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ITPOBJIEMA BAPUHTA

C HATYPAJIbHBIMU YNCJIAMU

CIIEILIMAJIBHOI'O BUIA
C. A. I'purnienko (r. Mocksa), H. H. Morbkuna (r. Besropon)

AnHoTanusa

Pabora sBjseTcss mpOmOJIKEHUEM WCCJIEIOBAHNI aBTOPOB KJIACCUIECKUX
A IUTUBHBIX IPOOJIEM C ITePEMEHHBIMU, IPUHAIEIKAITIMHA HEKOTOPOMY CITe-
MaJbLHOMY MHOXKeCTBY. Panee Obliu paccmoTpenbl 3agadu [osbrbaxa, Xya
Jlo-Kena, Jlarpamxka. [ljas dmncia pemrenuit sTmx mpobJieM ¢ 9UCIaMHA CIIe-
[IMAJIbHOTO BUJIA MOJIyYIEeHBl ACUMIITOTHYIECKIE (hOopMyJibl. 3amadn obabaxa,
Xya Jlo-Kena — 3amaun ¢ npoctbiMu duciaMu. OHE SIBJISIIOTCS KJIACCHIECKU-
MH IIPOOJIEME TEOPHHU YHCE]I O YUC/Ie PellleHuit ypaBHeHus py +py +- - -+p) = N
B HPOCTBIX YUCIAX P1, P2,-..,Pk, Ie k = 2 un > 1 — HaTypajbHBIE TUCTA.
IIpu k = 3, n = 1 — 3amaqga [onbudaxa, k = 5, n = 2 — 3agaqda Xya Jlo-Kena.
ABTOpBI paccMaTpPUBAJIN 3TU 3aa4H [IPU YCJIOBUU, UYTO Ha MIPOCTHIE UUCTIA Pj,
i=1,2,..., k, HaJOXKeHBbI JONOIHUTE/IbHbIE OlpaHnYeHns Bujia a < {np}'} < b,
rme ¢ u b — npoumsBoJIbHBIE JeficTBUTebHBIE dncia, 0 < a < b < 1, n —
KBaJIpaTUIHasT UPPAIMOHAJIBHOCTD. [Ipu BBIBOJIE aCHMITOTHYIECKAX (DOPMYJI
HCIOJIb30BAJIM KPyroBoit Mmeros Xapan—J/Iurtiasyna—Bunorpaaosa. Iloayuen-
HbIe (DOPMYJIBI OTJIMIAIOTCST OT ACUMITOTHIECKUX (POPMYJ KJIACCUIECKUX 3a-
Jad B MPOCTBIX YHUCIaX 0€3 OrpaHUYeHUNl TeM, YTO B TVIABHBIX UJIE€HAX TOSIBJIS-
IOTCSI PSA/IbI CIIENINAILHOTO BUIA!

-k
~ _ sin® 7m(b — a)
O'k(N,a,b) _ 2 : e27rzm(77N 0,5k(a+b)) - (k )
m™m
|m|<oo
NzyueHune moBeieHUsT 9TUX PSIJIOB IPEICTABIISIET cODOM OTIENBHYIO TPodIeMYy,
KOTOpas TaKxKe UCCAeJOBaHa aBTOpaMu. 3ajdada Jlarpanxka — 3a1ada O mpe-
CTaBJIEHUU HATYPAJIBHOTO YHCJIa B BUJE CyMMBbI YeThIPeX KBaPATOB IEJIbIX U~
12072072072

