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AnHOTanusa

Kinace Cenpbepra S cocrasasior psiast Jupuxite

L(s) = i a(m)7 s =0 +it,

s
m=1

KO DUIMEHTHI KOTOPBIX MIPHU BCAKOM € > ( yAOBJIETBOPSIOT oueHke a(m) < mS; CylecrByer
nenoe k > 0 taxoe, uto (s — 1)FL(s) apngerca memoit GynKkmed KoHewHoro nopsaaka; ais L
umeeT MecTo (PyHKIMOHAIBHOE yPaBHEHUE, CBA3bIBAIONIee s U 1 — §, U 3iIepOBO NPOU3BEICHIE
o mipocThiM aucaam. IItoiguar momosant knace S yeaoBruem

—1
Jm (1) P law)f = x>0,

p<T p<zT

IJle p O3HAUAET LPOCTbe uuc/a. IlosyueHHblil Kiace 0603HAYACTC Yepes S.

IMycrs @, 0 < a < 1, — dukcuposanublit mapamerep, a a = {a,, : m € Ny} — nepnoan-
yecKas MOCIeIOBATEIBHOCTh KOMIIEKCHBIX 4ucesl. JIpyroil OOheKT CTaThbd — MepHOINYecKast
mzera-byukius Dypeuna (s, a; a) npu o > 1 onpexensierca pagom dupuxie

00 U
C(&a; a) = E)W7

7 MepOMOPGHO MPOJOJIKAETCS HA BCIO KOMJIEKCHYIO TLIIOCKOCTb.
B crarbe pacmMaTpuBaeTcd IMCKpPETHAS YHUBEPCAJIHHOCTH HAOOPA

(‘C(g)v C(S7 Q; all)a ey C(Sa Qa5 alll)a sy 4(87057'; aT'1)7 sy ((8, Q] a’!‘lr)) )

rae L£(5) € S, a ((s,a;;a5,) — mepnogudeckne nzera-pynkmun [ypsuna, T.e., oqHOBpeMeHHOe
mpubIMKeHne Habopa IMUPOKOT0 KJIACCA AHAJUTHIECKUX (DYHKITHIT

(f(g)’fll(s)7"'7f1l1(8)7'"7fT1(5)7"'?f7‘lr(5))
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HaOOPOM CIIBHTOB
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rae h, hy,..., h, — momoxurenbube ducsaa. [Ipu aTtom Tpedyercs muHeiiHasg HE3AaBUCHMOCTD HaJ
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{(hlogp:p € P),(hjlogim+a;):meNy, j=1,...,r),2n},
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Abstract

The Selberg class S contains Dirichlet series

L(s) = f: am) i,

m=1 m?
such that, for every £ > 0, a(m) <. m®; there exists an integer k > 0 such that (s — 1)*L(s) is
an entire function of finite order; the functions £ satisfy a functional equation connecting s with
1 — s, and have a product representation over prime numbers. Steuding introduced a subclass
S of § with additional condition

-1
Jim (1] Yl =r >0

pP<T p<T
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where p runs prime numbers.

Let o, 0 < a < 1, be a fixed parameter, and a = {a,, : m € Ny} be a periodic sequence of
complex numbers. The second object of the paper is the periodic Hurwitz zeta-function ((s, a; a)
which is defined, for o > 1, by the Dirichlet series

(s a50) = 32 2

m=0

and is meromorphically continued to the whole complex plane.
The paper is devoted to the discrete universality of the collection

(£(§)7 <(87 1, all)a ey <(87 7, alll)a sy C(Svar; U"r‘l)7 ey <(S7 Qo arlr)) 5

where L(3) € §, and ((s, aj; ajy;) are periodic Hurwitz zeta-functions, i.e., to the simultaneous
approximation of a collection

(f(g)afll(s)v"'7f1l1(5)7"-afrl(s)v"'vfrlr(s))

of analytic functions from a wide class by a collection of shifts

(ﬁ(g+ zkh),((s + ikhy, aq; au), ce ,C:(S +ikhy1, aq; uul), ceey
C(s+ikhr, ar;ar),. .., C(s + ikh,, am))7

where h, hy,...,h, are positive numbers, is considered. For this, the linear independence over
the field of rational numbers for the set

{(hlogp:p e P),(hjloglm+a;):meNy, j=1,...,7r),27},

where P denotes the set of all prime numbers, is applied.

Keywords: Dirichlet series, Hurwitz zeta-function, periodic Hurwitz zeta-function, Selberg
class, universality, weak convergence.

Bibliography: 29 titles.

For citation:

A. Baléiunas, R. Macaitiené, D. Siautiunas, 2019, "Joint discrete universality for L-functions
from the Selberg class and periodic Hurwitz zeta-functions" , Chebyshevskiz sbornik, vol. 20, no. 1,
pp. 46-65.

