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AnHOTan s

JlaHHasi CTaThs MOCBAIIEHA UCCIEIOBAHUIO ACCOIMUPOBAHHBIX MOy el u mopsakos Lamya
JIJTsl BIIOJIHE PA3BETBJIEHHBIX PACIIMPEHUi moeil Juckpernoro nHopMmupoanus. OCHOBHOE BHU-
MAHUE YIEJeTCs SBHBIM BbIUYUCIECHUIM U IIOCTPOEHUIO DA3KUCOB JIJisl 9TUX MOJLyJIeil, B 9aCTHOCTH
B CJIyHae 3JIEMEHTAPHEIX a6eJIeBBIX PACIINPEHHl CTene N p°. ABTOPHI BBOJAT U PA3BHBAIOT T€O-
PHIO TPaIyUpPOBAHHO-HE3ABUCUMBIX MHOXKECTB W JUATOHAJIBHBIX OA3UCOB, KOTOPHIE MO3BOJIAIOT
SIBHO ONKCBHIBATH MOJYJIH <Y; U COOTBETCTBYIOIIME ACCOIMUPOBAHHBIE MOPSAKU. leHTpaTbHBIH
pe3yibrar paborsl — Teopema 3.3.2, KOTOpas JIAeT SBHOE OIMMCAHUEe MOYJIel y; JAJjs paciiupe-
uuit ¢ rpynnoit Lanya (Z/pZ)? u pasiudHbIME 0 MOJY/TIO p° CKadKaMy BeTBjeHus. B pabore
WCCJIEOBAHBI CBOWCTBA BBEIEHHBIX KOHCTPYKIUI, B TOM YHCJIE WX MOBEIEHHE OTHOCHUTEIHLHO
MOIHEMA HA PYYHBIE PACIIUPEHUS W CBSA3b C KJIACCHUYECKUMU ACCOIMUPOBAHHBIMU TTOPSITKAMU.
[Tonydennbre pe3yIbTaThl 00ODMIAIOTCA HA CIYYail OTHOCUTEIBHBIX aCCOIMUPOBAHHBIX MOJIYyJIei
70 = ~;Nko[G], tme ko C k. B paboTe HCTIOMb3yeTCs TOCTPOSHHbIH PaHee TIePBBIM aBTOPOM H30-
mopduam mexay mexkny K ®p K u K[G], n npencrasnen aeranbubiii anamu3 QuibTpanyii Ha
TEH30PHBIX KBAAPATAX U UX CBA3U CO CTPYKTYpoit moayneit [amya. CTarhs MOXKET MpeICTaB/IsITh
WHTEpEeC I CIEIUAJUCTOB MO TEOPUHU YHUCET U apu(dMeTHIeCKOH TeOMeTPUH.
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Abstract

The paper provides a comprehensive investigation of associated Galois modules and orders
for totally ramified extensions of complete discrete valuation fields. The authors focus on explicit
computations and systematic construction of bases for these modules, with particular emphasis
on elementary abelian extensions of degree p?. The study introduces and develops the theory
of graded-independent sets and diagonal bases, which enable constructive description of the
modules ~; and related associated orders. The central achievement is Theorem 3.3.2, which
provides an explicit computation of the modules v; for extensions with Galois group (Z/ pZ)?
and ramification jumps distinct modulo p?. The paper thoroughly examines properties of the
introduced constructions, including their relationship with classical associated orders and the
behaviour under tame lifts. The obtained results are generalized to the case of relative associated
modules 7Y = v; Nko[G], where ko C k. The paper extensively utilizes the isomorphism between
K @, K and K|[G] constructed by the first author, and presents a detailed analysis of filtrations
on tensor squares and their connection to Galois module structure. Respectively, the text can
be interesting to specialists in algebraic number theory and arithmetic geometry.
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1. Introduction

1.1. History and motivation

This paper is devoted to the calculation of certain associated Galois modules. Those are closely
related to associated Galois orders (and we compute some of those as well). Let us recall some
history and motivation for studying these matters.

