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Аннотация

В работе мы рассматриваем обобщенные многообразия Кенмоцу, мы вводим четвер-
тое и пятое фундаментальные тождества обобщенных многообразий Кенмоцу, вводятся
первый и второй структурные тензоры обобщенных многообразий Кенмоцу и доказаны
их свойства, вводится понятие присоединенной Q-алгебры для обобщенных многообразий
Кенмоцу. Доказано, что обобщенное многообразие Кенмоцу, а также специальные обобщен-
ные многообразия Кенмоцу II рода имеют антикоммутативную присоединенную Q-алгебру.
А многообразия Кенмоцу и специальные обобщенные многообразия Кенмоцу I рода име-
ют абелеву присоединенную Q-алгебру. Вводится контактный аналог постоянства типа и
подробно исследуются обобщенные многообразия Кенмоцу постоянного типа. Получены
условия точечного постоянства типа обобщенных многообразий Кенмоцу на пространстве
присоединенной G-структуры. Доказано, что класс GK-многообразий нулевого постоянно-
го типа совпадает с классом многообразий Кенмоцу, а класс GK-многообразий ненулевого
постоянного типа конциркулярным преобразованием переводит-ся в почти контактное мет-
рическое многообразие локально эквивалентное произведению шестимерного собственного
NK-многообразия на вещественную прямую.

Ключевые слова: многообразия Кенмоцу, обобщенные многообразия Кенмоцу, специ-
альные обобщенные многообразия Кенмоцу I рода, специальные обобщенные многообра-
зия Кенмоцу II рода, GK-многообразия постоянного типа, точнейше косимплектическое
многообразие.
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Abstract

In this work we consider generalized Kenmotsu manifolds, we introduce: the fourth and
the fifth fundamental identities of generalized Kenmotsu manifolds; the first and the second
structural tensors of generalized Kenmotsu manifolds (and we prove their properties); the
concept of adjoint Q-algebra for generalized Kenmotsu manifolds. We prove that gene-
ralized Kenmotsu manifolds and the II kind special generalized Kenmotsu manifolds have
anticommutative adjoint Q-algebra. And the Kenmotsu manifolds and the I kind special
generalized Kenmotsu manifolds have Abelian adjoint Q-algebra. The type constancy contact
analog is introduced and the constant-type generalized Kenmotsu manifolds are thoroughly
examined. We have identified the type point constancy conditions of the generalized Kenmotsu
manifolds in the adjoint G-structure space. We prove that the zero constant type GK-
manifold class coincides with the Kenmotsu manifold class and the non-zero constant type
GK-manifold class can be concircularly transformed into the almost contact metric manifolds
locally equivalent to the product of the six dimensional NK-eigenmanifold and the real straight
line.

Keywords: Kenmotsu manifolds, generalized Kenmotsu manifolds, the I kind special
generalized Kenmotsu manifolds, the II kind special generalized Kenmotsu manifolds, constant
type GK-manifolds, most precise cosymplectic manifold.
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1. Introduction

Contact and almost contact structures are one of the most substantial examples of differential
geometrical structures. Nevertheless the most important geometrical properties of almost contact
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metric manifolds are revealed when the additional limitations are applied to them. The most natural
limitation is the isotropy condition.

The almost Hermitian manifold isotropy can be characterized by the constancy of their type
[1], [2]. The type constancy of approximately Keller manifolds was introduced by A. Gray [2] and
proved to be very useful for approximately Keller manifold studying. The complete characteristics
of approximately Keller manifolds were obtained by V.F. Kirichenko [3].

In this work we consider the type constancy contact analog for generalized Kenmotsu manifolds
which were introduced in the thesis work of Umnova S.V. [4]. In the work [4] Umnova S.V. singles
out two subsets of generalized Kenmotsu manifolds, called special generalized Kenmotsu manifolds
(shorter, SGK-) of the I and II kind. In the work [4] it’s proved that generalized Kenmotsu manifolds
of the constant curvature are the Kenmotsu manifolds [5] of the constant curvature (-1). Moreover,
it’s proved that the class of SGK- manifolds of the II kind coincides with the class of almost contact
metrical manifolds received from the most precise cosymplectic manifolds [6] through canonical
transformation of the most precise cosymplectic structure and the local construction of these
manifolds is given. In this article we explore the generalized Kenmotsu manifolds of the constant
type and give their complete local characteristics.

This article is organized in the next way. In Section 2 we present the preliminaries for the
next statements, build the space of adjoint G-structure and put down the first structural equation
group on the adjoint G-structure space. In Section 3 we give the definition of generalized Kenmotsu
manifolds, give the full structural equation group, we prove that a generalized Kenmotsu manifold
in a dimension different from 5 is a special generalized Kenmotsu manifold of the II kind and we
provide fundamental identities of generalized Kenmotsu manifolds.

In the Section 4 we consider the adjoint Q-algebra of a generalized Kenmotsu manifold. We
establish the theorem which is the basic result of the present paragraph and which means that the
adjoint Q-algebra of a generalized Kenmotsu manifold is anticommutative. Three Conclusions are
given for this theorem; they characterize the adjoint Q-algebras of generalized Kenmotsu manifold
special cases.

In the Section 5 we explore the generalized Kenmotsu manifolds of a constant type. It’s
proved that the generalized Kenmotsu manifolds of the non-zero constant type are the generalized
Kenmotsu manifolds of the II kind and we received their local structure. Generalized Kenmotsu
manifolds of the non-zero type coincide with the Kenmotsu manifolds.

2. Preliminaries

Assume, that 𝑀 is a smooth manifold of dimension 2𝑛+1, 𝒳 (𝑀) – 𝐶∞ is a module of smooth
vector fields on the manifold 𝑀 . Further all manifolds, tensor fields and the like are supposed to
be smooth of the class 𝐶∞.

Definition 1. [7] An almost contact structure on the manifold𝑀 is the triplet (𝜂, 𝜉,Φ) of tensor
fields on this manifold where 𝜂 is a differential 1-form which is called a contact form of structure,
𝜉 is a vector field which is called characteristical, Φ is the endomorphism of module 𝒳 (𝑀) which is
called structural endomorphism. Here

1) 𝜂(𝜉) = 1; 2) 𝜂 ∘ Φ = 0; 3) Φ(𝜉) = 0; 4) Φ1 = −𝑖𝑑+ 𝜂 ⊗ 𝜉. (1)

Besides, if such a Riemannian structure 𝑔 = ⟨·, ·⟩ is fixed on M that

⟨Φ𝑋,Φ𝑌 ⟩ = ⟨𝑋,𝑌 ⟩ − 𝜂(𝑋)𝜂(𝑌 ), 𝑋, 𝑌 ∈ 𝒳 (𝑀). (2)

quadruple (𝜂, 𝜉,Φ 𝑔 = ⟨·, ·⟩) is called almost contact metrical (shorter, AC-) structure. The manifold
where an almost contact (metrical) structure is fixed is called an almost contact (metrical (shorter,
AC-)) manifold.
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Skew-symmetric tensor Ω(𝑋,𝑌 ) = ⟨𝑋,Φ𝑌 ⟩ , 𝑋, 𝑌 ∈ 𝒳 (𝑀) is called the fundamental form of
an AC-structure [7].

Assume, that (𝜂, 𝜉,Φ 𝑔 = ⟨·, ·⟩) is an almost contact metrical structure on the manifold M2𝑛+1.
In the module 𝒳 (M) two mutually complementing projections 𝑚 = 𝜂 ⊗ 𝜉 and 𝑙 = 𝑖𝑑 −𝑚 = −Φ2

[8]; are internally defined in the way that 𝒳 (M)=ℒ ⊕ℳ, where ℒ = 𝐼𝑚(Φ) = 𝑘𝑒𝑟𝜂 – a so-called
contact distribution, dimℒ=2n, ℳ = 𝐼𝑚𝑚 = 𝑘𝑒𝑟(Φ) = 𝐿(𝜉) – a linear span of a structure vector
(also 𝑙 and 𝑚 are the projectors for submodules ℒ, ℳ accordingly). Obviously that distributions ℒ
and ℳ are invariant towards Φ and are mutually orthogonal. It’s also obvious that Φ̃2 = −𝑖𝑑,⟨
Φ̃𝑋, Φ̃𝑌

⟩
= ⟨𝑋,𝑌 ⟩, X,Y∈ 𝒳 (M), where Φ̃ = Φ|ℒ. Consequently {Φ̃𝑝, 𝑔𝑝|ℒ} is a Hermitian

structure on the space ℒ𝑝 (p – some point of M).
The complexification 𝒳 (M)𝐶 of the module 𝒳 (M) disintegrates into a direct sum

𝒳 (𝑀)𝐶 = 𝐷
√
−1

Φ ⊕𝐷−
√
−1

Φ ⊕𝐷0
Φ

of structural endomorphism Φ own spaces corresponding to their own values
√
−1, −

√
−1 and 0

accordingly. Besides, the projectors for the summands of this direct sum will be endomorphisms
([7], [8]): 𝜋 = 𝜎 ∘ 𝑙 = −1

2(Φ
2 +

√
−1Φ), �̄� = �̄� ∘ 𝑙 = 1

2(−Φ2 +
√
−1Φ), 𝑚 = 𝑖𝑑 + Φ2, where

𝜎 = 1
2(𝑖𝑑−

√
−1Φ), �̄� = 1

2(𝑖𝑑+
√
−1Φ).

