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Àííîòàöèÿ

Â ðàáîòå ïðèâåäåí îáçîð íåäàâíèõ ðåçóëüòàòîâ î ìíîãîîáðàçèÿõ àëãåáð Ëåéáíèöà�
Ïóàññîíà, êîòîðûå ÿâëÿþòñÿ îáîáùåíèÿìè àëãåáð Ïóàññîíà. Ïîêàçàíî, ÷òî ðîñò ëþáîãî
ìíîãîîáðàçèÿ àëãåáð Ëåéáíèöà�Ïóàññîíà íàä ïðîèçâîëüíûì ïîëåì ëèáî îãðàíè÷åí ïîëè-
íîìîì, ëèáî íå íèæå ýêñïîíåíöèàëüíîãî ñ ïîêàçàòåëåì 2. Ïîêàçàíà êîíå÷íàÿ áàçèðóåìîñòü
ìíîãîîáðàçèé àëãåáð Ëåéáíèöà�Ïóàññîíà ïîëèíîìèàëüíîãî ðîñòà â ñëó÷àå îñíîâíîãî ïîëÿ
íóëåâîé õàðàêòåðèñòèêè. Ïðèâîäèòñÿ ìíîãîîáðàçèå àëãåáð Ëåéáíèöà�Ïóàññîíà ïî÷òè ïî-
ëèíîìèàëüíîãî ðîñòà. Â ñëó÷àå îñíîâíîãî ïîëÿ íóëåâîé õàðàêòåðèñòèêè ïðèâîäÿòñÿ ýêâè-
âàëåíòíûå óñëîâèÿ ïîëèíîìèàëüíîñòè ðîñòà äëÿ ìíîãîîáðàçèé àëãåáð Ëåéáíèöà�Ïóàññîíà.
Ïîêàçàíû âñå ìíîãîîáðàçèÿ àëãåáð Ëåéáíèöà�Ïóàññîíà ïî÷òè ïîëèíîìèàëüíîãî ðîñòà â
îäíîì êëàññå ìíîãîîáðàçèé. Èññëåäóþòñÿ ìíîãîîáðàçèÿ àëãåáð Ëåéáíèöà�Ïóàññîíà, èäå-
àëû òîæäåñòâ êîòîðûõ ñîäåðæàò òîæäåñòâî {x, y} · {z, t} = 0, èññëåäóåòñÿ âçàèìîñâÿçü
òàêèõ ìíîãîîáðàçèé ñ ìíîãîîáðàçèÿìè àëãåáð Ëåéáíèöà. Ïîêàçàíî, ÷òî èç ëþáîé àëãåáðû
Ëåéáíèöà ìîæíî ïîñòðîèòü àëãåáðó Ëåéáíèöà�Ïóàññîíà ñ ïîõîæèìè ñâîéñòâàìè èñõîäíîé
àëãåáðû. Ïîêàçàíî, ÷òî åñëè èäåàë òîæäåñòâ ìíîãîîáðàçèÿ àëãåáð Ëåéáíèöà�Ïóàññîíà
V íå ñîäåðæèò íè îäíîãî òîæäåñòâà èç ñâîáîäíîé àëãåáðû Ëåéáíèöà, òî ðîñò ìíîãîîá-
ðàçèÿ V ÿâëÿåòñÿ ñâåðõýêñïîíåíöèàëüíûì. Ïðèâîäèòñÿ ìíîãîîáðàçèå àëãåáð Ëåéáíèöà�
Ïóàññîíà ïî÷òè ýêñïîíåíöèàëüíîãî ðîñòà. Ïóñòü {γn(V)}n≥1 � ïîñëåäîâàòåëüíîñòü ñîá-
ñòâåííûõ êîðàçìåðíîñòåé ìíîãîîáðàçèÿ àëãåáð Ëåéáíèöà�Ïóàññîíà V. Ïðèâîäèòñÿ êëàññ
ìèíèìàëüíûõ ìíîãîîáðàçèé àëãåáð Ëåéáíèöà�Ïóàññîíà ïîëèíîìèàëüíîãî ðîñòà ïîñëåäî-
âàòåëüíîñòè {γn(V)}n≥1, ò.å. ïîñëåäîâàòåëüíîñòü {γn(V)}n≥1 ëþáîãî òàêîãî ìíîãîîáðàçèÿ
V ðàñòåò êàê ïîëèíîì íåêîòîðîé ñòåïåíè k, íî ïîñëåäîâàòåëüíîñòü {γn(W)}n≥1 ëþáîãî
ñîáñòâåííîãî ïîäìíîãîîáðàçèÿ W ìíîãîîáðàçèÿ V ðàñòåò êàê ïîëèíîì ñòðîãî ìåíüøåé
ñòåïåíè, ÷åì k.

Êëþ÷åâûå ñëîâà: àëãåáðà Ïóàññîíà, àëãåáðà Ëåéáíèöà, àëãåáðà Ëåéáíèöà�Ïóàññîíà,
ìíîãîîáðàçèå àëãåáð, ðîñò ìíîãîîáðàçèÿ.
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NUMERICAL CHARACTERISTICS
OF LEIBNIZ�POISSON ALGEBRAS
S. M. Ratseev, O. I. Cherevatenko (Ulyanovsk)

Abstract

The paper is survey of recent results of investigations on varieties of Leibniz-Poisson algebras.
We show that a variety of Leibniz-Poisson algebras has either polynomial growth or growth with
exponential not less than 2, the �eld being arbitrary. We show that every variety of Leibniz-
Poisson algebras of polynomial growth over a �eld of characteristic zero has a �nite basis for its
polynomial identities. We construct a variety of Leibniz-Poisson algebras with almost polynomial
growth. We give equivalent conditions of the polynomial codimension growth of a variety of
Leibniz-Poisson algebras over a �eld of characteristic zero. We show all varieties of Leibniz-
Poisson algebras with almost polynomial growth in one class of varieties. We study varieties
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of Leibniz-Poisson algebras, whose ideals of identities contain the identity {x, y} · {z, t} = 0,
we study an interrelation between such varieties and varieties of Leibniz algebras. We show
that from any Leibniz algebra L one can construct the Leibniz-Poisson algebra A and the
properties of L are close to the properties of A. We show that if the ideal of identities of
a Leibniz-Poisson variety V does not contain any Leibniz polynomial identity then V has
overexponential growth of the codimensions. We construct a variety of Leibniz-Poisson algebras
with almost exponential growth. Let {γn(V)}n≥1 be the sequence of proper codimension growth
of a variety of Leibniz-Poisson algebras V. We give one class of minimal varieties of Leibniz-
Poisson algebras of polynomial growth of the sequence {γn(V)}n≥1, i.e. the sequence of proper
codimensions of any such variety grows as a polynomial of some degree k, but the sequence of
proper codimensions of any proper subvariety grows as a polynomial of degree strictly less than
k.

Keywords: Poisson algebra, Leibniz algebra Leibniz�Poisson algebra, variety of algebras,
growth of variety.

Bibliography: 31 titles.

Ââåäåíèå

Íà ïðîòÿæåíèè âñåé ðàáîòû, åñëè ýòî ñïåöèàëüíî íå îãîâîðåíî, îñíîâíîå ïîëå K ñ÷èòàåòñÿ
ïðîèçâîëüíûì.

Âåêòîðíîå ïðîñòðàíñòâî A íàä ïîëåì K ñ äâóìÿ K-áèëèíåéíûìè îïåðàöèÿìè óìíîæåíèÿ
· è {, } íàçûâàåòñÿ àëãåáðîé Ëåéáíèöà�Ïóàññîíà, åñëè îòíîñèòåëüíî îïåðàöèè · ïðîñòðàíñòâî
A ÿâëÿåòñÿ êîììóòàòèâíîé àññîöèàòèâíîé àëãåáðîé ñ åäèíèöåé, îòíîñèòåëüíî îïåðàöèè {, } �
àëãåáðîé Ëåéáíèöà, è äàííûå îïåðàöèè ñâÿçàíû ïðàâèëàìè

{a · b, c} = a · {b, c}+ {a, c} · b,

{c, a · b} = a · {c, b}+ {c, a} · b,

ãäå a, b, c ∈ A. Ïðè ýòîì àëãåáðà Ëåéáíèöà A(+, {, },K) íàä ïîëåìK îïðåäåëÿåòñÿ òîæäåñòâîì

{{x, y}, z} = {{x, z}, y}+ {x, {y, z}}.