cem: I +15+13+17 = N. ABTOopamMn paccMOTpeH BapHaHT 3a/a4n Jlarpamnka c
neJsibiMu gucyamu l;, i = 1,2, 3,4, yaosiersopsironmmMu yeiaosuto a < {nl;} < b.
[Tpu BBIBOMIE acuMIITOTHIECKOM (DOPMYJIBI B 3a/1ade Jlarpamka aBTOPBI, B OC-
HOBHOM, cJjejoBaJjin cxeme Kitoocrepmana. B sroit 3agade B riaBHOM djieHe
psiia Buga op(N,a,b) He BosHukaer. IIpoGsema Bapunra — 5710 3ajaua o
IpeJicTaB/leHnn Jiioboro Harypaiabuoro N cymmoit ot + x5 + ... +x) = N,
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rie xi,T9,..., T, — HATypaJbHbIe uncia. B gaHHO#l pabore pemiaercs Bapu-
aHT mpobjeMbl Bapunra ¢ HaTypaJbHBIMHU YUCIaMA Z;, ¢ = 1,2, ..., k, Takn-
M, 910 a < {nzl'} < b, rme n — asrebpamdeckoe HPPALMOHAILHOE HUCIO.
31ech B y1aBHOM 4JjieHe mosiBisiercs psist o (N, a,b), Kak u B 3amadax [omb-
baxa n Xya Jlo-KeHa ¢ mpocThIMU UHC/IAMHU, YIOBJIETBOPSAIOIIAMHI YCIOBHIO
a < {npl'} < b,i=1,2,..., k. OCHOBHBIM pe3yJILTATOM PAOOTHI SBJIAETCS
HOJTyYeHUe AaCUMIITOTUIECKON (hopMyJIbl Jyist ducia perternit J (V) mpobiembl
Bapmunra ¢ uncimaMu crenuaabHOTO BUIA!

J(N) = I(N)ox(N, a,b) + O(N" '~ s,

rie I(N) — duciio perieHnii Kiaaccuueckoii mpobsembl BapuHra B IpousBoib-

HBIX HATYPAIbHbIX YUCIIAX X1, TL2,...,Tk, ¢ = c(n) >0, n > 3,
2"+ 1, ecmn 3 < n < 10,
2[n*(2logn + loglogn + 5)], ecim n > 10.

Knmouesvie crosa: npobnema Bapurra, aaqanTrBHbIE 381a91, UNCIa CIIEIH-
AJIbHOI'O BHUJA, YHMCJIO PEIIeHNN, aCHMIITOTHYeCKasd (PopMyJia, KBaJIpaTuIHas
MPPAIMOHAIBHOCTD, aJIreOpanvdecKoe HPPAIHOHATBEHOE TUCIIO.

Bubauoepagusa: 20 nazpanuii.

WARING’S PROBLEM

INVOLVING NATURAL NUMBERS
OF A SPECIAL TYPE
S. A. Gritsenko (Moscow), N. N. Motkina (Belgorod)

Abstract

In 2008-2011, we solved several well-known additive problems such that
Ternary Goldbach’s Problem, Hua Loo Keng’s Problem, Lagrange’s Problem
with restriction on the set of variables. Asymptotic formulas were obtained
for these problems. The main terms of our formulas differ from ones of the
corresponding classical problems.

In the main terms the series of the form

ik
_ (N —0.5k(a+)) S0 (b — @)
eN.ab) = 3 (b —a)
|m|<oo T
appear.
These series were investigated by the authors.

Suppose that £ > 2 and n > 1 are naturals. Consider the equation

4y +... .tz =N (1)
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in natural numbers x1, 2, ..., k. The question on the number of solutions of
the equation (1) is Waring’s problem. Let 1 be the irrational algebraic number,
n =3,

M 41, if 3 <n <10,

> g
k> ko {2[n2(2logn+loglogn+5)], if n > 10.

In this report we represent the variant of Waring’s Problem involving natural
numbers such that a < {nz}'} < b, where a and b are arbitrary real numbers
of the interval [0,1).

Let J(N) be the number of solutions of (1) in natural numbers of a special
type, and I(N) be the number of solutions of (1) in arbitrary natural numbers.
Then the equality holds

J(N) ~ I(N)oy(N, a,b).

The series o;(N,a,b) is presented in the main term of the asymptotic
formula in this problem as well as in Goldbach’s Problem, Hua Loo Keng’s
Problem.

Keywords: Waring’s Problem, additive problems, numbers of a special type,
number of solutions, asymptotic formula, quadratic irrationality, irrational
algebraic number.

Bibliography: 20 titles.

1. BBenenue

Hannas paboTa ABIAETCA MPOJIOTKEHIEM HCCJICIOBAHUN aBTOPOB aJIUNTHBHBIX
3aJ1a4 C YUCJIAMHU U3 CIIEIUAJIBHBIX MHOXKECTB.

