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Abstract

In 1975, S. M. Voronin obtained the universality of Dirichlet L-functions
L(s,x), s = o +it. This means that, for every compact K of the strip {s € C:
% < 0 < 1}, every continuous non-vanishing function on K which is analytic in
the interior of K can be approximated uniformly on K by shifts L(s+it, x), T €
R. Also, S. M. Voronin investigating the functional independence of Dirichlet
L-functions obtained the joint universality. In this case, a collection of analytic
functions is approximated simultaneously by shifts L(s + i7, x1),...,L(s +
iT, Xr), Where x1,..., X, are pairwise non-equivalent Dirichlet characters.

The above universality is of continuous type. Also, a joint discrete univer-
sality for Dirichlet L-functions is known. In this case, a collection of analytic
functions is approximated by discrete shifts L(s +ikh, x1), ..., L(s+ikh, x,),
where h > 0 is a fixed number and k € Ny = NU {0}, and was proposed
by B. Bagchi in 1981. For joint discrete universality of Dirichlet L-functions,
a more general setting is possible. In [3], the approximation by shifts L(s +
ikhi,x1), ..., L(s+ikh,, x,) with different hy > 0,..., h, > 0 was considered.
This paper is devoted to approximation by shifts L(s + ikhq, x1),..., L(s +
ikheyy Xry )y L(s + tkh, Xpy+1), - - -, L(s 4 ikh, x;), with different hq,..., hy, h.
For this, the linear independence over QQ of the set

L(hi,... hy, hym) = {(hllogp :p€P),...,(hy logp: peP),
(hlogp: pe€ 73);77},
where P denotes the set of all prime numbers, is applied.

Keywords: analytic function, Dirichlet L-function, linear independence,
universality.
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COBMECTHAA INCKPETHAA
YHUBEPCAJIBHOCTD

L-OYHKIINN JUPUXJIE. 11

A. Jlaypurankac (r. Buabnioc)

J1. Kopcakene, JI. Hsyuatonac (r. Hlaysit, Jlursa)

Iocsawaemesn namamu npogeccopa A.A. Kapauybo

AnHoTanusa

B 1975 r. C. M. Boponun gokasaj yHUBEpCAJIbLHOCTh L-dyukunii Jupuxiie
L(s,x), s = o + it. 910 03HAYAET, YTO JIsi BCSAKOrO KOMMIAKTa K IMOJIOCHI
{s € C: % < 0 < 1} mobasi HenpepbiBHAsT U HemMeromast Hyseii B K, u
anajguTudeckasi BHyTpu K QyHKINS MOXKET ObITh HPUOJIMKEHA DPABHOMEDPHO
Ha K casuramu L(s+i7, x), 7 € R. Usy4as GyHKIMOHATBHYIO HE3ABUCUMOCTh
L-dyuknnit Jlupuxsie, C. M. BopoHUH Tak»Ke yCTAHOBUJI UX COBMECTHYIO yHU-
BepcajbHOCTD. B 3T0oM cityuae HabOp aHAJMTHIECKUX (DYHKITHI OTHOBPEMEHHO
npubsmxkaercs casuramu L(s+i7,x1), ..., L(s+1i7, Xr), T1€ X1, . - ., Xy HOLAD-
HO He 9KBUBaJCHTHbIE XapakTepbl Jlupuxiie.

