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Abstract

The work is concerned with studying the integration of the Harry Dym equation with the
self-consistent source. The source consists of the combination of the eigenfunctions and linear
independent solution with the same eigenfunctions of the corresponding spectral problem for
the string equation which has not spectral singularities. While considering the source, the points
of the discrete spectrum of the string equation have been as the functions of time. Deduced the
time performance of the scattering data of the string equation which allows to integrate the
Cauchy problem for the Harry Dym equation with the special self-consistent source in the class
of the rapidly decreasing functions via the inverse scattering method.
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solitons.
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1. Introduction

The Harry Dym equation is an integrable nonlinear evolution equation which has the
applications in the hydrodynamics [1] and has strong relation with the solution of the Korteweg-
de Vries equation [2], [3], [4]. This equation firstly was appeared in the works [5]-[7], which was

represented as
1

_ 3
Ut = —ZU Uggx

2
for real-valued function u(z,t) and related to the classical string problem [8].
In the work [9] shown that Harry Dym equation can be transformed to the modified Korteweg-
de Vries equation. The significantly important results for the Harry Dym equation on construction
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finite-gap solutions was studied in [10]. In the paper [11] worked out the reciprocal transformations
generated by the adjoint eigenfunctions, which are useful to construct the new type solutions of the
Harry Dym hierarchy.

The present work is based on integrating of the Harry Dym equation with a special self-consistent
source using the techniques in [12]-[14]. There are also another interesting works on the integration
of the Harry Dym equation with the source in the various class of functions [15], [16] as well as
Harry Dym hierarchy with self-consistent sources [17], [18].

We consider the following system of equations:

N
qt(xa t) =2 <1> -2 Z (1 + q(xvt)) % (fn(w7t))gﬂ(xat)) -
x n=1

1+ q(x,t) i )
— @u(,1) > ful@, O)gn (1)
n=1
(@, t) = X2 fu(@, 1) (@, 1) = X7 fu(2, 1) (2)
n(@,) = Xagn (@, )q(x,1) = Xagn(@,1) (3)
with initial data
q(x,0) = qo() (4)

which has following properties

> dx < oo, (5)

[ (w1 -

e The operator L(O) da:2 + A2qo(x) possesses exactly N simple eigenvalues —y3(0) >
> —x3(0) > ... > —x%/(0) without spectral singularities.

Here, the prime means the derivative with respect to variable x, while dot means the derivate by
variable ¢, f,(z,t) is eigenfunction corresponding to the eigenvalue —x?2, while g,(x,t) is linear
independent solution with f,(x,t)

W (fa(@, ), gn(@, 1) = ful@, ) (,0) = fu' (@, 0)gn(x,t) = wn(?), (6)

where wy, (t) is ahead given continuous function satisfying the condition
wi(t) < wa(t) < ... <wn(t) (7)
for any ¢ > 0 and ¢(z,t) is assumed to be sufficiently smooth and sufficiently rapidly tends to zero

as |z| — oo:

/OO(H:;;?) <|q(x,t)\+’1—1D dz < oo, (8)

oo 1+ q(x,t)

Let us put
d2 2

B = 2)\?

2o (o o)
V1+q(z,t) Oz T+q(z,t)) |
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then the equation (1) can be represented with the Lax form

L= [B.I]+C. (10)
N 9 N

G = -3 (14 4w 0) o (e g 0) ~ Nao(e.) Y fulegalent) (11
n=1 n=1

We have concerned on determining the time evolution equations of the scattering data with
approach of the inverse scattering method for the operator L(¢) in order to find the solution
{q(z,t), fu(z,t), gn(x,t)} of the problem (1)-(6) under the assumption of existence in the class
of decreasing functions (8).

