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Àííîòàöèÿ

Ìíîãî÷ëåíû ×åáûø¼âà íàõîäÿò øèðîêîå ïðèìåíåíèå â òåîðèòè÷åñêèõ è ïðàêòè÷åñêèõ
èññëåäîâàíèÿõ. Â ïîñëåäíåå âðåìÿ îíè ïðèîáðåòàþò îñîáîå çíà÷åíèå, íàïðèìåð, â êâàí-
òîâîé õèìèè. Â ðàáîòå [1] óêàçàíû èõ âàæíûå ñâîéñòâà, "îáåñïå÷èâàþùèå áîëåå áûñòðóþ
ñõîäèìîñòü ðàçëîæåíèé ôóíêöèé â ðÿä ïî ìíîãî÷ëåíàì ×åáûø¼âà, ïî ñðàâíåíèþ ñ èõ
ðàçëîæåíèåì â ñòåïåííîé ðÿä èëè â ðÿä ïî äðóãèì ñïåöèàëüíûì ìíîãî÷ëåíàì èëè ôóíê-
öèÿì"([1], c. 6).

Â äàííîé ðàáîòå ïîëó÷åí ðåçóëüòàò, ñâÿçàííûé ñ òåîðèåé ïðèáëèæåíèé. Â íåêîòîðîì
ñìûñëå àíàëîãè ýòîãî ðåçóëüòàòà ïîëó÷åíû â äðóãèõ ðàáîòàõ, íàïðèìåð â [2] � [4], ñîîò-
âåòñòâåííî äëÿ ñòåïåííûõ ðÿäîâ, ðÿäîâ ïî ìíîãî÷ëåíàì Ýðìèòà è Ôàáåðà.

Â ñâÿçè ñ ïðåäñòàâëåííûì âûøå îïðåäåëåíèåì çíà÷èìîñòè ðÿäîâ ïî ìíîãî÷ëåíàì ×å-
áûø¼âà ðåçóëüòàò äàííîé ðàáîòû ïðèîáðåòàåò îñîáîå çíà÷åíèå â îòëè÷èå îò óêàçàííûõ
àíàëîãîâ. À èìåííî, åñòåñòâåííî ïðåäïîëîæèòü, ÷òî ðåøåíèå ïðàêòè÷åñêèõ çàäà÷ ñ ïðè-
ìåíåíèåì ðàññìàòðèâàåìûõ â äàííîé ðàáîòå ñïåöèàëüíûõ ñóìì, ñâÿçàííûõ ñ ðÿäàìè ïî
ìíîãî÷ëåíàì ×åáûø¼âà, îáåñïå÷èò áîëåå áûñòðóþ ñõîäèìîñòü, ÷åì, íàïðèìåð, ñ ïðèìåíå-
íèåì ïîäîáíûõ ñóìì, ñâÿçàííûõ ñî ñòåïåííûì ðÿäîì [2], ðÿäîì ïî ìíîãî÷ëåíàì Ýðìèòà
[3]. Êðîìå òîãî, çäåñü âïåðâûå ðàññìàòðèâàåòñÿ îáîáùåíèå óíèâåðñàëüíîãî ðÿäà äëÿ ìíî-
ãî÷ëåíîâ ñ ïëîòíîñòüþ åäèíèöà.

Ïîíÿòèå óíèâåðñàëüíîãî ôóíêöèîíàëüíîãî ðÿäà ñâÿçàíî ñ ïîíÿòèåì ïðèáëèæåíèÿ
ôóíêöèé ÷àñòè÷íûìè ñóììàìè ñîîòâåòñòâóþùåãî ðÿäà. Â ðàáîòàõ [2] � [19] èññëåäîâà-
íî ñâîéñòâî óíèâåðñàëüíîñòè íåêîòîðûõ ôóíêöèîíàëüíûõ ðÿäîâ. Â ðàáîòàõ [2] � [4], [18]
ðàññìîòðåíî îáîáùåíèå ýòîãî ñâîéñòâà.

Â äàííîé ðàáîòå ïîëó÷åíî îáîáùåíèå ñâîéñòâà óíèâåðñàëüíîñòè ðÿäà ïî ìíîãî÷ëåíàì
×åáûø¼âà.

