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THE ATKINSON TYPE FORMULA
FOR THE PERIODIC ZETA-FUNCTION
S. Cernigova (Vilnius), A. Laurincikas (Vilnius)

Abstract

In the paper an explicit formula for the error term in the average mean
square formula for the periodic zeta-function with rational parameter in the

critical strip is obtained.
Keywords: Atkinson formula, generalized divisor function, periodic zeta-

function.
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AnHoTanus

B crarbe nosyuena siBHasi popmysia st OCTATOYHOIO UjieHa B (hopMysie
JJIsl YCPEIHEHHOT'O BTOPOr0 MOMEHTA MEPUOTUICCKON /13eTa~-DyHKIINKN C PaIi-
OHAJIBHBIM IIapaMeTPOM B KPUTHYECKOI I10oJI0ce.

Kaoueswie caosa: iepuoimieckas g3eta~-QyHKIHs, 06001eHHast QyHKITNS

Jtesinrenieii, popmysia ATKIHCOHA.

1. Introduction

Denote, as usual, by ((s), s = o + it, the Riemann zeta-function. In the theory
of the function ((s), the moment problem occupies an important place. It consists
of finding the asymptotic behavior for

k>0,

N | —

T
| o iopiar o>
0

as T'— oo. Many attention is devoted to the mean square
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T
5(T) = [ lolo+ v
0
of ((s) for + < o < 1. The asymptotics of J,(T) as T — oo is well-known. Let 7,
denote the Euler constant, and
T
E(T)= J%(T) — TlogQ— — (27 — T
T
In [1], F. V. Atkinson obtained an interesting explicit formula for the error term

E(T) in the formula for Jy (T). Let 0 < ¢; < ¢y be two fixed constants such that
al < N < T, and

N N2 NT
Ni=N(T)=—+—— (— )
4 2T

Moreover, as usual, denote by d(m), m € N, the divisor function, and define

arsinh(z) = log(x + V1 + x?)

and

w™m

f(T',m) = 2Tarsinh ( —> +V2rmT + 72m?2 — %

2T

Then Atkinson proved [1] that

E(T) = % 3 % (arsinh ( %))_1 (% + i) cos(f(T,m))

m<N

2} &\/%) (log %) s (Tlog QZm — T+ Z) +O(og?T). (1)

m< Ny

The proof of the Atkinson formula is also given in [4]. The papers [5], [6], [14],
[15], are devoted to modified versions of formula (1).

K. Matsumoto [11] and jointly with T. Meurman [12]| obtained the analogue of
the Atkinson formula in the critical strip. The second author [9], [10] gave a version
of the Atkinson formula near the critical line.

The Atkinson formula is very useful in the theory of ((s). This formula allows
to obtain various estimates for the error term E,(7) in the formula for J,(7'), to
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study the mean square of E,(7T") and to continue other investigations of J,(7"). In
[3], the Atkinson formula has been applied to obtain an estimate for the twelfth
power moment of ((s).

Analogues of the Atkinson formula are also known for other zeta-function, for
example, for Dirichlet L-function [13], and for the periodic zeta-function ()(s) [7],
[8]. The function ((s), A € R, is defined, for o > 1, by the series

and by analytic continuation elsewhere. For A € Z, the function (,(s) reduces to the
Riemann zeta-function. In view of the periodicity of the coefficients e?™*™ we may
suppose that 0 < A < 1. In the above mentioned papers [7] and [8], the Atkinson

type formula has been studied for the error term of

q T
> [ o+ i
a=1"70

where A = E with integers @ and ¢, 1 < a < ¢. In [8], the case o0 = 5 has been

1
2
investigated, while the paper [7] deals with the case 3 < o < 1. Let, for § <o <1,

q T
Era.T) =3 [ lcsto+it)Pit = acCo)T
a=1

(20— DT (20 — 1)sin(ro)
1—0

(qT)* .

