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AnHOTanusa

B o630pe, koropsriit nocssmens 80-aecarunernio A.B. fkosnesa, 75-neruro C.B. Bocrokosa
u 75-stieruio B.B Jlypse, npencrasiienbl n30pannble Pe3ysIbTaThbl PEAJU3ANUH IPOrPAMMBbL JIeH-
TJIeHICa, HAJ TJIOOAIBHBIMU TOJIsiMUA. PaboThl I0OUISPOB CBSI3AHBI C AJredOpanvecKkoil Teopueit
qUCeT B €€ KaK JIOKAJIbHBIX, TAK U TJI00AJBHBIX ACMEKTAX, U C MOCTPOEHUEM COOTBETCTBYIOIIAX
Teopuii moset kiaccoB. I'umoresnr Jlenrienaca, kak ormerus V.P. Iladapesnd, nmeroT 1nesibio
"obobIIEHe TEOPUU II0JIeH KJIACCOB, aHAJOrMYHOEe ODOOIIEHMI0 Teopuu abesieBbIX (PyHKIui".
O630p sBIsgercs BBeJeHreM B nporpammy Jlanriesaca, riaobanbabe mossd, J-mrykn u KoHed-
HbIE IIITYKW HaJ IMOJIAMHA (byHKHbeI aﬂFe6paI/I‘{eCKI/IX KPUBbLIX HaJl KOHEYHbIMU I10JIAMU, U HE
SIBJISIETCST MCUepNbIBatONuM. B 3aBucuMOCcTH OT BHIOOpA OCHOBHOTO MMOJIS, PE3YIbTATHI PEaIn3a-
My TporpaMMbl JleHnrsenaca Obun moJTyueHbl u 0bcyx)aanuch Jlenrienacom, 2Kake, [lada-
pesuuem, Ilapmunbiv, Tpuadensnom, Jladdopre u apyruvu. Hamomuaum, 910 snuneiinbe as-
rebpamvecKre rPynbl HAIIN BayKHbIE TPUJIOKeHus B nporpamme Jlanrnenzaca. menno, ains
CBSI3HOM peayKTUBHON rpymibl G Hal robaibabiM nojiem K coorBercrsue JleHrsenica coor-
HocuT aBTOMOpdHBIE GOpMbI HA G ¥ TI0OAIBHBIE TTapaMeTphl JIeHTIeH1Cca, a UMEHHO, KJIACChI
COMPSI?KEHHOCTH TOMOMOPGU3MOB U3 a0COMIOTHOM rpynmsl Lanya mons K B rpymmy Jlenraes-
ca “'G. Jlna noseit anrebpandeckuX 4dmces NPUMEHEHMs W Pa3BUTHE IIPOrpaMMbl JleHriemca
MMO3BOJIMIO yCuIuTh Teopemy Baitnca o rumorese Ilumypsr-Tamnusver-Beiing n gokasars ru-
nore3y Caro-Teitra. Ipuudensn u Jladdopre uccrenobanu ciaydait obmeil tuHeiHON rpy bl
HaJ, TJI00ATBHBIM (DYHKINOHAILHBIMA TOJISAMYU HEeHyJIeBoil xapakrepuctuku (Ipundensn nis
G = GLy u Jlabdopre mia GL,, r TpOU3BOIHHOE MOJOKUTEIBHOE [EJI0e) U JOKA3aIH B 3TOM
caydae coorBercTBue Jlenrmenaca. B mporecce atux uccnenosanmit pundesanaom Obuia BBe-
JleHa KOHIlepcus F'-my9YKoB, Wi MITYK, KOTOPAas UCIOIb30BAIACH OOOMMHU aBTOPAMHU B IIPOIECCe
yCTaHOBJIEHUS COOTBeTcTBUA Jlenrsenaca. Hapsaay ¢ ucnonb3oBanneM mTyK, ObLIN IPE/1JI02KEHbI
U MCIHOJIb30BAHBL JIPYIHE KOHCTPYKIMUA. AHJIEPCEH MPEJIOAKMIT KOHIEICUIO t-MOTUBA. XaPTJilb,
€ro KOJIJIErH U YYEHUKHU TPEJIOKUJINA U UCCAEIOBATN (CBA3ZAHHBIE CO IITYKAMU, {-MOTUBAMU U
(p-TIyYKaM¥) KOHIIEIICUM KOHEYHBIX, JIOKAJIbHBIX U Tobanbabix G-mryk. B mpemiaraemoii 06-
30PHOI CTATHE MBI HAUMHAEM C KPATKOTO MIPEICTABIEHUs PE3YILTATOB IPOrpaMMbl JIeHraenaca
HaJI TOJIsAMHA aaredpanvecKux duces U ux Jokanmm3arnuii. /lajee KpaTko npeacTaBeHbl MTOIX0IbI
Xapriisi, ero KOJUIer u y9eHUKOB. DTH [OJXO/bl U UX 00CYKJIEHUE CBA3aHbI KAK C IPOrPAMMON
Jlenrmenaca, Tak U ¢ BHYTPEHHUM DPa3BUTHEM TeOpuu (G-IITYK.