Êëþ÷åâûå ñëîâà: ìíîãî÷ëåíû ×åáûø¼âà, óíèâåðñàëüíûé ðÿä, ðàâíîìåðíàÿ ñõîäèìîñòü.
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THE GENERALIZATION OF THE UNIVERSAL SERIES
IN CHEBYSHEV POLYNOMIALS

L. K. Dodunova, D. D. Okhatrina (Nizhny Novgorod)

Abstract

Chebyshev polynomials are widely used in theoretical and practical studies. Recently, they
have become more signi�cant, particularly in quantum chemistry. In research [1] their important
properties are described to "provide faster convergence of expansions of functions in series of
Chebyshev polynomials, compared with their expansion into a power series or in a series of
other special polynomials or functions"([1], p. 6).

In this paper, a result associated with an approximation theory is presented. To some extent,
the analogues of this result were obtained from other studies, such as in [2] � [4], respectively
for the power series, as well as the series in Hermite and Faber polynomials.
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With regard to the de�nition of the signi�cance of the series in Chebyshev polynomials listed
above, the result of this research is of particular signi�cance in contrast to these analogues. More
precisely, we can assume that the practical solution to the particular problems, can be solved
much faster with the use of Chebyshev polynomials rather than the usage of such amounts
related to power series [2] and the series in Hermite polynomials [3]. In addition, it is considered
the �rst synthesis of the universal series for polynomials with a density of one.

The concept of a universal series of functions is associated with the notion of approximation
of functions by partial sums of the corresponding rows. In [2] � [19] the universal property
of certain functional series are reviewed. In [2] � [4], [18] a generalization of this property is
considered.

This paper generalizes the universality series properties in Chebyshev polynomials.

Keywords: Chebyshev polynomials, universal series, uniform convergence.

Bibliography: 21 titles.

1. Ââåäåíèå

Âïåðâûå óíèâåðñàëüíûå ðÿäû ðàññìîòðåë âåíãåðñêèé ìàòåìàòèê Ì. Ôåêåòå ([20], c. 176) â
1915 ãîäó, îí ïîñòðîèë óíèâåðñàëüíûé ñòåïåííîé ðÿä â äåéñòâèòåëüíîé îáëàñòè. Ôóíäàìåí-
òàëüíûå ðåçóëüòàòû îá óíèâåðñàëüíûõ òðèãîíîìåòðè÷åñêèõ ðÿäàõ ïîëó÷èë Ä.Å. Ìåíüøîâ [5]
â 1945 ãîäó. Ñóùåñòâîâàíèå óíèâåðñàëüíîãî ñòåïåííîãî ðÿäà íóëåâîãî ðàäèóñà ñõîäèìîñòè äî-
êàçàë À.È. Ñåëåçí¼â [7] â 1951 ãîäó, åäèíè÷íîãî ðàäèóñà ñõîäèìîñòè � Ñ.Ê. ×óé è Ì.Í. Ïàðíç
[9] â 1971 ãîäó. Â äàëüíåéøåì ðàçíûìè àâòîðàìè èçó÷àëèñü óíèâåðñàëüíûå ðÿäû ïî ñïåöè-
àëüíûì ôóíêöèÿì, íàïðèìåð, â ðàáîòå [6] ðàññìîòðåí óíèâåðñàëüíûé ðÿä Äèðèõëå, â [12] �
óíèâåðñàëüíûé ðÿä Ôóðüå, â [3] � óíèâåðñàëüíûé ðÿä ïî ìíîãî÷ëåíàì Ýðìèòà, â [4], [11], [17],
[19] � óíèâåðñàëüíûé ðÿä ïî ìíîãî÷ëåíàì Ôàáåðà.

Íåìåöêèé ìàòåìàòèê Â. Ëþ [2] â 1976 ãîäó îáîáùèë ñâîéñòâî óíèâåðñàëüíîñòè ñòåïåííîãî
ðÿäà íà ñëó÷àé ìàòðè÷íûõ ïðåîáðàçîâàíèé. Â íàñòîÿùåé ðàáîòå ïîëó÷åí â íåêîòîðîì ñìûñëå
àíàëîã ýòîãî ðåçóëüòàòà äëÿ ìíîãî÷ëåíîâ ×åáûø¼âà. Â îòëè÷èå îò ðåçóëüòàòà Â. Ëþ çäåñü
ìíîãî÷ëåíû ×åáûø¼âà áåðóòñÿ ñ ïðîïóñêàìè åäèíè÷íîé ïëîòíîñòè.

