ îáû÷íûì îáðàçîì
äàåò ìàòðè÷íîå ïðåäñòàâëåíèå ψ ãðóïïû G â GL(v,C). Ïóñòü πi � îðòîãîíàëüíîå ïðîåêòèðî-
âàíèå Cv íà i-îå ñîáñòâåííîå ïîäïðîñòðàíñòâî Wi, χi � õàðàêòåð ïðåäñòàâëåíèÿ ãðóïïû G,
ïîëó÷åííîãî ïðè ýòîì ïðîåêòèðîâàíèè. Òîãäà äëÿ ëþáîãî g ∈ Aut(Γ) ïîëó÷èì
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χi(g) = v−1
2∑
j=0

(Q)ijαj(g),

ãäå αj(g) � ÷èñëî òî÷åê x èç X òàêèõ, ÷òî (x, xg) ∈ Rj . Çàìåòèì, ÷òî çíà÷åíèÿ õàðàêòåðîâ
ÿâëÿþòñÿ öåëûìè àëãåáðàè÷åñêèìè ÷èñëàìè, ïîýòîìó åñëè χi(g) � ÷èñëî ðàöèîíàëüíîå, òî
îíî äîëæíî áûòü öåëûì.

Ïóñòü Γ � ñèëüíî ðåãóëÿðíûé ãðàô ñ ïàðàìåòðàìè (v, u2 + 1, 0, 2) è G = Aut(Γ). Òîãäà

P =

 1 1 1
u2 + 1 −u− 1 u− 1

u2(u2 + 1)/2 u −u

 ,

Q =

 1 1 1
(u2 + 1)(u2 − u+ 2)/4 −(u2 + u+ 2)/4 (u2 − u+ 2)/(2u)
(u2 + 1)(u2 + u+ 2)/4 (u2 + u− 2)/4 (−u2 − u− 2)/(2u)

 .

Ïîýòîìó çíà÷åíèå õàðàêòåðà, ïîëó÷åííîãî ïðè ïðîåêòèðîâàíèè íà ïîäïðîñòðàíñòâî ðàçìåð-
íîñòè (u2 + 1)(u2 − u+ 2)/4 ðàâíî

χ1(g) =
1

v
((u2 + 1)(u2 − u+ 2)α0(g)/4− (u2 + u+ 2)α1(g)/4 + (u2 − u+ 2)α2(g)/(2u)).

Ïîäñòàâëÿÿ â ýòó ôîðìóëó çíà÷åíèå α2(g) = v − α0(g)− α1(g), ïîëó÷èì

χ1(g) =
1

2u
((u− 1)α0(g)− α1(g) + (u2 − u+ 2)).

Ïðè u = 7 èìååì

χ1(g) =
1

14
(6α0(g)− α1(g) + 44).

Îñîáóþ ñëîæíîñòü â ìåòîäå Õèãìåíà âûçûâàåò ïîäñ÷åò çíà÷åíèÿ ïàðàìåòðà α1(g). Åñëè
Γ � ãðàô áåç òðåóãîëüíèêîâ è |g| = 3, òî α1(g) = 0.

Óòî÷íèì, òåïåðü ïðåäëîæåíèÿ 1 è 2 ñ ïîìîùüþ òåîðèè õàðàêòåðîâ.
Ïóñòü Γ � ñèëüíî ðåãóëÿðíûé ãðàô ñ ïàðàìåòðàìè (1276, 50, 0, 2), t � èíâîëþöèÿ èç G,

∆ = Fix(g).
Åñëè ∆ � ïóñòîé ãðàô, òî χ1(t) = (−α1(t) + 44)/14. Äàëåå, α2(t) äåëèòñÿ íà 4, ïîýòîìó

α1(t) = 4w è w − 2 äåëèòñÿ íà 7.
Åñëè ∆ ÿâëÿåòñÿ 26-êîêëèêîé, òî χ1(t) = (−α1(t) + 200)/14. Òàê êàê α1(t) = 4w + 2, òî

2w + 3 äåëèòñÿ íà 7.
Åñëè ∆ èìååò 7 ñâÿçíûõ êîìïîíåíò, ÿâëÿþùèõñÿ ÷åòûðåõóãîëüíèêàìè, òî χ1(t) = (−α1(t)+

+212)/14, α1(t) = 4w è 2w − 1 äåëèòñÿ íà 7.
Åñëè ∆ ÿâëÿåòñÿ ãðàôîì ñòåïåíè 6 íà 44 âåðøèíàõ, òî χ1(t) = (−α1(t) + 308)/14.
Åñëè ∆ ÿâëÿåòñÿ ãðàôîì ñòåïåíè 8 íà 58 âåðøèíàõ, òî êàæäàÿ âåðøèíà èç Γ−∆ ñìåæíà

òî÷íî ñ äâóìÿ âåðøèíàìè èç ∆, ïîýòîìó α1(t) = 0 è χ1(t) = 392/14 = 28.

Ïóñòü g � ýëåìåíò íå÷åòíîãî ïðîñòîãî ïîðÿäêà èç G, Ω = Fix(g).

Ëåììà 2.1. Ïóñòü g � ýëåìåíò ïîðÿäêà 3. Òîãäà Ω � ãðàô Êëåáøà.

Äîêàçàòåëüñòâî. Ïóñòü g � ýëåìåíò ïîðÿäêà 3 èç Aut(Γ). Òîãäà α1(g) = 0 è χ1(g) =
= (6α0(g) + 44)/14.

Åñëè Ω ÿâëÿåòñÿ ÷åòûðåõóãîëüíèêîì, òî α0(g) = 4 è χ1(g) = 68/14. Ïðîòèâîðå÷èå.
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Åñëè Ω ÿâëÿåòñÿ ãðàôîì Êëåáøà, a ∈ Ω, òî α0(g) = 16 è χ1(g) = 140/14 = 10. Ëåììà
äîêàçàíà.

Ëåììà 2.2. Ïóñòü g � ýëåìåíò ïîðÿäêà 5. Òîãäà
(1) Åñëè Ω = {a} ÿâëÿåòñÿ îäíîâåðøèííûì ãðàôîì, òî ÷èñëî 5-óãîëüíûõ îðáèò ðàâíî

2(7t− 5) ïðè íåêîòîðîì öåëîì t;
(2) Åñëè Ω ÿâëÿåòñÿ ãðàôîì Êëåáøà, òî ÷èñëî 5-óãîëüíûõ îðáèò êðàòíî 70.

Äîêàçàòåëüñòâî. Ïóñòü g � ýëåìåíò ïîðÿäêà 5 èç Aut(Γ).
Åñëè Ω = {a} ÿâëÿåòñÿ îäíîâåðøèííûì ãðàôîì, òî α0(g) = 1, òîãäà χ1(g) = (−α1(g)+

+50)/14. Ïóñòü a ∈ Γ è {a, ag} � ðåáðî. Òîãäà 〈g〉-îðáèòà òî÷êè a ÿâëÿåòñÿ 5-óãîëüíèêîì è
α1(g) êðàòíî 5. Ïîëîæèì α1(g) = 5w. Òîãäà 14 äåëèò 50 − 5k, òîãäà÷èñëî 5-óãîëüíûõ îðáèò
ðàâíî 2(7t− 5) ïðè íåêîòîðîì öåëîì t.

Åñëè Ω ÿâëÿåòñÿ ãðàôîì Êëåáøà, òî α0(g) = 16, òîãäà χ1(g) = (α1(g) + 140)/14 è α1(g)
êðàòíî 14. Ïóñòü a ∈ Γ è {a, ag} � ðåáðî, òîãäà α1(g) êðàòíî 5. Ïîýòîìó α1(g) êðàòíî 70.
Ëåììà 2.2. äîêàçàíà.

Ëåììà 2.3. Ïóñòü g � ýëåìåíò ïîðÿäêà 7. Òîãäà ÷èñëî 7-óãîëüíûõ îðáèò êðàòíî 14.

Äîêàçàòåëüñòâî. Ïóñòü g � ýëåìåíò ïîðÿäêà 7 èç Aut(Γ). Â ýòîì ñëó÷àå Ω ÿâëÿåòñÿ
ÿâëÿåòñÿ ðåáðîì è χ1(g) = (−α1(g) + 56)/14. Ïîýòîìó α1(g) êðàòíî 14. Ëåììà 2.3. äîêàçàíà.

Ëåììà 2.4. Ïóñòü g � ýëåìåíò ïîðÿäêà 11. Òîãäà ÷èñëî 11-óãîëüíûõ îðáèò ðàâíî 4 è
÷èñëî 11-êîêëèêîâûõ îðáèò ðàâíî 112.

Äîêàçàòåëüñòâî. Ïóñòü g � ýëåìåíò ïîðÿäêà 11 èç Aut(Γ). Ïóñòü a ∈ Γ è {a, ag} � ðåáðî.
Òîãäà 〈g〉-îðáèòà òî÷êè a ÿâëÿåòñÿ 11-óãîëüíèêîì, ëèáî ãðàôîì, ñòåïåíè 4 íà 11 âåðøèíàõ.
Â ïîñëåäíåì ñëó÷àå, ìû èìååì ñèëüíî ðåãóëÿðíûé ãðàô ñ ïàðàìåòðàìè (11, 4, 0, 2). Ïðîòè-
âîðå÷èå. Ïîýòîìó ëþáàÿ 11-îðáèòà � ýòî ëèáî 11-óãîëüíèê, ëèáî 11-êîêëèêà. α1(g) êðàòíî
11. Ïîëîæèì α1(g) = 11w. Òîãäà 14 äåëèò −11w + 44. Îáùåå ÷èñëî îðáèò, äèííû 11 ðàâíî
1276/11 = 116. Ñëåäîâàòåëüíî, ÷èñëî 11-óãîëüíûõ îðáèò ðàâíî 4 è ÷èñëî 11-êîêëèêîâûõ îðáèò
ðàâíî 112. Ëåììà 2.4. äîêàçàíà.

Ëåììà 2.5. Ïóñòü g � ýëåìåíò ïîðÿäêà 29. Òîãäà ÷èñëî 29-óãîëüíûõ îðáèò ðàâíî ëèáî
2, ëèáî 16, ëèáî 30, ëèáî 44.

Äîêàçàòåëüñòâî. Ïóñòü g � ýëåìåíò ïîðÿäêà 29 èç Aut(Γ). Òîãäà, îáùåå ÷èñëî 29-îðáèò
ðàâíî 44. Ïóñòü a ∈ Γ è {a, ag} � ðåáðî è α1(g) êðàòíî 29. Ïîëîæèì α1(g) = 29w. Òîãäà
χ1 = (44− 29w)/14. Ñëåäîâàòåëüíî, w ∈ {2, 16, 30, 44} Ëåììà 2.5. äîêàçàíà.

3. Çàêëþ÷åíèå

Èòàê, äîêàçàíà ñëåäóþùàÿ òåîðåìà

Òåîðåìà. Ïóñòü Γ ÿâëÿåòñÿ ñèëüíî ðåãóëÿðíûì ãðàôîì ñ ïàðàìåòðàìè (1276, 50, 0, 2),
G = Aut(Γ), g � ýëåìåíò ïðîñòîãî ïîðÿäêà p èç G è ∆ = Fix(g). Òîãäà âûïîëíÿåòñÿ îäíî èç
ñëåäóþùèõ óòâåðæäåíèé:

(1) p = 2 è ëèáî ∆ � ïóñòîé ãðàô, 26-êîêëèêà èëè ñâÿçíûé ãðàô ñòåïåíè 6 íà 44 âåðøè-
íàõ, ëèáî ∆ èìååò ñåìü ñâÿçíûõ êîìïîíåíò, ÿâëÿþùèåñÿ ÷åòûðåõóãîëüíèêàìè, ëèáî ∆ �
ðåãóëÿðíûé ãðàô, ñòåïåíè 8 íà 58 âåðøèíàõ;

(2) p = 3 è ∆ ÿâëÿåòñÿ ãðàôîì Êëåáøà;
(3) p = 5 è ∆ � îäíîâåðøèííûé ãðàô, ëèáî ãðàô Êëåáøà;
(4) p = 7 è ∆ � äâóõâåðøèííàÿ êëèêà;
(4) p = 11 èëè 29 è ∆ � ïóñòîé ãðàô.
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ÎÁ ÎÄÍÎÉ ÑÈÑÒÅÌÅ ÑÐÀÂÍÅÍÈÉ
ÀÐÕÈÏÎÂÀ�ÊÀÐÀÖÓÁÛ

Õ.Ì.Ñàëèáà

Àííîòàöèÿ

Äîêàçàíî, ÷òî ñèñòåìà ñðàâíåíèé Àðõèïîâà�Êàðàöóáû ïî ëþáîìó ïðîñòîìó ìîäóëþ,
áîëüøåìó ñòåïåíè ôîðì â íåé, ðàçðåøèìà ïðè ëþáûõ ïðàâûõ ÷àñòÿõ è ïðè ÷èñëå ïåðå-
ìåííûõ, ïðåâîñõîäÿùèõ âåëè÷èíó 8(n + 1)2 log2 n + 12(n+ 1)2 + 4(n + 1), ãäå n � ñòåïåíü
ôîðì ýòîé ñèñòåìû.

Êëþ÷åâûå ñëîâà: äèîôàíòîâû óðàâíåíèÿ, ñðàâíåíèÿ Àðõèïîâà�Êàðàöóáû.

Áèáëèîãðàôèÿ: 9 íàçâàíèé.

ON ONE ARKHIPOV�KARATSUBA'S SYSTEM OF
CONGRUENCIES

H.M. Saliba

Abstract

The Arkhipov�Karatsuba's system of congruencies by arbitrary modulo, greater than a
degree of forms in it, has a solution for any right-hand parts, and for the number on unknowns
exceeding the value 8(n+ 1)2 log2 n+ 12(n+ 1)2 + 4(n+ 1), where n is the degree of forms of
this system.

Keywords: diophantine equations, Arkhipov�Karatsuba's system.

Bibliography: 9 titles.

Íàñòîÿùóþ ñòàòüþ àâòîð ïîñâÿùàåò ïàìÿòè âûäàþùèõñÿ ìàòåìàòèêîâ Ãåííàäèÿ Èâà-
íîâè÷à Àðõèïîâà (12.12.1945�14.03.2013) è Àíàòîëèÿ Àëåêñååâè÷à Êàðàöóáû (31.01.1937�
28.09.2008), îáðàç êîòîðûõ ó àâòîðà òåñíî ñâÿçàí ñ Ìîñêîâñêèì óíèâåðñèòåòîì.

1. Ââåäåíèå

Ìû ïðîäîëæàåì èññëåäîâàíèÿ àääèòèâíûõ ïðîáëåì òåîðèè ÷èñåë [1] � [9]. Â êà÷åñòâå
àääèòèâíûõ ñëàãàåìûõ â íèõ áåðóòñÿ ïðîñòåéøèå ôîðìû ñòåïåíè n îò äâóõ íåçàâèñèìûõ
ïåðåìåííûõ x è y âèäà xn, xn−1y, . . . , xyn−1, yn. Ã. È. Àðõèïîâ è À. À. Êàðàöóáà [2] èçó÷àëè
âîïðîñ î ðàçðåøèìîñòè ñèñòåìû äèîôàíòîâûõ óðàâíåíèé

xn1 + · · ·+ xnk = N0,

xn−1
1 y1 + · · ·+ xn−1

k yk = N1,

. . . . . . . . . . . .

x1y
n−1
1 + · · ·+ xky

n−1
k = Nn−1,

yn1 + · · ·+ ynk = Nn,



ÎÁ ÎÄÍÎÉ ÑÈÑÒÅÌÅ ÑÐÀÂÍÅÍÈÉ ÀÐÕÈÏÎÂÀ�ÊÀÐÀÖÓÁÛ 187

â íàòóðàëüíûõ ÷èñëàõ x1, . . . , xk, y1, . . . , yk ïðè ôèêñèðîâàííîì ÷èñëå ñëàãàåìûõ k = k(n).
Êàê èçâåñòíî, íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ äëÿ ñóùåñòâîâàíèÿ ðåøåíèé ñèñòåìû

äèîôàíòîâûõ óðàâíåíèé ñîñòîÿò èç àðèôìåòè÷åñêèõ óñëîâèé, ñâÿçàííûõ ñ ðàçðåøèìîñòüþ
ñîîòâåòñòâóþùåé ñèñòåìû ñðàâíåíèé ïî ëþáîìó ìîäóëþ è óñëîâèé ïîðÿäêà, îòâå÷àþùèõ çà
ðàçðåøèìîñòü ïîäîáíîé ñèñòåìû óðàâíåíèé â âåùåñòâåííûõ ÷èñëàõ (ñì., íàïðèìåð, [1], [3], [4],
[5], [7]). Â ðàáîòå [2] â îñíîâíîì îáñóæäàþòñÿ óñëîâèÿ ïîðÿäêà. Çäåñü èçó÷àþòñÿ íåêîòîðûå
àñïåêòû àðèôìåòè÷åñêèõ óñëîâèé.

Ïóñòü n ≥ 2, k, ν,N0, . . . , Nn � íàòóðàëüíûå, p > n � ïðîñòîå ÷èñëî, Tν � ÷èñëî ðåøåíèé
ñèñòåìû ñðàâíåíèé Àðõèïîâà � Êàðàöóáû

xn1 + · · ·+ xnk ≡ N0,

xn−1
1 y1 + · · ·+ xn−1

k yk ≡ N1,

. . . . . . . . . . . . (mod pν)

x1y
n−1
1 + · · ·+ xky

n−1
k ≡ Nn−1,

yn1 + · · ·+ ynk ≡ Nn,

(1)

ãäå íåèçâåñòíûå x1, . . . , xk ïðîáåãàþò ïîëíóþ ñèñòåìó âû÷åòîâ ïî ìîäóëþ pν . Çàìåòèì,÷òî ðàç-
ðåøèìîñòü ñèñòåìû ñðàâíåíèé (1) ïðè ν = 1 âëå÷åò åå ðàçðåøèìîñòü ïðè ëþáîì íàòóðàëüíîì
÷èñëå ν.

Â íàñòîÿùåé ñòàòüå äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 1. Ïóñòü p > n. Òîãäà ïðè k ≥ k ≥ 8(n+ 1)2 log2 n+ 12(n+ 1)2 + 4(n+ 1) è ïðè

ëþáûõ N0, . . . , Nn ñèñòåìà ñðàâíåíèé (1) ðàçðåøèìà.

2. Äîêàçàòåëüñòâî òåîðåìû

Áóäåì ñëåäîâàòü ñõåìå ðàññóæäåíèé, ïðåäëîæåííîé À. À. Êàðàöóáîé [6]. Íàì ïîíàäîáÿòñÿ
ñëåäóþùèå âñïîìîãàòåëüíûå óòâåðæäåíèÿ.

Ëåììà 1. Ïóñòü n < p < 8n2, k ≥ k ≥ 8(n+ 1)2 log2 n+ 12(n+ 1)2 + 4(n+ 1). Òîãäà T1 ≥ 1.
Äîêàçàòåëüñòâî. Ïóñòü, êàê è ðàíüøå, ïåðåìåííûå x1, . . . , xk, y1, . . . , yk ïðîáåãàþò ïîë-

íóþ ñèñòåìó âû÷åòîâ ïî ìîäóëþ p, ïåðåìåííûå u1, . . . , uk, v1, . . . , vk � íàòóðàëüíûå ÷èñëà îò 1
äî U = 2(n+ 1), â ñëåäóþùåé ñèñòåìå ñðàâíåíèé

(u1 + v1)xn1 + · · ·+ (uk + vk)x
n
k ≡ N0,

(u1 + v1)xn−1
1 y1 + · · ·+ (uk + vk)x

n−1
k yk ≡ N1,

. . . . . . . . . . . . . . . . . . . . . (mod pν)

(u1 + v1)x1y
n−1
1 + · · ·+ (uk + vk)xky

n−1
k ≡ Nn−1,

(u1 + v1)yn1 + · · ·+ (uk + vk)y
n
k ≡ Nn.

(2)

×èñëî ðåøåíèé T ñèñòåìû (2) çàïèøåì â âèäå

T = p−(n+1)
p∑

a0=1

p∑
a1=1

· · ·
p∑

an−1=1

p∑
an=1

W k(a0, . . . , an)×

× exp

(
−2πi

a0N0 + a1N1 + · · ·+ an−1Nn−1 + anNn

p

)
,

ãäå

W (a0, . . . , an) =

U∑
u=1

U∑
v=1

p∑
x=1

p∑
y=1

exp

(
2πi

(u+ v)(a0x
n + a1x

n−1y + · · ·+ an−1xy
n−1 + any

n)

p

)
.
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Î÷åâèäíî, èìååì W (0, . . . , 0) = U2p2. Ïóñòü òåïåðü (a0, . . . , an) 6= (0, . . . , 0). Òîãäà äëÿ
|W (a0, . . . , an)| ñïðàâåäëèâà îöåíêà

|W (a0, . . . , an)| ≤
p∑

x=1

p∑
y=1

1×

×
∣∣∣∣∣
U∑
u=1

U∑
v=1

exp

(
2πi

(u+ v)(a0x
n + a1x

n−1y + · · ·+ an−1xy
n−1 + any

n)

p

)∣∣∣∣∣ = W1.

Îáîçíà÷èì ñèìâîëîì J(λ) ÷èñëî ðåøåíèé ñëåäóþùåãî ñðàâíåíèÿ a0x
n + a1x

n−1y + · · · +
an−1xy

n−1 + any
n ≡ λ (mod p). Èìååì

W1 =

p∑
λ=1

J(λ)

∣∣∣∣∣
U∑
u=1

e
2πiλu

p

∣∣∣∣∣
2

.

Äëÿ âåëè÷èíû J(λ) íàõîäèì îöåíêó J(λ) ≤ p+ n(p− 1).

Äàëåå, ïîëó÷èì

W1 ≤ (p(n+ 1)− n)

p∑
λ=1

∣∣∣∣∣
U∑
u=1

e
2πiλu

p

∣∣∣∣∣
2

= p(p(n+ 1)− n)U.

Òàêèì îáðàçîì

T = (U2p2)kp−(n+1) + θ((n+ 1)p2U)k = U2kp2k−n−1
(

1 + θpn+1((n+ 1)U−1)k
)
, |θ| ≤ 1.

Äîñòàòî÷íî äîêàçàòü, ÷òî pn+12−k ≤ 2−1 èëè (n+1) log2 p ≤ k−1.Ïîñêîëüêó p ≤ 8n2, ïîñëåäíåå
íåðàâåíñòâî áóäåò ñëåäîâàòü èç îöåíêè k − 1 ≥ (n+ 1) log2 (8n2), òî åñòü.

k ≥ 2(n+ 1) log2 n+ 3(n+ 1) + 1.

Ñëåäîâàòåëüíî, ïðè k ≥ 2(n+1) log2 n+3(n+1)+1 èìååì T ≥ 1. Íàêîíåö, îòñþäà íàõîäèì,
÷òî ïðè k ≥ 8(n+ 1)2 log2 n+ 12(n+ 1)2 + 4(n+ 1) âåëè÷èíà T1 ≥ 1. Ëåììà äîêàçàíà.

Ëåììà 2. Ïðè p ≥ 8n2 è ïðè k ≥ 4(n+ 1)
(
log2 n+ 3

2

)
+ 2 èìååì T1 ≥ 1.

Äîêàçàòåëüñòâî. Äëÿ âåëè÷èíû T1 ñïðàâåäëèâà ôîðìóëà

T1 = p−(n+1)
p∑

a0=1

· · ·
p∑

an=1

Sk(a0, . . . , an) exp

(
a0N0 + · · ·+ anNn

p

)
,

ãäå

S(a0, . . . , an) =

p∑
x=1

p∑
y=1

exp

(
a0x

n + a1x
n−1y + · · ·+ an−1xy

n−1 + any
n

p

)
Îòñþäà ïîëó÷èì S(0, . . . , 0) = p2. Ïóñòü òåïåðü (a0, . . . , an) 6= (0, . . . , 0). Òîãäà îöåíèì
|S(a0, . . . , an)|. Ïðîèçâîäÿ çàìåíó ïåðåìåííîé y = zx, à çàòåì èñïîëüçóÿ îöåíêó À.Âåéëÿ,
íàéäåì

|S(a0, . . . , an)| ≤ p+

p−1∑
x=1

∣∣∣∣∣∣
p∑
y=0

exp (2πixn(a0 + a1z + · · ·+ anz
n))

∣∣∣∣∣∣ ≤ p+ (p− 1)n
√
p, |θ1| ≤ 1.
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Ñòàëî áûòü,

T1 = p2k−(n+1) + θ1(p+ (p− 1)n
√
p)k = p2k−n−1(1 + θ1p

n+1(p−1 + np−1/2)k).

Äîêàæåì, ÷òî pn+1(p−1 + np−1/2)k ≤ 1/2. Èìååì ñëåäóþùóþ öåïî÷êó íåðàâåíñòâ

pn+1(2np−1/2)k ≤ 1

2
, k + 1 + (n+ 1− k

2
) log2 p+ k log2 n ≤ 0.

Ïîñêîëüêó n+ 1− k/2 < 0 è p ≤ 8n2, äîñòàòî÷íî ïðîâåðèòü íåðàâåíñòâî

k + 1 + (n+ 1− k

2
) log2 (8n2) + k log2 n ≤ 0,

èëè
k

2
≥ 2(n+ 1)

(
log2 n+

3

2

)
+ 1, k ≥ 4(n+ 1)

(
log2 n+

3

2

)
+ 2.

Ëåììà äîêàçàíà.
Óòâåðæäåíèå òåîðåìû åñòü íåïîñðåäñòâåííîå ñëåäñòâèå ëåìì 1 è 2.

3. Çàêëþ÷åíèå.

