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Àííîòàöèÿ

Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ âîïðîñû î âîçìîæíîñòè ïîñòðîåíèÿ èíâàðèàíòíûõ
íåòðèâèàëüíûõ ïñåâäîõàðàêòåðîâ íà ñâîáîäíûõ ãðóïïàõ. Äîêàçàíî ñóùåñòâîâàíèè íåòðè-
âèàëüíûõ ïñåâäîõàðàêòåðîâ íà îïðåäåëåííîì òèïå HNN-ðàñøèðåíèé, îòíîñÿùèõñÿ ê ñëîæ-
íûì ñëó÷àÿì.

Äëÿ òàêèõ HNN-ðàñøèðåíèé, îáëàäàþùèõ îïðåäåëåííûìè êîïðåäñòàâëåíèÿìè, ïîëó÷å-
íû óòâåðæäåíèÿ î øèðèíå êîììóòàíòíûõ âåðáàëüíûõ ïîäãðóïï è íåòðèâèàëüíîñòè âòîðîé
ãðóïïû îãðàíè÷åííûõ êîãîìîëîãèé. Òàêèì îáðàçîì, äàåòñÿ ÷àñòè÷íûé îòâåò íà âîïðîñû,
ñôîðìóëèðîâàííûå Ð. È. Ãðèãîð÷óêîì.

Äëÿ ïðîèçâîëüíîé ãðóïïå G ïñåâäîõàðàêòåðîì ϕ íà G íàçûâåòñÿ âåùåñòâåííàÿ ôóíê-
öèÿ, äëÿ êîòîðîé |ϕ(ab) − ϕ(a) − ϕ(b)| ≤ ε äëÿ ëþáûõ a, b ∈ G è íåêîòîðîãî ε > 0 è
ϕ(xn) = nϕ(x) äëÿ ëþáûõ x ∈ G,n ∈ Z. Ïñåâäîõàðàêòåð íàçûâåòñÿ íåòðèâèàëüíûì, åñëè
ñóùåñòâóþò a, b ∈ G, òàêèå, ÷òî ϕ(ab) 6= ϕ(a) + ϕ(b). Ñóùåñòâîâàíèå íà ãðóïïå íåòðèâè-
àëüíûõ ïñåâäîõàðàêòåðîâ ñâÿçàíî ñî ìíîãèìè âàæíûìè õàðàêòåðèñòèêàìè ãðóïï.

Ïîíÿòèÿ ïñåâäîõàðàêòåðîâ áûëî ââåäåíî À. È. Øòåðíîì. Óñëîâèÿ, äîñòàòî÷íûå äëÿ
ñóùåñòâîâàíèÿ íåòðèâèàëüíûõ ïñåâäîõàðàêòåðîâ íà ñâîáîäíûõ ïðîèçâåäåíèÿõ ñ îáúåäè-
íåíèåì è HNN -ðàñøèðåíèÿõ, â êîòîðûõ áàçîâàÿ ãðóïïà îòëè÷íà îò ñâÿçàííûõ ïîäãðóïï,
áûëè ïîëó÷åíû Ð. È. Ãðèãîð÷óêîì è Â. Ã. Áàðäàêîâûì. Íåòðèâèàëüíûå ïñåâäîõàðàêòåðû
ñóùåñòâóþò íà ãðóïïàõ ñ îäíèì îïðåäåëÿþùèì ñîîòíîøåíèåì è ïî êðàéíåé ìåðå òðåìÿ
îáðàçóþùèìè.

Îòêðûòûìè îñòàþòñÿ âîïðîñû îá óñëîâèÿõ ñóùåñòâîâàíèÿ íåòðèâèàëüíûõ ïñåâäîõà-
ðàêòåðîâ äëÿ ãðóïï ñ îäíèì îïðåäåëÿþùèì ñîîòíîøåíèåì è äâóìÿ îáðàçóþùèìè, äëÿ
HNN-ðàñøèðåíèé, â êîòîðûõ îäíà èç ñâÿçàííûõ ïîäãðóïï ñîâïàäàåò ñ áàçîâîé ãðóïïîé.
Ýòè âîïðîñû âî ìíîãèõ ñëó÷àÿõ ñâîäÿòñÿ ê ïîñòðîåíèþ íåòðèâèàëüíûõ ïñåâäîõàðàêòåðîâ
íà ñâîáîäíûõ ãðóïïàõ, èíâàðèàíòíûõ îòíîñèòåëüíî ñïåöèàëüíûõ òèïîâ ýíäîìîðôèçìîâ.

Â ñòàòüå äîêàçûâàåòñÿ ñóùåñòâîâàíèå íåòðèâèàëüíûõ ïñåâäîõàðàêòåðîâ íà ñâîáîäíûõ
ãðóïïàõ ðàíãà n > 1, èíâàðèàíòíûõ îòíîñèòåëüíî îäíîãî èç òàêèõ òèïîâ ýíäîìîðôèç-
ìîâ. Äîêàçàíî ñóùåñòâîâàíèå íåòðèâèàëüíûõ ïñåâäîõàðàêòåðîâ íà íåêîòîðûõ íèñõîäÿùèõ
HNN-ðàñøèðåíèÿõ.

Êëþ÷åâûå ñëîâà: íåòðèâèàëüíûå ïñåâäîõàðàêòåðû, ñâîáîäíûå ãðóïïû, îãðàíè÷åííûå
êîãîìîëîãèè, øèðèíà âåðáàëüíûõ ïîäãðóïï, HNN � ðàñøèðåíèÿ.

Áèáëèîãðàôèÿ: 17 íàçâàíèé.
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INVARIANT FUNCTIONS ON FREE GROUPS
AND SPECIAL HNN-EXTENSIONS

D. Z. Kagan (Moscow)

Abstract

In this paper we are considering questions about the possibility of existence of invariant
nontrivial pseudocharacters on free groups. It is proved that nontrivial pseudocharacters exist
on a certain type of HNN-expansions in complex cases.

We got some results about the width of verbal subgroups generated by words from
commutator subgroup and non-triviality of the second group of bounded cohomologies for
considered HNN-expansions. Thus, partial answer to the question, formulated R. I. Grigorchuk,
is received.

Pseudocharacter is the real functions f from group G toR such that |f(xy)−f(x)−f(y)| ≤ ε
for some ε > 0 and for any x, y ∈ G and f(xn) = nf(x) ∀n ∈ Z, ∀x ∈ G. A pseudocharacter
is called non-trivial if ϕ(ab) − ϕ(a) − ϕ(b) 6= 0 for some a, b ∈ G. Existence of nontrivial
pseudocharacters on a group is connected with many important characteristics and properties
of groups.

The notion of pseudocharacter was introduced by A. I. Shtern. Su�cient conditions of
the existence of nontrivial pseudocharacters for free products with amalgamation and HNN-
extensions for which associated subgroups are di�erent from the base group were found by
R. I. Grigorchuk and V.G. Bardakov. Nontrivial pseudocharacters exist on groups with one
de�ning relation, and at least three generators.

Questions about conditions of existence of nontrivial pseudocharacters for groups with one
de�ning relation and two generators and for descending HNN-extensions remain open. These
questions in many cases are reduced to constructing nontrivial pseudocharacters on free groups,
invariant with respect to special type of endomorphisms.

In this paper we prove existence of nontrivial pseudocharacters for free groups Fn, n > 1,
which are invariant with respect to certain types of endomorphisms. It is proved that nontrivial
pseudocharacters exist on some descending HNN-extensions.

Keywords: nontrivial pseudocharacters, free groups,bounded cohomologies, width of verbal
subgroups, HNN � extensions.

Bibliography: 17 titles.

1. Ââåäåíèå

Ïðåæäå âñåãî íàïîìíèì îñíîâíûå îïðåäåëåíèÿ.
Êâàçèõàðàêòåðîì íà ïðîèçâîëüíîé ãðóïïå G íàçûâàåòñÿ ôóíêöèÿ f èç ãðóïïû G â ïðî-

ñòðàíñòâî äåéñòâèòåëüíûõ ÷èñåë R, òàêàÿ ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî

|f(ab)− f(a)− f(b)| ≤ ε

äëÿ íåêîòîðîãî ïîëîæèòåëüíîãî ÷èñëà ε è äëÿ ëþáûõ a, b ∈ G. Ïñåâäîõàðàêòåðîì íàçûâàåòñÿ
êâàçèõàðàêòåð ϕ, äëÿ êîòîðîãî ϕ(an) = nϕ(a) äëÿ ëþáûõ a ∈ G,n ∈ Z. Åñëè ñóùåñòâóþò
ýëåìåíòû a, b ∈ G, òàêèå ÷òî ϕ(ab)− ϕ(a)− ϕ(b) 6= 0, òî ïñåâäîõàðàêòåð ϕ íàçûâàåòñÿ íåòðè-
âèàëüíûì.

Âïåðâûå ïîíÿòèÿ ïñåâäîõàðàêòåðà è êâàçèõàðàêòåðà áûëè ðàññìîòðåíû À.È. Øòåðíîì â
1983 ãîäó [1]. Â. À. Ôàéçèåâ [2] äîêàçàë ñóùåñòâîâàíèå íåòðèâèàëüíûõ ïñåâäîõàðàêòåðîâ äëÿ
ñâîáîäíûõ ïðîèçâåäåíèÿõ ïðîèçâîëüíûõ íååäèíè÷íûõ ãðóïï, çà èñêëþ÷åíèåì Z2 ∗ Z2.

