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AnHOTanNA

B crarbe ucciienoBano Mmaoroobpasue I, mopokJIeHHOE JIBYX3JIEMEHTHBIMU
KOMMYTAaTUBHBIMUA MYJIBTUIIJINKATUBHO UAEMIIOTEHTHBIMU ITOJIYKOJIbIIAMU.

IIpu uzyvenun MHOTOOOpA3UIL TTOJIYKOJICT] UCXOTHBIMU CJIY2KAT IBE KJIACCHU-
geckne TeopeMbl Bupkroda (o xapakrepusaryu MHOroobpasuii aarebparae-
CKUX CTPYKTYD U O HOJIIPSMON PA3JIOKUMOCTH ).

J. A. Kalman B 1971 rosay mokazaj, 94TO ¢ TOYHOCTHIO JIO M30MOpP(MU3IMA
CYIIECTBYET TPpU IMOAIIPAMO HEPA3JIOZKUMbBIX KOMMYTATUBHBIX NAECMITIOTEHTHDIX
MTOJIYKOJIBITA, ODJIAJAIONINX JTBONCTBEHHBIM 3aKOHOM JTUCTPUOYTHUBHOCTH & —+
yz = (z+y)(z+2): AByX3/1eMEHTHOE 110JIe, J[BYX3JIEMEHTHOE MOHO-TI0JIYKOJIBIIO,
a TaKKe HEKOTOPOE TPEXIJIEMEHTHOE IOJIYyKOJIBIIO.

B 1999 rony S. Ghosh nokaszas, 9To npon3BoIbHOE KOMMYTATHBHOE MYJIb-
TUILIIKATABHO UIEMIIOTEHTHOE TOJIYKOJIBIIO C TOXKJIECTBOM & + 2xy = x Oy-
JIeT TIOJIIIPSAMBIM IIPOU3BEJIeHIEM OyJieBa KOIbIA U JUCTPUOYTUBHON PEIeTKH.
AHaJIOTUYHBIN pe3yJibTaT JJjIs KJIACCA BCEX MYJIbTUILIMKATHBHO UJIEMIIOTEHT-
HBIX ITOJIyKOJIEI[ C HyJIeM U €IUHUIEH, 00/1aJai0ImX ToxK 1ecTBoM 1 + 2 = 1,
notyamwit F. Guzman B 1992 romy. Ilokazano, uro Jjiroboe Takoe MOJTYyKOJIbIIO
KOMMYTAaTUBHO U ABJIACTCA IMOJUPAMBIM IIPOU3BEICHUEM CEMENCTBA JABYX3J1€-
MEHTHBIX HOJIEH U JIBYX3JIEMEHTHBIX IIEIell, a TaKXKe MOXKET OBbITb MOPOXKIEHO
OJJHUM TPEeX3JIEMEHTHBIM ITOJIYKOJIBIIOM.

Hamu B manoii pabore mojiydeHbl Ceaytoriue pe3yabrarbl. JlokasaHb
HEKOTOPbIE HEOOXOMMbIE YCJIOBHS IOJIIPAMOI HEPA3JIOKUMOCTH TIOJTyKOJIe]
u3 MHOrooOpasust Y Bcex MOJTyKOJIEl ¢ KOMMYTATUBHBIM UJIEMIIOTEHTHBIM yM-
nokenueM. [Tokazamo, 4To IPOU3BOIBLHOE MOTYKOJIBLIIO 13 N sIBJISIETCS MTOIIIPsI-
MBIM ITPOU3BE/IEHUEM JIBYX KOMMYTATUBHBIX MYIbTUILIMKATUBHO UJIEMIIOTEHT-
HBIX TIOJIYKOJIEI], OJTHO 13 KOTOPBIX 00J1a/1aeT TOXKIECTBOM 3 = X, & APyroe —
TOXKIECTBOM 31 = 2.

Haiiensr Bce OAmpsiMo HEpa3I0KUMbIe MTOTYKObIa B J1. Omncans! mo/I-
muOroobpasusi B ). Ilokazano, aro B kiracce 1 mHOroobGpasue N 3aaercst

!PaBora BBIIOIHEHA B PAMKaX TI'OCYJApCTBEHHOro 3ajanms Munobprayku P@, mpoext
Ne1.1375.2014/K



MHOTI'OOBPASIE ITOJIVKOJIEIL, ITOPOZKJIEHHOE . ..

13

OJTHUM TOXKIECTBOM T + 22y + yz = x + 2xz + yz. Jlokazano, 4To pelieTka
BCex MOJIMHOrooOpasmit Muoroobpasus Il spiserca 16-sjmemeHTHON OyJieBoit
PEIeTKOI.

Karouesvie ca06a: TOTYKOJIBIIO, MYJILTUILINKATUBHO UJIEMIOTEHTHOE TIOIY-
KOJIBIIO0, MHOT'OOOPAa3ue MOJIYKOJIEIl,

Bbubauoepagpun: 16 Hazpanmii.

VARIETY OF SEMIRINGS GENERATED BY

TWO-ELEMENT SEMIRINGS WITH
COMMUTATIVE IDEMPOTENT
MULTIPLICATION

E. M. Vechtomov, A. A. Petrov (Kirov)

Abstract

The article is devoted to investigation of an variety 91 generated by two-
element commutative multiplicatively idempotent semirings. Two classical the-
orems of Birkhoff (about the characterization of varieties of algebraic structu-
res, and subdirect reducibility) are initial in the studying of semiring varieties.

In 1971 J. A. Kalman proved that there exist up to isomorphism three
subdirectly irreducible commutative idempotent semirings satisfying the dual
distributive law x + yz = (z 4+ y)(x + z), namely a two-element field, a two-
element mono-semiring, and the some three-element semiring.

In 1999 S. Ghosh showed that any commutative multiplicatively idempo-
tent semiring with identity = + 2xy = x is the subdirect product of a Boolean
ring and a distributive lattice. In 1992 F. Guzman got a similar result for
the variety of all multiplicatively idempotent semirings with zero and unit,
satisfying the identity 1 + 2x = 1. It was proved that every such semiring
is commutative. This one is the subdirect product of two-element fields and
two-element chains and it may be generated by a single three-element semiring.

We obtained the following results in the work. We proved some necessary
conditions for subdirect irreducibility of semirings from the variety 9t of all
the semirings with commutative indempotent multiplication. It was shown
that an arbitrary semiring from 90 is subdirect product of two commutative
multiplicatively idempotent semirings, one of which has the identity 3z = =z,
and the other has the identity 3x = 2. We found all the subdirectly irreducible
semirings in 91 and discribed varieties in 1. It was obtained that in the class 9t
the variety 91 is defined by the single identity = + 2zxy +yz = x + 222z + yz. We
proved that the lattice of all the subvarieties of the variety 91 is a 16-element
Boolean lattice.

Keywords: semiring, multiplicatively idempotent semiring, the variety of
semirings.

Bibliography: 16 titles.
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1. BBeaenne

Pesynbrarsl paboTel anoHcupoBassl B (3, 4, 5, 6, 7, §].

Ioaykosvyom nasbiBaeTcs ajrebpanmdeckast CTpyKTypa (S, +,:) ¢ OHHAPHBIMI
olepanusMi CJIOKEHUs + W YMHOMXKEHHUs -, Takas, 910 (S, +) — KOMMYyTaTHBHAs
nostyrpymma, (S,-) — MoJyrpyiia, YMHOXKEHHEe JUCTPUOYTUBHO OTHOCUTEIBLHO CJIO-
JKeHHsI ¢ 00enx CTOPOH.

Ioaypewemskoti Ha3pIBaeTcs J1i0bast JIEMIIOTEHTHAs KOMMYTaTUBHAS [IOJIyTDYII-
ma.

DeMeHT € MOIYKOJIbIA S HAZ0BEM NO2A0UWANOULUM N0 YMHOHCEHUIO (N02A0UA-
HOWUM N0 CAOHCEHUIO), €CIIH I BeeX © € S BpimosHstercs © - § = 6 - x = 6 (coot-
BETCTBEHHO, T + 6 = ). DyieMeHT HOJIyKOJIbIIA, ITOIVIOMAIONINIT [0 CI0KEHUIO U T10
YMHOXKEHUIO, HAa3bIBACTCS N02A0Wat0ujum 1 0bo3Hadaercs 0o. Ecin B 1moyKosbiie
S cymectByeT sieMeHT (), HeHTPAIBLHDIH 110 CJIOKEHHUIO U ITOTJIONIAIONTHIT 110 YMHO-
JKEHHIO, TO S HAa3BIBAETCH NOAYKOAbYoM ¢ Hyaem 0. Ecam momykosbio S obranaer
9JIEMEHTOM 1, HEHTPAJILHBIM 110 YMHOKEHHIO, TO S HA3BIBAETCA NOAYKOALUOM C edu-
nuuet 1.

OTmernM, 9TO K JIIOOOMY IMOJYKOJIBIYY S MOYKHO IIPUCOETUHUTDL €CTECTBEHHBIM
obpaszom HysreBoit ssrement () MM HOrIOMmAomuil ement oo. OB03HATNM TTOTy I€H-
ubte mostykosbiia S U {0} n S U {oo}, coorBercrBenHo.

