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AuHOTanuga

B namHOl cTaThe MBI 3aBEPHIAEM ONUCAHME MOATPYIIN, IOPOXKIEHHBIX MAPOH 2-TOPOB B
GL(n, K). Hanomuum, uro 2-ropamu B GL(n, K') Ha3bIBAIOTCS LOAIPYIIIIbI COLPAKEHHBIE (1A~
roHasbHOI moarpymnme Buga diag(e,e,1,...,1). B pabore [2] Obina moKka3aHa TeOpeMa peayKIun
I Tapbl m-TopoB. U3 Heé ciemyer, 4ro Jiobas mapa 2-ropoB MoxkeT 6biTh Biaoxkena B GL(6, K)
oxHOBpeMeHHbIM compsizkenueM. Opbura napoi 2-ropos (X, Y) nazsiBaercs opburoii 8 GL(n, K),
ecn napa (X,Y) BknageiBaercsa B GL(n, K) OnHOBPEMEHHBIM CONPSYKEHHEM W HE BKJIA/bIBa-
erca GL(n — 1, K). dcuo, uro n moxer npunumarb 3nadenus 3, 4, 5 u 6. B 1oit xe pabore
OBITH OTMCAHBI OPOUTHI U MOpOXKAeHus mapaMu 2-topos B GL(6, K). B nocaemyromux paborax
6butH omucanbl napbl 2-ropos B GL(5, K), opbuts napst 2-topoB B GL(4, K) 1 MOpOXKIeHust
B GL(4, K), COOTBETCTBYIOIIME BHIPOKIEHHBIM CiydasM (peIyKTHBHAs 4acThb IPYIIbI HE 6O-
aee, yem GL(2, K)). B sroii paGore Mbl ONKUCHIBAEM HEBBLIPOXKJEHHBIE CJlydau [ap 2-TOPOB B
GL(4, K) u, takum obpaszom, 3aBepiiuaem onucanue. Haubosiee CJI0KHO yCTPOEHHBIMU OALPYII-
NaMu OKa3bIBAIOTCS MPYTIBI, Y KOTOPhIX PeAyKTHBHas 9acTh cosmanaer ¢ SL(2, K) x SL(2, K)
wi SL(2, L), vne [L: K] = 2.

Karouesnie caosa: omHad auHeiiHad TPy, YHUTIOTEHTHAS KOPHEBAS MOATPYIIIA, TTOJLYITPO-
cTad KOpHeBad MOJArpyIIia, M-TOPbI, JUAaroHajbHad MOJArPYIIA.
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Abstract

In the present paper we complete the description of the subgroups generated by a pair of
2-tori in GL(n, K). Recall that 2-tori in GL(n, K) are the subgroups conjugate to the diagonal
subgroup of the following form diag(e,¢e,1,...,1). In work |2] the reduction theorem for the
pairs of m-tori was proved. It follows from it that any pair of 2-tori can be embedded in
GL(6, K) by simultaneous conjugation. The orbit of a pair of 2-tori (X,Y) is called the orbit in
GL(n, K), if the pair (X,Y) is embedded in GL(n, K) by simultaneous conjugation and it can
not be embedded in GL(n — 1, K). It is clear that n can take values 3, 4, 5 and 6. In the same
work the orbits and spans of 2-tori in GL(6, K) were described. In the subsequent papers we
described the pairs of 2-tori in GL(5, K), the orbits of pairs of 2-tori in GL(4, K) and the spans
in GL(4, K) corresponding to degenerate cases (the reductive part of the group is not larger
than GL(2, K)). In this paper we describe undegenerate cases of pairs of 2-tori in GL(4, K).
Thus we complete our description. The most difficult subgroups turns out the groups with a
reductive part SL(2, K) x SL(2, K) or SL(2, L), where [L : K| = 2.
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1. Introduction

The present paper is one of works of major cycle of ones dedicated to the geometry of microweight
tori and long root tori in Chevalley groups that was announced in [8]. The same time this paper
is final work in which we complete the description of subgroups generated by a pair of 2-tori in
GL(n, K).

From the general viewpoint 2-tori in GL(n, K) are microweight tori of type ws in the extended
Chevalley group of type Ay. Recall that such m-torus is the subgroup conjugate to the diagonal
subgroup of the following form diag(e,...,e,1,...,1), where ¢ is taken m times.

N.A. Vavilov, Cohen, Cuypers and Sterk [6, 1| completely described orbits of microweight tori
of case wy (reflection tori) in GL(n, K), and the corresponding spans. The case of 2-tori also called
bireflection tori is the next in difficulty.
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In work [2] the reduction theorem for the pairs of m-tori was proved. It follows from it that
any pair of 2-tori can be embedded in GL(6, K) by simultaneous conjugation. The orbit of a pair
of 2-tori (X,Y) is called the orbit in GL(n, K), if the pair (X,Y) is embedded in GL(n,K) by
simultaneous conjugation and it can not be embedded in GL(n — 1, K).

In paper [2] we also described the orbits and spans of 2-tori in GL(6, K). In the next paper [9]
the orbits and spans of 2-tori in GL(5, K) were considered. The case of GL(4, K) turned out the
most difficult and required very cumbersome calculations. So these calculations were divided into
three papers. In paper [3] we described the orbits of 2-tori in GL(4, K). In paper [4] we considered
the degenerate cases of pairs of 2-tori in GL(4, K). Namely, the cases when the reductive part of the
group generated by such a pair is not larger than GL(2, K). Finally, here we treat the undegenerate
cases when a reductive part of span can be larger than GL(2, K).

The context of this problem and many references reader can find in the surveys [8], [5] and [7]
and in the detailed introduction of |9]. The papers |10, 11| contains the known results concerning
long root tori.

As a corollary of whole description of the spans of a pair of 2-tori we get the extremely important
result. It allows to reduce completely the studying of the subgroups containing small semisimple
elements to the studying of the subgroups containing small unipotent elements. At the same time the
first author received it without classification of given pairs but under restrictions upon the ground
field that should contain at least 19 elements (see [13]). Summarize this result and Theorem 2 below
we have the next theorem.

THEOREM 1. Let X and Y be two non-commutative 2-tori in GL(n, K). Suppose that the field
K s different from Fs and Fon, where n = 1, 2, 3 and 4. Then the subgroup (X,Y) generated by
the groups X and Y contains an one-parameter subgroup, which is conjugated to the subgroup

{t12(e)t34(Ce), e € K} for some ¢ € K.

2. Notation

This paper is a direct sequel of [3] and [4] and we use the same notation as before. The authors
highly recommend the reader to get acquainted with these works. Briefly we recall some of notations.

Let G = GL(n, K) be the general linear group of degree n over K. By D = D(n, K) we denote
the subgroup of diagonal matrices in G, and N = N(n, K) denotes the subgroup of monomial
matrices in G. The quotient group N/D is isomorphic to S,, the symmetric group on n letters.
Denote by W = W,, the group of permutation matrices in G. We identify S,, and W,. Finally,
B(n, K) denotes a group of lower triangular matrices (opposite Borel subgroup).

By eq,...,e, we denote the standard base of V' = K™. Here e; is the column, whose i-th
component equals 1, whereas all other components are equal to 0. By fi,..., f, we denote the
standard base of "K. It is dual to ey, ..., e, with respect to the standard pairing.

Denote by e;; a standard matrix unit, i.e. the matrix whose entry in the position (7,7) is 1 and
all the remaining entries are zeroes. Next, x;;(£) = e 4+ e;; for £ € K and 1 < i # j < n denotes
elementary transvection. For given i # j we consider the corresponding unipotent root subgroup
Xij = A{2i;(§),§ € K}

Similarly, by d;(¢) = e + (¢ — 1)e;; we denote an elementary pseudo-reflection. For a given i we
consider the corresponding 1-torus Q; = {d;(¢), € € K*}.
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For the description of spans we put

Xlel,km = {xij(’)/lg)ka(g)v €€ K}7

X o pa = 12i5(18) T (128) 2 (€), € € K},

Qij = {di(e)d;(e), € € K},

where 7, € K*, t = 1,2. Note that we miss y; = 1.

