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AnHOTanusa

XO0poITo W3BECTHO, 9TO HEKOTOPBIE a3eTa U L-QyHKINN yHUBEPCAJIBHBI B CMbICIe BOpoHU-
HA, T.€., UMU TPUOIUKAETCS MMPOKWI Kaace aHamuTudeckux yskiuii. Hekoropbie u3 aTumx
dyHKIMT Tak:Ke COBMECTHO YHHBEPCAJbHBI. B 3TOM ciydae, HAOOp AHAIUTHICCKUX (PYHK-
Iy OJHOBPEMEHHO Mpub/mKaercs HabopoMm a3era-pyHKInii. B crarbe paccMarpuBaercs mpo-
OsiemMa, CBsI3aHHAST CO COBMECTHOI yHHBEPCATbHOCTHIO a3era-dyukiuii ['ypeumna. U3sectHo,
gro n3era-byuknuu Lypsuna (s, aq), ..., (s, a,) COBMECTHO YHUBEDPCAJIBHBI, €CJIU HapPaMeT-
pbL a7, ..., Q, aaredOpanvecku HE3ABUCUMBI HAJ MMOJIEM paluoHAJIbHBIX duces Q, uau B Oosee
obmem ciydae, ecan MHOXKecTBO {log(m + ;) : m € Ny, j = 1,...,r} AuHe#HO He3aBUCHMO
nasg Q. Mbr paccmarpuBaeM cirydail TPOU3BOJBHBIX HAPAMETPOB (1, . .., (A, W IOJY4YaeM, 9TO
CYIIECTBYET HEIyCTOe 3aMKHYTOe MHOXKeCTBO (byHKiuit Fy,, ., mupocrpancrsa H'(D) ana-
JIUTUYEeCKUX B mojioce D = {s eC: % <o < 1} TaKOe, UTO JJIsi JIFOOBIX KOMIAKTHBIX MHO-
xects Ki,...,K, C D, dyuxuuit (f1,...,fr) € Fa,, . . a,. % BCIKOro € > 0 MHOXKECTBO

{T € Rsup ¢, SuPek, [C(s +iT,a5) — f(s)] < 5} HMeeT MOJOKUTEIbHY0 HUZKHIOK IIJIOT-
HOCTh. TaksKe paccMaTpUBaeTCs CIydail MoJOKUTeNbHON MIOTHOCTH 3TONO0 MHOMKECTBA.

Karoueevie cro6a: BEPOSTHOCTHAST Mepa, J3eTa~byHKIWs ['ypBUIa, IPOCTPAHCTBO AHAJIUTH-
geckux YHKIWIA, C1adasi CXOAUMOCTh, YHUBEPCATbHOCTb.

Bubauoepagus: 14 HazpaHuii.
s nmuTupoBaHus:

B. ®pannkesud, A. Jlaypuruukac, . [laygaonac. O coBMeCTHOM pacIpeieeHny 3HAUEHNH T3eTa-
dbyuxmit Typeuna // Yebsimescknii coopuuk, 2018, 1. 19, sein. 3, c. 219-230.

"Mcenemosanme BTOporo asropa dumamcupyercs Eppomneiickum Cormansaeiv GommoM 1mo mampasaenuio “TIosbi-
neHue KBajaudUKaIU UCCIeI0BaTe/ el Iy TeM BHEJAPEHUs HAYYHO-UCCI/IEI0BATE/IbCKUX IPOEKTOB MUPOBOIO yPOBH:

No. 09.3.3-LMT-K-712-01-0037.



220 V. Franckevi¢, A. Laurintikas, D. Siau¢iunas

CHEBYSHEVSKII SBORNIK
Vol. 19. No. 3.