Îòìåòèì òàêæå, ÷òî íàìè äëÿ ñèñòåìû ñðàâíåíèé (1) ïðè äîñòàòî÷íî áîëüøîì k è ïðè
p > n ïîêàçàíà ðàçðåøèìîñòü åå äëÿ ëþáûõ N0, . . . , Nn, òî åñòü ïðè p > n îòñóòñòâóþò
àðèôìåòè÷åñêèå óñëîâèÿ ðàçðåøèìîñòè. Èõ íàëè÷èå äëÿ p ≤ n ÿâëÿåòñÿ èíòåðåñíîé çàäà÷åé.

Â çàêëþ÷åíèå àâòîð ïðèíîñèò ãëóáîêóþ áëàãîäàðíîñòü ñâîåìó ó÷èòåëþ ïðîôåññîðó
Â. Í. ×óáàðèêîâó çà ïîëåçíûå îáñóæäåíèÿ.
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×ÅÁÛØÅÂÑÊÈÉ ÑÁÎÐÍÈÊ

Òîì 17 Âûïóñê 3

ÓÄÊ 511.36

Î ÏÐÅÎÁÐÀÇÎÂÀÍÈßÕ ÏÅÐÈÎÄÈ×ÅÑÊÈÕ
ÏÎÑËÅÄÎÂÀÒÅËÜÍÎÑÒÅÉ

Â. Ã. ×èðñêèé (ã. Ìîñêâà)

Àííîòàöèÿ

Ïðè èññëåäîâàíèè ãåíåðàòîðîâ ïñåâäîñëó÷àéíûõ ÷èñåë îäíà èç ïðîáëåì � ÿâëÿåòñÿ ëè
ïåðèîäè÷åñêîé âûðàáàòûâàåìàÿ ãåíåðàòîðîì ïîñëåäîâàòåëüíîñòü? Íåêîòîðûå ãåíåðàòîðû
â ïðèíöèïå äàþò ïåðèîäè÷åñêóþ ïîñëåäîâàòåëüíîñòü.

Äëÿ òîãî, ÷òîáû èçáàâèòüñÿ îò ïåðèîäè÷íîñòè èëè óâåëè÷èòü äëèíó ïåðèîäà, ïðèìåíÿ-
þòñÿ ðàçëè÷íûå ìåòîäû. Óïîìÿíåì ôèëüòðóþùèå èëè êîìáèíèðóþùèå ãåíåðàòîðû. Îä-
íàêî èõ èñïîëüçîâàíèå ìîæåò ïðèâåñòè ê òîìó, ÷òî îáùàÿ äëèíà âûðàáàòûâàåìîé ïîñëå-
äîâàòåëüíîñòè ñîêðàòèòñÿ.

Âûðàçèì îáùóþ èäåþ ïðåäëàãàåìîãî äðóãîãî ïîäõîäà ñëåäóþùèìè ñëîâàìè: òðåáóåòñÿ
óêàçàòü ïðîñòîé ñïîñîá, êîòîðûé âíîñèò áåñïîðÿäîê â èçíà÷àëüíî óïîðÿäî÷åííîå ìíîæå-
ñòâî. Ïðåäñòàâèì ñåáå, ÷òî çàäàííàÿ ïåðèîäè÷åñêàÿ ïîñëåäîâàòåëüíîñòü ñîñòîèò èç öèôð
â íåêîòîðîé ïîçèöèîííîé ñèñòåìå ñ÷èñëåíèÿ. Ñîïîñòàâèì ýòèì öèôðàì íîâîå ÷èñëî, ïî-
ëó÷åííîå â ðåçóëüòàòå íåêîòîðîãî, äîñòàòî÷íî ïðîñòîãî, ïðåîáðàçîâàíèÿ ýòîé ïîñëåäîâà-
òåëüíîñòè öèôð. Åñëè ýòî íîâîå ÷èñëî ÿâëÿåòñÿ èððàöèîíàëüíûì, òî ïîñëåäîâàòåëüíîñòü
åãî öèôð ÿâëÿåòñÿ íåïåðèîäè÷åñêîé.

Íàïðèìåð, åñëè ðàññìàòðèâàòü íàòóðàëüíûå ÷èñëà a1, . . . , aT êàê ýëåìåíòû ïåðèîäè÷å-
ñêîé öåïíîé (íåïðåðûâíîé) äðîáè, òî ïî òåîðåìå Ëàãðàíæà, ïîëó÷åííîå ÷èñëî ÿâëÿåòñÿ
êâàäðàòè÷íîé èððàöèîíàëüíîñòüþ. Îòìåòèì, ÷òî ýòî ÷èñëî ÿâëÿåòñÿ ïëîõî ïðèáëèæàå-
ìûì ðàöèîíàëüíûìè ÷èñëàìè.

Äðóãîé ñïîñîá, îñíîâàííûé íà òîé æå îñíîâíîé èäåå ñîñòîèò â ðàññìîòðåíèè ðÿäîâ
âèäà

∞∑
n=0

an
n!

ñ ïåðèîäè÷åñêîé ïîñëåäîâàòåëüíîñòüþ öåëûõ ÷èñåë {an}, an+T = an âîçìîæíîñòü ïîëó÷å-
íèÿ îöåíêè ïîðÿäêà ïðèáëèæåíèÿ ýòèõ ÷èñåë.

Îäíàêî äëÿ âû÷èñëåíèÿ öèôð ÷èñëà òàêîãî âèäà òðåáóåòñÿ ìíîãî îïåðàöèé äåëåíèÿ.
Ìîæíî ðàññìîòðåòü ðÿäû âèäà

∞∑
n=0

ann!

ñ ïåðèîäè÷åñêîé ïîñëåäîâàòåëüíîñòüþ íàòóðàëüíûõ ÷èñåë {an}, an+T = an. Îïèñûâàþòñÿ
íåêîòîðûå ñâîéñòâà òàêèõ ðÿäîâ.

Êëþ÷åâûå ñëîâà: ïåðèîäè÷åñêèå ïîñëåäîâàòåëüíîñòè, ïîëèàäè÷åñêèå ÷èñëà.

Áèáëèîãðàôèÿ: 15 íàçâàíèé.
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ON TRANSFORMATIONS OF PERIODIC SEQUENCES
V. G. Chirskii (Moscow)

Abstract

One of essential problems in generating pseudo-random numbers is the problem of periodicity
of the resulting numbers. Some generators output periodic sequences. To avoid it several ways
are used.

Here we present the following approach: supposed we have some order in the considered
set. Let's invent some algorithm which produces disorder in the set. E.g. if we have a periodic
sequence of integers, let's construct an irrational number implying the given set. Then the
�gures of the resulting number form a non-periodic sequence.

Here we can use continued fractions and Lagrange's theorem asserts that the resulting
number is irrational.

Another approach is to use series of the form
∑∞
n=0

an
n! with a periodic sequence of integers

{an}, an+T = an which is irrational.
Here we consider polyadic series

∑∞
n=0 ann! with a periodic sequence of positive integers

{an}, an+T = an and describe some of their properties.

Keywords: periodic sequences, polyadic integers.

Bibliography: 15 titles.

1. Ââåäåíèå è ïîñòàíîâêà çàäà÷è

Ïðè èññëåäîâàíèè ãåíåðàòîðîâ ïñåâäîñëó÷àéíûõ ÷èñåë îäíà èç ïðîáëåì � ÿâëÿåòñÿ ëè
ïåðèîäè÷åñêîé âûðàáàòûâàåìàÿ ãåíåðàòîðîì ïîñëåäîâàòåëüíîñòü? Íåêîòîðûå ãåíåðàòîðû â
ïðèíöèïå äàþò ïåðèîäè÷åñêóþ ïîñëåäîâàòåëüíîñòü, íàïðèìåð, ëèíåéíûé êîíãðóýíòíûé ìå-
òîä [1].

Äëÿ òîãî, ÷òîáû èçáàâèòüñÿ îò ïåðèîäè÷íîñòè èëè óâåëè÷èòü äëèíó ïåðèîäà, ïðèìåíÿþò-
ñÿ ðàçëè÷íûå ìåòîäû. Óïîìÿíåì ôèëüòðóþùèå èëè êîìáèíèðóþùèå ãåíåðàòîðû. Îäíàêî èõ
èñïîëüçîâàíèå ìîæåò ïðèâåñòè ê òîìó, ÷òî îáùàÿ äëèíà âûðàáàòûâàåìîé ïîñëåäîâàòåëüíîñòè
ñîêðàòèòñÿ.

2. Îá îäíîì ïîäõîäå ê ïðåîáðàçîâàíèþ ïåðèîäè÷åñêèõ ïîñëåäî-
âàòåëüíîñòåé

Âûðàçèì îáùóþ èäåþ ïðåäëàãàåìîãî äðóãîãî ïîäõîäà ñëåäóþùèìè ñëîâàìè: òðåáóåòñÿ
óêàçàòü ïðîñòîé ñïîñîá, êîòîðûé âíîñèò áåñïîðÿäîê â èçíà÷àëüíî óïîðÿäî÷åííîå ìíîæåñòâî.
Ïðåäñòàâèì ñåáå, ÷òî çàäàííàÿ ïåðèîäè÷åñêàÿ ïîñëåäîâàòåëüíîñòü ñîñòîèò èç öèôð â íåêî-
òîðîé ïîçèöèîííîé ñèñòåìå ñ÷èñëåíèÿ. Ñîïîñòàâèì ýòèì öèôðàì íîâîå ÷èñëî, ïîëó÷åííîå â
ðåçóëüòàòå íåêîòîðîãî, äîñòàòî÷íî ïðîñòîãî, ïðåîáðàçîâàíèÿ ýòîé ïîñëåäîâàòåëüíîñòè öèôð.
Åñëè ýòî íîâîå ÷èñëî ÿâëÿåòñÿ èððàöèîíàëüíûì, òî ïîñëåäîâàòåëüíîñòü åãî öèôð ÿâëÿåòñÿ
íåïåðèîäè÷åñêîé.

Íàïðèìåð, åñëè ðàññìàòðèâàòü íàòóðàëüíûå ÷èñëà a1, . . . , aT êàê ýëåìåíòû ïåðèîäè÷å-
ñêîé öåïíîé (íåïðåðûâíîé) äðîáè, òî ïî òåîðåìå Ëàãðàíæà [2], ïîëó÷åííîå ÷èñëî ÿâëÿåòñÿ
êâàäðàòè÷íîé èððàöèîíàëüíîñòüþ. Îòìåòèì, ÷òî ýòî ÷èñëî ÿâëÿåòñÿ ïëîõî ïðèáëèæàåìûì
ðàöèîíàëüíûìè ÷èñëàìè [3].

Äðóãîé ñïîñîá, îñíîâàííûé íà òîé æå îñíîâíîé èäåå, ïðèâåäåí â ñòàòüå [4]. Òàì ðàññìàò-
ðèâàëèñü ðÿäû âèäà

∞∑
n=0

an
n!

(1)
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ñ ïåðèîäè÷åñêîé ïîñëåäîâàòåëüíîñòüþ öåëûõ ÷èñåë {an}, an+T = an è áûëà äîêàçàíà èððà-
öèîíàëüíîñòü òàêèõ ÷èñåë, åñëè õîòÿ áû îäíî èç ÷èñåë a1, . . . , aT îòëè÷íî îò 0. Êðîìå òîãî,
èñïîëüçîâàíèå ìåòîäà Çèãåëÿ�Øèäëîâñêîãî äàåò èìååòñÿ âîçìîæíîñòü ïîëó÷åíèÿ îöåíêè ïî-
ðÿäêà ïðèáëèæåíèÿ ýòèõ ÷èñåë ðàöèîíàëüíûìè ÷èñëàìè (1). ðàöèîíàëüíûìè ÷èñëàìè. Áîëåå
òî÷íûå îöåíêè ìîæíî ïîëó÷èòü, íàïðèìåð, èñïîëüçóÿ àïïðîêñèìàöèè Ýðìèòà�Ïàäå [5].

Îäíàêî äëÿ âû÷èñëåíèÿ öèôð ÷èñëà âèäà (1) òðåáóåòñÿ ìíîãî îïåðàöèé äåëåíèÿ. Â ðàáî-
òå [5] ðàññìàòðèâàëèñü ðÿäû âèäà

∞∑
n=0

ann! (2)

ñ ïåðèîäè÷åñêîé ïîñëåäîâàòåëüíîñòüþ íàòóðàëüíûõ ÷èñåë {an}, an+T = an. Âû÷èñëåíèå ÷à-
ñòè÷íûõ ñóìì òàêèõ ðÿäîâ çíà÷èòåëüíî ëåã÷å. Èõ ìîæíî ñòðîèòü, èñïîëüçóÿ òîëüêî îïåðàöèþ
ñëîæåíèÿ. Ðàçóìååòñÿ, ðÿäû âèäà (2) ðàñõîäÿòñÿ â ïîëå äåéñòâèòåëüíûõ ÷èñåë, îäíàêî ñõîäÿò-
ñÿ â ëþáîì ïîëå p-àäè÷åñêèõ ÷èñåë. Äåéñòâèòåëüíî, äëÿ ñõîäèìîñòè òàêèõ ÷èñåë òðåáóåòñÿ,

÷òîáû |ann!|p → 0 ïðè n→∞. Ñïðàâåäëèâî ðàâåíñòâî |n!|p = p
−n−Sn

p−1 , ãäå Sn îáîçíà÷àåò ñóììó
öèôð â p-è÷íîì ðàçëîæåíèè ÷èñëà n, òàê ÷òî Sn ≤ (p− 1) logp n. Ââèäó íåðàâåíñòâà |an|p ≤ 1
(÷èñëî an � öåëîå), ïîëó÷àåì òðåáóåìîå: |ann!|p → 0 ïðè n→∞.

Äîêàçàòåëüñòâî èððàöèîíàëüíîñòè ÷èñåë âèäà (2) â êàæäîì êîíêðåòíîì ïîëå p-àäè÷åñêèõ
÷èñåë ïðåäñòàâëÿåò ñîáîé î÷åíü òðóäíóþ çàäà÷ó. Îäíàêî åñëè ðàññìàòðèâàòü âñþ ñîâîêóï-
íîñòü ïîëåé p-àäè÷åñêèõ ÷èñåë, ìîæíî óñòàíîâèòü îïðåäåëåííûå àðèôìåòè÷åñêèå ñâîéñòâà
ðÿäîâ (2).

Â ðàáîòå [5] ïðåäëîæåíà êëàññèôèêàöèÿ, ó÷èòûâàþùàÿ âñþ ñîâîêóïíîñòü ïîëåé p-àäè÷å-
ñêèõ ÷èñåë. Ïóñòü Zp îáîçíà÷àåò êîëüöî öåëûõ ÷èñåë ïîëÿ p-àäè÷åñêèõ ÷èñåë. Ðàññìîòðèì ïðÿ-
ìîå ïðîèçâåäåíèå ýòèõ êîëåö ïî âñåì ïðîñòûì ÷èñëàì p. Ýòî ïðÿìîå ïðîèçâåäåíèå íàçûâàåòñÿ
êîëüöîì öåëûõ ïîëèàäè÷åñêèõ ÷èñåë [6], [7]. Îíî èçîìîðôíî êàíòîðîâó ìíîæåñòâó. Êñòàòè,
ðàññìàòðèâàåìûå ðÿäû âèäà (2) îáðàçóþò ñ÷åòíîå ìíîæåñòâî. Äåéñòâèòåëüíî, âûïèñàâ ïîäðÿä
âñå öèôðû äåñÿòè÷íûõ ðàçëîæåíèé ÷èñåë a1, . . . , aT ìû ïîëó÷èì íåêîòîðîå íàòóðàëüíîå ÷èñ-
ëî, öèôðû êîòîðîãî ìîæíî ñ÷èòàòü ïåðèîäîì ðàçëîæåíèÿ íåêîòîðîãî ðàöèîíàëüíîãî ÷èñëà.
Êàæäîìó òàêîìó ÷èñëó ñîîòâåòñòâóåò êîíå÷íîå ÷èñëî âîçìîæíûõ ðàçëè÷íûõ íàáîðîâ íàòó-
ðàëüíûõ ÷èñåë, öèôðû êîòîðûõ äàþò ýòî ÷èñëî. (Íàïðèìåð, ÷èñëó 123 ñîîòâåòñòâóþò íàáîðû
{1, 2, 3},{12,3},{1,23},123).

Ýëåìåíòû a ýòîãî êîëüöà � öåëûå ïîëèàäè÷åñêèå ÷èñëà � èìåþò êàíîíè÷åñêîå ïðåäñòàâ-
ëåíèå â âèäå a =

∑∞
n=0 ann!, an ∈ {0, 1, . . . , n}. Ðàññìîòðåííûå âûøå ðÿäû (2) íå ÿâëÿþòñÿ

êàíîíè÷åñêèìè ðàçëîæåíèÿìè, òàê êàê äëÿ íà÷àëüíûõ ÷ëåíîâ ðÿäà íåðàâåíñòâî an ≤ n ìî-
æåò íå âûïîëíÿòüñÿ, îäíàêî ñóììû ýòèõ ðÿäîâ � öåëûå ïîëèàäè÷åñêèå ÷èñëà è ïðåîáðàçîâàâ
íà÷àëüíóþ ÷àñòü ðÿäà ê êàíîíè÷åñêîìó âèäó ìû ïîëó÷èì ïîëèàäè÷åñêîå ÷èñëî, êàíîíè÷åñêîå
ðàçëîæåíèå êîòîðîãî ÿâëÿåòñÿ ïåðèîäè÷åñêèì, íà÷èíàÿ ñ íåêîòîðîãî ìåñòà.

Òàê êàê ðÿä (2) ñõîäèòñÿ â ëþáîì êîëüöå Zp, îáîçíà÷èì a(p) ñóììó ðÿäà â ýòîì êîëüöå.
Òàêèì îáðàçîì, ïîëèàäè÷åñêîå ÷èñëî a ìîæíî ðàññìàòðèâàòü êàê âåêòîð ñ êîîðäèíàòàìè a(p).
Íà ïðÿìîì ïðîèçâåäåíèè êîëåö ââîäèòñÿ ïîêîîðäèíàòíîå ñëîæåíèå è óìíîæåíèå ýëåìåíòîâ.
Ïîýòîìó ìíîãî÷ëåíó P (x) ñ öåëûìè êîýôôèöèåíòàìè ñîïîñòàâëÿåòñÿ åãî ïîëèàäè÷åñêîå çíà-
÷åíèå â òî÷êå a, îáîçíà÷àåìîå P (a) è ïðåäñòàâëÿþùåå ñîáîé ïîëèàäè÷åñêîå ÷èñëî ñ êîîðäè-
íàòàìè P (a(p)) â êàæäîì êîëüöå Zp. Åñëè äëÿ ïîëèàäè÷åñêîãî ÷èñëà a ñóùåñòâóåò îòëè÷íûé
îò òîæäåñòâåííîãî íóëÿ ìíîãî÷ëåí P (x) ñ öåëûìè êîýôôèöèåíòàìè òàêîé, ÷òî P

(
a(p)
)

= 0 â
êàæäîì êîëüöå Zp, òî ýòî ïîëèàäè÷åñêîå ÷èñëî a íàçûâàåòñÿ àëãåáðàè÷åñêèì. Â ïðîòèâíîì
ñëó÷àå îíî íàçûâàåòñÿ òðàíñöåíäåíòíûì. Ýòî îçíà÷àåò, ÷òî äëÿ ëþáîãî îòëè÷íîãî îò òîæäå-
ñòâåííîãî íóëÿ ìíîãî÷ëåíà P (x) ñ öåëûìè êîýôôèöèåíòàìè ñóùåñòâóåò êîëüöî Zp òàêîå, ÷òî
â íåì P

(
a(p)
)
6= 0. ×èñëî íàçûâàåì áåñêîíå÷íî òðàíñöåíäåíòíûì, åñëè äëÿ ëþáîãî îòëè÷íîãî

îò òîæäåñòâåííîãî íóëÿ ìíîãî÷ëåíà P (x) ñ öåëûìè êîýôôèöèåíòàìè ñóùåñòâóåò áåñêîíå÷íîå
ìíîæåñòâî êîëåö Zp òàêèõ, ÷òî â íèõ P

(
a(p)
)
6= 0. Ãëîáàëüíàÿ òðàíñöåíäåíòíîñòü îçíà÷àåò, ÷òî
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äëÿ ëþáîãî îòëè÷íîãî îò òîæäåñòâåííîãî íóëÿ ìíîãî÷ëåíà P (x) ñ öåëûìè êîýôôèöèåíòàìè
è ëþáîãî êîëüöà Zp âûïîëíåíî íåðàâåíñòâî P

(
a(p)
)
6= 0.

Êàê óæå îòìå÷åíî âûøå, äîêàçàòåëüñòâî ãëîáàëüíîé òðàíñöåíäåíòíîñòè � òðóäíàÿ çàäà÷à.
Îäíàêî â ðàáîòå [5] óñòàíîâëåíà áåñêîíå÷íàÿ òðàíñöåíäåíòíîñòü ÷èñåë âèäà (2), â ÷àñòíîñòè,
áåñêîíå÷íàÿ òðàíñöåíäåíòíîñòü ÷èñëà Ýéëåðà

∑∞
n=0 n!.

Â ðàáîòå [8] ïðèâåäåíà îáùàÿ òåîðåìà î áåñêîíå÷íîé òðàíñöåíäåíòíîñòè ïîëèàäè÷åñêèõ
çíà÷åíèé a íåêîòîðîãî ïîäêëàññà F -ðÿäîâ. Â íåé òàêæå äàíû çàâèñÿùèå îò ïàðàìåòðîâ ìíî-
ãî÷ëåíà P (x) ãðàíèöû áåñêîíå÷íîãî ìíîæåñòâà èíòåðâàëîâ, â êàæäîì èç êîòîðûõ åñòü õîòÿ
áû îäíî ïðîñòîå ÷èñëî p òàêîå, ÷òî P

(
a(p)
)
6= 0 â êîëüöå Zp. Îòìåòèì ðàáîòû [9] � [14], â

êîòîðûõ óñòàíàâëèâàþòñÿ.
Õîòÿ èç ïðèâåäåííûõ âûøå ðåçóëüòàòîâ íå ñëåäóåò èððàöèîíàëüíîñòü ðÿäà (2) â êàêîì-òî

êîëüöå Zp (îçíà÷àþùàÿ íåïåðèîäè÷íîñòü ñîîòâåòñòâóþùåãî p-è÷íîãî ðàçëîæåíèÿ), ïðàêòè-
÷åñêèå âû÷èñëåíèÿ [15] ïîêàçàëè, ÷òî äàæå äëÿ ïðîñòåéøåãî ðÿäà Ýéëåðà

∑∞
n=0 n! öèôðû

äåñÿòè÷íûõ ðàçëîæåíèé åãî ÷àñòè÷íûõ ñóìì
∑N

n=0 n! ðàñïðåäåëåíû äîñòàòî÷íî ñëó÷àéíî.
Ýòî íàáëþäåíèå, êàê è ïðèâåäåííûå âûøå ñâåäåíèÿ î ïåðèîäè÷åñêèõ öåïíûõ äðîáÿõ è

ðÿäàõ âèäà (1) ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè, ïîääåðæèâàåò ãèïîòåçó î òîì, ÷òî íàëè÷èå
ïåðèîäè÷íîñòè êîýôôèöèåíòîâ â íåêîòîðûõ íåïîçèöèîííûõ ñïîñîáàõ ïðåäñòàâëåíèé ïðèâîäèò
ê îòñóòñòâèþ ïåðèîäè÷íîñòè â ïîçèöèîííûõ ðàçëîæåíèÿõ ýòèõ ÷èñåë.

Â çàêëþ÷åíèå ïðèâåäåì åùå îäíî ñîîáðàæåíèå. Ïîçèöèîííóþ q-è÷íóþ ñèñòåìó ñ÷èñëåíèÿ
÷àñòî èçîáðàæàþò â âèäå äåðåâà, èç êàæäîé âåðøèíû êîòîðîãî âûõîäèò q âåòâåé, ñîîòâåòñòâó-
þùèõ öèôðàì ýòîé ñèñòåìû ñ÷èñëåíèÿ. Ýòî äàåò ñàìîïîäîáíóþ ôðàêòàëüíóþ ñòðóêòóðó. Åñëè
æå ðàññìàòðèâàòü ïîëèàäè÷åñêèå ðàçëîæåíèÿ, òî ýòî ïðèâåäåò ê äåðåâó, ó êîòîðîãî êîëè÷åñòâî
âåòâåé íà êàæäîì ñëåäóþùåì óðîâíå íà åäèíèöó áîëüøå, ÷åì áûëî íà ïðåäûäóùåì óðîâíå.
Ýòî, êîíå÷íî, íå äîêàçûâàåò, ÷òî åñëè ÷èñëî èìåëî ïåðèîäè÷åñêîå ïîëèàäè÷åñêîå ðàçëîæå-
íèå (2), òî â ïîçèöèîííîé ñèñòåìå ñ÷èñëåíèÿ åãî ïðåäñòàâëåíèå íå ÿâëÿåòñÿ ïåðèîäè÷åñêèì,
íî ñëóæèò íåêîòîðûì ïîÿñíåíèåì ê ýòîé ãèïîòåçå.

3. Çàêëþ÷åíèå

Ñòàòüÿ äàåò êðàòêèé îáçîð çàäà÷è î ïðåîáðàçîâàíèè ïåðèîäè÷åñêîé ïîñëåäîâàòåëüíîñòè
â íåïåðèîäè÷åñêóþ.
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Þ. Í. Øòåéíèêîâ (ã. Ìîñêâà)

Àííîòàöèÿ

Ïóñòü èìååòñÿ ïîäìíîæåñòâî A íàòóðàëüíûõ ÷èñåë èç îòðåçêà [1, q] ñî ñëåäóþùèì óñëî-
âèåì. Åñëè ýëåìåíòû a, b èç A è ab íå ïðåâîñõîäèò q, òî ab ïðèíàäëåæèò A. Ïóñòü òàêæå
èçâåñòíî, ÷òî |A| < qν , ν- íåêîòîðîå ôèêñèðîâàííîå ÷èñëî íå ïðåâîñõîäÿùåå 1. Â äàííîé
ðàáîòå ñòàâèòñÿ âîïðîñ î ÷èñëå ýëåìåíòîâ A íà îòðåçêå äëèíû ñóùåñòâåííî ìåíüøå ÷åì q,
� íà îòðåçêå [1, x], ãäå x ñóùåñòâåííî ìåíüøå ÷åì ïðîèçâîëüíàÿ ñòåïåíü q.

