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AnHOTanmusa

ITousTue HaChIIIEHHOCTH, BBEJEHHOE B KOHIIE IIPOLLIOIO BEKa, OKA3aJ10Ch ILJI0IOTBOPHBIM IIPH
u3ydeHnr OECKOHEUHBIX TDYIII. BBIJIO MOJIyYeHO OMMCAHUE PA3JIMIHBIX KJIACCOB ODECKOHEUHBIX
DY C PA3JIMYHBIMY BAPUAHTAMHU HACHIIAIOIIANX MHOXKECTB. B wacTHOCTH, OBLIO yCTaHOBJIEHO,
9TO TePUOAUIECKHE TPYIIBI C HACHIIAIOMIAM MHOXKECTBOM, COCTOSAIIAM U3 KOHEYHBIX MPOCTHIX
HeabesIeBbIX T'PYIIN JUEBA THIA, PAHIA KOTOPBHIX OIPAHWYEHBI B COBOKYIIHOCTH, €CTh B TOYHO-
CTU JIOKAJIbHO KOHEYHbIE I'PYIIIbI JIAEBA THUIA HAJ MOAXOJAIINM JIOKAJIbHO KOHEYHBIM IIOJIEM.
EcrecTBeHHBIM MArOM B JAJIBHEHINX MCCIEIOBAHUSIX OBLT OTKA3 OT YCIOBUS MEPUOIUTHOCTH
Ha, UCCJIEIYEMYIO TPYIIY W OTKa3 OT CTPYKTYPBI HACHIIAIOIIETO MHOXKECTBA, KAK MHOYKECTBA,
COCTOSAIIETO U3 KOHEYHBIX MPOCTHIX HEAOEIEBBIX IPYIII JINEBA TUIA, PAHTYA KOTOPBIX OrPAHUYEHbI
B COBOKYyIHOCTH. B Hacrosieil pabore paccMaTpuBalOTCs CMENIAHHbIE IPYNIbL (T.€. IPYIIIbI KO-
TOPBIE COAEPKAT KAK JEMEHThl KOHEYHOIO LIOPs/IKA, TAK U 3JIEMEHTbl DECKOHEYHOrO IOPsIKA)
[MTymkora.

Xopormo u3BectHo, uto rpynma IllyrkoBa ne obs3ana 006Js1aaTh MEPUOIUIECKON HTACTHIO
(T.€. MHOXKECTBO 3JIEMEHTOB KOHEYHOr0 mopsaka B rpyime [IyHkoBa He 00g3aTebHO ABJIAETCS
rpyumnoii). B kauecTBe HACHIIAIOIIErO MHOKECTBA PACCMATPUBACTCS MHOYKECTBO MOJHBIX JIMHEH-
HBIX PPYTII CTEIEHN 2 HAJl KOHEYHBIMU [OJISIMHU YeTHON XapakTepuctuku. QTcyTCTBHE AaHATIOIOB
n3BecTHBIX pe3yabraroB B. /1. Ma3ypoBa o0 nmepuoandecKux IpPyHiax ¢ abejJeBbIMHU EHTPAJIU-
3aTOpaMU WHBOJIIOIHUIT TOJITOe BPEMs HE TI03BOJISJIO YCTAHOBUTL CTPYKTypy rpymmbl [lyakosa
C YHIOMSIHYTBIM BBIIIE HACBHIAIONNM MHOXKeCTBOM. B mannoil pabore 3Ty TPYAHOCTH yIaja0Ch
npeogoners. JlokaszeiBaercs, yro rpymnmna IIlyHkoBa, HACHIIIEHHAS TTOIHBIMU JTUHEHHBIMU TPYII-
[TaM¥ CTEleH! 2 HaJl KOHEYHBIMU TOJISIMA XaPAKTEPUCTUKH 2, TOKAJIHHO KOHEYHA U n30MOPdHA
[TOJTHOM JIMHEWHO I'PyIIle CTeleHn 2 HAJ| MOIXOAAIIMM JOKAJIHHO KOHEYHBIM II0JIEM XapaKTePu-
CTUKHA 2.
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Abstract

