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AnHoTanusa

Ornenka MepbI HPPANMOHAIBHOCTH PA3JIWIHBIX TPAHCIIEHIEHTHBIX YUCEN SBIISETCS OTHUM U3
OCHOBBIHBIX HANPABJIEHUN Teopun AUOMAHTOBBIX MPUOTUKEHAN.

B macrosmiee Bpems pa3dpaboTaH TebIil Psi/ METOIOB, MO3BOJISIONIAX MOTYYIATh MTOIOOHBIE
ONEHKH /T 3HadeHuil ananurwdeckux (yukmnmit. Hanbomee apdpekTrnBHBIM OKA3AICT METO/T,
CBSI3QHHBIN C TIOCTPOEHUEM PA3IUYHBIX WHTErPATBHBIX KOHCTPYKIINN; OJHIUM U3 MEPBBIX MOI00-
HBIX MMOCTPOEHUH SIBJISETCS KJIACCHUYECKOE HHTYIPAJIBHHOE MPEICTABICHNE THUIIEPTreOMEeTPUIECKON
dyukuu Laycca.

OrneHKY CHE3Y Mepbl UPPAIUOHAIBHOCTH JIOTAPU(MMOB PAIMOHATBLHBIX YHUCEST PACCMATPHU-
Basmchb MHOrMMU 3apybexxubimu apropamu: A. Beiikep u . Bycrosbu [4], A. Xeiimonen,
T. Marasa-axo, K. Baananen [5], K. By [6], J. Pun u II. Toddun [7]. B cBoux paborax onn
MPUMEHSIIH PA3JINIHBIE HHTErPAJIbHBIE KOHCTPYKIIUHU, JAIOIINE MaJIble IMHEHHbIE (DOPMBI OT JI0-
rapudMOB U APYTUX GUCE]T, BBITUCIAINA ACUMITOTUKY HHTErPAJIOB U KOI(DDUIMEHTOB THHEHHBIX
dopm ¢ momoIbio MeToIa mepeBasa, Teopembl Jlamiaca, omeHnBau 3HaMeHaTe b KO3hduim-
€HTOB JIMHEAHBIX (POPM C HCIOJIL30BAHUEM PA3JIMYHBIX CXeM '"COKpallleHHs MIPOCThIX dncen'.
0O630p HEKOTOPBIX METOJOB U3 TEOPUH IUOMAHTOBBIX HPUOIHKEHUN JIOrapU(DMOB PAIMOHAb-
HBIX YHCeJ TOrO BpeMeHu ObiT mpescranien B 2004 roay B crarbe B. B. Byauanna [8].

Barem B. X. Canuxos B pabore [3], OCHOBBIBASICh HA TeX K€ ACHMITOTHYECKHX METOJAX,
HO HCIIOJIb30BAB HOBBIN BU/ MHTErPATLHON KOHCTPYKITUH, 00IAIAI0NEeil CBOMCTBOM CHMMETPHH,
3HAYUTEJILHO YJIy YU OIEHKY Mepbl uppainonaabaocru ducia In 3. Brnocnencrsum B. X. Ca-
JINXOBY, OJIarosapsi MCIOJIb30BAHUIO Y2K€ KOMILIEKCHOIO CHMMETPU30BAHHOIO MHTErPaJia, y/ia-
JIOCH YIIYHIINTH OIEHKY MephI HppannoHansHocTy unciaa 7 [15]. B mamsueiimem qannsnii Mmeror
(mpUMEHUTENHLHO K IUOMAHTOBBIM MPUOJUKEHUAM JIOrapudMOB PANUOHAIBHBIX YUCEJT) MOy~
quJl passuTHe B paborax ero ydenukos: E. C. Bomoryxunoii [10, 11], M. FO. JIyuuna [12, 13],
E. B. Tomaiesckoii [14]. 910 npuBeso K yiydII€HUIO OLEHOK MEP UPPALMOHAILHOCTHU 1I€JI0r0
pana guces:

p(log(5/3)) < 5.512... [14], u(log(8/5)) < 5.9897 [12], p(log(7/5)) < 4.865... [14],
w(log(9/7)) < 3.6455... [10], p(log(7/4)) < 8.1004 [13].

