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AnaHoranusa

B nannoit pabore paccMOTpPEHO MATPUYUHOE PA3JIOXKEHUE ITPUBEICHHON KY-
OMIECKON UPPALMOHAJLHOCTH (v, YIOBJIETBOPSIONIEH yPAaBHEHUIO

22— 42 — 52 —1=0.
JIJ1st MATPUYIHOTO PA3JIOYKEHNS

a) ﬁ 310941 - k + 155427 156744 - k + 78333
1) 61578 - k + 30882 31041 - k + 15564

ITOCTPOEH AJIFOPUTM TIePeXojia K OOBIMHOI HENPEPBIBHOM JApobu.
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Abstract

In this work we considered the matrix decomposition of the cubic irrational
« satisfying the equation

22— 422 —5x —1=0.
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For decomposition of the matrix

a '\ ﬁ 310941 - k 4 155427 156744 - k + 78333
1) 61578 - k + 30882 31041 - k + 15564

an algorithm of transition to regular continued fraction is constructed.
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1. BBenenue

Ilycrh o IpuBeicHHAs KyOnuecKast HpPaIoHAIBHOCTD, To ecTh all) = a > 1, a
COIIpsI?KEHHbIE aJirebpanvecKie UPPAIMOHAJILHOCTH Y/IOBJIETBOPSIOT COOTHOIIEHUIO
—1 < a® < a® < 0. onsaTue npuBe/eHHON KyOUUeCKOil HPPAIMOHAILHOCTH B
JIIETCsl €CTECTBEHHBIM 00OOITIEHNEM ITPUBEJIEHHON KB IpATHIECKO NPPaInOHAILHO-
CTH.

HetpyHo BUieTh, 9TO MOJOKUTETbHBIN KOPEHb (v yPaBHEHUS

22— 42 —5r—1=0

SIBJIAETCS IPUBEJIEHHON KyOMYIecKOil MPPaImoOHaIbHOCTBIO.

Ieiicrurenbno, mist Mmuorowiena f(r) = x3 — 4x? — 5x — 1 umeem:



36 H. M. JOBPOBOJILCKNII, B. H. COBOJIEBA, /1. K. COBOJIEB

B paborax [1] u [2] paccmaTpuBatoTcs MATpHYHBIE PA3JIOKEHUS AJredpandecKux
upparmoHaibHocTell. B wacTHOCTH, /17151 KyOMYeCKOi HPPAIMOHATIBHOCTH (v, Y/IOBJIe-
TBOPAIOIIEH ypPaBHEHUATIO

f&)y=t*+at* +bt+c, fla)=0
JIAETCS MATPUIHOE PA3JIOKEHNe

a _ﬁ t —at? —2bt—3c\ (3k+2 0 )
1) A1 3 +2at+b 0 3k+1

. 3t2+2at+b —at® — 2bt — 3¢ ab—9c¢ 2b* — 6ac (1)
1 t 20> —6b ab—9c

U yTBEPKJIAETCS, UTO OHO CXOJUTCS IPU ¢, Jisi KOTOPBIX Pa3HOCTD |t — o] Mauia.
Ob1riee omnpejiesienne CXOIUMOCTH MATPUIHOIO PA3JIOKEHUS CJIEJTyIOIIIee.

ONPEAEJIEHUE 1. Tosopam, 4mo MampuyHoe pasroHceHue
o
H ( ap by >
e d
o k k

CTOOUMCA K MUCAY (U, €CAU OASL MAMPUL,

n
" Ck, dk Cn Dn
k=0
BBINOAHAEMCA COOTNMHOWEHUE

. n . B,
lim — = lim — = «a.
n—oo ('), n—oo D,

(5)-Tm(e )

Hess manHOil pabOTHI — MOJIYYUTH HOBYIO (DOPMY MATPUTHOIO PA3IOXKEHU ITPH-
BEJIEHHOM KyOn1IecKoil nppaIrmoHaIbHOCTH (v, PACCMOTPETh Pean3allnio aJITOPUTMa
Jlarpanzka pasyioyKeHHsI 3TOW UPPAIMOHAJIHLHOCTH B OOBIKHOBEHHYIO HEIPEPBIBHYIO
JIpOOB, IMMOCTPOUTH AJTOPUTM IEPEBO/Ia MATPUIHOTO Pa3JI0:KeHUsT B OOBIKHOBEHHYIO
[EIHYIO JIpOOb, CPABHUTH PE3Y/IbTaThl pabOTHI JIBYX AJTOPUTMOB.

Bo BTopom pasjesne paccMmarpuBaeTcs ajaropuTMm JlarpaH:ka pasiiokeHus B He-
[IPEPBIBHYIO JIPOOB JIjI TPOU3BOJILHON TPUBEIEHHON UPPAITMOHAILHOCTH N-0Oif CTe-

B amom CAYHAE NUUWETCA

IIeHU.

Tpernit pazjen coJlepKUT ONUCaHNE OCHOBHBIX CBOMCTB MATPUYHBIX Pa3JI0Ke-
HUA.

YeTBepThlil pasjiesl MOCBLAIIEH MOCTPOCHUIO AJIOPUTMa IEPEBOIA MATPUTHOIO
pa3jIoKeHnsd B OOBIKHOBEHHYIO HEIPEPBIBHYIO JIPOOD.

[TaTbrit pasiesn coaepKuT CpaBHEHNE PEe3YJILTATOB PabOThI JIBYX aJTrOPUTMOB JIJIs
[IPUBEJIEHHOM KyOMYeCcKOl UPPAIMOHAJIBLHOCTH (.
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2. Anaropurm Jlarpan»ka aJjiss IpuBedeHHOI ajredpa-
NYeCKOl MpPaIMOHAJbHOCTUA N-Oii CTENeHN

[Ipexkie Bcero ja/um onpejiesieHne npuBeIeHHO aJiredOpantiecKoil uppaloHa b
HOCTU M-OI CTEIeHU.

