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Àííîòàöèÿ

Â äàííîé ðàáîòå ðàññìîòðåíî îáîáùåíèå íåêîòîðûõ ìåòîäîâ, ïîçâîëÿþùèõ ïîëó÷àòü
îöåíêè ìåðû èððàöèîíàëüíîñòè ÷èñåë âèäà γd =

√
d ln

√
d+1√
d−1 ïðè d = 2k, d = 4k + 1, k ∈ N,

è ïðèâåä¼í îáçîð èçâåñòíûõ íà äàííûé ìîìåíò ðåçóëüòàòîâ.
Ìåðà èððàöèîíàëüíîñòè ðàçëè÷íûõ çíà÷åíèé ãèïåðãåîìåòðè÷åñêîé ôóíêöèè Ãàóññà,

â ÷àñòíîñòè

2F

(
1,

1

2
,

3

2
;

1

d

)
=
√
d ln

√
d+ 1√
d− 1

,

îöåíèâàëàñü íåîäíîêðàòíî. Ïåðâûå ïîäîáíûå îöåíêè äëÿ îòäåëüíûõ çíà÷åíèé áûëè ïîëó-
÷åíû â ðàáîòàõ Ä. Ðèíà [1], Ì.Õóòòíåðà [2], À. Ê. Äóáèöêàñà [3]. Ïîçäíåå Ê. Âààíàíåíîì,
À. Õåéìîíåíîì è Ò. Ìàòàëà-Àõî â [4] áûë ïðåäëîæåí îáùèé ìåòîä, ïîçâîëÿþùèé ñòðîèòü
îöåíêè ïîêàçàòåëÿ èððàöèîíàëüíîñòè çíà÷åíèé ãèïåðãåîìåòðè÷åñêîé ôóíêöèè

F

(
1,

1

k
, 1 +

1

k
;
r

s

)
, k ∈ N, k > 2,

r

s
∈ Q, (r, s) = 1,

r

s
∈ (−1, 1).

Äàííûé ìåòîä èñïîëüçîâàë ïîëèíîìû ßêîáè äëÿ ïîñòðîåíèÿ ðàöèîíàëüíûõ ïðèáëèæåíèé
ôóíêöèè Ãàóññà.

Â ðàáîòå [4] áûëî ïîëó÷åíî ìíîãî êîíêðåòíûõ ðåçóëüòàòîâ. Íåêîòîðûå èç íèõ íå óëó÷-
øåíû äî ñèõ ïîð, íî äëÿ îòäåëüíûõ êëàññîâ çíà÷åíèé ãèïåðãåîìåòðè÷åñêîé ôóíêöèè
â äàëüíåéøåì áûëè ðàçðàáîòàíû ñïåöèàëèçèðîâàííûå ìåòîäû, ïîçâîëèâøèå óìåíüøèòü
îöåíêè. Òàê, â òðóäàõ [5], [6] àâòîðàìè, ðàáîòàâøèìè ïîä ðóêîâîäñòâîì Â. Õ. Ñàëèõîâà,
áûëè óñèëåíû ðåçóëüòàòû î ïîêàçàòåëÿõ èððàöèîíàëüíîñòè íåêîòîðûõ çíà÷åíèé âèäà γd.
Â îñíîâå äîêàçàòåëüñòâ ëåæàëî èñïîëüçîâàíèå ñèììåòðèçîâàííûõ èíòåãðàëîâ.

Ñëåäóåò îòìåòèòü, ÷òî âåùåñòâåííûå èëè êîìïëåêñíûå ñèììåòðèçîâàííûå èíòåãðà-
ëû â ïîñëåäíåå âðåìÿ øèðîêî ïðèìåíÿþòñÿ äëÿ îöåíêè ïîêàçàòåëåé èððàöèîíàëüíîñòè.
Ñ ïîìîùüþ òàêèõ èíòåãðàëîâ áûëè ïîëó÷åíû íîâûå îöåíêè äëÿ ln 2 (ñì. [7]), ln 3, lnπ
(ñì. [8], [9]) è äðóãèõ ÷èñåë.

Ïðîâåä¼ì èññëåäîâàíèå è ñðàâíåíèå íåêîòîðûõ èç òàêèõ ñèììåòðèçîâàííûõ êîíñòðóê-
öèé, ïîçâîëèâøèõ ðàíåå óëó÷øèòü îöåíêè ìåð èððàöèîíàëüíîñòè äëÿ êîíêðåòíûõ çíà÷å-
íèé γd.

Êëþ÷åâûå ñëîâà: ïîêàçàòåëü èððàöèîíàëüíîñòè, ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ Ãàóññà,
ñèììåòðèçîâàííûå èíòåãðàëû.

Áèáëèîãðàôèÿ: 17 íàçâàíèé.
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ON IRRATIONALITY MEASURE
OF THE NUMBERS
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Abstract

In the present paper we will consider the generalization of some methods for evaluation of
irrationality measures for γd =

√
d ln

√
d+1√
d−1 and currently known results overview.

The extent of irrationality for various values of Gauss hypergeometric function were
estimated repeatedly, in particular for 2F (1, 12 ,

3
2 ; 1

d ) =
√
d ln

√
d+1√
d−1 . The �rst such estimates in

some special cases were obtained by D. Rhinn [1], M. Huttner [2], D. Dubitskas [3]. Afterward
by K. Vaananen, A. Heimonen and D. Matala-Aho [4] was elaborated the general method, which
one made it possible to get upper bounds for irrationality measures of the Gauss hypergeometric
function values F (1, 1k , 1 + 1

k ; r
s ), k ∈ N, k > 2, rs ∈ Q, (r, s) = 1, rs ∈ (−1, 1). This method used

the Jacobi type polynomials to construct rational approach to the hypergeometric function.
In [4] have been obtained many certain estimates, and some of them have not been improved
till now. But for the special classes of the values of hypergeometric function later were elaborated
especial methods, which allowed to get better evaluations. In the papers [5], [6] authors, worked
under supervision of V.Kh.Salikhov, obtained better estimates for the extent of irrationality for
some speci�c values γd. In the basis of proofs for that results were lying symmetrized integral
constructions.

It should be remarked, that lately symmetrized integrals uses very broadly for researching
of irrationality measures. By using such integrals were obtained new estimates for
ln 2( [7]),ln 3, lnπ, ( [8], [9]) and other values.

Here we present research and compare some of such symmetrized constructions, which earlier
allowed to improve upper bounds of irrationality measure for speci�c values of γd.

Keywords: Irrationality measure, Gauss hypergeometric function, symmetrized integrals.

Bibliography: 17 titles.

1. Ââåäåíèå

Äëÿ ëþáîãî èððàöèîíàëüíîãî ÷èñëà γ ìîæíî ïîëó÷èòü êîëè÷åñòâåííóþ õàðàêòåðèñòèêó
ñòåïåíè åãî ïðèáëèæåíèÿ ðàöèîíàëüíûìè äðîáÿìè. Ïîêàçàòåëü èððàöèîíàëüíîñòè èëè ìåðà
èððàöèîíàëüíîñòè µ(γ) îïðåäåëÿåòñÿ êàê íèæíÿÿ ãðàíèöà ÷èñåë µ òàêèõ, ÷òî äëÿ ëþáîãî ε > 0

ñóùåñòâóåò q0(ε) > 0, òàêîå, ÷òî íåðàâåíñòâî
∣∣∣γ − p

q

∣∣∣ ≥ q−µ−ε âûïîëíÿåòñÿ äëÿ âñåõ öåëûõ

÷èñåë p, q ïðè q ≥ q0(ε). Òî÷íîå çíà÷åíèå ìåðû èððàöèîíàëüíîñòè èçâåñòíî äëÿ íåìíîãèõ
÷èñåë, â áîëüøèíñòâå ñëó÷àåâ èìåþòñÿ ëèøü îöåíêè ñâåðõó âåëè÷èíû µ(γ) äëÿ ðàçëè÷íûõ
êëàññîâ ÷èñåë.