The depictions 𝜎𝑝 : ℒ𝑝 → 𝐷
√
−1

Φ and �̄�𝑝 : ℒ𝑝 → 𝐷−
√
−1

Φ are the isomorphism and the anti-
isomorphism of Hermitian spaces, accordingly. That’s why to every point 𝑝 ∈ 𝑀2𝑛+1 it’s possible
to add a family of reference frames of space 𝑇𝑝(𝑀)𝐶 of the kind (𝑝, 𝜖0, 𝜖1, . . . , 𝜖𝑛, 𝜖1̂, . . . , 𝜖�̂�) where
𝜖𝑎 =

√
2𝜎𝑝(𝑒𝑎), 𝜖�̂� =

√
2�̄�𝑝(𝑒𝑎), 𝜎0 = 𝜉𝑝 where {𝑒𝑎} is the orthonormalized base of the Hermitian

space ℒ𝑝. This reference frame is called an A-reference frame [8]. It’s clear that matrices are the
element of tensors Φ𝑝 and 𝑔𝑝 in the A-reference frame; they have the according forms of:

(Φ𝑖𝑗) =

⎛⎝ 0 0 0
0

√
−1𝐼𝑛 0

0 0 −
√
−1𝐼𝑛

⎞⎠ , (𝑔𝑖𝑗) =

⎛⎝ 1 0 0
0 0 𝐼𝑛
0 𝐼𝑛 0

⎞⎠ , (3)

where 𝐼𝑛 is the unity matrix of the n-order. It is well known [7], [8] that the aggregate of such
reference frames determines the G-structure on M with structural group {1}×𝑈(𝑛) represented by

such matrices as

⎛⎝ 1 0 0
0 𝐴 0
0 0 𝐴

⎞⎠, where 𝐴 ∈ 𝑈(𝑛). This G-structure is called adjoint [7], [8].

Assume that (𝑀2𝑛+1, 𝜂, 𝜉,Φ 𝑔 = ⟨·, ·⟩) is an almost contact metrical manifold. We will make a
convention that in this entire work indices 𝑖, 𝑗, 𝑘, 𝑙 run through values from 1 to 2𝑛, indices 𝑎, 𝑏, 𝑐, 𝑑,
– through values from 1 to 𝑛, and let’s assume that �̂� = 𝑎 + 𝑛, ^̂𝑎 = 𝑎, 0̂ = 0, unless it is stated
otherwise. Let (𝑈,𝜙) be a local chart on manifold𝑀 . According to the tensor analysis fundamental
theorem the assignment of the structural endomorphism Φ and the Riemann structure 𝑔 = ⟨·, ·⟩
on the manifold 𝑀 inspires on the total 𝐵𝑀 space of a bundle of frames above 𝑀 a system of
functions {Φ𝑖𝑗}, {𝑔𝑖𝑗}, complying in the coordinate neighborhood 𝑊 = 𝜋−1(𝑈) ⊂ 𝐵𝑀 with a
differential equation system of the following form

𝑑Φ𝑖𝑗 +Φ𝑘𝑗 𝜃
𝑖
𝑘 − Φ𝑖𝑘𝜃

𝑘
𝑗 = Φ(𝑗, 𝑘)

𝑖𝜔𝑘, 𝑑𝑔𝑖𝑗 − 𝑔𝑘𝑗𝜃
𝑘
𝑖 − 𝑔𝑖𝑘𝜃

𝑘
𝑗 = 𝑔𝑖𝑗,𝑘𝜔

𝑘, (4)

where {𝜔𝑖}, {𝜃𝑖𝑗} are the components of the solder forms and the Riemannian connection,
correspondingly; Φ𝑖𝑗,𝑘, 𝑔𝑖𝑗,𝑘 are the components of the covariant tensor differential Φ and 𝑔 in this
connection correspondingly. Moreover, because of the Riemannian connection definition ∇𝑔 = 0,
and it means that

𝑔𝑖𝑗,𝑘 = 0. (5)
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With account of (3) and (5) relations (4) on the adjoint G-structure space can be put down as
[7], [8]

Φ𝑎𝑏,𝑘 = 0, Φ�̂�
�̂�,𝑘

= 0, Φ0
0,𝑘 = 0,

𝜃𝑎
�̂�
=

√
−1
2 Φ𝑎

�̂�,𝑘
𝜔𝑘, 𝜃�̂�𝑏 = −

√
−1
2 Φ�̂�𝑏,𝑘𝜔

𝑘,

𝜃𝑎0 =
√
−1Φ𝑎0,𝑘𝜔

𝑘, 𝜃�̂�0 = −
√
−1Φ�̂�0,𝑘𝜔

𝑘, (6)

𝜃0𝑎 = −
√
−1Φ0

𝑎,𝑘𝜔
𝑘, 𝜃0�̂� =

√
−1Φ0

�̂�,𝑘𝜔
𝑘,

𝜃𝑖𝑗 + 𝜃�̂�
�̂�
= 0, 𝜃00 = 0.

Besides, note that because of the real type nature of the corresponding forms and tensors
𝜔𝑖 = 𝜔�̂�, 𝜃𝑖𝑗 = 𝜃�̂�

�̂�
, ∇Φ𝑖𝑗,𝑘 = ∇Φ�̂�

�̂�,𝑘
, where 𝑡→ 𝑡 is a complex conjugation operator.

With regard to the obtained relations the first structural equation group of the Riemannian
connection 𝑑𝜔𝑖 = −𝜃𝑖𝑗∧𝜔𝑗 on the adjoint G-structure space of the almost contact metrical manifold
can be formulated as the first group of almost contact metrical manifold structural equations [7],
[8]:

𝑑𝜔 = 𝐶𝑎𝑏𝜔
𝑎 ∧ 𝜔𝑏 + 𝐶𝑎𝑏𝜔𝑎 ∧ 𝜔𝑏 + 𝐶𝑏𝑎𝜔

𝑎 ∧ 𝜔𝑏 + 𝐶𝑎𝜔 ∧ 𝜔𝑎 + 𝐶𝑎𝜔 ∧ 𝜔𝑎;
𝑑𝜔𝑎 = −𝜃𝑎𝑏 ∧ 𝜔𝑏 +𝐵𝑎𝑏

𝑐𝜔
𝑐 ∧ 𝜔𝑏 +𝐵𝑎𝑏𝑐𝜔𝑏 ∧ 𝜔𝑐 +𝐵𝑎𝑏

𝑏 +𝐵𝑎
𝑏𝜔 ∧ 𝜔𝑏; (7)

𝑑𝜔𝑎 = 𝜃𝑏𝑎 ∧ 𝜔𝑏 +𝐵𝑎𝑏
𝑐𝜔𝑐 ∧ 𝜔𝑏 +𝐵𝑎𝑏𝑐𝜔

𝑏 ∧ 𝜔𝑐 +𝐵𝑎𝑏𝜔 ∧ 𝜔𝑏 +𝐵𝑎
𝑏𝜔 ∧ 𝜔𝑏,

where 𝜔 = 𝜔0 = 𝜋*(𝜂); 𝜋 is a natural projection of the adjoint G-structure space on the manifold
M, 𝜔𝑖 = 𝑔𝑖𝑗𝜔

𝑖,

𝐵𝑎𝑏
𝑐 = −

√
−1
2 Φ𝑎

�̂�,𝑐
, 𝐵𝑎𝑏

𝑐 =
√
−1
2 Φ�̂�𝑏,𝑐, 𝐵𝑎𝑏𝑐 =

√
−1
2 Φ𝑎

�̂�,𝑐
,

𝐵𝑎𝑏𝑐 = −
√
−1
2 Φ�̂�𝑏,𝑐, 𝐵𝑎

𝑏 =
√
−1Φ𝑎0,𝑏, 𝐵𝑎

𝑏 = −
√
−1Φ�̂�

0,�̂�
,

𝐵𝑎𝑏 =
√
−1(Φ𝑎

0,�̂�
− 1

2Φ
𝑎
�̂�,0
), 𝐵𝑎𝑏 = −

√
−1(Φ�̂�0,𝑏 −

1
2Φ

�̂�
𝑏,0), (8)

𝐶𝑎𝑏 =
√
−1Φ0

[�̂�,�̂�]
, 𝐶𝑎𝑏 = −

√
−1Φ0

[𝑎,𝑏], 𝐶𝑏𝑎 = −
√
−1(Φ0

�̂�,𝑎
+Φ0

𝑎,�̂�
),

𝐶𝑎 = −
√
−1Φ0

�̂�,0, 𝐶𝑎 =
√
−1Φ0

𝑎,0.