Ð. È. Ãðèãîð÷óê [3], [4] äîêàçàë, ÷òî íà ñâîáîäíûõ ïðîèçâåäåíèÿõ ñ îáúåäèíåíèåì (A∗B, V )
ñóùåñòâóþò íåòðèâèàëüíûå ïñåâäîõàðàêòåðû åñëè |A :: U | ≥ 3 è |B : U | ≥ 2. Òàêæå Ð. È. Ãðè-
ãîð÷óêîì äîêàçàíî ñóùåñòâîâàíèå íåòðèâèàëüíûõ ïñåâäîõàðàêòåðîâ äëÿ HNN -ðàñøèðåíèé
G =< H, t|tAt−1 = B >, ïðè óñëîâèè, ÷òî îáå ñâÿçíûå ïîäãðóïïû A è B îòëè÷íû îò áàçîâîé
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ãðóïïû H. Èç ýòèõ óòâåðæäåíèé ìîæíî âûâåñòè ñóùåñòâîâàíèå íåòðèâèàëüíûõ ïñåâäîõàðàê-
òåðîâ íà ãðóïïàõ îäíèì îïðåäåëÿþùèì ñîîòíîøåíèåì è íå ìåíåå ÷åì òðåìÿ îáðàçóþùèìè.

Àíàëîãè÷íûå ïî ñìûñëó óòâåðæäåíèÿ äëÿ ñâîáîäíûõ ïðîèçâåäåíèÿõ ñ îáúåäèíåíèåì è
HNN-ðàñøèðåíèé áûëè ñôîðìóëèðîâàíû Â. Ã. Áàðäàêîâûì [5] â òåðìèíàõ øèðèíû âåðáàëü-
íûõ ïîäãðóïï. Â ðàáîòàõ àâòîðà [6], [7] íàéäåíû óñëîâèÿ, ïðè êîòîðûõ íåòðèâèàëüíûå ïñåâäî-
õàðàêòåðû ñóùåñòâóþò íà àíîìàëüíûõ ïðîèçâåäåíèÿõ ðàçëè÷íûõ êëàññîâ ãðóïï.

Ñóùåñòâîâàíèå íåòðèâèàëüíûõ ïñåâäîõàðàêòåðîâ íà ãðóïïàõ èñïîëüçóåòñÿ äëÿ èçó÷åíèÿ
ìíîãèõ õàðàêòåðèñòèê ãðóïï, â ÷àñòíîñòè, ýòî ïîíÿòèå ñâÿçàíî ñ ãðóïïàìè îãðàíè÷åííûõ
êîãîìîëîãèé, øèðèíîé âåðáàëüíûõ ïîäãðóïï, óñòîé÷èâîñòüþ óðàâíåíèé íà ãðóïïàõ.

Øèðèíîé âåðáàëüíîé ïîäãðóïïû [8] V (G) îòíîñèòåëüíî ìíîæåñòâà ñëîâ V íàçûâàåòñÿ íàè-
ìåíüøåå ÷èñëîm ∈ N

⋃
{+∞} òàêîå, ÷òî âñÿêèé ýëåìåíò ïîäãðóïïû V (G) çàïèñûâàåòñÿ â âèäå

ïðîèçâåäåíèÿ íå áîëåå ÷åì m çíà÷åíèé ñëîâ V ±1.
Â ðàáîòàõ Â. Ã. Áàðäàêîâûì [5], È.Â. Äîáðûíèíîé [9], [10], Â.Í. Áåçâåðõíåãî [11] äîêàçàíà

áåñêîíå÷íîñòü øèðèíû ñîáñòâåííûõ âåðáàëüíûõ ïîäãðóïï äëÿ ðàçëè÷íûõ ñâîáîäíûõ ãðóïïî-
âûõ êîíñòðóêöèé.

Ñóùåñòâîâàíèå íà ãðóïïå íåòðèâèàëüíûõ ïñåâäîõàðàêòåðîâ ñâÿçàíî ñ êîììóòàíòíûìè âåð-
áàëüíûìè ïîäãðóïïàìè [5]. Ñëîâî v èç ñâîáîäíîé ãðóïïû Fn íàçûâàåòñÿ êîììóòàòîðíûì, åñëè
îíî ëåæèò â êîììóòàíòå F ′n. Ìíîæåñòâî ñëîâ V íàçûâàåòñÿ êîììóòàòîðíûì, îïðåäåëÿåìàÿ
ìíîæåñòâîì V âåðáàëüíàÿ ïîäãðóïïà V (G) � êîììóòàíòíîé, åñëè V ñîäåðæèò òîëüêî êîììó-
òàòîðíûå ñëîâà.

Ñ ïîìîùüþ ïîñòðîåíèÿ íåòðèâèàëüíûõ ïñåâäîõàðàêòåðîâ íà ãðóïïå G ìîæíî äîêàçàòü
áåñêîíå÷íîñòü øèðèíû wid(G,V ) ëþáîé êîììóòàíòíîé âåðáàëüíîé ïîäãðóïïû V (G), îïðåäå-
ëåííîé êîíå÷íûì ñîáñòâåííûì ìíîæåñòâîì ñëîâ V. Çàìåòèì, ÷òî äëÿ äîêàçàòåëüñòâà áåñêî-
íå÷íîñòè øèðèíû íåêîììóòàíòíûõ âåðáàëüíûõ ïîäãðóïïû òåõíèêà íåòðèâèàëüíûõ ïñåâäîõà-
ðàêòåðîâ íåïðèìåíèìà, ò.ê. íåíóëåâûå ïñåâäîõàðàêòåðû íå ìîãóò áûòü îãðàíè÷åíû íà ñòåïå-
íÿõ xs. Îáçîð ðåçóëüòàòîâ î øèðèíå âåðáàëüíûõ ïîäãðóïï è ïðèìåíÿåìûõ ïðè èõ èçó÷åíèè
ìåòîäîâ ïðèâîäèòñÿ â [12].

Â ðàáîòå Ð.È. Ãðèãîð÷óêà [3] óñòàíàâëèâàåòñÿ, ÷òî ôàêòîðïðîñòðàíñòâî âñåõ ïñåâäîõà-

ðàêòåðîâ ïî àääèòèâíûì õàðàêòåðàì èçîìîðôíî ïðîñòðàíñòâó H(2)
b,2 (G), ãäå H(2)

b,2 (G) - ýòî òàê

íàçûâàåìàÿ ñèíãóëÿðíàÿ ÷àñòü âòîðîé ãðóïïû êîãîìîëîãèé H(2)
b (G).

H
(2)
b,2 (G) ∼= PX(G)/X(G).

Òàêèì îáðàçîì, åñëè íà ãðóïïå G ñóùåñòâóåò íåòðèâèàëüíûé ïñåâäîõàðàêòåð, òî åå âòîðàÿ
ãðóïïà îãðàíè÷åííûõ êîãîìîëîãèé áóäåò íåòðèâèàëüíîé.

Ð. È. Ãðèãîð÷óê [4] ïîñòàâèë âîïðîñ î ñóùåñòâîâàíèè íåòðèâèàëüíûõ ïñåâäîõàðàêòåðîâ íà
ãðóïïàõ ñ îäíèì îïðåäåëÿþùèì ñîîòíîøåíèåì è äâóìÿ îáðàçóþùèìè G =< a, t|r(a, t) = 1 >,
è ñâÿçàííûé ñ íèì âîïðîñ î ñóùåñòâîâàíèè íåòðèâèàëüíûõ ïñåâäîõàðàêòåðîâ íà ñâîáîäíîé
ãðóïïå Fn, èíâàðèàíòíûõ îòíîñèòåëüíî ýíäîìîðôèçìà α : Fn → F0, ãäå F0 � ïîäãðóïïà Fn.

Ðàññìîòðèì ãðóïïó ñ îäíèì îïðåäåëÿþùèì ñîîòíîøåíèåì è äâóìÿ îáðàçóþùèìè

G =< t, a|r(t, a) = 1 > .

Íàéòè ïîëíûå óñëîâèÿ ñóùåñòâîâàíèÿ íåòðèâèàëüíûõ ïñåâäîõàðàêòåðîâ óäàëîñü äëÿ ãðóïï ñ
îäíèì îïðåäåëÿþùèì ñîîòíîøåíèåì è íåòðèâèàëüíûì öåíòðîì [13], [14].

Â îáùåì ñëó÷àå òàêóþ ãðóïïó G =< t, a|r(t, a) = 1 > ñ ïîìîùüþ ïðåîáðàçîâàíèé ìîæíî
ïðèâåñòè ê âèäó HNN-ðàñøèðåíèÿ [15], [16]

G = < t, a0, . . . , an|s(a0, . . . , an) = 1, tait
−1 = ai+1, i = 0, . . . , n− 1 > .
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Áàçîé ýòîãî HNN-ðàñøèðåíèÿ òàêæå ÿâëÿåòñÿ ãðóïïà ñ îäíèì îïðåäåëÿþùèì ñîîòíîøåíè-
åì H =< a0, . . . , an|r(a0, . . . , an) = 1 >, èçîìîðôíûå ïîäãðóïïû ïîðîæäàþòñÿ ýëåìåíòàìè
a0, a1, . . . , an−1 è a1, . . . , an−1, an ñîîòâåòñòâåííî.

Äëÿ òîãî, ÷òîáû íà ãðóïïå G ìîæíî áûëî îïðåäåëèòü íåòðèâèàëüíûé ïñåâäîõàðàê-
òåð äîñòàòî÷íû âûïîëíåíèÿ óñëîâèÿ: îáå èçîìîðôíûå ïîäãðóïïû < a0, a1, . . . , an−1 > è
< a1, . . . , an−1, an > ÿâëÿþòñÿ ñîáñòâåííûìè ïîäãðóïïàìè â áàçå H. Ñëîæíûå íåðåøåííûå
ñëó÷àè èìåþò ìåñòî, åñëè îäíà èç èçîìîðôíûõ ïîäãðóïï ñîâïàäàåò ñ áàçîé. Ñîãëàñíî óòâåð-
æäåíèþ Ä.È. Ìîëäàâàíñêîãî [17, ëåììà 1], ýòî ìîæåò áûòü òîëüêî, åñëè îïðåäåëÿþùåå
ñîîòíîøåíèå s(a0, . . . , an) = 1 ìîæíî ïðåäñòàâèòü â âèäå an = U0(a0, ak+1, . . . , an−1) (èëè
a0 = V0(a1, . . . , an−1)).

