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AuHoTanus

B pabore paccMaTpuBaroTCsi HEKOTOPBIE THIIEPreoMeTprudecKie (DyHKIMU MPU CHEeUaTbHOM
COOTHOIIIEHUN MeXKJIy WX TapamerpaMiu. [1oJiydeHbl ONEHKW CHU3Y MOJyJIell JTMHEHHBIX (hopM
oT 3uadeHuit Takux GyHKIwit. OOBIMHO ISl TOJYYeHUsT TOJMOOHBIX OIEHOK UCIIOIB3YIOT METO/L
Burens, cm. [1], [2], [3, . 3]. IIpu npumeHeHMH 5TOTO METOJA PACCYKJECHUS HAIMHAIOTCS C
[IOCTPOEHNUsI 1pU ToMoly npuHnuna Jupuxie jguneitnolt npubsimkaiomnieir (popMbl, UMeIOen
JIOCTATOYHO OOJIBINON MOPSJIOK HyJs B Hadaje koopauHat. Vcnonn3yst cucremy muddepenim-
AJILHBIX yPaBHEHUI, KOTOPOH VJIOBJIETBOPSIOT PACCMATpUBaeMblie (DYHKIIUH, CTPOST 3ATEM CO-
BOKYITHOCTH TaKuX (bOPM, IPUYEM OIPEJEJUTEb, COCTABJIEHHBIH U3 UX KOI(PDUIMEHTOB, HE
JIOJ2KEH OBITh TOXKJIECTBEHHBIM HyJeM. JlajbHeillnue marn coCcTodaT B Mepexojie K JIHCJIOBBIM
JuHEeHHBIM HOPMaM U K J0KA3aTeIbCTBY MHTEPECYIOINX HCCIEI0BATEIsST YTBEPXKICHHI: T0Ka-
3bIBAETCS JIMHEHHAs HE3aBUCHUMOCTD 3HAYEHUI pacCMaTpPUBAEMbIX (DyHKIMN UM yCTaHABINBA-
FOTCsI COOTBETCTBYIOIIHE KOJUYECTBEHHBIE pe3yabTaThl. C MOMOIIBI0 METO/Ia 3UTesIsl JIOKa3aHbI
JIOCTATOYIHO ODIIIE TEOPEMBI, KACAIOIMNeCs: apuPMETHIECKON TPUPOILI 3HATEHIIT 00OOIEHHBIX
TUTIEPTEOMETPUIECKNX (PYHKITUI, TpUIeM KPOMe YIIOMSIHYTON BbIIe JTUHEHHONW HE3aBUCUMOCTH
BO MHOI'HX CJIyYasX YCTAHOBJIEHA TaKXKe TPAHCICHIEHTHOCTD U ajirebpandecKasi He3aBUCUMOCTD
3HadeHnit Takux Gyukmmit. OHaKo ucrnob3oBanne npuHnuna JIupuxie Ha HAYAJIbLHOM JTalle
OTPAHUYUBAET BO3MOYKHOCTH MeToja. Ero HermocpeicTBeHHOe IPUMEHEHNE BO3MOYKHO JIUIIIb JIJIsT
runepreoMeTpudecknx (pyHKIU ¢ panuoHa bHbIME HapaMerpamu. CiieyeT OTMETUTh TaKKe
HEJIOCTATOYHYIO TOYHOCTD OJIYyIaeMbIX STUM METOJOM KOJUIECTBEHHBIX PE3yJIbTaTOB. B cBsi3n
C BBINNECKA3aHHBIM OB pa3paboTaH HEKOTOPBIH aHasor Merosa 3uress (cM. [4]), ¢ momompo
KOTOPOI'O B DsiJIe CJIyYaeB yJaJIOCh HCCIEI0BATh apudMETHIECKYIO IPUPOJY 3HAYMEHUI TUep-
reOMeTPUYEeCKNX (DYHKIUI TaKKe U ¢ UPPAIUOHATHLHBIMA TAPAMETPAM.

