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AnHoTanusa

B 370it crarbe MBI MOKaXKeM, ITO B OOBIYHOM pP-TIPOCTPAHCTBE JIA KasKIOH Maphl HEmepe-
CEKaIONIMXCs MJIeaIbHOr0 MHOXKecTBa, Porbeprepa 1 3aMKHYTOrO MHOXKECTBA, CYIIECTBYET Lapa
HEIEPECeKAIIINUXCsd OTKPBITBIX MHOXKECTB, TAKHUX, YTO OJHO COAEPXKHUT 3aMKHYTOE MHOXKECTBO,
a JOTMOJTHEHNWE JIPYrOr0 MO OTHOINEHWI0 K UIEAJHBHOMY MHOXKeCTBYy Porbeprepa HaXOIWUTCS B
COOTBETCTBYIOIIEM MOMIea e. Bojee TOro, Mbl JEMOHCTPUPYEM, KAK CEMENWCTBA 3aMKHYTHIX
MHOXKECTB MOT'YT OBITh HCIOJIb30BAHBI [IJIs1 ONMUCAHUS HIEATbHBIX TTPOCTpaHcTB Porbeprepa.

Karuesvie caosa: ugean no momaynto Porbeprepa, CBOHCTBO KOHEYHOIO II€PECEYEHMS, -
MTPOCTPAHCTRO.
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Abstract
In this article we show that in a regular p-space, for every pair of disjoint ideal Rothberger
set and closed set there is a pair of disjoint open sets such that one contains the closed set and
other one’s complement with respect to the ideal rothberger set is in the corresponding sub
ideal. Moreover, we demonstrate how families of closed sets can be used to describe the ideal
Rothberger spaces.
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1. Introduction

An Ideal Rothberger Space is a concept within the realm of topology, representing a specialized
class of topological spaces with distinctive covering properties. In topology, the study of sequential
covering plays a crucial role in understanding the structure and behavior of topological spaces.
Some covering properties of recent interest can be found in [2, 3, 4, 5, 6]. Ideal Rothberger Spaces
offer a nuanced perspective on sequential covering through the integration of ideals where an ideal
is a collocation of subsets of a space which is closed under union and taking subsets. This means
that if a set A belongs to an ideal I, then any superset or union of sets in I also belongs to I.

Although Giildiirdek [10] first proposed the ideal Rothberger space in 2018, Bhardwaj [7] and
Giildiirdek [11] have thoroughly investigated its unique features. In a topological space, every pair
of compact subset and closed subset can be strongly separated by open sets. In this paper, we
investigate whether analogous separation of ideal Rothberger subset and closed set is possible or
not. More over a compact space is characterized by means of family of closed sets using finite
intersection properties. Similarly for Lindel6f space we have countable intersection property, for
Star-compact space we have modified non-finite intersection property [1], for Star-Lindelof space
we have modified non-countable intersection property [1]. Neither Bhardwaj [7] nor Giildiirdek [11]
has emphasized the use of a family of closed sets to depict the ideal Rothberger space. So we
introduce a sequential version of finite intersection property to represent ideal Rothberger space by
means of family of closed sets.

2. Preliminaries

In this work, we refer to a topological space X equipped with the topology 7 as simply ‘a space’.
Unless explicitly stated otherwise, separation axioms are not included. Our use of standard concepts,
symbols, and nomenclature follows [8]. In this section, we state several fundamental concepts to aid
the readers’ understanding and convenience.

In a space X, a subset U C 7 is called an open cover of X if [ JU = X. If every open cover of a
space has a finite sub cover then the space is called a compact space. A topological space is called a
regular space in which for every a € X and closed set B such that a ¢ B there exists U,V € 7 such
that x € U, BCV and UNV = (). A p-space is a topological space in which countable intersection
of open set is also open [9].

TEOPEMA 1. [8] If A is a compact subset and B is closed in a reqular space X such that
AN B =10, then A and B are strongly separated.

DEFINITION 1. [10] An ideal I in a topological space (X, T) is a non empty family of subsets of
X which satisfies the following properties :

() X £1,

(i) ABel=AUB¢€l,

(tit) Ae I and BC A= Bel.

PROPOSITION 1. [12] If I is an ideal of subsets of X andY C X, then Iy ={Y NL : I, € I}
1s an ideal of subsets of Y.

