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AnHOTanusa

Jlokazana TeopeMa 0 CpeHeM JJIS TPUTOHOMETPHIECKUX CYMM Ha ITOC/IeI0BATETLHOCTH MHO-
TOYJIEHOB OMHOMHUAIHHOTO TuMa. Kak m3BecTHO, Kaaccuueckas Teopema 1. M. Bunorpamosa o
cpeaaeM [10] oTHOCHTCS K TIOC/IEI0BATEIBHOCTH MHOTOWIeHOB Bruaa {x™,n > 0}. BaxubiM npu-
JIOKEHUEM HANIEHHOU TeOPEeMbI O CPeIHEM sIBJISIOTCS OIEHKH CYMM BHUIA

Z esz(m)’f(m) = Z%pk("ﬁv
k=0

m<P

rae pi(x) — moCenoBaTeIbHOCTD MEJO3HAYHBIX MHOTOYJIEHOB OMHOMUAIBLHOTO THUIIA, a Habop
qucen (g, ..., Q,) IpeacTaBisger coboii ToUKy n-MepHoro eauaudHoro Kyba Q : 0 < aq,...,
a, < 1.

Karwuesve caosa: reopema M. M. BunorpamgoBa o0 cpegHeMm, MOCJIEA0BATEIbHOCTh MHOTO-
YJIEHOB OMHOMHUAILHOTO THIIA, MHOrO4YIeHbl Abess, Jlareppa, HUXKHIE U BepxHue (paKTOpUaJIbI,
9KCITOHEHITHAILHBIE MHOTOUJICHBI.
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Abstract

The mean-value theorem for trigonometric sums on the sequence of binomial type
polynomials was proved. As known, the classical I. M. Vinogradov mean-value theorem belong
to the sequence of polynomials of the form {z™ n > 0}. Estimates of sums of the kind

ST fm) = arpr(m),
k=0

m<P

are the important application of the finding mean-value theorem. Here py(z) is the sequence
integer-valued polynomials of the binomial type, but a set of numbers (aja;,. .., a;,) represents
a point of the n-fold unit cube Q: 0 < aq,...,a, < 1.
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1. BBenenue

IIpenmerom HacTodIIEit CTaThU, C OJHONW CTOPOHBI, SABJISIOTCS MOCJIEI0BATEILHOCTH MHOTOMIE-
HOB, BOBHUKAOIIIX U3 TEPEINCTUTETbHBIX 33721 KOMOMHATOPUKHY U KJIACCHIECKOTO UCIUCTIEHUST KO-
HEYHBIX PA3HOCTEH B YMCJIEHHOM aHaau3e (MHTePHossnust, KBagparypable dpopmyssl) [6, 9]. C apy-
ro#f CTOPOHBI, B OCHOBE CTATbU JIEXKAT AINTHUBHBIE 33JaYl TEOPUU YUCEJ, B COBPEMEHHOM H3JI0-
JKEeHUM KOTOPBIX BBIJAIOINIYIOCSI pOJib urpaer ‘kpyrosoit meron I. Xapmm — JIx. JluttiByma —
C. Pamanymxkana B ¢opme Tpuronomerpudeckux cymm M. M. Bunorpanoea”. B uenrpe meroma
TPUIOHOMETPUIECKUX CyMM Haxoaurcsi reopema V. M. Bunorpasosa o cpejuaem [10].

[TycTs 3ajana MOCIEI0BATEIBHOCTE MHOTOUWICHOB {py(2)}, yaoBaersopsiomas opu n > 0 pa-
BEHCTBAM

ple ) =3 (Z)pm)pn_k(y),

k=0
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npuuéM TOYHAsA CreneHb pp(r) paBHa n, a Ko3ddunuent npu crapmeii crenenn pasen 1. Takyio
HOC/IeJ0BATEILHOCTD { Py, () } HA3BIBAIOT MOC/IEI0BATEILHOCTHIO MHOTOYIEHOB BUHOMUAILHOTO THIIA,
[9, 1, 3, 4, 7].