Takast yHUBEPCAJILHOCTH HA3bIBAETCS HEIPEPBIBHONW YHUBEPCATHBHOCTHIO.
Taxzke n3BecTHA MUCKpETHAsT yHUBEPCAIBHOCTh L-pyukiuit upuxie. B aTom
ciyvae HabOp aHAIUTHYECKUX (DYyHKIUN NPUOINKAETCH JUCKPETHBIMU CJBU-
ramu L(s + ikh, x1), ..., L(s 4+ ikh, x,), rue h Hekoropoe pUKCHPOBaHHOE TIO-
noxurenbaoe uncio, a k € Ny = N U {0}. Takas nocranoBka 3ajaqu Obl-
ja mana b. Barum B 1981 1., ogHako MOXKET pacCMaTpUBATLCst Oojiee OOITUit
cayyail. B [3] 6buio nsyueno npubikeHne aHaJuTHIecKuX (yHKIUH C/BU-
ramu L(s + tkhy,x1), ..., L(s + ikhy, x») ¢ pazmuunsivu hy > 0,...,h, >
0. Hacrostimasi crarhsi mocesitieHa npubsmkennto casuramu L(s + ikhi, x1),
ooy L(s + ikhy,, xr, ), L(s + ikh, X7, 41), .., L(s + ikh, xy), ¢ pasamIHbBIMI
hi,...,hy, h. IIpu aTom TpeOyercs IuHeNHAs HE3aBHCUMOCTb HaJl IIOJIEM Da-
[MOHAJILHBIX YUCEJI JIJIsi MHOXKECTBA,

L(hi,....hp hsm) = {(hlogp: p€P),...,(hy,logp: p€P),
(hlogp: p e P);m},
riae P — MHO2KECTBO BCE€X IIPOCTBIX YHCEJI.

Knaouesvie caosa: ananurudeckas dyukius, L-byuknus Jupuxite, muneii-
Hasl HE3aBUCUMOCTb, YHUBEPCAJHLHOCTD.

Bubauoepapun: 10 HazBaHmii.
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1. Introduction

Let s = o + it be a complex variable, and y be a Dirichlet character. The
corresponding Dirichlet L-function L(s, x) is defined, for o > 1, by the series

= x(m)
ms "’

L<3>X) =

m=1

and is analytically continued to an entire function if y is non-principal character. If
X is the principal character modulo ¢, then L(s, x) has a meromorphic continuation
to the whole complex plane with a simple pole at the point s = 1 with residue

(-,)

plg

where p denotes a prime number.

In [9], S. M. Voronin discovered the universality property of Dirichlet L-functions.
Roughly speaking, this means that any function from a wide class of analytic
functions can be approximated by shifts L(s + i, x), 7 € R. A strong statement of
the modern version of the Voronin theorem is the following.

Let IC be the class of compact subsets of the strip D = {s eC: % <o < 1} with
connected complements, and let, for K € K, Hy(K) denote the class of continuous
non-vanishing functions on K which are analytic in the interior of K. Moreover, let
measA be the Lebesgue measure of a measurable set A C R.

THEOREM 1. Suppose that K € K and f(s) € Ho(K). Then, for every e > 0,

1
lim inf —meas {T € [0,T] :sup |L(s +it,x) — f(s)] < 5} > 0.
T—oo T seK

Dirichlet L-functions also are jointly universal, and this was obtained by S. M. Vo-
ronin in [10]. We state modern version of a joint universality theorem for Dirichlet
L-functions which can be found in [5], [§].

THEOREM 2. Suppose that x1, ..., X, are pairwise non-equivalent Dirichlet cha-
racters. For j=1,....r, let K; € K and f;(s) € Hy(K;). Then, for every e >0,

1
lim inf meas {T €[0,7]: sup sup |L(s+i7,x;) — fi(s)| < 5} > 0.

T—o00 1<j<r s€Kj

Theorems 1 and 2 are called continuous universality theorems because the real
shift 7 in L(s+ 47, x) takes arbitrary real values. Also, discrete universality theorem
can be considered where 7 takes values from the discrete set {hk : k € Ny = NU{0}},
where h > 0 is a fixed number. B. Bagchi proved [1]| a joint discrete universality
theorem for Dirichlet L-functions which we state in a more general form. Denote by
# A the number of elements of the set A.
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THEOREM 3. Suppose that x1, ..., X, are pairwise non-equivalent Dirichlet cha-
racters. For j = 1,...,r, let K; € K and f;(s) € Ho(K;). Then, for every ¢ > 0
and h > 0,

o 1 :
hjgllo%f]\f—i—l#{o <k <N : sup sup |L(s +ikh,x;) — fi(s)] < 8} > 0.