Îöåíêè ìåðû èððàöèîíàëüíîñòè çíà÷åíèé ãèïåðãåîìåòðè÷åñêîé ôóíêöèè Ãàóññà, ïðèâå-
äåííûå â ðàáîòå [4], äëÿ ìíîãèõ ñëó÷àåâ îñòàþòñÿ ëó÷øèìè íà äàííûé ìîìåíò, íî ðÿä ðåçóëü-

òàòîâ áûë óñèëåí. Òàê, îöåíêè ïîêàçàòåëåé èððàöèîíàëüíîñòè ÷èñåë âèäà γd =
√
d ln

√
d+1√
d−1

ïðè

d = 5; 8 áûëè óëó÷øåíû â ðàáîòàõ Å. Ñ. Çîëîòóõèíîé [6] è Ì. Ã. Áàøìàêîâîé [5] ñ ïîìîùüþ
ñèììåòðèçîâàííûõ èíòåãðàëîâ. Èäåÿ ñèììåòðèè ïîäûíòåãðàëüíîé ôóíêöèè ïîçâîëÿåò óñèëè-
âàòü àíàëîãè÷íûå ðåçóëüòàòû ðàáîòû [4] ïðè ÷åòíûõ d â îáùåì ñëó÷àå (ñì. [5]). Óòî÷íèòü
÷àñòü ýòèõ îöåíîê ìîæíî ñ ïîìîùüþ ñëåäóþùåé òåîðåìû.

Òåîðåìà 1. Ïóñòü r, s ∈ N − ÷åòíûå, k = 2tm, t ∈ N,m ∈ N − íå÷åòíîå,

K = r + (r − s) ln 2,M = max


(s
r

)s (
1− s

r

)r−s( 1

2
√
k

)r−s
,

1(√
k +
√
k − 1

)r+s
 .
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Åñëè âûïîëíåíî −K − lnM < 0, òî ñïðàâåäëèâî íåðàâåíñòâî

µ

(
1√
k

ln

√
k + 1√
k − 1

)
≤ 1−

K + (r + s) ln
(√

k +
√
k − 1

)
K + lnM

.

Äàííûì ìåòîäîì â [5] áûëà ïîëó÷åíà îöåíêà µ (γ8) ≤ 11.6500 . . .. Îòìåòèì, ÷òî â [4] îíà
ñîñòàâëÿëà µ (γ8) ≤ 41.032 . . .. Â íàñòîÿùåé ðàáîòå ïðèâåäåì äðóãèå, ìåíåå çíà÷èìûå ðåçóëü-
òàòû.

Ñëåäóþùàÿ òåîðåìà ïîìîãàåò óñèëèòü ðåçóëüòàòû òåîðåìû 1 ïðè m = 1 â ñëó÷àå íå÷åòíûõ
t ≥ 5.

Òåîðåìà 2. Ïóñòü k ∈ N, k ≥ 1, p, q ∈ N, q ≥ q0(µ), ãäå q0(µ) − äîñòàòî÷íî áîëüøîå
÷èñëî. Òîãäà ñóùåñòâóåò òàêîå ÷èñëî µ0(k) ∈ R+, ÷òî äëÿ ëþáîãî µ > µ0(k) ñïðàâåäëèâî
íåðàâåíñòâî ∣∣∣∣∣√2 ln

2k
√

2 + 1

2k
√

2− 1
− p

q

∣∣∣∣∣ > q−µ.

Â ñëó÷àå íå÷åòíûõ d = 2l + 1, ãäå l = 2k, k ∈ N, ò.å. ïðè d = 4k + 1, óñèëåíèå ðåçóëüòà-
òîâ ðàáîòû [4] ñ ïîìîùüþ êîíñòðóêöèé Ì. Ã. Áàøìàêîâîé è Å. Ñ. Çîëîòóõèíîé ïðîèñõîäèò
òîëüêî ïðè d = 5 (èëè k = 1). Ñëåäóåò îòìåòèòü, ÷òî îöåíêà µ (γ5) ≤ 4.4937 . . ., ïðèâåäåííàÿ
â [4], ïîäòâåðæäàëà ðåçóëüòàò, ïîëó÷åííûé ðàíåå â ðàáîòå Ì. Õàòà [10]. Ëó÷øèé ðåçóëüòàò
µ (γ5) ≤ 3.71331 . . . íàéäåí Ì. Ã. Áàøìàêîâîé â [11]. Åþ â [5] òàêæå áûëè ïîëó÷åíû îöåíêè
ìåð èððàöèîíàëüíîñòè ÷èñåë γd ïðè d = 13 (k = 3), d = 17 (k = 4). Îíè áûëè óëó÷øåíû
À. À. Ïîëÿíñêèì â [12] è ñîñòàâèëè: µ (γ13) ≤ 3.51433 . . . è µ (γ17) ≤ 3.47833 . . .. À. À. Ïîëÿí-
ñêèì â [13] ïðèâåäåí òàêæå ðÿä îöåíîê ñâåðõó äëÿ ïîêàçàòåëåé èððàöèîíàëüíîñòè ÷èñåë γd,
d = 4k + 1, k ∈ N, è ïðè k = 5, 6, . . . 10.

Ñ ïîìîùüþ ñëåäóþùåé òåîðåìû ìîãóò áûòü ïîëó÷åíû ðåçóëüòàòû, óñèëèâàþùèå îöåíêè
À. À. Ïîëÿíñêîãî ïðè k = 5; 7− 10, è íå óêàçàííûå â ðàáîòå [4].

Òåîðåìà 3. Ïóñòü k ∈ N, k ≥ 1, p, q ∈ N, q ≥ q0(µ), ãäå q0(µ) − äîñòàòî÷íî áîëüøîå
÷èñëî. Òîãäà ñóùåñòâóåò òàêîå ÷èñëî µ0(k) ∈ R+, ÷òî äëÿ ëþáîãî µ > µ0(k) ñïðàâåäëèâî
íåðàâåíñòâî ∣∣∣∣√4k + 1 ln

√
4k + 1 + 1√
4k + 1− 1

− p

q

∣∣∣∣ > q−µ.

2. Îñíîâíàÿ ëåììà è îñíîâíûå êîíñòðóêöèè

Ïîñòðîåíèå âñåõ äàëüíåéøèõ îöåíîê îñíîâàíî íà ïðåäñòàâëåíèè èíòåãðàëà â âèäå ëèíåéíîé
ôîðìû ñ öåëûìè êîýôôèöèåíòàìè è èñïîëüçîâàíèè äëÿ íå¼ êëàññè÷åñêîãî ïîäõîäà Ì. Õàòà:

Ëåììà 1. [ [14], ëåììà 3.1] Ïóñòü n ∈ N, γ ∈ R -èððàöèîíàëüíî, ln = gnγ + pn, ãäå
gn, pn ∈ Z, lim

n→∞
1
n ln |ln| = −δ, δ > 0, lim sup

n→∞
1
n ln |gn| ≤ τ, òîãäà µ(γ) ≤ 1 + τ

δ .

