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AuHOTanuga

B crarbe mpomo/KeHbI WCCIEA0OBAHUS IO TEOPUM KPATHBIX TPUTOHOMETPUYECKUX CYMM, B
ocHOBe KoTopoii jexkut meron 1.M.Bunorpaznosa. 31ech Mbl HAXOIUM JJId 1 = 7" = 2 OLEHKHU
CHH3Y MOKa3aTeneil CXOMUMOCTH 0CODOTr0 PsAaa U 0cOOOro MHTErpasia aCHMITOTHIECKOH hopMy-
Jibl Tipu P — 00 J1j1st 9uc/ia, pelennii cieayomeil cCucTeMbl 1nO(QaHTOBBIX YPaBHEHMIT

2k
Z(—l)ﬁ'mtl....xﬁj. =0, 0<ty,....tr<m,
j=1

rae n > 2,r > 1,k — HaTypaJbHBIE 9ACTA, IPUIEM KazK/1ad epeMeHHad T; ; MOXKeT IPUHAMATD
BCe LeJible 3HadeHusd or 1 gjo P > 1.
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Abstract

In the paper we continue studies on the theory of multivariate trigonometric sums, in the
base of which lies of the I.M.Vinogradov’s method. Here we obtain for n = r = 2 lower estimates
of the convergence exponent of the singular series and the singular integral of the asymptotic
formulas for P — oo for the number of solutions of the following system of Diophantine equations

2k

j ot tr
Z(—l)ﬂxﬁj...xmzo, 0<ty,....tr <n,
j=1

where n > 2,7 > 1,k are natural numbers, moreover an each variable z; ; can take all integer
values from 1 to P > 1.
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1. BBenenue

B macrosmeit pabore mpogo/KeHbl MCCAENOBAHNUA M0 TEOPUU KPATHBIX TPUTOHOMETPUIECKUX
CyMM, CEpIIEBUHON KOTOPOH SBJIAETCA MOIIHBIA METOJ TpHroHoMmerpmdeckmx cymm 1. M. Bu-
HorpasoBa |1, 2|. yujameHTasbHble pe3yjabTarbl B 9T0# Teopuu nosydenst 1. V. Apxunosbim,
A. A. Kapany6oit u Bropbim asropoum [5, 6, 7.

Panee B crarbax [12, 13| 6buau HailjieHbl ONEHKM CHU3Y [OKa3aTesell CXOMMOCTH 0c0boro psjia
1 0co60ro MHTErpaja acCHMITOTHIECKOH (opMyssl mpu P — 00 1/ 4mC/Ia PEHIeHnH Caeayomei
cucreMbl 1MOMAHTOBLIX YPAaBHEHUT

2k

d (=1l al =0, 0<ty,.. b <n,
j=1

rae n > 2,7 > 1,k — HaTypanabHble YMCIA, IPUYEM Kark/asd IepeMeHHas T;j MOXKeT IPUHUMAaThb
BCe lesble 3Hadenus or 1 go P > 1.

3/ech MBI YTOUHSIEM 3TH OIEHKH B Ciaydae n = 7 = 2. Jlajiee MBI paccMaTpUBaeM CHCTEMY
ypaBHEHUN

T+ ...+ T = Ty1 + ...+ 2ok,

Y1+ + Yk = Y41 + oo+ Y2k,

a;%—i—...—i—xi:xiﬂ—i—...—i—x%k, (1)
Ty + - T TRV = Th1Yk+1 T - T T2kY2k;

Vit Y=yl e+ Y
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B KOTOPO# HEU3BECTHBIC X1, . . ., X2k, Y1, - - - , Yok IPUHUMAIOT 3HAUCHUS HATYPATHHBIX IUCET OT 1
mo P,rme P> 1,k > 2.

