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AnHoTaus

Mpb1 n3y4yaeM CyMMbI XapaKTepOB Ha MHOXKECTBE CIABUHYTBHIX CTEIEHEI 110 MOJIYJI0 IIPOCTOrO
quciia p. Takue cyMMbI MOI'YT PAacCMATPUBATHCS KakK ODOOIIEHMe CyMM XapaKTepOB OT CIBU-
HyTOlt Torpymmbl. Cirydail, Korja HOJArpyIia UMeeT pasMep MEHbIIe /P, BOIPOC O HEeTPHBU-
AJIBHBIX TI0 TOPSIKY BEPXHUX OIEHOK TAKUX CYMM OCTA€TCH OTKPBITHIM M HA CErOMHS SBJISIETCS
uepenteHabiM. On 66w nipeyiozken 2K. Bypreitnom u M.Y. Yanr B 0630pe 2010 roga. Tem ne
MeHee, HEKOTOPBIX ITPOMEXKYTOIHBIX pe3yabTaToB jJobuiics npodeccop K. Tonr, ycranoBusimii
HETPUBHUAJIBHBIE OIEHKU TAKUX CyMM B CJIy4ae KOTJa IMOJArPYIIa MMeeT pa3Mep CYIIeCTBEHHO
Gonpime /p. B mammoit pabore 1mo/ydenbl HEKOTOPbIE HOBbLIC PE3y/IbTaThl Ha BEPXHIOI OIEH-
Ky abCOJIIOTHOTO 3HAaYeHHs OOODIINEHUsI TAKUX CYMM, KOTODPbBIE SBJISIIOTCS HEIOJHBIMU CYyMMa-
MH XapaKTePOB OT CABHHYTBIX HOArpymil. JlaHo 1Ba 10Ka3aTe/IbCTBA OCHOBHOIO YTBEPKICHUS.
IlepBoe n3 HUX OCHOBAHO HA CBEJICHUN YKAa3aHHON CYMMBI K U3BeCTHOIT orierke A. Beiisist u npu-
eMe cryiaykuBaHusi cyMM. [IpuMeHsieTcst TaK»Ke IpreM OIEHKU HEITOJTHON CYyMMBI 4epe3 MOJIHYO.
Ucnonwbayercst Takke oaun pesyabrar M.3. 'apaesa. Bropoe joka3areibcTBO OCHOBAHO Ha OpU-
runaibHO uaee V.M. BunorpaoBa. 1ot moaxom ObLI TPEIJIOXKEH JIJId YTOUYHEHUS U3BECTHOTO
unepasencTBa [loita-BurorpamoBa m mcnosib3yer B CBOEHl CyTH HEKOTOPBbIE T'€OMETPUYECKHE U
KOMOMHATOpHBIE nien. BTopoe 10Ka3aTeIbCTBO IPUBEJIEHO He B MOJIHON Mepe. MbI suiib goka-
3bIBaEM HEKOTOPOE KJIFOUEBOE YTBEPKIEHNE U 38 OCTAJIBHBIMU BBIKJIAJIKAMHI OTCHLIAEM YATATE IS
K camoii pabore M1.M. Bunorpaiosa.
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CHARACTER SUMS OVER SHIFTED POWERS
Yu.N. Shteinikov (Moscow)

Abstract

We study character sums over shifted powers modulo a prime p. Such sums can be viewed
as generalizations of character sums over shifted multiplicative subgroups. We obtain some new
results on upper estimates for absolute value of these sums. The case when the cardinality
of subgroup is less than /p, it is a question of non-trivial upper bounds for such sums that
remains open and is unsolved today. It was proposed by J. Burgain and M.Ch. Chang in the
review of 2010. Nevertheless, some intermediate results were achieved by Professor K. Gong,
who established non-trivial estimates of such sums in the case when the subgroup is much larger
than /p. In this paper, we obtain some new results on the upper bound for the absolute value
of the generalization of such sums, which are incomplete sums of character sums over shifted
subgroups. Two proofs of the main result are given. The first one is based on reduction of
this sum to the well-known estimate of A. Weil and the method of smoothing such sums. The
method of estimating the incomplete sum through the full one is also applied. One result of
M.Z. Garaev is also used. The second proof is based on the original idea of I.M. Vinogradov.
This approach was proposed to refine the known inequality of Poya-Vinogradov and uses in its
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essence some geometric and combinatorial ideas. The second proof is not fully presented. We
only prove a key statement, and for the rest of the calculations we refer the reader to the initial
work of I.M. Vinogradov.

