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Àííîòàöèÿ

Â êóðñå àíàëèçà õîðîøî èçó÷åíû ñâîéñòâà ÷èñëîâûõ ðÿäîâ
∑+∞

n=1 an, êîòîðûå íà áåñêî-
íå÷íîñòè èìåþò àñèìïòîòè÷åñêèé ðîñò ïî ñòåïåíÿì n. Ñîîòâåòñòâóþùèå ïðèçíàêè ñõîäè-
ìîñòè áûëè çàëîæåíû åù¼ â ðàáîòàõ Ãàóññà. Â ðàáîòå èçó÷àåòñÿ íåîáõîäèìûå è äîñòàòî÷-
íûå óñëîâèÿ íà ïîëîæèòåëüíóþ (à òàêæå çíàêî÷åðåäóþùóþñÿ) ïîñëåäîâàòåëüíîñòü ÷èñåë
{an}+∞n=1, èìåþùóþ ñêîðîñòü óáûâàíèÿ (ðîñòà) â ëîãàðèôìè÷åñêîé øêàëå äëÿ ñõîäèìîñòè
ðÿäà

∑+∞
n=1 an. Ïðèâîäÿòñÿ ïðèìåðû íà èñïîëüçîâàíèÿ ïîëó÷åííûõ êðèòåðèåâ ñõîäèìîñòè,

êàê â ñëó÷àå çíàêîïîñòîÿííîãî ðÿäà, òàê è â ñëó÷àå çíàêîïåðåìåííîãî ðàäà. Âàæíîñòü ëîãà-
ðèôìè÷åñêîé øêàëû îáóñëîâëåíà òåì, ÷òî îíà âñòðå÷àåòñÿ â ðàçëè÷íûõ ðàçäåëàõ àíàëèçà
è, â ÷àñòíîñòè, â çàäà÷å î íàõîæäåíèè ñïåêòðà îïåðàòîðà Øòóðìà�Ëèóââèëÿ íà ïîëó-
îñè äëÿ áûñòðîðàñòóùèõ ïîòåíöèàëàõ. Â ëîãàðèôìè÷åñêîé øêàëå âîçíèêàþò è ñîîòâåò-
ñòâóþùèå âîïðîñû î íàõîæäåíèå ðåãóëÿðèçîâàííûõ ñóìì äëÿ ñïåöèàëüíûõ ïîòåíöèàëîâ
îïåðàòîðà Øòóðìà�Ëèóââèëÿ íà ïîëóîñè.

Êëþ÷åâûå ñëîâà: ñõîäèìîñòü ðÿäà, çíàêîïîñòîÿííûé ðÿä, çíàêîïåðåìåííûé ðÿä, ïðè-
çíàê ñõîäèìîñòè ðÿäà, àñèìïòîòèêà, àñèìïòîòè÷åñêîå ðàçëîæåíèå, ñïåêòð îïåðàòîðà
Øòóðìà�Ëèóââèëÿ.

Áèáëèîãðàôèÿ: 21 íàçâàíèé.

ON SOME CONVERGENCE TESTS FOR ALTERNATING
SERIES AND CONSTANT SIGN SERIES

A. I. Kozko (Moscow)

Abstract

Well known properties of numerical series
∑+∞

n=1 an in the course of analysis, which have
asymptotic growth of powers of n at in�nity. Relevant tests of convergence was laid in the
works of Gauss. We study the necessary and su�cient conditions for the positive (and constant
sign) a sequence of numbers {an}+∞n=1 with the rate of decrease (growth) in logarithmic scale
for the convergence of the series

∑+∞
n=1 an. Examples of the use of the criteria of convergence,

as in the case of constant sign of series, and in the case of alternating series. The importance
of a logarithmic scale due to the fact that it is found in various sections of the analysis and,
in particular, the problem of �nding the spectrum of the operator of Sturm�Liouville on the
half-line for the fast growing potentials. On a logarithmic scale arise and the relevant questions
on the presence of regularized sums, for the special potentials of the operator of Sturm�Liouville
on the half-line.