Â ýòîé çàäà÷å â ñëó÷àå, êîãäà A � ìíîæåñòâî ñïåöèàëüíîãî âèäà è ïðè íåêîòîðûõ
îãðàíè÷åíèÿõ íà |A| è x, óæå ïîëó÷åíû îïðåäåëåííûå ðåçóëüòàòû. Òàê, èç ðàáîòû Æ.
Áóðãåéíà, Ñ. Êîíÿãèíà è È. Øïàðëèíñêîãî âûòåêàþò íåòðèâèàëüíûå îöåíêè â ñëó÷àå
êîãäà A� íåêîòîðàÿ ìóëüòèïëèêàòèâíàÿ ïîäãðóïïà ãðóïïû îáðàòèìûõ ýëåìåíòîâ ñèñòåìû
âû÷åòîâ ïî ïðîñòîìó ìîäóëþ.

Èñõîäíàÿ çàäà÷à îáîáùàåò åå íà ñëó÷àé ïîëóãðóïï âìåñòî ìóëüòèïëèêàòèâíûõ ïîä-
ãðóïï. Îòìåòèì, ÷òî èìåþòñÿ âïîëíå îïðåäåëåííûå ðåçóëüòàòû ïî ýòîé çàäà÷å. Îñíîâ-
íîé ðåçóëüòàò äàííîé ðàáîòû � âûâåäåíà íîâàÿ îöåíêà íà ÷èñëî ýëåìåíòîâ ïîëóãðóïïû
íàòóðàëüíûõ ÷èñåë çàäàííîì êîðîòêîì èíòåðâàëå îò 1 äî x. Ïîëó÷åííûå îöåíêè ñîäåð-
æàòåëüíû, êîãäà x ñóùåñòâåííî ìåíüøå ÷åì ëþáàÿ ñòåïåíü q. Áîëåå òî÷íî, ïóñòü A �
íàøà ïîëóãðóïïà, g := log log x

log log q , x = qo(1), ïðè q ñòðåìÿùåìñÿ ê áåñêîíå÷íîñòè. Òîãäà ÷èñëî

ýëåìåíòîâ A â èíòåðâàëå (1, x) íå ïðåâîñõîäèò x1−C(g,ν)+o(1), ãäå C(g, ν) � íåêîòîðàÿ ÿâ-
íî âûïèñûâàåìàÿ ïîëîæèòåëüíàÿ ôóíêöèÿ. Ïðåäûäóùèå ðåçóëüòàòû îòíîñèëèñü ê îöåíêå
ôóíêöèè C(g, ν), íàéäåííàÿ íîâàÿ îöåíêà äëÿ C(g, ν) óëó÷øàåò ïðåäûäóùèé ðåçóëüòàò
äëÿ íåêîòîðîé îáëàñòè ïàðàìåòðîâ (g, ν).

Ïðè äîêàçàòåëüñòâå ñóùåñòâåííî èñïîëüçóþòñÿ ñâîéñòâà ðàñïðåäåëåíèÿ ãëàäêèõ ÷èñåë,
÷èñåë ñ áîëüøîé ãëàäêîé ÷àñòüþ, îöåíêè íà ÷èñëî äåëèòåëåé ôèêñèðîâàííî ÷èñëà â çàäàí-
íîì äèàïàçîíå. Â ðàáîòå èñïîëüçóþòñÿ íåêîòîðûå ðåçóëüòàòû Æ. Áóðãåéíà, Ñ. Êîíÿãèíà
è È. Øïàðëèíñêîãî.

Êëþ÷åâûå ñëîâà: ïîëóãðóïïà, ðàñïðåäåëåíèå, ãëàäêèå ÷èñëà, äåëèìîñòü, äåëèòåëè.
Áèáëèîãðàôèÿ: 15 íàçâàíèé.

ON THE DISTRIBUTION OF ELEMENTS SEMIGROUPS
OF NATURAL NUMBERS II.

Yu. N. Shteinikov (Moscow)

Abstract

Suppose there is subset A of positive integers from the interval [1, q] with the following
condition. If the elements a, b of A and ab is at most q, then ab belongs to A. In additition let
also know that |A| < qν , ν - is some �xed number, not exceeding 1. In this paper we consider
the question of the number of elements belonging to A on the interval with length substantially
less than q, - on the interval [1, x], where x is much smaller than an arbitrary power of q.

In this task, in the case when A - is a special set and with certain restrictions on |A| and x,
there exists some results. So, from the work of J. Bourgain, S. Konyagin and I. Shparlinskii there

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòa ÐÔÔÈ � 14-01-00332
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are nontrivial estimates in the case when A - a multiplicative subgroup of invertible elements
of the residue ring modulo prime.

The initial problem generalize it to the case of semigroups instead of multiplicative
subgroups. It should be noted that there are quite de�nite results on this task. The main
result of this work is to derived a new estimate on the number of elements of the semigroup
of natural numbers given short interval from 1 to x. These estimates are meaningful when x is
much smaller than any power of q. More precisely, let A - our semigroup, g := log log x

log log q , x = qo(1)

for q tends to in�nity. Then the number of elements of A in the interval (1, x) does not exceed
x1−C(g,ν)+o(1), where C(g, ν) - some clearly written positive function. Previous result relates to
the estimation of function C(g, ν), a new estimate for the C(g, ν) improves the previous result
for a certain range of parameters (g, ν).

We essentially use in the proof the distribution of smooth numbers, the numbers with a
large part of the smooth part, estimates on the number of divisors of a �xed number in a given
interval. We use some results of J. Bourgain, S. Konyagin and I. Shparlinski.

Keywords: semigroup, distribution, smooth numbers, divisibility, divisors.
Bibliography: 15 titles.

1. Ââåäåíèå

Ïóñòü A ⊂ N � ìíîæåñòâî, çàìêíóòîå îòíîñèòåëüíî îïåðàöèè óìíîæåíèÿ, òî åñòü åñëè
a1, a2 ∈ A, òî a1a2 ∈ A. Òàêèå ìíîæåñòâà A íàçûâàþò ïîëóãðóïïàìè. Â ÷àñòíîñòè, ìîæíî
âçÿòü ìíîæåñòâî A = {n ∈ N : n ∈ G (mod m)}, ãäå m ∈ N, à G � ìóëüòèïëèêàòèâíàÿ
ïîäãðóïïà ãðóïïû Z∗m.

Íàñ áóäåò èíòåðåñîâàòü ñëó÷àé, êîãäà äëÿ íåêîòîðîãî íàòóðàëüíîãî q è 0 < ν < 1 ñïðàâåä-
ëèâî íåðàâåíñòâî:

|{n ∈ A;n ≤ q}| < qν . (1)

Ïóñòü äëÿ x > 0 îïðåäåëèì :
f(x) = |A ∩ [1, x]|.

Â ðàáîòå [3] ïîëó÷åíû îöåíêè íà êîëè÷åñòâî ÷èñåë íå ïðåâîñõîäÿùèõ n, êîòîðûå ïðèíàäëå-
æàò ïîäãðóïïå ïîðÿäêà t ãðóïïû Z∗p. Ýòè îöåíêè ñîäåðæàòåëüíû, êîãäà t ìàëî ïî ñðàâíåíèþ
ñ p. Èç íàøåé ðàáîòû âûòåêàþò îöåíêè â ñëó÷àå, êîãäà t ðàñòåò êàê ñòåïåíü p, à n ìàëî. Â
ðàáîòå [6] áûëè óæå ïîëó÷åíû íåòðèâèàëüíûå âåðõíèå îöåíêè íà f(n), êîãäà n ðàñòåò ìåä-
ëåííåå, ÷åì ïðîèçâîëüíàÿ ñòåïåíü q. Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ äîêàçàòü áîëåå ñèëüíûé
âàðèàíò òåîðåìû, äîêàçàííîé â [6].

Ïðèâåäåì óòâåðæäåíèå, äîêàçàííîå â [6].
Òåîðåìà 1. Ïóñòü A � ìíîæåñòâî, çàìêíóòîå îòíîñèòåëüíî îïåðàöèè óìíîæåíèÿ

è óäîâëåòâîðÿåò óñëîâèþ (1) äëÿ íåêîòîðîãî ôèêñèðîâàííîãî ν ∈ (0, 1) è çàäàíî x. Åñëè
γ := log log x

log log q è log x = o(log q), òî

f(x) ≤ x1−max{Lγ ,Mγ}+o(1), q →∞, (2)

ãäå
Lγ = γ( 1−ν

1−γ+
√

(1−γ)2+γ(1−ν)
)2 è Mγ = (1−ν)2γ

4(1−γ) , åñëè γ ≤ 2
3−ν è Mγ = 2− ν − 1

γ , åñëè γ >
2

3−ν .

Îñíîâíîé ðåçóëüòàò ýòîé ñòàòüè � äîêàçàòü ñëåäóþùèé áîëåå ñèëüíûé âàðèàíò òåîðåìû
1.

Òåîðåìà 2. Ïóñòü A � ìíîæåñòâî, çàìêíóòîå îòíîñèòåëüíî îïåðàöèè óìíîæåíèÿ
è óäîâëåòâîðÿåò óñëîâèþ (1) äëÿ íåêîòîðîãî ôèêñèðîâàííîãî ν ∈ (0, 1) è çàäàíî x. Åñëè
γ := log log x

log log q è log x = o(log q), òî

f(x) ≤ x1−Cγ+o(1), q →∞, (3)
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ãäå

Cγ = γ(
γ−1+

√
γ2+ν−2γν

2γ−1 )2 åñëè γ 6= 1
2 è C 1

2
:= limγ→ 1

2
Cγ = 1

2(1− ν)2.

Ñõåìà äîêàçàòåëüñòâà òåîðåìû 2 ñîâïàäàåò ñî ñõåìîé äîêàçàòåëüñòâà òåîðåìû 1. Íî ïðè
ýòîì â äîêàçàòåëüñòâå áóäåì ïîëüçîâàòüñÿ îäíîé áîëåå òî÷íîé îöåíêîé, êîòîðàÿ è ïðèâîäèò ê
ðåçóëüòàòó òåîðåìû 2.

2. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Ââåäåì íåêîòîðûå îïðåäåëåíèÿ è îáîçíà÷åíèÿ àíàëîãè÷íûå â ñòàòüå [6]. Íàì ïîòðåáóþòñÿ
îöåíêè äëÿ ìíîæåñòâ ÷èñåë, ó êîòîðûõ âñå ïðîñòûå äåëèòåëè ìàëû. Äëÿ íàòóðàëüíîãî n ïóñòü
P+(n) îáîçíà÷àåò íàèáîëüøèé ïðîñòîé äåëèòåëü ÷èñëà n, P+(1) = 1. Äëÿ x > y > 2 ïîëàãàåì:

ψ(x, y) = |{n 6 x : P+(n) 6 y}| (4)

Èçâåñòíà ñëåäóþùàÿ òåîðåìà. Åå ôîðìóëèðîâêó ìîæíî íàéòè â ðàáîòå [1].
Òåîðåìà A [1]. Ïóñòü x ≥ y ≥ 2, v = log x

log y Òîãäà äëÿ ëþáîãî ε > 0 íà ìíîæåñòâå v ≤ y1−ε

èìååò ìåñòî íåðàâåíñòâî:

ψ(x, y) = xv−v(1+o(1)),

åñëè v →∞.
Ïðåäïîëîæèì, ÷òî çàäàíî öåëîå y. Êàæäîå íàòóðàëüíîå n ïðåäñòàâèì â âèäå n = n1n2,

òàê ÷òî åñëè ïðîñòîå p äåëèò n1, òî p ≤ y, à åñëè äåëèò n2, òî p > y. Ïóñòü òàêæå äàíû x, z.
Îïðåäåëèì ìíîæåñòâî:

N(x, y, z) = {n ≤ x : n1 > z}.

Ìû õîòèì îöåíèòü ñâåðõó êîëè÷åñòâî ýëåìåíòîâ ìíîæåñòâà N(x, y, z). Íà äîâîëüíî áîëüøîé
îáëàñòè èçìåíåíèÿ x, y, z áûëà ïîëó÷åíà àññèìïòîòèêà N(x, y, z) â ðàáîòå [4]. Ñëåäóÿ ñõåìå,
ïðåäëîæåííîé â [4] â ðàáîòå [6] áûë ïîëó÷åí áîëåå ãðóáûé ðåçóëüòàò, íî ïðè åùå ñëàáûõ
îãðàíè÷åíèÿõ íà ïàðàìåòðû x, y, z. Íèæå ïðèâîäèòñÿ åãî ôîðìóëèðîâêà.

Ëåììà 1. Ïóñòü ε > 0 ôèêñèðîâàíî, q, x � äîñòàòî÷íî áîëüøèå. Ïóñòü ïîëîæèòåëüíûå
âåùåñòâåííûå α, β, γ := log log x

log log q óäîâëåòâîðÿþò óñëîâèÿì

β < 1, γ ≤ α(1− ε), ε ≤ β

α
≤ 1

ε

è òàêæå

y := (log q)α ≥ 2, z := xβ.

Åñëè log x
log log q →∞ ïðè q →∞, òî

|N(x, y, z)| ≤ x1−βγ
α

+o(1). (5)

Íàì òàêæå ïîíàäîáèòñÿ óòâåðæäåíèå, äîêàçàííîå â [6]. Îíî ïðèâîäèòñÿ íèæå.
Ëåììà 2. Êîëè÷åñòâî äåëèòåëåé ÷èñëà n < Q, íå ïðåâîñõîäÿùèõ z, íå ïðåâîñõîäèò

ψ(z, (1 + o(1)) logQ), Q→∞..
Òåïåðü âñå ãîòîâî äëÿ äîêàçàòåëüñòâà òåîðåìû 2.
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3. Äîêàçàòåëüñòâî òåîðåìû 2

Ïóñòü γ := log log x
log log q Ââåäåì ïîëîæèòåëüíûå âåùåñòâåííûå ïàðàìåòðû α > 1, β; óäî-

âëåòâîðÿþùèå óñëîâèþ ëåììû 1 äëÿ íåêîòîðîãî ôèêñèðîâàííîãî ε > 0 è ñîîòâåòñòâåííî
y = (log q)α, z = xβ. Êàæäîå íàòóðàëüíîå n ïðåäñòàâèì â âèäå n = n1n2, òàê ÷òî åñëè
ïðîñòîå p äåëèò n1, òî p ≤ y, à åñëè p äåëèò n2, òî p > y. Ðàçäåëèì ýëåìåíòû ìíîæå-
ñòâà A ∩ [1, x] íà äâà ïîäìíîæåñòâà A′ è A′′, A ∩ [1, x] = A′ ∪ A′′. Ïî îïðåäåëåíèþ ïîëàãàåì
A′′ := {n ∈ A ∩ [1, x] : n1 > z}, A′ := {A ∩ [1, x]} \A′′. Ñîâåðøåííî ÿñíî, ÷òî f(x) = |A′|+ |A′′|.

I)Îöåíèì ðàçìåð ìíîæåñòâà A′′. Ïî ëåììå 1 ïîëó÷àåì

|A′′| ≤ N(x, y, z) ≤ x1−βγ
α

+o(1), q →∞. (6)

II)Òåïåðü ïåðåéäåì ê îöåíêå |A′|. Äëÿ ýòîãî ðàññìîòðèì ìíîæåñòâî B =: {m1 . . .mr}, ãäå
r = [ log q

log x ] = [(log q)1−γ ] è m1, . . . ,mr ∈ A′. Èç îïðåäåëåíèÿ r ñëåäóåò, ÷òî åñëè m ∈ B, òî
m ≤ q. Òàê êàê ïðîèçâåäåíèå ÷èñåë èç A′ ÿâëÿåòñÿ ÷èñëîì èç A òî ëåãêî âèäåòü, ÷òî |B| ≤
|A ∩ [1, q]| ≤ qν . Òåïåðü îöåíèì ñíèçó |B|. Ïóñòü êàæäûé mi ∈ A′ ïî àíàëîãèè ïðåäñòàâèì
â âèäå mi = m1,im2,i, òàê ÷òî åñëè ïðîñòîå p äåëèò m1,i, òî p ≤ y, à åñëè p äåëèò m2,i, òî
p > y. Îïðåäåëèì èç ðàâåíñòâà N1, N2 : m = m1 . . .mr = m1,1 . . .m1,rm2,1 . . .m2,r = N1N2, ãäå
N1 = m1,1 . . .m1,r è N2 = m2,1 . . .m2,r.

Âîçüìåì êîíêðåòíûé ïðåäñòàâèòåëü, íàïðèìåð ýëåìåíò m ∈ B è îöåíèì ñâåðõó ÷èñëî
ïðåäñòàâëåíèé åãî â âèäå ïðîèçâåäåíèÿ r ìíîæèòåëåé, ãäå êàæäûé ïðèíàäëåæèò A′.

Ïóñòü m = N1N2, îöåíèì êîëè÷åñòâî ïðåäñòàâëåíèé äëÿ N2 â âèäå ïðîèçâåäåíèÿ r ÷èñåë
m2,1 . . .m2,r , N2 = m2,1 . . .m2,r = p1 . . . ps ,ãäå âñå pi > y è ÿâëÿþòñÿ ïðîñòûìè ÷èñëàìè.
Âèäèì, ÷òî s ≤ [ logN2

log y ] ≤ logN2

α log log q .
Êàæäûé äåëèòåëü pi, i = 1, . . . , s ìîæåò âõîäèòü â ðàçëîæåíèå íåêîòîðîãî m2,j , j = 1, . . . , r.

Çíà÷èò êîëè÷åñòâî ïðåäñòàâëåíèé ÷èñëà N2 íå ïðåâîñõîäèò rs ≤ N
1−γ
α

2 .
Òåïåðü îöåíèì êîëè÷åñòâî ïðåäñòàâëåíèé äëÿ ôèêñèðîâàííîãîN1 â âèäåN1 = m1,1 . . .m1,r,

êîãäà m1,i ∈ A′ Ïîêàæåì, ÷òî ÷èñëî òàêèõ ïðåäñòàâëåíèé ÷èñëà N1 íå ïðåâîñõîäèò
N1−γ

1 qo(1), q →∞. Âîçüìåì è çàôèêñèðóåì äîñòàòî÷íî áîëüøîå íàòóðàëüíîå ÷èñëî J . Ââåäåì

ïî îïðåäåëåíèþ èíòåðâàëû4j := [z
j−1
J , z

j
J ), j ∈ [1, J ]. Êàæäûé èç ìíîæèòåëåém1,i, i = 1, . . . , r

ïîïàäàåò â îäèí èç èíòåðâàëîâ 4j , j = 1, . . . , J . ×èñëî ñïîñîáîâ ðàñïðåäåëåíèÿ r ÷èñåë
m1,i, i = 1, . . . , r ïî èíòåðâàëàì 4j íå ïðåâîñõîäèò Jr = qo(1), q → ∞. Ïóñòü òåïåðü êàæ-
äûé m1,i, i = 1, . . . , r îòíîñèòñÿ ê êàêîìó-òî èç 4j , j = 1, . . . , J . Åñëè, íàïðèìåð m1,1 ∈ 4j ,

òî m1,1 ≤ z
j
J è m1,1 ÿâëÿåòñÿ äåëèòåëåì ÷èñëà N1 < q. Ïî ëåììå 2 êîëè÷åñòâî òàêèõ m1,1 íå

ïðåâîñõîäèò ψ(z
j
J , (1 + o(1)) log q). Ïîëüçóÿñü òåîðåìîé À, ïîëó÷àåì ψ(z

j
J , (1 + o(1)) log q) =

z
j
J

(1−γ+o(1)), q → ∞. Òàêèì îáðàçîì, åñëè m1,i ∈ 4j òî ÷èñëî ÷èñëî âîçìîæíîñòåé äëÿ ÷èñëà

m1,i íå ïðåâîñõîäèò z
j
J

(1−γ+o(1)) è

z
j
J

(1−γ+o(1)) ≤ z( j−1
J

+ 1
J

)(1−γ+o(1)) ≤ m1−γ+o(1)
1,i z

1
J

(1−γ+o(1)). (7)

Ïîýòîìó åñëè ôèêñèðîâàíî, ÷òî êàæäûé èç m1,i, i = 1, . . . , r ïðèíàäëåæèò êàêîìó-òî
èç 4j , òî ÷èñëî ïðåäñòàâëåíèé ÷èñëà N1 â âèäå ïðîèçâåäåíèÿ ÷èñåë m1,i íå ïðåâîñõîäèò

N
1−γ+o(1)
1 q

β
J

(1−γ+o(1)). Óìíîæèâ ýòó âåëè÷èíó íà ÷èñëî ñïîñîáîâ ðàñïðåäåëåíèÿ ÷èñåë m1,i

ïî èíòåðâàëàì 4j , êîòîðîå ðàâíî qo(1) ïîëó÷èì âåðõíþþ îöåíêó íà èñêîìîå ÷èñëî ïðåäñòàâ-

ëåíèé N1 â âèäå ïðîèçâåäåíèÿ m1,1 . . .m1,r. Îíî íå ïðåâîñõîäèò N
1−γ+o(1)
1 q

β
J

(1−γ)+o(1). Â ñèëó

ïðîèçâîëüíîñòè J ýòà âåëè÷èíà åñòü N1−γ+o(1)
1 qo(1), q →∞.

Èòàê, ìû îöåíèëè êîëè÷åñòâî ïðåäñòàâëåíèé ÷èñåë N1 è N2 â âèäå ïðîèçâåäåíèÿ
m1,1 . . .m1,r è ñîîòâåòñòâåííî m2,1 . . .m2,r. ×èñëî æå ïðåäñòàâëåíèé ýëåìåíòà m ∈ B â âè-
äå ïðîèçâåäåíèÿ m1 . . .mr, ãäå mi ∈ A′ íå ïðåâîñõîäèò ïðîèçâåäåíèÿ ÷èñëà ïðåäñòàâëåíèé äëÿ
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N1 è N2, òî åñòü N
1−γ
1 N

1−γ
α

2 . Ïðè α > 1 íàèáîëüøåå çíà÷åíèå, êîòîðîå ýòà âåëè÷èíà ìîæåò

ïðèíèìàòü ðàâíî q(1−γ)(β+ 1−β
α

)+o(1).
Îòñþäà ïîëó÷àåòñÿ è íèæíÿÿ îöåíêà äëÿ B :

|A′|r

q(1−γ)(β+ 1−β
α

)+o(1)
≤ |B| ≤ qν . (8)

Îòñþäà ñëåäóåò îöåíêà äëÿ |A′|:

|A′| ≤ xν+(1−γ)(β+ 1−β
α

)+o(1).

Âñïîìèíàåì, ÷òî

|A′′| ≤ x1−βγ
α

+o(1).

Îöåíêà äëÿ f(x) ñêëàäûâàåòñÿ èç îöåíîê äëÿ |A′| è |A′′|. Òåïåðü îñòàëîñü âûáðàòü ïàðàìåòðû
α > 1, β äëÿ îïòèìèçàöèè ôèíàëüíîé îöåíêè. Åñëè γ 6= 1

2 òî âîçüìåì ñëåäóþùèå ïàðàìåòðû

β :=
γ−1+

√
γ2−2γν+ν

2γ−1 , α := 1
β . Åñëè γ = 1

2 òî β = 1
α = 1 − ν. Ïîäñòàâëÿÿ òàêèå ïàðàìåòðû, ìû

çàâåðøàåì äîêàçàòåëüñòâî òåîðåìû 2.

4. Çàêëþ÷åíèå

Ïîëó÷èì íèæíèå îöåíêè íà âåëè÷èíó f(x), êîãäà x = exp{(log q)γ}.
Âîçüìåì ëþáîå ÷èñëî 0 < ν < 1 è ïîëîæèì Aq− ïîëóãðóïïà y � ãëàäêèõ ÷èñåë, ãäå

y = (log q)λ,

ãäå λ = 1
1−ν+ε , ãäå ε � ìàëîå ÷èñëî.

Ïîëüçóÿñü òåîðåìîé [A] î êîëè÷åñòâå ãëàäêèõ ÷èñåë ïðè ïðè q ≥ q(ν, ε) ïîëó÷àåì,

|Aq
⋂

[1, q]| < qν .