ABrop npusnaTeseH AHOHUMHOMY PEIEH3EHTY 33 3aMeYaHus U COBETHI, JOKTOPY 3usta IuHry
(Zhiyuan Ding) 3a 3ameuanue, H.M. To6poBOIBCKOMY 3a MOMOLIb U MOJJEPKKY B IPOLECCE
MTOITOTOBKYU CTATHU K MEYATH.

Karwuesvie caosa: coorBeTcTBue JIeHTIeHACA, TII00aIBHOE TIoIe, MOayIh dpurdensaa, mry-
Ka, KOHEYHAsT TTYKA, JJOKAJbHBIN MOIYIh AHIEpCcOoHa, KOKacaTeIbHbIH KOMILJIEKC, (hOpMaTbHAS
TpyIIIa.
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Abstract

The purpose of this paper is to survey some of the important results on Langlands program,
global fields, D-shtukas and finite shtukas which have influenced the development of algebra
and number theory. It is intended to be selective rather than exhaustive, as befits the occasion
of the 80-th birthday of Yakovlev, 75-th birthday of Vostokov and 75-th birthday of Lurie.
Under assumptions on ground fields results on Langlands program have been proved and
discussed by Langlands, Jacquet, Shafarevich, Parshin, Drinfeld, Lafforgue and others.

This communication is an introduction to the Langlands Program, global fields and to
D-shtukas and finite shtukas (over algebraic curves) over function fields. At first recall that
linear algebraic groups found important applications in the Langlands program. Namely,
for a connected reductive group G over a global field K, the Langlands correspondence
relates automorphic forms on G and global Langlands parameters, i.e. conjugacy classes of
homomorphisms from the Galois group Gal(K/K) to the dual Langlands group @(@p) In the
case of fields of algebraic numbers, the application and development of elements of the Langlands
program made it possible to strengthen the Wiles theorem on the Shimura-Taniyama-Weil
hypothesis and to prove the Sato-Tate hypothesis.

V. Drinfeld and L. Lafforgue have investigated the case of functional global fields of
characteristic p > 0 ( V. Drinfeld for G = GLs and L. Lafforgue for G = GL,, r is an
arbitrary positive integer). They have proved in these cases the Langlands correspondence.

Under the process of these investigations, V. Drinfeld introduced the concept of a F-
bundle, or shtuka, which was used by both authors in the proof for functional global fields
of characteristic p > 0 of the studied cases of the existence of the Langlands correspondence.

Along with the use of shtukas developed and used by V. Drinfeld and L. Lafforge, other
constructions related to approaches to the Langlands program in the functional case were
introduced.

G. Anderson has introduced the concept of a t-motive. U. Hartl, his colleagues and students
have introduced and have explored the concepts of finite, local and global G-shtukas.

In this review article, we first present results on Langlands program and related repre-
sentation over algebraic number fields. Then we briefly present approaches by U. Hartl, his
colleagues and students to the study of D —shtukas and finite shtukas. These approaches and
our discussion relate to the Langlands program as well as to the internal development of the
theory of G-shtukas.

Keywords: Langlands correspondence, global field, Drinfeld module, shtuka, finite shtuka,
local Anderson-module, cotangent complex, formal group.
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1. Introduction

This communication is an introduction to the Langlands Program and to (D-)shtukas and finite
shtukas (over algebraic curves) over function fields. The Langlands correspondence over number
fields in its full generality is facing with problems [1, 2, 3, 4, 5, 6, 7|. So results from Galois theory,
algebraic number theory and function fields can help understand it.

