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AnHOTanusa

Pabora mocesiera 0630py HEKOTOPBIX 33/1a9 CUMBOJINIECKHON uHaMukn. Jlaercsa onuncanue
PaBHOMEPHO PEKYPPEHTHBIX CJIOB CBSI3QHHBIX C TIEPEKJIAIBIBAHINEM OTPE3KOB.

OrBeT MOJIydYeH B TEPMUHAX JBOJIONUU pasdmevwenhux epagoe Posu cnosa W. k-epag Po3u
ciaoBa W — 910 opueHTHPOBAHHBII rpad, BEPIIMHBI KOTOPOTO B3ANMHOOIHO3HAIHO COOTBETCTBY-
10T ToICIoBaM JmuHbL k cioBa W, u3 Bepmuabl A B Bepiuny B BefeT crpeska, ecau B W ectb
MOJICTIOBO IMHBL k + 1, y KOTOPOro mepBbie k CHMBOJIOB — HOJCJIOBO COOTBETCTBYIOMEe A, mo-
caenrue k CUMBOJIOB — IIOJICJIOBO, coorsercrByomee B. Ilocaedosamenem OpUEeHTUPOBAHHOIO
k-rpada G nHasbiBaercst opuenTrpoBanHbiii rpad Fol(G) mocrpoenHsIii ciemyoommmM o6pa3om:
BepiuHbl rpada G GUEKTUBHO COOTBeTCTBYIOT pebpam rpada G, u3 Bepimmubl A B Bepiuny B
BeJIeT cTpenka, eciu B rpade G KonedHas BepuinHa pebpa A aBisgercs HaYaIbHON BEPITHHON
pebpa B. (k + 1)-rpad sasusiercs noarpadom nociaenosarens k-rpada u M0dydaercsd U3 HEero
yJaJIeHUeM HeKOTOpbIX pebep. Beuunbl, u3 KOTOpbIX BbIXOAUT (MM B KOTOPbIE BXOAAT) GoJiee
OIIHOTO peBpPa, COOTBETCBYIOT CREYUAAbHbIM N00cA06aM (CM. T71.2), BEPIIUHBI, B KOTOPHIE BXOIAT
¥ BBIXOJAT 00JIee OHOTO pedpa, COOTBETCTBYIOT OUCTEUUaALbHuM nodcrosam. TlociemoBaresnsb-
vocTh k-rpadoB Po3u cocrasiser seoaroyuro rpados Posu ciosa W. I'pad Po3u naswiBaercs
pasmenentvim, eciu ero pebpa rnomedeHbl OyKBaMu [ U T, & HEKOTOPbIE BEPIIUHBI (BO3MOXKHO,
HU OJTHA) MOMEYEHBI CUMBOJIOM “—/.

Ilocaedosamenem pasmedenuoro rpada Po3n Ha30BeM OpUEHTUPOBAHHBIN TPAd, SBIISIONIHII-
cs ero mocaenoBareeM Kak rpada Po3u, pazmerka pebep KOTOpPOro OMpeaesseTcs Mo MPaBUIIY:

1. Pebpa, BXosIue B pa3BUjIKy JTOJKHBI OBITH TTIOMEYEHBI TEMU YK€ CHMBOJIAMHE, KaK U Pedpa,
BXO/ISAIIIE B JIIOOOTO JIEBOTO TIOTOMKA ITOM BEPIITUHBI;

2. Pebpa, BBIXONMAIINE W3 PA3BUIKKU JOJKHBI OBITH MOMEUEHBI TEMHU K€ CUMBOJIAMU, KaK W
pebpa, BBIXOIAIHIE U3 JF0O00T0 MPABOT0O MOTOMKA, 9TOH BEPIITHHBI;

7))

3. Ecan BEPIITUHA TMMOMEYECHa 3HAKOM , TO BCE €€ MpaBble TTIOTOMKHN TaKXK€ TOJI?KHBI OBITh

IIOMEYEeHbI 3HAKOM .

B repmunax paszmeueHHbix rpadoB Po3u onpenenserca acumMnmomunecky npasusbHaA BO-
mronus rpados Po3u, To ecTh onpeesioTcsa npasuia nepexoia or k-rpados k (k+ 1)-rpadam.
NmenHO, 9BOMONNSA HA3BIBACTCSI NPAGUALHOU, €CTN i BCeX k > 1 BBINOMHSIIOTCS CIIEIYIONIHe
ycnosust npu nepexoze ot k-rpada G k (k + 1)-rpady Griq :

1. BamenTHOoCTh J1000# BepIIUHLI He 60JI€e 2,70 €CTh B Hee BXOAWT M BBIXOIWT He 60see 2-X
pebep.
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2. Ecau B rpade HET BEPIIVH, COOTBETCBYIONIMX OUCIIEIUAIBHBIM MOACTIOBaM, TO G411 COB-
nazgaer ¢ nociegosarenem D(G,);

3. Ecnu BepiuHa, COOTBETCTBYIOIIAs OHUCIEMAIBHOMY CJIOBY HE MOMEYEHa 3HAKOM “—’) TO
pebpa, COOTBETCTBYIONINE 3AMPEIIEHHBIM CJI0BAM BBIOMPAIOTCS w3 map Ir u 7l

1))

4. Ecnu BepiHa MTOMEYEHa, 3HAKOM
Il wim rr.

, TO yaaJsieMble pedpa MOJKHBI BHIONPATHCS U3 AP

SBOIIIOLH/IH Ha3bIBACTCA GCUMNMOMUYECKU npaeu/wﬂoﬂ, €CJIM 3TO yCJIOBUE BBITIOJIHACTCA JIJId

Beex k maumHas ¢ kakoro-to k = K. Opuenmuposannas 3Bomonust rpadoB mompasymeBaer

OTCYTCTBHE BEPIIHH, IOMEYEHHbIX 3HAKOM “—”. OCHOBHAsi TeOpeMa JAHHON pabOThl 3aKII0IAETCS

B OIUCAHUY CBEPXCJIOB, CBA3AHHBIX C [EPEKJIA/IBIBAHUEM OTPE3KOB:
TEOPEMA. Pasnomepno-pexyppentaoe csioBo W

1. TTopoxknaercs nepekiabIBAHHEM OTPE3KOB, TOI/Ia M TOJIHKO TOIZA, KOIJa CJIOBO obecrie-
YUBAETCH ACUMITOTUYECKH [IPABUJILHON 3BOJIIONMEl pa3medeHHbix rpados Pozu.

2. Topoxkaercs MepekIaIbIBAHUEM OTPE3KOB ¢ COXPAHEHWEM OPHWEHTAIIUH TOTIA W TOJHKO
TOrJIA, KOIJIA CJIOBO ODECIIEIHBACTCS ACUMIITOTHYECKU TPABUIBHON OPUEHTHPOBAHHON 9BO-
Jorueit pasmedeHubix rpados Posu.

Karouesvie cao06a: KOMODUHATOPUKA CJIOB, MOCIEI0BATEIbHOCTEL IIITypMa, mepekJiaJIbiBaHne
OTPE3KOB, MOp(UIECKAsT TIOCJIEI0BATEILHOCTD, ['pad Po3n
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Abstract

The work is devoted to the review of some problems of symbolic dynamics. The description of
uniformly recurrent words associated with the shifting of segments is given. Let W be an infinite
word over finite alphabet A. We get combinatorial criteria of existence of interval exchange
transformations that generate the word W.
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In this paper we study words generated by general piecewise-continuous transformation
of the interval. Further we prove equivalence set words generated by piecewise-continuous
transformation and words generated by interval exchange transformation. This method get
capability of descriptions of the words generated by arbitrary interval exchange transformation.

This work is targeted to the following

Inverse problem: Which conditions should be imposed on a uniformly recurrent word W
in order that it be generated by a dynamical system of the form (I, T,Uy,...,Uy), where I is
the unit interval and T is the interval exchange transformation?

The answer to this question is given in terms of the evolution of the labeled Rauzy graphs
of the word W. The Rauzy graph of order k (the k-graph) of the word W is the directed graph
whose vertices biuniquely correspond to the factors of length & of the word W and there exists
an arc from vertex A to vertex B if and only if W has a factor of length k-1 such that its first &
letters make the subword that corresponds to A and the last & symbols make the subword that
corresponds to B. By the follower of the directed k-graph G we call the directed graph Fol(G)
constructed as follows: the vertices of graph Fol(G) are in one-to-one correspondence with the
arcs of graph G and there exists an arc from vertex A to vertex B if and only if the head of the
arc A in the graph G is at the notch end of B. The (k + 1)-graph is a subgraph of the follower
of the k-graph; it results from the latter by removing some arcs. Vertices which are tails of
(or heads of) at least two arcs correspond to special factors (see Section 2); vertices which are
heads and tails of more than one arc correspond to bispecial factors. The sequence of the Rauzy
k-graphs constitutes the evolution of the Rauzy graphs of the word W. The Rauzy graph is said
to be labeled if its arcs are assigned letters [ and r and some of its vertices (perhaps, none of
them) are assigned symbol “-”.

The follower of the labeled Rauzy graph is the directed graph which is the follower of
the latter (considered a Rauzy graph with the labeling neglected) and whose arcs are labeled
according to the following rule:

1. Arcs that enter a branching vertex should be labeled by the same symbols as the arcs that
enter any left successor of this vertex;

2. Arcs that go out of a branching vertex should be labeled by the same symbols as the arcs
that go out of any right successor of this vertex;

3. If a vertex is labeled by symbol “~”, then all its right successors should also be labeled by
symbol “-”,

In terms of Rauzy labeled graphs we define the asymptotically correct evolution of Rauzy
graphs, i.e., we introduce rules of passing from k-graphs to (k+1)-graphs. Namely, the evolution
is said to be correct if, for all k > 1, the following conditions hold when passing from the k-graph
Gy to the (k + 1)-graph Gg41 :

1. The degree of any vertex is at most 2, i.e., it is incident to at most two incoming and
outgoing arcs;

2. If the graph contains no vertices corresponding to bispecial factors, then G,,;1 coincides
with the follower D(G,,);

3. If the vertex that corresponds to a bispecial factor is not labeled by symbol “~’ then the
arcs that correspond to forbidden words are chosen among the pairs Ir and r;

4. If the vertex is labeled by symbol “”, then the arcs to be deleted should be chosen among
the pairs Il or rr.

The evolution is said to be asymptotically correct if this condition is valid for all £ beginning
with a certain £k = K. The oriented evolution of the graphs means that there are no vertices
labeled by symbol “~”. The main result of this work consists in the description of infinite words
generated by interval exchange transformations (and answers a Rouzy question [21]):

Main theorem. A uniformly recurrent word W

1. is generated by an interval exchange transformation if and only if the word is provided
with the asymptotically correct evolution of the labeled Rauzy graphs;
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2. is generated by an orientation—preserving interval exchange transformation if and only if
the word is provided with the asymptotically correct oriented evolution of the labeled Rauzy
graphs.