Keywords: convergence of the series, series of constant sign, alternating series, test of
convergence of series, test asymptotic behavior, asymptotic expansion, the spectrum of the
operator of Sturm�Liouville.
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1. Ââåäåíèå

Â êóðñå àíàëèçà (ñì. [1] - [4]) õîðîøî èçó÷åíû ñâîéñòâà ÷èñëîâûõ ðÿäîâ
∑+∞

n=1 an, êîòîðûå
íà áåñêîíå÷íîñòè èìåþò àñèìïòîòè÷åñêèé ðîñò ïî ñòåïåíÿì n. Íî, â çàäà÷àõ àíàëèçà ÷àñòî ðÿ-
äû âîçíèêàþò íå òîëüêî â ñòåïåííîé øêàëå, íî è â äðóãèõ, íàïðèìåð, ëîãàðèôìè÷åñêîé øêàëå.
Íàïðèìåð, ïðè èçó÷åíèè ñïåêòðà îïåðàòîðà Øòóðìà�Ëèóââèëÿ íà ïîëóîñè ñ áûñòðîðàñòóùèì
ïîòåíöèàëîì àñèìïòîòè÷åñêîå ïîâåäåíèå ñîáñòâåííûõ ÷èñåë ïðè n→ +∞ ìîæåò íàõîäèòñÿ â
ëîãàðèôìè÷åñêîé øêàëå (ñì. [5]). È ïîýòîìó ïðè èññëåäîâàíèè âîïðîñîâ, ñâÿçàííûõ ñ ðåãóëÿ-
ðèçîâàííûìè ñóììàìè â òàêîé ñèòóàöèè òðåáóåòñÿ óìåíèå ðàáîòàòü ñ ðÿäàìè (íåîáÿçàòåëüíî
ñõîäÿùèìèñÿ), êîòîðûå èìåþò àñèìïòîòè÷åñêîå ïîâåäåíèå íà áåñêîíå÷íîñòè â ëîãàðèôìè÷å-
ñêîé øêàëå. Â ðàáîòå [6] ïðèâåäåíî íåñêîëüêî ðåçóëüòàòîâ, ïîëó÷åííûå ïðè ïîìîùè òåîðåìû 1
(ïðèâåäåíà íèæå) â êîòîðîé ðåøàþòñÿ âîïðîñû î ñõîäèìîñòè ðåãóëÿðèçîâàííûõ ñóìì îïåðà-
òîðà Øòóðìà�Ëèóââèëÿ íà ïîëóîñè. Ðàáîòû ïî íàõîæäåíèþ ðåãóëÿðèçîâàííûõ ñóìì ìîæíî
ïîñìîòðåòü â ñòàòüÿõ [7] � [21]. Â ïîñëåäíåé ðàáîòå ïðèâåä¼í áîëüøîé ñïèñîê ðàáîò â ýòîì íà-
ïðàâëåíèè. Â ðàáîòå ïðèâåä¼ì äâå òåîðåìû, êîòîðûå äàþò îòâåò íà âîïðîñ ñõîäèìîñòè ðÿäîâ,
êàê çíàêîïîñòîÿííûõ, òàê è çíàêî÷åðåäóþùèõñÿ, äëÿ êîòîðûõ n-ûé ÷ëåí ðÿäà èìååò óáûâàíèå
(ðîñò) â ëîãàðèôìè÷åñêîé øêàëå. Íàïîìíèì õîðîøî èçâåñòíûå îïðåäåëåíèÿ:

Îïðåäåëåíèå 1. � Áóäåì ãîâîðèòü, ÷òî ðÿä
∑+∞

k=1 ak çíàêîïîñòîÿííûé, åñëè ak > 0
äëÿ ëþáîãî k ∈ N ëèáî ak < 0 äëÿ ëþáîãî k ∈ N.

� Áóäåì ãîâîðèòü, ÷òî ðÿä
∑+∞

k=1(−1)kbk çíàêî÷åðåäóþùåéñÿ, åñëè bk > 0 äëÿ ëþáîãî
k ∈ N.

Îïðåäåëåíèå 2. Ïóñòü m ∈ N, α, β ∈ R ðàññìîòðèì íàáîð äåéñòâèòåëüíûõ ÷èñåë ~λm =
(λ1, λ2, · · · , λm) ∈ Rm.

� Îïðåäåëèì âñïîìîãàòåëüíûå ìíîæåñòâà:

A+
1 (α) = {~λm ∈ Rm : λ1 > α}; A+

2 (α, β) = {~λm ∈ Rm : λ1 = α, λ2 > β};

äëÿ îñòàâøèõñÿ k = 3, . . . ,m ïîëîæèì

A+
k (α, β) = {~λm ∈ Rm : λ1 = α, λ2 = . . . = λk−1 = β, λk > β}.

