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AnHOTanuga
ITycrex xapakTep Jdupuxie mo moxymio q. L- dyukmus Jupuxme L(s, x) B MOIYIIOCKOCTH
o > 1 onpenensiemast psaOM
x(m)
mS

L(S, X) =
m=1
7 MepOMOP(MHO TPOIOJIZKAETCS HA BCIO KOMILIEKCHYIO TJIOCKOCTh. Ec/in y-HeryraBHbIi XapakTep,
ro dyukuus L(s,x) asusercsa uenoil. B ciayuae riaBuoro xapakrepa dynkuusa L(s,y) umeer
eJIMHCTBEHHbIN IPOCTOoil mosfoc B Touke s = 1. L- dbyukiuu Jupuxie urpaior BaXKHYO POJIb IPU
MCCJIEA0BAHUU PACHPEIE/IeHUs] TPOCTHIX YKUCe/]l B apudMETUYECKUX [TPOIPECCUX, I0ITOMY UX
AHAJIUTUYECKUE CBOWCTBA 3aC/IyKUBAIOT TPUCTAIHHOIO BHUMAHNSA. B MTpUMEHEHUIX 9aCTO HY K-
HbI MOMEHTHI - dbyukuumii Jupuxiie, aCHMITOTHYECKOE TIOBEIEHNE KOTOPBIX OYEHDb CJIOXKHOE.
[Ipu uccmegoBaHUY MOMEHTOB TPUMEHSIIOTCS PA3TUIHBIE METO/IbI, OIMH U3 KOTOPBIX OCHOBAH HA
npuMeHeHnn npeobpasoBannit Mennumua. B cBoro ouepens, mpeobpa3oBanusa MenanHa HCIOIb-
3yfoT mpeobOpaszosanus Jlaminaca. B crarbe mosydennt siBHble (DOPMYIIbI il IIPeoOpa30BaHus
Janmaca dynkmun |L(s, x)|?> B kputnuecnoii momoce. DTtu bopMyaBl pacmpsaioT HOpPMYIILI,
JoKazanble B [3] Ha KpATHIECKOH MpaMoii o = £
Karwuesve caosa: L-dbyukmusa Jupuxie, npeobpasosanue Jlamraca, npeobpa3osanue Mej-
nmHa, n3era-dyuknna Puvana.

Bubauoepagusa: 15 HazBanuii.
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Abstract
Let x be a Dirichlet character modulo g. The Dirichlet L-function L(s, x) is defined in the
half-plane ¢ > 1 by the series

= x(m)
Lis) = > 222,
m=1
and has a meromorphic continuation to the whole complex plane. If y is a non-principal
character, then the function L(s,x) is entire one. In the case of the principal character,
the function L(s,x) has unique simple pole at the point s = 1. Dirichlet L- functions play
an important role in the investigations of the distribution of prime numbers in arithmetical
progresions, therefore, their analytic properties deserve a constant attention. In applications,
often the moments of Dirichlet L-functions are used, whose asymptotic behaviour is very
complicated. For investigation of moments, various methods are applied, one of them is based
on the application of Mellin transforms. On the other hand, Mellin transforms use Laplace
transforms. In the paper, the formulae for the Laplace transform of the function |L(s,x)|? in
the critical strip are obtained. They extend the formulae obtained in [3] on the critical line
1

Keywords: Dirichlet L-function, Laplace transform, Mellin transform, Riemann zeta-
function.
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1. Introduction

Let s = o + it be a complex variable. The Laplace transform £(s, f) of a function f is defined

by
o
S0 = [ fa)e s
0

provided that the integral exists for ¢ > g with some o9 € R . It is well known that Laplace
transforms are very useful integral transforms having applications in various fields of mathematics
and in practice. Analytic number theory is not an exception, here Laplace transforms are applied

for the investigation of mean values (moments) of zeta and L-functions. The classical example given
in the monograph [15] says that if f(z) > 0 for z € (0, 00), and, for some m > 0,

o0 1 1
—ox m
dr ~ =1 -
/0 f(x)e T 5 og 5
as § — 0, then

T
/ f(z)dz ~ Tlog™ T
0

as T — oo. This has been applied for the moments of the Riemann zeta-function ((s)

[l

with k = 1 and k£ = 2 in [15] and [1]. We remind that the function ((s) is defined, for o > 1, by the
series

2k
dt (1)

o0

((s) =

m=1

1

ms’

and by analytic continuation elsewhere. We observe that more precise formulae for moments (1)

require those for £(s,|¢|?*). In [9], applications of Laplace transforms for mean values of more

general Dirichlet series are given. Let d(m) be the number of divisors of m, v denote the Euler

constant, and let .
/

Az) = dim) —x(logz +2y—1) — —,

()= 3 ) —sliogz +2y=1) =3

n/m

where """means that the last term in the sum is to be halved if x is an integer. In [6], an asymptotic

formula for the Laplace transform
o0
/ A%(z)e Tda
0

was obtained. In [5], the Laplace transform was applied to give a simple proof for the classical
Voronoi identity

2 X 1/2
Alx) == Z d(m) (i) (K1 (4my/zm) + ™V (477\/a:m)) :
™= m 2
where K7 and Y7 are the Bessel functions. A very good survey on applications of the Laplace
transforms in the theory of the Riemann zeta-function is given in [7].