The definition of saturation condition was formulated at the end of the last century.
Saturation condition has become useful in study of infinite groups. A description of various
classes of infinite groups with various variants of saturating sets was obtained. In particular,
it was found that periodic groups with a saturating set consisting of finite simple non-Abelian
groups of Lie type, under the condition that ranks of groups in saturation set are bounded in
the aggregate, are precisely locally finite groups of Lie type over a suitable locally finite field.
A natural step in further research was the rejection of the periodicity condition for the group
under study, and the rejection of the structure of the saturating set as a set consisting of finite
simple non-Abelian groups of Lie type with ranks bounded in the aggregate. In this paper,
we consider mixed Shunkov groups (i.e., groups that contain both elements of finite order and
elements of infinite order).

It is well known that the Shunkov group does not have to have a periodic part (i.e., the set of
elements of finite order in the Shunkov group is not necessarily a group). As a saturating set, we
consider the set of full linear groups of degree 2 over finite fields of even characteristic. The lack
of analogues of known results V. D. Mazurova on periodic groups with Abelian centralizers of
involutions for a long time did not allow us to establish the structures of the Shunkov group with
the saturation set mentioned above. In this paper, this difficulty was overcome. It is proved that
a Shunkov group saturated with full linear groups of degree 2 is locally finite and isomorphic
to a full linear group of degree 2 over a suitable locally finite field of characteristic 2.
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1. Introduction

Let X be a set of groups. A group G is saturated with groups from the set X if any finite
subgroup of GG contained in a subgroup of the group G, is isomorphic to a group from X. The set
X will be called saturation set for G [9]. Let G be a group. If all elements of finite order from G
are contained in a periodic subgroup of G, then it is called the periodic part of G and denoted by
T(G) [3, p- 90]. Recall that a group G is called the Shunkov group if for any finite subgroup H

2The research was carried out at the expense of a grant from the Russian science Foundation (project 19-71-10017).
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of G in the factor group Ng(H)/H any two conjugate elements of a prime order generate a finite
group [5]. Note that the Shunkov group is not required to have a periodic part [6].

Groups with saturation conditions studied in following works: [8, 14, 15, 12, 1, 2|. In paticular in
|4] it is proved that the Shunkov periodic group G saturated with the groups GL2(p") (neither the
characteristic of the field p nor the natural n are fixed) is locally finite and isomorphic to G Lo(P),
where P is a suitable locally finite field. For a long time, this result could not be transferred to
the entire class of Shunkov groups (without failure of periodicity) due to the lack of a description
of Shunkov groups with Abelian centralizers of involutions. In this study, for the case p = 2, this
difficulty is circumvented. The following result is proved.

Theorem. Let the Shunkov group G be saturated with groups from the set

M= {GLo(2") | n=1,2,...}.

Then G has a periodic part T'(G) that is isomorphic to GL2(Q) for a suitable locally finite field Q
of characteristic 2

2. Definitions, known facts, auxiliary statements

DEFINITION 1. Let G be a group, K be a subgroup of G, X be a set of groups. By X (K) we
denote the set of all subgroups of G containing K and isomorphic to groups from X. If 1 is the
identity subgroup of G, then X (1) will denote the set of all subgroups of G, isomorphic to groups
from X. If it is clear from the context which group we are talking about, then instead of X (K) we
will write X(K), and instead of X¢(1) we will write X(1). [9]

PROPOSITION 1. A finite invariant set of elements of finite order in any group generates a
finite normal subgroup [3].

PROPOSITION 2. Shunkov periodic group G, saturated with groups from the set Im consisting
of all groups {GLa(p™)} (here p and n are not fized), is isomorphic to GL2(Q) for suitable locally
finite field [4].

