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AnHOTan M

IIpocTpaHcTBO ABYMEPHBIX T€OMETPHUIECKUX AJe/IeH MOBEPXHOCTEH CHIBHO OTIWIAETCS OT
JIOKQJIbHO KOMITAKTHOT'O IIPOCTPAHCTBA, U HA HEM HE CYIIECTBYET CYETHO-a/[JIMTUBHON MHBAPU-
AHTHOMH 110 CABUTY HETPUBHUAJIBHOM MephI. B TO ke BpeMmst HeKOTOpPBIE TOIAKTOPHI e/ Tei sIBIs-
IOTCST TIPSIMBIMY TIPEIEIaMi KOMITAKTHBIX TOA(MAKTOPOB WM OOPATHLIMU MPEIEIAMA INCKPET-
HBIX TOA(AKTOPOB, COTJIACOBAHHBIMHU CIIEIHAJIBHBIM 00pa3oM. Vcnomb3ys 31oT (hakT, B CTaThe
OIPEIEIIAIOTCS TPAHCISIINOHHO-NHBAPHAHTHAS Mepa M HHTErPUPOBAHKE 110 HEKOTOPBIM ToAdaK-
TOpaM PeOMETPUYECKHUX aJeiell IOBEPXHOCTEH. DTa TeopHs CyIIeCTBEHHO OTIMYAETCS OT TEOPUU
MHTEIPUPOBAHUS 10 AaHAJTUTUIECKUM a/1e/iaM nosepxuocreii. [locte kpaTrkoro o63opa acmekToB
OHOMEPHOIT TEOPUN B CTAThE JJAHO TIOJIHOE ONpefesieHe IBYMEPHBIX TeOMeTPUYECKUX aJiesIei.
YcraHOBIEH psAd WX HOBBIX TOIMOJOTMYECKUX CcBOHCTB. HoBas TpaHCISIIMOHHO-WHBApPUAHTHAS
Mepa U WHTErPUPOBAHUE TI0 HEKOTOPHIM TMOI(MAKTOPAM MEOMETPUIECKUAX A€l UCITOIB3YIOTCS
JI7IsI HHTErPAJIOB OT MOAXOAAMNX (DYHKIWHA B IBYMEPHOM METOE, OIMUCHIBAIONIEM Pa3Mep TPYIII
a/IeTbHBIX KOIOMOJIOTHT TOBEPXHOCTEH 6€3 MCIOIb30BAHNSA CTAHIAPTHBIX AJETbHBIX KOMILTEK-
coB. J/lokazana ¢opmysia s HIepoBOi XapaKTEPUCTUKU [TOBEPXHOCTH U €€ JIUBU30PA, BbIpa-
JKAIOIIAsA ee dYepe3 MHTErpasIbl MO KJIIOYeBbIM 00beKTaM reoMerpuduecknux amesneii. C moMoIno
3UJIepOBOI XapaKTEPUCTUKU BBOIUTCS HOBBIHM JBYMEPHBIN aJeIbHBIN WHIEKC mepecedenns. [ls
TeOMeTPUYIEeCKNX TTOBEPXHOCTEN OH SABISAETCS MOJTOKUTETLHBIM KPATHBIM CTAHIAPTHOTO UHIEKCA
nepecedenns. [IpuBoAaTCS HOBBIE TOKA3ATENHCTBA PAAA PE3YAbTATOB, MOy IEHHBIX B IPEIbIIY-
IIEM HUCCJIEJOBAHUN T'€OMETPUIECKUX aJesieit.
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Abstract

The space of two-dimensional geometric adeles of a surface is far from being a locally compact
space and there is no translation countably additive invariant nontrivial measure on it. At the
same time, certain subquotients of the adeles are direct limits of compact subquotients or inverse
limits of discrete subquotients, compatible in a special way. Using this fact, the paper defines a
translation invariant measure and integration on certain subquotients of the geometric adeles of
surfaces. This theory is considerably different from the theory of integration on analytic adeles of
surfaces. After revising aspects of one-dimensional theory, the paper includes a full definition of
two-dimensional geometric adeles. A number of their new topological properties are established.
The new translation invariant measure and integration on selective subquotients of the geometric
adeles is used for integrals of certain functions in a two-dimensional method describing the size
of adelic cohomology groups of surfaces, without using standard adelic complexes. A formula
for the Euler characteristic of the surface and its divisor in terms of integrals over subquotients
of geometric adeles is proved. Using the Euler characteristic, a new two-dimensional adelic
intersection number is introduced. For geometric surfaces it is a positive multiple of the standard
intersection number. Several results in the previous study of geometric adeles are given new
proofs.
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0. Introduction

This paper continues the higher adelic study of aspects of geometry of surfaces in [12], by lifting
certain discrete or linear algebraic objects to two-dimensional adelic objects with richer structure
and using their topological properties, as well as the new measure and integration on some of them.

The higher adelic study in [12] for projective irreducible curves and projective smooth surfaces
over perfect fields used topological properties and self-duality of the one-dimensional and two-
dimensional geometric adeles to study cohomology spaces of adelic complexes. The latter were
proved to be of finite dimension. An additive adelic formula for the intersection of divisors was
established. This formula easily implied the adelic Riemann—Roch theorem. Adelic objects for
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number fields and for arithmetic surfaces, studied in [10], [11], [6], also involve non-linear data
associated to archimedean points of fibres. Hence, the approach in [12] which works in the geometric
case using adelic complexes and their linear cohomology spaces cannot be directly extended to
arithmetic schemes, due to the highly non-linear archimedean aspects.

In order to have a universal approach which works both for geometric objects over finite fields
and for arithmetic schemes, new points of view are needed. This paper proposes one of them,
based on the use of topological properties of adelic subquotients and integrals over them, as a
two-dimensional extension of some aspects of the one-dimensional approaches in the Iwasawa—Tate
theory, see e.g. sect. 5 Ch. 3 of [13], and in Borisov’s paper [3].

This is a very different theory from that in [10], [11], but some of results in this paper will be
useful for further research related to the latter.

Section 1 reviews the one-dimensional case presented in a form suitable for its generalisation to
the two-dimensional case. One deduces the adelic Riemann—Roch theorem from adelic duality and
standard properties of Fourier transform, see e.g. sect. 0 of [12]. In the one-dimensional arithmetic
case cohomologies H(D) for a divisor D can be infinite or not defined, however one can produce
a non-zero numbers h*(D), i = 0, 1, which can be thought of as the volume/size of the cohomology
group. These numbers hi(D) are defined as integrals over an appropriate adelic subquotient not
depending on D of a function depending on the divisor D. For a different but essentially equivalent
presentation see [3]. The self-duality of the adeles implies

h! (Da) = hO(Dfofl)a

where € is a relevant idele such that Dy is a canonical replete divisor. We establish a formula for
the Euler characteristic of a replete divisor D, of a global field, corresponding to an idele «, with
corresponding function f,

X.A(DOé) = log/A Jabha-

We also obtain a Riemann—Roch-like formula

xA(Da) — xa(D1) = log |al.

The additive group of two-dimensional geometric adeles is not a locally compact topological
space. It is fundamentally different from the additive group of two-dimensional analytic adeles
which admits a non-trivial R((x))-valued translation invariant measure and integration, [11], used
in the study of the zeta function. Still, both groups are self-dual topological groups or close to such.

Section 2 starts with a full definition of two-dimensional geometric adeles A and subobjects B,
C, and new results about topological properties of their certain subquotients, extending [12] and
[6]. In particular, it includes the proof of discreteness of global elements K in the geometric adeles
A and the property BN C = K.

In section 3 we develop and use normalised translation invariant measure and integration on
certain subquotients of the two-dimensional geometric adeles, using their presentation as limits
of locally compact subquotients. These measures are normalised in a way compatible with a
distinguished geometric structure of the adeles. Then we define translation invariant measures on
A/B,B, A,B+C,C.

In section 4, using section 3, we define and study the size of adelic cohomology groups,
without using standard adelic complexes. The newly introduced adelic cohomology numbers h*(D),
1 = 0,1,2, for divisors on surfaces are integrals over certain adelic subquotients that are not
dependent on divisors of a function dependent on divisors. Both in the geometric and arithmetic
cases we derive the formula

hY(D) = h* (K — D),
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where /C is an adelic “ canonical divisor”.
A new formula for the Euler characteristic of a divisor D, corresponding to o € B* in terms
of integrals over certain subquotients of geometric adeles is obtained in 4-3:

XA(Dq) = log/ Joa e — log/ Ja,A/B HA/B>
c A/B

for notation see the main text of the paper. This formula can be compared with the one-dimensional
formula mentioned above.