Keywords: finite field, powers, sums.
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1. Introduction

Throughout the paper n - is positive integer and p— is an odd large prime number, Z,, be the
n— element residue ring and Z;— multiplicative group of Z,,. Let x is some multiplicative character
modulo n, ged(a,n) = 1, and [ € Z?, with ord(l) = L, that means L is the minimal positive integer
n that I" =1 (mod n). For 1 < K <L

denote

S(x,a,l,K) = Z x(a +1%), (a,n) = 1.

1<k<K

Hong Bing Yu obtained [1] non-trivial upper estimates for S(x, a,l, K'). We formulate his result
below.

TEOPEMA 1. Let n > 2 and x— is a primitive Dirichlet character modulo n. The following
estimate holds

7
\S(X,a,l,K)Kf( 10gn+5)

Let G C Z}— multiplicative subgroup and

S(x,a,G) : Zxa—i—x

zeG

It is an opened question to obtain nontrivial upper estimates for [S(x, a, G)| when G C Zj, and

G~ p%. Jean Bourgain posed this problem (see M.-C. Chang’s 2010 survey). The exact formulation
of it is the following.

Problem (J. Bourgain) Let G - subgroup, G C Ly, |G| ~ p%,p — 00, X — nontrivial character
modulo p, ged(a,p) = 1. Obtain nontrivial upper estimate in the following form

1S(x; a, G)| = o(|GI),p — .

In this paper we consider upper esimates for |S(x, a,l, K)| in the case of prime modulo p. (x —
is a multiplicative character modulo p.)
The main aim of this paper is to give a nontrivial bound for absolute value of S(x, a,l, K') when

K is sufficiently large than p%. The main result is contained in the following theorem.

TEOPEMA 2. Let K > p%, x— s a multiplicative character modulo p. Than the following
estimate holds

K
|S(x,a,l, K)| < /p(log 7 +1).

In the case of prime modulo the quantities S(x,a,l, K) can be considered as generalizations of
S(x,a,G). Indeed, any subgroup G' C Zj is cyclic, that means G = {lk}lgkgG\ for some [ € Z.
Estimates of character sums for different variants were considered in numerous papers, let us note
the works [6], 3], [9],[10], [11],[12], 7], [8]-

We recall that the notations A(n) = O(B(n)), A(n) < B(n) are equivalent to the statement
that there exists an absolute constant ¢ that inequality |A(n)| < ¢B(n) holds for all n.
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2. Preliminary results

In this section we collect some facts and lemmas which we will use in the proof of main results.
But we shall start with upper estimates for |S(x, a, G)| which were obtained by Ke Gong.

PROPOSITION 1. Let G C Z,, —is any multiplicative subgroup, than we have

1S(x,a,G)| < p'/?

In the proof we use I. M. Vinogradov’s lemma, (see it in [13]) which is given below.

- Y Y @yt

0<z<p—10<y<p—1

LEMMA 1. Let

with
S el sX Y <y
0<z<p—1 0<y<p—1
Then we have )
|S] < (pXY)2.

Now we are ready to prove proposition 3.
Joxasamesvcmeo. Let G(z)— be the indicator of G. We have
1
Zxa:+a ﬁZX(:cy—i-a Z Z )x(zy + a).
z€G z,y€G 0<.Z’<p 10<y<p—1

Applying Vinogradov’s lemma to the last sum we obtain the desired estimate. Thus, proposition
3 is proved. O

Let function f: Z; — C. We recall tha Fourier transform f (&) is defined as

L

p 1 —2mi St iz
f©) =7 fla)e™™%,
and
L
Z f Qm— )
&=
We will use the well known Weil estimate of character sums.

LEMMA 2. Let x— is a multiplicative character of Z,, of order m > 1 and f € Zy[z] - is a

polynomial with positive degree and with d distinct zeros in Z, and which is not a m-th power of
another polynomial. Then we have following estimate

ST (f @) <

TEZLp

N|=

The next result belongs to M. Garaev|[2| and we will use it.