2. Facts from the scattering theory

In this section, we will present the necessary information concerning the direct and inverse
scattering problem for the equation [8]

Ly =y" + Nq(x)y = —\%y. (12)

LEMMA 1. If X(x,)) and Y (z, 1) are solutions of LX = —A\? X and LY = —p?Y respectively,
then the following identity holds

AW (X (z,\),Y (x,p))

dz = (1+q(2)(V = p*) X (2, ), Y (=, p), (13)

where W (X (z,A),Y (z, 1)) = X (2, )Y (2, 1) — X' (2, \)Y (2, ).
The equation (12) has the Jost solutions ¥ (x, A) and ¢(z, A) with the following asymptotics
Y(z,\) = e as . — —oo0, (14)

o(x,\) = e as x — oo, (15)

and for real A\ # 0 parameters the pairs {¢(z,\), ¢(x,—A)} and {¢(z,A), ¥(z,—A)} form the
fundamental solutions of the equation (12) and therefore, at any A # 0 we have representations

Pz, A) = a(A) ez, =A) +b(A)e(z, A), (16)

where,
o) = WO ot 2) )
b()\) — W(w(% _2;‘))\790(1‘7)‘)) (18)

Here, a(\) admits an analytic continuation in the upper half plane ImA > 0 and o(z, \)e”™* and
Y(x, \)e® can be analytic for ImA > 0. From this yields that in the upper half plane ImA > 0

U(z, N)e?® — a(N), as © — oo, (19)
o(z,\)e ™ — a(N), as x — —o0.

We assume that a(\) has a finite number of simple zeros in the upper half plane ImA > 0 such
Ap =1iXn,n=1,2,...,
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N, which corresponds to the eigenvalues —x2, (x, > 0) n = 1, N of L and the follwoing relation

holds for the Jost solutions
¢<x7>\n) = Cn@(x,kn), n=1, 2, ..., N.

We define reflection coefficient by the formula

RO = 230,

The following integral representation is valid for the Jost function f(x,\)
. . o0 .
oz, \) = eM@tes) 4 gires / K(z,s)e?ds,
x
where

oo
5+:/ o_1dx, o_1=1—+/14¢q
xr

and the kernel K is assumed to satisfy

lim K (z,s) =0

§—00

and have relation with ¢(x) in this form
1+ qla) = [1 - K(w,2)] .

For x < y, K(x,y) kernel satisfies the following Gelfand-Levitan-Marchenko equation
o0
K(z,y) —Qx+y) — / K(x,s)Q’(s +y)ds = 0.
xT

Here

e Xn (z42e4(x z)\(z+2a+( )
ch / R\ —————d),

N

Q/(Z) _ che—Xn(Z+2E+( x)) + 217T/ R(A) iX(z42e4 (z ))dA

n=1

(20)

(21)

(22)

DEFINITION 1. The set of quantities {R()\), cn, —x2, n = 1, N} is called the scattering data

associated to the equation (12).

3. Evolution equations

3.1. Evolution equations for a(\) and b(\)

Let y(z,t) be a solution of the equation
Ly = y”(:r, t) + )\Qy(:v, t)q<x7 t) = _)\Qy(x> t)
and let for F'(x,\) it is valid the equation

OF (z, \)

ox = (14 q(=, 1)) fu(z, )y(z,1).



VYpasuenne [appn Jnma co crennagbHBIM CAMOCOTIACOBAHHBIM HNCTOUHIKOM 251

Introduce the function N
H =19y — By — )\ Z gn(x, t)F (2, \). (28)
n=1

For A € R function (28) will be a solution of the equation

N
LH+XNH ==X (1+q(z,1)ga(z,0)H,

n=1

where

H = (x2+N) F(z,\) + W(fa(z.t),y(2,1))).

The following functions

Py =- [ " (1t qlr, ) fulr, O, N,
- (20)

Py = [ T (1t g ) fa (o N,

which are defined by the Jost solutions, satisfy the equation (27), consequently, it is easy to show
that the following functions

N
Hy (A) =, A) = Byp(2,A) = A2 gnla, ) F (2, ),
n=1 (30)

N
Hy (\) = ¢(2,0) = Bo(w,) = A Y gala,)FF (2, 2)

n=1

0OH
satisfy the equation (26). In fact, taking into account the identity (13), it yields that = 0.