IIpuseném npumepsl. [locieq0BaTeIbLHOCTH TOYHBIX CTEICHENH
n
pn(f) = an Z 07
umeem 6unom Hetorona (cm., Hanpumep, [14], reopema 1, c. 33)

(x+y)" = zn: <Z> wryh

k=0

HUXKHUX (haKkTOpHUa/IOB
pn(x)=(x)py=xz(z—1)...(zx—n+1),n>1,p(x) =1,

1o uHyKnuu Haxoaum dopmyiay Banjgepmonga (cMm., Hanpumep, [6], c. 18)

Pori(@+y) =@ +y—n)pa(z+y) = (@+y—n) ) <Z>pk(w)pnk(y) =

k=0
_ 1;0 (1) - Pt + k; (1 )peta) o=+ Bpacst) =
_ k; () pesa(olpucst + k; (1)) =

)3 <kn >Pk(9:)pnk+1(y) + n <Z>pk(x)pnk+l(y) )

N -1
k=1 k=0
n+1

23 (”Z 1)pk<x>pn_k+1<y>;

BepxHUX (hAKTOPUAIOB
pn(z)=(z)"=2(x+1)...(x+n—-1),n>1,py(z) =1,

AHAJIOTUYHO IPEAbIAYIINEMY JIOKA3bIBACTCs, 9YTO 9Ta HOC/JICJ0BATEC/IbHOCTH MHOI'OYJICHOB OTHOCUTCA
K OMHOMMAIBLHOMY THITY;
MHOTOWIeHOB Abens [2, 7|

pn(l') = x(.’L' - an)n_17n Z 170/ € R,po({[j) = 1)

9KCIIOHEHITUAIBHBIX MHOTOWICHOB ||

pn(x) = s(n, k:)a:k,n > 1,po(z) =1,
k=0

rae s(n, k) — ancaa CtupsauHra BTOPOTO pojia, OMpeIesieMble COOTHOIIEHTEM

n

(B =Y s(n,k)tF,n > 1, (t)g =" = 5(0,0) = L;
k=0
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MHOTOUIeHOB Jlareppa
n
n!(n—1
L) =3 1 (121 )tz o
k=0

SABJISIIOTCA MOCAEI0BATEILHOCTAMI MHOTOUWICHOB OMHOMUAILHOIO THUIIA.
TEOPEMA. Ilycts p,(x) — mocieqoBaTesbHOCTh MHOIOYJIEHOB GHHOMHAJILHOTO THIIA, IYCTh
J = J(P;n,k,\) — uncno peniennii cucrempl JuohaHTOBBIX yDaBHEHHI BHIA

2k

> (~Dipi(a) = M1 <k <, W)
j=1

rae HemspecTHsle xj,1 < j < 2k, npoberaror 1esple 3HaYeHHd B 1pejgenax or 1 jgo P, a npapole
wvacrn ypasHennii A\(k) sSBJASIOTCS MOCTOSIHHBIME U MOTYT IIPHHAMATH JIIOOBIE [[€/IbIe 3HAYCHHUS.
Torma npu k > nt, 7 > 0, cupaBeiuBa OIE€HKA

ngxfﬂﬂ”A“LA@j:7“"+l)(1—(1—1>T).

2. O6mue jJeMMbl

JIEMMA 1. Hmeenm

1 1
1)J(Pin,k, A) / / [S(A)PE e=2miladit M) o dag,
0 0

e
A) =3 D f(2) = arpy(@) + -+ + npa(a);
<P

2)J(P;n,k,A) < J(P;n,k,0)=J; J<P* J(P;n,k—kp,0);
3)> J(Psn, k,A) = P || < kP(140(1)),...,[An| < EP™(1+ o(1));
A

4)[S(A \Qk ZJ Pi;n,k,N)e 2mi (e A+ +o<n)\n)
A

5)J(P;n, k,0) > (2k)~" P05 (1 4 o(1)).

JOKABATEILCTBO [15], c¢. 139-140.

Jlagee HabOp wHUCET X1, T3, . . . , Tok—] HAZBIBAIOT PETYASPHBIM IO MOYJIIO (¢, €CJIN PAHT MATPHUITHI
pi(z1) ... pi(wor—1)
pn(z1) ... pn(T2p-1)

paccMaTpuBaeMoil 0 MOIYJIIO ¢, SIBJISIETCS MaKCUMaJIbHBIM. B IpoTHBHOM ciiyuae HaOOp HA3LIBAIOT
CUHIYJISTPHBIM.