LEMMA 3. Let L1,Ly, A, B and L be any integers, 1 < A, B < L. Then

L-1 IL1+A L2+B

W= Z | Z e27riar/LH Z 627riay/L} < LA IOg(BA_l + 2)
a=0 z=L;1+1 y=Lo+1
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Let us denote
F(k) = x(a + 1%y,

In the next lemma we get estimates on f(£).

LEMMA 4. For any £ the following estimate holds

; VP
< XY=,
Flo1< ¥
Jloxasamenvcmeo. We have f(&) = % > é:l X(a—klk)e_%i%. Let d := %. For some primitive root

¢ modulo p we have [ = g%, and we have

-1
; 1 < dky —2mi Sk
— _ L
1O == > xla+g™)e
k=1
Denoting = = ¢* and so k = indgx, we get
-1
A~ 1 b . E(indgx)
&) = =5 > xla+at)e
P 1 =1
.E(indgx)
We see that the function e 2™ " as the function of z is some multiplicative character xe ().

Therefore
1
£ _ d
6 = 55 S ato+ et
Each of the characters x, x¢ is a power of some fixed multiplicative character i,
X = XT13X5 = X71n2‘

SO

—1
£ 1 S dymi ,.m

f) = p_1;X1<(a+x ).
Next, we use Weil estimate, — lemma 5 and get the desired estimate. With that we finish the

proof. O

3. The proof of the main results.

Jloxazamensvcmeo. For the proof of theorem 2 we need to estimate ]Zﬁiﬁ_l (n)|, and we can

assume that \/p < K < p%9. Let us denote

n+[y/pl—1
gn):== > f(k).
k=n

Consider the following sum

It is easy to see that
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So we will get upper estimate for |o]|.
We define I := [A — [\/p] + 2, A+ K]. We have

L1 = yoarn 1 L—1 L—1 N "
DN CED SO IED I = 23 gk (3 ) =
kel k=0 kel = a=0 a=0 k=0 kel
L-1 .
=Y d(a) Y e
a=0 k'el
For g(A ) we have —
= [vpl-1 A = [vpl-1 ot
i) =7 3 3 et he?E = 23 fa( Y ) =
=0 k=0 2=0 k=0
A .
=fla) Y &mT
k=0

So, inserting this to the expression for o we obtain

L—1 [vpl—1

o= fla) S Y e

a=0 k"=0 k'el

Recalling estimates for |f(a)| in lemma 7

L—1 [vpl-1 Y ,
’J‘ < [\éﬁ] Z‘ Z eQm’%H Z 62771'%‘.
a=0 k"=0 k'el

Using lemma 6 we easily derive the desired estimate for ¢ and so for initial sum. With that we
finish the proof of theorem 2. O

4. Final Remarks

There is another way to prove theorem 2.

Professor Ke Gong pointed me on it so I include it here.

It can be done using approach of I.M. Vinogradov [10], where he considered upper bounds for
| 2 m<k<nriq X(K)|. We are only going give a sketch of this proof. Denoting

f(k) = x(a +1%),

so we need to obtain upper bound for | )", ;- f(k)|. Following the proof as in [10], we need to
establish the following key lemma. -

LEMMA 5. Let P, M, ..., M, € N,P < £ and
Mi+P< Msy,.. My 1+P< M, <M +L

Then we have

Z Z Z flz+2)| < (mp)%P.

1<i<m | My+1<a<M;+P 0<z<P—1
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Let W is the following set

Wi={x€Z,:3ic[l,m],Ikec[M+1,M+Pl,z=1" (mod p)}

and W (x) is indicator function of set W. So we have

2| 2 > )

1<i<m | My+1<a<M;+P 0<z<P—1

< Y W)

0<z<p—1

0<z<P-1

Next, we use Cauchy-Shwartz inequality and after we should obtain estimate for

>

0<z<p—1

2

Z x(a + xl*)

0<2<P—1

Taking the square of inner sum and changing the order of summation one can easily get the desired
estimate. This is the way of proving lemma 8.

The final arguments for the proof of theorem 2 can be found in [10|. There are some kind of

geometrical and approximation argumets in the proof.
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