Also denote by B'(2, K) the double subgroup of lower triangular matrices, i.e. the subgroup
generated by Xo1 43, Q13, Q24. It is clear, that B'(2, K) is isomorphic to B(2, K).

Let g € G. The largest subspace W < V such that g|y = id is called the azis of g. Similarly, the
subspace U = {gv —v | v € K™} is called the centre of g. Clearly, dimU = m and dim W = n —m.
Many useful properties of it can be found in [15].

The elementary 2-torus Q = Qu,.w, = {diag(e,¢e,1,...,1), e € K*} is defined by the subspaces
Uy = (e1,e2) and Wy = (f1, f2). It means, that elements of it are

do(e) =e+ei(e —1)fi +eae —1)fa, ee K*.

Therefore any 2-torus (see [2]) is conjugated to the elementary 2-torus Q. The elements of an
arbitrary 2-torus are the elements of the following form

d(e) = e+ ui(e — 1)vy + uz(e — 1)vg, eec K,

where u; = ge;, v; = fig~', 1 < i < 2, for some matrix ¢ € GL(n, K). Thus each 2-torus is
completely determined by the subspaces U = (uy,us) and W = (v, v9).

The subspace U is precisely the centre of Quw, in the sense of being the centre of every
d(e) € Quw, € # 1. Similarly, the subspace W+ orthogonal to W < "K with respect to the
canonical pairing "K x K™ — K, is precisely the azis of Quyy, in the above sense. Oftentimes we
loosely refer to W itself as the axis of Quw .

Consider a pair of 2-tori X and Y with centers U; and Us and with axes Wy and W, respictively.
In paper [2] we introduce the following invariants for a pair of m-tori.

or=r(X,Y)=dim(U; + Uz), es=s(X,Y)=dim(W; + Wa).

e p= p(X,Y) = dim(Ul N W2J_)v ®qg= CI(X? Y) = dim<U2 N WIL)

If a pair of 2-tori (X,Y) in GL(4, K) has invariants r = s = 4 we refer to it as undegenerate
case and if at least one of invariants 7 or s less than 4 we refer to this pair as degenerate case. In
this paper we calculate spans of undegenerate cases. This completes our description.

For the quadratic equation t? + bt +¢ = 0, b, ¢ € K, if it has two distinct roots ¢; and t9, we
define the matrix z; by

3. Undegenerate cases

Let X, Y be 2-tori in GL(4, K) with centers Uy, Uy and axes Wy, Wa, respectively. Choose some
bases in these subspaces

Ur = (u1,u2), U= (ug,ug). Wi=(wi,wa), Wa= (ws,wy).
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In the previous work [3] we described all orbits (X, Y") under action by simultaneous conjugation:
(9Xg~t,gYg™1), g € G. For this purpose we listed all bases (u1,uz,us,us) and (w1, ws, ws, ws)
corresponding to different orbits. Summarize the orbits corresponding to undegenerate cases in the
next lemma.

LEMMA 1. Let X and Y be 2-tori in GL(4, K). Assume that r = s = 4, then the orbit (X,Y)
1s determined by one of the following bases.
For p =0, we have

up = ey, ug = e2, wy = f1 +afs+ fi, we = fo+vf3+0df4,

(rdsda)
uz =e; +e3, ug = ez + ey, w3y = f1, wy= fo,
where o, v, § € K and v # ad.
ul = e1, U = e, wy = f1+ afs, wy = fo+ dfy,
1=e1, ug =¢e2, w1 = f1+af3, wr=fo+0dfs (vdsdb)
ug =e1 +e3, ug=ex+eq, wz=f1, wg= fo,
where o, § € K*.
Forp=q=1, we have
up = e, U = e, wy = f1 — fa, w2 = fo,
(plalc)
uz = e1 + e, ug = e3, w3z = f1, wg = f3.
For p =2, we have
uy =e1, uz = ez, w1 = fi1 +afs+ fi, we= fo+vf3+0fs,
(p2q0a)
uz = e3, uq = e4, w3 = f3, wy = fu,
where o, v, § € K and ad # 7.
up =e1, ug = ez, w1 = f1+afs+ fi, we = fo+adfs+9dfa,
(p2qla)
uz =e3, ug = €4, w3 = f3, wy = fy,
where o, § € K.
up = e, ug = e, wi = fi, wa = fo,
(p2q2a)
uz =e3, Uy = e4, w3 = f3, wy = fy.
In all calculations we have deal with the generators of 2-tori X = (z(e), ¢ € K) and

Y = (y(n), n € K). The generators z(¢) and y(n) are constructed with the help of bases listed in
Lemma 1. Sometimes we consider the generators conjugated to them. By H we denote the subgroup
generated by x(e) and y(n) H = (z(e),y(n), e,n € K*).

As usually [g1, 92] = g19297 ! 9y 1 denotes a commutator of two elements g1 and go. Also put

z(faﬁ) = [x(5)7y(77)] ) 21(57777‘9) = [2(5777)#5(9)]7 Zy(57777 9) = [2(5,77),9(9)]'

To simplify the proof of the main theorem, we also prove the following lemma.

LEMMA 2. Let X, Y be a pair of 2-tori in GL(4, K), K # Fa,F3. Suppose that their generators

are as follows.
o) = @a(e)ara 2 ) s (EZH),

y(n) =di(n)ds(n)w21(n — 1)zaz(n — 1),
where a« #0, § #0. Then X and Y generate one of the following subgroups H, listed in Table 1.



154 B. B. Hecrepos, M. Yxkan

Tabauma 1
parameters H
1 a#d a#—-1,0#—-1 (SL(2, K) x SL(2,K)) x K*
2la=-1,0#-1L,a#-1,6=-1] (U2,K) xSL(2,K)) x (K* x K*)
3 a=06,a#—1 GL(2,K)
4 a=0=-1 B(2,K)

PROOF. (1) Let a # 6, « # —1, 6 # —1. Suppose a + d + 1 # 0. For e, € K*, we put

B ala+1)  §+1 \? B b ala+1) 2
kl(n)zx<a2+a_52_5v 5 777> ) k2(’7)%<5+17a2+a_52_5777 )

k3<n>=zy(“ 0+1) ,77)2, k:4(77)zzx< o0 +1) ,O‘jyl,n)Q.

a+1l —a?2—a+d62+46 —a?2—a+62+9§

Calculating the commutators of k;(n), i = 1,2,3,4, we get the subgroups Xi2, Xo1, Xy3 and X34.
In fact, for e,n € K*, &3 —e2 +e—1#0, 7% —n> +1n—1# 0, we have

[k1(e), k1(n)] = z12(ua(e,m),  [k2(e), k2(n)] = z21(ua(e, m)),
[k3(e), ks(n)] = za3(us(e,m),  [ka(e), ka(n)] = z34(ua(e, m)).
where

ala+1)(3—2+e-1) (P —n*+n-1) (20> +2a -6+ 1)) (e —n)

Ul(f‘:,n) 64774(04*5)2(04+5+ 1) )
ey = BN O 0= ) (20 42056+ 1) (=0
o ala —9) ’
us(e.m) = (EB-e2+e-1) (P —n?+n-1) (> +a—250+1)) (e —n)
s 50 —0) !

S0+ (e -+e-1) (P —-n*+n-1)(®+a—-250+1)) (n—¢)

uy(e,n) = ednt(a—0)2(a4+ 6 +1)

Now it follows from the decomposition of x(e) and y(n) that Q13 < H
Suppose that o« + 6 +1 =0 and o # —1/2. The generators have the following form.

21(e) =d1 (¢)ds(e)z12 <O‘<5E_ U) 34 <(O‘+1)€(1_6)) ,

y1(n) =di(n)dz(n)x21(n — 1)xaz(n — 1).

a+1 «
7"1(5,77) =Z2x |\ &N ) (5 77) =2z & ———7

Q Ta+1

o a+1
7"3(5a77):27y1 Oé—|—17 €,n (5 n)_2y1 T?Ean .

