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AnHOTaMs

Wccnenopanne apudmMeTuvdecKoit Tpupoabl 3HadeHnil mpoauddepeHmpo-
BAHHBIX 110 HapaMeTpy OOODIIEHHBIX I'MIEPreOMeTPUIecKux (DyHKIUH TPOBO-
JIJIOCh BO MHOrux paborax, cMm. [1]-[7], a TakKe cooTBercTBYyIOIIME TIABBI B
kuurax [8] u [9]. IlepponavanbHo Jyist 9THX IesIeil NCHOIB30BAICH METOL 3ure-
Jisi. DTOT METOJI IPUMEHUM JIJIsi UCCAEIOBAHUST TUIEPIeOMeTPUIeCKUX (PyHK-
Uil ¢ PAIMOHAJILHBIMU [IADAMETPAMU U C €0 HOMOIIBIO OBLIN IIOJIyYeHbI pe-
3yJIBTATHI O TPAHCIIEHIEHTHOCTA U aJrebpanveckoil HE3aBUCUMOCTY 3HAYCHUT
TaKWX (DYHKIINH, 8 TaKKe COOTBETCTBYIOIINE KOJMIECTBEHHBIE PE3YJILTATHI
(HampuMep, OIEHKU Mep ajaredbpandecKoii He3aBUCUMOCTH ).

BosmoxxknocTu npumMenenusi MeTojia 3Uresis B CJIydae TUIIEpreoMeTpude-
CKUX (PYHKIINN C MppAIMOHAIbHBIMU TapaMeTpaMu OrpaHudensbl. B kiraccuae-
ckoii popMme MeTo 3Uresisd He YIAeTCs IPUMEHUTD B 9TOW CUTYAIUH, U 3/ECh
moTpebOBaINCh HEKOTOPBIE JIONOJIHUTEIbHbIE cooOpakenus. Ciemnyer, ojHa-
KO, OTMETHUTD, ITO HanboJiee obIIre pe3yabTaTsl 00 apuMeTHIECKONH IPUPO/Ie
3HAYEHUN TUIIEPreOMeTPUIeCcKUX (DYHKIINN C UPPAIMOHABHBIMU ITapaMeTpa-
MU IIOJIy9€HbI ¢ [OMOIIbI0 MeToja 3uresis (B MOIUMUIIMPOBAHHOM BUJE, CM.
o sromy nosozxy [10] u [11]). Baech peus He et 06 ajaredpanveckoil He3aBH-
CHMOCTHU ¥ HMPUXOIUTCST OTPAHUIUTHCS JIUIIh Pe3yJIbTaTaMu O JIMHEHHOM He3a-
BUCHUMOCTH COOTBETCTBYIONIUX 3HAYCHUIA.

Paccyxnenuss mo meropy 3uresiss HAYMHAIOTCS C IOCTPOEHUS (PYHKIINO-
HaJIbHOM JIMHENHON npub/ImKarorieil (hopMbl, UMEIOIIEH B HAaUae KOOPIUHAT
JIOCTATOYHO BBICOKHUI TOpAJoK HyJsd. Takas dopMa CTPOUTCs € IOMOIIBIO
npunnuia Jupuxje. VIMEHHO HEBO3MOXHOCTH IIPOBECTH COOTBETCTBYIO-
Imee paccykiaenne st GYHKIUN ¢ UPPAIMOHATBLHBIMEI TAPAMETPAMH CJTYKUT
[PEISITCTBUEM IIPH TOINBITKAX TPUMEHUTH METOJ, SUrejisi B CJIydae UPPaIuo-
HaJIbHBIX [TapaMeTPOB.