Hycrs L(z,y) = arox + agry, Q(z,y) = agx?® + ap1xy + agey?. Toraa ocobeiii unrerpan 0
TpeacTaB/JIdeTCd B BUE

—+o00 +oo| 1 1 2k
0= / / //627ri(Q(x,y)+L(:c,y))dxdy dagodaudaogdalodam. (2)
—00 —oo [0 0
Hanee, mycTs qio, qo1, 420,911, o2 — HATypasmbHble umcna, (ag,qu) = 1, 0 < k, I < 2,

q = ¢1049014920911902;

Ly(a,y) = @H o @l y) = 82042 4 Mgy 4 22,2 (3)
q10 420 CI11 q02
Fy(z,y) = Qq(z,y) + Ly(x,y). (4)

Toraa ocobbIit psia o WM CpeaHee 3HATEHNE KPATHON MOJHOM pamoHa hHOW TPUTOHOMETPUIECKO
CYMMBI

q q
S (g Fylw,y)) = Yy e*mFalew) (5)

r=1y=1

uMeeT BUJL

400 +oo 400 400 +oo

eI DD I

g20=1 q11=1 qo2=1 q10=1 go1=1

g20—1 q11—1 qo2—1 qio—1 go1—1 o
<y Z Z S a7t S (g Fyla )| (6)
a20=0 a11=0 a01=0

(a20,920)=1 (a11,q11)= 1(a02,q02) 1(a107q10) 1 (ao01,901)=1

Ipu nccreaoBaHME MOKA3ATEs CXOAUMOCTH 0COBOTO MHTErpaia U Psjia 10 CPABHEHUIO C OJl-
HOMEPHOI aJIUTHBHON 3aadeil BOSHUKAIOT CJIEAYIONIAE TPYAHOCTH: BO3MOKHOE IIOSABIEHHE OCO-
ObIX KpHBbBIX, CBA3aHHBIX C MHOIOYIEHOM B SKCIIOHEHTE CyMM M MHTErpajioB, a TakxkKe BOIPO-
CbI OTHOCHTEJILHO CXOJMMOCTH KPATHBIX HECOOCTBEHHBIX MHTErPAIoB. B wacTHOCTH, mMeeM (CM.,
Haupumep,[15])

. . 2 2 .
PLIIEOO/ /sm (w +y )dwdy =,
—-P—P

B TO K€ BpeMd IIPU HATYPAJBbHBIX 3HAYCHUAX T HAXOAUM

. - 2 2 o
nll)l}_loo // sin (m +y ) dxdy = 0.

224+y2<27n
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2. OcoObIit mHTETpaJI

JIEMMA 1. Hyemo Q(z,y) = agx? + 2a112y + agay? — weadpamuunaa @opma ¢ ceusecmeen-
HuMU KOaPPuyuenmamu, a%o +a? + agQ # 0. Toeda umeem

_ 1 2miQ(x,y) —(2|D 1/2
Birfoo/ /e dxdy| = (2|D[)~
—-B

2de D = agpagy — a3y

Jlokasameavemeo. Cragana npusegem ksaapatuunyio dopmy Q(r,y) K IMArOHAIBLHOMY BHILY.
[Iycts agg # 0. Torma nmeem

Q(x,y) = axp l‘-i-fy + —y” = agxi + —yi = Q1(x1,y1).
aso aso

CrenoBareibHO,

B B+%y1
T=1 1 2m’%y§d 2miazow? g, | —
= Bilil e 20 Y1 e 1| =
(e.o]
— 11
B Bty
+00 2

- /e%ir2dx = (2|D|)""2.

VID]

Cnyuaii agg = apz = 0, a11 # 0 paccMaTpUBaeTCst AHAJIOTUYHO. JleMMa JoKa3aHa.

JIEMMA 2. Ilyemvo n > 1, a1,...,Q, — GECUWECMBEHHDIE YUCAG, U
f(@) =apz" +... + a1z, Br(z) = (T)(x)/r! r=1,...,n

H=H (ag,...,an —argégbZ]ﬂr I/T.

Tozda das unmezpanra
b

J = /e%if(x)dx

a
CNPABENAUBA OUEHKA
|J| < min (b — a, 66n3H_1) .

Aokazameavcmeo (6], Teopema 1.1, ¢.13.

JIEMMA 3. IIyemo F(z,y) = Q(x,y) + L(x,y), 2de Q(x,y) — xeadpamuunas dopma euda
Q(I‘, y) = a20$2 + 2@11373/ + a02y2, D= ao0a02 — a%l — eé QUC’K}pu.MUHaHm u L(l’, y) = a10T + a1y
—Aunetnas Popma, u nYcms

H = min { |D| + ' ' }
0<z,y<1
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Tozda das unmeepasa J euda
1

1
J://esz(z’y)dﬂS‘dy
0

0

cnpasedausa ouenka |J| < min (1, H_l).

