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Abstract

In the last hundred years many significant gravitational phenomena have been predicted and
discovered by General Relativity (GR), which is still the best theory of gravity. Nevertheless,
due to the great observational discoveries of 20th century some (quantum) theoretical and
(astrophysical and cosmological) phenomenological difficulties of modern gravity have been
motivation to search more general theory of gravity than GR. As a result, many modifications
of GR have been considered. One of promising recent investigations is Nonlocal Modified
Gravity. In this article we present a review of some nonlocal gravity models with their
exact cosmological solutions, in which nonlocality is expressed by an analytic function of the
d’Alembert—Beltrami operator 0. Some of obtained solutions contain effects which are usually
assigned to the dark matter and dark energy.
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1. Introduction

In 2015, General relativity (GR), known also as Einstein theory of gravity, celebrated its first
hundred years is considered as one of the most profound and beautiful physical theories with great
phenomenological achievements and nice theoretical properties. GR has important astrophysical
implications predicting existence of black holes, gravitational redshift, gravitational lensing and
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gravitational waves?, it has been tested and quite well confirmed in the Solar system, and it has
been also used as a theoretical laboratory for gravitational investigations at other spacetime scales.

Despite of just mentioned phenomenological successes and many nice theoretical properties,
GR is not complete theory of gravity. For example, attempts to quantize GR lead to the problem
of nonrenormalizability. GR also contains singularities like the Big Bang and black holes. In
cosmology, it predicts existence of about 95% of additional new kind of matter, which makes
dark side of the universe. Namely, if GR is the gravity theory for the universe as a whole and
if the universe is homogeneous and isotropic with the flat Friedmann-Lemaitre-Robertson-Walker
(FLRW) metric at the cosmic scale, then it contains about 68% of dark energy, 27% of dark matter,
and only about 5% of visible matter [63], which are not verified in laboratory conditions and have not
so far seen in particle physics. If a physical theory contains singularities then it has to be modified
in that domain. Because of that, there are many attempts to modify General relativity. Motivations
for its modification usually come from quantum gravity, string theory, astrophysics and cosmology
(for a review, see [55, 58, 15, 16, 57]). We are mainly interested in cosmological reasons to modify
GR, i.e. to find such extension of Einstein theory of gravity which will not contain the Big Bang
singularity and offer another possible description of the universe acceleration and large velocities in
galaxies instead of mysterious dark energy and dark matter. In the case that dark energy and dark
matter really exist it is still interesting to know is there a modified gravity which can imitate the
same or similar effects.

Any well founded modification of the Einstein theory of gravity should be a generalization of the
general theory of relativity, and consequently it should be verified at least on the dynamics of the
Solar system. On the mathematical level it should be formulated within the pseudo-Riemannian
geometry in terms of covariant quantities and take into account equivalence of the inertial and
gravitational mass. It means that the Ricci scalar R in gravity Lagrangian L, of the Einstein-
Hilbert action should be replaced by an appropriate function which may contain not only R but
also some scalar covariant constructions (as norms of Ricci and curvature tensor, etc.) which are
possible in the pseudo-Riemannian geometry. Since there are infinitely many possibilities for such
functions (i.e. its modifications), and since so far there is no guiding theoretical principle which could
make appropriate choice between all possibilities, our task is very complicated. In this context the
Einstein-Hilbert action is the simplest one, i.e. it can be viewed as realization of the principle
of simplicity in construction of L.

Modifications of GR were started a few years after its birth adding cosmological constant in the
Lagrangian of Hilbert-Einstein action, later by adding Gauss-Bonnet invariant, replacing R with
f(R) (f(R) modified gravity, see [45]) and recently nonlocal modifications, which are promising
modern approaches towards more complete theory of gravity. Motivation for nonlocal modification
of general relativity can be found in string theory which is nonlocal theory and contains gravity.
We present here a review of our results on nonlocal gravity. In particular, we pay special attention
to models in which nonlocality is expressed by an analytic function of the d’Alembert operator
0= ﬁ@uﬁg“” 0, like nonlocality in string theory.

In Section 2 we give some preliminaries on cosmology and mention a few different approaches to
nonlocal modified gravity. Section 3 contains a general modified action with an analytic nonlocality
and we derive the corresponding equations of motion for nonlocality of the form H(R) F(O) G(R). In
Sect. 4. we presented several different models of nonlocality which are special cases of general model
from previous Section. In all models we found some cosmological solutions for appropriate scaling
factor. We emphasize here the case when the nonlocality is given by H(R) = G(R) = vV R — 2 A with
scaling factor of the form a(t) = At3 71t in the flat universe. This model gives some effects usually
attributed to the dark matter and dark energy. Finally, Sect. 5. is devoted to the perturbations over
de Sitter background. We obtained some cosmological solutions and investigated stability of them.

*which were experimentally discovered in 2016. [1].
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At the end we showed that equations of motion of gravitational waves in our nonlocal modified
gravity coincide with the corresponding equations in GR.

2. Preliminaries

2.1. Metric

General theory of relativity, i.e. Einstein theory of gravity (EG) assumes that the universe is
four dimensional homogeneous and isotropic pseudo-Riemannian manifold M with metric (g,.)
of signature (1,3). There exist three types of homogeneous and isotropic simple connected spaces
of dimension 3:

o flat space R? (of curvature equal 0),
o sphere S? (of constant positive sectional curvature),
o hyperbolic space H? (of constant negative sectional curvature).

The universe is homogeneous and isotropic (observation data) manifold, the generic metric in
these spaces is of the form (Friedmann - Lemaitre - Robertson - Walker metric, (FLRW)):

dr?
1 — kr?

ds* = —dt* + a*(t) ( + 72d6? + r? sin? 0d¢2) ,  ke{-1,0,1}, (1)

where a(t) is a scaling factor which describes the evolution (in time) of the universe and parameter
k describes the curvature of the space. In the FLRW metric the Ricci scalar (scalar curvature) is

a a2k
P S L 2
R 6<a+ﬁ+a9 (2)
and

O=—0? —3H0,. (3)

where H = a/a is the Hubble parameter, which describes the expansion of the universe. We use
natural system of units in which speed of light is ¢ = 1.