V2ke 1aBHO OBLIO 3aMEYUEHO, YTO B HEKOTOPBIX CJIyYasdX JIMHEHHYIO TpuJin-
JKAIONIYI0 (POPMY MOXKHO HOCTPOUTH 3(PPHEKTUBHO, YKa3aB SBHbIE (DOPMYJIBI
JUtst ee Ko DUIUEHTOB. DTOT METOJI, 3HATUTETHLHO YCTYIIACT METOLY SUresis B
OOTIHOCTH MOy IaeMBIX pe3yabTaToB. OHAKO, UMEHHO C TOMOIIHIO METO/Ta, OC-
HOBAHHOTO Ha 3(MPEKTUBHOM OCTPOCHUHU JTUHEHHBIX MPUOINKAIIIX (HopM,
OBLIN TOTYIeHBbl HANOOIee TOUHBIE ONMEHKNW CHU3Y MOJIyJIeil JUHEHHBIX (hOopM
OT 3HAYEHWII rUIepreoMeTpudeckux (QYHKIHA, & TaKKe BO MHOTUX CJIydasix
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OBLIN TIOJIYYEeHBI PE3YJILTATHI 00 apudMeTUIeCKOil IPUpOoIe 3HAYCHUN TaKUX
dyHKIMit B ciiydae HppalnoHaJIbHBIX MapaMerpoB (cM., Hanpumep, [12]).

DddexTuBHAST KOHCTPYKIMS JUHEHHBIX TPUOIIKAIONIX POPM st (DYHK-
it (2) 6bla mpejyoXKena B pabore [13]. DTa KOHCTPYKIMST HCIIOIB30BaJIA KOH-
TYPHBII HHTErpaJi, KOTOPBI IPUMEHSIJICS paHee JJIsl OJIyYeHHsT pPe3yIbTaToB
06 OIeHKaxX JTMHEHHBIX (POPM OT 3HAYEHUIl MUIEpPreoMeTPUYECKUX (DYHKIUH C
pasIMYHBIMU [apaMeTpaMu, cM. [14].

B macrositiieit pabore mpejjiaraeTcsi HOBBIN TOJXOM, K IIOCTPOEHUO JTHHEH-
HOil pubsmKaomeit dopmbl mist dyuakwii (2). Vcnonab3yercs: ¢Ba3b MEXKIY
TUIIEPTeOMeTPUIECKUME (DYHKIUSIMUA PA3JINIHBIX THUIIOB, KOTOPAasi MMO3BOJISIET
VIIOMSIHYTO€ TIOCTPOEHMe JInMHeiHOM mpubsmKaromieit popMbl cBecTu K OoJiee
HpPOCTON 3a/1a4e.

B saksrouennu maHbl KpaTKUe YKA3aHUsT OTHOCUTENHHO BO3MOMKHBIX MPHU-
JIO?KEHU.

Knaouesvie caosa: mipocteiinias rumepreoMerpudeckas QyHKns, andde-
PEHIIMPOBAHKE I10 IapaMETPy, OLEHKHN JIUHEHHBIX (POPM.

Bubauoepagus: 15 HazBaHUIA.

ON DIFFERENTIATION WITH RESPECT TO
PARAMETER

P. L. Ivankov (Moscow)

Abstract

The investigation of the arithmetic nature of the values of differentiated
with respect to parameter generalized hypergeometric functions was carried
out in many works; see [1]-[7] and also corresponding chapters of the books
[8] and [9]. Primarily the method of Siegel was used for these purposes. This
method can be applied for the investigation of hypergeometric functions with
rational parameters and the results concerning transcendence and algebraic
independence of the values of such functions and corresponding quantitative
results (for example estimates of the measures of algebraic independence) were
obtained by means of it. The possibilities of application of Siegel’s method in
case of hypergeometric functions with irrational parameters are restricted. In
its classic form Siegel’s method cannot be applied in this situation and here
were required some new considerations. But it must be noted that the most
general results concerning the arithmetic nature of the values of hypergeomet-
ric functions with irrational parameters were obtained exactly by Siegel’s
method (by modified form of it, see [10] and [11]). In this case it’s impossible
to say of the results of transcendence or algebraic independence and one
must restrict oneself by the results concerning linear independence of the
corresponding values.

In Siegel’s method reasoning begins with the construction of functional
linear approximating form which has a sufficiently high order of zero at the
origin of coordinates. Such a form is constructed by means of the Dirichlet
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principle. The impossibility to realize the corresponding reasoning for the
functions with irrational parameters is an obstacle for the attempts to apply
Siegel’s method in case of irrational parameters.