We remind one more formula used in [1] and [12] for the investigation of the mean square of

((s) on the critical line o = %, namely,

£(s,[¢]?) = ie's/? (fy —log 27 — (g — s) z) + 2me /2 i d(m)e*%ime_is + A(s),

m=1
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where the function A(s) is analytic in the strip |o| < w. Moreover, in any fixed strip |o| < 6 with
0 < 0 < m, the estimate
~1
Als) = O((1 +[s))™)

is true. In [10], the above formula was extended to the critical strip, i.e., the formula for
JoS 1 (o + iz)|? e~ dz with a fixed 3 < 0 < 1 has been obtained.

Now let x be a Dirichlet character modulo ¢, and let L(s, x) denote the corresponding Dirichlet
L-function defined, for ¢ > 1, by the series

L(SaX) = Z XT(:Z)
m=1

If x is a non-principal character, then L(s, x) is analytically continuable to an entire function, while
if xo the principal character modulo ¢, then

s =TT (1- ) et

plg

where p denotes a prime number, i.e. L(s, xp) can be analytically continued to the whole complex
plane, except for a simple pole at the point s = 1 with residue

-5

plg

Analytic theory of Dirichlet L-functions can be found in [4], [8] and [11]. In [3], the formulae for

the Laplace transform
& 1
2(s1200P) = [ | (5 + i)
0

were obtained. This note is a continuation of [3], and is devoted to the Lapkace transform

2
e Tdx.

2, (s, |L)P) = /0 IL (o + iz, x) |~ da,

where p, % < p < 1, is a fixed number.
For the statement of the results, we need some notation. Denote by G(x) the Gauss sum, i.e.,

G(x) =Y x(he*/1.

o~
—

Let
o it x(-1) =1,
T i (=) = -1,
~Jex) if a=0,
P = {exx) it a=1,
where o o
=" qp=-W
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As usual, denote by I'(s) the Euler gamma-function, and by pu(m) the Mébius function. Moreover,

=Y d*a€C,

dlm
is the generalized divisor function.

TEOPEMA 1. Let {s€ C:0< o <}, o, % < o<1, be a fired number, and x be a primitive
character modulo ¢ > 1. Then

27me is(1—e)

Lo (37 ‘L(X)P)

= x(m)o m) 2mim
20-1( i
Z mQQQ I Xp{ T, w} + Ao(s, ),

where the function A, is analytic in the strip {s € C : |o| < 7}, and, for |o] < 0,0 < 0 < m, the
estimate

Xo(s,x) = O((1+[s) ™)
15 valid.

TEOPEMA 2. Let {s€ C:0< 0 <7}, o, % < o <1, be a fized number, and xo be a principal
character modulo ¢ > 1. Then

€, (5, |L(x0)[?) = (2mi)?¢ 1D (2 — 20)¢(2 — 20)e™(1~ 9>ZZ nng 1

m\q nlq

e 33 M gt 35 M) $° e

mlq n|q mlq nlq =1

nk
exp{—2m'e_’8%} + Ao(S, X0)-

where the function A\y(s, x0) has the same properties as A,(s,x) in Theorem 1.

Note that if ¢ = 1, then the formula of Theorem 2 implies that of [10].

2. Lemmas

We remind the following results on the functions L(s, x) and ((s).

LEMMA 1. If x is a primitive character modulo q, then

L1 = 5,%) = B~ (027 *¢ 3T (s) cos (5 = 22) L(s,x).

For the proof, see [13].

LEMMA 2. The function ((s) satisfies the functional equation
((s) =2°m°" Lgin = ?F(l —5)¢(1 = s).

Proof of lemma is given, for example, in [15].

LEMMA 3. For any character x modulo q, the estimate

L(s,x) = O ((qlt)),0 21—,

where 0 < ¢ < 3, and [t| > 2, is valid.

27
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The lemma is Theorem 5.4 from [13].

LEMMA 4. If fis a multiplicative function, then

Y ould)fd) =TI~ fp)-

din pln

The lemma is Theorem 2.18 in [2].
Now we recall the Mellin formula.