We call Iy a sub-ideal of X with respect to Y

DEFINITION 2. [10] A subset A of an ideal space (X, 1,1) is said to be Rothberger modulo I or
I-Rothberger subset, if for every sequence of T-open covers {Uy, : n € N} of A there exists a sequence
of open sets {U,, : n € N} such that U, € U,, for each n € N and A\ Ule Ua, € 14. If X itself is a
I-Rothberger subset, then (X, 1,I) is called an I-Rothberger space.
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DEFINITION 3. [8] A family F = {F, : « € A} (where A is an index set) is said to have the
finite intersection property if for every finite subset {a1, g, as,...,an} of A, iy Fo, # 0.

PROPOSITION 2. [8] A topological space is a compact space if and only if every family of closed
sets having finite intersection property have non empty intersection.

Two general question raises that whether a I-Rothberger subset and and a closed subset in a
regular space can be strongly separated, can I-Rothberger space be represented by families of closed
sets. We will investigate for the answer of these questions in the next section.

3. Main Results

TEOPEMA 2. In a reqular p-space X, for every pair A, B of disjoint subsets of X where A is
an ideal Rothberger subset and B is a closed subset of X, there exists open sets U and V such that
A\U €Iy, BCV andUNV = 0.

JTIOKABATEJNLCTBO. Let (X, 7) be a regular p-space. Suppose, A is an ideal Rothberger subset and
B is a closed subset of X such that AN B = (). Since X is a regular space, for every a € A, we can
find open sets G, and H, such that a € G, and B C H, where G,NH, # 0. Thus G = {G, : a € A}
is an open cover for A by the elements of 7.

If we take G, = G for each n € N, than {G, : n € N} is a sequence of open covers for A. But A
is an ideal Rothberger subset of X. So, there exists a sequence {G,, : n € N} where G,, € G, =G
for each n € Nand A\ (U2 Gn) € 4.

Now, G,, = G, € 7 for some a € A and for all n € N. And for each n € N, there exists a H,
such that B C H, € 7 and G, N H, = (). Let H,, = H, for that specific a and specific n € N. Thus
Gn N H, = 0 for each n € N. Suppose U = |J,2; G, and V = (2| H,. Obviously, U € 7 and
since X is a p-space, V € 7. Here, A\U € [4, BCVand UNV =0. O

CHeACTBUE 1. In a Hausdorff p-space X, for every ideal Rothberger subset A and b € X such
that b & A, there exists open sets U and V such that A\U € I4, beV and UNV = .

HOKA3ATEJ/ILCTBO. In a Hausdorff space, every single ton set is a closed set. So the corollary
follows directly from Theorem 2. O

DEFINITION 4. Sequential Singletonic Intersection Module Ideal Property (SSI/P):
In an ideal space (X, 7,I), a sequence {F, : n € N} of families of subsets is said to have SSI'
property if for every sequence {IF, : n € N} such that F,, € F, for alln € N we get (|, oy Fn € 1.

TroPEMA 3. Following statements are equivalent :

(1) X is an ideal Rothberger space.

(2) For every sequence {F, : n € N} of families of closed sets having SSI' property, there exists
a no € N such that NFp, # 0.

JIOKA3BATEJBCTBO.
(1) = (2)
Let (X, 7,I) be an ideal Rothberger space and {F,, : n € N} be a sequence of families of closed sets
having SSI? property. We also assume that NF, = () for all n € N.
Therefore, X \ (NF,) = X for all n € N.
— U{X\F:FeF,}=XforallneN.
= U, ={U=X\F:F e F,}is an open cover of X for all n € N.
= {U, : n € N} is a sequence of open covers of X. But X is an ideal Rothberger space. So there
exists a sequence {U, : n € N} such that U,, € U, for all n € N and X \ (UpenU,) € I.
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But U,, = X \ F,, where F,, € F,, for all n € N. Thus {F,, : n € N} is a sequence such that F),, € F,
for all n € N and NpenFp, = Mpen(X \ Upn) = X \ (UpenUy) € I, which contradicts the fact that
{F, : n € N} have the SSI/ property. So NF, can not be ) for all n € N. i.e. there exists atleast
one ng € N such that NF,, # 0.

2) = (1)
Let condition (2) holds and {U,, : n € N} be a sequence of open covers of the space X. We take
Fo={F=X\U:U €Uy} for all n € N. So {F,, : n € N} is a sequence of families of closed sets
such that NF,, = 0 for all n € N.

By contra positivity of (2), the sequence {F, : n € N} must not have SSI/ property. i.e. there exists
a sequence {F,, : n € N} where F,, € F, for all n € N, NyenF), € 1. But F,, = X \ U, where
U, € U, and for all n € N.

So, NpenFyn € I = Mpen(X \ U,) € 1.

= X\ (UpenUy,) € I.

Hence X is an ideal Rothberger space. O
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