Keywords: combinatorics of words, Sturmian sequence, interval exchange transformation,
morphic sequence, symbolical dynamics, Rauzy graph.

Bibliography: 23 titles.

For citation:
A. Ya. Belov, A. L. Chrnyatyev "On uniformly recurrent words generated by shifting segments,
including with a change in orientation", Chebyshevskii sbornik, vol. 20, no. 4, pp. 69-85.

1. BBenenue.

MeTO,ZLbI CUMBOJINYECKON AVHAMUWKE UT'Ppai0T CYIMECTBEHHYIO POJIb B U3YYCHUU KOM6I/IH&TOprIX
CBOMICTB CJIOB, 3aJlavax TEOPUU YHCES M Teopuu juHamudeckux cucreM. llycrs M — kommakTHOe
Merpuaeckoe mpoctparctBo, U C M — ero oTkpbiToe nogMuoxectso, f : M — M — romeomop-
dusm KommaxkTa B cebd u x € M — HagasbHasg To4ka. llo mocjenoBaresibHOCTH MTEPAIINT MOYXKHO
IOCTPOUTDH DECKOHEYHOE CJIOBO HAJ DMHAPHBIM ajadaBuToMm:

w, = { a, fﬁ:;(x()) eU
b, f"(x0) €U
KOTOPOE HAa3BIBAETCI 260410UuUet TOUKHA xo. CHMBOJIMYECKAasT AUHAMUKA HCCIEIYET B3aUMOCBA3b
cBoficTB auHammueckoi cucrevbl (M, ) u komburaTopHbIX CBOMCTB cnosa W,,. s cios mam a-
¢daBATOM, COCTOSIINM 13 OOJIBINErO YHCIa CHMBOJIOB HYKHO PaCcCMOTPETH HECKOJBKO XapaKTepH-
cruuecknx mMuOXkectB: Uy, ..., U,.

Ilon npamoti 3adaned CUMBOINYECKON AMHAMHUKH IIOHHMAETCS HM3ydeHHe KOMOMHATOPHBIX
CBOHCTB CJIOB, [HOPOXKAEHHBIX JAHHON JMHAMUYECKON CUCTEMON, 0bpammas 360646 CUMBOJIAYECKOT
JTUHAMHUKA U3y9aeT CBONCTBA AMHAMHUIECKON CHCTEMBI, TO €CTh CBOicTBa KoMmmakTa M u mpeobpa-
30BaHud f M0 KOMOMHATOPHBIM CBoO#icTBaM cyioBa W.

Ob6paTtHble 337291 CUMBOJINIECKON JUHAMUKY, CBSI3aHHBIE C YHUTIOTEHTHBIM MTPeodpa3oBaHneM
TOpa, U3yvaauch B pabore [2].

Bajaun, TpsaMble U 00paTHBIE, CBA3aHHBIE C TPe0bpPA30BAHNEM TOBOPOTA OKPYKHOCTH TPUBOST
K KJIACCY CJIOB, Ha3bIBaeMbIX caosamu I[lImypma. Crooa lTypma — 310 GecKOHEYHBIE CI0BA HaT
OwHADHBIM AI(DABATOM, B KOTOPBIX KOJUYIECTBO PABMUIHBIX MOACAOB JJUHBI N POBHO N + 1 mas
Jroboro n > 1. M3BecTHa KiaccudecKas

TEOPEMA 1 (Teopewma sksusasnenrnoctn (|20],[19]).). [Iycmo W - 6eckoneunoe pexyppenmmoe
1060 Had bunaprom aagasumom A = {a,b}. Caedyrowue ycaosus sK6UBAACHMIDL:

1. Caoso W asasemca caosom Lmypma, mo ecmsd KOAUYECNBO PASAUNHBLL N00CA08 OAUHDBL T
caosa W paeno T, (W) =n+ 1 das arwboeon > 1..

2. Ca060 He Nepuodudto U ABAAEMCA COATAHCUPOBAHHBIM, M0 eCb daA A006L 08Yx Nnodcaos
u,v C W odunarosot daunss ewnosnsemca nepasencmso ||vl, — |ulq| < 1, 2de |w|q 0603na-
waem KOAUYECMBO BLOHCOEHUT CUMBOAL 4 6 CAOBO W.

3. Caoso W = (wy,) ABAAEMCA METAHUMECKUM CAOBOM € UPPAUUOHGADHOIM (L, TO ECb CYULe-
cmeyrom maxoe uppayuorasvnoe o, xo € [0,1] u unmepsas U C S, |U| = o maxue, wmo
BHINOAHACTNCS YCAOBUE!

w, = { a, To"(zg) €U
b, Ta"(x9) ¢ U
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Cy1iecTByer HECKOJIBKO PA3JIMIHBIX Iy Tel st mocTpoerust 06obiernit cios [lTypMma.

Bo-nepBbix, 3T0 paccMmorpenue coaAaHCUPOSAHHHLT CI0B Ha IPou3BoAbHLIM addasurom. Cha-
JIAHCHPOBAHHBIE HEMIEPUOJNICCKUE CJI0BA HAJl N-OyKBEHHBIM asidaBUTOM H3ydeHbl B pabore [16], a
nozjuee B [17]. B paborax [3],[5] monydena KoHCTpYKIMst JUHAMUYIECKOH CUCTEMBI, OPOXK IAOIIE
IPOU3BOJIFHOE HEIIEPUOIHMYecKoe cHATAHCHUPOBAHHOE CJIOBO.

Bo-Brophix, 060611ieHe MOXKET OBITH [OJIYUYEHO MOCPEJICTOM U3YUEHUS GYHKUUYU CAOHCHOCTIU.
Oyuxius caoxuocTH T (n) — 3T0 KOJMYECTBO PA3JIUIHBIX MOACAOB IauHbL 1 caosa W. Jlrs cios
Hlrypma Beinosasercs cooroutenue Ty (n+1) — Ty (n) = 1 ara Becex n > 1. EcrecrBennsiMu 0606-
mennudaMml CJa0B LHTpra, ABJIAIOTCA CJI0OBa C MUHUMAJIBHBIM POCTOM, TO €CTh CJI0Ba Ha/Jd KOHCYHBIM
andaBuTOM I8 KOTOPLIX BhimosHsgercs coorHomenue Ty (n + 1) — Ty (n) = 1 gia Bcex n > k,
e k — HeKOTOpoe HaTypaabHoe uuc/i0. Onucanue Takux CJI0B B TEPMUHAX [OBOPOTA OKPYKHOCTH
6b110 IoTyvdeHo B pabore [6]. Ormernm Takke, 4TO CaoBa ¢ (yHKIMEH POCTa, YI0BIETBOPAIOIEt
COOTHOIIEHNUIO limy, oo T'(n)/n = 1 usyvensr B pabore |7].

Caosa ¢ dyukuueii caoxuocru Ty (n) = 2n+1 usydenst B paborax P.Arnoux, G.Rauzy ([8, 21)),
¢ dynkuneit pocra Ty (n) = 2n + 1 B pabore G.Rote [22]. Paccmorpenue ofiero caydast €ios ¢
JMHENHON (DYHKIMEH CJI0YKHOCTH MPUBOIUT K W3YUEHUIO CJ0B, MOPOXKJIAEMBIX MEPEKJIaIbIBAHIEM
OTPE3KOB.

W3BecTHO, 4TO €cyiu mepeKJaJbiBane k OTPE3KOB Pe2ysiapHO, TO €CTh TPAEKTOPHUS JII0O0ro u3
KOHIIOB OTPE3Ka TePeKIaIbIBAHNS He TTOMAIaeT Ha KOHeIl APYroTo 0TPe3Ka, TO CJIOBO, MTOPOXKIAEMOE
JAHHBIM TlepekyabiBannem, umeer gynknuio ciaokuoctu T'(n) = n(k — 1) + 1.

W3zyuennem CBOHCTB CJIOB € JUHEHAHBIM POCTOM YUCJIA MOJC/IOB TaKKe IIPOU3BOJIMIIOCH IITKOJIOM
V. Berthé, S. Ferenczi n Luca Q. Zamboni ([14], [9]).

esbro parmOit pabOThI SIBJISIETCS PEIIEHNE CIIEAYIOMIEH 00pamHoti 3ada4uy: IPU KAKUX YCIOBUSIX
Ha paBHOMEPHO-PEKYpPpPeHTHOe cjioBo W cyliecTByeT MOpPOXKIAONIAA €ro JUHAMUIECKAd CUCTEMA
suga (I, T,Uq,...,Ug), vae I — eaunuunbiii orpe3ok u 1T’ — nepex/iajipiBanue 0Tpeskos?

OTBer MoiydeH B TEPMUHAX YBOJIIOIUN padmeueHHur epagos Posu ciosa W. k-zpag Poszu ciosa
W — 310 opueHTHUpOBaHHLIN rpad, BEPIIHHB KOTOPOr0 B3aUMHOOHO3HAYHO COOTBETCTBYIOT IIO]I-
caoaMm JyuHbl k ciaoBa W, u3 Bepmiubbl A B Bepminny B Bejier crpesika, ecin B W ecTb moACI0BO
qanael k+ 1, y KoToporo mepsbie k CHMBOJIOB — MOJCIOBO COOTBETCTBYIOMIee A, mociemmne k ciMBO-
JIOB — TIOZICJIOBO, cooTBeTcTByOMIee B. [locaedosamenem opuerTupoBanuoro k-rpada G HazbiBaeTcs
opuenTuposanublii rpad Fol(G) nocrpoennsiii ciaeaytommy o6pasom: sepinabl rpada G GrnekTus-
HO COOTBETCTBYIOT pebpam rpada G, n3 Bepmmusl A B Bepmuny B Bemer crpefka, ecan B rpade
G xoneunag BepmmHa pebpa A sBiagercs mauanbHO Beprmmuoil pebpa B. (k + 1)-rpad asnserca
noarpadom nocsenoparesns k-rpada u nojiydaercs U3 Hero yJaJieHneM HEKOTOPbIX pebep. Berruabr,
U3 KOTOPBIX BBIXOAWUT (MM B KOTOPbIE BXOAAT) Gosiee 0HOTO Pebpa, COOTBETCBYIOT CHEUUGAbHbM
nodcaosam (CM. T71.2), BEPIIUHBI, B KOTOPBIE BXOJSIT U BBIXOIAT 60os1ee 0MHOro pebpa, COOTBETCBYIOT
bucneyuaavrovim nodeaosam. Tlocmemosarensuocts k-rpados Posu cocrasisier 360at0tuu0 rpados
Pozu cimosa W. I'pad Posu HazbiBaeTcsa pasmevennoim, eciu ero pebpa nmomedensl Oyksamu [ u r,
a HEKOTOPbIE BEPIIMHBI (BO3MOXKHO, HU OJIHA) HIOMEYEHbI CuMBOJIOM “—".