UDC 511.3 DOI 10.22405/2226-8383-2018-19-3-219-230
On joint value distribution of Hurwitz zeta-functions?®

Franckevi¢ Violeta — doctoral student, Institute of Mathematics, Faculty of Mathematics and
Informatics, Vilnius University.

e-mail: violeta.franckevic@stud.mif.vu.lt

Laurin¢ikas Antanas — Full member of the AS in Lithuania, doctor of physical and mathematical
sciences, professor, chief researcher, Institute of Mathematics, Faculty of Mathematics and
Informatics, Vilnius University.

e-mail: antanas.lourincikas@mif.vu.lt

Siau¢iunas Darius — doctor of mathematical sciences, professor of the department of mathematics
of the Siualiai University, Research Institute, Siauliai University.

e-mail: darius.siauciunas@su.lt

Abstract

It is well known that some zeta and L-functions are universal in the Voronin sense, i.e.,
they approximate a wide class of analytic functions. Also, some of them are jointly universal.
In this case, a collection of analytic functions is simultaneously approximated by a collection
of zeta-functions. In the paper, a problem related to joint universality of Hurwitz zeta-
functions is discussed. It is known that the Hurwitz zeta-functions ((s,aq),...,{(s,a;) are
jointly universal if the parameters ai,...,«, are algebraically independent over the field of
rational numbers Q, or, more generally, if the set {log(m + ;) : m € No, j = 1,...,7} is
linearly independent over Q. We consider the case of arbitrary parameters aq, .. ., c, and obtain
that there exists a non-empty closed set Fy, . ., of the space H"(D) of analytic functions
on the strip D = {s € C: 1 <o <1} such that, for every compact sets Ki,...,K, C D,

fi,--oy fr € Fa,...a, and € > 0, the set {7‘ € R :sup ¢, SUP,eg, [C(s +iT,05) — fi(s)| < 5}
has a positive lower density. Also, the case of positive density of the latter set is discussed.

Keywords: Hurwitz zeta-function, probability measure, space of analytic functions, univer-
sality, weak convergence.
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Hamamu KOpus Baadumuposune JTunnuka noceawaemcs

1. Introduction

The Hurwitz zeta-function ((s,«), s = o + it, with parameter a, 0 < a < 1, is defined, for
o > 1, by the Dirichlet series

oo

1
C(s,a) = Z m>

m=0

2The research of the second author is funded by the European Social Fund according to the activity “Improvement
of researchers qualification by implementing world-class R&D projects” of Measure No. 09.3.3-LMT-K-712-01-0037.
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and has the analytic continuation to the whole complex plane, except for a simple pole at the point
s = 1 with residue 1. For a = 1, the Hurwitz zeta-function reduces to the Riemann zeta-function

SOED S-S ESt

m=1

and
¢(53) =€~ Do)

Thus, ((s,«) is a generalization of the Riemann zeta-function. The function ((s) has the Euler
product over primes

while the function ((s, a), except for the values « =1 and o = %, has no such a product. This fact
reflects in value distribution differences of the functions ((s) and ((s, ). For example, it is well
known that {(s) # 0, while the function ((s, ) has infinitely many zeros for all o # 1, % in the half
plane o > 1. On the other hand, the functions {(s) and (s, «) for some classes of the parameter «
have a common property of the approximation of a wide class of analytic functions. This interesting
property is called universality, and for the function ((s) was obtained by S.M. Voronin [12]. For
modern statements of universality theorems it is convenient to use the following notation. Let
D= {s eC: % <o < 1}. Denote by K the class of compact subsets of the strip D with connected
complements, and by Hy(K) with K € K the class of continuous non-vanishing functions on K that
are analytic in the interior of K. Then the modern Voronin universality theorem, see, for example,
[7], says that for every K € K, f € Hy(K) and £ > 0,

lim inf lmeas {T € [0, 7] :sup [C(s +iT) — f(s)] < 6} > 0.
T—oo T s€K

The later inequality shows that there are infinitely many shifts ((s + i7, ) approximating with
accuracy € a given function f(s) € Ho(K). Yuri Vladimirovich Linnik knew the Voronin theorem
and highly valued it. Moreover, II’dar Abdulovich Ibragimov imformed the second author that
Yu. V. Linnik had a conjecture that all Dirichlet series satisfying some natural growth conditions
are universal in the Voronin sense. Now this conjecture is called the Linnik-Ibragimov conjecture
(or problem), see, for example, [11].

The universality of the Hurwitz zeta-function differs slightly from that of the function ((s).
Denote by H(K) with K € K the class of continuous functions on K that are analytic in the
interior of K. Thus, Hy(K) C H(K) for all K € K. Then the following universality theorem for the
function ((s, «) is known.

THEOREM 1. Suppose that the parameter « is transcendental or rational # 1, % Let K € K and
f(s) € H(K). Then, for every e > 0,

1
lim inf —meas {T €10,T) :sup |((s +iT,a) — f(s)] < 8} > 0. (1)
T—oo T sEK

The theorem in the case of rational a was already known to Voronin [14]. In a slightly different
form, the theorem was obtained independently by S. M. Gonek and B. Bagchi in their theses [5],
[1].