It was noted long ago that in some cases the linear approximating form
can be constructed effectively and explicit formulae can be pointed out for its
coeflicients. This method is inferior to Siegel’s one in the sense of the generality
of the results obtained. But by means of the method based on the effective
construction of linear approximating form the most precise low estimates of
the modules of linear forms in the values of hypergeometric functions were
obtained and in many cases were established linear independence of the values
of functions with irrational parameters (see for example [12]).

The effective construction of linear approximating form for the function
(2) was proposed in the work [13]. In this work the construction was based
on a contour integral which was earlier used for the achievement of results
concerning the estimates of linear forms of the values of hypergeometric func-
tions with different parameters; see [14]. In this paper we propose a new
approach for the construction of linear approximating form for functions (2).
Here we make use of a connection between hypergeometric functions of diffe-
rent types which makes it possible to reduce above mentioned constructing of
linear approximating form to less difficult task. In the conclusion we give short
directions concerning possible applications.

Keywords: the simplest hypergeometric function, differentiation with res-
pect to parameter, estimates of linear forms.

Bibliography: 15 titles.

1. BBenenue

UccnenoBanne apudmMeTnaeckoil Ipupo/ibl 3HaUeHu 1po g depeHInpoBaHHbIX
10 TapaMeTpy 00OOIIEHHBIX THIIEPreOMeTPUIeCKuX (hyHKIMA IPOBOJMIIOCH BO MHO-
rux paborax, cM. [1]-{7], a Takxke coorsBercTByIonIHe I1aBbl B Kiurax [8] u [9]. Ilep-
BOHAYAJIBHO JIJIST 9TUX [eJIell UCIOIB30BAJICS METOJ SUTe/Isd. DTOT METOJ, IIPHMEHUM
TSl ICCTIEI0BAIS TUIIEPreOMeTPUIeCKIX (DYHKINI ¢ PAIMOHAIBHBIMHA ITApaMETPa-
MU ¥ C €rO HOMOIIBIO OBIIH TIOJIYYEeHbI Pe3YJIbTATEl O TPAHCIEHICHTHOCTU U ajired-
pamnvecKoil He3aBUCUMOCTU 3HAYCHUH Takux (DYHKIMIA, a TaKKe COOTBETCTBYIOIUE
KOJIMIECTBEHHBIE PE3YJIbTATHI (HAIPUMED, OINEHKH Mep aaredpamvecKoil He3aBUCH-
MOCTH).

Bo3MOKHOCTH TIpEMEHEHHsI MeTojia 3HUresis B CJlydae TUIepreoMeTPUIeCKIX
dbyHKIHMI ¢ MppAIMOHAJILHBIMU TIApAMETPAaME OIpaHuYeHbl. B Kjaccuueckoit dhop-
Me MeTOJ 3Uresisl He YIaeTCs IPUMEHUTD B 9TOH CHUTYAIUH, W 371eCh TOTPEOOBAIINCH
HEKOTOPbIE JIONMOTHUTE/IbHBIE coobpazkeHusi. CiieiyeT, OHAKO, OTMETUTh, UTO HaW-
OoJiee obIue pe3ysibTaTbl 00 aprudMETUIeCKOl MPUPO/ie 3HAYCHUI TUIIEPreOMeTPH-
4ecKUX PYHKIMI ¢ NPPAIMOHATBHBIME ITADAMETPAMH HOJIYY€HBI € IOMOIIBIO METOA
Buresns (B MoaudunupoBaHHOM BH/Ie, CM. 10 3romy noBojy [10] u [11]). Buech peun
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He ujeT o0 ajarebpanydeckoil He3aBUCUMOCTH U ITPUXOJIUTCS ONPAHUYIUTHCS JIUIID Pe-
3yJbTaTaMy O JIMHEHHON HEe3aBUCUMOCTU COOTBETCTBYIOIINX 3HAYCHUN.