Hocaedosamenem pazmederroro rpaga Posn HA30BEM OPUEHTUPOBAHHBIN Tpad, ABJISTIOITIACS
ero mocsuejoBaresieM kak rpada Posu, pazmerka pebep KOTOPOro OIIPEIesieTCs 10 IIPABUIIY:

1. Pebpa, Bxozsiue B pa3BUiKy JI0JKHbBI ObITH ITIOMEYEHbI TEMU 2K€ CHUMBOJIAMU, Kak u pebpa,
BXOSAIINE B JI000TO JIEBOTO TTOTOMKA 3TOM BEPITHHEI;

2. Pebpa, BBIXOAATINE U3 PA3BUJIKY TOJKHBI OBITH TIOMEUEHBI TEMHU K€ CUMBOJIAMHU, Kak 1 pebpa,
BBIXOALIIIE U3 JI000TO TPABOTO TTOTOMKA 9TON BEPIINHEI;

3. Ecau Bepmmna nomedena 3HakoM

« o

, TO BCE ee€ IIpaBbI€ IIOTOMKH TaKzKe JOJIZKHBI OBLITL II0-
MEUYCHDLI 3HAKOM
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B repuunax pazmedenunix rpados Po3n ompenengeTcs acumMnmomusecky npaguabHas IBOITIO-
st Tpados Posu, To ecThb ompesensorces npaBuia mepexoa ot k-rpados K (k+ 1)-rpadam. Umen-
HO, 9BOJIIOTIAS HA3LIBACTCS NPASUAbHOU, €CJN I BCeX Kk > 1 BLITOMHIIOTCS CACTYIONAE YCIOBUS
upu nepexojie ot k-rpada Gy k (k + 1)-rpady Griq :

1. BanentHocts J060it Bepiuubl He OoJjiee 2,TO €CThb B Hee BXOJUT U BBIXOIUT He Oojee 2-X
pebep.

2. Ecim B rpade HeT BepInH, COOTBETCBYIONIMX ONCIIENAAIBLHBIM MOACI0OBAM, TO G, 11 COBIIAIAET
¢ mocsepoparenem D(Gy);

W »

3. Ecnau BeprmHa, COOTBETCTBYIOIAs OUCIIEINATHLHOMY CJIOBY He TToMevueHa 3HakoM “—”; To pebpa,

COOTBETCTBYIOIIHE 3AMPEIEHHBIM CI0OBAM BbIOMpaioTcs u3 map (r u rl

4. Ecan Bepmmna moMedeHa 3HakoM “—

i rr.

, TO yhaJisieMble pebpa JOJIXKHBI BEIOUPATHCS U3 Maphl []

DBOJIONUS HAZBIBACTCH ACUMNIMOMUYECKY NPAEUAbHOT, €CJIN 9TO YCJIOBUE BHIMOJIHAETCS [IJIst
BCex k HaumHag ¢ Kakoro-to k = K. Opuenmuposarnas IBOMIOTHA rpadoB MOAPa3yMeBaeT OT-
CYTCTBHE BEpIINH, MTOMEYEHHBIX 3HAKOM ‘—’. OCHOBHas TeopeMa JaHHONW paboThl 3aKJOYAETCS B
OIIMCaHNMN CBEPXCJIOB, CBA3aHHBIX C IIEPEKJIQJbIBaHNEM OTPE3KOB:

Teopema. PaBHomepHO-peKyppeHTHOE caoBo W

1. Ilopoxmaercst nepek/aIbIBAHIEM OTPE3KOB, TOT/IA U TOJBKO TOIJIA, KOTJIA CJI0BO 0becrednBa-
eTCs AaCHMITOTUYECKHU TPABU/IBHON 3BOJIIONUER pasMedenubix rpados Posn.

2. Ilopoxkaercs: nepek/aJibiBAHUEM OTPE3KOB C COXPAHEHWEM ODUEHTAIIMHM TOTJA U TOJBKO TO-
IJ1a, KOT/Ia CJI0BO 00ECIIeanBAeTCS ACUMIITOTHIECKH TTPABUIBHON OPUEHTHPOBAHHOM 9BOJIFOIIH-
eit pasmedeHHbIX rpados Posn.

OTMeTnM, 9TO0 B HEKOTOPBIX JACTHBIX CAYYadX Psi/IOM aBTOPOB ObLIHU MOJIYYEHBI ONUCAHUS CJIOB,
HOPOXKIAEMBIX [IepeKIa/iblBaHusAME 0Tpe3koB. B padore [15] 6blan onucanb! CoBa, HOPOXK1aeMble
MEPEKJIAIBIBAHUSMHI 3-X OTPE3KOB, B pabore |14] 6bLIH OMHUCAHBI CI0BA, TIOPOK TAEMBIE CUMMETPHY-
HBIMH II€PEKJIAJbIBAHUAMMU OTPE3KOB (TaKI/Ie IepeKIadblBaHd TECHO CBA3aHBI C MHOT'OMEPDHBIMHA
TETHBIMEA TPOOIMI).

ILnan paborbl cienyromuit: 6o 2-U 2aase HOPMYIUPYIOTCS OCHOBHBIE Onpege/eHns u (HaKThl O
p-p-cioBax, rpadax Po3u, a Takke 0 CJI0BaX, MOPOXKIEHHBIX ANHAMUYIECKUMHU cucTeMamu. B 3-et
24a06€ JOKA3BIBAETCS TeopeMa 0 HeOOXOJUMBIX YCIOBHUIX Ha MOPOKIAEMOCTD CI0BA MEPEKIaIBIBA-
HeM 0Tpe3KOB. CJe yIoIIye IBe IJIaBhl MOCBAIIEHB! T0KA3ATETBCTBY JOCTATOYHOCTH ITUX YCIOBHUIA.
B 4-0ti 2aa6e MBI TOKA3LIBAEM JOCTATOTHOCTE TUX YCJOBUH JIJIST IOPOKIAEMOCTH CJI0Ba KYCOUHO-
HEMPEPBIBHBIM TTPE0Opa30BaAHNEM OTPE3KA, & B 5-01 2406€ JOKA3BIBAETCH YKBUBAJEHTHOCTH MHOXKE-
CTBa P.p.CJOB, TOPOXKICHHBIX KYCOTHO-HEMPEPHIBHBIMI MPeoOPa30BAHUSIMI OTPE3KOB U MTPeobpaso-
BaHUEM IIEPEKJIAAbIBAHNA OTPE3KOB.

Baaromapaoctu. Astopni mpusnatensisl A.Jl.Cemenosy, B.H./lareimesy n A.A.MuxameBy
3a moJieanoe obcyxkienue. Jlannas pabora Obuia mpoeegena c momoribio Poccuiickoro Hayamoro
Qonuga ['pant N 17-11-01377.

2. OcHOBHBIE KOHCTPYKIIUU ¥ OIIp€JIeJIEHNS.

2.1. PyHKIHUSA CJI0KHOCTHU, CIIEIAAJIbHBIE MOJICJIOBA, PABHOMEPHO-PEKYPPEHTHHIE
cJIoBA.

B srott wacTu MBI onTpeie MM OCHOBHBIE TIOHSITHST KOMOWHATOPUKY ¢10B. B nanbueiimem A 6ymger
0603HaYaTh KOHEYHBIH aidaBuT, TO eCTh HEelyCToe MHOXKeCTBO ajeMeHToB (cumBosios). Yepes AT
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0603HAYNM MHOKECTBO BCEX KOHEUHBIX [OCJIEI0BATEIbHOCTEN, CUMBOJIOB, UIIN CAOS.

Koneuanoe ¢cj10BO BCeria MOxkKeT ObITh €JUHCTBEHHBIM 00Pa30M IIPEJICTABICHO B BH/IE

W= wy Wy, e w; € A,1 < i < n. HYucno n HaszbiBaercs daunoti cjoBa w U 0003HAYAETCS
|w]

MuoxectBo AT Beex KOHEUHBIX CI0B Hag A 06pasyeT mpoCTyIO MOJYTPYIIILY, TA€ TOMYTPYIIOBas
omeparys ONPeeseTCa Kak KOHKATeHAINst (IPUMTUCHLIBAHNUE).

Ecam K MHOXKECTBY €JI0B 00aBATH 37eMeHT A (IIycToe CJI0BO), TO MOJIyYrM CBOGOHBII MOHOU
A* nag A. Tnuna |A| = 0 no onpejenenuto.

CyoBO u ecTb nodcaoso (mmu Paxmop) cI0Ba w, €CIU CYIECTBYIOT ¢1oBa p,q € A1 Taxme, aro
w = pugq.

Yepes F(W) obo3Hat M MHOXKECTBO BCEX IOCI0B (KOHEUHBIX U GeckoHedHbIX) caoBa W. [IBa
Heckoneunbix ciosa W u V naj andasurom A Hazosem skgusasenmmvimu, ecin F(W) = F(V).

Hazosem cumBO @ € A sesvim (coome. npasvim) pacuuperuem MOICI0BA U, €CJIH AV (COOTB. va)
upunayexur F(W). IojncioBo v HAa3bIBAETCS A€6bM (COOME. NPABHIM) CEYUAADHILM NOICAOBOM,
eCJIM JIIsL HETO CYIIeCTBYIOT JBa Wil 0OoJiee JieBbIX (MpaBblx) paciuupenusd. 110/1c10B0 v Ha3bIBACTCH
OUCTIEYUANDHBLM, ECITH OHO SIBJISETCS] U JIEBBIM, W TIPABBIM CIEIMATBHM [OJCTIOBOM OJJHOBPEMEHHO.
KommuecTBO pa3mHbIX JIEBLIX (IPABLIX) PACIIUPEHUI TIOICI0BA HA30BEM JIeBOH (TIPABOt) 6a4eHM-
HOCTNB10 ITOTO MOJCIOBA.