JIEMMA 2. a) ITycre 21, . . ., o, — pemenne cucrembl ypasaennii (1). Torga arst mo6oro meaoro
qncsa a Habop duces x1 + a, ..., Tog + a, TaAKKe SIBJITETCS PENIeHHeM CHCTeMbI ypaBHeHwmii (1).

6) Iycrs mabop aucen ri,s,...,Top 1 ABIAETCS PETYVISPHBIM (CHHIYISAPHBIM) MO MPOCTOMY
monyiaro q. Torma mas jroboro megoro 4uciaa a HaboOp ducea 1 + a,x3 + a...,Top_1 + G, TaKxKe
SIBJISIETCST PETYJASPHBIM (CHHTYJIIPHBIM) 110 MOJYJIIO .
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JIOKABATEJIBLCTBO. Nmeem

2k ‘ 2k l I l 2k
Z(_l)Jpl(xj +a) = Z J Z <S>ps x] ps(a Z < ) Z(_l) ps(l“]) 0
7=1 j=1 s=0 s=0 j=1

Tem cambIM JIOKA3AHO YTBEPKJICHNE A).
YTBepxKaeane 6) caeyeT u3 TOro, ITo MOC/Ie BBIYUTAH JHHEHHOM KOMOUHATINN CTPOK MAaTPHUIA,

pi(z1) ... pi(zop—1)
Pn(lﬁl) cee pn($2k—1)
IPUBOANATCA K MaTpuie Bammepmonma.

3. JlemMma o 4umcJie pellleHuil MOJIHON CUCTEMbI CpaBHEHUI

JIEMMA 3. Ilycrs p — npocroe uncio, {p,(x)} — mocregoaregsbHOCTs MHOMOY/IEHOB GHHOMH-
aapHOro THHa, T — 4YUC/I0 pemeHnii CHCTEMBI CPABHEHHI BHIA

pr(@1) + - +p@n) =p1(y1) + -+ +pi(yn) (mod p),

o (2)
pi1(z1) + -+ p@n) =pn(yr) + -+ pu(yn) (mod p"),

IJ[€ HeU3BECTHBIC T1, ..., Ty, Yl - - -, Yn HTPOOETAIOT IMOJHYIO CHCTEMY BBIYETOB 110 MOIY/0 P U Ha-

60p uuces Ti,...,Tn YJAOBJETBOPSIET YCJOBHIO DEryjaspHOcTH rmo mojayito p. Torma mmeer mecto

ci1eIyIoIee HepaBeHCTBO
T < n|p2n270,5n(n+1)

B wacrroCTH, TA XK€ ONEHKA CIPABEATUBA JJIs TOCIeA0BATETBHOCTH MHOTOY/ICHOB Py () = 2™, n >0,
6uHOMHUAJIBLHOrO THIA. /lokaszamesvcmeo. BymeMm cauTaTh, 9TO p > 1, TaK KaK B IPOTHBHOM CJIyYae
HeT HADOPOB X1, ...,Tyn, YAOBJETBOPSIOIINX YCIOBUI DPETYJSIPDHOCTH TI0 MO/ p. PaccMmorpum
0 < z5,ys < p",1 < s < n. 3anmieM Kazk10e HEM3BECTHOE B P-aIndecKoil (popme

n—1

Ts = sz,up'uyys = Zys,,upuvo < Tspus Ysp < Py S = 1,...,n
=0

OnenuM cBepxy 4ucjo perrenuii Ty cUCTEMbI CpaBHEHUN

p1(z1,0) + -+ pi(xno) =p1(yio) + - +p1(yno) (mod p),

Pn(21,0) + - + Pu(Tn0) = Pn(y1,0) + -+ Pn(Yno) (mod p),

JITST 9€T0 OMYCTUM YCJIOBUE PErYASPHOCTH IO MOY/IIO P HA MEPEMeHHbIe Xg, 1 < 5 < n.
Nnmeem Ty < nlp". HeiictBuTensro, 3adukcupyeM aroboit #a6op 0 < y10,...,Yno0 < p. Torma
npu HEKOTOPBIX Ag, 1 < s < n wabop 0 < x1,..., T, < P ABJILETCS PEIHICHUEM CUCTEMbI CDABHEHUNT

