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AnHOTanus

Mmuorodsensr HeObIMEBA HAXOAAT MUPOKOE TPUMEHEHNE B TEOPUTUIECKUX W MTPAKTUIECKUX
nccyeoBaHusAX. B mociegnee BpeMst oHM TpHOOpeTa0T 0cob0e 3HAYMEHWe, HAlpUMep, B KBaH-
roBoii xumuu. B pabore [1] ykazanbl ux BaxKHbIe cBoOiicTBa, "obecneunBaroime 6osiee GHICTPYIO
CXOIMMOCTD PA3JIOKeHU! (PYHKIHH B Pl MO MHOrodwIeHaM UeObInéBa, MO CPABHEHHUIO C WX
PA3JIOKEHUEM B CTEHEHHOM Psi/i UM B PsiJL IO APYIUM CHENMATbHBIM MHOMOYJIEHAM WA (DyHK-

msim " ([1], c. 6).

B nannoi#t pabore moydYeH pe3ysbTaT, CBI3aHHBIN ¢ Teopueil mpubiuxkenuii. B HekoTopoM
CMBICJIEe aHAJIOTH 3TOIO Pe3yJIbTaTa MONydYeHbl B IPYruX paborax, Hampumep B [2] — [4], coor-

BETCTBEHHO [IJIsl CTEIIEHHBIX PSJIOB, PAIO0B 0 MHOrOWwieHaM dpmuta u Dabepa.

B cBsi3u ¢ npeicTaBiI€HHBIM BbIIIE ONMPEIEeEHUeM 3HAYMMOCTH PSOB 10 MHOrOYwIeHaMm de-
OBINIEBA, PE3YJIHTAT JAHHONW PAOOTHI MPUOOpPETAET OCOOOE 3HAUEHWE B OTINYNE OT YKABAHHBIX
aHAJIOTOB. A UMEHHO, €CTECTBEHHO MPEIIOJIOKHUTE, UYTO PElIeHNe MPAKTUYECKUX 33a4 C TPH-
MEHEHUEM DPACCMATPUBAEMBIX B JAHHON pabOTe CHEIUAJbHBIX CYMM, CBS3AHHBIX C PSIIAMU IO
MHOTOUIeHaM UebbIméBa, obecmeunT 6osee ObICTPYIO CXOIUMOCTD, U€M, HAIIPUMeE]p, C IIPUMeHe-
HUEM [0JO00HBIX CYMM, CBA3AHHBIX CO CTEHEHHBIM PsJIOM [2], PsAZOM [0 MHOrOYIEHAM JPMUTA
[3]. Kpome Toro, 31ech BiiepBble paccMarpusaercs 0000LEeHre YHUBEPCAIbHOIO P [l MHO-

TOYJIEHOB C TIJIOTHOCTHIO €IWHUTIIA.

IMonsTHe yHWBEpPCATBHOTO (DYHKIMOHAJIBLHOTO PANA CBSA3aHO C TIOHATHEM TPHUOIMKEHUS
dbyHKuuit YacTUYHBIMU CyMMaMM COOTBETCTBYIOIIEro pszaa. B paborax [2] — [19] uccienoBa-
HO CBOHMCTBO yHUBEDPCAJIbHOCTH HEKOTOPbIX (DYHKIMOHAJIBHBIX panoB. B paborax [2] — [4], [1§]

paccMOTPEeHO OOOOIEHNE STOTO CBOMCTBA.

B manmoii pabore mogydeHo ob600IIEHNe CBONCTBA YHUBEPCAIBHOCTH PSIIA TIO MHOTOYIEHAM

YebOblméBa.

Kanrouesnie caosa: MaOrOWIeHb! UeOBINEBa, YHUBEPCATBHDBIN Psi/l, PABHOMEPHASA CXOIUMOCTb.

Bubauoepagus: 21 nazBamue.

THE GENERALIZATION OF THE UNIVERSAL SERIES

IN CHEBYSHEV POLYNOMIALS
L. K. Dodunova, D. D. Okhatrina (Nizhny Novgorod)

Abstract

Chebyshev polynomials are widely used in theoretical and practical studies. Recently, they
have become more significant, particularly in quantum chemistry. In research [1] their important
properties are described to "provide faster convergence of expansions of functions in series of
Chebyshev polynomials, compared with their expansion into a power series or in a series of

other special polynomials or functions"([1], p. 6).