2.2. Einstein-Hilbert action.

GR is based on Einstein-Hilbert action:

R—2A
5= M<wﬂG

%—EWJ\/:Qcﬂx7 (4)
where R is scalar curvature of M, g = det(g,, ) is determinant of metric tensor, A is cosmological

constant and L,, is Lagrangian of matter.
By variation of the action S with respect to g,, we obtain Einstein equations of motion:

1
R,uy - §Rgu1/ + Ag;w = 87TGT/11/7 (5)

where T}, is the energy momentum tensor, g, is metric tensor, I, is Ricci tensor and R is scalar
curvature.
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2.3. Friedman equations.

The energy momentum tensor for an ideal fluid (matter in cosmology) is given by

T = diag(—p goo, 911D, g22p, 933D); (6)

where p is energy density and p is pressure. Using the conservation law we get

) a
0=V,T§ = *P*3E(P+p)- (7)
Since in the cosmology holds p = wp, where w is usually a constant, we have that equation (7) has
general solution p = C'a=3(11w),
The basic types of matter in the universe are: cosmic dust- w = 0(p, = Ca?), and

radiation- w = 1/3 (p, = Ca~* ). Nowadays, the ratio % ~ 10°% , in the early universe radiation
was dominant. Introducing the cosmological constant A (# 0) is equivalent to the (dark) energy
of vacuum. From Einstein equation one can find energy-momentum tensor for vacuum,

A
T,uu = _%guw (8)
and see that p = —p = %. It is clear that energy density is a constant which does not depend

on scaling factor a. Let us note that, if the universe is expanding for large values of cosmic time
energy of vacuum will become dominant to the energy densities of matter and radiation.
Now, Einstein equation (5) implies Friedmann equations

i 4G A a\’> srG kA
P R (a>—3p‘az+3- ®)

There are several of cosmological parameters which describe the state of the universe, the most
important are: Hubble parameter H; the deceleration parameter

aa

- 10
q 3 (10)
which measures the cosmic acceleration of the universe; the parameters of density
871G 3H?
Q= # p=p/pe, where p.= oG is a critical energy density, (11)
Q; = pi/pe, and p; are mass densities of matter, radiation and dark energy, and others.
From Friedmann equations (9) follows,
k

and the sign of constant k is determined by 2, and it shows which of three FLRW metrics describes
the universe. More precisely we have,

o Q<1l, p<pe, k=-1
o Q=1 p=p, k=N0.
o O>1, p>p., k=+1.

Let us mention some cosmological parameters obtained from Planck 2018 [63] which describe
the current state of the universe. The current Planck results for the ACDM universe are:



114 N. Jumurpuesny, B. JIparosudu, 3. Pakua, E. Crarkosua

o Hy=(67.40£0.50) km/s/Mpc — Hubble parameter;
o Qp =0.315+0.007 — matter density parameter;

o Qp =0.685 - A density parameter;

o top=(13.801 £ 0.024) - 10° yr — age of the universe;

o wp= —1.03+£0.03 — ratio of pressure to energy density.

2.4. Nonlocal modified gravity.

As we mentioned in Section 1, GR has certain deficiencies, and should be modified. One of the
most prominent approaches is nonlocal modification.

A nonlocal modified gravity model contains an infinite number of spacetime derivatives of the
d’Alembert operator O, in the form of a power series expansion of it. In this article, we are mainly
interested in nonlocality expressed in the form of an analytic function F(O) = > | f,0", where
coefficients f,, should be determined from various theoretical and phenomenological conditions.
Some conditions are related to the absence of tachyons and ghosts.

Here, it is worth to mention some other interesting approaches to the nonlocal gravity, as
approaches containing 07! (see e.g., [19, 18, 61, 56, 41, 62, 38, 39, 42, 43, 5, 53] and references
therein), nonlocal models with power of the inverse d’Alembert operator, i. e. with 07", which are
proposed to explain the late time cosmic acceleration without dark energy. Such models have the
form

1
S = V=9 (R+ Lyp) d* 13
o | VIR Lus) d'a, (13)
where two typical examples are: Ly = R f(O7LR) (see a review [55, 19] and references therein),
and Ly, = —gm?RO72R (see a review [31] and references therein).

o
Nonlocal models with F(O) = Z f»O" are mainly considered to improve general relativity
n=0
in its ultraviolet region, unlike models with O~ and O~2 which intend to modify gravity in its
infrared sector. It may happen that there will be more than one modification of general relativity,
which are valid at the different scales. Namely, any physical theory has a domain of validity, which
depends on some conditions, including spatial scale and complexity of the system. It is natural that
validity of general relativity is also restricted. At very short and very large cosmic distances may
act different gravity theories.

Some other aspects of nonlocal gravity models have been considered, see e.g. [14, 11, 12, 54, 13,
31, 46| and references therein.

Our motivation to modify gravity in an analytic nonlocal way comes mainly from string theory,
in particular from string field theory (see the very original effort in this direction in [2]) and p-adic
string theory [3, 4, 10, 34, 35, 36, 60]. Since strings are one-dimensional extended objects, their
field theory description contains spacetime nonlocality expressed by some exponential functions
of d’Alembert operator O.

At classical level analytic non-local gravity has proven to alleviate the singularity of the Black-
hole type because the Newtonian potential appears regular (tending to a constant) on a universal
basis at the origin [37, 8, 6]. Also there was significant success in constructing classically stable
solution for the cosmological bounce [8, 9, 44, 47, 50].

Analysis of perturbations revealed a natural ability of analytic non-local gravities to accom-
modate inflationary models. In particular, the Starobinsky inflation was studied in details and
new predictions for the observable parameters were made [17, 49]. Moreover, in the quantum
sector infinite derivative gravity theories improve renormalization, see e.g. while the unitarity is
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still preserved [51, 52, 49| (note that just a local quadratic curvature gravity was proven to be
renormalizable while being non-unitary [59]). Later, we shall also investigate some conditions on
the analytic function F(O) = > > f,0", in order to escape unphysical degrees of freedom like
ghosts and tachyons, and to have good behavior in quantum sector (see |5, 6, 7, 37]).