Çàìåòèì, ÷òî åñëè â àëãåáðå Ëåéáíèöà âûïîëíåíî òîæäåñòâî {x, x} = 0, òî îíà áóäåò ÿâëÿòüñÿ
àëãåáðîé Ëè, ïîýòîìó åñëè äàííîå òîæäåñòâî âûïîëíåíî â àëãåáðå Ëåéáíèöà�Ïóàññîíà, òî äàí-
íàÿ àëãåáðà áóäåò ÿâëÿòüñÿ àëãåáðîé Ïóàññîíà. Òàêèì îáðàçîì, àëãåáðû Ëåéáíèöà�Ïóàññîíà
ÿâëÿþòñÿ îáîáùåíèÿìè àëãåáð Ïóàññîíà, êîòîðûå âîçíèêàþò åñòåñòâåííûì îáðàçîì â íåêîòî-
ðûõ ðàçäåëàõ àëãåáðû, äèôôåðåíöèàëüíîé ãåîìåòðèè, òîïîëîãèè, ñîâðåìåííîé òåîðåòè÷åñêîé
ôèçèêå è ò. ä.

Äîãîâîðèìñÿ îïóñêàòü ñêîáêè {, } ïðè èõ ëåâîíîðìèðîâàííîé ðàññòàíîâêå:

{{a, b}, c} = {a, b, c}.

Ïóñòü L(X) � ñâîáîäíàÿ àëãåáðà Ëåéáíèöà, ãäå X = {x1, x2, . . .} � ñ÷åòíîå ìíîæåñòâî
ñâîáîäíûõ îáðàçóþùèõ. Ïóñòü òàêæå F (X) � ñâîáîäíàÿ àëãåáðà Ëåéáíèöà�Ïóàññîíà. Îáî-
çíà÷èì ÷åðåç Pn ïðîñòðàíñòâî â F (X), ñîñòîÿùåå èç ïîëèëèíåéíûõ ýëåìåíòîâ ñòåïåíè n îò
ïåðåìåííûõ x1, . . . , xn, à ÷åðåç PLn ïðîñòðàíñòâî ïîëèëèíåéíûõ ýëåìåíòîâ ñòåïåíè n â ñâîáîä-
íîé àëãåáðå Ëåéáíèöà L(X).

Ëåììà 1 ( [1]). Áàçèñ ïðîñòðàíñòâà Pn ñîñòîèò èç âñåõ ýëåìåíòîâ âèäà

xk1 · . . . · xkr · {xi1 , . . . , xis} · . . . · {xj1 , . . . , xjt}, (1)
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äëÿ êàæäîãî èç êîòîðûõ âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
(i) r ≥ 0, k1 < . . . < kr;
(ii) êàæäàÿ èç ïåðåìåííûõ x1,. . . ,xn âñòðå÷àåòñÿ â (1) ðîâíî îäèí ðàç;
(iii) êàæäûé ìíîæèòåëü {xi1 , . . . , xis},. . . , {xj1 , . . . , xjt} â (1) ëåâîíîðìèðîâàí è èìååò

äëèíó ≥ 2;
(iv) ìíîæèòåëè â (1) óïîðÿäî÷åíû ïî äëèíå: s ≤ . . . ≤ t;
(v) åñëè äâà ñîñåäíèõ ìíîæèòåëÿ â (1), ÿâëÿþùèåñÿ ñêîáêàìè {, }, èìåþò îäèíàêîâóþ

äëèíó
. . . · {xp1 , . . . , xps} · {xq1 , . . . , xqs} · . . . ,

òî p1 < q1.

Îáîçíà÷èì ÷åðåç Γn ïîäïðîñòðàíñòâî â Pn, ÿâëÿþùååñÿ ëèíåéíîé îáîëî÷êîé ýëåìåíòîâ
âèäà

{xi1 , . . . , xis} · . . . · {xj1 , . . . , xjt}, s ≥ 2, . . . , t ≥ 2.

Ïóñòü V � íåêîòîðîå ìíîãîîáðàçèå àëãåáð Ëåéáíèöà�Ïóàññîíà (âñå íåîáõîäèìûå ñâåäåíèÿ
î ìíîãîîáðàçèÿõ PI-àëãåáð ìîæíî íàéòè, íàïðèìåð, â ìîíîãðàôèÿõ [2�4]). Ïóñòü Id(V) �
èäåàë òîæäåñòâ ìíîãîîáðàçèÿ V. Îáîçíà÷èì

Pn(V) = Pn/(Pn ∩ Id(V)), cn(V) = dim Pn(V),

Γn(V) = Γn/(Γn ∩ Id(V)), γn(V) = dim Γn(V).

1. Ðîñò ìíîãîîáðàçèé

Õîðîøî èçâåñòíî, ÷òî â ñëó÷àå îñíîâíîãî ïîëÿ íóëåâîé õàðàêòåðèñòèêè èäåàë òîæäåñòâ
ïðîèçâîëüíîãî ìíîãîîáðàçèÿ V ïîðîæäàåòñÿ ñîâîêóïíîñòüþ ïîëèëèíåéíûõ òîæäåñòâ äàííîãî
ìíîãîîáðàçèÿ. Ïîýòîìó îäíîé èç âàæíûõ ÷èñëîâûõ õàðàêòåðèñòèê ìíîãîîáðàçèÿ V ÿâëÿåòñÿ
ïîñëåäîâàòåëüíîñòü {cn(V)}n>1, êîòîðàÿ íàçûâàåòñÿ ïîñëåäîâàòåëüíîñòüþ êîðàçìåðíîñòåé
ìíîãîîáðàçèÿ V. Àñèìïòîòè÷åñêîå ïîâåäåíèå äàííîé ïîñëåäîâàòåëüíîñòè íàçûâàþò ðîñòîì
ìíîãîîáðàçèÿ V. Ãîâîðÿò, ÷òî ìíîãîîáðàçèå V èìååò ïîëèíîìèàëüíûé ðîñò, åñëè ñóùåñòâó-
þò òàêèå êîíñòàíòû C è k, ÷òî äëÿ ëþáîãî n âûïîëíåíî íåðàâåíñòâî cn(V) 6 Cnk. Àíà-
ëîãè÷íî ââîäèòñÿ ïîíÿòèå ýêñïîíåíöèàëüíîãî ðîñòà: äëÿ ëþáîãî n âûïîëíåíî íåðàâåíñòâî
cn(V) ≤ Can, ãäå C è a � íåêîòîðûå êîíñòàíòû. Åñëè ìíîãîîáðàçèå V èìååò ýêñïîíåíöèàëü-
íûé ðîñò, òî ââåäåì â ðàññìîòðåíèå íèæíèå è âåðõíèå ýêñïîíåíòû ñîîòâåòñòâóþùèõ ïîñëåäî-
âàòåëüíîñòåé {cn(V)}n≥1 è {γn(V)}n≥1:

Exp(V) = lim
n→∞

n
√
cn(V), Exp(V) = lim

n→∞
n
√
cn(V),

ExpΓ(V) = lim
n→∞

n
√
γn(V), ExpΓ(V) = lim

n→∞
n
√
γn(V).

Åñëè Exp(V) = Exp(V), òî îáîçíà÷èì Exp(V) = Exp(V). Àíàëîãè÷íî è ñ ExpΓ(V).
Â ñëó÷àå ìíîãîîáðàçèé àññîöèàòèâíûõ àëãåáð õîðîøî èçâåñòåí ñëåäóþùèé ðåçóëüòàò À. Ðå-

ãåâà [5]: ìíîãîîáðàçèå àññîöèàòèâíûõ àëãåáð V, â êîòîðîì âûïîëíåíî íåòðèâèàëüíîå òîæ-
äåñòâî ñòåïåíè m, óäîâëåòâîðÿåò íåðàâåíñòâó cn(V) 6 (m − 1)2n äëÿ ëþáîãî n. Â ñëó÷àå
îñíîâíîãî ïîëÿ íóëåâîé õàðàêòåðèñòèêè Ì.Â. Çàéöåâ è À. Äæàìáðóíî [6] äîêàçàëè ãèïîòåçó
Ñ.À. Àìèöóðà î ñóùåñòâîâàíèè è öåëî÷èñëåííîñòè ýêñïîíåíòû ïðîèçâîëüíîãî ìíîãîîáðàçèÿ
àññîöèàòèâíûõ àëãåáð.