Òîãäà âûïîëíåíî íåðàâåíñòâî (1).
Ïîëüçóÿñü âíîâü òåîðåìîé [A], ïîëó÷àåì

|Aq
⋂

[1, e(log q)γ ]| = x1−γ+γν−ε′γ+o(1), q →∞,

ãäå ε′ > 0 � íåêîòîðîå ìàëîå ÷èñëî.
Ïîýòîìó âåðõíÿÿ îöåíêà äëÿ ôóíêöèè Cγ ñ òî÷íîñòüþ äî ñëàãàåìûõ ìàëûõ ïîðÿäêîâ òàêàÿ

γ−γν. Îöåíêà, êîòîðàÿ ïîëó÷åíà â òåîðåìå 2 äëÿ ôóíêöèè Cγ õóæå ÷åì ýòà. Âîçìîæíî èìåííî
îíà è ÿâëÿåòñÿ ïðàâèëüíîé.
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ÍÀ ÏÎËÈÌÈÍÎ ÇÀÄÀÍÍÎÉ ÏËÎÙÀÄÈ1

À. Â. Øóòîâ (ã. Âëàäèìèð), Å. Â. Êîëîìåéêèíà (ã. Ìîñêâà)

Àííîòàöèÿ

Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à î ÷èñëå p2�ðàçáèåíèé ïëîñêîñòè íà ïîëèìèíî çàäàí-
íîé ïëîùàäè. Ïîëèìèíî ïðåäñòàâëÿåò ñîáîé ñâÿçíóþ ôèãóðó íà ïëîñêîñòè, ñîñòàâëåííóþ
èç êîíå÷íîãî ÷èñëà åäèíè÷íûõ êâàäðàòîâ, ïðèìûêàþùèõ äðóã ê äðóãó ïî ñòîðîíàì. Â íà-
ñòîÿùåå âðåìÿ àêòèâíî èññëåäóþòñÿ ðàçëè÷íûå ïåðè÷èñëèòåëüíûå êîìáèíàòîðíûå çàäà÷è,
ñâÿçàííûå ñ ïîëèìèíî. Ïðåäñòàâëÿåò èíòåðåñ ïîäñ÷åò ÷èñëà ïîëèìèíî îïðåäåëåííûõ êëàñ-
ñîâ, à òàêæå ïîäñ÷åò ÷èñëà ðàçáèåíèé êîíå÷íûõ ôèãóð èëè âñåé ïëîñêîñòè íà ïîëèìèíî
îïðåäåëåííîãî òèïà. Ðàçáèåíèå íàçûâàåòñÿ p2�ðàçáèåíèåì, åñëè ëþáóþ ôèãóðó ðàçáèåíèÿ
ìîæíî ïåðåâåñòè â ëþáóþ äðóãóþ ôèãóðó ïàðàëëåëüíûì ïåðåíîñîì èëè öåíòðàëüíîé ñèì-
ìåòðèåé, ïðè÷åì ýòî ïðåîáðàçîâàíèå ïåðåâîäèò âñå ðàçáèåíèå â ñåáÿ. p2-ðàçáèåíèÿ ÿâëÿ-
þòñÿ ÷àñòíûì ñëó÷àåì ïðàâèëüíûõ ðàçáèåíèé ïëîñêîñòè. Ïóñòü t(n) � ÷èñëî p2�ðàçáèåíèé
ïëîñêîñòè íà ïîëèìèíî ïëîùàäè n, ðåøåòêà ïåðèîäîâ êîòîðûõ ÿâëÿåòñÿ ïîäðåøåòêîé ðå-
øåòêè Z2. Äîêàçàíî, ÷òî ñïðàâåäëèâî íåðàâåíñòâî C12n ≤ t(n) ≤ C2n

4(2.68)n. Ïðè äî-
êàçàòåëüñòâå íèæíåé îöåíêè èñïîëüçîâàíà ÿâíàÿ êîíñòðóêöèÿ, ïîçâîëÿþùàÿ ïîñòðîèòü
òðåáóåìîå ÷èñëî p2�ðàçáèåíèé ïëîñêîñòè. Äîêàçàòåëüñòâî âåðõíåé îöåíêè îñíîâàíî íà
êðèòåðèè Êîíâåÿ ñóùåñòâîâàíèÿ p2�ðàçáèåíèé ïëîñêîñòè, à òàêæå íà òåîðèè ñàìîíåïå-
ðåñåêàþùèõñÿ áëóæäàíèé íà êâàäðàòíîé ðåøåòêå. Ðàíåå àíàëîãè÷íûå ðåçóëüòàòû áûëè
ïîëó÷åíû àâòîðàìè â çàäà÷å ïîäñ÷åòà ÷èñëà ðåøåò÷àòûõ ðàçáåíèé ïëîñêîñòè íà ïîëèìèíî
çàäàííîé ïëîùàäè, à òàêæå â çàäà÷å ïîäñ÷åòà ÷èñëà ðåøåò÷àòûõ ðàçáèåíèé ïëîñêîñòè íà
öåíòðàëüíî-ñèììåòðè÷íûå ïîëèìèíî.

Êëþ÷åâûå ñëîâà: ðàçáèåíèÿ, ïðàâèëüíûå ðàçáèåíèÿ, êðèñòàëëîãðàôè÷åñêèå ãðóïïû, p2-
ðàçáèåíèÿ, ïîëèìèíî, ñàìîíåïåðåñåêàþùèåñÿ áëóæäàíèÿ.

Áèáëèîãàôèÿ: 28 íàçâàíèé

THE ESTIMATION OF THE NUMBER OF P2�TILINGS
OF A PLANE BY A GIVEN AREA POLYOMINO

A. V. Shutov, E. V. Kolomeykina

Abstract

We consider the problem about a number of p2�tilings of a plane by a given area polyominoes.
A polyomino is a connected plane geometric �gure formed by joining one or more unit
squares edge to edge. At present, various combinatorial enumeration problems connected to
the polyomino are actively studied. There are some interesting problems on enuneration of
various classes of polyominoes and enumeration of tilings of �nite regions or a whole plane by
polyominoes. The tiling is called p2�tiling, if each tile can be mapped to any other tile by the
translation or the central symmetry, and this transformation maps the whole tiling to itself.
p2-tilings are special case of regular plane tilings. Let t(n) be a number of p2�tilings of a plane
by a n-area polyomino such that the lattices of periods of these tilings are sublattices of Z2.
It is proved that following inequality is true: C12n ≤ t(n) ≤ C2n

4(2.68)n. To prove the lower

1Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå ÐÍÔ, ãðàíò N 14�11-00433.
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bound we use the exact construction of required tilings. The proof of the upper bound is based
on the Conway criterion of the existence of p2�tilings of a plane. Also, the upper bound depends
on the theory of self-avoiding walks on the square lattice. Earlier similar results were obtained
by authors for the number of lattice tilings of a plane by a given area polyomino (it's more
simple type of a plane tilings by polyomino), and for the number of lattice tilings of the plane
by centrosimmetrical polyomino.

Keywords: tilings, regular tilings, crystallographic groups, p2-tilings, polyomino, self-avoiding
walks.

Bibliography: 28 titles.

1. Ââåäåíèå

Ïîëèìèíî, êàê èçâåñòíî, ïðåäñòàâëÿåò ñîáîé ôèãóðó íà ïëîñêîñòè, ñîñòàâëåííóþ èç êîíå÷-
íîãî ÷èñëà åäèíè÷íûõ êâàäðàòîâ (êëåòîê), êîòîðàÿ ñèëüíî ñâÿçíà, òî åñòü èç ëþáîé êëåòêè â
ëþáóþ äðóãóþ êëåòêó ýòîãî ïîëèìèíî ìîæíî ïîïàñòü, ïåðåõîäÿ ïî îáùèì ñòîðîíàì ñìåæíûõ
êëåòîê.

Ïðèìåð ïîëèìèíî èçîáðàæåí íà ðèñ. 1.
Ýòî ïîíÿòèå è ñàì òåðìèí ïîëèìèíî áûëè ââåäåíû â 1953 ãîäó Ñ. Â. Ãîëîìáîì [9], [22], è

ñ òåõ ïîð ïðèâëåêëè âíèìàíèå êàê ëþáèòåëåé çàíèìàòåëüíîé ìàòåìàòèêè, òàê è ïðîôåññèî-
íàëüíûõ èññëåäîâàòåëåé âñåãî ìèðà.

Áîëüøîé âêëàä â ïîïóëÿðèçàöèþ ìàòåìàòè÷åñêèõ çàäà÷, ñâÿçàííûõ ñ ïîëèìèíî, âíåñ
Ì. Ãàðäíåð, êîòîðûé â ñâîåé ðóáðèêå "Ìàòåìàòè÷åñêèå èãðû"â æóðíàëå Scienti�c American
îïóáëèêîâàë ñåðèþ ñòàòåé, îáñóæäàþùèõ ýòè ïðîáëåìû, à çàòåì âêëþ÷èë ñîîòâåòñòâóþùèå
ãëàâû â ñâîè êíèãè [18]- [21].

Îäíîé èç îñíîâíûõ çàäà÷ áûëî îïðåäåëåíèå ÷èñëà an âñåâîçìîæíûõ ïîëèìèíî (ðàçíûõ
ñ òî÷íîñòüþ äî òðàíñëÿöèè) çàäàííîé ïëîùàäè n è ÷èñëà bn âñåâîçìîæíûõ òèïîâ ïîëèìèíî
(ðàçíûõ ñ òî÷íîñòüþ äî äâèæåíèÿ � òðàíñëÿöèé, ïîâîðîòîâ, îòðàæåíèé), ñîñòîÿùèõ èç çà-
äàííîãî ÷èñëà êëåòîê. Ëåãêî ïîíÿòü, ÷òî bn ≤ an ≤ 8bn. Êëàðíåð äîêàçàë [11] ñóùåñòâîâàíèå
îòëè÷íîé îò íóëÿ êîíñòàíòû ðîñòà α = limn→∞ n

√
an = limn→∞

n
√
bn, ÷òî îçíà÷àåò ýêñïîíåí-

öèàëüíûé õàðàêòåð ðîñòà ÷èñåë an è bn. Ñåé÷àñ äîêàçàíî, ÷òî α > 4 [2] è α < 4, 65 [12]. Â
ðàáîòå [10] âû÷èñëåíû òî÷íûå çíà÷åíèÿ an äëÿ n ≤ 56.

Ó÷èòûâàÿ ñëîæíîñòü çàäà÷è îöåíêè an èëè bn, áûëè ïðåäïðèíÿòû ïîïûòêè âûäåëèòü êëàñ-
ñû ïîëèìèíî îñîáîãî âèäà, äëÿ êîòîðûõ òàêèå îöåíêè âîçìîæíû. Ïîäðîáíûé îáçîð ðàáîò ïî
ïîäñ÷åòó ÷èñëà êëàññîâ ïîëèìèíî ìîæíî íàéòè â [3].

Îäíîé èç ñàìûõ âàæíûõ è ïîêà íå ðåøåííûõ çàäà÷, ñâÿçàííûõ ñ ïîëèìèíî, ÿâëÿåòñÿ
íàõîæäåíèå íåîáõîäèìîãî è äîñòàòî÷íîãî óñëîâèÿ ñóùåñòâîâàíèÿ ðàçáèåíèÿ ïëîñêîñòè íà çà-
äàííûå ïîëèìèíî. Â ðàáîòå [21] íàéäåíû âñå êëàññû ïîëèìèíî, ðàçáèâàþùèå ïëîñêîñòü, ñ
÷èñëîì êëåòîê n ≤ 7. Ïîçäíåå äëÿ n ≤ 9 àíàëîãè÷íîå èññëåäîâàíèå áûëî ïðîâåäåíî â [16].
Â ðàáîòàõ [15] è [14] äëÿ âñåõ ïîëèìèíî ïëîùàäè n ñ n ≤ 14 è n ≤ 25 ñîîòâåòñòâåííî íàéäå-
íû ïåðèîäè÷åñêèå ðàçáèåíèÿ ïëîñêîñòè íà äàííîå ïîëèìèíî ñ ìèíèìàëüíûì ÷èñëîì êëåòîê â
ôóíäàìåíòàëüíîé îáëàñòè ðåøåòêè ïåðèîäîâ èëè äîêàçàíî îòñóòñòâèå ïåðèîäè÷åñêèõ ðàçáè-
åíèé íà çàäàííîå ïîëèìèíî.

Õîðîøî èçâåñòíî, ÷òî çàäà÷à î ñóùåñòâîâàíèè àëãîðèòìà, ïîçâîëÿþùåãî óñòàíîâèòü, ñóùå-
ñòâóåò ëè ðàçáèåíèå ïëîñêîñòè èç äàííîãî êîíå÷íîãî íàáîðà ôèãóð-ïðîòîòàéëîâ, òåñíî ñâÿçà-
íà ñ çàäà÷åé î ñóùåñòâîâàíèè íåïåðèîäè÷åêîãî ðàçáèåíèÿ èç çàäàííîãî íàáîðà ïðîòîòàéëîâ.
Àììàí, Ãðþíáàóì è Øåïàðä [1] ïîêàçàëè, ÷òî ñóùåñòâóåò íàáîð èç 3 ïîëèìèíî, ðàçáèâà-
þùèõ ïëîñêîñòü òîëüêî íåïåðèîäè÷åñêè. Êàê ñëåäñòâèå, èìè áûëî ïîêàçàíî, ÷òî çàäà÷à îá
îïðåäåëåíèè òîãî, ñóùåñòâóåò ëè ðàçáèåíèå ïëîñêîñòè íà ïîëèìèíî èç çàäàííîãî íàáîðà, àë-
ãîðèòìè÷åñêè íåðàçðåøèìà. Íåèçâåñòíî, ÿâëÿåòñÿ ëè àëãîðèòìè÷åñêè ðàçðåøèìîé çàäà÷à î
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ñóùåñòâîâàíèè ðàçáèåíèÿ ïëîñêîñòè íà çàäàííîå ïîëèìèíî. Ýòî ñâÿçàíî ñ òåì, ÷òî â íàñòîÿùåå
âðåìÿ íåèçâåñòíî, ñóùåñòâóåò ëè ïîëèìèíî, ðàçáèâàþùåå ïëîñêîñòü òîëüêî íåïåðèîäè÷åñêè.

Ïîñêîëüêó ìû íå ìîæåì ðåøàòü îáùóþ çàäà÷ó, ñâÿçàííóþ ñ ðàçáèåíèÿìè íà ïîëèìèíî,
âîçíèêàåò çàäà÷à îá èçó÷åíèè ðàçáèåíèé îòäåëüíûõ òèïîâ, ïðîñòåéøèìè èç êîòîðûõ ÿâëÿþòñÿ
ðåøåò÷àòûå ðàçáèåíèÿ.

Îïðåäåëåíèå 1. Ðàçáèåíèå íàçûâàåòñÿ ðåøåò÷àòûì, åñëè ëþáóþ ôèãóðó ðàçáèåíèÿ
ìîæíî ïåðåâåñòè â ëþáóþ äðóãóþ ôèãóðó ïàðàëëåëüíûì ïåðåíîñîì, ïðè÷åì ýòî ïðåîáðà-
çîâàíèå ïåðåâîäèò âñå ðàçáèåíèå â ñåáÿ.

Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî âñå âåðøèíû ïîëèìèíî ÿâëÿþòñÿ òî÷êàìè
öåëî÷èñëåííîé ðåøåòêè Z2. Ìîæíî äîêàçàòü, ÷òî ëþáîå ðåøåò÷àòîå ðàçáèåíèå ïëîñêîñòè òî-
ïîëîãè÷åñêè ýêâèâàëåíòíî (ãîìåîìîðôíî) îäíîìó èç äâóõ ðàçáèåíèé, à èìåííî: ïðàâèëüíîìó
ðàçáèåíèþ ïëîñêîñòè íà êâàäðàòû èëè íà ïðàâèëüíûå øåñòèóãîëüíèêè. Ïóñòü n � ïëîùàäü
ïîëèìèíî, òî åñòü ïîëèìèíî ñîñòîèò èç n êâàäðàòîâ ïëîùàäüþ 1 êâàäðàòíàÿ åäèíèöà êàæ-
äûé. Âîçíèêàåò çàäà÷à ïîäñ÷èòàòü ÷èñëî T (n) ðåøåò÷àòûõ ðàçáèåíèé ïëîñêîñòè íà ïîëèìèíî
çàäàííîé ïëîùàäè n, ðåøåòêà ïåðèîäîâ êîòîðûõ ÿâëÿåòñÿ ïîäðåøåòêîé Z2. ×èñëà T (n) äëÿ
ìàëûõ çíà÷åíèé n áûëè âû÷èñëåíû â ðàáîòàõ Ðîóäñà [16] è Ìàëååâà [23]. Â ðàáîòå [24] áûëà
ðàññìîòðåíà çàäà÷à ïîäñ÷åòà ÷èñëà ðåøåò÷àòûõ ðàçáåíèé ïëîñêîñòè íà ïîëèìèíî çàäàííîé
ïëîùàäè ñ çàäàííûìè ðåøåòêàìè. Çàäà÷à î ÷èñëå ðåøåò÷àòûõ ðàçáèåíèé ïëîñêîñòè íà ïîëè-
ìèíî çàäàííîé ïëîùàäè, òîïîëîãè÷åñêè ýêâèâàëåíòíûõ ïðàâèëüíîìó ðàçáèåíèþ ïëîñêîñòè íà
êâàäðàòû, ðàññìîòðåíà â ðàáîòå Áðëåêî è Ôðîñèíè [4]. Êðîìå òîãî â ðàáîòå [8] áûë ïðåäëîæåí
àëãîðèòì ñëîæíîñòè O(n2) ïîçâîëÿþùèé îïðåäåëèòü, ïîðîæäàåò ëè ïîëèìèíî ïëîùàäè n ðå-
øåò÷àòîå ðàçáèåíèå ïëîñêîñòè. Ïîçäíåå äàííûé àëãîðèòì áûë óñîâåðøåíñòâîâàí â ðàáîòå [5].

Â ðàáîòàõ [26], [27] áûëî ïîêàçàíî, ÷òî äëÿ ÷èñëà T (n) ðåøåò÷àòûõ ðàçáèåíèé ïëîñêîñòè
íà ïîëèìèíî çàäàííîé ïëîùàäè n, ðåøåòêà ïåðèîäîâ êîòîðûõ ÿâëÿåòñÿ ïîäðåøåòêîé ðåøåòêè
Z2, âåðíà ñëåäóþùàÿ îöåíêà

2n−3 + 2[n−3
2

] ≤ T (n) ≤ C(n+ 1)3(2, 7)n+1. (1)

Ïîçæå â ðàáîòå [28] áûëî ïîêàçàíî, ÷òî äëÿ ÷èñëà Tc(n) ðåøåò÷àòûõ ðàçáèåíèé ïëîñêîñòè
íà öåíòðàëüíî�ñèììåòðè÷íûå ïîëèìèíî çàäàííîé ïëîùàäè n ñïðàâåäëèâà îöåíêà

c1(
√

2)
n ≤ Tc(n) ≤ c2(n+ 1)2(

√
2.68)n. (2)

Ñëåäóþùèì ïî ñëîæíîñòè ïîñëå ðåøåò÷àòûõ ðàçáèåíèé ÿâëÿþòñÿ ïðàâèëüíûå ðàçáèåíèÿ
ïëîñêîñòè.

Îïðåäåëåíèå 2. Ðàçáèåíèå íàçûâàåòñÿ ïðàâèëüíûì, åñëè äëÿ ëþáûõ äâóõ åãî ôèãóð ñó-
ùåñòâóåò äâèæåíèå èç ãðóïïû ñèììåòðèé ýòîãî ðàçáèåíèÿ, ïåðåâîäÿùåå îäíó ôèãóðó â äðó-
ãóþ è ïðè ýòîì âñå ðàçáèåíèå â ñåáÿ.

Î÷åâèäíî, ÷òî ðåøåò÷àòûå ðàçáèåíèÿ ÿâëÿþòñÿ ÷àñòíûì ñëó÷àåì ïðàâèëüíûõ ðàçáèåíèé.
Ïðàâèëüíûå ðàçáèåíèÿ êëàññèôèöèðóþòñÿ ïî ãðóïïàì ñèììåòðèè ÿ÷åéêè ðàçáèåíèÿ, êîòî-
ðûõ âñåãî 17 (êðèñòàëëîãðàôè÷åñêèå ãðóïïû). Ðåøåò÷àòûì ðàçáèåíèÿì ñîîòâåòñòâóåò ãðóïïà
p1, ñëåäóþùåé ïî ñëîæíîñòè ÿâëÿåòñÿ ãðóïïà p2, ïîðîæäåííàÿ ðåøåòêîé è ïðåîáðàçîâàíèåì
öåíòðàëüíîé ñèììåòðèè. Èçó÷åíèþ ðàçáèåíèé, ïðàâèëüíûõ îòíîñèòåëüíî êîíêðåòíûõ êðè-
ñòàëëîãðàôè÷åñêèõ ãðóïï ïîñâÿùåí öåëûé ðÿä ðàáîò. Íàïðèìåð, â ðàáîòàõ [6], [7] ïðåäñòàâ-
ëåí êîìïüþòåðíûé àëãîðèòì ïåðå÷èñëåíèÿ ïðàâèëüíûõ ðàçáèåíèé íà ïîëèìèíî ñ êîíêðåòíîé
êðèñòàëëîãðàôè÷åñêîé ãðóïïîé p4 ñ îãðàíè÷åíèåì íà êîëè÷åñòâî êëåòîê â ïîëèìèíî.

Ìû áóäåì ðàññìàòðèâàòü p2�ðàçáèåíèÿ ïëîñêîñòè íà ãîìåîìîðôíûå äèñêó ïîëèìèíî. Òàê-
æå ìû áóäåì ïðåäïîëàãàòü, ÷òî ðåøåòêà ïåðèîäîâ ðàçáèåíèÿ ÿâëÿåòñÿ ïîäðåøåòêîé öåëî÷èñ-
ëåííîé ðåøåòêè Z2.
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Îïðåäåëåíèå 3. Ðàçáèåíèå íàçûâàåòñÿ p2�ðàçáèåíèåì, åñëè ëþáóþ ôèãóðó ðàçáèåíèÿ
ìîæíî ïåðåâåñòè â ëþáóþ äðóãóþ ôèãóðó ïàðàëëåëüíûì ïåðåíîñîì èëè öåíòðàëüíîé ñèì-
ìåòðèåé, ïðè÷åì ýòî ïðåîáðàçîâàíèå ïåðåâîäèò âñå ðàçáèåíèå â ñåáÿ.

Ïðèìåð p2-ðàçáèåíèÿ ïëîñêîñòè íà ïîëèìèíî èçîáðàæåí íà ðèñ. 2.

Ðèñ. 1. Ïîëèìèíî. Ðèñ. 2. Ïðèìåð p2�ðàçáèåíèÿ.

Â íàñòîÿùåé ñòàòüå ìû äîêàæåì ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Äëÿ ÷èñëà t(n) p2�ðàçáèåíèé ïëîñêîñòè íà ïîëèìèíî çàäàííîé ïëîùàäè n,
ðåøåòêà ïåðèîäîâ êîòîðûõ ÿâëÿåòñÿ ïîäðåøåòêîé ðåøåòêè Z2, èìååò ìåñòî ñëåäóþùàÿ
îöåíêà:

C12n ≤ t(n) ≤ C2n
4(2.68)n. (3)

2. Íèæíÿÿ îöåíêà íà ÷èñëî p2�ðàçáèåíèé íà ïîëèìèíî çàäàííîé
ïëîùàäè

Ðàññìîòðèì îöåíêó ñíèçó. Ïóñòü n � ïëîùàäü ïîëèìèíî. Áåðåì ïðîèçâîëüíóþ ïîñëåäî-
âàòåëüíîñòü w èç íóëåé è åäèíèö äëèíû n− 1. Ñòðîèì ïî íåé ëîìàíóþ ñëåäóþùèì îáðàçîì:
0 â ïîñëåäîâàòåëüíîñòè ñîîòâåòñòâóåò ñäâèãó âïðàâî, 1 â ïîñëåäîâàòåëüíîñòè ñîîòâåòñòâóåò
ñäâèãó ââåðõ. Äàëåå ñäâèãàåì ëîìàíóþ íà âåêòîð (−1; 1). Ïîëó÷åííàÿ ëîìàíàÿ ñ èñõîäíîé íå
ïåðåñåêàþòñÿ. Äîïîëíÿåì ýòè äâå ëîìàíûå äâóìÿ "óãîëêàìè"äî îáðàçîâàíèÿ ïîëèìèíî. Ëåãêî
âèäåòü, ÷òî ïîëó÷èëè ïîëèìèíî ïëîùàäè n (ñì. ðèñ. 3).

êîä ëîìàíàÿ ïîëèìèíî

Ðèñ. 3. Ïðèìåð îáðàçîâàíèÿ ïîëèìèíî èç êîäà.

Â ðàáîòàõ [26], [27] áûëî ïîêàçàíî, ÷òî âñå ïîëèìèíî, ïîëó÷àåìûå òàêèì îáðàçîì, äàþò ðå-
øåò÷àòûå ðàçáèåíèÿ ïëîñêîñòè ñ ðåøåòêîé ïåðèîäîâ, ïîðîæäàåìîé âåêòîðàìè (−1; 1) è (n; 1).
Áîëåå òîãî, ñðåäè äàííûõ ðàçáèåíèé èìååòñÿ íå ìåíåå c12n ðàçëè÷íûõ (ïîÿâëåíèå êîíñòàíòû
c1 îáúÿñíÿåòñÿ òåì, ÷òî ñîîòâåòñòâóþùèå ðàçíûì ïîñëåäîâàòåëüíîñòÿì w ïîëèìèíî èíîãäà
ìîãóò ñîâïàäàòü ñ òî÷íîñòüþ äî äâèæåíèÿ).

Âîçüìåì ïîëèìèíî f1 ïëîùàäè n, ïîñòðîåííîå ïî ïîñëåäîâàòåëüíîñòè w. Ïðèñòûêóåì ê
f1 ïîëèìèíî, ïîëó÷åííîå èç íåãî öåíòðàëüíîé ñèììåòðèåé îòíîñèòåëüíî ñåðåäèíû âåðòèêàëü-
íîãî îòðåçêà "ïðàâîãî óãîëêà"â ñëó÷àå, êîãäà ïîñëåäîâàòåëüíîñòü w çàêàí÷èâàåòñÿ íà 0, è
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öåíòðàëüíîé ñèììåòðèåé îòíîñèòåëüíî ñåðåäèíû ãðèçîíòàëüíîãî îòðåçêà "ïðàâîãî óãîëêà", â
ñëó÷àå, êîãäà ïîñëåäîâàòåëüíîñòü w çàêàí÷èâàåòñÿ íà 1(ñì. ðèñ. 4). Ïîëó÷åííîå ïîëèìèíî f2

áóäåò öåíòðàëüíî�ñèììåòðè÷íûì ïîëèìèíî ïëîùàäè 2n.

