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AnHOTanusa

N-KPaTHOW MOJIyIPYNIOi HA3BIBAETCS HEMYyCTOE MHOXKECTBO (G, CHAOXKEHHOE N OWHAPHBIMU
onepanuamu | 1|, , ...,[ ], yroBrersopsomumu axkcuomam (2] r|y)[ 8|z = af r|(y] s]z) nma Beex
z,y,z€ Gur s € {1,2,...,n}. Dro nousrue paccmarpusay H. A. Kopemkos B KoHTeKCTE TEO-
pUHU N-KPATHBIX AJredp acCOnmuaTUBHOrO TUia. JOIMIesbIoLyrPYIIbl ABIAAIOTC 2-KPATHBIMA
MOJIYTPYIIAMU. N-KPATHBIE TIOJIYTPYIILI UMEIOT CBS3U € WHTEPACCOIMATHBHBIMY TOJIYTPYIINa-
MU, TUMOHOUAMY, TPUOUIAMHU, JOMIEIbAITeOPAMHT, TYTIJIEKCAME, §-TUMOHOUIAMA U PECTPHUK-
TUBHBIMU OunosyrpynnaMu. Eciu oneparmy n-KpaTHON MOJIyrpyInbl COBIAIAI0T, TO OHA Mpe-
BpaIllaeTcs B MOJYrpymmy. TakuMm o0pa3oM, n-KpaTHBIE MOJYTPYIIbI sIBISIOTCSI 0000IeHneM
[OJIyIPYIII.

Krnacc Bcex n-KparHbIX mosyrpymmn obpadyer muHoroobpasme. HemaBHO OBLIN ITOCTPOEHBI
cBOOOIHAST N-KPATHAS TOJIYTPYTIa, CBOOOIHAS KOMMYTATHBHAS N-KPATHAs TOJIYTPYIINA, CBO-
OomHast k-HUJIBTIOTEHTHAsST N-KPATHAs TMOJYTPYIna U CBOOOIHOE MPOW3BEIEHNE TPOU3BOIBHBIX
n-KpaTHbIX ToJyrpyi. Kitacc Bcex mpsiMOyroIbHBIX N-KPATHBIX MOJIYIPYIII, TO €CTh N-KPATHBIX
MOJIYTPYII ¢ N MPAMOYTOJBHBIMU TIOIYTPYINaMu, 00pa3yer moaMHOroo0pa3ne MHOrooOpasust
N-KPATHBIX [OJYTPYIII.

B 370it crarbe Mbl CTPOUM CBOOOIHYIO MPSMOYTOJBHYIO N-KPATHYIO MOJIYTPYIIIY U XapaKTe-
pU3yeM HAMMEHBIIYIO IPAMOYIOJbHYIO KOHIPYIHIMIO HA CBODOIHON N-KPATHON OJIYTPYIIIIE.

Karouesnie caosa: n-KkparHasi MOIyrpyIina, CBOOOIHAS TPIMOYTOJbHAS N-KPATHAS MTOJIYTPYTI-
mma, cBOOOIHAS N-KPAaTHAS [MOJIYyTPYIIA, HOJIYIPYIIIa, KOHIPYSHIIUS.
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Abstract

An n-tuple semigroup is a nonempty set G equipped with n binary operations| 1 |, , ],
satisfying the axioms (z[r]y)[s]z = af[r|(y[s]z) for all z,y,2 € G and 7,5 € {1,2,...,n}.
This notion was considered by Koreshkov in the context of the theory of n-tuple algebras of
associative type. Doppelsemigroups are 2-tuple semigroups. The n-tuple semigroups are related
to interassociative semigroups, dimonoids, trioids, doppelalgebras, duplexes, g-dimonoids, and
restrictive bisemigroups. If operations of an n-tuple semigroup coincide, the n-tuple semigroup
becomes a semigroup. So, n-tuple semigroups are a generalization of semigroups.

The class of all n-tuple semigroups forms a variety. Recently, the constructions of the free
n-tuple semigroup, of the free commutative n-tuple semigroup, of the free k-nilpotent n-tuple
semigroup and of the free product of arbitrary n-tuple semigroups were given. The class of
all rectangular n-tuple semigroups, that is, n-tuple semigroups with n rectangular semigroups,
forms a subvariety of the variety of n-tuple semigroups.

In this paper, we construct the free rectangular n-tuple semigroup and characterize the least
rectangular congruence on the free n-tuple semigroup.