Zoxasamervcmeo. HpI/I H < 1 omenka J < 1 oueBmpgna. [lycts H > 1. BosmoxkHBI HECKO/IB-

KO caydaes: 1)4/|D| > ‘ ‘ > % Ha HEKOTOPOM MHOXKecTBe A € K rae K — KBaI];paT
0<z,y<1,3) ‘ ) > H Ha HeKOoTOpoM MHOkKecTBe Ag € K u 4)/|D| < 3, } ‘ < 3, } ‘ <%

Ha MHOKecTBe K N\ (44 U Ay).

-1
Paccmorpum caywaii 1). 113 memmsr 1 caegyer, aro |J| < (\/\D|) <H L

ITycrb Tenepn nmeer mecro cay4aii 2). Torpa

1 1
1< [ay| [ i),
0 0

rae F(z,y) = Fi(z,y) + any® + ao1y.
IIpencrasuy MuOrOUIeH Fi(z,y) Kak MHorownen Fi(z,y) = Fa(x) = agx?® + (2a11y + ap1) « oT

nepeMerHO# x. MMeem ’%

= ‘ ’ = 2a202 + 2a11y + ao1. llonab3ysace memmoit 2, moayanm

1
/e2m'F1(x,y)dx < HL
0

Otcioma maxomm |J| < H™L.
Cayuaait 3) paccMaTpUBAETCS aHATIOIHYHO.
Ocrasock paccMoTpeTh ciay4ait 4). ToT cIydail He UMeeT MeCTa B CUJLY OIIpe/Ie/IeHIs] BETNTHHBI

H.

JlemMa J1oKa3zaHa.
TEOPEMA 1. Ocobwiti unmeepan 0 pacrodumcs npu k < 5.

Aokazamenvcmeo. llycts P > 1 — marypansaoe uncio. Obosnaanm cumpoiaom K (P) konnde-
cTBO MHOrO41eHOB F'(, ), yZI0BA€TBOPAIOIINX YCIOBUSIM

Q(z,y) = azr® + 2a112y + agzy®, L(z,y) = a1oz + a1y,
2, =0,25+7(2P) ", 43 =0,25+s(2P)"', 1<r,s<P,
F(z,y,r,8) = Q(z,y) + L(z,y) + agp =
=Q(r — v,y — ys) + Bro(r — ) + Bor(y — ys) = P(x — 2,y — ¥s),

rae |Bio], |Boi| < a1 P, ¢1 =7, 3P? < ag, anz < 4P?, P? < ayy < 2P2
Torua st @ = &(z,y) umeem

11—z, lfys

1 1 5
J= //62mF T,Y,T, S)dxdy — / dx / e?ﬂ"i@(x7y)dy _ Z Jk;
00 "z <y k=1
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rae npu A = ¢/P,

A 1-ys A

A A
J1 = /dx/ e Py, Jp = /d:c / TPy, Jy = /dx/ ¥y,
—-A —-A —Ys
1—z, 1-ys 1-A 1-ys
Jy = /da: / 2Py, Js = /dw / 2Py
A —Ys —r —Ys

CuavaJga moaroroBuM Ji Jjis orieHKH cHu3y. MMeem

A A A A
Ji = /dm/eQ’”wady—i- / /!Ilac y)e2mR@Y) dydy,
“A LA “A-A

rae W(% y) — e2mi(Broz+Bo1y) _ .
Ipu |z|,|y| < A maxomum

|W(l’,y)’ =2 ‘SinTF (ﬁl()m' + +501y)’ <27 (’ﬁlg‘ + ‘501‘) A < 4w AP = 4meey.