Paccyxnenus mo meroy 3uresiss HAUUHAIOTCA C IMOCTPOEHUsT (DYHKITMOHATBHON
JIMHEeHON mpub/nzKaoreii popMbl, IMeEOIell B Hadajie KOOPANHAT JIOCTATOTHO BbI-
COKMiT TIOpsiJIOK HyJisd. Takas dopma CTPOUTCA € MOMOIbIO TpuHnuia Jlupuxie.
MeHHO HEBO3MOXKHOCTB ITPOBECTU COOTBETCTBYIOIIEE PACCYZKIeHUE st PYHKITHI
C UPPAIMOHAJBHBIME TTAPAMETPAMU CJIYZKUT MPEHSITCTBUEM IPU MOIBITKAX ITPUMe-
HUTH METOJT 3Urejisi B CJIydae UPPAIMOHAIBHBIX TAPaMETPOB.

Vake HaBHO OBLIO 3aMEUYEHO, 9TO B HEKOTOPBIX CJIydasix JIMHEHHYIO TPUOJIIKa-
101y10 (POPMY MOZKHO IMOCTPOUTH PDEKTUBHO, yKazaB dBHbIE (DOPMYJIbI JIJIsI ee
K03 DUIUEHTOB. DTOT METOJI, 3HAYUTETBHO YCTYIAeT METO/LY 3UTejis B OOITHOCTU
oJIy9aeMbIX pe3ysabraToB. OHaAKO, IMEHHO C MOMOIIBI0 MeTO/a, OCHOBAHHOTO Ha
3 HEKTUBHOM ITOCTPOEHUN JIMHEHHBIX TTPUOJINZKAIONTUX (DOPM, OBLIIN ITOJTy YeHbI HAM-
OoJiee TOUHBIE OIEHKU CHU3Y MOJYyJeil JuHEHHBIX (OPM OT 3HAYEHUN I'HIIEPreoMeT-
puveckux (QyHKIHUH, a TakyKe BO MHOTUX CJIyUYadX OBLIN IOJIy9YeHbl Pe3y/IbTaTbl 00
apudpMeTHIecKoil MpupoJie 3HAUYECHUI TaKuX (PYHKIUH B CIydae UPPaAIMOHAIBLHBIX
napaMeTpos (cM., Hampumep, [12]).

Db dexTuBHAT KOHCTPYKINS JUHEHHBIX MPUOIUKAIIX (HGOpM Jist (DYHKITNH
(2) 6buta TpeIoKena B pabore [13]. DTa KOHCTPYKIUA HCIOIB30BaIa KOHTYPHBIIT
MHTErPaJi, KOTOPbI IPUMEHJICS paHee JJIsd MOJIydIeHUs] pe3yJabTaToB 00 OIeHKaX
JINHEMHBIX (DOPM OT 3HAYEHUIT THIEPreoMeTPpUIecKnX (DYHKINNA ¢ pa3IuIHBIMEA Ta-
pamerpamn, cM. [14].

B nacrosimeit pabore mpegiaraercs HOBBII I0IXO0/ K IIOCTPOEHUIO JTUHEHHON! IIPH-
6urmkaroteit popmbl it Gyukimii (2). Vcnoib3yercst ¢Bsi3b MKy TUIIEPreoMeT-
pudecKuMU (QYHKIUAMI PA3JIUYHBIX TUIIOB, KOTOpasd IO3BOJILIET YIOMIHYTOE IIO-
CTpOeHHe JIMHeHO# nmpub/mKatolieii popMbl cBecTH K 0oJiee IIPOCTOoi 3a1axe.

2. OcHOBHOI1 pe3yJIbTaT

= Tl (A -1+2) Lo 2v
wi(z) =Y 2"(A+v) E(A—H) = A ZW’ (1)

v=0

rie A ¢ Z,j = 0,1,2. Ucnons3ysa dbynknun w;(z) B KadecTBe BCIOMOIATEILHOIO
CPEJICTBA, TOCTPOUM (DYHKIIMOHAJIHHYIO JTUHEHHYIO TPUOIUKAIONLYIO (POPMY I
dyHKIHIiT

I W R W
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Paccmorpum onpejienuresnb

s—1

A= (u+)\—s)jH(u—x)(1/+)\—x)2 (V+A—1—n+zx)?

=0 1 j=0,1,2, s=0,1,...,n,

3
|

S

8
Il

B sTom OlIpeJejimresie CTOJI6IH:>I PacCIIOJIOZKEHDBI B IIOPAJIKE BO3PpaCTaHuA S U B IIOPAIKE
BO3pacCTaHuAg j IIPU PpaBHBIX S; CTPOKHU PACIIOJIOZKEHBI B IIOPAJIKE BO3paCTaHUA V.

