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AnaHOTanusa

C Bpemen Bopa u Ieccena (1910-1935) B meopuu a3era-dbyeximii IpMMEHSAIOTCH BEPOAT-
HocTHbie MeTozbl. B 1930 1. onu 0Ka3anu nepBylo Teopemy i n3era-byukiuu Pumana ((s),
§ = 0 + it, KoTopas ABJIAETCS TPOTOTUIIOM COBPEMEHHBIX IPEJIETbHBIX TEOPEM, XapaKTepUu3yrto-
X TOBEIeHNE N3eTa-(YHKIMH MPYU MTOMOIIN CJIa00N CXOINMOCTH BEPOSITHOCTHBIX Mep. Bosee
TOYHO, OHW TIOJIYyYUJIN, UTO Npu ¢ > 1 CyIecTByeT mpeaes

lim ~J{t € [0,T]: logC(o +it) € R},
T—oo T

rae R — mpsAMOyTOJbHUK HA, KOMILIEKCHOW TIJIOCKOCTH CO CTOPOHAMW, MAPAIEILHBIMUA OCSM, a
JA obozmauaer mepy 2Kopmama muoxkecrBa A C R. /IBa roga CIycTss OHM PaCIpOCTPAHUIA
MIPUBEJEHHDIN pe3yIbTaT Ha MOIYILIOCKOCTh 0 > %

Nnen Bopa n Meccena Guimn pa3suTsl B pabotax Buntrepa, Bopmcennyca, eccena, Cemn-
Gepra u Jpyrux W3BeCTHHIX Maremarnkos. CoBpemenubie Bepcmu Teopem Bopa-Ileccena s
IMIAPOKOrO KJaacca a3era-pyHKIuil Ob1mn momydenst B paborax K. Marcymoro.

B ocuosuom teopust Bopa-Ileccena npumensiacs s a3era-gyHKIUI, IMEIONHX 3iIepOBO
[IPOUBBEJIEHNE TI0 IPOCTBIM 4YucaaM. B Hacrosieid crarbe JT0Ka3bIBAETCs IPEJIeIbHAS Teope-
Ma s n3eta~-hyHKINN, HE UMEIONINX 3MIepOoBA MPOU3BEISHUS W SBJISIOMNUXCS 0000IIeHreM
kJtaccuaecckoii m3era-dyukmuu ypsuna. Ilycrs «, 0 < o < 1, dpurcupoBaHHbIil mapamerp, a
a={am:m e Ny =NU{0}} — nepuoauyeckas nocjie0BaTeIbHOCTh KOMILJIEKCHBIX dnces. To-
raa nepuoguyeckas a3era-byukuus ['ypsuna ((s, ;a) B nosymiockoctu o > 1 onpenessercs
psimom dupuxie

C(S,Oz;ﬂ) = aims
2 ta

U MepoMOP(HO MPOIOJIKAETCS Ha BCIO KOMILIEKCHYIO 110cKocTh. Ilycts B(C) — GopeneBckoe
O-TI0JIe KOMILTEKCHOM IockocTn, measA — mepa JleGera m3mepumoro mMuoxkectBa A C R, a
dbyukuus ¢(t) upu t > Ty uMeer MOHOTOHHYIO IIOJIOKUTEJIbHY IO IIPOU3BOAHYIO ' (t), ipu t — 00
yaosaersopstontyto onenkam (¢’ () ™! = o(t) u p(2t) max;<, <o (' (v))~! < t. Torna B craTbe
TTOJIy4Y€HO, YTO TIPpN 0 > %

1

7 meas {t €]0,T):¢(0c +ip(t),a;a) € A}, Ae B(C),
npu T — o0 caabo CXOauTcs K HEKOTOPOil B sIBHOM BH/IE 33/JaHHON BEPOATHOCTHOH Mepe Ha
(C,B(C)).

Karwuesvie caosa: n3era-dyuknus 'ypBuia, Mepa Xaapa, mepuogundeckas ma3era-(yHKIus
l'ypeuna, npegensHas Teopema, crabas CXOIUMOCTb.