Using the Euler characteristic, we introduce a two-dimensional adelic intersection inder on
surfaces

[Da, Dgl := x(D1) — x(Da) — x(Dg) + x(Dag)-

Several first results about this index are included.
In the geometric case, for a divisor D whose support does not include an irreducible proper
curve y, with its divisor D,, we prove

[D’ Dy] = X.Ak(y) (D|y) - X.Ak(y) (0) = 1Og q- deg_Ak(y) (D‘y)

This formula is used to show that the intersection index is equal, up to a constant positive multiple,
to the usual intersection index. We also obtain new proofs of several results of [12].

An analogue of this formula in the arithmetic case and the relation of the two-dimensional adelic
intersection index to the Arakelov intersection index are open questions; other open problems are
stated in 4-6.

Below in the text, when we say that two topological groups are isomorphic we mean that they
are isomorphic algebraically and topologically. When referring to a subsection n.m we write n-m.

1. One-dimensional case

1.

We start with one-dimensional adeles. Let k be a global field, i.e. a number field or the function
field of a smooth, projective, geometrically integral curve over a finite field Fil,. Let A be the adelic
space associated to k. Let A(0) be its subspace which is the product of non-archimedean rings of
integers with the full archimedean components in the arithmetic case.

For any non-trivial Haar measure p of an abelian locally compact group and its element « its
module |a| is u(aP)/u(P) for any measurable subset P of non-zero measure; it does not depend on
the choice of P and the scaling of u. For the completion k, of k with respect to a place v denote by
| |, the module of k,. Note that for complex places v the module | |, is the square of the complex
absolute value. It is classical that their product over all places v satisfies the product formula:
this product equals 1 on the diagonal image of k*. For non-archimedean places v the function
—log| |v/log # k(v): kS — Z, where k(v) is the residue field of v, is a surjective homomorphism
and it gives the discrete valuation on k,. Denote this function by v( ), this should not lead to
confusion. For archimedean places v denote by v( ) the function —log]| |s.

For an idele a = (o) € A%, define the replete divisor

Dy =— Z v(aw)[v],

v runs through all places of k.
In the geometric case, we get the usual divisor. We have log || = log ¢ - deg D,,.
In the arithmetic case, if v(a,) = 0 for all archimedean places then D, is a usual divisor.



Buibopounoe naTerpupoBanune Ha BBICIINX aEJIX. . . 187

The homomorphisms from A* to the group of divisors and the group of replete divisors are
surjective. From various perspectives, it is more useful to deal with the “ covering object” A*, the
locally compact group of invertible adeles, than with the discrete divisors group.

For a divisor D = ) n,[v] define

AD) ={p € A:v(B) = —nu},

where v runs through all non-archimedean places of k. In particular, we have A(0) = A(Dy). Define
similarly A(D,) for a replete divisor D, by not imposing inequality restrictions on archimedean
components. Then A(D,) = aA(0).
The additive group of adeles A is the direct limit of A(D) with D running over all divisors.
For a divisor D one can consider the well known adelic complex

A(D) : ke A(D) — A, (a,b) — a —b.

We have
H(A(D)) = kN A(D),

H'(A(D)) = A/(k + A(D)).

In the geometric case its cohomologies are finite. In the arithmetic case its cohomologies are
not necessarily finite, for example H°(.A(0)) is the ring of integers O which is discrete in Oy ®g R.
Working with replete divisors and subsets {8 € A : v(5) > —n,} for all places v produces finite
sets, but its complement of with respect to the pairing ( , ) defined in 1-2 is zero.

As usual, in this paper when we talk about an isomorphism between groups endowed with
topologies we mean a topological isomorphism, i.e. an isomorphism which is a homeomorphism.

2.

Let A’ be the set of all elements of A with zero components at archimedean places (so A" = A
in the positive characteristic case). Denote A(D)" = A(D)N A’

Fix a nontrivial character ¥ of A vanishing on k; associated to it one has the well known
continuous non-degenerate pairing

<7>:<7>¢0:~AX~A—>517 <a,5>=1/10(04ﬂ)7

where S! is the complex unit circle.

One easily sees, e.g. [5], that the additive group of A is isomorphic to its group of characters, that
the complement of k is k, that the complement A(D)* of A(D) is A(O — D)’ where O = 3" —n,[v],
the sum over non-archimedean places v, with n, equal to the v-valuation of the different ®,, of k,.

Denote by A(D)’ the complex

ke AD) — A, (a,b) — a—0b.

Then the character group of H'(A(D)) is isomorphic to H'=*(A(D — D)’), i = 0,1, while the
character group of the latter is isomorphic to the former group.

In the arithmetic case H!(A(D))=0. For example, if k=Q then H'(Ag(D))=Ag/(Ag(D) +
+ Q) =0 and H°(Ag(D)") = 0. Using the standard character 1, of Ag (specified e.g. in [23], and
4.3 Ch. 3 of [13]), the complement Ag(0)+ is [[Z, x {0}, so H'(Ag(0)') = Ag/(Ag(0)' + Q) =
= Ag/(Ag(0)1 + Q) equal to the quotient ([]Z, x R+Q)/([[Zp x {0} + Q) ~ R/Z isomorphic to
the character group of H°(Ag(0)) = Z. This can be seen using (G+H)/(G+K) ~ H/(K +GNH)
and the projection on the real component.
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In order (a) to have a generally non-zero number h! corresponding to the zero H! in the
arithmetic case, and (b) not to involve the smaller adelic space A’ in the arithmetic case, one can
use integrals of certain functions instead of the cohomologies (i.e. linear algebra objects). One can
view some aspects of the classical works of Iwasawa [17| and Tate [23], see also Weil 5] and sect. 5
Ch. 3 of [13], as contributing to (a) and (b) in dimension one. The paper [3] defined numbers A’ in
a way essentially similar to 1-5 below, but without using adelic language.

In this paper we proceed as follows.

For an idele a = (o) € A* define

fo(u) =[] fau (o) : A — R, u=(u),

where fo, (uy) = f1(ay tu,) and

charp, (uy) if v is a non-archimedean place,
bil (uv) =

2/e . . .
exp(—ey| uv\v/ ") if v is an archimedean place.

Here e, is the R-dimension of the archimedean completion of k with respect to v.

Thus, fo(u) = fi(a™tu) and fo(0) = 1. In the geometric case f, = char, 4(g), in the arithmetic
case the restriction of f, on A’ is char, 49y -

The map A* > a — {fa : @ € A*} factorises through the well defined map from replete
divisors {Dq : @ € A*} to the set {fo :a € AX}.

It is well known that the Gaussian function can be viewed as the archimedean analogue of the
characteristic function of the ring of integers (or a proper non-zero fractional ideal) of the non-
archimedean completion of a global field in the sense that for almost all non-archimedean v they
are the eigenfunctions of appropriately normalised local Fourier transforms.

Then in the geometric case

/k fo = /WA@ 1= #knaA0),

where the measure on k and on k N «.A(0) is counting. The set kN a.A(0) is equal to HY(A(D,)).
In the arithmetic case we have the integral

/ fa = / eXP(_TFZ evlay ! u|g/ev)du = Z eXp(—WZeu|a;1 u|12/e“),
k kNa.A(0) - a

ueknNa.A(0)
where the measure on k£ and on kN aA(0) is counting, the internal sum is taken over archimedean

places.
Now, both in the geometric and arithmetic cases define

hO(D,) = /k fo

This h°(D,,) coincides with the cardinality # H°(A(Dg)) in the geometric case.
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A real valued function g on A, integrable on k, normalised by the condition ¢g(0) = 1, induces
the normalised function on A/k

gak:atk— </kg(a+u)du) (/k g(u)du> _1.

If we apply this to f,, we get the integrable function on A/k:

faam:at+ke— (/k fa(a+u)du> </k fa(u)du> _1.

In the geometric case fo 4/x = char(uq a(p.))/k-
Both in the geometric and arithmetic cases define h! as

-1
1 —
h (Da) : (/A/k: fa,.A/k:) )

where the measure on the compact A/k is the probabilistic one. In the geometric case this gives
the usual number:

h'(Da) = [A/k : (k+ A(Da)) /K| = # A/ (k + A(Da)) = # H' (A(Da)).

In the arithmetic case the number h'(D,,) is more interesting than 0 = H'(A(D,)).

The adelic complex A(D) involves spaces depending on D. In contrast, the integrals defining
h7 (D,,) involve the spaces not dependent on idele « (or the divisor), but the function one integrates
does depend on D,,.

6.