Ðàññìîòðèì èíòåãðàë

In(b) =

1ˆ

0

(x2 − 1
b2

)sn(1− x2)rn−snbrn+sn+1

(b2 − x2)rn+1
dx =

1ˆ

0

fn(b, x)dx, (1)

ãäå r, s− ÷¼òíûå íàòóðàëüíûå ÷èñëà r ≤ s, n ∈ N, n → ∞. Èíòåãðàëüíàÿ êîíñòðóêöèÿ òàêîãî
âèäà âïåðâûå áûëà ïðåäëîæåíà â [15], íî ïîçâîëèëà ïîëó÷èòü íîâûå ðåçóëüòàòû òîëüêî ïîñëå
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íåêîòîðîé ìîäèôèêàöèè â ðàáîòå Ì. Ã. Áàøìàêîâîé [5]. Îñîáåííîñòüþ äàííîãî èíòåãðàëà ÿâ-
ëÿåòñÿ ñèììåòðè÷íîñòü ïîäûíòåãðàëüíîé ôóíêöèè îòíîñèòåëüíî çàìåíû b íà 1

b , ÷òî ïîçâîëÿåò
ïðåäñòàâèòü åãî â âèäå [ñì. [5], ïðåäëîæåíèå 1]:

In(b) = Rn(b+
1

b
) +A1n(b+

1

b
) ln

b+ 1

b− 1
, ãäå Rn(t), A1n(t) ∈ Q(t) (2)

è, â ÷àñòíîñòè, äåëàåò èíòåãðàë óäîáíûì äëÿ èñïîëüçîâàíèÿ ïàðàìåòðà âèäà b =
√
k+
√
k − 1,

äàâàÿ âîçìîæíîñòü ñòðîèòü îöåíêè äëÿ âåëè÷èí γk.
Êîýôôèöèåíòû ëèíåéíîé ôîðìû èìåþò âèä

Rn(b) = −
2rn+1∑
j=2

Ajn(b)

j − 1
(

1

(b+ 1)j−1
− 1

(b− 1)j−1
), A1n(b) ∈ Q(b). (3)

Îáîçíà÷èì äëÿ âñåõ j = 1, ..., rn+ 1

Mj = {m̄ = (m1, ...,m5)|mν ∈ Z+, ν = 1, .., 5;

m1,m2 ≤ sn;m3,m4 ≤ rn− sn;m1 + ...+m5 = rn+ 1− j}

Òîãäà

An(b)=
∑
m̄∈Mj

γ(m̄)(b+
1

b
)sn−m1(

1

b
− b)sn−m2(1− b)rn−sn−m3(1 + b)rn−sn−m4(2b)−rn−1−m5brn+sn+1,

γ(m̄) ∈ Z äëÿ ëþáîãî m̄ ∈ Mj . Çàìåòèì, ÷òî èíòåãðàë (1) íå ïðèâîäèòñÿ ê âèäó ãèïåðãåîìåò-
ðè÷åñêîé ôóíêöèè.

Äðóãàÿ ñèììåòðèçîâàííàÿ èíòåãðàëüíàÿ êîíñòðóêöèÿ èñïîëüçîâàëàñü Å. Ñ. Çîëîòóõèíîé
â [6].

I(a, b, c;α, 1) =

α+1ˆ

α

(x− (α− 1))an((α+ 1)− x)an(x− α)2bn

xcn+1(2α− x)cn+1
dx ≡

α+1ˆ

α

R(x)dx, (4)

ãäå n ∈ N, n −→∞, a, b, c ∈ N, a+ b− c > 0, α ∈ R.
Ïîäûíòåãðàëüíàÿ ôóíêöèÿ çäåñü îáëàäàåò ñâîéñòâîì ñèììåòðèè R(x) = R(2α− x), ââèäó

êîòîðîãî ñïðàâåäëèâî ñëåäóþùåå ðàçëîæåíèå R(x) â ñóììó ïðîñòåéøèõ äðîáåé

R(x) = P (x) +
cn+1∑
j=1

aj

(
1

xj
+

1

(2α− x)j

)
, (5)

ãäå

P (x) =

2(a+b−c)n−2∑
i=0

bix
i, bi ∈ R, P (2α− x) = P (x), (6)

aj =
1

(cn+ 1− j)!
dcn+1−j

dxcn+1−j
(
R(x)xcn+1

) ∣∣∣∣∣
x=0

. (7)

Ñ ïîìîùüþ çàìåíû x = α+
√
t èíòåãðàë (4) ïðèâîäèòñÿ ê âèäó:

I(a, b, c;α, 1) =
1

2α2cn+2

1ˆ

0

tbn−0.5(1− t)an(
1−

(
1
α

)2
t
)cn+1dt. (8)
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Èìååò ìåñòî ðàâåíñòâî

F

(
cn+ 1, bn+

1

2
; (a+ b)n+

3

2
;

(
1

α

)2
)

= 2α2cn+2 Γ
(
(a+ b)n+ 3

2

)
Γ
(
bn+ 1

2

)
Γ(an+ 1)

I(a, b, c;α, 1).

3. Ðàöèîíàëüíûå ïðèáëèæåíèÿ ÷èñåë âèäà 1
2
√
k
ln
√
k+1√
k−1

ïðè k = 2n,
n ∈ N

Ðàññìîòðèì â èíòåãðàëå (1) ïàðàìåòð b =
√
k +
√
k − 1, k ∈ N. Êàê áûëî äîêàçàíî â [ [5],

ëåììà 2], ñïðàâåäëèâî ñëåäóþùåå ïðåäñòàâëåíèå:

Ëåììà 2. Ïðè b =
√
k +
√
k − 1, k ∈ N, k > 1, ñóùåñòâóþò ν(k), α(k) ∈ R+, òàêèå ÷òî

qrn2ν(k)n+α(k)(
1

2
√
k

)In(b) = Bn +An
1

2
√
k

ln

√
k + 1√
k − 1

, An, Bn ∈ Z, (9)

ãäå qM =ÍÎÊ(1, ...,M).

Ðàññìàòðèâàåìûé èíòåãðàë è ýòî ïðåäñòàâëåíèå äàþò âîçìîæíîñòü áîëåå ýôôåêòèâíî îöå-
íèâàòü ìåðó èððàöèîíàëüíîñòè ÷èñåë γd ïðè ÷¼òíûõ d. Ïðè íå÷¼òíûõ d òîëüêî îäèí ÷àñòíûé
ñëó÷àé µ(γ3) ≤ 15.6592.., ðàññìîòðåííûé â [5], óëó÷øèë èìåþùèåñÿ îöåíêè, îñòàëüíûå ðåçóëü-
òàòû îêàçàëèñü íàìíîãî õóæå, ÷åì óæå èçâåñòíûå, íàïðèìåð â [4] . Ìåòîä ïîçâîëÿåò ïîëó÷èòü

îöåíêó è â ñëó÷àÿõ, êîãäà
√
d+1√
d−1

ÿâëÿåòñÿ ðàöèîíàëüíûì ÷èñëîì, íî ðåçóëüòàòû òàêæå óñòó-
ïàþò ïîëó÷åííûì äðóãèìè ìåòîäàìè.

Ïðåäñòàâëåíèå èíòåãðàëà In(b) è ëåììà 2 íà îñíîâàíèè ëåììû 1 ïîçâîëÿþò ïîëó÷èòü ñëå-
äóþùåå óòâåðæäåíèå, êîòîðîå ðàññìàòðèâàëîñü â [ [5], ëåììà 4].

