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Аннотация

Пространство двумерных геометрических аделей поверхностей сильно отличается от
локально компактного пространства, и на нём не существует счётно-аддитивной инвари-
антной по сдвигу нетривиальной меры. В то же время некоторые подфакторы аделей явля-
ются прямыми пределами компактных подфакторов или обратными пределами дискрет-
ных подфакторов, согласованными специальным образом. Используя этот факт, в статье
определяются трансляционно-инвариантная мера и интегрирование по некоторым подфак-
торам геометрических аделей поверхностей. Эта теория существенно отличается от теории
интегрирования по аналитическим аделям поверхностей. После краткого обзора аспектов
одномерной теории в статье дано полное определение двумерных геометрических аделей.
Установлен ряд их новых топологических свойств. Новая трансляционно-инвариантная
мера и интегрирование по некоторым подфакторам геометрических аделей используются
для интегралов от подходящих функций в двумерном методе, описывающем размер групп
адельных когомологий поверхностей без использования стандартных адельных комплек-
сов. Доказана формула для эйлеровой характеристики поверхности и её дивизора, выра-
жающая ее через интегралы по ключевым объектам геометрических аделей. С помощью
эйлеровой характеристики вводится новый двумерный адельный индекс пересечения. Для
геометрических поверхностей он является положительным кратным стандартного индекса
пересечения. Приводятся новые доказательства ряда результатов, полученных в предыду-
щем исследовании геометрических аделей.

Ключевые слова: высшие адели, высшие трансляционно-инвариантные меры и интегри-
рование, дивизоры на поверхностях, когомологические числа, эйлерова характеристика,
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Библиография: 24 названия.

Для цитирования:
Фесенко И. Б., Чернявскa В. Я. Выборочное интегрирование на высших аделях и эйлерова
характеристика поверхностей // Чебышевcкий сборник, 2025, т. 26, вып. 4, с. 183–211.



184 И. Б. Фесенко, В. Я. Чернявскa

CHEBYSHEVSKII SBORNIK

Vol. 26. No. 4.

UDC: 512.75, 514.74 DOI: 10.22405/2226-8383-2025-26-4-183-211

Selective integration on higher adeles and the Euler characteristic
of surfaces

I. B. Fesenko, W. Ya. Czerniawska

Fesenko Ivan Borisovich — Westlake University (Hangzhou, China).
e-mail: ivan.b.fesenko@gmail.com
Czerniawska Weronika Yaroslavovna — Westlake University (Hangzhou, China).
e-mail: ivan.b.fesenko@gmail.com

Abstract

The space of two-dimensional geometric adeles of a surface is far from being a locally compact
space and there is no translation countably additive invariant nontrivial measure on it. At the
same time, certain subquotients of the adeles are direct limits of compact subquotients or inverse
limits of discrete subquotients, compatible in a special way. Using this fact, the paper defines a
translation invariant measure and integration on certain subquotients of the geometric adeles of
surfaces. This theory is considerably different from the theory of integration on analytic adeles of
surfaces. After revising aspects of one-dimensional theory, the paper includes a full definition of
two-dimensional geometric adeles. A number of their new topological properties are established.
The new translation invariant measure and integration on selective subquotients of the geometric
adeles is used for integrals of certain functions in a two-dimensional method describing the size
of adelic cohomology groups of surfaces, without using standard adelic complexes. A formula
for the Euler characteristic of the surface and its divisor in terms of integrals over subquotients
of geometric adeles is proved. Using the Euler characteristic, a new two-dimensional adelic
intersection number is introduced. For geometric surfaces it is a positive multiple of the standard
intersection number. Several results in the previous study of geometric adeles are given new
proofs.
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0. Introduction

This paper continues the higher adelic study of aspects of geometry of surfaces in [12], by lifting
certain discrete or linear algebraic objects to two-dimensional adelic objects with richer structure
and using their topological properties, as well as the new measure and integration on some of them.

The higher adelic study in [12] for projective irreducible curves and projective smooth surfaces
over perfect fields used topological properties and self-duality of the one-dimensional and two-
dimensional geometric adeles to study cohomology spaces of adelic complexes. The latter were
proved to be of finite dimension. An additive adelic formula for the intersection of divisors was
established. This formula easily implied the adelic Riemann–Roch theorem. Adelic objects for
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number fields and for arithmetic surfaces, studied in [10], [11], [6], also involve non-linear data
associated to archimedean points of fibres. Hence, the approach in [12] which works in the geometric
case using adelic complexes and their linear cohomology spaces cannot be directly extended to
arithmetic schemes, due to the highly non-linear archimedean aspects.

In order to have a universal approach which works both for geometric objects over finite fields
and for arithmetic schemes, new points of view are needed. This paper proposes one of them,
based on the use of topological properties of adelic subquotients and integrals over them, as a
two-dimensional extension of some aspects of the one-dimensional approaches in the Iwasawa–Tate
theory, see e.g. sect. 5 Ch. 3 of [13], and in Borisov’s paper [3].

This is a very different theory from that in [10], [11], but some of results in this paper will be
useful for further research related to the latter.

Section 1 reviews the one-dimensional case presented in a form suitable for its generalisation to
the two-dimensional case. One deduces the adelic Riemann–Roch theorem from adelic duality and
standard properties of Fourier transform, see e.g. sect. 0 of [12]. In the one-dimensional arithmetic
case cohomologies 𝐻 𝑖(𝐷) for a divisor 𝐷 can be infinite or not defined, however one can produce
a non-zero numbers ℎ𝑖(𝐷), 𝑖 = 0, 1, which can be thought of as the volume/size of the cohomology
group. These numbers ℎ𝑖(𝐷) are defined as integrals over an appropriate adelic subquotient not
depending on 𝐷 of a function depending on the divisor 𝐷. For a different but essentially equivalent
presentation see [3]. The self-duality of the adeles implies

ℎ1(𝐷𝛼) = ℎ0(𝐷k𝛼−1),

where k is a relevant idele such that 𝐷k is a canonical replete divisor. We establish a formula for
the Euler characteristic of a replete divisor 𝐷𝛼 of a global field, corresponding to an idele 𝛼, with
corresponding function 𝑓𝛼

𝜒𝒜(𝐷𝛼) = log

∫︁
𝒜
𝑓𝛼 𝜇𝒜.

We also obtain a Riemann–Roch-like formula

𝜒𝒜(𝐷𝛼)− 𝜒𝒜(𝐷1) = log |𝛼|.

The additive group of two-dimensional geometric adeles is not a locally compact topological
space. It is fundamentally different from the additive group of two-dimensional analytic adeles
which admits a non-trivial R((𝑥))-valued translation invariant measure and integration, [11], used
in the study of the zeta function. Still, both groups are self-dual topological groups or close to such.

Section 2 starts with a full definition of two-dimensional geometric adeles A and subobjects B,
C, and new results about topological properties of their certain subquotients, extending [12] and
[6]. In particular, it includes the proof of discreteness of global elements 𝐾 in the geometric adeles
A and the property B ∩C = 𝐾.

In section 3 we develop and use normalised translation invariant measure and integration on
certain subquotients of the two-dimensional geometric adeles, using their presentation as limits
of locally compact subquotients. These measures are normalised in a way compatible with a
distinguished geometric structure of the adeles. Then we define translation invariant measures on
A/B, B, A, B+C, C.

In section 4, using section 3, we define and study the size of adelic cohomology groups,
without using standard adelic complexes. The newly introduced adelic cohomology numbers ℎ𝑖(𝐷),
𝑖 = 0, 1, 2, for divisors on surfaces are integrals over certain adelic subquotients that are not
dependent on divisors of a function dependent on divisors. Both in the geometric and arithmetic
cases we derive the formula

ℎ𝑖(𝐷) = ℎ2−𝑖(𝒦 −𝐷),
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where 𝒦 is an adelic “ canonical divisor”.
A new formula for the Euler characteristic of a divisor 𝐷𝛼 corresponding to 𝛼 ∈ B× in terms

of integrals over certain subquotients of geometric adeles is obtained in 4-3:

𝜒A(𝐷𝛼) = log

∫︁
C
𝑓𝛼 𝜇C − log

∫︁
A/B

𝑓𝛼,A/B 𝜇A/B,

for notation see the main text of the paper. This formula can be compared with the one-dimensional
formula mentioned above.

Using the Euler characteristic, we introduce a two-dimensional adelic intersection index on
surfaces

[𝐷𝛼, 𝐷𝛽] := 𝜒(𝐷1)− 𝜒(𝐷𝛼)− 𝜒(𝐷𝛽) + 𝜒(𝐷𝛼𝛽).

Several first results about this index are included.
In the geometric case, for a divisor 𝐷 whose support does not include an irreducible proper

curve 𝑦, with its divisor 𝐷𝑦, we prove

[𝐷,𝐷𝑦] = 𝜒𝒜𝑘(𝑦)
(𝐷|𝑦)− 𝜒𝒜𝑘(𝑦)

(0) = log 𝑞 · deg𝒜𝑘(𝑦)
(𝐷|𝑦).

This formula is used to show that the intersection index is equal, up to a constant positive multiple,
to the usual intersection index. We also obtain new proofs of several results of [12].

An analogue of this formula in the arithmetic case and the relation of the two-dimensional adelic
intersection index to the Arakelov intersection index are open questions; other open problems are
stated in 4-6.

Below in the text, when we say that two topological groups are isomorphic we mean that they
are isomorphic algebraically and topologically. When referring to a subsection n.m we write n-m.

1. One-dimensional case

1.

We start with one-dimensional adeles. Let 𝑘 be a global field, i.e. a number field or the function
field of a smooth, projective, geometrically integral curve over a finite field Fil𝑞. Let 𝒜 be the adelic
space associated to 𝑘. Let 𝒜(0) be its subspace which is the product of non-archimedean rings of
integers with the full archimedean components in the arithmetic case.

For any non-trivial Haar measure 𝜇 of an abelian locally compact group and its element 𝛼 its
module |𝛼| is 𝜇(𝛼𝑃 )/𝜇(𝑃 ) for any measurable subset 𝑃 of non-zero measure; it does not depend on
the choice of 𝑃 and the scaling of 𝜇. For the completion 𝑘𝑣 of 𝑘 with respect to a place 𝑣 denote by
| |𝑣 the module of 𝑘𝑣. Note that for complex places 𝑣 the module | |𝑣 is the square of the complex
absolute value. It is classical that their product over all places 𝑣 satisfies the product formula:
this product equals 1 on the diagonal image of 𝑘×. For non-archimedean places 𝑣 the function
− log | |𝑣/ log# 𝑘(𝑣) : 𝑘×𝑣 → Z, where 𝑘(𝑣) is the residue field of 𝑣, is a surjective homomorphism
and it gives the discrete valuation on 𝑘𝑣. Denote this function by 𝑣( ), this should not lead to
confusion. For archimedean places 𝑣 denote by 𝑣( ) the function − log | |𝑣.

For an idele 𝛼 = (𝛼𝑣) ∈ 𝒜×, define the replete divisor

𝐷𝛼 = −
∑︁

𝑣(𝛼𝑣)[𝑣],

𝑣 runs through all places of 𝑘.
In the geometric case, we get the usual divisor. We have log |𝛼| = log 𝑞 · deg𝐷𝛼.
In the arithmetic case, if 𝑣(𝛼𝑣) = 0 for all archimedean places then 𝐷𝛼 is a usual divisor.
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The homomorphisms from 𝒜× to the group of divisors and the group of replete divisors are
surjective. From various perspectives, it is more useful to deal with the “ covering object” 𝒜×, the
locally compact group of invertible adeles, than with the discrete divisors group.

For a divisor 𝐷 =
∑︀
𝑛𝑣[𝑣] define

𝒜(𝐷) = {𝛽 ∈ 𝒜 : 𝑣(𝛽) ⩾ −𝑛𝑣},

where 𝑣 runs through all non-archimedean places of 𝑘. In particular, we have 𝒜(0) = 𝒜(𝐷1). Define
similarly 𝒜(𝐷𝛼) for a replete divisor 𝐷𝛼 by not imposing inequality restrictions on archimedean
components. Then 𝒜(𝐷𝛼) = 𝛼𝒜(0).

The additive group of adeles 𝒜 is the direct limit of 𝒜(𝐷) with 𝐷 running over all divisors.
For a divisor 𝐷 one can consider the well known adelic complex

𝒜(𝐷) : 𝑘 ⊕𝒜(𝐷) −→ 𝒜, (𝑎, 𝑏) ↦→ 𝑎− 𝑏.

We have
𝐻0(𝒜(𝐷)) = 𝑘 ∩ 𝒜(𝐷),

𝐻1(𝒜(𝐷)) = 𝒜/(𝑘 +𝒜(𝐷)).