Cnoso W HasbIBaeTcsi pekyppeHmubLM, eCIU KaxK0e ero IoJCA0BO BCTpedaercs B HeM Gecko-
HEYHO MHOrO pa3 (B cJydae JBYCTOPOHHErO GECKOHEYHOIO CJI0BA, KayKJOe MOJICJIOBO BCTPEIACTCS
HeckoHeuHO MHOIO pa3 B 0boux Hanpapaenusx). Ciaoso W Ha3bIBaeTCs Pa6HOMEPHO-DEKYDPEHTHBIM
win (p.p CA060M), €CJIM OHO PEKYPPEHTHO U JUIsS KazKJOro MOJCJOBA U CYIIECTBYET HATYDaJbHOE
N (v), Takoe, uro s moboro nmogcaosa W u anmabl He menee, ueM N (v), v SBASETCA TOACTIOBOM
u.

Hanee Mbl choMyIMpPyeM HECKOJIBKO T€OPEM O P.p. CJIOBAX, KOTOPbIE HAM 1IOHA/005TCH B J1a/lb-
Hefimem. JJokazaresbcTBa 9THX TEOPEM MOXKHO HaiiTu B MoHorpadun [1].

TEOPEMA 2. Caedyrougue dea ceoticmea beckoneunozo caosa W pasrocusvmos:

a) daa mobozo k moorcrno natmu N (k) maxoe, wmo a060t yuacmox W daunw, k moorcno natimu
6 arobom ywacmre W daunw N(k);

6) ecau 6ce Komeunvie KYcrku cao6a V. AGAAOMCA KOHEUHUMU Kyckamu caosa W, mo u ece
KoHeunse KYcku ca06a W ABAANOMCA KOHEUYHBMU KYCKamu caosa V.

TEOPEMA 3. I[lycme W — beckoneunoe caoeo. Tozda cywecmeyem pasHOMEPHO PEKYPPERTIHOE
cn060 W, 6ce nodcaosa £omopozo asaaomces noocaosamu W O

Ha mHOXKecTBe CBepxC/IOB MOXKHO pPacCMOTpeTh HelicTBhe oleparopa casura 7. Paccmoanuem
Xemmunea mexgy caosamu Wi u Wo mbl mazosem Beawunny d(Wi, W) = > A 2717 e
An = 0, eciint n-e TTO3UIINT CJ0B COBMAMAOT, W A\, = 1, €CJ OHW He COBITAIAOT.

HUnsapuanmmnoe nodmmosicecmeo — 3TO IOAMHOMKECTBO MHOYXKECTBA BCEX CBEPXCJIOB, KOTOPOE
WHBAPUAHTHO OTHOCUTEBHO ACHCTBUS T. MUHUMAALHOE 30MEHYMOE UHBADUGHIMHOE MHOMCECTNEO,
COKDAIIEHHO M.3.M.M., — 9TO 3aMKHYTOe (OTHOCHUTEJBEHO BBEJICHHOI BBIIIE METPUKHA XOMMUHTA) HH-

neL

BapHUaHTHOE TTOAMHOXKECTBO, KOTOPOE He ITYCTO, He COMEPXKUT 3aMKHYTHIX WHBAPUAHTHBIX TTOAMHO-
2KECTB, KPOME cebsi caMOro U IIyCTOrO.

TEOPEMA 4 (CpoiicTBa 3aMKHYTBIX MHBAPUAHTHBIX MHOXKECTB). Cuedyrouue ceolicmsa cao6a
W' pasHocuavroL:

1. W — pasnomepro pexyppenmmoe
2. samxuyman opbuma W munumarvua u npedcmasasem coboti mM.3.U.M.

TEOPEMA 5. Hycmos W — pasnomepro-peryppenmHuoe Henepuoduneckoe ceeprcaogo. Tozda
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1. Bce CcA06a, IKGUBAAECHITIHbIE W, ACAANOTNCA P.P. CAOGAMU, U MHOHCECTNBO MAKUL CAOE6 HECHE-
HO.

2. Cywecmsytom makue padauunve p.p. caosa Wi # Wa, sxeusasenmuvie 0aHHoMYy, wmo
Wi = UVy, Wo = UVs, 2de U- beckoneuwnoe 6aeco ceeprcaoso u Uy # Us — beckonenwnwie
BNPABO CBEPLCAOEA.

2.2. I'pacdsr Pozu.

VI106HBIM MHCTPYMEHTOM Jijid onucanusi cjiosa W asisiercs epador nodcaos, nin rpadser Posn
(Rauzy’s graphs), eegennbie Posu [21], koropbie crpositcs ciaepytommmM obpasom: k-zpag ciosa
W — opuenTupoBanHublii rpad, BepIInHbl KOTOPOI'0 B3aUMHOOJHO3HAYHO COOTBETCTBYIOT IIO/ICIOBAM
juinabl k coioa W, u3 Bepminabl A B Bepiuny B BejieT crpesika, ecyii B W ecrb 10JCA0BO JIJIMHBI
k + 1, y kKoToporo mepebie k CHMBOJIOB — MOJACIOBO COOTBeTCTBYyIOMEee A, mocaesaue k CUMBOJIOB —
MOJICTIOBO, COOTBETCTBYOIIee B. TakuM obpasom, pebpa k-rpada 6uektusHO cooTBeTCTBYIOT (k+1)-
mojacaoBaM ciiosa W.

dcno, B k-rpacde G cioBa W npaBbIM clienUabHBIM CJI0OBAM COOTBETCTBYIOT BEPIIUHBI, U3 KO-
TOPBIX BBIXOAUT (COOTB. B KOTOPBIE BXOAWT) 0OJbBINE OMHOM cTpesku. Takue BEPUIMHBI MbI Oyjem
Ha3bIBaTh pazmwikamu. I'pad G OyaeM Ha3bIBATb CUABHO CBA3HbIM, €CJN U3 JHOOON BEPIIWHBI B
JIFOOYEO BEPIUHY MOYKHO MEPEHTH TI0 CTPETKAM.

Llocaedosamenem opuerTrpoBanHoro rpada G 6ymem Has3bBaTh OpueHTHPOBaHHbIH rpad Fol(G)
TOCTPOEHHBII cjemyonmM obpas3om: BepinuHbl rpada G OMEKTUBHO COOTBETCTBYIOT pebpam rpada
G, n3 Beprmmabl A B Bepmmuy B Bejer crpenka, ecan B rpade G KomedHas BepuinHa pebpa A
SIBJISIETCS] HAYaJIbHON BepiunHol pedpa B.

Caaznocth rpados Po3n n pekyppeHTHOCTh COOTBETCBYIOIIETO CJIOBA CBSABAHBI €CTECTBEHHBIM
obpazom. MmeeT MecTo ciaenyroriee

[IPEANIOKEHUE 1. Iycmoe W — Geckoneunoe (6 0dny cmopony) caoso. Caedyrousue ycaosua
IKBUBAACHMIHDL:

1. Caoso W — pexyppenmno.
2. Haa scex k coomeememeyrowudi k-epad caosa W asasemca CusbHo C8A3HBIM.
3. Kaotcdoe nodcaoso W ecmpenaemcs ne menvuwe 08yxr pas.

4. Jhoboe nodcaoso asasemces npodoasCaemblm CAESA.
Mpsb1 BBoAMM TIOHSITHE pasdmeswennozo I'paga Posu. ['padp Po3u nazwiBaercs pasmeuwermvim, eCcian

1. Pebpa kaxo0ii paspuiaku nomedensl cumposamu | (“left”) w r (“right”)

2. Hekoropbie BepuinHbl MOMEYEHBI CUMBOJIOM “—.
Ilocaedosamenem pazmedennoro rpacda Posu HazoBeM OpHEHTHPOBAHHBIN T'pad, SBISIOMIMACT
ero mocaegosareseM kak rpada Po3m, pazmerka pebep KOTOPOro OMpeneigeTcs M0 TPABUIY:

1. Pebpa, Bxojsitiiue B pa3BUKY JOJKHBI OBITH TOMEUYEHBI TEMU YK€ CUMBOJIAMHU, KaK 1 pebpa,
BXOJAIIIE B JTIOOOrO JIEBOTO MOTOMKA STOH BEPITTHUHBL;

2. Pebpa, BBIXOISINE W3 PA3BUIKN JOKHBI OBITH TTOMEUEHRBI TEMT YKe CHMBOJIAMMT, Kak 1 pedbpa,
BBIXOJAINNE U3 1I000T0 TPaBOTO MOTOMKA TOH BEPIINHEI;

3. Ecan BepmmHa nomedeHna 3HAKOM ‘—”, TO BCe ee MpaBble MOTOMKH TaKXKe JIOJKHBI OBITH TI0-
oW o»”

MCYECHBI 3HAKOM
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2.3. CioBa, mopoXKgaeMble JUHAMUYIECKUMU CUCTEMaMU.

IIycte M — xoMmmakTHOE MeTpudecKoe npocTpancTBo, U C M — ero oTKpBITOe TTOIMHOYKECTBO,
f: M — M — romeomopdusm kKoMmmakTa B cebsa u x € M — Hava bHAA TOUKA.

ITo nocienoBarenbHOCTH WTEPAIN MOYKHO HOCTPOMTH OECKOHEYHOE CJI0OBO HAJ| OMHAPHBIM aJ-
daBuTOM:

[ q, f(”)(aso) ceU
T b, S () ¢ U

KOTOPOE HA3BIBACTCA 260410Uuet TOUKH xg. CHMBOJIMYECKAsT AUHAMUKA HCCIEIYET B3aHUMOCBA3b
cpoiicrs juHamuyueckoii cucrembl (M, f) u kombunaropubix coiicts ciosa Wi,.

st cinoB Han asipaBUTOM, COCTOLAIMM U3 OOJIBIIEIO YHC/AA CHUMBOJIOB HY2KHO PACCMOTPETH
HECKOJIBKO XapaKTEePUCTHIeCKUX MHOXKeCTB: Uy, ..., Uy,.

3aMeTnM, 9TO IBOJIIONMS TOYKU KOPPEKTHO ONpEIeIeHa TOJMLKO B CJAydae, KOTIa TPAEKTOPHUS
TOYKH He II0IaJaeT Ha IPaHUIly XapaKTepUCTHIecKux Muoxkects OUy, OUs, . . ..

st Toro, 9Tobhl pacCMATPUBATL TPAEKTOPHIO IPOM3BOJILHON TOYKM, MBI BBEIEM IOHSITHAE CY-
wWecmseeHHol I60A10UUL.

