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AnHOTan M

N3yuenne meitcTBMit anrredpandecKuX IPyI HA aarebpantdeckuX MHOTOOOPa3uIX U X KOOP-
JWHATHBIX aIre0pax sBJIsIeTCS BAYKHOUM 00JIaCTHIO MUCCJIEIOBAHNI B aIre0paniecKoil TeOMeTpun
¥ TeOpuu KOJel. JTa 00/1aCTh CBA3aHA C T€OpHEH MOJMHOMUAIBHBIX OTODODAYKEHMWI, PYYHbIX U
JUKAX aBTOMOPQHU3IMOB, TPOOIEMO AKOOHaHa, Teopueii 6ECKOHEYHOMEPHBIX MHOTOOOPAa3nii 1Mo
[MTadapesuuy, npobiemoii cokpalienus (BMecre ¢ APyruMu HOJAOOHBIMU BOIPOCAMHE), TeOpuei
JIOKAJIBHO HUJIbIOTEHTHBIX Juddepentimpoanuii. QOnHON U3 HEHTPAIBHBIX 33129 TEOPUU Jeii-
CTBUI anrebpanveckux TPYIIT sIBJISETCS TPoOIeMa TnHeapu3amnun, ndyuentas B padbore T. Kawm-
6asammm u 1. Paccemna, yrBepkaamoiast, 9To BCAKOE JeiicTBre Topa Ha ad(OUHHOM MPOCTPAH-
CTBe JINHEHHO B HEKOTOPOil cucreMe KoopauHat. ['unoresa o muHeapu3anuu ObLIA OCHOBAHA HA
XOPOIIO U3BECTHOM KJiaccmyeckoit Teopeme A. Bsmbiauiikoro — Bupymu, KoTopasi riacur, 9To
BcsAKOe 3P (DEKTUBHOE PErysIApHOE JIeHCTBHE TOpA MAKCHMAJJIbHON pa3mepHOocTH Ha adduHHOM

MPOCTPAHCTBE HAJ aAreOpandecKu 3aMKHYTHIM TIOJIEM JOMYCKAET JIMHEAPU3AIIUIO.

HecmoTps Ha TO 9TO rumore3a O JUHEAPU3AINH OKA3aJaCh OTPUIIATEILHON B ee 00IeM BH-
Jle — KOHTPIPUMEPBI B MOJIOKUTEIBHON XapaKkTepucTruke ObLIu moctpoenbl T. Acanyma — Teo-
pemva Bsbiauinikoro — Bupynu ocraercs BaXXKHBIM pe3yJbTaToOM Teopuw OJaromaps ee CBA3U C
Teopueil moIMHOMHUANbHBIX aBToMOpdu3moB. Henasuue npoasukenus B mOCaeqHe i MOTUBUPO-
BaJIU LIOUCK PA3JIMYHBIX HEKOMMYTATHBHBIX Pa3HOBUHOCTEH Teopembl Basbinunkoro — Bupy-
qu. B maHHOil cTaThe MBI IPUBEIEM TOKA3ATEIHCTBO TEOPEMBI O JTHHeapu3anuu 3HheKTHBHOTO
JefCTBUS MaKCAMAJIbHOTO TOPa aBTOMOpPdU3MaMu CBOOOIHOH aCCOIUATUBHON aJreOpbI, sIBJIs-

foImeiicst TakKuM 00pa30M CBOOOIHBIM aHAJIOrOM TeopeMmbl Bsabiaunkoro — bupyim.

Karouesvie caosa: neiicrBus Topa, 3a71a49a JIMHEAPUIAIUH, [TOJTHHOMAATBHBIE aBTOMOPMU3-

MBbI.

Bubauozpagus: 16 HazBanuii.
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Abstract

The study of algebraic group actions on varieties and coordinate algebras is a major area
of research in algebraic geometry and ring theory. The subject has its connections with the
theory of polynomial mappings, tame and wild automorphisms, the Jacobian conjecture of
O.-H. Keller, infinite-dimensional varieties according to Shafarevich, the cancellation problem
(together with various cancellation-type problems), the theory of locally nilpotent derivations,
among other topics. One of the central problems in the theory of algebraic group actions has
been the linearization problem, formulated and studied in the work of T. Kambayashi and
P. Russell, which states that any algebraic torus action on an affine space is always linear with
respect to some coordinate system. The linearization conjecture was inspired by the classical
and well known result of A. Bialynicki-Birula, which states that every effective regular torus
action of maximal dimension on the affine space over algebaically closed field is linearizable.

