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AwuHOTanmusa

B mannoit pabore yrodHeHa OIEeHKA MePhbl HPPANMOHAILHOCTH THCIa In g

K macrosmeMy BpeMeHH yCTAHOBJIEHO JOCTATOYHO MHOTO OIEHOK MEp HUPPAIMOHAIBHOCTH
3HAYEHUN AHAJIUTUIECKUX (PYHKINH, B 9ACTHOCTH, JTOrapucMOB PAIMOHAJIBHBIX IHUCE.

HuodantoBsr npubiukenns JorapudMOB PANUOHAJBHBIX YHCE] PACCMATPUBAINCH B Pa-
Gorax K. Baananena, A. Xeitmonena n T. Marana-Axo [1], [. Puna [2], E. A. Pyxaznze [3],
M. Xara [4]-[6] u ap. B Tpysax srux aBTopoB MCLOJIb30BAIKCH UHTEIPAJIbHBIE KOHCTPYKIMH,
JAoIpe MaJjble JUHEeHHBIE (POPMBI OT PACCMATPUBAECMBIX YHCEs, UMeromme "xopormmue' oreHKn
3HaMeHaTesel K03 GUImeHToB. ACUMITOTHKA HHTErPAJIOB U KOI(MDMUIIMEHTOR JIMHEHHBIX (POPM
BBIMHC/IAIACH C MOMOIIBIO TeopeMmbl Jlamaaca, Mmeroga mepesasa. O030p HEKOTOPHIX KOHCTPYK-
Wi 13 TeOPHUH ANO(PAHTOBBIX MPUOIMKEHIH JTOrapudMOB PAITUOHATBHBIX TUCE OBLT IIPeICTaB-
neH B crarbe B. B. Bymumuna [7]. Ormernm, gro B 2009 1. P. Mapkosekkuo B [§] ¢ momorpio
JIBYKPATHOI'O KOMILJIEKCHOIO MHTErPAJia, [MOJIYYUsl JIydllyl0 Ha JIAHHBII MOMEHT OIEHKY MEpbI
UPPAIMOHATBLHOCTH Umcaa In 2.

B mociennee BpeMsi MUPOKO MPUMEHSIOTCS CUMMeTpun (DYHKIWHA, YIACTBYIOIINX B WHTE-
IPATTbHBIX KOHCTPYKITUSX.

HUcnonb3oBanue cumMerpuzoBanubix uarerpaios nosposusio E. C. Bosoryxunoit B [9] u
E. B. Tomawesckoii B [10] oy 4urb HOBbIE OLEHKU [10KA3ATEIE UPPALMOHAIBHOCTU HEKOTOPBIX
JorapnMOB paIMOHAILHBIX Yncel. Briepsoie momobubIii nuTerpas onu1 pacemorper B. X. Ca-
JIMXOBBIM MDY TOJIYYeHUN OIEHKHN Mepbl WppaloHaibHocTH Yyncia In3 B [11], a 3arem uncia 7
B [12].

B 2014 r. B [13] K. By u JI. Baur nosyuniu oleHKy Mepbl UPPALMOHAIBHOCTH Yucaa In 3,
yayuamaornryo pedyiabrar B. X. CamuxoBa. B ux pabore BuepBbie ObLIM IPUMEHEHBI OOIIHE
CHMMeTpPHU30BaHHbIe MHOTOUJIeHBI TIepBoil cTenenn suna At — B, rie t = (v — d)?.

B 2017 r. B. X. Cannxon, M. YO. JIyunu u 1. B. Bongapesa B [14] yiyunmian pesynsrar K. By
(cm. [15]) o mepe mpparmoHanbsHOCTH In 7. 31ech BrepBble ObIIN PACCMOTPEHBI KBAJAPATHIHbIE
CHMMETPU30BAHHBIE MHOIOUIEHBI.

B nacrosieit pabore Takike HCHOJIb3YIOTCS KBAIPATHIHBIE CUMMETPU30BAHHBIE MHOIOYIIe-
HbI, HO OyJIET PACCMOTPEH KOMILJIEKCHBIH HHTErpaJl.