Â òåîðèè àññîöèàòèâíûõ àëãåáð î÷åíü âàæíóþ ðîëü èãðàåò áåñêîíå÷íî ïîðîæäåííàÿ àë-
ãåáðà Ãðàññìàíà Λ è àëãåáðà âåðõíåòðåóãîëüíûõ ìàòðèö ïîðÿäêà 2, êîòîðóþ îáîçíà÷èì ÷åðåç
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UT2. Èç ðàáîòû À. Ð. Êåìåðà [7] ñëåäóåò, ÷òî â ñëó÷àå îñíîâíîãî ïîëÿ íóëåâîé õàðàêòåðèñòè-
êè ìíîãîîáðàçèå àññîöèàòèâíûõ àëãåáð V èìååò ïîëèíîìèàëüíûé ðîñò òîãäà è òîëüêî òîãäà,
êîãäà Λ 6∈ V, UT2 6∈ V. Èç ýòîãî ðåçóëüòàòà ñëåäóåò, ÷òî ñóùåñòâóþò òîëüêî äâà ìíîãîîáðà-
çèÿ àññîöèàòèâíûõ àëãåáð ïî÷òè ïîëèíîìèàëüíîãî ðîñòà: var(Λ), var(UT2). Òàêæå èç äàííîãî
ðåçóëüòàòà ñëåäóåò, ÷òî ïðè char K = 0 ïðîèçâîëüíîå ìíîãîîáðàçèå àññîöèàòèâíûõ àëãåáð V
ëèáî èìååò ïîëèíîìèàëüíûé ðîñò, ëèáî cn(V) ≥ 2n−1 äëÿ ëþáîãî n. Â ñëó÷àå àññîöèàòèâíûõ
àëãåáð ñ åäèíèöåé Â. Äðåíñêè è À. Ðåãåâ â ðàáîòå [8] ïîêàçàëè, ÷òî ýòî ñâîéñòâî ðàñïðîñòðàíÿ-
åòñÿ íà ñëó÷àé ïðîèçâîëüíîãî ïîëÿ: äëÿ ëþáîãî íåòðèâèàëüíîãî ìíîãîîáðàçèÿ àññîöèàòèâíûõ
àëãåáð ñ åäèíèöåé íàä ïðîèçâîëüíûì ïîëåì ëèáî

(i) cn(V) ≥ 2n−1 äëÿ ëþáîãî n,
ëèáî

(ii) íàéäåòñÿ òàêîé ìíîãî÷ëåí f(x) ∈ Q[x], ÷òî äëÿ âñåõ äîñòàòî÷íî áîëüøèõ n áóäåò
âûïîëíåíî ðàâåíñòâî cn(V) = f(n).

Â îòëè÷èå îò àññîöèàòèâíûõ àëãåáð ñóùåñòâóþò ìíîãîîáðàçèÿ àëãåáð Ëè, â êî-
òîðûõ âûïîëíÿþòñÿ íåòðèâèàëüíûå òîæäåñòâà, ñî ñâåðõýêñïîíåíöèàëüíûì ðîñòîì (ò. å.
ñâåðõó íå îãðàíè÷èâàþòñÿ íèêàêîé ýêñïîíåíòîé). Îäíèì èç õîðîøî èçó÷åííûõ ïðèìå-
ðîâ òàêèõ ìíîãîîáðàçèé ÿâëÿåòñÿ ìíîãîîáðàçèå àëãåáð Ëè AN2, îïðåäåëÿåìîå òîæäåñòâîì
[[x1, x2, x3], [x4, x5, x6]] = 0 (ñì. [9]). Äëÿ ýëåìåíòîâ ïîñëåäîâàòåëüíîñòè {cn(AN2)}n≥1 âûïîë-
íÿåòñÿ òàêîå ðàâåíñòâî ( [10]):

cn(AN2) =
√
n!(1 + o(1))n,

ïðè ýòîì ðîñò ïðîèçâîëüíîãî ñîáñòâåííîãî ïîäìíîãîîáðàçèÿ â AN2 îãðàíè÷åí ýêñïîíåíöèàëü-
íîé ôóíêöèåé [9].

Àëãåáðû Ëåéáíèöà�Ïóàññîíà íàñëåäóþò ðÿä ñâîéñòâ êàê àññîöèàòèâíûõ àëãåáð, òàê è àë-
ãåáð Ëè. È â òî æå âðåìÿ äàííûå àëãåáðû îáëàäàþò óíèêàëüíûìè ñâîéñòâàìè.

Ëåììà 2 ( [1]). Ïóñòü V � íåêîòîðîå ìíîãîîáðàçèå àëãåáð Ëåéáíèöà�Ïóàññîíà è ïóñòü
ýëåìåíòû

uns (x1, . . . , xn), s = 1, . . . , γn(V),

îáðàçóþò áàçèñ ïðîñòðàíñòâà Γn(V), n ≥ 0. Òîãäà
(i) ïîëèëèíåéíûå ýëåìåíòû îò ïåðåìåííûõ x1, . . . , xn âèäà

xi1 · . . . · xin−k
· uks(xj1 , . . . , xjk),

k = 0, . . . , n, s = 1, . . . , γk(V), i1 < . . . < in−k, j1 < . . . < jk,

áóäóò îáðàçîâûâàòü áàçèñ ïðîñòðàíñòâà Pn(V);
(ii) êîðàçìåðíîñòè ìíîãîîáðàçèÿ V âû÷èñëÿþòñÿ ïî ñëåäóþùåé ôîðìóëå:

cn(V) = 1 +

n∑
k=2

Ckn · γk(V),

ãäå Ckn � ÷èñëî ñî÷åòàíèé èç n ïî k.

Èç ëåììû 2 ñëåäóåò, ÷òî åñëè äëÿ ìíîãîîáðàçèÿ àëãåáð Ëåéáíèöà�Ïóàññîíà V ñóùå-
ñòâóåò îäíà èç ýêñïîíåíò Exp(V) èëè ExpΓ(V), òî áóäåò ñóùåñòâîâàòü è äðóãàÿ, ïðè÷åì
Exp(V) = ExpΓ(V) + 1.

Îáîçíà÷èì ÷åðåç B ëèíåéíóþ îáîëî÷êó ýëåìåíòîâ (íå îáÿçàòåëüíî ïîëèëèíåéíûõ) ñâîáîä-
íîé àëãåáðû Ëåéáíèöà�Ïóàññîíà F (X) âèäà

{xi1 , . . . , xis} · . . . · {xj1 , . . . , xjt}, s ≥ 2, . . . , t ≥ 2.
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Ëåììà 3 ( [1]). Ïóñòü V � ìíîãîîáðàçèå àëãåáð Ëåéáíèöà�Ïóàññîíà íàä áåñêîíå÷íûì
ïîëåì K. Òîãäà èäåàë òîæäåñòâ Id(V) ïîðîæäàåòñÿ ýëåìåíòàìè èç ìíîæåñòâà òîæäåñòâ
B ∩ Id(V). Åñëè char K = 0, òî Id(V) ïîðîæäàåòñÿ ñèñòåìîé ïîëèëèíåéíûõ òîæäåñòâ èç
ìíîæåñòâà ⋃

n≥1

(Γn ∩ Id(V)).

Òåîðåìà 1 ( [1]). Äëÿ ìíîãîîáðàçèÿ àëãåáð Ëåéáíèöà�Ïóàññîíà V íàä ïðîèçâîëüíûì
ïîëåì ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

(i) ïîñëåäîâàòåëüíîñòü {cn(V)}n≥1 îãðàíè÷åíà ïîëèíîìîì;
(ii) äëÿ íåêîòîðîãî m ≥ 2 â V âûïîëíåíû ïîëèëèíåéíûå òîæäåñòâà

{x1, . . . , xm} = 0, {x1, y1} · . . . · {xm, ym} = 0;

(iii) íàéäåòñÿ òàêîå ÷èñëî N , ÷òî äëÿ ëþáîãî n > N âûïîëíåíî ðàâåíñòâî γn(V) = 0;
(iv) íàéäåòñÿ òàêîå ÷èñëî N , ÷òî äëÿ ëþáîãî n ≥ N áóäåò âûïîëíåíî ðàâåíñòâî

cn(V) = 1 +
N∑
k=2

Ckn · γk(V).

Òåîðåìà 2 ( [1]). Ïóñòü V � íåòðèâèàëüíîå ìíîãîîáðàçèå àëãåáð Ëåéáíèöà�Ïóàññîíà
íàä ïðîèçâîëüíûì ïîëåì. Òîãäà ëèáî

(i) cn(V) ≥ 2n−1 äëÿ ëþáîãî n,
ëèáî

(ii) íàéäåòñÿ òàêîé ìíîãî÷ëåí f(x) ∈ Q[x], ÷òî äëÿ âñåõ äîñòàòî÷íî áîëüøèõ n áóäåò
âûïîëíåíî ðàâåíñòâî cn(V) = f(n).