We put
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Let char K =2. For e,n # 1, &' =e? + 4+ 1 # 0, we have

e (4t i)~ (e (3557 1))
rile,mr € sy 2 . | =7 ele —_— ,
1& 1T e3+e(n+1) 12 ed+e(n+1) K

r2(g,m)r2 <5 +1, %) = T34 <5(5 +1) <83+€3(77+1) —i—n)) ;

(€+1)(77+1)
2 + +¢€
e™n + n +1 2+ +
T3(€, 77)7‘3 <E -+ 1, 752 > = I21 (E 1)77 !

(%

e (e+1)(n+1)
raemya (e, Sy _ @t e
) ) 62 3 - + 1

Now let char K # 2. Suppose that o # —1/2. For n # 2,1/2 we calculate the products,

E=Un Y _ o, (HemDely=1fida+ 1)
2en —e—2n+1 2n —1 ’
(e—1)n . 2(e — De(n — 1)2(2a + 1)
2677—6—277+1>_ 34< 2n—1 )’
(e=1)(n—1) (2a+1))

(n—=2)n
(e-1)(n—1) (2a+1)>

(n = 2)n(er+1) '
Hence we extract the subgroups X2, Xo1, X43 and X34. It follows from the decomposition of z1(¢)

and y1(n) that Q13 < H. It follows that H < GL(2, K) x GL(2, K). For any diag(z,y) € H, we
have det(x) = det(y). Thus

1 (67 77)7’1 <Ea

ro(e,n)rs (5,

)

r3(e,mrs(e,2 —n) = z21 (

Td&nﬁd&2n)=z@<

H < {diag(z,y) € GL(2,K) x GL(2, K) | det(z) = det(y)} = H;.

We claim that H = H;. In fact, let (xz,y) € Hy. Write © = d1(01)g1, y = ds(02)g2, where
g1 € SL(?,K) = <X12,X21>, go € SL(Q,K) = <X34,X43>. Then det(a:) = det(dl(el)) and
det(y) = det(ds(2)). It follows that 6; = 03 and diag(x,y) € H.

Define the determinant projection

m: H — K*, n(diag(z,y)) = det(z)(= det(y)).

This is a group homomorphism and kerm = {diag(x,y) € Hy | det(x) = 1} = SL(2, K) x SL(2, K),
so we obtain the short exact sequence,

1 — SL(2, K) x SL(2,K) -5 H; = K* — 1.

For each A € K*, set o(\) = (diag(\, 1),diag(A, 1)) € Hy. Then w(o(N)) = det(diag(X, 1)) =
= A, hence m o 0 = idg~ and the sequence splits. The splitting determines an action of K* on the
kernel by conjugation inside Hy; explicitly for (z,y) € SL(2, K) x SL(2, K),

(f()\)(av,y)a()\)_1 = (diag(\, 1)z diag(\,1)7!, diag(), 1)y diag(\, 1)_1),

which produces the action of ¢1(A). Thus it follows that Hy ~ (SL(2, K') x SL(2, K)) %, K*. The
isomorphism 1 is defined as follows,

¥ (SL(2,K) x SL(2,K)) x4, K* = Hi, ¢((z,y),\) = (z diag(), 1), y diag(), 1)).
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Finally we conclude that H ~ (SL(2, K) x SL(2, K)) x K* when a # §, a # —1, § # —1.
(2) Suppose that o # §, a = —1, § # —1. The generators have the following form.

&) = @a(e)ara (F° ) s (N5,

€

ya(n) =di(n)ds(n)w21(n — Daaz(n —1).
Let char K = 2. Forn € K*/{1}, 2+ n+1#0,en+n+1# 0, we have

o0+1 e2n e?n
zm2 <€75,T]> sz <6+1’€2_i_77_i_1 = T34 6(€+1) m +77 ’
5 ) en+n+1 (e+1) (1 +1)
9 _° N AL R .
“2 <5+1’€’")2y2 <5+1’€Jr e > x43<5n(5n+n+1)

Now suppose char K # 2, § # —1/2. For e € K*, n € K*/{1/2,2}, we have
o+1 §+1 2(26 + 1) (e — 1)e(n — 1)2
Zxo <57 +,77> Zgo (6, + N ) = T34 < ( + )(5 )5(77 ) ,

5 b5 "2np—1 2n —1
§ § —en+2e4+n—-2Y\ 225 +1)(e — 1)(n — 1)?
“2 <5+175;77>Zy2 (5—1—1’6’ e—1 )—x43< d(n—2)n ’

Let 6 = —1/2, for e € K*/{—1}, we have

B (5—1)282 . (5—1)261 B - ., ., e—e?+e-1
x2 (€+1)27 ) T2 (E+1)2, 72 T2 €+17 ) — 434 4(€+1)3 )

(e —1)2 (e—1)2 1 e(e +3) 2(e2+1)
Zyo <57 W,Q Zya | € m, 5 Zys —1, W’Q = T43 _827_1 ,
It follows that X34 and Xy43 are contained in H. After it we get Q13X12 and Q13X21

from the decomposition of x(e) and y(n). Conjugating the elements di(e)ds(e)z12 (1) and
d1(n)ds(n)z21(n — 1) by the element x12(—1), we get

() = (E)(e), 15(n) = ol (1),

For e € K*/ {1}, n € K*, 0 € K, we calculate the product,

(205 i (5522 4 (2) o (2 ).

Hence we extract the subgroups Xo1 and @23. They together with @13, X34, and X3 generate H.
It is clear that H is embeded in B(2, K) x GL(2, K) via the map diag(z,y) — (z,y). The
matrices in H can be viewed in a block form with respect to the decomposition of the vector space
K* =V, @ V,, where Vi is spanned by {e1,es}, Vs is spanned by {es,e4}-
The subgroup generated by matrices of the left block 2 x 2 is the group of lower triangular
matrices B(2, K). At the same time matrices of the right block generate GL(2, K). At that for any
diag(z,y) € H we have det(z) = det(y). Thus

H < {diag(z,y) € B(2,K) x GL(2, K) | det(z) = det(y)} = Ho.

We claim that H = Hs. In fact, let (x,y) € Hay. Write y = d3(0)g, where g € SL(2,K) =
= (X34, X43). Then det(z) = det(di(e)d2(n)) and det(y) = det(ds(#)). It follows that 6 = en or
d3(0) = di (2)dy () and diag(w, y) € H.
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Define the determinant projection
m: Hy — K*, w(diag(z,y)) = det(z)(= det(y)).

This is a group homomorphism and kerm = (B(2, K)NSL(2, K)) x SL(2, K), so we obtain the short
exact sequence,

1 — (B(2,K)NSL(2,K)) x SL(2, K) -+ Hy =5 K* — 1.

Then the similar arguments as (1) give us that Hy ~ (B(2, K) NSL(2, K)) x SL(2, K)) x K*.

Since B(2, K) NSL(2, K) ~ U(2, K) x,, K*, the action of p2(A) on U(2, K) is determined by
conjugation diag(\, A™1)xo1 (¢) diag(A, A™1)~L. Thus we have that He ~ (U(2,K) x K*) x
x SL(2,K)) x K*.

Define the map

Y (U2,K) x SL(2,K)) %, (K* x K*) — Ha,
Y ((221(2), 9), (0, A)) = diag (21 (€) diag(nA,n "), gdiag(nA, ),
where
71 K* x K* — Aut(U(2, K) x SL(2, K)),
T(n,\) (x21(6)7 g) = (M(?], /\)x21(5)M<777 /\)_17 M(n: )\)QM(% )‘>_1)7

here n, A € K*, M(n,\) = diag(n\,n~!). It is easy to check that v is a isomorphism.

Finally we conclude that H ~ (U(2, K) x SL(2, K)) x (K* x K*) when a # §, « = —1, 0 # —1.