Òîãäà áàçîâîé ãðóïïîé â HNN-ðàñøèðåíèè áóäåò ñâîáîäíàÿ ãðóïïà Fn = <a0, a1, . . . , an−1>,
à ñàìî HNN-ðàñøèðåíèå áóäåò èìåòü âèä G = HNN(Fn , t|tFnt−1 = B). Cîïðÿæåíèå ýëåìåí-
òîì t çàäàåò ýíäîìîðôèçì ñâîáîäíîé ãðóïïå Fn - áàçû HNN-ðàñøèðåíèÿ. Ïðè ýòîì ýíäîìîð-
ôèçìå ïîðîæäàþùèå ai, i = 0, 1, . . . , n− 2 ïåðåõîäÿò â ai+1, à ïîðîæäàþùèé ñ ìàêñèìàëüíûì
èíäåêñîì an−1 ïåðåõîäèò â ýëåìåíò U0(a0, a1, . . . , an−1). Â äàííîé ðàáîòå óñòàíàâëèâàþòñÿ
óñëîâèÿ ñóùåñòâîâàíèÿ òàêèõ íåòðèâèàëüíûõ ïñåâäîõàðàêòåðîâ íà Fn, êîòîðûå áóäóò èíâà-
ðèàíòíû ïðè îïðåäåëåííîì âèäå ñëîâà U0.

2. Âñïîìîãàòåëüíûå ïîíÿòèÿ è ôóíêöèè

Ââåäåì ñïåöèàëüíûå ôóíêöèè íà ìíîæåñòâå öåëûõ ÷èñåë Z è íà ñâîáîäíîé ãðóïïå Fn. Ìû
áóäåì èñïîëüçîâàòü îáîçíà÷åíèå ôóíêöèè trt ïî àíàëîãèè ñ [5] è [11], íî îïðåäåëåíèå ýòèõ
ôóíêöèé áóäåò íåìíîãî äðóãèì.

Äëÿ ïðîèçâîëüíîãî ïîëîæèòåëüíîãî öåëîãî ÷èñëà t > 1 ââåäåì ñâÿçàííóþ ñ íèì ôóíêöèþ
trt(z), îïðåäåëåííóþ íà ìíîæåñòâå öåëûõ ÷èñåë.

trt(z) =



t− 1 ïðè z > 0 è z ≡ t− 1 (mod t)
...

1 ïðè z > 0 è z ≡ 1 (mod t)

0 ïðè z ≡ 0 (mod t)

−1 ïðè z < 0 è z ≡ −1 (mod t)
...

−t+ 1 ïðè z < 0 è z ≡ −t+1
2 (mod t)

Òàêèì îáðàçîì, ôóíêöèÿ trt(z) áóäåò ìåíÿòüñÿ îò −t + 1 äî t − 1. Íàïðèìåð, ïðè t = 7
çíà÷åíèÿ ôóíêöèè áóäåò ìåíÿòüñÿ îò -6 äî 6. Äëÿ îòðèöàòåëüíûõ z ôóíêöèÿ trt(z) áóäåò èëè
îòðèöàòåëüíà èëè ðàâíà 0, äëÿ ïîëîæèòåëüíûõ z � ïîëîæèòåëüíà èëè ðàâíà 0.

Òåïåðü äëÿ êàæäîãî ïîëîæèòåëüíîãî ÷èñëà t > 1 ââåäåì ñâÿçàííûå ñ íèì ôóíêöèè íà
ñâîáîäíîé ãðóïïå f = ft è ϕ = ϕt.

Ãðóïïà Fn ÿâëÿåòñÿ ñâîáîäíûì ïðîèçâåäåíèåì áåñêîíå÷íûõ öèêëè÷åñêèõ ãðóïï

Fn =< a0 > ∗ < a1 > ∗ . . . ∗ < an−1 > .

Êàæäûé ýëåìåíò v ∈ Fn ìîæíî ïðåäñòàâèòü â âèäå íåñîêðàòèìîãî ïðîèçâåäåíèÿ v=v1v2 . . . vp,
ãäå êàæäûé ñëîã vi èìååò âèä a

ri
ki
, è ñîñåäíèå ñëîãè ari

ki
è ari+1

ki+1 ïðèíàäëåæàò ðàçíûì öèêëè÷å-
ñêèì ïîäãðóïïàì < aj > .

Äëÿ ïðîèçâîëüíîãî ýëåìåíòà ñâîáîäíîé ãðóïïû v ∈ Fn ðàññìîòðèì òàêîå ïðåäñòàâëåíèå â
âèäå ïðîèçâåäåíèÿ ñëîãîâ èç öèêëè÷åñêèõ ãðóïï < aj >∞

v = v1v2 . . . vp = ar1i1 a
r2
i2
. . . a

rp
ip
.
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Â äàëüíåéøèì òàêîå ïðåäñòàâëåíèå ýëåìåíòîâ ñâîáîäíîé ãðóïïû áóäåì íàçûâàòü ñëîãîâûì.
Îïðåäåëèì ôóíêöèþ f = ft, êàê ñóììó çíà÷åíèé trt(z) äëÿ âñåõ ri.

f(v) =

p∑
k=1

trt(rk)

Çàìåòèì, ÷òî äëÿ îäíîãî ñëîãà f(ari ) = trt(r). Äëÿ ðàçáèåíèÿ ýëåìåíòà ñâîáîäíîé ãðóïïû Fn
ïî ñëîãàì v = v1v2 . . . vp âûïîëíÿåòñÿ ðàâåíñòâî

f(v) =

p∑
k=1

f(vi).

Òàêæå ñ êàæäûì ïîëîæèòåëüíûì ÷èñëîì t > 1 ñâÿæåì ôóíêöèþ ϕ = ϕt :

ϕ(v) = lim
r→∞

f(vr)/r, v ∈ Fn.

3. Îñíîâíàÿ òåîðåìà

Òåîðåìà 1. Ïóñòü Fn =< a0, . . . , an−1 > � ñâîáîäíàÿ ãðóïïà ðàíãà n > 1 è îòîáðàæåíèå
α îïðåäåëåíî ïðåîáðàçîâàíèÿìè ïîðîæäàþùèõ: a0 → a1, . . . , an−2 → an−1, an−1 → WaRi W

−1,
ãäå W � íååäèíè÷íûé ýëåìåíò Fn, R � ëþáîå ïîëîæèòåëüíîå ÷èñëî. Åñëè íåñîêðàòèìàÿ
çàïèñü W íà÷èíàåòñÿ ïîðîæäàþùèì a±1

0 , òî íà ñâîáîäíîé ãðóïïå Fn ñóùåñòâóåò íåòðèâè-
àëüíûé ïñåâäîõàðàêòåð, èíâàðèàíòíûé îòíîñèòåëüíî îòîáðàæåíèÿ α.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñíà÷àëà cëó÷àé, êîãäà R ≥ 3. Òîãäà, â êà÷åñòâå ïî-
ëîæèòåëüíîãî ÷èñëà t, íà îñíîâå êîòîðîãî ñòðîÿòñÿ âñïîìîãàòåëüíûå ôóíêöèè, âûáåðåì
R− 1 : t = R− 1. Òàêèì îáðàçîì, trt(z) = trR−1(z). Äëÿ êàæäîãî ýëåìåíòà ñâîáîäíîé ãðóïïû
v ∈ Fn ïî åå íåñîêðàòèìîìó ïðåäñòàâëåíèþ áóäåì ðàññìàòðèâàòü ñîîòâåòñòâóþùèå îïðåäå-
ëåííûå âûøå ôóíêöèè f(v) = fR−1(v) è ϕ = ϕR−1. Äàëåå áóäåì èñïîëüçîâàòü îáîçíà÷åíèÿ
f(v) è ϕ áåç óïîìèíàíèÿ íèæíåãî èíäåêñà.

Åñëè v = ac1i1 a
c2
i2
. . . a

cp
ip
, ãäå ñîñåäíèå ñëîãè a

cj
ij
è a

cj+1

ij+1
ïðèíàäëåæàò ðàçíûì öèêëè÷åñêèì

ïîäãðóïïàì < ai >, òî f(v) = trR−1(c1) + trR−1(c2) + . . .+ trR−1(cp).

Äîêàæåì ñíà÷àëà, ÷òî äëÿ ëþáîãî ýëåìåíòà v ∈ Fn áóäåò âûïîëíÿòüñÿ ðàâåíñòâî
f(v−1) = −f(v).

Ðàññìîòðèì ñëîãîâîå ïðåäñòàâëåíèå v : v = ar1i1 a
r2
i2
. . . a

rp
ip
. Òîãäà v−1 = a

−rp
ip

. . . a−r2i2
a−r1i1

. Äëÿ

êàæäîãî ñëîãà âûïîëíÿåòñÿ f(a−ri ) = trt(−r) = −trt(r) = −f(ari ). Òàêèì îáðàçîì, çíà÷åíèå
ôóíêöèè f(v−1) ñêëàäûâàåòñÿ èç ñëàãàåìûõ, ïðîòèîïîëîæíûõ ïî çíà÷åíèþ ñëàãàåìûì èç f(v).
Òåì ñàìûì ðàâåíñòâî f(v−1) = −f(v) äîêàçàíî.

Ëåììà 1. Ôóíêöèÿ f ÿâëÿåòñÿ êâàçèõàðàêòåðîì íà Fn.

Ðàññìîòðèì ïðîèçâåäåíèå äâóõ ýëåìåíòîâ ñâîáîäíîé ãðóïïû Fn : v1 = ar1i1 a
r2
i2
. . . a

rp
ip

è

v2 = aq1j1a
q2
j2
. . . aqmjm . Òîãäà v1v2 = ar1i1 a

r2
i2
. . . a

rp
ip
aq1j1a

q2
j2
. . . aqmjm .