Îïðåäåëèì ìíîæåñòâî

Λ+
m(α, β) = A+

1 (α) ∪A+
2 (α, β) ∪ . . . ∪A+

m(α, β),

èíà÷å ãîâîðÿ ~λm ∈ Λ+
m(α, β) îçíà÷àåò, ÷òî ëèáî ~λm ∈ A+

1 (α), ëèáî ñóùåñòâóåò

k ∈ {2, 3, . . . ,m} òàêîå, ÷òî ~λm ∈ A+
k (α, β).

� Ïî àíàëîãèè îïðåäåëèì ìíîæåñòâà

A−1 (α) = {~λm ∈ Rm : λ1 < α}; A−2 (α, β) = {~λm ∈ Rm : λ1 = α, λ2 < β};

äëÿ îñòàâøèõñÿ k = 3, . . . ,m ïîëîæèì

A−k (α, β) = {~λm ∈ Rm : λ1 = α, λ2 = . . . = λk−1 = β, λk < β}.

Îïðåäåëèì ìíîæåñòâî

Λ−m(α, β) = A−1 (α) ∪A−2 (α, β) ∪ . . . ∪A−m(α, β),

èíà÷å ãîâîðÿ ~λm ∈ Λ−m(α, β) îçíà÷àåò, ÷òî ëèáî ~λm ∈ A−1 (α), ëèáî ñóùåñòâóåò

k ∈ {2, 3, . . . ,m} òàêîå, ÷òî ~λm ∈ A−k (α, β).



Î ÍÅÊÎÒÎÐÛÕ ÏÐÈÇÍÀÊÀÕ ÑÕÎÄÈÌÎÑÒÈ . . . 125

Çàìåòèì, ÷òî ~λ∗m = (α, β, · · · , β) íå ïðèíàäëåæèò íè Λ+
m(α, β), íè Λ−m(α, β). Ñïðàâåäëèâî:

Λ+
m(α, β) ∪ Λ−m(α, β) ∪ {~λ∗m} = Rm. Òàêèì îáðàçîì ïðîèçâîëüíîå çíà÷åíèå ~λm ïðèíàäëåæèò

îäíîìó èç ìíîæåñòâ Λ+
m(α, β), ëèáî Λ−m(α, β), ëèáî ~λm = {~λ∗m}. Íà ðèñóíêå 11 èçîáðàæåíû

ìíîæåñòâà Λ±2 (α, β) äëÿ α = 1, β = 0 è α = β = 1.

0

®

1

¤
+

2(1,0)
¤

-

2(1,0)-

¯

(a)

0 1

¤
+

2 (1,1)
¤

-

2(1,1)

1

-

®

¯

(b)

Ðèñ. 11: (a): Ñëó÷àé m = 2 è α = 1, β = 0; (b): Ñëó÷àé m = 2 è α = 1, β = 1.

Òåîðåìà 1. Ïóñòü äëÿ ïðîèçâîëüíîé ïîñëåäîâàòåëüíîñòè an ñ ïîëîæèòåëüíûìè ÷ëå-
íàìè, íà÷èíàÿ ñ íåêîòîðîãî n > n0 âûïîëíåíî

an
an+1

= λ1 +
λ2

n
+

λ3

n lnn
+

m∑
k=4

λk
n lnn · ln lnn · · · · · ln ln . . . ln︸ ︷︷ ︸

k−2−ðàç

n
+

+ o

 1

n lnn · ln lnn · · · · · ln ln . . . ln︸ ︷︷ ︸
m−2−ðàç

n · ln ln . . . ln︸ ︷︷ ︸
m−1−ðàç

n

 , (n→ +∞),

òîãäà åñëè äëÿ íàáîðà ÷èñåë ~λm = (λ1, λ2, · · · , λm) ∈ Λ+
m(1, 1), òî ðÿä

∑+∞
k=1 ak ñõîäèòñÿ,

èíà÷å, ò.å. ~λm ∈ Λ−m(1, 1) ∪ {~1} ðÿä ðàñõîäèòñÿ.

Ïðèìåð 1. Èñëåäîâàòü íà ñõîäèìîñòü ðÿä
∑+∞

n=2
1

n(lnn)p . Ïîëîæèì an = 1
n(lnn)p . Òîãäà

an
an+1

=
n+ 1

n
·
(

ln(n+ 1)

lnn

)p
.