ONPEAEJEHUE 2. [Tycmo
flz) = Zakxk € Zz], a,>0
k=0

— NPOUSEONLNBITE ULAOUUCACHHDIT HENPUEOOUMDBITE MHO20UACH? | 1 KOMOPO20 6CE KOP-
nu ok (k= 1,2,...,n) — pasauynvie BEULLCMBEHHDBIE YUCAL, YOOBACTNEOPAIOULUE
YCA0BUIN0

“l<a™ <. .. <a® <0, oV >1,

mozda anzebpauveckoe wucao o = oY) nasweaemes npusedennoti aszebpaureckot
UPPAUUOHAADHOCTIBIO CMENEHU M.

BamMeTuM, 9To JJIi MUHUMAJILHOTO MHOTOWIeHa f(Z), 33/Ial0Iero MpuBeIeHHYTO
aaredpanIecKyo UpPauoHaAJIbHOCTh (v CTEIIEHU 71, BCET/Ia, BBIIOJHEHO HEPABEHCTBO
ap < 0, Tak Kak Ha IpoMekyTKe [0; 00) MMeeTcsi TOJBKO OJIMH KOPEHb (v, P T > &
umeeM f(x) > 0, mosromy f(0) < 0.

JLnst J11000T0 BEIEeCTBEHHOIO (v, ABJIAIONIErOCA [IPUBEJIEHHO ajredOpanieckoit up-
PAIMOHAJILHOCTBIO CTEIIEHU 7, PACCMOTPUM DPa3JIoyKeHne B OECKOHEUHYIO HEIIPEPhIB-
HYIO JIpOOb

(x:qo+
¢+
o
1
Qn+_

Kak o0brano uwepes P, u () Oyiaem obo3HAYATH YUC/IUTETH W 3HaAMeHATeIb k-oit
IOJTXO/ISATIEN JTpobu

2B 9acTHOCTH, HETPUBOIUMOCTH MHOTOHICHA O3HAYaeT, 9To (do, . . ., an) = 1.
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a Jepe3 ay — k-yIo OCTaTOYHYIO JIPOOb

1
Qk+1 + ' 1

o

1

dn + —

Takum obpaszom o = g U CIIPaBe/IMBO PABEHCTBO
P+ P
_ Ok Ft P k>0,

Qp1Qr + Qr—1’

€CJTH MPUHATH O0BIMHOE coryiatenue, 9to P 1 =1u Q1 = 0.

JIEMMA 1. /laa npouseorvroti npusedennoti ar2edbpauieckoti uppayuoraibHo-
CMU v CMENEHU N €€ 0CMamouras dpodb o MAKHCE ABAACMCA NPUBEIeHHOT an2ed-
PAUNECKOT UPPAUUOHAALHOCTNDLIO CMENEHU N, YOOBAECMBOPANULET HENPUBOOUMOMY
MHO20YNEHY

x) = Zamxk € Zlx], an1 >0,

2de

b n
g1 = Ek’ d=(bo,....by), bp=— > a,Cott g™ (0<k<n).

m=n—k

JIOKABATEJILCTBO. PacemorpuM MHOrOYI€H

o) =1 (m+1) o Zbkx

Tax kaxk a = go + -, 10 g(a) = 0.
CupaBe/yIUBbI PaBEHCTBA,

f(qo—}-%)l.nzzakx 0[L‘+1 Zakl‘n kz mmm:

k=0
n
m+k—n m-‘,—k nem _ k m-+k—n _m+k—n
—Z%ZC S3 S g
m=n—k k=0 m=n—k
IIO9TOMY
n
_ +k— +k—
b = — E A O g™ (0< k< n)

m=n—k
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u b, = —f(q). Tak kax ¢ < «, f(a) =0, a, > 0 U @ — eIUHCTBEHHBI OJOKMU-
TesibHBIN KopeHb MHOTOUIeHa f(x), To f(qo) < 0 u, ciaenoBaresnbHo, b, > 0.

[Tosromy, pasmesns MHOrOWIEH ¢(x) Ha HAMOOJBIIHMI OOIIUIT JETUTETh €ro Ko-
9bOUIUEHTOB, MOy IUM HEPUBOAUMbBIH MHOTOUYIEH f1(1).

Hanee samerum, uro kopusam o (k= 1,2,...,n) muorourena f(z) coorser-
creytor kopuu 3% (k= 1,2,...,n) muorounena g(x), KOTOpbIe CBA3aHBI PABEHCTBA~
MU

ok = —l—i ﬁ(k)_; (k=1 )
= qo ﬁ(k)’ _@(k)—qo =1,...,n).

Orciona ciejyer, 9T0O
—1<p® <0 2<k<n),pY>1

u, 3HadnT, oy = V) — mpusemenHas anrebGpanmteckasi HPPAIMOHATILHOCT CTEIICHH
n. JleMMa 1OJTHOCTBIO JloKa3aHa. [

TEOPEMA 1. Jlasa npousdsosvhoti npusedennotl as2edpauieckots uppayuoHans-
HOCTNU (v CMENEHU N CE €€ 0CMAMOYHBLE OPOOU (ty MAKHCE ABAANOMCA NPUCEIEH-
HOLMU AN2E0PAUYECKUMY UPPAYUUOHANOHOCTAMY CMENEHY 1, YIOBAEMBOPAIOULUMU
HENPUBOIUMDBIM. MHO20YUNEHAM

fm(z) = Zakymxk € Zlx], anm >0,
k=0

2de
br
Ao = —7m7 dm = (bO,ma ceey bn,m)a
m
n
b == 3 @ O (0 <k <),
l=n—k

JIOKABATEJILCTBO. /lelicTBUTEIbHO, YTBEPXK/IEHUE TEOPEMBI CJIEJIyeT 10 WH-
JYKIH 13 JieMMbl 1. O

TEOPEMA 2. Henoanoe wacmmoe g onpedessaemcs 00H03HAYHO KAk HAMYPaLAD-
HOE YUCAO0, YOOBAEMBOPAIOULUE YCAOBUNO

felae) <0, fulgr +1) > 0.