Ëåììà 3. Ïóñòü s, r ∈ N− ÷¼òíûå, k ∈ N, k > 1, ν(k) îïðåäåëÿåòñÿ â ñîîòâåòñòâèè ñ
ëåììîé 2 è âûïîëíåíî −K − lnM > 0, ãäå

M = max{( sr )s(1− s
r )r−s( 1

2
√
k
)r−s, 1

(
√
k−
√
k−1)r+s

},K = r + ν(k) ln 2.

Òîãäà ñïðàâåäëèâî íåðàâåíñòâî

µ(
1√
k

ln

√
k + 1√
k − 1

) ≤ 1− K + (r + s) ln(
√
k +
√
k − 1)

K + lnM
. (10)

Ðàññìîòðèì ñëó÷àé k = 2tm,m ∈ N, íå÷¼òíîå. Äëÿ ïîëó÷åíèÿ ñîîòâåòñòâóþùèõ ìåð èððà-
öèîíàëüíîñòè γk íåîáõîäèìî îöåíèòü ν(k). Îáîáùèì äëÿ äàííûõ k ìåòîä, èñïîëüçîâàííûé â
ðàáîòå [5] äëÿ îòäåëüíûõ çíà÷åíèé.

Ëåììà 4. Ïóñòü b =
√
k+
√
k − 1, k = 2tm, t ∈ N,m ∈ N,m > 1− íå÷¼òíîå, òîãäà ìîæíî

ïîëîæèòü â ëåììå 2 ν(k) = r − s, α(k) = 2.

Äîêàçàòåëüñòâî.

Îáîçíà÷èì K− êîëüöî öåëûõ àëãåáðàè÷åñêèõ ÷èñåë. Äîêàæåì, ÷òî

2(r−s)n+2 Ajn(b)
(b+1)j−1 = A

′
jn, A

′
jn− öåëîå àëãåáðàè÷åñêîå ÷èñëî.
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Èç ïðåäñòàâëåíèÿ Ain(b) èìååì ïðè j = 1, ..., rn+ 1
Ajn(b)

(b+1)j−1 =

=
∑

m̄∈Mj

γ(m̄)(b+ 1
b )
sn−m1(1− b)rn−m2−m3(1 + b)rn−m2−m4−j+12−rn−m3−1bm2−m5 .

Òàê êàê b, 1
b ∈ K, òî Ajn(b)

(b+1)j−1 = P1(b) · 2d1 , P1(b) ∈ K, d1 ∈ Z. Äëÿ ëþáîãî íå÷¼òíîãî m
âûïîëíÿþòñÿ ñîîòíîøåíèÿ:

b+ 1
b = 2 · 2

t
2
√
m = 21+ t

2
√
m, (1± b)2 = b · 2(2

t
2
√
m± 1).

Ïóñòü
rn −m2 −m3 = 2l1 + h1, rn −m2 −m4 − j + 1 = 2l2 + h2, h1, h2 ∈ {0, 1}, l1, l2 ∈ Z+. Òîãäà

l1 > rn−m2−m3−1
2 , l2 > rn−m2−m4−j

2 .

Ïîëó÷àåì, èñïîëüçóÿ îïðåäåëåíèå Mj :

d1 > (1 + t
2)(sn−m1)− rn−m5 − 1 + l1 + l2 >

> (1 + t
2)sn− (1 + t

2)m1 − rn−m5 − 1 + (rn−m2 − m3
2 −

m4
2 −

j−1
2 − 1) =

= (1 + t
2)sn− (1 + t

2)m1 − m3
2 −

m4
2 −m5 − 2− rn− ( rn−m1−m2−m3−m4−m5

2 ) =

= (1 + t
2)sn− rn

2 − ( t2 + 1)m1 + m1
2 −

m5
2 − 2 >

> (1 + t
2)sn − t

2m1 − rn
2 −

m1
2 −

m5
2 − 2 = sn − rn − 2, òàê êàê m1 + m5 ≤ rn,m1 ≤ sn.

Àíàëîãè÷íûì îáðàçîì ìîæíî äîêàçàòü, ÷òî

2(r−s)n+2 Ajn(b)
(b−1)j−1 = A

′′
jn, A

′′
jn− öåëîå àëãåáðàè÷åñêîå ÷èñëî.

Èç ïðåäñòàâëåíèÿ Ain(b) èìååì ïðè j = 1, ..., rn+ 1
Ajn(b)

(b−1)j−1 =

=
∑

m̄∈Mj

γ(m̄)(b + 1
b )
sn−m1(1 − b)rn−m2−m3−j+1(1 + b)rn−m2−m42−rn−m3−1bm2−m5 . Ïðè ýòîì

b, 1
b ∈ K è Ajn(b)

(b+1)j−1 = P1(b) · 2d1 , P1(b) ∈ K, d1 ∈ Z.
Ïóñòü rn−m2 −m3 − j + 1 = 2l1 + h1, rn−m2 −m4 = 2l2 + h2,

h1, h2 ∈ {0, 1}, l1, l2 ∈ Z+, òîãäà l1 > rn−m2−m3−j
2 , l2 > rn−m2−m4−1

2 . Òåì æå ñïîñîáîì ïîëó-
÷àåì d2 > (1 + t

2)(sn−m1)− rn−m5 − 1 + l1 + l2 > sn− rn− 2.

Òàêèì îáðàçîì, îïðåäåë¼í îñíîâíîé ìíîæèòåëü äëÿ ïîëó÷åíèÿ öåëûõ êîýôôèöèåíòîâ ëè-
íåéíîé ôîðìû, äàëüíåéøèå æå ðàññóæäåíèÿ ïîëíîñòüþ ïîâòîðÿþò [5], ëåììà 2.

Ëåììà 2 è ñîîòâåòñòâóþùèå çíà÷åíèÿ ïàðàìåòðîâ ν(k), α(k) äàþò óòâåðæäåíèå òåîðåìû 1 è
ïîçâîëÿþò ïîëó÷èòü îöåíêè ìåð èððàöèîíàëüíîñòè äëÿ ñîîòâåòñòâóþùèõ γk. Òàê ìû ïîëó÷èì
ñëåäóþùèå îöåíêè:

Òàáëèöà 1
k µ(γk) ≤ k µ(γk) ≤
4 15.1152. . . 6 15.6053. . .
8 11.6500. . . 10 9.8474. . .
12 8.7902. . . 14 8.0862. . .
16 7.5776. . . 18 7.1902. . .

Ðåçóëüòàòû ïðè k = 4, 16, äàþùèå îöåíêó ëîãàðèôìîâ ðàöèîíàëüíûõ ÷èñåë, êàê óæå áûëî
ñêàçàíî, çíà÷èòåëüíî óñòóïàþò ïîëó÷åííûì äðóãèìè ìåòîäàìè. Òàê, îöåíêà äëÿ γ4 = ln 3,
ïîëó÷åííàÿ â [8] ñîñòàâëÿëà µ(ln 3) 6 5.125...
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4. Ðàöèîíàëüíûå ïðèáëèæåíèÿ ÷èñåë âèäà
√
2 ln 2k

√
2+1

2k
√

2−1
, k ∈ N, k ≥ 1

Äëÿ äîêàçàòåëüñòâà òåîðåìû 2 â èíòåãðàëå (4) ñëåäóåò ïîëîæèòü α = 2k
√

2. Èìååì

I(a, b, c; 2k
√

2, 1) =

2k
√

2+1ˆ

2k
√

2

(
x−

(
2k
√

2− 1
))an (

2k
√

2 + 1− x
)an (

x− 2k
√

2
)2bn

xcn+1
(
2k+1
√

2− x
)cn+1 dx. (11)

Ïóñòü qM = ÍÎÊ(1, 2, . . . ,M), M ∈ N, K − êîëüöî ÷èñåë âèäà e
√

2 + f , ãäå e, f ∈ Z.
Îïðåäåëèì êîýôôèöèåíòû aj è bi ðàçëîæåíèé (5) è (6).