p1(z10) + - +pi(zpo) =M1 (mod p),

pn(xLO) + e ‘|'pn<xn,0) =\, (mod p),
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Yucno perienuii 310l CUCTEMBI HE IPEBOCXOAUT 7!,
Hanee mpu n — 1 > v > 1 nomoxuM

v
v
Us,y = § puxs,,u =Usp—1 1+ P Tsp, 1<s<n.
n=0

U3 cucremel cpaBHenwuii (2) ciemyer, uro Jro6oe eé pemmenne Ts, 1 < § < n, ¢ yCIOBHEM PEryIsiPHOCTH
0 MOZYJIIO p TIpu JIIOOBIX (DUKCHPOBAHHBIX Ys, 1 < § < N, W OPU HEKOTOPBIX Ag, 1 < s < n,
VIOBJIETBOPAET CJEIYIONE cucTteMe cpaBHeHnit W, Buma

pu(ul,y) +- pu(un,u) =\ (mOd pqul)’

pn(ul,u) + -+ pn(un,u) =\ (IIlOd pV—H)v

O603HauuM aucio eé pemennii cumsosiom T'(W),).
Baduxcupyem mr060e pemmenne us ,—1,1 < s < n cucremsl cpasuennit W, 1. [loxyaum yciosna,
KOTODBIM JIOJIZKHBI YIOBJIETBOPATD P-aJUUECKNe KOOPIUHATH T ,, 1 < s < n. Haxogum

pt(us,u) = pt(us,u—l) +pyp:‘,(us,1/—1)xs,u (HlOd py+1>7 v+1<s<n.

Takum 06pazoM mpu HEKOTOPBIX A, v 4+ 1 < t < n, NpuxoaUM K CHCTEMe CPaBHeHMt

n
Zp;f(us,u—l)ws,u = £7V +1 <t< n, (3)
s=1

DY YCJIOBHH, 9TO Us,—1,1 < § < M, YAOBIETBOPSIOT YCJIOBUIO PETYISIPHOCTH IO MOJYJIIO P.
IMycrs T, oboznauaer aucio eé pemenuii. Torna T(W,) < T,T(W,_1). Cucrema cpasuennii (3)
9KBUBAJICHTHA CJICYIONIEH cUcTeMe CpaBHeHU:l

n

Zp;(xs,O)xs,u =)\, (modp),r+1<t<mn, (3).
s=1

[TockoABKY CTPOKN MaTPHITEI

/ /
Por1(@10) - Puy1(Tno)
Po(roy - PulTno)
JIMHEHHO HE3aBUCUMBbI 110 MOAY/II0 P (yCI0BUE PETyIAPHOCTH), UMEEM CIeaytonlyto onenky 1, < p”.
CrenoBaresibHO,
n—1
2 2
T<p"Ty...Th_1<n! H P’ = nlp?" —0.5n(n+1)

v=0

Jlemma gokazaHa.

4. PeKyppeHTHOE HEPABEHCTBO

JIEMMA 4. Ilycte n > 2,k > 2n, P > 1,J(P;n,k) — 4uciao pemreHnii cucreMbl quoghanTo-
Boix ypasuenuii (1). Torga cymecrsyer ancao p taxoe, aro PY/" < p < 2PV u cupasemmuso
HEPaBeHCTBO

J(P; n, k) < 2]€2np2(k_n)+2n2_0’5n(n+1)J(Pl; n,k — n) + 22”2+1n2kP2(”_1),
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e P = Pp~t 4+ 1.

JTOKABATEILCTBO. Teopema ouesmano crnpasesmsa npu P < 2"n?", H0CKOIBKY BTOpOE CJIa-
raeMoe B HEPABEHCTBE YTBEPXKJICHHUA JIEMMbl HPEBOCXOLUT P2k, [Tosromy B gambaeiimem Oyaem
cunTarh, uro P > 2"n?. Torga Ha oTpeske [Pl/ n opl/ "] 6yzeT HAXOAUTHCS HE MEHEee N Pa3JInIHBIX
TIIPOCTBIX YHUCET: P1 < P2 < -+ < Dp.