Although the linearization conjecture has turned out negative in its full generality, according
to, among other results, the positive-characteristic counterexamples of T. Asanuma, the
Bialynicki—Birula has remained an important milestone of the theory thanks to its connection to
the theory of polynomial automorphisms. Recent progress in the latter area has stimulated the
search for various noncommutative analogues of the Bialynicki—Birula theorem. In this paper, we
give the proof of the linearization theorem for effective maximal torus actions by automorphisms
of the free associative algebra, which is the free analogue of the Bialynicki-Birula theorem.
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1. Introduction

In this paper we consider algebraic torus actions on the affine space, according to Bialynicki-
Birula, and formulate certain noncommutative generalizations.
We begin by recalling a few basic definitions. Let K be an algebraically closed field.

DEFINITION 1. An algebraic group is a variety G equipped with the structure of a group, such that
the multiplication map m : G x G — G : (g1, 92) — g192 and the inverse map 1 : G — G : g+ g~}
are morphisms of varieties.

DEFINITION 2. A G-variety is a variety equipped with an action of the algebraic group G,
a:GxX —X:(g,2)—g-x,
which is also a morphism of varieties. We then say that o is an algebraic G-action.

Let K be our ground field, which is assumed to be algebraically closed. Let Z = {21, 29,...} =
= {z; : i € I} be a finite or a countable set of variables (where I = {1,2,...} is an index set), and
let Z* denote the free semigroup generated by Z, Z+ = Z*\{1}. Moreover let F;(K) = K(Z) be
the free associative K-algebra and F7(K) = K ((Z)) be the algebra of formal power series in free
variables.

Denote by W = (Z) the free monoid of words over the alphabet Z (with 1 as the empty word)
such that |W| > 1, for [W| the length of the word W € Z+.

For an alphabet Z, the free associative K-algebra on 7 is

K <Z> = @WEZ*va

where the multiplication is K-bilinear extension of the concatenation on words, Z* denotes the free
monoid on Z, and KW denotes the free K-module on one element, the word W. Any element
of K(Z) can thus be written uniquely in the form

oo
§ § Qi ig,... i Ri1 Fig « + = Rigs

k=011,...,ir €1

where the coefficients a;, ;,, ... i, are elements of the field K and all but finitely many of these elements
are zero.

In our context, the alphabet 7 is the same as the set of algebra generators, therefore the terms
"monomial"and "word"will be used interchangeably.

In the sequel, we employ a (slightly ambiguous) short-hand notation for a free algebra monomial.
For an element z, its powers are defined as usual. Any monomial z;, 2;, ... z;, can then be written
in a reduced form with subwords zz ... z replaced by powers.

We then write

k

I _ i1 2 i
Z=z5%0 .2

where by I we mean an assignment of ij, to jj in the word z/. Sometimes we refer to I as a multi-
index, although the term is not entirely accurate. If I is such a multi-index, its abosulte value |I|
is defined as the sum i1 + - - - + 7.

For a field K, let K* = K\{0} denote the multiplicative group of its non-zero elements viewed
as an algebraic K-group.

DEFINITION 3. An n-dimensional algebraic K-torus is a group
T, ~ (K*)"

(with obvious multiplication).
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Denote by A™ the affine space of dimension n over K.
DEFINITION 4. A (left) torus action is a morphism
o:T, x A" — A™.
that fulfills the usual azioms (identity and compatibility):
o(l,x) =z, o(ti,o(te,z)) = o(tite, ).
The action o is effective if for every t # 1 there is an element x € A" such that o(t,x) # x.
In [3], Biatynicki-Birula proved the following two theorems.
THEOREM 1. Any regular action of T,, on A™ has a fized point.

THEOREM 2. Any effective and regular action of T,, on A™ is a representation in some coordinate
system.