In the geometric case its cohomologies are finite. In the arithmetic case its cohomologies are
not necessarily finite, for example 𝐻0(𝒜(0)) is the ring of integers 𝑂𝑘 which is discrete in 𝑂𝑘⊗QR.
Working with replete divisors and subsets {𝛽 ∈ 𝒜 : 𝑣(𝛽) ⩾ −𝑛𝑣} for all places 𝑣 produces finite
sets, but its complement of with respect to the pairing ⟨ , ⟩ defined in 1-2 is zero.

As usual, in this paper when we talk about an isomorphism between groups endowed with
topologies we mean a topological isomorphism, i.e. an isomorphism which is a homeomorphism.

2.

Let 𝒜′ be the set of all elements of 𝒜 with zero components at archimedean places (so 𝒜′ = 𝒜
in the positive characteristic case). Denote 𝒜(𝐷)′ = 𝒜(𝐷) ∩ 𝒜′.

Fix a nontrivial character 𝜓0 of 𝒜 vanishing on 𝑘; associated to it one has the well known
continuous non-degenerate pairing

⟨ , ⟩ = ⟨ , ⟩𝜓0 : 𝒜×𝒜 −→ 𝑆1, ⟨𝛼, 𝛽⟩ = 𝜓0(𝛼𝛽),

where 𝑆1 is the complex unit circle.
One easily sees, e.g. [5], that the additive group of 𝒜 is isomorphic to its group of characters, that

the complement of 𝑘 is 𝑘, that the complement 𝒜(𝐷)⊥ of 𝒜(𝐷) is 𝒜(O−𝐷)′ where O =
∑︀
−𝑛𝑣[𝑣],

the sum over non-archimedean places 𝑣, with 𝑛𝑣 equal to the 𝑣-valuation of the different D𝑣 of 𝑘𝑣.
Denote by 𝒜(𝐷)′ the complex

𝑘 ⊕𝒜(𝐷)′ −→ 𝒜, (𝑎, 𝑏) ↦→ 𝑎− 𝑏.

Then the character group of 𝐻 𝑖(𝒜(𝐷)) is isomorphic to 𝐻1−𝑖(𝒜(O − 𝐷)′), 𝑖 = 0, 1, while the
character group of the latter is isomorphic to the former group.

In the arithmetic case 𝐻1(𝒜(𝐷))=0. For example, if 𝑘=Q then 𝐻1(𝒜Q(𝐷))=𝒜Q/(𝒜Q(𝐷) +
+Q) = 0 and 𝐻0(𝒜Q(𝐷)′) = 0. Using the standard character 𝜓* of 𝒜Q (specified e.g. in [23], and
4.3 Ch. 3 of [13]), the complement 𝒜Q(0)

⊥ is
∏︀

Z𝑝 × {0}, so 𝐻1(𝒜Q(0)
′) = 𝒜Q/(𝒜Q(0)

′ +Q) =
= 𝒜Q/(𝒜Q(0)

⊥+Q) equal to the quotient (
∏︀

Z𝑝×R+Q)/(
∏︀

Z𝑝×{0}+Q) ≃ R/Z isomorphic to
the character group of 𝐻0(𝒜Q(0)) = Z. This can be seen using (𝐺+𝐻)/(𝐺+𝐾) ≃ 𝐻/(𝐾+𝐺∩𝐻)
and the projection on the real component.
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3.

In order (a) to have a generally non-zero number ℎ1 corresponding to the zero 𝐻1 in the
arithmetic case, and (b) not to involve the smaller adelic space 𝒜′ in the arithmetic case, one can
use integrals of certain functions instead of the cohomologies (i.e. linear algebra objects). One can
view some aspects of the classical works of Iwasawa [17] and Tate [23], see also Weil [5] and sect. 5
Ch. 3 of [13], as contributing to (a) and (b) in dimension one. The paper [3] defined numbers ℎ𝑖 in
a way essentially similar to 1-5 below, but without using adelic language.

In this paper we proceed as follows.
For an idele 𝛼 = (𝛼𝑣) ∈ 𝒜× define

𝑓𝛼(𝑢) =
∏︁
𝑣

𝑓𝛼𝑣(𝑢𝑣) : 𝒜 −→ R, 𝑢 = (𝑢𝑣),

where 𝑓𝛼𝑣(𝑢𝑣) = 𝑓1(𝛼
−1
𝑣 𝑢𝑣) and

𝑓1(𝑢𝑣) =

{︃
char𝑂𝑣(𝑢𝑣) if 𝑣 is a non-archimedean place,

exp
(︀
−𝑒𝑣𝜋|𝑢𝑣|2/𝑒𝑣𝑣

)︀
if 𝑣 is an archimedean place.

Here 𝑒𝑣 is the R-dimension of the archimedean completion of 𝑘 with respect to 𝑣.
Thus, 𝑓𝛼(𝑢) = 𝑓1(𝛼

−1𝑢) and 𝑓𝛼(0) = 1. In the geometric case 𝑓𝛼 = char𝛼𝒜(0), in the arithmetic
case the restriction of 𝑓𝛼 on 𝒜′ is char𝛼𝒜(0)′ .

The map 𝒜× ∋ 𝛼 −→ {𝑓𝛼 : 𝛼 ∈ 𝒜×} factorises through the well defined map from replete
divisors {𝐷𝛼 : 𝛼 ∈ 𝒜×} to the set {𝑓𝛼 : 𝛼 ∈ 𝒜×}.

It is well known that the Gaussian function can be viewed as the archimedean analogue of the
characteristic function of the ring of integers (or a proper non-zero fractional ideal) of the non-
archimedean completion of a global field in the sense that for almost all non-archimedean 𝑣 they
are the eigenfunctions of appropriately normalised local Fourier transforms.

4.

Then in the geometric case ∫︁
𝑘
𝑓𝛼 =

∫︁
𝑘∩𝛼𝒜(0)

1 = # 𝑘 ∩ 𝛼𝒜(0),

where the measure on 𝑘 and on 𝑘 ∩ 𝛼𝒜(0) is counting. The set 𝑘 ∩ 𝛼𝒜(0) is equal to 𝐻0(𝒜(𝐷𝛼)).
In the arithmetic case we have the integral∫︁

𝑘
𝑓𝛼 =

∫︁
𝑘∩𝛼𝒜(0)

exp
(︀
−𝜋
∑︁
𝑣

𝑒𝑣|𝛼−1
𝑣 𝑢|2/𝑒𝑣𝑣

)︀
𝑑𝑢 =

∑︁
𝑢∈𝑘∩𝛼𝒜(0)

exp
(︀
−𝜋
∑︁
𝑣

𝑒𝑣|𝛼−1
𝑣 𝑢|2/𝑒𝑣𝑣

)︀
,

where the measure on 𝑘 and on 𝑘 ∩ 𝛼𝒜(0) is counting, the internal sum is taken over archimedean
places.

Now, both in the geometric and arithmetic cases define

h0(𝐷𝛼) :=

∫︁
𝑘
𝑓𝛼.

This h0(𝐷𝛼) coincides with the cardinality #𝐻0(𝒜(𝐷𝛼)) in the geometric case.
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5.

A real valued function 𝑔 on 𝒜, integrable on 𝑘, normalised by the condition 𝑔(0) = 1, induces
the normalised function on 𝒜/𝑘

𝑔𝒜/𝑘 : 𝑎+ 𝑘 ↦→
(︂∫︁

𝑘
𝑔(𝑎+ 𝑢)𝑑𝑢

)︂(︂∫︁
𝑘
𝑔(𝑢)𝑑𝑢

)︂−1

.

If we apply this to 𝑓𝛼, we get the integrable function on 𝒜/𝑘:

𝑓𝛼,𝒜/𝑘 : 𝑎+ 𝑘 ↦→
(︂∫︁

𝑘
𝑓𝛼(𝑎+ 𝑢)𝑑𝑢

)︂(︂∫︁
𝑘
𝑓𝛼(𝑢)𝑑𝑢

)︂−1

.

In the geometric case 𝑓𝛼,𝒜/𝑘 = char(𝑘+𝒜(𝐷𝛼))/𝑘.
Both in the geometric and arithmetic cases define h1 as

h1(𝐷𝛼) :=

(︂∫︁
𝒜/𝑘

𝑓𝛼,𝒜/𝑘

)︂−1

,

where the measure on the compact 𝒜/𝑘 is the probabilistic one. In the geometric case this gives
the usual number:

h1(𝐷𝛼) = |𝒜/𝑘 : (𝑘 +𝒜(𝐷𝛼))/𝑘| = #𝒜/(𝑘 +𝒜(𝐷𝛼)) = #𝐻1(𝒜(𝐷𝛼)).

In the arithmetic case the number h1(𝐷𝛼) is more interesting than 0 = 𝐻1(𝒜(𝐷𝛼)).
The adelic complex 𝒜(𝐷) involves spaces depending on 𝐷. In contrast, the integrals defining

h𝑗(𝐷𝛼) involve the spaces not dependent on idele 𝛼 (or the divisor), but the function one integrates
does depend on 𝐷𝛼.

6.

Both in the geometric and arithmetic cases, the definitions imply

h1(𝐷𝛼) = h0(𝐷𝛼)

(︂∫︁
𝒜
𝑓𝛼

)︂−1

,

where the measure on 𝒜 is normalised in the following way: it is the product of the counting measure
on discrete 𝑘 and the dual to it probabilistic measure on compact 𝒜/𝑘. Hence this translation
invariant measure on 𝒜 is self-dual with respect to the standard character 𝜓* of 𝒜. It is well known
that this measure can be described as the product of the following measures on completions of
𝑘: the translation invariant measure on the non-archimedean completion 𝑘𝑣 of 𝑘 which gives the
local integers 𝑂𝑣 the volume |𝑂𝑣 : D𝑣|−1/2, D𝑣 is the different of 𝑘𝑣, the Lebesque measure on real
numbers and twice of the Lebesque measure on complex numbers (see e.g. [23]).

7.

Denote

ℎ𝑗(𝐷𝛼) := log h𝑗(𝐷𝛼), 𝜒𝒜(𝐷𝛼) := ℎ0(𝐷𝛼)− ℎ1(𝐷𝛼).

Using the previous results, we deduce

𝜒𝒜(𝐷𝛼) = log

∫︁
𝒜
𝑓𝛼.
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In the arithmetic case for a divisor 𝐷 = 𝐷𝛼 this is the same as the minus log of the covolume
of the lattice 𝐻0(𝐷) = 𝑘 ∩ 𝒜(𝐷) in its realification (𝑘 ∩ 𝒜(𝐷)) ⊗Z R = 𝑘 ⊗Z R when the latter is
endowed with the product of the measures on the real and complex completions of 𝑘 as specified in
1-6. For a replete divisor 𝐷𝛼 the number 𝜒𝒜(𝐷𝛼) equals the minus log of the covolume of 𝑘∩𝒜(𝐸),
where 𝐸 is the divisor corresponding to the non-archimedean part of 𝛼 in its realification 𝑘 ⊗Z R
with respect to the rescaled measure on the latter corresponding to the archimedean part of 𝛼.

8.

Let k be an idele such that 𝐷k is O defined in 1-2.
Using 1-6, we get

𝜒𝒜(𝐷𝛼) = log |𝛼|+ 1

2
log |k|,

where |𝛼| is the module of idele 𝛼 (in the geometric case |𝛼| = 𝑞− deg𝐷𝛼) and

|k| =

{︃
𝑞2−2𝑔 in the geometric case,

D−1
𝑘/Q in the arithmetic case,

where 𝑔 is the genus of a smooth, proper, irreducible, geometrically integrable curve over Fil𝑞 with
the function field 𝑘, D𝑘/Q the absolute value of the discriminant of the number field 𝑘.

In particular,
𝜒𝒜(𝐷𝛼)− 𝜒𝒜(𝐷1) = log |𝛼|.

In the geometric case
𝜒𝒜(𝐷𝛼)− 𝜒𝒜(𝐷1) = log 𝑞 · deg𝐷𝛼.

9.