Ëåììà 5. Äëÿ âñåõ j = 1, . . . , cn+ 1 ñïðàâåäëèâî ïðåäñòàâëåíèå

2((2k+3)c−(2k+1)b)n+k+2
(

22k+1 − 1
)(c−a)n

aj =
(√

2
)j1 (

22k+1 − 1
)j−1

Aj , (12)

ãäå j ≡ j1( mod 2), Aj ∈ Z.

Äîêàçàòåëüñòâî. Îáîçíà÷èì Dm(f(x)) =
1

m!

dm

dxm
(f(x))

∣∣∣∣∣
x=0

, m ≥ 0. Ïî ôîðìóëå äèô-

ôåðåíöèðîâàíèÿ Ëåéáíèöà, ó÷èòûâàÿ (7), èìååì

2((2k+3)c−(2k+1)b)n+k+2
(

22k+1 − 1
)(c−a)n

aj =
∑

m1+...+m4=cn+1−j,
mi≥0

cm̄

(
2k
√

2− 1
)cn−m1

×
(

2k
√

2 + 1
)cn−m2

2(k+1)cn−km3−(k+1)m4

(√
2
)cn−m3−m4+1

,

ãäå m̄ = (m1,m2,m3,m4), cm̄ ∈ Z.
Çàìåòèì, ÷òî (k + 1)cn− km3 − (k + 1)m4 ≥ (k + 1)(j − 1).

Åñëè m1 = m2, òî
(
2k
√

2− 1
)cn−m1

(
2k
√

2 + 1
)cn−m2

=
(
22k+1 − 1

)cn−m1 ∈ Z, òàê êàê
cn−m1 ≥ j − 1, è cn−m3 −m4 + 1 ≡ j( mod 2).

Åñëè m1 6= m2, m = min(cn − m1; cn − m2), m = max(cn − m1; cn − m2), òî,
ãðóïïèðóÿ ñëàãàåìûå ïðè cn − m2 = m + ρ, cn − m1 = m + ρ, ρ ≥ 1, è èñïîëü-
çóÿ òîò ôàêò, ÷òî cm äëÿ òàêèõ ñëàãàåìûõ îäèíàêîâû, ïîëó÷èì äëÿ íèõ ìíîæèòåëü(
22k+1 − 1

)m ((
2k
√

2− 1
)ρ

+
(
2k
√

2 + 1
)ρ)

=
(√

2
)ρ1

Aρ,m ≥ j−1, Aρ ∈ Z, ρ ≡ ρ1( mod 2). Òàê

êàê cn−m3−m4+1 = 2cn+j−2m+ρ, òî
(√

2
ρ
) (

22k+1 − 1
)m ((

2k
√

2− 1
)ρ

+
(
2k
√

2 + 1
)ρ) ∈ Z,

è cn−m3 −m4 + 1− ρ ≡ j( mod 2). ×òî è òðåáîâàëîñü äîêàçàòü.

Ëåììà 6. Äëÿ âñåõ i = 0, 1, . . . , 2(a+ b− c)n− 2 ñïðàâåäëèâî ïðåäñòàâëåíèå

bi =
(√

2
)i1

Ci, ãäå i ≡ i1( mod 2), Ci ∈ Z. (13)

Äîêàçàòåëüñòâî. Èç (5) è (6) ñëåäóåò, ÷òî P (x) � ÷àñòü ðàçëîæåíèÿ ôóíêöèè R(x) â ðÿä
â îêðåñòíîñòè òî÷êè x =∞, ñîäåðæàùàÿ âñå íåîòðèöàòåëüíûå ñòåïåíè x. Èç (11) èìååì

R(x) = (−1)(a−c)n−1x2(a+b−c)−2

(
1− 2k

√
2− 1

x

)an(
1− 2k

√
2 + 1

x

)an

×

(
1− 2k

√
2

x

)2bn(
1− 22k+1

√
2

x

)−cn−1

,
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bi =
∑

m1+...+m4=2(a+b−c)n−2−i,
mj≥0

dm̄

(
2k
√

2− 1
)m1

(
2k
√

2 + 1
)m2

2km3+(k+1)m4

×
(√

2
)m3+m4

, m̄ = (m1,m2,m3,m4), dm ∈ Z.

Äàëüíåéøåå äîêàçàòåëüñòâî ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 5.
Â ñëåäóþùåé ëåììå óñòàíîâèì íåêîòîðûå àðèôìåòè÷åñêèå ñâîéñòâà êîýôôèöèåíòîâ βi â

ðàçëîæåíèè

P (x) =

2(a+b−c)n−2∑
i=0

βi

(
x−

(
2k
√

2− 1
))i

. (14)

Ëåììà 7. Ïóñòü (2k + 1)b− (2k + 3)c > 0. Òîãäà
1) äëÿ i = 0, . . . , an− 1: 2k+2βi = 2((2k+1)b−(2k+3)c)nMi, ãäå Mi ∈ K;
2) äëÿ an ≤ i ≤ 2an ïðè (2k + 1)b− (2k + 3)c ≥ a: 2k+2βi = 22an−iMi.

Äîêàçàòåëüñòâî ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 2.5 ðàáîòû [16].

Äàëåå ïðåäñòàâèì èíòåãðàë (11) â âèäå ëèíåéíîé ôîðìû îò 1 è
√

2 ln 2k
√

2+1
2k
√

2−1
ñ öåëûìè

êîýôôèöèåíòàìè.

Ëåììà 8. Ïóñòü Q1 = max{c, 2(a+ b− c)}, s1 = min{(2k + 1)b− (2k + 3)c, 2a},

s2 =

{
−s1, åñëè (2k + 1)b− (2k + 3)c > 0,

(2k + 3)c− (2k + 1)b, åñëè (2k + 1)b− (2k + 3)c ≤ 0,

s3 = max{0, c− a}.

Òîãäà ñïðàâåäëèâî ïðåäñòàâëåíèå âèäà

qQ1n2s2n+k+3
(

22k+1 − 1
)s3n

I = A
√

2 ln
2k
√

2 + 1

2k
√

2− 1
+B, ãäå A, B ∈ Z.

Äîêàçàòåëüñòâî. Ïðîèíòåãðèðóåì ñëàãàåìîå â (5) ïðè j = 1, èìååì

I1 = a1

2k
√

2+1ˆ

2k
√

2

(
1

x
+

1

2k+1
√

2− x

)
dx = a1 ln

2k
√

2 + 1

2k
√

2− 1
.

Òîãäà èç (12) ñëåäóåò, ÷òî

2((2k+3)c−(2k+1)b)n+k+2
(

22k+1 − 1
)(c−a)n

I1 = A1

√
2 ln

2k
√

2 + 1

2k
√

2− 1
, A1 ∈ Z. (15)

Ïðè j = 2, . . . , cn+ 1 ïîëó÷èì

I2 =
cn+1∑
j=2

aj

2k
√

2+1ˆ

2k
√

2

(
1

xj
+

1

(2k+1
√

2− x)j

)
dx =

cn+1∑
j=2

aj
(√

2
)j2

A′j

(j − 1) (22k+1 − 1)
j−1

,

ãäå j ≡ j2( mod 2), A′j ∈ Z. Ñëåäîâàòåëüíî, ñîãëàñíî (12) èìååì

2((2k+3)c−(2k+1)b)n+k+2
(

22k+1 − 1
)(c−a)n

I2 = V1, qcnV1 ∈ Z. (16)
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Äàëåå, ó÷èòûâàÿ (6) è (13), ïîëó÷èì

I3 =

2k
√

2+1ˆ

2k
√

2

P (x)dx =
1

2

2(a+b−c)n−2∑
i=0

bi

2k
√

2+1ˆ

2k
√

2−1

xidx

=
1

2

2(a+b−c)n−2∑
i=0

(√
2
)i1

Ci
(√

2
)i2

C ′i
i+ 1

, Ci, C
′
i ∈ Z, i ≡ i2( mod 2).