Keywords: n-tuple semigroup, free rectangular n-tuple semigroup, free n-tuple semigroup,
semigroup, congruence.
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1. Introduction

As a natural generalization of semigroups, n-tuple semigroups form an important variety
of algebras arising from interassociative semigroups. Recall that an n-tuple semigroup [12] is
a nonempty set G equipped with n binary operations ,, ..,[n], satisfying the axioms
(a[r]y)[s]z = a[r](y[s]z) for all x,y,z € G and r,s € {1,2,...,n}. The class of n-tuple semigroups
causes the greatest interest from the point of view of applications in the theory of n-tuple algebras
of associative type [12, 13, 14]. It turns out that n > 1 pairwise interassociative semigroups give rise
to an n-tuple semigroup. Recall that two semigroups defined on the same set G are interassociative
[6] provided that they satisfy the latter axioms for r,s € {1,2}. The notion of interassociativity
for semigroups is of interest too (see, e.g., [3, 4, 6, 8, 9, 10]). It is known [22] that commutative
dimonoids and commutative trioids provide subclasses in the variety of 2-tuple semigroups and
3-tuple semigroups, respectively. This fact allows us to study the classes of commutative dimonoids
(trioids) via n-tuple semigroups. Recall that dimonoids and trioids are peculiar algebraic structures,
with applications to dialgebra theory [2, 15] and trialgebra theory [1, 5, 16], respectively. For details,
see, e.g., [23, 28, 34| and [20, 29, 36|, respectively. It should be noted that doppelalgebras [18] are
linear analogs of 2-tuple semigroups. The 2-tuple semigroups or, equivalently, doppelsemigroups
were studied in [21, 24, 25, 27, 30, 31, 35]. The n-tuple semigroups also have relationships with
duplexes [17], g-dimonoids [37], and restrictive bisemigroups [19]. These connections increase the
motivation for studying n-tuple semigroups.

One of the fundamental problems in the variety theory of algebraic systems is the problem of
constructing free algebras in a given variety. Some free systems in the variety of n-tuple semigroups
were studied recently: the constructions of the free n-tuple semigroup, of the free commutative
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n-tuple semigroup and of the free k-nilpotent n-tuple semigroup were presented in [22]| and [33],
respectively. The free product of arbitrary n-tuple semigroups was constructed in [32].

In this paper, we consider the variety of rectangular n-tuple semigroups which are analogs of
rectangular semigroups. The main result of the paper is the construction of the free rectangular
n-tuple semigroup of an arbitrary rank (Theorem 1). As a consequence, the free rectangular n-tuple
semigroup of rank 1 is presented (Corollary 2). We also characterize the least rectangular congruence
on the free n-tuple semigroup (Theorem 2), count the cardinality of the free rectangular n-tuple
semigroup for a finite case, establish that the automorphism group of the free rectangular n-tuple
semigroup is isomorphic to the symmetric group and the semigroups of the free rectangular n-tuple
semigroup (n > 1) are isomorphic.

The results obtained in the present paper extend some results in [35].

2. Preliminaries

A semigroup S is called rectangular [28| if xyz = xz foll all z,y,z € S. In [7], the lattice
of subvarieties of the variety defined by the identity zyz = zz was indicated. This variety is the
union of the variety of left zero semigroups, the variety of right zero semigroups and the variety
of zero semigroups, and the lattice of its subvarieties is an 8-element Boolean algebra. The variety
of dimonoids with rectangular semigroups and the variety of rectangular doppelsemigroups were
considered in [28] and [35], respectively.

For n-tuple semigroups, it is natural to introduce an analog of a rectangular semigroup. An
n-tuple semigroup (G,,, ...,[n]) will be called rectangular if semigroups (G,), (G,),...,
(G,[n]) are rectangular. The class of all rectangular n-tuple semigroups forms a subvariety of the
variety of n-tuple semigroups. An n-tuple semigroup which is free in the variety of rectangular
n-tuple semigroups will be called a free rectangular n-tuple semigroup. If p is a congruence on
an n-tuple semigroup G’ such that G’ /p is a rectangular n-tuple semigroup, we say that p is a
rectangular congruence. As usual, N denotes the set of all positive integers.

We will need the following two lemmas.

LemMA 1. (/22], Lemma 1) In an n-tuple semigroup (G,, , [n]), for any 1 <m €N,
and any x; € G, 1 <t <m+1, and any *; € {, , ~[nl}, 1< j <m, any parenthesizing of

Tl *1 T2 *2 ... ¥m Tm+1
gives the same element from G.

LEMMA 2. In a rectangular n-tuple semigroup (G,,, [n]), for any a,b,x,y € G, and
any i,j € {1,2,...,n} the following identity is satisfied:

abx = ayw.

PrOOF. The proof follows from Lemma 2.2 of [35] and Lemma 1. O
Semigroups (D, ) and (D, ) are called P-related [11]ifz 4y dz=aFytF zforall z,y,z € D.
Proposition 2.3 of [35] implies the following statement which establishes necessary and sufficient
conditions under which the operations of a rectangular n-tuple semigroup (n > 1) coincide.