Ha aucna pemennit I3 (N) sadawu Toavdbaxa o IpesCcTABEMOCTH HETIETHOIO
HaTypajabHoro N B BUJIE CYMMBI TPEX IPOCTBIX YHCET:

p1+p2+ps=N

B 1937 r. I.M. Bunorpa/os moiy4mi acuminrorudeckyo dopmyay [1], a umenHo
JTIOKA3aJI, ITO:

a0 g L G IO )

p|N

B 1938 r. Xya Jlo-Ken mokazan 2|, uro mocrarodno 6osibinoe HaTypasibaoe N,
N =5 (mod 24), npejicraBuMo cyMMOil KBaJIPATOB MSTH MPOCTHIX THCEI:

pi4+py s+ +pi=N
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(3adawa Xya Jlo-Kena). dns aucia npeacrasienuii [5(N) Xya nokasan [3], aro

N3/2

TsalN) = ooy

B 1770 r. ZK. Jlarpan:k jokasaj, 4TO KarKJi0e HaTypaJbHOE YHUCJIO €CTh CyMMa
He 0oJiee YeThIPeX KBaJPATOB HATYPAJILHBIX UUCET:

P+B+E+12=N

(3adaua Jlazparoica). s aucia pemmenuit Iy o(N) 3amadn Jlarpamxa u3BecTHO, ITO

4]

[42 _ 7T2NZ Z 727riNa/q + O(N17/18+€),
q=1 1<a<q
(a,9)=1

rje
q
_ 2miaj?/q
Saq = E e
Jj=1
[Iycts n — KBaJpaTudHas UPPaAIMOHAIBLHOCTD, @ U b — IPOU3BOJILHDBIE IEHCTBH-
tTesbHble Uncia, 0 < a < b < 1. Panee HaMu 1IOJIyYeHBI CJIELYIONIAE PE3YJIbTATHI.

TEOPEMA 1. [5] Jas wucaa pewenut Js1(N) sadavu Ioavdbaxa ¢ npocmoimu
pi, a < {np;} < b, i = 1,2,3, npu awbom durcuposanrom noarosrcumenvrom C
CNPABEAUBO PAGEHCTNGO

J31(N) = I3 1(N)os(N,a,b) + O(N*log © N),
20e

N a, b Z 627r1m nN—-1,5(a+b)) sin ﬂ-m(b _ CL) .

mm3
|m|<oo

TEOPEMA 2. [6] ITycmov J52(N) — wucao pewenuii sadawu Xya Jlo-Kena c
npocmutmu wucaamu p;, a < {npi} <b,i=1,2,3,4,5. Jlas docmamouro 6oavuiozo
N =5 (mod 24) cnpasedausa gopmyaa

J52(N) =I5 5(N)os(N, a,b) + O(N*270:00002),
2de

5
o5(N, a,b) = Z 62m‘m(nN—2,5(a+b))Sln 7;7;1”2[75— a)‘
|m|<oco
TEOPEMA 3. [7] Yucao pewenut Jy2(N) s3adavwu Jlazparoica 6 yesvx wucraz l;,
a<{nl;} <b,i=1,2,3,4, daa 1106020 NOAOHCUMEALHO20 MANOZ0 E GHIPANCAEMCA
popmy.oti
Ji2(N) = (b—a)*Li5(N) + O(N>?*).
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[Tonyuennbie HamMu B Teopemax 1 u 2 OPMYJIbI OTJIMIAIOTCS OT aCHMIITOTHE-
ckux popMys Kjaaccudeckux 3aja4q ['onpiabaxa u Xya Jlo-Kena B nmpocthix dmciax
6e3 orpanndeHnii. Y HAC B IVIABHBIX WieHAX NOABIAOTC psajbl 03( N, a,b), o5(N, a,b)
crernuaJbHOro Bujia. V3ydenue moBejieHnst 3TUX PsIJIOB IIpeJICTaBIsgeT cOO0i OTae b-
HYIO ITpOOJIeMy, KOTOpasi UCCIeyeTcst aBTopamu B [8].

B nannoit pabore paccMmorpena npooaema Bapurea:

y+ay+...+ay =N (2)

C HATYyPAJILHBIMU YHUCJIAMU L1, L3, . . . , Tk CIHEIUAJIHHOIO BHJIA.