Ïîñêîëüêó

(
ln(n+ 1)

lnn

)p
=

(
lnn+ ln(1 + 1

n)

lnn

)p
=

=

(
1 +

1

n lnn
+O

(
1

n2 lnn

))p
= 1 +

p

n lnn
+O

(
1

n2 lnn

)
, (n→ +∞),

òî
an
an+1

= 1 +
1

n
+

p

n lnn
+O

(
1

n2 lnn

)
, (n→ +∞),
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Ïðèçíàê Ãàóññà äëÿ äàííîãî ïðèìåðà íåïðèìåíèì, à ñîãëàñíî òåîðåìå 1 äåëàåì âûâîä î òîì,
÷òî èñõîäíûé ðÿä â ñëó÷àå p > 1 ñõîäèòñÿ, à èíà÷å p 6 1 ðàñõîäèòñÿ. Äàííûé ïðèìåð ìîæíî
áûëî áû ðåøèòü èñïîëüçóÿ èíòåãðàëüíûé ïðèçíàê Êîøè.

Ïðèìåð 2. Èñëåäîâàòü íà ñõîäèìîñòü ðÿä

+∞∑
n=3

1(
1 + s

3 ln 3 ln ln 3

) (
1 + s

4 ln 4 ln ln 4

)
. . .
(
1 + s

n lnn ln lnn

) · nq

lnp n
.

Îáîçíà÷èì ÷åðåç an ñîîòâåòñòâóþùèé ÷ëåí ðÿäà, òîãäà

an
an+1

=

(
n+ 1

n

)−q
·
(

ln(n+ 1)

lnn

)p
·
(

1 +
s

(n+ 1) ln(n+ 1) ln ln(n+ 1)

)
.

Ïîñêîëüêó ïðè (n→ +∞) âûïîëíåíî(
n+ 1

n

)−q
= 1− q

n
+O

(
1

n2

)
, (n→ +∞),(

ln(n+ 1)

lnn

)p
= 1 +

p

n lnn
+O

(
1

n2 lnn

)
, (n→ +∞),

1 +
s

(n+ 1) ln(n+ 1) ln ln(n+ 1)
= 1 +

s

n lnn ln lnn
+O

(
1

n2 lnn ln lnn

)
, (n→ +∞),

òî

an
an+1

= 1− q

n
+

p

n lnn
+

s

n lnn ln lnn
+O

(
1

n2

)
=

= 1− q

n
+

p

n lnn
+

s

n lnn ln lnn
+ o

(
1

n lnn ln lnn

)
, (n→ +∞).

Ñëåäîâàòåëüíî, èç òåîðåìû 1 ñëåäóåò, ÷òî èñõîäíûé ðÿä

� ïðè ~λ4 = (1,−q, p, s) ∈ Λ+
4 (1, 1) ðÿä ñõîäèòñÿ;

� ïðè ~λ4 = (1,−q, p, s) ∈ Λ−4 (1, 1) ∪ {~1} ðÿä ðàñõîäèòñÿ;

èëè ìîæíî ïåðåïèñàòü â âèäå íåðàâåíñòâ íà ïàðàìåòðû q, p, s:

� ïðè q < −1 ðÿä ñõîäèòñÿ, ïðè q > −1 ðàñõîäèòñÿ;

� ïðè q = −1, p > 1 ñõîäèòñÿ, ïðè q = −1, p < 1 ðàñõîäèòñÿ;

� ïðè q = −1, p = 1, s > 1 ñõîäèòñÿ, ïðè q = −1, p = 1, s 6 1 ðàñõîäèòñÿ.

Òåîðåìà 2. Ïóñòü äëÿ ïðîèçâîëüíîé ïîñëåäîâàòåëüíîñòè bn ñ ïîëîæèòåëüíûìè ÷ëå-
íàìè, íà÷èíàÿ ñ íåêîòîðîãî n ∈ N, n > n0 âûïîëíåíî

bn
bn+1

= λ1 +
λ2

n
+

λ3

n lnn
+

m∑
k=4

λk
n lnn · ln lnn · · · · · ln ln . . . ln︸ ︷︷ ︸

k−2−ðàç

n
+

+ o

 1

n lnn · ln lnn · · · · · ln ln . . . ln︸ ︷︷ ︸
m−3−ðàç

n · ln ln . . . ln︸ ︷︷ ︸
m−2−ðàç

n

 , (n→ +∞),

òîãäà åñëè äëÿ íàáîðà ÷èñåë ~λm = (λ1, λ2, · · · , λm) ∈ Λ+
m(1, 0), òî ðÿä

∑+∞
k=1(−1)kbk ñõîäèòñÿ,

åñëè ~λm ∈ Λ−m(1, 0), òî ðÿä ðàñõîäèòñÿ. Ñëó÷àé λ1 = 1, λ2 = . . . = λm = 0 çàâèñèò îò
ïîâåäåíèÿ o -ìàëîãî.
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Ïðèìåð 3. Èñëåäîâàòü íà ñõîäèìîñòü óñëîâíóþ è àáñîëþòíóþ ðÿä

+∞∑
n=3

(−1)n(
1 + p

2 ln 2

) (
1 + p

2 ln 2

)
. . .
(
1 + p

n lnn

) · 1

nq · (ln lnn)p
.