Karouesnie caosa: mokasareab HPPANUOHATIBHOCTH, CAMMETPU30BAHHBIE HHTETPAJIbI, CHMMET-
PU30BAHHBIE MHOTOYJIEHBI.

Bubauoepagua: 15 HazBaHuUii.
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Abstract

In this paper the estimation of irrationality measure of lng is refined.

To date, a lot of estimates of irrationality measures for the values of analytic functions have
been established, in particular, logarithms of rational numbers.

Diophantine approximations of logarithms of rational numbers were considered in the papers
of K. Vaananen, A. Heimonen, T. Matala-aho [1], G. Rhin [2], E. A. Rukhadze [3], M. Hata
[4]-[6] and other. These authors used integral constructions that give small linear forms from
the numbers and have good estimates of the denominators of the coefficients. Asymptotics of
integrals and the coefficients of the linear forms computed by using theorem of Laplace and
the method of the pass. An overview of some constructions from the theory of Diophantine
approximations of logarithms of rational numbers was presented in the article by V. V. Zudilin.
Note that in 2009 R. Marcovecchio with the help of the double complex integral has received
the best estimate of the irrationality measure of In 2.

Recently, the symmetries of functions involved in integral constructions are often used. The
use of symmetrized integrals allowed E. Zolotukhina in [9] and E. Tomashevskay in [10] to
obtain new estimates of irrationality measures of some logarithms of rational numbers. For the
first time such an integral was considered by V. H. Salikhov in obtaining an estimate of the
irrationality measure of In3 in [11] and 7 in [12].

In 2014, Q. Wu and L. Wang in [13] received an estimate of the irrationality measure of In 3,
which improved V. H. Salikhov’s result. For the first time in their work, general symmetrized
polynomials of the first degree of the form At — B, t = (x — d)?, were applied.

In 2017, V. H. Salikhov, I. Bondareva and M. Luchin in [14] improved Q. Wu’s result on
the irrationality measure of In7 (see [15]). Here was first considered the quadratic symmetrized
polinomials.

In this paper, quadratic symmetrized polynomials are also used, but a complex integral will
be considered.

Keywords: Irrationality measure, symmetrized integrals, symmetrized polinomials.
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332 B. X. Camuxos, E. C. Bonoryxuna, E. B. Tomamesckas

For citation:
V. H. Salikhov, E. S. Zolotukhina, E. B. Tomashevskay, 2019, "On irrationality measure of In %” ,
Chebyshevskii sbornik, vol. 20, no. 4, pp. 330-338.

1. BBenenue

HanomanM, 9T0 mOKa3aTe b HPPAINOHATBHOCTH UK MEPa UPPAITHOHATBHOCTH (4(7Y) BEIECTBEH-
HOTO UHCJIA 7y ONPEEIsIeTCsT KAK HUXKHsIST TPAHUIA UUCe (4 TaKWUX, U4To Juid Jjioboro € > 0 cymre-
crByer qo(g) > 0, Takoe, 9TO HEPABEHCTBO ”y — g’ > ¢ HM7° BRIMONHACTCS I BCEX TEJIBIX 9UCesT P,
q upn q > qo(e).

B 1993 r. K. Baananen, A. Xeiimonen u T. Marama-Axo B [1|, ucmnoan3yst ammpokcuMarun
[Mame s rumepreomerpudeckoit dpyukimu [aycca, moxasaaum obmiyio Teopemy 00 OIEHKAX Mep
UPPAIMOHATIBLHOCTU JIOTAPU(pMOB PAlMOHAJIBHBIX duces. B wyacTHOCTH, ObLIA MPUBEJEHA OIEHKA
p(lng) <9.7571....

Mosauee E. C. Bonoryxuna B [9] nonyunna pesymsrar p(In3) < 5.6514..., KoTopbiit 3arem
6b1 yayuiten E. B. Tomamesckoii u cocraBui p (ln %) <5.5120....