JTOKABATEJILCTBO. [leiicrBuresbro, Tak Kak fr(ag) = 0, ¢ < ap < qx + 1,
Anr > 0 W ap — €IUHCTBEHHBIN MOJIOKUTENBHBII KOpeHb MHorowiexa fi(z), To
felaw) < 0w fr(grsr) > 0.0

HerpynHo moHATS, 9T0 Jyist Beraucjaenus g tpedyercs O(In g ) Bbraucienuit 3Ha-
gennit fi(z). HeiictBurenpro, paccmorpum nocienoBareabHocts fi (1), fr(2), ...,
f(2™), fe(2™1)) toe m = [logy(qr)]. fcuno, uto fr(27) < Oupu 0 < j < mu
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fe(2™T1) > 0. Tanee mMeTo/0M JlejieHus TIOMOMaM CTATUBAaEM OTpe3ok [2™; 2™+ no
oTpeska [qx; qx + 1], aT0 moTpedyer erné BbraucaeHus: m 3HadeHuii fi(x).

Takum 06pa3oM onmcaHue Bepcuu ajropurMma JlarpanzKa jijis BbIYUCICHUS He-
HOJIHBIX YACTHBIX PA3JI0ZKEeHNs IPUBEICHHOI aaredpaniecKoii nppanuoHaIbHOCTH (¢
CTEIleHN N B HEHHYIO JIPO0b 3aKOHIEHO.

Teopema 1 obobIIaeTcst Ha cirydail MenHoit JpoOu ITPOU3BOJILHON IHCTO-BEIIEeCT-
BEHHOIT ajirebpaniecKoii HpparmoHaIbHOCTH (v cTerreHn n. JJokaxKeMm IpeBapuTeib-
HO JIeMMY O IIpeoOpa30BaHuM KOPHEIi.

JIEMMA 2. [lycmw
flz) = Zakxk € Z[z], a,>0
k=0

— MPOU3BOALHBLT UEAOUUCAEHHBIT HENPUBOIUMDBLT, MHOZ0UAEN, Y KOMOPO20 6Ce KOP-
nu o®) (k= 1,2,...,n) — pasauumsie ceuecmeenivle wucaa, YooGACMEOPAIOULLE
YCA0BUIO

o™ < <o <al,

U 0AA uenoeo q cnpaeed/meu HepaseHCMEBA

a®) < ¢ npu k > ko,
g<a® <qg+1 npuky>k=>k,
a® >qg+1 npu ki >k > 1,

moada MHO20MAEN

gle) =—f (q + é) Lt = b,
k=0

umeem xopru [ = a(,})_q (k=1,2,...,n), ydosiemeoparoujue HePaGEHCNEAM
B*) <0 npu k = ko,
1 < p® npu ko > k > ky,

0<p® <1 npuk, >k>1.

JIOKABATEJIBCTBO. YTBep:K/ieHNe JIeMMbl JIOKa3bIBAETCS aHAJIOIMYHO JI0Ka3a-
TeJbCTBY JeMMbl 1. O

TEOPEMA 3. /Jlasa npoudeosvrotl 4ucmo-eewecmeennols aszedbpauieckot uppa-
YUOHANDHOCTIU (v CMENEHU T BCE €€ OCMATOYHBIE OPOOU Oy, HAYUHAA C HEKOMOPO2O
Homepa mo—+ 1, A6AANOMCA NPUBELIEHHDIMU AN2EOPAUMECKUMU UPPAUUOHANOHOCTLAMU
cmeneny n.

JTOKABATEJILCTBO. JeiicrBurensho, nycrs o = al) u

o™ <. <a® <ol
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— BeIIeCTBECHHbIC KOPHU IEJIOYUCJIEHHOI'O HEIIPUBOIMUMOI'O MHOT'OYJICHAQ

n

f(z) = Zakxk € Z[zx], a,>0.

k=0

Iycre gy = [, koo = ko 1 k1o = ki onpejieieHbl Kak U B jleMMe 2 IIpU ¢ = (o,
Torga koo > J = k1o 1 MHOrOUICH

filz) = —=f (QO+ ) Zaklx

nMeeT KOpHu

oM< <o <al),

Cpei KOTOPBIX n+1—Fkg o OTpUIaTeIbHBIX KOPHEH, k1 o—1 II0JI0KUTEIbHBIX, MEHbIIIE

1 1 koo — k10 TOTOKNTETHHBIX KOPHelt OoJibIe 1.

3aMeTnM, 9TO OCTaTOIHast JIpoOdb (v = oz%jl) u koo—Fkio=g1 =1
[IycTh y2Ke onpejiesie e IOInC/IeHHBIN MHOTOUIEH [, () /J1si 0OCTaTo9HOI Ipobu
Qy, = 047(7]{”) TOrJIA, TOJMArad ¢ = ¢ = [ml, Kom = ko 1 k1., = k1 oupejiesieHsl Kaxk

u B jJeMMe 2, Toraa Ko, > Jm = ki, T MHOTOYIIEH

e (R b St
k=0

2 1
gnJ)rl <...< afnzrl < afnzrh

nMeeT KOpHu

cpean KOTOpbIX n + 1 — kg, OTpuIaTesbHBIX KOpHEH, ki, — 1 IOJOXKUTEIbHBIX,

menbie 1 1 kg, — ki, TOJIOKUTEIBHBIX KOPHEIT 60bIe 1.
(Gm+1)

3aMeTuM, 9TO OCTaTOYHAA JIPOOb (i1 = 11 1 Koy — Ky 2> jm+1 > 1.
N3 npokazare/ibeTBa JIEMMBI 2 CHEIYET, 9TO J1 = Jo = ... = Jm = ... k’o,l =

2> koo =ko1 —kio+12>...2kom=kom-1—Fkrma+1=>.