Eme pambIie, 0JfHAKO, CTAIN TPUMEHSATHCST METOJIbl, OCHOBAaHHBIE Ha 9P (MEKTUBHOM MTOCTPO-
eHUH JIMHelHoI mpubsmkaiomieit (popMbl. C MOMOINBIO TAKUX MOCTPOEHUH ObLIa MCCIIeI0BAHA
apudmMeTnIecKas IPUPO/Ia KIACCHIECKNX KOHCTAHT U OB IIOJIYY€Hbl COOTBETCTBYIOIIIE KOJIH-
YeCTBEHHBIE PEe3YJIbTATHI, CM., HAIpuMeD, [5, ri1. 1]. B gajbHeiinem BbIsicHUIOCH, 9T0 3bdeKTHE-
HbIE METOJBI TPUMEHUMBI U TIPU UCCJIEOBAHUN OOOOIIEHHBIX THIIEPreOMETPIUIECKUX (DOYHKITHIA.
Boimn mosrydensl, B 9aCTHOCTHU, ABHBIE (DOPMYJIBI i KOIMDDUIMEHTOB JIMHEHHBIX TPUOIMKA-
forrux (opm. B psijzie cirydaeB 3t (hopMyIIbI TO3BOJISIOT PEAN30BATh CXEMY MeTOjia SUTesIsl U
JIJTsl THIIEPreOMeTPHIecKuX (bYHKIHI ¢ HPPAIMOHAJBHBIMI apaMeTpaMu. Kcyin B IpuBejIeHHOM
ke popmyie (1) Muorowien a(x) TOXKIECTBEHHO PABEH €IMHUIE, TO II0JIydeHHbIe 3hheKTuB-
HBIM METOJIOM PE3yJILTATHI HOCIT JOBOJILHO OOIIUI XapakTep, U 3/1eCh JaJbHElIIee pa3BUTHE
9TOr0 METO/[a HATAJIKUBAETCS Ha TPYIHOCTH IPUHIUIIMAILHOrO Xapakrepa. Eciu xe a(z) # 1,
TO BO3MOXKHOCTHU 3(DHEKTUBHOINO METOMA €Ie He UCUYEPIAHBL: Pe3Y/IbTAThI, IOJYyIeHHbIE HA Ce-
TOJIHSIIITHUN JIeHb, MOT'YT ObITH OOOOIIEHBI U YIIyYIIEHbI.

B rmeopemax, JoKazaHHBIX B HACTOsINEH paboTe, yCTAHABIUBAIOTCS HOBbIE Kad4eCTBEHHBIE
¥ KOJIMYECTBEHHBIE PE3YJIbTATHI JIJIsi HEKOTOPBIX THIIEPreOMeTPUIecKuX (DyHKIMH, ¥ KOTOPBIX
a(x) = ¢ + «, u muorowrted b(x) uz (1) umeer cuenmasnbublil Bujg. Paccmarpusaercs corydaii
MPPAIMOHAIBHBIX IIaPAMETPOB, OJIHAKO HCIOJIb3YEMbIE COOOPasKeHHUsI IO03BOJIAT, I10-BUIUMOMY,
[TOJIYIUTDh HOBBIE PE3YJIBTATHI JIJIsi TAKUX (DYHKIUN U B CJIydae PAIMOHAJIBHBIX I1apaMETPOB.
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Karuesvie cao6a: 00ODIIEHHBIE THIIEPreOMeTPUIECKIE (DYHKINN, UPPAIMOHAJBHBIE Tapa-
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ON APPROXIMATION OF THE VALUES OF SOME

HYPERGEOMETRIC FUNCTIONS WITH IRRATIONAL

PARAMETERS
P. L. Ivankov (Moscow)

Abstract

In this paper we consider some hypergeometric functions whose parameters are connected in
a special way. Lower estimates of the moduli of linear forms in the values of such functions have
been obtained. Usually for the achievement of such estimates one makes use of Siegel’s method;
see [1], [2], [3, chapt. 3]. In this method the reasoning begins with the construction by means of
Dirichlet principle of the linear approximating form having a sufficiently large order of zero at
the origin of coordinates. Employing the system of differential equations, the functions under
consideration satisfy, one constructs then a set of forms such that the determinant composed of
the coefficients of the forms belonging to this set must not be equal to zero identically. Further
steps consist of constructing a set of numerical forms and of proving of the interesting for the
researcher assertions: linear independence of the values of the functions under consideration
can be proved or corresponding quantitative results can be obtained. By means of Siegel’s
method have been proved sufficiently general theorems concerning the arithmetic nature of the
values of the generalized hypergeometric functions and in addition to aforementioned linear
independence in many cases was established the transcendence and algebraic independence of
the values of such functions. But the employment of Dirichlet principle at the first step of
reasoning restricts the possibilities of the method. Its direct employment is possible in the case
of hypergeometric functions with rational parameters only. It must be taken into consideration
also the insufficient accuracy of the quantitative results that can be obtained by this method.
As a consequence of these facts some analogue of Siegel’s method has been developed (see [4])
by means of which it became possible in some cases to investigate the arithmetic nature of the

values of hypergeometric functions with irrational parameters also.