ITepsoe obimee pemtenne mpodsembl Bapurra B 1909 1. gano 1. I'nisbeprom [9)].
OH jokazas, 9ro mnpu JoboM menoMm n > 4 cymectsyer k = k(n), mis KOTOPOro
YHCJIO PEIIeHuil ypaBHeHns (2) MOI0KUTEeIBHO pH jiioboM N > 1.

B 1921 r. I Xapau u k. Jlurrasyx [10], npumenus cBoit KpyroBoit meTos
[11]-14], nosyunmu acumurorudeckyo (HOpMysTy Jijid YUCJA PEreHuil mpodIeMbl
Bapunra 1pu k nopsaka n2" 1.

B 1924 r. 1. M. BunorpaioB ycoBepIIeHCTBOBAI paccykaenns Xapau u JIurr-
asyna [15]. On gokasas, aro acuMmnroruydeckast gopmyia Xapau—/Inrrasyaa s
4ncsia perrenuii mpobseMbl Bapunra ciupasemsa mpn k nopsaka n? logn, u ypas-
HeHne (2) paspermMo I BCeX JOCTATOIHO OOJbIuX N IMpH YHCie cjlaraeMbIX k
nopsijika n logn.

Hamu nostyden cietyroriuit pe3y/ibrar.

TEOPEMA 4. Ilycmv n — aneebpauveckoe wucao cmenewu s = 2, a u b —
npoussosvrvie deticmeumenvhoie wucaa, 0 < a < b < 1. [lyemv n > 3, k > kg, 20e

e 2" 41, ecau 3 < n < 10,
0 2[n?(2logn +loglogn + 5)], ecau n > 10.

Tozda dnn wucaa pewenut J(N) npobaemv, Bapurea 6 HAMYPasoHOIT YUCAAT
Ty, Ty, ..., T maxuz, wmo a < {nzf} <b (j=1,2,... k), cnpasedauea acumnmo-
muveckas Gopmyaa.

J(N) =I(N)o(N,a,b) + O (Ng‘l‘ﬁgﬁ ,

ede I(N) — wucao pewenuti ypasrerus (2) 6 npouseosbHvir HAMYPAALHULL YUCAAT
L1, X2y, Tk,

ok
: sin” mm(b — a)
0_(_7\7’ a, b) E : 627rzm('r7N—k(a—l—b)/2) — )
= w*m

Honoorcumenvran nocmoaHHas ¢ 3a6UCUM MOALKO OM n.

s I(N) ussecrno [16], uto mpu k > cn?logn,

10 ~ L s
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[Tocsie10BaTeIbHOCTL HATYPAJIbHBIX YUCEN T, YJIOBJIETBOPSIOINX HEPABEHCTB
Y
a < {nz"} < b umeer wrornocts (b — a). EcrecTBeHHO TPEIIONIOKUTE, UTO

J(N) ~ (b—a)*I(N).
OHaKo, 9TO Mpeanoao:KeHne He BepHo. JleflcTBUTeIbHO, BO3MOYKHO, UTO

1
b—a< —.
“S ok

Ipu a =0, {n2}} <b(j=1,2,..., k) nueem

{nzit + {nxgy + ..+ {nzp} <

DO | —

Torna n3 paBencrsa
nay +nay + ...+ ng =nN

cJeyeT, 9YTO
{na 4+ nay + ...+ nap} = {nN},

TO €CTh
{ney} + {nas}y + .+ {nag} = {nN}. (4)
Ho Bo3mozkHO, 9TO
1
{nN} > 5 (5)

N3 (3)-(5) mmeem, uro J(N) = 0. IIpuxoaum K IPOTHBOPEUHIO C HPEIIOIOKCHIEM
0 TOM, |TO

J(N) ~ (b= a)'I(N),

IIOCKOJIBKY

BEI(N) > N¥/n=1,

Taxum o6paszom, aucso perrernii J(N) paccMaTpuBaeMoil 3a/a91 CBS3aHO C THC-
nom perennii [(N) KiiacCHaeckoil 3ajadu Tak, YTO B [JIABHOM YJIEHE MOSIBJISETCSI
psiz o(N,a,b) Toro ke Tuma, 9To U B Teopemax 1, 2.