Bemmauner kg, k1, IMEIOT IPOCTOI CMBICT — 4YHCHIA ozgn) upn ko, >V 2 ki,
SIBJISIOTCS. T —BIME OCTATOYHLIMU JApobsamu yist ances oVt 7Im) Tak kak u3 oHo-
3HAYHOCTH PA3JIOKEHUST YNC/Ia B IEMHYI0 JpoOb CjejyeT, 9To Halaercs mgy Takoe,
9TO HemoJHble YacTHble g, upu 0 < k < mg — 1 oqunakosble mrst uancesa oY) mpu
ky > v = ks, ks > j > k3 1 HEOJIHOE YACTHOE (py,—1 JJIA TACTA @ = o) ormy-
HO OT COOTBETCTBYIOIINX HEIOJIHBIX JACTHBIX s ancer o) mpu ke > v > ks, TO
komo—1 = Kimo—1 + 1, Kome = 2, ki1m, = 1. OTCIOna CIEIYET, U9TO Qi1 = ozﬁ,ll())ﬂ
SIBJIAETCS TIPUBEIEHHON aJrebpamdecKoil HppanoHaJIbHOCThIO. [

OcraHoBUMCsT Ha OIHUCAHWUM IEJIOTO KJIacca IMPUBEICHHBIX KYOMIeCKUX UPPAIHoO-
HaJIbLHOCTEI.
Paccvorpum npu HaTypaJibHOM p 2> 4 MHOIOYJIEHBI

flp,r)=z(x+1)(z—p)—1=2"—(p—1)2* — pr — 1.
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YTBep:KIaeTCsl, ITO TOJOKUTETbHbI KopeHb a(p) ypaBaenus f(p,x) = 0 saBig-

€TCsl TIPUBEJICHHON KyOUYIecKOi ppaIrmoHaJbHOCTDIO.

Jeiicruresbro, st Muorowiena f(p,x) = x® — (p — 1)z — pr — 1 umeem:

flo,—1) = f(p.0)=f(p.p) =—1, flp+1)=p"+3p+1>0,

Iy 2p+1

—— | = 1>0
I b, 5 S ,

nosromy p+ 1 > a(p) = oV > p, -1 < a® < -1 -1 < a® < 0. Tax kak

MHOTOWIeH f(p, ) He UMeeT pPaIMOHAJBHBIX KODHEil, TO OH HEIIPUBOJINM.

cikil(p,n) = |a¢e= (-1 —p —p+1 l)T,q -1 HO,qD,nep,D<D>%a,D<n>%a
ﬂuur[—) 39
40
V0l 1bep

for kel . n-1

2 32 T
reb,a%(faj —ag3r—az —az3r —aglr—a] —a3r —azfr 7alrfa[|)
d<——ag
for je1..3

med,lea]
ré-mmé—Llé—r f m>1

while m > 0
r%ﬂoor[lj,rl —l-rm ¢ m mérl
m

de1

b%l,CHZ,D&)%a

while [(a3:+az):+31]c+ag<0
bec,ce2c
me—b
while m= 1
r(—b+m,f&[[agr+az)r+a1:|r+ag
ber if £<0
cér otherwise
m%Ln
2
dp bl 11+1

W10+ 1,110 i 11=40

Pucynox 1.

Ha pucynke 1 mpuBojuTCs TEKCT MPOrPAMMBbl BBIYNCIEHNS HEIOJHBIX YaCTHBIX
[PUBEJIEHHBIX KyOUYIEeCKNX UPpAIMOHAIBHOCTEH v(p).

i 3a/1aHHOTO HATYPAJbHOTO p = 4 mporpamMMa BbIUNC/IAET 1 HEIIOJHBIX TacT-
HBIX Pa3J/I02KEeHUA a(p) B HEIPEPBIBHYIO JIPoOBb B Bujie Tadunbl 1o 40 3HadeHuii B
O/JIHO CTpOKeE.

3. CBoiicTBa MATPUYHBIX PA3JIOXKEHUIA

B »1oit pabore MbI OyjieM pacCMaTpPUBATH TOJILKO HEOTPHUIIATE/IHLHBIE TETOYUC-
JIEHHBIE HEBBIPOYKJIEHHBIE MaTPHIIHI.
OTMeTnM HECKOJILKO ITPOCTENIINX CBONCTB MaTPUYHBIX PA3JI0YKEHMUIA.
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(5)-1m (e i)

— CTOOAWUECA MAMPUIHOE PA3A0ACEHUE, 11 < .. .1, < ... — NPOU3BONLHAS MOHO-
MOHHGA NOCACIOBAMEALHOCTNG HAMYPANLHUT wucen U tg = 0. Ecau mampuyvr my,
34001l PAGEHCNEAMU,

—ikﬁl a b (k=0,1,...)
my, = ¢ d; =0U,1,...),

J=tk

JIEMMA 3. ITycmo

mo mampuvroe npouseedenue
00
[ [
k=0
crodumes Hucay «o.

JIOKA3BATEJILCTBO. /leficrBuTensno, ecan

- Q. bk . An Bn . Q.
fi(s )= (& &) v (3) -

k=0
TO
ATL . Bn
lim — = lim — = a,
n—oo (), n—oo D,
a, CJIeJI0BATE/IHHO,
ip—1 . i —1
lim == = lim —%*— =«

Ho, npumenss coyeTaTeIbHBIN 3aKOH MaTPUIHOTO YMHOXKEHUS, TTOJTYyIUM

n n tpg1—1 b int1—1 a b
j j k k
L =TI(ID (2 )= 10 (% ) -

J

k=0 J=ik k=0
_ (Ain+1_1 Bin+1_1) — M 1
o ) ) B
C(Z'n,«b»l_l Dln+1_1

IIO9TOMY MaTPpHUYIHOE IIPOU3BEICHUE

o0

[ L

k=0
CXOJIUTCA K yncay «. O

JIEMMA 4. ITycmo
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- c:coo'?ﬂuguec,ﬂ MaAMPUTHOe pPa3noHcCeHUE U

a b a b
(c d)’ a,b,c,d >0, det(c d)#O,

mo20a MampuwHoe NPou3eedeHue
a b = Qe bk
( c d > l;;l_[()( Cp. dk )