Bubauoepagpus: 11 nHazBaHuIii.
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Abstract

Probabilistic methods are used in the theory of zeta-functions since Bohr and Jessen
time (1910-1935). In 1930, they proved the first theorem for the Riemann zeta-function ((s),
s = o + it, which is a prototype of modern limit theorems characterizing the behavior of {(s)
by weakly convergent probability measures. More precisely, they obtained that, for o > 1, there
exists the limit

lim —J{t € [0,T] :log¢(c +it) € R},

T—oo T
where R is a rectangle on the complex plane with edges parallel to the axes, and JA denotes
the Jordan measure of a set A C R. Two years latter, they extended the above result to the
half-plane o > %

Ideas of Bohr and Jessen were developed by Wintner, Borchsenius, Jessen, Selberg and
other famous mathematicians. Modern versions of the Bohr-Jessen theorems, for a wide class
of zeta-functions, were obtained in the works of K. Matsumoto.

The theory of Bohr and Jessen is applicable, in general, for zeta-functions having Euler’s
product over primes. In the present paper, a limit theorem for a zeta-function without Euler’s
product is proved. This zeta-function is a generalization of the classical Hurwitz zeta-function.
Let a, 0 < & < 1, be a fixed parameter, and a = {a,, : m € Ng = NU{0}} be a periodic sequence
of complex numbers. The periodic Hurwitz zeta-function ((s, «;a) is defined, for o > 1, by the

Dirichlet series
oo
(s,;0)
=2 Gitar

m=0
and is meromorphically continued to the whole complex plane. Let B(C) denote the Borel o-field
of the set of complex numbers, measA be the Lebesgue measure of a measurable set A C R,
and let the function ¢(t) for ¢ > Ty have the monotone positive derivative ¢'(¢) such that
(¢'(1))"! = o(t) and ¢(2t) max;<u<2:(¢’(u)) ™! < t. Then it is obtained in the paper that, for
o> %,
%meas {t €]0,T):¢(c +ip(t),a;a) € A}, Ae B(C),

converges weakly to a certain explicitly given probability measure on (C,B(C)) as T' — oc.

Keywords: Haar measure, Hurwitz zeta-function, limit theorem, periodic Hurwitz zeta-
function, weak convergence.

Bibliography: 11 titles.
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1. Introduction

The idea of application of probabilistic methods in the theory of zeta-functions is due to Bohr
and Jessen. In [2], they proved a theorem for the Riemann zeta-function

1
C(S)ZZE, 8:U+it,0'>1,

m=1

which is a prototype of a modern limit theorems on weakly convergent probability measures. Denote
by JA the Jordan measure of a measurable set A C R, and let R be a rectangle on the complex
plane with edges parallel to the axis. Then they proved that, for o > 1, there exists the limit

1
lim —J{t€0,7]:log¢(c +it) € R}.
T—oo T

Two years later, Bohr and Jessen extended [3] the above result to the half-plane o > % In this case,
a problem arises because of possible zeros of ((s). Therefore, they defined the set

1 ) 1
G:{SG(C:G>2}\ U {s:a+ztj:2<a<aj},

sj=0j;+it;

where s; runs over all zeros of ((s) in the region {s € C: 3 < o < 1}, and proved that there exists
the limit

1
lim =J{te€[0,T]:0+ite G, log((c+it) € R}.
T—oo T

In the sixth decade of the last century, the theory of weak convergence of probability measures
was created. Therefore, it became possible to state Bohr-Jessen type theorems in the sense of weakly
convergent probability measures, for results, see [6] and [8].

The present note is devoted to limit theorems for the periodic Hurwitz zeta-function. Let «,
0 < o < 1 be a fixed parameter, and let a = {a,, : m € Ng = NU {0}} be a periodic sequence
of complex numbers with minimal period ¢ € N. The periodic Hurwitz zeta-function (s, a;a) was
introduced in [7], and is defined, for ¢ > 1, by the Dirichlet series

((s,a;a) = aims.
mZ::o (m+ «)

If a, =1, then ((s, a;a) becomes the classical Hurwitz zeta-function

o

((s,a) = Z w, o>1,

m=0

which has a meromorphic continuation to the whole complex plane with the unique simple pole at
the point s = 1 with residue 1. The periodicity of the sequence a implies, for o > 1, the equality

q—1
(s ai0) = =3 aC (s,”“) .
q =0 q
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Therefore, the function ((s, a; a) also can be continued meromorphically to the whole complex plane
with the unique simple pole at the point s = 1 with residue

If a = 0, then the periodic Hurwitz zeta-function is entire.

