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AnBOoTanusa

B crarbe [11] aBropamn paccMarpuBaiack peannsanus T npezacrapienus rpynmst SO(2,2)
B OJHOM IIPOCTPAHCTBE OJHOPOJHBIX (DYHKIWH, 3aJaHHbIX Ha 2 X 4-marpunax. Hacrosimee mpo-
JIOJIZKEHWE ITON CTATHU MOCBAIIEHO BBIYUCIEHUI0 MATPUIHBIX JIEMEHTOB TOXKECTBEHHOTO OITe-
paropa T'(e) u oueparopos upejcrasienus 1'(g) ajis HOAXOAAIIMUX DJIEMEHTOB ¢ IPYIIbL OT-
HOCHUTEJIHHO CMEITAHHOTO Da3¥Ca, COOTBETCTBYIOMIErO IBYM PAa3IHIHBIM 0A3UCaM TPOCTPAHCTBA
MIPEICTABJIEHNS, ¥ BBIYUCIECHUIO0 HEKOTOPHIX HECOOCTBEHHBIX WHTErPAJIOB, COMEPIKAIINX TPOU3-
Benenne ¢dyuknuii Beccens—Kanddopaa u Yurrekepa. [lonydentbie pe3ynabrarsl MOTyT ObITH
MEepPENMCAaHbl Ha A3bIKE MHTErpaJbHbIX mpeobpasopanmit Lankens—Kmuddopaa n ux amasora.
[Iepsoe u BTOpOE mpeodbpasosanusa [ankens—Knmuddopaa, BBeIeHHBIE COOOTBETCTBEHHO Xaifie-
koM u Ilepesom—PobaitHoil, urpaoT BaXkKHYIO POJIb B Teopuu AuddepeHInaIbHbIX OMePaTOPOB
JpobHOro Topsizika (cMm., Hampumep, [6, 8]). Bausknii pesynbraT mosydeH aBTOpaMM HeJABHO
[12] ayist peryasipHOil KyJIOHOBCKO# (byHKIIUH.
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Abstract

In [11], the authors considered the realization T' of SO(2,2)-representation in a space of
homogeneous functions on 2 x 4-matrices. In this sequel, we aim to compute matrix elements of
the identical operator T'(e) and representation operator T'(g) for an appropriate g with respect
to the mixed basis related to two different bases in the SO(2, 2)-carrier space and evaluate some
improper integrals involving a product of Bessel-Clifford and Whittaker functions. The obtained
result can be rewritten in terms of Hankel-Clifford integral transforms and their analogue.
The first and the second Hankel-Clifford transforms introduced by Hayek and Pérez—Robayna,
respectively, play an important role in the theory of fractional order differential operators (see,
e.g., [6, 8]). The similar result have been derived recently by the authors for the regular Coulomb
function in [12].
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1. Introduction and preliminaries

We recall the definitions and notations in [11]. The group SO(2, 2), which preserves the quadratic
form & defined in R* whose matrix with respect to the canonical basis is a diagonal matrix
ez = diag(l,1,—1,—1), which is called the split orthogonal group and consists of real 4 x 4
matrices g satisfying the equality ges 2 g' = e 2. Here and throughout, let C, R, R*, R™, Z and
N be the sets of complex numbers, real numbers, positive real numbers, negative real numbers,
integers and positive integers, respectively, and let Ny := N U {0}. Let L be a real linear space
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consisting of real 2 x 4 matrices. We define the cone A in L by the subset of matrices of rank
2 satisfying the equation zegoa® = diag(0,0). Let £ be the complex linear space consisting of
infinitely differentiable functions defined on A and satisfying the equality f(bx) = [b11|7" |b22]72 f(x)
b11 0
ba1  boo
the SO(2,2)-representation 7" in £ defined by formula T'(g)[f(z)] = f(xg). In [14], with a view to
investigating some special functions of matrix argument, this construction has been used.
Shilin and Choi |[11] dealt with the spherical section w; of A consisting of matrices

for a fixed pair (01,02) € C? and arbitrary non-degenerate matrix b = . We consider

cosay; —sinag cosfy —sin (g
sin ap cosap sinfj cos (31

a0 = ) (@1 e 020, )
In particular, they [11] showed that for any = € A there are a low triangular non-degenerate 2 x 2-
matrix b and T € wy such that x = bZ. If £ is the linear space of restrictions of functions f € £ on
w1, we can realize the representations T' as the same representation in £1. They also showed that
the function f = exp(ip1aq) exp(ig1 1) defined on wy does not belong to f = exp(ipi1a) exp(iq151)
if and only if the sum p; + ¢ is not divisible by 2, and defined the canonical basis