CrenoBaresbHO,

A A
/ /!7 x,y)e 27”Q xy)dxdy <Adncde; P2
A—-A

Hamee, ncnonp3yd JgeMMmy 1, TOSIydIuIM

A A
/d:c/e%i@(w)dy: (2|D))"? + R,
—A —A

rae R = R; + Ry + R3 + Ry, npuuém

A +o00 A A

Ry = / dx / HmQEY) dy Ry = / da / MR gy,
—A
+o0

Ry = /dw/ 2mREY gy Ry = /dx/eQmQ =)
A

Ouenum |R| cBepxy. Nmeem

A 400
R1 — / 627ria2012dx / e2ﬂi(aogy2+2a11$y)dy —
—-A A
A +o00

_a11),2 o,
/627”(@20 02)x dx / e2mia02y” gy

A a1
At apz ¥



52 JI. T. Apxumnosa, B. H. Yy6apukos

Orcroma, ucnob3yst BTOPyo Teopemy O cpeanem (cM., Hanpumep, Teopema 10, ¢.212), maxomum
-1 -1
|Ri| < (mV2a02) . Anamnoruuno nonyuns, uro |Ro| < (mv2a02) .

+o0o +00
Ry = / 62m’a20m2dx / 627ri(a02y2+2a11xy)dy _
A —0o0
i 2m‘<a20—i)9&2 b P ) e 27ri(a20—i)x2
= / e 02/ dx / e2mian2y” gy — 6”1/4(26102)_1/2 / e w02/ dg.
A —o0 A

Cnemosarensho, |Rg| < A (27‘1’2&02)_1/2. Awnamornuno |Ry| < A (27T2a02)_1/2.

Taxuwm obpazom, |R| < <(7Tﬂa02)*1 + A (27r2a02)71/2)_
IlepexouM K OlleHKAaM CBepXy MHTerpaJioB Ji, k = 2,3,4, 5. Haxoanm

Al l-ys
|J2| < / / 627ri(a02y2+2a11$y+aoly)dy dx’
—-Al A
1-ys| 1—z,
’J4‘ < / / 627Ti(a2012+2a11xy+a10:r:)dx dy
—Ys A

BuyTpenuuit uarerpas Jyq B J4 monoben BuyTpeHHeMy wHTErpady Joi B J2, I03TOMY OIEHUM TOJIBKO
WHTErpaJj BUJa
1—ys 1-ys+(a112+0,5a01)/ao2
J21 — / 627Ti(a02y2+2a111y+a01y)dy — 627ria02y2 )
A A+(a1124+0,5a01)/a02

ajee, TpUMeHdAT BTOPYIO TEOPEMY O CPETHEM K BEIECTBEHHOM W MHUMOMN UacTIM WHTerpaJaa Jop,

MOJTy 9UM
| Ja1| < (2a02 (agaary — 0,5a01)) "2 < P2,

Hono6mro mveem |Jyq| < P~2. Takum obpasom maxogmu omenku |Jo| < AP~2 < P73 |Jy| < P72
Omnenkn maTerpasos J3 u Js noaydaiorcs amasiormdano. Uueem |J3| < P73, |J5| < P~2. Cnenosa-
rensro, [J| > 0,5(2|D])~Y2.

ITokazkem Tenepb, 9aro mpu (71, 1) # (72, S2) MHOTOUNeHbl F'(2,y,71,51) u F(x,y, 12, s2) Oyayr
pasymmunbl. Byjem paccyxkaars or nporusHOro. [peanonoxum, aro F(z,y,71, 1) = F(x,y,r2, s2)
KakK pyHknum or T u y. Umeem

F(z,y,7,5) = Q(x — zr,y — ys) + Bro(z — ) + Bo1(y — ys) =
= Q(z,y) — x (2a02z, + 2a11ys — B10) — ¥ (2a20ys + 2a112 — Bo1) + -

B wacraocTu 6ymyT paBubl K09MPUITMEHTH JUHEHHBIX (HDOPM, T.€.

a0y, + 2a11Ys;, — Bro = 2a20Tr, + 2011Ys, — Bio»
2002?#1 + 2allxsl - B(I)l = 2a02yr2 + 2(1113332 - 6(),17

Moncrasnas x, = 0,25 + 7 (2P) "', ys = 0,25+ s(2P) ', 1 < r,s < P u nonaras r| — ry = u,
S$1 — 82 = v, OPUXOJUM K CJICJVIOIIeH CACTeMe ypaBHEHUHI

!
agu +anv =29,

1
a11u + agov =6,
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rae ImmepeMeHHble U, U MOFyT IIPUHUMATH TOJIBKO IIEJ/IbIC 3HAYCHNA,
/ " " / "
=P (Blo—p0), 0 =P (5 —-5)
Orcroga HaxoaUM

/ " 1 !
90,02—9 ail 0 ago—ean

2
o) , V= o) , D = agpao2 — aiy.