3. Generalized Kenmotsu manifolds

Assume that (𝑀2𝑛+1,Φ, 𝜉, 𝜂, 𝑔 = ⟨·, ·⟩) is an almost contact metrical manifold.

Definition 2. [4]. The class of almost contact metrical manifolds characterized by equality

∇𝑋(Φ)𝑌 +∇𝑌 (Φ)𝑋 = −𝜂(𝑌 )Φ𝑋 − 𝜂(𝑋)Φ𝑌 ; 𝑋,𝑌 ∈ 𝒳 (𝑀), (9)

is called generalized Kenmotsu manifolds (shorter, GK- manifolds).

The full group of GK-manifold structural equations takes the form [9]:

1) 𝑑𝜔 = 𝐹𝑎𝑏𝜔
𝑎 ∧ 𝜔𝑏 + 𝐹 𝑎𝑏𝜔𝑎 ∧ 𝜔𝑏;

2) 𝑑𝜔𝑎 = −𝜃𝑎𝑏 ∧ 𝜔𝑏 + 𝐶𝑎𝑏𝑐𝜔𝑏 ∧ 𝜔𝑐 − 3
2𝐹

𝑎𝑏𝜔 ∧ 𝜔𝑏 + 𝛿𝑎𝑏𝜔 ∧ 𝜔𝑏;
3) 𝑑𝜔𝑎 = 𝜃𝑏𝑎 ∧ 𝜔𝑏 + 𝐶𝑎𝑏𝑐𝜔

𝑏 ∧ 𝜔𝑐 − 3
2𝐹𝑎𝑏𝜔 ∧ 𝜔𝑏 + 𝛿𝑏𝑎𝜔 ∧ 𝜔𝑏;

4) 𝑑𝜃𝑎𝑏 = −𝜃𝑎𝑐 ∧ 𝜃𝑐𝑏 + (𝐴𝑎𝑑𝑏𝑐 − 2𝐶𝑎𝑑ℎ𝐶ℎ𝑏𝑐 − 3
2𝐹

𝑎𝑑𝐹𝑏𝑐)𝜔
𝑐 ∧ 𝜔𝑑 +

+(−1
3𝛿
𝑎
𝑏𝐹𝑐𝑑 +

2
3𝛿
𝑎
𝑐𝐹𝑑𝑏 +

2
3𝛿
𝑎
𝑑𝐹𝑏𝑐)𝜔

𝑐 ∧ 𝜔𝑑 + (13𝛿
𝑎
𝑏𝐹

𝑐𝑑 − 2
3𝛿
𝑐
𝑏𝐹

𝑑𝑎 − 2
3𝛿
𝑑
𝑏𝐹

𝑎𝑐)𝜔𝑐 ∧ 𝜔𝑑;
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5) 𝑑𝐶𝑎𝑏𝑐 + 𝐶𝑑𝑏𝑐𝜃𝑎𝑑 + 𝐶𝑎𝑑𝑐𝜃𝑏𝑑 + 𝐶𝑎𝑏𝑑𝜃𝑐𝑑 = 𝐶𝑎𝑏𝑐𝑑𝜔𝑑 − 2𝛿
[𝑎
𝑑 𝐹

𝑏𝑐]𝜔𝑑 − 𝐶𝑎𝑏𝑐𝜔; (10)

6) 𝑑𝐶𝑎𝑏𝑐 − 𝐶𝑑𝑏𝑐𝜃
𝑑
𝑎 − 𝐶𝑎𝑑𝑐𝜃

𝑑
𝑏 − 𝐶𝑎𝑏𝑑𝜃

𝑑
𝑐 = 𝐶𝑎𝑏𝑐𝑑𝜔

𝑑 − 2𝛿𝑑[𝑎𝐹𝑏𝑐]𝜔𝑑 − 𝐶𝑎𝑏𝑐𝜔;

7) 𝑑𝐹 𝑎𝑏 + 𝐹 𝑐𝑏𝜃𝑎𝑐 + 𝐹 𝑎𝑐𝜃𝑏𝑐 = −2𝐹 𝑎𝑏𝜔;

8) 𝑑𝐹𝑎𝑏 − 𝐹𝑐𝑏𝜃
𝑐
𝑎 − 𝐹𝑎𝑐𝜃

𝑐
𝑏 = −2𝐹𝑎𝑏𝜔;

where

𝐶𝑎𝑏𝑐 =
√
−1
2 Φ𝑎

�̂�,𝑐
; 𝐶𝑎𝑏𝑐 = −

√
−1
2 Φ�̂�𝑏,𝑐; 𝐶 [𝑎𝑏𝑐] = 𝐶𝑎𝑏𝑐; 𝐶[𝑎𝑏𝑐] = 𝐶𝑎𝑏𝑐;

𝐶𝑎𝑏𝑐 = 𝐶𝑎𝑏𝑐; 𝐹 𝑎𝑏 =
√
−1Φ0

�̂�,�̂�
; 𝐹𝑎𝑏 = −

√
−1Φ0

𝑎,𝑏;

𝐹 𝑎𝑏 + 𝐹 𝑏𝑎 = 0; 𝐹𝑎𝑏 + 𝐹𝑏𝑎 = 0; 𝐹 𝑎𝑏 = 𝐹𝑎𝑏; 𝐴𝑎𝑑[𝑏𝑐] = 𝐴
[𝑎𝑑]
𝑏𝑐 = 0;

𝐶𝑎[𝑏𝑐𝑑] = 3
2𝐹

𝑎[𝑏𝐹 𝑐𝑑]; 𝐶𝑎[𝑏𝑐𝑑] =
3
2𝐹𝑎[𝑏𝐹𝑐𝑑]; 𝐹𝑎𝑑𝐶

𝑑𝑏𝑐 = 𝐹 𝑎𝑑𝐶𝑑𝑏𝑐 = 0.

Proposition 1. [9]. If 𝐶𝑎𝑏𝑐 = 𝐶𝑎𝑏𝑐 = 0 and 𝐹 𝑎𝑏 = 𝐹𝑎𝑏 = 0, then a GK-manifold is a Kenmotsu
manifold.

Differentiating externally (104 - 106) we get:

1) 𝑑𝐴𝑎𝑑𝑏𝑐 +𝐴ℎ𝑑𝑏𝑐 𝜃
𝑎
ℎ +𝐴𝑎ℎ𝑏𝑐 𝜃

𝑑
ℎ −𝐴𝑎𝑑ℎ𝑐𝜃

ℎ
𝑏 −𝐴𝑎𝑑𝑏ℎ𝜃

ℎ
𝑐 = 𝐴𝑎𝑑𝑏𝑐ℎ𝜔

ℎ +𝐴𝑎𝑑ℎ𝑏𝑐 𝜔ℎ +𝐴𝑎𝑑𝑏𝑐0𝜔;

2) 𝑑𝐶𝑎𝑏𝑐𝑑 + 𝐶ℎ𝑏𝑐𝑑𝜃𝑎ℎ + 𝐶𝑎ℎ𝑐𝑑𝜃𝑏ℎ + 𝐶𝑎𝑏ℎ𝑑𝜃𝑐ℎ + 𝐶𝑎𝑏𝑐ℎ𝜃𝑑ℎ =

= 𝐶𝑎𝑏𝑐𝑑ℎ𝜔ℎ + 𝐶𝑎𝑏𝑐𝑑0𝜔; (11)

3) 𝑑𝐶𝑎𝑏𝑐𝑑 − 𝐶ℎ𝑏𝑐𝑑𝜃
ℎ
𝑎 − 𝐶𝑎ℎ𝑐𝑑𝜃

ℎ
𝑏 − 𝐶𝑎𝑏ℎ𝑑𝜃

ℎ
𝑐 − 𝐶𝑎𝑏𝑐ℎ𝜃

ℎ
𝑑 =

= 𝐶𝑎𝑏𝑐𝑑ℎ𝜔
ℎ + 𝐶𝑎𝑏𝑐𝑑0𝜔.