Îáîçíà÷èì ÷åðåç bn ñîîòâåòñòâóþùèé ÷ëåí ðÿäà, âçÿòûé ïî ìîäóëþ. Òîãäà

bn
bn+1

=

(
n+ 1

n

)q
·
(

1 +
p

(n+ 1) ln(n+ 1)

)
·
(

ln ln(n+ 1)

ln lnn

)s
=

=

(
1 +

q

n
+O

(
1

n2

))(
1 +

p

n lnn
+O

(
1

n2 lnn

))(
1 +

s

n lnn ln lnn
+O

(
1

n2 lnn ln lnn

))
=

= 1 +
q

n
+

p

n lnn
+

s

n lnn ln lnn
+O

(
1

n2

)
, (n→ +∞).

Ñëåäîâàòåëüíî, èç òåîðåìû 2 ñëåäóåò, ÷òî èñõîäíûé ðÿä ñõîäèòñÿ, åñëè ~λ4 = (1, q, p, s) ∈
∈ Λ+

4 (1, 0) è ðàñõîäèòñÿ åñëè ~λ4 = (1, q, p, s) ∈ Λ−4 (1, 0). Â ñëó÷àå, åñëè p = q = s = 0, òî
ðÿä ïðèíèìàåò âèä:

∑+∞
n=0(−1)n, êîòîðûé ðàñõîäèòñÿ, ïîñêîëüêó íå âûïîëíåí íåîáõîäèìûé

ïðèçíàê ñõîäèìîñòè.
Ïðè èññëåäîâàíèè íà àáñîëþòíóþ ñõîäèìîñòü äîñòàòî÷íî ñîñëàòüñÿ íà òåîðåìó 1, ñî-

ãëàñíî êîòîðîé ïîëó÷àåì: åñëè ~λ4 = (1, q, p, s) ∈ Λ+
4 (1, 1) ðÿä ñõîäèòñÿ àáñîëþòíî è åñëè

~λ4 = (1, q, p, s) ∈ Λ−4 (1, 1) ∪ {~1} ðÿä íå ÿâëÿåòñÿ àáñîëþòíî ñõîäÿùèìñÿ.
Â èòîãå ïîëó÷àåì:

�
~λ4 = (1, q, p, s) ∈ Λ−4 (1, 0) ∪ {~0} ðÿä ðàñõîäèòñÿ;

�
~λ4 = (1, q, p, s) ∈ Λ+

4 (1, 0) ∩
(

Λ−4 (1, 1) ∪ {~1}
)
ðÿä ñõîäèòñÿ óñëîâíî;

�
~λ4 = (1, q, p, s) ∈ Λ+

4 (1, 1) ðÿä ñõîäèòñÿ àáñîëþòíî.

2. Äîêàçàòåëüñòâî òåîðåì 1, 2

Îïðåäåëèì ðåêóðåíòíî ÷èñëà ek, ñëåäóþùèì îáðàçîì e1 = e, e2 = ee1 = ee, . . ., ek = eek−1 .
Èíà÷å ãîâîðÿ, ÷èñëî ek ïðåäñòàâëÿåò èç ñåáÿ ñòåïåíü e â ñòåïåíè e â ñòåïåíè e è ò. ä. ðîâíî
k ðàç.

Ëåììà 1. Ïóñòü k, n ∈ N, n > n0, ãäå n0 = [ek] + 1. Òîãäà ñïðàâåäëèâî

ln ln . . . ln︸ ︷︷ ︸
k−ðàç

(n+ 1) = ln ln . . . ln︸ ︷︷ ︸
k−ðàç

n·

·

1 +
1

n lnn ln lnn . . . ln ln . . . ln︸ ︷︷ ︸
k−ðàç

n
+O

 1

n2 lnn ln lnn . . . ln ln . . . ln︸ ︷︷ ︸
k−ðàç

n


 , n→ +∞. (1)