B nmacrosimeit pabote 3Ta orenka 6yaerT yrouHeHa. Y/IydIeHne CBA3aHO ¢ UCIOTb30BAHUEM MO-
nudunupoBanHoro Komiiekcuoro naterpaia E. B, Tomamesckoii.

TEOPEMA 1. Cnpasedausa ouenrka

5
M <ln 3) < 5.5119417....

2. OcHOBHBIE KOHCTPYKITUNA
Ilycrs Besne manee d = 31, t = (z — 31)%, A, B, C € N,

P(t) = At? —Bt+C = Agx* + Az + Agx® + Az + A, (1)
rne Ay = A, Ay = —4dA, Ay =6d*A— B,A; = —2d (2d*’A - B) , Ay = Ad* — Bd® + C.

Pacemorpum jutst HecokpaTumoii apobu a/b, tne a € Z, a # 0, b € N, nokasareib
vy = vp(a/b) € 7Z upocroro umciaa p tak, 4ro a/b = p“?a;/bi, tme a1 € Z, by € N,

(a17p) = (blap) =1
Ilycts K =7 [\/ﬁz] Taxxke st a € K ompenennm

v*(a) = max{y|a = (\/ﬁi)yal, a; € K}

ITycts mast anagurudeckoil B Touke x = 0 dyukun f(z)

_ /™)
N!

Do(f(x)) = £(0), Dn(f(x)) , NeN.

Oupegenum s mHorodwtena P us (1)

V31 (P) = min (4, V31 (A()) , V31 (Al) +1,v31 (AQ) + 2) ,
VQ(P) = min (6, 12} (Ao) , 9 (Al) + 2,19 (AQ) + 4) , (2)
v*(P) = min(2,v" (Ag),v" (A1) +1).
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JIEMMA 1. IIyemv m € N, N € ZT, N < 4m. Tozda 6binosnatomes cAeoyiousue ouernku

v31 (Dy (P™)) > mwsg(P) — N,
vo (Dy (P™)) > muy(P)— 2N,
v* (Dy (P™)) > mv*(P)— N.

HOKABATEJBCTBO. Ilycts mamee m = (mg, my, ..., my) € (Z+)5, [m| = mo +mq1 + ... + my,

() |m|!
m) = ——.
K molml! s ~m4!

Torna u3 (1) umeem

4

pr= 3" ) [T (4™,

|m|=m =0
4
Dy(P™) = > ~ym][A™
= i=0
Z?:l imi=N

PaccmorpuM psift cotydaes:

1) v31 (Dn (P™)) > Zle m;vsy (4;) > musg(P) — Z?Zl im; = mus1(P) — N, Tak Kak
v31 (4;) +i > v (P), i = 0,1,...,4; ana i € {0;1;2} sro caeayer u3 oupenenenns v (P) B
(2), upn i =3 v31 (A3) +3>4> w31 (P), upu i =4 v31 (As) +4 >4 > v31(P);

2) vy (Dy (P™) > b mivn (A) > mun(P) — 234 im; = mwa(P) — 2N, tak Kax
vo (A;) +2i > 1a(P), i = 0,1,....4; s i € {0;1;2} s10 caepyer uz oupejenenust va(P) B (2),
upu i =3 vp (A3) +6 > 6 > 1n(P), upu i =4 vy (As) + 8 > 1»(P);

3) v*(Dy (P™) > b ma*(A) > mw*(P) — b im; = mv*(P) — N, mak kax
v (A) +i > vi(P), i = 0,1,..,4; ama i € {0;1} s10 caeayer u3 onpenenenns v*(P) B (2),
npu i € {2;3;4} v* (4;) + 1> 2> v*(P), rak xak A; € Z, v* (A;) > 0.

Takum obpazom, memMmMa JOKA3AHA.

PaccmoTpuy MHOrOUIEHBI

P = 2% — 12423 4+ 576422 — 119040z + 922560 = ¢* — 2t + 961,
Py = 3z%— 37223 + 1729422 — 3572441 + 2767680 = 3t> — 4t + 961.