For the case of « # —1, § = —1, the span H can be obtained from above case by matrix

transposition.
(3) Suppose that « = d, a # —1. When o = § = —1/2, the generators are as follows.

rale) = (@a(e)ora (15" ) o (17

y3(n) =di(n)ds(n)z21(n — 1)xaz(n — 1).

We put

fi(ean) = a3(e)ys(n)as (

677—6+77+1> falen) = ys()s(n) <—€n+€+77+1>
mtetn—1)° 21&, M Y3 3\n1)y3 nte—n+l )

By calculating the commutator subgroups generated by fi(e,n) and fa(e,n), we get that
X91,43, X12.34 < H. In fact,

[fi(er,m), fi(e2,m2)] = Xoraz,  [fa(er,m), fa(e2, m2)] = X12,34.

Thus we conclude that H ~ GL(2, K) when o =6 = —1/2.
Suppose o = §, o # —1/2. The generators are as follows.

z4(e) =di(e)d3(e) w12 (Oé(gg_l)> T34 <a(€€_1)> :

ya(n) =di(n)dz(n)x21(n — 1)xaz(n — 1).
For e,n € K*, € # 1, we have

[ ( a+1> ( a+1>
z\e,— )2\,

L (6] (6]

- o o -

zZ|\ ——,¢ z =T
U \a+1" )7 at1" | 21

=12
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It follows that X217 43, X1234 < H. Thus we conclude that H ~ GL(2, K) when o =0, a # —1/2.
(4) Let o« = § = —1. The generators are as follows.

z5(e) =di(e)ds(e) w12 <1 ; 5) 34 <1 ; E) :

ys(n) =di(n)ds(n)z21(n — aas(n — 1).

Conjugating x5(¢) and ys5(n) by the element z12(—1)z34(—1), we have
5(e) = 1a(—D)wsa(—1)zs(e)wsa(1)w12(1) = da(e)ds(e),
-1

W40 = 12 Vs Ds()an(Dina(1) = dal)ds(an (o Y (1)

For e € K*/ {1}, n € K*, § € K, we calculate the product,

o (ST aoms (50 ) - ~ B2, K).

SO ™M
o o3 O
> m O O
I O O O

4. Main results

In this section we give a description of the undegenerate cases. For this we use some ideas of
projective geometry (see, for example, [14]). The idea is to use similar arguments was motivated by
work [12].

Let V be a 4-dimensional vector space over a field K. The projective space V = P(V) is defined
as the set of all 1-dimensional linear subspaces of V. The correspondence between geometric objects
in V and linear subspaces of V is given by:

e A point p = [p1 : p2 : p3 : pa] corresponds to a 1-dimensional subspace span{(p1, p2,ps,ps)t}.

e A line £ corresponds to a 2-dimensional subspace W, represented by a nonzero skew-symmetric
matrix P = (p;;) satisfying: (a) pi; = —pjs, Vi, j. (b) Pliicker relation det(P) =0 <=
<= p12DP34 — P13P24 + P14p23 = 0.

e A plane II corresponds to a 3-dimensional subspace U, represented dually by a covector
(¢', 4% ¢3, ¢*) via the hyperplane equation Z?:l q'z; = 0.

The linear transformations z(¢) and y(n) induce projective transformations Z(g) and 7(n) on V'
with the following actions:

e On points: p — Z(e)p and p — 7(n)p.

e On planes: ¢ — qZ(e)~! and ¢ — q7(n)~L.

e On lines: P+ T(¢)!PZ(e) and P 3(n) Py(n).

THEOREM 2. Let X, Y be a pair of 2-tori in GL(4, K), K # Fy,Fs. Suppose that r = s = 4,
p = 0, char K # 2, then up to simultaneous conjugation X and Y generate one of the following
subgroups H, listed in Table 2.
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Tabmuma 2: Forr =4, s = 4.

base H

(rdsda), a = —1, 7 #0,-3/2, —1/4,6 =0, 4y + 1 € K*?
(rdsda), « =0, v # 0,0 #0,—1,
y#EI+1, 62 +4y e K*?
(rdsda), a =0,v#0,1,6 =0, y € K*?

(rdsda), a = —1, 7 #0,1,0 = —1, y € K*?
(rdsda), a #0,£1,-3,v#0,-1,§ = —1,
(a+1)2+4ye K*?

(rdsda), a #0,—1, v #0, 6 #0,—1,

v #ad, v # (a+1)(6+1), a® + 4y —2a6 + 6% € K*2
(rdsdb), « #0,—-1,0 #0,—1, a # 0

(SL(2, K) x SL(2, K)) x K*

(rdsda), a = —1, vy = —3/2, 6 =0, 1 + 4y € K*?

(rds4b), « £ 0,1, 0 #0,—1,a =4 GL(2,K)

(tdsda), a = —1, v £ 0,-3/2,—1/4, 5 = 0,
4y +1¢ K2 K' = K(\/Ay +1)
(rdsda), « =0,7#0,0 #0,—1, vy # 5 + 1,
2 +4y ¢ K2 K' = K(\/6% + 4v)
(rdsda), a =0, v #0,1, 6 =0,

v ¢ K2 K = K(/7)

3 (rdsda), a = -1, v #0,1, 6 = —1, SL(2,K') x» K*
V¢ K2 K = K(/7)

(rdsda), a #0,£1,-3,v#0,-1, § = —1,
(a+1)2+4y¢ K2 K' = K(/(1 +a)? + 4y)
(rdsda), a #0,—1, v #0, 6 #0,—1,
y#ad, y# (a+1)(6+1), a® + 4y —2a6 + 62 ¢ K*2,
K' = K(y/a? + 4y — 20 + 62)

(rdsda), a = —1,7y=—-1/4,6 =0
(rdsda), a =0,y=—1,0 =2
(rdsda), a = =3,y =—-1, = -1

4 (rdsda), a #0,—1,v=0,0 #0,-1,a =4 GL(2, K).K°
(rdsda), a £#0,—1,v=—-1,0 #0,—1, 0 — a = £2,

y#ad, y# (a+1)(6+1)
5 (r4s4a), a=1,vy=-1,6=-1 Q24X12734X14X173124X23
6 (rdsda), a #0,—1,v=0,0 #0,—1, a # ¢ GL(2,K).K
7 (rdsda), a = —1, 7 =0, 6 = —1. B(2,K).K?
8 (tdsda), o= —1,7=0,0 20, -1 B(2,K).K

(rdsda), a=0,7y=1,0=0

(rdsda), a = 0, 7y £ 0,41, § £0,—1, y =5 + 1
9 (rdsda), a #0,—1, 7 #0, 6 # 0, -1, (U(2, K) x SL(2, K))
y#ad, y=(a+1)(0+1), a+06# -2 X (K* x K*)
(rdsdb), a = -1, #0,—-1
(rdsda), a =0,y = -1, = -2

10 (rdsda), a #0,—1, v #0, 6 #0,—1, B(2, K)

vy#ad,y=(a+1)(d+1),a+J=-2
(rdsdb), a = -1, = —1
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PROOF. (1) For the base (rdsda), a = —1, v # 0, § = 0. The generators have the following form.

() =di(e)dz(e)x13 (1 ; 8) T14 (5 ; 1) 23 (7(65_1)> ’
y(n) =di(n)da(n)x31(n — Vaga(n —1).

Next we find the subspaces of V invariant under the action of X. It is easy to check that there are
no points and planes in V invariant under the action of X. Moreover, a line P in V is invariant
under X if and only if

Z(e)'P = aPT(e)™!, a€ K*, yn)P=>bPy(n)~"' beK* (c)

And P satisfying (c¢) has the entries pio = p3g = 0, pes = pi4, p2a = (p13 + p14)/7y and
P35 + p13p1a — P34 = 0. The solvability of this equation is equivalent to that of t> +t — = 0. This
leads to 3 different cases.

e The equation t2+¢—~v = 0 has a unique root when v = —1/4. Then a simultaneous conjugation
by the element wo3w21(—1/2)x43(—1/2) leads to the following generators.