JIEMMA 1. Umeem mecmo pasercmeo

n—1

A=1120-Bn+ 2 []((s + 1= A)(s +1)%)). (3)

s=0

JIOKA3ATEJILCTBO. JlanHOE paBEHCTBO HEMTOCPEICTBEHHO BBITEKaeT U3 |15, jiem-
ma 1, c. 193]. O
C nmoMoIpi0 MHOTOUIEHOB

Pi(z) =) pjs?", §=0,1,2, (4)
s=0

C HEOIIPE/IeJICHHBIMU KO DUITMEHTAMU COCTABUM JIMHEHHYIO (hopMy

2

D Pi(2)wi(z) = R(z) = Y _e,2". (5)

j=0 v=0

Torna npu v > n cupaBelJIUBbI PABEHCTBA

==l O
o= Q) ] s [T - 14, )
e . )
Q(y):z pjs(y—l—)\—s)jﬂ(y—x)(y+)\—x)2ﬂ(y+)\—1—n+x)2. (8)

U3 (3) caenyer, uro nipu A ¢ N onpegenurens A # 0. [losromy cymniecTByoT quciia
Pjs;» 7 = 0,1,2, s = 0,1,...,n, g KOTOPBIX TOXKJECTBEHHO II0 Z BBLIIOJIHICTCH

paBeHcTBO
3n+1

Q)= 1[G - (9)

=0
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Cuwmras, 910 B KadecTBe KOI(DOUIMEHTOB MHOIOUICHOB (4) B3sThl HMEHHO T€ YHCJIa
Pjs, CYIIECTBOBaHME KOTOPBIX MbI JIOKA3AJIM, HAIIMIIEM DABEHCTBO, KOTOPOE JIETKO
soeiBojurest u3 (6), (7) u (9):

z—z) LS (-2
ZZP”ZH— 5 T Tz A s (10)

s=0 j=0 s=0

DTO paBEHCTBO CIPABEIJIMBO IIPH IEIbIX PAIMOHAJIBHBIX 2 > N, &, 3HAYAT, IPHU
BCEX Zz, JIJIsT KOTOPBIX MMEIOT CMBIC €ro JieBast 1 npaBast dactu. OTCro1a MOXKHO
HaWTH IpocThle GOPMYIIBI /IS TUCEIT Djs. Y MHOKEM 00e dactu (10) mpu j = 0,1 Ha
(z+ X —s)'™7 u npounrterpupyem 1o oKpyzKHocTH pa(auyca 1/2 ¢ HEHTPOM B TOUKe
—\ + s; Torga (mpuBoauTcs Juih dopmysta st j = 0)

s 3n+1
) BEE Wy RS S o i
r—\ 2mi [L_o(z+A—x)?
|z4A—s|=1

r=

st onpenenennst pyg, s = 0,1,...,n, pasgennm obe vacru (10) ma [[°_ (2 —x) u
porHTerpupyeM 1o KoHTypy I', oxBaTbiBatommemMy Bce Touku 0, 1,...,s u He cojep-
JKalleMy BHYTpH cebs Touek Buja —\, —A+1, ..., —A+n. Takoit KOHTYD CyIIecTByer,
ecJi cuuTaTh, 9To A ¢ Z. B pesysbrare mOIydnM Takoe paBeHCTBO

dz
p28+zzpj“2m [Lo,(z = 2)(z+ A — p)* =0

pn=0 5=0

OTcroa BHJIHO, UTO Pog Bpra}KaIOTCH 4yepes HaiiJleHHble paHee KO3(hMUIMEHTEL Dj,,,
y kKotopeix j = 0,1, p=0,1,.

U3 (7) u (9) cineyer, uro cy = O mpun < v <3n+ 1. Ecm 0 < v <n, To g
¢, IMeeM PaBEHCTBO

v 2 v—s 1 A1 +x 2 v 1 n—v 1
Cy = SN+ v —s) /=) =0(v _
: ZZP’S( ) :v( Az ) Q()}_[lx()\%—ﬁ)QgH()\—x)?