Barmmem seanuanny J(P;n, k) B ciegyromem Buje

1 1 2k
J(P;n, k) = / / > ermieanilittonen@)| - day L doy, =
0 0

z<P

1 1 2
_ / / 3 L YD rFE) @)t Feae)| day L day,
0 0 —i=

e

Bce mabopwr x1,23,...,Tok_1 pPa306béM Ha JIBe cOBOKymHOCTH A n B. B mepByi COBOKYIHOCTH
A orHecéM Te M3 HHUX, KOTOPLIE XOTS OBl IpH OJHOM pg, 1 < s < n, VIOBJIETBOPSIOT YCJIOBUIO
PEryJIsIpHOCTH 0 MOV pg = p. OcTaibHbie HADOPBI OTHECEM KO BTOPOit coBokymHocTr B. Torma
B IOHATHOU CUMBOJIMYECKON 3aIlUCh UMeeM

1 1 2
J(P;n,k):/---/ Y| don..day <200+ 2,
0 0

A B
rae

1 1 2 1 1 2
le/.--/ S| day ... dom, JQZ/.../ S| day ... don,.
0 o I A o | B

0

Tepeiiném x onenke J;. Cosokynnoctsh A HAOOPOB X1, T3, ..., Tok_1 Pa300bEM HA N HEmepece-
KAIOIINXCS IMOACOBOKYNHOCTEH A1,..., A, B COOTBETCTBHH C YHCIOM Ps, 1 < s < n, 00 KOTOPOMY
HabOp X1, T3, ..., Tok_1 ABIIETCI PETYISPHBIM II0 MOIYIIO ps. Ecim HADOp ABISIETCS pPeryIspHbIM
JJIA HECKOJIBKUX Dg, TO OTHeCéM €1ro0 B HO,Z[COBOKyHHOCTb C HAaUMEHBIITUM U3 TaKUX S. I/IMeeM

1 Ly, 2 | 1 2
J1:/~--/ ZZ dal...dan§n2/~~/z doy ... day, < n?Jy,
0 0 =lo 0

s=1 Ag s= As

rae Jy obozHagaer Hanbosbiliee M3 3HAUEHUI WHTErPAIOB

1 1 2
//Z dal...dan,p2p57As:A0-
0 0

As
[Mockonbky HAGOP T1,23, ..., Tok_1 ABAIETCA PETYAIPHBIM IO MOIYJIIO P, HAHyTCa B 9TOM HabOpe
N 9UCET Tjy, Tjyy - - -, Tj,, TAKHX, ITO ONPEICTUTETb MATPHIII
pi(zj) pi(z),) p1(@;,)
pQ(le) P2 (sz) p2(x]n)
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OTJIMYEH OT HY/JIsI IO MOYJII0 p. be3 orpanwdenuns oOIITHOCTH MOYKHO CIUTATE, 9T0 j1 = 1,j2 = 3, ...,
Jn = 2n — 1, TaK KaK [EPECTAHOBKA CTOJIOIOB MAaTPHUIlLl HE BJMSET HA CIPABEIIUBOCTb YCJIOBUS
perymgprocTr 0 MOAYI0 p. ClIenoBaTebHo,

Jo < (712)2/1/1 O >y Y 2da1...dan,

1 Z3 T2n—1 T2n+1 T2k—1

rJe MTPpuX B 3HAKE CyMMbl O3HAYa€T, 9TO CYMMUPOBaHNE 110 COOTBETCTBYIOIIUM NEPEMECHHBIM OT-
BEYAET YCJOBUIO PErYJSPHOCTH 0 MOJYJIIO P, & CYMMUDPOBAHUE 110 IEPEMEHHBIM Xop 41, - - -, L2k—1
BEeJETCS TIO CILIOITHBIM TTPOMeEXKyTKaM oT 1 1o P.

IIpencrasum xj,7 =2n+1,...,2k — 1, B BUZIE

xj=yj+pzj,1<y; <p,0< 2z < Pp?