With the help of the asymptotes of the Jost solutions and taking account of (29), for ImA g 0, we
have H* — 0 as = — +o0, then it yields that for ImA > 0 and at any for x € (—o0, 00) it is valid
H* =0. Hence, LH* = —)2H* and LH~ = —\2H .

At X = iy; it holds that

fila,t) = ¢ o, ) = g o, A)), (31)
and the following asymptotics for the solutions gf(:ﬁ, t)

Ry
+ J eXiT

.= y x*r —r +OO
Yo | (32)
wj .
g; = ——2—e XN 1 —00
J 2chj

are valid.

LEMMA 2. a(X) and b(X) coefficients satisfy the following differential equations

b(A) =8iX3b (),

) N W, (33)
a(A\) ==Y ma()\).

n=1
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Proof. Using the result for H¥()\) we introduce the following auxiliary function for A # 0
S = Hy (\) = a () Hf (=) = b(\) H (V). (34)

With the help of the relation (16) and representations (29) for F~ (z,\), F* (z,)) in equalities
(30) and substituting them into (34), we obtain

S=aN) @@, -N)+b\) e N\). (35)

In the other hand, taking account the uniqueness of the Jost solutions and the representation (9)
and asymptotics (32), we obtain the following representations

N

Hy (A) = 4iN%p(z,A) — A2 ) i

2 Ot ) O .

N

Hi () = —4N%ip (z,0) = N2 2"

ST, .

Substituting expressions (36), (37) into (34) and using the relation (16), we have

N .
S =8iNb(\) g Z )\2 + T ()\) o (z,—N). (38)

Comparing (35) and (38) we have relations (33) for A # 0. Lemma is proved.
From the relations (33) and according to (21), we have the equality

N

R\ ) =iA3 <8 +) M) R(\t). (39)

n=1

3.2. Evolution equations of the discrete spectrum and normalization constants

LeMMA 3. The discret spectrum and normalization constants satisfy the following differential
eqautions

dxét(t) _ Xj(t)zwj(t)’ i =1N. (40)
0 = 50 (80 + i 2 ) -1, (1)

Proof. Now, we determine the function
h(ix;) = h™(ix;) — c; ()R (ix;)- (42)

Here, functions h~(ix;) and h* (ix;) are defined as

N
™ (ix (1)) = b, i (£)) — Bob(a,ixg (1) + x5 (1) Y g (@, ) F (,ix5(1)),
n=1

N
I (ix; (1) = @, ix; (1) — Bola,ixg) + 30 Y g (@, ) FF (2, ix; (1))
n=1
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Using the asymptotics (14) and (15) of the Jost soluitons ¢(x,iy;) and ¢ (z,ix;) we have

h™(ix; (1) = 4x3 ()Y (x, ix; (1)),
W (ix; (1) = =43 (t)e(x, ix;(t)).

Due to the relation (20) we show that
h(ix; (1)) = 8x; (t)ej () (@, ix; (t)). (43)

In the other hand, differentiating the equality (20) by ¢ we have

i (1) = 500 (i () + ey (i (1) — i (1) 9D, (4
where J
e i) = g5 BN O N)]
Using (44) in the expression (42) we receive
i (6) = &5(0) (o, ix (1)) — 8L, iy (1) P9
N
F20 Y (e E (@i (1) — ¢ (OF (., (1),
n=1
where
g (0) = OF g (0) = [ (+a(e0) e s (Do g (). (4)

Using the orthogonality of the eigenfunctions corresponding to the different eigenvalues for n # j,
we can show that the integral in the right-hand side of equality (45) equals to zero, therefore,

hlixs 1) = €50 (o D0, (8) = 0t s () P41 - (46)
> 6
+x; (g (1) /_ (1+ q(, 1) fi(z, )e; (t)p(x, i  ())dr.