The term '"regular"is to be understood here as in the algebro-geometric context of regular
function (Bialynicki-Birula also considered birational actions). The last theorem says that any
effective regular maximal torus action on the affine space is conjugate to a linear action, or, as it is
sometimes called, linearizable.

An algebraic group action on A™ is the same as an action by automorphisms on the algebra
Kz, ..,z
of global sections of the structure sheaf. In other words, it is a homomorphism
o: T, = AuwtK[zy,...,z,].

An action is effective iff Kero = {1}.
The polynomial algebra is a quotient of the free associative algebra

F,=K(z1,...,2n)

by the commutator ideal I (it is the two-sided ideal generated by all elements of the form fg—gf).
From the standpoint of Noncommutative geometry, the algebra I'(X, Ox) of global sections (along
with the category of f.g. projective modules) contains all the relevant topological data of X, and
various non-commutative algebras (PIl-algebras) may be thought of as global function algebras over
"noncommutative spaces". Therefore, noncommutative analogue of the Bialynicki-Birula theorem
is a subject of legitimate interest.

In this short note we establish the free algebra version of the Biatynicki-Birula theorem. The
latter is formulated as follows.

THEOREM 3 (Main Theorem). Suppose given a reqular action o of the algebraic n-torus T,, on
the free algebra F,. If o is effective, then it is linearizable.

The linearization problem, as it has become known since Kambayashi, asks whether all (effective,
regular) actions of a given type of algebraic groups on the affine space of given dimension
are conjugate to representations. According to Theorem 3, the linearization problem extends to
the noncommutative category. Several known results concerning the (commutative) linearization
problem are summarized below.
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1. Any effective regular torus action on A? is linearizable (Gutwirth [8]).
2. Any effective regular torus action on A™ has a fixed point (Bialynicki-Birula [3]).
3. Any effective regular action of T,,_; on A" is linearizable (Bialynicki-Birula [4]).

4. Any (effective, regular) one-dimensional torus action (i.e., action of K*) on A3 is linearizable
(Koras and Russell [14]).

5. If the ground field is not algebraically closed, then a torus action on A™ need not be
linearizable. In [1], Asanuma proved that over any field K, if there exists a non-rectifiable
closed embedding from A" into A", then there exist non-linearizable effective actions of
(K*)" on A for 1 <r < 1+ m.

6. When K is infinite and has positive characteristic, there are examples of non-linearizable torus
actions on A" (Asanuma [1]).

REMARK 1. A closed embedding v : A™ — A" is said to be rectifiable if it is conjugate to a linear
embedding by an automorphism of A™.

As can be inferred from the review above, the context of the linearization problem is rather
broad, even in the case of torus actions. The regulating parameters are the dimensions of the torus
and the affine space. This situation is due to the fact that the general form of the linearization
conjecture (i.e., the conjecture that states that any effective regular torus action on any affine space
is linearizable) has a negative answer.

Transition to the noncommutative geometry presents the inquirer with an even broader context:
one now may vary the dimensions as well as impose restrictions on the action in the form of
preservation of the Pl-identities. Caution is well advised. Some of the results are generalized in a
straightforward manner — the main theorem of this paper being the typical example, others require
more subtlety and effort (cf. 2 and the discussion at the end of the note). Of some note to us, given
our ongoing work in deformation quantization (see, for instance, [12]) is the following instance of
the linearization problem, which we formulate as a conjecture.

CONJECTURE 1. Forn > 1, let P, denote the commutative Poisson algebra, i.e. the polynomial
algebra

K[Zl, . ,ZQn]

equipped with the Poisson bracket defined by

{2i:2j} = Ginvj = ditn,j-
Then any effective reqular action of T,, by automorphisms of P, is linearizable.