In [4], [9] and [11], limit theorems on weakly convergent probability measures on the complex
plane for the function ((s,«;a) were proved. Denote by B(X) the Borel o-field of the space X.
Then, for example, it was obtained in [10] that if the parameter « is transcendental and o > % is
fixed, then, on (C, B(C)), there exists a probability measure P, such that

%meas {te[0,T]: C(o +it,a;a) € A}, A€ B(C),

converges weakly to P, as T" — co. Moreover, the measure P, is given explicitly.
The aim of this note is a generalization of the above theorem for

def 1
T -T,

PT,U,a;a(A) meas {t € [To, T} : C(O- + i@(t)a a3 Cl) € A} ) Ae B((C)’
for certain functions ¢(t) and Ty > 0. For its statement, we need some notation and definitions.
Let « be the unit circle on the complex plane, and

0o
Q= H Ym s
m=0

where 7, = v for all m € Nyg. With the product topology and pointwise multiplication, the torus
Q) is a compact topological Abelian group. Therefore, on (€2, B(2)), the probability Haar measure
mpy can be defined. This gives the probability space (92, B(f2),my). Denote by w(m) the mth
component, m € Ny, of an element w € Q, and, on the probability space (2, B(2), my) define, for
o> %, the complex-valued random element ((o, a; a)

((o,a;a) = Z m.

m=0

Let P, be the distribution of the random element ((o, o; a), i.e.,
Proaa(A) =mp{weQ:((o,a5a) € A}, AeB(C).

Now, define the class of functions. We say that ¢ € L(Tp) if ¢ is a real differentiable function

for t > Ty > 0 such that ¢'(¢) is monotonic positive, @%(t) = o(t) and p(2t) max;<y<ot ﬁ <t as

t — oo. For example, the function ¢(t) = t* + 2t3 + 2 is an element of the class L(1).
The main result of this note is the following theorem.

THEOREM 1. Suppose that the parameler o is transcendental, o > % is fired and ¢ € L(Tp).
Then Pr g . converges weakly to the measure P s .0 as T — 0o.

2. Lemmas

We start with a limit theorem for probability measures on (€2, B(€2)). For A € B(Q), let

QT,a (A) =

1 :
. —ip(t) .
— Omeas{te[Tg,T].((m—f—a) .meNo)eA}.
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LeMMA 1. Suppose that ¢ € L(Ty). Then Qr,o converges weakly to the Haar measure mpy as
T — oo.

Wil

Proor. We apply the Fourier transform method. Let the sign mean that only a finite number
of integers k,, are distinct from zero. Denote by gr(k), k = (km : km € Z,m € Np) the Fourier
transform of Q7. Then the definition of Q)7 implies that

OO, T OO/
gr.a(k) = / H whm(m) | dQra = ! / H (m + a)"Fmed gy
2 \m=0

T —1To Jg et

T -y
! / exp{—ip(t)" ki log(m + a) }dt. (1)

CT-Tp Jg, —

Clearly,
91.2(0) = 1. (2)

Since « is transcendental, the set {log(m + «) : m € Ny} is linearly independent over the field of
rational numbers, thus the finite sum

r défz km log(m + o) # 0

m=0
for k # 0. Obviously,
T T T
/ exp{—ire(t)}dt = / cos(rp(t))dt — z/ sin(rp(t))dt. (3)

To To To

If the function ¢'(¢) is decreasing, then (¢/(¢))”" is increasing. Thus, by the mean value theorem
for integrals,

T 1 Tre' () cos(re(t) ,, 1 T cos(r
/TO cos(ry(t))dt = " /TO 10 dt = 2 (T) /é ©'(t) cos(re(t))dt

T
_ W}(T) /f dsin(r(t)) = o(T), (4)

as T' — oo, where Ty < € < T Similarly, we find that

T
/T sin(ro())dt = o(T), T — oo. (5)

If the function ¢/(t) is increasing, then (¢/(¢)) " is decreasing, and we obtain by similar arguments
that

/T T exp {—irp(t)} dt = O (M) . (6)

Now, the estimates (4)-(6), and equalities (3) and (1) show that

1 if k=0
lim gra(k)=4_ . °
T—o0™ "’ 0 if E+#0.