Herewith:

1) 𝐴𝑎𝑑𝑏[𝑐ℎ] = 0; 2) 𝐴
𝑎[𝑑ℎ]
𝑏𝑐 = 0;

3) 𝐴𝑎𝑑𝑏𝑐0 = −2𝐴𝑎𝑑𝑏𝑐 + 𝐹 𝑎𝑑𝐹𝑏𝑐 − 2𝛿𝑎𝑏𝐹
𝑑ℎ𝐹ℎ𝑐 − 2𝛿𝑎𝑐𝐹

𝑑ℎ𝐹ℎ𝑏 − 2𝛿𝑑𝑏𝐹
𝑎ℎ𝐹ℎ𝑐;

4) (𝐴𝑎𝑔𝑏[𝑐 − 2𝐶𝑎𝑔𝑓𝐶𝑓𝑏[𝑐)𝐶|𝑔|𝑑ℎ] = 0; 5) (𝐴
𝑎[𝑐
𝑏𝑔 − 2𝐶𝑎[𝑐|𝑓 |𝐶𝑓𝑏𝑔)𝐶

|𝑔|𝑑ℎ] = 0;

6) (𝐴𝑎ℎ𝑏[𝑐 −
3
2𝐹

𝑎ℎ𝐹𝑏[𝑐)𝐹|ℎ|𝑑] = 0; 7) (𝐴
𝑎[𝑑
𝑏ℎ − 3

2𝐹
𝑎[𝑑𝐹𝑏ℎ)𝐹

|ℎ|𝑐] = 0;

8) 𝐶𝑎𝑏𝑐[𝑑ℎ] = −2{𝐶𝑎𝑏𝑐𝐹 𝑑ℎ + 1
3(𝐶

𝑎𝑑ℎ𝐹 𝑏𝑐 + 𝐶𝑏𝑑ℎ𝐹 𝑐𝑎 + 𝐶𝑐𝑑ℎ𝐹 𝑎𝑏 +

+𝐶𝑎𝑏ℎ𝐹 𝑑𝑐 + 𝐶𝑎𝑐𝑑𝐹 ℎ𝑏 + 𝐶𝑎ℎ𝑐𝐹 𝑑𝑏 + 𝐶𝑑𝑏𝑐𝐹 𝑎ℎ + 𝐶ℎ𝑏𝑐𝐹 𝑑𝑎)};
9) 𝐶𝑎𝑏𝑐𝑑0 = −(2𝐶𝑎𝑏𝑐𝑑 + 𝐹 𝑎𝑏𝐹 𝑐𝑑 + 𝐹 𝑎𝑐𝐹 𝑑𝑏 + 𝐹 𝑎𝑑𝐹 𝑏𝑐);

10) 𝐶𝑎𝑏𝑐𝑔𝐶𝑔𝑑ℎ = 0; 11) 𝐶𝑎𝑏𝑐ℎ𝐹ℎ𝑑 = 0; (12)

12) 𝐶𝑎𝑏𝑐[𝑑ℎ] = −2{𝐶𝑎𝑏𝑐𝐹𝑑ℎ + 1
3(𝐶𝑎𝑑ℎ𝐹𝑏𝑐 + 𝐶𝑏𝑑ℎ𝐹𝑐𝑎 + 𝐶𝑐𝑑ℎ𝐹𝑎𝑏 + 𝐶𝑑𝑏𝑐𝐹𝑎ℎ +

+𝐶ℎ𝑏𝑐𝐹𝑑𝑎 + 𝐶𝑎𝑐𝑑𝐹ℎ𝑏 + 𝐶𝑎ℎ𝑐𝐹𝑑𝑏 + 𝐶𝑎𝑏𝑑𝐹𝑐ℎ + 𝐶𝑎𝑏ℎ𝐹𝑑𝑐)};
13) 𝐶𝑎𝑏𝑐𝑑

ℎ = (𝐴𝑔ℎ𝑎𝑑 − 2𝐶𝑔ℎ𝑓𝐶𝑓𝑎𝑑)𝐶𝑔𝑏𝑐 + (𝐴𝑔ℎ𝑏𝑑 − 2𝐶𝑔ℎ𝑓𝐶𝑓𝑏𝑑)𝐶𝑎𝑔𝑐 +

+(𝐴𝑔ℎ𝑐𝑑 − 2𝐶𝑔ℎ𝑓𝐶𝑓𝑐𝑑)𝐶𝑎𝑏𝑔;

14) 𝐶𝑎𝑏𝑐𝑑0 = −(2𝐶𝑎𝑏𝑐𝑑 + 𝐹𝑎𝑏𝐹𝑐𝑑 + 𝐹𝑎𝑐𝐹𝑑𝑏 + 𝐹𝑎𝑑𝐹𝑏𝑐);

15) 𝐶𝑎𝑏𝑐𝑔𝐶
𝑔𝑑ℎ = 0; 16) 𝐶𝑎𝑏𝑐ℎ𝐹

ℎ𝑑 = 0.

Differentiating externally (107) and (108), we get:
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1) 𝐴𝑎𝑑ℎ𝑐𝐹
ℎ𝑏 −𝐴𝑏𝑑ℎ𝑐𝐹

ℎ𝑎 = 3
2𝐹

𝑎𝑑𝐹ℎ𝑐𝐹
ℎ𝑏 − 3

2𝐹
𝑏𝑑𝐹ℎ𝑐𝐹

ℎ𝑎;

2) 2𝐹 𝑎𝑏𝐹𝑐𝑑 = (𝛿𝑎𝑑𝐹𝑐ℎ − 𝛿𝑎𝑐𝐹𝑑ℎ)𝐹
ℎ𝑏 + (𝛿𝑏𝑐𝐹𝑑ℎ − 𝛿𝑏𝑑𝐹𝑐ℎ)𝐹

ℎ𝑎;

3) 2𝐹 𝑎𝑏𝐹 𝑐𝑑 = 𝐹 𝑎𝑐𝐹 𝑑𝑏 + 𝐹 𝑎𝑑𝐹 𝑏𝑐; (13)

4) 𝐹𝑎ℎ𝐴
ℎ𝑑
𝑏𝑐 − 𝐹𝑏ℎ𝐴

ℎ𝑑
𝑎𝑐 = 3

2(𝐹𝑎𝑑𝐹𝑏ℎ − 𝐹𝑏𝑑𝐹𝑎ℎ)𝐹
ℎ𝑐;

5) 2𝐹𝑎𝑏𝐹
𝑐𝑑 = (𝛿𝑐𝑏𝐹

𝑑ℎ − 𝛿𝑑𝑏𝐹
𝑐ℎ)𝐹ℎ𝑎 + (𝛿𝑑𝑎𝐹

𝑐ℎ − 𝛿𝑐𝑎𝐹
𝑑ℎ)𝐹ℎ𝑏;

6) 2𝐹𝑎𝑏𝐹𝑐𝑑 = 𝐹𝑎𝑐𝐹𝑑𝑏 + 𝐹𝑎𝑑𝐹𝑏𝑐.

As a useful consequence (132) we prove the next theorem.

Theorem 1. [9] A GK-manifold of dimension different from 5 is a SGK-manifold of the II
kind.

The identity

(𝐴𝑎𝑔𝑏[𝑐 − 2𝐶𝑎𝑔𝑓𝐶𝑓𝑏[𝑐)𝐶|𝑔|𝑑ℎ] = 0 (14)

we call the first fundamental equality of GK-manifolds [10].
The identity

(𝐴𝑎ℎ𝑏[𝑐 −
3
2𝐹

𝑎ℎ𝐹𝑏[𝑐)𝐹|ℎ|𝑑] = 0 (15)

we call the second fundamental equality of GK-manifolds [10].
The identity

2𝐹 𝑎𝑏𝐹 𝑐𝑑 = 𝐹 𝑎𝑐𝐹 𝑑𝑏 + 𝐹 𝑎𝑑𝐹 𝑏𝑐 (16)

we call the third fundamental equality of GK-manifolds [10].
The identity

𝐹𝑎𝑑𝐶
𝑑𝑏𝑐 = 𝐹 𝑎𝑑𝐶𝑑𝑏𝑐 = 0 (17)

we call the forth fundamental equality of GK-manifolds.
The identity

𝐶𝑎𝑏𝑐𝑔𝐶
𝑔𝑑ℎ = 0 (18)

we call the fifth fundamental equality of GK-manifolds.
The system of functions (𝐶𝑎𝑏𝑐, 𝐶𝑎𝑏𝑐) determines the tensor (2,1) which is called the first

structural tensor, the system of functions (𝐹 𝑎𝑏, 𝐹𝑎𝑏) determines the tensor (1,0) which is called
the second structural tensor. The structural tensors of a GK-structure have the following
equations [10]:

1) 𝐶(𝑋,𝑌 ) = −1
2Φ ∘ ∇Φ𝑌 (Φ)Φ𝑋 = −1

2Φ
2 ∘ ∇Φ𝑌 (Φ)Φ

2𝑋; (19)

2) 𝐹 (𝑋) = Φ ∘ ∇Φ2𝑋(Φ)𝜉 − Φ2𝑋 = −Φ ∘ ∇𝑋(Φ)𝜉 − Φ2𝑋 = −∇𝑋𝜉 − Φ2𝑋 =

= −Φ2 ∘ ∇Φ𝑋(Φ)𝜉 − Φ2𝑋 = −Φ ∘ ∇Φ𝑋(Φ)𝜉 − Φ2𝑋; 𝑋,𝑌 ∈ 𝒳 (𝑀).