2. Óíèâåðñàëüíûé ðÿä ïî ìíîãî÷ëåíàì ×åáûø¼âà

Èçâåñòíî, ÷òî ìíîãî÷ëåíû ×åáûø¼âà ([21], ñ. 482) îïðåäåëÿþòñÿ ïî ôîðìóëå

Tn(z) = cos(n arccos z), n = 0, 1, 2, ....

Ïóñòü F � êîìïàêòíîå ìíîæåñòâî êîìïëåêñíîé ïëîñêîñòè C, ñîäåðæàùååñÿ âíå îòðåçêà
äåéñòâèòåëüíîé îñè [� 1; 1], ñî ñâÿçíûì äîïîëíåíèåì.

Îáîçíà÷èì ÷åðåç CA(F ) êëàññ ôóíêöèé, íåïðåðûâíûõ íà F è àíàëèòè÷åñêèõ â îêðåñòíîñòè
êàæäîé âíóòðåííåé òî÷êè ìíîæåñòâà F .

Ðÿä ïî ìíîãî÷ëåíàì ×åáûø¼âà
∞∑
n=0

anTn(z) (1)

íàçûâàåòñÿ óíèâåðñàëüíûì, åñëè äëÿ êàæäîãî êîìïàêòíîãî ìíîæåñòâà F êîìïëåêñíîé ïëîñ-
êîñòè C, äàííîãî âûøå, è ëþáîé ôóíêöèè f(z) ∈ CA(F ) íàéäåòñÿ ïîäïîñëåäîâàòåëüíîñòü

Snk
(z) =

nk∑
n=0

anTn(z) ÷àñòè÷íûõ ñóìì ðÿäà (1), ðàâíîìåðíî ñõîäÿùàÿñÿ íà F ê f(z).

Ñóùåñòâîâàíèå óíèâåðñàëüíîãî ðÿäà îïðåäåë¼ííîãî âèäà ïî ìíîãî÷ëåíàì ×åáûø¼âà ñëåäó-
åò èç ðåçóëüòàòà ðàáîòû [19]. À èìåííî, òàì âûâåäåíî ñóùåñòâîâàíèå óíèâåðñàëüíîãî ðÿäà ïî
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ïîäñèñòåìå ìíîãî÷ëåíîâ Ôàáåðà åäèíè÷íîé ïëîòíîñòè. Êàê èçâåñòíî, ìíîãî÷ëåíû ×åáûø¼âà
ÿâëÿþòñÿ ÷àñòíûì ñëó÷àåì ìíîãî÷ëåíîâ Ôàáåðà. Ïîýòîìó ñïðàâåäëèâî ñëåäóþùåå

Óòâåðæäåíèå 1. Ïóñòü {λn}∞n=0, λ0 = 0, � ïîäïîñëåäîâàòåëüíîñòü öåëûõ íåîòðèöà-
òåëüíûõ ÷èñåë ïëîòíîñòè åäèíèöà, F � êîìïàêòíîå ìíîæåñòâî, äàííîå âûøå.

Òîãäà ñóùåñòâóåò óíèâåðñàëüíûé ðÿä ïî ìíîãî÷ëåíàì ×åáûø¼âà âèäà
∞∑
n=0

anTλn(z).

Îáîáùåíèå ýòîãî ðÿäà ïðåäñòàâëÿåò ñëåäóþùàÿ

Òåîðåìà 1. Ïóñòü {λn}∞n=0, λ0 = 0, � ïîäïîñëåäîâàòåëüíîñòü öåëûõ íåîòðèöàòåëüíûõ
÷èñåë ïëîòíîñòè åäèíèöà.