C mOMOIIBI0 WHTErPAJBHON KOHCTPYKIIUH, OCHOBAHHONW HA CHMMETPU30BAHHBIX MHOTOUJIE-
HAX, MOJIyY€HA HOBasi OIEHKa Mepbl mppamnuoHasbHocTr yucia 1n3. Ilpempiayiuit pesysabrar
npunaanexan K. By u JI. Baary u 61 ycranossien B 2014 .

Virydienue OIeHKH CBA3AHO C J100aBJIEHHEM K CUMMETPU30BAHHBIM MHOIOYJIEHAM, UCIOJIb-
30BaHHBIM B MHTerpasbHoil KoucTpyKimu K. By u JI. Banra, cnenmmaabHOTO KBaJIpATHOTO CUM-
METPU30BAHHOTO MHOTOYJIEHA.

Mecenenopanme BeimosEeHO 32 cuer rpanTta Pocemiickoro Hayuaroro dborma (mpoext 18-01-00296-a).
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Abstract

An estimate of the irrationality measure of various transcendental numbers is one of the
directions in the theory of Diophantine approximations foundations.

Nowadays there is a range of methods which make possible to obtain similar estimates for
the values of analytic functions. The most effective method is the adding of various integral
constructions; one of the first early constructions is the classical intuitive representation of the
Gauss hypergeometric function.

Lower estimates of the irrationality measure of rational numbers logarithms were considered
by many foreign authors: A. Baker and G. Wiistholz [4], A. Heimonen, T. Matala-aho,
K. Vééndnen [5], Q. Wu [6], G. Rhin and P. Toffin [7]. In their works they used various
integral constructions, giving small linear forms from logarithms and other numbers, calculated
asymptotic of integrals and coefficients of the linear forms using the saddle point method,
Laplace theorem, evaluated the denominator coefficients of the linear forms using various
schemes "reduction of prime numbers". Review of some methods from the theory of diophantine
approximation of rational numbers logarithms at that time was introduced in 2004 by V. Zudilin
8]

Then V. Kh. Salikhov in [3] considerably improved estimate of the irrationality measure
of In 3, based on the same asymptotic methods, but used a new type of integral construction,
which has property of summetry. Subsequently, V. Kh. Salikhov due to usage of already complex
symmetrized integral improved estimate of the irrationality measures of 7 [15]. In the future,
this method (as applied to diophantine approximation of logarithms of rational numbers) was
developed by his pupils: E. S. Zolotuhina [10, 11], M. Yu. Luchin [12, 13], E. B. Tomashevskaya
[14]. It led to improvement of the irrationality measure estimates for the following numbers:

wu(log(5/3)) < 5.512... [14], u(log(8/5)) < 5.9897 [12], n(log(7/5)) < 4.865... [14],
wu(log(9/7)) < 3.6455... [10], pu(log(7/4)) < 8.1004 [13].

In this paper due to usage the symmetrized real integral we obtain a new estimate of the
irrationality measure of In 3. The previous irrationality measure estimate of In 3 was received in
2014 by Q. Wu and L. Wang [1].

The estimate improvement had resulted from the addition of a special square symmetrized
polynomial to the symmetrized polynomials used in the integral construction of K. Wu and
L. Wang.

Keywords: diophantine approximations, irrationality measure, symmetrized polynomials.
Bibliography: 15 titles.
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1. Beegenue

Mepoit uppannosagsbHOCTH fi(7y) BEIIECTBEHHOTO YUC/a 7y HA3bIBAETCS HUXKHsS IPAHb MHOXKE-
CTBa YUCEJ (v, JIT KOTOPBIX, HAUWHAS C HEKOTOPOTO IMOJOKUTENBHOTO ¢ > (o(r), BBIMOJHSIETCS
HEPaBEeHCTBO

!7—§!>q’a, peZ, geN

B pa6ore [1] 6p11a moayuena omerka u(ln3) < 5.1163051. OrmernM, aro B pabore [2| . Pun
nosyunst onenky p(In3) < 8.616, a B pabore [3] B. X. CannxoB ¢ MoMOIIBIO CHMMETPH30BAHHBIX
MHOTOUIeHOB yiaydrmia pesyibrar . Puna: p(ln3) < 5.125.