Both in the geometric and arithmetic cases, the definitions imply

(D) =100) ( | f)

where the measure on A is normalised in the following way: it is the product of the counting measure
on discrete k and the dual to it probabilistic measure on compact A/k. Hence this translation
invariant measure on A is self-dual with respect to the standard character ¢, of A. It is well known
that this measure can be described as the product of the following measures on completions of
k: the translation invariant measure on the non-archimedean completion k, of & which gives the
local integers O, the volume |O,, : @v\_l/Q, 9, is the different of k,, the Lebesque measure on real
numbers and twice of the Lebesque measure on complex numbers (see e.g. [23]).

7.

Denote
W (Dy) :=1log hM(Dy), xa(Da) :=h°(Dy) — hY(Dy).

Using the previous results, we deduce

XA(Da> = IOg/A fa~
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In the arithmetic case for a divisor D = D, this is the same as the minus log of the covolume
of the lattice H°(D) = kN A(D) in its realification (k N .A(D)) ®z R = k ®z R when the latter is
endowed with the product of the measures on the real and complex completions of k as specified in
1-6. For a replete divisor D, the number x 4(Dy) equals the minus log of the covolume of kNA(E),
where F is the divisor corresponding to the non-archimedean part of « in its realification k ®z R
with respect to the rescaled measure on the latter corresponding to the archimedean part of «.

8.

Let € be an idele such that Dy is O defined in 1-2.
Using 1-6, we get

1
xA(Dq) = log |af + 5 log el

deg Do) and

where || is the module of idele « (in the geometric case |a| = ¢~
e] = {q229 in the geometric case,

@fl

k/Q in the arithmetic case,

where g is the genus of a smooth, proper, irreducible, geometrically integrable curve over Fil, with
the function field k, Dy /g the absolute value of the discriminant of the number field k.
In particular,

XA(Da) — xa(D1) = log|al.
In the geometric case
XA(Da) = xa(D1) = logq - deg Dq.

For a function g on a subquotient E of A call the function g(0)~!g its normalisation.

The group of characters of k is isomorphic to A/k, e.g. [5]. The Fourier transform of a function
g on k is the function on A/k whose value at y + k € A/k is the integral over k with respect to
its counting measure of the product g(z)y.(xry) with standard character ¢,.. The definition of f,
and its behaviour with respect to the Fourier transform on A associated to the character 1, and
the self-dual measure p on A imply that the restriction of fi,—1 on k is equal to the normalisation
of the Fourier transform of f, 4/,. Hence f, 4/ is the inverse Fourier transform of fy,-1 times the
inverse of the value of the Fourier transform of f, 4/, at 0. So 1 = f, 4/(0) equals the product of
fk Jea—1 and the Fourier transform of f, 4/, at 0, i.e. fA/k Ja,A/k- Thus,

/fea—l/ Jaa/mk =1,
k Ak

hl(Da) = hO(DEa—l)’

l.e.

and
X(Da) = =X(Dgg-1)-

This and the last formula in 1-8 immediately imply the Riemann-Roch theorem. Of course, the
argument in this subsection is closely related to the summation formula based on the adelic duality:

Amzéﬂmy



Buibopounoe naTerpupoBanune Ha BBICIINX aEJIX. . . 191

10.

There is another important normalisation of the measures on k and A/k which takes into
account the integral subspace A(0)’: choose the newly normalised measure fipew on A/k so that the
volume of (A(0) + k)/k is 1 and choose the dual to it atomic measure on k. Note that in order for
an analogue of the argument in 1-9 to give a similar duality formula for 2° and h!, the measures
on A/k and on k should be dual to each other, i.e. volume of A/k times the volume of any point
of k should be equal to 1. The product of the newly normalised measures gives the same self-dual
measure with respect to ¥, on A as before.

In the geometric case the previous volume of A/(A(0) + k) is ¢ exp(—xa(D1)) = ¢9 and so
the volume of (A(0) + k)/k is ¢ 9, hence pinew(A/k) = ¢9 and the new atomic measure of a
point of k is ¢79. In the arithmetic case, similarly to 1-2, the previous volume of A/(A(0)" + k)
equals to the volume of (O ®z R)/O) with the previously normalised archimedean measures,
hence it equals exp(—xa(D1)) = |’Dk/Q\1/2, so the volume of (A(0) + k)/k is ]@k/(@|_1/2, hence
Enew (A/k) = |’Dk/@|1/2 and the new atomic measure of a point of k is |’Dk/(@|_1/2.

From now on we will use the notation éfT for log fT'

For the newly normalised measures we have

new / fOé l’L new,

hhew / fa JA/k P new

XneW(Da) :/ fa Hnew = X(Da)-
A
Similarly to 1-9, we get

hj;lew( ) = hlnegv(DEarl)a XneW(Da) = _XneW(DEofl)'

The function A new with respect to the new normalisation of the measures satisfies h%ew =
= hJ — ¢ where ¢ = 1og i new (A/k); in particular ¢ = h'(D1) in the geometric case.

Following the same technique, while using another natural normalisation of the measures, one
can establish the relative Riemann—Roch theorem for arithmetic and geometric curves. See [5] for
details.

2. Geometric adeles on surfaces

We continue to use the notation of 1-1.

Let S be either (1) a proper, smooth, geometrically integral surface over a finite field BF,
(geometric case) or (2) a regular, integral, proper and flat over B = Spec(Og), k a number
field, scheme with fibre dimension one, whose generic fibre is a smooth projective, geometrically
irreducible curve C over k (arithmetic case). Denote by K the function field of S.

Geometric adeles on S, without the archimedean data part, were first (correctly) defined in [2]
and their first study was conducted by various researchers. In case (1) they were studied using their
topology in [12|. The full definition in case (2) was first given in 6], it includes the archimedean data.
The definition in [6] needs to be corrected: at real archimedean data one uses the two-dimensional
local fields with the coefficient field R, see below.
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In the geometric case we use the word “ curves” for irreducible proper curves. In the arithmetic
case we use the word “ curves” for irreducible proper vertical curves, irreducible regular horizontal
curves together with their archimedean points, and all “ archimedean fibres” S, = .S Xp k,, v is an
archimedean place and k, is the completion of k.

Recall that two-dimensional local fields are complete discrete valuation fields whose residue field
is a one-dimensional local field (non-archimedean or archimedean), for surveys of various results
about them see [14] and unpublished [21].

In this subsection we will define the objects Ag and A, for curves y on S, and then geometric
adeles A. It will take some time.

DEFINITION. Let y be an “ archimedean fibre” y = S, over k,. Define K, as the function field
of S,. The field K is canonically embedded in K,. For a closed point x of y define O, , as the
completion of the local ring of S, at x and define K, , as O, , ® K. The field K, is canonically
embedded in the two-dimensional local field K ,.

Define the object A, as the usual (one-dimensional) adelic ring of the curve S, over k, and
define A2 as the subring of adeles with integral local coordinates.

DEFINITION. Let y be a curve that is not an “ archimedean fibre”. Denote by K, the fraction field
of the completion O, of the local ring of S at y. The field K, is a complete discrete valuation field
with the ring of integers O,, its maximal ideal M, and residue field k(y). The field K is canonically
embedded in K.

For a closed point  of S denote by O, the completion of the local ring at x. For a closed
point x of a curve y consider the localisation of O, at the local equation of y at = and complete it
with respect to the intersection of its maximal ideals, denote the result by O, , and let K, , be its
quotient ring. The ring O, , (resp. K, ) is isomorphic to the product of all O, . (resp. K, .) where
z runs through all minimal prime ideals of the completion of the local ring of y at x, i.e. through
all formal branches of y at . Denote by M, , the intersection of maximal ideals of Oy .

For a horizontal curve y the field k(y) is canonically embedded in O,. Let = be a closed point
of y, with a local branch z of y at z, or let  be an archimedean point of y (then z = y), in both
cases we get a place w of k(y). Define O, . as the projective limit of Oy/ M} @y(y) k(Y)w, 7 > 0,
where k(y) is the completion of k(y). Define K, , = Ky 4 as O, . ® K. When z is a closed point,
this produces the objects canonically isomorphic to the objects above.

In all these cases K, is canonically embedded in K, .. The fields K ., K, , are two-dimensional
local fields.

DEFINITION. Define Ag as the subring of Hzey Oy, including archimedean points 2 on horizontal
curves y in the arithmetic case, such that for every positive integer r for almost all closed points x
of y the (z,y)-component is in O, + M, . Define the adelic object A, associated to the curve y as
the minimal subring of the product of K, ,, for all points « (archimedean included) of y, containing
Ag and K.

Then the ring A, is the direct limit of A} = M;AS, r € 2.
Similarly to sect. 1 of [12], in the case when k(y) and K are of the same characteristic, the
definitions imply that A, ~ A ((t,)) where t, is a local parameter of O,,.