Âîçìîæíû íåñêîëüêî âàðèàíòîâ èçìåíåíèé ïðåäñòàâëåíèÿ íà ñòûêå ñëîâ.
Ñíà÷àëà ðàññìîòðèì ñëó÷àé, êîãäà ip 6= j1.

Òîãäà íà ñòûêå ñëîãîâ arpip è aq1j1 íå ïðîèñõîäèò íèêàêèõ ñîêðàùåíèé è ïðîèçâåäåíèå v1v2

èìååò ñëîãîâîå ïðåäñòàâëåíèå ar1i1 a
r2
i2
. . . a

rp
ip
aq1j1a

q2
j2
. . . aqmjm .

Â çàïèñü ïðîèçâåäåíèÿ v1v2 âõîäÿò òå æå ñëîãè arii , ÷òî â ñëîâà v1 è v2 ïî îòäåëüíîñòè.
Ïîýòîìó, f(v1v2) =

∑p
k=1 trt(ri) +

∑m
k=1 trt(qi) = f(v1) + f(v2).
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Âòîðîé ñëó÷àé ñîñòîèò â òîì, ÷òî ñëîãè íà ñòûêå ìíîæèòåëåé ñîîòâåòñòâóþò îäíîé è òîé
æå ïîðîæäàþùåé ai, íî ïîëíîãî ñîêðàùåíèÿ íå ïðîèñõîäèò. Ýòî ïðîèñõîäèò åñëè ip = j1 è
rp 6= −q1.

Òîãäà ñîêðàùåíèÿ â ïðîèçâåäåíèè v1v2 îñòàíàâëèâàþòñÿ, íà ñòûêå ïîÿâëÿåòñÿ íîâûé ñëîã
a
rp+q1
ip

. Òîãäà v1v2 = ar1i1 a
r2
i2
. . . a

rp−1

ip−1
a
rp+q1
ip

aq2j2 . . . a
qm
jm
. Âûïîëíÿåòñÿ ðàâåíñòâî

f(v1v2) = f(ar1i1 a
r2
i2
. . . a

rp−1

ip−1
) + trt(rp + q1) + f(aq2j2 . . . a

qm
jm

).

Èç àðèôìåòè÷åñêèõ ñîîáðàæåíèÿ ÿñíî, ÷òî |trt(a + b) − trt(a) − trt(b)| ≤ t äëÿ ëþ-
áûõ öåëûõ ÷èñåë a, b. Îòñþäà ñëåäóåò, ÷òî |trt(rp + q1) − trt(rp) − trt(q1)| ≤ t. Ó÷èòû-
âàÿ ÷òî f(v1) = f(ar1i1 a

r2
i2
. . . a

rp−1

ip−1
) + trt(rp) è f(v2) = trt(q1) + f(aq2j2 . . . a

qm
jm

), ïîëó÷àåì
|f(v1v2)− f(v1)− f(v2)| = |trt(rp + q1)− trt(rp)− trt(q1)| ≤ t.

Òåïåðü ðàññìîòðèì ñëó÷àé, êîãäà ip = j1 è rp = −q1. Ýòî îçíà÷àåò, ÷òî ñëîãè, ñòîÿùèå íà
ñòûêå ìíîæèòåëåé � a

rp
ip
è aq1j1 ïîëíîñòüþ ñîêðàùàþòñÿ. Òàê êàê rp = −q1, òî trt(rp) = −trt(q1).

Ïîýòîìó, åñëè ñëîãè íà ñòûêå ñëîâ ïîëíîñòüþ ñîêðàùàþòñÿ, çíà÷åíèå ôóíêöèè f íå èçìåíÿ-
åòñÿ. Òîãäà f(v1v2) = f(ar1i1 a

r2
i2
. . . a

rp−1

ip−1
aq2j2 . . . a

qm
jm

) è íà ñòûêå ñëîâ v1 è v2 îêàçûâàþòñÿ óæå
ñëåäóþùèå ñëîãè.

Åñëè ïîëíîñòüþ ñîêðàùàþòñÿ p − l ñëîãîâ (p ≥ l,) òî çàïèñü ýëåìåíòîâ v1, v2 èìååò âèä:
v1 = ar1i1 a

r2
i2
. . . arlil a

rl+1

il+1
. . . a

rp
ip
è v2 = a

−rp
ip

. . . a
−rl+1

ip−l
, à ïðîèçâåäåíèå:

v1v2 = ar1i1 a
r2
i2
. . . arlil a

qp−l+1

jp−l+1
. . . aqmjm .

Åñëè il 6= jp−l+1, òî ýòè ñëîãè îñòàíóòñÿ ðàçíûìè â ïðîèçâåäåíèè. Òîãäà

f(v1v2) = trt(r1) + trt(r2) + . . .+ trt(rl) + trt(qp−l+1) + . . .+ trt(qm) = f(v1) + f(v2).

Åñëè il = jp−l+1, òî äâà ñîîòâåòñòâóþùèõ ñëîãà ñëèâàþòñÿ â îäèí, íî ïîëíîãî ñîêðàùåíèÿ
íå ïðîèñõîäèò. Òîãäà

f(v1v2) = f(ar1i1 a
r2
i2
. . . a

rl+qp−l+1

il
. . . aqmjm ) =

= f(ar1i1 a
r2
i2
. . . a

rl−1

il−1
) + trt(rl + qp−l+1) + f(a

qp−l+2

jp−l+2
. . . aqmjm ).

Âûïîëíÿåòñÿ ðàâåíñòâî f(v1v2)−f(v1)−f(v2) = trt(rl+qp−l+1)−trt(rl)−trt(qp−l+1). Ïîñêîëüêó
|trt(rl + qp−l+1)− trt(rl)− trt(qp−l+1)| ≤ t, òî è |f(v1v2)− f(v1)− f(v2)| ≤ t.

Âî âñåõ âîçìîæíûõ ñëó÷àÿõ âûïîëíÿåòñÿ ðàâåíñòâî |f(v1v2) − f(v1) − f(v2)| ≤ t. Òàêèì
îáðàçîì, ôóíêöèÿ f äåéñòâèòåëüíî ÿâëÿåòñÿ êâàçèõàðàêòåðîì íà ðàññìàòðèâàåìîé ñâîáîäíîé
ãðóïïå Fn.

Ëåììà 2. Ôóíêöèÿ ϕ ÿâëÿåòñÿ íåòðèâèàëüíûì ïñåâäîõàðàêòåðîì íà ãðóïïå Fn.

Ñîãëàñíî ðåçóëüòàòó À. È. Øòåðíà (ïðåäëîæåíèå 3á èç [11]) äëÿ ëþáîãî êâàçèõàðàêòåðà
f íà ïðîèçâîëüíîé ãðóïïå G ôóíêöèÿ, îïðåäåëåííàÿ ðàâåíñòâîì ϕ(g) = limc→∞ f(gc)/c, g ∈ G
ÿâëÿåòñÿ ïñåâäîõàðàêòåðîì. Ñëåäîâàòåëüíî, îïðåäåëåííàÿ íàìè ôóíêöèÿ ϕ ÿâëÿåòñÿ ïñåâäî-
õàðàêòåðîì.

Îñòàåòñÿ ïîêàçàòü, ÷òî ϕ ÿâëÿåòñÿ íåòðèâèàëüíûì ïñåâäîõàðàêòåðîì. Ïî óñëîâèþ òåîðå-
ìû ðàíã ñâîáîäíîé ãðóïïû n > 1, ïîýòîìó â ãðóïïå Fn åñòü õîòÿ áû äâå ðàçëè÷íûå ïîðîæ-
äàþùèå a0 è a1. Çíà÷åíèå ôóíêöèè trt(z) îãðàíè÷åíî ïî ìîäóëþ ÷èñëîì t − 1. Äëÿ ëþáîãî
ñëîãà ari çíà÷åíèå |f(ari )| = |trt(r)| < t òàêæå îãðàíè÷åíî ïðè ëþáîì ÷èñëå r. Ïîýòîìó ïðåäåë
ϕ(ai) = limc→∞f(aci )/r áóäåò ðàâåí 0 äëÿ ëþáîãî ïîðîæäàþùåãî ai. Â ÷àñòíîñòè, ϕ(a0) = 0 è
ϕ(a1) = 0.

Ðàññìîòðèì ýëåìåíò a1a0. Äëÿ ñòåïåíè (a1a0)c ðàçáèåíèå ïî ñëîãàì áóäåò èìåòü âèä
a1a0a1a0 . . . a1a0, ò.å. êàæäîå âõîæäåíè ïîðîæäàþùèõ áóäåò ïðåäñòàâëÿòü îòäåëüíûé ñëîã.
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Ðàññìàòðèâàåì ñëó÷àé, êîãäà R ≥ 3, ñîîòâåòñòâåííî t ≥ 2, è f(a1) = f(a0) = 1. Äëÿ ôóíêöèè
f(a1a0) ïîëó÷èì f [(a1a0)c)] = f(a1) + f(a0) + . . . + f(a1) + f(a0) = c · (1 + 1) = 2c. Ñëåäî-
âàòåëüíî, ϕ(a1a0) = limc→∞

2c
c = 2. Òàêèì îáðàçîì, ϕ(a1a0) 6= ϕ(a0) + ϕ(a1), à, çíà÷èò, ϕ �

íåòðèâèàëüíûé ïñåâäîõàðàêòåð.

Ëåììà 3. Ôóíêöèÿ f ÿâëÿåòñÿ èíâàðèàíòíîé îòíîñèòåëüíî îòîáðàæåíèÿ α.