JIOKABATEJILCTBO. /leficrBuTenspho, ecan

ﬁ G bk . An Bn
CL dk N Cn Dn ’

aa+b
ca+d”’

CTOOUMCA K UCAY

TO

a, CJICJIOBATEJILHO,
a b ﬁ ar by \ _ [aA, +bC, aB,+0bD,
c d : c. dp. ) \cA,+dC, cB,+dD,

o @Ay 00, agr=+b  aatb - agt+b . aB, + 0D,
n—>ooCAn—|—an _n%ooc%—kd_Ca+d—n—>ooc%—|—d_n—>oocBn—|—an’

IIO9TOMY JIEMMa ITOJIHOCTBIO JIOKa3aHa, TaK KaK BCE€ MaTPUIIbl HECOTPUIATE/IbHbIE 1

a>0.0
« _OO Qe bk
(7) -1 &)

— CTOOAWUECH MAMPUYHOE Padfodtcenue, moada ois awbozo n > 0 mampuyroe

npouasederue
lo_o[ Qe bk
Cp. dk

JIEMMA 5. [lycmo

k=n
— An—lﬁn‘i’Bn—l
crodumcsa x wucay B, u o = e AaD

JIOKABATEJILCTBO. /[leiicTBUTEIBHO, YTBEPKICHUE JIEMMBI CJIEJILyeT U3 TPEIbl-
qyteit iemMbl tpu a = A, 1, b=B,_1,c=C,_1ud=D, 1. O
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(5)-1m(e i)

- CZL’OdﬂZU;UGCﬂ MampuiHoe pasioHCEHUE, le < ... Zn < ... — NpPou3soAbHEA MOHO-
MOHHASA NOCAEA0EAMEALHOCTND HEOMPUUAMENOBHBILL UEABLT HYUCEN U

Qi bi]. - fj 0 o
(Cz7 di].)_(() f]) (1=1,2,...),

mo20a MampuwHoe NPou3eedeHue

0o dj—1
b
I (o)

j=1k=i;_1+1 k

JIEMMA 6. ITycmo

2de 19 = —1, cxodumces x wucay .

JIOKABATEJILCTBO. /[leiicTBUTEILHO, IIyCThH

k=0
m 15 1 m
r Qe bk o A;n B;n -
e (2 8)- (8 ) el
J=1k=i;_1+1 j=1
TOr A
A, B\ o .o (FuAl, F,.B.
Mi. = (Cim Dim> = FnlM = (chgl FmD;n) !
IIO9TOMY
_ Ai, y AL ’ B, y B,
o= lim = lim o =l

u jJeMMa JJoKazaHa. U
JIEMMA 7. ITycmo
« . = Qe bk
(1)-10(% &)

— CTOOAWUECH MAMPUYHOE PA3AOACEHUE K UPPAUUOHANOHOMY YUCAY &, Mo20a 6ce
MAMPUYDL, BTOOAULUE 8 PASNOHCEHUE, — HEOCODEHHDLE.

JIOKA3BATEJILCTBO. B camom jese, mycTh MaTpuiia

an, by
CTZ dn
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— ocobennas. Torya n MaTpura

A, B,
Cn D,

TakxKe Oy/IeT 0COOEHHOi, TO ecTh % = % wm C,, = mA,, D, = mB,,. Beraucuss
n n
An-‘rl Bn+1 o An Bn X (p+1 bn—l—l
- Y
CnJrl DnJrl Cn Dn Cn+1 dnJrl
yoexK 1aeMcst, 9TO o T D o BOODIIIE, - = - = gt upn k > n, mostomy

JeMMa Jioka3zaHa. [

[Tomoxum A, = det M,, = A, D,, — B,C,, 9, = a,d,, — b,c,.

JIEMMA 8. Ilycmwv 6 6eckoHeuHoM MAMPUYHOM NPOU3EeIeHU
o
H ( ap by >
e d
o k k

6CE  Mampuubl — H€OCO5€H'H/I)L€, UCAOUYUCAEHHDLE,  TLOANOHCUMENBHDBLE C YCAOBUEM,

0 < 0, min( 90 |5n|> <o <1,

andn ’ Cnbn

mozda mampuunoe npoussederue crodumca.

JIOKABATEJILCTBO. [Ipexke Bcero, 3aMeTnM, 9To

A, =detM, = A,D, — B,C, =
= (Ay_1an + Bp_1¢,)(Ch_1by + Dy 1d,)—
—(Ap—1by + Bp1dy)(Cr1ay + Dyycy) =
=(A,1Dp1 — B 1Crq)(and, — bpey) = Ay _16,.

Orcroma crenyer, aro A, = (—=1)""A,| (n=0,1,...).

Paccemorpum paznoctu é—z — g—z npun =0,1,.... Imeem:
An Anfl(sn

A, B, B
C_n a D_n B CnDn B (Cnflan + anlcn)(Cnflbn + anldn)’
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é . & |An—1| <|5n| |5n|> < |An—1|5 .
C, D,|  C,.1D,4 and,’ Cnby Co_1D,_1’

A, Any (Ancian + Buoic,)Ch — An 1 (Croian + Diyoicy)
C, Cuoi CoCri a
_ n(BuaChor — Ay Dyy) =D

C,Cps GGy
B, Bu1  (Awaby+ Bu1dy) Dyt — Byi(Cooiby + Dyidy)
D, D, DDy -
Cbu(AuiDyt = ByuaCut) | bpA
B D, D,_; - D,D,_;’

Ay By (Apaan+ Buoacy)Dyy — (Crvan + Dyoicn) By
C, D, CpDyy -
~an(An1Dyoy — By Cry) anAyy
- CD, 1 - CyDny’