Ïóñòü À = {βnν} � íèæíÿÿ òðåóãîëüíàÿ áåñêîíå÷íàÿ ìàòðèöà, ýëåìåíòû êîòîðîé óäî-
âëåòâîðÿþò óñëîâèÿì

lim
n→∞

n∑
ν=0

βnν = 1, lim
n→∞

βnν = 0 ∀ν. (2)

Òîãäà ñóùåñòâóåò ðÿä ïî ìíîãî÷ëåíàì ×åáûø¼âà
∞∑
n=0

bnTλn(z), îáëàäàþùèé ñëåäóþùèì

ñâîéñòâîì: äëÿ êàæäîãî êîìïàêòíîãî ìíîæåñòâà F, äàííîãî âûøå, è ëþáîé ôóíêöèè
f(z) ∈ CA(F ) íàéä¼òñÿ ïîäïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë {λmk

}k=0,1,..., çàâèñÿùàÿ
îò F è f , òàêàÿ, ÷òî

Sλmk
(z) =

k∑
i=0

βλmk
λmi

Qλmi
(z), k = 0, 1, ..., (3)

ãäå Qλmi
(z) =

mi∑
n=0

bnTλn(z), ðàâíîìåðíî ñõîäèòñÿ ê f(z) íà F .

3. Âñïîìîãàòåëüíîå óòâåðæäåíèå

Äëÿ äîêàçàòåëüñòâà òåîðåìû íåîáõîäèìà ñëåäóþùàÿ

Ëåììà 1. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1) B = {αkν} � íèæíÿÿ òðåóãîëüíàÿ áåñêîíå÷íàÿ ìàòðèöà, ýëåìåíòû êîòîðîé óäîâëå-
òâîðÿþò óñëîâèÿì (2);

2) {λk}k=0,1,..., λ0 = 0, � ïîñëåäîâàòåëüíîñòü öåëûõ íåîòðèöàòåëüíûõ ÷èñåë ïëîòíîñòè
åäèíèöà;

3) äàí óíèâåðñàëüíûé ðÿä
∞∑
k=0

akTλk(z). (4)

Òîãäà ôóíêöèÿ f ∈ CA(F ) ìîæåò áûòü ðàâíîìåðíî àïïðîêñèìèðîâàíà íà óêàçàííîì â
òåîðåìå ìíîæåñòâå F ìíîãî÷ëåíàìè âèäà

m+l∑
i=m

αλkm+l
λki
Sλki (z), (5)

ãäå Sλki (z) =
ki∑
k=0

akTλk(z), λkm+l
→∞.
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Äîêàçàòåëüñòâî. Cîãëàñíî îïðåäåëåíèþ óíèâåðñàëüíîãî ðÿäà âèäà (4), äëÿ êàæäîãî óêà-
çàííîãî âûøå ìíîæåñòâà F è ëþáîé ôóíêöèè f(z) ∈ CA(F ) áóäåì èìåòü∣∣∣Sλki (z)− f(z)/(αλkm+l

λki
(l + 1))

∣∣∣ < ε/(
∣∣∣αλkm+l

λki

∣∣∣ (l + 1)) (6)

ïðè i = m, m+ 1, ..., m+ l; m > N.
Èñïîëüçóÿ (6), ïîëó÷èì∣∣∣∣∣

m+l∑
i=m

αλkm+l
λki
Sλki (z)− f(z)

∣∣∣∣∣ ≤
m+l∑
i=m

∣∣∣αλkm+l
λki

∣∣∣ ∣∣∣Sλki (z)− f(z)/(αλkm+l
λki

(l + 1))
∣∣∣ < ε.

2

4. Äîêàçàòåëüñòâî òåîðåìû

Äîêàçàòåëüñòâî îñóùåñòâèì ìåòîäîì ðàáîòû [4].
Ñîâîêóïíîñòü ìíîãî÷ëåíîâ âèäà (5) ðàñïîëîæèì â ïîñëåäîâàòåëüíîñòü

P0(z), P1(z), ..., Pk(z), ... . (7)

Â ñèëó äîêàçàííîé âûøå ëåììû ëþáóþ ôóíêöèþ f(z) ∈ CA(F ) ìîæíî ðàâíîìåðíî àï-
ïðîêñèìèðîâàòü ìíîãî÷ëåíàìè (7).