Torna

2 2 2 2(k—n)

S 3D 3D ST i1 3 SN SEH) Sy

Ao r1 x3 T2n—1 T2n+1 T2k—1 r1 x3 Ton—1 y=1z<Pp—1

Bocnonb3yemca nepaserncrsom 'énbaepa. Haxogum

, 2 » 2 2(k—n)
(k—m) /

>| = Z D> 2V | X

Ao =1| z1 a3 Toan—1 2<Pp-1
Orcrona nmeem

1 2(k—n)
Jo < (n) 20 e Jog, Jo = / / YTy Z dou ... dov,
X1 xr3 T2n—1 4

Benmunna murerpana Jyg paBHA OpU HEKOTOPOM Yy = Yo YHCJAY PEIICHHH CJIETYIOMEH CHCTeMBI

JnopaHTOBBIX ypaBHEHM

2n 2k
S (—1pile) = S (~Dipilyo+pz), 0<t<n,
=1 j=2n+1
rJie HEU3BECTHBIE T1, X3, ..., L2n—1 YJIOBJIETBOPAIOT YCJIOBUIO PErYASPHOCTH 110 MOJIYJIIO P, & HEU3-

BecTHBIE 2j,2n + 1 < j < 2k mpoberaioT CIIONIHBIE IPOMEXKYTKH IE/IbIX YUCeT OT Hysd JI0 Pp—1.
[To nmemme 2 ¢ coxpaHeHUWEM YCJIOBUS PETYISPHOCTH PEIIEHUs TPEIBITYINell CUCTeMbl ypaBHEHMI

ABJIAIOTCA PEIIeHUSAMU CJIEAYIOEed CUCTEeMbl YyDaBHEHUIT

2n 2k
Z( 1 pi(xj — yo) = Z (=1)pi(pzj), 0<t<mn,
j=1 j=2n+1

Orcioza nMeeM 9KBUBAIEHTHYIO CHCTEMY YDPaBHEHM

2n

2k
S (=1 —yo) =p" Y (-1)2h, 0<t<n, (4)

j=1 Jj=2n-+1
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Oycre J*(Pp~t;n,k —m, A) obo3Hauaer 4ncio pemrenuii CuCTeMbl ypaBHeHU T BI/Ia
2k
Z (—1)325- =X, 0<t<m,

j=2n+1

rae A — Habop bUKCHPOBAHHBIX IeJabIX dnceld Ay, 0 < ¢ < n, a HeU3BeCTHBIE 2; M3MEHSAIOTCS B
npegenax 0 < z; < Pp~loan4+1< 7 < 2k. Torma u3 nemmbr 1 mosmyanm

J*(Pp~tin,k—m,A) < J(Pptin,k —m,0) = J; (Py;n, k —m,0) =

:J(Phn’k_m?()):J(P17n7k_m)7

rae Ji(Pi;n, k —m,0) — 4uciio perenuit npeapliyIneii CHCTeMbl ypaBHEHNi, HO HEU3BECTHbIE 2 B
Heil TpoberatoT 1esble 3Haderns oT 1 g0 Pj.
CrnepoBarenbHo, U3 cucreMbl ypasHenuit (4) nmeem

Joo < TJ(Pi;n,k —m).

amee, TOCKOJBKY
2
T < n!an 70,5n(n+1)7

HaXOOUM
2 k22kz 2n2—-0,5 1 on, 2(k 2n2—-0,5 1
Ji<n n‘<n> p2(k—n)+2n"=0,5n(n+ )J(Pl;n,k—n) < 2 p2h—n)+2n°=05n(n+ )J(Pl;n,k—n).

Tepeiiném k omenke Jo. Omnennm uwmcmo U asiementoB B coBokynuocTH B. Habop dmcen

T1,T3,...,Tok_1 OTHOCUTCA K COBOKYIMHOCTH B, ecim npu k > n marpuna
pi(z1) pi(zs) ... pi(xor—1)
p2(1) p2(z3) ... pa(xor—1)
pn(fﬂl) pn(l’3) cee pn(I%—l)

uMeeT A7 BCakoro s,1 < s < n, panr mo MOAYIIO ps MeHbImm, dem n. pyrumu cioBamu, Ijs
(s)

o e - S .
BCAKOTO § HalAETCs cBO¥M Habop dmces ¢ ), ...,Cp W3 TIOJIHOW CHCTEMBI BBIYETOB TIO MOJYJIIO Pg
TaKoli, YTO UMEIOT MECTO CPaBHEHUH

chs)pt(xj) =0 (mod ps),z; =xj(ps) (modps),j=1,3,...,2k—1,
t=1

(s) (s)

npruéM He Bce ¢, cpaBHuUMEL ¢ 0 mo Moaymio ps, ¢y’ = 0 nwmm 1. llpn dpukcuposanneix HaboOpax