PROPOSITION 3. A Shunkov group with an infinite number of elements of finite order has an
infinite locally finite subgroup |10, Lemma 1].

PROPOSITION 4. Let G be a Shunkov group, a be an element of prime order from G, x be an
involution from G. Then (x,a) is the finite group |7, proposition 4].

PROPOSITION 5. Let G be a Shunkov group and H be a finite normal subgroup of G. Then the
factor group G = G/H is a Shunkov group |7, proposition 5].

PROPOSITION 6. If in a Shunkov group G some Sylow 2 -subgroup is finite, then all Sylow 2
-subgroups of G are finite and conjugate |7, Proposition 9].

PROPOSITION 7. The Shunkov group G, in which all finite subgroups are Abelian, has an Abelian
periodic part of T(G) |7, proposition 7].

PROPOSITION 8. Let G be a Shunkov group saturated with wreathed groups. Then G has the
periodic part T(G) = (A x B) X\ (v), where A = B, A is a locally cyclic group and |v| =2 [11].

PROPOSITION 9. Let G = La(q), where ¢ = 2" > 2, P is a Sylow 2 -subgroup of the group
G. Then :

1. P is an elementary Abelian group, and any two different Sylow 2 -subgroups of group G
wntersect trivially.
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2. Cg(a) = P for any involution a € P.

3. N¢(P) = P X H is the mazimum subgroup of G, which is a Frobenius group with kernel P
and a cyclic complement H of order ¢ — 1, acting transitively on the set P\ {1}.

4. Ng(H) s a dihedral group of order 2(q — 1).

5. If K s a subgroup of G and K has a nontrivial normal subgroup of odd order, then Ng(K) s
a dihedral group of order 2(q — 1) or 2(q + 1) [13].

PROPOSITION 10. Let L = GLy(2"). Then :

1. L = Ly(2") x Z, where Z = ((§ 2)) is the center of the group L, a € GF(q).

2.R={({%),a € GF(2™)} is a Sylow 2 -subgroup of the group L, N (R) = R\ D, where
D={((§ g)> - a subgroup of diagonal matrices of the group L, 3 € GF(2"), D = ZxT, T = ((39)),
and |Z| = |T| =2" — 1.

3. PGLy(p") = L/Z = Lo(2™) [13].

3. Proof

Suppose the theorem is false. Further, G is a counterexample to the statement of the theorem.
LEMMA 1. G is not a periodic group.

PROOF. Assume the opposite. Then T(G) = G and by the proposition 2 G is isomorphic to
Ly(Q) for a suitable locally finite field @ of characteristic 2. Hence the lemma is proved.

LEMMA 2. G contains infinitely many elements of finite order..

PROOF. Assume the opposite. Then by the proposition 1, the group G has a finite periodic
part T'(G), which is isomorphic, according to the saturation condition, to the group Ly(2™) for a
suitable m. This contradicts the fact that G is a counterexample. Hence the lemma is proved.

LeMMA 3. All tnvolutions from the group G are conjugate.

PROOF. Let z,y be two different involutions from G. By the proposition 4 (z,y) is a finite
group. By saturation condition (x,3) < M < G and M € 9M(1). In this case, M ~ GLy(2') for a
suitable positive integer [. According to the propositions 10, 9 x = 39 for some g € M. Hence the
lemma is proved.

LeEMMA 4. Let S be a Sylow 2 -subgroup of G. Then S is an infinite elementary Abelian 2
-group.

PRrROOF. By Lemma 2 and Proposition 3 the group G contains an infinite locally finite subgroup
L. Therefore, for any positive integer n in the group L there exists a finite subgroup K, such that
|K,| > n. By saturation condition K, < M, < G and M,, € 9(1). In this case M, ~ GLo(2') for
a suitable positive integer I. By the proposition 10 we have |M,| = (2% —1)2!(2! +1). Thus n < 2%
(Ingn)/3 < I, I can be arbitrarily large due to the arbitrariness of n and in the group G there is a
finite 2-group of arbitrarily large order. Hence, using the proposition 6, .S is an infinite group.