2. BcnomoraresibHbIEe yTBep2K/J/IeHUs

JIEMMA 1 (dupuxie). Hyemo 7 > 1, a — sewecmeennoe wucao. Toeda cyuye-
CMBYIOM UEADLE B3AUMHO NPOCMbBLE YUCAGL a U ¢, 1| < g < T, maxue, 4mo

Jlokazamenvcmeo cM., manpumep, B [16], ¢. 158.
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JIEMMA 2 (JInyBuiis). Jas 4106020 0elicmeumenvhozo ai2ebpauieckozo “wucaa
Q. CMeneHu n. MOAHCHO No0OPAMYb NOAOHCUMENDHOE C, 3ABUCAUELE MOALKO OM «,
makoe, 4mo 0as 6cer payuoHasvhuxr wuces a/b (a/b # «) 6ydem umemsv mecmo

HepaceHCcImeo
C
o — — / b_”

Jlokazameabemeo ¢M., HAIIPUMep, B [17], c. 264.

JIEMMA 3. Ilpu namypasvhom N = 2 cnpasediuso pasencmaeo

olz) = % Z 1n27mx O(r(z)),

2de
1

r(z) = )
(@) V1+ N2sin’ 7z

Hwmeem pasnoocenue dynryuu r(z) 6 pad Oypve

, log N
)= Y cm62wzmw+o(0§v)

0<|m|<N log N

logN — N
¢ Koappuyuernmamu ¢, K “3e mI/N

Jlokasamenvcmso cM., Hanpumep, B [18], ¢. 473, ¢. 660, c. 668.
JIEMMA 4. Ilycmov

a 6
a=—-+—, (a,9)=1, 0<a<gqg<T, |0/<1
q g7
ITycmov n — anseebpauveckoe wucio cmeneny s = 2, m — HaAMYypasbHoe Yucao, m <
2M . Toeda cywecmeyrom ueavie 63aumMHo npocmoie wucia A u Q maxue, wmo

; A‘<
a+nm— —| <
Q

2/7qQ’

(coy/7) =
— - S Q< 2V7g,

R0 Q < 2V7q
ede ¢y = co(n) > 0.

Jloxazameavemeso. B cuny Teopembr Iupuxiie cymiecTBytor tesble ancia Ay u
(1 Takue, 9TO

1

Ay o
S VTQ

(A1,Q) =1, 1< <V (6)

-
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[To ycnoButo jemmbl 4

1

X
qT

a
o — —

. (a,q)=1, 1<q<T (7)

Torna m3 Teopembl /lupuxie ciemyer, 9TO CYIIECTBYIOT IIe/Ible B3aUMHO IPOCTHIE
qnciaa A u () Takue, 9TO

A 1
a+?7m——‘<—, 1<Q <2V 8
NN ®
Jlokaxkem, 4TO
(coV/T)
—F < @<2 ;
R0 Q < 2v7q
rie co = co(n) > 0.
I3 nepasencrsa (6) nmveem
‘ Aym m
m— .
LN V)
[Tyctn
Am A
- = _27 (A27Q2) 17 Q2 < Ql < \/F7
Q1 Q2
TOrIA
AQ m
m——| < ——. 9
"7 Q.| < VFQs ®)
13 (7) u (9) coemyer, aro
9Qx | T gr VTQy
[Tockombky Q2 < /T, TO
1 < 1 1 n m < 2m
qr VTQy qr TQy T TRy
u
1 A3 < 2m
a+ngm——| < ——,
Q| S V@
re
A A
23 _ M) (A3, Q5) = 1.
Q3 qQ2
[Iycrs B nipubsmkenun (8) ducsia o + nm paruoHaabHON apobbio A/ cnavdaa
Q # Q3. Torna
<42 (o]
<|l=—=|=m=—a—-—mm|—-|=—-a—mm ]| <
RQs Q@ Qs Q @3
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< 1 n 2m
h 2V7qQ  TQa
[Tockonbky Q3 < Q2q < g/T, u3 (10) umeem

1 < 1 + 2m < 1 N 2mgq
QQs ~ 2/TqQ  VTQx " 2Q0Q3  VTQs'
IO3TOMY
0> YT
dmgq

(10)

Paccmorpum teneps cirydaii, korja B HepaseHcTBe (8) () coBnajaer ¢ Q3. Ilycrs
5|(GQ2+QA27 QQQ)a TorJga 5|(CLQQ2+CI2A2> q2Q2)7 CJIe10BaTeJIbHO, 5|(Q2A2, q2Q2) = QQ,

orkyna 0 < ¢%. Torma mveem:

Q2
Q3> —.
q
Kpowme Toro
@1
QQ 2 T
m
3HAYNT,
Q1
Q3> —.
mq
ITo Teopeme JInyBusis:
Co Al 1

Dl g —
Q> ‘” Q| QT
rie ¢o = co(n) > 0. Torma mveem

Q1> (cV/T)™1, Q=Q;3> (Cox/_ﬂ.

mq

Mur JAO0Ka3aJii, 9TO CyHIeCTBYIOT LeJIble B3aUMHO IIPOCTLIE YUCJIa An Q TaKHe,

9TO

o+ nm —

é‘ PR
Q| = 2y7TqQ’

pu

¢m<¢ ﬁ><Q<Mq,

8Mgq mq 4m

JlemMma noxkazana.

JIEMMA 5. ITyemo f(z) = app12™™ 4+ ...+ aqz, a; — sewecmeennvie wucaa.

v

—I—q2,

|2

Ap1 =

(a,9) =1, 1<qg< P, J0]< 1.
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Tozda
< C1 (n)PAu

3 e2nir

<P

1
Pn+1 T 16n2logn
A= <min (P, ,q)) ) ,
4q

c1(n) — noaootcumenvras KoHCMAHMA.

ede

Jlokasameavcmeo cM., manpumep, B [16], ¢. 198.
JIEMMA 6. Ilycmv 1 < J <1, € — npouseosvHoe nosoHCumesvHoe “4uUcio,

f(Q) _ Z eZTriozml.

m=1
Toz0a .
/ 1f(a)|? da < N? 7+,
0

Jlokasameavcmeo cM., Hanpumep, B [19], ¢. 20-21.

JIEMMA 7. ITycmov b > by, by = 2[1%(21ogl + loglogl + 4)], | — namypaavroe

yucno, boavwee 10,
a

S(O./) _ Z 627ria:cl.

=1
Tozda umeem

1
/ 1S(a)|Pda < ab.
0

Jlokazameavcmeo cM., manpumep, B [20], ¢. 84-85.

3. JlokazaTejibcTBO TeopeMbl 4
1. Ompegermnm GyHKIUIO Yo (2):

o) = 1, ecima < x <b,
0 10, eem0<oer<aunmb< <,

U TIPOJIOJIZKAM €€ TIEPUOUIECKHU C IMeproJioM 1 Ha BCIO YUCIOBYIO och. [IycTh

S()(O./) — Z wo(nmn)ewrioc:c",

<P
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rie P = NY". Torma 4mciio pereHnii ypaBHeHHs
s+ ...+ =N

B HATyPaJIbHBIX YHCIAX Tj, YJIOBJETBOPAOMEX ycaosuio ¢ < {naf} < b, j =
1,2,..., k, paBHo
1
J(N) = / SE(a)e 2N doy,
0
[TockombKy
Yo(z) =b—a+p(x —a)—p(z - D),
TOIJIA B CUJLY JIEMMBI 3
wo(nxn) _ Z Sinﬂ-(b — a>mefm'm(a+b)€27rimn:p"+

wm
|m|<M

+O(r(na" — a)) + O(r(nz" — b)),

rie

. log M
r(x) = Z Cm€X™ M 4 O ( Oi/[ ) .

0<|m|<M log M

Orcrosia ostyaaem

— |
Sofa) = 3 ST = M —rim(e0) (0 4 )+

mpert
+0 (Z r(nz"™ — a)) +0 (Z r(nz"™ — b)) ,

rjae

S(a) = Z g2miaa”

<P

[Iycts d moboe us uucen a, b. Torga

Z r(nggn — d) = Z Z cmeQ’”mW"—d) L0 (Ploi/[M> ‘

<P <P 0<|m|<M log M

R, = Z Z Cm€27rim(n:p”—d).