In this paper, a result associated with an approximation theory is presented. To some extent,
the analogues of this result were obtained from other studies, such as in [2] — [4], respectively

for the power series, as well as the series in Hermite and Faber polynomials.
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With regard to the definition of the significance of the series in Chebyshev polynomials listed
above, the result of this research is of particular significance in contrast to these analogues. More
precisely, we can assume that the practical solution to the particular problems, can be solved
much faster with the use of Chebyshev polynomials rather than the usage of such amounts
related to power series [2] and the series in Hermite polynomials [3]. In addition, it is considered
the first synthesis of the universal series for polynomials with a density of one.

The concept of a universal series of functions is associated with the notion of approximation

of functions by partial sums of the corresponding rows. In [2] — [19] the universal property
of certain functional series are reviewed. In [2] — [4], [18] a generalization of this property is
considered.

This paper generalizes the universality series properties in Chebyshev polynomials.
Keywords: Chebyshev polynomials, universal series, uniform convergence.

Bibliography: 21 titles.

1. BBenenue

BriepBbie yHEBEpCaIbHBIE PsiIbl paccMOoTpes1 Berrepckuit marematuk M. @ekere ([20], ¢. 176) B
1915 romy, OH TOCTPOWJI YHUBEPCAJBHBIN CTENEHHON psax B AeficrBurenbruoil obmacru. Pynmamen-
TaJbHBIE PE3YJIBTATEL 00 YHUBEPCATBHBIX TPUTOHOMETpUUIecKuX psigax moay<ua . E. Menbmios [5]
B 1945 roxgy. CyiiecTBoBaHrE YHUBEPCAJBHOIO CTEIEHHOIO Psijla HYJIEBOTO PAJRYCa CXOIUMOCTH JI0-
kazasn A. W. Cenesnés [7] 8 1951 rozy, exuunanoro paanyca cxogumocrn — C. K. Qyii u M. H. TTapus
[9] B 1971 romy. B mampHeiineM pasHBIME aBTOPAME W3YYATUCH YHUBEPCATHHBIE PSJIbI 110 CIIEIIN-
asbHBIM (DYHKIMsIM, Hapumep, B pabore [6] paccmorpen yausepcasnbubiii psaj dupnxae, B [12] —
yHUBepcaabHblil psan Pypbe, B [3| — yHUBEpCabHBIH psiJT IO MHOTOWIeHAM DpmuTa, B [4], [11], [17],
[19] — yuuBepcasnbubIil psaj o muorouienam Padepa.

Hewmerknit maremaruk B. JIto [2] B 1976 roxy o6061mma cBO#CTBO YHUBEPCATBLHOCTH CTEIIEHHOTO
psna Ha cayvaii MATPUUHBIX MpeodpazoBanuii. B HacTosimeit padore moydeH B HEKOTOPOM CMBbICTIE
aHaJIOr YTOr0 pe3yJibTraTa Jijis MHOorodieHoB debwimésa. B orimume or pesynbrata B. Jlio 3xmech
MHOrouJieHbl Yebblésa bepyrcs ¢ IPOIYCKAMU €JIMHUYHON 11JI0THOCTH.

2. YHuBepcaJbHBI pAa 10 MHOTOYJIeHaAM eObhInéeBa
UssectHO, 9T0 MHOTOWIeHB Hebbiména ([21], ¢. 482) ompenenstores o dopmyie
T, (z) = cos(narccosz), n=0,1,2,...

Ilycts F' — KOMIIAKTHOE MHOXKECTBO KOMILIEKCHOH mrockocTu C, cofieprKalieecs BHE OTPe3Ka
JIeHCcTBUTENBHOM ocu [— 1; 1], cO CBSI3HBIM JIOTIOJTHEHUEM.

Ob6ozuaunm gepes Cy (F') knace pyHKImiA, HeNPEpbIBHBIX HA F' 1 aHATMTUYIECKUX B OKPECTHOCTH
KaKJIo BHYTpPEHHEN TOYKM MHOXKecTBa F'.

Pan mo muorounenam Yeboimésa
o0

ZanTn(Z) (1)

n=0
HA3LIBACTCS YHUBEPCAJILHBIM, €CJIH I KasKI0N0 KOMIIAKTHOIO MHOMKECTBA, I KOMILJIEKCHOM ILIOC-
kocrn C; mamnoro Beimie, u jt000# dyukmun f(z) € Co(F) maiigerca nmoamnocaesoBaTe bHOCTh

ng
Snp(2) = > anTy(z) wacruunbix cymMm psiia (1), parHoMepHO cxoxsmasics Ha F k f(z).
n=0