DEFINITION. The ring of adeles A is the restricted product of the rings A, for all curves y
with respect to their closed subrings Ag, i.e. the additive group of A is the restricted product
of the additive groups of A, for all curves y with respect to their closed subgroups Ag and the
multiplicative group of A is the restricted product of the multiplicative groups of A, for all curves
y with respect to their closed subgroups of invertible elements of Ag.

Thus, the ring A is a subring of the product [[ K 4 of all two-dimensional local rings K, ,, and
it can be viewed as specified by the adelic restricted product conditions described above.
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DEFINITION. For a closed point x of S denote by K, be the minimal subring of A which contains
K and O, it is a subring of K, , for any curve y passing through x. The ring K is canonically
embedded in K, and K is canonically embedded in K ,.

We now define the topological structures. Similarly to the one-dimensional adeles, topological
considerations play an important role in the study of two-dimensional adeles.

Recall that a linear topology on a group is a translation invariant topology in which the identity
element of the group has a basis consisting of some subgroups. For a group with a topology, the
strongest linear topology weaker than the original topology is called its linearisation.

The topologies of the groups in section 1 are linear. For groups related to two-dimensional adeles
one needs to work with linearised topologies.

The induced topology on a subgroup from a linear topology on a group is linear. The quotient
topology on the quotient group of a group with linear topology is linear. It is well know that the
product topology of groups endowed with linear topologies is linear and the inverse limit topology
of groups endowed with linear topologies is linear.

Recall that an abelian topological group G is the linear direct limit of abelian topological
groups G if it is their direct limit algebraically, its topology is linear and their preimages of its
open subgroups in each G; are open subgroups of G;. In other words, the topology of the linear
direct limit is the linearisation of the topology of the direct limit. The linear direct limit topology on
groups showing up in the two-dimensional theory can be not equivalent to the direct limit topology,
see e.g. Example following the second definition in 6.2 Part I of [14].

DEFINITION. The topology of the restricted product ngl G of linear topological groups G; with
respect to their closed subgroups H; is defined as the linear direct limit topology of G = ligG 7
where G = [[;c; Gill;zs Hi are endowed with the product topology (hence linear), and J runs
through finite subsets of I.

DEFINITION. For a closed point x of S define the topology of O, as the M -adic topology, where
M, is the maximal ideal of O,. This is a linear topology and we also get the linear topology of the
Mg-module aO, and of (a0, + M}1,)/ M., a € O, ., where M, . is the maximal ideal of O, .
Define the linear topology of O, ./M7’, as the linear direct limit topology of (aO, + M3",)/ M7,
with a running through all elements of O, .. Define the topology of O, . as the inverse limit topology
of the linear topologies of O, ./ M7",, it is linear. Define the canonical topology of K, . as the linear
direct limit of the linear topologies of bO; ., b runs through all elements of K ..

DEFINITION. Suppose that k(y) and K are of the same characteristic. Then one can view
Oy /My, @p(y) k(y)w is a finite dimensional vector space over the topological field k(y)w, so it
has its canonical topology and it is linear. Define the topology of O, . as the inverse limit topology
of the linear topologies of O,/ My ®p () k(y)w, and the topology of K . is the linear direct limit
topology of the linear topologies of bO,. ., b runs through all elements of K ..

The latter definitions in the equal characteristic case, unlike the definitions before them, also
work for archimedean points x of y, thus defining the canonical topologies of the archimedean
(viewed two-dimensionally) objects O, ., Ky -, Ky y.
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When z is a closed point of S, it is an easy verification that the topologies in the latter definition
coincide with the previously defined topologies.

In the equal characteristic case these topologies are equivalent to the topologies defined in [12].

For a variety of different topologies on higher local fields see [9].

The canonical two-dimensional topology on the additive group of two-dimensional local fields
induces the usual one-dimensional topology on the additive group of their residue fields.

DEFINITION. Define the canonical topology of the additive groups of A} and A, as the induced
topology from the product topology of the canonical linear topologies of K ,. It is linear.

The definitions imply that Aj is isomorphic to the inverse limit of linear topological groups
Al / AZ*S, s > 0, endowed with the quotient topology, and that the canonical topology of A, is the
linear direct limit of the topologies of Aj.

For an “ archimedean fibre” y the two-dimensional topology of A, takes into account the
topology of the archimedean completion of k, so in particular it is different from the one-dimensional
adelic topology of A,.

DEFINITION. Define the canonical topology of the additive group A as the induced topology from
the product topology of the additive groups of A,. It is linear.

DEFINITION. Endow closed subgroups of the additive group A with its canonical topology, with
the induced topology; it is linear. One immediately checks that the latter on the subgroups on
which the topology was already defined is equivalent to it. Endow the multiplicative group of
invertible elements E* of a subring F of A with the induced topology from the product E x E via
E*X — ExXE, aw (a,a™!).

One easily checks that in positive characteristic the topology of A is equivalent to the topology
defined in [12].

3.

The ring of adeles A has two important subobjects: B associated to all curves on S and C
associated to all closed points and archimedean points on S.

DEFINITION. Define the subobject B as the intersection of the product [[ K, of the fields K, for
all curves y as in 2-1, with A inside the product [[ K, , of all two-dimensional local rings K ,.

DEFINITION. To define subobject C in the arithmetic case, we need, in addition to the definition
of K, for a closed point x of S in 2-1, to define the ring K, for a closed point x of an “ archimedean
fibre” S,. Consider two cases. If x is algebraic over k (i.e. k(x) is a finite extension of k) then x
lies on the unique horizontal curve y containing x. The field K, g, is a complete discrete valuation
field whose residue field and the coefficient subfield is also the coefficient subfield of K, ,, while a
local parameter of S, at x serves as a local parameter of the complete discrete valuation field K .
Thus, the complete discrete valuation fields K, g, and K, , are canonically isomorphic. Define K,
as the diagonal in the product of K, , and K, g, . If x is a transcendental point of S, (i.e. k(x)
is not an algebraic extension of k) define K, as the ring of integers of K, g, with respect to its
discrete valuation.

Define the adelic subobject C as the intersection of the product [ K, of the rings K, for all
closed points of S and closed points of “ archimedean fibres”, with A inside the product [] K, of
all two-dimensional local rings K .

This definition corrects the definition in [6] of the subobject C in the archimedean case.
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The function field K of S is canonically diagonally embedded in B and in C and in A. For the
inclusion in C note that the image of K is in the ring of integers of K g, for transcendental points
x.

A
AN
B C
N /S
K

One defines similarly rational adeles A" whose (z,¥), (z, S,), (w, y)-components are in K. The
rational adeles are dense in A.

DEFINITION. Define the subobject A(0) as the intersection of A with the product of Ag for all
curves that are not “ archimedean fibres” and of A, for “ archimedean fibres” in the arithmetic
case.

DEFINITION. Define B, = K. Define BZ as the intersection of B, with A; inside A,,.

4.
We now define a non-trivial character ¢ of A, its continuity follows from the definitions.

DEFINITION. In the geometric case a non-zero w € Q%/Fq produces the residue map A — I,
[12]. Compose it with the trace to F, and an injective homomorphism from F, to pth roots of
unity in the complex unit circle S* in order to get a character ¥ of A. In the arithmetic case for a
non-zero w € Q}{/k use the associated residue map A — Ay composed with a non-trivial character
Yo: A — S1 vanishing on k to get a character ¢ of A, sect. 28 of [11], [22], [6]. Recall that at
closed points x of an “ archimedean fibre” .S, one adds the minus sign in front of the residue map
for the local object associated to x on S,, [6].

The character ¢ of A vanishes on B and C, due to the additive reciprocity law for curves and
points of S, [11], [22], [6].
Using the character ¥ of A we get the pairing

(,)y=1{(, )p: AxA—S' (a,b)— 9(ab).

This pairing is continuous and non-degenerate, see [12] and [6].

Using this pairing and similar pairings for A, K, ,, it was established in [12] (its argument has
an obvious extension to the arithmetic case as well) and [6], that the additive topological group of
Ky, Ay, A isisomorphic to the group of its characters endowed with the compact-to-open topology.
In other words, those groups are algebraically and topologically self-dual.

5.