Îáîçíà÷èì ÷åðåç L≥2(X) ïîäïðîñòðàíñòâî ñâîáîäíîé àëãåáðû Ëåéáíèöà L(X), êîòîðîå
ÿâëÿåòñÿ ëèíåéíîé îáîëî÷êîé ýëåìåíòîâ âèäà [xi1 , . . . , xis ], s ≥ 2. Òàêæå îáîçíà÷èì ÷åðåç
PL≥2(X) ïîäïðîñòðàíñòâî ñâîáîäíîé àëãåáðû Ëåéáíèöà�Ïóàññîíà F (X), ÿâëÿþùååñÿ ëèíåé-
íîé îáîëî÷êîé ýëåìåíòîâ âèäà {xi1 , . . . , xis}, s ≥ 2. Òàê êàê àëãåáðû Ëåéáíèöà L≥2(X) è
PL≥2(X) ðàâíû ñ òî÷íîñòüþ äî èçîìîðôèçìà àëãåáð Ëåéáíèöà, òî äàëåå âåçäå áóäåò ôèãóðè-
ðîâàòü àëãåáðà Ëåéáíèöà L≥2(X).

Â ñëåäóþùåé ëåììå ðàññìîòðèì êîíñòðóêöèè àëãåáð Ëåéáíèöà�Ïóàññîíà íà îñíîâå àëãåáð
Ëåéáíèöà, êîòîðûå íàì ïîíàäîáÿòñÿ â äàëüíåéøåì.

Ëåììà 4 ( [1]). Ïóñòü AL � íåêîòîðàÿ íåíóëåâàÿ àëãåáðà Ëåéáíèöà ñ óìíîæåíèåì [, ]
íàä áåñêîíå÷íûì ïîëåì K. Ðàññìîòðèì âåêòîðíîå ïðîñòðàíñòâî

A = AL ⊕K,

â êîòîðîì îïðåäåëèì îïåðàöèè · è {, } ñëåäóþùèì îáðàçîì:

(a+ α) · (b+ β) = (βa+ αb) + αβ,
{a+ α, b+ β} = [a, b], a, b ∈ AL, α, β ∈ K. (2)

Òîãäà ïîëó÷åííàÿ àëãåáðà (A,+, ·, {, },K) áóäåò ÿâëÿòüñÿ àëãåáðîé Ëåéáíèöà�Ïóàññîíà, ïðè-
÷åì áóäóò âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

(i) Id(AL) = Id(A) ∩ L≥2(X) è â àëãåáðå A âûïîëíåíî òîæäåñòâî {x1, x2} · {x3, x4} = 0;
(ii) Γn(A) = PLn (A) = PLn (AL) äëÿ ëþáîãî n ≥ 2, ãäå ðàâåíñòâà ïðèâåäåíû ñ òî÷íîñòüþ äî

èçîìîðôèçìà âåêòîðíûõ ïðîñòðàíñòâ;
(iii) äëÿ ëþáîãî n âûïîëíåíî ðàâåíñòâî

cn(A) = 1 +
n∑
k=2

Ckn · dim PLk (AL).
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Ðàññìîòðèì äâóìåðíóþ àëãåáðó Ëåéáíèöà L2 íàä ïîëåì K ñ áàçèñîì a, b è òàáëèöåé óìíî-
æåíèÿ [a, b] = a, [a, a] = [b, b] = [b, a] = 0. Îáîçíà÷èì ÷åðåç A2 àëãåáðó Ëåéáíèöà�Ïóàññîíà
L2 ⊕K, ïîñòðîåííóþ ñ ïîìîùüþ ëåììû 4.

Òåîðåìà 3 ( [1]). Äëÿ àëãåáðû Ëåéáíèöà�Ïóàññîíà A2 â ñëó÷àå îñíîâíîãî ïîëÿ íóëåâîé
õàðàêòåðèñòèêè âåðíû ñëåäóþùèå óòâåðæäåíèÿ:

1) ïîëèëèíåéíûå òîæäåñòâà

{x1, x2} · {x3, x4} = 0, {x1, {x2, x3}} = 0

ïîðîæäàþò èäåàë òîæäåñòâ àëãåáðû A2;
2) ïîëèëèíåéíûå ýëåìåíòû

{xi1 , xi2 , . . . , xin}, i2 < . . . < in,

îò ïåðåìåííûõ x1,. . . , xn îáðàçóþò áàçèñ ïðîñòðàíñòâà Γn(A2);
3) ïîëèëèíåéíûå ýëåìåíòû

{xi1 , . . . , xis} · xj1 · . . . · xjt ,

s+ t = n, 0 ≤ s ≤ n, s 6= 1, i2 < . . . < is, j1 < . . . < jt,

îò ïåðåìåííûõ x1,. . . , xn îáðàçóþò áàçèñ ïðîñòðàíñòâà Pn(A2);
4) ðîñò ìíîãîîáðàçèÿ var(A2), ïîðîæäåííîãî àëãåáðîé A2, ÿâëÿåòñÿ ïî÷òè ïîëèíîìèàëü-

íûì, ïðè÷åì äëÿ ëþáîãî íàòóðàëüíîãî n âûïîëíåíî ðàâåíñòâî

cn(A2) = n · 2n−1 − n+ 1.

Ïóñòü, êàê è ðàíåå, UT2 � àëãåáðà âåðõíåòðåóãîëüíûõ ìàòðèö ïîðÿäêà äâà, [UT2] � àëãåáðà
Ëè îòíîñèòåëüíî îïåðàöèè êîììóòèðîâàíèÿ. Îáîçíà÷èì ÷åðåç U2 àëãåáðó Ïóàññîíà [UT2]⊕K
ñ îïåðàöèÿìè

(x+ α) · (y + β) = (βx+ αy) + αβ,
{x+ α, y + β} = [x, y], x, y ∈ [UT2], α, β ∈ K.

Òåîðåìà 4 ( [11]). Äëÿ àëãåáðû Ïóàññîíà U2 â ñëó÷àå îñíîâíîãî ïîëÿ íóëåâîé õàðàêòå-
ðèñòèêè âåðíû ñëåäóþùèå óòâåðæäåíèÿ:

1) ïîëèëèíåéíûå òîæäåñòâà

{x1, x2} · {x3, x4} = 0, {{x1, x2}, {x3, x4}} = 0

ïîðîæäàþò èäåàë òîæäåñòâ àëãåáðû Ïóàññîíà U2;
2) äëÿ ëþáîãî n ≥ 2 ïîëèëèíåéíûå ýëåìåíòû îò ïåðåìåííûõ x1, . . . , xn

{xi1 , xi2 . . . , xin}, i1 > i2 < . . . < in,

îáðàçóþò áàçèñ ïðîñòðàíñòâà Γn(U2);
3) ïîëèëèíåéíûå ýëåìåíòû îò ïåðåìåííûõ x1, . . . , xn

{xi1 , xi2 , . . . , xis} · xj1 · xj2 · . . . · xjt ,

s+ t = n, 0 ≤ s ≤ n, s 6= 1, i1 > i2 < . . . < is, j1 < . . . < jt,

îáðàçóþò áàçèñ ïðîñòðàíñòâà Pn(U2);
4) ðîñò ìíîãîîáðàçèÿ var(U2), ïîðîæäåííîãî àëãåáðîé U2, ÿâëÿåòñÿ ïî÷òè ïîëèíîìèàëü-

íûì, ïðè÷åì äëÿ ëþáîãî n ≥ 2 âûïîëíåíî ðàâåíñòâî cn(U2) = 2n−1(n− 2) + 2;
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Ïðîñòðàíñòâî Pn(V) íàäåëåíî ñòðóêòóðîé ëåâîãî Sn-ìîäóëÿ, ãäå Sn � ñèììåòðè÷åñêàÿ
ãðóïïà ñòåïåíè n. Íàïîìíèì, ÷òî ïîñëåäîâàòåëüíîñòü λ = (λ1, λ2, . . . , λk) íàçûâàþò ðàçáèåíè-
åì ÷èñëà n è îáîçíà÷àþò λ ` n, åñëè λ1 + λ2 + . . . + λk = n è λ1 > λ2 > . . . > λk > 0. Ïóñòü
χλ � õàðàêòåð íåïðèâîäèìîãî ïðåäñòàâëåíèÿ ñèììåòðè÷åñêîé ãðóïïû, ñîîòâåòñòâóþùèé ðàç-
áèåíèþ λ ÷èñëà n. Òîãäà â ñèëó âïîëíå ïðèâîäèìîñòè ìîäóëÿ Pn(V) â ñëó÷àå ïîëÿ íóëåâîé
õàðàêòåðèñòèêè äëÿ ìíîãîîáðàçèÿ V èìååò ìåñòî ðàçëîæåíèå

χn(V) = χn(Pn(V)) =
∑
λ`n

mλ(V)χλ, (3)

ãäå mλ(V) � ñòåïåíè íåïðèâîäèìûõ ïðåäñòàâëåíèé, ñîîòâåòñòâóþùèõ ðàçáèåíèþ λ ÷èñëà n.
Îáîçíà÷èì ÷åðåç Ws ìíîãîîáðàçèå àëãåáð Ëåéáíèöà�Ïóàññîíà, ïîðîæäåííîå ïîëèëèíåé-

íûì òîæäåñòâîì

{x1, y1} · . . . · {xs, ys} = 0.