B macrosmeit pabore moKa3aH CaeayONnii Pe3yIbTAT:

TEOPEMA 1. Ilycmw hy, ho,h € Z, H = max(|hi|, |ha|), H > Hy. Tozda
|hiln2+ holn3+h| > HH,
2de p = 4.116201.

CAEACTBUE 1. Cnpasedausa oyenka

1(In3) < 5.116201.

2. Jloka3aTeJbCTBO TeOpeMBI 1
ycrs nanee d =35,t = (x —d)?, Ac N, B€ Z*, (A,B) =1 B ciayuae B # 0,
P:At—B:A2$2+A1$—|—A0, (1)

rae A2 = A, A1 = —2Ad7 AO = Ad2 — B.
Omnpenennm st Hecokparnmoit npobu a/b, rne a € 7Z, a # 0, b € N, nokazaresns
Y, = Y,(a/b) € Z mpocToro uucia p TakK, 9To0

a_ rna
b P

e ay € Za bl S N7 (al)p) = (blvp) =1
IMycTs, nHakower, ajast aHanuTU4IecKoi B Touke & = 0 dbynxmmm f(x)

FM(0)

e NeN

Do(f(x)) = £(0), Dn(f(z)) =

Y,(P) =min(2,7,(Ap)), taepe {57},

JIEMMA 1. IIyecmo m € N, N € ZT, N < 2m. Tozda svinoanatomcs caedyroujue ouenku
Tp(Dn(P™)) =2 mYyp(P) = N, pe{3;5;7}, (3)

T5(Dy(P™)) = mY,(P) — 3N. (4)
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JIOKABATE/ILCTBO. Ilycts mamee m = (mg, m1, mo) € (Z1)3, [m| = mo + my + ma,

™l

,}/(m) - molml!mgl

Torza uz (1) nmeem
Pm= )" y(m)Ap AT AG O™
[m|=m

Dn(P™) = > V() AJ (2d)™ Ag, Az = (—1)™ A™ M2 € 7,
[m|=m,m14+2mo=N
g p € {5; 7} momyamm
Tp(DN(Pm)) > mQTp(Ao) +my = (mo +mq + mz)Tp(P) — (m1 + 2m2) = mTp(P) — N,
T.K. u3 (2) nmeem 1,(Ao) = 1,(P), T(P) < 2.
Anasormuano

13 (D]I\D]m) = m()Tg(Ao) > (mo+my + mQ)Tg(P) — (m1+2mg) = ng(P) — N,

T.K. u3 (2) nmeem 13(Ag) > V3(P), T3(P) < 1, u HepaBencrBa (3) j0Ka3aHbI.
HNmeem nagee

TQ(D]J\D]m) > m()Tg(Ao) +my = (mo, my, mg)TQ(P) — 3(m1 + 2m2) = mTQ(P) — 3N,

T.K. 13 (2) umeem 12(Ag) > 12(P), Y2(P) < 4, n nepasencreo (4), a Bmecre ¢ HUM u jemma 1
JIOKA3aHbI.

Ilycrs A,B,C €N, (A,B,C) =1,

4
P=A-Bt+C =) Aax’ (5)
=0
rae Ay = A, Az = —4dA, Ay = 6d*A — B, A = —4d3A + 2dB, Ay = d*A - d°B + C.
Omupegennm i MHOTOUIEHA (5) TIOKA3aTes N
1»(P) =min(4,7,(A0), (A1) + 1,7,(A2) +2), pe {57},
Tg(P) = min(2, Tg(Ao), Tg(Al) + 1), (6)
TQ(P) = min(8, TQ(A()), TQ(Al) + 3, TQ(AQ) + 6)
JIEMMA 2. Jlaa muozounena (5) ewnosnens oyenku (3) u (4), 2de N < 4m, a nokxasamenru

Y»(P) onpedeservi pasencmeamu (6).