LEMMA 5. Suppose that ¢ > 0. Then

1 c+i00
9 [(s)b~*ds = e .

Proof of the formula can be found in [14].

LEMMA 6. For o > max{l,R(a + 1)},
L(s,x)L(s = a,x) =

and

C(s)C(s —a) = > 220

=1

PRrROOF. For o > max{1, R(a + 1)}, we have that

Lis (s — ) =3 S X 57 LS agary ()
n=1 m=1

k=1 dlm
o XM S e o X(m)oa(m)
=D T A=
m=1 d\m m=1
The case of the Riemann zeta-function can be found in [15]. O

3. Proof of Theorems

It is sufficient to prove the theorems for a slightly different integrals. JTOKABATEJIBLCTBO. [Proof
of Theorem 1| Consider the function

Ao($, X) :/|L(g+ix,x) }2e*s‘rdx
0

dz. (2)

el Q7OOL(2, X)L(20 — z,x)e 17202 (5=9)

2¢1—a ma _ m(1-20+2)
o—ico COS 3 3

Suppose a = 0, then we find that
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Ao(8:X) :/}L(Qﬁ-im,X) ‘2e_sxd$

_ mis(l-0) 70 Lo+ iz X)L(Q — iz, X) exp{ (1 —0)+ 5 +is(l — o) — Sx} i
exp{%(1—0) — 5} + eXP{ Tl — o) + 5}

o0

_/ Lo + iz, ><)|2 “exp{F(1-0) — %
op{F1—0) — %) tep{—F(1 -0 + T}

0
[ terin Peeni -0 -0 ¥ "
) exp{ F(1—0)+ 5} +exp{-F(1-0) - %
If a = 1, similarly as above, we find that
|L(o + iz, x)[Pe™" exp{F (1 — 0) —
)\Q(Sax) = P
) exp{ (1 0) — 5} —exp{~5 (1—@) )
o L . -\|2 s 1—
+/ |L(o + iz, X)[*e*” exp{—F (1 — o) — L. (1)

) exp{F(1—o) + %}—exp{ (1—Q) )

By estimates for L (s, x) from Lemma 3, both these integrals are uniformly convergent on compact
subsets of the strip {s € C: |o| < 7}, thus, the function A,(s, x) is analytic in this region. Suppose
that |o| < 6, where 0 < 6 < 7 is fixed. If |s| is small, then the integrals in (3) and(4) are bounded.
If |s| is large, then integrating by parts and using the estimate from Lemma 3, we obtain that

Aol(s,x) = O(|s| ™).

So we have that, for |[o| < 0,0 < 0 <,

Ao(s,%) = O((1 + [s]) 7).

From (2), we deduce that

o+ioc0 i
—is(1—0) — 2 y)e"t(1-20+2)(5—s)
. [ Heree s e 20+ (5,0,

2\ _
SQ (57 |L(X)’ ) - 22'1—(1 oS (ﬂ _ M)
0—100 2 2

Therefore, using Lemma 1, we find that

i 7OOL(Z,X)L(2@—Z7X) H1-2e+2)(5 )

2il-a M)

2, (5 ILOOP) = -
o—ico COS (7 — 2

dz 4+ Ao(s,x)
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o+ioco
/ L(z,x)L(z =20+ 1,X)T'(1 — 20 + 2)

0—100

e_is(l_g)
- E(x)ygite

. T q1—2{_)+z
X exXp {—Z(l — 2@ + Z) (5 — 3)} Wdz + )\9(8,)()

e—is(1-0) Q+u>oL( V(2 — 20+ Lx)T(L - 2 + 2) <2m' _is) 1420 zd
= TN ~i—a 2, X)\z — 20 » X —e0T )| ——¢€ z
E(x)qit— J q
0—100
+ Xo(s,x)- (5)

Now we move the line of integration in (5) to the right and use Lemma 5. If x is a non-principal
character, the integrand in (5) is a regular function. Therefore, by Lemma 6,

efis(lfg) otioo omi —142p—2
_ L(z,x)L(z =20+ 1,)I'(1 — 20+ 2) (e_w> dz + Ao(s, x)
E ’Ll_a ) ) o\°
)V e q
e—is(1—-e) oo omi .\ lt2e—2
= W / L(z,x)L(z =20+ 1,x)I'(1 — 20+ 2) (qe"s) dz + Xo(s,x)
2—i00
2+1i00
e—is(l—g) © X(m)UQ _1(m) 27[-7/ ) —142p—2
= =~ —=1-a I'(1—-20+2) Z S semo <e’s> dz + Xo(s, x)
E Zl_a / m* o\
(v L — q
2+1i00
—zs (1-0) e 27ri O\ 20—z
X g9 1 mm o _
v Z m25 - m) I'(1—20+2) ( P ’s> dz + Ap(8, X)
2—i00