Òåîðåìà 5 ( [12]). Â ñëó÷àå îñíîâíîãî ïîëÿ íóëåâîé õàðàêòåðèñòèêè äëÿ ìíîãîîáðàçèÿ
àëãåáð Ëåéáíèöà�Ïóàññîíà V ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

(i) ïîñëåäîâàòåëüíîñòü {cn(V)}n≥1 îãðàíè÷åíà ïîëèíîìîì;

(ii) A2 /∈ V, U2 /∈ V è äëÿ íåêîòîðîãî s ≥ 2 âûïîëíåíî âêëþ÷åíèå V ⊂Ws;

(iii) ñóùåñòâóåò òàêàÿ êîíñòàíòà C, ÷òî â ñóììå (3) mλ(V) = 0 â ñëó÷àå, åñëè âûïîë-
íåíî óñëîâèå n− λ1 > C.

Ïóñòü NsA � ìíîãîîáðàçèå àëãåáð Ëè, îïðåäåëåííîå òîæäåñòâîì

[[x1, x2], . . . , [x2s+1, x2s+2]] = 0.

Â ðàáîòå [13] ïîñòðîåíà ñåðèÿ ïîäìíîãîîáðàçèé â N2A, êàæäîå èç êîòîðûõ èìååò ïîëèíîìè-
àëüíûé ðîñò è ÿâëÿåòñÿ ìèíèìàëüíûì ïî îòíîøåíèþ ê ñòàðøåìó êîýôôèöèåíòó ïîëèíîìà.
Â ðàáîòàõ [14, 15] Â.Ì. Ïåòðîãðàäñêèé, èñïîëüçóÿ ðàçðàáîòàííûé èì òàê íàçûâàåìûé ìåòîä
îæåðåëèé, äîêàçàë, ÷òî â ñëó÷àå ïðîèçâîëüíîãî ïîëÿ ýêñïîíåíòû âñåõ ïîäìíîãîîáðàçèé â
var(UTs), à òàêæå ïîäìíîãîîáðàçèé â NsA ñóùåñòâóþò è ÿâëÿþòñÿ öåëûìè ÷èñëàìè. Â ðàáî-
òàõ [16�19], â ÷àñòíîñòè, óñèëåíû îöåíêè ðîñòà äàííûõ ìíîãîîáðàçèé è ïðèâåäåíû ýêâèâàëåíò-
íûå óñëîâèÿ äëÿ çíà÷åíèé ýêñïîíåíò. Â ñëåäóþùèõ äâóõ òåîðåìàõ ïðèâåäåíû àíàëîãè÷íûå
ðåçóëüòàòû äëÿ àëãåáð Ëåéáíèöà�Ïóàññîíà.

Òåîðåìà 6 ( [20]). Ïóñòü V � ìíîãîîáðàçèå àëãåáð Ëåéáíèöà�Ïóàññîíà íàä ïðîèçâîëü-
íûì ïîëåì, èäåàë òîæäåñòâ êîòîðîãî ñîäåðæèò ïîëèëèíåéíûå òîæäåñòâà

{{x1, y1}, . . . , {xm, ym}} = 0, {x1, y1} · . . . · {xm, ym} = 0 (4)

äëÿ íåêîòîðîãî ÷èñëà m. Òîãäà ñóùåñòâóþò òàêèå êîíñòàíòû N , α, β è òàêîå öåëîå ÷èñ-
ëî d, ïðè÷åì d ∈ {1, 2, . . . , s}, ÷òî äëÿ ëþáîãî n > N áóäåò âûïîëíåíî ñëåäóþùåå äâîéíîå
íåðàâåíñòâî:

nαdn 6 cn(V) 6 nβdn.

Ïîñëå âûÿñíåíèÿ òîãî ôàêòà, ÷åì àïïðîêñèìèðóåòñÿ ïîñëåäîâàòåëüíîñòü êîðàçìåðíîñòåé
ïðîèçâîëüíîãî ìíîãîîáðàçèÿ àëãåáð Ëåéáíèöà�Ïóàññîíà, èäåàë òîæäåñòâ êîòîðîãî ñîäåðæèò
ïîëèëèíåéíûå òîæäåñòâà âèäà (4), çàêîíîìåðíî âîçíèêàåò âîïðîñ, ñ ïîìîùüþ êàêèõ óñëîâèé
(êðèòåðèåâ) èñêàòü çíà÷åíèÿ ýêñïîíåíò d, ôèãóðèðóåìûõ â òåîðåìå 6. Ñëåäóþùàÿ òåîðåìà
â êàêîé-òî ñòåïåíè äàåò îòâåò íà ïîñòàâëåííûé âîïðîñ.
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Òåîðåìà 7 ( [21]). Ïóñòü V � ìíîãîîáðàçèå àëãåáð Ëåéáíèöà�Ïóàññîíà íàä ïîëåì íóëå-
âîé õàðàêòåðèñòèêè, èäåàë òîæäåñòâ êîòîðîãî ñîäåðæèò òîæäåñòâà âèäà (4) äëÿ íåêîòî-
ðîãî m. Òàêæå ïóñòü d � íåêîòîðîå íåîòðèöàòåëüíîå öåëîå ÷èñëî. Òîãäà ñëåäóþùèå óñëîâèÿ
ýêâèâàëåíòíû:

(i) Exp(V) ≤ d;
(ii) ExpΓ(V) ≤ d− 1;
(iii) íàéäåòñÿ íåêîòîðûé íàáîð ÷èñåë ασ ∈ K, σ ∈ Sd, â êîòîðîì ñîäåðæèòñÿ õîòÿ áû

îäèí íåíóëåâîé ýëåìåíò, ÷òî äëÿ íåêîòîðîãî öåëîãî ÷èñëà m ≥ 0 â ìíîãîîáðàçèè V âûïîë-
íåíû âñå òîæäåñòâà âèäà∑

σm∈Sd

. . .
∑
σ1∈Sd

ασm . . . ασ1 . . . {y1, y2, xσ1(1), xσ2(1), . . . , xσm(1)} . . .

. . . {y2, y3, xσ1(2), xσ2(2), . . . , xσm(2)} . . . {y2d−1, y2d, xσ1(d), xσ2(d), . . . , xσm(d)} = 0,

ãäå âìåñòî ìíîãîòî÷èé, íàõîäÿùèõñÿ âíå ýëåìåíòîâ

{y1, y2, . . .}, . . . , {y2d−1, y2d, . . .},

êàêèì-ëèáî îáðàçîì ðàññòàâëåíû ñêîáêè {, } è óìíîæåíèÿ ·;
(iv) íàéäåòñÿ òàêîå öåëîå p ≥ 0, ÷òî â ìíîãîîáðàçèè V âûïîëíåíû âñå ïîëèëèíåéíûå

òîæäåñòâà âèäà∑
σm∈Sd

. . .
∑
σ1∈Sd

ασm . . . ασ1 . . . {y1, y2, x1σ1(1), x2σ2(1), . . . , xmσm(1)} . . .

. . . {y2, y3, x1σ1(2), x2σ2(2), . . . , xmσm(2)} . . .

. . . {y2d−1, y2d, x1σ1(d), x2σ2(d), . . . , xmσm(d)} = 0,

ãäå âìåñòî ìíîãîòî÷èé, íàõîäÿùèõñÿ âíå ýëåìåíòîâ

{y1, y2, . . .}, . . . , {y2d−1, y2d, . . .},

êàêèì-ëèáî îáðàçîì ðàññòàâëåíû ñêîáêè {, } è óìíîæåíèÿ ·;
(v) ñóùåñòâóåò òàêàÿ êîíñòàíòà C, ÷òî â ñóììå (3) mλ(V) = 0 â ñëó÷àå, åñëè âûïîëíåíî

óñëîâèå n− (λ1 + λ2 + . . .+ λd) > C.