3. The equations of motion

Models of nonlocal gravity which we mainly investigate are given by the following action

1
167G

/M (R — 20 + H(R)F(D)G(R) + L) =g d'z, (14)

[e.9]
where M is a pseudo-Riemannian manifold of signature (1,3) with metric (gu.), F(O) = Z fn0",

n=0
‘H and G are differentiable functions of the scalar curvature R and A is cosmological constant, and

L., is Lagrangian of matter.

Now, we will give an overview of deriving of the equations of motion (EOM) for the action
without L,, (since this part in cosmology is known) and without proofs which could be find in
[26, 29]. Firstly, we are starting with some technical lemmas which are proved by using standard
variational calculus and Stokes theorem. Note that variations of the metric tensor elements and their
first derivatives are zero on the boundary of manifold M, i.e. dguu|on = 0, 6" O, gy |lonmr = 0, € N.

LEMMA 1. Let M be a pseudo-Riemannian manifold. Then the following basic relations hold:
09 = 99" 09w = —99u09"", (15)

1 174
5\/j = _§guv\/jg(sgu ) (16>

1 a a «
5P/)\J,l/ = _5 (guavu‘s.g)\ +guavuég/\ - guaguﬁv)\ég ﬁ) ) (17)

where g is the determinant of the metric tensor.

LeMMA 2. The variation of Riemman tensor, Ricci tensor and scalar curvature satisfy the
following relations

0Ry, = V6T, — V,0T ), (19)
SR = R,,0g" — K,,09", (20)
SV, Vot =V, V00 — VAgoT,, (21)

where K, = V,V, — g,0, and where ¢ is a scalar function.

LEMMA 3. For every scalar function H(R) holds
/ Hgu (009" )v/=g d'z :/ 9 (OH)6g" /=g d'x, (22)

M M
/ HV ,V,0g" /—g d'x = / V.V, H 6g"\/—g d*z, (23)

M M

/ HEK,09"/—g dte = / KuH 6g"'\/—g d*z. (24)
M M



116 N. Jumurpuesny, B. JIparosudu, 3. Pakua, E. Crarkosua

LeEMMA 4. Let H(R) and G(R) be scalar functions such that 0Glopr = 0. Then for all n € N
one has

n—1
/ HSO"G /=g d4x:;Z/ S, (OVH, 07 11G) 59 /—g d'a
M 1=0 /M

+ / O"H 6G\/—g d*z, (25)
M

where Sy, (A, B) = g V*AV B + g, A0B — 2V, AV, B.

THEOREM 1. Let H and G be scalar functions of scalar curvature, then

1

/ HI(V/—g) d*z = —/ GuwHIg" '/ —g d*z, (26)
M 2 )u

/ HOR/—g d'z = / (RuHM — K,,H) 5g"\/—g d*z, (27)
M M

/ HO(F(D)G)v/—g diz = / (R — Kpuw) (G'F(O)H) 6g /=g d*x
M M

00 n—1
1
5 I /M S (B'H, 0" 11G) 6" /=g d'e, (28)
1=0

n=1
where Sy, (A, B) = g V*AVB + g, A0B — 2V, AV, B.

Now, we can find the variation of the considered action (14). In order to calculate 6.5 we introduce
the following auxiliary actions

Action Sy is Einstein-Hilbert action and its variation is
65y = / (G + Agu) 6" /—g d*x. (31)
M

LeMMA 5. Variation of the action S is

381 =5 | 9w HRFEGRIG" V=g d's

+ / (RuwW — K, W) g" \/—g d*x
M

00 n—1
SRy /M Sy (CVH(R), 011G (R))5g \/—g 'z, (32)
=0

n=1
where W = H'(R)F(O)G(R) + G'(R)F(O)H(R).
PRrROOF. Variation .57 is equal to
81 = | (WRFOORI/=3) + SHEFOIOR) V=5
+ H(R)S(F(D)G(R)) v=g)d"z. (33)
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All the terms in the previous formula are obtained by Theorem 1. In particular (26) yields

| HERFEGRI) ds =~ [ g HRFEGER) o9 =g
M M

1

Also, from equation (27) we get

SH(R)F(D)G(R) =g d*z = /M H(R)SR F(O)G(R) V=g d'z

M

_ /M (R H (R)F(©)G(R) — Ky (W (R)FQ)G(R)) ) 69"/ =g dz.
The last term is calculated by (28).
| mRsFEOOR) v=gats

= /M (RWG’(R)JT (DH(R) — Ky (G (R)F(O)YH(R)) ) SgM/—g dz

) n—1
+> Y /M S (mlH(R), Dn—l—lg(R)> 5gh /=g d*z.
=0

n=1
Adding equations (34), (35) and (36) together proves the Lemma. O

THEOREM 2. Variation of the action (14) is equal to zero iff

. 1 1
0=Gu =Gu +Aguw — igWH(R)}'(D)Q(R) + (R W — K,,W) + EQW’

where

W =H'(R)F(O)G(R) + G'(R)F(O)H(R),
[ n—1
Q,uzx = Z fn Z S;Ll/ (DZH(R)u Dn_l_lg(R)> :
=1 =0

PrROOF. The proof of Theorem 2 is evident from the Lemma 5 and Theorem 1. O
COROLLARY 1. Under the assumptions of previous theorem holds:

(1) V*G,, =0,

(2) Equations of motion (87) are invariant on the replacement of functions G and H.

(34)

(35)

(36)

Since, in the case of FLRW metric only two of four (diagonal) non-trivial equations are linearly

independent trace and 00 component, the equation (37) is equivalent to the following system:

AN — R —2H(R) F(O)G(R) + RW +30W

o] n—1
+ 3" £ > (8,01 (R) 90" 4G (R) + 20°H(R)D" G (R)) = 0,
n=1 £=0

1
Goo + Agoo — 59007'1(3) F(O)G(R) + Rog W — Koo W

n—

00 1
1 . .
+ Q;fn;; (9009 8 0,01 (R) 950" {G(R)

— 2000H(R)0o0" ' *G(R) + goo O'H(R)D™“G(R)) = 0.