Ôóíêöèÿ f íà êàæäîì ýëåìåíòå ñâîáîäíîé ãðóïïû v ∈ Fn ðàâíà ñóììå ñâîèõ çíà÷å-
íèé íà ñëîãàõ âèäà arii , ñîñòàâëÿþùèõ íåñîêðàòèìóþ çàïèñü v. Åñëè v = ar1i1 a

r2
i2
. . . a

rp
ip
, òî

f(v) =
∑p

k=1 f(arkik ) =
∑p

k=1 trt(rk).
Ïðè ýíäîìîðôèçìå α ñëîãè âèäà ari ïðè i = 0, 1, . . . , n−2 ïåðåõîäÿò â ñëîãè ari+1. Ïðè ýòîì

ñòåïåíü r íå ìåíÿåòñÿ. Ïîýòîìó, f(ari ) = f [α(ari )] = trt(r) äëÿ âñåõ çíà÷åíèé i êðîìå i = n− 1.
Ñëîãè asn−1 ïðè ðàññìàòðèâàåìîì îòîáðàæåíèè ïåðåéäóò â ýëåìåíòû

(WaRi W
−1)s = WaRsi W−1, α(asn−1) = WaRsi W−1.

Çàìåòèì, ÷òî â íåñîêðàòèìîé çàïèñè ýòèõ ýëåìåíòîâ íà ñòûêàõ ìåæäóW,aRsi èW−1 íå ìîæåò
áûòü äîïîëíèòåëüíûõ áóêâ ai ñ èíäåêñîì, ñîâïàäàþùèì ñ i. Ïîýòîìó öåíòðàëüíàÿ ñòåïåíü
aRsi áóäåò îòäåëüíûì ñëîãîì â çàïèñè ýëåìåíòàWaRsi W−1, ñëåâà è ñïðàâà áóäóò ñòîÿòü äðóãèå
áóêâû aj .

Ïîêàæåì, ÷òî f(asn−1) = f(α[asn−1)]. f(asn−1) = trt(s). Äëÿ îáðàçà ñëîãà asn−1 èìååì

f(WaRsi W−1) = f(W ) + f(aRsi ) + f(W−1).

Â íà÷àëå äîêàçàòåëüñòâà òåîðåìû ìû óáåäèëèñü, ÷òî f(W−1) = −f(W ), ñëåäîâàòåëüíî
f(WaRsi W−1) = f(aRsi ) = trt(Rs). Ìû âûáðàëè t òàêèì îáðàçîì, ÷òî R = t + 1, ïîýòîìó
trt(Rs) = Trt(ts + s) = trt(s). Èòàê, çíà÷åíèå ôóíêöèè f íà ñëîãàõ âèäà asn−1 íå èçìåíÿåòñÿ
ïðè îòîáðàæåíèè α.

Ïî óñëîâèþ òåîðåìû êðàéíèìè ñëîãàìè ýëåìåíòîâ WaRsi W−1 ÿâëÿþòñÿ ñòåïåíè ïîðîæäà-
þùåãî a±r0 ñ ìèíèìàëüíûì èíäåêñîì. Ïîðîæäàþùèå a0 â îáðàçå ïðîèçâîëüíîãî ýëåìåíòà α(v)
ìîãóò ïîÿâëÿòüñÿ òîëüêî â ñîñòàâå ýëåìåíòîâ WaRsi W−1. Ïîýòîìó íèêàêèõ ñîêðàùåíèé èëè
ñëèÿíèé ñëîãîâ íà ñòûêå ïîäñëîâ âèäà asn−1 −→ WaRsi W−1 è ari −→ ari+1, i = 0, 1, . . . , n − 2
ïðè ïðåîáðàçîâàíèè α ïðîèñõîäèòü íå ìîæåò. Äâà ñîñåäíèõ ñëîãà arii è a

rj
j , ãäå i 6= j è

i, j = 0, 1 . . . , n − 2 ïåðåõîäÿò â äâà ðàçíûõ ñëîãà ñ ðàçíûìè ïîðîæäþùèìè ai+1, aj+1, íà
èõ ñòûêå òàêæå íèêàêèå ñîêðàùåíèÿ èëè ñëèÿíèÿ ñëîãîâ íåâîçìîæíû.

Ïîýòîìó ñëîãè apj+1, j = 0, 1, . . . , n − 2, ïîëó÷àþùèõñÿ ïðÿìûì ïåðåõîäîì èç ñëîãîâ apj
çàïèñè v è ñëîãè, âõîäÿùèå â çàïèñè WaRsi W−1 áóäóò îòäåëüíûìè ñëîãàìè è â çàïèñè îáðàçà
α(v).

Òàêèì îáðàçîì, çíà÷åíèå ôóíêöèè f íà îáðàçå ïðîèçâîëüíîãî ýëåìåíòà α(v) áóäåò ðàâ-
íî ñóììå çíà÷åíèé ôóíêöèè f íà ñëîãàõ api+1, i = 0, 1, . . . , n − 2 è çíà÷åíèé f íà ýëåìåíòàõ
WaRsi W−1. Äëÿ çíà÷åíèé ôóíêöèè f íà ýëåìåíòå v è åãî îáðàçå ïîëó÷èì ðàâåíñòâà:

f [α(v)] =
∑

apj∈v,j=0,1,...,n−2 f(apj+1) +
∑

asn−1∈v
f(WaRsi W−1) =

=
∑

apj∈v,j=0,1,...,n−2

trt(p) +
∑

asn−1∈v
trt(s).

f(v) =
∑

apj∈v,j=0,1,...,n−2

f(apj ) +
∑

asn−1∈v
f(asn−1) =

∑
apj∈v,j=0,1,...,n−2

trt(p) +
∑

asn−1∈v
trt(s).
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Òàêèì îáðàçîì, f [α(v)] = f(v) äëÿ ëþáîãî ýëåìåíòà v ∈ Fn, è çíà÷åíèå ôóíêöèè f äåé-
ñòâèòåëüíî íå ìåíÿåòñÿ ïðè îòîáðàæåíèè α.

Ïñåâäîõàðàêòåð ϕ îïðåäåëÿåòñÿ, êàê ïðåäåë ôóíêöèè f, è ïîýòîìó òàêæå èíâàðèàíòåí
îòíîñèòåëüíî α.

Â ñîîòâåòñòâèè ñ ëåììàìè ôóíêöèÿ ϕ ÿâëÿåòñÿ íåòðèâèàëüíûì ïñåâäîõàðàêòåðîì íà ñâî-
áîäíîé ãðóïïå Fn, èíâàðèàíòíûì îòíîñèòåëüíî îòîáðàæåíèÿ α. Ñëåäîâàòåëüíî, â ñëó÷àå R ≥ 3
óòâåðæäåíèå òåîðåìû âûïîëíÿåòñÿ.

Ðàññìîòðèì òåïåðü ñëó÷àé R = 1. Òîãäà ïðè îòîáðàæåíèÿ α ýëåìåíòû aj , i = 0, 1, . . . , n− 2
ïåðåõîäÿò â aj+1, à an−1 � â WaiW

−1. Òîãäà äîñòàòî÷íî âûáðàòü t = 3 è trt(z) = tr3(z).
Äîêàçàòåëüñòâî áóäåò òàêèì æå, êàê è â ñëó÷àå R ≥ 3.

Îñòàåòñÿ ðàññìîòðåòü ñëó÷àé R = 2. Òîãäà ïîðîæäàþùèé an−1 ïåðåõîäèò â ýëåìåíò
Wa2

iW
−1. Ââåäåì ñëåäóþùóþ ôóíêöèþ íà ñëîãàõ api ýëåìåíòîâ ñâîáîäíîé ãðóïïû:

sign(api ) =

{
+1 åñëè p > 0

−1 åñëè p < 0

Ôóíêöèþ f(v) òàêæå îïðåäåëèì, êàê ñóììó çíà÷åíèé sign íà âñåõ ñëîãàõ â íåñîêðàòèìîé
çàïèñè ýëåìåíòà v. Åñëè v = ar1i1 a

r2
i2
. . . armim , òî f(v) = sign(r1) + sign(r2) + . . . + sign(rm).

Ôóíêöèÿ ϕ îïðåäåëÿåòñÿ òàêæå, êàê â ïðåäûäóùèõ ñëó÷àÿõ, ϕ(v) = limr→∞ f(vr)/r, v ∈ Fn.
Î÷åâèäíî, ÷òî f(v−1) = −f(v) äëÿ ëþáîãî ýëåìåíòà v ∈ Fn.
Äîêàæåì, ÷òî ôóíêöèÿ f ïðè íîâîì îïðåäåëåíèè áóäåò êâàçèõàðàêòåðîì íà Fn, ò.å. ÷òî

|f(v1v2)− f(v1)− f(v2)| ≤ ε äëÿ ëþáûõ v1, v2 ∈ Fn è íåêîòîðîãî ε > 0.
Ïóñòü v1 = ar1i1 a

r2
i2
. . . a

rp
ip
è v2 = aq1j1a

q2
j2
. . . aqmjm . Òîãäà v1v2 = ar1i1 a

r2
i2
. . . a

rp
ip
aq1j1a

q2
j2
. . . aqmjm .

Åñëè ip 6= j1, òî êðàéíèå ñëîãè a
rp
ip
è aq1j1 îñòàþòñÿ îòäåëüíûìè ñëîãàìè â ïðîèçâåäåíèè v1v2

è íèêàêèõ èçìåíåíèé íà ñòûêå ìíîæèòåëåé íå ïðîèñõîäèò. Òîãäà

f(v1v2) = (sign(r1) + . . .+ sign(rp)) + (sign(q1) + . . .+ sign(qm)) = f(v1) + f(v2).

Åñëè ip = j1, íî rp 6= −q1, è ïîëíîãî ñîêðàùåíèÿ êðàéíèõ ñëîãîâ íå ïðîèñõîäèò. Òîãäà
íèêàêèõ äàëüíåéøèõ ñîêðàùåíèé ñëîãîâ íå ïðîèñõîäèò, ñëîãîâîå ðàçáèåíèå v1v2 èìååò âèä
v1v2 = ar1i1 a

r2
i2
. . . a

rp+q1
ip

aq2j2 . . . a
qm
jm
. Òîãäà

f(v1v2) = sign(r1) + . . .+ sign(rp−1) + sign(rp + q1) + sign(q2) + . . .+ sign(qm) =

= f(v1) + f(v2) + sign(rp + q1)− sign(rp)− sign(q1).