Ïóñòü
F0, F1, ..., Fn, ... (8)

� âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü êîìïàêòíûõ ìíîæåñòâ, êàæäîå èç êîòîðûõ ñîäåðæèòñÿ
âíå îòðåçêà äåéñòâèòåëüíîé îñè [� 1; 1] è èìååò ñâÿçíîå äîïîëíåíèå.

Ïóñòü {εk}k=0,1,... � ìîíîòîííî óáûâàþùàÿ ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë,
εk → 0 ïðè k →∞.

Äëÿ ïîñòðîåíèÿ ñóììû âèäà (3), ðàâíîìåðíî ñõîäÿùåéñÿ ê ôóíêöèè f(z) ∈ CA(F ) íà F ,
ãäå F èç ìíîæåñòâà (8), äîñòàòî÷íî ïîñòðîèòü ñóììû âèäà

Sλ
m

(l)
k

(z) = βλ
m

(l)
k

λ
m

(0)
0

Kλ
m

(0)
0

(z) + ...+ βλ
m

(l)
k

λ
m

(l)
k

Kλ
m

(l)
k

(z), (9)

ãäå k = 0, 1, . . . , l = 0, 1, . . . , k è λ
m

(l)
k

< λ
m

(l′)
k′

ïðè k < k′ èëè k = k′ è l < l′, óäîâëåòâîðÿþùèå
óñëîâèÿì ∣∣∣∣Pl(z)− Sλ

m
(l)
k

(z)

∣∣∣∣ < εk ïðè z ∈ Fk. (10)

Äåéñòâèòåëüíî, ïðåäïîëîæèì, ÷òî ïîñòðîåíû ñóììû (9), óäîâëåòâîðÿþùèå óñëîâèþ (10).
Ñîãëàñíî ëåììå, äëÿ ëþáîãî ε > 0, êîìïàêòíîãî ìíîæåñòâà F èç ìíîæåñòâà (8) è ôóíêöèè
f(z) ∈ CA(F ) â ïîñëåäîâàòåëüíîñòè (7) ìîæíî âûáðàòü ìíîãî÷ëåí Pl(z) òàêîé, ÷òî

|f(z)− Pl(z)| <
ε

2
ïðè z ∈ F.

Ïîñëå ýòîãî, âîçüì¼ì k íàñòîëüêî áîëüøèì, ÷òîáû F ⊂ Fk è εk < ε/2, òîãäà ïðè ëþáîì
z ∈ F ïîëó÷èì ∣∣∣∣f(z)− Sλ

m
(l)
k

(z)

∣∣∣∣ < |f(z)− Pl(z)|+
∣∣∣∣Pl(z)− Sλ

m
(l)
k

(z)

∣∣∣∣ < ε.

Ïîñòðîèì ñóììû (9), óäîâëåòâîðÿþùèõ óñëîâèþ (10), ñëåäóþùèì îáðàçîì.
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Âûáåðåì èç ïîñëåäîâàòåëüíîñòè (7) ìíîãî÷ëåí Sλ
m

(0)
0

(z) = βλ
m

(0)
0

λ
m

(0)
0

Kλ
m

(0)
0

(z) òàêîé, ÷òî∣∣∣∣P0(z)− Sλ
m

(0)
0

(z)

∣∣∣∣ < ε0 ïðè z ∈ F0.

Â ñèëó óñòàíîâëåííîé âûøå ëåììû, ñ ó÷¼òîì óñëîâèé (2), â ïîñëåäîâàòåëüíîñòè (7) íàé-
äóòñÿ ìíîãî÷ëåíû

βλ
m

(0)
1

λ
m

(0)
1

Kλ
m

(0)
1

(z), βλ
m

(1)
1

λ
m

(1)
1

Kλ
m

(1)
1

(z),

òàêèå, ÷òî ïðè z ∈ F1 ∣∣∣∣P0(z)− Sλ
m

(0)
1

(z)

∣∣∣∣ < ε1,

∣∣∣∣P1(z)− Sλ
m

(1)
1

(z)

∣∣∣∣ < ε1,

ãäå
Sλ

m
(0)
1

(z) = βλ
m

(0)
1

λ
m

(0)
0

Kλ
m

(0)
0

(z) + βλ
m

(0)
1

λ
m

(0)
1

Kλ
m

(0)
1

(z),

Sλ
m

(1)
1

(z) = βλ
m

(1)
1

λ
m

(0)
0

Kλ
m

(0)
0

(z) + βλ
m

(1)
1

λ
m

(0)
1

Kλ
m

(0)
1

(z) + βλ
m

(1)
1

λ
m

(1)
1

Kλ
m

(1)
1

(z).