1.1. Elements of algebraic number theory and field theory.

The questions what is a Galois group of a given algebraic closure of the number field or the
local field, embedding problems of fields and extensions of class field theory belong to fundumental
questions of Galois theory and class field theory. A.V. Yakovlev, S.V. Vostokov, B.B. Lur’e works
spans many areas of Galois theory, fields theory and class field theory. The results obtained indicate
that these questions connect with module theory, homological algebra and with other topics of
algebra and number theory[8, 9, 10, 11, 12, 14, 15]. The development and applications of these
theories are discribed in papers by I.R. Shafarevich[4] and by F.N. Parshin [5] (and in references
therein). For further details we refer the reader to papers themselves. By the lack of author‘s
competence we discuss here very shortly only connection of local fields with formal modules.

1.2. The Hensel-Shafarevich canonical basis in complete discrete valuation fields.

Vostokov has constructed a canonical Hensel-Shafarevich basis in Z,—module of principle units
for complete discrete valuation field with an arbitrary residue field [11]. Vostokov and Klimovitski
in paper [13] give construction of primary elements in formal modulei. Ikonnikova, Shaverdova
|16] and Ikonnikova [17] use these results under construction, respectively, the Shafarevich basis in
higher-dimensional local fields and under proving two theorems on the canonical basis in Lubin-
Tate formal modules in the case of local field with perfect residue field and in the case of imperfect
residue field. These canonical bases are obtained by applying a variant of the Artin-Hasse function.

1.3. LG for reductive group G

Here we follow to [1, 3, 27, 28, 29]|. At first recall that linear algebraic groups found important
applications in the Langlands program. Namely, for a connected reductive group G over a global field
K, the Langlands correspondence relates automorphic forms on G and global Langlands parameters,
i.e. conjugacy classes of homomorphisms from the Galois group Gal(K/K) to the dual Langlands
group G (Qp) Let K be an algebraic closure of K and K be the separable closure of K in K.

DEFINITION 1. Let G be the connected reductive algebraic group over K. The root datum of G is
a quadruple (X*(T), A, X,.(T), A") where X* is the lattice of characters of the mazimal torus T, X,
15 the dual lattice, given by the 1-parameter subgroups, A is the set of roots, A is the corresponding
set of coroots.

The dual Langlands group G is a complex reductive group that has the dual root data:
(X, (T), A?, X*(T),A). Here any maximal torus 7' of G is isomorphic to the complex dual torus
X*(T) ® C* = Hom(X.(T),C*) of any maximal torus T in G. Let I'g = Gal(Q/Q).

Given G, the Langlands L-group of G is defined as semidirect product

LGZGMFQ.
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In the case of fields of algebraic numbers, the application and development of elements of the
Langlands program made it possible to strengthen the Wiles theorem on the Shimura-Taniyama-
Weil hypothesis and to prove the Sato-Tate hypothesis. Langlands reciprocity for GL,, over non-
archimedean local fields of characteristic zero is given by Harris-Taylor [20].

1.4. Langlands correspondence over functional global fields of characteristic
p>0

V. Drinfeld [6] and L. Lafforgue [7] have investigated the case of functional global fields of
characteristic p > 0 ( V. Drinfeld for G = GLy and L. Lafforgue for G = GL,, r is an arbitrary
positive integer). They have proved in these cases the Langlands correspondence.

In the process of these studies, V. Drinfeld introduced the concept of a F' -bundle, or shtuka,
which was used by both authors in the proof for functional global fields of characteristic p > 0 of
the studied cases of the existence of the Langlands correspondence [19].

Along with the use of shtukas developed and used by V. Drinfeld and L. Lafforge, other
constructions related to approaches to the Langlands program in the functional case were
introduced.

G. Anderson has introduced the concept of a t-motive [23]. U. Hartl, his colleagues and postdoc
students have introduced and have explored the concepts of finite, local and global G -shtukas|33,
35, 34, 36, 38, 39].

In this review, we first present results on Langlands program and related representation over
algebraic number fields. Then we briefly present approaches by U. Hartl, his colleagues and students
to the study of G —shtukas. These approaches and our discussion relate to the Langlands program as
well as to the internal development of the theory of G-shtukas. Some results on commutative formal
groups and commutative formal schemes can be found in [46, 47, 48] and in references therein.

