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To the memory of Academician J. V. Linnik

1. Introduction

The purpose of this article is to give the new demonstration of the estimation of non-complete
rational trigonometric sums. Early the deduction of similar estimations are realized with using the
Fourier analysis [1],[2]. Here we develop the Hua’s method of estimations of complete rational sums
([2], p.101–109). We follow the version of this method, proposed by V. N. Chubarikov [6]-[10].

Let 𝑛 ≥ 2, 𝑝 is a prime number, 𝑓(𝑥) = 𝑎𝑛𝑥
𝑛 + · · · + 𝑎1𝑥 + 𝑎0 is a polynomial with integer

coefficients, (𝑎𝑛, . . . 𝑎1, 𝑝) = 1, 0 ≤ 𝑙 < 𝑘 and 𝑒(𝑥) = 𝑒2𝜋𝑖𝑥,

𝑆 = 𝑆(𝑝𝑘; 𝑘 − 𝑙, 𝑓) =

𝑝𝑘−𝑙∑︁
𝑥=1

𝑒(𝑓(𝑥)/𝑝𝑘) (1)

𝑆 =

𝑝∑︁
𝜉=1

𝑆(𝜉), 𝑆(𝜉) =

𝑝𝑘−𝑙∑︁
𝑥=1

𝑥≡𝜉 (mod 𝑝)

𝑒(𝑓(𝑥)/𝑝𝑘), (2)

moreover

𝑆(𝜉) =

𝑝𝑘−𝑙−1∑︁
𝑥=1

𝑒(𝑓(𝜉 + 𝑝𝑥)/𝑝𝑘).

Let 𝑤 = [ln𝑛/ ln 𝑝], 𝑝𝜏‖(𝑛𝑎𝑛, . . . , 2𝑎2, 𝑎1), then 𝜏 ≤ 𝑤.
We define, following Hua L.-K. ([2], p. 217), solutions

𝑥 = 𝜉1 + 𝑝𝜉2 + · · · + 𝑝𝑠−1𝜉𝑠 + . . . (3)

of congruence 𝑓 ′(𝑥) ≡ 0 (mod 𝑝𝑘) in the next way

𝑝−𝜏0𝑓 ′(𝜉1) ≡ 0 (mod 𝑝), 𝑝𝑢1𝑔𝜉1(𝑥) = 𝑓(𝜉1 + 𝑝𝑥) − 𝑓(𝜉), (4)

where the coefficients of the polynomial 𝑔𝜉1(𝑥) and the number 𝑝 have no common factor excepted
1, and further by the analogy for 𝑠 ≥ 1 we put

𝑝−𝜏𝑠−1𝑔(𝜉1,...,𝜉𝑠−1)(𝜉𝑠) ≡ 0 (mod 𝑝), (5)

𝑝𝑢𝑟𝑔(𝜉1,...,𝜉𝑟)(𝑥) = 𝑔(𝜉1,...,𝜉𝑟−1)(𝜉𝑟 + 𝑝𝑥) − 𝑔(𝜉1,...,𝜉𝑟−1)(𝜉𝑟), (6)

𝑘𝑠 = 𝑘𝑠−1 − 𝑢𝑠, 𝑙𝑠 = 𝑙𝑠−1 − 𝑢𝑠 + 1. (7)

Now we formulate statements of following theorems.
Theorem 1. Let inequalities 𝑘𝑟−1 ≥ 2(𝑙𝑟−1 + 𝑤 + 1), 𝑘𝑟 < 2(𝑙𝑟 + 𝑤 + 1) be define the number

𝑟. Then we have

𝑆(𝑝𝑘; 𝑘 − 𝑙, 𝑓) =
∑︁

(𝜉1,...,𝜉𝑟)

𝑒

(︂
𝑓(𝜉1)

𝑝𝑘
+
𝑔𝜉1(𝜉2)

𝑝𝑘1
+ · · · +

𝑔𝜉1,...,𝜉𝑟−1(𝜉𝑟)

𝑝𝑘𝑟−1

)︂
𝑆(𝑝𝑘𝑟 ; 𝑘𝑟 − 𝑙𝑟, 𝑔(𝜉1,...,𝜉𝑟)).