Ïðèìåíÿÿ ïðèíöèï ìàòåìàòè÷åñêîé èíäóêöèè, äëÿ ëþáîãî k = 0, 1, . . . ïîñòðîèì ñóììû

Sλ
m

(0)
0

(z), Sλ
m

(0)
1

(z), Sλ
m

(1)
1

(z), ..., Sλ
m

(0)
k

(z), ..., Sλ
m

(k)
k

(z),

óäîâëåòâîðÿþùèå óñëîâèþ (10). Âûáåðåì èç ïîñëåäîâàòåëüíîñòè (7) ìíîãî÷ëåíû

βλ
m

(k+1)
k+1

λ
m

(0)
k+1

Kλ
m

(0)
k+1

(z), ..., βλ
m

(k+1)
k+1

λ
m

(k+1)
k+1

Kλ
m

(k+1)
k+1

(z)

òàêèå, ÷òî, ïîëîãàÿ â (9) k + 1 âìåñòî k, ïîëó÷èì∣∣∣∣Pl(z)− Sλ
m

(l)
k+1

(z)

∣∣∣∣ < εk+1 (l = 0, 1, ..., k + 1) ïðè z ∈ Fk+1.

Îòñþäà â ñèëó ìàòåìàòè÷åñêîé èíäóêöèè ñëåäóåò ñóùåñòâîâàíèå ñóìì (9), óäîâëåòâîðÿþ-
ùèõ (10), à ñëåäîâàòåëüíî, è ñóùåñòâîâàíèå ñóìì (3).

5. Çàêëþ÷åíèå

1. Ïðèâåäåíû èñòîðè÷åñêèå ñâåäåíèÿ èññëåäîâàíèÿ óíèâåðñàëüíûõ ôóíêöèîíàëüíûõ ðÿ-
äîâ.

2. Ïîñòðîåíû ñïåöèàëüíûå ñóììû, ñâÿçàííûå ñ ìíîãî÷ëåíàìè ×åáûø¼âà, îáëàäàþùèå
ñâîéñòâîì óíèâåðñàëüíîñòè.

ÑÏÈÑÎÊ ÖÈÒÈÐÎÂÀÍÍÎÉ ËÈÒÅÐÀÒÓÐÛ

1. Ïàøêîâñêèé Ñ. Âû÷èñëèòåëüíûå ïðèìåíåíèÿ ìíîãî÷ëåíîâ è ðÿäîâ ×åáûøåâà. Ïåð. ñ
ïîëüñê. Êèðî Ñ.Í., ïîä ðåäàêöèåé Ëåáåäåâà Â.È. Ì.: Íàóêà, 1983. 384 ñ.

2. Luh W. �Uber den Sats von Mergelyan // J. Approxim. Theory. 1976. Vol. 16, No. 2. P. 194�198.

3. Äîäóíîâà Ë.Ê., Òþòþëèíà Î.Â. Ïðèáëèæåíèå ôóíêöèé óíèâåðñàëüíûìè ñóììàìè ðÿäîâ
ïî ïîäñèñòåìàì ìíîãî÷ëåíîâ Ýðìèòà // Èçâ. âóçîâ. Ìàòåì. 2013. � 9. Ñ. 16�20.

4. Äîäóíîâà Ë.Ê. Îá îäíîì îáîáùåíèè ñâîéñòâà óíèâåðñàëüíîñòè ðÿäîâ ïî ìíîãî÷ëåíàì
Ôàáåðà // Èçâ. âóçîâ. Ìàòåì. 1990. � 12. Ñ. 31�34.



70 Ë. Ê. ÄÎÄÓÍÎÂÀ, Ä. Ä. ÎÕÀÒÐÈÍÀ

5. Ìåíüøîâ Ä.Å. Îá óíèâåðñàëüíûõ òðèãîíîìåòðè÷åñêèõ ðÿäàõ // Äîêëàä ÀÍ ÑÑÑÐ. 1945.
Ò. 49, � 2. Ñ. 79�82.