(41)
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4. Cosmological solutions of EOM

The search for a general solution of the scale factor a(t) of equations (40) and (41) is a very
ambitious, and because of that we use the following ansatzs, see |22, 23, 24, 32, 27, 28, 45]:

e OR =1rR+ s, where r and s are constants.
e OR = gR?, where ¢ is a constant.

OR = qR3, where ¢ is a constant.

O"R = ¢, R"*!, n > 1, where ¢, are constants.

e O(R+ Ro)™ =p(R+ Ry)™, where m € Q and Ry, p are constants.

In fact these ansatzs make some constraints on possible solutions, but on the other hand they
simplify formalism to find a particular solution.

We consider several models of nonlocal gravity without matter which are described by the action
(14),

— /M (R~ 20+ H(R) F(O) G(R)) V3 d'a. (12)

for the following choice of functions H and G :

1. H(R) =R, G(R) = R.

S =

2. H(R)=R ', G(R)=R.

3. H(R) = R”, G(R) = R.

4. R = const.

5. H(R) = (R+ Ro)™, G(R) = (R + Ro)™.

6. H(R) =G(R) = VR —2A.

Let us mention that for all cases we consider different scale factors, and cases 1., 2., 5. are not
special case of 3. Now we will give short overview on the all six models.

4.1. Case 1: H(R) = R, G(R) = R.

In this model we use linear ansatz (fore more details see |23, 32, 28|, with scaling factor
a(t) = ao(o’eAt + Te_)‘t), ag >0, \,o,7 € R and firstly, we have:

LeEMMA 6. (i1) For n € N, r,s € R holds
O"R=1"(R+>),n>1,  FOR=FOR+>(Fr) - fo).

(i2) For given scaling factor hold

Ht) = MoeM — re™M) R(t) = 6 (2a3 A? (02 + 72) + k')
 geM e At B a (oe?A + 7)? 7
12 \2e2tA (4 a% R k:)
OR=— .

ag (e + 7)2

(i8) OR =2)\2R — 24)\%, r=2X2 5= —24)\%
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Using previous Lemma, and EOM we have the following theorem.

THEOREM 3. The scaling factor of the form a(t) = ag (o e + 7e™) is a solution of EOM in
the following three cases:

1

Case 1. F (2)%) =0, ]ﬂ@ﬁ)zo,lﬁZAEK. (43)

Case 2. 3k =4daiAoT. (44)
12

Case 3. J%ZV):igX 3 fo, F' (2X*) =0, k=-4ajAoT. (45)

In all three cases holds 3 )2 = A.

From previous theorem easily follows:
In the Case 1. there exist a solution for arbitrary o, 7 and ag

a(t) = ag(ce + re M),
where F satisfies (43) and for arbitrary k& = 0,£1. This solution generalize the case a(t) =
= ag cosh <\/§t>, which is obtained in [8].
In the Case 2. we obtained a family of solutions for arbitrary ¢ # 0, ag and arbitrary analytic

function F
3k
At —At
a(t) = agp (ae + 4a%Aae > .

The Case 3. also gives a family of solutions

k
At -t
a(t) = agp <O’€ _74(1(2)/&06 >,

where function F satisfies conditions (45).

Let us mention that in the Case 2. for k = 0 equation (44) and conditions (45) in Case §.
coincide, and consequently ¢ or 7 must vanish, and we have two nonsingular de Sitter solutions,

see ([9]),

a(t) = aoe’\t, ax(t) = aoe*)‘t,

and that all solutions satisfies

4.2. Case 2: H(R) =R, G(R) = R.

In this model it is evident from action given by (42) that nonlocal term R™!F(O)R is invariant
under the transformation R — cR, ¢ € R*. Let us remark that in this case fy plays role
of cosmological constant, and because of that we put A = 0. We are searching for the solutions
of EOM with the scaling factor of the form a(t) = ag|t — to|*. For more details see [24, 32, 28]

Firstly we have a lemma.

LEMMA 7. Let us consider the nonlocality of the form H(R) = R™1, G(R) = R, with the scaling
factor a(t) = ap|t — to|*, and for A =0. Then
(i1) R(t) =6(a(20 — 1)(t —to) "2 + L5 (t — to)72*).
0
(i2) OR = qR?, where q depend on o.
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ProoF. (il) It is easy to obtained this formula from the expression of R given in (2). (i2) Imposing
condition O R = ¢ R?, we find

20 — 1)(qa(20c — 1) — (a — 1)) (t — to) ™4 + %(t —tg) 1
" (46)

OF (1~ a4 6g(20 — 1))t — to) 222 = 0.

Toa
3ag
The equation (46) is satisfied for all values of time ¢ in six cases:

,a=0,q€eR, 4. k=-1,a=1,¢#0,a9=1,

k=0
2. k=0,a=3 geR,
‘=94 5. k40, a=0,q=0,
k=0
q

,a;é()andoz;é%,
1

6. k#0,a=1,¢=0.

In the cases (1), (2) and (4) we have R = 0 and therefore R~! is not defined. The case (5) yields
a solution which does not satisfy equations of motion. O

The cases (3) and (6) from above lemma need additional investigations (for details, see [24])
which we will omit here, giving the following solutions.

THEOREM 4. The scale factor a(t) = ag|t —to|® for A = 0 is a solution of EOM in the following
cases:

(8) Fork=0,a#0, a# % and 3"‘2_1 € N, the coefficients of F are

fo=0, fi= _320[(5(”2040[—_21))’
fn=0 for 2§n§3a2_1,
fmeR for n>30[2_l
(6) For k #0, the coefficients of F are
fo=0,  fh=-7. fu€R nx2

where s = 6(1 + :—2)
0

Let us remark here that in the both cases k = 0, # 0,1/2, the obtained solutions have not
as its background Minkowski space, and as a special case of (6) is the solution a(t) = [t — to]| for
k = —1 which corresponds to the Milne model of the universe.

4.3. 3. Case: H(R) = R?, G(R) = RA.