Bi = {fp,q1 (1, B1) = exp(iprav) exp(iq181) | p1, @1 € Z, p1 + q1 = (mpd 2)},

which is orthonormal with respect to the scalar product

1 2T 2T
[xg= 47T2/0 ; flaa, B1) g(oa, fr) dag dfy

in £;. Writing Cartan decomposition g = g1¢2g3 for an arbitrary element g of the group SO(2,2),
where g1, g3 € SO(2) x SO(2) and

0 diag(n, u>)

92 € exp (diag(u, v) 0

they showed that in case || # || the matrix elements of the linear operator T'(g) with respect to By
can be written as a product of four exponential functions, depending respectively on four parameters
of the rotations g; and g3, and two Gaussian hypergeometric functions depending (respectively) on
(tanh “Ti”)Q

The parabolic section ws of A has been defined as the subset consisting of matrices

- (1 ay cosfBy—azsinfy sinfBy + agcos fo
(a2, B2) = ( 0 1 — sin 39 cosfBy '

where as € R and (5 € [0,27). If £ is the linear space of restrictions of functions f € £ on we,
then the canonical basis in £9 can be defined as follows:

By = { fps.0 (2, B2) = exp(ipaas) exp(igafz) | p2 € R, g2 € [0,27)}.

They [11] established the one-to-one correspondence between the restrictions of T'(g) to £2 and
integral operators whose kernels can be described in terms of some Bessel functions.

2. Two bases in £ and our purpose

Tim Tin

Let us denote the determinant det <
Tom T2n

) inside the matrix x € A by A, , and introduce

the basis
By = {fpi,s () | P1.q1 € Z,p1 + q1 = od 2)}
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in £, consisting of functions

o1—092+q1—p _ . — .
Fora (@) = (@3 +ady) "2 AT (211 — dwpp)P TN (Ag s + 1A 4) T

Obviously the restriction of f,,, 4, to wy coincides with i?t fpl,—qf

fpl#h’m = iqlfm,—qr (2)

In this paper, we also use the basis

By = {fpz,q2 (33) ‘ P2 ER, g2 € Z};
where )
1p2X12

fp2742(x) = |1:11|01_02 ’Al»Q
11

02—q2 (A1,3 + iA1’4)q2 exp

It is easy to see that f,, 4, is an extension of the function tifm’qQ to A.

Let span(fp,.q15 fp1,:) be the subspace in £;. It is invariant with respect to the linear operator
T'(g) (for some fixed g) and its basis vectors f,, 4, and fj, 4, which are not eigenfunctions of this
operator. In this paper, we aim to establish dependence between the matrix elements of the operator
T(g) with respect to the ordinary basis By and the mized basis Bs|B; and matrix elements of the
operator id = T'(e) with respect to Bg|B;. Choosing here the group element as follows:

h* = diag (( (1) _é ) ,diag(1,1)> ,

we will show that the above dependence can be rewritten as a representation of Whittaker function
of the second kind in the form of integral involving Whittaker and Bessel-Clifford functions. The
Bessel-Clifford functions are used, for example, for solution of wave equation [1] and are a particular
case of more generalized so-called Bessel-Maitland functions (see [8]).

The above-described approach, together with other methods, was used by Shilin and Choi [10]
who considered another realization of the representation of the group SO(2,2) and representation
operators corresponding to some diagonal and block-diagonal matrices which belong to the split
orthogonal group.

3. Transitive subgroups and invariant measures

It is obvious that wy is an orbit of the subgroup Hy ~ SO(2) x SO(2), consisting of the matrices

cosp; —sing 0 0
_ sin 1 Cos 1 0 0
ha(er, 1) = 0 0 costy —siny
0 0 sint cos 91
Let us consider the matrices
o 0 o
—0 2 o O
hio) =
(0) 0 2 o
0 —p 2

and the points Z(aw, f2) and 5:((342,32) belong to the subset wy of A. Since the matrix elements
hij(o) of the matrix h(p) satisfy the equalities

hi1(0) + hi2(0) — hiz(0) — hia(e) = 4sign(2.5 — i),
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we get 2h(p) € SO(2,2). It is easy to see that