But yet earlier one had begun to apply methods based on effective construction of linear
approximating form. By means of such constructions the arithmetic nature of some classic
constants was investigated and corresponding quantitative results were obtained, see for example
[5, chapt. 1]. Subsequently it turned out that effective methods can be applied also for the
investigation of generalized hypergeometric functions. Explicit formulae for the coefficients of
the linear approximating forms were obtained. In some cases these formulae make it possible to
realize Siegel method scheme also for the hypergeometric functions with irrational parameters.
If in (1) polynomial a(z) is equal to unity identically then the results obtained by effective
method are of sufficiently general nature and in this case further development of this method
meets the obstacles of principal character. In case a(x) # 1, however, the possibilities of effective

method are not yet exhausted and the latest results can be generalized and improved.

In the theorems proved in the present paper new qualitative and quantitative results are
obtained for some hypergeometric functions with a(xz) = x + « and polynomial b(x) from (1) of
special character. The case of irrational parameters is under consideration but the ideas we use
will apparently make it possible in the future to obtain new results in case of rational parameters

also.

Keywords: generalized hypergeometric functions, irrational parameters, estimates of linear

forms.

Bibliography: 15 titles.
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1. BBenenue

Paccmorpum 06001eHEY 0 TUIIepreoMeTpUIecKyo (OYyHKIIUIO BUIA
o 14
(ac
- ks 1
> H @ M
v=0 =1

riae a(z) u b(x) — HEKOTOpble MHOTOWIEHbI, crapiime Ko3hUIMEHTbl KOTOPBIX PABHBI €JIMHUIIE.
B nepBoit u3 paccmarpuBaeMbIx Huzke TeopeM a(z) = x + a u b(x) = z(r + 2a + 1). Ilpu srom
MBI HojrydaeM GyHKIu0O KymMepa crennaabHoro Bujga. SHadenns pyHknun KyMmepa u3ydalinch
BO MHOruUX paborax; cM., Hanpumep, [6], [7], [8]. Herpyano y6eaurbesi, oqaako, uro Teopema 1 e
BBITEKAET HEMOCPEJICTBEHHO U3 PE3YJIbTATOB IIEPEUNCICHHBIX pAbOT; 9TO K 3aMeTaHue CIPABEJJINBO
¥ B OTHOIIIEHUU TEOPEMBI 2, B KOTOPOil paccMarpuBaeTcs (pyHKIus Dojiee 00IIero BUIA.

2. Pe3yabTaThbl

[Tycrs I — mEUMOe KBajgpaTuaHoe noste, u nycrb « € 1\ Q. Pacemorpum npu j = 1,2 dynknun

j— a+x
Zzz/ 1H 2a+1+z)" @)

TEOPEMA 1. Ilycmv & — menyaesoe wucao u3 noas I, u nycmo hi, hs — HempusuasvHvill
nabop yeawx wucen ud . Tozda npu aobom € > 0 cywecmeyem wucao Hy = Hy(€) maxoe, wmo npu
H = max(|hi], |ha|) > Ho swvinosnsemca nepasencmeso

|h1A1(€) + haAa(€)| > H 3¢,
Ompeniesium tipu j = 1,2, 3 dpyHKIIUN

> a—+x
:ZZV I;I (B+z)2a+1+2)’

v=0

AN

rie a, B €I\Q, B —ae€Q)\Z,
x1(v) =1, x2(v) =v, x3(v) =v(v+2a +1). (3)
Torja cripaBe/IiBa TaKas TeopeMa.

TEOPEMA 2. [lycmov & € I — nenyaesoe wucao, u nycmo hi, ha, hs — nempusuasvnot nabop
yeanx wucen ud noas L. Toeda npu mobom € > 0 8bnoAHAECMCA HEPLEEHCNEO

3
Zthj(g) > H o,

B nocaednem mepasencmee H = max(|hi|, |hal,|hs|), npuuem, xax u 6 npedvdywei meopeme,
H > H()(E).
IycTp

-F)lj Zpljsz ) | = 17 27 (4)
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— MHOT'OYJIEHBI C HEOIIpeaAe/JICHHBIMN KOS(bCI)I/II_[I/IeHTaMI/I7 n IIyCTb

z) = ZPlJ(Z)Aj(Z)‘ (5)

Banumem 1 npeobpasyeM BbIpazkeHue Jisi KoadduimenTa ¢, Ipu z¥ B Pa3JIOKEHUN 110 CTEIICHSIM
z bysknnn Rj(z). Nmeem

min(n,v) v
_ B J 1 a+x _D ;x
Cly = Sz% ]Z;pl]s 14 3 H 20[+1+ ) Vnr:[l'(QOé—’—].‘l—ﬂf)

xZZpljsu—sJ 1H (v —2x) V—|—2a+1—x)H(u+a—n+x), (6)

s=0 j=1 =1
rje

2N,
<v

{Hg’f(a + ), ecm
Dy, =
<n.