Ðèñ. 4. Ïîñòðîåíèå ïîëèìèíî f2 ïî f1.

Ëåãêî âèäåòü, ÷òî åñëè f1 ñîîòâåòñòâóåò ïîñëåäîâàòåëüíîñòè w = w1w2 . . . wn−1wn, òî f2

ìîæåò áûòü ïîëó÷åíî èç ïîñëåäîâàòåëüíîñòè w′ = w1w2 . . . wn−1wnwnwnwn−1 . . . w2w1. Ñëå-
äîâàòåëüíî, f2 ïîðîæäàåò ðåøåò÷àòîå ðàçáèåíèå ïëîñêîñòè. Ïîñêîëüêó f2 ñîñòîèò èç äâóõ
öåíòðàëüíî ñèììåòðè÷íûõ êîïèé f1, ïîëèìèíî f1 ïîðîæäàåò p2-ðàçáèåíèå ïëîñêîñòè, ÷òî è
äàåò íàì íèæíþþ îöåíêó

C12n ≤ t(n). (4)

3. Âåðõíÿÿ îöåíêà íà ÷èñëî p2�ðàçáèåíèé íà ïîëèìèíî çàäàííîé
ïëîùàäè

Âìåñòî ïëîùàäè áóäåì òåïåðü ôèêñèðîâàòü ïåðèìåòð ïîëèìèíî. Îáîçíà÷èì ÷åðåç t′(p)
÷èñëî p2�ðàçáèåíèé ïëîñêîñòè íà ïîëèìèíî ïîëóïåðèìåòðà p. Äàííîå îïðåäåëåíèå êîððåêòíî,
òàê êàê ïåðèìåòð ëþáîãî ïîëèìèíî � ÷åòíîå ÷èñëî.

Äëÿ p2�ðàçáèåíèÿ ñóùåñòâóåò êðèòåðèé Êîíâåÿ [17], óñòàíàâëèâàþùèé ïðè êàêèõ óñëîâèÿõ
ïîëèìèíî çàäàåò p2�ðàçáèåíèå, à èìåííî:

Òåîðåìà 2. Ïîëèìèíî ïîðîæäàåò p2�ðàçáèåíèå ïëîñêîñòè òîãäà è òîëüêî òîãäà, êî-
ãäà ãðàíèöà ïîëèìèíî ìîæåò áûòü ðàçáèòà íà 6 ÷àñòåé abcdef òàêèõ, ÷òî a ïåðåõîäèò
â d ïàðàëëåëüíûì ïåðåíîñîì, îñòàëüíûå ÷àñòè b, c, e, f öåíòðàëüíî ñèììåòðè÷íû, ïðè÷åì
íåêîòîðûå ÷àñòè ìîãóò áûòü ïóñòûìè. Ïðè ýòîì ðàçëè÷íûì ðàçáèåíèÿì ãðàíèöû ïîëèìè-
íî ñîîòâåòñòâóþò ðàçëè÷íûå p2-ðàçáèåíèÿ ïëîñêîñòè íà äàííîå ïîëèìèíî.

Ðàçúÿñíèì ãåîìåòðè÷åñêèé ñìûñë ðàçáèåíèÿ ãðàíèöû abcdef . Ãðàíèöà ïîëèìèíî ðàññìàò-
ðèâàåòñÿ êàê çàìêíóòàÿ ëîìàíàÿ äëèíû 2p áåç ñàìîïåðåñå÷åíèé (ïîñêîëüêó ïîëèìèíî èìååò
íåñàìîïåðåñåêàþùóþñÿ ãðàíèöó) ñ îòìå÷åííûìè òî÷êàìè. Òî÷êè íóæíû äëÿ òîãî, ÷òîáû ìû
ìîãëè íàéòè ãðàíèöû ÷àñòåé a, b, c, d, e, f , òî åñòü âîññòàíîâèòü ïîëèìèíî è ðàçáèåíèå. Îòìå-
òèì, ÷òî ïàðàëëåëüíûé ïåðåíîñ, ïåðåâîäÿùèé a â d è öåíòðàëüíûå ñèììåòðèè, îòíîñèòåëüíî
öåíòðîâ ÷àñòåé b, c, e è f ïðåäñòàâëÿþò ñîáîé ïðåîáðàçîâàíèÿ, ïîðîæäàþùèå ãðóïïó ñèììåò-
ðèé ðàçáèåíèÿ è ïîçâîëÿþùèå îäíîçíà÷íî âîññòàíîâèòü âñå ðàçáèåíèå ïî îäíîìó ïîëèìèíî
è ðàçáèåíèþ åãî ãðàíèöû (ñì. ðèñ. 5). Ïîýòîìó ÷èñëî p2�ðàçáèåíèé íà ïîëèìèíî çàäàííîãî
ïåðèìåòðà íå ïðåâîñõîäèò ÷èñëà òàêèõ ëîìàíûõ. Îòìåòèì, ÷òî ëîìàíàÿ d îäíîçíà÷íî âîñ-
ñòàíàâëèâàåòñÿ ïî ëîìàíîé a. Êðîìå òîãî, êàæäàÿ èç ëîìàíûõ b, c, e, f , â ñèëó èõ öåíòðàëü-
íîé ñèììåòðè÷íîñòè, âîññòàíàâëèâàåòñÿ ïî ïîëîâèíå ýòîé ëîìàíîé. Ïóñòü äëèíû ëîìàíûõ
a, b, c, d, e, f ñîîòâåòñòâåííî ðàâíû la, lb, lc, ld, le è lf . ßñíî, ÷òî la = ld. Êðîìå òîãî, ó÷èòûâàÿ,
÷òî b, c, e, f öåíòðàëüíî�ñèììåòðè÷íû, ïîëó÷àåì
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Ðèñ. 5. Âîññòàíîâëåíèå ðàçáèåíèÿ ïëîñêîñòè ïî ðàçáèåíèþ ãðàíèöû ïîëèìèíî.

la +
1

2
(lb + lc + le + lf ) = p. (5)

Ðàññìîòðèì íå èìåþùèå ñàìîïåðåñå÷åíèé ëîìàíûå, âåðøèíû êîòîðûõ åñòü âåðøèíû êâàä-
ðàòíîé ðåøåòêè, à ðåáðà íàïðàâëåíû âåðòèêàëüíî èëè ãîðèçîíòàëüíî. Òàêèå ëîìàíûå íàçû-
âàþòñÿ ñàìîíåïåðåñåêàþùèìèñÿ áëóæäàíèÿìè (self-avoiding walks). Èçâåñòíî, ÷òî ÷èñëî m(l)
ñàìîíåïðåñåêàþùèõñÿ áëóæäàíèé äëèíû l íà êâàäðàòíîé ðåøåòêå íå ïðåâîñõîäèò C(ε)(µ+ε)l,
ãäå µ � òàê íàçûâàåìàÿ êîíñòàíòà ñâÿçíîñòè êâàäðàòíîé ðåøåòêè [13]. Ïóñòü mc(l) � ÷èñëî
ñàìîíåïåðåñåêàþùèõñÿ öåíòðàëüíî ñèììåòðè÷íûõ ëîìàíûõ äëèíû l. ßñíî, ÷òî òàêàÿ ëîìàíàÿ
ïîëíîñòüþ îïðåäåëÿåòñÿ ñâîåé ïîëîâèíîé, êîòîðàÿ òàêæå ÿâëÿåòñÿ ñàìîíåïåðåñåêàþùåéñÿ.
Òàêèì îáðàçîì, ñïðàâåäëèâà îöåíêà

mc(l) ≤
{
m((l + 1)/2), l� íå÷åòíî;
m(l/2), l� ÷åòíî.

Îòñþäà ïîëó÷àåì, ÷òî

mc(l) ≤ m((l + 1)/2) ≤ C ′(ε)(µ+ ε)l/2 (6)

äëÿ âñåõ l.
Èñõîäÿ èç ñêàçàííîãî âûøå, äëÿ ÷èñëà t′(p) p2-ðàçáèåíèé ïëîñêîñòè íà ðàâíûå ïîëèìèíî

ïîëóïåðèìåòðà p ñïðàâåäëèâà îöåíêà

t′(p) ≤
∑

la+ 1
2

(lb+lc+le+lf )=p,
la,lb,lc,le,lf≥0

m(la)mc(lb)mc(lc)mc(le)mc(lf ) ≤ (7)

≤ C ′(ε)
∑

la+ 1
2

(lb+lc+le+lf )=p,
la,lb,lc,le,lf≥0

(µ+ ε)la(µ+ ε)lb/2(µ+ ε)lc/2(µ+ ε)le/2(µ+ ε)lf/2 ≤ (8)

≤ C ′(ε)
∑

la+ 1
2

(lb+lc+le+lf )=p,
la,lb,lc,le,lf≥0

(µ+ ε)la+ 1
2

(lb+lc+le+lf ) ≤ C ′(ε)(µ+ ε)p
∑

la+ 1
2

(lb+lc+le+lf )=p,
la,lb,lc,le,lf≥0

1 ≤ (9)

≤ C ′′(ε)(µ+ ε)p · p4. (10)
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Ïîñëåäíÿÿ îöåíêà ñâÿçàíà ñ òåì, ÷òî ∑
la+ 1

2
(lb+lc+le+lf )=p,
la,lb,lc,le,lf≥0

1

ÿâëÿåòñÿ êîëè÷åñòâîì ðåøåíèé ëèíåéíîãî äèîôàíòîâà óðàâíåíèÿ la + 1
2(lb + lc + le + lf ) = p,

èõ êîëè÷åñòâî àñèìïòîòè÷åñêè ýêâèâàëåíòíî 16p4 [25].
Èòàê, ìû ïîëó÷èëè, ÷òî ÷èñëî p2�ðàçáèåíèé íà ïîëèìèíî ñ ïîëóïåðèìåòðîì p íå ïðåâîñ-

õîäèò

t′(p) ≤ C ′′(ε)p4(µ+ ε)p. (11)

Îñòàëîñü ïåðåéòè ê ïëîùàäè. Ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè ëåãêî ïîëó÷èòü íåðà-
âåñòâî, ñâÿçûâàþùåå ïëîùàäü è ïîëóïåðèìåòð ïîëèìèíî: p ≤ n + 1. Äëÿ ïîëó÷åíèÿ âåðõíåé
îöåíêè ÷èñëà p2�ðàçáèåíèé ïëîñêîñòè íà ïîëèìèíî îñòàåòñÿ ïðîñóììèðîâàòü ïðåäûäóùóþ
îöåíêó ïî p îò 1 äî n+ 1:

t(n) ≤
n+1∑
p=1

t′(p) ≤
n+1∑
p=1

C ′′(ε)p4(µ+ ε)p. (12)

Çàìåíÿÿ ïîñëåäíþþ ñóììó íà èíòåãðàë
´ n+1

0 C ′′(ε)x4(µ+ ε)xdx è ó÷èòûâàÿ, ÷òî
ˆ
x4eaxdx =

eax

a5
(a4x4 − 4a3x3 + 12a2x2 − 24ax+ 24), (13)

ïîëó÷àåì îöåíêó

t(n) ≤ C ′′′(ε)n4(µ+ ε)n. (14)

Â íàñòîÿùåå âðåìÿ ëó÷øèå äîêàçàííûå îöåíêè äëÿ µ èìåþò âèä

2.625622 ≤ µ ≤ 2.679193. (15)

Îãðàíè÷èìñÿ íåðàâåíñòâîì µ ≤ 2.68, êîòîðîå è äîêàçûâàåò òåîðåìó.

4. Çàêëþ÷åíèå

Â ðàáîòå ïîëó÷åíû âåðõíèå è íèæíèå îöåíêè äëÿ ÷èñëà p2-ðàçáèåíèé ïëîñêîñòè íà ïîëè-
ìèíî çàäàííîé ïëîùàäè. Ýòè îöåíêè àíàëîãè÷íû ïîëó÷åííûì ðàíåå àâòîðàìè îöåíêàì äëÿ
÷èñëà ðåøåò÷àòûõ ðàçáèåíèé.

Îòìåòèì íåñêîëüêî íåðåøåííûõ ïðîáëåì, âîçíèêàþùèõ â ñâÿçè ñ ïîëó÷åííûìè îöåíêàìè.
1) ßâíî âû÷èñëèòü çíà÷åíèÿ t(n) äëÿ ìàëûõ çíà÷åíèé n, íàïðèìåð äëÿ n ≤ 20.
2) Óñòðàíèòü ðàçðûâ ìåæäó ïîëó÷åííûìè îöåíêàìè ñâåðõó è ñíèçó. Â äàëüíåéøåì èíòå-

ðåñíî áûëî áû âû÷èñëèòü ïðåäåë
lim
n→∞

n
√
t(n).

Íåêîòîðûå âû÷èñëåíèÿ èç [23], [24] íàâîäÿò íà ìûñëü î òîì, ÷òî çíà÷åíèå äàííîãî ïðåäåëà
ðàâíî 2, ÷òî äåëàåò îñîáåííî àêòóàëüíîé çàäà÷ó óëó÷øåíèÿ âåðõíåé îöåíêè.

3) Âûÿñíèòü, êàêèõ ðàçáèåíèé ïðè áîëüøèõ n àñèìïòîòè÷åñêè áîëüøå: ðåøåò÷àòûõ èëè
p2-ðàçáèåíèé.

4) Ïîëó÷èòü îöåíêè äëÿ ÷èñëà ðàçáèåíèé ïëîñêîñòè íà ïîëèìèíî çàäàííîé ïëîùàäè, ïðà-
âèëüíûõ îòíîñèòåëüíî äðóãèõ êðèñòàëëîãðàôè÷åñêèõ ãðóïï, íàïðèìåð, îòíîñèòåëüíî ãðóïïû
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p4. Çäåñü íóæíî çàìåòèòü, ÷òî íå âñå êðèñòàëëîãðàôè÷åñêèå ãðóïïû ðåàëèçóþòñÿ êàê ãðóïïû
ñèììåòðèé ðàçáèåíèé ïëîñêîñòè íà ïîëèìèíî. Ýòî ñâÿçàíî ñ òåì, ÷òî ðàçáèåíèÿ ïëîñêîñòè íà
ïîëèìèíî íå ìîãóò îáëàäàòü ïîâîðîòíûìè ñèììåòðèÿìè ïîðÿäêîâ 3 è 6.

5) Ïåðåíåñòè èìåþùèåñÿ îöåíêè äëÿ ÷èñëà ðàçáèåíèé ïëîñêîñòè íà ïîëèìèíî íà ñëó÷àé
ðàçáèåíèé ïëîñêîñòè íà ïîëèãåêñû è ïîëèàìîíäû, à òàêæå ðàçáèåíèé òðåõìåðíîãî ïðîñòðàí-
ñòâà íà ïîëèêóáû.
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Àííîòàöèÿ

Â ñòàòüå ðàññêàçàíî îá èñòîðèè, òðàäèöèÿõ êàôåäðû òåîðèè ÷èñåë Ìîñêîâñêîãî ïåäà-
ãîãè÷åñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà, î ëþäÿõ, ðàáîòàâøèõ íà êàôåäðå.

1. Ââåäåíèå

Êàôåäðà òåîðèè ÷èñåë ÌÏÃÓ âåä¼ò ñâî¼ íà÷àëî îò äâóõ êàôåäð: êàôåäðû àëãåáðû è òåî-
ðèè ÷èñåë Ìîñêîâñêîãî ãîñóäàðñòâåííîãî ïåäàãîãè÷åñêîãî èíñòèòóòà èì. Â. È. Ëåíèíà è êà-
ôåäðû âûñøåé àëãåáðû è ýëåìåíòàðíîé ìàòåìàòèêè Ìîñêîâñêîãî ãîðîäñêîãî ïåäàãîãè÷åñêîãî
èíñòèòóòà èì. Â. Ï. Ïîò¼ìêèíà.

Êàôåäðó àëãåáðû è òåîðèè ÷èñåë ÌÏÃÈ èì. Â. È. Ëåíèíà âîçãëàâëÿë ïðîôåññîð Àëåê-
ñàíäð Àäîëüôîâè÷ Áóõøòàá è íà êàôåäðå ðàáîòàëè äîöåíòû Äèöìàí À. Ï.,Ðóáöîâ Í. Ô.,
Ñìèðíîâà Ã. Í., Ùåñòîïàë Ã. À. è äð.

Êàôåäðîé àëãåáðû è ýëåìåíòàðíîé ìàòåìàòèêè ÌÏÃÈ èì. Â. Ï. Ïîò¼ìêèíà ðóêîâîäèë
äîöåíò (à çàòåì ïðîôåññîð) Âàñèëèé Èëüè÷ Íå÷àåâ, ñìåíèâøèé íà ýòîì ïîñòó â 1949 ãîäó ïî
ðåêîìåíäàöèè È. Ì Âèíîãðàäîâà ïðîô. Ãðåáåí÷ó Ì. Ê. Íà êàôåäðå òîãäà ðàáîòàëè äîöåíòû
Àëåêñàõèí Ñ. Ï., Ãàðêàâè Å. Ã., Ëåìëåéí Â. Ã., Ïîëÿêîâà Ò. Í. è äð.

Â 1960 ãîäó ïðîèçîøëî îáúåäèíåíèå óïîìÿíóòûõ âóçîâ, îáúåäèí¼ííàÿ êàôåäðà ñòàëà íà-
çûâàòüñÿ êàôåäðîé àëãåáðû è òåîðèè ÷èñåë, âîçãëàâèë å¼ ïðîô À. À. Áóõøòàá.

2. Ñòàíîâëåíèå êàôåäðû

À ÿ, îêîí÷èâ ñ îòëè÷èåì ÌÏÃÈ èì. Â.Ï. Ïîò¼ìêèíà â 1959 ãîäó, áûëà íàïðàâëåíà íà
ðàáîòó â Ìîñêîâñêóþ ñðåäíþþ øêîëó 406 (â òå ãîäû êàæäûé âûïóñêíèê âóçà äîëæåí áûë
îòðàáîòàòü òðè ãîäà òàì, êóäà åãî ðàñïðåäåëèëè).

Â 1961 ãîäó Âàñèëèé Èëüè÷ íàø¼ë ìåíÿ, õîòÿ ó ìåíÿ óæå áûëà äðóãàÿ ôàìèëèÿ è äðóãîé
àäðåñ, è ïðèãëàñèë íà áåñåäó ñ Àëåêñàíäðîì Àäîëüôîâè÷åì íà ïðåäìåò ïåðåéòè íà ïðåïîäàâà-
òåëüñêóþ ðàáîòó â èíñòèòóò. Àëåêñàíäð Àäîëüôîâè÷ ïîäãîòîâèëñÿ ê âñòðå÷å, ó íåãî â ðóêàõ
áûë âêëàäûø ê ìîåìó äèïëîìó ñ ïåðå÷íåì èçó÷åííûõ ïðåäìåòîâ è îöåíêàìè. ß ñîáåñåäîâàíèå
âûäåðæàëà è ñòàëà àññèñòåíòîì êàôåäðû. Íî òàê êàê ÿ îòðàáîòàëà â øêîëå òîëüêî äâà ãîäà,
âìåñòî ïîëîæåííûõ òð¼õ, âîçíèêëè ïðîáëåìû ñ óõîäîì èç øêîëû, íî Àëåêñàíäð Àäîëüôîâè÷
èõ ðåøèë. Ïåðâûå äâà ãîäà âåëà ïðàêòè÷åñêèå çàíÿòèÿ â îñíîâíîì ïî àëãåáðå.

Â 1962 ãîäó íà êàôåäðó ïðèø¼ë ïðîôåññîð Ëåîíèä ßêîâëåâè÷ Êóëèêîâ, è âñêîðå èç íàøåé
êàôåäðû âûäåëèëàñü êàôåäðà àëãåáðû ïîä ðóêîâîäñòâîì ïðîô. Ë. ß. Êóëèêîâà, à êàôåäðà
ïðîô. Áóõøòàáà À. À. ñòàëà íàçûâàòüñÿ êàôåäðîé òåîðèè ÷èñåë è âû÷èñëèòåëüíîé ìàòåìàòè-
êè. Êðîìå ñåìèíàðîâ ïî òåîðèè ÷èñåë, çàíÿòèé ïî ýëåìåíòàðíîé ìàòåìàòèêå ìíå ïðèõîäèëîñü
âåñòè ïðàêòèêóì ïî âû÷èñëèòåëüíîé ìàòåìàòèêå: ó÷èëà ñòóäåíòîâ ñ÷èòàòü íà àðèôìîìåòðå è
íà ëîãàðèôìè÷åñêîé ëèíåéêå.

Ýòî áûëî âðåìÿ, êîãäà â íàøó æèçíü âõîäèëà ýëåêòðîííî-âû÷èñëèòåëüíàÿ òåõíèêà. Àëåê-
ñàíäð Àäîëüôîâè÷ îáðàòèëñÿ ñ ïèñüìîì â ãàçåòó ¾Ïðàâäà¿, â êîòîðîì óáåäèòåëüíî äîêàçàë,
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÷òî ïîäãîòîâêà ñîâðåìåííîãî ó÷èòåëÿ íåâîçìîæíà áåç ÝÂÌ, è ôàêóëüòåò ïîëó÷èë ìàøèíó
¾Ìèíñê¿. Òîãäà ëèøü íåìíîãèå âóçû èìåëè ÝÂÌ. Ýòîò àãðåãàò áûë ÷ðåçâû÷àéíî ãðîìîçäêèì
è çàíèìàë öåëóþ àóäèòîðèþ. Èìåííî òîãäà ïî èíèöèàòèâå À. À. Áóõøòàáà íà ôàêóëüòåòå îáðà-
çîâàëàñü êàôåäðà âû÷èñëèòåëüíîé ìàòåìàòèêè è ïðîãðàììèðîâàíèÿ, îñíîâíîé ñîñòàâ êîòîðîé
ñîñòàâèëè ïðåïîäàâàòåëè íàøåé êàôåäðû: Ñìèðíîâà Ã. Í., Øàõîâ Þ. Í., Øåñòîïàë Ã. À., è
äð. Ðóêîâîäèòü íîâîé êàôåäðîé áûë ïðèãëàø¼í ïðîô. Âëàäèìèð Âåíèàìèíîâè÷ Ùåííèêîâ.
Íàøà êàôåäðà ñòàëà íàçûâàòüñÿ êàôåäðîé òåîðèè ÷èñåë.

Òðàäèöèîííî âñå ãîäû ñóùåñòâîâàíèÿ êàôåäðû ñ íåé ñîòðóäíè÷àëè èçâåñòíûå ó÷¼íûå ìà-
òåìàòèêè : Àíäðåé Áîðèñîâè÷ Øèäëîâñêèé, Íèêîëàé Ìèõàéëîâè÷ Êîðîáîâ, Ñåðãåé Ìèõàéëî-
âè÷ Âîðîíèí è äðóãèå.

Àíäðåé Áîðèñîâè÷Øèäëîâñêèé íà÷àë ðàáîòàòü â ÌÃÏÈ åù¼ îáó÷àÿñü â àñïèðàíòóðå ÌÃÓ
è ïðîäîëæèë ðàáîòàòü ïî ñîâìåñòèòåëüñòâó óæå áóäó÷è ïðåïîäàâàòåëåì, à ïîòîì è çàâåäóþ-
ùèì êàôåäðîé òåîðèè ÷èñåë ÌÃÓ. Äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåññîð, âñåìèðíî
èçâåñòíûé ìàòåìàòèê, Àíäðåé Áîðèñîâè÷ ÷èòàë ëåêöèè ïî òåîðèè ÷èñåë è â¼ë ñïåöêóðñû äëÿ
ñëóøàòåëåé ÔÏÊ. Â òå ãîäû ñóùåñòâîâàëà òàêàÿ çàìå÷àòåëüíàÿ ôîðìà ïîâûøåíèÿ êâàëèôè-
êàöèè ïðåïîäàâàòåëåé ïåäâóçîâ ñòðàíû. Ïðåïîäàâàòåëü êîìàíäèðîâàëñÿ íà ñåìåñòð â Ëåíèí-
ñêèé ïåäèíñòèòóò, ãäå îí ñëóøàë ëåêöèè, ñäàâàë çà÷¼òû è ýêçàìåíû. Ìíå ïîñ÷àñòëèâèëîñü
âåñòè çà íèì ñåìèíàðñêèå çàíÿòèÿ ïî òåîðèè ÷èñåë. Àíäðåé Áîðèñîâè÷ ïîðàæàë êîëëåã ñâîèì
îïòèìèçìîì. Âñåãäà âìåñòå ñ íèì íà êàôåäðó âõîäèëè óëûáêè, æèçíåðàäîñòíîñòü, õîðîøåå
íàñòðîåíèå. È ýòî ïðè òîì, ÷òî îí ïðîø¼ë î÷åíü ñóðîâóþ øêîëó æèçíè: ðàáîòàë òîêàðåì,
ïðîõîä÷èêîì ïðè ñòðîèòåëüñòâå ïåðâîé ëèíèè ìåòðîïîëèòåíà, ó÷¼áà åãî íà ìåõìàòå ÌÃÓ
ïðåðûâàëàñü âîéíîé.