B, Au1 (Auoiby+ By1dy)Coy — (Cooiby + Dyidy)Apy
D, Cu,i D,C\ -

 —dp(Ay1Dyt — By Cot) | —dnya

N D,C,_1 - D,C,_y
OTCIO,IL& MOZXKHO cZeJiaTb BbIBO/, 9TO

Ay By Ay Ba Boky1  Awni

Co Dy Co Doy’ Doy Copyr’

Ay B B, A Ay B
CO Do D1 Ol C12 D2
[@ B2k} [B2k+1_ AQk-{-l} 5 |:A2k;+2. B2k+2} 5
Cai” Doy, D1’ Copyr
Takum 06pazoM, MBI EIMeeM CTATHBAIONLYIOCS T10C/IeI0BATEIHLHOCTD BJIOKEHHBIX OT-

PE3KOB, a 3HAYUT I10CJIEI0OBATE/IbHOCTDL UX KOHIIOB CXOAUTCA K 06meMy apejesry, 9To
1 JOKa3bIBa€T YTBEP2KIECHUE JIEMMBI. O

)
Cokta Dajyo

SaMeTnM, 9TO U3 J0KA3aTeIbCTBA, JIEMMbI CJIEIyeT, 9TO UMEEM JIBe MOHOTOHHBIE
ITOCJI€/IOBATEIHHOCTH JIPOOEit, CXOMAIINXC K O

A B A A B A

e Pt Lia e L : (2)
CO Dl 02 CQk D2k+1 C2k‘+2

B A B B A B

O Tl 2 2 Tk (3)
Dy  Ci Dy Doy Copy1 - Dogya

PaccemorpuM crieiyionyio mocjie0BaTe IbHOCTh MATPHIT:

( ) o

2. 2n+1 + (_1)n+1 2. 9n + (_1)71

Mn 2n+1 on

WV
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Hetpyno Busiern, 4to

3 3 11

JleficTBuTe/IHHO,

(2.271;(—1)” 2-2"1;(1—1)"1).(; (1)):

2. 2n+1 + (_1)n+1 2.9n + (_1)n
= 2n+1 on .

w-(31)(50)

1 MaTPpHUYIHOE IIPOU3BEIACHUEC
33\ /11
( 2 1 ) kHl ( 2 0 >

CXOJIUTCA K HAaTypaJIbHOMY YHCJIY 2, TO €eCTb uMeeT MECTO PaBEHCTBO

2 33\ /11
()= 1) s ), ®
k=1
[TocaenoBaresbHOCT, MaTpuly (4) U MaTpudHOe MpousBejeHne (5) JIeMOHCTPUPYIOT,

YTO HE BCAKOE MaTPpUYIHOEC IIPOU3BEJICHNE MO2KHO II€peBECTU B O6bIKHOB€HHYIO IIerr-
HYIO JIpOOb.

Orcrona ciesyer, 9T0O

Boigenum xitace marpun 9T u noaxmacest MMF(q), M, M* u M*(q) (¢ € N).

ONPE/EJIEHUE 3. Bydem 2060pumbv, 4mo UeAoYUCACHHAA HEOMPUUAITENDHAA
mampuy, M € MT, ecau 6binosrnenv, Yeaosus

M:<(cl Z)aa>c>0,b>d>0> det M =ad —bc #0, a,bc,d€Z. (6)

ITookaace M* 3adaemes paserncmeom
M= = {M e M*|det M <0}, (7)

a nodkaacc MY (q) — pasencmeom

M (q) = {M emt

gl
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JIEMMA 9. MY — myavmuniukamuenas nosy2pynna.
Jlaa mobor mampuy M, K, L € IM* cnpasedauso sxarovenue

M- K- -LeMm*:.

JIOKA3BATEJILCTBO. /leficrBuTensho, ecan

M = ab,K: ef,M,Kesmt
c d g h

TO
ae+bg>ce+dg>0, af+bh>cf+dh>0, det MK =detMdetK # 0,

nosromy M - K € 9M' u nepsoe yTBepzKIeHue JeMMbI JOKa3aHo.

Ecin
a b
(c d)—M-K-L,

Toa>2c>20,0>2d>0udetM- K- -L <0 wujemma IOJHOCTBIO J0Ka3aHa. O

ONPEAEJIEHUE 4. Bydem 2080pumb, 4mo UeA0UUCAECHHAA HEOMPUUATEALHAA
mampuy, M € M*, ecau 8bnoaneHdL YcA06USA

. a b + a . b
M_<C d)ezm, H_MeN. 9)
Iodkaace M*(q) 3adaemesa pasercmeom

ERHE N

M*(q) = {M € m"

fcno, aro

me =, (q).

JIEMMA 10. Ilycmv mampuua

— MPOU3BONOHAA HEGVIPOHCOCHHAA UCAOUUCAICHHAA MAMPUUG, YOOBALNEOPAIOULLA
yeaosuro det K> 0, ay, by, ¢1, di = 0, moeda M - K € IM*(q).
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JIOKABATEJIbCTBO. /[leficrBurenbHo, u3 yciaoBus cieayer, 9to a = gc + 1, 0 <
r<c b=qd+s,0<s<d. [lanee nmeem:

o aa1+b01 ab1+bd1 o
M'K_(cal—kdcl cby + ddy ) o

~( qlcay +dcy) +ray + sc; q(eby +ddy) + by + sdy
N cay + dCl Cb1 + dd1 ’

Tak kak det M - K < 0, 0 < ra; + sc; < cay + dey, 0 < rby + sdy < ¢by + ddq, To

aay + bCl . abl + bd1 .
cay + dC1 B Cb1 + dd1 N

U yTBEp:KJeHNe JIEMMbI ITIOJITHOCTBIO JIOKa3aHo. [
TEOPEMA 4. Ilycmwv 6 beckoHewHOM MAMPULHOM NPOU3EEICHUL,
o0 o0
ar by ar b
H c d = H my, mp = c d (11)
Pt ko Ak P ko K

ece  mampuuv, my € IM*, mozda mampuuroe npoussedenue cCrooumcs x “UCAY
a>1.