The content of the paper is as follows:

Introduction.

1. Some results of the implementation of the Langlands program for fields of algebraic numbers
and their localizations.

2. Elliptic modules and Drinfeld shtukas.

3. Finite G -shtukas.

The author is grateful to an anonymous reviewer for comments and advice, Dr. Zhiyuan Ding
for his remark, N.M. Dobrovolsky for help and support in the process of preparing the article for
publication.

2. Some results on Langlands program over algebraic number fields
and their localizations

Langlands conjectured that some symmetric power L-functions extend to an entire function and
coincide with certain automorphic L-functions.

2.1. Abelian extensions of number fields

In the case of algebraic number fields Langlands conjecture (Langlands correspondence) is the
global class field theory:
Representations of the abelian Galois group Gal(K%/K) = characters of the Galois group
Gal(K®/K)

correspond to



72 H. M. I'nazynos

automorphic forms on G'L; that are characters of the class group of ideles. Galois group Gal(K®/K)
is the profinite completion of the group A*(K)/K* where A(K) denotes the adele ring of K.

If K is the local field, then Galois group Gal(K%/K) is canonically isomorphic to the profinite
completion of K*.

2.2. [ - adic representations and Tate modules

Let K be a field and K its separate closure, E, = {P € E(K)|nP = 0} the group of points

of elliptic curve F(K) order dividing n. When charK does not divide n then E,, is a free Z/nZ
-module of rank 2.

Let [ be prime, | # char K. The projective limit T;(E) of the projective system of modules Ejm
is free Z;-adic Tate module of rank 2.

Let Vi(E) = Ti(E) ®z, Q. Galois group Gal(K/K) acts on all Em, so there is the natural
continuous representation (l-adic representation)

pey: Gal(K/K) — Aut T)(E) C Aut V/(E).

Vi(E) is the first homology group that is dual to the first cohomology group of [-adic cohomology of
elliptic curve E and Frobenius F' acts on the homology and dually on cohomology. The characteristic
polynomial P(T") of the Frobenius not depends on the prime number .

2.3. Zeta functions and parabolic forms

Let (in P. Deligne notations) X be a scheme of finite type over Z, | X| the set of its closed points,
and for each = € | X| let N(x) be the number of points of the residue field k(x) of X at x. The
Hasse-Weil zeta-function of X is, by definition

()= [[ 1= N@)y™)™

z€|X|

Tn the case when X is defined over finite field Fy, put ¢, = N(z), deg(z) = [k(x) : Fy], s0 gz = ¢%9®).
Put t = ¢=°. Then

Z(X,t)= [ @—ePoteh~1,
z€|X|

The Hasse-Weil zeta function of E over Q (an extension of numerators of (g (s) by points of
bad reduction of E) is defined over all primes p:

L(E(Q),s) = [[(1 = app™* +e(p)p' )",

here €(p) = 1 if E has good reduction at p, and €(p) = 0 otherwise.
Put T = p~*. For points of good reduction we have

P(T) =1—a,T +pT? = (1 —aT)(1 - BT).

For symmetric power L-functions (functions L(s; E; Sym™), n > 0; see below) we have to put

n

By(T) =[]0 - o' 'T).

=0

For GLs(R), let C be its center, O(2) the orthogonal group.
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Upper half complex plane has the representation: H? = GL2(R)/O(2)C. So it is the
homogeneous space of the group GL2(R).

A cusp (parabolic) form of weight £ > 1 and level N > 1 is a holomorphic function f on the
upper half complex plane H? such that
a) For all matrices

g= ( Z Z),a,b,c,dEZ,azl(N),dE I(N),c=0(N)

and for all z € H? we have

f(92) = f((az +b)/(cz +d)) = (cz + d)" [ (2)

(automorphic condition).
b)
()P (ITm2)*

is bounded on H?2.

Mellin transform L(f,s) of the parabolic form f coincides with Artin L-series of the
representation py.