Íà êàôåäðå â òå÷åíèå íåñêîëüêèõ ëåò ðàáîòàë ïðîôåññîð ÌÃÓ äîêòîð ôèçèêî-ìàòåìàòè-
÷åñêèõ íàóê Íèêîëàé Ìèõàéëîâè÷ Êîðîáîâ. Îí ÷èòàë ëåêöèè ïî òåîðèè ÷èñåë íàøèì ñòó-
äåíòàì è â¼ë ñïåöêóðñ ¾Ìåòîä òðèãîíîìåòðè÷åñêèõ ñóìì¿ äëÿ ñëóøàòåëåé ÔÏÊ. ß âåëà çà
Íèêîëàåì Ìèõàéëîâè÷åì ñåìèíàðñêèå çàíÿòèÿ ïî òåîðèè ÷èñåë è íå ïåðåñòàâàëà âîñõèùàòüñÿ
åãî èñêëþ÷èòåëüíî ãðàìîòíîé ðå÷üþ, ÷¼òêèì ïî÷åðêîì è ïîðÿäêîì íà äîñêå. À ñåìèíàðû ïî
òðèãîíîìåòðè÷åñêèì ñóììàì ÿ ïîñåùàëà âìåñòå ñî ñëóøàòåëÿìè ÔÏÊ. Äî ñèõ ïîð ÿ ñîõðà-
íèëà ýòè êîíñïåêòû è íå ðàç èñïîëüçîâàëà èõ â ñâîåé ðàáîòå ïðè ïðîâåäåíèè ñïåöêóðñîâ äëÿ
ñòóäåíòîâ. Íèêîëàé Ìèõàéëîâè÷ òàêæå ðóêîâîäèë àñïèðàíòàìè êàôåäðû, åãî ó÷åíèöåé áûëà
Åëåíà Áîðèñîâíà Ãëàäêîâà, çàìå÷àòåëüíûé ÷åëîâåê, ïðåïîäàâàòåëü, ìàòåìàòèê, äîëãèå ãîäû
ïðîðàáîòàâøàÿ íà êàôåäðå.

3. 1976 � 1999

Â 1976 ãîäó À. À. Áóõøòàá ïåðåõîäèò íà äîëæíîñòü ïðîôåññîðà-êîíñóëüòàíòà, à çàâå-
äóþùèì êàôåäðîé ñòàíîâèòñÿ Â. È. Íå÷àåâ, çàùèòèâøèé óæå ê òîìó âðåìåíè äîêòîðñêóþ
äèññåðòàöèþ. Îäíîâðåìåííî Âàñèëèé Èëüè÷ ÿâëÿëñÿ íàó÷íûì ñîòðóäíèêîì Ìàòåìàòè÷åñêî-
ãî èíñòèòóòà èì. Â. À. Ñòåêëîâà.

Âàñèëèé Èëüè÷ âíåñ îãðîìíûé âêëàä â ñîâåðøåíñòâîâàíèå ïåäàãîãè÷åñêîãî îáðàçîâàíèÿ
ñòðàíû. Åãî ïîäâèãè â Âåëèêîé Îòå÷åñòâåííîé âîéíå è äîñòèæåíèÿ â îáëàñòè ïðèêëàäíîé ìà-
òåìàòèêè îòìå÷åíû ïðàâèòåëüñòâåííûìè íàãðàäàìè, à âîò çàñëóãè â îáëàñòè ïåäàãîãè÷åñêîãî
îáðàçîâàíèÿ íå îöåíåíû äîëæíûì îáðàçîì.

Îí áûë àâòîðîì ïðîãðàììû êóðñà ¾×èñëîâûå ñèñòåìû¿ äëÿ ïåäâóçîâ è íàïèñàë óíèêàëü-
íûé, óäèâèòåëüíûé ïî ñâîåé ãëóáèíå, ó÷åáíèê ïî ýòîìó êóðñó. Îí áûë àâòîðîì ïðîãðàììû
êóðñà ¾Äèñêðåòíàÿ ìàòåìàòèêà¿ è èíèöèàòîðîì âêëþ÷åíèÿ ýòîãî êóðñà â ïðîãðàììó ìàòå-
ìàòè÷åñêîãî îáðàçîâàíèÿ. Íà êàôåäðå áûëî ïîäãîòîâëåíî ó÷åáíîå ïîñîáèå ïî ýòîìó êóðñó
(àâòîðû ïðåïîäàâàòåëè êàôåäðû, âûïóñêíèêè ôàêóëüòåòà Äåçà Å. È. è Ìîäåëü Ä. Ë.).

Âàñèëèé Èëüè÷ óäåëÿë èñêëþ÷èòåëüíîå âíèìàíèå ïîäãîòîâêå êàäðîâ äëÿ êàôåäðû. Íà
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êàôåäðå ðàáîòàëè âûïóñêíèêè ôàêóëüòåòà Áàóëèíà Þ. Í., Ãëàäêîâà Å. Á., Äåçà Å. È., Èêîí-
íèêîâà Ò. Ê., Êèñåë¼âà Ë. Â., Êîòîâà Ë. Â., Ñòåïàíîâà Ë. Ë., Òîïóíîâ Â. Ë., Þð÷åíêî À. Ë.
Âñå îíè çàêîí÷èëè àñïèðàíòóðó íà êàôåäðå è áîëüøèíñòâî èç íèõ çàùèòèëè äèññåðòàöèè.

Ïðåïîäàâàòåëè êàôåäðû êðîìå çàíÿòèé ïî òåîðèè ÷èñåë è ÷èñëîâûì ñèñòåìàì âåëè ïðàê-
òèêóì ïî ðåøåíèþ çàäà÷, êîòîðûé âêëþ÷àë òðè ðàçäåëà: êîìáèíàòîðèêó, òåîðèþ äåëèìîñòè
öåëûõ ÷èñåë è ñèñòåìû ñ÷èñëåíèÿ. Ïî âñåì ýòèì ðàçäåëàì áûëè ïîäãîòîâëåíû ó÷åáíûå ïîñî-
áèÿ: ñáîðíèê çàäà÷ ïî êîìáèíàòîðèêå ( Òîïóíîâ Â. Ë. ) è àðèôìåòèêà-ïðàêòèêóì ïî ðåøåíèþ
çàäà÷ (Æìóë¼âà À. Â., Ñòåïàíîâà Ë. Ë.).

Ñëåäóåò âñïîìíèòü è î òîì, ÷òî ïðîô. Íå÷àåâ Â. È. áûë èíèöèàòîðîì ââåäåíèÿ â ïðîãðàì-
ìó âûñøåé øêîëû íîâîãî êóðñà ¾Îñíîâû êðèïòîãðàôèè è òåîðèÿ çàùèòû èíôîðìàöèè¿, îí
æå è íàïèñàë ïåðâûé ó÷åáíèê ïî ýòîìó êóðñó.

Óñïåøíî ðàáîòàÿ â îáëàñòè ïðèêëàäíîé ìàòåìàòèêè, Âàñèëèé Èëüè÷ óäåëÿë áîëüøîå âíè-
ìàíèå øêîëüíîé ìàòåìàòèêå: ïèñàë ñòàòüè â æóðíàë ¾Ìàòåìàòèêà â øêîëå¿, ñòàòüè â äåòñêóþ
ìàòåìàòè÷åñêóþ ýíöèêëîïåäèþ.

Âàñèëèé Èëüè÷ ñîçäàë ïåðâóþ ïðîãðàììó äëÿ ÝÂÌ, ïðîâåðÿþùóþ âû÷èñëèòåëüíûå íà-
âûêè øêîëüíèêîâ è ñòóäåíòîâ, çà ÷òî áûë íàãðàæä¼í çîëîòîé ìåäàëüþ ÂÄÍÕ.

Êîãäà ïîñòàíîâëåíèåì ïðàâèòåëüñòâà â ïðàêòèêó øêîëû áûëè ââåäåíû ôàêóëüòàòèâíûå
çàíÿòèÿ, ïåðâûì ðåêîìåíäîâàííûì êóðñîì ïî ìàòåìàòèêå áûë êóðñ ¾Òåîðèÿ äåëèìîñòè öåëûõ
÷èñåë¿. Ìîñêîâñêèé ãîðîäñêîé èíñòèòóò óñîâåðøåíñòâîâàíèÿ ó÷èòåëåé îáðàòèëñÿ íà êàôåäðó
òåîðèè ÷èñåë ñ ïðîñüáîé ðàçðàáîòàòü ìàòåðèàëû äëÿ ó÷èòåëåé äëÿ âåäåíèÿ ýòîãî êóðñà, è ÿ
áûëà íàïðàâëåíà â ÌÃÈÓÓ äëÿ ÷òåíèÿ ëåêöèé. Ïî ìàòåðèàëàì ýòèõ ëåêöèé ïîä ðóêîâîäñòâîì
Â. È. Íå÷àåâà áûëà ïîäãîòîâëåíà è çàùèùåíà êàíäèäàòñêàÿ äèññåðòàöèÿ.

Âàñèëèé Èëüè÷ ïðîäîëæèë òðàäèöèþ êàôåäðû ñîòðóäíè÷àòü ñ âûäàþùèìèñÿ ìàòåìà-
òèêàìè, è íà êàôåäðó áûë ïðèãëàø¼í Ñåðãåé Ìèõàéëîâè÷ Âîðîíèí � äîêòîð ôèçèêî-
ìàòåìàòè÷åñêèõ íàóê, ñîòðóäíèê èíñòèòóòà èì. Â. À. Ñòåêëîâà.

Ñåðãåé Ìèõàéëîâè÷ ÷èòàë êóðñ ëåêöèé ïî òåîðèè ÷èñåë äëÿ ñòóäåíòîâ ìàòåìàòè÷åñêîãî
ôàêóëüòåòà. Âàñèëèé Èëüè÷ ñ÷èòàë, ÷òî Ñåðãåé Ìèõàéëîâè÷ ñèëüíî ïåðåîöåíèâàë ìàòåìà-
òè÷åñêóþ ïîäãîòîâêó íàøèõ ñòóäåíòîâ è ïðåäëîæèë ìíå âåñòè çà íèì ñåìèíàðñêèå çàíÿòèÿ,
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÷òîáû ïðè íåîáõîäèìîñòè ðàçúÿñíÿòü íåêîòîðûå ðàçäåëû ïðîãðàììû. È ÿ ðåãóëÿðíî ïîñå-
ùàëà ëåêöèè Ñ. Ì. Âîðîíèíà. Êàêèå æå îðèãèíàëüíûå ýòî áûëè ëåêöèè, êàêèå íîâûå äëÿ
ìåíÿ, íåîæèäàííûå äîêàçàòåëüñòâà ïðåäëàãàë Ñåðãåé Ìèõàéëîâè÷, êàêèå êðàñèâûå çàäà÷è
ñîñòàâëÿë ïî òåîðèè ÷èñåë.

Íî áîëüøå âñåãî Ñåðãåé Ìèõàéëîâè÷ ïîðàçèë âñåõ íàñ ñâîèìè ãëóáîêèìè çíàíèÿìè è øè-
ðîêîé ýðóäèöèåé â îáëàñòè èñòîðèè ìàòåìàòèêè Îí ïðî÷èòàë äëÿ ñòóäåíòîâ êóðñ ëåêöèé ïî
èñòîðèè ìàòåìàòèêè. Êàê èíòåðåñíî áûëî áåñåäîâàòü ñ Ñåðãååì Ìèõàéëîâè÷åì íà òåìû êóëü-
òóðû, èñòîðèè, ôèëîñîôèè.

4. 1999 � 2007

Ïîñëå ñìåðòè Â. È. Íå÷àåâà ñ 1999 ãîäà è äî ïîñëåäíèõ äíåé ñâîåé æèçíè (2007 ãîä)
êàôåäðîé òåîðèè ÷èñåë ðóêîâîäèë ïðîôåññîð, äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê Äìèòðèé
Àëåêñååâè÷ Ìèòüêèí, ìîëîäîé òàëàíòëèâûé ìàòåìàòèê.

Äìèòðèé Àëåêñååâè÷ áûë èñêëþ÷èòåëüíûì ðóêîâîäèòåëåì êàôåäðû, âìåñòå ñ âûñîêîé ïðèí-
öèïèàëüíîñòüþ è òðåáîâàòåëüíîñòüþ ê ñåáå è äðóãèì, îí ñóìåë ñîçäàòü íà êàôåäðå äîáðîæå-
ëàòåëüíóþ, êîìôîðòíóþ äëÿ ðàáîòû è íàó÷íîãî ðîñòà îáñòàíîâêó.

Ïðîôåññîð Ìèòüêèí Ä. À. íåñêîëüêî ëåò âîçãëàâëÿë ñîâåò ìàòåìàòè÷åñêîãî ôàêóëüòåòà ïî
çàùèòå êàíäèäàòñêèõ äèññåðòàöèé ïî ñïåöèàëüíîñòè àëãåáðà, òåîðèÿ ÷èñåë, ìàòåìàòè÷åñêàÿ
ëîãèêà. Äî ïîñëåäíèõ äíåé æèçíè îí â¼ë ñåìèíàð ïî àíàëèòè÷åñêîé òåîðèè ÷èñåë, êîòîðûé
ïîñåùàëè íå òîëüêî àñïèðàíòû ÌÐÃÓ, íî è àñïèðàíòû è ïðåïîäàâàòåëè äðóãèõ âóçîâ. Ñâîèõ
àñïèðàíòîê Àíäðååâó Ò. Þ. è Îðëîâó Ñ. Â. îí äîâ¼ë äî çàùèòû äèññåðòàöèé áóäó÷è òÿæåëî
áîëüíûì è ïðèêîâàííûì ê ïîñòåëè.

Àêòèâíî ðàáîòàÿ â íàóêå, Äìèòðèé Àëåêñååâè÷ óäåëÿë áîëüøîå âíèìàíèå ìàòåìàòè÷å-
ñêîìó îáðàçîâàíèþ øêîëüíèêîâ. Ñ 1991 ãîäà îí âõîäèë â ñîñòàâ ïðåäìåòíîé ìåòîäè÷åñêîé
êîìèññèè âñåðîññèéñêèõ ìàòåìàòè÷åñêèõ îëèìïèàä.
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Ñëåäóÿ òðàäèöèÿì, îí ïðèãàñèë íà êàôåäðó ÷èòàòü êóðñ èñòîðèè ìàòåìàòèêè èçâåñòíîãî
ñïåöèàëèñòà â ýòîé îáëàñòè Íàäåæäó Âÿ÷åñëàâîâíó Àëåêñàíäðîâó. Ñàìûå ò¼ïëûå âîñïîìèíà-
íèÿ îñòàëèñü ó âñåõ ÷ëåíîâ êàôåäðû îá ýòîì ÷åëîâåêå.

5. Êàôåäðà â íàñòîÿùåå âðåìÿ

Ïîñëå áåçâðåìåííîé êîí÷èíû Ä. À. Ìèòüêèíà ñ 2007 ãîäà êàôåäðîé ðóêîâîäèò ïðîôåñ-
ñîð ÌÃÓ äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê Âëàäèìèð Ãðèãîðüåâè÷ ×èðñêèé. Â ïåðèîä
î÷åðåäíûõ ðåôîðì îáðàçîâàíèÿ, êîãäà ñëèâàþòñÿ âóçû, óìåíüøàåòñÿ ÷èñëî ñòàâîê, óâåëè-
÷èâàåòñÿ íàãðóçêà ïðåïîäàâàòåëåé, îáñòàíîâêà íà êàôåäðå îñòà¼òñÿ ñïîêîéíîé, ðàáî÷åé. Ýòî
ïðåæäå âñåãî çàñëóãà íàøåãî çàâåäóþùåãî. ×åëîâåê èñêëþ÷èòåëüíî äîáðîæåëàòåëüíûé, óðàâ-
íîâåøåííûé, Âëàäèìèð Ãðèãîðüåâè÷ óñïåøíî ðàçðåøàåò âñå íàçðåâàþùèå ïðîòèâîðå÷èÿ.

Ïðîäîëæàÿ òðàäèöèè êàôåäðû, Âëàäèìèð Ãðèãîðüåâè÷ óäåëÿåò îãðîìíîå âíèìàíèå ïîä-
ãîòîâêå ñìåíû êàäðîâîãî ñîñòàâà êàôåäðû èç âûïóñêíèêîâ ôàêóëüòåòà. Åãî àñïèðàíòû Áàæå-
íîâà Î. Þ. è Êðóïèöûí Å. Ñ., âûïóñêíèêè ôàêóëüòåòà, ïîäãîòîâèëè êàíäèäàòñêèå äèññåð-
òàöèè. Îëåñÿ Þðüåâíà íåêîòîðîå âðåìÿ óñïåøíî ðàáîòàëà àññèñòåíòîì êàôåäðû, à Åâãåíèé
Ñòàíèñëàâîâè÷ íå òîëüêî ðàáîòàåò ñòàðøèì ïðåîäàâàòåëåì è âåä¼ò çàíÿòèÿ ïî âñåì äèñöè-
ïëèíàì êàôåäðû, íî è ÿâëÿåòñÿ çàìåñòèòåëåì çàâåäóþùåãî, âûïîëíÿÿ çíà÷èòåëüíóþ ÷àñòü
îðãàíèçàöèîííî-àäìèíèñòðàòèâíîé ðàáîòû.

Âëàäèìèð Ãðèãîðüåâè÷ íå òîëüêî ðóêîâîäèò àñïèðàíòàìè, ÷èòàåò ñïåöêóðñû ïî àíàëèòè-
÷åñêîé òåîðèè ÷èñåë äëÿ ñòóäåíòîâ è ìàãèñòðàíòîâ, íî è óäåëÿåò çíà÷èòåëüíîå âíèìàíèå ïîä-
ãîòîâêå âûïóñêíèêîâ ê ðàáîòå â øêîëå, îáó÷àÿ ìàãèñòðàíòîâ ðåøåíèþ îëèìïèàäíûõ íåñòàí-
äàðòíûõ çàäà÷ ïîâûøåííîé ñëîæíîñòè.

Ñëåäóÿ òðàäèöèÿì êàôåäðû, Âëàäèìèð Ãðèãîðüåâè÷ ïðîäîëæàåò ïðèâëåêàòü ê ðàáîòå íà
êàôåäðå âåäóùèõ ñïåöèàëèñòîâ ðàçíûõ ðàçäåëîâ ìàòåìàòèêè. Íà êàôåäðå íåñêîëüêî ëåò ïðå-
ïîäàâàë Àëåêñåé Þðüåâè÷ Íåñòåðåíêî, ñïåöèàëèñò â îáëàñòè òåîðèè çàùèòû èíôîðìàöèè. Îí
ðàáîòàë â îñíîâíîì ñ ìàãèñòðàíòàìè è ñóìåë ñîçäàòü íà ñâîèõ çàíÿòèÿõ óäèâèòåëüíóþ òâîð÷å-
ñêóþ îáñòàíîâêó ïðè âûñîêîé òðåáîâàòåëüíîñòè. Ïî ïðèãëàøåíèþ Âëàäèìèðà Ãðèãîðüåâè÷à
íà êàôåäðå ðàáîòàåò íàó÷íûé ñîòðóäíèê ìàòåìàòè÷åñêîãî èíñòèòóòà èì. Â. À. Ñòåêëîâà Ìî-
ðèñ Åâãåíüåâè÷ ×àíãà, îí ÷èòàåò ðàçëè÷íûå ñïåöêóðñû äëÿ ñòóäåíòîâ è ìàãèñòðàíòîâ.

Ìíîãèå ãîäû êàôåäðà ñîòðóäíè÷àåò ñ Òóëüñêèì ãîñóäàðñòâåííûì ïåäàãîãè÷åñêèì óíè-
âåðñèòåòîì â ëèöå äîêòîðà ôèçèêî-ìàòåìàòè÷åñêèõ íàóê ïðîôåññîðà Íèêîëàÿ Ìèõàéëîâè÷à
Äîáðîâîëüñêîãî. Îí ðóêîâîäèë àñïèðàíòàìè êàôåäðû, ÿâëÿëñÿ ÷ëåíîì ñîâåòà ìàòåìàòè÷åñêî-
ãî ôàêóëüòåòà ïî çàùèòå êàíäèäàòñêèõ äèññåðòàöèé, íåîäíîêðàòíî âõîäèë â ñîñòàâ èòîãîâûõ
àòòåñòàöèîííûõ êîìèññèé.

6. Çàêëþ÷åíèå

Çàêàí÷èâàÿ ñâîé ðàññêàç, ñêàæó, ÷òî ìíå â æèçíè î÷åíü ïîâåçëî, òàê êàê ÿ èìåëà âîç-
ìîæíîñòü îáùàòüñÿ ñî ìíîãèìè âûäàþùèìèñÿ ìàòåìàòèêàìè, çàìå÷àòåëüíûìè ïåäàãîãàìè,
ïðåêðàñíûìè ëþäüìè è ìíîãîìó ó íèõ ó÷èòüñÿ.

À êàôåäðà òåîðèè ÷èñåë, íåñìîòðÿ íè íà ÷òî, ïðîäîëæàåò æèòü, ðàçâèâàòüñÿ, óêðåïëÿòü
è ðàçâèâàòü ñâîè òðàäèöèè.

ÑÏÈÑÎÊ ÖÈÒÈÐÎÂÀÍÍÎÉ ËÈÒÅÐÀÒÓÐÛ

1. Áóõøòàá À. À. Òåîðèÿ ÷èñåë, èçäàíèå 3-å. � Ì.: ¾Ëàíü¿ 2008.
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4. Æìóë¼âà À. Â., Ñòåïàíîâà Ë. Ë. Àðèôìåòèêà. Ïðàêòèêóì ïî ðåøåíèþ çàäà÷. � Ì.,
ÌÃÏÈ

5. Æìóë¼âà À. Â. Ñáîðíèê çàäà÷ ïî òåîðèè ÷èñåë. � Ì.: ÖÏÈ ïðè ìåõìàòå ÌÃÓ 2009.

6. Íå÷àåâ Â. È. ×èñëîâûå ñèñòåìû. � Ì.: Ïðîñâåùåíèå 1975.

7. Íå÷àåâ Â. È. Ýëåìåíòû êðèïòîãðàôèè. Îñíîâû òåîðèè çàùèòû èíôîðìàöèè. � Ì.: Âûñ-
øàÿ øêîëà, 1999.

8. Ñòåïàíîâà Ë. Ë., Æìóë¼âà À. Â., Äåçà Å. È. Ïðàêòèêóì ïî ýëåìåíòàðíîé ìàòåìàòèêå.
Àðèôìåòèêà. � Ì.: ÌÖÍÌÎ, 2008.

9. Ñòåïàíîâà Ë. Ë. Èçáðàííûå ãëàâû æëåìåíòàðíîé òåîðèè ÷èñåë. � Ì.: Ïðîìåòåé, 2001.

10. Òîïóíîâ Â. Ë. Êîìáèíàòîðèêà. Ïðàêòèêóì ïî ðåùåíèþ çàäà÷. � Ì.: ÌÃÏÈ, 1988.
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Òîì 17. Âûïóñê 3.

ÓÄÊ 511.3

ÀËÅÂÒÈÍÀ ÂÀÑÈËÜÅÂÍÀ ÆÌÓË�ÂÀ
(ê 80�ëåòèþ ñî äíÿ ðîæäåíèÿ)

Í. Ì. Äîáðîâîëüñêèé, Å. È. Äåçà, Ò. Ê. Èêîííèêîâà, Ñ. À. Æäàíîâ, Ë. Â. Êîòîâà,
Å. Ñ. Êðóïèöûí, Þ. Â. Íåñòåðåíêî, À. Þ. Íåñòåðåíêî, Ñ. À. Ïîëèêàðïîâ,

È. Þ. Ðåáðîâà, Â. Ã. ×èðñêèé, Â. Í. ×óáàðèêîâ

12 àâãóñòà 2016 ãîäà èñïîëíÿåòñÿ 80 ëåò ñî äíÿ ðîæäåíèÿ ïðîôåññîðà êàôåäðû òåîðèè ÷è-
ñåë Ìîñêîâñêîãî ïåäàãîãè÷åñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà, êàíäèäàòà ïåäàãîãè÷åñêèõ
íàóê Àëåâòèíû Âàñèëüåâíû Æìóë¼âîé.

Âñÿ æèçíü Àëåâòèíû Âàñèëüåâíû òåñíî ñâÿçàíà ñ êàôåäðîé òåîðèè ÷èñåë ìàòåìàòè÷åñêîãî
ôàêóëüòåòà ÌÏÃÓ (ÌÃÏÈ èìåíè Â. È. Ëåíèíà). Îíà çàèíòåðåñîâàëàñü òåîðèåé ÷èñåë åù¼
â ñòóäåí÷åñêèå ãîäû. Âñå åå êóðñîâûå ðàáîòû, âûïîëíåííûå ïîä ðóêîâîäñòâîì èçâåñòíîãî
ìàòåìàòèêà, ñïåöèàëèñòà ïî òåîðèè ÷èñåë è êðèïòîãðàôèè, Â. È. Íå÷àåâà, áûëè ïîñâÿùåíû
òåîðåòèêî-÷èñëîâîé òåìàòèêå.

Â 1959 ãîäó Àëåâòèíà Âàñèëüåâíà îêîí÷èëà ñ îòëè÷èåì Ìîñêîâñêèé ãîðîäñêîé ïåäàãîãè-
÷åñêèé èíñòèòóò èì. Â. Ï. Ïîòåìêèíà è äâà ãîäà ðàáîòàëà â øêîëå ïî ðàñïðåäåëåíèþ.

Â 1961 ãîäó, ïîñëå îáúåäèíåíèÿ Ìîñêîâñêîãî ãîðîäñêîãî ïåäàãîãè÷åñêîãî èíñòèòóòà
èì. Â. Ï. Ïîòåìêèíà è Ìîñêîâñêîãî ãîñóäàðñòâåííîãî ïåäàãîãè÷åñêîãî èíñòèòóòà èì. Â. È. Ëå-
íèíà, îíà, ïî ðåêîìåíäàöèè Â. È. Íå÷àåâà, áûëà ïðèíÿòà àññèñòåíòîì íà êàôåäðó âûñøåé
àëãåáðû, ýëåìåíòàðíîé ìàòåìàòèêè è òåîðèè ÷èñåë, êîòîðîé ðóêîâîäèë ïðîôåññîð À. À. Áóõ-
øòàá.
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Íà íåé Àëåâòèíà Âàñèëüåâíà ðàáîòàåò � ñòàðøèì ïðåïîäàâàòåëåì, äîöåíòîì, ïðîôåññîðîì
� äî ñèõ ïîð.