In honor of Professor Antanas Laurincéikas on the occasion of his 70th birthday

1. Introduction

After a pioneer Voronin’s work [27], it is known that some zeta and L-functions are universal
in the sense that their shifts approximate a wide class of analytic functions. Also, this universality
property was extended to collections of zeta-functions simultaneously approximating a given
collections of analytic functions. In other words, some zeta and L-functions are jointly universal
in the approximation sense. The first joint universality theorem was obtained also by Voronin. In
[28], investigating the joint functional independence of Dirichlet L-functions, he first obtained in
a not explicit form their joint universality, see also [10], [11]. A very interesting is the so-called
mixed joint universality of zeta and L-functions. In this case, a collection of analytic functions is
approximated by the collection of zeta and L-functions consisting of functions having and having no
Euler’s product over primes. This type of universality was proposed by Mishou in [19] who proved
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a mixed joint universality theorem for the Riemann zeta-function ((s), s = o +it, and the Hurwitz
zeta-function

> 1
¢(s,a) = Zo(m—i-oz)s’ o>1,

with transcendental parameter a, 0 < a < 1. Let D = {s eC: % <o < 1}. Denote by K the class
of compact subsets of the strip D with connected complements, by H(K) with K € K the class
of continuous functions on K that are analytic in the interior of K, and by Hy(K) with K € K
the subclass of H(K) of non-vanishing functions on K. Then the Mishou theorem is the following
statement.

THEOREM 1. Suppose that « is transcendental. Let Ki,Ky € K, fi(s) € Hy(K;) and
fa(s) € H(K3). Then, for every e > 0,

lim inf lmeas {T €10, 7] : sup |((s+iT) — fi(s)| < e, sup [((s +iT,a) — fa(s)| < 8} > 0.
T—oo T seK; s€Ko

In [7], Theorem 1 was extended for zeta-functions with periodic coefficients. Let a={a,, :m € N}
and b = {b,, : m € Ng}, Ny = NU {0}, be a periodic sequences of complex numbers with minimal
periods ¢ € N and g2 € N, respectively. Then the periodic zeta-function ((s;a) and periodic
Hurwitz zeta-function ((s,a;b), 0 < a < 1, are defined, for o > 1, by

b

_Om
(m+a)*’

((s;a) = i % and ((s,a;b) = i
m=1

m=0

and can be continued meromorphically to the whole complex plane with possible simple pole at the
point s = 1. The results of [14] were generalized for collections consisting from r; periodic zeta-
functions with multiplicative coefficients and r9 periodic Hurwitz zeta-functions with algebraically
independent over Q parameters ai,...,q,,. More general results were obtained in the theses of
K. Janulis [6] and S. Ratkauskiené [22].

The above mentioned universality results for zeta-functions are of continuous type, 7 in shifts
C(s+it;a) and ((s+1i7, a; b) can take arbitrary real values. Reich in [23| proposed an another type
of universality when 7 takes values from a certain discrete set. He used the set {kh : k € Ny} with
fixed h > 0. The Reich theorem in the case of Riemann zeta-function is of the following form. In
the sequel, # A denotes the cardinality of the set A, and N runs over non-negative integers.

THEOREM 2. Suppose that K € K and f(s) € Ho(K). Then, for every e >0 and h > 0,

1
im i <k 1S ) — .
1}\rfri>1(ng+1#{0\k\N :g}gK(s%—zkh) f(s)\<5}>0

Theorem 2 independently by an another method was also proved in [1].
The first discrete version of Theorem 1 was obtained in [3]. Define the set

2
L(P,a,h,7) = {(logp :p € P), (log(m + «) : m € Ny), }j} .
Then the main result of 3] is the following theorem.

THEOREM 3. Suppose that the set L(P, «, h, ) is linearly independent over Q. Let K1, Ko € K,
and fi1(s) € Ho(K1), f2(s) € H(K2). Then, for every e > 0,

#{0 <k < N:sup [((s+ikh) — fi(s)| < e, sup |((s + ikh,a) — fa(s)] <€} > 0.

lim inf
N—oo sEK s€Ky

+1
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In [4], Theorem 3 was generalized for shifts ((s + ikh1) and ((s + ikha, ) by using the linear
independence over QQ of the set

L(P,a,hy,he,m) = {(h1logp: p € P), (halog(m + ) : m € Ny), 27} .

An analogue of Theorem 3 for the functions ((s; a) with multiplicative coefficients and ((s, a; b)
was proved in [14]. Finally, in [15], the results of [14] were extended for a wide collections consisting
from periodic and periodic Hurwitz zeta-functions.