We consider the model given by H(R) = RP, G(R) = RY with the scaling factor a(t) = ao et
v € R, for details see [25, 20] Let us mention if v = 0 then M is a Minkowski space which is a
solution of EOM (37) for A = 0. In the following analysis is independent of the sign of 7, and
one can obtain models in which the universe is expanding (7 < 0) and collapsing (v > 0). Using
appropriate formulas, firstly we have technical lemma.
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LeEMMA 8. In the model of nonlocality given by H(R) = RP, G(R) = R? with melric
a(t) = ag e_1l2t2, v € R, hold

(1) H@)=—gvt, R()=37(G-3), Ro=7(R). (47)
(2) ORP=pyRP - % (4p—5)7* RV — gp(p — 1)y R, (48)

Equation (48) implies that linear space V, = span{l, R, R?,..., RP} is invariant under the
action of 0. Using identities from previous lemma one can show that trace and 00 equation are
polynomial in R of degree p+ q. If we consider only leading coefficients of both equations, for p # ¢
we obtain an linearly dependent system

pF(qy)(q—p+2)+qF(py)(g—p—2) =0, (49)
(—q— %p(q —p)F(qy) + (—%q(q —p) +q)F(py) =0. (50)

Similarly, in the case when p = ¢ we will obtain linearly dependent system. So, we have the
following theorem.

THEOREM 5. Let us consider nonlocality given by H(R) = RP, G(R) = RY with scaling factor
a(t) = age 15", v € R. Then:
(i1) for any p,q € N trace and 00 equation are equivalent.
(i2) The trace equation is of polynomial type of degree p + q in R, with coefficients depending
on fo=F(0), F(v), ..., F(py), F'(7), -, Flav).
(18) for p = q = 1, trace equation is satisfied iff v = —12A, F'(y) =0 and
fo= % — 8F (7). In this case system has infinitely many solutions.

REMARK 1. 1. In this model, for the most simple case p = q = 1, the scaling factor of the form
a(t) = age® tQ, firstly was considered by Koshelev and Vernov in the paper [{4].

2. The exact solutions, for 1 < q < p < 4, are found by I. Dimitrijevi¢ in his PhD thesis. It is
not possible to obtain the solution for arbitrary p and q in closed form.

4.4. Case 4: R = Ry = const.

In this case we do not have any condition on functions H and G, for details see [26, 27, 28, 21].
The condition R = Ry plays role of an ansatz, and immediately one get

a a.\2 k
6(2+ (%)’ +3) = Ro. 51
+ (a) + a2 0 (51)
After the change of variable b(t) = a?(t) we obtain a second order linear differential equation

with constant coefficients )
3b— Rob=—6k. (52)

Depending on the sign of Ry there exist the following solutions for b(t),
6k Rg _./Ea
Ry > 0, b(t):R—+ae 54 re 30t,
0
Ry=0, bt)=—-kt*+ot+r, (53)

6k -R -R
Ry <0, b(t):Rf0+acosz0t+7‘sin\/Tot.
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If we now replace R = Ry into trace equation (40) and 00 equation (41), we obtain a system
of equation defined by the coefficient fj

1
—2U + RyW = Ry —4A, §U—|—R00W = A — Gy, (54)
where U = fo H(Ro) G(Ro) and W = f; %(H(R) Q(R))\R:RO.
After elimination of U from (54) we obtain, for more detail see [21],
(Ro + 4Roo) (W +1) = 0. (55)
In the case when Ry + 4Rg9 = 0, the following conditions on the parameters ¢ and 7 hold:
Ry>0, 9k*=Rior,
Ry=0, o’4+4kt=0, (56)
Ry <0, 36k*=R:(c*+7%).
Finally, we get the following theorem.
THEOREM 6. Let R = Ry = constant. Then, we have solutions in the following cases:
1. If Ry > 0 then for k = 0 there is a solution with constant Hubble parameter, for
k = +1 the solution is a(t) = 1/1%cosh% ( %t + g0> and for k = —1 it is a(t) =
sinh % ( %t + <p>

2. If Ry = 0 then for k = 0 the solution is a(t) = /T = const and for k = —1 the solution is
a(t) =t + 5|
cos % < —%t - gp)

PRrOOF. The proof directly follows from (53) and conditions (56), for more details see [26, 21]. O

— 12

= To

— 6 = 6 g
, where 0+ 7 = p-coshg and 0 — 7 = g=sinh p.

, where

3. If Ry < O then for k = —1 the solution is a(t) = 1/}—?

_ =6 — =6
0= g, cosp and T = g’ sing.

REMARK 2. The second case of the equation (55) gives the solution
W = -1, U =2A - Ry. (57)

Equations (54) have common solution in fo iff the following condition is satisfied,

H(Ro) G(Ro) — (Ro — 20) A (H(R) G(R))lr, = 0. (58)

4.5. Case 5: H(R) = (R+ Ro)™, G(R) = (R+ Ro)™.

Here we consider the action (14) given by X = G = (R + Rp)™, where Ry and m are real
constants and scaling factor a(t) is of the form

a(t) = Athe 1" (59)

for more details see [28, 29|
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Let us consider the ansatz in the form
O(R+ Rp)"™ =r(R+ Rp)™ + s, (60)

where Ry, r, s, m are n real constants. In the case when s = 0, the anzatz gives the following
system of equations:

0 = —648mn?(2n — 1)2(2m — 3n + 1),

0= —324n(2n — 1) (—ym + 6ymn? — 4ymn — mnRy + mRg + 2n°r — nr),

0 = 18n(2n — 1) (8y*m? — 13y*m + 129°mn — 3ymRy + 24ynr + 647 — 6rRy) ,

0 = —273m — 24~ mn? — 1493 mn + 67°mnRy + 2v°*mRo + 72v*n’r + 129%nr

— 24ynrRo + 37 — 697 Ry + Sng,

0= —72 (4'y2m2 + ’72m + 18fyzmn — 3ymRy — 24ynr — 6yr + 67“R0) ,

0= —*(r —ym).
This system has five solutions:
1. r=my, n=0, Roz'y,m:%
2.r=my,n=0,Ry=3,m=1
3. r:m’y,n:%, Rozgfy,mzl
4. r=my,n= %
. r:my,n:M,Rozgv,m:f

The case 2. is considered in the Subsection 3 and case 3. is known and considered in ([33]).