JIOKABATEJNIBCTBO. Ilycrs masee

m = (mog, m1, ma, M3, My) € (Z+)5, || = mo + mq + mg + mg + ma,

gl eN.

,Y(m) - molmllmg!mg!m4!

Torna

pr= 37 o) [J (A,

|ﬁ|:m 7

Dy(P™y= Y A(m) [ A

ml=m, L, imi=N

=

I
=)

Paccmorpum panx ciyaaes
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4
Yo(Dn(P™) =D mily(Ai) = mY(P) =Y im; = mY,(P) = N,
] =0

K. 1p(A;)+i>1p(P),i=0,1,...,4. Ins i € {0;1;2} aro crenyer us onpegenenns (6), npu

i =37,(A3) +3>1+3>T,(P), mpui=47T,(As) +4>4>7,(P)
2. p=
B sToMm caydae
4
Y3(Dy(P™) > miYs(A;) > mY3(P) — N,
=0
T.K. cHOBa Y13(A;) +1 > Y3(P), 1 =0,1,...,4. Jna i € {0;1} sTo HepaBeHcTBO Cieayer u3 (6),
a s i € {2;3;4} V3(A4;)+1i > 2 > Y3(P), u nepasercrsa (3) jyist MHOrOUIeHa (5) JIOKA3aHbI.
3. p=2.

3necn
4 4

Y(Dy(P™) = > miYa(Ay) > mly(P) =3 im; = mY(P) — 3N,
=0 1=0

TK. 15(4;) +3i > 15(P), i =0,1,...,4. dna i € {0;1;2} sro crexyer u3 onpesenenus (6),
anpu i € {3;4} 12(A;) + 3i > 9 > 1»(P), u nepasenctso (4), a BMecTe ¢ HUM U JeMMa 2
JOKA3aHbI.

ITpu nmokazareabcTBEe TEOpeMbl 1 MBI OyIeM TPUMEHATh 7 MHOTOUIEHOB Bu/a (1), a Tak:Ke OJuH
MHOTOUIeH By (5), & UMEHHO

Pi(z) = (z —28)(z — 42) =t — 49;
Py(z) = (z — 30)(z — 40) =t — 25;
Py(x) = (x - 35)> = t;

Py(z) = 32 — 210 + 3640 = 3t — 35;
Ps(z) = T1a? — 4970 + 86240 = 71t — 735;
Ps(z) = (11z — 420)(11z — 350) = 121t — 1225;
Py(z) = 1132% — 7910z + 137200 = 113t — 1225;
Py(z) = 61t — 3066t + 25725,¢ = (x — 35)%.

TMonoxum {p1;p2; p3;pat = {7;5;3;2}, nus Bemucanubx MHorouseros Py (x), k=1, ..., 8, 060-
SHATUM

W3 onpeenennii nokazareseii (2) u (6) nmeem

H:72*31*23; H:52*31*24; H:72*52; H:71*51*23;

1 2 3 4
(7)
[[=7+5" %2 J][=7#52x3"x2% J[=72x52x2% [[=7"+5"%2%
5 6 7 8
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IIycrs
a1 = 0.499408; «ao = 0.499623; a3 = 0.497422; a4 = 0.000651; (8)
as = 0.000327; ag = 0.000969; a7 =0.001394; ag = 0.000103;
Pacecmorpuy panmonaabHyo dyHKITAO
8 N
P
Rn(x) _ sz—l k

(70 — z)ntl’
rie n € N, n xparuo 10%, a Torga sce apn € N

(9)

Ormerum, uro B pabore [3] pacemarpusaiucs juiis muorodiensl Py (z), Py(z) u Py(z), a B pabo-

x), Pa(x x),

re |1] k 9TuM MHOTOWIeHAM ObLIH 06aBIens! Py (x), k = 4;5;6; 7. Hakomer, B namreif KOHCTPYKITHN