The aim of this paper is discrete universality theorems for L-functions from the Selberg class
and periodic Hurwitz zeta-functions.

The Selberg class S was introduced in [24], and consists of Dirichlet series

that satisfy the following axioms:
(i) (Ramanujan conjecture). For every € > 0, the estimate a(m) <. m® takes place.

(ii) (analytic continuation). There exists r € Ny such that (s — 1)"L(s) is an entire function of
finite order.

(iii) (functional equation). The functional equation
- f
Apsy = whe(1=3), As(s) = L()Q° [[T (Vs + ),
7=1
with Q;,A\; € Rand pj,w € C, Rep; > 0 and |w| = 1 is satisfied for all s.

(iv) (Euler product). The product representation over primes
ﬁ(S) = Hﬁp(s)v
P

where

0 ik
log £,(s) = Z b(]?s)

with b(p!) < p' with some 6 < %, is valid.

It is well known that the majority of classical zeta and L-functions are elements of the class S.
The first universality results for L-functions from the Selberg class were obtained by J. Steuding
in [25] and [26]. The most general universality theorem for the above L-functions is given in [21].
In this theorem, an additional condition that

-1
lim Z 1 Z la(p)|> =k >0 (1)

T—r00
p<zT p<T

is required. Moreover, for £ € S, let

!
de =2) )\,
j=1
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and
1

Cde

Denote by K, the class of compact subsets of Dy with connected complements, and by Hg,y with
K € K. the class of continuous non-vanishing functions on K that are analytic in the interior of
K. The main result of the paper [21] is the following theorem. Denote the class S with condition
(1) by S.

1
1

57 }7 D:DL:{SGCZU£<U<1}.

or = max{

THEOREM 4. Suppose that L € S. Let K € Kz and f(s) € Hor(K). Then, for every e > 0,

1
lim inf —meas {T € [0, 7] :sup |[L(s+iT) — f(s)] < 5} > 0.
T—oo T sEK

Joint universality theorems of L-functions from the class S and periodic Hurwitz zeta-functions
were proved in [8], [9] and [17].
The discrete version of Theorem 4 was given in [16].

THEOREM 5. Under hypotheses of Theorem 4, for every € > 0,

1
im i <k <K 1S ) — .
1}\1{11}101?]\[_1_1#{0\1{\]\7 §g£|£(s+zkh) f(s)\<6}>0

The aim of this paper is to obtain joint discrete universality for L-functions in the class S and
periodic Hurwitz zeta-functions. Such a theorem for a pair (£(s), ((s, a;a)) was obtained in [10].
For h > 0 define define the set

2
LP;aq,...,ap; h,m) = {(logp:pé]?),(log(m—i—aj):mENo,j: 1,...,7‘),;}.

THEOREM 6. Suppose that the set L(P;aq,...,ap; h,m) is linearly independent over Q and
LeS. Let K € K, Kq,...,K, € K, and f(s) € Hoe(K), fi(s) € H(K1),..., fr(s) € H(K,).
Then, for every € > 0,

lim inf
N N +1

#{0 <k < N :sup |L(s+ikh) — f(s)| <,
seK

sup sup |((s + ikh, aj;a5) — fi(s)] < 5} > 0.

1<j<7‘ SEKJ'

Moreover, the limit

#{O <k < N :sup |L(s+ikh) — f(s)| <e,

lim ——
NE)HOON"_l seK

sup sup |((s + ikh, oj;a5) — fi(s)| < 6} >0

1<j<r se K
exists for all but at most countably many € > 0.
For positive h, h1,...,h,, define one more set
L(P;aq,...,ar;h by, ... hysw) = {(hlogp :p € P), (hjlog(m + ;) :m €N, j=1,...,r),21}.

Then we have the following generalization of Theorem 6
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THEOREM 7. Suppose that the set L(P;aq,...,ap;h, by, ... he;7) s linearly independent over Q
and L€ S. Let K € K¢, Ki,...,K, € K, and f(s) € Hog(K), fi(s) € H(K1),..., fr(s) € H(K,).
Then, for every e > 0,

lim inf

<k N: ) -
imin N+1#{O\k\N sup |[L(s + ikh) — f(s)] < ¢,

seK

sup sup |((s + ikhj, o5 a5) — fi(s)] < 5} > 0.