Ðàçóìååòñÿ, |sign(rp + q1)− sign(rp)− sign(q1)| ≤ 1. Ïîýòîìó è f(v1v2)− f(v1)− f(v2)| ≤ 1.
Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà êðàéíèå ñëîãè ïîëíîñòüþ ñîêðàùàþòñÿ. Ïóñòü

v1 = ar1i1 a
r2
i2
. . . arlil a

rl+1

il+1
. . . a

rp
ip

è
v2 = a

−rp
ip

. . . a
−rl+1

ip−l
a
qp−l+1

jp−l+1
. . . aqmjm .

Òî åñòü â ïðîèçâåäåíèè v1v2 ïðîèñõîäèò ïîëíîå ñîêðàùåíèå p−l ñëîãîâ, à ïîëíîãî ñîêðàùåíèÿ
ñëåäóþùèõ ñëîãîâ a

ril
il

è a
−rp−l+1

ip−l+1
íå ïðîèñõîäèò.

Ïðè ýòîì îïÿòü æå âîçìîæíû äâà âàðèàíòà: ïåðâûé � il 6= jp−l+1. Òîãäà

f(v1v2) = f(ar1i1 a
r2
i2
. . . arlil a

qp−l+1

jp−l+1
. . . aqmjm ) = f(ar1i1 a

r2
i2
. . . a

ril
il

) + f(a
qp−l+1

jp−l+1
. . . aqmjm ) = f(v1) + f(v2).

Äðóãîé âàðèàíò � il = jp−l+1, íî ïîëíîãî ñîêðàùåíèÿ ïî ïðåäïîëîæåíèþ íå ïðîèñõîäèò.
Òîãäà

f(v1v2) = f(ar1i1 a
r2
i2
. . . a

rl+qp−l+1

il
. . . aqmjm ) = f(ar1i1 a

r2
i2
. . . a

rl−1

il−1
) + f(a

rl+qp−l+1

il
) + f(a

qp−l+2

jp−l+2
. . . aqmjm ).
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Òàê êàê

f(v1) + f(v2) = f(ar1i1 a
r2
i2
. . . a

ril
il

) + f(a
qp−l+1

jp−l+1
. . . aqmjm ) =

= sign(r1) + . . .+ sign(rl−1) + sign(rl) + sign(qp−l) + sign(qp−l+1) + . . .+ sign(qm),

òî
f(v1v2)− f(v1)− f(v2) = sign(rl + qp−l+1)− sign(rl)− sign(qp−l+1),

è
|f(v1v2)− f(v1)− f(v2)| = |sign(rl + qp−l+1)− sign(rl)− sign(qp−l+1)| ≤ 1.

Òàêèì îáðàçîì, âî âñåõ ñëó÷àÿõ |f(v1v2)− f(v1)− f(v2)| ≤ 1, çíà÷èò ôóíêöèÿ f ÿâëÿåòñÿ
êâàçèõàðàêòåðîì.

Ïîêàæåì, ÷òî ôóíêöèÿ ϕ(g) = limc→∞ f(gc)/c, g ∈ G òàêæå îñòàåòñÿ íåòðèâèàëüíûì
ïñåâäîõàðàêòåðîì íà ñâîáîäíîé ãðóïïå Fn. Òî, ÷òî ϕ ÿâëÿåòñÿ ïñåâäîõàðàêòåðîì ñëåäóåò èç
ëåììû Øòåðíà.

Äëÿ òîãî, ÷òîáû ïîêàçàòü íåòðèâèàëüíîñòü, òàê æå êàê ïðè äîêàçàòåëüñòâå ëåììû 2, ðàñ-
ñìîòðèì ýëåìåíòû a1, a0 è a1a0.

f(ac1) = sign(c) = 1, f(ac0) = sign(c) = 1, f((a1a0)c)) = 2c,

ãäå c � ïîëîæèòåëüíîå ÷èñëî. Ïîýòîìó, ϕ(a1) = ϕ(a0) = limc→∞ 1/c = 0, à ϕ(a1a0) = 2. Çíà÷èò,
ϕ � íåòðèâèàëüíûé ïñåâäîõàðàêòåð.

Òåïåðü íóæíî ïîêàçàòü ÷òî ôóíêöèè f, è, ñîîòâåòñòâåííî ϕ áóäóò èíâàðèàíòíû îòíîñè-
òåëüíî îòîáðàæåíèÿ α.

Ïðåäñòàâëåíèå îáðàçà α(v) ëþáîãî ýëåìåíòà v ∈ Fn áóäåò ñîñòîÿòü èç îáðàçîâ ñëîãîâ
apj , j = 0, 1, . . . , n − 2, êîòîðûå ïåðåéäóò â ñëîãè apj+1 è ñëîãîâ, âõîäÿùèõ â çàïèñü ýëåìåí-

òîâ WaRsi W−1, îáðàçóþùèõñÿ èç ñëîãîâ asn−1 çàïèñè v.
Òàêæå, êàê ïðè äîêàçàòåëüñòâå ëåììû 3, íóæíî çàìåòèòü, ÷òî íèêàêèõ ñîêðàùåíèé èëè

ñëèÿíèé ìåæäó ïåðâûìè è âòîðûìè ñëîãàìè ïðîèñõîäèò íå ìîæåò. Ýòî íåâîçìîæíî â ñèëó
òîãî, ÷òî çàïèñü WaRsi W−1 íà÷èíàåòñÿ è çàêàí÷èâàåòñÿ ïîðîæäàþùåé a±1

0 .
Äëÿ ñëîãîâ api ýëåìåíòà v, ïåðåõîäÿùèõ â api+1 ñëàãàåìîå, âõîäÿùåå â ôóíêöèþ f áóäåò

ðàâíî sign(p) è íå èçìåíèòñÿ ïðè ïåðåõîäå. Äëÿ ñëîãîâ asn−1 èñõîäíîãî ñëîâà, ïåðåõîäÿùèõ â
WaRsi W−1 ïîëó÷èì: f(asn−1) = sign(s),
f(WaRsi W−1) = f(W ) + sign(Rs) + f(W−1) = sign(Rs). Â ñèëó òîãî, ÷òî r � ïîëîæèòåëüíîå
÷èñëî sign(Rs) = sign(s).

Ïîýòîìó f(v) = f(α(v)). Òàêèì îáðàçîì, ôóíêöèÿ f èíâàðèàíòíà îòíîñèòåëüíî α, ôóíê-
öèÿ ϕ, êàê ïðåäåë f, òàæêå áóäåò èíâàðèàíòíîé. Äëÿ ñëó÷àÿ R = 2 ìû òàêæå ïîñòðîèëè
íåòðèâèàëüíûé ïñåâäîõàðàêòåð, èíâàðèàíòíûé îòíîñèòåëüíî ýíäîìîðôèçìà α.

Òàêèì îáðàçîì, ïðè âñåõ çíà÷åíèÿõ R > 0 íà ñâîáîäíîé ãðóïïå Fn ñóùåñòâóåò íåòðèâèàëü-
íûé ïñåâäîõàðàêòåð, èíâàðèàíòíûé îòíîñèòåëüíî ðàññìàòðèâàåìîãî îòîáðàæåíèÿ α. Òåîðåìà
äîêàçàíà.

4. Òåîðåìà 2

Ïîñòðîèòü íà ñâîáîäíîé ãðóïïå ïñåâäîõàðàêòåð ìîæíî è òîãäà, êîãäà ýëåìåíò an−1 ïåðå-
õîäèò â WaRi W

−1, ãäå R � îòðèöàòåëüíîå ÷èñëî.

Òåîðåìà 2. Ïóñòü Fn =< a0, . . . , an−1 > � ñâîáîäíàÿ ãðóïïà ðàíãà n > 1 è îòîáðàæåíèå
α îïðåäåëåíî ïðåîáðàçîâàíèÿìè ïîðîæäàþùèõ: a0 → a1, . . . , an−2 → an−1, an−1 → WaRi W

−1,
ãäå W � íååäèíè÷íûé ýëåìåíò Fn, R � îòðèöàòåëüíîå ÷èñëî, íå ðàâíîå −1,−2z + 1, z ∈ N .
Åñëè íåñîêðàòèìàÿ çàïèñü W íà÷èíàåòñÿ ïîðîæäàþùèì a±1

0 , òî íà ñâîáîäíîé ãðóïïå Fn
ñóùåñòâóåò íåòðèâèàëüíûé ïñåâäîõàðàêòåð, èíâàðèàíòíûé îòíîñèòåëüíî îòîáðàæåíèÿ α.
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Äîêàçàòåëüñòâî. Èòàê, ñòåïåíü öåíòðàëüíîãî ñëîãà R � îòðèöàòåëüíîå ÷èñëî. Ðàçëî-
æèì ÷èñëî −(R−1) íà ïðîñòûå ìíîæèòåëè. Ïîñêîëüêó R−1 6= −2z,−1, òî â ýòîì ðàçëîæåíèè
íàéäåòñÿ ïðîñòîå ÷èñëî, íå ðàâíîå 2. Ïóñòü p � íàèìåíüøåå èç òàêèõ ïðîñòûõ ÷èñåë. Òåïåðü
îïðåäåëèì íà ìíîæåñòâå öåëûõ ÷èñåë ôóíêöèþ t = tp(z), z ∈ Z :

t(z) = tp(z)



t−1
2 ïðè z ≡ p−1

2 (modp)
...