OnPEAENEHUE 1. Koneunoe caoso vf nasweaemea cywecmeennoti konewnoti ssomonuet; mov-
Ku ¥, ecau 6 A10000 OKPECTNHOCTIU oYKy TF Cywecmeyem omipuimoe muooicecmso V , 10664
mouka x € V u3 komopozo obaadaem seomouueti vl . Beckoneunoe croso W naswieaemcs cyue-
cmMBenHol 96040YUET MOUKY T, ecau 41060€ €20 HAYAABHOE NOOCAOBO — CYULLCTNEEHHAA KOHCUHAA
960A0UUA TNOYUKYU T

Ilon ssoaroyuet mouku, KOT/1a 3TO HE BHI3BIBET HEJA0pPA3yMeHuil, Oy1eM MOHUMATD, CyIeCTBEH-
HYIO 3BOJEOTHEO. OTMETHM, 9TO TOUKA MOXKET UMETh HECKOJBKO CYIECTBEHHBIX YBOJIIOIMIL.

IIPEATOXKEHUE 2. Tycms V' — xoueunoe caoso. Tozda mroosicecmso mover ¢ kKoneuwnot cyue-
cmeennotl sgoatoyuets Vo 3amrnymo. Anasozuunoe ymeepoicoerue 8epHo OAA DECKOHEUH020 CA0BG
w.

JOKABATEJILCTBO. CwM. [2]

2.4. CooTBeTCTBHE MEXK/AY CJA0BAMHU U Pa3bMEeHNAMU MHOXKECTBA.

Tenepb TOCMOTPUM COOTBETCTBHE MEXKTy CJIOBAME U ToaMHOXKecTBamu M. U3 mocTpoenust cire-
AyeTr, 4TO €CJIM Ha4daJibHad TOYKaA NPUHAAJIECZKUT MHOZKECTBY Ui7 TO €€ 3IBOJIIOIUA Ha4YMHaeTCdA C
cuMBoOsIa a;. Pacemorpum 06passl muozkects U npu orobpazenusx f(, f(-2)  neN.

E[CHO, 9TO €CJIN TOYKa TMPUHAIJICKUT MHOXKECTBY

FE@L) N W, ) N0 OV N,

TO HBOJIIONNA HAYUHACTCS CO CJIOBA Gjy Qi * * * i, -

Co0TBETCTBEHHO, KOJIMYECTBO PA3JIMYHBIX CYIIECTBEHHBIX SBOJIONUN JINHBI 1 + 1 paBHO KOJIH-
JecTBy pasbuenuit MHOXKecTBa M Ha HEIyCThIE MOJMHOYXKECTBA TPaHUIAMU HOAMHOXKCTB OU; 1 ux
o6pazamu 1pu otobpaxenusax f(~Y, f(=2)  fn),

SAMEYAHUE. KomuaecTBO KOHEIHBIX CYIIECTBEHHBIX 9BOJIONUI HAMPSIMYIO CBI3aHO ¢ TOIMOJIO-
TUYECKON pa3MepHOCTbI0 MHOXKecTBa M. flcHo, Hampumep, uto ecau M roMmeoMopdHO OTPE3KY WK
OKPY2KHOCTH, TO OJHA TOYKA MOYKET ABJIATHCA FpaHI/IqHOfI TOJIBKO JJIA IBYX OTKPBITBIX TTOJMHO-
xkectB M U, COOTBETCTBEHHO, UMETH TOJIBKO JIBE CYIIECTBEHHbIE sBosoINN. Kegau M romeoMmopdHo

HaCTH IIJIOCKOCTH R2 — TO CYIIECTBEHHbBIX SBO.HIOLU/Iﬁ MOXKeT ObITH CKOJIb Yroguao MHOTO.
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2.5. IlepeknansiBaHUA OTPE3KOB.

TlepekmagpiBanme OTPE3KOB AB/IFETCA €CTECTBEHHBIM 0000ITEHNEM CIBUTA OKPY2KHOCTH — B CJIy-
qae pa3bueHnst OKPYyKHOCTH Ha JIYTH IANHBI @ U 1 — v ¥ BEJIUYNHBI CABHUTA, PABHOHM v, 3TO mpeob-
pa30BaHUE COBMAIAELT C MEPEKIAJBIBAHUEM JBYX OTPE3KOB.

Bosee Toro, nepekagpiBanne 0TPe3KOB SIBJIAETCA OU€HD BAXKHBIM [IPEOOPA3OBAHUEM B 3PTOIH-
9eCKOM TeOpHWH, TEOPUN JUHAMUYECKHX CACTEM W TEOPHUU JUCE].

Paccmorpum obruit corygaii:

ITycrs orpesok [0, 1] pasébur Ha mosynHTEPBAJbLl JJIHH A1, A2, ..., A\, U 0 € S), — [EPECTAHOBKA
Ha MHOXkKecTBe {1,2,...,n}.
Murepsasibr pazbuennst MOTyT OBITH IIPEACTABICHBI YE€PE3 JJIMHBLI OTPE3KOB Cjieylommm 00pa-
30M:
X; = E Aj, E Aj
1<j 1<j
TMepekmaapiBanme orpeskos “nepecrasisier” orpesku (X1, Xo, ..., X,) pasbuenus mexy coboii,

B pe3yJibTaTe MoJlydaeTcs HoBoe paszbuenue

B coxpamsiomem oprenTamnuio ciaydae mpeodbpazopanne T’ CTaBUT B COOTBETCTBHE KayK IO TOUKe
reX;:

T(z) =x+ a
e
ai= Y Aoy DM
k<o—1(i) k<

Fcan ke npeobpasoBanne mepeBopavunBaeT HEKOTOPHIH OTPE30K, TO BCE TOUKHU JOTOJHUTEIHHO
CUMMETPUIHO OTPaKAIOTCST OTHOCUTETBHO CEPEIUHBI 3TOTO OTPE3KA.

ONPEAEJNEHUE 2. [lepexaadvisanue ompeskos T Ha3vi6aemca pezyiapuvim, ecau 0aa 110601
mouku a;, ede X; = [a;,ai+1), T™(a;) # a;

CdopmynupyeM caenyomiyio Baxkuyto Teopemy (cm. [15]):

TEOPEMA 6. Ilepexaadnieanue ompesKos ABAAEMCA PELYAAPHBM MO20a U MOALKO mMo20a, Ko-
20a mpaexmopus a0b6ot mouky écrody naomua 6 [0, 1]

3ydenne cBOMCTB CJIOB, MMOPOKIAEMBIX MEPEKTATBIBAHUSIMI OTPE3KOB OCYITIECTBISIETCSI TEMU
YK€ MEeTOJaMU, 9TO U TPU CABUTE eMHUIHONH OKpYKHOCTH. OCHOBHBIM MWHCTPYMEHTOM 3J1ECH SIBJIs-
eTCst PacCMOTPEHUE OTPUIATEBHBIX OPOUT KOHIIOB MHTEPBAJIOB MEePEKJIATHIBAHUS:

0:a1<a2<...<ak+1:1,

rie
X; = [CLZ', CLH_l), (Z S {1, Ceey k})
MHOKECTBO KOHIOB HHTepBaJIoB mepekiambsanms {a;|l < i < k + 1} obozmaumm X', Cioso
W JUIMHBL M SIBJISIETCST TIOJICJIOBOM SBOJIIOIMU TOYKM T, TO €CTh GeckoneuHoro ciosa U(x), Torga
TOJILKO TOTJA, KOTJa CyIlecTByer Takoit unrepsan I, C [0,1] u Touxa y € I, Takue, 9TO CIOBO W
PaBHO KOHKATEHAIUN CJACAYIONINX CUMBOJIOB:
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I(x)I(T(x)) - - - Z(T" () = w,
e Z(z) = a; € A Toraa u TOJBKO TOr/Ia, Korja « € X

IIPEASIOXKEHUE 3. [Iycms T — peeyaspnoe nepexaaduwsarue k ompesxos. Tozda ssostoyus
U(z) npoussoavnot mouku T umeem gymnryuro carosicrocmu Ty (n) = n(k — 1) + 1, das arobozo
n € N.

3. Heobxoaumpblie ycjioBUS JJIs TTIOPOXKJTAEMOCTHU CJIOBa MEPEKJIAIbIBa-
HIEM OTPEe3KOB

Ha mepBom srame mbr chopmymupyem HEOOXOMUMBIE YCIOBULA, [JI TOTO YTOOBI CJIOBO TTOPOXK-
JIaJIoCh TepeKJiaipiBanneM orpe3kos. [lycrs cioBo W ssmsiercs ssosonueit Touku x € [0, 1] npu
MEPEKJIQJIBIBAHNN k OTPE3KOB 1 xapakTepuctuuekux Mmuoxecrsax Uy, Us, ..., U,. Kaxmoe xapakre-
puctudeckoe MHOKecTBO U; aBjisiercd oObeMHEeHeM HECKOJbKIX HEIIePEeCEeKAIONINX s MHTEPBAIOB
WIN TOJIYUHTEPBAJIOB.

Kax 6n110 mokazamo B wactu 2.4, mMOACA0BA JIWHBI k B3aWMHOOIHO3HATHO COOTBETCTBYIOT K-
pasbueHnaM XapaKTepuCcTuIecKux MHOKeCTB. [[oCcKOIbKY TOUKa rpaHUITbI OTHOMEPHOTO MHOYKECTBA,
MOYKET SBJIATHCH TPAHUIEH TOMBKO /g ABYX MHOMXKECTB, TO k-momcioBo cmoBa W MOXKeT mMeThb
MaKCUMYM JIBa TPOJ0JIzKeHust. Mbl oJyImin mepBoe HeoOX0IUMOe YCIOBHE it TOTO, YTOOBI CJIOBO
TOPOXKJIAJIOCH TIEPEKJIA/IbIBAHIEM OTPE3KOB:

TTPEAJIOXKEHUE 4. ITyemo caoso W nopoocdaemcea nepexaadvsanuem ompesros. Tozda dan
Hekomopozo N 6CE CNEYUANBHBIE CA0BA NOOCAOBA OAUHDL, HE MeHbuwe N JOANCHDL UMEMD BAAEHM-
HOCTDL, PABHYI 2.