Êîãäà â ïðàêòèêó ðàáîòû øêîëû áûëè ââåäåíû ôàêóëüòàòèâíûå êóðñû, À. Â.Æìóë¼âà áû-
ëà íàïðàâëåíà â èíñòèòóò óñîâåðøåíñòâîâàíèÿ ó÷èòåëåé ÷èòàòü ëåêöèè äëÿ ó÷èòåëåé Ìîñêâû
è Ìîñêîâñêîé îáëàñòè ïî òåìàì ôàêóëüòàòèâîâ, ðåêîìåíäîâàííûõ ìèíèñòåðñòâîì ïðîñâåùå-
íèÿ äëÿ 7 êëàññà ñðåäíåé øêîëû. Ýòî áûëè ôàêóëüòàòèâû ïî òåîðèè äåëèìîñòè öåëûõ ÷èñåë
è ïî ñèñòåìàì ñ÷èñëåíèÿ. Â 1980 ãîäó ïî ìàòåðèàëàì ýòèõ ëåêöèé åþ áûëà çàùèùåíà äèññåð-
òàöèÿ ¾Òåîðèÿ äåëèìîñòè öåëûõ ÷èñåë. Ôàêóëüòàòèâíûé êóðñ¿ íà ñîèñêàíèå ó÷¼íîé ñòåïåíè
êàíäèäàòà ïåäàãîãè÷åñêèõ íàóê. Íàó÷íûì ðóêîâîäèòåëåì áûë Â. È. Íå÷àåâ. Àëåâòèíà Âàñè-
ëüåâíà Æìóë¼âà èìååò çâàíèå äîöåíòà ïî êàôåäðå òåîðèè ÷èñåë.

Áîëåå ïîëóâåêà Àëåâòèíà Âàñèëüåâíà âåäåò àêòèâíóþ ïðåïîäàâàòåëüñêóþ è íàó÷íî-
èññëåäîâàòåëüñêóþ äåÿòåëüíîñòü â ñòåíàõ Ìîñêîâñêîãî ïåäàãîãè÷åñêîãî ãîñóäàðñòâåííîãî óíè-
âåðñèòåòà. Çà ýòî âðåìÿ îíà âíåñëà îãðîìíûé âêëàä â ðàçâèòèå ïðåïîäàâàíèÿ àðèôìåòèêè è
òåîðèè ÷èñåë íå òîëüêî â ÌÏÃÓ, íî è â ñèñòåìå îòå÷åñòâåííîãî ïåäàãîãè÷åñêîãî îáðàçîâàíèÿ
â öåëîì.

Îíà áûëà îäíèì èç îñíîâíûõ àâòîðîâ ðàçðàáîòàííîãî íà êàôåäðå òåîðèè ÷èñåë êóðñà
¾Ïðàêòèêóì ïî ðåøåíèþ çàäà÷: àðèôìåòèêà è êîìáèíàòîðèêà¿, ïðèíèìàëà àêòèâíîå ó÷à-
ñòèå â ðàçðàáîòêå è âíåäðåíèþ â ó÷åáíûé ïðîöåññ òàêèõ êëàññè÷åñêèõ ñåãîäíÿ êóðñîâ, êàê
¾Òåîðèÿ ÷èñåë¿ è ¾×èñëîâûå ñèñòåìû¿. Ïî ýòîé òåìàòèêå åþ áûëî îïóáëèêîâàíî íåñêîëüêî
ó÷åáíûõ ïîñîáèé, â òîì ÷èñëå êíèãè ¾Òåîðèÿ äåëèìîñòè öåëûõ ÷èñåë¿ (1980 ã.), ¾Àðèôìåòè-
êà. Ïðàêòèêóì ïî ðåøåíèþ çàäà÷¿ (â ñîàâòîðñòâå ñ Ë. Ë. Ñòåïàíîâîé, 1986 ã.), ¾Ïðàêòèêóì
ïî ýëåìåíòàðíîé ìàòåìàòèêå: àðèôìåòèêà¿ (â ñîàâòîðñòâå ñ Ë. Ë. Ñòåïàíîâîé è Å. È. Äåçà,
2008 ã.), ¾Ñáîðíèê çàäà÷ ïî òåîðèè ÷èñåë¿ (2009 ã.).

Íà÷èíàÿ ñ äåâÿíîñòûõ ãîäîâ ïðîøëîãî âåêà ïðè åå ó÷àñòèè â ïðàêòèêó ðàáîòû êàôåäðû
òåîðèè ÷èñåë ÌÏÃÓ íà÷àëè ââîäèòü íîâûå äëÿ îòå÷åñòâåííîé âûñøåé øêîëû êóðñû: ¾Êðèï-
òîãðàôèÿ (îñíîâû çàùèòû èíôîðìàöèè)¿, ¾Äèñêðåòíàÿ ìàòåìàòèêà¿ è äð. Çà ãîäû ðàáîòû íà
êàôåäðå Àëåâòèíà Âàñèëüåâíà ïðî÷èòàëà è ìíîãî ñïåöèàëüíûõ êóðñîâ, ïîñâÿùåííûõ àêòóàëü-
íûì ïðîáëåìàì ýëåìåíòàðíîé è âûñøåé àðèôìåòèêè, àíàëèòè÷åñêîé òåîðèè ÷èñåë, âîïðîñàì
ìåòîäèêè ïðåïîäàâàíèÿ àðèôìåòèêè è òåîðèè ÷èñåë â îáùåîáðàçîâàòåëüíîé è âûñøåé øêî-
ëå. À. Â. Æìóëåâà ñîòðóäíè÷àëà ñ òàêèìè âûäàþùèìèñÿ ìàòåìàòèêàìè, êàê À. À. Áóõøòàá,
À. Á. Øèäëîâñêèé, Í. Ì. Êîðîáîâ, Â. È. Íå÷àåâ, Ñ. Ì. Âîðîíèí, Ä. À. Ìèòüêèí. Âñå îíè
âûñîêî îöåíèâàëè ðàáîòó Àëåâòèíû Âàñèëüåâíû è êàê ìàòåìàòèêà, è êàê ïåäàãîãà.

Çà 55 ëåò ðàáîòû â ÌÏÃÓ(ðàíåå ÌÃÏÈ èì. Â. È. Ëåíèíà) À. Â. Æìóë¼âà âíåñëà áîëü-
øîé âêëàä â ïîäãîòîâêó ìíîãèõ ïîêîëåíèé ó÷èòåëåé ìàòåìàòèêè. Ëþáîâü ê ñâîåé ïðîôåññèè,
áëåñòÿùåå âëàäåíèå ìàòåðèàëîì, óâàæèòåëüíîå è áåðåæíîå îòíîøåíèå ê ñòóäåíòàì âñåãäà
ïîçâîëÿëè åé çàèíòåðåñîâûâàòü òåîðåòèêî-÷èñëîâîé òåìàòèêîé øèðîêóþ àóäèòîðèþ. Íà ôà-
êóëüòåòå â íàñòîÿùåå âðåìÿ ðàáîòàåò íåìàëî ïðåïîäàâàòåëåé, êîòîðûõ îíà ó÷èëà. Åñòü îíè
è ñðåäè àâòîðîâ ýòîé ñòàòüè � âîçìîæíî, èìåííî ëåêöèè À. Â. Æìóëåâîé ñòàëè äëÿ íèõ
êîãäà-òî ïåðâîé ñòóïåíüêîé êàê â íàóêó, òàê è â ïðîôåññèþ ïåäàãîãà.

Àëåâòèíà Âàñèëüåâíà � îïûòíûé è ÷óòêèé íàó÷íûé ðóêîâîäèòåëü èññëåäîâàòåëüñêîé ðà-
áîòîé ñòóäåíòîâ. Ïîä åå íà÷àëîì ïîäãîòîâëåíî îãðîìíîå ÷èñëî êóðñîâûõ ðàáîò, áîëåå ñòà
âûïóñêíûõ êâàëèôèêàöèîííûõ ðàáîò áàêàëàâðà, äèïëîìíûõ ðàáîò è ìàãèñòåðñêèõ äèññåð-
òàöèé. Ðÿä ìåòîäè÷åñêèõ ðàçðàáîòîê, âûïîëíåííûõ â õîäå òàêèõ èññëåäîâàíèé, îêàçàëèñü
âîñòðåáîâàííûìè è íàøëè ñâîå ïðèìåíåíèå â ïðàêòèêå ðàáîòû ñîâðåìåííîé øêîëû.

Àëåâòèíó Âàñèëüåâíó îòëè÷àþò èñêðåííåå æåëàíèå íàó÷èòü, âûñîêàÿ òðåáîâàòåëüíîñòü
è äîáðîæåëàòåëüíîñòü ê ñòóäåíòàì. À óðîâåíü å¼ ïåäàãîãè÷åñêîãî ìàñòåðñòâà íåâîçìîæíî
ïåðåîöåíèòü. Èç îòçûâîâ ñòóäåíòîâ:
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� À. Â. Æìóëåâà çàñòàâèëà íàñ âûó÷èòü ïðåäìåò, ïîýòîìó âîïðîñû ïî òåîðèè ÷èñåë íà
ãîñóäàðñòâåííîì ýêçàìåíå îêàçàëèñü äëÿ íàñ ñàìûìè ëåãêèìè;

� äîáðàÿ, âñå îáúÿñíÿåò äîñêîíàëüíî, ÷àñòî èíäèâèäóàëüíî, äàæå çàäåðæèâàåòñÿ ïîñëå
çàíÿòèé � ïóñòü è ðàäè îäíîãî ñòóäåíòà; îäíèì ñëîâîì, çîëîòîé ÷åëîâåê.

À. Â. Æìóë¼âà ìíîãî ñèë îòäàâàëà îáùåñòâåííîé ðàáîòå êàê â ñòåíàõ óíèâåðñèòåòà, òàê
è âíå åãî. Â òå÷åíèå ðÿäà ëåò îíà áûëà ÷ëåíîì ìåòîäè÷åñêîãî ñîâåòà ïî ìàòåìàòèêå ïðè
ìèíèñòåðñòâå ïðîñâåùåíèÿ ÐÑÔCÐ. Ìíîãî ëåò ïåëà â õîðå ïðåïîäàâàòåëåé ìàòåìàòè÷åñêîãî
ôàêóëüòåòà. Âñåãäà ïðèíèìàëà àêòèâíîå ó÷àñòèå â ðàáîòå ïðîôñîþçíîé îðãàíèçàöèè óíèâåð-
ñèòåòà, Ñîâåòà âåòåðàíîâ.

Å¼ òðóä îòìå÷åí íåñêîëüêèìè ìåäàëÿìè. Îíà íàãðàæäåíà çíàêîì ¾Îòëè÷íèê íàðîäíîãî
ïðîñâåùåíèÿ¿.

Àëåâòèíà Âàñèëüåâíà ïîëüçóåòñÿ çàñëóæåííûì óâàæåíèåì è ëþáîâüþ ñòóäåíòîâ è ïðåïî-
äàâàòåëåé ôàêóëüòåòà. Äîáðîæåëàòåëüíîñòü, ãîòîâíîñòü ïîääåðæàòü è ïðèéòè íà ïîìîùü â
ñî÷åòàíèè ñ ýëåãàíòíîñòüþ, ïîäòÿíóòîñòüþ è èñòèííûì àðèñòîêðàòèçìîì � âèçèòíàÿ êàðòî÷-
êà Àëåâòèíû Âàñèëüåâíû äî ñèõ ïîð.

Ñâîèì ãëàâíûì äîñòèæåíèåì æèçíè Àëåâòèíà Âàñèëüåâíà ñ÷èòàåò ñâîþ ñåìüþ. Ýòî äâå
äî÷åðè: îäíà � êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ñïåöèàëèñò ïî äèôôåðåíöèàëüíîé ãåî-
ìåòðèè, äðóãàÿ � ïîäïîëêîâíèê ÌÂÄ; òðè âçðîñëûå âíó÷êè, âñå ñ âûñøèì îáðàçîâàíèåì, è
îäíà çàìå÷àòåëüíàÿ ïðàâíó÷êà!

Ìû îò âñåé äóøè ïîçäðàâëÿåì äîðîãóþ Àëåâòèíó Âàñèëüåâíó ñî ñëàâíûì þáèëååì è æå-
ëàåì åé çäîðîâüÿ, áîäðîñòè äóõà è óñïåõîâ â å¼ áëàãîðîäíîì ñëóæåíèè íà íèâå îòå÷åñòâåííîãî
ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ!

ÑÏÈÑÎÊ ÍÀÓ×ÍÛÕ ÐÀÁÎÒ ÆÌÓË�ÂÎÉ À. Â.

� Íàçâàíèå
Èçäàòåëüñòâî,

Æóðíàë

Êîëè-
÷åñòâî
ïå÷.

ëèñòîâ

Ôàìèëèè
ñîàâòîðîâ

1 Ñáîðíèê çàäà÷ ïî êîìáèíà- ÌÃÏÈ èì. Â. È. Ëåíè- 2 Çóáîâà Í. Ì.
òîðèêå íà, 1968 ã.

2 Î ôàêóëüòàòèâíîì êóðñå Âîïðîñû ìåòîäèêè 0,8
¾Äîïîëíèòåëüíûå ãëàâû ïðåïîäàâàíèÿ ìàòåìà-
àðèôìåòèêè¿ â ñðåäíåé òèêè. Ñá. òðóäîâ,
øêîëå. ÌÃÏÈ èì. Â. È. Ëåíè-

íà 1978 ã.
3 Íåêîòîðûå âîïðîñû ìåòîäè- Ìåòîäè÷åñêèå ðåêî- 0,5

êè ïðåïîäàâàíèÿ ôàêóëüòà- ìåíäàöèè ïî ïðåïîäà-
òèâíîãî êóðñà ¾Äîïîëíèòå- âàíèþ ìàòåìàòèêè â
ëüíûå ãëàâû àðèôìåòèêè¿ â ñðåäíåé øêîëå. Ñá.
ñðåäíåé øêîëå. òðóäîâ ÌÃÏÈ

èì. Â. È. Ëåíèíà
1979 ã.

4
Â ïîìîùü ó÷èòåëþ, âåäóùå-
ìó ôàêóëüòàòèâíûé êóðñ â
ñðåäíåé øêîëå.

Æóðíàë ¾Ìàòåìàòèêà
â øêîëå¿ �3, 1979

0,8
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5
Òåîðèÿ äåëèìîñòè öåëûõ ÷è-
ñåë. Ó÷åáíîå ïîñîáèå.

ÌÃÏÈ èì. Â. È. Ëåíè-
íà

5,75

6 Î âñòóïèòåëüíûõ ýêçàìåíàõ Æóðíàë ¾Ìàòåìàòèêà 0,5
â ÌÃÏÈ èì. Â. È. Ëåíèíà â øêîëå¿ �1, 1985

7 Àðèôìåòèêà. Ïðàêòèêóì ïî ÌÃÏÈ èì. Â. È. Ëåíè- 8 Ñòåïàíîâà Ë. Ë.
ðåøåíèþ çàäà÷. Ïîñîáèå äëÿ íà, 1986 ã. Ðàçäåëû 1 è 3 íà-
ïåäâóçîâ. ïèñàíû Æìóë¼-

âîé, ðàçäåë 2 �
Ñòåïàíîâîé

8 Î ïðèìåíåíèè ÝÂÌ â ïðî- Òåçèñû äîêëàäà â ñá. 0,25
öåññå èçó÷åíèÿ êóðñà òåîðèè âñåñîþçíîé êîíôåðåí-
÷èñåë â ïåäâóçå. öèè ïî ïðîáëåìàì âûñ-

øåãî ïåäàãîãè÷åñêî-
ãî îáðàçîâàíèÿ. Òèðàñ-
ïîëü, 1986 ã.

9 Îðãàíèçàöèÿ è êîíòðîëü ñà- Òåçèñû äîêëàäà íà 0,25
ìîñòîÿòåëüíîé ðàáîòû ñòó- ìåæâóçîâñêîé êîíôå-
äåíòîâ â ïðîöåññå èçó÷åíèÿ ðåíöèè. Òîáîëüñê,
êóðñîâ òåîðèè ÷èñåë è ÷èñ- 1987 ã.
ëîâûå ñèñòåìû.

10 Ðîëü êóðñà òåîðèè ÷èñåë â Òåçèñû äîêëàäà íà 0,25
ôîðìèðîâàíèè ìèðîâîççðå- ìåæäóíàðîäíîé êîí-
íèÿ ó÷èòåëÿ ìàòåìàòèêè. ôåðåíöèè ¾Ñîâðåìåí-

íûå ïðîáëåìû òåîðèè
÷èñåë¿ Òóëà, 1993 ã.

11 Íåêîòîðûå âîïðîñû ïîñòà- Òåçèñû äîêëàäà íà 0,2
íîâêè êóðñà ¾Ýëåìåíòàðíàÿ ìåæäóíàðîäíîé êîí-
ìàòåìàòèêà¿ ôåðåíöèè ¾Ïîäãîòîâ-

êà ïðåïîäàâàòåëåé ìà-
òåìàòèêè è èíôîðìà-
òèêè äëÿ âûñøåé è
ñðåäíåé øêîëû¿ ÌÏ-
ÃÓ, 1994 ã.

12 Ê âîïðîñó îá îðãàíèçàöèè Òåçèñû äîêëàäà íà 0,2
ïðîöåññà èçó÷åíèÿ ìàòåìà- ìåæâóçîâñêîé êîíôå-
òè÷åñêèõ äèñöèïëèí â âóçå. ðåíöèè ¾Ïåäàãîãè÷åñ-

êèå òåõíîëîãèè â âûñ-
øåé øêîëå¿ Ðÿçàíü,
1995 ã.

13 Êóëüòóðîëîãè÷åñêàÿ ðîëü Òåçèñû äîêëàäà íà 0,2
ìàòåìàòèêè â îáðàçîâàíèè. ìåæâóçîâñêîé êîíôå-

ðåíöèè ¾Îáùåïåäàãî-
ãè÷åñêèå ïðîáëåìû îá-
ðàçîâàòåëüíîãî ïðîöå-
cñà â âûñøåé øêîëå¿
Ðÿçàíü, 1996 ã.

14 Èíòåãðàòèâíîå è ñïåöèàëü- Òåçèñû äîêëàäà íà 4 0,2
íîå îáðàçîâàíèå Ðÿçàíñêèõ ïåäàãîãè-
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÷åñêèõ ÷òåíèÿõ ¾Èíòå-
ãðàòèâíûå ïðîöåññû â
ïîäãîòîâêå ñòóäåíòà íà
îñíîâå ãîñóäàðñòâåí-
íîãî îáðàçîâàòåëüíîãî
ñòàíäàðòà âûñøåãî
ïðîôîáðàçîâàíèÿ¿ Ðÿ-
çàíü, 1997 ã.

15 Àíàëèç òèïè÷íûõ îøèáîê Æóðíàë ¾Ìàòåìàòèêà 0,25
àáèòóðèåíòîâ. â øêîëå¿ �1, 1998 ã.

16 Ìàòåìàòèêà. Ïîñîáèå äëÿ ÌÏÃÓ, 1989 ã. 4,5 Êàðàñ¼â Ã. À.,
ïîñòóïàþùèõ â ÌÏÃÓ, âû- ×åðíåöîâ Ì. Ì.
ïóñê 1

17 Î òåñòîâîì êîíòðîëå ïðè Þáèëåéíûé ñáîðíèê 0,25
îáó÷åíèè ìàòåìàòèêå íàó÷íûõ òðóäîâ ìàòå-

ìàòè÷åñêîãî ôàêóëü-
òåòà, ÌÏÃÓ, 2000 ã.

18 Ìàòåìàòèêà. Ïîñîáèå äëÿ ÌÏÃÓ, 2000 ã. 4,5 Êàðàñ¼â Ã. À.,
ïîñòóïàþùèõ â ÌÏÃÓ, âû- Ïàíòåëååâà Å. È.,
ïóñê 2. ×åðíåöîâ Ì. Ì.

19 Ê 100-ëåòèþ ïðîôåññîðà ×åáûøåâñêèé ñáîð- 0,25
Áóõøòàáà À. À. íèê. Òóëüñêèé ïåä-

óíèâåðñèòåò, 2006 ã.
20 Ïîñîáèå ïî ìàòåìàòèêå äëÿ ÀÁèÊ, 2006 ã. 10 Âëàñîâà Ë. È., Êà-

ïîäãîòîâèòåëüíûõ êóðñîâ. çåé È. Ñ., Ìàð-
×àñòü 1. êîâ Â. Ò., ßí÷åí-

êî Ò. Ë.

21
Çàíèìàòåëüíûå çàäà÷è äëÿ
øêîëüíèêîâ.

Æóðíàë ¾Ìàòåìàòèêà
â øêîëå¿, �2, 2008 ã.

0,25

22
Ñâîéñòâà äåñÿòè÷íûõ ïåðèî-
äîâ ïðîñòûõ ÷èñåë.

Æóðíàë ¾Ìàòåìàòèêà
â øêîëå¿, �6, 2009 ã

0,25

23 Àðèôìåòèêà. Ïðàêòèêóì ïî ÌÖÍÌÎ, 2008 15 Ñòåïàíîâà Ë. Ë.,
ðåøåíèþ çàäà÷. Ïîñîáèå äëÿ Äåçà Å. È.
ïåäâóçîâ.

24 Ñáîðíèê çàäà÷ ïî òåîðèè ÷è- Èçäàòåëüñòâî ÌÃÓ, 8
ñåë. 2009 ã.

25 Ïàìÿòè ïðîôåññîðà Ìèòü- ×åáûøåâñêèé ñáîð- 0,25 Àðõèïîâ Ã. È., ×ó-
êèíà Ä. À. íèê, Òóëüñêèé ïåäóíè- áàðèêîâ Â. Í.

âåðñèòåò, 2008
26 Äåâÿíîñòî ïÿòü ëåò ñî äíÿ ×åáûøåâñêèé ñáîð- 1 Ì. Ï. Ìèíååâ,

ðîæäåíèÿ Âàñèëèÿ Èëüè÷à íèê, Òóëüñêèé ïåäóíè- Â. Í. ×óáàðèêîâ,
Íå÷àåâà âåðñèòåò, 2015 Â. Ã. ×èðñêèé,

Å. È. Äåçà,
Þ. Í. Áàóëèíà,
Â. Ñ. Âàíüêîâà,
Í. Ì. Äîáðîâîëü-
ñêèé, È. Þ. Ðåáðî-
âà, À. Ë. Ðîùåíÿ

27 Ê 65�ëåòèþ ñî äíÿ ðîæäå- ×åáûøåâñêèé ñáîð- 0,65 Â. À. Áûêîâñêèé,
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íèÿ Äìèòðèÿ Àëåêñååâè÷à íèê, Òóëüñêèé ïåäóíè- Í. Ì. Äîáðîâîëü-
Ìèòüêèíà (25.04.1951� âåðñèòåò, 2016 ñêèé, Â. Ã. ×èð-
09.04.2007) ñêèé, Â. Í. ×óáà-

ðèêîâ

Òóëüñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò èì. Ë. Í. Òîëñòîãî.
Ìîñêîâñêèé ïåäàãîãè÷åñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò.
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì. Â. Ëîìîíîñîâà.
Ïîëó÷åíî 4.08.2016 ã.
Ïðèíÿòî â ïå÷àòü 12.09.2016 ã.
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Æóðíàë �×åáûøåâñêèé ñáîðíèê� ÿâëÿåòñÿ îáùåìàòåìàòè÷åñêèì. Â æóðíàëå ïóáëèêóþòñÿ
îðèãèíàëüíûå è îáçîðíûå ðàáîòû ïî âñåì ðàçäåëàì ñîâðåìåííîé ìàòåìàòèêè è èíôîðìàòèêè
íà ðóññêîì èëè àíãëèéñêîì ÿçûêå.

Æóðíàë �×åáûøåâñêèé ñáîðíèê� âûõîäèò ÷åòûðå ðàçà â ãîä â îäíîì òîìå èç ÷åòûðåõ
âûïóñêîâ.

Ðåäàêöèÿ æóðíàëà �×åáûøåâñêèé ñáîðíèê� ïðåäëàãàåò àâòîðàì îçíàêîìèòüñÿ ñ äàííûìè
ïðàâèëàìè è ïðèäåðæèâàòüñÿ èõ ïðè ïîäãîòîâêå ðóêîïèñåé, íàïðàâëÿåìûõ â æóðíàë.

1. Îáùèå ïîëîæåíèÿ

1.1. Ðóêîïèñü ñîïðîâîæäàåòñÿ êðàòêîé àííîòàöèåé íà ðóññêîì è àíãëèéñêîì ÿçûêàõ, êîòîðàÿ
äîëæíà ñîäåðæàòü íå ìåíåå 250 ñëîâ, êàê íà ðóññêîì, òàê è íà àíãëèéñêîì ÿçûêàõ.
Êëþ÷åâûå ñëîâà âõîäÿò â àíîòàöèþ, íî îòäåëÿþòñÿ îäíîé ñòðîêîé.

Âñå ìàòåðèàëû ïðåäñòàâëÿþòñÿ â ðåäàêöèþ â äâóõ ýêçåìïëÿðàõ.

1.2. Òåêñò ñòàòüè íà÷èíàåòñÿ ñ øèôðà ÓÄÊ, çàòåì ñëåäóþò çàãëàâèå ñòàòüè, èíèöèàëû è
ôàìèëèè àâòîðîâ, ñ óêàçàíèåì â ñêîáêàõ ãîðîäà ïðîæèâàíèÿ, àííîòàöèÿ.

Çàòåì èäåò ïåðåâîä íà àíãëèéñêèé ÿçûê çàãëàâèÿ ñòàòüè, ôàìèëèÿ è èíèöèàëû àâòîðîâ
â ëàòèíñêîé òðàíñêðèïöèè, ñ óêàçàíèåì â ñêîáêàõ ãîðîäà ïðîæèâàíèÿ, àííîòàöèÿ.