Theorem 2. Let 𝑟 be the smallest number over all solutions (𝜉1, 𝜉2, . . . , 𝜉𝑟), defining early, and

satisfying inequalities 𝑘𝑟−1 ≥ 2(𝑙𝑟−1 + 𝑤 + 1), 𝑘𝑟 < 2(𝑙𝑟 + 𝑤 + 1). Then

|𝑆(𝑝𝑘; 𝑘 − 𝑙, 𝑓)| ≤ (𝑛− 1)𝑝𝑘−𝑙−𝑟. (8)
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2. Lemmas

Further we have the following statement.
Lemma 1. Let 𝜉 is not a solution of the congruence 𝑝−𝜏𝑓 ′(𝑥) ≡ 0 (mod 𝑝), and let 0 ≤ 𝑙 < 𝑘.

Then for 𝑘 ≥ 𝑙 + 2(𝑙 + 𝑤) we get 𝑆(𝜉) = 0.
Proof. We put 𝑥 = 𝑦 + 𝑝𝑘−𝑙−𝜏−2𝑧, where 1 ≤ 𝑦 ≤ 𝑝𝑘−𝑙−𝜏−2, 0 ≤ 𝑧 ≤ 𝑝𝜏+1 − 1. It gives

𝑆(𝜉) =

𝑝𝑘−𝑙−𝜏−2∑︁
𝑦=1

𝑝𝜏+1−1∑︁
𝑧=0

𝑒(𝑓(𝜉 + 𝑝𝑦 + 𝑝𝑘−𝑙−𝜏−1𝑧)/𝑝𝑘) =

=

𝑝𝑘−𝑙−𝜏−2∑︁
𝑦=1

𝑒(𝑒(𝑓(𝜉 + 𝑝𝑦)/𝑝𝑘))

𝑝𝜏+1−1∑︁
𝑧=0

𝑒(𝑓 ′(𝜉 + 𝑝𝑦)𝑧/𝑝𝜏+1) = 0,

as 𝑝−𝜏𝑓 ′(𝜉) ̸≡ 0 (mod 𝑝) and 𝑘 ≥ 2(𝑙 + 𝜏 + 1).
Lemma is proved.
Lemma 2. Let 𝜉 be a solution of the congruence 𝑝−𝜏𝑓 ′(𝜉) ≡ 0 (mod 𝑝). Let

𝑝𝑢𝑔(𝑥) = 𝑓(𝜉 + 𝑝𝑥) − 𝑓(𝜉), 𝑔(𝑥) = 𝑔𝜉(𝑥) = 𝑏𝑛𝑥
𝑛 + · · · + 𝑏1𝑥, (𝑏𝑛, . . . 𝑏1, 𝑝) = 1.

Then we have

𝑆(𝜉) = 𝑒(𝑓(𝜉)/𝑝𝑘)

𝑝𝑘−𝑙−1∑︁
𝑥=1

𝑒(𝑔(𝑥)/𝑝𝑘−𝑢).

Proof. We find

𝑒(−𝑓(𝜉)/𝑝𝑘)𝑆(𝜉) =

𝑝𝑘−𝑙−1∑︁
𝑥=1

𝑒((𝑓(𝜉 + 𝑝𝑥) − 𝑓(𝜉))/𝑝𝑘) =

𝑝𝑘−𝑙−1∑︁
𝑥=1

𝑒(𝑔(𝑥)/𝑝𝑘−𝑢).