DTO yCa0BHe AHAJIOTUYIHO TOMY, YTO HauWHasi ¢ Kakoro-to N Bce k-rpadbr ciosa W (k > N)
JOJIZKHBI UMETH BXOAAIINE N NCXOOAIIINE PA3BUJIKN CTECIICHN 2

Crenyromme ycjioBust Mbl TOJyYuM Ha sg3bike rpacdos Pozu. Ilyctes pexkyppenTHoe cioso W
umeer dyskuio pocra Fyy(n) = Kn + L gna n > N v 10poX/1aeTcsi epekia/ibiBaHneM 0TpPe3Ka.
PaccmoTrpum ssostionuio k-rpados Pozu ciiosa W, wauunasi ¢ k > N+ 1. Kak 66110 1MoKa3aHO BHIIIIE,
BCE BXOZLIINE U BBIXOIAIINE PA3BUIKNA UMEIOT CTEIeHb 2, I03TOMY y Bcex k-rpados ects poBro K
Bxosinmx u K MCXOAsmux pa3BUiioK.

B MuHMMabHOM CIy9ae, OMMCAaHHOM B npeablayieil riase, korma Fy(n) = n + L, rpader Po-
31U UMEIOT DOBHO OJIHY BXOJSIIYIO M OJHY HCXOJISIINYIO Pa3sBUJIKY. KCu BXOALAINIAA U BBIXOJIAIIAS
pasBUJIKA COBIIAJAKOT, TO B 9TOM CJydae BeIGOD ygassiemoro pebpa B nocaeposaresne D(G) onpese-
JIsieTCd OJTHO3HAYHO U3 YCJOBUS CUJIBHON CBA3aHHOCTH rpada.

Bosiee unTepecHbIM ciiydaeM ABJSIOTCS TPadbl CJIOB, B KOTOPBIX €CTh DoJiee OHON PA3BUIKHU.
Paccmorpum ero mogapobuo. Ipu mepexome ot rpada Gy, K Gp41 BOBMOKHBI CIEYIONTHE BAPAAHTHI:

1. B rpade G, Her CuenieHHbIX MUKJI0B (TO €CTh, HET BXOSANIIMX PA3BUJIOK, sIBJAIOIMIUXCS OJIHO-
BpeMeHHO ucxongmumn). B arom ciaydae rpad Gp41 conagaer ¢ nocaenosaresem D(Gh,).

2. B rpade G, oaHa pa3BuiKa siBIsSeTCs OJHOBPEMEHHO BXOJsIIelt u Bhixosieii. ['pad mocie-
nosarenss D(G),) B 3TOM CIyuae MMeeT TPU PA3BUJIKK, TAK KAK OJ[HA PA3BUJIKA PA3MHOKUIAC.
Cnemosarensho, rpad Gp41 moaydaerca u3 nociaenosarens D(Gy,) myTeM yaajgeHusT OIHOTO
pebpa, COOTBETCTBYIOIEr0 MUHUMAIBLHOMY HEBCTPEUAIONIEMYCS CIOBY.

3. B rpade ectb mBe pasBuiku uau 60jee pasBUIOK, ABJISTFOIIIXCA OJHOBPEMEHHO BXOISIIIIMEI
u BeixogsanmMu. I'pad Gp41 monydaercs w3 D(G,,) ynanenus npyx win 6osee pebep, cooT-
BETCTBYIOINMUX MUHUMAJIBHBIM HEBCTPEYAIOIMUMCA CJIOBAM.
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Tlockombky cioso W pekyppeHTHO, TO M3 mpeiIoxKenud 1 cjaeayer, 9TO Npu yaaaeHun pedep
JIOJXKHA COXPAHSATHCS CUJIBHAS CBI3HOCTE, TO €CTh U3 JII00OH BEPIITIMHBI MOXKHO 110 CTPEIKAM epeidTu
B JTIOOYIO IPYTYIO.

Pacemorpum nogpobree Bropoit cayuait. [lycrs 8 Gy ecrb ofHa JIBOMHAS pa3BUIKA. DTO O3HA-
qaer, 970 B W ecTh POBHO OJIHO OHCIIEIUABHOE TIOJCIOBO W JJUHBI k. 3HAYUT, CYIIECTBYIOT Ta-
Kue a;, a4, 0, 0 € A, 910 a;w, a;w, wag, wa; — nogcnosa W. Torga (k4 1)-rpad Gy noaydaer-
Cs1 U3 TOCJIEIOBATEIS MyTeM YAAJEHUsT KaKOTO-TO pebpa, COOTBETCTBYIONIETO OSHOMY W3 YETHIPEX
CJIIOB: a;Way, G;Way, G;Way, ajwa;. PaccMOTpUM HHTepBal, SB/ISIONINHCT XapaKTepUCTUYeCKIM MHO-
JKECTBOM 171 €y10Ba Iy = [Ty, Y-

Tak Kak w — IpaBoe CIennaIbHOe CJI0BO, TO I, C T 71 (15, Ul,,), Tak Kak w — JI€BOE CIIEIUAILHOE,
10 Iy C T(1g; U L)

Ilycte Touka A € [0,1] mesmur [, Ha ABa HHTepBaIa, 00Pa3bl KOTODPBIX JekKaT B I, u I,
COOTBETCTBEHHO, a Touka B € [0, 1] — gesmt Ha wHTEPBA/IBI, TPOOOPA3bl KOTOPBIX JIEKAT B I,, 1 Io;
COOTBETCTBEHHO.

Bribop MUHUMAIBEHOTO HEBCTPEUAIOIIETOCS CJI0BA, a , 3HAYUAT, YAAJIeMOro pedpa, onpeIeasaeTcs
B3anMOPACTIONOKEHNEM ToUeK A u B, a Tak:Ke COXpaHEeHWeM WU CMEHOW OPUEHTAINNd 0TObpaKe-
HUs Ha 3TUX MHOXKecTBax. Toro, uMeercs 8§ BapuaHTOB, KOTOPhIE Pa3bUBAIOTCS HA, Y€ThIPE MTAPHI,
COOTBETCTBYIOINE OJUHAKOBBIM HabOpaM CJIOB:

1. B< A, T Y[xy, B]
2. B<A,

3. B<A, | C I,

)
4. B < A, Al C 1)
)

k

6. B> A, T [:Iiw,A] C Iak;)

( ) (
i ) (
A ) ([2w, A
A ) (
5. B> A T Y[xw, B)) C L,, T([xw, 4] C I,
T ) (
7. B>A T ) (
({24, B]) (

8. B> A,

BapuanTsr 1 1 5 COOTBETCTBYIOT BAPEITIEHHOMY CJIOBY G; W -

BapuanTsr 2 u 6 COOTBETCTBYIOT BAIIPEIEHHOMY CJIOBY G;Wd].

BapuanTe! 3 u 7 3aIIpeIeHHoMy CJI0BY COOTBETCTBYIOT ajWak.

BapuanTe! 4 1 8 COOTBETCTBYIOT 3alIPEIICHHOMY CJIOBY a;Wda;.

JIlBe maphl BADUAHTOB COOTBETCBYIOT OJHOBPEMEHHON CMEHE WU COXPAHEHUIO OPUEHTAIINH 0TO0-
paKeHWsT HA XapPaKTEePUCTUIECKUX WHTEPBAJIAX, & JBE TAPbl — PABIUIHBIM OPUEHTAITHSIM.

B cayuae, korma nepeksiaibiBaHie OTPE3KOB COXPAHSIET OPUEHTAITHIO, ¥ HAC OCTAETCS TOJBKO
JIBa, BO3MOYKHBIX BaAPUAHTA JIJIS YIAJIAEMOT0O pebpa.

B cayuae, korga Mbl paspernaeM 0TO0AYKEHUIO MEHSITH OPUEHTAIINI0 OTPE3KOB MPU TIEPEKIAIbI-
BAHUU, BO3MOYKHBI BCE UETHIPE BAPUAHTA.

SAMEYAHUE. [losiciuMm Temepb cMmbics pasdmeuenHoro rpada Pozwm. Ilycrs pebpa Bxopsimeit
Pa3BUJIKH COOTBETCTBYIOT @; W (j, CAMBOJILI | ¥ 7 COOTBETCTBYIOT JIEBOMY U TIPABOMY MHOMKECTBY
5 mape (T'(1y,;), T(ls;)). Ecmm caMBOBI af M @; COOTBETCTBYIOT pedpaM WCXOAATIeH PasBUIKH, TO
CHMBOJIBL | M T CTaBATCH B COOTBETCTBHU C IOPsiAKOM ‘“eBo-mpaso” B mape (g, ,I,). 3nak
CTABUTCS B BEPIINHE, €C/IM XapaKTEPUCTUIECKOE MHOXKECTBO, €if COOTBETCTBYIOIIEE, TTPUHA/JIEKUT

« o

WHTEPBAJY MEPEKIIA/IbIBAHM, HA KOTOPOM MEHSIETCSI OPUEHTAITHS.
Yemosue png mepexona ot rpada G K Gpit:
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[TPEATOXKEHUE 5. 1. Ecau 6 epage nem Jdeolinmx pasdéuaor, COOMBEMCMEYIOWUT bucne-
yuasvrom nodeaosam, mo npu nepexode om Gy, ® Gpy1 umeem Gri1 = D(Gy);

W

2. Ecau sepuuna, cOOmMeemcmsyowas bUCNEYUGADYHOMY CAO8Y HE NOMENEHs 3HAKOM ‘", mo
pebpa, cOOmMBEMCMEYIOULUE 3ANPEUEHHBIM CA08AM sblOUpatomea u3 nap lr u rl

I

3. Ecau eepuiuna nomeuwena 3nakom =", mo ydassemvie pedpa doaxnchovr 6uibupamves us napos 1l
uAU TT

Hazopewm spositoninio pazmedenubix rpados Pos3u npasuavrot, ecyiv npaBsusia 1 u 2 BITIOJIHS-
FOTCST JIISE BCelt TIENMOYUKN 9BOJIIONUHN rpados, HauwHast ¢ (1, HA30BEM 3BOJIONUIO GCUMNIMOMUYECKY
npasusbHoil, ecin ipasusia 1 u 2 BHINOJIHSIIOTCS, HAUYnHAs ¢ HeKoToporo Gy,. Byaem roBoputs, 9To
3BoJIEOIUS pasmedeHubix rpados Posu opuenmuposanna, eciim B k-rpadax HeT BEPINUH, TOMEUEH-
HBIX 3HAKOM “—.

OrnpesiesieHne acUMITOTHIECKN TPABUIBHON 9BOJIOINN TPadoB Po3u mo3Bosiser ¢hopMyaupo-
BaTbh YCJIOBHUS IOPOXKIAEMOCTHU CJI0BA [I€PEKJIAIBIBAHIEM OTPE3KOB.