Now let s be an arbitrary element of S. By saturation condition s € M,, < G and M,, € M(1).
In this case M, ~ GLy(2') for a suitable positive integer I. By the proposition 10 |s| = 2. Thus, S
is an infinite Abelian group of period 2. Hence the lemma is proved.

Let’s fix the group S of the statement of the lemma 4.

LEMMA 5. Let R be a Sylow 2-subgroup of G other than S. Then SN R = 1.
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PROOF. Assume the opposite and let 1 # z € SNR. By the lemma, 4 z is an involution. Let’s take
the involution = € S\ R and the involution y € R\S. By the proposition 4 (x, y) is a finite group from
Cc(2) (Lemma 4). Therefore, (z,x,y) is a finite group. By saturation condition (z,z,y) < M < G
and M € 9M(1). In this case M ~ GLo(2!) for a suitable positive integer I. According to the
propositions 10, 9 we have xy = yx. Since the choice of involutions z,y is arbitrary, we conclude
that the groups S, R are elementwise permutable. Therefore, SR is an elementary Abelian 2-group.
By the lemma 4 S = SR = R. Which is a contradiction with the condition of the lemma. Hence
the lemma is proved.

LEMMA 6. Let R be a Sylow 2 -subgroup of G other than S. Then S = RYI for some g € G.

PROOF. Let us take the involution = € S and the involution y € R. By the lemma 3 z = y9 and
x € SN RY for some g € G. By the lemma 5 S = RY. Hence the lemma is proved.

LEMMA 7. Ng(S) has a countable periodic part T = T(Ng(95)).

PRrROOF. 1. Let 1 # K be a finite subgroup of S. By saturation condition K < M < G and
M € OMM(1). In this case M ~ GLy(2') for a suitable positive integer . Let Sy be a Sylow 2-
subgroup of M containing K. By the lemma 4 Sy < S, Ny(Sy) < Ng(S). According to the
propositions 10 (clause 1.), 9 (clause 3.) Nas(Snr) contains a finite subgroup Rg,, = Vs,, X Zyr of
order (2 — 1)? such that N (Sys) = Sar ™ Rar, S ™ Vs,, is a Frobenius group with kernel Sys
and cyclic complement V,, of order 2! — 1 acting transitively on the set Sy \ 1, Zy = Z(M) is a
cyclic group of order 2! — 1. Thus, Ng(S) contains finite subgroups of an arbitrarily large odd order
due to the fact that [ can be arbitrarily large.

Let us consider the factor group N = Ng(S)/S. Since n(S) N7(N) = @, then N is a Shunkov
group (by the proposition 5). Let us show that all finite subgroups of N are Abelian. Let K be a
finite subgroup of N and K be some finite inverse image of Ng(.9) such that SNK #1. By saturation
condition K < M < G and M € 9M(1). In this case M ~ G Lo(2') for a suitable positive integer [.
Let Sy be a Sylow 2-subgroup of M containing K. By the lemma 4 Sy < S, Ny (Syr) < Na(S).
According to the propositions 10 (clause 1.), 9 (clause 3.) Nj(Sn) contains a finite subgroup
Rs,, = Vs,, x Zy of order (2! — 1)% such that Nas(Sar) = Sar ™ Rar, Sy ™ Vs,, is a Frobenius
group with kernel Sp; and cyclic complement Vg,, of order 2! — 1 acting transitively on the set
Sy \1, Zy = Z(M) is a cyclic group of order 2! — 1. Hence,