The space M,,(NN) of cusp forms of weight k£ and level N is a finite dimensional complex vector
space. If f € M,,(N), then it has expansion

f(z) = Z cn(f) exp(2minz)
n=1

and L-function is defined by

L(f,s) =Y eal(f)/n’.

n=1

2.4. Modularity results

The compact Riemann surface I'\H? is called the modular curve associated to the subgroup of
finite index T' of GL2(Z) and is denoted by X (I"). If the modular curve is elliptic it is called the
elliptic modular curve.

The modularity theorem states that any elliptic curve over Q can be obtained via a rational map
with integer coefficients from the elliptic modular curve.

By the Hasse-Weil conjecture (a cusp form of weight two and level N is an eigenform (an
eigenfunction of all Hecke operators)). The conjecture follows from the modularity theorem.
Recall the main (and more stronger than in Wiles [21] and in Wiles-Taylor [22] papers) result by
C. Breuil, B. Conrad, F. Diamond, R. Taylor [24].

THEOREM 1. (Taniyama-Shimura-Weil conjecture - Wiles Theorem.) For every elliptic
curve E over Q there exists f, a cusp form of weight 2 for a subgroup To(N), such that

L(f,s) = L(E(Q),s).
Here I'g(N) is the modular group

FO(N):{<CCL Z),a,b,c,dGZ,c:O (modN),det<CCL Z)zl}.

Recall that for projective closure E of the elliptic curve E we have

E(Fy) =1—a,+p.
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By H. Hasse
ap = 2./p cos @p.

CONJECTURE 1. (Sato-Tate conjecture) Let E be an elliptic curve without complex multi-
plication. Sato have computed and Tate gave theoretical evidence that angles ¢, in the case are
equidistributed in [0, 7] with the Sato-Tate density measure %sin2 ®.

We have two theorems from Serre [18] which give the theoretical explanation in terms of Galois
representations. Here we recall the corollery of the theorems.

COROLLARY 1. (Serre [18]) The elements are equidistributed for the v normalized Haar measure
of G if and only if ¢ = 0 for every X irreducible character of G, 4. e., if and only if the L-functions
relative to the non trivial irreducible characters of G are holomorphic and non zero at s = 1.

The current state of Sato-Tate conjecture is now Clozel-Harris—-Shepherd-Barron—Taylor
Theorem |25, 26].

THEOREM 2. (Clozel, Harris, Shepherd-Barron, Taylor). Suppose E is an elliptic curve over Q
with non-integral j invariant. Then for alln > 0; L(s; E; Sym™) extends to a meromorphic function
which is holomorphic and non-vanishing for Re(s) > 1+ n/2.

These conditions and statements are sufficient to prove the Sato-Tate conjecture.

Under the prove of the Sato-Tate conjecture the Taniyama-Shimura-Weil conjecture oriented
methods of A. Wiles and R. Taylor are used.

Recall also that the proof of Langlands reciprocity for G L,, over non-archimedean local fields of
characteristic zero is given by Harris-Taylor [20].

3. Elliptic modules and Drinfeld shtukas.

Let
F, be the algebraic closure of F,,
C be a smooth projective geometrically irreducible curve over [F,
K be the function field F,(C) of C,
v be a close point of C,
A be the ring of functions regular on C — v,
K, be the complation of K at v with valuation ring O,,
C, be the complation of the algebraic closure of K,,.
At first recall some known facts about algebraic curves over finite fields. We will identify the set |C|
of closed points of C with C(F,;) = Homg, (Spec Fq,C). Let k(v) be the residue field of v. Then the
degree of v is equal of the number of elements [k(v) : F].
Below in this section we follow to [30, 19, 31].

3.1. Elliptic modules

LEMMA 1. Let k be a field of characteristic p > 0 and let R be a k-commutative ring with unit
(there exists a morphism k — R). The additive scheme G, over R is represented by the polynomial
ring R[X] with structural morphism o : R[X] — R[X]| ®g R[X], given by a(X) =X @1+ 1® X.
A morphism ¢ : G, — G, of additive schemes over R is defined by an additive polynomial. If ¢ is
another such morphism, then @ o = @((T)). So the set of (endo)morphisms of additive scheme
has the structure of a ring.

EXAMPLE 1. Let a € R[X], pa = 0. Then the morphism ¢(T) = aT?", (n > 0) is additive. Any
additive morphism o(T) in characleristic p has the form o(T) = agT + ayT? + - - - + a, TP".
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PROPOSITION 1. Let k be a field of characteristic p > 0. Put Ta = aP71. There is an isomorphism
between Endy(G,) and the ring of noncommutative polynomials k{7}.