PROPOSITION 1. Let 1 < n € N. The operations of a rectangular n-tuple semigroup (G,

, , ..,[n]) coincide if and only if (G,), (G,),...,(G,) are pairwise P-related semigroups.

An n-tuple semigroup which is free in the variety of n-tuple semigroups is called a free n-tuple
semigroup [22]. The construction of the free n-tuple semigroup was first given in [22]. We recall it.
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Let X be an arbitrary nonempty set, and let w be an arbitrary word in the alphabet X. The
length of w will be denoted by l,,. Fix n € Nand let Y = {y1, y2, ..., yn} be an arbitrary set consisting
of n elements. Let further F[X] be the free semigroup on X, let FO[Y] be the free monoid on Y,
and let § € FY[Y] be the empty word. By definition, the length Iy of  is equal to 0. Define n binary

operations ,, ...,[1n] on
XY, = {(w,u) € FIX] x F[Y] |1y —l, =1}

by

(wi, u)[i)(w2, u2) = (wiwa, uryiuz)
for all (wy,uy), (wa, uz) € XYy, and i € {1,2,...,n}. The algebra (XY;,[1],[2],....[n]) is denoted
by F,TS(X). By Theorem 2 of [22], F,,7S(X) is the free n-tuple semigroup.

If f:51 = 52 is a homomorphism of n-tuple semigroups, the kernel of f will be denoted by
Ay,

3. Main results

In this section, we construct the free rectangular n-tuple semigroup of an arbitrary rank,
consider separately singly generated free rectangular n-tuple semigroups and characterize the least
rectangular congruence on the free n-tuple semigroup. We also count the cardinality of the free
rectangular n-tuple semigroup for a finite case, establish that the automorphism group of the free
rectangular n-tuple semigroup is isomorphic to the symmetric group and the semigroups of the free
rectangular n-tuple semigroup (n > 1) are isomorphic.

Let X be an arbitrary nonempty set, n € N and Y as above. Define n binary operations

[1],[2],...,[n] on X U(Y x X x X xY) by

(a17 bl,Cl, d1)<a27 b27 Co, d2) - (ala b17 Cc2, d2)7

alil(ar, b1, ¢1,dr) = (yi,x, e1,dr),  (ay, by, e1,dy)ile = (a1, by, @, y:),

dily = (vi,x,y, vi)

for all (a1, b1,c1,d1), (ag,ba,co,d2) €Y x X x X x Y, z,y € X and ¢ € {1,2,...,n}. The obtained
algebra will be denoted by FR,S(X).
The main result of the paper is the following theorem.

THEOREM 1. FR,S(X) is the free rectangular n-tuple semigroup.

PrRoOF. The proof that FR,S(X) is a rectangular n-tuple semigroup follows from the proof of
Theorem 3.1 in [35]. Let us show that F'R,S(X) is free rectangular.
Note that FR,S(X) is generated by X. Indeed,

(yi» b1, c1,y5) € {bliler, 5101, (5161)(5101)}

for (yi,b1,c1,y;) € Y x X x X xY, and hence any element of ¥ x X x X xY can be expressed by
elements from X.

Let (S, , , ...,/) be an arbitrary rectangular n-tuple semigroup, and let v : X — S be
an arbitrary map. Fix € € S and define a map

7 FR.S(X) = (8,[1].[2],..[m])
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as follows: /
binli) err, it i=j,
biylilejery, it i# 4,

TT = 2

(yi,b1,¢1,y)m =

for (yi,b1,c1,95) € Y x X x X xY and € X. By Lemmas 1 and 2, 7 is well-defined. In order
to show that 7 is a homomorphism, we will use Lemmas 1, 2 and the identities of a rectangular
n-tuple semigroup.

Let (yi, b1,¢1,95), (Yssb2,2,91) €Y x X x X XY, z,y € X and m € {1,2,...,n}. We have

((yis b1, 1, y5) m(ys, ba, ca, yx)) ™
b17/02% if L= ka
bl’Y 5 Cc27, if i 7& ka

b27/02'y, if s=k,
bg'yls coy, if  s#k.

= (yi,b1, 2, yp)m™ = {

(ys, ba, c2, yp)m = {
Let ¢ = k. Then ,
((yi, b1, 1, y; [ (ys b2, c2, yi))T = b1l coy

= (i, b1, c1, y5) [ m] (ys, ba, c2, yi) 7.
In the case i # k we get

((yu b17 C1, y])(ysa b27 Cc2, yk))Tr = blry 5 €27y

= (Yi, b1, c1,y5)mm] (ys, b2, c2, yi ).
Moreover,
(xy)ﬂ- = (ym; z,Y, ym)ﬂ- = -7;7 yy = .7)7T Y.