(n+ 1) ln(n+ 1) ln ln(n+ 1) . . . ln ln . . . ln︸ ︷︷ ︸
k−ðàç

(n+ 1) = n lnn ln lnn . . . ln ln . . . ln︸ ︷︷ ︸
k−ðàç

n·

·

1 +
1

n
+

1

n lnn
+ . . .+

1

n lnn ln lnn . . . ln ln . . . ln︸ ︷︷ ︸
k−ðàç

n
+O

(
1

n2 lnn

) , n→ +∞. (2)
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Äîêàçàòåëüñòâî. Äîêàæåì ïðè ïîìîùè èíäóêöèè ïåðâîå ðàâåíñòâî â óòâåðæäåíèè. Ñïðà-
âåäëèâî

ln(n+ 1) = lnn+ ln

(
1 +

1

n

)
= lnn+

1

n
+O

(
1

n2

)
=

= lnn

(
1 +

1

n lnn
+O

(
1

n2 lnn

))
, n→ +∞.

Òàêèì îáðàçîì ðàâåíñòâî (1) ïðè k = 1 äîêàçàíî. Ïðåäïîëîæèì, ÷òî ðàâåíñòâî äîêàçàíî äëÿ
íåêîòîðîãî ôèêñèðîâàííîãî íàòóðàëüíîãî ÷èñëà k = N . Äîêàæåì, ÷òî ðàâåíñòâî (1) ñïðàâåä-
ëèâî è ïðè ïîñëåäóþùåì íîìåðå N + 1. Äåéñòâèòåëüíî

ln ln ln . . . ln︸ ︷︷ ︸
N−ðàç

(n+ 1) = ln

ln ln . . . ln︸ ︷︷ ︸
N−ðàç

n·

·

1 +
1

n lnn ln lnn . . . ln ln . . . ln︸ ︷︷ ︸
N−ðàç

n
+O

 1

n2 lnn ln lnn . . . ln ln . . . ln︸ ︷︷ ︸
N−ðàç

n



 =

= ln ln . . . ln︸ ︷︷ ︸
N+1−ðàç

n+ ln

1 +
1

n lnn ln lnn . . . ln ln . . . ln︸ ︷︷ ︸
N−ðàç

n
+O

 1

n2 lnn ln lnn . . . ln ln . . . ln︸ ︷︷ ︸
N−ðàç

n


 =

= ln ln . . . ln︸ ︷︷ ︸
N+1−ðàç

n+
1

n lnn ln lnn . . . ln ln . . . ln︸ ︷︷ ︸
N−ðàç

n
+O

 1

n2 lnn ln lnn . . . ln ln . . . ln︸ ︷︷ ︸
N−ðàç

n

 =

= ln ln . . . ln︸ ︷︷ ︸
N+1−ðàç

n

1 +
1

n lnn ln lnn . . . ln ln . . . ln︸ ︷︷ ︸
N+1−ðàç

n
+O

 1

n2 lnn ln lnn . . . ln ln . . . ln︸ ︷︷ ︸
N+1−ðàç

n


 ,

n→ +∞.

Ðàâåíñòâî (1) äîêàçàíî. Äîêàæåì âòîðîå ðàâåíñòâî â ëåììå. Äåéñòâèòåëüíî, ïåðåìíîæèâ ðà-
âåíñòâà

(n+ 1) = n

(
1 +

1

n

)
,

ln(n+ 1) = lnn

(
1 +

1

n lnn
+O

(
1

n2 lnn

))
,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
ln ln . . . ln︸ ︷︷ ︸
k−ðàç

(n+ 1) = ln ln . . . ln︸ ︷︷ ︸
k−ðàç

n·

·

1 +
1

n lnn ln lnn . . . ln ln . . . ln︸ ︷︷ ︸
k−ðàç

n
+O

 1

n2 lnn ln lnn . . . ln ln . . . ln︸ ︷︷ ︸
k−ðàç

n


 .

ïîëó÷àåì òðåáóåìûé ðåçóëüòàò. 2
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Ëåììà 2. Ïóñòü äëÿ ïðîèçâîëüíîé ïîñëåäîâàòåëüíîñòè an ñ ïîëîæèòåëüíûìè ÷ëåíàìè,
íà÷èíàÿ ñ íåêîòîðîãî n > n0 âûïîëíåíî

an
an+1

= λ1 +
λ2

n
+

λ3

n lnn
+

m∑
k=4

λk
n lnn · ln lnn · · · · · ln ln . . . ln︸ ︷︷ ︸

k−2−ðàç

n
+

+ o

 1

n lnn · ln lnn · · · · · ln ln . . . ln︸ ︷︷ ︸
m−2−ðàç

n

 , (n→ +∞),

òîãäà åñëè äëÿ íàáîðà ÷èñåë ~λm = (λ1, λ2, · · · , λm) ∈ Λ+
m(1, 1), òî ðÿä

∑+∞
k=1 ak ñõîäèòñÿ, åñëè

~λm ∈ Λ−m(1, 1), òî ðÿä ðàñõîäèòñÿ. Ñëó÷àé ~λm = ~1 çàâèñèò îò ïîâåäåíèÿ o -ìàëîãî.