00 = @ds(e)ora (15" ) (S50 ) o (117

y1(n) =di(n)ds(n)za1(n — Vxaz(n —1).

For e,n € K*, we put

7”1(5’77) = Zx1 (57_1777)7 TQ(S’U) = 2y (_1’5777)'

Then
1
1 <€, —€3> = 13(—€")2a3(—2¢" )4 ("),

2 2 2
ro(e, —€) = x13 <—€ + 25) T14 (a — 26) To4 <5 — 25> .

2(e—1)(e3+1 —1,— . .
where & = % It follows that the subgroups X131é37224 and X1*3h4724 are contained in H.

We take the elements from these two subgroups,
ml(é) = 9313(—5)3323(—25)1324(5), mg(s) = xlg(—s)x14(8)x24(6),

and calculate the following products,

- <_2<e ~ - 1>> () = 2 <<a— D —1) (¥ + 1)) |

e?n e2n
my (~2EEOZD Y 1y e ) (H2EEDODEED,

Then we get that the subgroups X4, Xo3 and X 1_3}24 are contained in H. From the decomposition
of z1(¢) we have that Q13X12X34 < H, and take its element,

Due to the lemma 2(3), we get (u(e),y1(n)) = GL(2, K), thus we conclude that
H = GL(2, K) X14X23X 35, = GL(2, K).K3.
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e The equation t?+t—~ = 0 has two distinct roots ¢; and ¢, i.e. 4y+1 € K*2. Then the subgroup
H has two 2-dimensional invariant subspaces in V| namely, the planes spanned by (—1,¢;,0,0) and
(0,0,—1,t;), i = 1,2. Thus conjugating this base by the element zfl, the generators have the

following form.
x2(e) =di(e)d3(e) w12 (c(gg_ 1)) T34 <(_1 —ale - D) ,

y2(n) =di(n)dz(n)za1(n — waz(n — 1).

_ 14v—t2
where ¢ = STl -

Suppose that ¢ # —1/2, i.e. v # —3/2. Applying the lemma 2(1), we have
H = <.’E2(€),y2(77)> = (SL(27K) X SL(27K)) X K*
Suppose that ¢ = —1/2, i.e. v = —3/2. New generators are as follows.

e = dr(@a(eroe (1= aus (P35 ) o wnl) = sl - ity ~ 1)

Due to lemma 2(3), H = (z3(¢), y3(n)) = GL(2, K).

e The equation 2>+t —~ = 0 has no roots in K, i.e. 4y + 1 does not belong to K*?. We consider
the extension K’ = K(y/4y + 1) and apply the same argument as in above case.

(2) For the base (r4sda), a =0, v # 0, 6 # 0,—1, v # § + 1. The generators have the following

form.
2(e) =di ()da (€)1 <E - 1) 223 <7(€€_1)) T4 <5(€ - 1)) ,

€
y(n) =d1(n)d2(n)z31(n — 1)x42(n — 1).

P satisfying (c) has the entries p1o = p3a = 0, pa3 = P14, P2« = (p13 + p149)/y and
pls + p13p14d — yp34 = 0. The solvability of this equation is equivalent to that of t? + §t — v = 0.
This leads to 3 different cases.

e The equation t? + §t —y = 0 has a unique root when v = —1 and ¢ = 2. Then a simultaneous
conjugation by the element wogxe;(—1)z43(—1) leads to the following generators.

21.(2) =dy (£)ds () z1s (E = 1) - (E - 1) 234 (8 - 1) ,

y1(n) =di(n)dz(n)za1(n — waz(n — 1).

Suppose that char K # 3. For e #n,n #¢/(¢ — 1) and € # 1,2. We put

1 12
= Rz )2)_7 y = a0 9
q(e) = zn (6 30— 1)€> a2(n) = zy, (2 3 77)

and

@) a0 = ke, el = ke, (.o ()] e

Multiplying ki (e,n), k2(e,n) by suitable k3(e), we can get the subgroup Xs3 and X14. Moreover it
follows from ks3(e) that Xl_?j24 < H.
Suppose that char K = 3. We calculate

2 2e + 1) e+ 2)¢ e+ 2)¢
Zxy (5727 63) =713 ((EQ>) T24 <(€2)) 23 <(€2)) )

o 220 g (L DEED) (DD ()

9 9
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where ¢/ = 2¢% 4 2. In particular, for 2e%n? + 3% + 2e2n + 2 +2en> + 12 £ 0, 2n +1 # 0 and
e € K*, we have

. <€22)Z (772 2e%n + €2 >:
1 » = 53 r1 » = 254772 + 537]2 + 2527] + 52 + 25772 + 772
226+ 4+ 2e+1) (n+2) (2e*n® + 3% + 2 (20 + n + 2+ 1) + 2en? + n?)
i ( e2(2n+ 1) (2e*n? + &3n? + 2e2n + €2 + 2en? + n?) ) '

Thus we extract the subgroup Xi4. From the decomposition of z,, (5, 2, E%) and zy, (2,¢,2¢) we get
the subgroup X%3724 and Xo3.
Now, from the decomposition of x(g) we have that Q13 X12X34 are contained in H, and we take

its element m(e),
m(e) = di(e)ds(e) 712 (6;1) T34 (6 ; 1) :

This is the case of lemma 2(3), so (m(e),y1(n)) = GL(2,K). Finally we conclude that
H = GL(2, K). X14X23 X135, = GL(2, K). K.

e The equation 2 + 6t — v = 0 has two roots t; and ta, i.e. 62 + 4y € K*2. Then the subgroup
H has two 2-dimensional invariant subspaces in V. Simultaneous conjugation by z; ! yields the
following generators.

1o(e) =dy(e)ds(e) 12 (q(eg—l)) T34 (M(S_l)> )

g
y2(n) =di(n)ds(n)z21(n — )zaz(n — 1),

where ¢; = _22%1%15. From the lemma 2(1), we conclude that H = (z2(¢),y2(n)) = (SL(2, K) X
x SL(2,K)) x K*.

e The equation ¢ + §t — v = 0 has no roots in K, i.e. 62 + 4 does not belong to K*2. We
consider the extension K’ = K (1/2 + 4v) and apply the same argument as in above case.

(3) For the base (rdsda), « =0, v # 0,1, § = 0. The generators have the following form.

€

o) = dr(@a(eon (2 ) o (EZH) ) = ety - i - )

P satisfying (c) has the entries p1a = p3g = 0, pag = p14, p24 = p13/7y and ply — p,y = 0. The
solvability of this equation is equivalent to that of t2 — v = 0.

e The equation t?> —y = 0 has two roots ¢; and to, i.e. v € K*2. Then the subgroup H has
two 2-dimensional invariant subspaces in V. Simultaneous conjugation by z; ! yields the following

generators.
01(6) = @a(e)ara (= Yaas ().

y1(n) =di(n)dz(n)x21(n — 1)z43(n — 1),

where ¢ = {-. From the lemma 2(1), we get H = (z1(¢),y1(n)) = (SL(2, K) x SL(2, K)) x K*.

e The equation t? — v = 0 has no roots in K, i.e. v does not belong to K*2. We consider the
extension K’ = K (/) and apply the same argument as in above case.

(4) For the base (rdsda), o = —1, v # 0,1, 6 = —1. The generators have the following form.

2(e) =dy (£)da ()13 <1 = 5) - <5 R 1) T2 <7(€€_1)> - <1 - 5) ,

y(n) =di(n)da(n)x31(n — 1)za2(n — 1).
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P satisfying (c) has the entries p1o = p3q = 0, p2g = p14, p2a = p13/7y and p33 — p},y = 0. The
solvability of this equation is equivalent to that of t* — v = 0.

e The equation t> — v = 0 has two roots ¢; and to, i.e. ¥ € K*2. Then the subgroup H has
two 2-dimensional invariant subspaces in V. Simultaneous conjugation by z; ! yields the following

generators.
x1(e) =di(e)dsz(e)x12 (C(EE_ 1)> T34 <(_2 ] Che U) ,

g
y1(n) =di(n)ds(n)za1(n — Dzaz(n — 1),

where ¢ = %1—751 From the lemma 2(1), H = (z1(¢),y1(n)) = (SL(2, K) x SL(2,K)) x K*.
e The equation t?> — v = 0 has no roots in K, i.e. v does not belong to K*2. We consider the
extension K’ = K(,/7) and apply the same argument as in above case.