Ñòàòüÿ äîëæíà èìåòü ñëåäóþùóþ ñòðóêòóðó: Ââåäåíèå, Îñíîâíàÿ ÷àñòü èç îäíîãî èëè
íåñêîëüêèõ ðàçäåëîâ, Çàêëþ÷åíèå.

Ñòàòüÿ äîëæíà áûòü òùàòåëüíî âûâåðåíà è ïîäïèñàíà âñåìè àâòîðàìè �â ïå÷àòü�.

Âñå ñòðàíèöû ðóêîïèñè, âêëþ÷àÿ òàáëèöû, ñïèñîê ëèòåðàòóðû, ðèñóíêè è ïîäïèñè ê
ðèñóíêàì, ñëåäóåò ïðîíóìåðîâàòü. Ïîñëå ñïèñêà ëèòåðàòóðû ïðèâîäÿòñÿ íàçâàíèÿ ó÷ðå-
æäåíèé, â êîòîðûõ âûïîëíåíà ðàáîòà.

1.3. Íà îòäåëüíîì ëèñòå óêàçûâàþòñÿ ñâåäåíèÿ î êàæäîì èç àâòîðîâ: ôàìèëèÿ, èìÿ, îò÷å-
ñòâî � ïîëíîñòüþ, ó÷åíàÿ ñòåïåíü, çâàíèå, äîëæíîñòü, ïîëíîå íàçâàíèå ó÷ðåæäåíèÿ,
ïîëíûé ïî÷òîâûé àäðåñ, íîìåð òåëåôîíà ñ êîäîì ãîðîäà, àäðåñ ýëåêòðîííîé ïî÷òû (e-
mail). Îáÿçàòåëüíî ñëåäóåò óêàçàòü àâòîðà, îòâåòñòâåííîãî çà ïåðåïèñêó è ïåðåãîâîðû ñ
ðåäàêöèåé.

1.4. Ðîññèéñêèå àâòîðû ïðåäñòàâëÿþò â ðåäàêöèþ àêò êîìèññèè, î òîì ÷òî ñòàòüÿ íå ñîäåð-
æèò ñâåäåíèé, ñâÿçàííûõ ñ ãîñóäàðñòâåííîé òàéíîé, è ìîæåò ïóáëèêîâàòüñÿ â îòêðûòîé
ïå÷àòè.

1.5. Îòêëîíåíèÿ â îôîðìëåíèè ðóêîïèñè îò ïðèâåäåííûõ ïðàâèë ïîçâîëÿþò ðåäêîëëåãèè
ïðèíÿòü ðåøåíèå î ñíÿòèè ñ ïóáëèêàöèè ñòàòüè â òåêóùåì òîìå æóðíàëà (ñòàòüÿ ìîæåò
áûòü îïóáëèêîâàíà â ñëåäóþùåì òîìå).

2. Òðåáîâàíèÿ ê îôîðìëåíèþ ðóêîïèñåé

2.1. Ðåäàêöèÿ ïðèíèìàåò ê ïóáëèêàöèè ñòàòüè, ïîäãîòîâëåííûå òîëüêî â ñèñòåìå LaTeX2ε;
ïðè ýòîì â ðåäàêöèþ îäíîâðåìåííî ñ ðàñïå÷àòêîé ñòàòüè ïðåäñòàâëÿþòñÿ òàêæå ñîîò-
âåòñòâóþùèå ôàéëû. Ñòàòüè, ïîäãîòîâëåííûå íà êîìïüþòåðå â äðóãèõ òåêñòîâûõ ðåäàê-
òîðàõ, à òàêæå ìàøèíîïèñíûé èëè ðóêîïèñíûé âàðèàíòû íå ïðèíèìàþòñÿ.
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2.2. Ïðè ïîäãîòîâêå ñòàòüè â LaTeX2ε ñëåäóåò èñïîëüçîâàòü êëàññ
article (ñì. ïðèìåð â êîíöå).

Â ñòàòüå çàïðåùàåòñÿ ïåðåîïðåäåëÿòü ñòàíäàðòíûå êîìàíäû è îêðóæåíèÿ. Ïðèìåð ïîä-
ãîòîâêè ñòàòüè íàõîäèòñÿ íà Web-ñòðàíèöå
http://cheb.tsput.ru

2.3. Íóìåðóåìûå ôîðìóëû íåîáõîäèìî âûäåëÿòü â îòäåëüíóþ ñòðîêó. Íîìåð ôîðìóëû ñòà-
âèòñÿ ó ïðàâîãî êðàÿ ñòðàíèöû. Íóìåðàöèÿ òîëüêî àðàáñêèìè öèôðàìè â ïîðÿäêå âîç-
ðàñòàíèÿ ñ åäèíèöû. Íóìåðîâàòü ñëåäóåò òîëüêî òå ôîðìóëû, íà êîòîðûå â òåêñòå èìå-
þòñÿ ññûëêè. Çàïðåùàþòñÿ ïðÿìûå ññûëêè ïî íîìåðó íà ôîðìóëû èç äðóãèõ ðàáîò.
Çàïðåùàåòñÿ èñïîëüçîâàòü â ôîðìóëàõ áóêâû ðóññêîãî àëôàâèòà.

2.4. Âñå ðèñóíêè è òàáëèöû äîëæíû èìåòü ïîäïèñü. Ôàéëû ñ ðèñóíêàìè íåîáõîäèìî ïðåä-
ñòàâèòü â ôîðìàòå *.eps. Ìàêñèìàëüíûé ðàçìåð ðèñóíêà èëè òàáëèöû âìåñòå ñ ïîäïèñüþ
íå äîëæåí ïðåâûøàòü 80% ðàçìåðà A4. Íå äîïóñêàåòñÿ çàêàí÷èâàòü ñòàòüþ ðèñóíêîì
èëè òàáëèöåé.

2.5. Ñïèñîê öèòèðîâàííîé ëèòåðàòóðû îôîðìëÿåòñÿ â ñîîòâåòñòâèè ñ ÃÎÑÒ 7.0.5-2008. Ñî-
êðàùåíèå ñëîâ è ñëîâîñî÷åòàíèé íà ðóññêîì ÿçûêå îôîðìëÿåòñÿ â ñîîòâåòñòâèè ñ ÃÎÑÒ
Ð 7.0.12-2011, ñîêðàùåíèå ñëîâ è ñëîâîñî÷åòàíèé íà èíîñòðàííûõ åâðîïåéñêèõ ÿçûêàõ �
ÃÎÑÒ 7.11-2004.

2.6. Ðàçäåë REFERENCES îôîðìëÿåòñÿ â ñîîòâåòñòâèè ñ Ãàðâàðäñêèì ñòàíäàðòîì (ñì. ðàç-
äåë 4 äàííûõ ïðàâèë).

3. Ïðèìåð îôîðìëåíèÿ ñïèñêà öèòèðîâàííîé ëèòåðàòóðû

1. Áîðåâè÷ Ç. È., Øàôàðåâè÷ È. Ð. Òåîðèÿ ÷èñåë. Ì.: Íàóêà, 1985. 510 ñ.

2. Äîáðîâîëüñêèé Í. Ì., Êîðîáîâ Í. Ì. Îïòèìàëüíûå êîýôôèöèåíòû äëÿ êîìáèíèðîâàí-
íûõ ñåòîê // ×åáûøåâñêèé ñáîðíèê. 2001. Ò. 2, âûï. 1.
Ñ. 41�53.

3. Âîðîíèí Ñ. Ì., Êàðàöóáà À. À. Äçåòà-ôóíêöèÿ Ðèìàíà. Ì.: Ôèçìàòëèò, 1994. 376 ñ.

4. Àðõèïîâ Ã. È., ×óáàðèêîâ Â. Í. Îá àääèòèâíîé ïðîáëåìå È. Ì. Âèíîãðàäîâà // Ìàò.
çàìåòêè. 2010. Ò. 88, � 3. Ñ. 325�339.

5. Archipov G. I., Buriev K., Chubarikov V. N. Exponential sums in some binary additive
problems over prime parameters // Materials of international scienti�c workshop on analytic
number theory and its applications. Moscow: MSU, 1997. P. 12�13.

6. Ãîëîä Å. Ñ. Êîìïëåêñ Øàôàðåâè÷à è åãî ïðèìåíåíèÿ: äèñ. . . . ä-ðà ôèç.-ìàò. íàóê.
Ì.: ÌÃÓ, 1999. 68 ñ.

4. Ñïèñîê èñïîëüçîâàííûõ èñòî÷íèêîâ (Reference) ïî Harvard
Standard

Íàèáîëåå çíà÷èìûìè ñîñòàâëÿþùèìè â áèáëèîãðàôè÷åñêèõ ññûëêàõ ÿâëÿþòñÿ ôàìèëèè
àâòîðîâ è íàçâàíèÿ æóðíàëîâ , ïîýòîìó

� â îïèñàíèå ñòàòüè âíîñÿò âñåõ àâòîðîâ, íå ñîêðàùàÿ èõ òðåìÿ, ÷åòûðüìÿ è ò.ï.
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� íàçâàíèÿ æóðíàëîâ ïðèâîäÿò îáÿçàòåëüíî.

Ññûëêè íà ïóáëèêàöèè îôîðìëÿþòñÿ ïî Harvard Citation Standard
Îôîðìëåíèå ññûëîê íà ïóáëèêàöèè íà ðóññêîì ÿçûêå

� Çàïèñü âñåãäà íà÷èíàåòñÿ ñ ôàìèëèè àâòîðà, çàòåì èíèöèàëû, çà êîòîðûìè ñëåäóåò äàòà.

� Ôàìèëèè è èíèöèàëû àâòîðîâ ïðèâîäÿò â òðàíñëèòåðàöèè (èíîñòðàííûõ àâòîðîâ � â
îðèãèíàëå).

� Åñëè áîëåå ÷åì îäíà çàïèñü îäíîãî è òîãî æå àâòîðà, ñîðòèðîâàòü ïî äàòàì.

� Íàçâàíèå ïóáëèêàöèè, êíèãà èëè æóðíàë, âñåãäà âûäåëÿåòñÿ êóðñèâîì.

� Âûäåðæêè èç ïóáëèêàöèé, òî åñòü ãëàâû â êíèãàõ èëè æóðíàëüíûå ñòàòüè, âñåãäà â
àíãëèéñêèõ "êàâû÷êàõ" , íà÷èíàÿ ñ ïåðâîãî ñëîâà.

� Èìÿ èçäàòåëÿ ñòàâèòñÿ ïåðåä ìåñòîì èçäàíèÿ (êàê ýòî áûëî áû â àäðåñå). Ìåñòî èçäà-
íèÿ � ãîðîä, ñòðàíà. Ñîêðàùåíèÿ äëÿ øòàòîâ ÑØÀ äîëæíû áûòü ñ áîëüøîé áóêâû, è
äîëæíû áûòü äîáàâëåíû ïî ìåðå íåîáõîäèìîñòè.

� Ññûëêè íà ýëåêòðîííûå ðåñóðñû ñëåäóþò òåì æå ïðàâèëàì, à â êîíöå ñòàâèòñÿ "Available
at:" è URL-àäðåñ ðåñóðñà. Íåäîïóñòèìî óêàçûâàòü òîëüêî URL-àäðåñ.

� Íàçâàíèå ñòàòüè ïåðåâîäÿò íà àíãëèéñêèé ÿçûê.

� Íàçâàíèå êíèãè ïðèâîäÿò â òðàíñëèòåðàöèè è â êâàäðàòíûõ ñêîáêàõ ïåðåâîäÿò íà àí-
ãëèéñêèé ÿçûê. Ó àíãëîÿçû÷íûõ êíèã ïðèâîäÿò òîëüêî îðèãèíàëüíîå àíãëèéñêîå íàçâà-
íèå.

� Íàçâàíèå ïåðèîäè÷åñêîãî èçäàíèÿ ïðèâîäÿò â òðàíñëèòåðàöèè. Åñëè èçäàíèå èìååò îôè-
öèàëüíîå àíãëîÿçû÷íîå íàçâàíèå, òî ýòî íàçâàíèå ïðèâîäÿò â êðóãëûõ ñêîáêàõ.

� Íàçâàíèå èçäàòåëüñòâ è îðãàíèçàöèé ïðèâîäÿò â òðàíñëèòåðàöèè.

� Íàçâàíèå ãîðîäà, íàçâàíèÿ êîíôåðåíöèé, ïîÿñíèòåëüíûå ñëîâà, ñëîâîñî÷åòàíèÿ ïåðåâî-
äÿò íà àíãëèéñêèé ÿçûê. Äëÿ ìåæäóíàðîäíûõ êîíôåðåíöèé, èìåþùèõ âòîðîå àíãëî-
ÿçû÷íîå íàçâàíèå, ïðèâîäÿò ýòî íàçâàíèå.

� Ñîêðàùåíèÿ çàìåíÿþò àíãëîÿçû÷íûìè àíàëîãàìè:

part 2; volume 3; Vol. 3; pp. 10�19; 323p.; no.1; issue;

Abstract of the dissertation;

International conference proceedings (Int. Conf. Proc.);

Scienti�c-and-technical (Sci.-Tech.) collected articles; dated 19 December 2013;

monograph; Annals � Ann.; Annual � Annu.; Colloquium � Colloq.;

Conference � Conf.; Congress � Congr.; Technical Paper � Tech. Paper;

First; Second; Third; Fourth/nth... -1st; 2nd; 3rd; 4th/nth...;

Convention � Conv.; Digest � Dig.; Exposition � Expo.;

International � Int.; National � Nat.; Proceedings � Proc.; Record � Rec.;

Symposium � Symp.; Technical Digest � Tech. Dig.
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Áàçîâàÿ ñõåìà îïèñàíèÿ
Àâòîð, À.À., Àâòîð, Â.Â. & Àâòîð, Ñ.Ñ. Ãîä ïóáëèêàöèè, "Çàãëàâèå ñòàòüè â ïåðåâîäå" ,

Íàçâàíèå æóðíàëà â òðàíñëèòåðàöèè èëè ïåðåâîä çàãëàâèÿ, åñëè æóðíàë ïåðåâîäíîé , òîì.,
íîìåð, ñòðàíèöû.

Ïðèìåðû îïèñàíèÿ ñòàòåé èç æóðíàëîâ:
Polyanchikov, Yu. N., Bannikov, A. I. & Kurchenko, A. I. 2007, "Improved Performance of

Thermofrictional Cutting Disks" , Vestnik Saratovskogo Gos. Tekhn. Univ., vol. 67, no. 1 (23), pp.
21�24.

Danilovich, A. S. & Koltyshev, S. M. 2009, "Setup for radiometric separation of contaminated
soil" , Pribory, no. 12, ðð. 56�59.

Ïðèìåð îïèñàíèÿ ñòàòüè èç ýëåêòðîííîãî æóðíàëà:
Swaminathan V., Lepkoswka-White E., Rao B. P. 1999, "Browsers or buyers in cyberspace? An

investigation of electronic factors in�uencing electronic exchange" , Journal of ComputerMediated
Communication, vol. 5, no. 2, Available at:

www.ascusc.org/ jcmc/vol5/ issue2/.
ïðè íàëè÷èè â ñòàòüå DOI, â ñïèñêå ëèòåðàòóðû æåëàòåëüíî óêàçûâàòü åå doi - èäåíòèôè-

êàòîð:
Zhang, Z & Zhu, D 2008, "Experimental research on the localized electrochemical micromachi-

ning" , Russian Journal of Electrochemistry, no. 44 (8), pp. 926�930.
doi: 10.1134/S1023193508080077/.

Ïðèìåð îïèñàíèÿ ìîíîãðàôèè:
Àâòîð, À. À. Ãîä, "Çàãëàâèå" , Èçäàíèå � åñëè íå ïåðâîå, Èçäàòåëü, Ìåñòî ïóáëèêàöèè,

ñòðàíèöû (ðp.)

Jones, J. 2002, "Managing small teams" , Penguin, Sydney.

Smith, P. & Benn, J. 2012, "Report of the University of Western Australia" , Small Business
Working group, University of Western Australia, W. A.

Ïðèìåð îïèñàíèÿ ìàòåðèàëîâ êîíôåðåíöèé

Usmanov T. S., Gusmanov A. A., Mullagalin I. Z., Muhametshina R. Ju., Chervyakova A. N.,
Sveshnikov A. V. 2007, "Features of the design of �eld development with the use of hydraulic
fracturing" , Trudy 6 Mezhdunarodnogo Simpoziuma "Novye resursosberegayushchie tekhnologii
nedropol'zovaniya i povysheniya neftegazootdachi"
(Proc. 6th Int. Technol. Symp. "New energy saving subsoil technologies and the increasing of the oil
and gas impact" ), Moscow, pp. 267�272.

Ïðèìåð îïèñàíèÿ Èíòåðíåò-ðåñóðñà:

"APA Style" , 2011, Available at: http://www.apastyle.org/apa-style-help.aspx (accessed 5
February 2011).

5. Øàáëîí ñòðóêòóðû ñòàòüè

Çàäàíèå êîëîíòèòóëîâ
\levkolonttl{ È. Î. ÔÀÌÈËÈß}

\prvkolonttl{ÍÀÇÂÀÍÈÅ ÑÒÀÒÜÈ }

\thispagestyle{empty}
\input{shapka.tex}
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Çàãîëîâîê íà ðóññêîì

ÓÄÊ ?????
\begin{center}
{\Large\bf ÍÀÇÂÀÍÈÅ ÑÒÀÒÜÈ }\footnote
{Ðàáîòà âûïîëíåíà ïî ãðàíòó ÐÔÔÈ
........}

\medskip
{\large
È. Î. Ôàìèëèÿ (ã. ????????)}
\end{center}

Àííîòàöèÿ íà ðóññêîì

\begin{abstract}
Â äàííîé ðàáîòå .........

\medskip
{\it Êëþ÷åâûå ñëîâà:} .

\medskip
{\it Áèáëèîãðàôèÿ:} ?? íàçâàíèé.
\end{abstract}

Çàãîëîâîê íà àíãëèéñêîì

\begin{center}
{\Large\bf ?????????}

\medskip
{\large
I. O. Family (???????????)}

\end{center}

Àííîòàöèÿ íà àíãëèéñêîì

\begin{engabstract}
In~this paper ......

\medskip
{\it Keywords:} ......

\medskip
{\it Bibliography:} ?? titles.
\end{engabstract}

Òåêñò ñòàòüè íà ðóññêîì èëè àíãëèéñêîì

\section{Ââåäåíèå}
\section{}
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.....
\section{Çàêëþ÷åíèå}
\begin{thebibliography}{19}
\bibitem{Gru1} Îôîðìëÿåòñÿ ïî ÃÎÑÒó.
\end{thebibliography}
\begin{engbibliography}{19}
\bibitem{eGru1} Îôîðìëÿåòñÿ ïî Ãàðâàðäñêîìó ñòàíäàðòó.
\end{engbibliography}
\noindent Îðãàíèçàöèÿ.

\noindent Ïîñòóïèëî 30.04.2015

6. Ïðèìåð îôîðìëåíèÿ ñòàòüè

\levkolonttl{Î. À. ÌÀÒÂÅÅÂÀ}
\prvkolonttl{Î ÍÓËßÕ ÏÎËÈÍÎÌÎÂ ÄÈÐÈÕËÅ, ÀÏÏÐÎÊÑÈÌÈÐÓÞÙÈÕ \ldots}
\thispagestyle{empty}
\input{shapka.tex}
%
ÓÄÊ 511.3
\begin{center}
{\Large \bf Î ÍÓËßÕ ÏÎËÈÍÎÌÎÂ ÄÈÐÈÕËÅ, ÀÏÏÐÎÊÑÈÌÈÐÓÞÙÈÕ Â ÊÐÈÒÈ×ÅÑÊÎÉ
% ïóñòàÿ ñòðîêà ïåðåä \medskip îáÿçàòåëüíà
\medskip
ÏÎËÎÑÅ L-ÔÓÍÊÖÈÈ ÄÈÐÈÕËÅ}
% ïóñòàÿ ñòðîêà ïåðåä \medskip îáÿçàòåëüíà
\medskip
{\large Î.~À.~Ìàòâååâà (ã. Ñàðàòîâ)}
\end{center}
%
\begin{abstract}
Ïîëó÷åíû ïëîòíîñòíûå òåîðåìû î íóëÿõ ïîëèíîìîâ Äèðèõëå,
àïïðîêñèìèðóþùèõ L-ôóíêöèè Äèðèõëå â êðèòè÷åñêîé îáëàñòè.
% ïóñòàÿ ñòðîêà ïåðåä \medskip îáÿçàòåëüíà
\medskip
{\it Êëþ÷åâûå ñëîâà}: ïîëèíîìû Äèðèõëå, L-ôóíêöèè Äèðèõëå, íóëè
ïîëèíîìîâ Äèðèõëå.
% ïóñòàÿ ñòðîêà ïåðåä \medskip îáÿçàòåëüíà
\medskip
{\it Áèáëèîãðàôèÿ:} 21 íàçâàíèå.
\end{abstract}
%
\begin{center}
{\Large \bf ZEROS OF DIRICHLET POLYNOMIALS
% ïóñòàÿ ñòðîêà ïåðåä \medskip îáÿçàòåëüíà
\medskip
APPROXIMATING DIRICHLET L-FUNCTIONS
% ïóñòàÿ ñòðîêà ïåðåä \medskip îáÿçàòåëüíà
\medskip
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IN THE CRITICAL STRIP}
% ïóñòàÿ ñòðîêà ïåðåä \medskip îáÿçàòåëüíà
\medskip
{\large O.~A.~Matveeva}
\end{center}
%

\begin{engabstract}
Density theorems about zeros of dirichlet polynomials approximating
Dirichlet L-fuctions in the critical strip are obtained.
% ïóñòàÿ ñòðîêà ïåðåä \medskip îáÿçàòåëüíà
\medskip
{\it Keywords}: Dirichlet polynomials, Dirichlet L-fuctions,
zeros of Dirichlet polynomials.
% ïóñòàÿ ñòðîêà ïåðåä \medskip îáÿçàòåëüíà
\medskip
{\it Bibliography:} 21 titles.
\end{engabstract}
%
\section{Ââåäåíèå}
Â ðàáîòå \cite{KorotkovMatveeva} áûëà ïðèâåäåíà
âû÷èñëèòåëüíàÿ ñõåìà ïîñòðîåíèÿ ïîëèíîìîâ Äèðèõëå
$Q_n(s),\; s = \sigma + it$, êîòîðûå â ïðÿìîóãîëüíèêå
$0<\sigma<1,\; 0<t<T$ àïïðîêñèìèðóþò öåëûå ôóíêöèè,
çàäàííûå ðÿäàìè Äèðèõëå ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè,
ñ ïîêàçàòåëüíîé ñêîðîñòüþ. Â ÷àñòíîñòè, ýòà ñõåìà ïîçâîëÿåò
ýôôåêòèâíî âû÷èñëÿòü íóëè L-ôóíêöèé Äèðèõëå, ëåæàùèå â êðèòè÷åñêîé
ïîëîñå. Â äàííîé ðàáîòå ïîêàçàíî, ÷òî, ñ îäíîé ñòîðîíû,
èçâåñòíûå ôàêòû î íóëÿõ L-ôóíêöèé Äèðèõëå äàþò âîçìîæíîñòü ïîëó÷èòü
ðåçóëüòàòû î íóëÿõ àïïðîêñèìèðóþùèõ ïîëèíîìîâ Äèðèõëå; ñ äðóãîé
ñòîðîíû, ïîâåäåíèå â êðèòè÷åñêîé ïîëîñå àïïðîêñèìèðóþùèõ ïîëèíîìîâ
Äèðèõëå îïðåäåëÿåò ïîâåäåíèå L-ôóíêöèé Äèðèõëå.
%
\section{Êîíñòðóêöèÿ ïîëèíîìîâ Äèðèõëå, àïïðîêñèìèðóþùèõ
â êðèòè÷åñêîé ïîëîñå L-ôóíêöèè Äèðèõëå}
Ðàññìîòðèì L-ôóíêöèþ Äèðèõëå
\begin{equation}
L(s,\chi)=\sum_{1}^{\infty}\frac{\chi(n)}{n^s}, \quad s=\sigma+it,
\end{equation}
è ñîîòâåòñòâóþùèé ñòåïåííîé ðÿä
\begin{equation}\label{powerseries}
g(z)=\sum_{1}^{\infty}\chi(n)t^n.
\end{equation}
.....
Äëÿ îöåíêè âåëè÷èíû \eqref{Meq10} ñâåðõó íåîáõîäèìî ïðèìåíèòü
÷èñëåííóþ ñõåìó, êîòîðàÿ ñâÿçàíà ñ âû÷èñëåíèåì ïîëèíîìîâ $Q_n(s)$.
.....
\section{Çàêëþ÷åíèå}
Â çàêëþ÷åíèè îòìåòèì, ÷òî àíàëîãè÷íûå ôàêòû áóäóò èìåòü ìåñòî
è â ñëó÷àå ðÿäîâ Äèðèõëå ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè.



246 ÏÐÀÂÈËÀ ÎÔÎÐÌËÅÍÈß ÐÓÊÎÏÈÑÅÉ

.....

Îôîðìëåíèå ñïèñêà öèòèðîâàííîé ëèòåðàòóðû ïî ÃÎÑÒó

\begin{thebibliography}{99}
\bibitem{KorotkovMatveeva} À. Å. Êîðîòêîâ, Î. À. Ìàòâååâà \,
Îá îäíîì ÷èñëåííîì àëãîðèòìå îïðåäåëåíèÿ íóëåé öåëûõ ôóíêöèé,
îïðåäåëÿåìûõ ðÿäàìè Äèðèõëå ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè //
Íàó÷íûå âåäîìîñòè Áåëãîðîäñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà.
Ñåð. Ìàòåìàòèêà. Ôèçèêà. --- Áåëãîðîä: Èçä-âî
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