1<j<r se K

Moreover, the limit

1
im — <kELN: ) —
z\;ﬂoN—i—l#{O\k\N Sél[}gw(s—l—zkh) f(s)] <e,

sup sup |((s + ikhj, a5 a;5) — fi(s)] < 5} >0

lgjg’l' SGKJ‘
exists for all but at most countably many € > 0.
The latter theorem can be generalized in the following manner. Suppose that a; = {amjl :

m € Np} is a periodic sequence of complex numbers with minimal period ¢j; € N, j = 1,...,7,
l=1,...,l;. For j =1,...,r, let ¢; be the least common multiple of the periods gj1,...,gj;,, and

apj1 apj2 PN aojlj

aiql ai149 Q14

Aj = J J gl
Agj—1,51 Qq;—1,52 .- Qg;—1,jl;

THEOREM 8. Suppose that L € g, the set L(P; vy, ...,y hy by ..o by ) s linearly independent
over Q and that rank(A;) =1;, j=1,...,r. Let K € K and f(s) € Hoz(K), and for j =1,...,r,
l=1,...,1 let Kj € K, fj(s) € H(Kj;). Then, for every e >0,

lim inf

g gN ‘ - )
im in +1#{0 k sup |L(s + ikh) — f(s)| < e

seK

sup sup sup [((s+ikh;, o 5a5) — fu(s)] < 6} > 0.
1<]<7’ lglgl] SGKjl

Moreover, the limit

#{0 <k < N :sup |L(s+ikh) — f(s)| <e,

lim ——
NgnooN—l-l seK

sup sup sup |((s+ikhj, o 5a5) — f(s)] < 5} >0
1<j<r 1<I<l; s€Ky,

exists for all but at most countably many € > 0.

We see that Theorem 6 is a partial case of Theorem 7 with hy = --- = h, = h, and Theorem 7
is a partial case of Theorem 8 with [y = --- = [, = 1. Therefore, it suffices to prove Theorem 8.

The next section is of probabilistic character. It is devoted to limit theorems on weakly
convergent certain probability measures connected to the functions £(s) and (s, aj; aj).
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2. Probabilistic results

Let G be a region on the complex plane, and H(G) be the space of analytic functions on G
endowed with the topology of uniform convergence on compacta. We preserve the notation of [17].
Thus, let

u:le, v=u-+1,
j=1
and
HY=H"(D;,D)=H(D,) x H*(D),
where H*(D) = H(D) x --- x H(D). Denote by B(X) the Borel o-field of the space X, and use the

u

notation

Z(&S,Q;Q,ﬁ) = (‘C(‘g)?g(‘g?al; a11)> .. .,C(S,O&l; a1l1)7 s 7C(81a7“; aT1)7 .- 'aC(SvaT; a'rlr)) )

where a = (ai,...,a,) and a = (ag1,...,a17,,...,0r1,...,0-,). For A € B(H") and N € Ny, define
1
Py(A) = m#{o Sk<N:Z(8+ikh,s+ikh,aza,L) € A},
where s + ikh = (s + ikhy,...,s + ikh,). In this section, we will consider the weak convergence

of Py as N — oo. For the definition of the limit measure, we need a certain H"-valued random
element. Let vy = {s € C: |s| = 1}, and

Q:H’Vpa Q= H7m7

peP meNg

where v, = 7 for all p € P and ~,,, = v for all m € Ny. The classical Tikhonov theorem implies that
the infinite-dimensional tori 2 and € with the product topology and pointwise multiplication are
compact topological Abelian groups. Hence,

Q:QX91X~--XQT,

where Q; = Q for all j = 1,...,r, is again a compact topological Abelian group. Therefore,
on (2,B(R2)), the probabilistic Haar measure mpy can be defined, and we obtain the probability
space (2, B(£2), mg). Denote by @(p) the pth component of w € Q, p € P, and by w;(m)
the mth component of w; € Q;, m € Ny, j = 1,...,7. Moreover, let w = (&,w1,...,w,) be
elements of . Now, on the probability space (2, B(2), m), define the H"-valued random element
Z(8,s,w,a;a, L) by the formula

Z(w> = Z(‘§7 S, w, a4, L) = ([,(g,(;}), C(Sa a1, Wi; 011), SRR é(sv ar, Wi; 0111)7 ceey

C(s, o, wpyap1), -5 €S, iy wrs arg,.)),
where . a(m)is(m)
ﬁ(g,w)zn; 5, €Dy,
with
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and, for s € D,

o0
‘ Ajiw;(m) ]
C(S)ajij’ajl): E (:)’;7_'_70{].)8’ ]:1,...,T,l:1,...,lj.

m=0

We observe that, for almost all © € Q, the equality

e kY ok
L(8,w) = exp Z Z 7[)(;0 ;ks (p)

peP k=1

holds [21] with certain coefficients b(p¥).
Denote by Py the distribution of the random element Z(8, s,w, a;a, L), i.e., Pz is a probability
measure on (HY, B(H")) defined by

Pz(A) =mp{weQ: Z(5s,w,aa,L) € A}, AeB(H").
Now, we are able to state a limit theorem for Pjy.