Definition 3. [4] A generalized Kenmotsu manifold with a zero first structural tensor is called
a special generalized Kenmotsu manifold (SGK-, for short) of the I kind.

Definition 4. [4] A generalized Kenmotsu manifold with a zero second structural tensor is
called a special generalized Kenmotsu manifold (SGK-, for short) of the II kind.
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4. Q-algebras of generalized Kenmotsu manifolds

In this section we discuss the Q-algebra adjoint to a GK-manifold.

Definition 5. [11] A Q-algebra is a triplet {𝑉, ⟨⟨·, ·⟩⟩ , *} where V is a module of the
commutative associative ring K with nontrivial involution; ⟨⟨·, ·⟩⟩ is a non-degenerated Hermitian
form on V; * is a binary operation * : 𝑉 × 𝑉 → 𝑉 , antilinear for each argument for which the
Q-algebra axiom is accomplished ⟨⟨𝑋 * 𝑌,𝑍⟩⟩+ ⟨⟨𝑍 *𝑋,𝑌 ⟩⟩ = 0, 𝑋, 𝑌, 𝑍 ∈ 𝑉 .

If K=C, then Q-algebra V is called complex.

Definition 6. [12] Q-algebra V is called:
- Abelian, or commutative Q-algebra, if 𝑋 * 𝑌 = 0, (𝑋,𝑌 ∈ 𝑉 );
- K-algebra, or anti-commutative Q-algebra, if 𝑋 * 𝑌 = −𝑌 *𝑋, (𝑋,𝑌 ∈ 𝑉 );
- A-algebra, or pseudo-commutative Q-algebra, if

⟨𝑋 * 𝑌,𝑍⟩+ ⟨𝑌 * 𝑍,𝑋⟩+ ⟨𝑍 *𝑋,𝑌 ⟩ = 0, (𝑋,𝑌, 𝑍 ∈ 𝑉 ).

We recall [13] that in the module 𝒳 (M) of an almost contact metrical manifold the structure
of Q-algebra Re is naturally introduced over the ring of complex-valued smooth functions with the
operation

𝑋 * 𝑌 = 𝑇 (𝑋,𝑌 ) =
1

4
{Φ∇Φ𝑋(Φ)Φ𝑌 − Φ∇Φ2𝑋(Φ)Φ

2𝑌 }; 𝑋,𝑌 ∈ 𝒳 (𝑀) (20)

and metrics

⟨⟨𝑋,𝑌 ⟩⟩ = ⟨𝑋,𝑌 ⟩+
√
−1 ⟨𝑋,Φ𝑌 ⟩ ;𝑋,𝑌 ∈ 𝒳 (𝑀). (21)

This Q-algebra is called adjoint.
Assume that 𝑀 is a GK-manifold. In the 𝐶∞(𝑀) — module 𝒳 (M) of smooth vector fields of

manifold 𝑀 a binary operation ” * ” is introduced by the formula

𝑋 * 𝑌 = 𝑇 (𝑋,𝑌 ) =
1

4
{Φ∇Φ𝑋(Φ)Φ𝑌 − Φ∇Φ2𝑋(Φ)Φ

2𝑌 }; 𝑋,𝑌 ∈ 𝒳 (𝑀)

Theorem 2. The GK-structure has an anti-commutative adjoint Q-algebra, h.e. a K-algebra.

Proof. From Definition 2 it is easy to follow that Φ∇Φ𝑋(Φ)Φ𝑌 +Φ∇Φ𝑌 (Φ)Φ𝑋; 𝑋,𝑌 ∈ 𝒳 (𝑀),
so Φ∇Φ𝑋(Φ)Φ𝑌 = −Φ∇Φ𝑌 (Φ)Φ𝑋; 𝑋,𝑌 ∈ 𝒳 (𝑀).

And it means that Φ∇Φ2𝑋(Φ)Φ
2𝑌 = −Φ∇Φ2𝑌 (Φ)Φ

2𝑋; 𝑋,𝑌 ∈ 𝒳 (𝑀). Then

𝑇 (𝑋,𝑌 ) = 1
4{Φ∇Φ𝑋(Φ)Φ𝑌 − Φ∇Φ2𝑋(Φ)Φ

2𝑌 } =

= −1
4{Φ∇Φ𝑌 (Φ)Φ𝑋 − Φ∇Φ2𝑌 (Φ)Φ

2𝑋} = −𝑇 (𝑌,𝑋); 𝑋,𝑌 ∈ 𝒳 (𝑀).

H.e. the adjoint Q-algebra of GK-structures is a K-algebra.

Corollary 1. SGK-manifolds of the I kind and Kenmotsu manifolds have Abelian adjoint
Q-algebra.

Proof. For SGK-manifolds of the I kind and Kenmotsu manifolds the identity is realized ([9])
Φ∇Φ𝑋(Φ)Φ𝑌 = −Φ∇Φ𝑌 (Φ)Φ𝑋 = 0; 𝑋,𝑌 ∈ 𝒳 (𝑀), and it means that

𝑇 (𝑋,𝑌 ) =
1

4
{Φ∇Φ𝑋(Φ)Φ𝑌 − Φ∇Φ2𝑋(Φ)Φ

2𝑌 } = 0;

𝑋,𝑌 ∈ 𝒳 (𝑀), h.e. adjoint Q-algebra is Abelian.
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Corollary 2. SGK-manifolds of the II kind have anti-commutative adjoint Q-algebra.

Proof. From (9) we have Φ∇Φ𝑋(Φ)Φ𝑌 + Φ∇Φ𝑌 (Φ)Φ𝑋; 𝑋,𝑌 ∈ 𝒳 (𝑀), than according to the
obtained equality

𝑋 * 𝑌 = 𝑇 (𝑋,𝑌 ) = 1
4{Φ∇Φ𝑋(Φ)Φ𝑌 − Φ∇Φ2𝑋(Φ)Φ

2𝑌 } =

= −1
4{Φ∇Φ𝑌 (Φ)Φ𝑋 − Φ∇Φ2𝑌 (Φ)Φ

2𝑋} =

= −𝑇 (𝑌,𝑋) = −𝑋 * 𝑌 ; 𝑋,𝑌 ∈ 𝒳 (𝑀),

h.e. the adjoint Q-algebra is commutative, h.e. a K-algebra.

Corollary 3. Kenmotsu manifolds have an Abelian adjoint Q-algebra.

Proof. For Kenmotsu manifolds the equality is executed ([11])

𝑇 (𝑋,𝑌 ) =
1

4
{Φ∇Φ𝑋(Φ)Φ𝑌 − Φ∇Φ2𝑋(Φ)Φ

2𝑌 } = 0, 𝑋, 𝑌 ∈ 𝒳 (𝑀),

h.e. the adjoint Q-algebra is Abelian.

5. The type constancy of generalized Kenmotsu manifolds

In this section we consider a contact analog of the type constancy and examine it in detail for
generalized Kenmotsu manifolds.

Definition 7. [14] The complex K-algebra Re is called the K-algebra of constant type, if
∃𝑐 ∈ 𝐶 ∀𝑋,𝑌 ∈ Re : ⟨⟨𝑋,𝑌 ⟩⟩ = 0 ⇒ ‖𝑋 * 𝑌 ‖2 = 𝑐 ‖𝑋‖2 ‖𝑌 ‖2.

Definition 8. The GK-manifold 𝑀 is called a pointlike constant type manifold, if its
adjoint Q-algebra has a constant type in each point of manifold 𝑀 . Function 𝑐, if it exists, is called
the type constant of the GK-manifold. If 𝑐 = 𝑐𝑜𝑛𝑠𝑡, than 𝑀 is called a global constant type

GK-manifold.