[ToyKo/IbIIO HA3BIBAETCS KOMMYMAMUEHbIM, €CJIN Ha HEM TOXKIECTBEHHO Ty =
= yx. Ilomykomnbio ¢ ToxIeCTBOM & = & (r + & = x) Ha3BIBACTCS MYALMUNAU-
kamusro udemnomernmuvim (addumusno udemnomernmuvim). OTMETHM, 9TO JTFOOOE
MYJIBTUIINKATHBHO UJEMIOTEHTHOE IIOJIyKOJIbIIO YIOBJIETBOPSET TOXKJIECTBY T + 2 +
r+x =+, 10 ectb 4x = 2x. [lo/yKOJIBIIO, OHOBPEMEHHO MYJIBTUILIMKATHB-
HO U a/IUTUBHO HJIEMIIOTEHTHOE, Ha3bIBaeTcd udemnomenmuvim. 1lomykonso S
Ha3bIBAETCS JUCMPUOYMUGHLM, €CJIM Ha HeM BBIIOJHAETCS IBONCTBEHHBINH 3aKOH
mqucrpubyTuBnocta T + yz = (x + y)(z + z). VaemmorenTaoe moIyKoOIbIO ¢ TOXK-
JIECTBOM X + Y = Ty HA3bIBAETCA MOHO-NOAYKOALYUOM. DyieM roBOopuTh, ITO IOJIY-
KOJIBIIO S 00JIaIaeT KOHCTNAHMHIM CAOIHCEHUEM, €CIIN CYIECTBYET 3JIEMEHT ¢ € .S,
TaKOM, 9T0 T +y = t /I BeexX &,y € S (PaBHOCHIIBHO, S yIOBIETBOPSET TOXKIECTBY
TH+y=u+wv).

OTHOIIEHNe SKBUBAJEHTHOCTH p Ha IPOM3BOJLHOM IOJIYKOJbIEe S Ha3bIBAETCS
KoHepyaHyued, eciIn JIJIS BCEX X, Y, 2 € S U3 TPy CIe/lyeT

(z+2)p(y +2), (x2)p(y2), (22)p(2y).

Ha s1r060Mm mostykouibliie S €CTh JiBe TPUBHAJILHBIC KOHIPYIHIIUN: HyJIeBasg KOHI'PY-
sHIA 0g — OTHOIIEHNE PABEHCTBA U €IMHUYHASA KOHTPYIHINA 1g — OJTHOKJIACCOBASI.

[Toykombito S HA3BIBACTCSA NOINPAMO HEPASAOHCUMDBLM, ECTTA Ha, HEM CYIITECTBYET
HauMeHbIlas HeHyJIeBasg KOHIpyHIus. HeoHos/ieMeHTHOE TTOJTYKOIBIIO HA3BIBAETCS
KOH2PYIHU-NPOCTBLM, €CTTA HA HEM HET HETPUBHUAJILHBIX KOHTpySHIHUH. KoHTpysHII-
ITPOCTBIE TIOJIYKOJIBITA TTOJIITPIMO HEPA3JIOKUMBI.
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[Ipr u3zydenun MHOTOOOpPA3Uil MOJYKOJIEI UCXOJHBIMU CIIY?KAT JIBE KJIACCHIe-
ckue TeopeMbl bupkroda. Hamomuum, 410 mHo2000pazuem nosykosey, HA3bIBAET-
¢ KJIACC BCEX TMOJIYKOJIEI, YIOBIETBOPSAIONINX HEKOTOPOMY HAOOPY MOIYKOJIBIIEBBIX
roxiectB. 1o nepsoit Teopeme Bupkroda [9, ¢. 185], npousBoIbHbIN KJIACC HOJTYKO-
Jier; OyJIeT MHOrOOOpa3ueM TOrjia 1 TOJBKO TOT/Ia, KOIJa OH 3aMKHYT OTHOCUTEIHHO
B3ATHUS TIOJIITOJTYKOJIEIT, TOMOMOP(MHBIX 00pa30B U JIFOOBIX TPAMBIX ITpou3BeaeHuit. 13
BTOpOii Teopembl Bupkroda |9, c. 115] caeayer, uto r060€ MOTYKOIBIO SBIISETCSI
MIO/ITPSIMBIM TTPOU3BE/IEHNEM TIOITPSIMO HEPA3IOKUMBIX ITOTYKOJIeTl.

Cobcerennbltit uieas I moaykosbia S Ha3bIBaeTCa npocmuim, ecym ab € I Bieder
a€lumbel (Va,be S). Yepes Spec S 0603HAUNM MHOKECTBO BCEX IIPOCTHIX
MJIeaJI0B TOJIYKOJIbIA S.

B npousBosibHOM 1OJIYKOJIBIE S BBOJUTCS «PA3HOCTHOE» OTHOIIEHUE <!

r<yer=ywmIzeS(r+z=y).

Ono pedieKCHBHO U TPAH3UTUBHO, HO HEe 00sg3aTeTbHO AHTUCUMMETPUIHO. Fcim
OTHOIIIEHNEe < aHTUCUMMETPUYHO, TO €CTh SIBJISIETCS OTHOIIEHUEM IOpsIKa, TO I10-
JIYKOJIBIIO HA30BEM YNnopAadouuBaeMviM. 3aMETHM, 9TO B CJIydae aINTHBHO WIEMIIO-
TEHTHBIX MMOJYKOJIEI, OTHOIIEHNUE < ABJLAETCA MOPAIKOM, IIPU 3TOM T L Y & T+ Yy =
Y.

Bunaprhoe orHoIeHe ~ Ha MOTYKOJIbIE S

T~NYSTL<YRYST

siBJIsieTcst KOHrpysHIieil Ha S. CoorsercrBytomiee (haKTOPIHOIYKOJIbIO S/~ yiKe
YIOPSAJTOUNBAEMO. Y IIOPSI0INBAEMOCTD IOJIYKOJIBIA S PABHOCUIBHA TOMY, 9TO ~
ecThb oTHomeHne pasencrsa Ha S. Cu. [2, c. 30).

[TPEJJIOKEHUE 1. |11, ciencreue 1|.  IIpoussoavhoe  myabmuniukamueno
udeMnomerwmHoe NOAYKOALUo S ynopadouusaemo mozda u moavko mozda, k020a Ha
HeM mootcdecmeenno 3r = 2.

JIOKA3BATEJIBCTBO. Heobxodumocmo. Ecim MyIbTUIIMKATABHO UIEMIIOTEHT-
HO€ TTOJIYKOJIBITO S YIOPSIIOIMBAEMO, TO /Ui & € S mojaydaeM 3x = 2, MOCKOJIbKY
20 < 3z u 3xr < 4x = 2x.

ocmamounocmob. Tlycts Ha S ToxkaectBernno 3z = 2z. [lokaxkem, uT0o oTHOIIE-
e < Ha S anTucuMmMerpudHo. Ilyctb a < bu b < a B S, TO €cThb CyIIECTBYIOT
Takue 3JIeMeHThl s,t € S, uto a + s = b,b+t = a. Tormaa+ s+t =b+1t = a,
oTKyna a + 2s + 2t = a+ s+t = a. B cuny Toxxnectsa 3x = 2z moixydaem
a=(a+2s+2t)+s=a+s=0b. O

ZlcHo, 1T TOJTYKOIBIO S MY/IBTUILIMKATUBHO MJIEMIIOTEHTHO (HJIEMIIOTEHTHO) <>
KJIACCHI JTI060M KOHIPYSHIIUK HA S SIBJISIOTCS HOIIOIYTPYIIIAMEI HOJIYTPY bl (.S, -)
(COOTBETCTBEHHO, TIO/IIOIYKOIbIAME B S).

JIro6oit 3/1eMEHT @ KOMMYTATHBHOTO IMOJIYKOJIbIA S ONPEIENseT KOHIPYIHIHIO
~, Ha S :

T~y Y S Ta = ya.
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Herpyno BujieTh, 9TO CripaBe/jinBa

JIEMMA 1. Jlas anemenmos a, b KomMmymamueHo20 MYAbMUNAUKGMUCHO UdeM-
NOMEHMHO20 NOAYKOALUG S BLINONHANOMCA CACIYIOUUE CEOTICMEA:

1. x ~, (ax) daa moboeo x € S;

2. ecau S obaadaem edunuuets 1, mo a ~, 1 u 1 asasemcs eduHcmEeHHbIM
00PAMUMbBLM INEMEHTOM 6 S’

3. ecau a~gbuan~yb moa=n>o.

0
JL1st TPOM3BOJIBHOTO 3JIEMEHTA ¢ TOJIYKOJIbIIa S PACCMOTPUM OMHAPHOE OTHOIIIE-
HUE 4~

Ve,y e Sz~y<exr+a=y+a.

OTmeruM, 9TO OTHOIIEHHE ,~ SIBJISIETCS KOHIPY3HIUel Ha mosyrpymme (S,+), u
€CJIU @ — TIOTJIOIIAOIIUH 3JIEMEHT [0 YMHOXKEHUIO, TO ,~ SBJISIETCS KOHTPYIHIHEi
Ha TOJIYKOJIbIE S.

ToBopsr, aTo npocmuvie udeanv, TIOJTYKOIbIA S Pa3deasrom €20 INEMEHMbL, eCIIN
JUIsT JIIOOBIX a, b € S| a # b, Haiijercss npocToit uaean B S, coJepsKaIiii POBHO OJINH
U3 3JIEMEHTOB a, b.

[TPEJVIOKEHUE 2. [11, Teopema 1|. IIpocmuie udearve npouseosvrozo nosy-
KoALUA S Padiesstom €20 snemMermov, mozda u moavko mozda, ko20a S KoMMYMa-
MUBHO U MYNDMUNAUKAMUCHO UIEMNOMEHMHO.

JIOKABATEJIbCTBO. Heobxodumocmo. Ilycrs P — mpocToil uaeast moIyKoIbIa
Sua,be S Tornaa? € P& a € P. Tem caMbIM, 3JIeMEHTHI a2 U @ He Pa3IeIdioTcs
IIPOCTBIMU UJIeAJJAMU, U, 3HAYNT, OHU PaBHBI, & MOJYKOJIBIO S MYJIbTUILIMKATHBHO
naemnoreHTHo. asee, mycrs ab € P. B P nexxut Takxke sjaement baba = ba. 3naqaur,
MOJTYKOJIBITO S KOMMYTATHBHO.