It is interesting to note that the context of Conjecture 1 admits a vague analogy in the real
transcendental category (with P, replaced by an appropriate algebra of smooth functions, cf. for
instance the work of Zung [16]). Although the instances of the linearization problem we consider in
this note, as well as the original theorem of Biatynicki-Birula, are essentially of complex algebraic
nature, it may be worthwhile to search for analytic analogues of the real transcendental linearization
(however whether this will give a feasible approach to Conjecture 1 is unclear, the hurdles being
significant and fairly obvious).
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2. Proof of the Main Theorem

The proof proceeds along the lines of the original commutative case proof of Biatynicki-Birula.
If o is the effective action of Theorem 3, then for each ¢ € T,, the automorphism

o(t): F, — F,

is given by the n-tuple of images of the generators 21, ..., z, of the free algebra:
(filt,z1, oy zn)s ooy [ty 21,0y 20)).
Each of the fi,..., f, is a polynomial in the free variables.

LEMMA 1. There is a translation of the free generators
(21,-y2n) = (21— €1y oy 20 — ), (¢ € K)
such that (for all t € T,,) the polynomials fi(t,z1 — c1,...,2n — ) have zero free part.

Proor. This is a direct corollary of Theorem 1. Indeed, any action o on the free algebra induces,
by taking the canonical projection with respect to the commutator ideal I, an action & on the
commutative algebra K[xy,...,z,]. If o is regular, then so is 6. By Theorem 1, & (or rather, its
geometric counterpart) has a fixed point, therefore the images of commutative generators x; under
a(t) (for every t) will be polynomials with trivial degree-zero part. Consequently, the same will hold
for c. O

We may then suppose, without loss of generality, that the polynomials f; have the form

n n N
fi(t, 21y .- ,Zn) = Z aij(t)zj + Z aijl(t)zjzl + Z Z au(t)z‘]
=1 =1 k=3 J,|J|=k

where by 27 we denote, as in the introduction, a particular monomial

zfllzf;? e
(a word in the alphabet {z1,...,2,} in the reduced notation; J is the multi-index in the sense
described above); also, N is the degree of the automorphism (which is finite) and a;;, aij, . .. are

polynomials in t¢1,...,t,.

As oy is an automorphism, the matrix [a;;] that determines the linear part is non-singular.
Therefore, without loss of generality we may assume it to be diagonal (just as in the commutative
case [3]) of the form

diag(¢y" ...ty Lot ).

Now, just as in [3], we have the following
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LEMMA 2. The power matriz [m;j] is non-singular.

PrOOF. Consider a linear action 7 defined by
T(t) : (21,0 2n) = (B ot 2y, Mt 2y, (B, tn) € T

It 71 C T, is any one-dimensional torus, the restriction of 7 to Ty is non-trivial. Indeed, were it to
happen that for some T1,
T(t)z =2, teTi, (z=(21,.-.,2n))

then our initial action o, whose linear part is represented by 7, would be identity modulo terms of
degree > 1:

a(t)(zz) =z; + Zaijl(t)zjzl + -
7,0

Now, equality o(t?)(z) = o(t)(o(t)(2)) implies

o(t)(o(t)(z) = o(t) | zi + Y aj(t)zjz + -

gl

=z + Z a1 (t)zi2 + Z aii(t)(z + Z ik (8) 2k 2m + -+ )
gl Jl

km

(zl _|_ Z alk,m,(t)zk,zm, + e ) _|_ e
k'm/

=z + Zaijl(tQ)zjzl + -
4l
which means that

2a;(t) = aijl(tQ)

and therefore a;;;(t) = 0. The coefficients of the higher-degree terms are processed by induction (on
the total degree of the monomial). Thus

o(t)(z) =2 teT

which is a contradiction since o is effective. Finally, if [m;;] were singular, then one would easily
find a one-dimensional torus such that the restriction of 7 were trivial. O
Comnsider the action

p(t) =7(t7") o o(t).
The images under ¢(t) are
(91(2:1), -1 gn(2,1), (= (t1,... 1))

with
gi(z,t) = Zgi7ml,__m7L(z)tT1 Sttt omy, ., my, € Z.

Define G;(z) = gip..0(2) and consider the map 5 : F,, = F),,
Bz, 20) = (Gi(2),. .., Gu(2)).

LEMMA 3. 8 € Aut F,, and
B=r1(t"1)opBoal(t)
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ProOF. This lemma mirrors the final part in the proof in [3]. The conjugation is straightforward,
since for every s,t € T,, one has

p(st) =(t7's oa(st) =7t or(sT) oa(s)oo(t) =7(t™") o p(s) o o(t).

