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AnHoTanusa

Ipu 2k > 0.5n(n+1)+10<1<0,5k—w—1,w = [Inn/Inp,] nokazana acumuroruyeckas
dopmyna I 9ncia perennii CHCTEMbI CDABHEHUIT

i+ +axp=y1+---+yr  (modp™)
'T'il_i'_.._’_x"]zfzy?_i'_.._*_yg (modpm)7

™=l 3 nOJIHOH CUCTEMBbI

1€ HEU3BECTHBIC L1, ..., Tk, Y1, - - -, Yk IPOOETAIOT 3HAYEHUS OT 1 J0 P
BBIUETOB MO MO0 p™.
ITpu 2k < 0.5n(n + 1) + 1 naiizennas dpopmysia He UMeeT MeCTa.
IMycrp 1 <s<r<---<ns+r+---+n<05n(n+1),0<1<0,5c—w— 1. Torna upu

2k > s+ r+---+ n mig 9ucsa pemneHuil CucTeMbl CPABHEHUN

i+t xp=yi 4+ +yp (mod p™)
2]+ ol =yl +-o+yf (mod pm)
i+ tap =y +o+yp (mod p™),
[JIe HEU3BECTHBIE X1, ..., Lk, Y1, - - -, Yk IPUHUMAIOT 3HAYEHUS OT 1 J10 pm_l W3 IIOJIHOM CHUCTEMbI

BBIUETOB 1O MOIY/0 p"*, HalimeHa acuMnToTHYeCcKass hopMysia. Ita (POPMYyIa HE WMEEeT MEeCTa,
mpu 2k < s+r+---+n.

Karouesnie caroea: HETIOJHBIE PAIMOHATIbLHBIE TPUTOHOMETPUYECKHE CYMMBI, MeToT Xya Jlo-
K€eHa, [I0Ka3aTeJIb CXOIMMOCTH CPEJHEro 3Ha4eHUs HEeIlOJHbIX TPUI'OHOMETPUYECKUX CyMM
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Abstract

For 2k > 0.5n(n+1)4+10 <1< 0,5k —w—1,w = [Inn/Inp,] the asymptotic formulas was
proved for the number of solutions of the system of congruences

i+t T =y1+ - +yp (mod p™)
e tag =yl +o+yp (mod p™),

where unknowns x1, ..., Tk, Y1, . . ., ¥ run values up 1 to p™~! from the complete system residues
by modulo p™.
The finding formula for 2k < 0.5n(n + 1) + 1 has no the place.
Letbel<s<r<---<ns+r+--+n<05n(n+1),0<I1<0,5k—w—1. Then as
2k > s+ r +---+ n for the number of the system of congruencies

B+t =yl +yp (mod pT)
el =gl o+l (mod p)

where unknowns zi,...,Zg,Y1,...,yx run values up 1 to p™ ! from the complete system
residues by modulo p™, was found the asymptotic formula. This formula has no place as
2k<s4+r+---+mn.
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1. Beegenue

B nacrosiiieit pabore Mbl IIPOJIOIKAEM HCCIEIOBAHUS 110 METOJY TPUTOHOMETPUYECKUX CYyMM

([1]-[10]).

Ilonmoit parmoHaaIbHON TPUTOHOMETPUIECKON CYMMON HA3BIBAIOT CYMMY BHJIA

F(x)

q
2w ——
E e q

re ¢ — HarTypajbHoe dnciao, F () = apa™ + - - - + a1 — MHOTOUWIEH ¢ 1eabiMn KoadbduimeHTamn,
KOTODPBIE B COBOKYIIHOCTH B3aMMHO IPOCTHI ¢ ¢. KAaK M3BECTHO, ACUMOTOTHYIECKHE (POPMYJIEL IS
YUCIIa, PENTeHni B I NTUBHBIX 33a9aX TEOPUH UHNCE COAEPKAT B cebe WX cpeHne 3HAUEHWS BUIa

+oo g—1

=22 Zlq F)P,

q=1 an=0 a1=0
(ana1,) =1

IJle CTeleHb OCpeiHeHnst 2k paBHa KOJMYECTBY MEPEMEHHBIX B a/IMTHBHON 3a/1ade.
Xya Jlo-ken [2] mokazas, uro psaj o cxomurcsa npu 2k > 0,5n(n + 1) + 2 u pacxogurcs npu
2k < 0,5n(n + 1) + 2. Kak nokasas BTopoif aBTop 3T0ii cTaThl |6, 18 MHOTOWIEHA BH/IA

F(z)=apz" + -+ apz” + apa™

mel<m<r<---<nm+r+---+n<0,5n(n+1), pian

ZZ ZZM il

oyaer cxomuthea ipu 2k > m +1r 4+ -+ +n+ 1 u pacxogurhes pu 2k < m 471+ ---+n+ 1.