2. Àëãåáðû Ëåéáíèöà�Ïóàññîíà ñ òîæäåñòâîì
{x1, x2} · {x3, x4} = 0

Â äàííîì ïàðàãðàôå èññëåäóþòñÿ ìíîãîîáðàçèÿ àëãåáð Ëåéáíèöà�Ïóàññîíà, èäåàëû òîæ-
äåñòâ êîòîðûõ ñîäåðæàò òîæäåñòâî {x1, x2} · {x3, x4} = 0. Èññëåäóåòñÿ âçàèìîñâÿçü òàêèõ
ìíîãîîáðàçèé ñ ìíîãîîáðàçèÿìè àëãåáð Ëåéáíèöà. Áóäåò ïîêàçàíî, ÷òî èç ëþáîé àëãåáðû
Ëåéáíèöà ìîæíî ïîñòðîèòü àëãåáðó Ëåéáíèöà�Ïóàññîíà ñ ïîõîæèìè ñâîéñòâàìè èñõîäíîé
àëãåáðû.

Îáîçíà÷èì ÷åðåç Id({x1, x2} · {x3, x4}) èäåàë òîæäåñòâ â ñâîáîäíîé àëãåáðå Ëåéáíèöà�
Ïóàññîíà F (X), ïîðîæäåííûé ýëåìåíòîì {x1, x2} · {x3, x4}.

Òåîðåìà 8 ( [22]). Ïóñòü VL � íåêîòîðîå ìíîãîîáðàçèå àëãåáð Ëåéáíèöà íàä áåñêîíå÷-
íûì ïîëåì K, îïðåäåëåííîå ñèñòåìîé òîæäåñòâ

{fi = 0 | i ∈ I, fi ∈ L≥2(X)}.
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Ïóñòü òàêæå èìååòñÿ ñîâîêóïíîñòü ýëåìåíòîâ gj ∈ Id({x1, x2} · {x3, x4}), j ∈ J , |J | > 0.
Ïóñòü V � ìíîãîîáðàçèå àëãåáð Ëåéáíèöà�Ïóàññîíà, îïðåäåëåííîå òîæäåñòâàìè

{fi = 0, gj = 0 | i ∈ I, j ∈ J}.

Òîãäà áóäóò âåðíû ñëåäóþùèå óñëîâèÿ:
(i) Id(VL) = Id(V) ∩ L≥2(X);
(ii) PLn (V) = PLn (VL);
(iii) cn(V) ≥ 1 +

∑n
k=2C

k
n · dim PLk (VL);

(iv) åñëè |I| = 0, òî cn(V) ≥ [n! · e]− n, ãäå e = 2.71 . . ., [ ] � öåëàÿ ÷àñòü ÷èñëà.

Òåîðåìà 9 ( [22]). Ïóñòü VL � íåêîòîðîå ìíîãîîáðàçèå àëãåáð Ëåéáíèöà íàä áåñêîíå÷-
íûì ïîëåì K, îïðåäåëåííîå ñèñòåìîé òîæäåñòâ

{fi = 0 | i ∈ I, fi ∈ L≥2(X)}.

Ïóñòü òàêæå V � ìíîãîîáðàçèå àëãåáð Ëåéáíèöà�Ïóàññîíà, îïðåäåëåííîå òîæäåñòâàìè
fi = 0, i ∈ I, è {x1, x2} · {x3, x4} = 0. Òîãäà áóäóò âåðíû ñëåäóþùèå óòâåðæäåíèÿ.

1) Γn(V) = PLn (V) = PLn (VL) äëÿ ëþáîãî n ≥ 2, ãäå ðàâåíñòâà ïðèâåäåíû ñ òî÷íîñòüþ äî
èçîìîðôèçìà âåêòîðíûõ ïðîñòðàíñòâ.

2) Ïóñòü ýëåìåíòû

uns (x1, . . . , xn), s = 1, . . . ,dim PLn (VL),

îáðàçóþò áàçèñ ïðîñòðàíñòâà PLn (VL), n ≥ 2. Òîãäà ïîëèëèíåéíûå ýëåìåíòû

x1 · . . . · xn,
xi1 · . . . · xin−k

· uks(xj1 , . . . , xjk),

k = 2, . . . , n, s = 1, . . . ,dim PLk (VL), i1 < . . . < in−k, j1 < . . . < jk, áóäóò îáðàçîâûâàòü
áàçèñ ïðîñòðàíñòâà Pn(V);

3) Äëÿ ëþáîãî n âûïîëíåíî ðàâåíñòâî

cn(V) = 1 +
n∑
k=2

Ckn · dim PLk (VL).

4) Åñëè ñóùåñòâóåò Exp(VL), òî Exp(V) = Exp(VL) + 1, áîëåå òî÷íî, åñëè íàéäóòñÿ
òàêèå äåéñòâèòåëüíûå ÷èñëà d ≥ 0, α è β, ÷òî äëÿ âñåõ äîñòàòî÷íî áîëüøèõ n âûïîëíåíî
äâîéíîå íåðàâåíñòâî

nαdn ≤ dim PLn (VL) ≤ nβdn,

òî íàéäóòñÿ òàêèå γ è δ, ÷òî äëÿ âñåõ äîñòàòî÷íî áîëüøèõ n áóäåò âûïîëíåíî òàêîå
äâîéíîå íåðàâåíñòâî:

nγ(d+ 1)n ≤ cn(V) ≤ nδ(d+ 1)n.

5) Åñëè íåêîòîðàÿ àëãåáðà Ëåéáíèöà AL ïîðîæäàåò ìíîãîîáðàçèå VL, òî àëãåáðà
A = AL ⊕K, ïîñòðîåííàÿ ñ ïîìîùüþ ëåììû 4, áóäåò ïîðîæäàòü ìíîãîîáðàçèå V.

6) Åñëè |I| < +∞ è ìíîãîîáðàçèå VL ÿâëÿåòñÿ øïåõòîâûì, òî ìíîãîîáðàçèå V òàêæå
áóäåò ÿâëÿòüñÿ øïåõòîâûì.

7) Ïóñòü W � íåêîòîðîå ñîáñòâåííîå ïîäìíîãîîáðàçèå â V. Òîãäà èäåàë òîæäåñòâ
Id(W) ∩ L≥2(X) îïðåäåëÿåò íåêîòîðîå ñîáñòâåííîå ïîäìíîãîîáðàçèå â VL.

8) Ìíîãîîáðàçèå VL íèëüïîòåíòíî òîãäà è òîëüêî òîãäà, êîãäà ðîñò ìíîãîîáðàçèÿ V
îãðàíè÷åí ïîëèíîìîì.
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Èç òåîðåìû 9 ñëåäóåò, ðîñò ìíîãîîáðàçèÿ W2 ÿâëÿåòñÿ ñâåðõýêñïîíåíöèàëüíûì, ïðè÷åì
äëÿ ìíîãîîáðàçèÿ W2 íàä ïðîèçâîëüíûì ïîëåì äëÿ ëþáîãî n ≥ 2 âûïîëíåíî ðàâåíñòâî

cn(W2) = [n! · e]− n.

Òåîðåìà 10 ( [22, 23]). Ïóñòü îñíîâíîå ïîëå èìååò íóëåâóþ õàðàêòåðèñòèêó è 3Ñ �
ìíîãîîáðàçèå àëãåáð Ëåéáíèöà�Ïóàññîíà, îïðåäåëåííîå òîæäåñòâîì

{x1, {x2, {x3, x4}}} = 0.

Òîãäà ìíîãîîáðàçèå W2 ∩ 3Ñ èìååò ïî÷òè ýêñïîíåíöèàëüíûé ðîñò.

Îáîçíà÷èì ÷åðåç ÑsA ìíîãîîáðàçèå àëãåáð Ëåéáíèöà�Ïóàññîíà, îïðåäåëåííîå òîæäåñòâîì

{{x1, x2}, . . . , {x2s+1, x2s+2}} = 0.

Òåîðåìà 11 ( [22]). Ìíîãîîáðàçèå W2 ∩ ÑsA íàä ïîëåì íóëåâîé õàðàêòåðèñòèêè ÿâëÿ-
åòñÿ øïåõòîâûì.

Ëåììà 5 ( [24]). Ïóñòü A � íåêîòîðàÿ àññîöèàòèâíàÿ àëãåáðà ñ îïåðàöèåé óìíîæåíèÿ
∧ íàä ïðîèçâîëüíûì ïîëåì K. Ðàññìîòðèì âåêòîðíîå ïðîñòðàíñòâî C = A ⊕ A ⊕ K íàä
ïîëåì K, â êîòîðîì îïðåäåëèì îïåðàöèè óìíîæåíèÿ · è {, } ñëåäóþùèì îáðàçîì:

(x1, x2, α) · (y1, y2, β) = (βx1 + αy1, βx2 + αy2, αβ),

{(x1, x2, α), (y1, y2, β)} = ([x1, y1], x2 ∧ y1, 0),

ãäå [x1, y1] = x1 ∧ y1 − y1 ∧ x1, (x1, x2, α), (y1, y2, β) ∈ C. Òîãäà ïîëó÷åííàÿ àëãåáðà C áóäåò ÿâ-
ëÿòüñÿ àëãåáðîé Ëåéáíèöà�Ïóàññîíà, â êîòîðîé âûïîëíåíî òîæäåñòâî {x1, x2}·{x3, x4} = 0.