S o o o
cg ), 1 <t < n, kKaxk10e U3 cpaBHEHUI nMeeT He Gosiee n pernernit. OTCIOA, UCIOIB3Yd KUTAWCKYO

Teopemy 00 oCTaTKaX, HAXOIUM

n
U< ] (2pa7tnb) 27nf Pty gy < U2 < 22 preD,

s=1

Jlemma 4 gokaszana.
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5. /lokazareabcTBO Teopembr 1

IIpoBeném mayknuio mo mapamerpy 7. O4eBHIHO, 9TO yTBepKAeHHe cupaseaymuBo npu 7 = 0.
[Tpeamnonoxkum, 9T0 yTBEPKIEHUE TEOPEMBI KMEET MECTO 1ipu T = M. Jokaxxem ero npu 7 = m+ 1.
Tak xax k > n(m + 1), To u3 memmer 1 Haxomum

J(P;n, k) < P2E=nm+) 5(p.p n(m 4 1)).
BocrosibayeMcst peKyppeHTHBIM HepaBeHCTBOM 13 jieMMbl 4. TTostyunm
J(P;n,n(m+1)) < 2(n(m+ 1))2”p2”m+2”2_0’5”(”+1)J(Pl; n,nm) + 921 +1p2n(m+1) p2(n—1)

rne P =Pp '+ 1.
Ilo npeaionoKeHNI0 HHIYKIIMA UMEEM

J(Pl; n, nm) < D(m)P12nm—0,5n(n+1)+0,5n(n+1)(1—1/n)m.

CrenoBarenbHO,
J(P;n,n(m+1)) < I + I,

e
I = 2(n(m + 1))2nD(m)p2nm+2n2—0,5n(n+1)P12nm70,5n(n+1)+5(m)7 5(m) -0, 5n(n + 1)(1 B 1/n)m’
I, = 22n2+1n2n(m+1)P2(n71)‘

Onennym [. Cumraem, 9to P > (2nm)?, Tak Kak B OPOTHBHOM CJIyHdae yTBED:KICHHE TEOPEMBI
TpuBuayibHO. [Ipeobpazya [, Haxoaum

I, = Z(n(m + 1))2nD(m)p2nm+2n270,5n(n+1)72nm+0,5n(n+1)76(m) «
XP2nm—075n(n+1)+075n(n+1)(l—l/n)m (1 + pP—l)2nm—0,5n(n+l)+0,5n(n+1)(l—l/n)""‘

ITockosbKy
(1 +prl)2nm70,5n(n+1)+0,5n(n+1)(lfl/n)m <e<3,

MTOJTY UM
I < G(n(m + 1))QnD(m)p2n2—5(m)PQnm—0,5n(n+1)+O,5n(n+1)(l—l/n)’” <

< 8(n(m + 1))2n22n2D(m)P2n(m+1)70,5n(n+1)+0,5n(n+1)(lfl/n)m‘H <0, 5D(m + 1)P2n(m+1)7A(m+1).
Onennm I5. Umeem

1'2 — 22n2+1n2n(m+1)P2(n—1) S 0’ 5D(m + 1)P2n(m+1)_A(m+1).

Teopema JToKa3aHa.

6. BeIBoa OoIleHKM CyMMBI TI0 ITOCJI€IOBATEJIHLHOCT MHOTOYJIEHOB Ou-
HOMMAJIBHOTO THUIIA

ITycts ag,1 < s < n, — npousBoJbHBIE AeficTBUTEBHBIE dncaa, ps(x),s > 0, — mocaemosa-
TEJAbHOCTH MHOIOYJIEHOB OumHOMHUAILHOTO THA, P > 1. PaccMoTpuM TPUTOHOMETPUYECKYIO CYMMY
BHUIA

S = Z 2 (@) f(x) = Zn:ozsps(x).
s=1

<P
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Torma crpaBeInBO CACAYIONIEE YTBEPKICHHE.