14
n—v—1 1
szo a—z’ ecau 0

BepxHuit nHeKC cCyMMUpOBaHusi min(n, ) B npasoii yactu (6) MOXKHO 3aMEeHUTH HA 7 BBUJLY HAJIV-
YHs T10JT 3HAKOM IPOU3BEJICHUST MHOKHUTEIA V — X.

[ToxGepem Ternepsb K03 duImeHTH MHOrOYIeHOB (5) Tak, YT00bI TOXKIeCTBEeHHO 10 v ipu [ = 1,2
BBIIOJIHAIOCH PABEHCTBO

ZZpUs (v—s)i~ 11‘[ v—g I/+2a+1—:c)H(1/—|—a—n+x):Ql(u), (7)

s=0 j=1 =1

rie
2n+1—2

Qw)= ] w-= (8)

=0

B pa6orax [9] u [6] mokazano, 4TO /I 9TOTO CJIEYET MOTOKUTE

1/ K;s(Q)@Qu(€)d¢ ‘
2mi ) Xj41(¢ = ) Ihzo(¢ — 2) (¢ + 20+ 1 =) [ Ha —n+x)

Pijs =
B IIocJjieJHEM BbIpa2KEHUU

K.

1, ecmj=1nus=0 wmecmj=2,s=0,1,...,n,
]S(C):

a+1 s —
m, eC.HI/I]—].,S—l,2,...,n7
7 TIPOCTOM 3aMKHYTBIN TTOJIOXKUTETHHO OPUEHTHPOBAHHBIN KYCOYHO TJIa KN KOHTYDP I’ oxBaThIBaeT
n
Bce Hymu Muorounena ¢1(¢) = [[,_o(¢ —z)(¢ +2a + 1 — x), a Bce HyJIm MHOrOYJICHA

n

$2(Q)=[JC+a-n+a)

r=1

sexkar B ero sHemHoctu. CyinecrBoBanue kKouTypa [ obecnieunsaercs yciaosuem « € 1\ Q; mHOrO-
wrensl x2(¢) u x3(¢) onpenesensl paseHcTBaME (3).

JIEMMA 1. Ilpu ykasarnnom eviwwe swvibope Koafduyuenmos mmozouwienos (4) cnpasedauso
COOMHOWEHUSA

deg P11(z) = deg Poa(z) = n, deg Pia(z) <n
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JOKABATEJILCTBO. g koadpdbunuenra pri, nMeeM

N (a+ DI (¢ —2) i
n 27”'1“ (C—n)((—}—a—n—kl)nw O(C—l')(C—FQOé—i—l—l’)

ITocireauit mHTErpas 3almiieM B BIHIE PA3HOCTH ABYX HHTErPAJIOB 110 IOJIOXKUTEIHLHO OPUEHTHUPO-
BAHHBIM OKPY2KHOCTAM [’} M +y, mepBasi U3 KOTOPBIX OXBATHIBAET BCE IOJIIOCHI OIBIHTEIPAJILHO
GYHKINN, a BTOpas COAepKUT Jininb nojtoc ( = —a + n — 1. Uarerpan mo okpyzkuoctu I'y pa-
BEH HYJIIO, T.K. CTEIIEHb 3HAMEHATEJIsI Ha, JIBe eJUHUIbI DOJIBbIIIE CTENEHN YUC/IATEIIs, & HHTEIPAJI 10
OKPY?KHOCTHU 7y OTJIUYIEH OT HyJIsl, YTO IPOBEPSIETCSI HEIIOCPEICTBEHHBIM BbIUNCIeHHEM. MBbI BUINM,
qro paBeHcTBO deg Pi1(z) = n cupaseyinBo. AHAJIOTHYHO MOXKHO [IPOBEPUTH U JIPYTUE YTBEPK/Ie-
HUS JIEMMBI. JleMMa JToKa3aHa.

O61mM 3HAMEeHaTeIeM HEKOTOporo MuoxkectBa uuces X C I OyieM Ha3bIBATh TAKOE OTJIUIHOE
oT HyJs 1esoe uncio g € I, uro gr € Zj mia goboro x € X. HanmMmeHbmnil 110 MOILyI0 OOt
3HaMeHaTe/Ib HEKOTOPOI'0 MHOXKECTBa 1Inces Oy/ileM Ha3bIBATh HAUMEHBIIMM OOIINM 3HAMEHATEIeM
9TOr0 MHOXKECTBa. depe3 yi,72,... OyaeM 0003HAYATH IMOJIOXKUTEIbHbIE TOCTOSIHHBIE, 3aBUCSIIIIE
oT o 1 OT moJist 1.

JIEMMA 2. Modyav obwezo naumernvwezo snamenamend kosdduyuernmos (9) mmozouienos
(4) ouenusaemca ceepxy seauvumnot e (n!)/2.