Unfortunately, the universality of ((s,a) with algebraic irrational parameter « is an open
problem. This problem is closely connected to linear independence over the field of rational numbers
Q of the set L(a) = {log(m + a) : m € Ny = NU {0}}. Denote by H(D) the space of analytic
functions on D endowed with the topology of uniform convergence on compacta. Then, in [2], the
following result towards to universality problem of {(s, «) with algebraic irrational o was obtained.
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THEOREM 2. Suppose that the parameter « is algebraic irrational. Then there exists a closed
non-empty set F, C H(D) such that, for every compact set K C D, f(s) € F, and ¢ > 0, the
inequality (1) is true.

Some of zeta-functions are also jointly universal. In this case, a collection of analytic functions
are simultaneously approximated by a collection of zeta-functions. The first joint universality results
belong to S.M. Voronin. In [13], he considered the joint functional independence of Dirichlet L-
functions, and, for this, he applied their joint universality. It is clear, that in the case of joint
universality, the approximating zeta-functions must be in some sense independent. For Hurwitz
zeta-functions this independence in [10] was described by the algebraic independence over Q of the
parameters ai, ..., .. In [8], the algebraic independence was replaced by the linear independence
over QQ for the set

L(oa,...,0n) ={log(m+aj) :meNy, j=1,...,r}.
Thus, the following theorem is known [8].

THEOREM 3. Suppose that the set L(aq, . .., ) is linearly independent over Q. Forj =1,...,r,
let Kj € K and f;(s) € H(K;). Then, for every e > 0,

1
lim inf imeas {T € [0,T]: sup sup |((s+1iT, ;) — fi(s)| < 5} > 0.

T—oo 1<j<r s€K;

The aim of this paper is to prove a joint generalization of Theorem 2, i.e., to prove a
certain theorem on joint approximation by the functions ((s,a1),...,((s, a,) without using any
independence condition.

THEOREM 4. Suppose that the numbers o, 0 < o < 1, aj # %, j =1,...,r, are arbitrary.
Then there exists a closed non-empty set Fy, . o. C H"(D) such that, for every compact sets
Ky,....,K, CD, (fi,..., fr) € Fa,,...a,, and e >0,

1
lim inf meas {7’ €[0,T7]: sup sup |((s+it,a;) — fi(s)| < 5} > 0.

T—o0 1<j<r s€K
Theorem 4 has the following modification.
THEOREM 5. Suppose that the numbers o, 0 < oj < 1, o # %, j=1,...,r, are arbitrary.

Then there exists a closed non-empty set Fy, . o, C H"(D) such that, for every compact sets
Ki,...,K, CDand (f1,...,fr) € Fa,,..a,, the limit

T—oo 1<j<r s€K;

1
lim Tmeas{T € [0,T]: sup sup |((s+iT, ;) — fi(s)] < 5} >0
exists for all but at most countably many ¢ > 0.
For the proof of above theorems we will apply the probabilistic approach. This is influenced in a

certain sense by Yu. V. Linnik who was an expert not only in number theory but also in probability
theory and mathematical statistics.
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2. Auxiliary results

In this section, we will prove a joint limit theorem for the functions ((s, 1), ...,{(s,a;) in the
space of analytic functions. Denote by B(X) the Borel o-field of the space X, and, for A C B(H"(D)),
define

Pro(A) = %meas {r€0,T]:{(s+ir,a) € A},

where a = (g, ..., ) and

C(S’Q) = (((57 041), cees C(Sv aT)) .

THEOREM 6. Suppose that the numbers a;, 0 < oj < 1, aj # %, j=1,...,r, are arbitrary.
Then, on (H" (D), B(H"(D))), there exists a probability measure P, such that Pr, converges weakly
to Py as T — oo.

We divide the proof of Theorem 6 into lemmas.
Denote by  the unit circle on the complex plane, and define the set

Q= H Tms

meENy

where v, = v for all m € Ng. By the classical Tikhonov theorem, the infinite-dimensional torus
Q with the product topology and pointwise multiplication is a compact topological Abelian group.
Define one more set ,
o =[],
j=1

where ; = Q forall j = 1,...,r. Then again by the Tikhonov theorem, )" is a compact topological
Abelian group. Denote by w = (w1,...,wy), w1 € Q,...,w, € Qp, the elements of Q" Moreover, let
w;(m) be the m-th component of the element w; € Q, j =1,...,r7, m € Ny.

