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OB NHTEPIIOJIIIINN ®YHKIIN MHOTTX
INEPEMEHHBIX!

B. H. Yy6apukos, M. JI. ITlapanosa (r. Mocksa)

AuHOTanusa

B macrosimeit padore mocTpoenst 3 HEeKTUBHBIE MHOTOMEPHBIE HHTEPITOIAIMOHHBIE (hOPMY-
JIBIL J7IST TIEPUOARYECKUX (DYHKIMHA, TOIHBIE HA Kaaccax MHOrowieHoB @yppe. dta pabora mpo-
nomkaer uccnenosanus H.M.Kopo6osa [5], B.C.Psa6enskoro [11], C.M.Bopouuna [8] u npyrux
YUEHBIX 110 IIPUMEHEHHIO TEOPETUKO-YUCIOBOI0 METO1a B NPUOIMKEHHOM aHAIU3E. DTH ABTOPHI
YHUCJIO Y3JI0B PACCMATPUBAEMBIX MU CETOK Opajii PABHBIM TPOCTOMY YHUCIY B KOJIBLE IIEJIBIX
PAIMOHAJIBHBIX YUCE]I ¥ B KOJIbLIAX IEIbIX aJIre0pandecKux Iucel.

3ech MBI pacCMaTpPUBaEeM KJIACC CTPOrO  PEryJIsSpHbIX — [IEPUOAMYECKUX  (DyHKIM
flz1,...,x,), UMEIONIMX IEPUOJ], EMHULIA 110 KAXKJION IIEPEMEHHOI U pasJaraimuxcs B abco-
JIOTHO cxopsiuiics pag @ypoe (eMm., naupumep, [15], ¢.447) Buga

o0 o0
flae,...,z,) = E E c(ml,...,mn)eQW"(mller"'er”‘””),
mip=—o0 My =—00
re
1 1
c(my,...,my) = / .- / flxe,... ,:cn)efzm(mlzﬁ"*m"x") dzy...dz,.
0 0
Hasnee, Boibupas uucio touek pemérku N B Buge N = Nj...N,, rue (Ng,N;) = 1 upum

s #t1 < st<nwuN, < NY"1 < n, unacnons3ys KATARCKYI0 TeopeMy 00 OCTATKAX,
CTPOUM MHTEPIOJISAIUOHHBII MHOMOYJIEH BHJIA

Ni—1 N,—1

c 2mi o MnTn
P(ay, ... xp) = E E é(my,...,my)e mi(mizit. . mngn)
m1=0 my,=0
rae
o ak {m *mag
C(m1 m ) = i El - En f Mikkl M;k/’n e—27ri<M]1Vl 1+.U+M%7n>
yeeeylin N N, Yy Nn ,

ki=1  kn=1
upuaém NyMg = N, MM =1 (mod Ny).

Karuesvie ca06a: TEOPETUKO-UUCIOBONH METOM, B TPUOIMKEHHOM aHAJIN3€, TOUKY PEIETKH,
meron, B.C.Ps6eHbKOro, MHTEPIOAIIHOHHBIA MHOTOUIEH, KOJIBIA MEIbIX PAIMOHAIBHBIX U IIe-
JIBIX aJIre0OpamdecKux 9ucesl, KuTafickasi TeopemMa 00 OCTaTKax.

Bubauoegpagus: 15 HazBanuii.
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Abstract

In this paper we constructed effective multivariate interpolation formulas for periodic
functions, which are the precise on the Fourier polynomial classes. This paper continues
investigations by N.M.Korobov [5], V.S.Rjaben’kii [11], S.M.Voronin [8], and others scientists
on the application of the number-theoretic methods in numerical analysis. These authors was
given the number of knots of a network equals to a prime number in the ring of integer rational
numbers and in rings of integer numbers in algebraic numbers.