<P 0<|m|<M log M

OnenuMm

HpI/IMeHI/IM HEPABEHCTBO Komm n BOCIIOJIb3YyEMCA TEM, 9TO

log M
M Y

Cm <K
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MeeM:
R% < P? Z ‘Cm‘Z + P Z ‘leHchH Ze2m(m27m1)(nxn,d)| <
0<|m|<M log M 0<mi<ma<M log M <P
log® M log? M
2
<P+ P > 1S(n(ma — my))|.
0<mi<mo<M log M
[IycTn

A 1 _—
Ounennm cymmy |S(n(mg —mq))| mo jgemme 5. Ilycrs B emme 4
a=0, ¢g=1, a=0, 0=0, m=mg—my,

n—1

\/F: _F)n_l7 M —= P%s—l'

Corracao jemme 4 Oy IIM

n—

Pi < Q< P

Torna u3 jieMMbI 5 UMeeM
_a
[S(n(ms —m1))| < P,
rie ¢ = c1(n) > 0.
[Tomyuaem

€2

Ry < P w%esn ¢y = cy(n) > 0.

B pesymnbrare

in (b — | .
SO(CV) = Z Me—wzm(a+b)s(a+nm)+O<Pl 7n210gn>'

™
[m|<M

2. PaccmoTrpuMm

Sinﬂb — a)ml —mimi(a ! - —2mic
J(N) = Z e e (“’)/0 S(a+nmy)SE 1 (a)e N da+

|m1|<M

62 1
+0 (Plnzlogn/ |So(a)]k1da>. (11)
0
OHGHHM nHrerpaJl

1
/ |So(oz)|k_1da.
0



[MTPOBJIEMA BAPUHTA C HATYPAJIbBHBIM. . . 43

IIycts 3 < n <

10.
1 1
/ 1So()|*tda < P2 _1/ |So()]?" dev.
0 0
B cumy memmbr 6 nveem
1
/ ]So(a)\kflda < PkfnJrsfl.
0
IIpu n > 10 no jsemme 7 mmeeM

1
/ |So() )" da < PFTL
0

Bribupas B memme 6
C2

2n2logn’
[OJTy9aeM, 9To TIpH Jo6oM n > 3 octatok B dopmyiie (11) Gymer oreHen Kak:

C,

. 1
Pl‘nzlign/ [So(@)[*" da = O(P* "),
0

rie c3 = cz/2.
Taxum 0OpaszoM MOJYy9IEeHO PABEHCTBO

Sinﬂb B a)m —mimi (a ! — — 2T
JIN)= > o Lemim(a+h) /0 S+ nmy)SEHa)e 2N do+

|m1|<M

+O (P’“‘”‘nﬁﬁ> .

3. [layiee aHAJIOTUYIHO ITOJTyYaeM, 9TO

1
/ S(a+nmy)S§ 1 (a)e ™ Nda =
0

. b— ' 1 ‘
_ Z Sin 7T< a)m2 e*ﬂzmg(aer) / S(C( + 77m1)5<04 + nm2)5572<a)6727rzaNda+
T 0

|m2|<M

C2 1
+O (P1n2logn / ’S(Oz —|—77m1)HSO(04)]k2da> .
0

Bocrionb3yemcst HepaBEHCTBOM MEK/Iy CPEJIHUM TE€OMETPUYECKHM U CPeJl-
HUM apudMeTUIeCKUM:

1 1 1
/ 15+ mm)|ISo(e)*2dar < / 1S+ mma) [ da + / o) [F'da <
0 0 0
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1
< / 1S(a)[Fda.
0

HOCKOHbe I[IpaBasd 9aCTb IIOCJ/IEIHETO HEPAaBEHCTBa HE IIPEBOCXOAUT I10 IIOPAIAKY
k—n+-—53——1
O <P n<logn ,

[IOJTy YaeM

inm(b— ; inm(b— ‘
J(N) = Z sin 7 ( a)mle_mml(a%) Z sin(b — a)my G—rima(att)

T i)
|mq |<M |meo|<M

1
X / S(a +nmy)S(a + nmy)SE2(a)e 2™ N da+-
0

+0 (P’“*”* Tieem log P) .