The right-hand side of the latter equality is the Fourier transform of the Haar measure my. This
and a continuity theorem for probability measures on compact groups prove the lemma. O
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N'OVV7 we will deal with absolutely convergent Dirichlet series. Let 6 > % be a fixed number, and
( ) m—+ « 0
Un\m, o) = €ex — .
n 9 p n

Calsy ) = 3 dmonl @)

Define the functions

m=0 (m + a)s
and
2. apmw(m)v,(m, o)
S? ) ; a =
Gn(s, 0, wi @) mZ::O (m+ «)®
We note that the above series are absolutely convergent for o > % [5]. Consider the function

Un,g,aa - 2 — C given by the formula

Unoaa(w) = (oo, a,wsa), o> %
Then the function uy ¢ q;q is continuous. Moreover,
Prngoa = QTaln b
This observation together with Theorem 5.1 of [1] gives the following assertion.
LEMMA 2. Suppose that ¢ € L(Ty). Then, for o > %,

d

L neas{t € [Ty, T] : G0 +ip(t), aca) € A}, A € B(C),
T-—1Ty

nooca 48 T — 00.

converges weakly to measure Py, 5 o0 = My
Now we will approximate (o, a;a) by (,(s, a;a). For this, we need a mean square estimate.
LEMMA 3. Suppose that p € L(Ty) and o > % s fized. Then, for T € R,
T
[ 6o in+ i) 03 )Pt oo T (14 -
To
PROOF. Suppose that T > Ty. Then

2T

C(o + it +ip(t), o @) Pdep(t)

T+p(t)
/ |C(0 + iu, a; a)|*du

2T o ,
/T|¢(a+w+z<p(t),a;a)| dt:/T =0

1 2T
< max // d
T<t<2T ¢'(1) Jr i

T+p(t)
/ \C(U—i—iu,a;a)]Qdu

2T

(7)

To

1
< Tt<oT ¢/ (t) ( .

For o > %, the estimate

T
/ (0 + i, 0 @) du <gaa T
To
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is true [5]. Therefore,
2T
<<0',oz,a ’T| + SO(QT)

T+(t)
/ (0 + iu, o a)|2du
To

This together with hypothesis that ¢(27") maxr<i<or

T
1

7 <T and (7) gives

2T
/T (o + i+ ip(t) s )Pdt Soan |7l + 0 21) max —os

1
<<U,oz,a T+ ‘T| Tg}fz)Z{T @/7@) <<U,oz,a T (1 + ‘TD .

Taking 27%~17 in place of T' and summing over k € N, gives the estimate of the lemma. O

LEMMA 4. Suppose that ¢ € L(Ty) and 0 > 5. Then

lim lim sup
n—=0 T 50 —Tj

T
|16+ iptt)aia) = Gulo + is (o). aslde 0.
To

PrOOF. Define the function

ln(s,a) = gI‘ (g) (m+ a)?,

where I'(s) is the Euler gamma-function, and the number 6 comes from the definition of v, (m, «).
Then the function (s, ; a) has the integral representation [5]

O+ioco
Cn(s,050) = ! /+ C(8+z,a;a)l”(z’a)dz.
0

2T Jo—ioo z

Then, using the residue theorem and properties of the gamma-function, we obtain that

1 T
o [ o+ ip0,ai0) — Gulo + (o). sl

To
o) 1 T

Coa [ zn<ol+w,a>|( / |<<og+¢7+w<t>,a;a>|dt> dr + o(1)
—00 T_TO TO

as T' — oo, where 01 < 0 and o9 > % Hence, in view of Lemma, 3,

1 T
T_TO/T IC(0 +ip(t),a;a) — oo +ip(t), a; a)|dt

<Lo,a50 / |ln(0'1 + 17, OZ)‘ (1 + |’7’|) dt + 0(1)

—00

as T — oo. Thus, by the properties of [, (s, @),

lim lim sup
n—=0 T 00 —Tp

T
|16t ig0).ai0) = 6o + iptt), st 0.

Od
We recall that P, 5 ;4 is the limit measure in Lemma 2.

LeEMMA 5. The sequence {Pp 500 : 1 € N} s tight, i.e., for every e > 0, there exists a compact
set K = K(e) C C such that
Prooa(K)>1—¢

for alln € N.
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PROOF. Let £ be a random variable defined on a certain probability space with measure P, and
uniformly distributed on [0, 1]. Define the complex-valued random element X7, 4.0 = X7 a:a(0)
by

XT,ma;a = Cn(a + Z(p(ﬁT), Qg Cl)-

Then the assertion of Lemma 2 is equivalent to the relation
D
XT,n,a;a T;)o Xn,a;aa (8)

where X, 4.q(0) is the complex-valued random element having the distribution P, 5 q.q. By Lemma
3 with 7 =0, fora>%,
T
|16+ iplt) s )Pt <o .
To
Hence, the Cauchy inequality implies

T

T 1/2
[ 1cto + gt asaar < ((T ~70) [ I¢to+ ig () a>|2dt>) <oaaT.