Jlocmamounocms. PaccMOTpuM IIPOM3BOJIBHOE KOMMYTATHUBHOE MYJIbTUILINKA-
TUBHO MJIEMIIOTEHTHOE MOJIYKOJIBI0 S. [lo yMHOKeHWNIO S sIBJISIeTCsT TIOJTy PEIIeTKOIA.
Bosbmem B nostykodibiie S asiemenTsl ¢ # b. He BoinosinsieTcst 0/iHO U3 PABEHCTB @ =
ab wiu b = ab. MoxHO cunrarh, uro a # ab. Inasubiii ugean bS = {s € S: sb = s}
IIOJIYKOJIBIIA S He COMEep:KUT 3jeMeHT a. B cuy siemmMbr Llopra cymecTByer mmeal
P, makcumasibHbIi cpeju ugeaios J B .S, obrajgaromux coiicteamu bS C J u a ¢ J.
[Tokazkem, aro P — mpocroit ugean. Ilycrs z,y € S\ P. Torma S + P D P u
yS + P D P, mosromy a € (xs + P) N (yS + P). 3uauur, a = xs +p = yt + q Jia
HEKOTOPHIX S, t € S u p, ¢ € P. CienoBaresbHO,

a=a’= (s +p)(yt +q) = (zy)st + (wsq + pyt + pq),
oTKyza xy ¢ P, mockonbKy xsq + pyt + pg € P. D10 J0Ka3bIBAET IPOCTOTY HeaIa
P. Ocraercs 3ameTuth, uto b = b* € bS C P, no a ¢ P. Tem caMbIM, IpOCTOil njeas
P pasdeasem snemenmo, a u b (a # b) 1aHHOTO MOTYKOJIBIA S. 0
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JI1st IPOM3BOIBHOTO MPOCTOro Ujieana P KOMMYTATHBHOIO MOJIYKOJIBIA S Ompe-
nesisiercst Kourpysunus 0(P) [12, p. 210]:

(Vz,y € S) (x0(P)y) & 3z € S\ P (zz = y=z).

JIEMMA 2. /Jlas écaxozo npocmozo udeara P xommymamuernozo myssmuniuka-
MUBHO UJEMNOMEHMHO20 NOAYKOALYG S CNPABEAAUBDL CACOYIOWUE YMBEPHCOCHU:

1. wmmoorcecmeo S\ P 6ydem xaaccom xonepysnuyuu 0(P);
2. gaxmopnoayrosvyo S/0(P) Asasemea noiykosvyom ¢ eounuyer.

JIOKABATEJILCTBO. (1) 3amernm, uro uf(P)v mas mobsix u, v € S\ P, Tak Kak
u(uv) = wv = v(uw). Ilycrs Teneps st smemenTo p € Pyu € S\ P BbIONHSETCSI
pl(P)u, To ectb pw = uw misg wekoroporo w € S\ P. Torga uw € P, uro HeBO3-
MOXKHO, Tak Kak P — mpocroii uiean. Takum obpasom, S \ P sBjsiercs KJIaccoMm
KOHTpysHIuu 6(P).

(2) Kmace S\ P sBasercs equHnaHbIM 37eMenToM B S/0(P). B camom nere,

(pu)0(P)p ms mobeix p € Pyu € S\ P. O

JIEMMA 3. Jlas 2106020 KOMMYMaAMUEH020 MYAoMUNAUKAMUEBHO UICMNOMEH -

H020 noaykoavua S cnpasedauso pasencmso (| O(P) = 0g, caedosamenrvho,
PeSpecS

UMEETT, MECTTO U3OMOP¢HO€ saooicenue S 6 KOMMYMamueHoe MYAbITNUNAUKATIUCHO

udemnomenmmoe noaykosvuo [ S/0(P) ¢ edunuyed.
PeSpecS

JlokazaTeIbCTBO CJIe/TyeT U3 MPEeJJIOKEHNT 2 U JIEMMBI 2. O

JIEMMA 4. IIpoussosvHoe KOMMYMAMUEHOe UIeMNOMEHMHOE NOAYKOALUO S
¢ edunuuet 1 Aaaemcs MOHO-NOAYKOABUOM Mo20a U MOAbKO mozda, k0206 0HO
ydosaemeopaem keadumoscdecmsy r+1=y+1=x=1y.

JIOKABATEJIbCTBO. Heobxodumocmsb odeBuIHA.

Jlocmamounocmo. st moboro x € S Beimosasiercss x + 1 = (x+ 1) 4+ 1, otkyzna
x4+ 1 = x. Torma nnda Beex x,y € S nmeeMm x + xy = xy,y + vy = xy. [Hoxydaem
r+y=(r+y)?=rtayt+ryty=ay+ary=ury O

2. O nmoammpsgaMo Hepa3JI0XKUMBIX ITOJIYKOJIbIax B I

O6o3naunM depe3 I MHOrOOOpa3me BCEX KOMMYTATUBHBIX MYJIBTUILTUKATUBHO
MJIEMITIOTEHTHBIX TTOJTYKOJIeTl.

Jlerko BUJIETH, 9TO C TOYHOCTHIO JI0 N30OMOP@U3MA, CYIIECTBYET YETBIPE JIBYX3JIe-
MEHTHBIX KOMMYTATUBHBIX MYJIbTUILIMKATUBHO HJIEMIIOTEHTHBIX MOJIYKOJIBIIA:

e JIByXdJ€EMEHTHasd Ienb [B;
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® JIBYXdJIEMEHTHOE TI0JIe Zsg;
e JIByX3JIeMEeHTHOe MOHO-110/1yKoJIbio I = {1, 00} ¢ eqununeii 1;

e JsiByxasieMeHTHOE NoyKobio T = {1,000} ¢ enunureil 1 1 KOHCTAHTHBIM CJIO-
JKEHHEM.

IIPEAIOXKEHUE 3. Pewemxa L(9N) umeem poswo 4 amoma: IM(B), M(Z,),
M(D), M(T) u asasemeca amommod.

JIOKABATEJILCTBO. [lokaxkem, 910 J11000€ HEOTHOIJIEMEHTHOE MOJIYKOJIBIO S €
M, uMeeT JBYXIJIEMEHTHOE TOIIOIYKOJIBIIO.

Ecau Ja € S, rakoit, aro 3a # 2a, o {2a,3a} — noan0IyKOIBIO B S, n30MOpdh-
Hoe Zs.

[Tycts Teneps B S BbIOTHSETCA TOXKAeCTBO 3 = 2x. Eciu Ja € S, Takoii, arto
2a # a, 10 {a,2a} Gymer MOAMOSYKOIBIOM B S, m3oMopdHbIM T.

Ecin ke S maemmnorentho, To jiyig Beex a # b u3 S 6o a # ab, smubo b # ab.
[lycrs a # ab. Torma smbo a + ab # a, b0 a + ab # ab. B mepsBom ciydae
nomnosykosbiom B S 6yaer 17 = {a,a + ab}, Bo Bropom — Ty = {ab,a + ab},
npudem 1) = DT, = B. [

OTMmernM, 9TO perreTka MoIMHOro00pa3uii JJIO0ro HeTPUBUAILHOTO MHOTOODpa-
sust aromua |10, c. 376].

O6o3HaunM 4gepe3 I MHOrooOpasme IMOJIYyKOJEll, MOPOXKJIEHHOE IOJIYKOJIbIIaMn
B, Zo, D, T nimm, paBHOCHJIBHO, OJTHUM ITOJIYKOJBIIOM B X Zo X D x T.

JIEMMA 5. Hoayxoavua B, Zo, D, T cymsv (¢ mournocmuvio do uzomoppusma)
8CE KOH2PYIHU-NPOCTNBIE KOMMYMATNUSHBLE MYAOMUNAUKAMUEHO UOEMNOTEHMHDLE
NOAYKONLUG.

JIOKA3ATEJILCTBO. Ilycts S — mpousBosibHOE KOHIPYIHI-IIPOCTOE KOMMYTa-
TUBHOE MYJIBTUILINKATHBHO MIEMIIOTEHTHOE IOIYKO/IbI0. s jroboro syremenTa
a € S nmmeeMm ~,= Og mm ~,= 1g. B mepBoM cirydae mosydaem, 9To ¢ — HeHATpPATIb-
HBIIl 9JIEMEHT 110 YMHOXKEHUIO, TaK KaK ra ~, X JJjid Bcakoro z € S. Bo BTropom
caydae UMeeM T ~, Y JJId JIIOOBbIX =,y € S, B 9aCTHOCTU X ~, @, OTKyIa Ta = a,
TO €CThb G — IOIJIONIAOIIUI SJIEMEHT 110 yMHOKeHnto. HeliTpa bHbIil 1 TOTJI0Na0-
U 3JIEMEHTBI 110 YMHOXKEHHIO TTPOU3BOJILHOIO TIOJIYKOJIbIIA, €CJIN OHU CYIIECTBYIOT,
eJIMHCTBeHHBI. KpoMme Toro, ecyim OHM PaBHBI MKy COOOU, TO MOJIYKOJIBIIO OJHO-
ssiementro. CiesroBarenbho, |S| = 2. O

B nonyxkoubiie ¢ equnauneit 1 obosnaunm 2 =141,3=14+1+1=2+1.

TEOPEMA 1. Jlaa 6cAk020 MOONPAMO  HEPA3AOHCUMOZ0  KOMMYMAMUCHO-
20 MYAOMUNAUKAMUESHO UOEMNOMEHTNHO20 NOAYKOADUG S CNPABEdAUSDL CACIYIOULUE
YmeepxrHcoeHus:

1. S umeem edunuyy 1;
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2. mmoocecmeo S\ {1} — naubosrvwut udeasr 6 S, obaadarowuti edunuyet e;

3. HauMenLWel HenYysesotl KonepyaHuuetd Ha S CAYHCUM KOHPYIHUUA, CKACU-
8ANOULAA MOALKO dnemenmol 1 u e;

4. 6 S sepno paserncmeo 3 =2 uau 3 =1 ue = 2.