The paper [18] established an extension of Pontryagin duality from a category of locally compact
abelian groups to the categories of countable direct limits of locally compact abelian groups and of
countable inverse limits of locally compact abelian groups. Similarly to (3) of Theorem in sect. 2 of
[12], we have

PROPOSITION. For every subgroup B of A its complement B with respect to { , ) is a closed
subgroup. For every closed subgroup B of A we have (B+)* = B and B is isomorphic to the group
of characters of A/B*. For two subgroups B,C we have (B 4+ C)* = B+ N C*t. For two closed
subgroups B, C' we have (BNC)*+ = B+ +C* and B+ C is closed. For two closed subgroups B O C
the group X (B/C) of characters of B/C is isomorphic to X (C+/B1).
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PRrROOF. The definition of B’ implies that it is isomorphic to the countable inverse limit of B’/B(D)’
with respect to all divisors D. It will be established in 2-9, without using this proposition and its use,
that A’/B’ is isomorphic to the countable direct limit of compact (A(D)" + B’)/B’ with respect
to all divisors D. Hence, by Th.1 and Th.2 of [18|, characters of these groups separate closed
subgroups and points outside them, and characters of these groups extend from closed subgroups
to those groups. Hence A’ has the same properties, and hence A has the same properties. Then the
arguments of Prop. 8, Prop. 11 and Prop. 12 of [4] imply the property in second sentence, which
then implies the rest of the properties.

Papers [22] and [6] established the strong additive reciprocity

Teopema 6. The (orthogonal) complement B+ of B with respect to the pairing { , ) coincides with
B, and the complement Ct of C with respect to the pairing (, ) coincides with C.

The argument in [6] works for the subobject C defined in this paper. Indeed, since one chooses
a non-zero differential form in Qg /), to define the character ¢ of A, the conductor of the character
Y 5, at every transcendental point x is the ring of integers of K, g, , since polynomials over K do
not have zeros in transcendental over K points; hence the complement of the ring of integers of
K, s, with respect to ¢, g, equals it; thus, the argument of [6] implies that the complement of C
with respect to (, ) equals C.

The previous theorem implies that B and C, as the orthogonal complements, are closed in A.

The homomorphism from the characters of the group A/(B + C) to the characters of
A™/(B N A™ + Cn A™), induced by A™ — A, is injective since its kernel is closed and the
closure of A™ is A. Theorem of sect. 2 of [12] shows that BN C = K in the geometric case. Exactly
the same argument as in its proof works in the arithmetic case. Hence

ProrosiTioNn. BN C = K both in the geometric and arithmetic cases.
Using Theorem 2-4 and similarly to the proof of Theorem of sect. 2 of [12] we deduce

COROLLARY. The complement K+ of K with respect to { , ) is the closed group B + C. The group
of characters of K is isomorphic to A/(B + C) both in the geometric and arithmetic cases.

8.

For an archimedean place v let & be the algebraic closure of k,. Denote S, = (S, x; BC)(BC)
where the product is taken with respect to the embedding of k£ in BC' corresponding to v. The
morphism S, — S, induces the morphism Ag, — Ag.

DEFINITION. Let y = S,. Let p, be the canonical (1,1)-form on the Riemann surface Sy, [7]. Then
the p,-volume of the surface is 1.

Let | |!) be the unique extension of the normalised absolute value | |, on k,, defined in 1-1, to
k! such that its restriction on k, coincides with | |,.

Introduce

L=1y: Ay — [0,4+00) CR, 1y(ay) = exp(/Sl log ey (2)]}, py(2)), 00,
where ay(2) is the value (i.e. its image modulo the maximal ideal of O, g/ ) of the z-component of
the adele oy, viewed as an element of Ag at the point z € S;, with the exception of finitely many
points where it does not belong to O s and its value is not determined. The value ¢, (o) is defined
when the function log |ay(2)|, of z is integrable against ,. The domain of ¢, is a proper subset of
A,. This domain includes B, = k,(S,). The image of ¢, is [0, +00).
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Then vy(ayBy) = ty(ay)iy(By) when the factors on the right are defined.

Discrete subgroups of divisors can be viewed as surjective images of appropriate subgroups of
locally compact (non-discrete) multiplicative adeles.

DEFINITION. For an idele o = (o) € B* define the replete divisor

Do ==Y vy(ay)ly]

of S, where y runs through all curves in the geometric case and through all curves in the arithmetic
case as in 2-1. Here v, is the discrete (surjective to Z) valuation of B, associated to a local parameter
ty of curve y and

Uy(ay) = U(Ly(ay)) = —log |Ly(ay>|v = 6 // log |O‘y(z)|; My(z)

for the “ archimedean fibre” y = S, over an archimedean place v, e, was defined in 1-3.
Then vy (ayBy) = vy(ay) + vy (By).

The zero divisor is D;.
In the geometric case we get the usual divisor.
When o € K*, the replete divisor D,, is minus the Arakelov divisor of a.
The maps
B* > ar D,

are surjective homomorphisms to the group of divisors in the geometric case and to the group of
replete divisors in the arithmetic case. The substantial difference with the one-dimensional case is
that it is not the group of invertible elements of the full ring A, but of the ring B, which is used to
lift divisors to the topological adelic level.

Below, except 4-6, D will denote a usual divisor, while the notation D, will stand for a replete
divisor (which in the geometric case is the usual divisor).

DEFINITION. Similarly to 1-1, for a divisor D = ) n,[y| define the subgroup
A(D) ={B € A:vy(B) > —ny},

where y runs through all curves in the geometric case and through all horizontal and vertical curves
in the arithmetic case. In particular, A(0) = A(Dy).

This definition can be extended to replete divisors by ignoring their “ archimedean fibres”
components; then for a replete divisor D, we have A(D,) = aA(0).

The topological group A is the direct limit of its closed subgroups A (D) where D runs over all
divisors.

[13

DEFINITION. Denote by A’ the subobject of A of adeles which have zero components on
archimedean fibres”. In the geometric case A’ = A.

In the arithmetic case denote by A% the part of A for “ archimedean fibres” and by A the
part of A on curves outside “ archimedean fibres”. In the geometric case A% is empty and A% = A.
Then

A=A%xAY A=A x0pas.

For any subset G of A define
G(D):=GNA(D), G :=GnA
So G'(D) = G(D)'.
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Thus, B’ is isomorphic to B*, the part of B based outside “ archimedean fibres”. The diagonal
image K*' of K in A is isomorphic to K. The object C’ coincides with C at non-archimedean
points and it is zero at archimedean points of horizontal curves and at closed points of “ archimedean
fibres”.

In the arithmetic case from 2-6 we deduce B'NC' = K’ = 0.

DEFINITION. Let K be the divisor such that the complement A (0)1 of A(0) with respect to (, )y
is A(K)".

In the geometric case the divisor K is linearly equivalent to the canonical divisor. In the
arithmetic case it does not correspond to the canonical sheaf of S over B: the definition of the
pairing in 2-4 involves the non-trivial character g, so the sheaf associated to K is different from
the algebraic geometric relative dualising sheaf of S over B, since the latter does not take into
account the full two-dimensional geometric-arithmetic situation involving the arithmetic character
Yo-

Then

A(D)t = A(D°), where D° =K — D.

Similarly to the proof of Theorem of sect. 2 of [12], the results of 2-4 imply that
B(D)' +C(D)' = (B(D°) N C(D%))*

and hence it is closed.

10.

[4

For every curve y which is not an ¢ archimedean fibre” we have isomorphisms

AP/AT = Ay, BB = k()

Since Ay(,)/k(y) is compact, the group Aj /By is the inverse limit of compact groups and hence
is compact. For an “ archimedean fibre” y = S, over an archimedean place v the quotient
Ay/By = Ap,(s,)/ku(Sy) is ky-linearly compact in its one-dimensional adelic topology, see e.g.
sect. 0 of [12]. Therefore we deduce

LEMMA 10.1. The quotient A(D)'/B(D)’ is compact. The quotient (B(D)" + C(D)")/B(D)’ is a
closed subgroup of compact A(D)’/B(D)’, and hence it and C(D)'/K(D) ~ (B(D) + C(D)")/
/B(D)" are compact.

Hence A’/B’ is the direct limit of compact (A(D)" + B’)/B’.
COROLLARY. C(D)’ is compact.

PRrROOF. In the arithmetic case C(D) = C(D)'/K (D) is compact and K’ = 0. In the geometric
case K (D) is finite, see [12].

Teopema 11. K is discrete in A.. The group of its characters, isomorphic to A /(B+C), is compact.