6. ×àùèíà Í.Ñ. Ê òåîðèè óíèâåðñàëüíîãî ðÿäà Äèðèõëå // Èçâ. âóçîâ. Ìàòåì. 1963. � 4.
Ñ. 165�167.

7. Ñåëåçíåâ À.È. Îá óíèâåðñàëüíûõ ñòåïåííûõ ðÿäàõ // Ìàòåì. ñá. 1951. Ò. 28, � 2.
Ñ. 453�460.

8. Edge J. J. Universal trigonometric series // J. Math. Anal. Appl. 1970. No. 29. P. 507�511.

9. Chui C.K., Parnes M.N. Approximation by overconvergence of a power series // J. Math. Anal.
Appl. 1971. Vol. 36, No. 3. P. 693�696.

10. Ñåëåçíåâ À.È., Ìîòîâà È.Â., Âîëîõèí Â.À. Î ïîëíîòå ñèñòåì ôóíêöèé è óíèâåðñàëüíûõ
ðÿäàõ // Èçâ. âóçîâ. Ìàòåì. 1977. � 11. Ñ. 84�90.

11. Ñåëåçíåâ À.È., Äîäóíîâà Ë.Ê. Î íåêîòîðûõ êëàññàõ óíèâåðñàëüíûõ ðÿäîâ // Èçâ. âóçîâ.
Ìàòåì. 1977. � 12. Ñ. 92�98.

12. Ïîãîñÿí Í.Á. Îá óíèâåðñàëüíûõ ðÿäàõ Ôóðüå // ÓÌÍ. 1983. Ò. 38, � 1. Ñ. 185�186.

13. Buczolich Z. On universal functions and series // Acta Math. Hungar. 1987. No. 49. P. 403�414.

14. Äîäóíîâà Ë.Ê. Î ñâåðõñõîäèìîñòè óíèâåðñàëüíûõ ðÿäîâ // Èçâ. âóçîâ. Ìàòåì. 1988. � 2.
Ñ. 19�22.

15. Nestoridis V. Universal Taylor series // Ann. Inst. Fourier (Grenoble). 1996. No. 46.
P. 1293�1306.

16. Melas A. and Nestoridis V. On various types of universal Taylor series // Complex Variables
Theory Appl. 2001. No. 44. P. 245�258.

17. Katsoprinakis E., Nestoridis V. and Papadoperakis I. Universal Faber series // Analysis
(Munich). 2001. No. 21. P. 339�363.

18. Ãîñòåâà Í.Â., Äîäóíîâà Ë.Ê. Îá îäíîì îáîáùåíèè ñâîéñòâà óíèâåðñàëüíîñòè ñòåïåííûõ
ðÿäîâ ñ ïðîïóñêàìè // Èçâ. âóçîâ. Ìàòåì. 2012. � 3. C. 3�8.

19. Äîäóíîâà Ë.Ê., Ñàâèõèí Ñ.À. Ïîëíîòà ïîäñèñòåìû ìíîãî÷ëåíîâ Ôàáåðà // Èçâ. âóçîâ.
Ìàòåì. 2012. � 9. C. 3�7.

20. Àëåêñè÷ Ã. Ïðîáëåìû ñõîäèìîñòè îðòîãîíàëüíûõ ðÿäîâ. Ïåð. ñ àíãë. À.Â. Åôèìîâà, ïîä
ðåä. Ï.Ë. Óëüÿíîâà. Ì.: Èçä�âî èíîñòð. ëèò�ðû, 1963. 359 ñ.

21. ×åáûøåâ Ï.Ë. Ïîëíîå ñîáðàíèå ñî÷èíåíèé Ï.Ë. ×åáûøåâà. ÀÍ ÑÑÑÐ, 1947. Ò. 2. 520 ñ.