JIOKABATENBCTBO. Ilycrs j =2, s =0,1,...,n. Torga B coorsercrBun ¢ (9) umeem

. :1/ Qu(¢) d¢ _
’ 2mi ) [Lomo(C —2)(C 20+ 1 —2) [[51(C +a—n + )

2m / Z / . (10)

Y lc+an ntpl=5

rJie OKpY’KHOCTD '] OIlpesiensieTcss Tak »kKe, KaK U IIPU JIOKa3aTeIbCTBe MPeIbIyIIeil JeMMbI, a Bee
OKpyKHOCTH | + o« — n + p| = % OPUEHTHPOBAHBI MOJIOKUTEIbHO. Ecim 3amucarh WHTErpas 1o
OKPY>KHOCTH ['| ¢ MOMOIIBIO BBIYETa MOABIHTEIPAIbHON (DYHKIIMU OTHOCUTEIHHO OECKOHETHO yia-
JIEHHOI TOYKHM, TO CTAHET SICHO, ITO MOJLY/Ib OOIIEr0 HAMMEHBIIEro 3HAMEHATE I TAKMX WHTEIPAJIOB
(mpu s = 0,1,...,n) oneHuBaercst cBepxy Beamuannoii 72", Jlamee, npu 1 < pu < n — s umeem st
MHTErpaJia 1Mo COOTBETCTBYIOMEH OKPYKHOCTH

[ o U
Lo+ 1+n—n—a)(—1n—s—u)
[Cta—n+ul=3

B (—1)pH=s=1 Hi’l*;i?m bpta—n) ;
- [Loogla+l4+n—p—z)(p—1l(n—s—p)!’ (11)

Msr Bugum, uTo mpomssegenue |[5_o(a +n — p — ) B 3HAMeHATEE IIOJIHOCTBIO COKPAIIAETCS, &
JIsl TOTO, YTO OCTAHETCsI OIEHKa OOINEero HamMeHblero sHamenaress (upu s = 0,1,...,m, u =
=1,...,m — §) XOPOIIIO U3BECTHA: TaKasl OIEHKA IIOJIydeHa B HECKOJBKHUX PabOTax; CM., HAIPUMED,
[10], [11], [12]. s fokas3aTeabcTBa TEOPEMBI 1 JIOCTATOYHO OIEHKH BHJIA (n!)%"'e, OJIHAKO B IOCJIE-
Heil U3 yIOMSIHYTHIX paboT HosiyueHa 6oJiee TOUHAs OIEHKA, KOTOpasi U (DUIypUPyeT B PACCMaTPH-
BaeMoii jemme. Mbl BuM, 9TO IpH j = 2 JeMMa CIpaBe/yinBa; ciydail j = 1 paccmarpuBaercst
aHAJOTUYHO. JleMMa moKa3aHa.
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C 1OMOIIBIO HECJIOXKHOM BBIYUCIUTEIBHOI TIpolietyphl, onupatorieiics Ha (9) u (4), MOXKHO 110~
JIyYUTDb TaKHe OlICHKU

nl
Dijs —673", P&l <nle”, 1,j=1,2, s=0,1,...,n. 12
j j

Us (6), (7) u (8) cuemyer paBeHCTBO

cll/_-Dl/nH 2a+1+$) zli[ (v —u),
KOTOPOE MOKa3bIBAET, UTO
e, =0, 1=1,2, v=0,1,...,2n+1— 2. (13)
C yuerom onenok (12) mosydyaeM oTCrojia TaKoe HEPABEHCTBO
[Ri()] < (nl)~Hemm. (14)

3/1ech KOHCTAHTa 74 MOYKET 3aBHCETh TAKXKe 1 OT &.
Tereps Bce roTOBO JIJIs JIOKA3aTEILCTBA 1epBoil TeopeMbl. COCTaBUM OIIPeIe/INTEb

A(z):‘ Pii(z) Pia(z) '

Pgl (z) P22 (Z)

ITopsinok mHysist 3TOrO OLpeaeanTesis npu z = 0 pasen 2n; 910 BeITeKaer u3 (13): mocrarodno 3amu-
carb A(z) B BHJIC

A(z) =

1 ‘Rﬂz) fﬁﬂz)‘ (15)

Ai(z) | Ra(z) Paa(2)

C apyroii croponsl, u3 jemmbl 1 cieayer, uro crenenb A(z) takxke pasaa 2n. [losromy A(z) =
= 022", C # 0. Paccmorpum umcsosoit onpegenures A(E). U3 BBITIECKA3aHHOTO SICHO, UTO
A(€) # 0, u oJIHY U3 CTPOK ITOrO OLPEIEJUTE/IsT MOYKHO 3aMEHUTh Ha CTPOKY (A1, ha) Tak, 4TOOBI
OJIY YUBIIHACST [IPU STOM OIIpe/Ie/uTe b (0603HAYNM ero Yepe3 §) Obl1 oTrdeH oT Hysist. VI3 meMmbl
2 cJIeyeT OLUEHKa CHU3Y MOIYJIA O:

5] > ()2 e

Ouenky cBepxy st |6 MOXKHO nostyunTh ¢ nomorpio (12) u (14):
6] < |Ijn!e™™ + H(n!)~term (16)

riae | = h1A1(€) + hoA2(€). Hust nosyuenus: nocse/Heli ONEHKN CJlejlyer 3alucarb 0 B BUJe, aHa-
goruanom (15). Ecsn, manpumep, Mbl 3aMeHWIN HEPBYIO CTPOKY onpesenuress A(£) Ha cTpokKy
(h1,he), a u3 ancesnr A1(€) nu A2(&) Bropoe 0Ka3ajaoCh OTJIMYHBIM OT HyJIsl, TO MbI IMEEM DPaBEHCTBO

5:1‘h1l

A (&) | Par(§) Ra()

13 KOTOporo Jerko ciaeiayer (16). 3amerum, 4ro oJHOBpeMeHHOE BbinoJiHenne paseHcTs Aq(§) = 0
u A2(§) = 0 nporuBopednT TEOpEMe O eJIMHCTBEHHOCTH peleHust 3aja4du Kormun u3 reopun 0ObIK-
HOBEeHHBIX juddepenimaibubix ypasuennii (pyukmun Aq(z) u Az(z) yIoBIeTBOPSIOT JIHHEHHOMY
muddepennuanbaoMy ypasHeruio, cM. [3, i 5 § 1]). KomGuaupysi onenku Momyssi 6 cBepxy u

CHH3Y, MOYKHO 3aBEpPIINTH JI0KA3aTeIHCTBO TeopeMbl 1. COOTBETCTBYIOIIEE PACCYIKIEHUE SIBJISIETCS
CTAHJIAPTHBIM ¥ MBI €ro He IpUBOIUM (CM., Haupumep, |3, wi. 11, § 2|, a takxke [13] u [14]).
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Bropasi Teopema J0Ka3bIBaETCS aHAJOTUIHO. 3JI€Ch TAKXKE CTPOUTCS CUCTEMa JIMTHEWHO HE3aBU-
CAMBIX TPUOJIMKAIOMNX (GOPM BHIA

D Pi(2)Fj(2) = R(2), Pj(z) =) pjsz".
s=0

st nostyuenus: npubsmkatonieit bopmbl R(2) ¢ MaKCMMAJIbHO BO3MOYKHBIM ITIODSIIKOM HYJIS DU
z = 0 caexyer no anajgoruu ¢ (9) MOJIOKUTH

L / Kjs (O TR (¢~ ) .
2mi ) Xj41(¢ =) Thzo(C = 2)(C + B =) (¢ + 20+ 1 — )

Djs =

X dC
¢ +a—n+x)

(17)

riae x4(¢) = ¢(¢ + 2a + 1)(¢ + (). Bapbupys crenenb MHOrowIeHa H?’nH(C — ) B YHCJIHATE]EC

HOJIBIHTErPAJILHOIO BbIpaXKeHusl 13 npapoii yactu (17), MOXKHO IOJIyYUTh COBOKYIHOCTH JIMHEHHO
HE3aBUCUMBIX (DYHKIIMOHAJIBHBIX ITPUOINKAIONIX (DOPM.

OCHOBHBIM MOMEHTOM JIOKA3aTE/ILCTBA SIBJIAETCS IOy YeHHe OIEeHKN OOIIero HaMMEHbIIIEro 3Ha-
MeHaTesIst Ko3hdUIneHToB pjs. st 9Toro, Kak U BbIIle, CleyeT 3aimucars narerpast u3 (17) B Buge

PasHOCTH
2mi / Z / ’

b icran ntpul=3

Kak u B cayuae (11) npusseznernne [[]_ (o +n — p — &) cokpalaercs: i OleHKa OOIIEro HANMEHb-
IIero 3HaMeHaTessl [I0JIyvYaeTcsi U3 TeX Ke COODParKeHWil, 4To M IPU JI0KA3aTEeJbCTBE JIEMMBI 2.
PematontiM 06CTOATEILCTBOM IIPH 9TOM SIBJISIETCS PAIHOHAIBHOCTE pasHoctn [ — o. OKoHUaTE b-
Hasl OICHKA MMeeT BIJI, YKa3aHHBI B yIIOMSIHYTOW JieMMe (IIpH 9TOM IPUCYTCTBYIONIAs B OICHKE
KOHCTAHTA MOKET 3aBHUCETh TakxkKe 1 0T ). B ocrasbHOM J0KAa3aTEIBCTBO TEOPEMBI 2 JINIIL HE3HA-
YUTEILHBIME TEXHUUECKIME JETAJSIMUA OTJIMIACTCH OT JIOKA3aTeIbCTBA [EPBOil TEOPEMBI.