Tosoxum T = 31¥81(Pe)gva(P) (\/152')V*(Pk). Torma u3 (2) qna P u Py umeem

M, = 31226 (\/BZ)Q (3)
I, = 31224 (Jﬁ)l . (4)

IIycts ap = 0.9998784, s = 0.4998784, ag = 0.0001824, gy = 0.0000304.
Paccmorpum panmmnonabay0 QyHKIIAIO

(z —31)™" (P1(2))™*" (Py(x))™*" 165%™

Rlz) = (62— )t /

rae n € N, n xparuo 107,
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Oupenenum nHTErpal
35+iv/15
w=124 / R(z)dx, (6)
31

IMogsarerpansuas dyuknus (5) obaagaer csoiicrBom cummerpun R(z) = R(62 — ), BBuny
KOTOPOTO CIIPABEIINBO CJleylolee pasoxkenne R(x) B cyMMy mpocrefimux apobeit

n+1

R(.T) = Qan72(x) =+ JZ; (l‘; + (62—]1’)3)’ (7)

e @ = aj + 4ag + daz — 2 = 1.0001216, Qan—a(z) = Y072 bya®, by € Z, a; € Q (j = T,n + 1).

3. BcmomorareabHble YyTBEPXKIEeHUA

Paccmorpum kosddurmentsr a; pasaoxenns (7).

JIEMMA 2. Jas scex j=1,...,n+ 1 umeem mecmo npedcmasaenue
. . j—1
62a; = 31712572 (VI5i)" 4y, 4; € K. 8)

JOKABATEJNBLCTBO. Ilycth m = (my, ma, mg,my), m; € Z*, |m| = my +ms + m3 + my. Torga us
(5) u (7) moayaum

aj = Dnprj (Bu(x)2z™) = Y D, ((z = 31)™") D, (Pr(2)*")
|m|=n+1—j
X Dipy (Po(2)**™) Din, (62 — )77 1) 15247,
Nnmeem

— 1
Dy, ((z — 31)7) — ain---(agn —my + 1)

ajn—mri.
31 :

m1!

1).-.
D, ((62—2)7"71) = 1) (,n ) gy n-tomagon-tome
my.

Orennm cansy nokazarenu v (a;). [Ipuvennm nemmy 1 u paserncrsa (3) u (4). Mmeem

v31(a;) > oqn—mi+2amn —mg+2asn—mz—n—1—my =

n—(mi+ma+ms+my)—1l=n—(n+1-—j)—1=j—-2,

vy (aj) > 6agn —2mg +4asn —2ms —n—1—my =

= 2n—(2ma+2mg+my)—1>2n—-2(n+1—-j)—1=25—3,
v'(aj) > 20on —mo+ agn —m3 + 204n = n — (ma + ms3)

> n—(n+l1l—-j)=45—-1

Taxmm obpaszom, BeimosHseTcs (8). Jlemma mokasaHa.
O6osznaunm d,, = HOK(1,2,...,n).

JIEMMA 3. Cnpasedauso npedcmasienue 6uda

1.5 1
O=d =B| -In—- +iarctan —— B
W <2 n3 + 7 arctan \/ﬁ> + Do,

20e B = 124d,na1, By € K.
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JIOKABATEJILCTBO. Bbruncianm unererpas (6) u npuvennm jgemmy 2:

35+ivVI5 a1 . X
X a;
donw = donl24| aq1ln + ) — — —
( 62 =], ;9_1<(27—i\/ﬁ)] b (35 4+ivIB) 1)
35+i/15
35 +1V15
+ an— de | = dom124 a1 ln ———— +
3{ Qan-2 ) (1 97— iv/15

. ”i a ( 1 - 1 | >
ST\ i) 3 VIE) T ((44VE5) (5 i)
35+iv15

+ / Qom—de> = dan2 (Al In

31

o4 31\ wisi ) awisi
i Zj—]1<4+i\/ﬁ> ((3—2‘\/5)) _<(5—z’\/ﬁ)>

J=2

= don2 <A1 (; lng + ¢ arctan \/1?5)
n . j— . j—1 . j—1
N ilAj (4—@\/5)] 1((—5—#1\/%)] _<—3+Z\/ﬁ>3 )