Cy1iecTBoBaHNEe YHUBEPCATBLHOTO Psila ONPEIETEHHOTO BIIA TI0 MHOTOUYIeHaM HebrIména ciey-
er u3 pesyabrara pabors! [19]. A mMeHHO, TaM BBIBEJEHO CYIIECTBOBAHNE YHUBEPCAIBLHOTO PsiJia 10
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nogcucreme MuHOrowreHoB @abdepa equuuaHON mIoTHOCTH. Kak m3BECTHO, MHOTOUIEHBI UeORITIERA
ABJISIIOTCA 9aCTHBIM ciydaeM MHOrodaeHoB Pabepa. IlosTomy crnpapesanBo ciaeayioniee

YTBEPXKIAEHUE 1. ITyemo {A\}52 o, Ao = 0, — nodnocaedosamesvnocmo yeavis neompuya-

meavHuTr wucen nNAOMMHOCINU e@zmuua, F — xomnaxmmnoe MHOINCECTNGO, dannoe eviuie.
58]

Tozda cywecmeyem yrusepcarvtwudi pad no muozowsenam Jebvuésa euda Yy, a, Ty, (2).
n=0

O60b1meHre STOTO psifa MPeACTaBIsIeT CJIEIyIOmast

TEOPEMA 1. ITyemo { A, }02 ), Ao = 0, — n00nociedosamesvbnocms Yeavis HEOMPUYAMENLHOLT
YUCEA NAOTMHOCTU OUHUUA.

Iycmo A = {Bny} — nustcnas mpeyzosvran 6eCKONEUHAA MAMPUYG, IAEMEHMBL KOMOPOT YJo-
BAEMBOPANM, YCAOBUAM

n
lim ZBmx =1, nh—>nc}o By =0 V. (2>
v=0

n—oo

o0

Tozda cywecmeyem pad no mmozousernam Hebwwésa Y byTh (z), obaadarowuis caedyrousum
n=0

C8OUCNBOM: 0AA KaIHCO020 KOMNAKMH020 MHodcecmea F, dannozo eviwe, u 410001 Gynryuy

f(2) € Ca(F) natidémea noonocaedosamesvHocmo HAMYpasohor wuces {Am, }k=01,.., 308ucauan
om F u f, maxas, wmo

2de Q,\mi(z) = i b1, (2), pasromepno cxodumes x f(z) na F.
n=0

3. BcnomoraresibHOE yTBEP2KIE€HUE
Jltst 1oKa3aTeIbCTBa TEOPEMbI HEOOXOIMMMA CJIE 1Y IOIIast

JIEMMA 1. Hycmo svinoanens, cAeoytowue Ycaosus:

1) B = {ag,} — nusicnas mpeyeoivnas 6eckoneunas Mampuua, IAemMenmos Komopot ydos.ae-
meopatom ycaosuam (2);

2) {)‘k}k:O,l,...J Ao = 0, — nocaedosamesvbHOCMb UEAVT HEOMPUUGTEADHBEL YUCEA NAOTMHOCTU
edunuya,

3) dan ynusepcanrvrvili paod

ZakT)\k (Z) (4)
k=0

Tozda pynxuun f € Ca(F) moorcem 6oimb paGHOMEPHO ANNPOKCUMUPOSAHE HA YKAZGHHOM 6
meopeme muooicecmee F mmuozousenamu suda

m-+l
Z O‘)\ka)\ki S)\ki(z)7 (5)

ki
20e S)"% (Z) = Z akTAk<Z); >‘k7n+l — 0.
k=0
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JTOKABATENBLCTBO. COnIacHO ONPEAeIeHII0 YHUBEPCAILHOTO psifa Buja (4), /1t KaxI0ro yKa-
3aHHOTO BbIIe MHOKecTBa F' 1 yo6oit dbyaknuu f(z) € Ca(F) Oynem umers

[, (2) = £ (an, n, U 1)] < 2/ (an,, v,

(+1)) (6)

mpui=m, m+1, ... m+1l; m>N.
Ucmoneays (6), momyamm

m-+l m—+l

4. JloKka3aTeJbCTBO TEOPEMBI

JIoKa3aTeIbCTBO OCYIIECTBUM METOI0M paboTsl [4].
COBOKYITHOCTH MHOTOYWIEHOB BUJIa (5) PACHOIOXKHEM B LOCIEI0BATEILHOCTD

P()(Z), Pl(Z), ceuy Pk(z), e . (7)

B cuny gokasamnoit Beimie semmbl J06yio dbyaknuo f(z) € Cy(F) MOXKHO PaBHOMEDHO arl-
IPOKCHMUPOBATH MHOTOWIeHAMHE (7).
IIycts
Fy, Fi, ..., Fy, .. (8)

— BO3PACTAIOIIAs MOCTIES0BATENBHOCT KOMIAKTHBIX MHOYKECTB, KazK/I0€ U3 KOTOPBIX COMEPKUTCH
BHE OTpe3Ka jeficTeurenboit ocu [— 1; 1] u uMeer cBa3HOE MOTONHEHTE.