_ 2me #1700 Z x(m)og,-1(m) exp{ o
- 20—1 o
E(x)ya “=  m?®

m

e_is} + Ap(8,%)-

O This and (5) prove the theorem.
The proof of Theorem 2 is more complicated. JJOKA3BATEJBCTBO. [Proof of Theorem 2| Define

Ao(85X0) =/|L(Q+iﬂfa><o) ‘zefsxdw

) o+ico X .
G / L(z, x0)L(20 — 2, xo)e "1 720725 —9)

| . dz.
5 con (120 2)
0—100
Then
£, (5 0P /\Lgm o) e
_ et Q7OOL(2,X0)L(2QZ’X0) - 2£)JFZ)(iiS)al + Ao(s:X0) (6)
T2 cos 5(1 — 20+ 2) e

0—100



IIPEOBPA3OBAHMUE JIATLJTACA /15 L-OYHKIINI JNPUXJIE 93

Since

L) =T (1- )

plg

Lemma 2 implies

L(20 - z,x0) = L(1 — (1 = 20+ 2, X0))

1
— 920—z—(1-20+2) (o g(l — 204+ 2)I'(1—20+2)¢(1 —20+ 2) H <1 — ng_z> . (7)
plg

Hence, in view of (6), we find

£, (s [L(x0)I?)

. o+ioco
—is(1—p)
= 67 / (2W)71+2Q*ZC(Z)€(1 - 2@ + Z)F(l — 2Q -+ Z) (1 29+Z)(775)
1
0—100
1 1

H <1 - pz> H (1 - p292> dz + Xo(s, x0)- .
pla ola

Using Lemma 4, we write the products in (8) in the form

() TL( ) = o 2wt 5 ()’

plg plg mlq n|q
Therefore,
77,8 (1-o)
SQ (Sa |L(X0)| = Z Z anQ 1
mlqg nlq
o+ioco
L s M —1+20—2
/ <2me E) C(2)C(1 =20+ 2)I'(1 — 20+ 2)dz + Ay(s, x0)- (9)
0—100

Now we move the line of integration in the last integral to the right. The integrand in (9) has simple
poles at the points z = 1 and z = 2p . Clearly,

ResT'(1 —2 1-9 9 P ) —14+20—2
Res T(1 — 20+ 2)C(2)¢(1 — 20 + 2) (2rie a)

—T(2 — 20)C(2 — 20) (2m'e_is%> e (10)
and
) —1420—2 20)ets
Res T(1— 20+ 2)((2)¢(1 — 20+ 2) (Qm'e*“%) TS C(;;);m (11)

Finally, having in mind formulae (10), (11) and Lemma 6, we deduce from (9) that
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2, (s E()[2) = (2n)27 (2 - 20)((2 — 29)e01-0) 37 3 L)

anQ—l
mlqg nlq
(m)u(n) _ eis0-0 ) 142
. pulm)pu(n e VT pnim)p(n o _.mn\ —1H+20—-2
Fiete((20) ST A L £y R / (2mie= 1)
mlg nlg mlg nlg 2—i00

x ((2)¢(1 =20+ 2)I'(1 = 20+ z)dz + A(s, X0)
— (@mipeliD(2 - 20)0(2 — 20)ee0-0 3y Hmnln)

nm2e—1
mlg nlg
 is p(mpu(n) | e~*0-0) p(myu(n) o~ 020-1(k)
+e QC(Q‘Q) Z Z n?g + 7 Z Z mn?g—l kZQ—l
ml|q nlq ml|q n|q k=1
241400 Lio
X / I'(1—20+2) <2me E@ dz + Xo(S, X0)
2—i00
_ £\ 20—1; _ _ is(1—p) p(m)p(n)
= (2mi)* (2 — 20)C(2 — 20)e Z Z e
mlq nlq
s plm)p(n) e 00 p(m)p(n) <= o201 (k)
+ie @C(2Q)Z|z|: e ZZ| e 2 g
m|q nl|q m|q nlq =

ok
X exp{—2m’677’s%} + Ao(s, x0)-

O The theorem is proved.

4. Conlusions

In the paper, it is obtained that the Laplace transform
> 2
/ ’L (0+ix,x) ’ e **dx
0

with a fixed p, % < p < 1, can be expressed by elementary functions including the generalized
divisor function
e

dlm

The formulae obtained have a different form for a primitive character and the 2primcipad character,
and can be applied for the investigation of Mellin transforms of ‘L (o +ix,x) ‘ .
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