THEOREM 9. Suppose that L € g, the set L(P; a1, ...,y hy by ..o hys ) i linearly independent
over Q and thatrank(A;) =1;, j = 1,...,r. Then Pyn converges weakly to Pz as N — oo. Moreover,
the support of the measure Py is the set Sy x H“(D), where

Se={g€ H(Dr) : g(s) # Oorg(s) = 0}.

We divide the proof of Theorem 9 into Lemmas. The first of them deals with weak convergence
on the group .

LEMMA 1. Suppose that the set L(P; ... ,ap;h,h, ..., hyyw) is linearly independent over Q.
Then

On(A)™ N1+1 {o <k<N: ((p_ikh pe IP) , ((m Fan)"*h e No) :
((m + )RR € NO)) e A} . AeB(Q),

converges weakly to the Haar measure mg as N — 00.

Proor. We apply the Fourier transform method. Denote by gn(k,l;,...,L.), where k = (k, : k), €
€Z,peP),ly =im:lim €Z, meNy),...,l, = (lpm : lym € Z, m € Ny), the Fourier transform

of @Qn. Since the characters of the group Q are of the form [13], [17]

T , .
~k jm
1o LT <
peP j=1meNg

W/l

where the sign
we have that

shows that only a finite number of integers k, and l;,, are distinct from zero,

gn(k 1y, .. L) / H () [T H' wi™(m) | dQw.

peP j=1meNy
Therefore, by the definition of Qy,

gN(E,h,...pT N+1ZH P ZkkPhH H m+a —ikhjlim

k=0 peP j=1meNy

N+1Zexp —ik th logp-i-zz hilimlog(m +aj) | . (2)

peP j=1meNg
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Obviously,
gn(0,0,...,0) = 1. (3)

Since the set L(P;aq,...,ap;h,hy, ..., hy;7) is linearly independent over @Q, we have that

exp{ —ik | Y hkplogp+ > Y hilimlog(m +ay) | o # 1 (4)

peP 7=1 meNy
for (k,ly,...,L,.) # (0,0,...,0). Actually, if inequality (4) is not true, then
Adéfz hkylogp + Z Z hjljm log(m + o) = 2ma
peP j=1meNy

with a certain a € Z, and this contradicts the linear independence of the set L(P;aq,...,a.;h,
hi,...,hy; ). Thus, inequality (4) is true, and, in view of (2), we find that, for

(E7£1""7£’r‘) # (Q7Q7"'ag)7

1 —exp{—i(N +1)A}
(N +1)(1 — exp{—iA})’

gN(Eaélv cee 7L/‘) —
This and (3) show that
) = (Qv 0

_ 1 if (E)Lla'”vér 7"’79))
]\}gﬂ gN(k: ll?"'al'/‘)_{ 0 if (E’h"”7£r)#(Q’Q"“,Q)’ (5)

and the lemma is proved because the right-hand side of (5) is the Fourier transform of the Haar
measure mpy. O

The next lemma considers probability measures on the space (HY, B(H")) defined by collections
cousisting of absolutely convergent Dirichlet series. Let 6 > % be a fixed number, and

vn(m) = exp {_ (7:)9} C moneN,

RN
vn(m,aj):exp{—<m+%> }, meNy,neN, j=1,...,r

Define the functions

S
m=1 m
and
AmitVn (M, o) )
Culs, aj;aj) Z mjnia =1, l=1,..;
m=
. . . d
Then it is known that the series for £,(s) is absolutely convergent for ¢ > max (1 1— —) 2 oL

[21], and the series for (, (s, aj; aj;) are absolutely convergent for o > £ [12]. Additionally, we define

the series - A
-y a(m)wgnﬂz)vn(m)

m=1

and

iamjl%(m)vn(mﬂj) =1

C(Sﬂ")}a';a'l):
(s 2530 (m+ 0y

m=0
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which, obviously, are also absolutely convergent in the above regions.
Let, for brevity,

Zn (8,s,0;0, L) = (Ln(8), Cu(s, arsa11)s -, Gu(s,aq5a17,), - -

Cﬂ(s7a7‘; a7‘1>7 e 7<’n<37 a’l‘; arlr>) 9
Zn (é’ S, W, &; Q,ﬁ) = (Ln(gvaj)v gn(S,WLOé]_; all)) ceey Cn(s7w17 aq; alll)u ey
Cn(svwra Q5 arl)v cey Cn(sawry Qr; arlr)) s

and

Pyn(A) = ——#{0< k<N :Z,(5+ikh,s+ikh,a;a L) € A}, AecB(H).