For a function 𝑔 on a subquotient 𝐸 of 𝒜 call the function 𝑔(0)−1𝑔 its normalisation.
The group of characters of 𝑘 is isomorphic to 𝒜/𝑘, e.g. [5]. The Fourier transform of a function

𝑔 on 𝑘 is the function on 𝒜/𝑘 whose value at 𝑦 + 𝑘 ∈ 𝒜/𝑘 is the integral over 𝑘 with respect to
its counting measure of the product 𝑔(𝑥)𝜓*(𝑥𝑦) with standard character 𝜓*. The definition of 𝑓𝛼
and its behaviour with respect to the Fourier transform on 𝒜 associated to the character 𝜓* and
the self-dual measure 𝜇 on 𝒜 imply that the restriction of 𝑓k𝛼−1 on 𝑘 is equal to the normalisation
of the Fourier transform of 𝑓𝛼,𝒜/𝑘. Hence 𝑓𝛼,𝒜/𝑘 is the inverse Fourier transform of 𝑓k𝛼−1 times the
inverse of the value of the Fourier transform of 𝑓𝛼,𝒜/𝑘 at 0. So 1 = 𝑓𝛼,𝒜/𝑘(0) equals the product of∫︀
𝑘 𝑓k𝛼−1 and the Fourier transform of 𝑓𝛼,𝒜/𝑘 at 0, i.e.

∫︀
𝒜/𝑘 𝑓𝛼,𝒜/𝑘. Thus,∫︁

𝑘
𝑓k𝛼−1

∫︁
𝒜/𝑘

𝑓𝛼,𝒜/𝑘 = 1,

i.e.
ℎ1(𝐷𝛼) = ℎ0(𝐷k𝛼−1),

and
𝜒(𝐷𝛼) = −𝜒(𝐷k𝛼−1).

This and the last formula in 1-8 immediately imply the Riemann–Roch theorem. Of course, the
argument in this subsection is closely related to the summation formula based on the adelic duality:∫︁

𝑘
𝑓𝛼 =

∫︁
𝑘
ℱ(𝑓𝛼).
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10.

There is another important normalisation of the measures on 𝑘 and 𝒜/𝑘 which takes into
account the integral subspace 𝒜(0)′: choose the newly normalised measure 𝜇 new on 𝒜/𝑘 so that the
volume of (𝒜(0)′ + 𝑘)/𝑘 is 1 and choose the dual to it atomic measure on 𝑘. Note that in order for
an analogue of the argument in 1-9 to give a similar duality formula for ℎ0 and ℎ1, the measures
on 𝒜/𝑘 and on 𝑘 should be dual to each other, i.e. volume of 𝒜/𝑘 times the volume of any point
of 𝑘 should be equal to 1. The product of the newly normalised measures gives the same self-dual
measure with respect to 𝜓* on 𝒜 as before.

In the geometric case the previous volume of 𝒜/(𝒜(0) + 𝑘) is 𝑞 exp(−𝜒𝒜(𝐷1)) = 𝑞 𝑔 and so
the volume of (𝒜(0) + 𝑘)/𝑘 is 𝑞−𝑔, hence 𝜇 new(𝒜/𝑘) = 𝑞 𝑔 and the new atomic measure of a
point of 𝑘 is 𝑞−𝑔. In the arithmetic case, similarly to 1-2, the previous volume of 𝒜/(𝒜(0)′ + 𝑘)
equals to the volume of (𝑂𝑘 ⊗Z R)/𝑂𝑘 with the previously normalised archimedean measures,
hence it equals exp(−𝜒𝒜(𝐷1)) = |D𝑘/Q|1/2, so the volume of (𝒜(0)′ + 𝑘)/𝑘 is |D𝑘/Q|−1/2, hence
𝜇 new(𝒜/𝑘) = |D𝑘/Q|1/2 and the new atomic measure of a point of 𝑘 is |D𝑘/Q|−1/2.

From now on we will use the notation ℓ
∫︀
𝑇 for log

∫︀
𝑇 .

For the newly normalised measures we have

ℎ0new(𝐷𝛼) =
ℓ
∫︁
𝑘
𝑓𝛼 𝜇 new,

ℎ1new(𝐷𝛼) = −
ℓ
∫︁
𝒜/𝑘

𝑓𝛼,𝒜/𝑘 𝜇 new,

𝜒new(𝐷𝛼) =
ℓ
∫︁
𝒜
𝑓𝛼 𝜇 new = 𝜒(𝐷𝛼).

Similarly to 1-9, we get

ℎ𝑗new(𝐷𝛼) = ℎ1−𝑗new(𝐷k𝛼−1), 𝜒 new(𝐷𝛼) = −𝜒new(𝐷k𝛼−1).

The function ℎnew with respect to the new normalisation of the measures satisfies ℎ𝑗new =
= ℎ𝑗 − 𝑐 where 𝑐 = log𝜇 new(𝒜/𝑘); in particular 𝑐 = ℎ1(𝐷1) in the geometric case.

Following the same technique, while using another natural normalisation of the measures, one
can establish the relative Riemann–Roch theorem for arithmetic and geometric curves. See [5] for
details.

2. Geometric adeles on surfaces

We continue to use the notation of 1-1.

1.

Let 𝑆 be either (1) a proper, smooth, geometrically integral surface over a finite field B𝐹𝑞
(geometric case) or (2) a regular, integral, proper and flat over 𝐵 = Spec(𝑂𝑘), 𝑘 a number
field, scheme with fibre dimension one, whose generic fibre is a smooth projective, geometrically
irreducible curve 𝐶 over 𝑘 (arithmetic case). Denote by 𝐾 the function field of 𝑆.

Geometric adeles on 𝑆, without the archimedean data part, were first (correctly) defined in [2]
and their first study was conducted by various researchers. In case (1) they were studied using their
topology in [12]. The full definition in case (2) was first given in [6], it includes the archimedean data.
The definition in [6] needs to be corrected: at real archimedean data one uses the two-dimensional
local fields with the coefficient field R, see below.
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In the geometric case we use the word “ curves” for irreducible proper curves. In the arithmetic
case we use the word “ curves” for irreducible proper vertical curves, irreducible regular horizontal
curves together with their archimedean points, and all “ archimedean fibres” 𝑆𝑣 = 𝑆 ×𝐵 𝑘𝑣, 𝑣 is an
archimedean place and 𝑘𝑣 is the completion of 𝑘.

Recall that two-dimensional local fields are complete discrete valuation fields whose residue field
is a one-dimensional local field (non-archimedean or archimedean), for surveys of various results
about them see [14] and unpublished [21].

In this subsection we will define the objects A0
𝑦 and A𝑦 for curves 𝑦 on 𝑆, and then geometric

adeles A. It will take some time.

Definition. Let 𝑦 be an “ archimedean fibre” 𝑦 = 𝑆𝑣 over 𝑘𝑣. Define 𝐾𝑦 as the function field
of 𝑆𝑣. The field 𝐾 is canonically embedded in 𝐾𝑦. For a closed point 𝑥 of 𝑦 define 𝒪𝑥,𝑦 as the
completion of the local ring of 𝑆𝑣 at 𝑥 and define 𝐾𝑥,𝑦 as 𝒪𝑥,𝑦 ⊗ 𝐾. The field 𝐾𝑦 is canonically
embedded in the two-dimensional local field 𝐾𝑥,𝑦.

Define the object A𝑦 as the usual (one-dimensional) adelic ring of the curve 𝑆𝑣 over 𝑘𝑣 and
define A0

𝑦 as the subring of adeles with integral local coordinates.

Definition. Let 𝑦 be a curve that is not an “ archimedean fibre”. Denote by 𝐾𝑦 the fraction field
of the completion 𝒪𝑦 of the local ring of 𝑆 at 𝑦. The field 𝐾𝑦 is a complete discrete valuation field
with the ring of integers 𝒪𝑦, its maximal idealℳ𝑦 and residue field 𝑘(𝑦). The field 𝐾 is canonically
embedded in 𝐾𝑦.

For a closed point 𝑥 of 𝑆 denote by 𝒪𝑥 the completion of the local ring at 𝑥. For a closed
point 𝑥 of a curve 𝑦 consider the localisation of 𝒪𝑥 at the local equation of 𝑦 at 𝑥 and complete it
with respect to the intersection of its maximal ideals, denote the result by 𝒪𝑥,𝑦 and let 𝐾𝑥,𝑦 be its
quotient ring. The ring 𝒪𝑥,𝑦 (resp. 𝐾𝑥,𝑦) is isomorphic to the product of all 𝒪𝑥,𝑧 (resp. 𝐾𝑥,𝑧) where
𝑧 runs through all minimal prime ideals of the completion of the local ring of 𝑦 at 𝑥, i.e. through
all formal branches of 𝑦 at 𝑥. Denote byℳ𝑥,𝑦 the intersection of maximal ideals of 𝒪𝑥,𝑦.

For a horizontal curve 𝑦 the field 𝑘(𝑦) is canonically embedded in 𝒪𝑦. Let 𝑥 be a closed point
of 𝑦, with a local branch 𝑧 of 𝑦 at 𝑥, or let 𝑥 be an archimedean point of 𝑦 (then 𝑧 = 𝑦), in both
cases we get a place 𝑤 of 𝑘(𝑦). Define 𝒪𝑥,𝑧 as the projective limit of 𝒪𝑦/ℳ𝑟

𝑦 ⊗𝑘(𝑦) 𝑘(𝑦)𝑤, 𝑟 > 0,
where 𝑘(𝑦)𝑤 is the completion of 𝑘(𝑦). Define 𝐾𝑥,𝑧 = 𝐾𝑤,𝑦 as 𝒪𝑥,𝑧 ⊗𝐾. When 𝑥 is a closed point,
this produces the objects canonically isomorphic to the objects above.

In all these cases 𝐾𝑦 is canonically embedded in 𝐾𝑥,𝑧. The fields 𝐾𝑥,𝑧, 𝐾𝑤,𝑦 are two-dimensional
local fields.

Definition. Define A0
𝑦 as the subring of

∏︀
𝑥∈𝑦𝒪𝑥,𝑦, including archimedean points 𝑥 on horizontal

curves 𝑦 in the arithmetic case, such that for every positive integer 𝑟 for almost all closed points 𝑥
of 𝑦 the (𝑥, 𝑦)-component is in 𝒪𝑥+ℳ𝑟

𝑥,𝑦. Define the adelic object A𝑦 associated to the curve 𝑦 as
the minimal subring of the product of 𝐾𝑥,𝑦, for all points 𝑥 (archimedean included) of 𝑦, containing
A0
𝑦 and 𝐾.

Then the ring A𝑦 is the direct limit of A𝑟
𝑦 =ℳ𝑟

𝑦A
0
𝑦, 𝑟 ∈ Z.

Similarly to sect. 1 of [12], in the case when 𝑘(𝑦) and 𝐾 are of the same characteristic, the
definitions imply that A𝑦 ≃ 𝒜𝑘(𝑦)((𝑡𝑦)) where 𝑡𝑦 is a local parameter of 𝒪𝑦.

Definition. The ring of adeles A is the restricted product of the rings A𝑦 for all curves 𝑦
with respect to their closed subrings A0

𝑦, i.e. the additive group of A is the restricted product
of the additive groups of A𝑦 for all curves 𝑦 with respect to their closed subgroups A0

𝑦 and the
multiplicative group of A is the restricted product of the multiplicative groups of A𝑦 for all curves
𝑦 with respect to their closed subgroups of invertible elements of A0

𝑦.

Thus, the ring A is a subring of the product
∏︀
𝐾𝑥,𝑦 of all two-dimensional local rings 𝐾𝑥,𝑦, and

it can be viewed as specified by the adelic restricted product conditions described above.
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Definition. For a closed point 𝑥 of 𝑆 denote by 𝐾𝑥 be the minimal subring of A which contains
𝐾 and 𝒪𝑥, it is a subring of 𝐾𝑥,𝑦 for any curve 𝑦 passing through 𝑥. The ring 𝐾 is canonically
embedded in 𝐾𝑥 and 𝐾𝑥 is canonically embedded in 𝐾𝑥,𝑦.

𝐾𝑥,𝑦

𝐾𝑦 𝐾𝑥

𝐾

2.

We now define the topological structures. Similarly to the one-dimensional adeles, topological
considerations play an important role in the study of two-dimensional adeles.

Recall that a linear topology on a group is a translation invariant topology in which the identity
element of the group has a basis consisting of some subgroups. For a group with a topology, the
strongest linear topology weaker than the original topology is called its linearisation.

The topologies of the groups in section 1 are linear. For groups related to two-dimensional adeles
one needs to work with linearised topologies.

The induced topology on a subgroup from a linear topology on a group is linear. The quotient
topology on the quotient group of a group with linear topology is linear. It is well know that the
product topology of groups endowed with linear topologies is linear and the inverse limit topology
of groups endowed with linear topologies is linear.

Recall that an abelian topological group 𝐺 is the linear direct limit of abelian topological
groups 𝐺𝑖 if it is their direct limit algebraically, its topology is linear and their preimages of its
open subgroups in each 𝐺𝑖 are open subgroups of 𝐺𝑖. In other words, the topology of the linear
direct limit is the linearisation of the topology of the direct limit. The linear direct limit topology on
groups showing up in the two-dimensional theory can be not equivalent to the direct limit topology,
see e.g. Example following the second definition in 6.2 Part I of [14].