Ïóñòü SUN = SUN (K) � àëãåáðà ñòðîãî âåðõíåòðåóãîëüíûõ ìàòðèö ïîðÿäêà N íàä ïîëåì
K, ULPN = SUN ⊕ SUN ⊕K � àëãåáðà Ëåéáíèöà�Ïóàññîíà, ïîñòðîåííàÿ ñ ïîìîùüþ ëåììû 5.

Òåîðåìà 12 ( [24]). Â ñëó÷àå îñíîâíîãî ïîëÿ K íóëåâîé õàðàêòåðèñòèêè äëÿ àëãåáðû
Ëåéáíèöà�Ïóàññîíà ULPN ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

(i) ïîëèëèíåéíûå òîæäåñòâà

{x1, x2} · {x3, x4} = 0, {x1, x2, . . . , xN} = 0

ïîðîæäàþò èäåàë òîæäåñòâ àëãåáðû ULPN ;
(ii) äëÿ ëþáîãî íàòóðàëüíîãî n áàçèñ ïîëèëèíåéíîé êîìïîíåíòû Pn(ULPN ) ñîñòîèò èç

ýëåìåíòîâ âèäà

x1 · . . . · xn,
xi1 · xi2 · . . . · xin−k

· {xj1 , xj2 , . . . , xjk},

ãäå k = 2, . . . ,min{n,N − 1}, {i1, . . . , in−k, j1, . . . , jk} = {1, 2, . . . , n} êàê ìíîæåñòâà è
i1 < i2 < . . . < in−k;

(iii) äëÿ ëþáîãî íàòóðàëüíîãî n âûïîëíåíî ðàâåíñòâî

cn(ULPN ) = 1 +

min{n,N−1}∑
k=2

Ckn · k!,

ãäå Ckn � ÷èñëî ñî÷åòàíèé èç n ïî k.
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Äëÿ ïðîèçâîëüíîãî ìíîãîîáðàçèÿ V îïðåäåëèì ôóíêöèþ ñëîæíîñòè

C(V, z) =
∞∑
n=0

cn(V)

n!
zn, z ∈ C.

Îïðåäåëèì ìíîãîîáðàçèÿ àëãåáð Ëåéáíèöà�Ïóàññîíà As è Bs ñëåäóþùèìè ïîëèëèíåéíû-
ìè òîæäåñòâàìè:

As : {x1, x2} · {x3, x4} = 0, {x0, {x1, x2}, . . . , {x2s−1, x2s}} = 0,

Bs : {x1, x2} · {x3, x4} = 0, {{x1, x2}, {x3, x4}, . . . , {x2s+1, x2s+2}} = 0.

Ïóñòü f(n) è g(n) � äâå ôóíêöèè íàòóðàëüíîãî àðãóìåíòà. Áóäåì îáîçíà÷àòü f(n) ≈ g(n),
åñëè

lim
n→∞

f(n)

g(n)
= 1.

Òåîðåìà 13 ( [25]). Äëÿ ìíîãîîáðàçèé As è Bs íàä ïðîèçâîëüíûì ïîëåì âûïîëíåíû
ñëåäóþùèå ðàâåíñòâà:

C(As, z) = exp(z)− exp(z)z +
exp(z)z

z − 1

((
1 + (z − 1)exp(z)

)s
− 1

)
,

cn(As) = 1− n+
s+1∑
k=2

kn
k−2∑
i=0

Ck−1
s Cik−2(−1)k−ik−i−1 n!

(n− i− 1)!
, n ≥ 1,

cn(As) ≈ ns(s+ 1)n−s,

C(Bs, z) = exp(z) +
exp(z)z2

z − 1

((
1 + (z − 1)exp(z)

)s
− 1

)
,

cn(Bs) = 1 +
s+1∑
k=2

kn
k−2∑
i=0

Ck−1
s Cik−2(−1)k−ik−i−2 n!

(n− i− 2)!
, n ≥ 1,

cn(Bs) ≈ ns+1(s+ 1)n−s−1,

ãäå Ckn � ÷èñëî ñî÷åòàíèé èç n ïî k.

3. Àëãåáðû Ëåéáíèöà�Ïóàññîíà ñ ýêñòðåìàëüíûìè ñâîéñòâàìè

Íà ñåãîäíÿøíèé äåíü èçâåñòíû âñåãî ÷åòûðå ìíîãîîáðàçèÿ àëãåáð Ëåéáíèöà ïî÷òè ïîëè-
íîìèàëüíîãî ðîñòà. Äëÿ îäíîðîäíîñòè çàïèñè îáîçíà÷èì èõ ÷åðåç Ṽ1, Ṽ2, Ṽ3, Ṽ4.

Ìíîãîîáðàçèå Ṽ1 îïðåäåëÿåòñÿ òîæäåñòâîì [x1, [x2, x3], [x4, x5]] = 0 (ñì. [26]).
Ïóñòü Λ � áåñêîíå÷íîìåðíàÿ àëãåáðà Ãðàññìàíà ñ óìíîæåíèåì ∧ íàä ïðîèçâîëüíûì ïî-

ëåì K. Â âåêòîðíîì ïðîñòðàíñòâå G̃ = Λ ⊕ Λ íàä ïîëåì K îïðåäåëèì îïåðàöèþ óìíîæåíèÿ
[, ] ñëåäóþùèì îáðàçîì:

[(x1, x2), (y1, y2)] = ([x1, y1], x2 ∧ y1),

ãäå [x1, y1] = x1 ∧ y1 − y1 ∧ x1, (x1, x2), (y1, y2) ∈ G̃. Ïîëó÷åííàÿ àëãåáðà G̃ ÿâëÿåòñÿ àëãåáðîé
Ëåéáíèöà, êîòîðàÿ ïîðîæäàåò ìíîãîîáðàçèå Ṽ2. Â ðàáîòå [27] ïîêàçàíî, ÷òî ìíîãîîáðàçèå Ṽ2

ïîðîæäàåòñÿ òîæäåñòâàìè

[x1, [x2, [x3, x4]]] = 0, [z, [x, y], [x, y]] = 0,



154 Ñ. Ì. ÐÀÖÅÅÂ, Î. È. ×ÅÐÅÂÀÒÅÍÊÎ

è ÿâëÿåòñÿ íàèìåíüøèì ìíîãîîáðàçèåì àëãåáð Ëåéáíèöà, â êîòîðîì íå âûïîëíÿåòñÿ íè îäíî
ëåéáíèöåâî ñòàíäàðòíîå òîæäåñòâî, ò.å. òîæäåñòâà âèäà∑

σ∈Sn

(−1)σ[xσ(1), . . . , xσ(n)] = 0.

Ìíîãîîáðàçèÿ Ṽ3 è Ṽ4 îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì (ñì. [28]). Ðàññìîòðèì êîëüöî
ìíîãî÷ëåíîâ R îò ïåðåìåííîé t êàê àëãåáðó Ëåéáíèöà ñ íóëåâûì óìíîæåíèåì. Àëãåáðó R
áóäåì ñ÷èòàòü ïðàâûì N3-ìîäóëåì àëãåáðû Ãåéçåíáåðãà N3 ñî ñëåäóþùèì äåéñòâèåì:

f(t)a = f ′(t), f(t)b = tf(t), f(t)c = f(t).

Îáîçíà÷èì ÷åðåç Ñ ïðÿìóþ ñóììó àëãåáð N3 è R. Óìíîæåíèå â Ñ çàäàåòñÿ òàê:

(x+ f(t))(y + g(t)) = xy + f(t)y,

ãäå x, y ∈ N3, f(t), g(t) ∈ R. Àëãåáðà Ëåéáíèöà Ñ ïîðîæäàåò ìíîãîîáðàçèå Ṽ3. Çàäàäèì
äåéñòâèå ýëåìåíòîâ äâóìåðíîé ìåòàáåëåâîé àëãåáðû Ëè M2 íà ýëåìåíòû R:

f(t)e = tf ′(t), f(t)h = tf(t).