Then, in [7], an explicit formula for E,(q,T) with a certain error term has been
obtained. However, the error term of that formula with respect to ¢ is not right.
Therefore, the present paper is devoted to a more precise Atkinson type formula
for E,(q,T), and removes some inaccuracies of [7]. We limit ourselves to the case
% <o < %. We note that the method of investigation is analogical to that used for
the Riemann zeta-function, however, some new problems arise from the involving of
the parameter q.
Let ¢;T < N < ¢ T with some positive constants ¢; < ¢y. Define

1
T gN gN\> gNT\®
M=NieN.T)=q %*7‘((7) ) |

denote by o,(m), a € C, m € N, the generalized divisor function, i.e.,
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>
dlm
and let
1_ -1
o [(T\2° (=170 _9,(m) ) Tqm
_oo—1 _l1l—0o
Zl(q,T)—Q q (;) Z o arsinh 5T X
m<N
WLty 9Tarsinh | | L) 4 \/27rqmT + T2@m? — =
- cos arsin m m? — —
2mqgm 4 2T i 1 4

=

and

an--a ()5 2 (e ()

T
x cos | T'log e —T+z .
2mm 4

THEOREM 1. Suppose that % <o < %. Then, for q < T,

E,(¢.T)=)_ (a,T)+ ) (4:T)+R(q.T),

where R(q,T) = O(qg"7 log T'), with the O - constant depending only on o.

If ¢ = 1, then we have the Atkinson formula for the Riemann zeta-function
obtained in [11].

2. Lemmas

LEMMA 1. Letao# 1, 8,y and T €Ry, ke R, k] >1,0<a <3, a<

87r\k|
and b > T. Then, for every e > 0,

/b expq{iT log ﬂ + 27kiy }dy
o Y1+ y) (log 4y

= §(k)(2ky/m) TRV U (U B %) o (U+ %) -8

X exp {z’TV + 2mikU — ik + %} + 0@ T + OB Plk|™") + R(T, k)
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uniformly for |o — 1| > e, where
T 1\:
U= (ﬂ i 1) :
wk
V' = 2arsinh —
arsin (\/ 2T> ,

y—a—pB _1 _y—a—B_5 .
R(T’k):{T e if |kl <T,

1

Toz=0kl*t dif k> T,

and

1 af BE>0,
5(k)_{0 if k<DO.

The lemma is Lemma 2 of [1], see also Lemma 15.1 of [4]. In the above form, the
lemma is stated in [11].

For a, b, « € R, , and m, ¢ € N, define

1 (a,b;:l:,@,oz) =
4q
b -1 1 -1
_/ L b mq T N 1 T N 12 N 1 "
. * A\ or 2ra? 4 2ra? 4 2
~ mo . KR 2 2,4
X exp <t | tdnx 2Tarsinh | x 5T (27Tx T+7x ) dx.
q
LEMMA 2. Let c1\/qT < a < co/qT with fized 0 < ¢; < ¢g. Then
En Tg\\ ' (T 2o
I (a, b; +, @,a> = 46T (@) (log (_q)) (— — @)
q q 2mm 2T q
T 2
xexp{i(T—Tlog( q)_ 7Tm+z>}
2mm q 4

IS
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5= -« 5
Lo 5(@> (1_@) TQ)
q 2t q

+O (772 min | 1,

i -1
+0 (b (E) +0 (Z) )
q b
+ 0 (eCTc T';T)

with a large constant C' > 0, where

2
1 if m < %, ma? < (E—f—mq) < mb?

and the double sign takes +,
0 otherwise.

5:

The lemma is a slight modification of Lemma 3 from [1], see also Lemma 15.2 of
[4]. The statement of the lemma follows that of Lemma 4 of [11].
The next lemmas are related to the function oy_5,(m). Let

Dy(z) = 3 01 ss(m),

where the sign ""means that the last term in the sum is to be halved if z € N.

Define Ay _s,(z) by

C(2—20)2* %  ((20 — 1).

At (7) = Do() = (20)7 = == 2

LEMMA 3. For every e > 0,

Ai_sy(z) = O(zTTe).
The lemma is Lemma 2 from [11].

LEMMA 4. We have

(e 9]

A9, (T) = x\/iﬁ; m221 U:;;(ZR) X
X (cos <47T\/m— — Z) — (327y/max) ' (16(1 — 0)* — 1) sin (47T\/m— — %)) +
+0(z7577),

the series being boundedly convergent in any fixed finite interval of x.