1 ïðè z ≡ 1 (modp)

0 ïðè z ≡ 0 (modp)

−1 ïðè z ≡ −1 (modp)
...
−t+1

2 ïðè z ≡ −p+1
2 (modp)

Òàêèì îáðàçîì, çíà÷åíèå ôóíêöèè t(z) áóäåò ìåíÿòüñÿ îò −t+1
2 äî t−1

2 .
Òåïåðü îïðåäåëèì ôóíêöèè f è ϕ íà ñâîáîäíîé ãðóïïå ñ ïîìîùüþ ôóíêöèè t(z). Ïóñòü

v = ac1i1 a
c2
i2
. . . a

cq
iq
, ñîñåäíèå ñëîãè a

cj
ij
è a

cj+1

ij+1
ïðèíàäëåæàò ðàçíûì öèêëè÷åñêèì ïîäãðóïïàì

< ai > . Òîãäà f(v) = t(c1) + t(c2) + . . .+ t(cq) =
∑q

k=1 t(ck), ϕ(v) = limr→∞ f(vr)/r, v ∈ Fn.
Î÷åâèäíî, ÷òî áóäåò âûïîëíÿòüñÿ ðàâåíñòâî t(−ci) = −t(ci). Ñîîòâåòñòâåííî, äëÿ ëþáîãî

ýëåìåíòà ñâîáîäíîé ãðóïïû áóäåò âûïîëíÿòüñÿ f(v−1) = −f(v).
Àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 1 ïîêàçûâàåòñÿ, ÷òî f áóäåò êâàçèõàðàêòåðîì íà Fn.

Äåéñòâèòåëüíî äëÿ ëþáûõ äâóõ öåëûõ ÷èñåë áóäåò âûïîëíÿòüñÿ |t(ab)− t(a)− t(b)| ≤ p, ãäå p
� âûáðàííîå íàìè ïðîñòîå ÷èñëî. Ñîîòâåòñòâåííî, äëÿ ëþáûõ äâóõ ñëîãîâ

|f(asii a
sj
j )− f(asii )− f(a

sj
j |) = |t(si + sj)− t(si)− t(sj)| ≤ t.

Íà âçàèìíî îáðàòíûõ ñëîãàõ çíà÷åíèå ôóíêöèè f áóäóò ïðîòèâîïîëîæíûìè, ïîýòîìó ïðè
ïðîèçâåäåíèè äâóõ ýëåìåíòîâ ñâîáîäíîé ãðóïïû v1, v2 ∈ Fn áóäåò òàêæå âûïîëíÿòüñÿ íåðà-
âåíñòâî |f(v1v2)− f(v1)− f(v2)| ≤ t.

Äëÿ òîãî, ÷òîáû ïîêàçàòü íåòðèâèàëüíîñòü ϕ ðàññìîòðèì ýëåìåíòû a1, a0 è èõ ïðîèçâåäå-
íèå a1a0. Çíà÷åíèÿ f(ac1) è f(ac0) áóäóò êîëåáàòüñÿ îò −t+1

2 äî t−1
2 . Ñîîòâåòñòâåííî, çíà÷åíèÿ

ïðåäåëîâ ïðè äåëåíèè íà r áóäóò ðàâíû 0: ϕ(a1) = limr→∞ f(ar1)/r = 0, ϕ(a0) = 0. Ïðè ýòîì,
t(1) = 1, f [(a1a0)c] = (1 + 1) · c = 2c, ϕ(a1a0) = limr→∞ 2r/r = 2. Ñëåäîâàòåëüíî, ϕ � íåòðèâè-
àëüíûé ïñåâäîõàðàêòåð.

Îñòàåòñÿ ïîêàçàòü, ÷òî ôóíêöèÿ f (è, ñîîòâåòñòâåííî, ϕ) áóäåò èíâàðèàíòíîé îòíîñèòåëüíî
îòîáðàæåíèÿ α.

Ôóíêöèÿ f òàêæå êàê ïðè äîêàçàòåëüñòâå òåîðåìû 1 íà ïðîèçâîëüíîì ýëåìåíòå ñâîáîä-
íîé ãðóïïû v ∈ Fn ðàâíà ñóììå ñâîèõ çíà÷åíèé íà ñëîãàõ arii , ñîñòàâëÿþùèõ íåñîêðàòè-
ìóþ çàèñü v. Ïðè ýíäîìîðôèçìå α îáðàç ïðîèçâîëüíîãî ýëåìåíòà α(v) ñîñòîèò èç ñëîãîâ
ari , i = 1, 2, . . . , n − 1, ïîëó÷àþùèõñÿ ïðÿìûì ïåðåõîäîì èç ñëîãîâ ari−1 ñëîâà v è ñëîãîâ, âõî-
äÿùèõ â ñîñòàâ WaRsi W−1, ïîëó÷àþùèõñÿ ïåðåõîäîì èç asn−1. Íèêàêèõ ïåðåñå÷åíèé è ñîêðà-
ùåíèé ìåæäó ñëîãàìè, ïîëó÷àþùèìèñÿ ýòèìè äâóìÿ ðàçíûìè âàðèàíòàìè ïðîèñõîäèòü íå
ìîæåò, ò.ê. çàïèñü WaRsi W−1 íà÷èíàåòñÿ ñ a±1

0 .
Ðàññìîòðèì ïåðåõîäû ñëîãîâ ari −→ ari+1, i = 0, 1, . . . , n − 2. Òîãäà f(ari ) = f(ari+1) = t(r).

Òàêèì îáðàçîì, íà òàêèõ ñëîãàõ èçìåíåíèé çíà÷åíèÿ ôóíêöèè íå ïðîèñõîäèò.
Ðàññìîòðèì ñëîãè asn−1, ëåæàùèå â çàïèñè v. Îíè ïåðåõîäÿò â ôðàãìåíòû WaRsi W−1.

f(asn−1) = t(s), f(WaRsi W−1) = f(W ) + f(W−1) + f(aRsi ) = f(aRsi ) = t(Rs). Ïî âûáîðó ÷èñëà p
÷èñëà R−1 è (R−1)s äåëÿòñÿ íà p, ïîýòîìó t(Rs) = t(s), ñëåäîâàòåëüíî f(asn−1) = WaRsi W−1.

Èòàê, âñå ñëîãè ýëåìåíòà v ïðè îòîáðàæåíèè α ïåðåõîäÿò â òàêèå ôðàãìåíòû α(v), äëÿ
êîòîðûõ çíà÷åíèÿ ôóíêöèè f íå èçìåíÿþòñÿ. Íèêàêèõ ñîêðàùåíèÿ èëè ñîåäèíåíèé ñëîãîâ ïðè
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ïåðåõîäå ïðîèñõîäèòü íå ìîæåò. Ïîýòîìó è ñóììà áóäåò îäèíàêîâîé. Çíà÷èò, f [α(v)] = f(v) äëÿ
ëþáîãî v ∈ Fn. Ôóíêöèÿ ϕ, êàê ïðåäåë ôóíêöèè f òîæå áóäåò èíâàðèàíòíîé îòíîñèòåëüíî α.
Òåîðåìà äîêàçàíà.

5. Ñëåäñòâèÿ èç òåîðåìû

Èç äîêàçàííîé òåîðåìû ïîëó÷àåì ðåçóëüòàòû äëÿ ñîîòâåòñòâóþùèõ HNN-ðàñøèðåíèé.

Òåîðåìà 3. Ïóñòü G =< t, a0, a1, . . . , an−1|ta0t
−1 = a1, . . . , tan−2t

−1 = an−1,
tan−1t

−1 = WaRi W
−1 >, ãäå W (a0, a1, . . . , an−1) � íåïóñòîå ñëîâî â ïîðîæäàþùèõ aj , íà÷èíà-

þùèåñÿ ñ a±1
0 è R � èëè ïðîèçâîëüíîå ïîëîæèòåëüíîå èëè îòðèöàòåëüíîå ÷èñëî, íå ðàâíîå

−2z + 1, z ∈ N . Òîãäà íà ãðóïïå G ñóùåñòâóåò íåòðèâèàëüíûé ïñåâäîõàðàêòåð.

Äîêàçàòåëüñòâî. Ãðóïïà G ÿâëÿåòñÿ HNN-ðàñøèðåíèåì ñ áàçîé, ðàâíîé ñâîáîäíîé ãðóï-
ïå Fn = < a0, a1, . . . , an−1 > è ïðîõîäíîé áóêâîé t. Îäíà èç èçîìîðôíûõ ïîäãðóïï ñîâïàäàåò
ñ áàçîé, à äðóãàÿ ïîðîæäàåòñÿ îáðàçàìè ýëåìåíòîâ ai ïðè ñîïðÿæåíèè ñ t. Ïðè ýòîì, ñîïðÿæå-
íèå ýëåìåíòîì t çàäàåò íà Fn îòîáðàæåíèå, ñîâïàäàþùåå ñ îòîáðàæåíèåì α, ðàññìàòðèâàåìûì
â òåîðåìå.

Òàêèì îáðàçîì ãðóïïó G ìîæíî ïðåäñòàâèòü â âèäå G = HNN(Fn, t|tFnt−1 = α(Fn)), ãäå
Fn =< a0, a1, . . . , an−1 >,n > 1 è îòîáðàæåíèå α îïðåäåëÿåòñÿ ïðåîáðàçîâàíèÿìè ïîðîæäàþ-
ùèõ: a0 → a1, . . . , an−2 → an−1, an−1 →WaRi W

−1.

Ïîêàæåì, ÷òî â HNN-ðàñøèðåíèè, ãäå áàçà ñîâïàäàåò ñ îäíîé èç èçîìîðôíûõ ïîäãðóïï,
äëÿ ñóùåñòâîâàíèÿ íåòðèâèàëüíîãî ïñåâäîõàðàêòåðà äîñòàòî÷íî, ÷òîáû íà áàçå HNN-ðàñøèðå-
íèÿ ñóùåñòâîâàë íåòðèâèàëüíûé ïñåâäîõàðàêòåð, èíâàðèàíòíûé îòíîñèòåëüíî èçîìîðôèçìà
tHt−1 = B.