Definition. The topology of the restricted product
∏︀′
𝑖∈𝐼 𝐺𝑖 of linear topological groups 𝐺𝑖 with

respect to their closed subgroups 𝐻𝑖 is defined as the linear direct limit topology of 𝐺 = lim−→𝐺𝐽 ,
where 𝐺𝐽 =

∏︀
𝑖∈𝐽 𝐺𝑖

∏︀
𝑖 ̸∈𝐽 𝐻𝑖 are endowed with the product topology (hence linear), and 𝐽 runs

through finite subsets of 𝐼.

Definition. For a closed point 𝑥 of 𝑆 define the topology of 𝒪𝑥 as theℳ𝑥-adic topology, where
ℳ𝑥 is the maximal ideal of 𝒪𝑥. This is a linear topology and we also get the linear topology of the
ℳ𝑥-module 𝑎𝒪𝑥 and of (𝑎𝒪𝑥 +ℳ𝑚

𝑥,𝑧)/ℳ𝑚
𝑥,𝑧, 𝑎 ∈ 𝒪𝑥,𝑧, whereℳ𝑥,𝑧 is the maximal ideal of 𝒪𝑥,𝑧.

Define the linear topology of 𝒪𝑥,𝑧/ℳ𝑚
𝑥,𝑧 as the linear direct limit topology of (𝑎𝒪𝑥 +ℳ𝑚

𝑥,𝑧)/ℳ𝑚
𝑥,𝑧

with 𝑎 running through all elements of 𝒪𝑥,𝑧. Define the topology of 𝒪𝑥,𝑧 as the inverse limit topology
of the linear topologies of 𝒪𝑥,𝑧/ℳ𝑚

𝑥,𝑧, it is linear. Define the canonical topology of 𝐾𝑥,𝑧 as the linear
direct limit of the linear topologies of 𝑏𝒪𝑥,𝑧, 𝑏 runs through all elements of 𝐾𝑥,𝑧.

Definition. Suppose that 𝑘(𝑦) and 𝐾 are of the same characteristic. Then one can view
𝒪𝑦/ℳ𝑟

𝑦 ⊗𝑘(𝑦) 𝑘(𝑦)𝑤 is a finite dimensional vector space over the topological field 𝑘(𝑦)𝑤, so it
has its canonical topology and it is linear. Define the topology of 𝒪𝑥,𝑧 as the inverse limit topology
of the linear topologies of 𝒪𝑦/ℳ𝑟

𝑦 ⊗𝑘(𝑦) 𝑘(𝑦)𝑤, and the topology of 𝐾𝑥,𝑧 is the linear direct limit
topology of the linear topologies of 𝑏𝒪𝑥,𝑧, 𝑏 runs through all elements of 𝐾𝑥,𝑧.

The latter definitions in the equal characteristic case, unlike the definitions before them, also
work for archimedean points 𝑥 of 𝑦, thus defining the canonical topologies of the archimedean
(viewed two-dimensionally) objects 𝒪𝑥,𝑧, 𝐾𝑥,𝑧, 𝐾𝑤,𝑦.
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When 𝑥 is a closed point of 𝑆, it is an easy verification that the topologies in the latter definition
coincide with the previously defined topologies.

In the equal characteristic case these topologies are equivalent to the topologies defined in [12].
For a variety of different topologies on higher local fields see [9].
The canonical two-dimensional topology on the additive group of two-dimensional local fields

induces the usual one-dimensional topology on the additive group of their residue fields.

Definition. Define the canonical topology of the additive groups of A𝑟
𝑦 and A𝑦 as the induced

topology from the product topology of the canonical linear topologies of 𝐾𝑥,𝑦. It is linear.

The definitions imply that A𝑟
𝑦 is isomorphic to the inverse limit of linear topological groups

A𝑟
𝑦/A

𝑟+𝑠
𝑦 , 𝑠 > 0, endowed with the quotient topology, and that the canonical topology of A𝑦 is the

linear direct limit of the topologies of A𝑟
𝑦.

For an “ archimedean fibre” 𝑦 the two-dimensional topology of A𝑦 takes into account the
topology of the archimedean completion of 𝑘, so in particular it is different from the one-dimensional
adelic topology of A𝑦.

Definition. Define the canonical topology of the additive group A as the induced topology from
the product topology of the additive groups of A𝑦. It is linear.

Definition. Endow closed subgroups of the additive group A with its canonical topology, with
the induced topology; it is linear. One immediately checks that the latter on the subgroups on
which the topology was already defined is equivalent to it. Endow the multiplicative group of
invertible elements 𝐸× of a subring 𝐸 of A with the induced topology from the product 𝐸 ×𝐸 via
𝐸× −→ 𝐸 × 𝐸, 𝛼 ↦→ (𝛼, 𝛼−1).

One easily checks that in positive characteristic the topology of A is equivalent to the topology
defined in [12].

3.

The ring of adeles A has two important subobjects: B associated to all curves on 𝑆 and C
associated to all closed points and archimedean points on 𝑆.

Definition. Define the subobject B as the intersection of the product
∏︀
𝐾𝑦 of the fields 𝐾𝑦, for

all curves 𝑦 as in 2-1, with A inside the product
∏︀
𝐾𝑥,𝑦 of all two-dimensional local rings 𝐾𝑥,𝑦.

Definition. To define subobject C in the arithmetic case, we need, in addition to the definition
of 𝐾𝑥 for a closed point 𝑥 of 𝑆 in 2-1, to define the ring 𝐾𝑥 for a closed point 𝑥 of an “ archimedean
fibre” 𝑆𝑣. Consider two cases. If 𝑥 is algebraic over 𝑘 (i.e. 𝑘(𝑥) is a finite extension of 𝑘) then 𝑥
lies on the unique horizontal curve 𝑦 containing 𝑥. The field 𝐾𝑥,𝑆𝑣 is a complete discrete valuation
field whose residue field and the coefficient subfield is also the coefficient subfield of 𝐾𝑥,𝑦, while a
local parameter of 𝑆𝑣 at 𝑥 serves as a local parameter of the complete discrete valuation field 𝐾𝑥,𝑦.
Thus, the complete discrete valuation fields 𝐾𝑥,𝑆𝑣 and 𝐾𝑥,𝑦 are canonically isomorphic. Define 𝐾𝑥

as the diagonal in the product of 𝐾𝑥,𝑦 and 𝐾𝑥,𝑆𝑣 . If 𝑥 is a transcendental point of 𝑆𝑣 (i.e. 𝑘(𝑥)
is not an algebraic extension of 𝑘) define 𝐾𝑥 as the ring of integers of 𝐾𝑥,𝑆𝑣 with respect to its
discrete valuation.

Define the adelic subobject C as the intersection of the product
∏︀
𝐾𝑥 of the rings 𝐾𝑥, for all

closed points of 𝑆 and closed points of “ archimedean fibres”, with A inside the product
∏︀
𝐾𝑥,𝑦 of

all two-dimensional local rings 𝐾𝑥,𝑦.

This definition corrects the definition in [6] of the subobject C in the archimedean case.
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The function field 𝐾 of 𝑆 is canonically diagonally embedded in B and in C and in A. For the
inclusion in C note that the image of 𝐾 is in the ring of integers of 𝐾𝑥,𝑆𝑣 for transcendental points
𝑥.

A

B C

𝐾

One defines similarly rational adeles A𝑟𝑡 whose (𝑥, 𝑦), (𝑥, 𝑆𝑣), (𝑤, 𝑦)-components are in 𝐾. The
rational adeles are dense in A.

Definition. Define the subobject A(0) as the intersection of A with the product of A0
𝑦 for all

curves that are not “ archimedean fibres” and of A𝑦 for “ archimedean fibres” in the arithmetic
case.

Definition. Define B𝑦 = 𝐾𝑦. Define B𝑟
𝑦 as the intersection of B𝑦 with A𝑟

𝑦 inside A𝑦.

4.

We now define a non-trivial character 𝜓 of A, its continuity follows from the definitions.

Definition. In the geometric case a non-zero 𝜔 ∈ Ω2
𝐾/F𝑞

produces the residue map A → F𝑞,
[12]. Compose it with the trace to F𝑝 and an injective homomorphism from F𝑝 to 𝑝th roots of
unity in the complex unit circle 𝑆1 in order to get a character 𝜓 of A. In the arithmetic case for a
non-zero 𝜔 ∈ Ω1

𝐾/𝑘 use the associated residue map A→ 𝒜𝑘 composed with a non-trivial character
𝜓0 : 𝒜𝑘 → 𝑆1 vanishing on 𝑘 to get a character 𝜓 of A, sect. 28 of [11], [22], [6]. Recall that at
closed points 𝑥 of an “ archimedean fibre” 𝑆𝑣 one adds the minus sign in front of the residue map
for the local object associated to 𝑥 on 𝑆𝑣, [6].

The character 𝜓 of A vanishes on B and C, due to the additive reciprocity law for curves and
points of 𝑆, [11], [22], [6].

Using the character 𝜓 of A we get the pairing

⟨ , ⟩ = ⟨ , ⟩𝜓 : A×A −→ 𝑆1, (𝑎, 𝑏) ↦→ 𝜓(𝑎𝑏).

This pairing is continuous and non-degenerate, see [12] and [6].
Using this pairing and similar pairings for A𝑦, 𝐾𝑥,𝑦, it was established in [12] (its argument has

an obvious extension to the arithmetic case as well) and [6], that the additive topological group of
𝐾𝑥,𝑦, A𝑦, A is isomorphic to the group of its characters endowed with the compact-to-open topology.
In other words, those groups are algebraically and topologically self-dual.

5.

The paper [18] established an extension of Pontryagin duality from a category of locally compact
abelian groups to the categories of countable direct limits of locally compact abelian groups and of
countable inverse limits of locally compact abelian groups. Similarly to (3) of Theorem in sect. 2 of
[12], we have

Proposition. For every subgroup 𝐵 of A its complement 𝐵⊥ with respect to ⟨ , ⟩ is a closed
subgroup. For every closed subgroup 𝐵 of A we have (𝐵⊥)⊥ = 𝐵 and 𝐵 is isomorphic to the group
of characters of A/𝐵⊥. For two subgroups 𝐵,𝐶 we have (𝐵 + 𝐶)⊥ = 𝐵⊥ ∩ 𝐶⊥. For two closed
subgroups 𝐵,𝐶 we have (𝐵∩𝐶)⊥ = 𝐵⊥+𝐶⊥ and 𝐵+𝐶 is closed. For two closed subgroups 𝐵 ⊃ 𝐶
the group 𝑋(𝐵/𝐶) of characters of 𝐵/𝐶 is isomorphic to 𝑋(𝐶⊥/𝐵⊥).
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Proof. The definition ofB′ implies that it is isomorphic to the countable inverse limit ofB′/B(𝐷)′

with respect to all divisors𝐷. It will be established in 2-9, without using this proposition and its use,
that A′/B′ is isomorphic to the countable direct limit of compact (A(𝐷)′ + B′)/B′ with respect
to all divisors 𝐷. Hence, by Th.1 and Th.2 of [18], characters of these groups separate closed
subgroups and points outside them, and characters of these groups extend from closed subgroups
to those groups. Hence A′ has the same properties, and hence A has the same properties. Then the
arguments of Prop. 8, Prop. 11 and Prop. 12 of [4] imply the property in second sentence, which
then implies the rest of the properties.

Papers [22] and [6] established the strong additive reciprocity

Теорема 6. The (orthogonal) complement B⊥ of B with respect to the pairing ⟨ , ⟩ coincides with
B, and the complement C⊥ of C with respect to the pairing ⟨ , ⟩ coincides with C.

The argument in [6] works for the subobject C defined in this paper. Indeed, since one chooses
a non-zero differential form in Ω𝐾/𝑘 to define the character 𝜓 of A, the conductor of the character
𝜓𝑥,𝑆𝑣 at every transcendental point 𝑥 is the ring of integers of 𝐾𝑥,𝑆𝑣 , since polynomials over 𝐾 do
not have zeros in transcendental over 𝐾 points; hence the complement of the ring of integers of
𝐾𝑥,𝑆𝑣 with respect to 𝜓𝑥,,𝑆𝑣 equals it; thus, the argument of [6] implies that the complement of C
with respect to ⟨ , ⟩ equals C.

The previous theorem implies that B and C, as the orthogonal complements, are closed in A.

7.