The lemma is Lemma 1 of [11], and is a result of [16] and [2].
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3. A formula for E,(q,T)

Let uw and v be complex variables, Reu > 1 and Rev > 1. Then we have

q © 9l m f2m'%n
>G5 =3 > My -~
a=1 a=1 m=1 n=1

27rz (m n)

TIPS 95 3 DL U

a=1 m=1n=1
m#n

Since

i 2me(m—n) _ [ 4 if m=n (mod q),
c 10 if m#n (mod q),

a=1

we have from (2) that

S Ca(w)Cos (v) = q(Clu+v) + fyu,0) + fy(o,0)), 3)

where

Z Z mt ml—I—qmg)

mi1=1mso=1

Using the Poisson summation formula and properties of the gamma-function
['(s), we find that, for Re(u + v) > 2 and Reu < 0,

C(u+v—DNu+v—1)I(1 —u)

fq(u’ U) = qu_H)_lF(v) + gq(u’ U)) (4)
where
p - /°° cos(2mmaqy)dy
Gq(u,v) = O1—u—v(m :
o) = mzl ) o y(l+y)r

We need the analytics continuation for g,(u,v) to a certain region lying in 0 <
Reu < 1,0 < Rev < 1. Suppose that we have such an analytic continuation. Then,
in view of (3) and (4), we find that
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I B ut o C(u+v—-DlNu+v—1)I(1—u)
IERISTORY (c< Fo)+ e

C(u+v—1DlMu+v—1DI'(1—w
Gy ) ralal s afo)

In the latter equality, we take u = o + it and v = 20 — u = 0 — it. Then, using the
estimate [12]

T(T1l—-o—it) T(1—o+it) Sin(7o) o oy o
/0 ( F(O’—it) + F(U+it) )dt: 1—UT —I—O(T ),

we obtain that

20 — 1)I'(20 — 1) si
Z/ (o 4 it)|*dt = qC(20)T + (20 -1) i _00 )sin(ro) (qT)* 2
o+iT
~ig [ w20 = wdut 0T ). (5)
o—iT
Now we consider the function g,(u, 20 — u). Define
e 2 d
o yU(l+y)e
Then, by the definition of g,(u,v),

gq(u, 20 —u) ] Zal 920 (M) h(u, mq). (6)

Suppose that N € N, and let X = N + 5. Then, by the definition of D;_s,(x) and
Ay _9,(x), we have that

Z 01-25(m)h(u, mq) = ;

/
/

o0

h(uw, gx)dD1_54(x)

)
= XOO(Q(QU) + (2 — 20)2 %) h(u, g )dx

+ / h(u, qz)dA; oy ()
X
> Oh(u, qz)

= —A(X)h(u,gX) —/X Ay (x) 5

+ [ (0) + ¢~ 2000 h(u g

X
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This and (6) show that

1 1
9q(1,20 —u) = = " o1_ag(m)h(u, mq) — —— D156 (X)(u, ¢ X)
q MmN q
1 > Oh(u,qx)
_ q20'71 L Al_QU({L')Tde
1 (o]
ot [ (620 +6(2 = 2)a 2 . g
= gq,l(“) - gq,2(u) - gq,B(u) + gq,4(u)- (7>

By the definition, the function A(u,z) is analytic in the Reu < 1. Therefore, the
functions g, 1(u) and g, 2(u) also are analytic in the latter region.
Using Lemma 3 and estimate [1]

Oh(u, x)

_ Reu—2
ax - O(.T )7

we obtain that

1 *° Oh(u, qx o
qgo,l / Alzg(l')%dx < qReu2a/ xReu—l—Tl_H—Q—I—adx’
X X

yr— 4UJF1><7f0ra<%,We
have that the function g, 3(u) is analytic in the region including the line Reu = o.
It is easily seen that

and the integral is convergent for Reu < 1 — ——. Since 1 — -

1 > 1—20
) =~ /X (C(20) +¢(2 — 20)2" )

100 2riqry —100 —2miqry
X (/ ue 2:¢g77u +/ ue 2Jyu) dx.
o y(1+y) o y(1+y)
Suppose that Reu < 0. Then

1 00 o 100 leriqa:ydy
q2‘7_1 /); ((C(QO') + C(Q - 20)171 2 )/Ov W) dx

1 100 627riqudy

o0

X
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1 o o eQﬂ'iqzydy
- 2 —20)(1 —20)z"% d
27'('(]20 \/X ((C( U)( O-):L‘ >/O qurl(l + y)Qou) X

1 100 e2m'qudy
- 2 2 —20) X% /
- (C( o)+ (( o) ) o yti(1 4 y)2ou

2miq
(2 —20)(1 — 20) / /m €271y Jy
27mq20 u+1 x+y 20 u

_ 1 (C(QO’) + C(Q . 20')X1 20—) / 627T2qudy
- 2mig* oyl y)2ou

C(2—20)(1—20)X'% /°° e*miaXY gy
27”'(]20(20 —u— 1) 0 yu+1(1 + y)Qa—u—l’