CnemoBarensho, |u| < 1, |v] < 1. Tak kak u u v — meabe yucaa, T u = v = 0. DTO TPOTUBOPEUUT

ToMy, 4T0 MHOrOWIeHsl F(x,y,71,81) u F(x,y,r2, s2) Oyayr pasnauansl upu (11, s1) # (12, $2)-
Taxum o6pazom, kommaectso K (P) muorodnenos F ynosrersopser nepasenctsy K (P) < P10,
Haxonen, ipu P, = ¢' nmeem

>N K (P) | (P = > P
m=1 m=1

MMocrenunit panx pacxomuresd mpu k < 5.
Teopema JoKa3aHa.

3. Ocobwbrit psa

Paccmorpum ocobwiii psa o, onpegensembrit (3)-(6). MssectHo, uro on cxomurest ipu k > 9 n
pacxomured npu k < 5. 31eCh MBI HAXOIUM MOKA3ATEIb CXOIUMOCTH O.

ITycrs kanonmdeckoe pasioxkenue ¢ umeer sug ¢ = [ [p® u ¢, = q/p®?. Torga umeem
plg

S(q, Fy HS v, 4, Fo(gp, pr))

plg

Orciona caenyer, 410 0 = | [ 0p, TPATIéM MPOU3BEIEHIE PACITPOCTPAHAETCSH Ha BCE TTPOCThIE UHCIIA,

p
u

p®—1 p°—1 p°—1 p°—

o= 143 A0, AP =3 3 S Z Z =S (08 P )| ()
s=1

a20=0a11=0ap2=0a10=0ap1=0
p|(a20,---,001)

JIEMMA 4. ITyemo p > 2 — npocmoe wucao, F(x,y) — mHozouien 8mopot cmenenu
2 2
F(z,y) = a0r” + 2a1170y + ap2y” + a10 + a1y,
NPUNEM QUCKPUMUHAGHM €20 Keadpamuunol dopmor D = asgags — a%l HE CPABHUM C HYAEM NO

MOOYAI0 P.
Hycmo danee

a20m2+2f111wy+a02y2+a1om+ao1y)
pS

S=Sp.Flay) =Y Zem(

r=1y=1

Tozda
1S (p, F(x,9))| =
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Jokasamenavemeo. Tlycrs agg Z 0 (mod p). Toraa numeem

2

al aio D a

F(x,y) = a (96 + —1y + ) + —y* —anagy — 2.
ao 2 a0

Bocmonb3oBaBmmcs 3HaveHIEM CYMMBI FayCC&,OTCIO,Z[a HaXO0aUM

u 271'@'Ay2
|S| — \/23 Z e a20 — p

y=1
Jlemma gokazaHa.

JIEMMA 5. ITyemov p > 2 — npocmoe wucao, s > 1 — namypaasvhoe wucao, F(x,y) — mHozousen
emopol cmenenu

2 2
F(x,y) = agox” + 2a112y + agey” + a10r + ap1y,
npuuém Juckpumunanm ezo xeadpamuunot dopmu D = aspagy — al, He cpasHUM ¢ HYAEM TO
MOJYAIO P.
1lycmov danee

p° 2m~<EQOIQ+2a11ry+a02y2+a101+a01y)
S
(&

S=S@" Flzy) =YY ’

r=1y=1

Tozda
1S (p®, F(z,y))| < p°

Hoxazameavemeso. CHavgasa paccCMOTpUM ciydaitl s > 2. Umeem

p
S=>"> Suu

u=1v=1
e
S S
D o ori Fl@.0)
T ——g2t
Sup = E g e s,
r=1 y=1

=u(mod p) y=v(mod p)

[Ipouzsoas 3ameny mepeMeHHbx & = o1 +p° Lz, y =y +p° M, 1 < zp,yr <p¥1, 0 < 2,8 < p,
MTOJTY IUM

s—1 s—1
-1 p—1 ; ;
p p Pl Pl R e sty
2 : j : L) e
Su,v = [ p =
r1=1 y1=1 z1=0t1=0

z1=u(mod p)y;=v(mod p)

psfl psfl

S VD VRS W

r1=1 y1=1
z1=uw(mod p)y;=v(mod D)

