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Abstract
In this article we prove that, if integer polynomial P satisfies |P(w)|, < H~", then for
w > 2n — 2 and sufficiently large H the root v belongs to the field of p-adic numbers.
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1. Introduction

Throughout this paper, p is a prime number, Q, is the field of p-adic numbers,
P(z)=apz" +...+a1x+ao

is an integer polynomial with degree deg P(x) = n and height H(P) = maxo<j<n |a;j|. We denote
by P, the set of integer polynomials of degree n. Let P, (H) ={P € P, : H(P) = H}.

In this paper, a result originally considered by Y. V. Nesterenko is examined. In [1]
Y.V. Nesterenko discussed the solvability of the equation P(z) = 0 in the ring of p-adic integers Z,
and proved the following result.

THEOREM 1. Let = be an integer and P € P, (H). If
P(a)l, < e 5" HT,
then there exists a p-adic number v such that
P(y) =0, [z -7l <L

Note that a similar problem was considered in [2| and there was given a criteria for when the
closest root of a polynomial to a real point belongs to the field of real numbers. Knowledge of the
nature of the roots is very important in the problems of Diophantine approximations for construction
of regular systems [3,4]. Numerous applications of this concept arose when obtaining estimates for
the Hausdorff measure and Hausdorff dimension of Diophantine sets [5] and proving analogues of the
Khintchine theorem [6,7]. Using the regular systems, the exact theorems on approximation of real
numbers by real algebraic [6], by algebraic integers [8], of complex numbers by complex algebraic [9]
were obtained, and similar problems in the field of p-adic numbers [10] and in R x C x Q,, 7] were
investigated.

The Theorem 1 can be improved for p-adic leading polynomials. Such a polynomial P € P,
satisfies

lan|p > 1. (1)
THEOREM 2. Let w € Zy, and P € P,(H) be a p-adic leading polynomial. Then if
[P(w)lp < H™" (2)

for w > 2n — 2, and for sufficiently large H > Hy(n), it follows that the root vi of P belongs to Q,
and
lw—y1]p < 1. (3)

REMARK 1. If D(P) # 0 then we have that the root v1 of P is closest to w € Z,. The above
theorem will be proved using a general method of V.I. Bernik which was developed in [11,12].
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2. Preliminary setup and auxilliary Lemmas

Let P € Py, have roots 1,72, ..., in Q;, where Q}, is the smallest field containing Q) and all
algebraic numbers. Then, from (1) it follows that

vilp <1, i=1,...,n; (4)

i.e. the roots are bounded. This follows from Lemma 4 in ( [13], p.85).
Define the sets

Tpo(ve) = {weZy: |w—lp= 112i<nn lw—ilp}, 1<k<n.

Consider the set T},(vx) for a fixed k and for ease of notation assume that k = 1. Next, reorder
the other roots so that

=l < I mwl << I =l

Fix € > 0 where ¢ is sufficiently small and suppose that e, = eN~! where N = N(n) > 0 is
sufficiently large. Let T = [e]!].
For a polynomial P € P, (H) define the real numbers p; by

1 —7lp = H ", 2<j<n, p2=ps..=py.

Define the integers m;, 2 < j < n, such that

mj—l
T

Further define numbers s; such that

< pj <

5 = mi+1+f..+mn’ (1<i<n—1), sp=0.

The first Lemma is a p-adic analogue of the Lemma, which was proved by Bernik in [14] and is a
generalisation of Sprindzuk’s Lemma ( [13], p.77).

LeMMA 1. [15] Let w € Tp(m1). Then

IP)P' () TT i = ).
k=2

_ < i
W =mlp < min

The following Lemma is often referred to as Gelfond’s Lemma.

LEMMA 2 ([16], Lemma A.3). Let Py, Pa, ..., Py be polynomials of degree ny, ..., ny respectively,
and let P=P\Py...P.. Letn=n1+ns+...+ng. Then

27"H(P)H(Py)...H(P;,) < H(P)<2"H(P))H(P)...H(Py).
In the proof of theorem we will refer to the following statement known as Hensel’s Lemma.