10421042

T(ag, B2)h1(0, —B2) = T(a2,0) = (0 L o0 1 > :

(a2, 0)h(a2 — az) = #(as, 0)

N

and A A
T(G2,0)h1(0, B2) = Z(42, B2).
Thus the matrix )
ha(Go — az, B2 — B2) = 5711(0’ —Ba)h(Gg — az)hy (0, B2)

transforms the point (a2, f2) into the point Z(éo, Bg) It means that the subgroup
Hy = {ha(p2,2) | p2 € R, ¢ € [0;27)}

acts transitively on ws. Also we find that dws = day dfBs is an Hs-invariant measure on ws. It is
found that f,, 4, is an eigenfunction of the linear operator T'(ha(p2,12)), more exactly,

T'(ha(p2,12)) [fp2,q2] = eXP(i)fm,qz-

Similarly dwy = daq dB; is an Hi-invariant measure on the spherical section wy and fp, 4, is an
eigenfunction of the operator T'(hi(p1,1)), namely

T'(h1(p1,%1)) [fp17q1] = exp(ip1p1) exp(iq1¥1) fp1,q1 -

4. Functionals F; and F, and assorted spaces

Let us introduce the following bilinear functionals defined on the direct product £ x £° of two
representation spaces:

Fis (®) [ [ ulai s ey dear (i=1,2),

where the functions on £° are (07, 03)-homogeneous.

LeMMA 1. The functional Fy coincides with Fo if and only if
o] — 05 =09 — 01 — 4. (3)

JOKABATEJBCTBO. It was shown in [11] that for any point = € A there are a low triangular
non-degenerate 2 x 2-matrix b, and the point Z(ao, 52)r € we such that = = b,Z (a2, f2)., and
bi1 = x11, bo1 = x91, g = % In particular, for an arbitrary point (1) belonging to wj, we have

CoS Q] 0
bi(al B1) — . 5
' sinoy  secaq

and, therefore, the correspondence Z(aq, 81) +— .%(QQ,/BQ)j(al’Bl) is one-to-one. Since the operands
u € £ and v* € £° of the functional F; are (01,02)- and (07, 03)-homogeneous, respectively, we
have

u(ar, B1) v®(an, Br) = (cos 1) 717279 y(ay, ) v (az, Ba).
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Considering that wi-coordinates depend on wy-coordinates according to the formulae

=(1+a3)7",

(1 = arctan

Qg €08 B2 + sin By ‘ (a1, a9)
Q1 = arccos

apsin By —cos B2’ |O(a2, a2)

()

we get

(a2, B2) v® (a2, fB2) dovg dfo
// (a1, 1) v®(aq, fr)don dfy = // (L+ aQ)mroi—m—otrd -

It is clear that the equality Fq = F is equivalent to 01 + 0} —02 — 05 +4=0. O
Further we assume that representation spaces £ and £* are mutually assorted, i.e., the pair
(09,09) for the representation space £° is connected with the pair (01, 02) for £ by the equality

(3)-

5. Matrix elements of the B} — B3 basis transformation
Let us express the function f, ¢, as a linear combination of the functions belonging to the basis
B3:
pz,qz Z Cp1,q1,p2,q2 p1,q1( ). (4)

p1,1EZ

In view of Lemma 1, we have

F2(f;:2,qgafﬁ1,é1) = Z Cp1,q1,p2,92 Fl(f;l#]l’fpl@l)‘
P1,q1€EZ
Since

Frlfpr.ars foran) = /_ /_ exp(i[p1 + p1]aa) exp(i[q1 + ¢1]81) dan dy,

we obtain

1
Cp1,q1,p2,q2 = ) FQ(fp.z,q27f—p17_q1)'

We compute the matrix elements of the linear operator acting in £°* and transforming the basis
1 into B3, asserted by the following theorem.

TEOPEMA 1. Let p1, q1, g2 € Z, p2 € R\ {0}, and Re(o1 — 02) > —3. Then

27091 -1 91-092 +1
Cpr,qipge = 2 2 T 6Q1,—Q2 |p2| 2

. —1
01— 02+ (q1 — p1)signpa
X [F ( ( 2 ) >} W(qrm;signm? 02*;1*3 (2|p2‘),

(5)

where I' is the gamma function, W, ,, is the Whittaker function of the second kind, and o5 is the
Kronecker symbol.