Here we consider the class of strictly regular periodic functions f(z1,...,z,), having the
period on of one the each variables, and expanding in the absolute convergent Fourier series
(see, for example, [15], p. 447) of the form

o0 o0
f@n oz = 3 0 S clma,... my)eRmimisttmaz,)

mi=—00 My =—00
where
1 1
c(ml,.. .7mn) _ / /f T1,..., T )e—sz(mwh+~~~+mn:6n) dzy . ..dz,.
0 0

Further, we select the number of lattice points NV in the form N = N; ... N,,, where (Ng, N;) =1
as s #t,1<s,t<n,and N, < N/" 1 < n, and using the Chinesse theorem on remainders,
we construct the interpolation polynomial of the form

N;—1
2mi(mixi+..mpx
P(xy,...,2n g g é(my,...,mp)e (maz1 ntn)
m1=0 my,=0

where

M1 B Mk ~omi (M gy M)
c(my,...,my) = E E f ce e ,

N,
klf kn=1 n

moreover NyMy, = N, MM =1 (mod Nj).

Keywords: the number-theoretic method in the numerical analysis, a lattice points, the
V.S.Rjaben’kii method, the interpolation polynomial, rings of the integer rational and the
integer algebraic numbers, the Chinesse theorem on remainders.

Bibliography: 15 titles.

1. Beenenue

B macrosiineii pabore mpomoskens ncceaenosanus B.C.Psbenbkoro [11]mo npuMenernto Teope-
TUKO-9YHCJIOBOTO METO/a K 3a7a9€ WHTEPIIOJAINN TEPUOSMIECKON (DYHKIMA MHOTUX MePEeMEHHBIX
TPUTOHOMETPUUECKUM MHOTOWIEHOM. DTOT MHOT'OUIEH HAZBIBAIOT WHTEPIOJIAIIMOHHBIM, €CIN TPH
BO3DACTAHUN YUC/IA Y3/I0B WHTEPIIOSIAN MTOTPEITHOCTD, T.€. PA3HOCTh MEXKy 3HAUeHWeM (QyHK-
MM U PACCMATPUBAEMBIM TPUTOHOMETPUYECKUM MHOTOYJIEHOM, DU KAKOM-JUOO criocobe B3siTHs
upegena crpemurcst K nyso. Coenys H.M.Kopo6osy [5], B Teopernko-4mcioBoM Merojie 1mocseo-
BaTeJIBHOCTH [N YuCes y3J10B UHTEPIIOJLIIN Ipoberasa moc/ie[0BATEIbHOCTh BCEX TIPOCTHIX YUCEI.
3sech MbI O€PEM ITY TOCAEIOBATEIBHOCTh B BUJIE

N=N;...Ny, N, < N/ (NgNy) =1,1 <7, s,t <m,s#t,

rJe N — YUCJI0 NEePEMEHHBIX uHTepnoaupyemoit dyuknun f(r1,...,Ty,).

Bamernu, uro yeaosue N, =< NV 1 < r < n, obecreanBaer “paBHONPABHOCTL” [EPEMEHHBIX
X1y...,Zn, ayeaoBue (Ng, Ny) = 1,1 < s,t < n, s # t, umeer apudMeTHIECKHUIT XapAKTEP U CBA3AHO
C TIPUMEHEHWEeM KUTANCKONW TeopeMbl 00 OCTATKAX.

g 6oybITIell SICHOCTH W3JI0KEHUS B KAUECTBE TPUMepPa PACCMOTPUM CHadasa Caydail (hyHKITHi
OJHO! IIepeMEeHHOM.



340 B. H. YYBAPUKOB, M. JI. ITAPATIOBA

2. OgHoMmepHBII ciryvait

Ilycts f(z) € EY, o > 1, u dBIA€TCA IEepHOIITIECKOi QyHKIHE, Ope/Ie/IeHHO Ha BEIeCTBEH-
HOI oCcH M MMEIEel OrpaHMIeHHY0 Bapualuin Ha nepuoje, pasuom 1. Torga oHa paszjaraercs B
abcoJstioTHO cxojdinumiica psiji Pypbe BUIA

+00 1
f(:E) = Z C(m)e%rimx, C(’I?’L) — c(m; f) — /f(x)e—%rimw dz.
m=—00 J

Hasee mist 106010 HATYpaabHOro uncaa N onpenesum PyHKIUIO

N
F(l‘) = FN(QZ) = Z é(m)e%m‘x’ 5(m) = é(m;f) = %Zf <]]:]> —2#@%"‘
k=1

N/2<m<N/2

[Iycrs R(z) = f(x) — F(x) norpemnocts npu 3amere dysxnuu f(x) va dyskuuio F(x). Ouernm
cBepxy Besmauusl |R(z)| n

Ay = sup / R(x)]? de,
f

e f TpUHAIIEKUT OMPETeJEHHOMY BBIIE KIACCY (DyHKIINIL.