1<j<r seK;

In [3], a version of Theorem 3 with different i for each L-function L(s, x;) was
obtained. For its proof, a certain additional independence hypothesis is applied.
Denote by P the set of all prime numbers, and define, for h; > 0,...,h, > 0, the
set

L(hy,... heym) ={(hilogp: peP),...,(h.logp: p€ P);7}.

THEOREM 4 ([3]). Suppose that x1, ..., X, are pairwise non-equivalent Dirichlet
characters, and that the set L(hy, ..., h,;7) is linearly independent over the field of
rational numbers Q. For j = 1,...,r, let K; € K and f;(s) € Ho(K;). Then, for
every € > 0,

lim inf
N—oo

1
1#{0 <k < N: sup sup |L(s+ ikhj, x;) — fi(s)] < 8} > 0.

1<j<r s€K;

It is known [3] that the set L(hy,...,h,;7) is linearly independent over Q for
almost all (hq, ..., h,) € RL, with respect to the Lebesgue measure on R". During the
memorial conference of A. A. Karatsuba, Professor Yu. V. Nesterenko constructed
special examples of h;. For example, in the case r = 2, the set L(1, V2 ) is linearly
independent over QQ.

The aim of this note is to give a modification of Theorem 4 which idea belongs
to Professor I. S. Rezvyakova. Let 1 < r; < r, and, for hy > 0,...,h,, > 0 and
h >0,

L(hy, ... .~y hsw) = {(hilogp: peP),...,(hylogp: peP),

(hlogp: p e P);m}.
THEOREM 5. Suppose that x1, ..., X, are pairwise non-equivalent Dirichlet cha-
racters, and that the set L(hq, ..., hy, h;m) is linearly independent over the field of

rational numbers Q. For j = 1,...,r, let K; € K and f;(s) € Ho(K;). Then, for
every € > 0,

lim inf
N—o0

1<j<r;1 s€Kj

1
1# {O <k <N: sup sup |L(s+tkhj,x;) — fi(s)] <e,

r1<j<rseK;

sup sup |L(s +ikh,x;) — fi(s)] < 5} > 0.

For example, in the case r = 4, we can take hy = 1, hy = v/2, h = /3.
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2. Main lemmas

Let v = {s € C: |s| = 1} be the unit circle on the complex plane. Define the

torus
0= H Vps

peEP

where 7y, = v for all p € P. With the product topology and pointwise multiplication,
the torus €2, by the Tikhonov theorem, is a compact topological Abelian group.
Therefore, denoting by B(X) the Borel o-field of the space X, we have that, on
(2, B(2)), the probability Haar measure can be defined. Moreover, we put

ri+1
Ql _QIX"'XQT1+17

where Q; = Q for j = 1,...,7r1+ 1. Then, by the Tikhonov theorem again, 2! is a
compact topological group, and, on ("1 B(Q2"11)), the probability Haar measure
mp exists. Moreover, the measure my is the product of the Haar measures m,g on
(92;,B(€;)), j =1,...,r1 + 1. Denote by w,(p) the projection of an element w; € €2;
to the coordinate space v,, p€e P, j=1,...,m + 1.

Now, for A € B(Q"!), define

#{0<k<N (( Tk e P, (p L p e P,
(p™ :peP)) e A}.

@n(4) = N +1

LEMMA 1. Suppose that the set L(hy, ..., h., h;m) is linearly independent over
Q. Then QN converges weakly to the Haar measure mpy as N — oo.