JTOKABATEIBLCTBO. (1) [Iycts S — mOIyKOJIBIO, YIOBIETBOPSIONIEE YCIOBUIO

teopembl. Ilo gemme 3 S —  [[ S/0(P), a mo semme 2 S/0(P) — moayKoJib-
PeSpec S
1o ¢ exmHunei s gwoboro P € SpecS. Tak kak S moanpsMo Hepas3aoKUMO, TO

cymectByer () € Spec S, takoii, uro S/6(Q) = S, orkyna S obiajaer euHUIEH.

(2) Mpemnomnoxum, aro (Vo € S\ {1})(Ty € S\ {1}) (xy # y). Paccmorpum
npon3BoJibHBIE dyteMeHThl ¢ # b u3 S\ {1}. [To semme 1 smbo a », b, 1160 @ =} b.
[Iycts a ~, b, T0 ectb a # ab. Torma a ~, 1,b », 1. Kpome Toro, 1o mpemo/ioxe-
HUIO ac # ¢ g Hekotoporo ¢ € S\ {1}, otkyna a ~. 1,a ~. ac. 3uaunt, m00bIE
ssteMeHThl 7,y € S\ {1} MOXKHO pa3euTh HEKOTOPOH HETPUBUAJIBHON KOHI'DYIHIH-
eit, u st Beex © € S\ {1} Haiinercs HeTpuBMAIbHAS KOHIDYSHIHSI, Pa3/IeJIsiOast
sneMentsl x u 1. [loydaem mporuBopetne ¢ moaupsMoit Hepa3a0KUMOCTBIO TOJTY-
KOJIbIIa, S.

O6ozHaunm [epes e vnement u3 S\ {1}, 1js1 KOTOporo xe = x mpu BeeX T €
S\ {1}

[Tokaxkem, uro S \ {1} sBisiercss mpeasom B S. YauTbBasg MyHKT (2) JE€MMBI
1, S\ {1} BbuEepxkuBaeT ymHOKeHUHEe Ha 1eMeHThl u3 S. Ecmu ke s+t = 1 s
HeKOTOPBIX §,t € S\ {1}, T0e =e-1 =e(s+t) = es+et = s+t = 1, uporuBopene.

(3) Jlerko BUETH, 9TO KOHIDYIHIUS ~, CKJIEHBAET TOJBKO 3JIEMEHTHl 1 1 e,
MO3TOMY OHa 1 Oy/ieT HamMeHbBIel HeHyJIeBOIl KOHTI'PYIHIIei Ha S.

(4) Ilycrb B S umeem 3 # 2. TTocKOJIBKY 3 ~ 2, TO KOHIDYIHIIUS ~ HEHYJIEBasl.
Buaunt, o nyukry (3), 1 ~ e, B yactHocru, e < 1, e+ s = 1 jy1g HeKoTOporo s € S.
B cuny Toro, aro S\ {1} aBigercsa nxeasom B S, moaydaem s = 1, To ectb €+ 1 =1
ne+e=ec. Tak kKak 2# 1, Toe = e+ e = 2e = 2. 0J

B kauectBe cire/IcTBUS TOTYIaeM CISIYIONNI PE3yJIbTAT O CTPYKTYPE MOy KOJIEI]

u3 IMN.

[TPEANTOXKEHUE 4. [Ipoussoavroe noayrxorvyo S € M aAsasemcs noonpamvim
npouasedenuem nosyrxorvua Ty € M ¢ moorcdecmeom 3x = x u noaykoavua Ty € M
¢ mootcdecmeom 3r = 2.

JIOKABATEJIBCTBO. IlpescraBum S Kak HOJNpsAMOe IPOU3BEJEHNE ceMeiicTBa

S; (i € I) moaupsaMo HepasJIoKUMbIX mosykodern S; € M @ s = (s;) € [[ S ma
il

kaxkaoro s € S. Ilycrs Iy — MHOXKECTBO BCeX MHIEKCOB ¢ € I, Takux, ch€> S; ymo-
BJIeTBOpsieT TOXKaecTBY 3¢ = x, u Iy = I\ 1. Ilo yrBepxuenuto 4 Teopembr 1 jyist
JI06010 @ € Iy TOIYKOJIBIIO S; YAOBIETBOPAET TOXKIECTBY 3= = 2x. MoKHO cunTarh,
gro I; u I wenycroie. [Toxydaem uckombie nosykosbia Ty, = {(s;) : @ € Iy} npm
k=12 0
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Jlnst memycroro cobCTBEHHOTO TOAMHOXKecTBa, M mostyKosibiia S depe3 Ty 000-
3HAYNM pasbmenne S, Ipu KOTOPOM OTHUM KjaccoMm Oymer M, a ocTaJbHbIE KIACCHI
OJTHORJIEMEHTHHBI.

Bynem roBoputh, 4To paszbuerue MOTYKOJIbIA S ABAAECMCA KoHepysHuuet Ha S,
€CcJIn OHO 3aJ1aeT KOHTPYIHIUIO Ha, HEM.

JIEMMA 6. Bo ecaxom nodnpamo nepazniogncumom nosykoavue S € M, |S| > 3,
Hatdymes maxue anemenmot S, t, umo 1 +s=1,1+t # 1.

JeiicTBuTe/IBHO, B IPOTHBHOM Cily4dae paszbuenue 7g\ (13 = {{1}, S\ {1}} aBnger-
s KOHTDYSHIHeH Ha S, pa3/Ie/Aonieil 3leMenTsl 1 1 e, IT0 HEBO3MOKHO 110 IYHKTY
(2) memmbr 1. O

SAMEYAHUE 1. Ecim moanpsmo HepasokuMoe MOJIyKoJIbIo S € 9 obiama-
er myaeM 0, To nosyko/bio S U {00} Takxke Oyjuer MOIIPAMO HEPa3JIOKUMbIM. B
caMoM JieJie, Jisi JiIoObIX a,b € S u kourpysunuu p Ha S U {o0} u3 apoo ciemyer
0poo, Tak Kak (a-0)p(oco-0). Torma bpoo, mockosbky (b+ 0)p(b+ oo). Takum obpa-
30M, p = lgufso}, OTKY/IA J/Is J1I000} HETPHBHAILHOM KOHIpysuiuu p' Ha S U {oo}
KJIacc [00],; 0fHOIIeMeHTeH. 3HAUNT, HOIYKOIbI0 SU{00} moAIpsaMO HEPa3IoKuMO
BMecTe ¢ S. AHAJIOTUYIHO TPOBEPSIETCsI, ITO JIJI BCSIKOTO MOJIIPSIMO HEPA3JIOKIMOTO
nostykoJibiia S € M ¢ morIonaronM 3JIEMEHTOM 00 MoJIyKoJIbio S U {0} sBiser-
csl TIOAIIPSIMO HepasJIoKUMbIM. [109TOMYy U Ha OCHOBAHWM TEOpPEMBI 1 IMOJIYKOJIBIA
BU {0}, Zs U{oc},DU{0}, TU{0} Gynyr (e MHCTBEHHBIMU C TOYHOCTBIO JIO0 U30-
MOpGU3MA) TPEX3JIEMEeHTHBIME TIO/IPAMO HEPA3JIOKUMBIME TTOJIYKOJIbIamu B L.

Ormerum pesyibrar A. Pomanosckoii |16, corollary 2.9]: mist siro6oro kapanaasia
m > 2 cyliecTByeT 0 KpaifHeil Mepe JBa MOJANPSMO HEPA3JIOKUMBIX KOMMYTATHB-
HBIX MJIEMIIOTEHTHBIX HOJIYKOJIbIA MOIIHOCTH M.

3. IloamuaOTOO0Opa3Usa B I

Ommirem Bce moaMHOroobpasusi MHOTooOpasust 1.

Hng momykomer Sy, ..., .S, depes M(Sy,...,S,) 6yaem 0603HATATE MHOIOOOPa-
3H€ MOJTYKOJIel], TOPOXK IeHHOe STUMU TOJTYKOJIbIIAMU. DTO O3HATAET, ITO MHOTOO0OPa-
sue IM(S, ..., Sy) 3a1aeTcsi MHOYKECTBOM BCEBO3MOXKHBIX TOXKJIECTB, BBIMOJHIEMbIX
Ha KazKJIOM u3 mojykoster Sy, . .., S,. Torma 91 = M(B, Z,, D, T).

Ormerum, aro M(B) ecrb MHOrOOGpa3He BCEBO3MOXKHBIX JAUCTPUOYTUBHBIX pPe-
IIIETOK, TO €CTh IOJTIYKOJIEI] C TIOJIyPEIIeTOUHBIM YMHOXKEHIEM, 0018 IaI0IIIX 3aKOHOM
HorJIoIIeHus « + xry = x. JIerko BujeTh, 4T0 MHOrooOpa3ue Bcex OyJIeBbIX KOJIell Xa-
pakrepusyercst B I ToxkgecTBoM = + 2y = x u coBnagaer ¢ M(Zy).

IIPEAJIOXKEHUE 5. [Ipou3soavHoe MOHO-NOAYKOADYUO eCb NOONPAMOe NPOU3-
sedenue cemeticmea noaykoney . Caedosamenviio, M(D) — mnozoobpasue 6ceco3-
MOIHCHBIL MOHO-NOAYKONEY,
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JIOKA3ATEJIBCTBO. Ilycrs S — momampsiMo HEpa3/I0:KUMOE MOHO-TIOTYKOJIBIIO.
Paccmorpum pasbuenne 7g g1y nosmykossia S. [ mobeix x,y € S\ {1} nmeem
r+y=azy#1,1+2=1-2 =12 # 1. 30auuT, T5\[1} — JABYXK/IACCOBasZ KOHI'DYIHIUS
Ha S, pasgensmomas aaemenTsl 1 u e. ITo Teopeme 1 75\ (13 = 0g u S = D. U

Muoroobpasue M(D) dbakTrueckn coOBIaIaeT ¢ MHOrOOOPa3ueM BCeX MOJIy pele-
ToK, a muoroobpaszue IM(T) npejcrapisier coboil KJIACC BCEBO3MOXKHBIX TIOJIypelle-
TOK C TOTJIOIIAOIIAM JIEMEHTOM.