TEOPEMA 2. Ilycts n, k1, ke — marypaababre uucaa, P > 1,Y > 1 — geficrBure/rpHbIe 9nc/ia,
A, M — nerounciennbie Ha60pbI BUAA (A1, ..., Ap) H (f1, . - -, fin), mpraéM | N | < k1P |pre| < koY,
1 <r <n. Torza

|S|4k1k2 < 24k1k2P2k1(2k2—1)Y2k1 (2k2—1)J(P; n, kl)J(Y, n, kQ)WO + (2y)4k1k2’

i e

Wo=>_

M

Z 627r7lg(M,A)
A

JIOKABATEJIbCTBO. B cymme S npouseesém ¢aBur npoMexxyrka cymmupoBaaus. [loayaum

5 S
,g(M,A) = Zas <t>)\s—tﬂt-
0

s=1 t=

Y
S=YTW 4207, W =) 2@ ] < 1,
y=1z<P
Hamee, nconp3ya HEPaBEHCTBO Lémbiepa, HAX0IUM

2k

Y
‘W|2k1 S Y2k:1—1 Z Z 627Tif(:'ﬂ+y) — Y2k1_1W1.
y=1 [z<P

fetn =Y a3 (),

s=1 t=0

[Ipeotpazyem cymmy Wi, Unmeem

Y Y
Wy < Z Z e27rig(y,/\) _ Z J(p;n, kl) Z e271'z'g(y,A) _ WQ,
y=1l21,....Top; <P A y=1
9y, M) =D ag <i>pt(y))\8—ta
s=1 t=0
2k
A=Y (=1)p(;),0<r <n
7j=1

Buosb, ncnonb3ya HepaBeHCcTBO L€mbiepa, TPUXOINM K OTIEHKE

2ky—1 % 2hz
W2k < (Z J(P;n, m,A)) > J(Pinky A) D et <
A A y=1
v 2%s
< p?Che=1) J(Pip k) Z e I
A |y=1

Cobupast BMecTe COOTBETCTBYIOIIHE caraeMbie B W3, OKOHIATETHHO TTOJLY THM

Z 62m’g(M,A)
A

9

Ws < J(Yin, ko) )
M
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o8 =Y a3 (j) —
s=1 t=0

Teopema 2 noka3zaHa.

B wacruocTn, ecim mosoxuth oy = - -+ = ap—1 = 0, 0y, = @, B Teopeme 2 dyaem nMernb
- 1
Wy < g Hmin 2k P!, ™ an )
i 10 1(}) cvin—tl

rie dbysxnus ||x|| obo3ravwaer paccrosHue 10 OIMKANRIIEro 1eJI0r0 THCaa T .
IIpumenenmne Teopembl 1 B 9TOM Caydae MPUBOAUT K OIEHKE

S| < PP p = —1—,
n?lnn

e v > 0 — HeKoTopas MOCTOSHHAA.

7. 3akjw4yeHue

B nmacrosrmeit pabore gamo obobdimenne Teopembr V.M.BunorpasoBa o cpemmem Ha MOCIEmI0BA-
TeJIBHOCTh MHOTOWIECHOB Pp (), n > 0, GMHOMHAJIBLHOTO THMA, T.€. MHOTOUJICHBI MMEIOT IPECTABIIe-
HUE B BUJIE

i+ =3 (3 ot ),

k=0
3amerum, uro Teopema W.M.Bunorpasosa umeer €0 ¢ mocieaoBaresibHOCTRIO ™, n > 0, 6uHo-
MHUAJIBHOT'O THIIA. Hpe,ZLCTaB.HHeTCH UHTEPECHBIM NOJIYICHNEC HETPUBUAJBHBIX OIICHOK TPUTOHOMET-
pUYECKUX CYMM BHJIA

S = Z 627r2'(a1F1(x)—l—---—&—anFn(:p))’
<P

TJe (v, - . . , Oy, — MPOU3BOJIBHBIE JCHCTBUTETBHBIE YHUCTA, & Fy, (2) — MOCIeJ0BATeIBHOCTD TI€I03HAY-
HBIX MHOTOUJIEHOB.
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