Assume that M is a GK-manifold. Let us consider Q-algebra Re, adjoint to manifold M, with
operation * : 𝒳 (𝑀)×𝒳 (𝑀) → 𝒳 (𝑀), defined by the identity

𝑋 * 𝑌 = 𝑇 (𝑋,𝑌 ) =
1

4
{Φ∇Φ𝑋(Φ)Φ𝑌 − Φ∇Φ2𝑋(Φ)Φ

2𝑌 };

𝑋,𝑌 ∈ 𝒳 (𝑀). From (9) it follows that on the GK-manifold Φ∇Φ𝑋(Φ)Φ𝑌 = −Φ∇Φ2𝑋(Φ)Φ
2𝑌 ;

𝑋,𝑌 ∈ 𝒳 (𝑀). Thus 𝑋 * 𝑌 = 1
2Φ∇Φ𝑋(Φ)Φ𝑌 = −1

2Φ∇Φ2𝑋(Φ)Φ
2𝑌 }; 𝑋,𝑌 ∈ 𝒳 (𝑀). Because of

(21), the condition ⟨𝑋,𝑌 ⟩ = ⟨𝑋,Φ𝑌 ⟩ = 0 equals the condition ⟨⟨𝑋,𝑌 ⟩⟩ = 0. Thus, the following is
true

Theorem 3. A GK-manifold is a manifold of pointlike constant type 𝑐 then and only then, when

∀𝑋,𝑌 ∈ 𝒳 (𝑀) ⟨⟨𝑋,𝑌 ⟩⟩ = 0 ⇒ ‖𝐶(𝑋,𝑌 )‖2 = 𝑐 ‖𝑋‖2 ‖𝑌 ‖2 . (22)

We introduce into consideration a 4-form

𝒞(𝑋,𝑌, 𝑍,𝑊 ) = ⟨⟨𝑋 * 𝑌,𝑍 *𝑊 ⟩⟩ = ⟨⟨𝐶(𝑋,𝑌 ), 𝐶(𝑍,𝑊 )⟩⟩ .

It is directly verified that it has the following properties:
1) Antilinearity at the first pair of arguments

√
−1𝒞(𝑋,𝑌, 𝑍,𝑊 ) = −𝒞(Φ𝑋,𝑌, 𝑍,𝑊 ) = −𝒞(𝑋,Φ𝑌, 𝑍,𝑊 ).
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2) Linearity at the second pair of arguments
√
−1𝒞(𝑋,𝑌, 𝑍,𝑊 ) = −𝒞(𝑋,𝑌,Φ𝑍,𝑊 ) = −𝒞(𝑋,𝑌, 𝑍,Φ𝑊 ).

3) Skew symmetry at the first and second pairs of arguments

𝒞(𝑋,𝑌, 𝑍,𝑊 ) = −𝒞(𝑌,𝑋,𝑍,𝑊 ) = −𝒞(𝑋,𝑌,𝑊,𝑍).

4) Hermicity

𝒞(𝑋,𝑌, 𝑍,𝑊 ) = 𝒞(𝑍,𝑊,𝑋, 𝑌 ), 𝑋, 𝑌, 𝑍,𝑊 ∈ 𝒳 (𝑀).

Because

𝒞(𝑋,𝑌,𝑋, 𝑌 ) = ⟨⟨𝑋 * 𝑌,𝑋 * 𝑌 ⟩⟩ = ⟨⟨𝐶(𝑋,𝑌 ), 𝐶(𝑋,𝑌 )⟩⟩ = ‖𝐶(𝑋,𝑌 )‖2 ,

GK-manifold 𝑀 is of a pointlike constant type 𝑐 then and only then, when

𝒞(𝑋,𝑌,𝑋, 𝑌 ) = 𝑐 ‖𝑋‖2 ‖𝑌 ‖2 , 𝑋, 𝑌 ∈ 𝒳 (𝑀), ⟨⟨𝑋,𝑌 ⟩⟩ = 0. (23)

We polarize this equality, replacing 𝑌 with 𝑌 + 𝑍, where 𝑍 ∈ 𝒳 (𝑀), ⟨⟨𝑋,𝑍⟩⟩ = 0:
𝒞(𝑋,𝑌 +𝑍,𝑋, 𝑌 +𝑍) = 𝑐 ‖𝑋‖2 ‖𝑌 + 𝑍‖2. After distribution through its linearity and the required
reduction considering (23), we get

𝒞(𝑋,𝑌,𝑋,𝑍) + 𝒞(𝑋,𝑍,𝑋, 𝑌 ) = 𝑐 ‖𝑋‖2 (⟨⟨𝑌,𝑍⟩⟩+ ⟨⟨𝑍, 𝑌 ⟩⟩). (24)

Replacing 𝑍 with Φ𝑍 here, while considering the properties 1) and the non-degeneracy of
endomorphism Φ we get:

𝒞(𝑋,𝑌,𝑋,𝑍)− 𝒞(𝑋,𝑍,𝑋, 𝑌 ) = 𝑐 ‖𝑋‖2 (−⟨⟨𝑌, 𝑍⟩⟩+ ⟨⟨𝑍, 𝑌 ⟩⟩). (25)

Summing the identities (24) and (25) term by term we get:

𝒞(𝑋,𝑌,𝑋,𝑍) = 𝑐 ‖𝑋‖2 ⟨⟨𝑍, 𝑌 ⟩⟩ . (26)

Let now 𝑌,𝑍 ∈ 𝒳 (𝑀) be arbitrary vectors. Let us distribute them over the linear hull of vector
𝑋 and its orthogonal complement: 𝑌 = ⟨⟨𝑌,𝑋⟩⟩

‖𝑋‖2 𝑋 + 𝑌 ′; 𝑍 = ⟨⟨𝑍,𝑋⟩⟩
‖𝑋‖2 𝑋 + 𝑍 ′. Considering (26) and

the property 3) after the required reduction we get:

𝒞(𝑋,𝑌,𝑋,𝑍) = 𝒞(𝑋,𝑌 ′, 𝑋, 𝑍 ′) = 𝑐 ‖𝑋‖2 ⟨⟨𝑍 ′, 𝑌 ′⟩⟩ =

= 𝑐 ‖𝑋‖2
⟨⟨
𝑍 − ⟨⟨𝑍,𝑋⟩⟩

‖𝑋‖2 𝑋,𝑌 − ⟨⟨𝑌,𝑋⟩⟩
‖𝑋‖2 𝑋

⟩⟩
=

= 𝑐{⟨⟨𝑍, 𝑌 ⟩⟩ ‖𝑋‖2 − ⟨⟨𝑍,𝑋⟩⟩ ⟨⟨𝑋,𝑌 ⟩⟩}.

So,

𝒞(𝑋,𝑌,𝑋,𝑍) = 𝑐{⟨⟨𝑍, 𝑌 ⟩⟩ ‖𝑋‖2 − ⟨⟨𝑍,𝑋⟩⟩ ⟨⟨𝑋,𝑌 ⟩⟩}. (27)

Let us replace 𝑍 with 𝑊 in the obtained equality, then

𝒞(𝑋,𝑌,𝑋,𝑊 ) = 𝑐{⟨⟨𝑊,𝑌 ⟩⟩ ‖𝑋‖2 − ⟨⟨𝑊,𝑋⟩⟩ ⟨⟨𝑋,𝑌 ⟩⟩}.

In the last identity we replace 𝑋 with 𝑋 + 𝑍 and after removal through linearity and after the
required reduction while considering (27) we get:

𝒞(𝑋,𝑌, 𝑍,𝑊 ) = 𝑐{⟨⟨𝑊,𝑌 ⟩⟩ ⟨⟨𝑍,𝑋⟩⟩ − ⟨⟨𝑊,𝑋⟩⟩ ⟨⟨𝑍, 𝑌 ⟩⟩}. (28)

Inverse, it is obvious that because (28), (23) is fulfilled, thus, M is a GK-manifold of a pointlike
constant type 𝑐.

Thus the following theorem is proved.
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Theorem 4. A GK-manifold is a manifold of pointlike constant type 𝑐 then and only then, when
the following is realized

𝒞(𝑋,𝑌, 𝑍,𝑊 ) = ⟨⟨𝐶(𝑋,𝑌 ), 𝐶(𝑍,𝑊 )⟩⟩ 𝑐{⟨⟨𝑊,𝑌 ⟩⟩ ⟨⟨𝑍,𝑋⟩⟩ −
− ⟨⟨𝑊,𝑋⟩⟩ ⟨⟨𝑍, 𝑌 ⟩⟩}.