Further,

(b 0,0 ) = (g b, g ) = { bofiley, i i=m,
bw gmlzxy, if i#m.
Assume that ¢ = m. In this case we obtain
(i, b e, yg)mlym = binf[d] 2y = (s, b, ea, g )] .
For i # m,

((yi, b1, c1,y5) mlx)m = bw €/$7 = (yiablaclayj)ﬂ'/xﬂ"

Consider the remaining case:

.CI?’Y c17, if m = j7

(m(yivblvclvyj))ﬂ-: (ym,flf, Clayj)ﬂ-: T . .
zy[m] 5 cry, if  m#j.

If m = j, then

([ m](yi, b1, c1,y;5))m = $7/01’Y = 907?/(,% bi,c1,y;)m.
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For m # 7,

(e[ m](yi, b1, c1,y5))7m = 29[ m] 6 c1y = x| m] (yi, by, c1, y;).

Consequently, 7 is a homomorphism of n-tuple semigroups.
Since xm = xy for all x € X and X generates FR,,S(X), the uniqueness of the homomorphism
7 is obvious. Thus, FR,S(X) is free in the variety of rectangular n-tuple semigroups. O

Note that, for n = 2, Theorem 1 yields Theorem 3.1 in [35]. It is also worth noting that some facts
that ¢ is a homomorphism in the proof of Lemma 3.8 from [35] were left for independent reader’s
verification, unlike Theorem 1 for which we present the complete proof that 7 is a homomorphism.

COROLLARY 1. The free rectangular n-tuple semigroup FR,S(X) generated by a finite set X
is finite. Specifically, if | X| =k, then |FR,S(X)| = k(1 + n%k).

Now we construct an n-tuple semigroup which is isomorphic to the free rectangular n-tuple

semigroup of rank 1.
Let e be an arbitrary symbol. Define n binary operations ,, ..,[n] on

(Y xY)u{e} by

(a1, dv)[i[(az, d2) = (a1,d2), €i)(a1,dr) = (y;,dn),
(a1,d1)ile = (a1,m), dile = (yi, )

for all (a1, dy), (az,d2) € Y xY and i € {1,2,...,n}. The algebra

(Y xY)u{e},[1],[2], ... [m])

will be denoted by F'R,S:. It is immediate to show that F'R,S] is an n-tuple semigroup.
Theorem 1 implies the following statement which describes singly generated free rectangular
n-tuple semigroups.

COROLLARY 2. If |X| =1, then FR,5 = FR,S(X).
Proor. Let X = {e}. We define a map o : FFR,S1 — FR,S(X) by the rule
ec = e and (a1,d1)o = (a1,e,e,dy)

for all (a1,d;) € Y x Y. An immediate verification shows that o is an isomorphism. O
The following statement establishes a relationship between the semigroups of the free rectangular
n-tuple semigroup (n > 1).

COROLLARY 3. Let 1 <neNandi,j € {1,2,...,n}. The semigroups
(XUY x X x X xY),[i]) and (XU (Y x X x X xY),[j])
of the free rectangular n-tuple semigroup FR,S(X) are isomorphic.

PrOOF. The proof is similar to the proof of Corollary 3.11 in [35]. O

It is not difficult to see that the free rectangular n-tuple semigroup F'R,S(X) is determined
uniquely up to isomorphism by cardinality of the set X. Hence the automorphism group of F R, S(X)
is isomorphic to the symmetric group on X.

At the end of this section, we characterize the least rectangular congruence on the free n-tuple
semigroup.

For every nonempty word w over an alphabet X, denote the first (respectively, last) letter of w
by w© (respectively, w(®).
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THEOREM 2. Let F,TS(X) be the free n-tuple semigroup, (w1, u1), (we,u2) € F,TS(X), and
let FR,S(X) be the free rectangular n-tuple semigroup. Define a relation p on F,T'S(X) by

(w1, up)fi(w, ug)
if and only if
w0, us 20 and (w0l i u) = @, Wl Wi, ),
or (wy,uy) = (w2, uz).
Then 11 is the least rectangular congruence on F,,TS(X).
PrOOF. Define a map p: F,,7S(X) - FR,S(X) by

(W@, w® M M), i w0,

(w0) = e = { it ulo

Using Theorem 1, similarly to the proof of Theorem 4.1 in [35], the facts that u is an epimorphism
and the least rectangular congruence A, on F,,T'S(X) coincides with i can be proved. O

Note that, for n = 2, Theorem 2 implies Theorem 4.1 in [35].

4. Conclusions

In this paper, we consider n-tuple semigroups which are sets with n binary associative operations
satisfying additional axioms. n > 1 pairwise interassociative semigroups give rise to an n-tuple
semigroup. The main result of this paper is the construction of the free rectangular n-tuple
semigroup. We also present the least rectangular congruence on the free n-tuple semigroup.
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