IIPEIJIOYKEHUE 6. PasHomepro-pexyppenmmuoe caoeo W

1. Iopooicdaemcea nepexaadosanuem ompesxos, mozda, £020a CA060 0DECNEYUBLEMCA ACUMNMO-
MUYECKY NPABUADHOT IB0A0UUET POSMEYEHHLT 2pados Posu.

2. Hoposicdaemea neperiaiv8aHuem 0OMpPe3Kkos ¢ COLPAHERUEM OPUEHMAYUUL M020a, K020a CA080
0beCnedUBaAeMes ACUMNIMOMUYECKY NPABUALHOT 0OPUEHMUPOBAHHOT IB0AOUUET DASMEYEHHDLT
epagos Posu.

OcHOBHaA TeopeMa, COCTOUT B 3aMeHe BhIpaxkennd ''torma'"wa "rorma m Toabko Torna''s Boerme-
HU3JI0OZKEHHOM IIPEAJTOZKEHUH.

3.1. IlocTpoeHne JUHAMUYIECKOI CHUCTEMBI.

IToxkaxkem, 4TO yca0BUS TEOPEMBI 6 ABISIOTCS JOCTATOUYHBIME JIJIS TOTO, 9TOOBI CIOBO IMOPOKIa-
JIOCh TepekJIabiBanreM 0Tpe3KoB. CHavaa MBI TTIOKAXKEM, 9TO CJI0BO W, yIOBJIETBOPSIONIEE YCIO-
BHUSM TEOPEMBI 6 MOXKET ABISATHCA SBOJIONKMEH HEKOTOPOH TOUKHM IPpH KYyCOIHO-HEIIPEPBHIBHOM IIpe-
obpazosannu orpeska 1 : I — I cremytomero Buma:

1. I =zg,z1]U[z1,22] U...Ulzp_1,24], 20 =0, ), = 1.

2. I=[yo, 1] Uy, 92l U.. . Ulyn—1,9n); Y0 =0, yn = 1.

3. 0 € S, — HEKOTOPaAsl IEPECTAHOBKA U3 7 JIEMEHTOB.

4. T orobpaxaeT (T, Ti+1) Ha (Yo(i), Yo (i)+1) HOIPEPHIBHO U B3ANMHOO[HOZHATHO.

Sarem OyzeT MOKA3aHO, KaK Caydail KyCOIHO-HEMPEPHIBHOTO MPEoOPA30BAHNA MOKHO CBECTH K
[EPEKJIA/IBIBAHUI0 OTPE3KOB.

Crpourh KyCOUHO-HEPEPbIBHOE 11peobpazoBanue T’ Mbl Oyjem nodraitao. Ilpu nepsoit urepanuu
MBI pa3brBaeM OTPE30K MTPOU3BOILHLIM 00PA30M Ha OTPE3KHU, KOTOPHIE COOTBETCTBYIOT COOTBETCTBY-
OIUM CHMBOJIaM. [ljist mocTpoenne oToOpakeHns HaM JOCTATOYHO ONPEIETNTh TPACKTOPUIO ITHX
TOYEK U 3aTeM U3 COODPaKeHN PEKYPPEHTHOCTH MPOIOIKUTE [T0 HEMTPEPBIBHOCTH HA BECH OTPE30K.

3AMEYAHUE. V3 HenpepbIBHOCTH U OMEKTUBHOCTH CJEIYET, 9TO OTOOPAXKEHUs Ha WHTEPBAJIaX
ABJSIIOTCA MOHOTOHHBIME (DYHKIUAMEU. Mbl PACCMOTPUM B, CJIYIAs:

1. Bce orobpakenust H”HTEPBAJIOB SBJSIOTCS OJIHOBpEMEHHO Bo3pacTaroimMu hyHKnuamu. Ha-
30BEM TAKOE IPE0bPA3OBAHNE COTPAHANULUM OPUEHMAUUIO.
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2. Bo BTOpoM ciiydae BCTPEYAIOTCA KaK BO3PACTAIONINE, TAK W YOBIBAIONHE OTOOPAXKEHWS WH-
TEPBAJIOB. DTOT CAyYaAil HAZ0BEM HE COLPIHANOUUM OPUEHITAUUTIO.

Pazobbem orpesok I = [0,1] ma n = Card A uHTepBaJIOB NPOU3BOJBHBIM 00pPA30M, KOTO-
pBle OYIYT SIBISATHCS XapaKTEPUCTUUECKUMU MHOMKECTBAMU JJisi CHMBOJIOB andasuta A: [0,1] =
=1y, Uly, U...UI, . CoorBercrBre HHTEPBAIOB CUMBOIAM ajdaBuTa OyIeT OIpPe/IeeH0 B COOT-
BETCTBUU C TIPEJIOXKeHrneM 8.

Bynem cunrars, 9To oTobpaskenwe 1’ HempephIBHO Ha KaXKIOM MHOXKeCTBe I,;, TO €CTh TOIKaMN
paspbiBa orobpaskenusi T' MOTYT OBITH TOJBKO KOHEUHBIE TOUYKHU XAPAKTEPUCTUIECKUX MHOMKECTB.
MuaTepBaibl XapakTepUCTUYECKIX MHOYXKECTB MJIM WX 00Pa3bl, nMeorue 00Iy0 TPAHNIHYIO TOUKY,
OyaeM Ha3BIBATD COCEOHUMU.

SAMEYAHUE. MbI Bcerja MOMKeM PaCIUpUTh ajadaBuT TaKuM 00pazoM, 4To0BI B HOBOM aJi-
daBuTEe XapaKTEPUCTUUECKNE MHOXKECTBA OBLIN YCTPOEHBI POBHO TakK, KaK OMUCAHO Bbimie. ['pads
k-croB myig craporo andasura 6ymyT coorBercTBOBATH l-rpadam HOBOTO aadaBUTa, & IBOJIONAN
rpad0B, HAYUHASI C DTOr0 MOMEHTA, OYIAYT COBIAIATE.

Hemocpencreerno mpoBepsieTcst cieyromnmee

IIPEJIOYKEHUE 7. Ipeobpasosanua T, T™Y) nepesodum dsa cocednus mmoscecmsa subo 6
COCeOHUE MHOICECTNGA, AUDO UL 00PA3HL HE MOZYM UYCAUKOM NOKPLIBATND UHMEPEAL.

IIPEAJIOXKEHUE 8. Unmepsaavi pasduenus mo2ym Ovims nocmasaenss 8 COOMSEMEmeue Cum-
60AaM AAPAGUMA MAKUM 0OPASOM, UMO ECAU W — CREUUAALHOE Npacoe 1-cA060 u wa;, wa; — nod-
cno6a, mo Iy, u Iy, — cocednue mnooicecmea. Anasozunno, ecau w — cneyuaavroe aecoe 1-ca060 u
arw, qw — nodeaosa, mo Iy, u I, — maxoice cocednue mrooicecmea.

JOKABATEJNBLCTBO. Paccmorpum mpomsposbuyio pas3suaky B l-rpade. Ilycts u3 mee crpen-
K BeIyT B BEPIIMHBI, COOTBETCTBYIONIME CUMBOJAM a; U aj. lorma momoxum I,, = [zo, 1],
Lo, = [x1,72],

Tax Kak XapakTepHCTHUYECKHe MHOXKECTBA SBAAITCS WHTEPBAJAME, TO HA HUX MOXKHO €ecTe-
CTBEHHBIM 00Pa30M BBECTH OTHOIIEHME HOopsijika (10 ecthb I, < Iaj, ecmn x; < Ij ), TOYHO TAKXKE
MOXKHO BBECTH OTHOIIEHUE MTOPSANKA U Ha uX obpaszax. Ecau npu npeobpazosanuu T’ g Kakoii-
TO TAPBI XAPAKTEPUCTUICCKUX MHOXKECTB MOPAIOK MEHSIeTCs, OymaeM roBOPUTH, 9TO HA ITON mape
npeobpazoBaHue MEHSIET OPUEHTAIIHIO.

PaccmoTpuM 06pasbl nHTEPBAIOB pu orobpaskenmn 1L, dcHo, 9TO ecm CHMBOT a; He SBJIseT-
Cs IPABBIM CHEMATBLHBIM 1-CT0BOM M 33 HUM OJJHOZHAMHO CJIeJIyeT CUMBOJ aj, T0 1o, C T71(I,.), a
€CJId He 9BJIAeTCH JEeBbIM CHEIHUAIBHBIM U €My BCerJa IpeAmecTByeT CUMBOJI 4, TO T_l(fai) C I, .

B cayuae, eciu cuMBOJI a; SIBJISIETCS TIPABBIM CIEIUAJBHBIM 1-CJIOBOM U 33 HUM MOLYT WATH
CUMBOJIBL @ W G, TO 1o, C Tfl(Iaj U I, ), a ecu jepbiM criermanbibm, 1o T 1H(1,,) C I, Uly,.

O6o3Haunm depes I™ MHOXKECTBO 06pa30B KOHIIOB HHTEpPBAJOB Ipu oTobpazxkenun 1T~ ", 10 —
MHOKECTBO KOHIIOB HHTEPBAJIOB XaPAKTEPUCTUIECKIX MHOYXKECTB, TO ecTh IV = {zo,21,...,2n}.

Kaxk cnenyer m3 paccyxXaenuit B dactu 2.4, MHOYKECTBO, OTBEYAIONIAE CJIOBY W = WiW2 -« * - Wy
ects Iy = Iy, NT " (Iy, )N ...NTEPHD(L, ), cOOTBETCTBEHHO, MHOKECTBO TDAHHIHBIX TOUEK
MHOZKECTB, COOTBETCTBYIOIIUX CJIOBAM JJIMHEI 1 ecTh B Tounoct 1°U T U ... UT (n=1),

Ecnu npagoe crienmaibHOE C/IOBO HE SIBJASETCS OUCTIENMATBHBIM (TO €CTh HE SBJISIETCA OJIHOBDE-
MEHHO ¥ JIEBBIM CIICIHATBHBIM ), TO MTOJOKEHNE TOUKH, KOTOPAst IEJIUT JTAHHOE XaPaKTEPUCTHIECKOEe
MHOXKEeCTBO, HECYIIECTBEHHO U €TI0 MO2KHO BbI6I/IpaT]) IIPOMU3BOJILHO.

s coydasi COXpaHSIIONIEr0 OPUEHTAITUIO Tpeodpa30BaHus yIaJeHUd JOJIKHO COOTBETCTBOBATD
COXPAHAIOIIUM OPUEHTAIVIO TIPABUIAM.