The homomorphism from the characters of the group A/(B + C) to the characters of
A𝑟𝑡/(B ∩ A𝑟𝑡 + C ∩ A𝑟𝑡), induced by A𝑟𝑡 → A, is injective since its kernel is closed and the
closure of A𝑟𝑡 is A. Theorem of sect. 2 of [12] shows that B∩C = 𝐾 in the geometric case. Exactly
the same argument as in its proof works in the arithmetic case. Hence

Proposition. B ∩C = 𝐾 both in the geometric and arithmetic cases.

Using Theorem 2-4 and similarly to the proof of Theorem of sect. 2 of [12] we deduce

Corollary. The complement 𝐾⊥ of 𝐾 with respect to ⟨ , ⟩ is the closed group B+C. The group
of characters of 𝐾 is isomorphic to A/(B+C) both in the geometric and arithmetic cases.

8.

For an archimedean place 𝑣 let 𝑘′𝑣 be the algebraic closure of 𝑘𝑣. Denote 𝑆
′
𝑣 = (𝑆𝑣 ×𝑘 B𝐶)(B𝐶)

where the product is taken with respect to the embedding of 𝑘 in B𝐶 corresponding to 𝑣. The
morphism 𝑆𝑣 −→ 𝑆′

𝑣 induces the morphism A𝑆𝑣 −→ A𝑆′
𝑣
.

Definition. Let 𝑦 = 𝑆𝑣. Let 𝜇𝑦 be the canonical (1,1)-form on the Riemann surface 𝑆′
𝑣, [7]. Then

the 𝜇𝑦-volume of the surface is 1.
Let | |′𝑣 be the unique extension of the normalised absolute value | |𝑣 on 𝑘𝑣, defined in 1-1, to

𝑘′𝑣 such that its restriction on 𝑘𝑣 coincides with | |𝑣.
Introduce

𝜄 = 𝜄𝑦 : A𝑦 −→ [0,+∞) ⊂ R, 𝜄𝑦(𝛼𝑦) = exp
(︀∫︁
𝑆′
𝑣

log |𝛼𝑦(𝑧)|′𝑣 𝜇𝑦(𝑧)
)︀
, 0 ↦→ 0,

where 𝛼𝑦(𝑧) is the value (i.e. its image modulo the maximal ideal of 𝒪𝑧,𝑆′
𝑣
) of the 𝑧-component of

the adele 𝛼𝑦 viewed as an element of A𝑆′
𝑣
at the point 𝑧 ∈ 𝑆′

𝑣, with the exception of finitely many
points where it does not belong to 𝒪𝑧,𝑆′

𝑣
and its value is not determined. The value 𝜄𝑦(𝛼𝑦) is defined

when the function log |𝛼𝑦(𝑧)|′𝑣 of 𝑧 is integrable against 𝜇𝑦. The domain of 𝜄𝑦 is a proper subset of
A𝑦. This domain includes B𝑦 = 𝑘𝑣(𝑆𝑣). The image of 𝜄𝑦 is [0,+∞).



Выборочное интегрирование на высших аделях. . . 197

Then 𝜄𝑦(𝛼𝑦𝛽𝑦) = 𝜄𝑦(𝛼𝑦)𝜄𝑦(𝛽𝑦) when the factors on the right are defined.

9.

Discrete subgroups of divisors can be viewed as surjective images of appropriate subgroups of
locally compact (non-discrete) multiplicative adeles.

Definition. For an idele 𝛼 = (𝛼𝑦) ∈ B× define the replete divisor

𝐷𝛼 = −
∑︁

𝑣𝑦(𝛼𝑦)[𝑦]

of 𝑆, where 𝑦 runs through all curves in the geometric case and through all curves in the arithmetic
case as in 2-1. Here 𝑣𝑦 is the discrete (surjective to Z) valuation ofB𝑦 associated to a local parameter
𝑡𝑦 of curve 𝑦 and

𝑣𝑦(𝛼𝑦) := 𝑣(𝜄𝑦(𝛼𝑦)) = − log |𝜄𝑦(𝛼𝑦)|𝑣 = −𝑒𝑣
∫︁
𝑆′
𝑣

log |𝛼𝑦(𝑧)|′𝑣 𝜇𝑦(𝑧)

for the “ archimedean fibre” 𝑦 = 𝑆𝑣 over an archimedean place 𝑣, 𝑒𝑣 was defined in 1-3.
Then 𝑣𝑦(𝛼𝑦𝛽𝑦) = 𝑣𝑦(𝛼𝑦) + 𝑣𝑦(𝛽𝑦).

The zero divisor is 𝐷1.
In the geometric case we get the usual divisor.
When 𝛼 ∈ 𝐾×, the replete divisor 𝐷𝛼 is minus the Arakelov divisor of 𝛼.
The maps

B× ∋ 𝛼 ↦−→ 𝐷𝛼

are surjective homomorphisms to the group of divisors in the geometric case and to the group of
replete divisors in the arithmetic case. The substantial difference with the one-dimensional case is
that it is not the group of invertible elements of the full ring A, but of the ring B, which is used to
lift divisors to the topological adelic level.

Below, except 4-6, 𝐷 will denote a usual divisor, while the notation 𝐷𝛼 will stand for a replete
divisor (which in the geometric case is the usual divisor).

Definition. Similarly to 1-1, for a divisor 𝐷 =
∑︀
𝑛𝑦[𝑦] define the subgroup

A(𝐷) = {𝛽 ∈ A : 𝑣𝑦(𝛽) ⩾ −𝑛𝑦},

where 𝑦 runs through all curves in the geometric case and through all horizontal and vertical curves
in the arithmetic case. In particular, A(0) = A(𝐷1).

This definition can be extended to replete divisors by ignoring their “ archimedean fibres”
components; then for a replete divisor 𝐷𝛼 we have A(𝐷𝛼) = 𝛼A(0).

The topological group A is the direct limit of its closed subgroups A(𝐷) where 𝐷 runs over all
divisors.

Definition. Denote by A′ the subobject of A of adeles which have zero components on “
archimedean fibres”. In the geometric case A′ = A.

In the arithmetic case denote by A𝑎𝑓 the part of A for “ archimedean fibres” and by A𝑠𝑡 the
part of A on curves outside “ archimedean fibres”. In the geometric case A𝑎𝑓 is empty and A𝑠𝑡 = A.
Then

A = A𝑠𝑡 ×A𝑎𝑓 , A′ = A𝑠𝑡 × 0A𝑎𝑓 .

For any subset 𝐺 of A define

𝐺(𝐷) := 𝐺 ∩A(𝐷), 𝐺′ := 𝐺 ∩A′.

So 𝐺′(𝐷) = 𝐺(𝐷)′.
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Thus, B′ is isomorphic to B𝑠𝑡, the part of B based outside “ archimedean fibres”. The diagonal
image 𝐾𝑠𝑡 of 𝐾 in A𝑠𝑡 is isomorphic to 𝐾. The object C′ coincides with C at non-archimedean
points and it is zero at archimedean points of horizontal curves and at closed points of “ archimedean
fibres”.

In the arithmetic case from 2-6 we deduce B′ ∩C′ = 𝐾 ′ = 0.

Definition. Let 𝒦 be the divisor such that the complement A(0)⊥ of A(0) with respect to ⟨ , ⟩𝜓
is A(𝒦)′.

In the geometric case the divisor 𝒦 is linearly equivalent to the canonical divisor. In the
arithmetic case it does not correspond to the canonical sheaf of 𝑆 over 𝐵: the definition of the
pairing in 2-4 involves the non-trivial character 𝜓0, so the sheaf associated to 𝒦 is different from
the algebraic geometric relative dualising sheaf of 𝑆 over 𝐵, since the latter does not take into
account the full two-dimensional geometric-arithmetic situation involving the arithmetic character
𝜓0.

Then
A(𝐷)⊥ = A(𝐷∘)′, where 𝐷∘ = 𝒦 −𝐷.

Similarly to the proof of Theorem of sect. 2 of [12], the results of 2-4 imply that

B(𝐷)′ +C(𝐷)′ = (B(𝐷∘) ∩C(𝐷∘))⊥

and hence it is closed.

10.

For every curve 𝑦 which is not an “ archimedean fibre” we have isomorphisms

A𝑟
𝑦/A

𝑟+1
𝑦 ≃ 𝒜𝑘(𝑦), B𝑟

𝑦/B
𝑟+1
𝑦 ≃ 𝑘(𝑦).

Since 𝒜𝑘(𝑦)/𝑘(𝑦) is compact, the group A𝑟
𝑦/B

𝑟
𝑦 is the inverse limit of compact groups and hence

is compact. For an “ archimedean fibre” 𝑦 = 𝑆𝑣 over an archimedean place 𝑣 the quotient
A𝑦/B𝑦 = 𝒜 𝑘𝑣(𝑆𝑣)/𝑘𝑣(𝑆𝑣) is 𝑘𝑣-linearly compact in its one-dimensional adelic topology, see e.g.
sect. 0 of [12]. Therefore we deduce

Lemma 10.1. The quotient A(𝐷)′/B(𝐷)′ is compact. The quotient (B(𝐷)′ + C(𝐷)′)/B(𝐷)′ is a
closed subgroup of compact A(𝐷)′/B(𝐷)′, and hence it and C(𝐷)′/𝐾(𝐷)′ ≃ (B(𝐷)′ +C(𝐷)′)/
/B(𝐷)′ are compact.

Hence A′/B′ is the direct limit of compact (A(𝐷)′ +B′)/B′.

Corollary. C(𝐷)′ is compact.

Proof. In the arithmetic case C(𝐷)′ = C(𝐷)′/𝐾(𝐷)′ is compact and 𝐾 ′ = 0. In the geometric
case 𝐾(𝐷) is finite, see [12].

Теорема 11. 𝐾 is discrete in A. The group of its characters, isomorphic to A/(B+C), is compact.

Proof. In the geometric case see [12]. The discreteness of𝐾 inA follows from is by the discreteness
of 𝐾 ∩A(𝐷) in A for every divisor 𝐷. In the arithmetic case 𝐾 ∩A(𝐷) is a finitely generated 𝑂𝑘-
module: indeed, 𝐾 ∩ A(𝐷) is isomorphic to the Zariski 𝐻0(𝐷), [2], [22]. The latter is a finitely
generated 𝑂𝑘-module, see e.g. Th. 5.2 Ch. III of [16]. Consider 𝐾 ∩ A(𝐷) as a subobject of
𝐾 ⊗Q R =

∏︀
B𝑦 ⊂

∏︀
A𝑦 (with respect to the diagonal embedding), the product is taken over

all “ archimedean fibres”. The group 𝐾 ∩A(𝐷) is a discrete subset of a finite dimensional R-space
(𝐾∩A(𝐷))⊗QR with its topology induced from the topology of

∏︀
A𝑦. Hence 𝐾∩A(𝐷) is discrete

in A.
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12.

For a divisor 𝐷, a two-dimensional analogue 𝒜𝑆(𝐷) of the one-dimensional adelic complex 𝒜(𝐷)
is

𝐾 ⊕B(𝐷)⊕C(𝐷) −→ B⊕C⊕A(𝐷) −→ A,

(𝑎0, 𝑎1, 𝑎2) ↦→ (𝑎0 − 𝑎1, 𝑎2 − 𝑎0, 𝑎1 − 𝑎2) and (𝑎01, 𝑎02, 𝑎12) ↦→ 𝑎01 + 𝑎02 + 𝑎12.
The complex 𝒜𝑆(𝐷) is quasi-isomorphic to the complex

C(𝐷) −→ A(𝐷)/B(𝐷) −→ A/(B+C),

the maps from 𝒜𝑆(𝐷) are given by the minus projection to the third term, the projection to the
third term and the quotient, the quotient; for the geometric case see [12].

The cohomology objects are

𝐻0(𝒜𝑆(𝐷)) ≃ 𝐾 ∩A(𝐷),

𝐻1(𝒜𝑆(𝐷)) ≃ (B+C)(𝐷)/(B(𝐷) +C(𝐷)),

𝐻2(𝒜𝑆(𝐷)) = A/(B+C+A(𝐷)).

The group 𝐻0(𝒜𝑆(𝐷)) is discrete and the group 𝐻2(𝒜𝑆(𝐷)) is compact by 2-9. We have
isomorphisms

𝐻1(𝒜𝑆(𝐷)) ≃ ((B+C)∩ (B+A(𝐷)))/(B+C(𝐷)) ≃ ((B+A(𝐷))∩ (C+A(𝐷))/(𝐾 +A(𝐷))),

see [12] for the geometric case, the arithmetic case is similar.
It is shown in [12] that the adelic cohomology spaces are of finite dimension over B𝐹𝑞 in the

geometric case, so they are finite. They are not finite in general in the arithmetic case, for example
𝐻0(𝒜𝑆(0)) = 𝑂𝑘.