/
Fyy (@1,91)t

p—1
21
g e P

t1=0

Fgy (@1,91)21 (wlﬂu)ﬂ

Bamerum, aro aist Habopa (u,v), He SIBISIIONIErOCsT PENeHneM CHCTeMbI CDaBHEHMI

F, = 2as0z + 2a11y + a1 = 0 (mod p),

F, = 2a112 + 2a02y + ap1 =0 (mod p),
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HMeEeT MEeCTO PABEHCTBO Sy, = 0.
IMockonbky D # 0 (mod p), nocaennsas cucremMa CpaBHEHHUN MMEET €MHCTBEHHOE DEIeHne 0
MOJIYITIO p: % = i, v = v. ClIeI0BATEBHO, CIIPABETHBO COOTHOIIEHUE

s—1 s—1

p p
F(x1,y7)
2 el Sl 1A W4
SZSM,,,Z])Z E E e
r1=1 y1=1

z1=p(mod p) y;=v(mod p)

Hasee Haxoamm

‘S‘ Z Z e2mF1 xl,yl)

z1=1y1=1

e Fi(x,y) = p~ (F(p+ pr,v + py) — Fp,v)).
Tpumenss HOCJ‘[e,ZLHee coorHotenue | = [s/2] pas, noayanm

s—21 s—21

P P RICIEN)
o FilzY
’S’SPQZ 2: 2: e ps—21 ,
.2’,‘1:1 yl:1

o= (mod p) y;=v,(mod p)
vae Fi(z,y) = p~2 (Fio1 (-1 + pz,vi1 +py) — Foa (-1, vi-1))
THEOREM 1. Ocobwiii pad o pacxodumcsa npu k < 6.

Zloxazameavcmeso. Umeem o > gg,rie

p o (p=1)/2(p—1) (p-1) 2k

00 = Z Z Z Z Z Z pt Z Z 2ridrteby+d)|

p>2 ago=1 a11=1 age=1 aip=1 ag1=1 b=1 c=0 =0 r=1y=1
(a20,p)= 1(a11,P) 1 (ao2,p)=1 (a10,p)=1 (ao1,p)=1
e
a0 ail aop2 aio aol
O(z,y) =S’ + ey + Syt + oty
p p p p
[loacrapisaa

r=u+pz, y=v+pt (1 <u,v<p, 0<z,t<p-—1),

Ipu p > 2 HAXOJIUM

2 2
P p p—1p-1
. 3 . 2ag9quz+aqq (ut+vz)+2agovt
97ri 2920 11 02
e27rz<1>(;v,y) 2 § :e2m<l>(x,y) 2 » p3
r=1 y:l u=1v=1 z=0 t=0
CraemoBaTeabHO,

2 (p—1)/2 (p—1) (p—1)

o0 = Z § i pz i i Z p 2> 08 an_%'

p>2 ago=1 ajr=1 apg2=1 ajp=1 apgr=1 b=1 c=0 d=0 p>n
(a20,p)=1 (a11,p)=1 (ao2,p)=1 (a10,p)=1 (ao1,p)=

W3 pacxonumoctu psijia Zp p' 2k Haxomamm, 4TO psM 0g, & BHAYAT M PAJ 0 PACXOIATCH [PH
11 — 2k > —1, T.e. ipu k < 6.
Teopema moxazama.
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4. 3akKJII04YeHue

B macrostimieit crathe gas no= r = 2 J0Ka3aHbl HUKHWE OIMEHKW TMTOKA3ATEIEH CXOINMOCTH
ocoboro wHTErpajia u 0coboro psiza B MHOroMepHOit mpobieme Teppu. Ha camom nesie atu onieHKn
TOYHBI. B 6.}'[1/1)}(&1711_[[66 BpeMda MBI IIpearrojiaraeM IMIIpeaCTaBUTh JOKa3aTE/JIBCTBO BEPXHUX OIEHOK.
Cnyuqait n > 3 aBnsgercd 6oJiee CIOKHBIM, TAK KaK OTCYTCTBYIOT TOUYHBIE (DOPMYJIBI TUITA, (POPMYJIT
Jutst cymum [aycca.
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