For A € B(Q2"), define

Qra(4) = %meas {refo,7]: ((m+ 1) imeNy),..., ((m+ o) 7T im e No)) € A}.

LEMMA 1. On (Q7,B(Q")), there exists a probability measure Qo such that Qr o converges
weakly to Qy as T — oo.

Proor. We apply the Fourier transform method. The dual group of Q" is isomorphic to
T
G=B D zw:
j=1 meNyp

where Zy,; = Zforall j =1,...,7, m € Ng. The element k = (kyj : kmj €Z, j =1,...,7, m € Np)
€ G, where only a finite number of integers k;,,; are distinct from zero, acts on Q" by

,
E_ k’m'
w—w —H H w;"™ (m).

7J=1meNp

Therefore, the Fourier transform gr(k) of Q7 is of the form

or@) = [ |TLTT <)) d@ra.

j=1meNy
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W/l

where the sign shows that only a finite number of integers k;,; are distinct from zero. Thus, by
the definition of Qr4,

1 T T / i . 1 T ‘ r /
_T/o H H (m+ «;j) km]dT—T/O exp —ZTZZ kmjlog(m + ;) pdr. (2)

j=1meNg j=1meNg

Define two collections of integers

{£'} ZZ kmj log(m + o) =0

7=1 meNy
and
("} =S kmj: > > kmjlog(m+ ;) #0

j=1meNy

Obviously, in view of (2),
gr(k) =1 (3)
for k € {K'}. If k € {k"}, then integrating in (2), we find that
1—exp {—iT Z;Zl > meNg Fmjlog(m + aj)}
i Z;::l Z/meNo kmj lOg(m + aj) '

gr(k) =

This and (3) show that

1 if ke {k?},
0 if ke {k'}.

The right-hand side of the later equality is continuous in the discrete topology. Therefore, by a
continuity theorem for probability measures on compact groups, we obtain that Q7, as T — oo,
converges weakly to a probability measure Q4 on (2", B(£2")) defined by the Fourier transform

1 ke {K),

lim g7 (k) =

T—o0

The lemma is proved. O

Unfortunately, the limit measure (), in Lemma 1 is given by its Fourier transform, we do not
know the explicit form of (), and this reflects in Theorems 4 and 5 with non-effective set Fy, . q,.
For example, if the set L(aq, ..., q,) is linearly independent over Q, then

1 if k=0,
o®={ 0 i k20
and we have that the limit measure ), coincides with the Haar measure on (2", B(Q")).
The next lemma is a joint limit theorem in the space H"(D) for absolutely convergent Dirichlet

series.
Let 0¢ be a fixed number. For m € Ny and n € N, set

and define the functions
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It is known [9] that the series for (, (s, «;) are absolutely convergent for o > % For brevity, let

gn(svg) = (Cn(s7 041), CERE) Cn(s7 ar)) )

and
Pry.o(A) = %meas {T €0,7]:¢ (s+ir,a) € A} , AeB(H"(D)).

LEMMA 2. On (H"(D),B(H"(D))), there exists a probability measure P, o such that Pr, o
converges weakly to P, o as T — oo.

PRroOF. For w; € €1, define the functions

[e.9]

Cn(s,wj, o) = Z

m=0

Wy (m)vn(mv aj)
(m+ ;)8

j=1...,r

Y

Since |w;(m)| = 1, the series for (,(s,wj, a;) is also absolutely convergent for o > 1. Let
¢, (s;w,a) = (Gals,wi, 1), o, Gu(s,wr, ).
Consider the function uy,  : Q" — H"(D) given by the formula
Uno(w) = Qn(&w,g).

In virtue of the absolute convergence of the series for (,(s,wj, ), j = 1,...,r, the function u, o
is continuous. Moreover,

Un,a (((m+ ) T ime No),...,((m+ ) 7T ime Np)) = ¢, (s+ir,a).
Therefore, for every A € B(H" (D)),
Prpa(A) =
= Zmeas {7 € 0,7+ {((m -+ a0) 7 sm € No) .., ((m+ )77 :m € No)} € uh A} =
= Qra(u, HA).