N+1

LemMmA 2. Suppose that L € S and the set L(P;aq,...,ap;h by, .. hes ) ds linearly
independent over Q Then Py, converges weakly to the measure P, on (HY,B(H")) as N — oo,
where P, = mpyu,, and the function u, :  — H" is given by the formula

Un (W) = Zy (8,8, w, 50, L) .
ProoF. We have that

Uy, <<p_ikh ip € ]P’) , ((m + al)_ikhl im € N()) ey <(m + ar)_ikh"m € NO))
= Zn (8 +ikh,s + ikh,a;a, L)

Therefore,

PN,n:QNU;Ia (6)
where Q is from Theorem 9, and the equality is understand as Py ,(A) = Qn(u,'A), A € B(HV).
Moreover, the absolute convergence of the series for L, (s,w) and Cn(s,wj,a],ajl) implies the
continuity of the function w,. Therefore, the lemma is a consequence of (6), Lemma 1 and
Theorem 5.1 of [2]. D

Now, we will approximate Z by Z, in the mean. For this, we need the metric in H". Let G be
a region in C. Then it is known [5] that there exists a sequence of compact sets {K; : [ € N} C G

such that -
¢ =|JK,
=1

K, C Kjyq foralll € N, and if K C D is a compact set, then K C K for some [. Taking

565244 SUPser, [91(s) — g2(s)]

) gvaQEHG7
" 1+ supeer, 191(5) — g2(s)| (G)

p(g1,92) =

gives a metric in H (D) inducing its topology of uniform convergence on compacta. Define by p,
the above metric in H(D,), and by p the metric in H(D). Let

Q: (gagllv"'agllp'"?g’r‘la"'ag’r‘lr)ai: (fvflla"'afllp'"7f7‘1,'";f’f”lr) € H".

Then
po(g, f) = max <pz:(g,f) max max p(gjl,f]l>>

1< <r 1<I

is a desired metric in H" inducing its product topology.
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LEMMA 3. Let £L € S. Then the equality

lim lim sup
n=00 N_oo

1va( (§ +ikh,s +ikh,a;a,L), Z,(5 + ikh,s + ikh,o; 0, L)) =

holds.

Proor. By the definition of the metric p,, it suffices to prove that

N
> pr(L(s +ikh), Ln(s + ikh)) =
k=0

lim li
n0o N N+ 1

and, for j=1,...,r, Il =1,...,1;

Z p(C(S + ikhj, Q) Cljl), Cn(S + ikihj, Qg Cljl)) =0.

lim lims
it

However, the first equality was obtained in [21], while the second equality follows from [10]. O
Now, we will consider the limit measure P, of Lemma 2, and will prove that the sequence
{P,, : n € N} is tight, i.e., for every € > 0, there exists a compact set K = K(g) C H" such that

A

P,(K)>1-¢
for all n € N.

LEMMA 4. Suppose that L € S and the set L(P;aq,...,ap;h by, ... hes ) ds linearly
independent over Q. Then the sequence {P, : n € N} is tight.

PRrROOF. On a certain probability space with the measure u, define the random variable 8 by

u{fn =k} k=0,1,...,N.

_N+1

Define the H"-valued random element Xy, = Xy n(5,5) = (Xnn(8), XNn1,1(5); -, Xm0, (9),
XN 1(8), s XN, (8) = Zn(5 + iOnh, s +i0nh, o; a, L£). Moreover, let

Xn = Xn(éa 3) = (Xn(§)7 Xn,l,l(s)a cee 7Xn,1,ll (5)7 cee aXn,r,l(S)a .- aXn,r,lr (3))

be H"-valued random element with the distribution Pn, where Pn is the limit measure in Lemma 2.
Then the assertion of Lemma 2 can be written as

Xnm —2— X, (7)
N—oo

where = means the convergence in distribution.
Since the series for £,,(s) is absolutely convergent for o > o, we have that, for % <o<og,

.1 la(m)[Fvn(m)
Tlgr;oT/O| n(o +it)|?dt = Z

|22

) el

and

1 2,2 1 2
lim / £ (o + it)2dt = Z la(m)Ton(m)log™m o,

m2o’
m=1
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These estimates and an application of the Gallagher lemma [20, Lemma 1.4], which connects discrete
and continuous mean squares of some functions, lead, for % <o <ogandallneN, to

lim sup
N—oo

N
- > 1Lu(o +ikh)[> < Cyp < 0. (8)

Let K, be a compact set from the definition of the metric ps. Then (8) and the Cauchy integral
formula imply, for all n € N,

lim sup sup |L£,(§+ tkh)| < Cp, < 0. (9)
N—oo N + Z(]SGKm

Let K,, be a compact set from the definition of the metric p. Then, in a similar way, we obtain
that, forall j=1,...,r, 1 =1,...,1;,