ITycrb {€k}k=0,1,.. — MOHOTOHHO YOBIBAIOIIAS [OCIELOBATE/ILHOCTD IIOJIOKHUTEILHBIX YUCEIL,
er — 0 mpu k — oo.

s nocrpoenust cymmbl Buja (3), paBHoMepHo cxonsimeiics k dynkunn f(z) € Co(F) nva F,
riae F' u3 muoxkectsa (8), 70CTATOUHO MOCTPOUTH CyMMbI BHIA

O () =Bx o By () F By g o By (2), (9)
riek=0,1,...,1=0,1,...;kuX o <A oyupuk < K vk =k ul <, ynosnersopsirommue
YCITOBHSM g ¥

Pz) =Sy ) (2)| <ex mpu z€ Fj. (10)
M

HeiicTBUTENBHO, TIPEAIOIOKAM, ITO TTOCTPOEHBI cyMMbI (9), yaosaerBopsitorue yeaosuio (10).
Coryracuo nemme, st 060ro € > 0, KOMIAKTHOTO MHO)KeCcTBa F m3 muoxkectra (8) m dynknnn
f(2) € Ca(F) B nocnenoBarensrocT (7) MOXKHO BEIOpaTh MHOTOWIEH F)(2) Takoii, IT0

|f(2) — Pi(2)] < g mpu  z € F.

ITocse aroro, Bo3bMéM k HACTONBKO GoabiiuM, urobbl F' C Fy u g < €/2, Torma npu Ji060oM
z € F nosyunm

HORENN®

<|f(z) = B(2)[ + Pz(Z)—SAmg)(Z) <e.

IMocTpoum cymmer (9), yaosaersopsromux yeaosuto (10), caemyrommm 06pasom.
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Bribepem u3 nociegoarenbaoctu (7) MHOrO4IeH S) © (z) = B 0> oEx o (z) Takoii, aTo
™o Mo~ ™o 0

Py(z) = Sx (o, (2)| <& mpm z € Fp.
7"0

B cumy ycTaHOBIEHHO BBINE JIEMMBI, ¢ YYETOM yCa0Bmii (2), B mocaemosareasaocru (7) waii-
JYyTCA MHOTOYJICHBI

B}\ (0))\ (0>K)\ (()) (Z)? 5)\ (1))\ (1)K)\ (1) (Z)7
myoo my myoo Ty my

Takwue, UTO 1pu z € F

PO(Z) — S ©) (Z) <eé€q, Pl(z) — S W (Z) <eé€1,
rje
Sx o (2) = Br or 0B o (2) + Pr or 0 (2),
1 1 0 0 1 1 1
S B = B 0,0 K0 )+ B2 030K 0 BV B0, 0B (2)
Tlpumensa npwHIUT MaTeMATHIECKOW WHAYKIUHU, /s aodoro k=0, 1, ... mocTpouM CyMMBbI

S)‘m<0> (2), S)‘m“” (2), S)‘m“) (2)y .\, S)‘mw) (2)y sy S)‘m(’“) (2),
0 1 1 k k
ynosaersopsiomme yeaosuio (10). Beibepem n3z nocregosarensnoctu (7) MHOTOW/IEHDI

Br ainr o BA o (2 s Ba in g B ) (2)
k+1 k+1 k+1 k+1 k+1 k+1

rakue, 4ro, nonoras B (9) k + 1 Bmecro k, nosyunm
Ijl(z) — Sx 0 (Z) < €k+1 (l =0, 1, .., k+ 1) npu 2z € Fk-‘rl-
Met1

Otcrosia B Cuily MaTeMaTHIecKoil HHIYKIMA CJIeLyeT cymnecTBoBanue cymMM (9), y1oBaeTBopsio-
mux (10), a ceoBaTebHO, U CYIIECTBOBaHNE CyMM (3). O

5. 3akJ/roueHue

1. IlpuBemeHbl UCTOPUUECKUE CBEJIEHUST UCCIEI0BAHNSA YHUBEPCAJBHBIX (DYHKIIMOHAIBHBIX DPsi-
JTOB.

2. TlocTpoenb! croeruaibHBIE CyMMbI, CBA3aHHBIE C MHOrOUIeHAMHU UeObIméBa, 00/1amaromnme
CBOHICTBOM YHHUBEPCAJIBHOCTH.
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