LOKABATE/ILCTBO. Using iterated integrals for

92—01—P1+41

(e.) ™
FQ(fpz,qw f:p1,—q1) — jate / / (14 a%) 52 (1 —iag)lr—a
— 0o —Tr

X exp (i[p20é2 + (1 + %)52]) dag dfs,
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we find that cp, ¢, ps,q» Can be expressed as an exponential Fourier transform:

® > . g2-01+01-P1 o
Fo(fpauaes 201 —q1) =27 0gy,—go / (1 + i) .
o (6)
o9 —01+p]—
x (1— iozz)%mql_2 exp(ipaas) das.

The integral in (6) can be evaluated by the following known formulae (see, e.g., [4, Entry 3.2.(12)])

/ (o) 2 (8 — i) exp(—izy) dz = 2n(a + B) 7+ [[(2w)] !

o (7)
X exp <(ﬁ—2a)y> yu-i-u IW 7_}/ H([a+ﬁ]y)
<Re(,u +v) > %, min{Re(a),Re(8)} > 0; y € R+>
and
/ (o +iz) " (B — iz) ™% exp(—izy)dz = 2r(a + B) * 7 I (2u)] "
- B (8)
cexp (C5) (oW (a8l
<Re(u +v) > é, min{Re(a),Re(B)} > 0; y € R‘) .
O

6. Matrix elements of the operator 7°(h*) with respect to B

For any g € SO(2,2), let 5 5 . (g9) be a matrix element of the linear operator 7*(g) with

respect to the basis B3, that is,

( p2v‘12 Z / P27Q27p2,q2 (9) fpz G2 dpz. (9)

G2EZ
In view of Lemma 1, we get

FT DUl F) = X [ i @) ol ) 052

G2 EZ
2 [o@)
=i /0 tpa g2 2.~ (9) 0 (P2 + P2) dpa,

where 0(p2 + p2) is the (—p2)-delayed Dirac delta function. We therefore have

1
tz.Dz,qmﬁz,q”z(g) A 2F (T*(g )[fz;27q2}’f—152,—€12)'

In Theorem 2, we show that the matrix elements ¢3 . - (h*) can be described in terms of
either Bessel-Clifford functions of the first kind

Co(2) =272 J, (2V/2) (10)
or modified Bessel-Clifford functions of the second kind
Ku(2) =272 K, (2/2) (11)

depending on sign(p2p2) in both cases (see [2]). Here J, and K, are Bessel functions of the first
kind and modified Bessel functions of the second kind, respectively, (see, e.g., [13, Chapter 9]).
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TEOPEMA 2. Let pa,p2 € R\ {0}, ¢2,42 € [0,27), and 2 < Re(og — 01) < 4. Then

. 2122 § g o . oy — 01)T )
e (M) = _% [p2l?774 ™" sin (2) Koy—o1—3(—p2p2) (12)
(p2p2 €R7)
and o ( |
® i 05,4 o9 — 01)T
tP2,lI2,Z327¢?2 (h‘*) = 9 Ccos 5 (13)

X [[D2|7 77213 Co — oyt (paa) — |P2]72 "7 P Coyiy —3(p2P2)]
(p2p2 € RY).

JIOKA3ATEJILCTBO. Since the right shift of the subset ws by the matrix A* permutates the first
and the second columns of any point belonging to wo, we have

. o . ipox
T(h) [fomgo ()] = |712|77772 | A1 2|72 7% (A3 + iA0.4)® exp (_p;l;l> .

pa.qo 00 w2 is given as follows:

In view of Lemma 1, the T°(h*)-image of the restriction of

T* (0 fpa.as) (2, B2) = (1) |ao| 72~ exp(igsffz) exp (‘f) |

We obtain

[ ] * 1 o * [ ]
p27q2,z527é2(h ) = ﬁFQ(T (h )[fm,qz]’f—ﬁzrég)

129232 ™ . A +o0 A . P2
= / exp(i[g2 — G2]B2) A / laa 727717 exp <1 [P2042 + 012:|) da.