REFERENCES

1. Paskovskij, C. 1983, �Vychislitel'nye primeneniya mnogochlenov i ryadov Chebysheva.�, [Com-
putational applications of polynomials and Chebyshev series], trans. from Pol. Kiro, S. N.;
editeur scienti�que Lebedev, V. I., Nauka, Moscow, 384 pp. (Russian)

2. Luh, W. 1976, � �Uber den Sats von Mergelyan�, J. Approxim. Theory, vol. 16, no. 2, pp. 194�198.



ÎÁÎÁÙÅÍÈÅ ÓÍÈÂÅÐÑÀËÜÍÎÃÎ ÐßÄÀ ÏÎ ÌÍÎÃÎ×ËÅÍÀÌ ×ÅÁÛØ�ÂÀ 71

3. Dodunova, L.K. & Tyutyulina, O.V. 2013, �Approximation of functions of universal sums
of series in the sub-systems of polynomials Hermite�, Izvestiya VUZ. Matematika, no. 9,
pp. 16�20. (Russian)

4. Dodunova, L.K. 1990, �On a generalization of the universal property series of Faber poly-
nomials�, Izvestiya VUZ. Matematika, no. 12, pp. 31�34. (Russian)

5. Men'shov, D. E. 1945, �On universal trigonometric series�, Dokl. Akad. Nauk, vol. 49, no. 2,
pp. 79�82. (Russian)

6. Chashina, N.C. 1963, �By the universal theory of Dirichlet series�, Izvestiya VUZ. Matematika,
no. 4, pp. 165�167. (Russian)

7. Seleznev, A. I. 1951, �On universal power series�, Mathematics collection, vol. 28, no. 2,
pp. 453�460. (Russian)

8. Edge, J. J. 1970, �Universal trigonometric series�, J. Math. Anal. Appl., no. 29, pp. 507�511.

9. Chui, C.K. & Parnes, M.N. 1971, �Approximation by overconvergence of a power series�, J.
Math. Anal. Appl., vol. 36, no. 3, pp. 693�696.

10. Seleznev, A. I., Motova, I. V. & Volokhin, V.A. 1977, �On the completeness of systems of
functions and universal series�, Izvestiya VUZ. Matematika, no. 11, pp. 84�90. (Russian)

11. Seleznev, A. I. & Dodunova, L.K. 1977, �Certain classes of universal series�, Izvestiya VUZ.
Matematika, no. 12, pp. 92�98. (Russian)

12. Poghosyan, N.B. 1983, �Universal Fourier series�, Russian Math. Surveys, vol. 38, no. 1,
pp. 185�186. (Russian)

13. Buczolich, Z. 1987, �On universal functions and series�, Acta Math. Hungar., no. 49,
pp. 403�414.

14. Dodunova, L.K. 1988, �About convergence over universal series�, Izvestiya VUZ. Matematika,
no. 2, pp. 19�22. (Russian)

15. Nestoridis, V. 1996, �Universal Taylor series�, Ann. Inst. Fourier, Grenoble, no. 46, pp. 1293�
1306.

16. Melas, A. & Nestoridis, V. 2001, �On various types of universal Taylor series�, Complex
Variables Theory Appl, no. 44, pp. 245�258.

17. Katsoprinakis, E., Nestoridis, V. & Papadoperakis, I. 2001, �Universal Faber series�, Analysis,
Munich, no. 21, pp. 339�363.

18. Gostevà, N.V. & Dodunova, L.K. 2012, �A generalization of the universal property of power
series with gaps�, Izvestiya VUZ. Matematika, no. 3, pp. 3�8. (Russian)

19. Dodunova, L.K. & Savikhin, S.A. 2012, �The completeness of subsystems of Faber polynomials�,
Izvestiya VUZ. Matematika, no. 9, pp. 3�7. (Russian)

20. Aleksich, G. 1963, �Problemy sxodimosti ortogonal'nyx ryadov.�, [Convergence problems of
orthogonal series], Trans. from English. E�mova, A. V., ed. Ulyanova, P. L., Publishing House
of Foreign literature, Moscow, 359 pp. (Russian)



72 Ë. Ê. ÄÎÄÓÍÎÂÀ, Ä. Ä. ÎÕÀÒÐÈÍÀ

21. Chebyshev, P. L. 1947, �Polnoe sobranie sochinenij.�, [The complete collection of the works of
Chebyshev], Akad. Nauk SSSR, vol. 2, 520 pp. (Russian)

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í.È.Ëî-
áà÷åâñêîãî.
Ïîëó÷åíî 06.11.2016 Ïðèíÿòî 14.03.2017