[loBropsist sTn paccyxaenus eme (k — 2) pasa, npuxoanM K GopMmyIie

inm(b— : inm(b— .
J(N) = Z sinm(b — a)my p-mimi(ath) Z sin(b — a)my i ab) o

™My Ty,
lma|<M [mg|<M

1
X / S(a+nmy)...S(a+nmy)e > N da+
0

+0 (Pkin* iz logh™! P> :

4. Ilpu mq; = mg = ... = my = M PaAcCMOTPUM

ik
b— .
I (N) _ 2 : sin ﬂ-m( CL) eme(ank(a+b)/2)X

mhmk
|m|<M

1
% § : § :/ e2m‘(a+mn)(m?+x§+.‘.+zg—N)da'
0

<P <P

y‘{TeM, 9TO IIoAbIHTETDAJIbHAA (byHKILI/IH IIepuoJniHa 110 I C IIE€EPUOJIOM 1, 1I0JIYy-

1M
k

mm(b—a) p2mim(nN —k(a-+b)/2)

Ly =1y 3

Thmk
Im|<M
1
:I(N) a(N,a,b)—{—O W .
5. Ecitu cpejit my, mo, ..., my €CTh JIBa He PABHBIX JIPYT JPYTy YHUCJA, TO JIOITY-

CTHM, 9TO My < Mmy. PaccMoTpum

1
I(N,my,ma, ... ,mg) :/ |S(a + man)|...|S(a + mgn)|da,
0
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e

S(Oé) _ Z 627riaac".

<P

Cuemnaem 3ameny t = a+mqn. IlockosibKy mojbIHTerpasbHast (OyHKIUS ABJISIETCSI
HEPUOAMYIHON 110 ¢ ¢ IEPUOAOM 1, MHTErpa MOKHO PACCMATPUBATHL HA IIPOMEXKYTKE
E=[-1/m;1=1/7), e 7, = P L.

ITo Teopeme dupuxie o npubINKEHNN JeCTBATEILHBIX YUCET PAIMOHAILHBIMY
qucaaMu ¢ IpeJICTaBUMO B BHUJIC

d 0
t:_+_7 (d7q):17 1<Q<7'17 |0|<1 (12)
q qn
[IpoMexKyTOK MHTErprpOBaHKs 10 t pa3odbeM Ha JBa HEIEPEeCEKAIOIINXC MHO-
xKectBa: [y — «Oosbmmes jayru u By — «Mmagbies jyru. Ha «6osbimuxy jayrax B B
pasznoxennn (12) seibepem ¢ < M. Torna Ey = E\ E;.
Nneem
I@Vﬂnh7n%.“,w%):1/‘fwwdt+;/ F(t)dt,
o) By
rue
Et) =[SOSt + (ma —ma)n)|...[S(t+ (my —ma)n)|.

6. Eciu t npuna ijie2kuT MHOXKECTBY Fy, TO B CHIIy JIEMMbI 5 U BbIOOpa

n—1
s—1

ool

M=P
nMeeM

1 1 c
S < P (P + MR ) < PR, = en) > 0.

7. llycts t npunamiexkut muoxkectBy Fp. Torma mo jiemme 4 cymecTByOT B3a-
UMHO TpocThie unciaa A n () Takue, 9TO

m — =\ x =,
Q| ~ Q?
npu

1
(CO /7-1)3—1
W < Q < 2M\/T1.

HO JIeMMe 5 JJIA t, HpI/IHa,ZLJIe}KaLLLI/IX <<6OJII)H_[I/IM>> ﬂyFaM El, nmMeeM
_ 1 _ 1 _ 4
|S(t+mn)| <<P<P 16n2 logn _.|_M 8n210gn> <<P1 n2logn.

8. I3 paccMOTPEHHBIX OIEHOK TOJTydaeM

1
I(N,my,ma,...,mg) < (max |S(t + mn)| + max ]S(t)|> / IS tdt <«
te kb teFo 0
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4.

< PM e cs = cs(n) > 0.

OxonuarebHas OI€HKa OCTaTKa MMeeT BU/

@) (N%_l_m> , c=c(n)>0.

Teopema mokazana.

SaKJII0UYeHnue

B mannoit pabote moJrydena acuMrToTuydeckas popmyIia Jiid npobdaembl Bapunra

¢ YuCJIaMH CIeIaJbHOIO BUja. B rylaBHOM tjIeHe IOSIBJISIeTCS PsiJi CIIEIUAIbHOIO
BHUJI&, TOBEJCHUE KOTOPOro OBLIO M3Yy4YeHO aBTopaMu panee. [Ipmumna nogBieHus
TaKOI'0 psijia IMIPEJCTAB/IIeT HHTEPEC U TPeOyeT JaJIbHEHINero NCCIeJ0BAHNA.
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