(5) For the base (rdsda), o # 0, —1, v # 0, 6 = —1. The generators have the following form.

z(e) =di(e)da(e)x13 <a(€€_1)) T14 (E ; 1) T23 <7(€e_1)) T4 (1 ; 6) ;

y(n) =di(n)da(n)x31(n — 1)zs2(n — 1).

P satisfying (c¢) has the entries p1a = p3s = 0, pa3 = pia, poa = (P13 — pua(a + 1))/ and
—p?s + pispua(a + 1) + yp?, = 0. The solvability of this equation is equivalent to that of
t> — (a4 1)t — v = 0. This leads to 3 different cases.

e The equation #? — (a+ 1)t —y = 0 has a unique root when y = —land a+1=42. If a = 1,
a simultaneous conjugation by weswegwigre; (1)x43(1) leads to the following generators.

e—1

£1(6) = dy(e)da()zs ( ) C () = da(n)da(m)arz(n — Dasa(n — 1).

Performing the straightforward calculation, we obtain

z(g,m) =12 <_€i0> T13 <_€90> T14 ((77—6771)90> 293(—0p) %
() (45

where 0y = (¢ — 1)(n — 1). Then for en —e —3n+ 1 # 0, we have

[Z(&??%Z <5’ o _(88__13),;7+ 1)} = z13(01)224(01), [2(,m), 2(n, €)] = w14(62),

where 6, = (6_1)(77_27((66((2:21)):?;77121))(6+27’_1), Oy = —2(5_1)2(;;;21)2(‘6_"). Take e #n, e # 1,1 — 2n,

(B3n—2)/(n—2),n+#1,2,1/2. Hence for some 0 € K*, x13(—0)x24(0) and x14(0) lie in H.
On the other hand, for n # 1,2,1/2,

€ — —1)? £ —1)?
z2(e;m)z (e,2 —n) =12 <_2( 5(771)—(772),71) > T34 <—2( e(nl%g)nl) > :

z13(—q1(e,m))w24(q1(€,m))w14(02(E, M),

_ _1)\2
st (g ) = (-2 ) e (a(e e ).

where ¢;(¢,7n), i = 1,2,3,4 are rational functions, which have poles at point n = —1/2,2. But we
know that X 1_?32 4 and X4 are contained in H. Hence we can extract the elements of the groups X2 34

and Xog, after it we get the whole groups. Finally, we conclude that H = Q24X12734X14X1_3{24X23.
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If a = —3, at this time, char K # 3, then a simultaneous conjugation by the element
wazx21(—1)z43(—1) leads to the following generators.

22(e) =y (£)ds(2)12 <2 _525> - (5 - 1) - (2 _525> ,

y2(n) =di(n)ds(n)z21(n — D)zaz(n — 1).

Fore #mn,n#¢/(e —1) and € # 1,2. We put

1 2 1
= <z Y /- 1\ | = 2777 ’
q1(€) = 2a, (8 > 3= 1)E> a2(n) = 2y, ( 3 n)

and

0@ 0] = ke, Eham] = ke, |aee ()] ke

Multiplying ki (e,n), k2(e,n) by suitable k3(e), we can get the subgroup Xs3 and X14. Moreover it
follows from ks(e) that X 1_3}24 < H.
Now, from the decomposition of x3(e) we have that Q13X12X34 are contained in H, and take

its element m(e), ) - -
m(s)—dl(e)dg(s)xu( - >x34< - )

From the lemma 2(3), we get (m(e), y2(n)) = GL(2, K). Thus we conclude that H =
= GL(2, K). X14X23X 135, = GL(2, K).K?.

e The equation t? — (o + 1)t — v = 0 has two roots ¢; and t, i.e. (a +1)? + v € K*2. Then
the subgroup H has two 2-dimensional invariant subspaces in V. Simultaneous conjugation by z; !
yields the following generators.

ra(e) = Oa(e)ary () gy (EFIZAEZL),

y3(n) =di(n)ds(n)za1(n — 1)zaz(n — 1),

where ¢ = _27__‘34053‘_;;11:1)_“. From the lemma 2(1), we conclude that H = (x3(¢), y3(n)) =
= (SL(2,K) x SL(2,K)) x K*.

e The equation t? — (o + 1)t — v = 0 has no roots in K, i.e. (a + 1) + 45 does not belong
to K*2. We consider the extension K’ = K(y/(a+ 1)2 + 4~) and apply the same argument as in
above case.

(6) For the base (rdsda), v # 0,1, v =0, 6 # 0, —1. The generators have the following form.
ae -1 e—1 5e—1
s () () (52)

y(n) =di(n)da(n)z31(n — 1)z42(n — 1).

P satisfying (c) has the entries p1o = p3s = 0, p2s = p14, p13 = —p14(d — @) and p14+p2(d—a) = 0.
The solvability of this equation is equivalent to that of (§ — )t + 1 = 0. It has only one root
t=1/(a—9).

e Let 6 # «. Conjugating original base by the element waszo(av — §)zg3(cv — §). Then the
generators of the group X and Y have the following form.

1(6) = (el (T Yy (E24) s (LEZD).

y1(n) = di(n)ds(n)w21(n — Vzas(n — 1).
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Ifa+d+1+#0. For n e K*, we put

1+0 1)
q1(n) = 2z, aaTﬂ? ) Q2(7I):Zy1 m,avﬁ )

14+« «
Q3(77) = Zx <b7 a777> ) Q4(Tl) = Zy1 <OH-:|.’b7n> 9

24 h— 5245

m, The straightforward calculations show that

where a =

= T @Fa—623
[q1(e), a1(n)] = w14(03) 234 (o = 6)03) ,  [q2(€), q2(m)] = w23(0a) a3 (o0 — 0)04) ,
[g3(¢),a3(n)] = 212 ((6 — @)05) 14(05),  [qa(€), qa(n)] = w21 ((6 — )0) 223(06),
where

ala+1)(e—=1)(n—1) (2a2 + 20 —6(0+ 1)) (e—mn)

bs = e2n2(a—6)3(a+ 0+ 1) ’
b, — (e—=1)(n—1) (202 +2a—6(6+1)) (e —n)

T ala —§)2 ’
00+ )(Ee-Dn—-1) (@ +a—26(641)) (e —n)
o e22(a —6)3(a +6 +1) ’

g — E- V01— 1) (0 +a—26(5+1))(c—n)

d(a—6)?

It follows that the subgroups X??4T1647 X23T2‘53, Xfi 1y and Xgi 95 are contained in H. We take the
elements from these subgroups,

fi(e) = z14(e)z3a (v = d)e),  fale) =
f3(e) = 212 ((0 — @)e) m14(e),  fale) =

then we have,
f1(e)fs(—¢) = z12((a — d)e)z3a((av — 0)e),  fale) fa(—€) = z21((av — 0)e)waz((a — d)e),

So we get that Xi234 and Xo 43 are the subgroups of H. Also we obtain @13 and Xf‘ili from the
decomposition of x(e) and y(n). Finally, we conclude that H = GL(2,K).X§‘2T154 = GL(2,K).K,
when o # § and a4+ +1 #0.