For a divisor 𝐷 one can also consider the following complex 𝒜′
𝑆(𝐷):

𝐾 ⊕B(𝐷)′ ⊕C(𝐷)′ −→ B⊕C⊕A(𝐷)′ −→ A.

Similarly to the above, the complex 𝒜′
𝑆(𝐷) is quasi-isomorphic to the complex

C′(𝐷) −→ A′(𝐷)/B′(𝐷) −→ A/(B+C).

We have

𝐻0(𝒜′
𝑆(𝐷)) ≃ 𝐾 ∩A′(𝐷) (which is zero in the arithmetic case),

𝐻1(𝒜′
𝑆(𝐷)) ≃ ((B+C) ∩A′(𝐷))/(B′(𝐷) +C′(𝐷)),

𝐻2(𝒜′
𝑆(𝐷)) = A/(B+C+A′(𝐷)).

Proposition. The character group of 𝐻𝑗(𝒜𝑆(𝐷)) is isomorphic to 𝐻2−𝑗(𝒜′
𝑆(𝐷

∘)) for 𝑗 = 0, 1, 2.

This follows from using the continuous and non-degenerate pairing ⟨ , ⟩, Theorem in 2-4 and the
description of the complement of A(𝐷) in 2-8. See [12] in the geometric case. In the arithmetic case
use arguments similar to [12]. For example, the group of characters of 𝐻1(𝒜′

𝑆(𝐷)) is isomorphic to
((B+A(𝐷∘)) ∩ (C+A(𝐷∘))/(𝐾 +A(𝐷∘))) isomorphic to 𝐻1(𝒜𝑆(𝐷∘)).

We deduce

Corollary. 𝐻2(𝒜𝑆(𝐷)) = A/(B + C + A(𝐷)) is finite in the geometric case and zero in the
arithmetic case.

Lemma 2-9 implies that 𝐻1(𝒜′
𝑆(𝐷)) is compact. So in the geometric case, 𝐻1(𝒜𝑆(𝐷)) is

simultaneously compact and discrete by the previous proposition, hence finite.
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13.

Recall thatA,A′ andA𝑦 are not locally compact groups. Otherwise two-dimensional local fields
associated to 𝑆 would have been locally compact but they are not. For example, every open subgroup
(and hence closed) of the additive group of a two-dimensional local field 𝐹 is not compact. Indeed,
in the equal characteristic case, such a subgroup contains a subgroup of the form 𝑉 =

∑︀+∞
−∞ 𝑈𝑖𝑡

𝑖
2∩𝐹

with 𝑈𝑖 being open subgroups of the one-dimensional residue field and 𝑈𝑖 ⊂ 𝑈𝑖+1 for all 𝑖, however
for 𝑉 to be compact, 𝑈𝑖 should be 0 for almost all negative 𝑖 since otherwise 𝑉 has a cover by open
𝑉𝑗 =

∑︀
𝑉𝑖,𝑗𝑡

𝑖
2 ∩ 𝐹 , where 𝑉𝑖,𝑗 = 𝑈𝑖 for all 𝑖 ⩾ −𝑗 and 𝑉𝑖,𝑗 is a properly smaller open subgroup

of 𝑈𝑖 for all 𝑖 < −𝑗, which does not have a finite subcover. One argues similarly in the mixed
characteristic case.

The space 𝐹 is not a Baire space: it can be represented as the union of a countable collection
of compact subsets with empty interior (of type

∑︀
𝑖⩾𝑖0 𝐾𝑖𝑡

𝑖
2 with compact 𝐾𝑖).

The quotient A/B is not locally compact. Indeed, otherwise its character group isomorphic to
B would be locally compact and then A would be locally compact, a contradiction. Similarly, A/C
is not locally compact. Since C/𝐾 is homeomorphic to A/B and B/𝐾 is homeomorphic to A/C,
they are not locally compact and neither are B and C.

Since A𝑦 is not locally compact, the similar argument shows that A𝑦/B𝑦 is not locally compact,
at the same time the quotient A𝑦/B𝑦 is the direct limit of compact spaces A𝑟

𝑦/B
𝑟
𝑦.

3. Selective integration on two-dimensional geometric adeles

1.

We will define finitely additive translation invariant measures on certain subquotients of A
important for applications. They are either direct limits of compact subquotients or inverse limits
of discrete subquotients. Normalisation aspects will be important, but still allowing a degree of
flexibility.

One can develop a more general theory of translation invariant measures on subquotients of A,
but since this general theory is not needed in this paper, we do not include it.

Some of the finitely additive translation invariant measures defined below are tensor product
of the relevant measures on all curves 𝑦. However, note that none of them is the tensor product of
measures on (two-dimensional) local fields associated to 𝑥 ∈ 𝑦, unlike the one-dimensional measure
on 𝒜 in 1-6 and the measure on two-dimensional analytic adeles in [11].

First, we will define the normalised translation invariant finitely additive measures 𝜇A′/B′ , 𝜇B′ ,
𝜇A′ on objects A′/B′,B′,A′.

Definition. Recall thatA′/B′ is the direct limit of compact subquotients (A(𝐷)′+B′)/B′, with𝐷
running through all divisors. This subquotient is isomorphic to (A(𝐷)′+B)/B and toA(𝐷)′/B(𝐷)′,
Define the set of measurable subsets of A′/B′ as the ring of sets generated by measurable subsets of
compact (A(𝐷)′+B′)/B′ for all 𝐷 (so each such measurable subset is a measurable subset of some
compact (A(𝐷)′ +B′)/B′). In order to define a finitely additive translation invariant measure on
A′/B′, we need to fix the normalisations of the Haar volumes 𝑐𝐷 of compact (A(𝐷)′ +B′)/B′ so
that they respect the direct limit with respect to 𝐷. For 𝐷 = 0 choose a non-trivial Haar measure
on compact (A(0)′ +B′)/B′ so that its volume is

𝑐0 = 𝑐0(A
′,B′)

is 1. If 𝐸 is the divisor of a curve 𝑦 then the quotient (A(𝐷+𝐸)′+B′)/(A(𝐷)′+B′) is canonically
isomorphic to the quotient A(𝐷+𝐸)′/(A(𝐷)′+B(𝐷+𝐸)′) non-canonically isomorphic to compact
𝒜𝑘(𝑦)/𝑘(𝑦) with its normalised volume 𝑚𝐸 equal to 1, as in 1-6. Using this as a step to pass from
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one divisor to another, define the volume 𝑐𝐷 of compact (A(𝐷)′ + B′)/B′ so that the relations
𝑐𝐷+𝐸 = 𝑐𝐷𝑚𝐸 hold for all divisors 𝐷. Hence

𝑐𝐷 = 𝑐0
∏︁

𝑚𝑟𝑖
𝐷𝑖
, where 𝐷 =

∑︁
𝑟𝑖𝐷𝑖

and 𝐷𝑖 are divisors of curves. Due to the choice of 𝑐0 and 𝑚𝐷𝑖 , we have 𝑐𝐷 = 1. Due to this formula,
the measure of a measurable subset of (A(𝐷)′ +B′)/B′ as a subset of (A(𝐷)′ +B′)/B′ is equal to
its measure as a subset of (A(𝐷+𝐸)′+B′)/B′ for any effective divisor 𝐸. Now define the measure
𝜇A′/B′ of a measurable subset of A′/B′ as its normalised measure in any compact (A(𝐷)′+B′)/B′

which it is a subset of. This a translation invariant finitely additive measure 𝜇A′/B′ .

Definition. The group of characters of compact (A(𝐷)′ +B)/B is the discrete space
B/B(𝐷∘) ≃ B′/B(𝐷∘)′, while B′ is the inverse limit of the latter with respect to all divisors 𝐷.
Define the translation invariant finitely additive measure 𝜇B′ on B′ by duality to the definitions in
the previous paragraph. In other words, similarly to 1-10, the measures on the compact subquotient
group and its dual group with respect to the character 𝜓 from 2-4 should satisfy the property:
the volume of the compact group times the volume of any point of its dual group is 1. So the
normalisation of the volume of (A(𝐷)′ +B′)/B′ corresponds to the atomic measure on B′/B(𝐷∘)′

in which every point has volume 𝑐−1
𝐷 , which is 1 in our choice.

Definition. Now define the translation invariant finitely additive measure 𝜇A′ onA′ as the tensor
product of the defined measures on A′/B′ and on B′. Similarly to the first paragraph of 1-10 this
measure does not depend on the choice of positive 𝑐0, and it is self-dual with respect to 𝜓.

Similarly, we define the normalised translation invariant finitely additive measures 𝜇A𝑦/B𝑦
, 𝜇B𝑦 ,

𝜇A𝑦 for every curve 𝑦. The definitions imply that 𝜇A′/B′ , 𝜇B′ , 𝜇A′ are their tensor products.

Next, we will define the normalised translation invariant measures 𝜇(B+C)′/B′ , 𝜇(B+C)′ , 𝜇B′/Δ𝐾 ,
𝜇A′/(B+C)′ , 𝜇𝐾 , 𝜇A/(B+C) on objects (B+C)′/B′, (B+C)′, B′/Δ𝐾, A′/(B+C)′, 𝐾, A/(B+C),
where Δ𝐾 is the isomorphic image of 𝐾 in A′. The general procedure is the same as above. Below
in this subsection for the quotient object 𝑄/𝑅 which is the direct limits of compact subquotients
(𝑄(𝐷) + 𝑅)/𝑅 we normalise the normalised measure on (𝑄(0) + 𝑅)/𝑅 by asking that its volume
𝑐0(𝑄,𝑅) is 1, and we will take the atomic measure on the group of characters of 𝑄/𝑅 in which
gives every point has volume 𝑐0(𝑄,𝑅)−1.

Definition. The quotient (B+C)′/B′ of A′/B′ is the direct limit of subobjects (B+C)(𝐷)′/
/B(𝐷)′ ≃ ((B + C)(𝐷)′ + B′)/B′ of the compact object (A(𝐷)′ + B′)/B′, with their induced
measure. Similarly to the previous material define the translation invariant finitely additive measure
on (B +C)′/B′ using the normalised measures on ((B +C)(𝐷)′ +B′)/B′. Define the normalised
measure on (B + C)′ as the tensor product of this normalised measure on (B + C)′/B′ and the
normalised measure on B′.

The group of characters of (B+C)′/B′ is isomorphic to (B+A*)/(𝐾+A*), whereA* = 0×A𝑎𝑓 .
The latter quotient object is isomorphic to ((B+A*)/A*)/((𝐾+A*)/A*) ≃ B′/Δ𝐾. The space of
characters of ((B+C)(𝐷)′ +B)/B is isomorphic to B/(B∩ (𝐾 +A(𝐷∘))). This way the quotient
B′/Δ𝐾 is the inverse limit of discrete spaces B/(B ∩ (𝐾 + A(𝐷∘))). Similarly to the previous,
define the normalised measure 𝜇B′/Δ𝐾 on B′/Δ𝐾 by duality.

The quotient object A′/(B+C)′ of A′/B′ is the direct limit of compact ((B+C)′ +A(𝐷)′)/
/(B + C)′ ≃ A(𝐷)′/(B + C)(𝐷)′, the latter are quotients of A(𝐷)′/B(𝐷)′. Normalise the
measure of A(𝐷)′/(B+C)(𝐷)′ so that its tensor product with the already normalised measure of
(B+C)(𝐷)′/B(𝐷)′ is the already normalised measure ofA(𝐷)′/B(𝐷)′. Thus we get the translation
invariant finitely additive measure 𝜇A′/(B+C)′ on A′/(B+C)′, similarly to the previous material.

The space of characters of A′/(B +C)′ is isomorphic to (𝐾 +A*)/A* ≃ 𝐾. Similarly to the
previous, define the translation invariant measure 𝜇𝐾 on discrete𝐾 by duality, using the normalised
measures on ((B+C)′ +A(𝐷)′)/(B+C)′. It is an atomic measure.
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The quotient A/(B + C) is isomorphic to the group of characters of 𝐾, define 𝜇A/(B+C) on
A/(B+C) by duality to the atomic measure 𝜇𝐾 on discrete space 𝐾.

The definitions imply

Lemma 1.1.
𝜇A′ = 𝜇A′/B′ ⊗ 𝜇B′ = 𝜇A′/(B+C)′ ⊗ 𝜇(B+C)′ ,

𝜇(B+C)′ = 𝜇(B+C)′/B′ ⊗ 𝜇B′ ,

𝜇A′/B′ = 𝜇A′/(B+C)′ ⊗ 𝜇(B+C)′/B′ ,

𝜇B′ = 𝜇B′/Δ𝐾 ⊗ 𝜇𝐾 .