For any o(T) = agT+a; TP+ - -+a,T"" € Endy(G,) and any o(7) = ag+a17+- - -+a,m" € k{r}
Lubin morphisms [32] ¢p and ¢ are defined:
co(p(T)) = ao, c(p(7)) = ao.

Respectively we define
deg(p(T) = p",d((1)) = n.

PROPOSITION 2. Any ring morphism A — Endy(G,) is either injective or has image contained
in the constants k C k{t}.

Sketch of the proof. k{7} is a domain. Endy(G,) is isomorphic to k{7}. A is a ring with divisor
theory ® and for any prime divisor p € © the residue ring A/p is a field. From these statements
the proposition follows.

Assume now that k is an A-algebra, i.e. there is a morphism i : A — k.

DEFINITION 2. An elliptic module over k (of rank r = 2) is an injective ring homomorphism
v : A— Endi(Gg)

a — Pgq,

such that for all a € A we have
d(p(7)) = 2 deg(a),

c(p(1)) = i(a).

EXAMPLE 2. Let k = Fy(T), A =TF,[P! —v] = F,[T]. Let i(T) = T? + 1. In this case an elliptic
module  is given by
p=T>+1+ci-T+ecy 72 c1,e0 €k, ca #0.

REMARK 1. By the same way it is possible to define a Drinfeld module (over a field) for any
natural .

Now consider the case of Drinfeld modules over a base scheme. Let S be an A-scheme, £ a

line bundle over S, i* : S — Spec A be an A scheme morphism dual to the ring homomorphism
1:A— Og

DEFINITION 3. (Drinfeld module over a base scheme) A Drinfeld module over k of rank r is an
ring homomorphism
p:A— Ends(L)

a’_>¢a7

such that for all a € A we have
1) locally, as a polynomial in T, @, has the degree

d(p(7)) = 7 - deg(a),

2) a unit as its leading coefficient a,, and

c(p(1)) = i(a).
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3.2. Drinfeld shtukas.

In notations of previous subsection let © € k, a € A, ¢,(7) be a Drinfeld module of rank r. Put
L=k{r}, f(r) € L, k[A] = k ®F, A, deg, f(7) the degree in T of f(7).

LEMMA 2. Define the action of k[A] on L by the formula:

r®a- f(r)=a- f(pa(T).
Then L is a free k[A]-module of rank r.

REMARK 2. Let Ex = {f(7) € Lldeg,f(7) < s}, E = ®X Es, E[l] = @2 (FEsy1. E, E[1] are
graded modules over the graded ring and give rise to locally free sheaves F, € of rank r over C.

Put Cg=C XF, S,04= 1de @ Froby s : Cs — Cg

DEFINITION 4. A (right) D-shtuka (F'-sheaf [19]) of rank r over an Fy-scheme S is a diagram
(F 3 &€& (ide ® Froby s)*F), such that coker ¢ is supported on the graph 'y of a morphism
a: S — C and it is a line bundle on support, coker ca is supported on the graph I'g of a morphism
B8 — C and it is a line bundle on support.

If T'o NTs = 0 it is possible to give the next definition of D-shtuka [34, 37].

DEFINITION 5. A global shtuka of rank r with two legs over an F,-scheme S is a tuple
N = (N, (c1,¢2),7n7) consisting of 1) a locally free sheaf N of rank r on Cg; 2) Fy-morphisms
¢+ 8 = C (i = 1,2), called the legs of N; 8) an isomorphism 75 : ogNles (v, ur,,) =
Nles—(r.,ur.,) outside the graphs Tc, of ¢;, Te; NTe, = 0.

DEFINITION 6. A global shtuka over S is a D-shtuka if TN satisfies TN(UZN) CN onCg—T,
with cokernel locally free of rank 1 as Og-module, and TX[l (N) C O';N on Cg — I'c, with cokernel
locally free of rank 1 as Og-module.