If a+d+1 = 0. At this time a # —1/2. Conjugating this base by the element
wa3a1 (2a + 1)x43(2cr + 1), the generators have the following form.

w2(e) =dy (¢)ds3(e)a12 (M“_E)) 14 (5 - 1) 34 <a(€€_1)> :

£
y2(n) =d1(n)dz(n)z21(n — 1)xa3(n — 1).
For € # +1, we put

a+1 «
Q1(5) = Zyy Taea —€, Q2(5) = Zy Tﬂvea —€ 1,

and calculate the products,

a+1 € (&) (&) « €
= z , )
a 'e24e—-1)° p2 = a+1'e24+e—-1

() = qi(e): <
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Then we have

[p1(€), p1(M)] =221 (—(2x + 1)g5(e,m))T23(g5(£, M),
[p2(€), p2(n)] =w23(g6(g,m))7a3((20 + 1)gs (g, ).

where ¢5(g,7m) and gg(g,n) are the rational functions of € and 7, which have the poles at points
e2+e—1=0and n?>+n—1=0. Thus we get the subgroups X{l?zo‘g_l and ngggl. And then,

xgl((2a + 1)8)%23(—8)1‘43((20& + 1)5)@3(5) = 1‘21((204 + 1)5)x43((2a + 1)8),

It follows that Xoj43 is contained in H. From the decomposition of generators we obtain the
a,—a—1
subgroups Q13 and X3 34 1,. Now put

) = (25 oni@na (557 ) s = am it

We set w(€) = t(€)s(—£71)t(€), and calculate the product,
u(€, ) = w(E)t(e)w(=€)s(E %),

Put ug(e) = u (— aojfl,e), for e # n, we have

o e), o ()] = 12 ((2a +1)%(n - 8)) - ((2a +1)%(n - 8)) '

a?(a+1)2 a?(a+1)2

Thus we get the whole subgroup X 122"1211 Then

t(e) w12 ((2a+1)6> T14 ( : > = z12(€)734().

a+1 a—+1

It follows that we extract the subgroup Xi234. Finally we conclude that H = GL(2, K)X f;ﬂl =
= GL(2,K).K, when a« # 0, a + 6+ 1 =0.

e Let @« = 0 and o # —1/2. Conjugating original base by the element ws3 of the Weyl group.
The new generators have the following form.

ra(e) = dn@a(@)arn (N Yy (S ) (M),

€

y3(n) = di(n)ds(n)wa(n — Dags(n — 1).

For e,n € K*, we put

(©) a+1 o} ) « a+1
q1 T3 5 o ’ (2@—’-1)(5—1)8 o q2("n Y3 a+172a+1777 3

and

0@ 0] = ke, e = ke, (e ()] ke

Calculate a commutator subgroup ks(e) generated by ga(e), we get that X1_3324 < H. Multiplying
k1(e,m), ka(e,n) by suitable k3(e), we can get the subgroup Xo3 and Xi4.
Now, from the decomposition of x3(e) we have that QQ13X12X34 are contained in H, and we take

its element m(e), o wle_1) e 1)
m(e) = 1(5)d3(s)x12< . >m34< . >
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From the lemma 2(3), we get (m(e),y3(n)) = GL(2, K). Thus we conclude that
H = GL(2, K). X14X23 X3, = GL(2, K).K?, when a = §, a # —1/2.
If « = § = —1/2. The new generators have the following form.

24(2) = dy ()ds(2)12 <12_€5> - <5 - 1> - (12_55> ,

ya(n) = di(n)ds(n)z21(n — 1)z43(n — 1).

For e,n € K*,

4 —1)(n— 1)2)
(n—2)n
we get that X3 < H. Multiplying 2z, (5, -1, —E%) by suitable element from Xos3, we have the

e (Lo )z (—1,6,2 — ) = o3 (—

subgroup X 1_3}24' In fact,

1
2z, (5, -1, _€3> 193(26") = w13(—€") 224 (),

2(e—1)(e3+1 .
where ¢/ = % Since

2 _ 2 _
m (_1755 _5) L13 <_2(€€1)> T24 <2(561)> =T14 <§ - 25) )

It follows that X4 are contained in H. Thus we get the element,

m(e) = di(e)ds(e) 712 (12_;) T34 (12_66) :

From the lemma 2(3), we get (m(e), ya(n)) = GL(2, K). Thus we conclude that H =
= GL(2, K). X14X23X 135, = GL(2, K).K?3, when a = §, o = —1/2.

(7) For the base (rdsda), « # 0,—1,v# 0, # 0,—1, v # ad, v # (a+1)(d +1). The generators
have the following form.

2(e) =di (e)da ()13 (‘)‘(‘55—1)) - (E = 1) 23 (’Y(‘:_l)) 24 (5(5; U) ,

y(n) =di(n)da(n)xsi(n — 1)zaz(n — 1).

P satisfying (c) has the entries p1a = p3a = 0, pa3 = pia, p2a = (P13 — puaa — 98))/y
and p?; — pyy + p13p1a(0 — @) = 0. The solvability of this equation is equivalent to that of
t2 + (0 — @)t — v = 0. This leads to 3 different cases.

e The equation ¢? + (6 — a)t — v = 0 has a unique root when v = —1 and § — a = +2. That
is to say, (I) If 6 = a + 2, then ¢t = —1. (II) If & = 6 + 2, then ¢ = 1. These two situations lead to
same result, here we consider case (I) only.

Suppose that v = —1, § = o + 2. A simultaneous conjugation by the element
waswol (—1)xz43(—1) leads to the following generators.

1(2) =d1 (¢)ds ()12 <(‘”1)(5_1)) 14 (5 - 1) 34 ((QH)(E_”> :

9 9

y1(n) =di(n)ds(n)za1(n — )waz(n — 1).

For ¢ # 1, we put

(&) Ea+2 a—+1 ) a+1 4o
= Z ) ) ) =z ’a ) )
QI T1 Oé-'-l (6— 1)5 Q2 77 Y1 Oé+2 77
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and for € # 7, we have
q1(e,n) = [q1(e), q1(n)] = 213 (91(¢,m)) 24 (—91(€. M) 214 (92(5, 1)),
a2(e,m) = [q2(¢), q2(n)] = z13 (93(¢, 1)) w24 (—9g3(e,m)) 223 (94(€,m))

where g;(,7n),7 = 1,2,3,4 are rational functions of ¢ and 7.
In particular, if o # —11/6, we have

6 (o e )| = e (e 221 (o).

where g5(¢) is rational function, which has pole at € = 1311260&.

Let o = —11/6. For ¢ # —7/6,7/3,—7,1, we have

Te
[%(5), 42 <65 — 7>} = z13(—96(€))z24(96(€)),
where gg(e) is rational function, which has pole at ¢ = —7/6. So we extract the subgroup X17:524-

And then multiplying ¢1(e,m), g2(¢,7n) by suitable elements from Xf?i24’ we can get the subgroup
X23 and X14.
Now, from the decomposition of z1(e) we have element m(e),

(1+a)(5—1))x34 ((1+a)(5—1)>.

9 9

m(e) = dl(E)dg(E)xlg <

From the lemma 2(3), we get (m(e),y1(n)) = GL(2, K). Thus we conclude that H =
= GL(2,K).X14X93X 35, = GL(2, K).K®.

e The equation 2 + (§ — @)t — v = 0 has two roots t; and to, i.e. o + 4y — 2ad + 6% € K*2.
Then the subgroup H has two 2-dimensional invarian subspaces in V. Simultaneous conjugation by
2y ! vields the following generators.

2a(&) =di (£)ds(2)212 <C<E€_ 1)) . <(a+5— c)(e — 1)) ’

3

y2(n) =di(n)ds(n)za1(n — 1)was(n — 1),

where ¢ = W. From the lemma 2(1), we get H = (z2(¢), y2(n)) = (SL(2, K) x
x SL(2, K)) % K*.

e The equation #2 4 (§ — &)t — v = 0 has no roots in K, i.e. a® 4 4y — 2ad + 62 does not belong
to K. We consider the extension K’ = K (/a2 + 4y — 2a6 + 62) and apply the same argument as
in above case.

(8) For the base (rdsda), « = —1, v =0, 6 = —1. Conjugating this base by the element w3 of

the Weyl group, the generators have the following form.