5—¢\/ﬁ+
3 —iv15

< -1 2 2
35+iv/15
62 / Qom_de)
31
35+iv/15
Ouesngno, uro dop, | Qan—2dx € K.
31

. k . k
Taxzke JIETKO TIO0 WHAYKIUH MTOKA3ATH, 9TO 2 (%) e K, 2 <%) € K, rme k € N.
1 remma mokazama.

KiroueBoe 3HaueHue B JaJbHEHIINX PACCY K ICHUIX UTPAeT JeMMa JoKa3aHHast B crarbe M. Xara
[[6], 3ameuanue 2.1].

JIEMMA 4. ITyemo v — sewsecmsentoe uppayuonaAbHOe YUCAO, En = (nY — Pn, 20€ Dp, n € Z
oas scex n € N;

1 . 1
lim —In|g,| =0, lim sup —Inle,| < —7,7 > 0.
n—oo n n—oo 1

Tozda cnpasedausa ouenra ju(y) <1+ Z.

4. Jloka3aTeJabCTBO TeOpeMbl 1

JlokazaTeabcTBO TeopeMbl 1 CBOANTCS K IPUMEHEHHIO JeMMbI 4 171 TUHeHHON (hopMBbI
5
en = Re) = qnlng — Dn,

rie qp = 62donar € Z, pr, = —ReBy € Z (cm. nemmbr 2 1 3).
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AcumnroTuky uHERHON (HDOPMBI £, ACUMITOTHKY |¢y, | BBIMUCIMM C TIOMOIIBEO METO/IA TIEPEBAJIA.
YuuThIBasg CTaHIAPTHOCTD JTAHHOM IPOTeayphI (M., HanpuMmep, pabotsr [6], [11], [15]), orpanudammvcs
JINITb HEKOTOPBIMU KOMMECHTAPUAMMU.

Paccmorpum dyukimmio

5oy (@ =31)" (Py(x))™ (Py(x))™ 15%
flw) = (62 — x) )

C momompio 3aMensl t = (z — 31)? dbynkmua f(x) MoxKeT GBITH NpHBEJEHA K BUIY

7 (82— 26+ 961) (312 — 4t + 961)** 15

1) 961 — t

Hatinem Kopau ypaBHeHusT % In f(t) =0:
t12=0.5517696 ... £i17.7275714 ..., t34 = 0.5595199 ... £ 418.0536875. .., t5 = 2881.8773105.
Nmeem

—7 = 1.0001216 + In|f(t34)] = —1.1944653 . . .
o = 1.0001216 + In|f(t5)| = 5.3893579.. .,

U MBI UCIIOJIB30BAIM OY€BH/IHOE HEPABEHCTBO |&,| < [€).
3 memmrot 4 coenyer

,u(ln5> <1+ 7 =55110417. ..,
3 T

u TeopeMa 1 moKazaHa.

5. 3akJjiroueHue

VitydineHne oleHKY Mephl NPPAITHOHATBLHOCTH YnCIa In % o cpaBHeHMIO ¢ peayabTaToM E. B. To-
MaII€eBCKOM CTAJIO BO3MOXKHBIM 3a CY€T BBEACHUA HOBOTO KBaAPATUIHOTIO CUMMETPU30BaHHOTO MHO-
roueHa. JambHefiee yCoBepINeHCTBOBAHNE KOHCTPYKIINY MHTETPAJIa MOXKET TIPUBECTH K JTIYIIIIEMY
pe3yJbTary.

1

Sameuanue. llpumensis nemmy 4 jtsi sinnelinoit dbopMbl €, = \/ﬁImQ = qfn\/% arctan \/% — Dn,

e Gn € Z, pn, € Z, NOJyIUM OIEHKY

1 1
arctan —— | < 5.5119417. ...
a <\/15 \/15> o
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