4. Finite G-shtukas.

We follow to [19, 33, 35, 36, 37]. We start with very short indication on the general framework
of the section. In connection with Drinfeld‘s constructions of elliptic modules Anderson [23] has
introduced abelian t-modules and the dual notion of t-motives. Beside with mentioned papers
these are the descent theory by A. Grothendieck [40], cotangent complexes by Illusie [44], by S.
Lichtenbaum and M. Schlessinger [41], by Messing [42] and by Abrashkin [43]. In this framework
to any morphism f : A — B of commutative ring objects in a topos is associated a cotangent
complex L(g/4) and to any morphism of commutative ring objects in a topos of finite and locally
free Spec(A)-group schemes G is associated a cotangent complex L gpec(4)) @ has presented in
books by Ilusie [44].

4.1. Finite shtukas and formal groups

Let S be a scheme over Spec F,.

DEFINITION 7. A finite Fy-shtuka over S is a pair M = (M, Fyr) consisting of a locally free
Og-module M on S of finite rank and an Og-module homomorphism Fyy : oy M — M.

Author [36] investigates relation between finite shtukas and strict finite flat commutative
group schemes and relation between divisible local Anderson modules and formal Lie groups. The
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cotangent complexes as in papers by S. Lichtenbaum and M. Schlessinger [41], by W. Messing [42],
by V. Abrashkin [43] are defined and are proved that they are homotopically equivalent.

Then the deformations of affine group schemes follow to the mentioned paper of Abrashkin are
investigated and strict finite O-module schemes are defined. Next step of the research is devoted to
relation between finite shtukas by V. Drinfeld [19] and strict finite flat commutative group schemes.
The comparison between cotangent complex and Frobenius map of finite [F,-shtukas is given.

4.2. Local shtukas and local Anderson modules

Recall some notions and notations. An ideal I in a commutative ring A is locally nilpotent at a
prime ideal g if the localization I, is a nilpotent ideal in A,. In the framework of smooth projective
geometrically irreducible curves C over F, let Nilp4, denote the category of A,-schemes on which
the uniformizer ¢ of A, is locally nilpotent. Here A, ~ FF,[[{]] is the completion of the local ring
Oc¢,, at a closed point v € C.

Let Nilpg, ) be the category of Fy[[{]]-schemes on which £ is locally nilpotent. Let S € Nilpg,(i¢])-
Let M be a sheaf of Og[[z]]-modules on S and let oy M = M ®¢[1),0x Os|[2]], M[ﬁ} = M®og[)]

OsllAl)[ L. q

DEFINITION 8. A local shtuka of height r over S is a pair M = (M, Fy) consisting of a locally
free sheaf M of Ogl|z]]-modules of rank r, and an isomorphism Fyr : U;M[%_é] o~ M[i]

The next lemma is proved [37].

LEMMA 3. Let R be an Fy[[&]]-algebra in which & is nilpotent. Then the sequence of R[[z]]-
modules

0— R[[z]] = R[[z]] = R—0
l—2z—-¢&2—¢&

is exact. In particular R[[z]] C R[[zﬂ[ﬁ]
In the conditions of the lemma authors [37] give the next

DEFINITION 9. A z-divisible local Anderson module over R is a sheaf of Fy[[z]]-modules G on
the big fppf-site of Spec R such that
(a) G is z-torsion, that is G = ligG[z”], where G[2"] = ker(z" : G — G),
(b) G is z-divisible, that is z : G — G is an epimorphism,
(¢c) For every n the Fg-module G[2"] is representable by a finite locally free strict Fq-module scheme
over R in the sense of Fultings ([45, 37]), and
(d) locally on Spec R there ewists an integer d € Zq, such that (z — &) = 0 on wg where
wg = lImwepn) and wepn) = E*QIG[Zn]/SpeC R for the unit section ¢ of G[2"] over R.

z-divisible local Anderson modules by Hartl [33] with improvements in [37] and local shtukas are
investigated. The equivalence between the category of effective local shtukas over S and the category
of z-divisible local Anderson modules over S is treated by the authors |36, 37|. The theorem about
canonical [, [[¢]] -isomorphism of z-adic Tate-module of z -divisible local Anderson module G of
rank r over S and Tate module of local shtuka over S associated to G is given. The main result
of [36] is the following (section 2.5) interesting result: it is possible to associate a formal Lie group
to any z-divisible local Anderson module over S in the case when £ is locally nilpotent on S. We
note that related with [36] and in some cases more general results have presented in the paper by
U. Hartl, E. Viehmann [35].
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