21(2) =dy (£)ds ()12 (1 - 5> - (6 - 1) - (1 - 5) ,

y1(n) =d1(n)dz(n)xa1(n — 1)xaz(n — 1).
Then for € # 2, we have

2(2,6), 2(2,1 — £)] = 714 @ _ g> 93 <; - 5> ,

)2 (22
2(2,€)2(2,2 —¢) = x14 <(E _61)3> To3 (— (-1 (et 2)> r13(—€")w4 (),
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where ¢/ = (6_1)42#. For n # —1, 3, we calculate the following commutators,
[2(2,m), 2(2,3 = n)] = @13(07)x23(207) w24(—07),
[2(2,m), 2(2, =1 = n)] = 213(03)714(—268) 24(—05),
where 07 = W, s = % Multiplying z(2,¢)z(2,2 — ¢) by suitable elements

of X14,23, X22:3,7211 13 and Xfféllw, we have that the subgroups X4 and Xs3 are contained in H, then
we consecutively extract the subgroup Xf3124.
From the decomposition of z(¢) we take the element m(e).

m(e) = di (¢)ds ()21 (1 - 5) T34 (1 - 5) ,

From the lemma 2(4) we get (m(e),y1(n)) ~ B(2, K). Finally, we conclude that
H =B(2,K).X14X23X 135, = B(2,K).K>.

(9) For the base (r4sda), « = —1, v =0, § # 0, —1. Conjugating this base by the element was
of the Weyl group, the generators have the following form.

21(2) =dy (e)ds3(e)a12 (1 - 5) 14 (5 ; 1) 34 (5(8; 1)> :

y1(n) =di(n)ds(n)z21(n — 1)zaz(n — 1).
If 6 # —1/2, for e,n € K*, ¢ # 1, we have

[(‘5;1 (2 :m< 5—61)(717—1)(6—77)>
-
234 (26 4+ (e = ) — 1)(e — 1))

If § = —1/2, for e € K*/{—1}, we have
(e —1)? (e—1)2 1 1—¢
T . AN 72 T 1Sy o T 77_1)2
z1<(6+1)25 o (5+1)2€2 et
_ (e—1)(e2+1) (e—1)(e2+1)
R ST E R Rl VTSR
In all cases it follows that nghis contained in H. Then we have

m(e) = w1 (e)ans <1 - 5) - (W) — dy(e)ds(e)z1s (1 - 5) - (1 = 5) |

From the decomposition of x1(g), we also get Xi14. So applying lemma 2(4), we conclude that
H=B(2 K).X14 = B(2,K).K.
(10) For the base (r4sda), « =0, v =1, 6 = 0. The generators have the following forms.

o(6) = dr(@)a(eho (T2 o (T2 ) wl0) = dadaln)zan( ~ a1

P satisfying (c) has the entries pja = p3s = 0, pa3 = p14, p24 = p13 and p35 —p?, = 0. The solvability
of this equation is equivalent to that of t> —1 = 0. This equation has two roots t; = 1 and to = —1.
Then the subgroup H has two 2-dimensional invariant subspaces in V. Simultaneous conjugation
by 2, ! vields the following generators.

01(6) = dr(@d(elo (2 o (T2 ). ) = sl - ey~ 1)
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From the lemma 2(2), we conclude that H = (z1(¢),y1(n)) = (U(2, K) x SL(2, K)) x (K* x K*).
(11) For the base (rds4a), a = 0, v # 0,1, § # 0,—1, v = 6 + 1. The generators have the
following form.

z(e) =dy(e)da(e)x14 <€;1> x93 <7(€€_1)) o4 <M5(€_1)) )

y(n) =di(n)da(n)xsi(n — zaz(n — 1).

P satisfying (c) has the entries p1a = psa = 0, pas = pua, pu = (p13 + pua(y — 1))/
and (p13 — p14)%(p13 + p1ay)? = 0. The solvability of this equation is equivalent to that of
(t — 1)%(t +v)? = 0. The equation (t — 1)2(t + v)?> = 0 has two roots t; = 1 and ts = —v.
Then the subgroup H has two 2-dimensional invariant subspaces in V. Simultaneous conjugation
by 2z ! yields the following generators.

01(6) = @a(e)ara (F=° ) (1),

y1(n) =di(n)dz(n)za1(n — Dzaz(n — 1),

From the lemma 2, if v = —1, then H = (z1(¢),v1(n)) = B(2,K). If v # -1, then
H = (1(),;1(n) = (U(2, K) x SL(2, K)) % (K* x K*).

(12) For the base (rds4a), o # 0,—1, v # 0, § # 0,—1, v # ad, v = (a + 1)(0 + 1). The
generators have the following form.

2(e) =di (£)da () 713 <O‘(5€_1)> T (5 - 1> 2 ('ﬂ‘”) a4 <5(5€_ 1)> :

y(n) =d1(n)da(n)z31(n — 1)z42(n — 1).

P satisfying (c) has the entries p1o = psqs = 0, pag = p14, p13 = —p14(d — &) + pau(a+1)(6 + 1) and
((pra — p2a(a + 1))%(p1a + pas + p216)? = 0. The solvability of this equation is equivalent to that
of (t — (a+1))%(t + 6 + 1)? = 0. This equation has two roots t; = a + 1 and ¢t = —§ — 1. Then
the subgroup H has two 2-dimensional invariant subspaces in V. Simultaneous conjugation by z7 1
yields the following generators.

R e P e

y1(n) =di(n)ds(n)z21(n — )zaz(n — 1),

From the lemma 2, if « +d + 1 = —1, then H = (z1(¢),y1(n)) = B(2,K). if a + 6 + 1 # —1, then
H = (21(e), 31(n)) = (U(2, K) x SL(2, K)) x (K* x K*).

(13) For the base (rdsdb), a # 0,—1, § # 0, —1. Conjugating this base by the element wagz of
the Weyl group, the generators have the following form.

z(e) =di(e)ds(e)z12 (oz(s;l)) T34 <6(€6_1)> :

y(n) =di(n)ds(n)xa1(n — V)zaz(n — 1).

From the lemma 2, if o # 0, then H = (SL(2, K) x SL(2, K)) x K*. If @ = ¢, then H = GL(2, K).

(14) For the base (r4s4b), a = —1, 6 # 0,—1. Due to the lemma 2(2), we conclude that
H = (U(2,K) x SL(2,K)) x (K* x K*).

(15) For the base (r4s4b), a« = —1, § = —1. Due to the lemma 2(4), we conclude that
H=B(2,K).

a
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THEOREM 3. Let X, Y be a pair of 2-tori in GL(4, K). Assume that r = s =4, one of p and q
1s 2orp=q=1, then X and Y generate one of the following subgroup H, listed in Table 3.

Tabjmira 3

base H
1 | (p2q0a), a=0=0,v#0 Q12Q31X 93 14
2 (p2q0a) a,d # 0,7 =0 Q12Q34X1a3’624 14
3 [ (2d0a) o,y #0,0=0 | Q12Q31X 35314
4 (p2q0a) 6,y # 0, a =0 Q12Q31 X354 14
5 | (p2q0a) a, 0,y # 0, ad # vy Q12Q34X?5727§,24,14
6 (qulagpciq_lc? 0=0 Q12034 X14
7 (p2qla) a=0,5 #0 Q12Q34X34714
8 (p2qla) a #0,0 =0 Q12034 X75 14
9| (p2q1a) 0 20,0 20 | QroQuiX 550014
10 (p2q2a) Q12034

PrROOF. We observe the bases (p2q0a), (p2qla) and (p2q2a) in lemma 1, the group (X,Y) is
embedded in a group of upper triangular matrices. We consider commutator subgroup z(e,n)
generated by z(¢) and y(n). Moreover, from the decomposition of z(¢)and y(n), we obtain their
spans of X and Y.

For the base (plqlc), a simultaneous conjugation by wssx31(—1)wizwsqwes leads to the following
generators.

z(e) = ds(e)da(e), y(n) = di(n)da(n)z14(n —1).

Performing the straightforward calculation, we obtain

2(e.n) = 714 (-(E —Dn— 1)) .

3

It follows that the subgroups Qi2, @34 and X4 are contained in H, thus we conclude that

H = Q12Q34X14.
O
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