PrOOF. In the geometric case see [12]. The discreteness of K in A follows from is by the discreteness
of KNA(D) in A for every divisor D. In the arithmetic case K N A (D) is a finitely generated Oy-
module: indeed, K N A(D) is isomorphic to the Zariski H(D), [2], [22]. The latter is a finitely
generated Op-module, see e.g. Th. 5.2 Ch. III of [16]. Consider K N A(D) as a subobject of
K ®gR = [[By C [[A, (with respect to the diagonal embedding), the product is taken over
all “ archimedean fibres”. The group K N A(D) is a discrete subset of a finite dimensional R-space
(KNA(D))®gR with its topology induced from the topology of [[ A,. Hence K N A(D) is discrete
in A.
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12.
For a divisor D, a two-dimensional analogue Ag(D) of the one-dimensional adelic complex A(D)
is
KeB(D)oC(D)—BaCadA(D) — A,
(ap,a1,a2) — (ag — a1, a2 — ag, a1 — az) and (ap1, aoz2, a12) — ao1 + ap2 + aiz.
The complex Ag(D) is quasi-isomorphic to the complex
C(D) — A(D)/B(D) — A/(B+C),

the maps from Ag(D) are given by the minus projection to the third term, the projection to the
third term and the quotient, the quotient; for the geometric case see [12].
The cohomology objects are

HO(A(D)) = K N A(D),
H'(As(D)) = (B + C)(D)/(B(D) + C(D)),
H*(As(D)) = A/(B+C+ A(D)).
The group H°(Ag(D)) is discrete and the group H?(Ag(D)) is compact by 2-9. We have
isomorphisms

H'(As(D)) = ((B+C) N (B+A(D)))/(B+C(D)) = ((B+A(D))N(C+A(D))/(K +A(D))),

see [12] for the geometric case, the arithmetic case is similar.
It is shown in [12| that the adelic cohomology spaces are of finite dimension over BF, in the
geometric case, so they are finite. They are not finite in general in the arithmetic case, for example

H°(As(0)) = O.
For a divisor D one can also consider the following complex A'(D):

Ko B(D)®C(D) —Ba®Ca®A(D) — A.
Similarly to the above, the complex A (D) is quasi-isomorphic to the complex
C'(D) — A'(D)/B'(D) — A/(B + C).
We have

H°(A4(D)) ~ KN A'(D) (which is zero in the arithmetic case),
H'(A5(D)) = ((B+ C)n A'(D))/(B'(D) + C'(D)),
H?*(A5(D)) = A/(B+C+ A'(D)).
PROPOSITION. The character group of H'(Ag(D)) is isomorphic to H*7J(A4(D®)) for j =0,1,2.
This follows from using the continuous and non-degenerate pairing ( , ), Theorem in 2-4 and the
description of the complement of A(D) in 2-8. See [12] in the geometric case. In the arithmetic case
use arguments similar to [12]. For example, the group of characters of H'(A/y(D)) is isomorphic to
(B+ A(D°)N(C+ A(D°)/(K + A(D®))) isomorphic to H*(Ag(D®)).
We deduce

COROLLARY. H?*(As(D)) = A/(B + C + A(D)) is finite in the geometric case and zero in the
arithmetic case.

Lemma 2-9 implies that H'(A%4(D)) is compact. So in the geometric case, H'(Ag(D)) is
simultaneously compact and discrete by the previous proposition, hence finite.
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13.

Recall that A, A" and A, are not locally compact groups. Otherwise two-dimensional local fields
associated to S would have been locally compact but they are not. For example, every open subgroup
(and hence closed) of the additive group of a two-dimensional local field F' is not compact. Indeed,
in the equal characteristic case, such a subgroup contains a subgroup of the form V = Zfz UtinF
with U; being open subgroups of the one-dimensional residue field and U; C U;41 for all i, however
for V to be compact, U; should be 0 for almost all negative ¢ since otherwise V' has a cover by open
Vi = ZVQJ% N F, where V;; = U; for all ¢ > —j and Vj; is a properly smaller open subgroup
of U; for all i < —j, which does not have a finite subcover. One argues similarly in the mixed
characteristic case.

The space F' is not a Baire space: it can be represented as the union of a countable collection
of compact subsets with empty interior (of type Zi>i0 Kité with compact Kj;).

The quotient A /B is not locally compact. Indeed, otherwise its character group isomorphic to
B would be locally compact and then A would be locally compact, a contradiction. Similarly, A/C
is not locally compact. Since C/K is homeomorphic to A/B and B/K is homeomorphic to A/C,
they are not locally compact and neither are B and C.

Since A, is not locally compact, the similar argument shows that A, /B, is not locally compact,
at the same time the quotient A, /B, is the direct limit of compact spaces Aj / B,.

3. Selective integration on two-dimensional geometric adeles

1.

We will define finitely additive translation invariant measures on certain subquotients of A
important for applications. They are either direct limits of compact subquotients or inverse limits
of discrete subquotients. Normalisation aspects will be important, but still allowing a degree of
flexibility.

One can develop a more general theory of translation invariant measures on subquotients of A,
but since this general theory is not needed in this paper, we do not include it.

Some of the finitely additive translation invariant measures defined below are tensor product
of the relevant measures on all curves y. However, note that none of them is the tensor product of
measures on (two-dimensional) local fields associated to x € y, unlike the one-dimensional measure
on A in 1-6 and the measure on two-dimensional analytic adeles in [11].

First, we will define the normalised translation invariant finitely additive measures pa+ g/, UB/,
pas on objects A’/B' B’/ A’

DEFINITION. Recall that A’ /B’ is the direct limit of compact subquotients (A(D)'+B’)/B’, with D
running through all divisors. This subquotient is isomorphic to (A(D)’+B)/B and to A(D)'/B(D)’,
Define the set of measurable subsets of A’/B’ as the ring of sets generated by measurable subsets of
compact (A(D) +B’)/B’ for all D (so each such measurable subset is a measurable subset of some
compact (A(D) + B')/B’). In order to define a finitely additive translation invariant measure on
A’/B’, we need to fix the normalisations of the Haar volumes ¢p of compact (A(D)" + B')/B’ so
that they respect the direct limit with respect to D. For D = 0 choose a non-trivial Haar measure
on compact (A(0)' + B’)/B’ so that its volume is

CcCo = C()(x&l7 B/)

is 1. If E is the divisor of a curve y then the quotient (A(D+ E)'+B’)/(A(D)’+B’) is canonically
isomorphic to the quotient A(D+ E)'/(A(D)' +B(D+ E)’) non-canonically isomorphic to compact
Ak(y)/k(y) with its normalised volume mg equal to 1, as in 1-6. Using this as a step to pass from
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one divisor to another, define the volume cp of compact (A(D) + B’)/B’ so that the relations
cp+r = cpmp hold for all divisors D. Hence

cp = COHmBi’ where D = E r; D;

and D; are divisors of curves. Due to the choice of ¢y and mp,, we have ¢cp = 1. Due to this formula,
the measure of a measurable subset of (A(D) + B’)/B’ as a subset of (A(D) + B’)/B’ is equal to
its measure as a subset of (A(D + E) +B’)/B’ for any effective divisor E. Now define the measure
piarypr of a measurable subset of A’/B’ as its normalised measure in any compact (A(D)'+B')/B’
which it is a subset of. This a translation invariant finitely additive measure pa/ /g

DEFINITION. The group of characters of compact (A(D) 4+ B)/B is the discrete space

B/B(D°) ~ B'/B(D°)’, while B’ is the inverse limit of the latter with respect to all divisors D.
Define the translation invariant finitely additive measure p g on B’ by duality to the definitions in
the previous paragraph. In other words, similarly to 1-10, the measures on the compact subquotient
group and its dual group with respect to the character ¢ from 2-4 should satisfy the property:
the volume of the compact group times the volume of any point of its dual group is 1. So the
normalisation of the volume of (A(D)’ + B’)/B’ corresponds to the atomic measure on B’ /B(D°)’
in which every point has volume cl_)l, which is 1 in our choice.

DEFINITION. Now define the translation invariant finitely additive measure 5/ on A’ as the tensor
product of the defined measures on A’/B’ and on B’. Similarly to the first paragraph of 1-10 this
measure does not depend on the choice of positive ¢y, and it is self-dual with respect to .

Similarly, we define the normalised translation invariant finitely additive measures p1p /B, ; 1B,
pa, for every curve y. The definitions imply that pa/ /g, 1B/, par are their tensor products.

Next, we will define the normalised translation invariant measures wgcy /B’ I(B+C)'» K B//AK
IA’/(B+C) > I, A/ B+C) on objects (B+C)'/B’, (B4 C)’, B'/AK, A'/(B+C)', K, A/(B+C),
where AK is the isomorphic image of K in A’. The general procedure is the same as above. Below
in this subsection for the quotient object @@/R which is the direct limits of compact subquotients
(Q(D) + R)/R we normalise the normalised measure on (Q(0) + R)/R by asking that its volume
co(Q, R) is 1, and we will take the atomic measure on the group of characters of /R in which
gives every point has volume co(Q, R)™!.

