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AnHOTanua

[IpuBoauTcsa Bepcus Meroma Xya JAjId OMEHKW HEMOJTHBIX PAIMOHATHHBIX TPUTOHOMETpUYe-
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Abstract

We give the version of Hua’s method for the estimation of non-complete rational tri-
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To the memory of Academician J. V. Linnik

1. Introduction

The purpose of this article is to give the new demonstration of the estimation of non-complete
rational trigonometric sums. Early the deduction of similar estimations are realized with using the
Fourier analysis [1],[2]. Here we develop the Hua’s method of estimations of complete rational sums
(]2], p-101-109). We follow the version of this method, proposed by V. N. Chubarikov [6]-[10].

Let n > 2,p is a prime number, f(x) = ap,z™ + -+ + a1 + ap is a polynomial with integer
coefficients, (an,...a;,p) =1, 0<1<k and e(z) = 2™,

k—1

p
S=Sp"k—1,F)=> elf(x)/p") (1)

r=1

P ph!
S=Y.56, S©= Y  elf@)/"), (2)

=t =€ m(:niod D)
moreover .
ph—i-1
S(€) = e(f(&+px)/p*).
x=1
Let w=[lnn/Inp], p"|[(nay,...,2a2,a;1), then 7 < w.

We define, following Hua L.-K. ([2], p. 217), solutions
z=E& +phat- P+ (3)
of congruence f'(x) =0 (mod p¥) in the next way
p 7 f(§1) =0 (mod p),p" ge, () = f(&1 +px) — £(£), (4)

where the coefficients of the polynomial g¢, (x) and the number p have no common factor excepted
1, and further by the analogy for s > 1 we put

p_ﬁrklg({l ----- 5571)(58) =0 (mOd p)v (5)
P9, (T) = Gt (& +PT) — Gy eo1) (60, (6)
ks =ks1 —ug,ls =ls_1 —us+ 1. (7)

Now we formulate statements of following theorems.
THEOREM 1. Let inequalities ky—1 > 2(l,—1 + w + 1), k, < 2(l, + w + 1) be define the number
r. Then we have

k. (&) | 9a(&2) 9er,..6r 1 (&) k.
S(p 7k_l7f): Z 6( pk + ;kl ++IPT S(p 7k7’_l7“7.g(§1,...,§r))'
(STNIY
THEOREM 2. Let r be the smallest number over all solutions (§1,&a, . ..,&,), defining early, and

satisfying inequalities k,_1 > 2(l,—1 + w + 1), k. < 2(l, + w+ 1). Then

1S(" k=1, )] < (n—1)p" (8)
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2. Lemmas

Further we have the following statement.

LEMMA 1. Let & is not a solution of the congruence p~7 f'(x) = 0 (mod p), and let 0 <1 < k.
Then for k > 1+ 2(1 +w) we get S(§) = 0.

PROOF. We put z =y + p*""""22, where 1 <y < pF=1=772,0 < 2 < p™t! — 1. It gives

k—l—17—-2 T+1_1

SO = > D> e(fE+py+pT ) =
y=1 z2=0
ph—l—7—2 1
= e(e(fE+py)/p") D e(f (€ +py)z/p ) =0,
y=1 z=0

as p~ T f'(€) #0 (mod p) and k > 2(I + 7+ 1).
Lemma is proved.
LEMMA 2. Let & be a solution of the congruence p~7 f'(§) =0 (mod p). Let

pg(z) = f(E+px) — f(§), 9g(x) =ge(z) =bnz" + -+ bz, (by,...b1,p) =1.

Then we have

S(€) = e(£(&)/p") e(g(x)/p"™")
r=1
PrROOF. We find
ph—i-1 ph—i-1
e(—f(8)/p")S(¢) = e((f(€+px)— F(£)/F) = D elglx)/p"™).
=1 =1

Lemma is proved.
LEMMA 3. The number of solutions of the congruence f'(z) = 0 (mod p*) in the sense described
(3)-(7) is at most n — 1.
PROOF. See (|2], p.217, Lemma 6.1).
LEMMA 4. We have
n—1>u; >uy > - >u > 2.

PROOF. See (|2], p.219, Lemma 7.1).
LEMMA 5. We have
k—l+r—(ui+---+u) <[lnn/lnp|.

PROOF. See (|2], p.220, Lemma 7.2).

3. Proof of theorems

1. For k> 2(l +w+1) we get

SOk —1,0) = e(f(©)/P)SE 5k —1—-1,g),
3
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where & = & runs all solutions of the congruence p~ 7 f/(£) = 0 (mod p), and u = u; = ug(§) is
defined in the statement of the Lemma 2.
Putting k1 = k —uy,l; =1+ 1 — u;, we have

S5 k=1, )= e(f()/r")SW" k1 — 1, ge).
£
Thus if k1 > 2(l; + w + 1) then we obtain from Lemmas 1 and 2

Tl —u
SEhk—1f)= > e <f(il) 4 94 (k1 2)) STk =l = 1, g6 ,6))s
(1,62) P P

where &5 is a solution of the congruence
P ge, (§2) =0 (mod p), p|[(nbn,...,2b2,01), T <w,
and
P 9(¢1,6)(T) = 9e, (E2 +p7) — 96, (&2),  Ge1,60)(T) = CnZ™ + -+ 1w, (cn,...c1,p) = 1.
We carry on doing this procedure further. For » > 1 we put
kr =kr—1 —up, by =l + 1 —u,.

P Yer,e) (@) = ey, o) (& +DT) = Gieybr1) (&)

g(&,,,.@)(a:) = cg)x" + e+ cgr)x, (cn’”), .. .cgr),p) =1.

Then finally by Lemma 4 and 5 for some r from conditions
kr1 > 2(L—1 +w+ 1),k < 2(l, + w+ 1),

we find

SpFk—1,f) = Z e <f(§1) + 96, (£2) ++w> v

k k1 kr—1
(517"'7&7‘) p p p

Xs(pkr_l_UTS kr1 =11 —1, 9(51,...,&)) =
Y () s

k k1 kr—1
((SPY P P P

where &, is a solution of the congruence

> S(kaS ky — lmg(fl,...,&))a

P_Trflgzgl,...,srfn(g’”) =0 (mod p)7 prl H(nbg—l)’ o 7ng"—l)7 bgrfl))7 Tr1 < w.

The theorem 1 is proved.
2. Further we have

kr=k_1—u=k_2—U_1—U=-=k—u —u — - — U,

Lb=lL_ag+1l—u =l o+1—U_ 1+l —Uo=--=1l4+T—U — " — Up.

Hence
kr—l,=k—-1—r.
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From here we get

SEhk=1Lf= D> e

f(fl) 9¢ (52) 9, &r— (&7) .
(51""757’)

Therefore, using the Lemma 3, we find

IS®* k=1, f)] < (n—1)p*".

The theorem 2 is proved.

CONCLUSIVE NOTES. It’s interesting to get non-trivial estimations for shorter non-complete

rational trigonometric sums.

We continue recent studies of Professor V.N.Chubarikov on complete arithmetical sums. The

problem of this paper due to him. I express my gratitude to Professor V.N.Chubarikov for the
discussion of this problem.
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