Similarly, we find that

1 e Lo —100 €f2m'qzydy
e A (R e e = I

(€20 + G2 = 21 [
=—— — 20
27Tiq20*2 g 0 yu+1(1 + y)Qofu

(2 - 20)(1 — 20) X% /00 e~ 2miaXy gy
27m'q20(20- — - 1) yu+1(1 + y>2afu71 :

The later two qualities yield

1 120y [T sin(2mgXy)dy
70+ C 2 [T

(2= 20)(1-20)X""% /°° sin(2mgXy)dy
7Tq2072(20- —u— ]_) 0 qurl(]_ + y)Qafufl ’

Jga(u) =

(8)

The above integrals are convergent absolutely for Reu < 1. Thus, we have analytic

continuation for g, 4(u) to the suitable region. Consequently, (5) is true for 1 < o <
3

2.
From (5) we find that, for § < o < 2,

o+iT
Enla.T) =it [ gu(u20 — ) + OT ).
o—iT
Therefore, in view of (7),
Eo(q,T) = —ig* " (Gg1 — G2 — Gas + Gga) + O(¢T ™), (9)

where
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cos(2mgmy) /U“T (1 + y) “ )
_» ! cos(2mgmy) YN du)d
Car Z o / ( (L+y)* Joir y 4

m<N

% cos(2mgmy) sin(T log 1+y)dy

=4 01-25(m ,
2 o / yo (1 +y)o log =¥

m<N

> cos(2mqXy) sin(T log 1er)aly
y7(1+y)7 log =

00 % cos(2mgxy) sin(T log 1£2)d
Gy :4i/ A1—2g($)2 / (2mqzy) sin( %er )dy dx
X oz \ Jo Y7 (1 +y)7 log Ty

Ggo = 4@'A1_20(X)/
0

I

00 0o cos(2mqy) sin(T log ) d
:42,/ A”U()a / (2mqy) sin(T log H)y .
X dx \Jo  yo(z+y)oal2log =¥

o o 20 — 1)x**2sin(T lo Hy
:42,/ A1—2a(9€)/ cos(2mqy) <( )z ( g )
0

X ye (z + ) log 1Y .
22771 cos(T log x—;ry) ox?1sin(T log %y) 221 sin(T log x_;ry) .
+ - — x
(x4 y)ott (x 4+ y)°*'log _szry (z + y)o+! log? m;y Y

A > 2 1
— 42'/ w / cos(2mqzy) . (T cos (T log i y)
X x o ¥ (1+y)7log=* Yy

. 1+vy 1
+ sin (Tlog ) )((20—1)(1+y)—0—10gﬂ>>dy> dz,

Y

2 % gin(2mrqXy) sin(7 log 1+y)
Goa =~ (((20) + (2~ 200" ) [ 2200
7 o Y1 4y)7log Y

(1—20)C(2—20)X'"% [ [sin(2rqXy) [T (%)udu
S el — | dy.
. [ ( [ ’

mq y(I+y)*t ),y u—20+1

4. Proof of Theorem 1

By (9), it suffices to evaluate G, 1 — G,4. For evaluation of G 1, we apply Lemma
lwitha=pg=0,v=1, k=qgm and k = —gm. Then taking ' < n < T gives
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Gq,l — 20—1qa—1 (%) ix
X Z al_ga(m)ma—lvflU*% sin(TV + 2mrgmU — mgm + %)-1—

m<N
1 1
T 1\ ¢ Tmgq T 1\2 =«
- 2Tarsinh | 4/ —— 2 —t =] —=
X (27qu + 4> cos ( arsin ( o > + 2mgm (27rqm + 4> 4> +
+0 <max <Ti_aq_£+U,T_%)> : (10)

For GG, 9, it is sufficient to obtain an estimate. Lemma 1 implies that

-1
G2 = O(Al_gg(X)q"*lT%*"X"*1 (arsinh (\/ %))

T LY~ -3 o1
X (271’Xq + Z) + O(Alfzg(X)T q )

=

Therefore, in view of Lemma 3,

qu — O (TﬁJrsqa—l(log q)fl) + O (Tﬁfgﬂ-:qafl) _ O (TﬁJrsqafl) )
(11)

Now we will deal with GG 4. First we observe that, in virtue of the residue theorem,
for 0 <y <1,

/U+iT <1%> ' du

T U—2U+1

—oo+1T o—iT u 20—1
1 d 1
— (/ —i—/ ) ( +y> Y = 273 (—+y) + O(T*1 ).
o+iT —00—iT (] u—20+1 Y