Let us consider now the case 1: n = 0, m = %, then the anzatz is reduced to OyR + v =
= 1vV/R +7, and we have the following consequence: F(0)/R +v = F(37)VE + 7.

Trace equation (40) and 00 equation (41) are linear in R and they define two systems of equations
in F(3) and F'(3):

2 2 2 3
Yy Y gl v YN, Y
4A— - F(L) = - L FHY+LF()=0. 61
y+ar—rF -2 r =0 2 -Lr0+Lrd)=0 (61)
2
A+ T FED L 0y = 2 20y 3 )y 62
A+ S FQ)+ 6 F(H) =0 ¥+ F(5) -7 F(5) =0. (62)
The solutions of these systems are the same for v = —2 A and equal to:
FQ)=-1.  F(G)=0. (63)

It is clear from (63) that considered case is a generalization of the Case 3. Here we allow that
P, q are rational numbers. In this case we have p+ ¢ = 1, and similarly as in Theorem 5 there exist
a unique solution in F(3) and F'(3).

Taking the similar analysis it was shown that in the Case 4. there are no solutions which satisfy
EOM.

29
the same as in the 3. and similar calculations, using trace and 00 equations give

Finally, in the Case 5. the parameters are: r = 1, n = %, Ry = %7, m = % Since, the action is

Fhy=-1, F=o, A= —gfy. (64)
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Let us remark that in (64) the solution could be given in terms of F(3) and F'(3), with a
constrain which connects cosmological constant A, and . Similar case was considered in the Case
Jforp=q=1.

4.6. Case 5: H(R) =G(R) =V R —2A.

In this nonlocal model (for more details see [29, 28, 30]) we can rewrite the action (14) in more
compact form

167TG/\/ —2AF(0)VR — 2A /—g d'z, (65)

where F(O) =1+ Z fn O™
The related Frledmann equations (9) are

a e A &+k  81G A
== 3 = =54 = 66
" 3(p+p)+3 =3 5 Pt (66)

where p and p are analogs of the energy density and pressure of the dark side of the universe,
respectively. Denote the corresponding equation of state as p(t) = w(t) p(t).

In this case we consider several subcases defining by different scaling factors. We mention three
of them, and emphasize the first one since this case is the most important.

4.6.1. Cosmological solution a(t) = At etat” , k=0.

THEOREM 7. In the case of nonlocality H(R) = G(R) = VR — 2 A with scaling factor of the
form a(t) = At5 et and k = 0 holds:

4, 22 12 4., 2 . 1
== —A+—A H(t)=- —At.
R(t) 3t + - + 19 e, (t) 3t + - t (67)
There exists a cosmological solution for ansatz Ov R — 2A = f%A\/R — 2A, and conditions
3 , 3
f(—?A>_—1, }‘(—?A)_O, A#£0.
Let us remark that in this case we have,
2, 5 3 12,0 4o 4, 3120
=t —A——A%t =—t —A+ —A“t
Roo 3 19 ; Goo gt A+ oS ; (68)
and 1 2 9 A3
ot 2 e 2y p(t) = — A —1).
0= 15.c (= * o5 PR Chr=elC ) (69)

This cosmological solution for a(t) = At5 etit’ can be viewed as a product of t5 factor, related
to the matter dominated case in Einstein’s gravity, and et which is related to an acceleration.
Moreover, the Hubble parameter consists of two terms: %t_ is just H(t) in Einstein’s theory
of gravity for the universe dominated by matter, which play leading role for small ¢; the second
term %At corresponds to an acceleration for A > 0, which is dominant role for larger times. Time
dependent expansion acceleration is given by

a(t) = (- 2 +A+—t) a(t). (70)
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Also, according to expressions (69) follows that w(t) — —1 when ¢ — oo, what corresponds to
an analog of A dark energy dominance in the standard cosmological model. Therefore, one can
say that nonlocal gravity model (65) with cosmological solution a(t) = At5 e1it describes some
effects usually attributed to the dark matter and dark energy. This solution is invariant under
transformation t — —t and singular at cosmic time ¢t = 0. Namely, R(t), H(t) and p(t) tend to +oo
when ¢ — 0, while p(0) is finite.

Taking the above Planck results for ¢y and Hy in the second formula of (67) one obtains
A =1,05-10"3572 (in ¢ = 1 units). This is close to A = 0.98 - 10735572 calculated by standard
formula A = 3HZQ. From the same formula (67) one can also find time (t,,) for which the Hubble
parameter has minimum value H,,, i.e. t,, = 21,1-10° yr and H,, = 61,72 km/s/Mpc.

From (70) one can find that beginning of the universe expansion acceleration was at
t, = 7,84 -10° yr, or in other words at 5.96 billion years ago.

The first of Friedmann equations, Z—; = % p+ %, combined with expression (67) for the Hubble
parameter, gives the critical energy density p. and the energy density of the dark matter p for the
solution a(t) = At5 erit’;

3 30 9
= ——H}=28,51-10"%0 2 71
pC 87TG 0 ) Cm3 ( )
= 4,5 A A5\ 3 -30_9
(G2 A A ) —92,26-1 . 2
p (9 0 7 + 49 %) 87G 6-10 cm3 (72)
From above formula, it follows that Q = £ = 0,265, and since €, for the visible matter is

Pc _ _
approximatively €, = 0,05, then the value of Qy = 1 —Q — Q, = 0,685 coincides with the

value obtained from Planck 2018 mission.
4.6.2. Another cosmological solution.

In this model we consider different scale factors and different type of the universe. Results are
given in the following theorem.