We introduce the following theorem giving the structural tensor properties.

Theorem 5. GK-structure structural tensors have the following properties:

1) Φ ∘ 𝐶(𝑋,𝑌 ) = −𝐶(Φ𝑋,𝑌 ) = −𝐶(𝑋,Φ𝑌 );

2) Φ ∘ 𝐹 = −𝐹 ∘ Φ;
3) ⟨⟨𝐶(𝑋,𝑌 ), 𝑍⟩⟩+ ⟨⟨𝑌,𝐶(𝑋,𝑍)⟩⟩ = 0; (29)

4) 𝐹 (𝜉) = 0;

5) 𝜂 ∘ 𝐹 = 0.

Proof. 1) After covariant differentiation of the equality Φ2 = −𝑖𝑑 + 𝜂 ⊗ 𝜉, we get
∇𝑌 (Φ)Φ𝑋 +Φ ∘∇Φ𝑌 (Φ)𝑋 = 𝜉∇𝑌 (𝜂)𝑋 + 𝜂(𝑋)∇𝑌 𝜉. In the last equality we change 𝑋 → Φ𝑋, and
the received identity will be influenced by operator Φ2, then we get Φ∘∇𝑌 (Φ)Φ𝑋 = Φ2∘∇𝑌 (Φ)Φ

2𝑋.
In the received identity we change 𝑌 → Φ𝑌 , then

Φ ∘ ∇Φ𝑌 (Φ)Φ𝑋 = Φ2 ∘ ∇Φ𝑌 (Φ)Φ
2𝑋;∀𝑋,𝑌 ∈ 𝒳 (𝑀). (30)

In the received identity we change 𝑋 → Φ𝑋, then we get Φ∘∇Φ𝑌 (Φ)Φ
2𝑋 = −Φ2∘∇Φ𝑌 (Φ)Φ𝑋;

∀𝑋,𝑌 ∈ 𝒳 (𝑀). Considering the last identity, from (19) we have

Φ ∘ 𝐶(𝑋,𝑌 ) = −1

2
Φ2 ∘ ∇Φ𝑌 (Φ)Φ𝑋 = −1

2
Φ ∘ ∇Φ𝑌 (Φ)Φ

2𝑋 = −𝐶(Φ𝑋,𝑌 )

and

𝐶(Φ𝑋,Φ) = −1
2Φ ∘ ∇Φ𝑌 (Φ)Φ

2𝑋 = 1
2Φ ∘ ∇Φ2𝑋(Φ)Φ𝑌 =

= 1
2Φ

2 ∘ ∇Φ2𝑋(Φ)Φ
2𝑌 = −1

2Φ
2 ∘ ∇Φ2𝑌 (Φ)Φ

2𝑋 =

= −1
2Φ ∘ ∇Φ2𝑌 (Φ)Φ𝑋 = 𝐶(𝑋,Φ𝑌 ).

2) From the analytic expression of the second structural tensor and from the expression
𝐹 (𝑋) = −Φ2 ∘ ∇Φ𝑋(Φ)𝜉 − Φ2𝑋 = −Φ ∘ ∇Φ𝑋(Φ)𝜉 − Φ2𝑋; ∀𝑋,𝑌 ∈ 𝒳 (𝑀), it follows that
Φ ∘ 𝐹 = −𝐹 ∘ Φ.

3) Considering (18) and (21) we have

⟨⟨𝐶(𝑋,𝑌 ), 𝑍⟩⟩ = ⟨𝐶(𝑋,𝑌 ), 𝑍⟩+
√
−1 ⟨𝐶(𝑋,𝑌 ),Φ𝑍⟩ =

=
⟨︀
−1

2Φ ∘ ∇Φ𝑌 (Φ)Φ𝑋,𝑍
⟩︀
+
√
−1
⟨︀
−1

2Φ ∘ ∇Φ𝑌 (Φ)Φ𝑋,Φ𝑍
⟩︀
=

= −1
2 ⟨Φ𝑋,∇Φ𝑌 (Φ)Φ𝑍⟩+ 1

2

√
−1
⟨︀
Φ𝑋,∇Φ𝑌 (Φ)Φ

2𝑍
⟩︀
=

= 1
2 ⟨𝑋,Φ ∘ ∇Φ𝑌 (Φ)Φ𝑍⟩ − 1

2

√
−1
⟨︀
𝑋,Φ ∘ ∇Φ𝑌 (Φ)Φ

2𝑍
⟩︀
=

= 1
2 ⟨𝑋,Φ ∘ ∇Φ𝑌 (Φ)Φ𝑍⟩ − 1

2

√
−1
⟨︀
𝑋,Φ2 ∘ ∇Φ𝑌 (Φ)Φ𝑍

⟩︀
=

= −⟨𝑋,𝐶(𝑌,𝑍)⟩ −
√
−1 ⟨𝑋,Φ𝐶(𝑌,𝑍)⟩ = −⟨⟨𝑋,𝐶(𝑌,𝑍)⟩⟩.

4) Because Φ(𝜉) = 0, we have 𝐹 (𝜉) = −Φ ∘ ∇Φ𝜉(Φ)𝜉 − Φ2𝜉 = 0.
5) Because the almost contact metrical manifold has equalities 𝜂 ∘Φ = 0 and 𝜂(∇𝑋𝜉) = 0, then

𝜂(𝐹 (𝑋)) = −𝜂(∇𝑋𝜉)− 𝜂(Φ2𝑋) = 0, h.e. 𝜂 ∘ 𝐹 = 0.
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Let us find the representation of the equality (28) of the adjoint G-structure. We fix the point
𝑝 ∈𝑀 , orthonormal frame 𝑟 = (𝑝, 𝑒1, ..., 𝑒𝑛) of space 𝑇𝑝(𝑀), that is considered as a C-module, and
the corresponding A-frame

𝑟 = (𝑝, 𝜖0, 𝜖1, ..., 𝜖𝑛, 𝜖1̂, ..., 𝜖�̂�),

where 𝜖𝑎 =
√
2𝜎𝑝(𝑒𝑎), 𝜖�̂� =

√
2𝜎𝑝(𝑒𝑎), 𝜖0 = 𝜉𝑝. Putting into (28) 𝑋 = 𝑒𝑎, 𝑌 = 𝑒𝑏, 𝑍 = 𝑒𝑐, 𝑊 = 𝑒𝑑,

we get an equivalent (in point 𝑝) identity

𝒞(𝑒𝑎, 𝑒𝑏, 𝑒𝑐, 𝑒𝑑) = ⟨⟨𝐶(𝑒𝑎, 𝑒𝑏), 𝐶(𝑒𝑐, 𝑒𝑑)⟩⟩ =
= 𝑐{⟨⟨𝑒𝑑, 𝑒𝑏⟩⟩ ⟨⟨𝑒𝑐, 𝑒𝑎⟩⟩ − ⟨⟨𝑒𝑑, 𝑒𝑎⟩⟩ ⟨⟨𝑒𝑐, 𝑒𝑏⟩⟩}. (31)

Because

⟨⟨𝑒𝑎, 𝑒𝑏⟩⟩ = ⟨𝜎𝑒𝑎, 𝜎𝑒𝑏⟩+
√
−1 ⟨𝜎𝑒𝑎, 𝜎𝑒𝑏⟩ = 2 ⟨𝜎𝑒𝑎, �̄�𝑒𝑏⟩ =

⟨
𝜖𝑎, 𝜖

𝑏
⟩
= 𝛿𝑏𝑎,

which also comes from the orthonormal nature of the frame 𝑟. Because 𝐶𝑎𝑏𝑐 = 1
2𝐶(𝜖�̂�, 𝜖𝑐)

𝑎, then

⟨⟨𝐶(𝑒𝑎, 𝑒𝑏), 𝐶(𝑒𝑐, 𝑒𝑑)⟩⟩ = ⟨𝐶(𝑒𝑎, 𝑒𝑏), 𝐶(𝑒𝑐, 𝑒𝑑)⟩+
√
−1 ⟨𝐶(𝑒𝑎, 𝑒𝑏), 𝐶(𝑒𝑐, 𝑒𝑑)⟩ =

= 2 ⟨𝜎𝐶(𝑒𝑎, 𝑒𝑏), �̄�𝐶(𝑒𝑐, 𝑒𝑑)⟩ = 2 ⟨𝐶(�̄�𝑒𝑎, �̄�𝑒𝑏), 𝐶(𝜎𝑒𝑐, 𝜎𝑒𝑑)⟩ =
= 1

2

⟨︀
𝐶(𝜖�̂�, 𝜖�̂�), 𝐶(𝜖𝑐, 𝜖𝑑)

⟩︀
= 2

⟨︀
𝐶ℎ𝑎𝑏𝜖ℎ, 𝐶𝑔𝑐𝑑𝜖

𝑔
⟩︀
=

= 2𝐶ℎ𝑎𝑏𝐶𝑔𝑐𝑑 ⟨𝜖ℎ, 𝜖𝑔⟩ = 2𝐶ℎ𝑎𝑏𝐶𝑔𝑐𝑑 = 2𝐶𝑎𝑏ℎ𝐶ℎ𝑐𝑑.