The space of functions which we will integrate against the defined measures will be spanned by
the characteristic functions of divisors and their products with characters.

2.

The current understanding of the archimedean fibres part of the developing theory leads to the
following

Definition. For an “ archimedean fibre” 𝑦 = 𝑆𝑣 using the surjective partially defined map 𝜄𝑦 from
2-7, define

𝜇A𝑦 := 𝜄*𝑦𝜇R,

where 𝜇R is the Lebesque measure on real numbers.
The space of integrable functions is 𝑔 ∘ 𝜄𝑦 where 𝑔 are integrable functions on 𝑘𝑣. We have∫︁

A𝑦

𝑔(𝜄𝑦𝛽)𝜇A𝑦 =

∫︁
R
𝑔(𝑥)𝜇R.

Choose a fundamental domain in A𝑦 for A𝑦/B𝑦 = 𝒜𝑘𝑣(𝑦)/𝑘𝑣(𝑦) and define 𝜇A𝑦/B𝑦
as the

restriction of 𝜇A𝑦 on it.
Define 𝜇B𝑦 so that the property 𝜇A𝑦 = 𝜇A𝑦/B𝑦

⊗ 𝜇B𝑦 holds.

Definition. Define Fourier transform ℱA𝑦 in a similar way, using 𝜄
*
𝑦, i.e.

ℱA𝑦(𝑔 ∘ 𝜄𝑦) := ℱ𝑘𝑣(𝑔) ∘ 𝜄𝑦,

Definition. Extend the previous definitions from one “ archimedean fibre” to all “ archimedean
fibres”. This supplies the measure and integration on A𝑎𝑓 , B𝑎𝑓 and A𝑎𝑓/B𝑎𝑓 , with the relevant
properties, including 𝜇A𝑎𝑓 = 𝜇A𝑎𝑓/B𝑎𝑓 ⊗ 𝜇B𝑎𝑓 .

3.

The strong approximation theorem and the definition of C imply A = A′ +B+C. Hence the
embedding A′ → A induces the isomorphism A′/(B + C)′ ≃ A/(B + C). Hence A′/(B + C)′ is
compact and its group of characters Δ𝐾 is discrete in A′.

We also deduce that (B+C)/(B+C)′ ≃ A/A′ ≃ A𝑎𝑓 .
The quotient of A/B by (A′ + B)/B ≃ A′/B′ is isomorphic to A/(B + A′) ≃ A𝑎𝑓/B𝑎𝑓 ,

and the quotient of (B + C)/B by ((B + C)′ + B)/B ≃ (B + C)′/B′ is isomorphic to
(B+C+A′)/(B+A′) = A/(B+A′) ≃ A𝑎𝑓/B𝑎𝑓 .
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Definition. Define, using 3-1 and the preceding material of this section, the normalised translation
invariant measures

𝜇A : = 𝜇A′ ⊗ 𝜇A𝑎𝑓 ,

𝜇B : = 𝜇B′ ⊗ 𝜇B𝑎𝑓 ,

𝜇A/B : = 𝜇A′/B′ ⊗ 𝜇A𝑎𝑓/B𝑎𝑓 ,

𝜇B+C : = 𝜇(B+C)′ ⊗ 𝜇A𝑎𝑓 ,

𝜇(B+C)/B : = 𝜇(B+C)′/B′ ⊗ 𝜇A𝑎𝑓/B𝑎𝑓 .

Using C(𝐷)/𝐾(𝐷) ≃ (B(𝐷) +C(𝐷))/B(𝐷) ⊂ A(𝐷)/B(𝐷) and 𝜇A/B, define the normalised
translation invariant measures 𝜇C/𝐾 . Then define 𝜇C := 𝜇C/𝐾 ⊗ 𝜇𝐾 .

Define the normalised translation invariant measure 𝜇B/𝐾 so that the formula 𝜇B =
= 𝜇B/𝐾 ⊗ 𝜇𝐾 holds.

Define the normalised translation invariant measure 𝜇(B+C)/C so that the formula 𝜇B+C =
= 𝜇(B+C)/C ⊗ 𝜇C holds.

Define the normalised translation invariant measure 𝜇(B+C)/𝐾 so that the formula 𝜇B+C =
= 𝜇(B+C)/𝐾 ⊗ 𝜇𝐾 holds.

Using 3-1 we deduce

Lemma 3.1.

𝜇A = 𝜇A/B ⊗ 𝜇B, 𝜇(B+C)/𝐾 = 𝜇(B+C)/B ⊗ 𝜇B/𝐾 = 𝜇(B+C)/C ⊗ 𝜇C/𝐾 .

4.

Similarly to 1-5, we have the following

Definition. Let 𝑅 ⊂ 𝑄 be subquotient objects of A. Suppose that the normalised measure on 𝑅
is defined. For a real valued function 𝑔 on 𝑄, integrable on 𝑅, normalised by the condition 𝑔(0) = 1,
define the normalised function

𝑔𝑄/𝑅 : 𝑄/𝑅 −→ R, 𝑞 +𝑅 ↦→
(︂∫︁

𝑅
𝑔(𝑞 + 𝑟)𝜇𝑅(𝑟)

)︂(︂∫︁
𝑅
𝑔(𝑟)𝜇𝑅(𝑟)

)︂−1

.

Note the abuse of notation: this function may depend on 𝑅 ⊂ 𝑄, not just on the quotient 𝑄/𝑅.

When 𝑅 = 0 and 𝜇𝑅 is an atomic measure, we will use the notation 𝑔 for 𝑔𝑄/0, the restriction
of 𝑔 to 𝑄.

From now on we will use the notation ℓ
∫︀
𝑇 for log

∫︀
𝑇 .

From the definitions and an extension of the Fubini property from integrals over compact and
discrete groups to their limits, we deduce

Lemma 4.1. Let 𝑅 ⊂ 𝑄 be two subquotient objects of A, on which the normalised measure is
defined. Let for a real valued function 𝑔 on 𝑄, normalised by the condition 𝑔(0) = 1, the two
integrals on the right are finite. Then

ℓ
∫︁
𝑄/𝑅

𝑔𝑄/𝑅 =
ℓ
∫︁
𝑄
𝑔 −

ℓ
∫︁
𝑅
𝑔𝑅.
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4. Numbers ℎ𝑖(𝐷) is dimension two, and the Euler characteristic

1.

We will be working with the following functions on adeles and their quotient subobjects.

Definition. For an idele 𝛼 = (𝛼𝑦) ∈ B× define the function

𝑓𝛼(𝑢) =
∏︁
𝑦

𝑓𝛼𝑦(𝑢𝑦) : A −→ R, 𝑢 = (𝑢𝑦), 𝑢𝑦 ∈ A𝑦,

where 𝑓𝛼𝑦(𝑢𝑦) = 𝑓1(𝛼
−1
𝑦 𝑢𝑦) and

𝑓1(𝑢𝑦) =

{︃
charA0

𝑦
(𝑢𝑦) for non-archimedean and horizontal curves 𝑦,

exp
(︀
−𝑒𝑣𝜋 |𝜄𝑦(𝑢𝑦)|2/𝑒𝑣𝑣

)︀
for an “ archimedean fibre” 𝑦 = 𝑆𝑣,

𝑒𝑣 is defined in 1-3, 𝜄𝑦 is defined in 2-7.

Compare with 1-3.
The map B× ∋ 𝛼 −→ {𝑓𝛼 : 𝛼 ∈ B×} factorises through the well defined map from

divisors/replete divisors {𝐷𝛼 : 𝛼 ∈ B×} to the set {𝑓𝛼 : 𝛼 ∈ B×}.
The function 𝑓𝛼 is normalised: 𝑓𝛼(0) = 1.
The restriction of 𝑓𝛼 on A′ is char𝛼A(0)′ .
Following the definitions, for an “ archimedean fibre 𝑦 and 𝛼𝑦 ∈ B×

𝑦 we have

ℓ
∫︁
A𝑦

𝑓𝛼𝑦 𝜇A𝑦 =
ℓ
∫︁
A𝑦

𝑓1 𝜇A𝑦 + log 𝜄𝑦(𝛼𝑦) = log 𝜄𝑦(𝛼𝑦) = −𝑣𝑦(𝛼𝑦).

For subobjects 𝑅 ⊂ 𝑄 of A′ we get

𝑓𝛼,𝑄/𝑅 = char(𝑅+𝑄(𝐷𝛼))/𝑅 = char(𝑅+𝛼A(0)∩𝑄)/𝑅

if 𝜇𝑅(𝑅 ∩ 𝛼A(0)) is finite positive.

2.

The definitions in 3-1 and 2-9 imply that the integrals
ℓ
∫︀
A/(B+C) 𝑓𝛼,A/(B+C) 𝜇A/(B+C),

ℓ
∫︀
A/B 𝑓𝛼,A/B 𝜇A/B,

ℓ
∫︀
(B+C)/B 𝑓𝛼,(B+C)/B 𝜇(B+C)/B,

ℓ
∫︀
C/𝐾 𝑓𝛼,C/𝐾 𝜇C/𝐾 ,

ℓ
∫︀
𝐾 𝑓𝛼 𝜇𝐾 , ℓ

∫︀
C 𝑓𝛼 𝜇C are finite, while ℓ

∫︀
A 𝑓𝛼 𝜇A is not.

In the geometric case we also have

ℓ

∫︁
C
𝑓𝛼 𝜇C = log𝜇C(C(𝐷𝛼)),

ℓ

∫︁
A/B

𝑓𝛼,A/B 𝜇A/B = log𝜇A/B(A(𝐷𝛼)/B(𝐷𝛼)).

Keeping in mind the cohomology spaces in 2-10 and extending 1-10, introduce

Definition. For 𝛼 ∈ B× define

ℎ0(𝐷𝛼) :=
ℓ
∫︁
𝐾
𝑓𝛼 𝜇𝐾 ,

ℎ2(𝐷𝛼) := −
ℓ
∫︁
A/(B+C)

𝑓𝛼,A/(B+C) 𝜇A/(B+C).

This integrals are defined in view of the properties of the adelic objects discussed in sect. 2.
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Note the minus sign for ℎ2, compare with the minus sign in the definition of ℎ1 in 1-6, 1-7.
Denote

𝑐⋆ := 𝜇𝐾({0}) > 0.

In the geometric case we obtain,

ℎ0(𝐷𝛼) =
ℓ
∫︁
𝐾
𝑓𝛼 𝜇𝐾 = log𝜇𝐾({0}) + log#𝐾 ∩ 𝛼A(0) = log 𝑐⋆ + log#𝐾 ∩ 𝛼A(0)

= log 𝑐⋆ + log#𝐻0(𝒜𝑆(𝐷𝛼)).

In the arithmetic case, 𝐾 ∩𝛼A(0) is a finitely generated 𝑜𝑘-module. Similarly to 1-4, we obtain

ℎ0(𝐷𝛼) =
ℓ
∫︁
𝐾
𝑓𝛼 𝜇𝐾 = log

∫︁
𝐾∩𝛼A(0)

exp
(︀
−𝜋
∑︁
𝑣

𝑒𝑣|𝜄𝑆𝑣(𝛼
−1
𝑆𝑣
𝑢)|2/𝑒𝑣𝑣

)︀
𝜇𝐾(𝑢)

= log 𝑐⋆ + log
(︀ ∑︁
𝑢∈𝐾∩𝛼A(0)

exp
(︀
−𝜋
∑︁
𝑣

𝑒𝑣|𝜄𝑆𝑣(𝛼
−1
𝑆𝑣
𝑢)|2/𝑒𝑣𝑣

)︀)︀
,

the internal sum is taken over archimedean places 𝑣. Compare with the one-dimensional formula in
1-4. This formula for ℎ0 agrees with the proposed formula in [15].

For a divisor 𝐷 we have 𝐻1(𝒜𝑆(𝐷)) ≃ (B + C)(𝐷)/(B(𝐷) + C(𝐷)). It is isomorphic to the
quotient of (B+C)(𝐷)/B(𝐷) by (B(𝐷) +C(𝐷))/B(𝐷), and the quotient (B(𝐷) +C(𝐷))/B(𝐷)
is isomorphic to C(𝐷)/𝐾(𝐷).

Definition. For 𝛼 ∈ B× define

ℎ1(𝐷𝛼) :=
ℓ
∫︁
(B+C)/B

𝑓𝛼,(B+C)/B 𝜇(B+C)/B −
ℓ
∫︁
C/𝐾

𝑓𝛼,C/𝐾 𝜇C/𝐾 .

Even though (B+C)/B ≃ C/𝐾, the functions 𝑓𝛼,(B+C)/B and 𝑓𝛼,C/𝐾 are different, and ℎ1(𝐷𝛼)
is in generally non-zero; see about the abuse of notation in 3-4.