N
lim sup sup [(n(s +ikh;,a;a:)| < Cipm < 00 10
N—oo N+1kZOS€Km n( 7 ])’ s ( )

for all n € N. Let € > 0 be an arbitrary number, and, for m € N,
My = Min(e) = Cn2"e™, Mjym = Mjim(e) = Cam2" el
Now, using (9) and (10), we find that, for all n € N,

lim supp { ( sup | Xnn(8) > Mm) or <E|j,l :sup | Xnnji(s)] > Mj,l,m)}
N—osoo sk, €K m

v
< limsupu{ sup | Xy n(3)] > Mm} + Zzhmsupu{ up X ()] > Mj,l,m}

N—o00 s€Kom j=1 1=1 N—o00

= lim sup

0<k<N: L, (5 + ikh)| > My,
sy N+1#{ sup |Ln (5 + ikh)| }

3€Km

+ Z Z lim Sup

# {0 <ESN: sup |Gu(s+ikhj, a5 a5)] > Mj,l,m}

J=11=1 N—o00 sEKm
<i ! Z L0 (3 + kD)
< 1msup7 sup S+1
N—oo Mm(N+ ke OSGKm
1 €
+ limsup ——— sup |Cp(s +ikhj, a0 < —
;; N—oo jlm(N+1 EZ:SEK”L’ n( YRR ])’ om
for all n € N. Thus, in virtue of (7),
. . €
0 { ( sup | Xn(8)] > Mm) or (3371 tosup | Xy 5 > MjJ,m)} S om (11)
§€an sEKm

for all n € N. Define the set

K’(@e) = {(g,gn,...,glll,...,gﬂ,...,grlr) € H' : sup |g9(8)| < My, sup |g11(s)| < Mi1m,---,
§€Km SEKm

sup \9111 (3)’ < Ml,ll,m; ..., Sup ’grl(s)‘ < Mr,l,mv ..., Sup ’grlT(S)’ < Mr,lr,rmm € N} .
seEKm seEKm sEKm
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Then the set K"(¢) is compact in HY, and, in virtue of (11),
M{Xn € K”(e)} >1-¢

for all n € N, or equivalently,

P, (K’() >1—¢

for all n € N. This shows that the sequence {P, : n € N} is tight. O

PROOF. [Proof of Theorem 9| Since, by Lemma 4, the sequence {Pn : n € N} is tight, in virtue
of the Prokhorov theorem [2, Theorem 6.1], it is relatively compact. Therefore, every sequence of
{P,} contains a subsequence {P,, } such that P,, converges to a certain probability measure P on
(HV,B(H")) as k — oo. Hence,

X, —2 P, (12)
Now, define the H"-valued random element Xy by the formula
Xy =Xn(8,8) = Z(§+i0nh,s+i0nh,a;a,L).
Then an application of Lemma 3 shows that, for every € > 0,

lim limsup p{py(Xn, Xnn) = €}

n—oo N—o00

#{O0<EkE<N:

1
— lim 1i
oy VN |

po(Z(5 + ikh,s +ikh,o;a,L), Zn(3 +ikh,s + ikh,a;a, L)) > €}

N
< lim limsup ——— w((8 +ikh,s +ikh,a;a, L), Z, (5 + ikh,s + ikh,a;a, L)) = 0.
i timsup ol ). Zu )

The latter equality, relations (7), (11) and Theorem 4.2 of [2] imply that
D
Xy —— P, (13)

or, in other words, Py converges weakly to P as N — oco. Moreover, (13) shows that the measure
P is independent of the choice of the sequence {X,,, }. Therefore,
X, -2.p
n—oo
This means that Py, as N — oo, converges weakly to the limit measure P of B, as n — oo.

Denote by
X:(X(),Xl,...,Xr), Xj:(le,...,Xﬂj), jZl,...,T,

the H"-valued randomA element with distribution P. Moreover, let ]5”70,]571’1,...,]5”’7" be the
marginal measures of P,. Then it is known [21]| that P, converges weakly to the distribution
of the H(D)-valued random element

o a(m)w(m)
£(§,d)): ZTv §€D£,
m=1
as n — 0o. The linear independence over Q of the set L(P;aq,...,ap;h,h1,. .., hy;7) implies that
for the sets

L(aj) = {log(m +aj) :m e No}, j=1,...,r
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Therefore, repeating the arguments of [12], we obtain that Isw- converges weakly to the distribution
of the H'%-valued random element
C] = C](w) = (<(87 a]awja ajl1) ey (C(Sv a]7wj7 ajlj)
asn — oo, j =1,...,r. This and the definition of the random element X show that
XOE,C(S,(Z}) and XjECj’ j:]_,...,T‘.
Therefore, P is the distribution of the H"-valued random element

(£(§,@),C17 .. ‘7€T’)7

in other words, Py converges weakly to the distribution Pz of the random element Z.