PROOF. We consider the Fourier transform gy(k) of the measure @y, where
k=(kjp:peP, j=1,...,r1+1). We have that

r1+1

IT I (p)d@x.

i1 3=1 peP

where only a finite number of integers £, are distinct from zero. Thus, the definition
of Qn gives

gN _ N = Z H H p—zkkjph H p—zkkp

k=0 j=1peP pEP
N+1Zexp{—zkz (ZZk]ph logp + > ky hlogp>} (1)
j=1 peP peEP

~

where, for brevity, k. 41, = kp.
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Clearly,
gn(0) = 1. (2)

Moreover, we observe that, for k£ # 0,
exp {—i (Z Z kphjlogp + Z /%ph logp> } # 1. (3)
j=1 peP peEP
Indeed, if inequality (3) is not true, then the equality

Zl Z kjphjlogp +h Z ];’p logp = 2l

j=1 peP pEP

holds for some | € Z and some finite number of integers k;p, l%p. However, this
contradicts the linear independence of the set L(hq, ..., h,,, h;7) over Q. Now, from
(1) — (3) we find that

1 if k=0,
. (E) _ l—exp{—i(N—H) <Ji:1 p;: kiph; logp—l—hp%:73 kp logp> ¢ E 7& 0
(N+1) <lexp{i<z > kjphilogp+h Y kp logp) })
j=1peP pEP
Therefore,
. 1 if k=0,
A g (k) = { 0 if k#0

This and a continuity theorem for probability measures on compact groups, see for
example, [4], prove the lemma.
(]

Now we will give a modification of Lemma 2.2 from [3] on the ergodicity of one
transformation of Q" *1. Define

Qpy,..., hrysh = ((p_ihl - p € P)a SR (p_ihrl Y € P)? (p_ih Y € P)) )

and

LEMMA 2. Suppose that the set L(hy, ..., h. , h;7) is linearly independent over
Q. Then the transformation ¢y, .. hey b 18 ergodic.

PROOF. The characters ¢(w), w = (wy,...,wn41) € QT of the group Q™ are

of the form
ri+1

V) =TT [T« o

j=1 peP
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where, as in Lemma 1, only a finite number of integers k;, are distinct from zero.
Thus, in view of (3),

Y(an, . hrl,h) = exp {—i (Z Z kjph;ilogp + hz l%p logp> } # 1. (4)

j=1 peP peP

Let A € B(€ Q™) be an invariant set of the transformation ¢y, heyohs 1-€., the
sets A and ¢p, _n, n(A) can differ one from another at most by a set of zero my-
measure, let 14 be the indicator function, and let § denote the Fourier transform of
g. Then, for almost all w € Q1+,

La(an, .. n ww0) = La(w). (5)

If ¢ is a non-trivial character, then (5) and the invariance of the measure my show
that

L) = [ G a@mads) = 6, ) (0)
Qri+l
Therefore, by (4), A
Ia(4) = 0. (6)
Now, suppose that 1 is the trivial character of Q+!, and let 14(1)) = u. Then (6)
together with orthogonality of characters shows that, for every character v,

L) =u [ vwma(d) = uiw) = ()
Qri+1
Therefore, 14(w) = u for almost all w € Q™. Hence, mg(A) = 1 or my(A) =0,

in the other words, the transformation ¢y, . p, » is ergodic.
O

.....

3. A limit theorem

Let, for brevity, h = (hy,...,hy, h), x = (x1,-- ., X») and
L(s+ikh,x) = (L(s +ikhi,x1), ..., L(s +ikhy, Xr, ),
L(s +ikh, X7y 41), ... L(s + ikh, x;)) .

Denote by H(D), D = {5 eC: % <o< 1}, the space of analytic functions on
D endowed with the topology of uniform convergence on compacta, and, on the
probability space (Q" 1 B(Q 1) my), define the H"(D)-valued random element

L(s.x) = (H (1 B xl(p)wl(p))_l T <1 B xn(p)wm(p))‘l,

p p p p

10 (1 . xrﬁl(p]);urﬁl(p))‘l T (1 . w)ww(p))‘l) |

s
p p p
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Let P be the distribution of L(s,w, ), i.e
Pr(A) =mpg (we Q" L(s,w,x) € A), A€ B(H'(D)).