THEOREM 8. (i1) In the case of nonlocality H(R) = G(R) = v R — 2 A with scaling factor of the
form a(t) = Aest and k =0 holds:

2 1
R(t) = 2A(1 + 3 At?), H(t) = S At (73)
There exists a cosmological solution for ansatz Ov/ R — 2A = —AvV R — 2A, and conditions
“+oo “+oo
F(-A) =D fa-N)"==1, F(-A)=>_ fan(-A)""=0. (74)
n=1 n=1

(i2) In the case of nonlocality H(R) = G(R) = VR —2A with scaling factor of the form
A
a(t) = Aei\/;t and k = £1 holds:
6k +./2 [A
R(t) — Ee:‘: 3At —|— 2A, H — Zl: E . (75)
There exists a cosmological solution for ansatz Ov R — 2A = % R —2A, and conditions

F(z)=-1, F'(%) =0. (76)
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REMARK 3. (i1) In this case one can calculate Roy and G,

A2 A?
Ryo=—-——1t>—A, Gop=—1t>. (77)
3 3
Also, we have
pt) = L(ét2 1), pt)=—-———=(A?-1) (78)
81G 3 ’ 247G '

Solution a(t) = Aes? is nonsingular with R(0) = 2A and H(0) = 0. There is acceleration

expansion a(t) = (% + %2 t2) a(t) which is positive and increasing with time.

(i2) Similarly to the previous case we find

A 3k 2 A
Ro=-5,  Goo="5e" V3 4 2 (79)
p and p in this case are
W=ggl-gtpe'" ) MW=ggG-g") (80)

A
6

We have two solutions: (1) a(t) = Ae\/7t and (2) a(t) = Ae_\/gt, for both k = +1 and

A
k = —1. They are similar to the de Sitter solution a(t) = Aei\/;t, k =0, but have time dependent
R(t),p(t) and p(t). When t — 4oo, parameter w(t) — —1 in the case (1) and w(t) — —3% for
solution (2).

5. Perturbations

This section is based on the papers [27, 30, 21, 48].

5.1. Conformal time.

In this section we are searching the cosmological spatially flat de Sitter which can be written as
ds? = —dt® + a2 'di?® = —dt® + a(t)%dz?, (81)

where H is constant, ¢ the cosmic time and & is the 3-dimensional vector. The last equality shows
that this metric is a particular case of a spatially flat FLRW metric.

It is more convenient to work with the conformal time 7 in perturbation theory, which is defined
by adr = dt. Then the general FLRW metric (81) transforms to

ds® = a(1)*(—dr* + di?), (82)

and connection between cosmic and conformal time is given by

1 B 1
_aoHe = a(r) = S

1

So when t goes from past to future infinity, 7 goes from —oo to 0_. t = 0 corresponds to 7 = — -
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5.2. Perturbations.
The variation of the metric is as usual
G = Guv + hyw - (83)

where bars denote the back ground metric, and we will use this convention for background quantities.
Perturbations of equations of motion (37) around the de Sitter vacuum are

—m?3G! + (RY — K*")v(O)6R =0, (84)
where m? = 1+ fo(H'G + G’'H) and v(0) = —((H"G + G"H) fo — 2HG'F(D)), where " denotes

derivative with respect to R. Since the variation of the O acting on a scalar function is a pure
differential operator and all background curvatures are constants, we have

(5D)f = [_hﬂl’(auay - nya ) g 7“1/8 }f (85)
Here I',, denotes the Christoffel symbol. If we start with (83), then we get
v v = v —P0
ogh = —h", oI, =8, = §(Vuhlp, + Vbt — g7 Vohy). (86)
So, for f be a constant we get (60)f = 0. The same is true for K}
OKL)f = [-h"7 (050, — T5,0,) — 35,0, — 6400, (87)

which is zero in the case that f is a constant. Hence all the corresponding terms vanish.
Taking the trace of (40) one gets

[m?+ (R+ 30)v(0)]6R = U(D)6R = 0. (88)

This is a homogeneous equation on §R. The general method of solving it is to use the method
of Weierstrass factorization

O)6R = H 2" ®§R =0, (89)

2

where w? are the roots of the equation U(w?) = 0 and since v(0) is taken to be an entire function

and €7@ has no roots. Let assume that there are no multiple roots. Such roots complicate the
story, but can be treated analogously, see [40]. Then we can solve (89) for each w; separately

(O —w?)dR = 0. (90)

The latter differential equation can be written explicitly as

2 w2
2 2
<87.—Ta7—+k H2 2>5R_0 (91)

where we have taken the de Sitter form of the background. The solution yields

SR, = (—k7)3/2 (Cridy,(—kT) + CY,, (—kT)), (92)

where J, Y are the Bessel functions of the first and second kinds, respectively, with v; = % —
and (', 2; are the integration constants.
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For small values of 7 which correspond to large cosmic times t the Bessel functions have the
following asymptotic behavior

~ ZReI/

Ju(2) ,
Y, (z) ~ z IRV for Rev #0,
Y, (2)

From this we conclude that JR; are bounded,

~ Inz for Rev =0.

3
The general solution for dR is
SR= 6R;. (94)
i
where each 0 R; has its arbitrary integration constants, chosen in such manner that 0 R is a real.

5.3. Scalar perturbation and Bardeen potentials.

Since the behavior of vector and tensor classical perturbations remain the same as in GR, we
will focus on scalar classical perturbations.
The metric for the scalar perturbations around a FLRW background is given by

ds* = a(r)? [—(1+ 2¢)dr* — 20;8drdx’ + ((1 — 2¢)d;; + 267;8j7)d:£id:vj] . (95)

where ¢, 3,1 and ~y are scalar functions.
From 4 scalar modes only 2 are gauge invariant. The convenient gauge invariant variables, known
also as Bardeen potentials, are introduced as

D= (@) =% W=yt HI= vt Hy, (96)

where x = a8 + a?¥, ¥ = B+, H(7) = a’/a. The prime denotes the differentiation with respect
to the conformal time 7 and the dot with the respect to the cosmic time ¢.