È 2q2(a+b−c)nI3 ∈ Z. Òàêæå, ó÷èòûâàÿ (14), èìååì

I3 =

2k
√

2+1ˆ

2k
√

2

P (x)dx =
1

2

2(a+b−c)n−2∑
i=0

βi

2k
√

2+1ˆ

2k
√

2−1

(
x−

(
2k
√

2− 1
))i

dx

=

2(a+b−c)n−2∑
i=0

2iβi
i+ 1

.

Òîãäà èç ëåììû 7 ñëåäóåò, ÷òî ïðè (2k + 1)b− (2k + 3)c > 0:
1) ïðè (2k + 1)b− (2k + 3)c < a: q2(a+b−c)n2((2k+3)c−(2k+1)b)n+k+3I3 ∈ Z;
2) ïðè (2k + 1)b− (2k + 3)c ≥ a: q2(a+b−c)n2−s1n+k+3I3 ∈ Z.
Ñëåäîâàòåëüíî, ïðè (2k + 1)b− (2k + 3)c > 0 âûïîëíÿåòñÿ

q2(a+b−c)n2−s1n+k+3I3 ∈ Z. (17)

Åñëè æå (2k + 1)b− (2k + 3)c ≤ 0, òî

q2(a+b−c)nI3 ∈ Z. (18)

Òàêèì îáðàçîì, óòâåðæäåíèå ëåììû âûïîëíÿåòñÿ â ñèëó (5), (15)� (18).
Ñëåäóþùàÿ ëåììà ïîçâîëÿåò óòî÷íèòü çíàìåíàòåëü qQ1n.

Ëåììà 9. Ïóñòü ÷èñëà Q1, s2, s3 îïðåäåëåíû êàê â ëåììå 8, Q2 = max{a, 2b}, Q =

= max{Q1, Q2},
Bn
An

=
(an)!(2bn)!((a+ b− c)n)!

(bn)!(cn)!(2(a+ b− c)n)!
, An, Bn ∈ N, (An, Bn) = 1,

ln = B−1
n qQn2s2n+k+3

(
22k+1 − 1

)s3n
I = gn

√
2 ln

2k
√

2 + 1

2k
√

2− 1
+ pn. (19)

Òîãäà gn, pn ∈ Z.

Äîêàçàòåëüñòâî ëåììû 9 ïîäîáíî äîêàçàòåëüñòâó ëåììû 2.7 ðàáîòû [16].
Äàëåå äîêàçàòåëüñòâî òåîðåìû 2 ñâîäèòñÿ ê ïðèìåíåíèþ ëåììû 1 äëÿ ëèíåéíîé ôîðìû

(19), òî åñòü ê íàõîæäåíèþ ÷èñëà µ0(k) = 1 + τ/δ, è ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó
òåîðåìû 2.2 â [16].

Ðàññìîòðèì ôóíêöèþ(
x−

(
2k
√

2− 1
))a (

2k
√

2 + 1− x
)a (

x− 2k
√

2
)2b

xc
(
2k+1
√

2− x
)c ≡ 1

2(2k+1)c
f(t(k))

=
1

2(2k+1)c

tb(1− t)a(
1− t

22k+1

)c , ãäå t = (x− 2k
√

2)2.
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Îáîçíà÷èì ÷åðåç t1(k) ìåíüøèé êîðåíü óðàâíåíèÿ
d

dt
ln(f(t(k))) = 0, ïðè÷åì, t1(k) ∈ (0; 1),

÷åðåç t2(k) − áîëüøèé êîðåíü.
Äëÿ ëþáîãî k ≥ 1 (â ÷àñòíîñòè, ïðè âûáîðå â (11) a = 27, b = 50, c = 28) ñóùåñòâóþò

δ(k) = −
(
Q− lim

n→∞

1

n
lnBn + (s2 − (2k + 1)c) ln 2 + s3 ln

(
22k+1 − 1

)
+ ln |f (t1(k))|

)
,

τ(k) = Q− lim
n→∞

1

n
lnBn + (s2 − (2k + 1)c) ln 2 + s3 ln

(
22k+1 − 1

)
+ ln |f (t2(k))|,

à, ñëåäîâàòåëüíî, è µ0(k).
Â ðàáîòå [16] áûëî ïîêàçàíî, ÷òî â áîëüøèíñòâå ñëó÷àåâ íàèëó÷øèå îöåíêè, íàéäåííûå ñ

ïîìîùüþ èíòåãðàëà (4), äîñòèãàëèñü ïðè óñëîâèè b = c. Òîãäà îíè ñîâïàäàëè ñ ðåçóëüòàòàìè
ðàáîò [4] è [17]. Èíà÷å ïðîèñõîäèëî óñèëåíèå. Â äàííîì ñëó÷àå íàèëó÷øèå ðåçóëüòàòû äëÿ
µ0(k) ïîëó÷àþòñÿ ïðè óñëîâèè 2a = (2k + 1)b− (2k + 3)c íà ïàðàìåòðû èíòåãðàëà (11).

Â òàáëèöå 2 ïðèâåäåì íåêîòîðûå îöåíêè ïîêàçàòåëåé èððàöèîíàëüíîñòè ÷èñåë âèäà
ωk =

√
2 ln 2k

√
2+1

2k
√

2−1
, ïîëó÷åííûõ ñ ïîìîùüþ èíòåãðàëà (11), è äëÿ ñðàâíåíèÿ ðåçóëüòàò ïðè-

ìåíåíèÿ èíòåãðàëà Ì. Ã. Áàøìàêîâîé.

Òàáëèöà 2
k Ì. Ã. Áàøìàêîâà: µ(ωk) ≤ Å. Ñ. Çîëîòóõèíà: µ(ωk) ≤
1 11.6500. . . 12.3569. . .
2 5.8393. . . 4.2828. . .
3 4.2782. . . 3.2896. . .

Ïðè k ≥ 2 íàèëó÷øèå îöåíêè ìîãóò áûòü ïîëó÷åíû ñ ïîìîùüþ èíòåãðàëà (11). Ðàññìîòðèì
áîëåå ïîäðîáíî ýòè ðåçóëüòàòû ïðè k = 2; 3:

1) âûáèðàÿ â èíòåãðàëå (11) k = 2, a = 27, b = 50, c = 28, ïîëó÷èì lim
n→∞

1

n
lnBn = 5.1344 . . .,

t1 = 0.6519 . . ., t2 = 50.0827 . . ., δ = 85.4800 . . ., τ = 280.6193 . . .;

2) âûáèðàÿ â èíòåãðàëå (11) k = 3, a = 31, b = 50, c = 32, èìååì lim
n→∞

1

n
lnBn = 5.1435 . . .,

t1 = 0.6180 . . ., t2 = 211.3411 . . ., δ = 152.2802 . . ., τ = 348.6757 . . ..