Lemma is proved.
Lemma 3. The number of solutions of the congruence 𝑓 ′(𝑥) ≡ 0 (mod 𝑝𝑘) in the sense described

(3)–(7) is at most 𝑛− 1.
Proof. See ([2], p.217, Lemma 6.1).
Lemma 4. We have

𝑛− 1 ≥ 𝑢1 ≥ 𝑢2 ≥ · · · ≥ 𝑢𝑟 ≥ 2.

Proof. See ([2], p.219, Lemma 7.1).
Lemma 5. We have

𝑘 − 𝑙 + 𝑟 − (𝑢1 + · · · + 𝑢𝑟) ≤ [ln𝑛/ ln 𝑝].

Proof. See ([2], p.220, Lemma 7.2).

3. Proof of theorems

1. For 𝑘 ≥ 2(𝑙 + 𝑤 + 1) we get

𝑆(𝑝𝑘; 𝑘 − 𝑙, 𝑓) =
∑︁
𝜉

𝑒(𝑓(𝜉)/𝑝𝑘)𝑆(𝑝𝑘−𝑢; 𝑘 − 𝑙 − 1, 𝑔𝜉),
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where 𝜉 = 𝜉1 runs all solutions of the congruence 𝑝−𝜏𝑓 ′(𝜉) ≡ 0 (mod 𝑝), and 𝑢 = 𝑢1 = 𝑢1(𝜉) is
defined in the statement of the Lemma 2.

Putting 𝑘1 = 𝑘 − 𝑢1, 𝑙1 = 𝑙 + 1 − 𝑢1, we have

𝑆(𝑝𝑘; 𝑘 − 𝑙, 𝑓) =
∑︁
𝜉

𝑒(𝑓(𝜉)/𝑝𝑘)𝑆(𝑝𝑘1 ; 𝑘1 − 𝑙1, 𝑔𝜉).

Thus if 𝑘1 ≥ 2(𝑙1 + 𝑤 + 1) then we obtain from Lemmas 1 and 2

𝑆(𝑝𝑘; 𝑘 − 𝑙, 𝑓) =
∑︁

(𝜉1,𝜉2)

𝑒

(︂
𝑓(𝜉1)

𝑝𝑘
+
𝑔𝜉1(𝑥𝑖2)

𝑝𝑘1

)︂
𝑆(𝑝𝑘1−𝑢2 ; 𝑘1 − 𝑙1 − 1, 𝑔(𝜉1,𝜉2)),

where 𝜉2 is a solution of the congruence

𝑝−𝜏1𝑔′𝜉1(𝜉2) ≡ 0 (mod 𝑝), 𝑝𝜏1‖(𝑛𝑏𝑛, . . . , 2𝑏2, 𝑏1), 𝜏1 ≤ 𝑤,

and

𝑝𝑢2𝑔(𝜉1,𝜉2)(𝑥) = 𝑔𝜉1(𝜉2 + 𝑝𝑥) − 𝑔𝜉1(𝜉2), 𝑔(𝜉1,𝜉2)(𝑥) = 𝑐𝑛𝑥
𝑛 + · · · + 𝑐1𝑥, (𝑐𝑛, . . . 𝑐1, 𝑝) = 1.

We carry on doing this procedure further. For 𝑟 ≥ 1 we put

𝑘𝑟 = 𝑘𝑟−1 − 𝑢𝑟, 𝑙𝑟 = 𝑙𝑟−1 + 1 − 𝑢𝑟.

𝑝𝑢𝑟𝑔(𝜉1,...,𝜉𝑟)(𝑥) = 𝑔(𝜉1,...,𝜉𝑟−1)(𝜉𝑟 + 𝑝𝑥) − 𝑔(𝜉1,...,𝜉𝑟−1)(𝜉𝑟),

𝑔(𝜉1,...,𝜉𝑟)(𝑥) = 𝑐(𝑟)𝑛 𝑥𝑛 + · · · + 𝑐
(𝑟)
1 𝑥, (𝑐(𝑟)𝑛 , . . . 𝑐

(𝑟)
1 , 𝑝) = 1.