(1)
31ech BepXHUiT MHAECKC V' CyMMHUPOBAHMA 110 S II0CJIE BBIHECEHUS COOTBETCTBYIOIINX
MHOXKHUTEJIel MOXKHO 3aMEeHUTh HA 1 B CHJIy HaJM4us CKOOKU (v — ) B IpaBoii
qactu (8). 13 (8), (9) u (11) caemxyer, uro ¢, = 0 takxke u npu 0 < v < n. [losromy
muHeliHas dhopma R(z), onpenesnsiemast paencrBoM (5), umeer npu z = 0 HOPSIOK
HyJIs paBHBIH 3n + 2. Bes Tpyma mokaseiBaeTcs, 9TO GOJLIIEro HOPAIKA HYJId 316Ch

JIOOUTHCS HEBO3BMOXKHO, T.K. TOJIYIUTCA (POPMa, TOXKJIECTBEHHO paBHas HYJIIO.
Bocnobsyemest Teniepb T€M, 9TO

o0 v

Z m = iez%(_z) ) (12)
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cM., Hanpumep, |9, c. 195, pasencrso (46)|. Oyukuus ¢, (z) u3 npasoit vactu (12)
3ajiaercs papenctsoM (2). Uz (1) ciemyer, uro

ey
wi(z) = A Z )
v=0
a ToTIa
wi(z) = Ae*op(—2). (13)
ﬂ;I/I(b(bepeHHI/IpyH mo A 1IocJjie/inee paBeHCTBO, I1I0JIyd9aceM
2 (s
2 i(2) — () = n(—2) + 2 2D
OTKY/1a
D r(—2
an(z) = egn(—2) — AL (14)

O

Kpowme Toro, ouesuino, wo(z) = A\2e”. M3 nocyemmero pasencTsa, a Takxke us (13)
u (14) momywsaem

0 Px(2)
O\

N2Py(—2) + (Po(—2) + APy (—2))éa(2) — APy(—2) —¢*R(—2). (1)

3. 3akJIroueHue

Taxmm 06paszsoM, MBI TOCTPOWIN HEOIHOPOJHYIO JIMHEHHYIO HTPUOINKAOILYIO
dopmy it pyHKITII
9 9x(2)

N I

uMeronyto nmpu z = () MaKCUMAJIHLHO BO3MOYKHBIN MOPsIoK Hyssd. KosddurmenTo
muoroueHos Pj(z), j = 0,1,2, MoryT ObITh 3alHCAHBI B BHJE OTHOCHTEIBLHO HIPO-
CTBIX (DOPMYJI, KOTOPBIE YJIOOHBI IIPU MCCJIEIOBAHUN apU(PMETUIeCKIX CBOWCTB 3TUX
K03 duIreHToB (310 NccIe0Banne HeOOXOIMMO, HAIIPUMED, TIPU pelieHnn chopMy-
JIMPOBAHHON HUZKe 3718491 00 OlEeHKe JIMHeHHOi (popMbl T 3HaveHuit dhyukiuii (16)).

Meros nocrpoenusi ¢popmbl (15) CyIIecTBEHHO OTJIMYAETCS OT MPEJJIOZKEHHOTO
B pabote [13].

JLoCcTOMHCTBOM PACCMOTPEHHOI KOHCTPYKITUH SIBJISAETCH OUCBUTHAS BO3MOYKHOCTH
060bIennst Ha caydaii, korma dbyHKIwms ¢y (2) auddepennupyercs o napaMeTpy A
6osee ogmoro pasza. [Ipu Takom 0000IIEHNN TTOSBIISETCH BO3MOYXKHOCTD, HAIIPUMED,
[IOJIYYIUTH OLEHKY CHU3Y MOJLYJ/Isl JIMHEHHON (hOpMBI BUIa

(16)

B 3aBHCUMOCTH OT MAKCHMyMa a0COJTIOTHBIX BEJIMYWH IE/IbIX PAIMOHAIBHBIX KOI(]-
durmenTos hg, hy,...,h,; TP HEKOTOPHIX OT'PAHUYCHUAX Ha ITapaMeTp A U HEHyJIe-
BOE 9nCJIO &.
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