5. Ðàöèîíàëüíûå ïðèáëèæåíèÿ ÷èñåë âèäà
√
4k + 1 ln

√
4k+1+1√
4k+1−1

,
k ∈ N, k ≥ 1

Äëÿ äîêàçàòåëüñòâà òåîðåìû 3 â èíòåãðàëå (4) âûáèðàåì α =
√

4k + 1:

I(a, b, c;
√

4k + 1, 1)

=

√
4k+1+1ˆ
√

4k+1

(
x−

(√
4k + 1− 1

))an (√
4k + 1 + 1− x

)an (
x−
√

4k + 1
)2bn

xcn+1
(
2
√

4k + 1− x
)cn+1 dx. (20)

Çäåñü íàèëó÷øèå îöåíêè ïðè k ≥ 2 äîñòèãàþòñÿ ïðè óñëîâèè b = c íà ïàðàìåòðû èíòåãðà-
ëà (20). Êàê óæå áûëî îòìå÷åíî, ïðè òàêîì ñîîòíîøåíèè ðåçóëüòàòû ðàáîòû [16] ñîâïàäàëè ñ
ðåçóëüòàòàìè ðàáîò [4] è [17]. Íî äîêàçàòåëüñòâî òåîðåìû 3 ñ ïîìîùüþ èíòåãðàëà (20) ïðåä-
ñòàâëÿåò èíòåðåñ, òàê êàê íåêîòîðûå îöåíêè, ïîëó÷àåìûå ïðè k ≥ 2 óñèëèâàþò ðåçóëüòàòû
À. À. Ïîëÿíñêîãî [ñì. [13]], à â ðàáîòå [4] àíàëîãè÷íûå êîíêðåòíûå ðåçóëüòàòû íå áûëè óêà-
çàíû.
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Â öåëîì äîêàçàòåëüñòâî òåîðåìû 3 ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó ðàññìîòðåííîé
âûøå òåîðåìû 2 è òåîðåìû 4.1 ðàáîòû [16]. Ïîýòîìó äàëåå ïîäðîáíî áóäóò ðàññìîòðåíû ëèøü
íåêîòîðûå ìîìåíòû äîêàçàòåëüñòâà.

Ëåììà 10. Ñïðàâåäëèâû ñëåäóþùèå ïðåäñòàâëåíèÿ äëÿ êîýôôèöèåíòîâ ðàçëîæåíèÿ (5):

22(c−a)n+2 (4k + 1)(c−b)n+1 k(c−a)naj =
(√

4k + 1
)j1

2j−1kj−1Aj ,

ãäå j = 1, . . . , cn+ 1, j ≡ j1( mod 2), Aj ∈ Z.

Äîêàçàòåëüñòâî.×èñëî
√

4k+1−1
2 ÿâëÿåòñÿ ïîëîæèòåëüíûì êîðíåì óðàâíåíèÿ t2+t−k=0.

Ïî èíäóêöèè ìîæíî ïîêàçàòü, ÷òî
(√

4k+1−1
2

)ω
= Aω

√
4k+1−1

2 + Bω, ãäå ω ∈ N, ω ≥ 2,

Aω, Bω ∈ Z. Ïîýòîìó 2
(√

4k+1−1
2

)ω
= Aω

(√
4k + 1− 1

)
+ 2Bω. Àíàëîãè÷íî,

2

(√
4k + 1 + 1

2

)ω
= Aω

(√
4k + 1 + 1

)
+ 2Bω, Aω, Bω ∈ Z.

Òàêæå
(√

4k+1−1
2

)(√
4k+1+1

2

)
= k.

Äàëåå àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 5, èìååì

22(c−a)n+2(4k + 1)(c−b)n+1k(c−a)naj =
∑

m1+...+m4=cn+1−j,
mi≥0

cm̄

(√
4k + 1− 1

2

)cn−m1

×
(√

4k + 1 + 1

2

)cn−m2

2cn−m1−m2−m4+1
(√

4k + 1
)cn−m3−m4+1

ãäå m̄ = (m1,m2,m3,m4), cm̄ ∈ Z.
Çàìåòèì, ÷òî cn−m1 −m2 −m4 ≥ (j − 1).

Åñëè m1 = m2, òî
(√

4k+1−1
2

)cn−m1
(√

4k+1+1
2

)cn−m2

= kcn−m1 ∈ Z, òàê êàê cn−m1 ≥ j − 1,

è cn−m3 −m4 + 1 ≡ j( mod 2).
Åñëè m1 6= m2, m = min(cn − m1; cn − m2), m = max(cn − m1; cn − m2), òî, ãðóïïèðóÿ

ñëàãàåìûå ïðè cn−m2 = m+ ρ, cn−m1 = m+ ρ, ρ ≥ 1, ïîëó÷èì äëÿ íèõ ìíîæèòåëü

2km

((√
4k + 1− 1

2

)ρ
+

(√
4k + 1 + 1

2

)ρ)
=
(√

4k + 1
)ρ1

Aρ,

m ≥ j − 1, Aρ ∈ Z, ρ ≡ ρ1( mod 2).Òàê êàê cn−m3 −m4 + 1 = 2cn+ j − 2m+ ρ, òî

(√
4k + 1

)ρ
2km

((√
4k + 1− 1

2

)ρ
+

(√
4k + 1 + 1

2

)ρ)
=
(√

4k + 1
)ρ (√

4k + 1
)ρ1

Aρ ∈ Z,

è cn−m3 −m4 + 1− ρ ≡ j( mod 2). ×òî è òðåáîâàëîñü äîêàçàòü.

Ëåììà 11. Ñïðàâåäëèâû ñëåäóþùèå ïðåäñòàâëåíèÿ äëÿ êîýôôèöèåíòîâ ðàçëîæåíèÿ (6):

2bi =
(√

4k + 1
)i1

22(a−c)n−2−iCi,

ãäå i = 0, 1, . . . , 2(a+ b− c)n− 2, i ≡ i1( mod 2), Ci ∈ Z.
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Ðàññìîòðåííûå ëåììû ïîçâîëÿþò äîêàçàòü ñëåäóþùèå.

Ëåììà 12. Ïóñòü Q1 = max{c, 2(a+ b− c)}, s1 = max{0, c− b}, s2 = max{0, c− a}, òîãäà
ñïðàâåäëèâî ïðåäñòàâëåíèå âèäà

qQ1n22(c−a)n+4(4k + 1)s1n+1ks2nI = A
√

4k + 1 ln

√
4k + 1 + 1√
4k + 1− 1

+B, ãäå A, B ∈ Z.

Ëåììà 13. Ïóñòü ÷èñëà Q1, s2, s3 îïðåäåëåíû êàê â ëåììå 12, Q2 = max{a, 2b},

Q = max{Q1, Q2},
Bn
An

=
(an)!(2bn)!((a+ b− c)n)!

(bn)!(cn)!(2(a+ b− c)n)!
, An, Bn ∈ N, (An, Bn) = 1,

ln = B−1
n qQn22(c−a)n+4(4k + 1)s1n+1ks2nI = gn

√
4k + 1 ln

√
4k + 1 + 1√
4k + 1− 1

+ pn.

Òîãäà gn, pn ∈ Z.

Äàëüíåéøåå äîêàçàòåëüñòâî òåîðåìû 2 ñâîäèòñÿ ê ïðèìåíåíèþ ëåììû 1 äëÿ ëèíåéíîé

ôîðìû ln. Ðàññìîòðèì ôóíêöèþ f(t(k)) = tb(1−t)a

1−( t
4k+1)

c . Îáîçíà÷èì ÷åðåç t1(k) ìåíüøèé êîðåíü

óðàâíåíèÿ
d

dt
ln(f(t(k))) = 0, ïðè÷åì, t1(k) ∈ (0; 1), ÷åðåç t2(k) − áîëüøèé êîðåíü.