[IPEATIOXKEHUE 6. Beakxoe noaykorvuo us M ¢ KOHCMAHMHDIM CAOHCEHUEM
oydem nodnpamvim npouseederuem cemeticmea noaykoaey, T. 3navwum, M(T) —
MH02000pa3UE BCET KOMMYMAMUBHHLT MYAOMUNAUKAMUEHO UOEMNOMEHMMHHLL NO-
AYKONEY, C KOHCTNAHIMMHBIM CAONCEHUEM.

JIOKABATEJILCTBO. Ilycts S € 9 — moanpsamMo HEpasJIoKUMOE IOJIyKOJIBIIO,
obJtastatoree KOHCTaHTHBIM criozkerneM. [liis moboro x € S\ {1} umeem 1+x = oo #
1. Kax u B ipejijioxKennn 5, pa3buenue g\ (1} ABAAeTCS KOHIPYSHIUEH, Tg\ 113 = Og

nS=T.

JIEMMA 7. Jlaa a106020 anemenma a oucmpubymueHozo udemnomeHmHozo no-
AYKOALUG S OUHAPHOE OMHOWEHUE ¢~ ABAACNCA KOH2PYIHUUET Ha S.

JIOKABATEJILCTBO. Tpebyercd mpoBEpUTH TOJBKO 3aMKHYTOCTH YMHOXKEHHUS.
Eciam 11 HEKOTOPBIX 3JIEMEHTOB Z,Y,%Z € S BBIIOIHAETCHA Ty~ Y, TO TZ + a =
= (r+a)(z+a) = (y+a)(z+a) =yz+a, 10 ectb (22) o~ (yz). Anamorndno,
(22) o~ (2y)- [

[IpuBeieM HOBbIE TOKA3ATENIBLCTBA JIBYX H3BECTHBIX PE3Y/IHTATOB.

VrBepxkaenue A [14, theorem|. C mounocmuio do usomoppusma cyuwecmey-
em mpu NOONPAMO HEPA3AOHCUMDLT OUCTPUOYMUSHBIT KOMMYMAMUCHHT UEMNO-
MEHMHDLT NOAYKOABUA: 06YTIAeMEHMHAA yend B, deyTosemenmmoe MOHO-NOAYKO-
a0 ¢ edunuyetd D u mpexasemenmmoe noayrkosvyo B U {oo}.

JIOKA3ATEJIBCTBO. Ilycte S — moanpsiMo HepasIoKuUMOe KOMMYTATHBHOE
UJIEMIIOTEHTHOE JUCTPpUby TrBHOE 10TyKoIb0. O603HaunM ) = S\ {1, e}. Samernm,
qro B cuity Jemmbl 1 zy ¢ {1,e} nist Beex x,y € Q.

Hamnee, ormernm, uro e + 1 ¢ Q. Heiicturensro, ecim ¢ + 1 = ¢ € @Q, 10
e=e+e=ce(e+1)=eq=q. lIporuopeune.

Bosmozknsbr siBa ciaydast: e+ 1 = 1 wan e+ 1 = e. 3ameTum, 9T0 B 000UX CIydasx
ete=e.

Lepsniii caywat. Ilycts e + 1 = 1. Ilo nemme 7 oTHOIEHNE ~ SBJISETCS KOH-
rpysHnueit Ha S, npudeM 1.~ e, Tak Kak 1 = 1 + e # e + e = e. 3HAYUT, .~ €CTh
OTHOIIIEHUE PABEHCTBa Ha S, OTKY/IA JIEMEHT € aJJTNTUBHO COKPATUM.

Bhrimie niokasano, uro QS C @, npu 3rom muO)KecTBo S\ Q = {1, e} Myabrumim-
KATUBHO 3aMKHYTO. PaccMoTpuM 3ieMeHTsI 2, y € (. S3amerum, ato x+y # 1 B cuy
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toro, uto S\ {1} —umean. Ecmmz+y =e,rox+e=zx+x+y=c+y=e=e+e,
OTKyJla & = e, mpoTtuBopeune. Takum obpaszom, () — mpocToit mieaa B S.

[Mokazkem, aro S \ @ + Q C Q. HeiictBurenbHo, eciu Jijig HEKOTOPOro ¢ € )
Boinosiasiercst 14+ ¢q € {1,e} (mm e+q € {1,e}), 10 e+q =€ = e+ e, orkyna ¢ = e,
[IPOTUBOPEYHE.

Ecau |S] = 2, ro S = B. Ecim xe |S| > 3, 1o, yuursiBas jgemmy 6, pasouenune
T ABJAETCA KOHIDYSHIHUeR Ha S, pasfessdiomnieil s1eMeHTsl 1, e. 3HaunTt, 7 = Og n
S =BU{oco}.

Bmopoti caywadi. Ilycrs e+ 1 = e. Ilo 1emmMe 7 KOHTpY3HIUS 1~ €CTh OTHOIIEHUE
paBeHcTBa Ha S, OTKy/Ja deMeHT 1 ajuTuBHo cokparuM. [lo jlemme 4 S aBisiercs
MOHO-ITOJTYKOJIBIIOM, ¥ II0 IpejtoxKennto b S = . ]

CneacTBUE 1. M(B, D) = M(B U {o0}) — mnoz006pasue scex ducmpubymue-
HOLT KOMMYMAMUBHOLE UOEMNOTNEHMHVLET NOAYKONEY,

VrBepxkaenue B [13, corollary 4.4]. Jhoboe kommymamueHnoe mysvmuniu-
KAMU6Ho UIEMNOMEHMMHOE NOAYKOADUO € MOHCICCTNBOM T + 2XY = T ABAACNCA
NOONPAMBIM NPOUIGEICHUEM OBYTINEMEHMHOIT NoAeT U 06YTIAEMEHMNHBIT yened,
cmano 6vimo, bYyaesa KoavLUa U QUCMPUOYMUSHOT PEWEMKU.

JIOKABATEJILCTBO. Ilycts S € 9 — moanpsmMo HEpasI0KUMOE IIOJTyKOJIBIIO,
obstajatoree ToXkaecTBOM  + 2zy = x. [logcraBissg B ToxkaecTBo © = 1, moydaem
1=142y=(1+y)+y s Beex y € S, orkyaa 1+ s = 1 ms jioboro s # 1, B cuiy
toro, uro S \ {1} asnsgerca uieanom B S. Torma Tg\ (1} ABIAETCA KOHIPYSHIHEH Ha,
S, orkyna Ts\(1} = 0g. Tenepn, ecm 2 = 1, ro S = B. Ecrm ke 2 # 1, To S = Zy. [

CHEJACTBUE 2. M(B,Zy) — MmHo2000pasue 6CEr KOMMYMAMUSHHET MYADIMU-
NAUKAMUBHO UIEMNOMEHTMHBLT NOAYKOAEY, ¢ MoHcIecmeom T + 2Ty = x.

[IPEAJIOXKEHUE 7. [Ipouseoavrnoe KoMMYyMamuehoe MYsbMUNAUKGMUCHO
UIEMNOMEHMHOE NOAYKOALUO € MOHCICCTNBOM T + TY = 2T ABAAECMCA NOONDPA-
Moim npoussedenuem nosykosey B u T, a snavum, ducmpubymucHoti pewemxu
U KOMMYMAMUBHO20 MYALMUNAUKGMUCHO UOEMNOMEHMH020 NOAYKONGUG € KOH-
cmanmmuoim caoocenuem. Taxum obpaszom, M(B, T) — amo mrnozo0bpasue 6cex Kom-
MYMAMUBHLLT MYALTNUNAUKGMUCHO UICMNOMEHMHBLT NOAYKOAEY, C TOHCIECTNEOM
T+ oy = 2.

JIOKABATEJILCTBO. Ilycts S € 9 — moanpsamMo HEpasJI0KUMOE IIOJTyKOJIBIIO,
objrajaroriee ToxkaecTBoM « + vy = 2x. llppy . = 1 umeem 1 +y = 1 + 1 g
Bcex y € S, orKyda /g Bcex s # 1 mosydaem 6o 1 +s = 1+ 1 = 1, qubo
1+s=1+1# 1. B oboux ciy4dasax Te\ (1} ABAAETCH KOHIPy3HIUeil Ha S, I03TOMY
Ts\{1} = Os. B nepsom ciayqae S = B, a o sropom S = T. O

[TPEATIOYKEHUE 8. Jhoboe kKommymamuenoe MYysomunisukamueHo Uudemno-
MEHMHOE NOAYKOALUO € MOHCIECTNEOM T +Y = 2XY ABAALNCA NOONPAMBIM NPOUIEE-
deruem cemeticmea noayroney D u T, pasrocusvho, HEKOMOPHIT MOHO-NOAYKOALUG
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U KOMMYMAMUEHO20 MYALIMUNAUKGMUCHO UEMNOMENMHO20 NOAYKOALYUL € KOH-
cmarmmvim caoorcenuem. IToomomy M(D, T) ecmov mmozoobpasue scex myavmuniu-
KAMUEHO UEMNOMERMHOIT NOAYKOAEY, ¢ MOodHCIecmeom T + Y = 2xy.