2
47 - —00

Considering here the principle value of the last integral and using the following known formulae
(see, e.g., [9, Entires 2.5.24.4 and 2.5.24.7])

/O°° 221 cos <a$ n Z) dz = g <2) 2 sin (O‘l> [Jfa(Q\/%) - Ja(2\/@]

2
and .
a1 b b\?2 am
2 cos|lar——)de=2 (-] cos (—) Ko (2Vab)
0 x a 2
(a, b€ RY; [Re(a)] < 1),
with the aid of (10) and (11), we complete the proof. O

7. Matrix elements of the operator 7°(h*) with respect to
the mixed basis f, .| /o0

From (2) and (9), we find

o0
T. (g)[fgz,qg] = Z Z / t;g,qg,ﬁg,@g (g) Cp17Q1,ﬁ2,l§2 dﬁQ f}:1,(h N (14)
—00

P1,q1€Z \G2€Z
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The expression in the brackets in (14) can be characterised as a matrix element of the operator
T*(h*) with respect to the so-called mixed basis fp, g, |fp1.q (see, e.g., [3, p. 204]).

On the other hand, these matrix elements may be obtained in the following way. It is not hard
to check that the linear subspace span(fphql, f~2q1 —p1,q1) in £1 is invariant with respect to the linear
operator T°(h*), namely, in view of (2),

T* (W) g or] = T fpra] = P70 explilproan — aif1) = f, g, L (15)

TEOPEMA 3. Lel p1,q1 € Z such that p1 + q1 = 0mfod?2), po € RT, and 1 < Re(f) < 2. Then

o0
1 1 o R .
/ [5 cos(0m) " py >’ Cs_20(parp2) Wan 9_%(2292)
0 K

1 4 . A
- 5008(9@]}39 “py 9C29—3(p2p2)Wq1;p1 ’9_%(2102)

) 2T (157 — 6)
T (Pl;!h _ 6)

p1t+aq

+(=1)

sin(07) py’ " p3 " Kog—3(p2p2) Wy S (2p2) | dp2

JIOKABATEJLCTBO. From (14) and (15) we have

T.(h*)[fgzz,qg} = Z Cp1,q1,p2,92 T.(Q)[fgl,ql] = Z "' ¢p1 g1 ,p2go f;:l,ql‘ (16)

P1,q1€EZ P1,q1€Z

Since the matrix element ¢y, g, po.q. 1S €qual to zero in case q1 # —g2 and the matrix element

te (h*) is equal to zero in case g2 # G2, considering (14) and (16), we have

P2,92,P2,42

oo
[ ] * . A __ P11
/ tP%*Ql:ﬁ%*Ql(h’ ) Cpr.qrpo—ar A2 = 171 Cpy gy po—an - (17)
—Oo

Using, for (16), the results from Theorems 1 and 2, and letting § = 2571, we complete the proof.
O

8. Concluding Remarks

Setting p1 = ¢1 = 0 in (14) and considering the following relation between Macdonald functions
K, and Whittaker functions Wy, (see, e.g., Entry [15, 7.8.8]):

% (2) = (£)* Wouo) (18)

from the result in Theorem 3, we obtain the following integral formula for the K-transform (see
[4]) of the linear combination of the Bessel-Clifford functions:

>*ri 0—3 4=_ R 1 a5 3.0 .
/ [5 cos(07) py > P30 C3_0g(papiz) — 3 cos(0m) p3’ 45 537" Cog—3(paji2)
0

2 (_1)f (19)

. 45 .50 R R
sin(O) ps’ 45 p3 /C2«9—3(P2p2)} Kg,%(pz) dpy = Kg,g(m)
(p2 € R*, 1 <Re(h) < 2).

Some similar results to those in Theorem 3 and formula (19) can be obtained from (17) in case
ps € R™.

Using the following three integral transformations:
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(

(i

(i) The first Hankel-Clifford integral transform (see, e.g., [7, Eq. (2.7)])
HM[f](A) = A7 /Ooo CoOAN) FN) AN (A eRY);

ii) The second Hankel-Clifford integral transform (see, e.g., [5]; see also [7, Eq. (2.9)])
HO[f]()) = /OOO NN A (A eRY);

ii) The Macdonald-Clifford transform (see [12])

KA = [ KO0 AL (e R,

we can rewrite the identity in Theorem 3 in the following form:

cos(Om A . A R
;) [Hgl_)QQ [pg 3 W%’g_%mpz)} (p2) — H§29)_3 [pg 3 W%’g_%@]?z)} (Pz)}
2(—1)0T (252 — 6)
T (plgfh _ 9)

r1+491

=(-1)"2 p3—30W¥’G_%(2p2).

Koo |55 Wy s (22)] (p2)
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