3. 3akJrroueHue

[Tosryuennnie B HacTOSIEH paboTe pPe3yabTaTbl MOYKHO OOOOINATH B PA3JIUIHBIX HAIIPABJICHU-
six. MoxkHO 3amenuTh T + 20 + 1 B 3HaMeHarese u3 npapoii yacru (1) crnenuaabHO MOI0OPAHHBIM
MHOTOYJIEHOM TaK, UTOOBI IPOU3OIILIO COKpAIleHe B YUCIUTEIe W 3HAMEHATeJIe, KaK 9TO CJIyJH-
JIoCh B 110ceHeM Bbipazkenun u3 (11). MoxkHO monpo6oBaTh yTOUYHUTH OIEHKU JIMHEHHBIX (hOpM
B Cllydyae palMoOHAJBLHOTO (v B GoJiee obIeM ciydae 10 CDaBHEHHIO ¢ pa3obpaHHBIM B pabore [15].
JIT0BOIIBITHO OTMETHTD, YTO CPEI MHOTOUYNC/IEHHBIX TEOPEM, OIyOJINKOBAHHBIX 110 TIOBOLY apudMe-
TUYECKUX CBOICTB 3HaueHuil pyHkimit Buja (1) u ee IpOU3BOAHBIX, TIO-BUJAUMOMY HET HU OJIHOM, B
KOTOPOI Obljia Obl JOKa3aHa JIMHEeHAasd He3aBUCHMOCTD YIIOMAHYTHIX 3HAYEHUI B IIPEIIOJIOKEHIH,
9TO MHOrOWIeH a(x) umeer 6ojiee OJHOIO UPPAIMOHATIBHOTO KOPHSI.

CIIMCOK IIMTUPOBAHHO JINTEPATYPEI

1. Siegel C. L. Uber einige Anwendungen Diophantischer Approximationen // Abh. Preuss. Acad.
Wiss., Phys.-Math. Kl. 1929-1930. Nel. S. 1-70.

2. Siegel C. L. Transcendental numbers. Princeton: Princeton University Press, 1949.



O NPUBJINYKEHNN 3HAYEHUI HEKOTOPBLIX T'MIIEPTEOMETPUYECKHUX ... 115

10.

11.

12.

13.

14.

15.

. umnosckuit A. B. Tpancuengenrasie unciaa. M.: Hayka, 1987. 447 c.

. Tanoukun A. 1. O Hekoropom anasiore merojia 3ureiist // Bectauk MockoBckoro yausepcurera.
Maremaruka, Mmexanuka. 1986, Ne2. C. 30-34.

. ©®eapaman H. U. Cenpmast npobitema 'misbepra. M.: UznareabcrBo MOCKOBCKOIO yHUBEDCH-
Teta, 1982. 312 c.

. MBankos II. JI. Onenku causy juHeiiHbIX dopm or 3Hadenuii dyuaknnn Kymmepa // Marema-
tugeckne 3amerku. 1991. T. 49, Beimyck 2. C. 55-63.

Benorpusos 1. 1. O TpaHCIEHIEHTHOCTH U aare0pandecKoil He3aBUCUMOCTH 3HadYeHn (pyHK-
it Kymmepa // Cubupcekuit matemarndecknii xypras. 1979. T. 12, Ne5. C. 961-982.

. Usankos II. JI. O sjuHeiiHON He3aBHCHMOCTH 3HaueHUil HEKOTOPBIX (yHKIWi // DyHrameH-
TajbHas U HpuKaanHas maremaruka. 1995 T. 1, seimyck 1. C. 191-206.

. MBankos I1. JI. O6 apudmernyeckux cBoiicTBax 3HAYEHUI TUIIEPreOMeTpuIecKuX byHKIuii //
Maremarudecknii coopruk. T. 182, Ne2. 1991. C. 283-302.

laoukun A. 1. O6 apudmernieckux cBOCTBaX 3HAUEHUIT HEKOTOPBIX IEJIBIX TUIIEPTeOMEeTPH-
geckux yuknumit // Cubupckuit maremarndeckuii xypuas. 1976. T. XVII, Ne6. C. 1220-35.

laoukua A. 1. O HEKOTOPBIX apudMeTHYECKNX CBOHCTBaxX Ko3ddurmenToB (pyHkimun Kym-
Mmepa // PynpameHTabHas U npukaagHas maremaruka. 2005, T. 11, Ne6. C. 27-32.