CrpaBeyiiBO CJIEAYIONIEe YTBEPK IEHIE.

Teopema A. Ay < N1722,

Jlokasameavemeo. Beipazum koaddunnentst ¢(m) rpuronomerpudeckoro Muoroustena F(x) ge-
pe3 kosddunmentsl Pypoe byaxmum f(z). Jst g00BIX TeabIX kK 1 m uMeeM

1
( 27rzk33 / 2mi(k—m)x o 1, ecin k= m,
C —
0, ecim k #m,
0

N
. ; 1 ; (E=m)l 1, ecm k=m (mod N)
L 2mikx ) . & 27 — ) )
c(m,e >_le;e " { 0, ectu k#m (mod N).

Takum 06pa3oM, UCHOJB3YS MIOCJIEIHIE COOTHOIIEHUS, HAXOIUM

N +oo

E(m) — E(m,f) — %Z‘f <]]\€]> 672m Z Z 27ri%6727ri% —
k=1 k: 1l=—00
+o00 N 400
> Dyemto .
l=—00 k=1 l=—

I=m (mod N)

Pasencro Jlanynosa—Ilapcesans maér

1
/IR(JJ’)I2 de= ) le(m)—cm)P+ Y fe(m)P+ Y fe(m).
0

N/2<m<N/2 —N/2<m m>N/2

Orciona, UCIoIB3ys TPEIbIAYIIEe PABEHCTBO, Oy IUM

oo !

1
/R(:z:)|2dx: 3 S| +
0

—N/2<m<N/2 l=—00
I=m (mod N)
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+ > lem)P+ D le(m)]? = Ri+ Ry + Ry,
m<—N/2 m>N/2

IJie MITPUX B CYMMHUPOBAHUN O3HAYAET, 4TO | # m.
CienoBare/ibHO,

Rl = Z | Z C(Nq+m)‘2 < Z ZM < ]\[—2&—4—17

~N/2<m<N/2 |q>1 0<m<N/2 |¢>1

Ry + R3 < N72a+L,

Teopema JToKa3aHa.
Teopema b. Cupaseniuba onernxa

|R(z)| < N—oFL,

Lloxazameavcmeo. Umeem

R(l‘) — Z (c(m) o E(m))e%ria: + Z C(m)eQWim:c + Z C(m>e27rimx.

—N/2<m<N/2 m<—N/2 m>N/2

[TockosnbKy

OTCIOIA HAXO/IUM

Teopema jokazana.

3. MHoromepHbIil ciryvait

ITycte dyuruus f(z1,...,Ty,), uMeromas mepuoa 1 Mo KaxKIo# MepeMeHHOl, pa3jaraercs B
abcomorHO cxomamiicsa pag Pypoe

o [e.9]
f<3717 . 71'71) = Z e Z c(ml, . mn)eQﬁi(mlx1+"‘+m"I"), (1)
mip=—00 Mp=—00
npuaéM OyzeM mpennosarath, urto f € EY «a > 1, To ecth ajist Besikoro Habopa (mq, ..., my) € Z",

CTIPaBEJJITBO HEPABEHCTBO

|C(m17"'amn)| < (ml .-

M), m=max{l,|ml}, (2)

u ko3 uriueraTsl Dypbe OMpeiessaioTCs PAaBeHCTBAMEI

1 1
c(my,...,my) =c(m; f) = / . / f(x1, ... op)e” rimerttmanzn) g g, (3)
0 0

Iycrs, mamee, N = Ni...N,, mpuaém N, = NY"r = 1,...,n,(Ny,,N;) = 1 opu
s £ t,1 < s,t < n. Hakonern, naiinem mis Mg, onpenensemoro ycaouem MgNg = N, BbIYeTHI
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MY w3 cpasaenuss MM} =1 (mod Ng),1 < s < n. I3 kuraiickoii Teopembl 06 ocrarkax Jt06oii
BBIYUET & IO MOAYI0 N €JUHCTBEHHBIM CIOCOOOM IPEICTABIISETCS B BAIE