DEFINITION. The quotient (B 4+ C)’/B’ of A’/B’ is the direct limit of subobjects (B + C)(D)’/
/B(D) ~ ((B+ C)(D) + B')/B’ of the compact object (A(D)" + B’)/B’, with their induced
measure. Similarly to the previous material define the translation invariant finitely additive measure
on (B + C)’/B’ using the normalised measures on ((B + C)(D)’ + B’)/B’. Define the normalised
measure on (B 4+ C)’ as the tensor product of this normalised measure on (B + C)'/B’ and the
normalised measure on B’

The group of characters of (B+C)’/B’ is isomorphic to (B+A*)/(K+A*), where A* = 0x A%/,
The latter quotient object is isomorphic to (B+A*)/A*)/((K+A*)/A*) ~ B'/AK. The space of
characters of ((B+ C)(D)" + B)/B is isomorphic to B/(BN (K + A(D?))). This way the quotient
B’/AK is the inverse limit of discrete spaces B/(B N (K 4+ A(D°®))). Similarly to the previous,
define the normalised measure g/ Ax On B’'/AK by duality.

The quotient object A’/(B 4 C)" of A’/B’ is the direct limit of compact ((B+ C)' + A(D)")/
/(B + C) ~ A(D)/(B + C)(D), the latter are quotients of A(D)’/B(D)’. Normalise the
measure of A(D) /(B + C)(D)’ so that its tensor product with the already normalised measure of
(B+C)(D)'/B(D)’ is the already normalised measure of A(D)’/B(D)’. Thus we get the translation
invariant finitely additive measure pss/B1c)y on A'/(B + C)’, similarly to the previous material.

The space of characters of A’/(B + C)’ is isomorphic to (K + A*)/A* ~ K. Similarly to the
previous, define the translation invariant measure p g on discrete K by duality, using the normalised
measures on (B+ C)' + A(D)")/(B + C)’. It is an atomic measure.
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The quotient A/(B + C) is isomorphic to the group of characters of K, define ua/B4c) on
A /(B + C) by duality to the atomic measure px on discrete space K.

The definitions imply

LEMMA 1.1.
KA = [A/B @ UB = HA’/(B+C) @ U(B+C)>
H(B+C) = H(B+C) /B @ LB,
HA’/B" = HA’/(B+C) & H(B+C) /B’
HB = 1UB//AK @ HK-

The space of functions which we will integrate against the defined measures will be spanned by
the characteristic functions of divisors and their products with characters.

The current understanding of the archimedean fibres part of the developing theory leads to the
following

DEFINITION. For an “ archimedean fibre” y = S, using the surjective partially defined map ¢, from
2-7, define

. *
[LA, = LylR,

where pg is the Lebesque measure on real numbers.
The space of integrable functions is g o ¢, where g are integrable functions on k,. We have

/A g(byﬁ)MAyZ/Rg(x),u,R.

Y

Choose a fundamental domain in A, for A,/By = Ay (,)/ko(y) and define pp /g, as the
restriction of p1a, on it.
Define pup,, so that the property pa, = pa, B, ® pB, holds.

DEFINITION. Define Fourier transform Fa, in a similar way, using ¢y, i.e.

Fa,(gouy) = Fi,(g) 0wy,

DEFINITION. Extend the previous definitions from one “ archimedean fibre” to all “ archimedean
fibres”. This supplies the measure and integration on A% B% and A% /B% with the relevant

properties, including piaar = fiaas /Bar ® fLBas-

3.

The strong approximation theorem and the definition of C imply A = A’ + B + C. Hence the
embedding A’ — A induces the isomorphism A’/(B + C)' ~ A/(B + C). Hence A’/(B + C)’ is
compact and its group of characters AK is discrete in A’.

We also deduce that (B + C)/(B+ C) ~ A/A’ ~ A%/,

The quotient of A/B by (A’ + B)/B ~ A’/B’ is isomorphic to A/(B + A’) ~ A% /B,
and the quotient of (B + C)/B by (B + C)) + B)/B ~ (B + C)'/B’ is isomorphic to
(B+C+A)/(B+A) = A/(B+A) = Al /B,
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DEFINITION. Define, using 3-1 and the preceding material of this section, the normalised translation
invariant measures

HA = A @[ paf,

HB = UB @ lRaf,
HA/B:= HAr/B @[ Aaf/Baf,
HB+C = U(B+C) @ [ Aaf,

H(B+C)/B + = W(B+C) /B @ H Aaf /Baf -

Using C(D)/K (D) ~ (B(D) + C(D))/B(D) C A(D)/B(D) and pa /g, define the normalised
translation invariant measures pc k. Then define pc == pc/x @ pK.
Define the normalised translation invariant measure ug, g so that the formula ppg =

= puB/K ® pk holds.
Define the normalised translation invariant measure pgc)/c o that the formula pgic =

= B+0)/c @ ¢ holds.
Define the normalised translation invariant measure pgic)/x s0 that the formula ppic =

= WB+C)/K @ p i holds.
Using 3-1 we deduce

LEMMA 3.1.

HA = HA/B @ UB,  HB+C)/K = K(B+C)/B ® UB/K = I(B+C)/Cc @ HC/K-

Similarly to 1-5, we have the following

DEFINITION. Let R C Q be subquotient objects of A. Suppose that the normalised measure on R
is defined. For a real valued function g on @, integrable on R, normalised by the condition g(0) = 1,
define the normalised function

9o/r: Q/R— R, ¢+ R~ </Rg(q+7“) uR(T)> </Rg(7") NR(T)>1~

Note the abuse of notation: this function may depend on R C @, not just on the quotient Q/R.

When R =0 and pg is an atomic measure, we will use the notation g for gq /o, the restriction
of g to Q.

From now on we will use the notation sz for log fT.

From the definitions and an extension of the Fubini property from integrals over compact and
discrete groups to their limits, we deduce

LeMMA 4.1. Let R C @ be two subquotient objects of A, on which the normalised measure is
defined. Let for a real valued function g on @, normalised by the condition g(0) = 1, the two
integrals on the right are finite. Then

14 14 14
/ 94Q/RrR = /g— /QR-
Q/R Q R



204 N. B. ®ecenko, B. d. Yepusascka

4. Numbers h'(D) is dimension two, and the Euler characteristic

1.

We will be working with the following functions on adeles and their quotient subobjects.

DEFINITION. For an idele o = () € B* define the function

falu) = Hfay(uy): A — R, u=(uy),uy € Ay,
y

where fo, (uy) = fl(ay_luy) and

4

filuy) = {char A0 (uy)  for non-archimedean and horizontal curves v,
) =
for an °

2/61,)

exp(—evﬂ |ty (uy) v

ey is defined in 1-3, ¢ is defined in 2-7.

archimedean fibre” y = 5,

Compare with 1-3.

The map B* 3 a — {fa : a € B*} factorises through the well defined map from
divisors/replete divisors {D, : @ € B*} to the set {f, : o € B*}.

The function f, is normalised: f,(0) = 1.

The restriction of f, on A’ is charya gy -

Following the definitions, for an “ archimedean fibre y and o, € ng we have

Y4 2
/ fou i, = / fi i, +10g iy (ay) = log 1y (ary) = —vy(axy)-
Ay A.U

For subobjects R C Q of A’ we get
Ja,@/R = char(ryqQ(p.))/r = char(riaa(0)nQ)/R

if pr(RN aA(0)) is finite positive.

2.

The definitions in 3-1 and 2-9 imply that the integrals
ZfA/(BJFC) fa,A/(B+C) HA/(B+C); EfA/B Ja,A/B HA/B; Zf(B+C)/B fa,(B+C)/B H(B+C)/B:

efc/K fa,C/K Hc/k, éfK Jo bxc, éfc fo pc are finite, while éfA fa 1A is not.
In the geometric case we also have

z/C fa e =log uc(C(Dy)), K/A/B fa,a/B la/B =logua/B(A(Dy)/B(Dy)).

Keeping in mind the cohomology spaces in 2-10 and extending 1-10, introduce

DEFINITION. For a € B* define
0 Y4
h (Da) = / faMKa
K
4

hQ(Da)i——/ Ja,A/(B+C) KA /(B+C)-
A/BrC) /(B+C) FA/(B+C)

This integrals are defined in view of the properties of the adelic objects discussed in sect. 2.
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Note the minus sign for h%, compare with the minus sign in the definition of A' in 1-6, 1-7.
Denote

¢ = pr ({0}) > 0.
In the geometric case we obtain,
4
h(D,) = / fapx =logur({0}) + log# K NaA(0) =loge, + log# K NaA(0)
K
=logec, + log# H°(As(D,)).

In the arithmetic case, K N«A(0) is a finitely generated og-module. Similarly to 1-4, we obtain
4
hO(Da) = / Ja bk = IOg/ eXp(_ﬂ-Zev“SU (0@: u)|121/eU)NK(u)
K KNaA(0) "

=logc.+log (> exp(—m > eyls, (g u)[Z/)),

ue KNaA(0) v

the internal sum is taken over archimedean places v. Compare with the one-dimensional formula in
1-4. This formula for h? agrees with the proposed formula in [15].