B ciyuae He coxpaHSIONIEro OpUEHTAIUIO TPeodpaz3oBaHUA HAM IIPOCTO HEOOXOIUMO, YTOOBI
BHYTPH O0TOOPAKAEMBIX OTPE3KOB IIPH IBOJIIOIUN TPOUCXOINUI0 KOHEIHOE TUCI0 “TIepeioMoB”.
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Taxknm 06paszsoM MBI MOXKEM OTIPEIENTE 00Pa3hbl TOUEK HA HEKOTOPOM moaMmuoKkectee N C 1. U3
MOCTPOEHMUsI CJIEIYET, YTO CYIIECTBYIOT TaKue WHTEpPBANbl [ = (T, Tg4+1), BHYTPH KOTOPBIX HAIIE
mpeobpaszoBaHne MOHOTOHHO. MBI BCerja MOXKeM MTPOJOIKUTH €ro 0 HEMPEPBIBHOCTH 10 0TOD-
pakenusi oTpe3ka B cebg. IlocTpoennoe KycoduHo-HempepbIiBHOE Ipeobpa3oBaHme W €CTh HCKOMOE,
Ob6osznaunm ero 1. OTMeTHM, UTO HAYAILHAS TOUYKA, IBOJIOIUENR KOTOPOH SIBIASIETCS NCKOMOE CJIOBO
W = {wy}, nosmyuaercsa Kak npejeabHasi MOCIEI0BATEIBHOCTh MHOXKECTBA BJIOKEHHBIX OTPE3KOB,
COOTBETCTBYIOIIUX MPedUKcaM wq, Wow1, WoWiwWsa, . .. U T.J1.

Hamu mokazama,

TEOPEMA 7. Ymobw pexyppenmmnoe caoso W noposcoansocs Kycowno-nenpepuiervim npeobpa-
306GHUEM C COTPAGHEHUEM OPUEHMAUUY, HEOOTOOUMO U JOCMAMOYHO 4MOobbl CA0680 00ECNEeYUBAAOCD
ACUMNMOMUYECKU NPABUALHOT 0PUEHMUPOBAHHOT 260a10UUetl pasmevernbxr 2papos Posu.

B cyuae mengromero opuenTanuio mpeodpa30BaHus Oy 4aeTCH

TEOPEMA 8. Ymobw pexyppenmmnoe caoso W noposcdanrocs kycouvno-Henpepuiervim npeobpa-
306GHUEM C COTPAHEHUEM OPUEHMAUUL, HEODTOOUMO U JOCAMOYHO YMOobbl CAOB0 06ECNEYUBAAOCD
ACUMNIMOMUNECKYU NPABUALHOT 260M0UUeT PasMmevennbis epados Posu.

4. 9KBUBAJIEHTHOCTb MHOXKECTBA P.P CJIOB, MOPO2KJIAEMbIX KYyCOYHO-
HEITPEPHIBHBIM ITPE0Opa30BaHMEM, MHOXKECTBY CJIOB, MOPOXKae-
MbIX NEPEKJIabIBAHUEM OTPE3KOB.

TMokaxkem BHA9ANE, KAK MOXKHO MEPEHTH K AMHAMWKE, B KOTOPO# MOYTH BCE TOUKHU (B CMBICTIE
Mepsl Jlebera) MMErT pasJIndHbIe CyNIECTBEHHBIE IBOJIIONUN. PacCMOTPUM CyIIECTBEHHBIE IBOJIIOINH
TOYEK TIpu TTpeobpazoBanmm 1.

OTMmernM, 9TO eCIl TOUKHA X1, T2 (L1 < T2) UMEIOT OJNHAKOBYIO CYNIECTBEHHYO SBOJIIOIUIO IPH
npeobpazosarnn T', TO ¥ BCE TOYKU OTPE3KA [T1, T2| NMEIOT TAKYO JKe CYIIECTBEHHYIO SBOJIOIIIO.

PaceMoTpruM KycouHO-HEIIpepbIHOe NpeoOpa3oBaHne OTPe3KOB. M3 TeopeMbl O CyIIeCTBOBAHUN
uHBapuaHTHOM Mepsl (cM. [4]) cieayer, uro r060e 0TOOpaXKeHNEe KOMIIAKTA MMEeT MHBAPUAHTHYIO
BEPOSATHOCTHYIO Mepy. 3HAYUT, oToOpaykenne T umeer MHBapUaHTHYIO Mepy . CliegoBaTenbHo, Ha
OTpe3Ke Mbl MOXKEM BBECTH HOBYIO nosymerpuky d(zi,zs) = u((x1,z2)). Ormerum, uro us toro,
a0 (21, x2) > 0 HE caemyeT, 9T0 TOYKA UMEIOT PA3THIHYI0 CYIIECTBEHHYTO SBOJIIONUIO, TOCKOIBKY
HOCTPOEHHOE 0TOOPAKEHUE MOXKET OBbITh PA3PBIBHBIM.

ITPEANTOXKEHUE 9. ITyemos mouku 1 < Tz uMerom odunakosve 360410UUL 4 NPeobPa3osanue
T nenpepvisho na unmepsase (x1,x2). Toeda mobas mowka unmepsana (1, T2) umeem makyio sce
CYULLCMBERHYIO 360AI0UUI.

JOKA3ATEJILCTBO. U3 Toro, 9T0 1,2 UMEOT OAWHAKOBYIO 3BOJIOIHIO cieayer, uro 1'(z1),
T(z2) TOXE MMEIOT OJMHAKOBYIO IBOJIIONMIO W 00pa30M wWHTEpBana (I1,T2) ABAAETCA WHTEPBAT

(T'(x1),T(x2)).0

TEOPEMA 9. Ilycmov caoeo W noposcdaemcs KycouHo-Henpepuiervim npeobpasosaHuem ompes-
ka. Toz0a cywecmeyem caoso W', sxeusascnmmoe danmnomy, Komopoe nonposrciaemcs nepexsaovl-
BAHUEM OMPESKOS.

JOKABATEJILCTBO. PaccMOTpuM TOMOJIOTHIO B CMBIC/IE TIOCTPOEHHON mogymerpuku. Ha wH-
JYIIUPOBAHHON MeTpuKe (KOTOpasi CKJIEHBAET TOUKHU C HYJEBBIM PACCTOSIHUEM) MOCTPOUM COOTBET-
cTBYROIYIO (bakTop-auaamMuky. CooTBeTCByOIee (haKTOP-MPOCTPAHCTBO OYIEeT MpPeICTaB/IsITh CO-
6oit KoHeuHbIil HAOGOP OTPE3KOB, a 0TOOpakeHue Oy/IeT COXpaHATH JJIUHBI, TO €CTh MbI IPUILIH K
MEPEKJIAJBIBAHUI0 OTPE3KOB.



84 A. 4. Besios, A. JI. Yepusaroen

MuBapranrras mepa i, Boobie roBopd, MOXKET ObITh CHHTY/IsPHA. B 9TOM ciydae 1iesibie OT-
pPE3KU HYJEBOH Mepbl OKaXKyTcsi CKJjeeHHbIMU. OJIHAKO TaKUX OTPE3KOB He OoJiee, 4eM CUYETHOE
MHOXKeCTBO. B 10 ke Bpemst, eciu W — Henepuouieckoe paBHOMEPHO-PEKYPPEHTHOE CJI0BO, TO KO-
JIMYECTBO SKBUBAJEHTHBIX (TO €CTh HMEIOIINX OJMHAKOBBIN HAOOD KOHEUHBIX [IO/ICJIOB) PABHOMEPHO-
DEKYPPEHTHBIX CJIOB UMEET MOIIHOCTE KOHTHHYyMa (cM. [1]). DT0 03HAUAET, UTO CYNIIECTBYET HECUeT-
HOEe MHOXKECTBO TOYEK BHE 3TOM CUCTEMBI OTPE3KOB U CUHTYJIAPHOCTH MEPHI Ha IBOJIIOINIO 3TUX TOYIECK
BJIUSHUE HEe OKa3blBaeT. Takum 00pasoM, Hajimerca sksuBageHTHOe caoBo W' ~ W orBeuaromee
TIePEeKNaIbIBAHUI0 OTPE3KOB. U

Taxum o6pazoM, CyIIecTBYeT ITepeKJIa bIBAHUE, OTBEYAIOIIEEe HEKOTOPOMY SKBUBAJIEHTHOMY CJIO-
By W'.

3AMEYAHUE. MBI He JI0OKa3a/1, 9TO BECh MHTEPBAJ HYJIEBOU JIJIMHBI COCTOUT U3 TOYEK C OJIU-
HAKOBOI CYIIECTBEHHON BOJIIONMEH W pa3dWBaeTCd HA JBAa MHTEPBAIA TOYCK C OJUHAKOBOMN Cy-
IECTBEHHO{T 3BoJfotieli. OOX0/IHON MaHEBD COCTOMT B UCHOJIb30BAHUN KOHTUHYYMa CJIOB, S9KBUBA-
JICHTHBIX JaHHOMY D.P. CJIOBY.

ITo Teopeme 4 B 3TOM II€peKIaABIBAHAN BCTPETATCA 6Ce CI0BA , SKBUBasenTHbe W/ B ToM mce
u cioBo W (B cMBICTe CyIIecTBeHHOI 9Boron). JJokazana

TEOPEMA 10. Ymobw: peryppenmmoe ca060 W noposcdanocs KycouwHo-HenpepuieHviMm npeobpa-
306AHUEM C COTPAHEHUEM OPUEHMAUUL, HEOOTOOUMO U QOCTAMOYHO YMobbL CA080 06ECNENUCAAOC
ACUMNMOMUYECKU NPAEUNBHOT OPUEHMUPOSAHHOT 260A0UUET PasMmeverHuL 2pados Posu.

B ciiyuae meHstOIEro opueHTANNIO IPeodPa30BaHUA JTOKA3aHA

TEOPEMA 11. Ymobw pexyppenmuoe caoso W noposcdanocs Kycouio-Henpepusnvm npeobpa-
3068GHUEM C COTPAGHEHUEM OPUEHMAUUY, HEOOTOOUMO U JOCMAMOYHO 4MOobbl CA080 06ECNEYUBAAOCY
ACUMNMOMUYECKU NPASUABHOT 260410UUET pa3mMevennur epados Posu.
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