JIOKABATEJIBCTBO. Ilycts S € 9 — moampsiMo HEPA3JI0KUMOE TIOJTyKOJIBIIO,
obmaaroriee ToxkJIecTBOM & +y = 2xy. [Ipn y = 1 monydaem x+ 1 = x4 1714d Beex
x € S. Buaunt, s moboro s u3 uiaeana S\ {1} umeem 1+ s = s+ s # 1. Takum

00pazoM, Tg\{1} ABJIACTCA KOHIPysunueil Ha S. 3naunt, T7g\(1} = O0g. Ecim 2 =1, To
S =D, ecimxe2#1, 1085 =T. O

[IPEA/IOXKEHUE 9. Beakoe KOMMYMaAMuUSHoe MYsbMUNAUKGMUBHO UIEMNO-
MENMHOE NOAYKOALYUO ¢ MoHcIecmEom 26 = 2y ABAAEMCA NOONPAMBIM NPOUIGEIE-
HuUem cemeticmaa noaykorey, Zo u'T, cmanso 6umo, 6Yyae6a KOALUG U KOMMYMAMUG-
HO20 MYALMUNAUKAMUEBHO UOEMNOTEHMH020 NOAYKOALYUAL C KOHCTNAHIMHIM CAOHCE-
nuem. Caedosamenrvno, M(Zq, T) cosnadaem ¢ mHo2000pasuem 6CET KOMMYMAMUB-
HOLT MYALTMUNAUKATMUCHO UJEMTOMEHRTHBIE NOAYKOAEY, C MOHCOECTNEOM 2T = 2.

JIOKABATEJILCTBO. Ilycts S € 9 — noanpsaMo HepasJIoKUMOe I0JIyKOJIBIIO,
obasatoree ToxkaectBoM 2x = 2y. Iogcrabnsas x = s # 1,y = 1, noaydaem
s+s=1+1 gua Beaxoro s € S\ {1}, orxyna 2 # 1.

[Ipeamonoxum, aro cymecrsyer a € S\ {1}, Takoii, uro 1 + a = 1. Torga B
cuy ToxkgectBa 2o = 2y, nonydaem 1 = 14+a = (14+a)+a =1+ (a+a) =
=1+ (t+1t) = (1+t)+t amamoboro t € S\ {1}. Orkyna 1+ ¢ = 1, Tak Kak
S\ {1} aBngerca npeanom B S. Ilomydqaem, 4To Tg\ 1} AB/IAETCA KOHIDYSHIIUEH Ha
S, nosromy 7s\(1y = 05 u S = Zs.

Ecim 1+ b # 1 ana nekoroporo b € S\ {1}, To 0 TOJBKO YTO JOKA3AHHOMY
1+t#1 nnaseex t € S\ {1}. Barom cayqgae S = T. O

[TPEAIOXKEHUE 10. IIpoussosvroe KOMMYMAMUBHOE MYALMUNAUKGMUCHO
UDEMNOMEHMHOE NOAYKOALYO € MOHCOECTNEOM 2X + TY = TY ABAALMCA NOONPAMbBLM
npoussedenuem cemeticmsa noaykorey D, Zo u Ly U {oo}. Caedosamervro, mmozo-
obpasue M(D, Zs) = M(Zy U{o0}) asasemes mno20006pasuem 8CEE03MONCHBIT KOM-
MYMAMUEHHLE MYADTMUNAUKGMUCHO UOEMNOMEHMHBIT NOAYKOAEY, C MOACIECTNEOM
2z + zy = xy.

JIOKA3ATEJILCTBO. [lycTh S — 1OAIIPsSIMO HEPA3IOKIMOE TOJIYKOJIBIIO U3 MHO-
roobpasus MOJIyKOJel ¢ ToxkaecTBoM xy + 2x = xy. OHO obmagaer exmuuneir 1
7 3JEMEHTOM e, TaKUM, UTO em = m I JII0OOr0 M W3 MaKCHMAaJbHOIO HJeaJia
M = S\ {1}. Ilpu srom u3 ToxaecTBa TY + 2r = TY CJIEYET, U4TO JIJId BeeX T € S
BBITIOJTHSAETCA & + 2 = T.

[Iycts 2 = 1. Torma mys Beex x,y € S cupaeyuBo x +1 = x,y+ 1 = y, oTky1a
r+xy =xy =y+xy. lHonygaem x +y = x + y + 2xy = 2xy = xy. Takum odpasom,
S — MOHO-TIOJIYKOJIBIIO | TI0 Tpe ytozkennio 5 S = .

[Iycts 2 = e. Torma st Besikoro x € S clpaBeIMBO T + € = x. 3aMEeTUM, 9TO
muoxkectBo S\ {1, e} sBisiercss npocreiM nueasom B S. Ecom S\ {1,e} = &, 10
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S = Zy. Ecin ke S\ {1, e} # @, 10 pasbuenne 7g\ (1.} ABIACTCA KOHIDYIHIHEH Ha
S, HodTOMY Tg\[1,e} = Og 1 S = Zy U {o0}.

ITycrs Teneps 2 ¢ {1,e}. Tornae+e =2 u x+ 2 = x g Beex © € S. Ecan
e+l=1,102=€e+2=c. Ecmxkee+1¢ {l,e},toe+1=cle+1l)=ec+e=2,
orkyna e = e + 2 = 24+ 1 = 1. IIporusopeune. Suauut, e + 1 = e. Tenepp, 1 =
=24+1=(e+e)+1=e+(e+1)=e+e=2, nuporusopeune. O

B npounssosibHOM 11071yKOJIBIIE S € T BBIIOIHAETCS TOXKIECTBO
T+ 2xy+yz=x+2xz+yz, ().
IIOCKOJIBKY €MY YJIOBJIETBOPSIOT 1oJiyKoJbiia B, Zo, D, T.

JIEMMA 8. Ecau S € M obnadaem edunuued 1, a snemenmo, uz S\ {1} addu-
mueho udemnomernmuov, mo Vo € S,Vy € S\ {1} enpasedauso paserncmeo:

l+x+y=1+2x+zy. (k)

JIOKA3ATEJILCTBO. [lycTh 101yKoIbI0 S yIA0BIETBOPSIET YCJIOBUIO JieMMbI. To-
raa Ha S Bornosasiercs ToxkecTso (*). Iogcrasus B (*) o = 1 u nepeobo3natus 1e-
PEMEHHBIe, oIy daeM paBeHcTBo 14+2x+xy = 14+2y+xy. Ecmx € Suy € S\{1}, ro
l+x+zy = 1+y+zy. Uneem 1+x+2y = (1+x+2y)+2 = (1+y+ay)+z = 1+z+y.
0J

BAMEYAHUE 2. [Toaykomsua DU {0} u T U {0} me yaoBIeTBOPSAIOT TOXKIECTBY
(*), cramo 6bITh, OHE He ImpuHaJIEKaT MHOrooOpasmuio N. B camom mese, st 1mo-
aykosbiia DU {0} npu 2 = 1,y =00,z =0umeem co = 1+2-1-00+1-00-0 #
#142-1- 04+41-00-0=1. B uonykosbue TU{0} npu x =y = 1, 2 = 0 nosryuaem
0=14+1+0£1+0+0=1.

JIEMMA 9. /J[as npou3eosvrozo KoMmMYymamuehozo udemMnomermmozo noonpamo
HEPAZA0AHCUMO20 NOAYKOALUG S € N cnpasedaussv, caedyrousue Yymeeprcoerus:

1. omnowenue 1~ Asaiemcs KoHepysnuued na S;
2. ecau 1+ e =1, mo omnowenue .~ Asasemca KonepysHuuet Ha S.

JTOKABATEJILCTBO.(1) JlocTaToqHO MTPOBEPHUTDH, UTO 1~ COXPAHSET MOJIYKOJIb-
1eBoe ymMHOXkKeHune. Ilycts jiyist HeKOTOpBIX a,b € S BhIOTHSIETCT 0 + 1 = b + 1.
Paccmorpum npousBosibibtit sstement ¢ € S. Umeem 1 +a+ ¢ = 1+ b+ c. U3 pasen-
crBa (**) momyuaem 1+ a+c = 14 a+ ac. Iloacrasnsas reneps B (**) z = a,y = ac,
umeeM 1 +a+ac =1+ ac+ ac = 1+ ac. Anamornuano, 1 + b+ ¢ = 1 + be. Takum
00paszoMm, |~ sIBJIsieTCs KOHTpySHInel Ha S.

(2) TlokazkeMm, 4TO ~ COXpaHsieT MOJYKOJbIeBOe YMHOXKeHme. [lycTh jist sute-
MEHTOB a,b € S BbvIOTHSIETCA G .~ b, TO ecThb a + ¢ = b + e. Hyx)Ho mokasarnb,
qTo ac + e = bc + e jjsg jroboro ¢ € S. 3aMeruM, 4To U3 @ + € = b + e cienyer
ac + ec = bc + ec.
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[Ipu ¢ = 1 nony4uaem TpedyeMoe.
[Iycts Tereps ¢ # 1. YuntoiBas e+1 = 1, umeem a+1 = a+e+1 = b+e+1 = b+1.
Torpa us nyukra (1) ac+ 1 = be + 1, orkya ac + e = bc + e, Tak Kak ¢ # 1. O

[Iycts S — mpou3BoIbHOE TOIIPSIMO HEPA3JIOKUMOE TIOJIYKOIbI0 B I, Ipudem
|S| = 3. Torma B cuity jleMMbl 6 CyIeCTBYET ciiefyroliee pasoreHne moIyKobia S

r={{1}}3,A={reS:2#1lLv+1=1},B={reS:a#1,x+1#1}}.

JIEMMA 10. Pasbuenue T npoussonvrozo noonpamo HEPassofcuMo20 noiyKoNb-
uya S € M, |S| = 3, obnadaem caedyrowumu ceoticmeamu:

1.1+ A={1}, A+ ACA AACA B+SCB,
2. ecru S ENuenem3=1#2 morT=0g uS=7ZyU{oo}.

JOKABATEJILCTBO. (1) fdcno, uto A+ 1 = {1}.

[Iyctb a,a’ € A, oectb a+1=a"+1 =1 Tormaa+d +1=(a+1)+d =
=1+d =1, orkyna a+ad’ € A. Bamernm, uro ad’ = ad’ -1 = ad’(a+1) = ad’ + ad’.
YunrtoiBag 910, onydaeM 1 = a+a' +1 = a + 2ad’ +d + 1 = ad’ + 1, orryna
aa’ € A.