LEMMA 3 ( [4], p. 134). Let P be a polynomial with coefficients in Z,, let & = & € Zp and
[P(&)|p, < [P'(€)]5. Then as n — oo the sequence

P(&n)
P'(&n)

gn—i—l = gn -
tends to some root 3 € Q, of the polynomial P and
18 —&lp < [PE/IP' Ol < 1.
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3. Proof of Theorem 2

Two cases must be dealt with separately: D(P) # 0 and D(P) = 0.

3.1. Case I: D(P) #0

First consider a polynomial P € P,(H) satisfying D(P) # 0 and (2), and assume that

|P'(w)|2 < |P(w)|p- We will obtain a contradiction. Using (4), we get [P'(w)|, < H~w/2,
It is well known that |D(P)| = %, where

an Ap_1 Ap_9 o a ag 0 ... 0

0 Ay, Ap—1 Ap—2 ‘e aq a 0 0

A= 0 an (n—1 (n—2 a1 aog
na, (Mm—1a,—1 (n—2)ap—2 ay 0 0

0 nan (’I”L l)an 1 (TL 2)an 2 ay 0 0

0 0 0 na, (n—1a,—1 (n—2)ap—2 ay

Hence the determinant,

Al < anl((2n = 2)Y(nH)* 2 + n(2n — 2)/(nH)?*"~2)
= an|(2n — 2)!(n 4+ 1)(nH)?>"2 < 2021 (2n — 2)IH?"2|a,|,

using the fact that |a;| < H, i = 0,1,...,n. Thus, |D(P)| < 2n**~1(2n — 2)!H?"~2. This implies
that
D(P)], > 2~ 0l 27((2n — 2)) " H 22, 5)

Using Lemma 1, |a,|, > 1 and (2),

lw—mlp < min1<j<n(\P( W) lpl P (1) 5! Thea 11— 1)
< minigj<n(Hlanl, " [Tiz ]H\’Yl Telp 1)
< minigjcn(Han|, 'H)I
—w+§

< minlgjgn H 7

Define o(P) as the cylinder of points w satisfying

7w+s

lw—71lp < mm H 7
<<

Let 0; = w;Sj and denote by 6y the maximum value of 6;, j =1,...,n.
Now the polynomial P’ is expanded as a Taylor series and each term is estimated on o(P). Thus

Plw) = P(n) +Z (G =) PO () (w—=m)
|PY) (1) (w — MY, <« HTU +(n— J)ElH o(j—1)
As 6y > 0;, this implies that
PO (1) (w = ) < Bt T C0ts) gD g9 <o,

Thus, '
P ()l < masx {|PD) () (w = P 7} < B0/
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for H > Hy(n).
Expressing the discriminant D(P) in the form

ID(P)lp = lanly" [T 1=l =laal1P'GOE TT 1=l

1<i<j<n 2<i<j<n
and using the facts that |v;|, < 1 and |a,|, < 1, we obtain
[D(P)p < [P ()l

This contradicts (5) for w > 2n—2+42(n—2)e; and sufficiently large H. Therefore, \P’(w)\g > |P(w)lp
holds for w > 2n — 2 + 2(n — 2)e;, and case I follows immediately from Lemma 3. Hence, there
exists a root 1 € Q, of P such that |w — 1], < [P(w)]p/|P'(w)]3 < 1.

3.2. Case II: D(P) =0

Consider the polynomial P € P, satisfying D(P) = 0. First, P is decomposed into irreducible
polynomials T;(w) € Z[w], i.e
k

=17 W)
i=1
It will be shown that for some index j, 1 < j < k,
ITj(w)lp < 2"/2H(T)). (6)
Assume the opposite, so that
Ty(@)lp > 2"2H"(T) for all j, 1< j < k.

Then, by Lemma 2,
k
H gme/2 () s 9 (S s 2D g (P) s H(P) Y

which contradicts (2). Thus (6) holds.

Hence, applying the same method as in Case I for T}, D(7}) # 0, which satisfies (6), it follows
that there exists a p-adic number 7y such that |w—~1|, < 1 and Tj(v;1) = 0. This implies P(y1) = 0.
O
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