Hence, Pr o = QT,ng}a. Therefore, Theorem 5.1 of [3], Lemma 1 and the continuity of the function
Un,o imply that Pr,, ., converges weakly to the measure P, o, = quﬁ,la as T'— oo, where ), is the
limit measure in Lemma 1. O ;

The next step of the proof of Theorem 6 consists of the approximation of ((s,a) by gn(s,g).

For this, we recall the metric in the space H" (D). It is known, see, for example, [4], that there exists
a sequence of compact sets {K; : I € N} C D such that

o
D=|JEK,
=1

K; C Kj4 for all [ € N; and, for every compact set K C D, there exists K; such that K C K. Let,
for g1,92 € H(D),

[e.@]
| SUPsek, |91(s) — g2(s)]
p(g1,92) = ) 2 .
2 e 05) — 209
Then p is a metric in the space H(D) inducing the topology of uniform convergence on compacta.

Now, setting, for g, = (g11,.-.,91r), g, = (921, .-, 92r) € H"(D),
P(9,:9,) = max p(g1j, 92;)

gives a metric in the space H" (D) inducing its product topology.
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LemMmA 3. The equality

1 (T
lim limsupT/ p(C(s+iT,g),C (s—i—iT,g)) dr =0
, 2

n—00 T 45 - -

holds.

PrOOF. The proof of the lemma does not depend on the arithmetic of the numbers aq, ..., a,,
and can be found in 8|, Lemma 7. O
Now, we consider the sequence {P, , : n € N}, where P, , is the limit measure in Lemma 2.

LEMMA 4. The sequence P, is tight, i.e., for every € > 0, there exists a compact set
K = K. C H"(D) such that
Poo(K)>1—¢

for all n € N,
PRrROOF. For an arbitrary a, 0 < a < 1, define

Proa(A) = %meas (7 €[0,T]: Culs +ima) € A}, A e B(H(D)),

and denote by P, , the limit measure of Pr, , as T' — oo. Then, in [2], it was obtained that the
sequences { P, : n € N} is tight. Hence, the sequences

{Pro; :meN}, j=1,...,m

are tight. Clearly, P, o, are the marginal measures of the measure P, 4, i.e.,

Pro;(A) = Pyo | HD) x --- x HD) xAx H(D) x ---x H(D) |, AeB(H(D)), (4)

j—1
j = 1,...,r. Since the sequence {P,,} is tight, for every ¢ > 0, there exists a compact set
K; = Kj(e) C H(D) such that
€ .
Pnya].(Kj)>1—;, j=1,...,7 (5)

for all n € N. We put K = Kj X+ x K,.. Then the set K is compact in the space H" (D). Moreover,
in view of (4) and (5),

Poo(H'(D)\ K) = Pog | U | H(D)x---x H(D) | x (H(D)\ K;)x H(D)x---xH(D)

gZPng H(D) x---x HD)x(H(D)\ K;) x HD) x --- x H(D)

for all n € N. Therefore,



On joint value distribution of Hurwitz zeta-functions 227

for all n € N. The lemma, is proved. O

PROOF.[Proof of Theorem 6] We will use the language of convergence in distribution (g) Let
the random variable 6 be defined on a certain probability space with measure u, and be uniformly
distributed on [0, 1]. Define the H"(D)-valued random element by the formula

XT,TL,Q = XT,n,g(S) = gn(s + 'LQT, g)

Moreover, let X, o = X, o(5) be the H"(D)-valued random element having the distribution P, 4.
Then the assertion of Lemma 2 can be written in the form

D
XTJ%Q ? Xn,g- (6)
T—o0

Since the sequence {P,, : n € N} is tight, by the Prokhorov theorem (|3, Theorem 6.1), it is
relatively compact. Therefore, there is a subsequence {P,, o} C {Pn.o} such that P,, , converges
weakly to a certain probability measure P, on (H"(D),B(H"(D))) as k — oo. In other words, we
have the relation
Xopa —— Pa. (7)
k—o0

Define one more H"(D)-valued random element X7, by the formula

X140 =X1a(s) =((s+ 10T, o).