Èññëåäîâàíèÿ ïîêàçàëè, ÷òî äëÿ ëþáîãî k ≥ 1 (â ÷àñòíîñòè, ïðè âûáîðå â (20) a = 5, b = 6,
c = 6) ñóùåñòâóþò

δ(k) = −
(
Q− lim

n→∞

1

n
lnBn + 2(c− a) ln 2 + (s1 − c) ln(4k + 1) + s2 ln(k) + ln |f (t1(k))|

)
,

τ(k) = Q− lim
n→∞

1

n
lnBn + 2(c− a) ln 2 + (s1 − c) ln(4k + 1) + s2 ln(k) + ln |f (t2(k))|,

à, ñëåäîâàòåëüíî, è µ0(k).
Ñëåäóåò îòìåòèòü, ÷òî ÷àñòíûå ñëó÷àè ïðè k = 2; 6; 11; 12 áûëè ïîäðîáíî ðàññìîòðåíû

â [16], ïðè ýòîì ðåçóëüòàòû ñîâïàäàëè ñ ðåçóëüòàòàìè ðàáîò Ê. Âààíàíåíà, À. Õåéìîíåíà è
Ò. Ìàòàëà-àõî â [4], [17].

Ïðè k = 1 êîíñòðóêöèÿ èíòåãðàëà ïîçâîëèëà íàõîäèòü íàèëó÷øóþ îöåíêó ïðè ñîîòíîøå-
íèè (a+b)/c = 3/2 ïàðàìåòðîâ èíòåãðàëà (20) [ñì. [16]], ÷òî óëó÷øèëî àíàëîãè÷íûé ðåçóëüòàò
Ê. Âààíàíåíà, À. Õåéìîíåíà è Ò. Ìàòàëà-àõî. Íî âïîñëåäñòâèè ýòîò ðåçóëüòàò áûë óñèëåí
Ì. Ã. Áàøìàêîâîé.

Äàëåå ïðèâåäåì íåêîòîðûå îöåíêè ìåð èððàöèîíàëüíîñòè ÷èñåë âèäà

ωk =
√

4k + 1 ln

√
4k + 1 + 1√
4k + 1− 1

,

êîãäà
√

4k+1+1√
4k+1−1

íå ÿâëÿåòñÿ ðàöèîíàëüíûì ÷èñëîì, ïîëó÷åííûõ ñ ïîìîùüþ èíòåãðàëà (20).

Òàáëèöà 3

k µ(ωk) ≤ k µ(ωk) ≤
1 4.4562. . . 8 3.2311. . .
3 3.6439. . . 9 3.1935. . .
4 3.5012. . . 10 3.1619. . .
5 3.4025. . . 11 3.1346. . .
7 3.2756. . .
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Ðàññìîòðèì áîëåå ïîäðîáíî ðåçóëüòàòû ïðè k = 5; 7 − 10, êîãäà ïðîèñõîäèò óñèëåíèå àíàëî-
ãè÷íûõ íåðàâåíñòâ ðàáîòû [13]:

1) âûáèðàÿ â èíòåãðàëå (20) k = 5, a = 5, b = 6, c = 6, èìååì lim
n→∞

1

n
lnBn = 3.5266 . . .,

t1 = 0.5520 . . ., t2 = 45.6479 . . ., δ = 14.2182 . . ., τ = 34.1606 . . .;

2) ïðè k = 7, a = 6, b = 7, c = 7: lim
n→∞

1

n
lnBn = 3.6928 . . ., t1 = 0.5431 . . ., t2 = 62.2901 . . .,

δ = 18.7723 . . ., τ = 42.7188 . . .;

3) ïðè k = 8, a = 6, b = 7, c = 7: lim
n→∞

1

n
lnBn = 3.6928 . . ., t1 = 0.5425 . . ., t2 = 70.9574 . . .,

δ = 19.5594 . . ., τ = 43.6395 . . .;

4) ïðè k = 9, a = 7, b = 8, c = 8: lim
n→∞

1

n
lnBn = 3.8353 . . ., t1 = 0.5369 . . ., t2 = 78.7487 . . .,

δ = 23.3864 . . ., τ = 51.2992 . . .;

5) ïðè k = 10, a = 7, b = 8, c = 8: lim
n→∞

1

n
lnBn = 3.8353 . . ., t1 = 0.5366 . . ., t2 = 87.3205 . . .,

δ = 24.1138 . . ., τ = 52.1319 . . ..

6. Çàêëþ÷åíèå

Â ïîñëåäíèå ãîäû áûë ïîëó÷åí ðÿä çíà÷èòåëüíûõ ðåçóëüòàòîâ â îáëàñòè îöåíêè ìåð èð-
ðàöèîíàëüíîñòè êàê äëÿ çíà÷åíèé ëîãàðèôìè÷åñêîé ôóíêöèè, òàê è äðóãèõ êëàññè÷åñêèõ
êîíñòàíò. Äîêàçàòåëüñòâà ýòèõ ðåçóëüòàòîâ ñâÿçàíû ñ êîíñòðóêöèåé ðàöèîíàëüíûõ ïðèáëè-
æåíèé ê èññëåäóåìûì ÷èñëàì. ×àùå âñåãî îíè èñïîëüçóþò îäíîêðàòíûå èëè ìíîãîêðàòíûå
èíòåãðàëû, äàþùèå ïðèáëèæåíèÿ Ïàäå èëè áëèçêèå ê íèì ôóíêöèîíàëüíûå ïðèáëèæåíèÿ
äëÿ ôóíêöèè, çíà÷åíèÿ êîòîðîé èññëåäóþòñÿ. Ïðè ýòîì îáùèå ïîäõîäû, ðàçðàáîòàííûå äëÿ
öåëîãî êëàññà çíà÷åíèé, êàê ïðàâèëî, íå ìîãóò äàòü óëó÷øåíèÿ îöåíîê äëÿ âñåõ ýëåìåíòîâ
äàííîãî êëàññà. Â êîíêðåòíûõ ñëó÷àÿõ áîëåå ýôôåêòèâíûìè îêàçûâàþòñÿ ìåòîäû, ó÷èòûâà-
þùèå îñîáåííîñòè äàííîãî ÷èñëà. Ðàçëè÷íîãî ðîäà ñèììåòðè÷íîñòü èíòåãðàëüíûõ êîíñòðóê-
öèé ïîçâîëÿåò èñïîëüçîâàòü ýòè îñîáåííîñòè è ñëóæèò ïîñòðîåíèþ íàèëó÷øåãî ïðèáëèæåíèÿ.
Âïåðâûå ñèììåòðè÷íûé èíòåãðàë, ïîäîáíûé ðàññìàòðèâàåìûì â äàííîé ðàáîòå, áûë èñïîëü-
çîâàí äëÿ óëó÷øåíèÿ ïîêàçàòåëÿ èððàöèîíàëüíîñòè ÷èñëà ln 3 Â. Õ. Ñàëèõîâûì [8], êîòîðîìó
àâòîðû èñêðåííå ïðèçíàòåëüíû çà íàó÷íûå èäåè è ïîìîùü â ðàáîòå.

Ðàññìàòðèâàÿ îáîáùåíèå ðåçóëüòàòîâ îá îöåíêå ìåðû èððàöèîíàëüíîñòè ÷èñåë âèäà γd,
àâòîðû íàäåÿëèñü, ÷òî ýòî ïîñëóæèò îðèåíòèðîì è ïîìîæåò â äàëüíåéøèõ èññëåäîâàíèÿõ
äàííîé ïðîáëåìû.
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