Npankos I1. JI. O 3HadeHUsAX rUIEPreOMETPUIECKUX (DYHKITUH ¢ pa3IHIHBIMU HPPAIMOHAIbHBI-
mu napamerpamu // @ynjgamenranabHast u npukiaaHas maremaruka. 2005. T. 11, Ne6. C. 65-72.

laoukun A. U. OueHkn CHU3Y JIMHEHHBIX (POPM OT 3HAYEHUII HEKOTOPBIX I'HIIEPreoMeTprde-
ckux ¢ynknuit // Maremarnieckne 3amerku. 1970. T. 8, Nel. C. 19-28.

lFamoukun A. . O aumodaHTOBBIX TPUOIMKEHUAX 3HAYEHWH HEKOTOPBIX TENBIX (QDYHKIHA C
anrebpandeckumu kKoddbdurmenramu. I // Becruuk MI'Y. Cepusi 1. Maremarnka, MexaHuka.

1978, Ne6. C. 25-32.

Usankos I1. JI. O BbIYmC/IEHNE OCTOSIHHBIX, BXOJSIIUX B OLEHKH JInHEHHBIX dhopm // V3BecTust
By30B. Maremaruka. 2000, Ne1(452). C. 31-36.

REFERENCES

1.

Siegel, C. L. 1929-1930, “Uber einige Anwendungen Diophantischer Approximationen", Abh.
Preuss. Acad. Wiss., Phys.-Math. KI., no. 1. pp. 1-70.

. Siegel, C. L. 1949, Transcendental numbers, Princeton University Press, Princeton.

. Shidlovskii, A. B. 1987, Transtsendentnye chisla |[Transcendental numbers| Nauka, Moscow, 447
pp. (Russian)

. Galochkin, A. I. 1986, “An analogue of Siegel’s method", Vestnik Moskov. Univ. Ser. I Mat.
Mekh. (Moscow Univ. Math. Bulletin), no. 2, pp. 30-34. (Russian)

. Fel’dman, N. I. 1982, Sed’maya problema Gil’berta. |Hilbert’s seventh problem| Moskov. Gos.
Univ., Moscow, 312 pp. (Russian)



116

I1. JI. IBAHKOB

10.

11.

12.

13.

14.

15.

Ivankov, P. L. 1991, “Lower estimates of the linear forms in the values of Kummer’s function" ,
Mat. Zametki (Mathematical Notes), vol. 49, no. 2, pp. 55—63. (Russian)

Belogrivov, I. I. 1979 “On transcedence and algebraic independence of the values of Kummer’s
function" , Sibirsk. Mat. Zh. (Siberian Mathematical Journal), vol. 12, no. 5, pp. 961-982.
(Russian)

Ivankov, P. L. 1995, “On the linear independence of the values of some functions", Fundam.
Prikl. Math. (Journal of Mathematical Sciences (New York)), vol. 1, no. 1, pp. 191-206.
(Russian)

Ivankov, P. L. 1991, “On the arithmetic properties of the values of hypergeometric functions" ,
Matematicheskiy sbornik (Sbornik: Mathematics), vol. 182, no. 2, pp. 283-302. (Russian)

Galochkin, A. I. 1976, “On arithmetic properties of the values of certain entire hypergeometric
functions" , Sibirsk. Mat. Zhurnal (Siberian Mathematical Journal), vol. 17, no 6, pp. 1220-1235.
(Russian)

Galochkin, A. I. 2005, “On some arithmetic properties of the coefficients of Kummer’s function" ,
Fundam. Prikl. Mat. (Journal of Mathematical Sciences (New York)), vol. 11, no. 6, pp. 27-32.
(Russian)

Ivankov, P. L. 2005, “On the values of hypergeometric functions with different irrational
parameters" , Fundam. Prikl. Mat. (Journal of Mathematical Sciences (New York)), vol. 11,
no. 6, pp. 65-72. (Russian)

Galochkin, A. I. 1970, “Lower estimates of the linear forms in the values of some hypergeometric
functions" , Mat. Zametki (Mathematical Notes), vol. 8, no. 1, pp. 19-28. (Russian)

Galochkin, A. I. 1978, “On diophantine approximations of the values of some entire functions
with algebraic coefficients. 1", Vestnik Moskov. Univ. Ser. I Mat. Mekh. (Moscow Univ. Math.
Bulletin), no. 6, pp. 25-32. (Russian)

Ivankov, P. L. 2000, “On the calculation of the constants involved in the estimates of linear
forms" , Izvestija vuzov. Mat. (Russian Mathematics (Izvestija VUZ. Mathematika)), no. 1(452),
pp. 31-36. (Russian)

Mockorckuit 'ocynapcreennsiit Texaudecknii Y HuBepcurer nmern H. 9. Baymana.
ITosyueno 15.12.2015 1.
IIpunsaro B mevars 10.03.2016 1.