To To

Therefore, using Lemma 4, we obtain that, for ¢ > %,

T
/ Ca(0 + ip(t), 0 @)]df < Copra < 0. (9)
neN T—oo 1 —To Jp

Let € > 0 be an arbitrary fixed number, and M = My o.q(c) = Co-,a;ae_l. Then, by (9),

sup lim sup

1
sup limsup P (| X7, a:a| > M) = suplimsup meas {t € [Ty, T] : |Cn(o +ip(t), a;a)| > M}
neN T—oo neN T—oo —Tp

T

< sup lim sup |Cn(o +ip(t), a;a)|dt < e.

neN T—ooo (I'—To)M Jr,
This together with (8) shows that
P(|Xnaal > M) <e (10)

for all n € N. The set K = K(¢) = {s € C: |s| < M} is compact, and, by (10),
P(Xpaw€K)>1—¢

for all n € N, or equivalently,
Pn,a,a;u(K) >21-—c¢

for all n € N. Thus, the sequence {P,, 5,a:a : 7 € N} is tight. O

3. Proof of Theorem 1

The existence of the limit measure for Pr, o.q as T — oo easily follows from Lemmas 4 and 5,
relation (8) and Theorem 4.2 of [1].
PRrROOF. [Proof of Theorem 1] By the Prokhorov theorem [1, Theorem 6.1], and Lemma 5, the
sequence {P, . : 7 € N} is relatively compact, i.e., every subsequence {Py, saia} C {Proaia}
contains a weakly convergent subsequence. Thus, there exists a subsequence {P,, 5 a:a} such that
P, o,a:a converges weakly to a certain probability measure P, o.q on (C,B(C)) as r — oco. In other
words,

D
Xn,«,a;a(g) — Py aza- (11)

r—00 0
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Define one more complex-valued random element
X700 = X1a:a(0) = ((0 +ip(ET), o; a).
Then Lemma 4 shows that, for every ¢ > 0 and ¢ > %,

lim limsupP (| X7,0:a(0) = X7 m,a:0(0)] = €)

n—o0 T—00

= lim limsup meas {t € [Ty, T] : |¢(0 + ip(t),;a) — oo +ip(t), a;a)| = e}

n—00 700 1 —1Tp

1 T
< lim limsu / o +ip(t),a;a) — (oo +ip(t), a;sa)|dt = 0.
novo gt (T — Tp)e Ty o€ (1), oa) = G o(t), oz a)

The later equality, relations (8) and (11), and Theorem 4.2 of [1] prove that

D
XT,a,a;a(U) Tjo Pa,a;a‘ (12)

in other words, Pr g a:q converges weakly to Py o.q as T' — co. Moreover, relation (12) shows that
the measure P, ,.q does not depend of the subsequence P, 4 o.q. Therefore, we have the relation

D
Xon,a5a(0) o Fo aza-

This relation allows to identify the measure Py o.q. Namely, in [5], it was proved that, for o > %,

1 .

meas {t€[0,T]:{(c +it,a;a) € A}, A e B(C),
as T' — oo, also converges weakly to the limit measure Py o.q 0f Py 5.0 @5 n — 00, and that Py o.q
coincides with P 5 o.q. Therefore, Pr g o.q converges weakly to Pr 5 a.q as T — oo. The theorem is
proved. O
4. Conclusions

In the paper, a generalized limit theorem for the periodic Hurwitz zeta-function
> a
m
s,z a) = ———, Res=o0>1,
((s, a50) mZO it oy

where 0 < o < 1 is a fixed transcendental parameter and a = {a,, : m € Ny} is a periodic sequence
of complex numbers, is obtained. More precisely, it is proved that, for o > %,

- ! meas {t € [T0,T): (o +ip(t), o) € 4}, A€ B(O)

converges weakly to the explicitly given probability measure on (C,B(C)) as T — oo. Here
the function ¢(t) for ¢ > Ty has a monotone positive derivative ¢'(t) satisfying the estimates
(')~ = o(t) and ©(2t) mathuggtﬁ < t as t — oo. The theorem obtained generalized
previous author’s results with ¢(t) = t. Moreover, it can be extended to a collection of periodic
Hurwitz zeta-functions. Also, the case of rational o can be considered.
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