KO BCEM 3THM MHOTOUWICHAM J00aBIeH KBAIPATHIHBIA MHOTOWIEH F3(7)
Ompenennm Cemyonpe HHTErpasbl

40 42
w1 :/ R, (z)dz, ws :/ R, (z)dz. (10)
35 40

Oynkims (9) ciMMerpuIHa OTHOCUTEIBLHO TOUKY & = 35. CiemoBaTe/IbHO, e€ Pa3I0KEeHNE B CYyMMY
mpocTedtmx Apobeit mMeeT BHUT

n+1
ale) = Queale) + 3 (G5 + 5
rie Bee a; € Q, Qp_2(x) €Z

[z], deg Qn—2(z) = 2n(oq + ... + a7) +4nag —2n —2 =n — 2
Cneayromas seMma aHasorudHa jgemme 1 pabors [3]
JIEMMA 3. Jaa scex i =1

(11)

n + 1 umeem mecmo npedcmasaenue

a; = T2 % 5772 3y Q¥ den (12)
20e M; € 7, a = 0.490716.

HJOKA3ATEJLCTBO. Ilyers m = (my,
IIOJIyYuM

ymg) € (ZT)?, |m| = my + ... +mg. Torma us (9)

8
> I Dwi Bil@)™™)

[7i|=n+1—i k=1
Nmeem

l)m9 ((70 _ x)—n—l) _ (n + m9) 70—n—m9—1.

my

u (11)

a; = Dyi1—i(Ry(x)2™ ™) =

Dy (70 — )77 1)

Kax B iemme 1 paborsr [3], HeoGxomumo onenuTh CHU3Y HOKasaTenn Yy, (a;), pj € {7;5;3;2}. Mp
Oymem IpuMeHATH JeMMBI 1, 2, a Takzke paBeHcTsa (7) u (8). Umeem mocieroBaTebHO
Y7(a;) = 20qm — my + 2agn — m3z + agn — my + 2asn — ms + 2agn — mg + 2an — my + 3agn—
—mg —n—mg — 1 =2 n(2a1 + 2a3 + ag + 2a5 + 206 + 207 + 3ag) —n—1—(n+1—14) =i — 2;
Y5(a;) = 2a9n — ma + 2a3n — m3 + ayn — my + asn — mg + 2agn — mg + 2an — my + 2agn—
—mg —n —mg — 1 (2ag + 23 + ay + a5 + 206 + 207 +2a8) —n—1—(n+1—14) =i—2;
Y3(a;) = agn —my + agn —mo + agn —mg = n(ag +ag +ag) — (n+1—1i) =i —1;
Yo(a;) = 3aqn — 3my + 4dagen — 3mg + 3agn — 3my + 4dasn — 3ms + 3agn — 3me + darn — 3mr+
+8agn —3mg —n —mg — 1

(Ba1 + 4ag + 3ay + 4as + 3o + dar + 8ag) —n — 1—
-3n+1—1i)=—an+3i—
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JlemMMa mOKa3aHa.
Ob6osnaunm A, =HOK(1,2,...,n), C,, = 7T0x2** "« A,,, 57(11) = Chwi, 6,(7,2) = Cpwo, Tie HHTErPAJIBI
w1 U wg oupejeseHsl B pasencreax (10).

JIEMMA 4. Cnpasedausor npedcmasaenus suda
4 3 4
5%1) =7r,ln 3~ p%l), 5;2) =Ty (ln 3~ In 3) - pg),

ede r, = Chay € Z, p,(ll) €7z, p,(f) € 7.

JIOKABATEJILCTBO. Heobxoamvo nponaTerpuposath Toxkaectso (11) u BOCIONB30BATHCS J1EM-

moit 3. Unmeem u3 (10) - (12)
o "i a; 11 B
25 i—1\40-1 301/ |

1=2

40 .
87(11) =C, . Qn—2(x)dx + a1 In 02

n

- ”i a (1 1 Lo, B
o Sgi-1\4270 4ot o281 30t ) )

4
= Charln 3 —p(l), pgzl) €L

42 "
e? =c, . Qn—2(z)dxr + a;ln 02

3 4
= Cpa <1n2 —In 3) —pg), p,(f) €.