Now, we want to determine the Bardeen potentials introduced by (96). To do this we need two
equations: the first one is given by the formulation of §R in terms of ® and ¥ accounting that the
time behavior of 4R itself is found,

"

__ 2 / !/
SR = = [K3(® —20) —3%0' — 6 — 30" — 920/ |, (97)
a a a a
where 6R = 6R — R/ (B ++') is a convenient gauge invariant analog of 6 R. This expression is valid
for any a while its de Sitter form is
SR = —6H? (4 — (¥’ + 30') + r20") + 27 H2k? (& — 20) . (98)

The second equation can be obtained from the system of equations (84). We find the i # j
component of the system (84) which becomes

—m?(® — W) + v(0)6R = 0. (99)
Now, we write down the (0i) equation of the system (84), which is

2m* (V' + H®) + (v(0)sR) — Ho(O)sR = 0, (100)
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and finally, we deduce the (00) equation of system (84) which yields

— 3 —

—2m?(K*¥ + 3HY' + 3H?*®) — 3H(v(D)SR) — (k2 - 72) v(0)6R = 0, (101)
where the last term is proportional to 1/72 as a consequence that the background is a de Sitter
space. If we multiply (99) by k2, (100) by 3H and summing these results with (101) and taking in
account that for the de Sitter space-time H? = 1/72 we finally get

—m?k? (& 4 ) =0, (102)

which is our second equation. Obviously, it simplifies the succeeding computations considerably.
Since 0R is given by (94), now from expression (99) easily follows

1
2% = WZU(%?)SR@-. (103)

Let us remark, SR coincides with 6 R if R is a constant or on a more general basis in the longitudinal
(Newtonian) gauge 5 = v = 0. If we take into account (93), we see that Bardeen potentials are
zero when |Rev;| < 3/2 for each i. If Rer; = 0 for some i then the perturbations become frozen.
At last, in the case that for at least one ¢ we have |Rev;| > 3/2 then perturbations grow. This is
in perfect agreement with [9]. In that reference a more general class of solutions was studied which
asymptote to the de Sitter background at late times while the nonlocality is given by RF(O)R. In
our case when H(R) = G(R) = R we obtained exactly the same result as in Section 4 of [6].

Let us consider special case m? = 0, then it is not possible to find out the Bardeen potentials,
separately. The compatibility of system (88,99) implies that either R = 0 or there is a root of v(0O).
All equations coming from (84) since all of them do not carry information about individual Bardeen
potentials if m? = 0. Physically this means that effectively the Einstein-Hilbert term vanishes and
one reduces the number of propagating degrees of freedom.

5.4. Stability for constant curvature background.

The main result of Section 5.2 implies the natural question of stability of the de Sitter vacuum
solution of eq. (93). It turns out that v depends on the structure of the nonlocal operator U(0O)

such that
19 w2
and U(w?) = 0.

Moreover, the system does not lead to ghosts demands that there is no more than one such a
root w? for the operator U, for more details see [27].
Firstly, let us make the analysis of nonlocality given by [21]

H(R) = R*, G(R) = RY, (105)
for some nonzero p and ¢. From the following modification of equation (40) we have,
R—-2A+ foRPT9(2—p—¢q)=0. (106)

This equation can be solved w.r.t R in general for p, ¢ integers and —3 < p+4+q < 4 . It is
necessary to analyze U to see whether the stability condition can be reached. Indeed, U is analytic
by construction but a compatibility condition must be fulfilled

L+ R (p+g) (2 - p = q)fo = —wPe ). (107)
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It is obvious that as long as w? is real it should be at least positive in order to satisfy (93).

The constrain (107) clearly shows that w? is real and therefore reduces to the following necessary
inequality

1+ R p+q)(2—p—q)fo <O. (108)

Satisfactory solution of previous relation is a necessary stability condition. Obviously we have two
special cases, namely p+ g =0 and p 4+ ¢ = 2, and in both cases there is no stable solutions.

In a general situation we have to understand equation (106) together with the inequality (108).
One can simplify (108) using the background equation (106) to

R(p+q—1) > 2A(p+9q). (109)

In the case p+q = 1 one can have a stable solution for a negative A. The latter condition is possible
as long as A\ fy < 0.
In an attempt to solve the system (106) and (108) one can rewrite it as

1—s+u=0, 1+uz <0, (110)

where s = %, z=p+q u= foR*1(2 — 2). This latter system looks simple but unfortunately

does not provide new interesting solutions from the physical point of view.

5.5. Perturbation of Minkowski space.

Let us recall that in 2018 the gravitational waves were experimentally discovered following
results of GR, see [1]. In this subsection we want to investigate if our nonlocal modified gravity
predict gravitational waves and their explicit description.

In GR the equations of gravitational waves were obtained as perturbations of EOM for
Minkowski metric, i.e. in the form

OvYu =0, V' =0, (111)

where ¥ = R — 3 Guw by Ry = g, b = g"“ Ry and |hy,| < 1. These equations are similar
to expansion of electromagnetic waves with Lorentz condition. In this subsection we assume that
metric g,,, is Minkowski metric, given by g, = 1., = diag (-1,1,1,1).

The covariant derivative is equal to the partial derivative and d’Alambert operator is given by

O=—05+ 02, + 02, + 02,

The perturbations of EOM (37) up to the linear degree of Minkowski metric are in the following
form

~ % (9uH(R)F(O)G(R) = g H'(R) foG (R)OR — Ty foG (RYH(R)) (112)

1
+O0R,W — K, 6W + (6R,, — 5gw,(SR + huA),
where 0W = —2G(R)H'(R)F(D)0R — fo(G"(R)H(R) + H"(R)G(R))JR and where the variation
of curvature tensor is 0R = — K, h*"", 0R,, = V,\’y;‘l, — V,{yi‘y.
If we use tensor v, (112) becomes

(;gwg/(om(o) - 29’(0)H’(0)Kw) F(B)OR

i (igwfoﬂ’@)g (0) = fo(G" (OYH(0) + H"(0)G(0)) K + ;) SR
(113)

— hyw (A - ;foQ(O)H(O)> + 0 Ry (fo(GH)'(0) +1) =0,

1
OR =V, V, " + QD(gmﬂﬁ“V).
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Let us remark that if the equations (111) are satisfied then variations of dR and 6R,, are
vanishing and previous equation is reduced to

A= %fog(om(o), (114)

and gravitational waves in nonlocal modified gravity with nonlocality given by H F(0O) G have the
same behavior as in the GR. So, we prove the following theorem.

THEOREM 9. Let M be a Minkowski manifold with nonlocality given by H(R) F(O)G(R), then
for A = %fog(o) H(0), the equations of gravitational waves are:

Ot =0, Vot =0. (115)
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