T = MlMik.’El ++MnM;;xn7 (4)
IJIe BBIYEThI Ty LPOGErarorT BCE KJACChl BBIYETOB 110 MOAY/t0 Ny, r=1,... n.
IIycts min {Ny, ..., Np} = L. Onpenenum npu |mi| < Ny, ..., |my,| < Ny, Ha60p TuCen

Ny Nn
i 1 Miki Mk,
c(ml,...,mn):c(m)zﬁ E f< ]\171 A >><

Mfmqk M ymnk
_ 1 l 1 nkn
21 ( 4+ Nn )

: ()

dyHKIIIO
F(zy,...,zp) = Z e Z &(my, ..., my)edrimTit e tmazn), (6)
—N1/2<m1§N1/2 —Nn/2<mn§Nn/2
[Tosmoxkum
R(z1,...,2n) = f(z1,.. . 2n) — F(x1,...,2p). (7)
"
1 1
Agzsup/~ /\le,..., 22 dey . dey,. (8)
feEy
0 0
Teopema 1. Ilycrs f € ES. Torna rpuronomerpudeckuii Maorodies F(xi,...,xy), oupeie-

JIGHHBI paBerHcTBoM (6), ABISETCS HHTEPIOISANHOHHLIM H CIPABEIHBA OleHKa Ay < N2(1=e)/n
Joxasameavcmeo. Tlonb3ysich paserctBoMm Jlsnyrnosa—Ilapcesasis, naxogmm

1 1
/- /Rxl,..., D2 dar .. da, =
0 0

= Y Y femaeemy) — clm, e ma) P+

_N1/2<m1§N1 _Nn/2<mn§Nn

+Z...Z|c(m1,...,mn)’2'

Js:|ms|>Ls

Nmeem s koaddurmentos Oypre dynknuun f(X) u rpuronomerpuyaeckoro Maorouiena F(X)
upu ki, ..., k, € Z ciemyiomme COOTHOIIEHMS

= % 1, ecu k=m
—m,X) _ ) s 5
du = { 0, ecmm k # m,

—

=]

N

3

/,?

N
O\H

Ni—1 N,—1 2m(zwl(kl]\;1m1)zl +M+Mn(k7;\];mn)zn) B



OB UHTEPIIOJIAIINN ®YHKIINI MHOTUX IEPEMEHHBIX 343

rje poipazkenne k =m (mod N) o3nagaer, 4T0 BBIIOJHATCS N CpaBHeHuil Bujga ks = mg
(mod Ng), s=1,...,n

Haxoner, nmeem

¢(m) = Z Z f (Mlkl,...,M]ék”> exp{—szn:M:]@sms} —
n s=1

k1 1 kp=1 s

NZ f: Z Z exp{2m§n:M§V;S} exp{ 2mZMkmS}:

k1=1 kn=1 \l1=—00 lp=—00

Z Z Z Zexp{sz;W}:

l1=—00 lp=—00 k1 1 =1
Y Y .
li=m1 (mod Nyp) ln=mn (mod Ny)
Takuwm obpazom, MOJIyIUM
1 1
/ /|Rﬂ$1,..., )|2 dri...dr, = R1 + R>,
0 0

rae

R, = Z Z Z Z C(ll,...,ln) ,

—Ni/2<m1<N71/2 —Np<mn<Np/2 |[l1=m1 (mod Nip) ln=mn (mod Ny)
l1#my In#mpy
Ry = 2
= le(my,...,my)|".
Js:lms|>Ns /2

Craugana oneanm R;. Haxommm

“+oo “+o0o
R < Z Z Z"'Z(N1Q1+m1-.~NnQn+mn)_a ;

—Ni<mi<Ni/2  —Np/2<mp<Nn/2 |i=1  gn=1
[Mockonbky mpu Ny > 1umg >0 (s=1,...,n)
+o00

S (Vg e < e

= s 7 7 (Ng +my) (Ngz +mg)® — a— 1N’