Then finally by Lemma 4 and 5 for some 𝑟 from conditions

𝑘𝑟−1 ≥ 2(𝑙𝑟−1 + 𝑤 + 1), 𝑘𝑟 < 2(𝑙𝑟 + 𝑤 + 1),

we find

𝑆(𝑝𝑘; 𝑘 − 𝑙, 𝑓) =
∑︁

(𝜉1,...,𝜉𝑟)

𝑒

(︂
𝑓(𝜉1)

𝑝𝑘
+
𝑔𝜉1(𝜉2)

𝑝𝑘1
+ · · · +

𝑔𝜉1,...,𝜉𝑟−1(𝜉𝑟)

𝑝𝑘𝑟−1

)︂
×

×𝑆(𝑝𝑘𝑟−1−𝑢𝑟 ; 𝑘𝑟−1 − 𝑙𝑟−1 − 1, 𝑔(𝜉1,...,𝜉𝑟)) =

=
∑︁

(𝜉1,...,𝜉𝑟)

𝑒

(︂
𝑓(𝜉1)

𝑝𝑘
+
𝑔𝜉1(𝜉2)

𝑝𝑘1
+ · · · +

𝑔𝜉1,...,𝜉𝑟−1(𝜉𝑟)

𝑝𝑘𝑟−1

)︂
𝑆(𝑝𝑘𝑟 ; 𝑘𝑟 − 𝑙𝑟, 𝑔(𝜉1,...,𝜉𝑟)),

where 𝜉𝑟 is a solution of the congruence

𝑝−𝜏𝑟−1𝑔′(𝜉1,...,𝜉𝑟−1)
(𝜉𝑟) ≡ 0 (mod 𝑝), 𝑝𝜏𝑟−1‖(𝑛𝑏(𝑟−1)

𝑛 , . . . , 2𝑏
(𝑟−1)
2 , 𝑏

(𝑟−1)
1 ), 𝜏𝑟−1 ≤ 𝑤.

The theorem 1 is proved.
2. Further we have

𝑘𝑟 = 𝑘𝑟−1 − 𝑢𝑟 = 𝑘𝑟−2 − 𝑢𝑟−1 − 𝑢𝑟 = · · · = 𝑘 − 𝑢1 − 𝑢1 − · · · − 𝑢𝑟,

𝑙𝑟 = 𝑙𝑟−1 + 1 − 𝑢𝑟 = 𝑙𝑟−2 + 1 − 𝑢𝑟−1 + 1 − 𝑢𝑟−2 = · · · = 𝑙 + 𝑟 − 𝑢1 − · · · − 𝑢𝑟.

Hence
𝑘𝑟 − 𝑙𝑟 = 𝑘 − 𝑙 − 𝑟.
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From here we get

𝑆(𝑝𝑘; 𝑘 − 𝑙, 𝑓) =
∑︁

(𝜉1,...,𝜉𝑟)

𝑒

(︂
𝑓(𝜉1)

𝑝𝑘
+
𝑔𝜉1(𝜉2)

𝑝𝑘1
+ · · · +

𝑔𝜉1,...,𝜉𝑟−1(𝜉𝑟)

𝑝𝑘𝑟−1

)︂
𝑆(𝑝𝑘𝑟 ; 𝑘 − 𝑙 − 𝑟, 𝑔(𝜉1,...,𝜉𝑟)).

Therefore, using the Lemma 3, we find

|𝑆(𝑝𝑘; 𝑘 − 𝑙, 𝑓)| ≤ (𝑛− 1)𝑝𝑘−𝑙−𝑟.

The theorem 2 is proved.

Conclusive notes. It’s interesting to get non-trivial estimations for shorter non-complete
rational trigonometric sums.

We continue recent studies of Professor V.N.Chubarikov on complete arithmetical sums. The
problem of this paper due to him. I express my gratitude to Professor V.N.Chubarikov for the
discussion of this problem.
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