2. Henosnable CYMMBbI 1 UX CpedHne 3HaYeHnA

Paccmorpum HelosHy0 panoHa bHY0 TPUIOHOMETPHUYECKYIO CYMMY BH/JIA

pm— l

S(p™;m — Z 2T () (1)

S

n
:Zcﬁ (as,p) = Lmy < m;1 > 0,
=1

Ouenka Takoii cymmbl Haiijena B pabore [9]. Eé cpennee snauenne N (p™;m — 1) umeer Buj

N(p™m—1)=p ™ > 1x

max{mn,...,m1}<m

mn, m17
X > o> s =1 f(@))]*". (2)

an=0 a1=0

(an,p)=1  (a1,p)=1
[pu | = 0 cymma S(p™; f) = S(p™;m, f) 6yger mojHO# palMOHAJBHON TPUTOHOMETPHIECKOIT

cyMMOif. ACUMITOTHKA CPeJIHEero 3HaUeHus TIOJHBIX CyMM TosydeHa B padore [10].
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IMonoxum t = max{myq, ..., my}. U3 (2) noxyunm
m p'—1 n 2k
_ anT” + -+ a1
N@pP™m-1)=p m”E E E ( —1,= o ) =

t=0 an=0  a1=0
(@n,...,a1,p)=1

_ anx™ + -+ a1x
pt5<pt;n p* > "

m  p'—1  p'—1 a4t arr 2k
.. L
S S (g, )
t=m—I+1 an=0 a1=0 p
(an,-..,a1,p)=1
:p2k(m—l)—mn)0_(pm—l) +o. (3)

BamuinemM Bce palMoHaIbHBIE KOIDMUIMEHTH MHOTOYIEHA, B Y9KCIIOHEHTE CYMMbI KaK JIpodu co
snamenaresem p. [Momyaum

pm—1 pm—1

N(p™m—1) _mnz Z

an=0 a1=0

g(@)\[* -
( -1 m)‘ ,9(x) :ZasﬂUS,
p s=1
YTO PaBHO YUCJY PELICHUN CIeAyIoleil CuCTeMbl CpaBHEHUNA
T+ tap =y +o-+ye  (mod p™)

PP ap =yl + o4yl (mod p™),

I/le HEM3BECTHBIE L1, ..., Tk, Y1, - - , Yk IPUHAMAIOT 3HAYEHNS U3 [IOJTHON CHCTEMBI BBIYETOB 110 MO-
m—l
aymo p"
CrpaseIuBEI CJIEIYIOIINE YTBEPIK IEHUS.
IMycrs w = [Inn/Inp|, p7||(nan,...,2a2,a1), rorga 7 < w.

Ompenennm, crenyst Xya Jlo-keny ([2],p.217), pernenust
r=& +pbot-+p T e+ (4)
cpasuenns f'(x) =0 (mod p*) cremyromum obpazom
p °f (&) =0 (mod p),p" ge, (x) = f(&1 +pz) — f(E), (5)

rje K03 UIMEHTH! IOJMHOMOB ¢, (z) m 9ucao p HE UMEKT O0IEro MHOKHUTEISA, OTJIUIHOTO OT 1,
¥ JaJiee 1Mo aHAJOTHHU JJId S > 1 MoJIoXKAM

P e, 1) (€) =0 (mod p), (6)
P91, 60)(®) = Yier,tr ) (& +PT) — 96y e 1) (&), (7)
]Cs :k‘sfl *Us,ls :l5,1 —ug + 1. (8)

Jlemma 1. Ilycre mHepasercrsa ky—1 > 2(l,—1 +w + 1),k < 2(l, + w + 1) onpexnensror qucio
r. Torma nmeem

S(pFik—1,f) =

T e (f(&) L&) 951,...,5”(&)) y

k kl krfl
(517"'75.7“) p p p
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XS(ka; kr — L, 9(517._.757.)).