Moreover, for y > 1,

/aJriT 1 +y u du B O /0+iT
o—iT Y u—20+1 o—iT

= 2miResSy—25-1(...)—

du
— | ) =0(logT).
u—20+1D O(og )



192 S. Cernigova, A. Laurin¢ikas

Thus,

[ [ () o ([ o

. /1 sin(27;qu)dy L0 (Tl /1 | sin(27quy)|dy)
0 Y 7 0

y0+1

> [ sin(2rgX o+l “od
+/ sin(2mq y)/ +y u dy.
1 y(I+y)* =t Joir Yy u—20+1

We have that

L sin(27qXy)d > sin(2mgX
2m./ sin(2mgXy)dy :2m'/ sin(2mg y)derO(Tfqul) _
0 0

y2a yZJ
o : d
= 27Ti(27TqX)2U_1/ MYy +0(T ¢ =

2
0 y=
T

2I'(20) sin(wo)

= (2m)* (¢X)* i +0(T ¢ 1),

-1 U sin(2mgXy)dy B
0 yott a

@) g 00 d
. -1 Yy —1 Y _ oro—1
=0 (T7 q}fjg ;;) ‘|“C)<TT /(X31y0+1> —-CKQ T %

q

and, in view of the estimate

/U+ZT (1 —l—y) du _ O(logT),
o—iT Yy u—20+1
* (sin(rgXy) [T (1+y\"  du ;
/1 (y(1+y)2"—1/0_ﬁ ( Y ) u—20+1) Y
cos(2mqXy) oL 4y \ du
:<_27Tqu(1+y)2"_1 /C,Z-T ( y > u—20+1) 1
< (__cos(2mgXy) T\t A
_/1 (27Tqu2(1+y)2"1 /ﬂT ( y ) u—2a+1) Y
+(1—2a)/oo( cos(2mqXy) /"“T <1+y)“ du )dy
1 \2mgXy(L+9)* Joir Yy u—20+1

/OO cos(2mqXy) /"“T (1 + y)“l du ;
1\ 2mgXy(L+y)*t o Yy y2(u—20+1) Y

=O(q'T  logT).

[e. 9]
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All these estimates show that the second term in the formula for Gy 4 is

im(2m)2 (1 — 20)q2"_2m +O0(¢" ' T ). (12)

For the evaluation of the first term of G4, we apply the second mean value
theorem and Lemma 1. We write the integral as

/Ooo(...)dy — (/OW)_I +/<:X)-1> (..)dy.

Then

(2¢X)~1 8 sin(T log 1er)ylfg(l +y)
/ ()dy < 2mqX / Iy Ay
0 y(1+y)log =*

_ 2mgXBlT(1 4 B) / 8 Sm(T log ££4)dy

log 12 y(1+y)
2w X B~ "(1+ﬁ)1“’ ( ( 1+y)) 1
— T Tlo = O(¢°T° ),
log 122 g =0l )

where 0 < a < 8 < (2¢X)~!'. Moreover, an application of Lemma 1 gives the
estimate

/(00 (.)dy = O(q°T ).

2¢X)~1

From these estimates and (12), we obtain that

1

— 57(2 20—1 1—-9 20—-2
Giga = im(2m)( 7)a ['(20) sin(mo)

+O0(q7 T ). (13)

The most complicated is the integral G,3. We apply Lemma 1 again and find
that, for x > T,

o 2 1 1
/ cos(2mgy) i (T Ccos (T log i y)> + sin (T log i y)
o Yo (L+y)7+ log =+ y y
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1 ~1
X ((20—1)(1+y)—a—(10g —I—y) )d — 22 Lo g lge s
Y
~1 _1 1 -
« ik Tqx T n Iy 1 T . 1\?2 N 1
arsin — - - -
2T 2mqr 4 2mqr 4 2
/ T 1\?
X COS (arsinh ( %) —+ 27Tq;p (27qu + Z) — 7qx + %) + O( o— lT——a o— 1).