Denote by F, the power series completion of the free algebra F),, and let 6, 7 and ﬁ denote
the endomorphisms of the power series algebra induced by corresponding morphisms of F,,. The
endomorphisms &, 7, 8 come from (polynomial) automorphisms and therefore are invertible.

Let R
ﬂ_l(zZ )=B sz 527

(just as before, z”/ is the monomial with multi-index J). Then
Bor(t)of (z) = Bi(t .. 4Gy (2), ... 4T TG (2)).

Now, from the conjugation property we must have

B=6(t"")oBor(t),

therefore 6(t) = Bo 7(t) o 37! and

Zbu ¢ )T ()i G ()
here the notation G(z)” stands for a word in G;(z) with multi-index .J, while the exponents j1, ..., jn
count how many times a given index appears in J (or, equivalently, how many times a given

generator z; appears in the word z7).
Therefore, the coefficient of &(t)(z;) at z” has the form

bi g (71 ) () S
with S a finite sum of monomials of the form

A (- L LN (I U T

with (j1,...,Jn) # (Li,...,ly). Since the power matrix [m;;] is non-singular, if b;, J # 0, we can
find a t € T, such that the coefficient is not zero. Since ¢ is an algebraic action, the degree

Sl;p deg(o)
is a finite integer N. With the previous statement, this implies that
b,y =0, whenever [J| > N.
Therefore, B;(z) are polynomials in the free variables. What remains is to notice that
= Bi(G1(2),...,Gn(2)).

Thus § is an automorphism. O
From Lemma 3 it follows that

rt)=B"too(t)op

which is the linearization of o. Theorem 3 is proved.
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3. Discussion

The noncommutative torus action linearization theorem that we have proved has several useful
applications. In the work [13] (cf. also [7]), it is used to investigate the properties of the group
Aut F,, of automorphisms of the free algebra. As a corollary of Theorem 3, one gets

COROLLARY 1. Let 6 denote the standard action of T,, on K|x1,...,z,] — i.e., the action
Or : (1, ... xn) = (L1217, ..., tnTy).

Let 0 denote its lifting to an action on the free associative algebra Fy,. Then 6 is also given by the
standard torus action.

This statement plays a part, along with a number of results concerning the induced formal
power series topology on Aut F,,, in the establishment of the following proposition (cf. [13]).

PROPOSITION 1. When n > 3, any Ind-scheme automorphism ¢ of Aut(K(x1,...,x,)) is
mnner.

One could try and generalize the free algebra version of the Bialynicki-Birula’s theorem to other
noncommutative situations. Another way of generalization lies in changing the dimension of the
torus. In a complete analogy with further work of Bialynicki-Birula [4], we expect the following to
hold.

CONIECTURE 2. Any effective action of T,_1 on F,, is linearizable.

On the other hand, there is little reason to expect this statement to hold with further lowering
of the torus dimension. In fact, even in the commutative case the conjecture that any effective toric
action is linearizable, in spite of considerable effort (see [9]), proved negative (counterexamples in
positive characteristic due to Asanuma, [1]).

Another direction would be to replace T by an arbitrary reductive algebraic group, however the
commutative case also does not hold even in characteristic zero (cf. [15]).

It is also a problem of legitimate interest to obtain the proof of Conjecture 1 — i.e. to resolve
the linearization problem of the regular action of the n-dimensional torus on the group Sympl(k%")
of polynomial symplectomorphisms of the 2n-dimensional affine space (k is a field of characteristic
zero). One could hope to utilize the latter result in order to obtain a description of the space of
Ind-scheme automorphisms of Sympl(k2") along the lines of [13]. This space plays a prominent role
in the study of quantization of symplectomorphisms, initiated by Kanel-Belov and Kontsevich [2],
where the characteristic zero isomorphism between the group of automorphisms of the n-th Poisson
and Weyl algebras has been posed as the main conjecture (Kontsevich conjecture). Recently, the
first, the second and the fourth named authors have proposed a proof of this conjecture [10, 11].
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