Ecau st nekotopbix x # 1 # y Bemonasgercas t+y+1 =1, tox+1=y+1=1.
Buaunr, eciit b € B, 10 b+ s € B jis jioboro s # 1.

[Iycts b € B. Paccemorpum ssiement b+ 1 # 1. lpeanonoxkum, aro b+ 1 € A, To
ectbb+14+1=1.Ecml+1=1,t0l=b4+1+1=0>b+1# 1, nporuopetne.
Ectmxel+1=s#1, Tob+s=0+1+1=1, 9ro Tak:ke HEBO3MOXKHO, TaK KaK
S\ {1} asnserca naeanom B S. Takum obpazom, 1 + B € B.

Urak, umeem 1 + A={1},A+ AC A AAC A B+SCB.

(2) Ilo mynkry (4) Teopempr 1 nmeem e = 2, orkyaa € + 1 = 1. 3naunt, S\ {1}
SIBJISIETCST MJIEMIIOTEHTHBIM TIOJITOJIYKOJIBIIOM B S, n 10 jemMme 8 Ha S st BCex
x,y € S\ {1} BomosHsercs paserctso (**).

[lycts a € A,b e B,toectba+1=1,b# 1 # b+ 1. Ecm ab+ 1 = 1, To,
yaurbiBasg (**), nonygaem 1 = 14+a+ab=1+a+b =1+ b # 1, uporusopeune.
Suaunt, AB C B.

[Iycrs Teneps b, b € B. Ilpenmnonoxum, uro b’ +1 = 1. Torma b = b -1 =
= b(bt' + 1) = b+ bb'. I3 pasencrra (**) noxyugaem 1 +bb' +b =1+ b0 + b - bV,
orkyma 1 =14+bb' =1+b+bb =1+ b +# 1, nporusopeune. Crajo 6bith, BB C B.

Takum 0b6pazom, yanTeiBas myHKT (1), 7 gBjsieTcs KOHrpyIHIMeH Ha S, mpuaem
T pasfensionieit sieMeHTs! 1 u e. 3uaqant, 7 = 0g u S = Zy U {o0}. O

TEOPEMA 2. [oaykosvua B, Zo, D, T,B U {o0}, Zy U {c0} ucuepnwsarom — c
MOUHOCIBI0 00 UBOMOPPUIMA — 6CE NOONPAMO HEPAAOHCUMbIE NOAYKONDUYG MHO-
2000pasus N.

JIOKABATEJILCTBO. Ilycth S — noanpsamo HepasaoKuMoe HOJTYKOIbIo u3 1.
PaccmorpuMm Bce BOBMOXKHBIE CITyYIau.
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1. Ilycts 2 = 1, TO ecTb S UIAEMIIOTEHTHO.

1.1) Ipenmonoxkum, aro 1+ e = 1. Tlo gemme 9 .~ Oymer KoHIpysHImeid Ha S,
npudeM €.~ 1, nosromy ~= 0g. Takum obpasom i Beex T,y € S crpaseiuBa
UMILIIKAIASA & + € = y + e = = = y. Torga misg Beakoro x € S BBIIOJHAETCH
r+e=x, TaK KaK T +e¢ =12 + e + e.

Pacemorpum ipousBosibHBIE 3eMeHTHE S, ¢ € S\ {1, e}. Bamernm, uto 1+ s ¢
¢ {l,e}, unaue s = s + s = e. Hanee, samernm, uro ecau s +t € {1,e}, To
s+t+1=1,Bcury 1+1=1+e=1. Tak xax S\ {1} aBrsercsa ugeasom B S, TO
JOJI2KHO BBITOAHATHECA 1 +5 =1 m 1+t = 1, 9T0, KaK IIOKa3aHO BBIIIE, HEBO3MOXKHO.
Buaunt, s+t ¢ {1,e}.

Ecmu [S| = 2, ro S = B. Ecim ke [S| > 3, 1o pasbuenne Tg\ (1) ABIATCHA
KOHTpysHImeit Ha S. 3Haunut, 7g\(1,} = 0s u S =B U {oo}.

1.2) ITycre 1 +e # 1. Torna e+ 1 = e(e+1) = e+e = e. Ilo 1emme 9 ornomenne
1~ SBJIIETCA KOHTPY HIMeH Ha S, upu 31oM €1~ 1. 3uaquut, ;~= 0g u s1eMenT 1
aJUINTUBHO COKpaTuM. 110 jeMme 4 S — MOHO-TIOJIYKOJIBIO, HodToMy S = .

2. Ilycts 3 =2 # 1.

2.1) Ilpeamonoxum, aro 2 = e. Torma e + 1 = 3 = 2 = e. Ecaun ms smoboro
r € S\{1} Bemosnnsgerca x+1 € S\ {1}, To pazduenne 7\ 1} ABJIAETCS KOHIDYIHIIIEH
Ha S, mosromy Te\f13 = O0g u S = T.

[Iycrs Teneps cymecrsyer a € S\ {1,e}, Takoii, uro a + 1 = 1. Toryma a +
e = ea+a = awu no 3amedannio 2, noamoaykosasno {a,1,2} = T U {0} ¢ MN.
[IporuBopeyne.

2.2) Ilycre 2 ¢ {l,e}. Tormae4+e =e+1 =2 = e+ 2. Eciim ma moboro
x € S\ {1} Bomonnserca x + 1 # 1, To pazbuenne Tg\ (1} ABJIATCA KOHIDYIHIIUEH
Ha S, orkyna To\f13 = 0 u S = T.

Ecu e cymecrsyer a ¢ {1, e}, Takoii, ato a+1 = 1, To Torga a+e = e,a+a =
= a,a + 2 = 2, u MOAMOJIYKOJIBIO {a,1,2,e} ¢ N, Tak KAk B HEM HE BBIIOJHACTCS
(*). IIporuBopeune.

3. ITycrs 3 # 2. Torga 3 = 1 o mynkry (4) Teopemst 1. Ecin |S| = 2, To S = Zo.
Ecin ke |S] = 3, o no semme 10 (2) S = Zy U {o0}. O

CHIEACTBUE 3. I[Ipoussosvroe nosyrxorvyo S € I 6ydem nodnpamvim npousee-
deruem nexomopozo cemeticmea noaykosey B, Zo, D, T, B U {oo}, Zy U {oc0}.

CJIEACTBUE 4. B xaacce M mmozoobpazue N s3adaemca odrnum mootcdecmeom
().

TEOPEMA 3. Pewemxa nodmmozo0006pasuti muozoobpasus N aeasemcs 16-a1e-
Mmenmmot 6yresoti pewemxod.

JJOKABATENBLCTBO. Umeem IM(B U {oo}) = M(B,D) u IM(Zy U {o0}) =
= M(Zy, D). Tlostomy B crry Teopembl 2 Jro6oe mogMHOT00Opasue B I ompeje-
ngercst mogMHokecTBoM MHOKectBa M = {B,Zy, D, T.} Tlpu sroMm, Kak Jierko Bu-
JIeTh, Pa3Hble MOAMHOXKeCcTBa B M 1MOpOXKIaioT pa3Hbie MHOroobpasus. Ctaso ObITh,
pemerka L(M) moamuoroobpasmii Maoroobpasus I 6ygaer 16-smementHoil OysieBoit
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pemerkoit. Hamvenosrmnm smementom B L(M) sBiIseTcss TPUBHAILHOE MHOI00ODa-
3ue, Hanbosbimum — camo M. Muoroobpasus M (B), M(Zy), M(D), M(T) — aromer
B L(M), muoroobpaszus M(B, Zy, D), M(B, Z,, T), M(B, D, T), M (Zy, D, T) — xoaro-

MBI Ul

SAMEYAHUE 3. Teopema 3 MoxKeT OBITH TaK:Ke BBIBE/IEHA M3 OJTHOTO PE3Y/IbTaTa
B. M. Bepuukosa u M. B. Bosikosa [1]. [eiicTBuTesibHO, JIEFKO BHJIETH, YTO MHOTOO6-
pasue IMM(B, Zy, D) yaoBieTBopsieT CIeAyIONEeMy YCJIOBUIO: B KayKI0# ajrebpe MHO-
roobpasus y KaxKJIoil HeTPUBHAJIBHON KOHI'PYSHIINH €CTh HEOIHOIJIEMEHTHBIN KJIacc,
sBaistroruiicss mofasrebpoii. [losromy 1o |1, Teopemal permerka mogMHOT006pa3Mit
9TOTO MHOT000pa3us SBJseTCs 8-3JIeMeHTHOI OyseBoil pemnteTKoii. PemeTka moavHoO-
roobpasuit Maoroo6pasust 91 = M(B, Z,, D) V M (T) Gymer npsMbiM MTpOU3BeIeHIEM
8-371eMeHTHOI OyJIeBOI PEeIeTKN U JBYXJIEMEHTHON IIeNu, TO eCTh 16-371eMeHTHOI
Oy/1eBOIl PEIIeTKOil.

[TPEATOYKEHUE 11. /Jlas ecarozo noaykosvua S € M umerom mecmo caedyro-
wue YmeepHcoeHus:

1. S € M(B,Z,, T) < S obnadaem moostcdecmeom x + 2xy = 3x;

2. S eMB,D,T) & S ducmpubymusno < S € N u ydosaemeopsem mooicde-
cmey 3r = 2x;

3. S € M(Zy,D,T) & S 0baadaem mosrcdecmeom x + 2xy = 3zy;
4. S €M(B,Zy,D) & S €N uS ydosaemsopsem moorcdecmey 3x = x.

JOKABATEJILCTBO. (1) fcno, uro nomykossio S € IM(B, Zy, T) yaosierBopsi-
0T TOXKJECTBY T + 2xy = 3T, a OHO, B CBOIO O4Yepejlb, BjedeT TOXKecTBo (*), HO
neBepuo Ha ). Ocraercs TIpuUMEHUTH TeOpeMy 3.