Remark. In the geometric case, comparing with 2-10, we immediately deduce that

ℎ𝑗(𝐷𝛼) = log#𝐻𝑗(𝒜𝑆(𝐷𝛼)) + 𝑛𝑗

for an appropriate constant 𝑛𝑗 . In particular, 𝑛0 = log 𝑐⋆.

3.

Now, for the Euler characteristic we get

𝜒A(𝐷𝛼) = 𝜒(𝐷𝛼) = ℎ0(𝐷𝛼)− ℎ1(𝐷𝛼) + ℎ2(𝐷𝛼)

= −
ℓ
∫︁
(B+C)/B

𝑓𝛼,(B+C)/B 𝜇(B+C)/B −
ℓ
∫︁
A/(B+C)

𝑓𝛼,A/(B+C) 𝜇A/(B+C)

+
ℓ
∫︁
𝐾
𝑓𝛼 𝜇𝐾 +

ℓ
∫︁
C/𝐾

𝑓𝛼,C/𝐾 𝜇C/𝐾 .

Using Lemma 3-3 and 3-4 we obtain

Теорема 4.

𝜒(𝐷𝛼) =
ℓ
∫︁
C
𝑓𝛼 𝜇C −

ℓ
∫︁
A/B

𝑓𝛼,A/B 𝜇A/B.

Compare with the formula in 1-7.
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5.

Using the character 𝜓 of A and the pairing ⟨ , ⟩ in 2-4, we can use the natural extension of
harmonic analysis on abelian locally compact groups, to work with Fourier transforms of functions
on direct limits of compact subquotients and dual inverse limits of discrete subquotients.

Let 𝜅 ∈ B× be such that the divisor 𝒦 defined in 2-8 is equal to 𝐷𝜅.
Let 𝐸 be a discrete subquotient of A′ and let 𝐺 be a compact subquotient of A isomorphic to

its character space, compatible with the pairing ⟨ , ⟩ of 2-4. Let the normalised measures 𝜇𝐺 and
𝜇𝐸 be defined and they are related to each other in the dual way, similarly to 3-1. Similarly to 1-9,
we deduce from the definitions that 𝑓𝜅𝛼−1,𝐸 on 𝐸 is equal to the normalisation (i.e. the value at 0 is
1) of the Fourier transform ℱ(𝑓𝛼,𝐺) of 𝑓𝛼,𝐺. Hence 𝑓𝛼,𝐺 is the inverse Fourier transform ℱ ′(𝑓𝜅𝛼−1,𝐸)
of 𝑓𝜅𝛼−1,𝐸 times the value ℱ(𝑓𝛼,𝐺)(0) of the Fourier transform of 𝑓𝛼,𝐺 at 0. So

1 = 𝑓𝛼,𝐺(0) = ℱ ′(𝑓𝜅𝛼−1,𝐸)(0)ℱ(𝑓𝛼,𝐺)(0),

with the first factor on the right hand side equal to
∫︀
𝐸 𝑓𝜅𝛼−1,𝐸 𝜇𝐸 and the second factor equal to∫︀

𝐺 𝑓𝛼,𝐺 𝜇𝐺. Thus, ∫︁
𝐸
𝑓𝜅𝛼−1,𝐸 𝜇𝐸 =

(︂∫︁
𝐺
𝑓𝛼,𝐺 𝜇𝐺

)︂−1

.

This formula immediately extends to the direct limits of compact and the inverse limits of discrete
subquotients of A′. It also extends to the archimedean fibres, since the Fourier transform there is
defined using the Fourier transform of functions of real numbers and 𝜄𝑦 is multiplicative.

Proposition.
ℎ2(𝐷𝛼) = ℎ0(𝐷𝜅𝛼−1), ℎ1(𝐷𝛼) = ℎ1(𝐷𝜅𝛼−1).

Proof. To deduce the first assertion, apply the previous formula to 𝐸 = 𝐾 and 𝐺 = A/(B+C).
The deduce the second assertion, use the preceding displayed formula and Lemma 3-3 to obtain

ℓ
∫︁
(B+C)/B

𝑓𝛼,(B+C)/B 𝜇 (B+C)/B −
ℓ
∫︁
C/𝐾

𝑓𝛼,C/𝐾 𝜇C/𝐾

= −
ℓ
∫︁
B/𝐾

𝑓𝜅𝛼−1,B/𝐾 𝜇B/𝐾 +
ℓ
∫︁
(B+C)/C

𝑓𝜅𝛼−1,(B+C)/C 𝜇 (B+C)/C

= −
ℓ
∫︁
C/𝐾

𝑓𝜅𝛼−1,C/𝐾 𝜇C/𝐾 +
ℓ
∫︁
(B+C)/B

𝑓𝜅𝛼−1,(B+C)/B 𝜇 (B+C)/B.

The previous Proposition immediately implies

Теорема 6.
𝜒(𝐷𝛼) = 𝜒(𝐷𝜅𝛼−1).

Remark. In the geometric case, from the normalisation of the measures in 3-1 and 3-3 we get
ℎ1(𝐷1) = ℎ2(𝐷1) = 0, hence

ℎ𝑗(𝐷𝛼) = log#𝐻𝑗(𝒜𝑆(𝐷𝛼))− log#𝐻𝑗(𝒜𝑆(𝐷1)), 𝑗 = 1, 2.

So, using the notation of Remark 4-2,

𝑛0 = log 𝑐⋆, 𝑛1 = − log#𝐻1(𝒜𝑆(𝐷1)), 𝑛2 = − log#𝐻2(𝒜𝑆(𝐷1)).

Then the Proposition implies ℎ0(𝐷𝛼) = log#𝐻0(𝒜𝑆(𝐷𝛼)) − log#𝐻0(𝒜𝑆(𝒦)). In particular, the
constant 𝑐⋆ satisfies 𝑐−1

⋆ = #𝐻0(𝒜𝑆(𝒦)). Using Proposition 2.10, 𝑛0 = 𝑛2. So, 𝜒(𝐷) equals
log 𝑞 times the (dimension over B𝐹𝑞) Euler characteristic of the complex 𝒜𝑆(𝐷) plus the constant
𝑛1 + 2𝑛0.
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7.

We can now define the intersection index using the adelic Euler characteristic of the previous
subsection.

Definition. For 𝛼, 𝛽 ∈ B× define the index

[𝐷𝛼, 𝐷𝛽] := 𝜒(𝐷1)− 𝜒(𝐷𝛼)− 𝜒(𝐷𝛽) + 𝜒(𝐷𝛼𝛽).

This also gives an induced pairing for replete divisors.

It is a symmetric form.
For 𝛾 ∈ 𝐾× = B× ∩C× we deduce, using translation invariance of the integration, that

ℓ
∫︁
C
𝑓𝛼𝛾 𝜇C =

ℓ
∫︁
C
𝑓𝛼 𝜇C,

ℓ
∫︁
A/B

𝑓𝛼𝛾,A/B 𝜇A/B =
ℓ
∫︁
A/B

𝑓𝛼,A/B 𝜇A/B,

hence [𝐷𝛼, 𝐷𝛽] = [𝐷𝛼𝛾 , 𝐷𝛽], so the pairing for replete divisors is invariant with respect to translation
by principal divisors.

Теорема 8. In the geometric case, for a divisor 𝐷 whose support does not include an irreducible
proper curve 𝑦 we have

𝜒A(𝐷)− 𝜒A(𝐷 −𝐷𝑦) = 𝜒𝒜𝑘(𝑦)
(𝐷|𝑦)− log𝑚𝐷𝑦 ,

the numbers 𝑚 were defined in 3-1.
Hence

[𝐷,𝐷𝑦] = 𝜒𝒜𝑘(𝑦)
(𝐷|𝑦)− 𝜒𝒜𝑘(𝑦)

(0) = log 𝑞 · deg𝒜𝑘(𝑦)
(𝐷|𝑦).

The index [ , ] is log 𝑞 times with the intersection pairing.

Proof. For 𝐷 = 𝐷𝛼, 𝐷𝑦 = 𝐷𝛽 and 𝑓 = 𝑓𝛼, 𝑔 = 𝑓𝛼𝛽−1 , we have

𝜒A(𝐷)− 𝜒A(𝐷 −𝐷𝑦) =
ℓ
∫︁
C
𝑓 𝜇C −

ℓ
∫︁
C
𝑔 𝜇C −

ℓ
∫︁
A/B

𝑓A/B 𝜇A/B +
ℓ
∫︁
A/B

𝑔A/B 𝜇A/B.

Note that the differences of the first two and of the last two integrals do not depend on the
normalisation of 𝜇C and of 𝜇A/B. By 2-9, C(𝐷) and A(𝐷)/B(𝐷) are compact. Using 4-2, we
obtain

𝜒A(𝐷)− 𝜒A(𝐷 −𝐷𝑦) = log 𝜇C(C(𝐷))− log𝜇C(C(𝐷 −𝐷𝑦))

− (log𝜇A/B(A(𝐷)/B(𝐷))− log𝜇A/B(A(𝐷 −𝐷𝑦)/B(𝐷 −𝐷𝑦))).

Then

𝜒A(𝐷)− 𝜒A(𝐷 −𝐷𝑦) = log

∫︁
𝒜𝑘(𝑦)

𝑓𝐷|𝑦 − log𝜇(𝒜𝑘(𝑦)/𝑘(𝑦)) = 𝜒𝒜𝑘(𝑦)
(𝐷|𝑦)− log𝑚𝐷𝑦 ,

due to the isomorphism C(𝐷)/C(𝐷 − 𝐷𝑦) ≃ 𝒜𝑘(𝑦)(𝐷|𝑦) established in Lemma in sect. 4 of [12]
and the isomorphism (A(𝐷) +B)/(A(𝐷 −𝐷𝑦) +B) ≃ 𝒜𝑘(𝑦)/𝑘(𝑦), and using 1-7 and 3-1.

Using the properties stated before the theorem and arguing similar to the proof of Th. 4 of [12]
(this argument works fine with 𝑚𝐷𝑦 not necessarily equal to 1), one deduces that that the index
[ , ] is log 𝑞 times the intersection pairing.

Note that the normalisation 𝑚𝐷𝑦 = 1 in 3-1 is not needed for the last two statements in the
theorem.
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9.

We end with more remarks and open questions.

Remark. In the arithmetic case, one similarly establishes a formula relating [𝐷,𝐷𝑦] and
deg𝒜𝑘(𝑦)

(𝐷|𝑦) when 𝐷 is a divisor and 𝑦 is a vertical irreducible curve on 𝑆. An open problem
is the compute the index for a replete divisor 𝐷 and a horizontal irreducible curve 𝑦, the scheme
theoretical closure of a rational point of 𝑆𝜂(𝑙) where 𝑙 is a finite extension of the number field 𝑘,
with a morphism 𝑠 : Spec(𝑂𝑙) −→ 𝑆 and a replete divisor 𝐷|𝑦 = 𝑠*𝑦(𝐷) of Spec(𝑂𝑙).

Remark. In the arithmetic case note the very substantial difference of the role of 𝜅 and the
behaviour of ℎ𝑖 ↦→ ℎ2−𝑖 from the role of the canonical sheaf and behaviour of the usual cohomology.
The Arakelov adjunction formula (e.g. as in [8] or 3.3 Ch. V of [19]) involves the canonical sheaf of 𝑆
over 𝐵. However, from the point of view of the two-dimensional adeles it is more natural to involve
the divisor 𝒦 defined in 2-8, since unlike the canonical sheaf it takes into account two dimensions:
the geometric and arithmetic ones. An open problem is to prove an adjunction formula involving
𝒦.

Remark. The one-dimensional Riemann–Roch formula is 𝜒𝒜(𝐷𝛼) − 𝜒𝒜(𝐷1) = log |𝛼| of 1-8.
Theorem 4-4 and the definition of index [ , ] immediately imply the two-dimensional Riemann–
Roch formula

𝜒A(𝐷𝛼)− 𝜒A(𝐷1) = −2−1[𝐷𝛼, 𝐷𝜅𝛼−1 ].

In the geometric case this is the Riemann–Roch theorem in sect. 4 of [12]. An open problem in the
arithmetic case is to obtain an adelic two-dimensional Riemann–Roch formula and compare it with
the version in [8], based on the use of the canonical sheaf.

5. Conclusion

. The established theory demonstrates the power of topological and measure-theoretical higher
adelic considerations in relation to geometry of surfaces. Adelic duality plays a central role in this
study; it underlies various proofs in this paper. Developing this theory further to obtain a higher
adelic interpretation of Arakelov geometry is an interesting task.
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