Then relations (31) can be formulated as 𝐶𝑎𝑏ℎ𝐶ℎ𝑐𝑑 =
𝑐
2𝛿
𝑎𝑏
𝑐𝑑 , where 𝛿

𝑎𝑏
𝑐𝑑 = 𝛿𝑎𝑐 𝛿

𝑏
𝑑 − 𝛿𝑑𝑐 𝛿

𝑎
𝑏 is a Kronecker

delta of the second order. Through this we prove the following theorem.

Theorem 6. Let 𝑀 be a GK-manifold. Then the following statements are equivalent:
1) 𝑀 is a GK-manifold of a pointlike constant type 𝑐.
2) The first structural tensor of a GK-manifold satisfies the identity

⟨⟨𝐶(𝑋,𝑌 ), 𝐶(𝑍,𝑊 )⟩⟩ = 𝑐{⟨⟨𝑊,𝑌 ⟩⟩ ⟨⟨𝑍,𝑋⟩⟩ − ⟨⟨𝑊,𝑋⟩⟩ ⟨⟨𝑍, 𝑌 ⟩⟩}.

3) On the adjoint G-structure space the following relation is correct

𝐶𝑎𝑏ℎ𝐶ℎ𝑐𝑑 =
𝑐

2
𝛿𝑐𝑑

𝑎𝑏. (32)

Let us differentiate externally the following equality (32)

𝑑𝐶𝑎𝑏ℎ𝐶ℎ𝑐𝑑 + 𝐶𝑎𝑏ℎ𝑑𝐶ℎ𝑐𝑑 = 2𝑑𝑐𝛿𝑎𝑏𝑐𝑑 .

Considering the structural equations of GK-manifolds we have

(−𝐶𝑔𝑏ℎ𝜃𝑎𝑔 − 𝐶𝑎𝑔ℎ𝜃𝑏𝑔 − 𝐶𝑎𝑏𝑔𝜃ℎ𝑔 + 𝐶𝑎𝑏ℎ𝑔𝜔𝑔 − 2𝛿
[𝑎
𝑔 𝐹 𝑏ℎ]𝜔𝑔 −

−𝐶𝑎𝑏ℎ𝜔)𝐶ℎ𝑐𝑑 + 𝐶𝑎𝑏ℎ(𝐶𝑔𝑐𝑑𝜃
𝑔
ℎ + 𝐶ℎ𝑔𝑑𝜃

𝑔
𝑐 + 𝐶ℎ𝑐𝑔𝜃

𝑔
𝑑 + 𝐶ℎ𝑐𝑑𝑔𝜔

𝑔 −
−2𝛿𝑔[ℎ𝐹𝑐𝑑]𝜔𝑔 − 𝐶ℎ𝑐𝑑𝜔) = 2𝛿𝑎𝑏𝑐𝑑𝑑𝑐.

Opening the brackets and collecting similar terms considering (32), (1210), (1214), (11), we have

(𝐶𝑎𝑏ℎ𝐶ℎ𝑐𝑔𝑑 − 2
3𝐹

𝑎𝑏𝐶𝑔𝑐𝑑)𝜔
𝑔 − (𝐶𝑎ℎ𝑔𝑏𝐶ℎ𝑐𝑑 +

2
3𝐶

𝑎𝑏𝑔𝐹𝑐𝑑)𝜔𝑔 − 4𝑐𝛿𝑎𝑏𝑐𝑑 =

= 2𝛿𝑎𝑏𝑐𝑑(𝑐𝑔𝜔
𝑔 + 𝑐𝑔𝜔𝑔 + 𝑐0𝜔).

From here we have

1) 𝛿𝑎𝑏𝑐𝑑𝑐𝑔 = 𝐶𝑎𝑏ℎ𝐶ℎ𝑐𝑔𝑑 − 2
3𝐹

𝑎𝑏𝐶𝑔𝑐𝑑; (33)

2) 𝛿𝑎𝑏𝑐𝑑𝑐
𝑔 = −𝐶𝑎ℎ𝑔𝑏𝐶ℎ𝑐𝑑 − 2

3𝐹𝑐𝑑𝐶
𝑎𝑏𝑔; 3) 𝑐0 = −2𝑐.
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Contracting equalities (331) and (332) at first by indices 𝑎 and 𝑐, and then by indices 𝑏 and
𝑑, considering the equalities 𝐹𝑎𝑑𝐶𝑑𝑏𝑐 = 𝐹 𝑎𝑑𝐶𝑑𝑏𝑐 = 0 and 𝐶𝑎𝑏𝑐𝑔𝐶𝑔𝑑ℎ = 𝐶𝑎𝑏𝑐𝑔𝐶

𝑔𝑑ℎ = 0, we get
𝑛(𝑛− 1)𝑐𝑔 = 𝑛(𝑛− 1)𝑐𝑔 = 0, h.e. either 𝑑𝑖𝑚𝑀 = 3, or 𝑐𝑔 = 𝑐𝑔 = 0.

Thus 𝑑𝑐 = −2𝑐. Differentiating the last equality externally we get 𝑐𝑑𝜔 = 0, which, considering
(101) will be written as: 𝑐(𝐹𝑎𝑏𝜔𝑎 ∧ 𝜔𝑏 + 𝐹 𝑎𝑏𝜔𝑎 ∧ 𝜔𝑏) = 0, h.e. 𝑐𝐹𝑎𝑏𝜔𝑎 ∧ 𝜔𝑏 + 𝑐𝐹 𝑎𝑏𝜔𝑎 ∧ 𝜔𝑏 = 0.

Therefore either 𝑐 = 0, or 𝐹𝑎𝑏 = 𝐹 𝑎𝑏 = 0.
Thus the following theorem is proved.

Theorem 7. AGK-manifold of a constant non-zero type is a SGK-manifold of the II kind.

Assume that 𝑀 is a SGK-manifold of the II kind then we will perform a complete convolution
(23):

∑︀
𝑎,𝑏,𝑐 |𝐶𝑎𝑏𝑐|

2 = 𝐶𝑎𝑏𝑐𝐶𝑎𝑏𝑐 = 2𝑐𝑛(𝑛 − 1), where 𝑛 is a complex dimensionality of the contact

distribution 𝐿. This implies that 𝑐 ≥ 0, 𝑐 ∈ 𝑅, at that 𝑐 = 0 then and only then, when 𝐶𝑎𝑏𝑐 = 0,
h.e. 𝑀 is a Kenmotsu manifold. Thus it’s proved that

Theorem 8. The class of SGK-manifolds of the II kind of the zero constant type coincides with
the class of Kenmotsu manifolds.

We have to investigate SGK-manifolds of the II kind of the non-zero constant type. According
to [4] SGK-manifolds of the II kind of the non-zero constant type are concircularly transformed
into most precise cosymplectic manifolds which, in turn, are locally equivalent to the product of
own (h.e. non-Keller) almost Keller eigenmanifold and the real straight line. Because the class of
almost Keller manifolds of the non-zero constant type coincides with the class of six-dimensional
almost Keller eigenmanifolds ([3], [14]), we can formulate the following theorem.

Theorem 9. The class of SGK-manifolds of the II kind of the zero constant type coincides with
the class of Kenmotsu manifolds. The class of SGK-manifolds of the II kind of the non-zero constant
type is concircularly transformed into the almost contact metrical manifolds locally equivalent to the
product of the six-dimensional NK-eigenmanifold and the real straight line.

Theorems 8 and 9 can be combined into the following Fundamental theorem.

Theorem 10. Fundamental theorem. The class of GK-manifolds of the zero constant type
coincides with the class of Kenmotsu manifolds. The class of GK-manifolds of the non-zero constant
type is concircularly transformed into the almost contact metrical manifolds locally equivalent to the
product of the six-dimensional NK-eigenmanifold and the real straight line.

6. Conclusions

In this work fully research generalized Kenmotsu manifolds constancy of type. The local
characteristic of these manifolds is obtained. The main theorem gives a complete solution to the
assigned task.
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