Ilellce,
-1
A —20
CTY7 Z’2071 U*% JIZ%U/ 11.2 (l') ( 1 ] ( ﬂql'))

1 1 -1
» T n 1y ¢ T N 1?2 . 1
2rqx 4 2rqx 4 2
1
/ T 1\ 2
X COs <2Tarsinh ( 2?) + 2mqx (Qqu + Z) — mqr + %) dx
) Ao
+0 (q"sz"/ Sttt (x)da:) (14)
X T

In remains to evaluate and estimate the latter integrals.
Using Lemma 3 and the restriction % <o < %, we obtain that

1 > A _ d —4o
qa‘lTQO'/ 1 20(17) o _ O(qaflTﬁJrE). (15>
X

xQ—U

For the evaluation of the first integral in (14), we apply Lemma 4 and the
argument proposed in [11] to avoid the problem arising from the bounded convergen-
ce of the series in Lemma 4. Thus, by (14) and (15),

3
T\’ 9% b
Gq,g = ’L.qo—_% (—) lim 70-1 25 (m> / €T
27T b—o00 m4 -0

X inh : h _% + an
arsinh | x4/ — - -
2T 27rx2 27T:L“2 2
. T 2 2, 4\1 2 T
X COS <2Tarsmh (x, / ﬁ) + 272" T + m°2™)2 — ma” + Z) dx

4 O <q071Tﬁ+5> )

[S][)
/\
/\

B

3

=
%

|

S
N——
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In the notation of Lemma 2, this can be rewritten in the form

3
T\’ -
Gs=1iq" <—) lim 3 712 (m)

27 b—o0 5o
m=1 m4

(Re[ (\/q7 b; — )+Im[ <\/in b; +, — . ;’) + <32m;\/§>_1
x (16(1 - 0)2 — )( <\/q75+ )+R€I<\/Q7Xb+q Z)))

+0 (q"_lT2<11_+40> +5) : (16)
Define

T q¢X aX\? ¢XT)\’
J = ) = = -
q(2+2) <(2)+2w

, and a = /¢X for (16)

N[Ot

Then an application of Lemma 2 with a = % and a =
yields

m<Z

Tg\ ' T
X (log (ﬁ) ) cos (Tlog (ﬁ) T+ %)

3
Cos [(TN\2° T1-20(
st () (i 3 ot

+O | qiT 2 1-20(m) <£ _ T)_§>

= ml 2r g
=, o130 (m) NN
_3 0125 m\ 2
co (i3t (mY) o (1)
> ((7) <o
_ = 01720(771) c,/mt
+0 e °T
> ool )
- -1
+0 Tﬁ%za”é’(mmm 1, |(q, X)? (qX+—) +2,/2
m=1 mZ_U q

+0 @U*T*ﬂlﬂﬁﬁs) . (17)
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Since % <o < %, we have that

bziw«@i(z))!o

as b — oo.
From the definition of Z, it follows that Z < T'. Thus, 52 — Z > Tq. Therefore,
1 01-25(m) Tq Lo o om\ !
T — |1 — - —
" Z mi= <og <27Tm>) 2r ¢
m<Z
g 1 01-24(m) =2

<T q4;W<<T (19)

in view of the estimate

Zal 20 () € x, x> 0. (20)

m<x

Similary, we find that

N

41 3 Dl (Z _ T)_ < T ¢t (21)

m<Z

Since ¢ < T,

TI'm

T Z 7 2;7 ¢ =0(e7T) (22)

with some ¢; > 0. We have that

1 QT 2)( T 272 XT
s

Thus,
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E POUE NS VR i »

m<Z  Zam<z-VZ Z-VZI<m<Z+VZ Z+VZI<m<2Z m>2Z

%'(m)min(l,h/ﬁ— VZ|Ih. (23)

Clearly, in view of (20) and Z < T,

AT () it Y ) g, 21
mgg mﬁ% me™?

ST (edrt Y Mz

%<m§Z7\/7 %<m§Z7\/7 mia—e
<ET™F > oi(m)(Z —m)”!
%<m§Z7ﬁ
<@ Y o1a(Z—m)m™t < 2T 2 log T, (25)
VZ<m<Z
2T 1 > ()< 2T > 701‘2;’_(:'1) < q:T° 2 (26)

m4
Z—NZ<m<Z+VZ Z—NZ<m<Z+VZ

by using Lemma 3,

¢T™i Y ()< g T 2 logT, (27)
Z4NZ<m<2Z
and
BT ()< TTE Y T < g, (28)

m>27 m>2z T4
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Finally, combining (17) - (19) and (21) - (28), we obtain that

o—1 -1
a1 (27 2 01-95(m) Tq
— o—1 1-20
Gus =2 ()3 2 (1os (5 )

m<Z

T
x cos | T'log Sl B I AR +O(q"_%logT).
2mm 4

Thus, from this, (9) - (11) and (13), Theorem 1 follows because Z can be replaced
by N; with a negligible error.
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