JIemma 2. ITycrs r — rammensbiree quco no seem pemenusim (€1,&2, . .., &), onpeneséHapIM B
(4)—(8), m ynosrerBopsomum HepapercTsaM ky_1 > 2(l,—1 +w + 1),k < 2(l, + w+ 1). Toraa

IS@F k=1, £)] < (n — 1)pkt—T.

Aoxasamesvcmeo nemm 1 u 2 ([9], reopemsr 1 u 2).
Teopema 1. Ilycrp n > 2,m — HarTypaJbHbIE UHCIA, P — MOPOCTOE 4HCA0. Torma mpu
2k>n(n+1)+1 0<1<0,5% —w—1um— co numeeM

N(pm; —_—— l) — p2k(m—l)—mn(o_p + O(mnp((m—l)/n))(0,5n(n+1)+1—2k))’

rae
+oo —1 t 1
Op = 1+ZA(pt), Z Z ‘p anx + - +a1£€)/pt)‘2k7
t=1 an=0 a1=0
(an,..,a1,p)=1

t

p
S (ana™ + -+ + a1x)/p") Z T

r=1

anz + +a11

n(n+1)

Aoxasamenvcmso. Tax xak pajg o, cxogurca npu 2k > +1m

A(pt) < n2k (tp>np((t71)/n)(0,5n(n+1+172k))

(em.[5], €.69), To u3 opmyasl (1), TONMB3YSICH OfeHKaMu JieMM 1 U 2, nMeeM
N(pm; m— l) _ p2k(m—l)—mna(pm—l) + o =
_ ka(mfl)fmn(O_p + O(mnp((mfl)/n)(0,5n(n+1+172k)))) + O'/,

riae cymma o onpegenena B (3) u umeer Buj

t_l I:_l
U g ¢ apx" + -+ a1z
S XX s (e
t=m—I+1 an=0 a;=0 p

(Gnsersa1,p)=1

2k

Teopema 1 gokaszana.
VTBepx geHune caeayomeit TeopeMbl 2 OCHOBAHO Ha, CXOAUMOCTHU PsIIa a]’g mpu 2k > s+r+---+n
(cMm.[4], ¢.71, Teopema 5).

Teopema 2. IIyctp 1 < s <r < --- < n,m — HATYPAJIbHBIC IHCIA, KOJHIECTBO IUCET S, T, ..., N
paBHO [, npuuém | < m, uw mycrb p > n — npocroe dncao, Nj(p") — 4HCI0 pereHusii cHCTeMbl
CpaBHEHUI

i+ -4z =yi+--+yp  (mod p™)
rh + --+w};Ey’£+---+y}; (mod p™)

i+t =yt 4 —|—yk (mod p™),
IJ1€ HEU3BECTHBIE X1, ..., ThyYl, .-, Yk IPHHUMAIOT 3HAYEHHUS U3 IIOJIHOH CHCTEMBI BHIYETOB I10 MO-
ayiao p™. Torga mpu 2k > s+ 1+ -+ +n um — 0o HMeeM

i

Nl(pm) _ pm(Qk—l)(U;J + O(mnp((m—l)/n))(s+7"+...n—2k))
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flptl

+oo
U;:1+2Al(pt)7 Z Z Z |p p;anxn_i__..+a7.xr+asx5)|2k’
t=1

an=0 a,=0as=0
(anv---7ar7a5 7p):1

t

t n r L4 27 4n® " +ﬂrT +asz®
S(p; (ana™ + - + apa” + asx® => e .

=1

3. 3akJiroueHue

Briio 6B HHTEpECHO HMOIYYUTh acHMOTOTHYecKHe opMysbl TeopeM 1 u 2 aist Gojee KOpor-
KHX HEMOJIHBIX PAIHOHAIBHBIX TPUTOHOMETPHYECKUX CyMM. ABTOPBI IPEIIOIAraioT IPOJOIKHATE
HCCTIe0BaHUe OJOOHBIX BOIPOCOB JIIst KPATHLIX PAIlHOHAJBHBIX TPUTOHOMETPUIECKHUX, HATATHIE
BTOPBLIM aBropoM Hacrosineit crarsu |7]-[6]. Ho emg Gosbimuit nnrepec npecraBiisior OLEeHKI O4eHb
KOPOTKHUX PallHOHA/IbHBIX TPHIOHOMETPUYECKUX U aPUPMETHIECKUX CyMM.
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