Ecau wucao o — uppayuonasvroe, mo oas 110600 mampuyse m € IMT\ DM w
n € N natidemesa t > n maxoe, wmo

t
ar by .
mH(Ck dk)eﬂﬁ.
k=n
b

b
JIOKA3ATEJILCTBO. [lonoxum g, = [Z—:} = [ﬁ] n o, = {Z‘—:}, Br = {E}’

rorga ay = (qx + ag) - ¢k, by = (@ + Br)di 1 0 = apdy, — brcy = cpdy(ax — Bi) < 0.

[TosTomy
: ( |6k | |5k|) . (ﬁk_ak Br _ak> Br 1
min ,—— | = min , < < =
ardy, ciby QG+ ok @+ P 1+ 06 2
u 1o JeMMe 8 marpudHoe npousseserue (11) cxoaures K aucay a > qo = 1.
[IycTn

¢
_[(a b _ ar by \ . ,o1 [ Asi By
m= ( c d > o Mg = H ( cr  dg ) = Moy M= Cht Dny )

CornacHo JjieMMe H nMeeM:

. An,t . Bn,t
lim —= = lim —= = ,,.
t—o0 Cnt t—o0 Dnt
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Tak Kak (v — UPPAIMOHAIBHOE IHCJTIO, TO U (3, — UPPAIUOHATBLHOE TUCIIO JIJIsT JTF0OOTO
HATYPAJIBHOIO 1.
Samernm, 91O

o CLAnyt + bOn,t CLBn’t + bDn,t
m Mn,t N ( CAn,t + dcn,t CBn,t + an,t

. aAnt+bOnt . aBnt+bDnt a6n+b
lim ——— = lim : - = ¢ Q,
t—00 CAn,t + dcn,t t—00 CBn,t + an,t Cﬁn +d

[I03TOMY HafijleTcs HaTypaJbHOe lg Takoe, 4TO Jijisd JII0OOTro t > ty BBITOJIHIETCS

PaBEHCTBO
aAn,t + bcnﬂg . aﬁn + b aant —+ bDTL,t
CAn,t + dcn,t B Cﬁn + d CBn,t + an,t ’

YTO M JOKa3bIBaeT YTBEPXKJICHHUE TCOPEMDbI, €CJIN ITOJIO2KUTDH

,_ [ o npu detm - (—1)~" > 0,
| to+1, upu detm - (—1)" <O0.

JIEMMA 11. IIyemv mampuua
_[a b P
w=(14)eUma
q:

mozda e€ MoxHCcHO npedcmasumbs 6 sude
(17 1 '
M = (,!_L( 1 0 )) K (12)

K:(S ‘2)69ﬁ+\69ﬁ+(q).

q=1

U Mampuua

JTOKABATEJILCTBO. IIpexe Bcero 3amernm, aro ecim M € M (q), To

_[a 1Y) c d
M‘(10) (a—qc b—qd>

c d n
(a—qc b—qd) €M

U 9TO IpejicTaBienne eauacTBerHoe. Otmernym, 1to max(c, d) > max(a — ge, b—qd),
max(a,b) > max(c, d). [osromy, ecn

c d vt
(a_qc b_qd) eUlsm (9),
q:
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TO TPOIIECC BBIJCTICHUsT COMHOXKUATEIEH BUIA

qg 1

10
MOXKHO ITPOJIOJI?KUTH, HO OH 000PBETCA 38 KOHETHOE YnC/IO TaroB. OcTaBIascs MaT-
putia K, OyjieT IpuHAIE)KATH MHOKECTBY

o\ [ (g).

q=1

4. AaroputrM IepeBoj/ia MATPUYHOIO Pa3JIOXKEHUs B
OOBIKHOBEHHYIO IIEITHYIO ApPOo0Oh

Hna a(p) pacemorpum marpudroe paszsoxkenne (1) mpu t = p, a = —p + 1,
b= —puc=—1, noayuanm

() = (73200 (57 8 )

k=0
(PP Hp PP+ +3 P’=p+9 20" —6p+6\) _
1 p 202 +2p+2 p*—p+9
= [ M@k, (13)
k=0
e
Mp. k)= (P pP+p*+3 3k+2 0 pP+p PP +3
P, 1 p*+p 0 3k+1 1 P

( P—p+9 20> —6p+6 > ( 10 > _ ( Ax(p) Bi(p) )
20° +2p+2 p>—p+9 0 3 Cr(p) Di(p) )’
Ar(p) = (274 9p + 33p* + 32p° + 8p* + 10p° + 4p%)k+
+9 + 5p + 16p? + 16p> + 4p* + 5p° + 2p°,

By (p) = (18 + 36p + 12p* + 24p* + 8p* + 4p° + 2p°)k+
+6 + 21p + 5p® + 12p° + 4p* + 2p° + p°,

Cr(p) = (6 + 24p + 26p* + 8p® + 10p* + 4p°)k+
+4 + 13p + 14p* + 4p® + 5p* + 2p°,

Di(p) = (27 + 9p + 21p* + 8p® + 4p* + 2p°)k+
+18 + 4p + 11p* + 4p* + 2p* + p°.
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B cireytonieit mporpaMMe Ha pUCyHKE 2 peajn30BaH aJaropUTM Iepexoia OT MaT-
pudHOro pasyoxkenus «(5) K 0ObIYHO HEIPEPBIBHOI pobu.

CuMBOJIbHBIE BBIYUCICHUSA Jal0T CJIEJYIOIUE 3HAYCHUA:

M4, k) = 31311k + 15645 16226k + 8106
o 7686k + 3864 3983k 42002 )’

M(5,k) = 103647k + 51809 52248k + 26111
7 20526k + 10294 10347k + 5188

Buauenne M (5, k) MCIOIB30BAHO B yKA3aHHOMN IIPOrPAMME.