F:KS/S < SNM(SM)/S: SRM/S:S(VSM X ZM)/S:
:SVSM/S X SZM/S: VSM XE

is an Abelian group, as required. It is clear that in this case N is saturated with finite Abelian
groups and, by the proposition 7 N, has the periodic part T'(N) which is an Abelian group.
Let us show that for any p € n(T((N)), p — rankT'(N) equal to 2. Let’s assume the opposite,

for some p-subgroup of p € n(T(N)), K = (a) x (b) x (¢) is an elementary Abelian p-subgroup of
T(N). Denote by K some finite inverse image of K in the group T(Ng(S) such that SN K # 1. By
saturation condition K < M < G and M € 9(1). In this case M ~ G Ly(2') for a suitable positive
integer [. Let Sy be a Sylow 2-subgroup of M such that Nj/(Sys) contains K. By the lemma 4
we have Sy < S, Nas(Sy) < Ng(S). Therefore, Njs(Sys) contains elementary Abelian p-subgroup
{a) x (b) x {c) of order p?, which is impossible due to the propositions 10 (clause 1.), 9 (clause 3.)

Since an Abelian locally finite group is a direct product of its cyclic subgroups, T(N)
is a countable group. Let’s take two different involutions z,y in S. By saturation condition
(r,y) < M € IM(1). Let Sy be a Sylow 2-subgroup of M such that Np(Sps) contains (z,y).
Clearly, Spr < S. By 10 (clause 1.), 9 (clause 3.) there is an element a in Njps(Sps) such that

x** = y for any s € S. Hence, taking into account the countability of T'(NV), follows the countability
of the groups S,T. Hence the lemma is proved.
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LEMMA 8. In G there exists an infinite sequence of subgroups
GIJ;%"'aan"v

with the following properties.

A. G, ~ GLQ(an) and 1, divides l41
B. TNG, = Ng, (Sp) = Sp N (Zn, x Vi), where Sy, is a Sylow 2-subgroup of Gy, Z, = Z(Gy),
C. NG’TL(SN) < NGn+1 (Sn+1)-
D. o ~
T =|J Na,(Sn) = [ J(Su X (Zo x V) = SN (Z x V),
n=1 n=1
where

o
z=\J 2.
n=1
1s a locally cyclic subgroup of T generated by all elements of odd orders centralising at least one

wnvolution from S.
(e}
v=|JW
n=1

15 a locally cyclic subgroup of T which is isomorphic to the group Z and acts transitively on S.

PROOF. By the lemma, 7 T is a countable group. We number the elements of the group T with
elements of the natural series: T = {t1---t,---} and let’s assume that 1 # t; € S. By saturation
condition (t;) < M < G and M € 9M(1). Let Sps be a Sylow 2-subgroup of M containing (¢;). By
the lemma 4 we have Sy; < S, Na(Sar) < T. Let M = Gy. It is clear that G; ~ GLy(2") and
GiNT = Ng,(S1) = S1 N (Z1 x V1), where Sy; = S is a Sylow 2-subgroup of G1, Z1 = Z(G1),
V1 is a cyclic subgroup of Ng, (S1) acting regularly and transitively on Si. (Propositions 10 (clause
1.), 9 (clause 3.)

Suppose that for n > 1 a subgroup G,, satisfying the conclusion of the lemma is constructed. Let
tm be an element from 7'\ Ng,, (Sy) with the smallest possible index value of m. By the saturation
condition, the finite group (¢, Ng, (Sn)) < M < G and M € M(1). Let Syps be a Sylow 2-subgroup
of M containing (t,,, S,). By the lemma 4 we have Syy < S, Nps(Spr) < T. Let M = Gppyq. Tt is clear
that Gp41 >~ GLQ(Ql”“) and G, NT = NGn+1 (Sn+1) = Sn+1 ™ (Zng1 X V1), where Sy = Spt1
is a Sylow 2-subgroup of G y1, Zny1 = Z(Gny1), Vag1 is a cyclic subgroup of Ng, ., (Spm41) acting
regularly and transitively on S, ;1. (Propositions 10 (clause 1.), 9 (clause 3.) By construction, the
points A,B,C,D hold. The lemma is proved.

In the notation of the lemma §, the following statement holds.