It remains to find the support of Py.

It is known [21] that the support of the random element £(§,®) is the set S,. Denote by g
the Haar measure on (Q, B(12)), and by mp,; the Haar measure on (5, B(€2;)), j =1,...,7. Then
we have that mp is the product of the measures My and mpg1,...,my,. This means that, for

A=Ay x Ay x---x A, Ay EB(H(D/;)), Aj GB(Hlj(D)), j=1...,r
mH(A) :ﬁ’LH(A()) mHyl(Al)mH,T(A,«) (14)

The spaces H(D,) and H(D) are separable, therefore [2]
B(HY) = B(H(D;)) x B(H"(D)) x --- x B(H" (D)).

Hence, it suffices to consider the measure mpy on sets of the type (14). Since the sets L(«;) are
linearly independent over Q and rank(A;) =1;, j = 1,...,r, we have that the support of (; is the
set H' (D), j =1,...,r [13]. Therefore, using the equality (14), we obtain that

mp{w e Q: Z(w) € A} =mp{d € Q: L(3,0) € Ao} -mpi{wr € Q1 : G(w1) € Ay} -
mpr{wr € Q2 G(wy) € A

This, the minimality of the support and the supports of the random elements £(8,®), (1(w1),. ..,
¢r(wy) imply that the support of the measure Py is the set Sy x H*(D). The theorem is proved. O

3. Proof of universality

First we recall the Mergelyan theorem on the approximation of analytic functions by
polynomials [18].

LEMMA 5. Let K C C be a compact set with connected complements, and f(s) be a continuous
function on K and analytic in the interior of K. Then, for every € > 0, there exists a polynomial
p(s) such that

sup | f(s) — p(s)| <e.
seK

ProOOF. [Proof of Theorem 8| In view of Lemma 5, there exist polynomials p(s) and pj;;(s) such
that

sup |f(s) — P | < = (15)
seKp 2
and .
sup |f(s) —pj(s)] < 3’ j=1...,r1l=1,...l;. (16)

SEKjl
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Define the set

f(s) =] <

GE = {(g7gllv"‘791117"'791“17"'79711«) S HU . sup
seK,

sup sup sup |fu(s) —pju(s
1<G<r 1IL; s€K

l\D\(‘)

<

Then, by the second part of Theorem 9, the set G, is an open neighborhood of the element
(ep(s),pn, co Dl s Prly - ,prlr) of the support of the measure Pz. Hence,

Pz(GE) > 0. (17)

Moreover, by Theorem 9 and the equivalent of weak convergence of probability measures in terms
of open sets (|2, Theorem 2.1|), we have that

lim inf PN(Gg) = Pz(GS)

N—o0

This, the definitions of Py and G¢, and (15) — (17) prove the first assertion of the theorem.
To prove the second assertion of the theorem, define the set

A~

GE = {(gagllw"agllp"'»grla"-agrlr) cH": sup |g(8) —f(8)| <g,
seK,

sup sup sup |gj(s) — fu(s)| < E}.
1<j<r 1<i<ly SGKjl

Then the boundaries GGSI and 8G52 do not intersect for different positive €1 and €. Hence, the set
G. is a continuity set of the measure Py (Pz(0G, ) = 0) for all but at most countably many & > 0.
Using of Theorem 9 and the equivalent of weak convergence of probability measures in terms of
continuity sets (|2, Theorem 2.1]) yields the equality

Jim_ Pn(G.) = Pz(G.) (18)

for all but at most countably many & > 0. Inequalities (15) and (16) imply that G, C G-. Therefore,
in virtue of (17), we have that Pz(G¢) > 0. This, the definitions of Py and G., and (18) prove the
second assertion of the theorem. O

4. Conclusions

In the paper, the joint discrete universality of the L-functions from the modified Selberg class and
periodic Hurwitz zeta-functions is obtained. This means that wide collections of analytic functions
(f, firs- -5 fugs- -5 fr1, -+, fr1,) can be approximated by discrete shifts

(£<§ + ik‘h), C(S + tkhy, aq; 0.11), RN C(S + ikhy, aq; alll), R ,C(S + tkh,, ap; arl), e
C(S +ikhy, ap; arb-))-

For this, the linear independence over Q for the set
{(hlogp:p e P),(hjlogim+ ;) : meNy, j=1,...,r),2n},

where a1, ..., q, are parameters of periodic Hurwitz zeta-functions, and h; hq, ..., h, are positive
numbers, is applied.
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We note that theorems of the paper can be extended for collections having several L-functions

from the Selberg class. For this, the linear independence over Q for the set

{(ﬁklogp:pep, kzl,...,m),(hjlog(m+aj):mGNO,jzl,...,r),27r}

would be used.
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