10
ctlaln) = Me{o 1],]60,1(—0

for kel.n

103647 k + 51809 52248k + 26111
Mo« M

20526k + 10284 10347k + 5188
AeMp g, BeMp,,Ce My o, DM

ré—floor é
C
while r = floer E
D

rle- A-Cr A« C Cerl
rl1<B-Dr, B« D D1l
qierieit+l

lel+1,j< 0 £ j=40

A LB
refloor| — |, M &
C C D

ac (4 B C D)

d<ap

for ke l.3
p 4= d,mn < apl
rée—p,péenn ey if p>on
while p = 0

m

rée ﬂoor[
B

},rlem—rp,mep,per]
dé—nn

1
MM —
d

Pucynox 2.

JIEMMA 12. Ilpozpamma na pucyrke 2 peasusyem ar2opumm nepesoia Mmam-
PUUHO20 DA3AOHCEHUA 8 UETHYIO IPODDL.
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JIOKABATEJILCTBO. /[leiicTBUTEILHO, MIPEXKJIe BCEIO 3aMETUM UTO

103647k + 518097 1017k +319 |

{ 20526k + 10294] B {20526/{ + 10294} o
52248k + 261117 513k +171 ]

{ 10347k + 5188 } B [103471{ + 5188] B

103647k + 51809 52248k + 26111 c o
20526k + 10294 10347k 4 5188 '

IIO9TOMY Ha OCHOBaHUU TEOPEMbI 4 MaTPpUYIHOE PaA3JIO2KEHUE

ﬁ 103647k + 51809 52248k + 26111
20526k + 10294 10347k + 5188

CXOINTCH.
Jlastee 3amerum, 9o BHemHWM MUK for k € 0..n peaau3yer BbIYUCIEHHUE TPO-
U3BEJICHUS

20526k + 10294 10347k + 5188

1 BbIJICJIECHUE ITPOU3BEICHU A

ﬁ ( 103647k + 51809 52248k + 26111 )

ﬁ ( g 1 >
o 10
C MOMOIIBIO BHYTpeHHero nukia whiler = floor (%).

Benomorarensabiit muka for kk € 1..3 m03BOJIIET YMEHBIIATE UNC/Ia B MATPUIIE
M, ecu 510 Bo3MoKHO. CorstacHo Jjiemme 6 coOKpallieHne Ha OOIIHil JIe/INTe/b BCeX
9JIEMEHTOB MATPUIILI HE MEHSIET 3HaTEeHe MATPUIHOTO pa3yioxkenus. [loaTomy Ha oc-
HOBaHUU TeopeMbl 4 1 jjeMMbl 11 yKazaHHast IporpaMMa OCyIIeCTBIIeT BhIYUCICHUE

HEIIOJIHBIX YaCTHBIX. [

5. Pe3y.JIbTaTbI CHUMBOJIBHBIX PpaCYeTOB

CHUMBOJIBHBIE BBIUNC/IEHHA [0 IIPOrpaMMaM Ha PUCYHKaX 1 1 2 MOKa3bIBAIOT, ITO
[POIPAMMBI JIAIOT OJIHH U T€ Ke HEIlOJIHbIe YacTHbIe. BBIUICIeHne ¢ TOMOIIBIO TIPO-
IPaMMBbl, OCHOBAHHOW Ha MATPUTHOM Da3JIOXKEHWH, OKA3bIBAIOTCs 00JIee OBICTPBIMH.

Beraucsenns ¢ fki(100) naer 3uHadenus 592 HENmoMHBIX 9aCTHBIX, a ¢ fki(200) yxe
— 1194 znavennit. Tak Kak pe3ysbTATHI IPEJICTABICHBI B BUJIE MATPHIIBI, COJIEPIKa-
muit 40 371eMEeHTOB B KarKJIOH CTPOKE, TO MOCJIE/IHIE SJIEMEHTHI ITOCIeHel CTPOKH
MOTYT OBITH HyJIeBbIMHU. [IprBejieM pacripe/iesieHre 3HAYCHHU HETOJHBIX JaCTHBIX C
YUIeTOM yKa3aHHBIX HYJIEBBIX 3HAUEHUIT, KOTOPbIE He SBJISTFOTCS HEIIOJHBIMU YaCTHBI-
MH.

9T0 pacipeae/ieHe BbIMUCJIEHHO C IIOMOIIBIO ITPOIr'paMMbl Ha PUCYHKE 4.
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0 4 5 6 7 8 &% 10 11 12 13 14 15 16 17 18 19
submatrnz{3t,0,1,0,19) —

6 484 196 114 75 51 44 30 17 20 11 11 14 & & 10 5 10 5 2

20 21 22 23 24 25 27 28 29 30 33 34 35 36 37 40 42 43 44 47
submatriz(St,0,1,20,38) —

3 1114 1 4 1 2 1 2 111 1 2 2

54 55 60 63 68 78 79 B2 84 87 93 95 97 111 120 123 128 129 134 140
submatriz(St,0,1,40,59) —
1 2222111111 1 1 1 1 1 1

141 154 164 176 180 201 228 234 244 255 288 425 467 1333 1813 3139]

submatriz(5t,0,1,60,75) =
1 1t 1 1 1 1 1 1 1 1 1 1 1

Pucynox 3.

E = efla(200)
St= |t4pop &0
for kel. 29
for 1038
re Ry g tretr+ 1
j<0
for ke 0. 4000
Npjel, Ny jetjej+ 1 i >0
N

Pucymnox 4.

B zaksodenue aBTOPBI BBIPAXKaIOT CBOIO INIYOOKYIO OJIarofapHOCThb podecco-
pam I'. . ApxunoBy n B. H. UybapukoBy 3a mosie3nble 00CY>KIeHN ¥ BHUMAHNE
K pabore.
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