LEMMA 9. Ng(Z, x Vi) has a periodic part of T(Ng(Z, x V,,)) and
T(Ng(Zn x Vy)) =T(Ng(Z x V) =(Z x V) X {(wy),

where wy, involution from G, such that for any z € Z, 2% = z and for any v € V,v*» = v~ 1,

PROOF. Let’s show that the group Ng(Z, x V) is saturated with finite wreathed groups.
Let K be a finite subgroup of Ng(Z, x V,). By the saturation condition, the finite group
(Zp x Vi), K) < M € M({(Z, x V), K)). According to the propositions 10 (point 1.), 9 (point
3.) NM(Zn X Vn) = (ZM X VM) DN (w), where Zy; = Z(M), Zn < Zyr, Vi < Vi and for any
€ Vi, o¥ =71 Let Zy = (), Var = (y). Then Ny (Z, x Vi) = ((zy) x {7 y)) X (w) is an
wreathed group. Due to randomness of choice of K as a finite subgroup of Ng(Z, xV,,) the saturation
of the latter with finite wreathed groups is proved. By the lemma 8 we have (Z x V) < Ng(Z, xV,,),
therefore, by the proposition 8 T(Ng(Z, x V,,)) = (Z x V) X (wy). The lemma is proved.
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LeEMMA 10. In G there exists an infinite sequence of subgroups
MlaMQa"' >Mn7"'

with the following properties.

A. M, ~G,,.

B. M,, NGy, = (Z,, X V).

C. Nap,(Zn x Vi) = (Zn x Vi) N(w)) < Nagoy (Zngr X Vig1) = (Zng1 X Vi X (w)), where w
is an involution from T(Ng(Zy x V).

PROOF. Let’s fix some involution wy, € T(NG(Zny X Vi) = T(NG(Z X V) = (Z X V)X (wn,).
Let w = wy,, R = (Z X V)X (w). By the lemma 9, all involutions in R are conjugate. Therefore, for
any n in R there is an element x,, such that wl» = w,. Let M,, = G¥". By construction sequence

M17M27”' 7MTL5"' ’
has the properties A.,B.,C. Hence the lemma is proved.

LEMMA 11. Subgroup sequence
M17M27”' 7Mn7"' ’

forms a chain
My < My<--- <M, <---.

PRrROOF. Denote by S, a Sylow 2-subgroup of M, which contains the involution w. Since the
involution w lies in each of the groups M,, (by the lemma 10) and the order of the group M,, divides
the order of the group M, 11, then S, < S,,+1. Hence, the group M, 11 contains two different Sylow
2-subgroups as subgroups S, and S} (1 # v € V,,) of My,, and group Ny, (Znx V) = (Znx Vi) N (w)).
By the propositions 10 (clause 1.), 9 (clause 3.) M,, = (Sn, SY, Nu,, (Zn, X Vi,). Hence, My, < M, 41.
The lemma is proved.

Let us complete the proof of the theorem. By the proposition 2 and by the lemma 11

L=|]J M, ~GLy(Q)

n=1

for a suitable locally finite field @ of characteristic 2. By the lemma 1 L < G. Let us show
that L = T(G). Suppose that M contains all involutions from G. In this case, G contains the
characteristic subgroup L1 ~ L9(Q), and all elements of finite order from Cg(L;) generate the
subgroup Z and L = L1 X Z. Any element g of finite order from G is represented as g = xz, where
x € Li,and z € Z. Thus L = T(G) # G (by the lemma 1).

Suppose that there is an involution v € G \ L. Take the involution £ € S < L. By the
saturation condition, finite group (v,k) < R € M((v,k)). Denote by Sg a Sylow 2-subgroup of
R, such that k € R. By the lemmas 5, 7 Nr(Skg) < T. Therefore, for some positive integer n,
Nr(Sr) < Ny, (Sp). But then v € R < M,, < M. A contradiction with the choice of the involution
v. Thus, all involutions from G lie in M, and in this case the statement of the theorem holds. The
theorem is proved.
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