Äîêàçàòåëüñòâî. Ïðîâåä¼ì äîêàçàòåëüñòâî èíäóêöèåé ïî m. Ïðè m = 1 äàííîå óòâåðæäå-
íèå ñîâïàäàåò ñ ïðèçíàêîì Äàëàìáåðà, ïðè m = 2 óòâåðæäåíèå âûòåêàåò èç ïðèçíàêà Ãàóññà
(è Ðààáå òîæå). Ïóñòü óòâåðæäåíèå ñïðàâåäëèâî ïðè íåêîòîðîì m = N . Äîêàæåì ñïðàâåäëè-
âîñòü ïðè m = N + 1. Äëÿ ýòîãî íóæíî ðàçîáðàòüñÿ ñî ñëó÷àåì, êîãäà λ1 = λ2 = . . . = λN = 1,
à λN+1 > 1 ëèáî λN+1 < 1.

Äëÿ ýòîãî âîñïîëüçóåìñÿ ïðèçíàêîì Êóììåðà. Ïîëîæèì

cn = n lnn · ln lnn · · · · · ln ln . . . ln︸ ︷︷ ︸
N+1−ðàç

n.

Çàìåòèì, ÷òî ðÿä èç
∑+∞

n=[eN ]+1
1
cn

� ðàñõîäèòñÿ, ÷òî ñëåäóåò èç èíòåãðàëüíîãî ïðèçíàêà ñõî-
äèìîñòè. Îòìåòèì, ÷òî ïðè ëþáîì n ∈ N, n > eN ñïðàâåäëèâî cn > 0. Èç ðàâåíñòâà (2)
âûòåêàåò

cn ·
an
an+1

− cn+1 = n lnn · ln lnn · · · · · ln ln . . . ln︸ ︷︷ ︸
N+1−ðàç

n·

·

1 +
1

n
+

1

n lnn
+ . . .+

1

n lnn · ln lnn · · · · · ln ln . . . ln︸ ︷︷ ︸
N−ðàç

n
+

λN+1

n lnn · ln lnn · · · · · ln ln . . . ln︸ ︷︷ ︸
N+1−ðàç

n

−
− (n+ 1) ln(n+ 1) ln ln(n+ 1) . . . ln ln . . . ln︸ ︷︷ ︸

N+1−ðàç

(n+ 1) = λN+1 − 1 + o (1) , (n→ +∞).

Òåïåðü èç ïðèçíàêà Êóììåðà âûòåêàåò, ÷òî ïðè λN+1 > 1 ðÿä ñõîäèòñÿ, à ïðè λN+1 < 1 �
ðàñõîäèòñÿ. 2

Äîêàçàòåëüñòâî. [Äîêàçàòåëüñòâî òåîðåìû 1] Ñëó÷àé ñõîäèìîñòè ïðè

~λm = (λ1, λ2, · · · , λm) ∈ Λ+
m(1, 1)

ñðàçó âûòåêàåò èç ëåììû 2. Åñëè ~λm ∈ Λ−m(1, 1), òî óòâåðæäåíèå òåîðåìû òàêæå âûòåêàåò èç
ëåììû 2. Ðàññìîòðèì òåïåðü ñëó÷àé êîãäà âñå λ1 = . . . = λm = 1. Íî â ýòîé ñèòóàöèè èñõîäíûé
ðÿä ðàñõîäèòñÿ, ïîñêîëüêó ê íåìó ìîæíî ïðèìåíèòü òó æå ëåììó ñm+1, ãäå λ1 = . . . = λm = 1
è λm+1 = 0, ïîñêîëüêó ~λm+1 = (1, . . . , 1, 0) ∈ Λ−m+1(1, 1). 2

Äîêàçàòåëüñòâî. [Äîêàçàòåëüñòâî òåîðåìû 2] Ïóñòü m = 1. Òîãäà íàäî äîêàçàòü, ÷òî ïðè
λ1 > 1 ðÿä ñõîäèòñÿ, íî ýòî âûòåêàåò èç òåîðåìû 1, ïîñêîëüêó â ýòîì ñëó÷àå ðÿä ñõîäèòñÿ
äàæå àáñîëþòíî. Ïðè λ1 < 1 ðÿä ðàñõîäèòñÿ, ò.ê. íà÷èíàÿ ñ íåêîòîðîãî íàòóðàëüíîãî íîìåðà n0
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áóäåò âûïîëåíî bn+1 > bn è ñëåäîâàòåëüíî íå âûïîëíÿåòñÿ íåîáõîäèìûé ïðèçíàê ñõîäèìîñòè
ðÿäà limn→+∞ |(−1)n bn| 6= 0.