Yreepxaenus (2)—(4) mokasbBaOTCH aHAJOIHIHBIM 00pasoM. Tosibko HaIO 110-
Ka3aTh, YTO TOXKJECTBO (*) BbINOJHSIETCS B JIIOOOM JUCTPUOYTUBHOM MOJIYKOJIBIIE
S € M. Jljist 57010 3aMeTUM, 9TO B S BBIIOJHAETCA TOXKJIECTBO I + xy = I + 32y, a
U3 JIBOCTBEHHOIO 3aKOHA JUCTPUOYTUBHOCTH HOJIydaeM = + yz = (x + y)(z + 2) =
= x+axy+rz+yz. Orkyna r+2xy+yz = x+3zy+rz+yz = v+rxy+rz+yz = r+yz.
[Hostomy m = + 222 + yz = = + y=. U

SAMEYAHUE 4. Mbl Buanm, 9To MHOTOOOpasue I coAepKUT UeThIPe MOIMHO-
roobpasusi ¢ WIEMIOTEHTHBIM TOXKJIECTBOM & + & = « : TpuBnajgbHoe, M(B), M(D),
M(B, D). Kak nokazano B [15] B MHOro06pasun N CyImecTBYET €Iie OJHO <«HIeM-
HOTEHTHOE» TIOJMHOr000pasue — MHOroobpasne BCeX KOMMYTATUBHBIX HIEMIIOTEHT-
ubix nostykosten. Ouo cosragaer ¢ M(D U {oo}) u crporo conepxur M(B, D).

B 3ak/mouenne orMeTuM, UTO B KJjacce MOJykoJer; I KaxKjaoe TOXKJIeCTBO, U3
KOTOpPOIO BbITeKaeT ToxJIecTBO (*), 3amaer oguo u3 16 mojmuoroobpasuit B8 I B
cuty TeopeMbl 3. [IpuBeieM HECKOJIBKO IIPUMEPOB.
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1. Bo Begkom mosykosibiie S € 9N ToxkiecTBo (*) SKBUBAJEHTHO JIFOOOMY 13
CJIEJIYIOIINX TOXKJIECTB:

T+ 2zxy + xyz = x + 222 + xY2,

x4+ 2xy + 20yz = v + 202 + 20y2,

onpeesionux MHoroobpasue I. OiHako ToxK1ecTBO (*) HEe pABHOCUIIBHO HU OJIHO-
MY U3 TOXKJECTB 20+ 22y +2yz = 20+ 2x2+2yz n 20+ 2xy+2xyz = 20+2x2421y2.
B camom zeie, moykoisiio (TU{0})U{cc} ¢ N, HO B HEM BBILOIHSIOTCS yKa3aHHbBIE
TOXKJIECTBA.

2. B muaOTOOOpasum 9N Karkoe U3 TOXKJIECTB

r+axy+yz=x+rz+Yyz,

rT+yz =2+ xy+yz

PaBHOCUJILHO JIBOMCTBEHHOMY 3aKOHY JUCTPUOYTHBHOCTU, TO €CTh JII0OOE U3 ITHUX
TOXKJIECTB ompe/iesisier Muoroodbpasue M(B, D, T).

3. B xnacce 9 ToxxnectBo 3 = 3y paBHOCUIBHO KarXKJIOMY U3 TOXKIECTB T+ Y =
T+ z,x +y = u-+ v u onpenensier Muorooopasue N(T).

4. 3aKJro4YeHune

B pabore uzydeno muoroobpazue 1, MOpPOXKJICHHOE JIBYXIJIEMEHTHBIMUA KOMMY-
TATUBHBIME MYJIBTUIIMKATUBHO WIEMIIOTEHTHBIMU TOJIyKOJbIaMu. ONucaHbl M0/I-
muoroobpazusi B . [lokazano, aro B Kyacce 9 Bcex MOJIYKOJEN] ¢ KOMMYTATUB-
HBIM MJIEMIIOTEHTHBIM YMHOXKEHUEM MHOorooopasue Il 3a71aeTcst OJHUM TOXKIECTBOM
T+ 2xy+yz =x+ 2xz+ Yz, u 9TO pelieTKa BCex MOJIMHOTI000pa3uii MHOIooOpas3us
N Oyner 16-371eMenTHO Oy/1€BOI PEIIETKOII.

CdhopmymupyeM HECKOIBKO 3aJ1a4 JJIsI TaIbHERIIero neCIe0BaHns:

1. ommcarh moaMHOTO00Opas3Ust MHOroobpasust NN;

2. U3y4IUTb CBO60,H‘HI)I€ MYJIBTUIIJIMKATUBHO MAEMIIOTE€HTHBIC IIOJIYKOJIbIIa C KO-
HE€YHbIM YHCJIOM CBO60,ZLHI)IX 06pa3y}oumx;

3. IIOCTPOUTL TEOPUIO HOHYMO,ZLyHGfI HaJ MYJIbTUIIJIMKATUBHO HAEMIIOTEHTHBIMHA
IIOJIYKOJIbIIaMH.

CIINCOK IINTNPOBAHHON JINTEPATYPHI

1. Bepuukos B. M., BoiikoB M. B. Jlononnenus B penerkax MHOroOOpa3uii 1 KBa-
sumHOroobpasuii // V3. ByzoB. Maremaruka. 1982. Ne11. C. 17-20.

2. Beutomos E. M. Bsenenne B nosrykosbna. Kupos: Nza-so BI'TLY, 2000. 44 c.



MHOTI'OOBPASIE ITOJIVKOJIEIL, ITOPOZKJIEHHOE . .. 29

10.

11.

12.

13.

14.

15.

Beuaromos E. M., IlerpoB A. A. Hekoropbie MHOrOOOpa3ust KOMMYTATUBHBIX
MyJIBTUILTMKATHBHO HAEMIIOTEHTHBIX mostyKoser, // CoBpeMeHHbIe MPOOJIeMbI
MaTeMaTUKd W ee TPUIOXKeHuit: Tpyabl 45-it MexxiyHapoiHOi MOJIOIEKHOI

IIKOJIbI-KOH(epennn, mocB. 75-neruio B. 1. Bepapimesa. Exarepunbypr, 2014.
C. 10-12.

Beuromos E. M., ITetpo A. A. O MHOrOOOpa3un MOJIYKOJIEI] C UIEMIIOTEHTHBIM
yMmHOKeHueM // Ajirebpa u JIoruka: Teopust U MPUJIOKEHUsT: Te3. JOKJI. Mexry-
Hap. koud., nocssir. nmamsaru B.I1. [Mlyakosa. Kpacrospcek, 2013. C. 33-34.

Beuaromos E. M., Ilerpos A. A. O noaMHOr0o0Opasusax MHOTO0Opas3usi MOJIYKO-
JIET[ C TOJIyPeIeTOYHbIM YMHOXKeHneM // Ajrebpa n MaTemaTwdecKast JOTHUKA:
Teopus u npuaoxkenus: Marep. Mexmynap. koud. Kazann, 2014. C. 155-156.

Beuromos E. M., Iletpo A. A. O mofnpsiMo HEPA3TOKUMBIX KOMMYTATHBHBIX
MYJIBTUIIMKATHBHO MUJIEMIIOTEHTHBIX HOJIyKOJblax // Ajrebpa u Teopus 4u-
ceJI: COBpeMeHHbIe TTPOoOJIeMbI U ITpUIoXKeHust: Te3. JoKa. XI Mexynap. Koud.
Caparos, 2013. C. 14-15.

Beuromos E. M., [Terpos A. A. O mosyKoJibIIax ¢ MOJIyPENeTOIHBIM Y MHOXKE-
ureM // Ayirebpa u Teopust UucesT: COBPEMEHHBIE MTPOBIEMbI 1 TPUJIOYKEHUST: Ma-
repuasbl XII Mexrynapoanoit koud., nocs. 80-metuto npod. B. H. Jlarsimesa.
Tyna, 2014. C. 154-157.

Beuromon E. M., Ilerpos A. A. Ilosykosibila ¢ KOMMYTATHBHBIM HJIEMIIOTEHT-
HBIM yMHOKeHneM // MaremaTnka B COBpeMEHHOM MUpe: MaTepruasibl Mexk ryHa-
poaHoit koudepennun, mocs. 150-getuto /. A. I'pase. Bosorma, 2013. C. 10-11.

Kon II. YuuBepcanbuas aarebpa // M.: Mup, 1968. 351 c.
MauibrieB A. . Anrebpandeckue cucrembl. M.: Hayka, 1970. 392 c.

[Terpos A. A. IMosmykosblia ¢ ycnoBusiMu ujemnorenTaocru // HebbimeBckuii
coopuuk. 2012. T. XIII, Bomr. 1(41). C. 118-129.

Chermnykh V. V. Functional representations of semirings // Journal of Math.
Sci. (New York), 2012. Vol. 187, Ne2. P. 187-267.

Ghosh S. A characterization semirings which subdirect products of rings and
distributive lattices // Semigroup Forum, 1999. Vol. 59. P. 106-120.

Kalman J. A. Subdirect decomposition of distributive quasilattices // Fund.
Math., 1971. Vol. 71. P. 161-163.

McKenzie R., Romanowska A. Varieties of A-distributive bisemilattices //
Contrib. Gen. Algebra: Proc. Klagefurt Conf. Klagefurt, 1979. P. 213-218.



30 E. M. BEHTOMOB, A. A. IIETPOB

16. Romanowska A. On bisemilattices with one distributive law // Algebra
universalis. 1980. Vol. 10. P. 36-47.

Bsrckuit rocyapcrBennblii rymManuTapHblii yausepcurer (r. Kupos)
[Toctymmno 18.07.2014