JlemMMa JoKazaHa.
g 3aBeprenns ToKa3aTe bCTBa TeopeMbl 1, kak u B pabote 3], Ham Gyaer HeoOXoImMa cre-
Jylolas jemma, JokasanHas M. Xara [nemma 2.1].

JIEMMA 5. Hyems 01,02 € R, n € N, e = 1,01 — pi), ) = 7,05 — pl, 2de
o) 2 o
nsPn s Pn’ € 4y
1 1
lim —1In 5,(11) =—71, lim —In eﬁf) = —To,
n—oon n—o0 N

2de T > 0,170 > 0,7 # To.

ITycts manee 7 = min(7y, 72),

1
lim sup —In|r,| < X;

n—oo n
L, Ly, LeZ, H= max(|L1\, |L2D, w > )\/T, H> H(](,u)
Torna
1
|L1©1 + L2O2 + L| > In

B paccmarpusaemom Hamu ciryuae ©1 = In %, O =1In % —In % =In % ACUMOTOTHKY HHTETPAIOB
(10) HEC/I02KHO BBIMUCIUTH C TIOMOIIBIO Teopembl Jlammaca, a acuMuToTuky Koddduinuenta a, u3
pazoxxenns (11) - ¢ TOMOIIBIO MeTOA IEePEBaIA.

Nmeem (70 — z) = 1225 — t. O6oszraunm (cMm. (9))

8 Qg
g(t) = =1 B
(1225 — 1)’

TJie BCe MHOTOU/IeHB Py BLIparKeHsI depes mepemennyio t = (z — 35)2.
Heob6xopumo naiitu wyaun dyaknuu ¢'(t)/g(t). Ykazkem Junmb HyJIH, ¢ TOMOIIBIO KOTOPBIX BbI-
paXkarTCs KOHCTAHTHI 71, To, A: t1 = 10.50416113; to = 38.91332129; t53 = 3625, 441321.
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CrabmapTHBIM 00pazoM

1
lim —InA, =1.

n—oo n

[TosTomy

1
—71 = lim —In|Cpwi| =aln2+1+1Inlg(t;)| = —1.422145
n—oo n

1
—mp = lim —In|Chwa| = aln2+1+1In|g(t2)| = —1.422147

n—oo N
T = min(7y, 72) = 1.422145
A<aln2+1+In|g(ts)| = 5.853833

A
— =4.116201
o
Tlosromy 1o siemme 5
4 9
|L11n§+L21n§+L‘ >H'u,
tiae Ly, Lo, L € Z, H = max (|L1],|L2|), p > \/7, p = 4.116201, H > H.

Ocraercg OTMETUTH, YTO

4 9
Llln§+L21n§ = (2L1 —3L2)1H2—|—(2L2 —L1)1n35h11n2—|—h21n3,

rime Ly = 2hy + 3ho, Lo = hy 4+ 2hg, u Teopema 1 mokaszaHa.

3. 3akJjroueHue
B nannoit pabore 6pL1a J0Ka3aHA OIEHKA MEPHI MPPAIMOHAIBHOCTH Yuc/a 1n 3:
u(ln3) < 5.116201,

KOTOpas HECKOJIbKO Jiydime npeapiayniero pesynabrara p(In3) < 5.1163051, omybimnkosanuOro B
2014 roxy K. By u JI. Barrowm.

Virydinenue JOCTUIHYTO 38 CY€T J00aB/IeHnd CMMMETPU30BAHHOI0 KBa/[PATHOIO MHOI'OYJIEHA K
COOTBETCTBYIOIIEN MHTEIPAIbHON KOHCTPYKITMH, OCHOBAHHOM Ha CHMMETPHU30BAHHBIX MHOTOUJIEHAX
TIEPBON CTEIEHU.
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