For a divisor D we have H'(Ag(D)) ~ (B + C)(D)/(B(D) + C(D)). It is isomorphic to the
quotient of (B + C)(D)/B(D) by (B(D)+ C(D))/B(D), and the quotient (B(D) + C(D))/B(D)
is isomorphic to C(D)/K (D).

DEFINITION. For a € B* define

£ 1
h' D,) = / fa H - / fa © :
(Da) Bioyp (EHOBIBOB T | Jac/K he/K

Even though (B+C)/B ~ C/K, the functions f, B4+c)/B and f,,c/x are different, and h'(D,)
is in generally non-zero; see about the abuse of notation in 3-4.

REMARK. In the geometric case, comparing with 2-10, we immediately deduce that
W (Dq) = log # H(As(Da)) +n;

for an appropriate constant n;. In particular, ng = log c,.

3.

Now, for the Euler characteristic we get
XA(Da) = x(Da) = hO(Da) - hl(Da) + hQ(Da)
4 4
- fa H - / f(x H
/(B+C)/B ,(B+C)/B #(B+C)/B A/(B4C) JA/(B+C) FA/(B+C)

I £
+/ faMK+/ Ja,c/K HC)K-
K C/K

Using Lemma 3-3 and 3-4 we obtain

Teopema 4.
14 4
X(Da) = / fauc—/ fa,A/B I A/B-
c A/B

Compare with the formula in 1-7.
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Using the character ¢ of A and the pairing (, ) in 2-4, we can use the natural extension of
harmonic analysis on abelian locally compact groups, to work with Fourier transforms of functions
on direct limits of compact subquotients and dual inverse limits of discrete subquotients.

Let k € B> be such that the divisor K defined in 2-8 is equal to D,.

Let E be a discrete subquotient of A’ and let G be a compact subquotient of A isomorphic to
its character space, compatible with the pairing ( , ) of 2-4. Let the normalised measures g and
pi be defined and they are related to each other in the dual way, similarly to 3-1. Similarly to 1-9,
we deduce from the definitions that f,,-1 g on E is equal to the normalisation (i.e. the value at 0 is
1) of the Fourier transform F(fo,c) of fa,c. Hence f, g is the inverse Fourier transform F'(f,.o-1 g)
of fua-1p times the value F(fq,c)(0) of the Fourier transform of fo ¢ at 0. So

1= fa,c(0) = F'(fua-1,6)(0)F(fa,c)(0),

with the first factor on the right hand side equal to fE fra-1.g pE and the second factor equal to

fG fa,G HG- Thus,
1
/fml,EuE— (/ fa,GuG> -
E G

This formula immediately extends to the direct limits of compact and the inverse limits of discrete
subquotients of A’. It also extends to the archimedean fibres, since the Fourier transform there is
defined using the Fourier transform of functions of real numbers and ¢, is multiplicative.

PROPOSITION.
h* (Do) = h*(Dya-1),  h'(Da) = h'(Dyp-1).

PRrROOF. To deduce the first assertion, apply the previous formula to £ = K and G = A/(B+ C).
The deduce the second assertion, use the preceding displayed formula and Lemma 3-3 to obtain

4

14
/ Ja,(B+C)/B I (B+C)/B — / Ja,c/K WC/K
(B+C)/B C/K

1 £
= - Ko™ + Ko™
/B/K Jra—1B/K HB/K /(B+C)/C Jra—1,B+C)/C K (B+C)/C

£ L
- Ko™ + e :
/C/K Jra—1,c/K HC/K /(B+C)/B fra—1,(B+C)/B I (B+C)/B

The previous Proposition immediately implies

Teopema 6.
X(Da) = X(Dmofl)'

REMARK. In the geometric case, from the normalisation of the measures in 3-1 and 3-3 we get
h'(Dy) = h?(D;) = 0, hence

W (Do) = log# H’(As(Da)) —log # H? (As(D1)), j=1,2.
So, using the notation of Remark 4-2,
no =loge,, ny=—log# H (Ag(Dy)), ng=—log# H*(Ag(Dy)).

Then the Proposition implies h°(D,) = log # H°(As(Dy)) — log # H°(Ag(K)). In particular, the
constant c, satisfies c;! = # H%(Ag(K)). Using Proposition 2.10, ng = na. So, x(D) equals
log ¢ times the (dimension over BF,) Euler characteristic of the complex Ag(D) plus the constant
n1 + 2nop.
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We can now define the intersection index using the adelic Euler characteristic of the previous
subsection.

DEFINITION. For o, 8 € B* define the index

[Dou Dﬁ] = X(Dl) - X(Da) - X(Dﬂ) + X(Daﬁ)'
This also gives an induced pairing for replete divisors.

It is a symmetric form.
For v € K* = B* N C* we deduce, using translation invariance of the integration, that

£ 14 14 14
/ foypc = / Jakc, / fay,A/B LA/B = / fa.A/B HA/B:
C C A/B A/B

hence [Dy, Dg] = [Da~, D3], so the pairing for replete divisors is invariant with respect to translation
by principal divisors.

Teopema 8. In the geometric case, for a divisor D whose support does not include an irreducible
proper curve y we have

xa(D) = xa(D — Dy) = xa,,, (Dly) —logmp,,

the numbers m were defined in 3-1.
Hence

[D, Dy] = XAg(y) (D‘y) — XAy (0) =loggq- degAk(y) (D‘y)
The index | , ] is log q times with the intersection pairing.

PROOF. For D = Dy, Dy = Dg and f = fa, g = fop-1, we have

) £ £ £
xa(D) —xa(D — Dy) = / fre— / ghc— / fa/Bia/B+ / JA/B L A/B-
C C A/B A/B

Note that the differences of the first two and of the last two integrals do not depend on the
normalisation of puc and of ua/g. By 2-9, C(D) and A(D)/B(D) are compact. Using 4-2, we
obtain

XA (D) = xa(D = Dy) = log uc(C(D)) - log pc(C(D — Dy))
— (log ppa/B(A(D)/B(D)) —log pa/B(A(D = Dy)/B(D — Dy))).

Then

xa(D) — xa(D — Dy) = IOg/A fpy, —log (A /k(y)) = xa,,, (Dly) —logmp,,
k(y)

due to the isomorphism C(D)/C(D — Dy) =~ Ay, (D|y) established in Lemma in sect. 4 of [12]
and the isomorphism (A(D) + B)/(A(D — Dy) + B) =~ Ay, /k(y), and using 1-7 and 3-1.

Using the properties stated before the theorem and arguing similar to the proof of Th. 4 of [12]
(this argument works fine with mp, not necessarily equal to 1), one deduces that that the index
[, ] is log ¢ times the intersection pairing.

Note that the normalisation mp, = 1 in 3-1 is not needed for the last two statements in the
theorem.
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We end with more remarks and open questions.

REMARK. In the arithmetic case, one similarly establishes a formula relating [D,D,] and
deg 4, (y)(D|y) when D is a divisor and y is a vertical irreducible curve on S. An open problem
is the compute the index for a replete divisor D and a horizontal irreducible curve y, the scheme
theoretical closure of a rational point of S, (I) where [ is a finite extension of the number field &,
with a morphism s: Spec(0O;) — S and a replete divisor D, = s} (D) of Spec(Oy).

REMARK. In the arithmetic case note the very substantial difference of the role of x and the
behaviour of h* +—+ h2~% from the role of the canonical sheaf and behaviour of the usual cohomology.
The Arakelov adjunction formula (e.g. as in [8] or 3.3 Ch. V of [19]) involves the canonical sheaf of S
over B. However, from the point of view of the two-dimensional adeles it is more natural to involve
the divisor K defined in 2-8, since unlike the canonical sheaf it takes into account two dimensions:
the geometric and arithmetic ones. An open problem is to prove an adjunction formula involving

K.

REMARK. The one-dimensional Riemann-Roch formula is x4(Ds) — xa(D1) = log|a| of 1-8.
Theorem 4-4 and the definition of index [ , ] immediately imply the two-dimensional Riemann—
Roch formula

XA(Da) - XA(DI) = _2_1[Da7Dna*1]'

In the geometric case this is the Riemann—Roch theorem in sect. 4 of [12]. An open problem in the
arithmetic case is to obtain an adelic two-dimensional Riemann—Roch formula and compare it with
the version in [8], based on the use of the canonical sheaf.

5. Conclusion

. The established theory demonstrates the power of topological and measure-theoretical higher
adelic considerations in relation to geometry of surfaces. Adelic duality plays a central role in this
study; it underlies various proofs in this paper. Developing this theory further to obtain a higher
adelic interpretation of Arakelov geometry is an interesting task.
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