THEOREM 6. Suppose that the set L(hq, ..., h,,, h;7) is linearly independent over
Q. Then

Py(A)Y ——4{0<k<N: (L(s+ikh X)) € A}, AeB(H"(D)),

N—|—1

converges weakly to Py, as N — oo.

PROOF. Let, for a fixed o1 > %,

v (m) = exp {— (%)Jl} , m,n €N,

Define auxiliary functions

(S, X5) ZX] Jg=1...,m

and

n (8, Wi, X5) ZX] on(m ), j=1,...,m,

w’/‘ 7’L m .
Ln(57w7‘1+17x‘] Z X] 1+1 ) ( )7 j :T1+1;...,T,

the series being absolutely convergent for o > %, where, for m € N,
= H wip), j=1,...,mm+1L
p*|lm
Further, we put

L, (s +ikh, x) = (Ln(s +ikhy, x1), - -, La(s + ikhyy, Xy ),
L, (s +ikh, Xrs1), - Ln(s 4+ ikh, X))

and

L, (s +ikh,w, x) = (Ln(s +ikhy,wi, X1), - - - L (5 + ikhyy 0y, Xy ),
Ln(s + lkha Wry+1, X7‘1+1)7 ct Ln(s + Zkha Wri+1, XT‘)) .

Then, using Lemma 1 and Theorem 5.1 of 2], we find, in view of the invariance of
the Haar measure my, that

def

——#{0<k<N:L,(s+ikh x) € A},
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and

def

PN,n,w(A) - N—_'_l

#{0<k < N: Ly(s+ikh,w,y) € A},
where A € B(H" (D)), both converge weakly to the same probability measure P, on
(H"(D),B(H" (D))) as N — o0.

It remains to pass from Py, to Py. For g1, 92 € H(D), let

oo sup [g1(s) — g2(s)]

_ 271 seK;
po(g1, 92) ; 1+ su}]{) 91(s) — g2(s)|’
seEK

where {K; : | € N} is a sequence of compact subsets of the strip D such that
oo
D= U K,
=1

K, C Kjyy foralll € Ny and if K C D is a compact set, then K C K for some [ € N.
Then we have that py is a metric on H (D) which induces its topology of uniform

convergence on compacta. Now let, for g = (911, -+ G1r), 9, = (921,---,92r) €
H"(D),
Plg,-9,) = max po(gus, 92).
Then p is a metric on H"(D) inducing its topology.
Using the estimate

N
> Lo+ ikhy, x;)|* = O(N),

k=0
which follows from the bound

T
/|L(a+z’t,xj)|2dt:O(T), S T
0

and the Gallagher lemma [7]|, we obtain by a standard procedure that

N

1

1 2 (Ls +ikh, ), L, (s + ikh, x)) = 0. (7)
k=0

lim lim sup
n—=00 N_oo N

Also, standard arguments imply, for almost all w € 2, the estimate

T

[ 1Lt + it it = O(T),
0
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and this leads to the bound

N
1
> |L(o + ikh,w,x;)[’dt = O(N), o > 5 J=L..r

k=0

Hence, for almost all w € Q! we deduce that

N

1

+1 Z,O (L(s + ikh,w, x), L, (s + ikh,w, x)) = 0. (8)
k=0

lim lim sup
n—X N_sco N

Equality (7) allows to show the weak convergence of the measure Py. Let 6y be
a discrete random variable on a probability space (€2, F,P) such that

POy = k) = k=01,... N,

_1
N+1’
and

XN,n(S) = Ln(s + ier7 X)

Then the weak convergence of Py, to P, can be rewritten in the form
Xy — X (9)

where X, is the H"(D)-valued random element with the distribution P,. Using the
latter relation, it is not difficult to prove that the family of probability measures

{P, : n € N} is tight. Thus, it is relatively compact, and there exists a sequence
{ni} and a probability measure P on (H"(D),B(H"(D))) such that

X, 25 P (10)