5= 1
HOJTY YUM

Q n
Rl < < > N172a'
a—1

Temeps oneruM Ry, meem
R2 < LNQ(l_OC)/”‘
a—1
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Teopema 2. IIycrs f € ES. Torya rpuronomerpuyecknii Muorodsies F(xy, ..., xy,), onpeseiés-
HbIif paBeHCTBOM (6), ABISETCSI HHTEPIOIAIMOHHBIM 1 i pyHKIIn R(x1, . . ., ), onpeaeaéHHoi
pasercrsom (7), cupaseausa ogenka R(zy, ... x,) < NO=®)/,

Jokasamenvcmeo. 1lo dopmyne (7) mmeem
F(:Bl, e ,:Cn) = E s E E(mh . ’mn)eQﬂ—l(mlxl+"‘+mnxn)’
—N1/2<mi1<N7i/2 —Nn/2<mn<Np/2

e

&ma, . mn) = & Z Zf(Ml"“ MN"')X

k1=1 kn=1

727”(1»11;;1/91 e M Jrvnnkn>
1 n
Xe .

Orcioga mogyanm

]R(acl,.. . ,:Cn)’ < Ri + Rs,

rae

Ry = D > > c(ln, - )|
~N1/2<m1<N1/2  —Nn<ma<Nn/2|h=mi (mod N1)  Iln=mn (mod Ny)
l1¢m1 lnfmn
Ry= "3 Je(mi,...oma).
Els:\m5|2Ns72

Haxownern, mockosabKy f € ES, HAX0IUM

“+oo “+oo
R < Z Z Z"'Z(N1Q1+m1-~NnCJn+mn)_a

—Ni<mi<N1/2  —Np/2<mp<Np/2 \@1=1  gn=1

[Mosp3ysch ormenkoit

TIOJIYy YUM

Temeps onernM Ra. Mmeem

Teopema mokazana.

4. 3akJIroueHUue

OTMmeTnM, 9TO B HACTOSINEH paboTe B TEOPETUKO-UUCJOBOM METO/IE€ B3STHI MTPOCTEHIITIE Y3JIhI
VHTEPIIOJIAINNNA B MHOTOMEDPHOM C/Iydae, 00eCIeunBaIONNe WHTEPIIOSIINOHHDBIN XapaKTep paccMaT-
puBaeMbIx hOPMYJI, TIOITOMY PE3YIbTAThI TeopeM 1 u 2 MOryT OBITH yiydlneHbl. KcTecTBeHHO, ecu
W3BECTHBI YCJIOBUS “HEPABHOMPABUS TEPEMEHHBIX, TO M3MEHsII COOTBECTBYIOIINE YCJAOBUS TOPAIKA,
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NPUBEEHHBIE BBINIE, B 3TOM CJIyUae MOJYyIUM HHTEPIIOJISIIUOHHBIE (DOPMYJIBI, B KOTOPBIX CTEeHN
MHTEPIIOANNOHHBIX TPUTOHOMETPHIECKIX MHOTOUICHOB 10 PA3JINIHBIM IepeMEeHHBIM OyIyT OTJIH-
JaThCs APYT OT JApyra.

Jpyras cropoHa, CBA3aHHAdA ¢ apru(OMETUKON KOMNIECTBA, Y308 HHTEPIIOISIINN 1 IPUMEHEHHEM
KHUTAHCKON TeopeMbl 00 OCTATKAX, TAKKE MOXKET ObITH MOAUMPUIIMPOBAHA, IS OOJIBITEH TTPUBASKI
K YCJIOBHIO pelllaeMoil 3a1a4u.

Haxoner, mociegmee 3amMevanne KacaeTcs WCIOIb30BaHUs ajrebpandeckux moJeit, Hosee Toq-
HO, apu@METHKH KOJIEIl [IeJIbIX UNCeJ B HUX. 3JeCh OYIyT HPOIO/IZKEHBI UCCASIOBAHNS KATANCKAX
maremarukos Xya Jlo-kena [6] u Ban FOans [7], a rakke pazsura reopus C.M.Boponuna [8], upo-
nomkennad B paborax H.T.Temupratuesa.
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