As the ¢(z,ix;) being the solution of the equation (2) i.e. (L — X?)gb (x,ix;) = 0, this solution can
be represented by
Pz, ixs) = ajgi(@,t) + Bjib(x, ix; ). (47)

By virtue of (14), (15) and (19), we find the following asymptotics for the function @(z,ix;(t))

s~ (G)| oo e

A=ix; (t)

aning() ~ e (150

e X% 1 — —o0.
A=ix;(t)
Taking into account (19), (32), (47) and the last asymptotics, we can write the following
representation

2x; cr a
bl ) = 205 ()

A ) 9 (@, t) + Bjcj(t)p(z, ix;(t)) (48)
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is valid. It is easy to show that the following equality holds

()

Using the equalities (48) and (49) in (46) we have

+o00
= | arat i iemivr (49)
X5

—00

(1) 23 )ef (t)

h(ix;(t)) = ¢j(t)p(w,ix;(t)) —

dt w;(t) (50)
_ dX]( ) L ; + A
Bicj()p(a,ix; (1)) +ixF(t)g; (,t)cf (Halix;(t)).
Comparing (43) and (50) we get
(1) — 1298 g0 = 33300 ),
(51)

o d"éf ) S, =T N

Hence, we obtain the time evolution (40) for x;(¢) and subtituting it to the differential equation
for ¢j(t) in (51) we have (41). Here, 3; can be defined by (47). Lemma is proved.

4. Multi-soliton solution

We use the (A, B, C) triplet matrix technique [20] for providing the explicit form of the multi-
soliton solution. As we are focusing on the the reflectionless case R(\,t) = 0 and that L(t) operator
has simple eigenvalues, we take (A, B, C) triplet matrix in the following form

xi(t) 0 0 1
A— 0 . 0 B=1 |, C=(a® en(t) ),
0 0 xn(t) 1

where x;(t) and ¢;(t), j = 1, N satisfy the equations (40) and (41). Hence, the kernel of Gelfand-
Levitan-Marchenko equation can be written as

Qz +y,t) = —Ce~Atyt2e4) =1,
Inserting this into the Gelfand-Levitan equation and solving it we obtain
K(z,2,t) = —Ce A@+2) A=D1 (1 1)~ 47 B,
and, by the formula (24) we obtain
g(x,t) = [1 + Ce A@H2e) A=IP" (g t)e= A2 B~ — 1,

where

D(z,t) =1 —e 245 Q(x)
(o]
Qx) = / e S BCe %ds.
X
For one soliton case, we have

q(z,t) = tanh? [Xl(t)(ac +ey(x)) — %ln 20;1(2) -1, (52)
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where

_ — tan x x —lncl(t)
€+_X1(t){1 t h{m(t)( o) - 11 2X1(t)]}.

Using the integral expression for the Jost solution ¢(z, A) and taking c;r = 11in (31), we can find
the eigenfunction

2x1
Cl(

(t) !
D 2sinh (i) + 24 () - $1n 20

By solving the differential equation (6) with (53), we get the representation for the solution g(z,ix1):

g9(@,ix1) o1 (1) !

T,1X1) =
x1(t) 2sinh (Xl(t)(:c +e4(z)) —4ln %) (54)
X <w1(t) /sin h? (Xl(t)(a: +ey(x)) — %ln 26;57(57)5)) dx) .

5. Conclusions

The equations (39), (40) and (41) allow completely determine the time evolution of all scattering
data for the eigenvalue problem of the form of (2). Then, we can integrate the problem (1)-(8) by
reducing it into solving the integral Gelfand-Levitan equation with the obtained results (39)—(41).
Due to the condition (7) for the considering problem (1)-(8), there is no effect of the creation and
anhilation of the solitons differing from the KdV equation [12].
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