Then, the application of Lemma 3 shows that, for every € > 0,

lim lim sup p {B (XTQ, XT%Q) > 5}

n—oo T—00

1
lim lim sup Fmeas {7’ €0,17]:p (g(s +ir,a), ¢ (s + i, g)) > 5}

n—o0 T—00

. I _ .
< nlgrgo hirpn_folip ET/O P (g(s + W,g),ﬁn(s + T, g)) dr =0.
The latter equality together with relations (6) and (7) shows that all hypotheses of Theorem 4.2 of
[3] are satisfied. Therefore, we obtain the relation

D
X710 — Pa,
T—o00

which is equivalent to the weak convergence of Pr, to Py as T'— oo. The theorem is proved. O

3. Proof of Theorems 4 and 5

Theorems 4 and 5 follow easily from Theorem 6. For this, the notion of the support of a
probability measure is applied. Denote by F,,, . o, the support of the limit measure P, in Theorem 6.
We remind that Fy, o, C H"(D) is a minimal closed set such that Py(Fy,, . a,) = 1. The set
Fy, ...a, consists of all elements g € H"(D) such that, for every open neighborhood G of g, the
inequality P,(G) > 0 is satisfied. -

Also, we will use two equivalents of the weak convergence of probability measures. We recall that
a set A is a continuity set of the probability measure P if P(0A) = 0, where 0A is the boundary of
the set A.

LEMMA 5. Let P,, n € N, and P be the probability measures on (X, B(X)). Then the following
statements are equivalent:
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1° P, converges weakly to P as n — oo;

2° For every open set G C X,
liminf P,,(G) > P(G);
n—oo

3° For every continuity set A of the measure P,

lim P,(A) = P(A).
n—oo
The lemma is Theorem 2.1 of [3].
Proor.|Proof of Theorem 4| Suppose that Fy, .
Fa,... . is non-empty closed set of the space H"(D).
Let (f1,...,fr) € Fay....ans K1,..., K, are compact sets of the strip D and € > 0. Define

is the support of the measure F,. Then

T

Ge = {(gl,---,gr) € H"(D) : sup sup |g;(s) — fj(s)| < 6}-

1<j<r se K

Then the set G. is an open neighborhood of the element (f1,..., f,) which belongs to the support
of the measure P,. Therefore,
P,(Ge) > 0. (8)

Moreover, in view of Theorem 6, and 1° and 2° of Lemma, 5, we have that

liminf Pro(G:) = Po(G-).
T—o00 - -

This, the definitions of Pr, and G, and (7) show that

lim inf lmeabs {7‘ € [0,T]: sup sup |((s+iT,05) — fi(s)| < 6} > 0.
T—oo T 1<j<r s€K;
Od

PROOF. [Proof of Theorem 5] We use the same notation as in the proof of Theorem 4. We observe
that the boundaries 0G., and 0G., do not intersect for different positive £; and e3. Therefore,
P,(G¢) > 0 for at most countably many € > 0. This shows that that the set G. is a continuity set
of the measure P, for all but at most countably many ¢ > 0. Therefore, using Theorem 6, 1° and
3° of Lemma 5, and inequality (7), we obtain that the limit

lim Pr.o(Ge) = Py(Ge) > 0

T—o0

exists for all but at most countably many ¢ > 0. Thus, the definitions of Pr, and G. prove the
theorem. O
4. Conclusions

The Hurwitz zeta-function ((s,a) depends on the parameter o whose arithmetic properties
influence the analytic behavior of (s, «), including the universality. The universality problem is
related to the linear independence over Q of the set

L(a) = {log(m + o) : m € Np}.

If the parameter « is algebraic irrational, them we have not much information on the set L(«), it is
only known by the Cassels theorem that at least 51 percent of elements L(«) in the sense of density
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are linearly independent over Q. However, there is not any idea how to use the Cassels theorem for
the proof of universality.

A similar situation arises in the investigation of the joint universality for Hurwitz zeta-functions.
The linear independence of the set

L(oa,...,on) ={log(m+aj) :meNy, j=1,...,r}

leads to joint universality for the functions ((s,a1),...,((s,a,). In the paper, we search a way
how to avoid involving of the set L(aq,...,q;). Without using any information about the set
L(ay,...,ap), we prove that there exists a closed non-empty set of analytic functions such that
the collections of those functions can be approximated by shifts (¢(s + i, 1), ...,((s+iT, ). It
remains a very difficult problem to describe the mentioned set of analytic functions.
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