Ïóñòü M̃ � ïðÿìàÿ ñóììà àëãåáð N3 è R ñ óìíîæåíèåì

(m1 + f(t))(m2 + g(t)) = m1m2 + f(t)m2,

ãäå m1,m2 ∈M2, f(t), g(t) ∈ R. Àëãåáðà Ëåéáíèöà M̃ ïîðîæäàåò ìíîãîîáðàçèå Ṽ4.
Îáîçíà÷èì ÷åðåç G̃⊕K, Ñ ⊕K è M̃ ⊕K àëãåáðû Ëåéáíèöà�Ïóàññîíà ñ îïåðàöèÿìè (2), à

÷åðåç ṼP
2 , Ṽ

P
3 è ṼP

4 � ìíîãîîáðàçèÿ àëãåáð Ëåéáíèöà�Ïóàññîíà, ïîðîæäåííûå ñîîòâåòñòâåííî
àëãåáðàìè G̃⊕K, Ñ⊕K è M̃⊕K. Òàêæå îáîçíà÷èì ÷åðåç ṼP

1 ìíîãîîáðàçèå àëãåáð Ëåéáíèöà�
Ïóàññîíà, ïîðîæäåííîå òîæäåñòâàìè

{x1, {x2, x3}, {x4, x5}} = 0, {x1, x2} · {x3, x4} = 0.

Òåîðåìà 14 ( [29]). Exp(ṼP
1 ) = Exp(ṼP

2 ) = Exp(ṼP
4 ) = 3, Exp(ṼP

3 ) = 4. Ïóñòü V �

íåêîòîðîå ñîáñòâåííîå ïîäìíîãîîáðàçèå îäíîãî èç ìíîãîîáðàçèé ṼP
i , i = 1, . . . , 4. Òîãäà ðîñò

ìíîãîîáðàçèÿ V ëèáî îãðàíè÷åí ïîëèíîìîì, ëèáî íàéäåòñÿ òàêîå β, ÷òî äëÿ ëþáîãî n áóäåò
âûïîëíåíî íåðàâåíñòâî

2n−1 ≤ cn(V) ≤ nβ2n.

Òåîðåìà 15 ( [29]). Ìíîãîîáðàçèå ṼP
2 ïîðîæäàåòñÿ òîæäåñòâàìè

{x1, {x2, {x3, x4}}} = 0, {z, {x, y}, {x, y}} = 0, {x1, x2} · {x3, x4} = 0,

è ÿâëÿåòñÿ íàèìåíüøèì ìíîãîîáðàçèåì àëãåáð Ëåéáíèöà�Ïóàññîíà, â êîòîðîì íå âûïîëíåíî
íè îäíî ëåéáíèöåâî ñòàíäàðòíîå òîæäåñòâî.

Îáîçíà÷èì ÷ðåç J =
∑k−1

i=1 ei,i+1 êâàäðàòíóþ ìàòðèöó ïîðÿäêà k, êîòîðàÿ íà äèàãîíàëè,
ïðîõîäÿùåé âûøå ãëàâíîé äèàãîíàëè, ñîäåðæèò åäèíèöû, à âñå îñòàëüíûå ýëåìåíòû ðàâíû
íóëþ, eij � ìàòðè÷íûå åäèíè÷êè. Ðàññìîòðèì ñëåäóþùóþ ïîäàëãåáðó â UTk íàä ïîëåì K,
êîòîðàÿ áûëà ââåäåíà â ðàáîòå [30]:

Nk = 〈E, J, J2, . . . , Jk−2; e12, e13, . . . , e1k〉K ,

ãäå E � åäèíè÷íàÿ ìàòðèöà. Ïóñòü òàêæå Λ2k � àëãåáðà Ãðàññìàíà ñ åäèíèöåé è 2k îá-
ðàçóþùèìè ýëåìåíòàìè {e1, . . . , e2k}, G2k = Λ2k × Λ2k × K, Rk = Nk × Nk × K � àëãåáðû
Ëåéáíèöà�Ïóàññîíà, ïîñòðîåííûå ñ ïîìîùüþ ëåììû 5.

Âàæíîñòü èçó÷åíèÿ ïðîñòðàíñòâ Γn(V) ïîêàçàíà â ëåììå 3.
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Òåîðåìà 16 ( [31]). Â ñëó÷àå îñíîâíîãî ïîëÿ íóëåâîé õàðàêòåðèñòèêè äëÿ àëãåáðû Ëåé-
áíèöà�Ïóàññîíà G2k, k ≥ 1, âåðíû ñëåäóþùèå óòâåðæäåíèÿ:

1) èäåàë òîæäåñòâ Id(G2k) ïîðîæäàåòñÿ òîæäåñòâàìè

{z, {x1, x2, x3}} = 0, {z, {x, y}, {x, y}} = 0,

{z, {x1, y1}, . . . , {xk+1, yk+1}} = 0, {x1, x2} · {x3, x4} = 0;

2) äëÿ ëþáîãî n ≥ 1 ïîëèëèíåéíûå ýëåìåíòû îò ïåðåìåííûõ x1, . . . , xn

{xm, xi1 , . . . , xir , {xj1 , xj2}, . . . , {xj2s−1 , xj2s}},

r + 2s+ 1 = n, i1 < i2 < . . . < ir, j1 < j2 < . . . < j2s, 0 ≤ s ≤ k, r ≥ 0,

îáðàçóþò áàçèñ ïðîñòðàíñòâà Γn(G2k);
3) ðàçìåðíîñòè ïðîñòðàíñòâ Γn(G2k) âû÷èñëÿþòñÿ ïî ñëåäóþùåé ôîðìóëå:

γn(G2k) =

{
n2n−2, 1 < n < 2k + 1,

n
∑k

i=0C
2i
n−1, n ≥ 2k + 1,

ïðè÷åì äëÿ ëþáîãî n ≥ 2k + 1

γn(G2k) = γn(G2k−2) + nC2k
n−1 ≈

n2k+1

(2k)!
, n→∞,

ãäå Ckn � ÷èñëî ñî÷åòàíèé èç n ïî k;
4) åñëè W � íåêîòîðîå ñîáñòâåííîå ïîäìíîãîîáðàçèå â var(G2k), òî íàéäåòñÿ òàêîé ìíî-

ãî÷ëåí f(x) ñ ðàöèîíàëüíûìè êîýôôèöèåíòàìè, çàâèñÿùèé îò W, ÷òî äëÿ âñåõ äîñòàòî÷íî
áîëüøèõ n âûïîëíåíî íåðàâåíñòâî γn(W) ≤ f(n), ïðè÷åì deg f(x) < 2k + 1.

Òåîðåìà 17 ( [31]). Â ñëó÷àå îñíîâíîãî ïîëÿ íóëåâîé õàðàêòåðèñòèêè äëÿ àëãåáðû Ëåé-
áíèöà�Ïóàññîíà Rk, k ≥ 3, âåðíû ñëåäóþùèå óòâåðæäåíèÿ:

1) èäåàë òîæäåñòâ Id(Rk) ïîðîæäàåòñÿ ïîëèëèíåéíûìè òîæäåñòâàìè

{z, {x1, x2}, {x3, x4}} = 0, {z, {x1, . . . , xk}} = 0,

{x1, x2} · {x3, x4} = 0;

2) äëÿ ëþáîãî n ≥ 1 ïîëèëèíåéíûå ýëåìåíòû îò ïåðåìåííûõ x1,. . . ,xn

{xm, xi1 , . . . , xir , {xj1 , xj2 , . . . , xjs}},

r + s+ 1 = n, i1 < i2 < . . . < ir, j1 > j2 < . . . < js,

0 ≤ s ≤ k − 1, s 6= 1, r ≥ 0,

îáðàçóþò áàçèñ ïðîñòðàíñòâà Γn(Rk);
3) ðàçìåðíîñòè ïðîñòðàíñòâ Γn(Rk) âû÷èñëÿþòñÿ ïî ñëåäóþùåé ôîðìóëå:

γn(Rk) =


n!, 1 ≤ n ≤ min{4, k},
n(n− 3)2n−2 + 2n, 5 ≤ n ≤ k,
n
(

1 +
∑k−1

i=2 (i− 1)Cin−1

)
, n ≥ k + 1,

ïðè÷åì äëÿ ëþáîãî n ≥ k + 1

γn(Rk) = γn(Rk−1) + n(k − 2)Ck−1
n−1 ≈

k − 2

(k − 1)!
nk, n→∞;

4) åñëè W � íåêîòîðîå ñîáñòâåííîå ïîäìíîãîîáðàçèå â var(Rk), òî íàéäåòñÿ òàêîé ìíî-
ãî÷ëåí f(x) = a0 + . . .+ akx

k ñ ðàöèîíàëüíûìè êîýôôèöèåíòàìè, çàâèñÿùèé îò W, ÷òî äëÿ

âñåõ äîñòàòî÷íî áîëüøèõ n âûïîëíåíî íåðàâåíñòâî γn(W) ≤ f(n), ïðè÷åì ak ≤
k − 3

(k − 1)!
.
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