Ïóñòü G = HNN(H, t|tHt−1 = B), è íà áàçå H ñóùåñòâóåò íåòðèâèàëüíûé ïñåâäîõàðàêòåð
χ, èíâàðèàíòíûé îòíîñèòåëüíî ýíäîìîðôèçìà, îïðåäåëÿåìîãî ñîïðÿæåíèåì

t : χ(tht−1) = χ(h)äëÿ ëþáîãîh ∈ H.

Ëþáîé ýëåìåíò HNN-ðàñøèðåíèÿ g ∈ G ìîæåò áûòü ïðåäñòàâëåí â âèäå g = t−phtk,
ãäå p, k > 0, è h ïðèíàäëåæèò áàçîâîé ïîäãðóïïå H. Îïðåäåëèì ôóíêöèþ φ íà âñåì HNN-
ðàñøèðåíèè G ñëåäóþùèì îáðàçîì: äëÿ ýëåìåíòà g = t−phtk ïîëîæèì φ(g) = χ(h).

Äîêàæåì, ÷òî φ áóäåò êâàçèõàðàêòåðîì. Ïóñòü g1 = t−p1h1t
k1 è g2 = t−p2h2t

k2 � äâà
ïðîèçâîëüíûõ ýëåìåíòà ãðóïïû G. Òîãäà èõ ïðîèçâåäåíèå ðàâíî g1g2 = t−p1h1t

k1−p2h2t
k2 . Â

çàâèñèìîñòè îò çíàêà k1−p2 íóæí ïåðåíåñòè âëåâî ýëåìåíò h2 èëè âïðàâî ýëåìåíò h1. Ïðè ýòîì
ïåðåíîñèìûé ýëåìåíò ïåðåéäåò â t|p2−k1|hit−|k1−p2| � îáðàç ïðè |p2−k1| � êðàòíîì ïðèìåíåíèè
ê hi ýíäîìîðôèçìà α � ñîïðÿæåíèè ñ ïîìîùüþ t|p2−k1|. Ôóíêöèÿ χ ÿâëÿåòñÿ èíâàðèàíòíîé
îòíîñèòåëüíî ñîïðÿæåíèÿ t. Ïîýòîìó χ(t|p2−k1|hit

−|k1−p2|) = χ(hi).

Ïóñòü, äëÿ îïðåäåëåííîñòè k1 < p2. Òîãäà g1g2 = t−p1−p2+k1h∗1h2t
k2 , ãäå h∗1 � ðå-

çóëüòàò p2 − k1 � êðàòíîãî ïðèìåíåíèÿ ê h1 ýíäîìîðôèçìà. χ � êâàçèõàðàêòåð, ïîýòîìó
|χ(h∗1h2)− χ(h∗1)− χ(h2)| ≤ ε äëÿ íåêîòîðîãî ïîëîæèòåëüíîãî ÷èñëà ε. Îòñþäà ïîëó÷àåì

|φ(g1g2)− φ(g1)− φ(g2)| = |χ(h∗1h2)− χ(h1)− χ(h2)| = |χ(h∗1h2)− χ(h∗1)− χ(h2)| ≤ ε.

Çíà÷èò ôóíêöèÿ φ áóäåò êâàçèõàðàêòåðîì íà âñåì HNN-ðàñøèðåíèè G. Ôóíêöèÿ

ϕ(g) = limn→∞φ(gn)/n, g ∈ G

ñîãëàñíî óæå óïîìÿíàâøåìóñÿ ðåçóëüòàòó À. È. Øòåðíà áóäåò ïñåâäîõàðàêòåðîì íà G. Íà áàçå
HNN-ðàñøèðåíèÿ H ôóíêöèÿ φ áóäåò ñîâïàäàòü ñ χ. Ïîñêîëüêó χ ÿâëÿåòñÿ íåòðèâèàëüíûì
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ïñåâäîõàðàêòåðîì íà H, ïñåâäîõàðàêòåð φ òàêæå áóäåò íåòðèâèàëüíûì íà H è, ðàçóìååòñÿ,
íà áîëüøåé ãðóïïå G.

Ñîãëàñíî òåîðåìå 1 íà áàçîâîé ãðóïïå ðàññìàòðèâàåìîãî HNN-ðàñøèðåíèÿ � ñâîáîäíîé
ãðóïïå Fn =< a0, a1, . . . , an−1 > ñóùåñòâóåò íåòðèâèàëüíûé ïñåâäîõàðàêòåð, èíâàðèàíòíûé
îòíîñèòåëüíî ñîïðÿæåíèÿ ïðîõîäíîé áóêâîé t. Êàê áûëî ïîêàçàíî, ýòîãî äîñòàòî÷íî, ÷òîáû
íà âñåì HNN-ðàñøèðåíèè òàêæå ñóùåñòâîâàë íåòðèâèàëüíûé ïñåâäîõàðàêòåð.

Ñëåäñòâèå 1. Ïóñòü

G =< t, a0, a1, . . . , an−1|ta0t
−1 = a1, . . . , tan−2t

−1 = an−1, tan−1t
−1 = WaRi W

−1 >,

R � èëè ïðîèçâîëüíîå ïîëîæèòåëüíîå èëè îòðèöàòåëüíîå ÷èñëî, íå ðàâíîå −2z +1, z ∈ N è
ñëîâî W (a0, a1, . . . , an−1) � íåïóñòîå ñëîâî â ïîðîæäàþùèõ aj , êîòîðîå íà÷èíàåòñÿ ñ ïîðîæ-
äàþùåé a±1

0 . Òîãäà øèðèíà ëþáîé ñîáñòâåííîé êîììóòàíòíîé âåðáàëüíîé ïîäãðóïïû V (G),
îïðåäåëåííîé êîíå÷íûì ìíîæåñòâîì ñëîâ V, áåñêîíå÷íà.

Ñëåäñòâèå 2. Ïóñòü

G =< t, a0, a1, . . . , an−1|ta0t
−1 = a1, . . . , tan−2t

−1 = an−1, tan−1t
−1 = WaRi W

−1 >,

R � èëè ïðîèçâîëüíîå ïîëîæèòåëüíîå èëè îòðèöàòåëüíîå ÷èñëî, íå ðàâíîå −2z+1, z ∈ N
è ñëîâî W (a0, a1, . . . , an−1) íà÷èíàåòñÿ ñ ïîðîæäàþùåé a±1

0 . Òîãäà äëÿ G âòîðàÿ ãðóïïà îãðà-

íè÷åííûõ êîãîìîëîãèé áóäåò íåòðèâèàëüíîé: H
(2)
b (G) 6= 0.

Äëÿ íàãëÿäíîñòè ïðèâåäåì íåñêîëüêî ïðèìåðîâ HNN-ðàñøèðåíèé, êîòîðûå ïîäõîäÿò ïîä
óñëîâèÿ òåîðåìû è ñëåäñòâèé:

G =< t, a, b, |tat−1 = b, tbt−1 = a3b2a−3 >,

G1 =< t, a0, a1, a2|ta0t
−1 = a1, ta1t

−1 = a2, ta2t
−1 = a−1

0 a2
2a1a

−2
2 a0 >,

G2 =< t, a0, a1, a2, a3|ta0t
−1 = a1, . . . , ta3t

−1 = a0a
−4
1 a3

0a
4
1a
−1
0 > .

6. Çàêëþ÷åíèå

Âîïðîñ îá óñëîâèÿõ ñóùåñòâîâàíèÿ íåòðèâèàëüíûõ ïñåâäîõàðàêòåðîâ íà HNN-ðàñøèðå-
íèÿõ â ñèòóàöèè, êîãäà áàçîâàÿ ïîäãðóïïà ñîâïàäàåò ñ îäíîé èç ñâÿçàííûõ ãðóïï íå èìååò
ïîëíîãî ðåøåíèÿ. Â äàííîé ðàáîòå óñòàíàâëèâàåòñÿ ñóùåñòâîâàíèå òàêèõ ôóíêöèé äëÿ îäíî-
ãî èç òèïîâ òàêèõ HNN-ðàñøèðåíèé ñ îïðåäåëåííûìè êîïðåäñòàâëåíèÿìè.

Â ñâÿçè ñ ýòèì òàêæå äîêàçàíî ñóùåñòâîâàíèå íåòðèâèàëüíîãî ïñåâäîõàðàêòåðà íà ñâîáîä-
íîé ãðóïïå Fn, èíâàðèàíòíîãî îòíîñèòåëüíî íåêîòîðîãî âèäà ýíäîìîðôèçìà

a0 → a1, . . . , an−2 → an−1, an−1 →WaRi W
−1,

ãäå W � ýëåìåíò Fn.
Äëÿ ðàññìàòðèâàåìîãî òèïà HNN-ðàñøèðåíèé ñäåëàíû âûâîäû î áåñêîíå÷íîñòè øèðèíû

êîììóòàíòíûõ âåðáàëüíûõ ïîäãðóïï è íåòðèâèàëüíîñòè âòîðîé ãðóïïû îãðàíè÷åííûõ êîãî-
ìîëîãèé.

Ïðè äîêàçàòåëüñòâå óòâåðæäåíèé è ñëåäñòâèé ïðèìåíÿþòñÿ ìåòîäû ïîñòðîåíèÿ ôóíêöèé
íà ãðóïïàõ, ïðåäëîæåííûå Â. Ã. Áàðäàêîâûì, È. Â. Äîáðûíèíîé, Â. Í. Áåçâåðõíèì, ìåòîäû
ïîñòðîåíèÿ è èññëåäîâàíèÿ ïñåâäîõàðàêòåðîâ Ð.È. Ãðèãîð÷óêà, À. È. Øòåðíà, Â. À. Ôàéçèåâà.
Èñïîëüçóþòñÿ ðåçóëüòàòû Ð. È. Ãðèãîð÷óêà î âòîðûõ ãðóïïàõ êîãîìîëîãèé, Ä. È. Ìîëäîâàí-
ñêîãî î ãðóïïàõ ñ îäíèì îïðåäåëÿþùèì ñîîòíîøåíèåì è HNN-ðàñøèðåíèÿõ.
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