Â äàëüíåéøåì ðàçáèðàåì ñëó÷àé λ1 = 1. Äîêàçàòåëüñòâî ïðîâåä¼ì ïðè ïîìîùè èíäóêöèè.
Äëÿ m = 2 ðåçóëüòàò õîðîøî èçâåñòåí. Ïðåäïîëîæèì, ÷òî ðåçóëüòàò äîêàçàí ïðè m = N ,
äîêàæåì ñïðàâåäëèâîñòü ïðè m = N + 1. Òàêèì îáðàçîì äîñòàòî÷íî ðàçîáðàòüñÿ ñî ñëó÷àåì
λ1 = 1, λ2 = · · · = λN = 0, à λN+1 ïîëîæèòåëüíà èëè îòðèöàòåëüíà.

Ñëó÷àé λN+1 < 0. Èç ðàâåíñòâà

bn
bn+1

= 1 +
λN+1

n lnn · ln lnn · · · · · ln ln . . . ln︸ ︷︷ ︸
N−1−ðàç

n
, (n→ +∞).

âåðíîãî, íà÷èíàÿ ñ íåêîòîðîãî íàòóðàëüíîãî íîìåðà n0, ïîëó÷àåì îöåíêó bn 6 bn+1 äëÿ
∀n > n0. Îòêóäà ñëåäóåò bn > bn0 äëÿ ∀n > max{n0, eN}. Ñëåäîâàòåëüíî ðÿä ðàñõîäèòñÿ,
ïîñêîëüêó íå âûïîëíåí íåîáõîäèìûé ïðèçíàê ñõîäèìîñòè.

Ñëó÷àé λN+1 > 0. Ïîëîæèì

ϕ(n) =
1

n lnn · ln lnn · · · · · ln ln . . . ln︸ ︷︷ ︸
N−1−ðàç

n

Êàê ëåãêî çàìåòèòü, ðÿä
∑+∞

n=eN
ϕ(n) � ðàñõîäèòñÿ, ÷òî âûòåêàåò èç èíòåãðàëüíîãî ïðè-

çíàêà. Ïîëîæèì µ = λN+1/2. Òîãäà ñ íåêîòîðîãî íàòóðàëüíîãî n0 (ïðåäïîëàãàåì, ÷òî
n0 > eN ) áóäåò âûïîëíåíî

bn
bn+1

= 1 + λN+1ϕ(n) (1 + o(1)) > 1 + µϕ(n).

Îòêóäà bn+1 < 1
1+µϕ(n)bn äëÿ n > n0, ïðè÷¼ì µ > 0 è ϕ(n) > 0 äëÿ ëþáîãî n > n0.

Ïóñòü k ∈ N. Ñëåäîâàòåëüíî ïîñëåäîâàòåëüíîñòü bn óáûâàåò íà÷èíàÿ ñ íåêîòîðîãî íîìå-
ðà n > n0. Ñïðàâåäëèâî

bn0+k <
bn0+k−1

1 + µϕ(n0 + k − 1)
< . . . <

bn0∏k−1
s=0 (1 + µϕ(n0 + s))

<
bn0

1 + µ
∑k−1

s=0 ϕ(n0 + s)
.

Èç ïîñëåäíåé îöåíêè â âèäó ïîëîæèòåëüíîñòè ïîñëåäîâàòåëüíîñòè bn è ðàñõîäèìîñòè
ðÿäà ñ ïîëîæèòåëüíûìè ÷ëåíàìè

∑+∞
n=n0

ϕ(n) ïîëó÷àåì limn→+∞ bn = 0. Ñëåäîâàòåëüíî
èç ïðèçíàêà Ëåéáíèöà âûòåêàåò ñõîäèìîñòü èñõîäíîãî ðÿäà.

2

Â çàêëþ÷åíèå àâòîð âûðàæàþò áëàãîäàðíîñòü À. Ñ. Ïå÷åíöîâó è Â. Ã. ×èðñêîìó çà ïîëåç-
íûå ñîâåòû è çàìå÷àíèÿ.
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