™ koo
Now putting
Xn(s) = L(s +ibnh, x)
and using (7), we find that
lim limsup P (p(X v, Xy,) >¢) = 0. (11)

n—00 N_soo

Relations (9) - (10) show that all hypotheses of Theorem 4.2 of [2] are satisfied.
Therefore,

D
Xy — P,
N—oo

and this implies the weak convergence of Py to P as N — o0.
It remains to identify the limit measure P. For this, define

L(S + ikhy(ﬂ?X) = (L(S + ’ikhl,wl; Xl)a s 7L(S + ikth’wrl’Xn)’
L(S + ikh, wry 41, Xr1+1)7 A L(S + ikh, Wy, XT))
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and

def 1

T N+1
Then, using the weak convergence of Py, to P,, equality (9) and repeating the

above arguments, we obtain that Py, also converges weakly to P as N — oo. Thus,
if A is a continuity set of the measure P, then we have that

lim Py,(4) = P(A). (12)

Pr o (A) #{0<k <N:L(s+ikhw,x) € A}, AeB(H"(D)).

On the space (Q" 1, B(Q 1) mpy), define the random variable

1 if L(s,w,x) € A4,
§w) = { 0 otherwise.
Then
Rt = / cdmu = Py (A). (13)
Q

In view of Lemma 2, we can apply the ergodic Birkhoff-Khintchine theorem, which,
for almost all w € Q"+ gives

Jim > (#hna(e) =B (14

Therefore, relations (13) and (14) imply
lim PN,w(A) = PL(A)

N—o0 -

Hence, by (12), we obtain that P(A) = P(A) for every continuity set A of P.
Therefore, P = Pj, and the theorem is proved.
(]

4. Proof of Theorem 5

Theorem 5 is a consequence of Theorem 6 and the Mergelyan theorem on the
approximation of analytic functions by polynomials [6]. Let S = {g € H(D) : g(s)
#0 or g(s)=0}. It is known [5] that the support of the random element

(H (1 . xrﬁl(p;?ﬁl(p))* T (1 ) xAp)a;?H(p))‘l)

peP pEP

is the set S"~". Moreover, the measure my is the product of the Haar measures
mjg on €, 7 =1,...,7 + 1. Since the support of

1 (1 B Xj(P)wj(P))l’ =1

S
peEP p



216 A.LAURINCIKAS, D. KORSAKIENE, D. STAUCIUNAS

is the set S, we find that the support the random element
-1 -1
(H (1 . xl(p)fl(p)) Tl (1 _ xn (@) <p>) )
peEP p peP p

is the set S™. These remarks show, in view of Theorem 6, that the support of Py, is
the set S™.
By the Mergelyan theorem [6], there exist polynomials p(s),. .., p.(s) such that

sup sup |fj($) - epj(5)| << (15)
léjgr SGKJ' 2
Define
€
G = {(gl, ...,gr) € H (D) : sup sup |gj(3) _ epj(s)‘ < _} ‘
1<j<r sek; 2
Obviously, G is an open set in H"(D). Moreover, (ep1(8)7 o epr(s)) € 5" ie. is an

element of the support of Pr. Thus, P,(G) > 0. Hence, ligfn inf Py(G) > 0, since, by
- - —00
Theorem 6,

N—o0

This, the definition of G and inequality (15) prove the theorem.

5. Conclusions

In the paper, a discrete joint universality theorem for Dirichlet L-functions
L(s, x) is obtained. In this theorem, a collection of analytic functions f;(s), ..., f.(s)
is approximated by shifts L(s+ikhy, x1), ..., L(s+ikh. , Xr ), L(s+ikh, Xry41)s - - -5
L(s+ikh, x,), where x1, ..., X, are pairwise non-equivalent Dirichlet characters, and
hi, ..., h. ,h are such positive numbers that the set

L(hl,...,hrl,h;ﬂ):{(hllogp: peP),....(h,logp: peP),
(hlogp: p € P);m}.

is linearly independent over the field of rational numbers.
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