Starting from [7], the ring of integers O of a global or a local field K is studied as a module
over its associated order

1(0) ={f €klG]: f(OK) COx};

here G is the Galois group of an extension K/k. The main results of ibid. says that © is free over
~v(9O) (and hence isomorphic to v(9) as a Galois module) whenever k = Q and G is abelian.

Since 1959, dozens of papers computing associated orders (of rings of integers and fractional
ideals) were written. Yet the main subject of this paper are so-called associated Galois modules
that are somewhat distinct from associated orders, even though closely related to them. First we
define them, and then discuss the relation to associated orders.

Throughout this paper K/k is a totally ramified extension of complete discrete valuation fields
of degree n.

We set

¢ ={/ € KIG]: min (o(f(@)) — v(x)) > i}; 7 = € N K[G]

where v is the discrete valuation on K and ¢ € Z. The main question we studied is to find a specific
description of all ;. Our main result is Theorem 3.3.2 below that gives a simple expression for v; for
all i € Z assuming that K/k is an elementary abelian extension of degree n = p? whose ramification
jumps are distinct modulo n.

REMARK 1.1.1. 1. Obviously 70 C 7(9) C v—n and y1—, C Y = T 70, Where 7y is an
uniformizing element of k.

Hence the computation of ; does give some information on the associated order.

2. In certain cases we have Galois module isomorphisms ; — 9~% (where d is the ramification
depth on K/k; see §2.1 below); see Theorem 4.3.2(5) of [2]. However, we probably don’t have any
isomorphisms of this sort in the setting of our Theorem 3.3.2; cf. Theorem 3.10 of [4].

So, to add some motivation, we will now recall an interesting statement that relates associated
Galois modules to the arithmetic of the extension.

We will never apply this theorem in the paper; respectively, the reader who does not need
additional motivation for studying associated Galois modules may skip it.

Let F' be a commutative m-dimensional formal group law with coefficients in 0. We will write
F(9M) for the corresponding value of the commutative group functor coming from F (here 90t is the
maximal ideal of the valuation field K); note that there exists a canonical (forgetful) bijection of
sets F'(9) — ™.

THEOREM 1.1.2 (Theorem 2.3.1 of [3]). Take w > 0; let a map
A:G—FM), 0 = as = (@15, -+, Gmo)

(here a;, € M) belong to ZY(G, F(M)) (that is, an inhomogeneous Galois 1-cocycle). Then the
following statements are equivalent.

L. For any i, 1 < i < m, the element f; = > _. ais0 lies in the module &, 1 4; here d is the
ramification depth of K/k (see §2.1 below).

2. f € BY(G, F(9M)) (a 1-coboundary) and there exists an x = (z;) € F(91) such that

x—o(x) =a, Vo € G
F
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and v(x;) = w for all i.

REMARK 1.1.3. 1. We are mainly interested in the case where the values of A belong to
FOM,) = FOMM N k). Then A is a homomorphism G — F(9,). Moreover, in this case condition
1 of the theorem depends on the modules 7; only and condition 2 translates into a Kummer-type
condition on the corresponding formal modules; see Definition 4.1.1 and Theorem 4.2 of [3].

2. Moreover, the theorem demonstrates that in the case where all a;, belong to a subfield kg
of k it suffices to know the modules 7Y = ~; N ko[G] only to apply the theorem. For this reason
(and also to extend Theorem 1.2.1 below to more general extensions) we develop some theory of
associated Galois modules of this type.

1.2. The contents of the paper

The main specific result of the paper is the following one.

THEOREM 1.2.1. Assume K/k is a totally ramified Galois extension with Galois group p
G = (Z/pZ)?, with ramification jumps that are distinct modulo p?, and oy, 09 are elements of
G corresponding to distinct ramification jumps.

Then there exists a piecewise linear function H : Z? — Z such that for any i € Z we have
= (T o) 1o — 1) 0 <y < p - D

Proor. Immediate from Theorem 3.3.2(2) combined with Proposition 3.1.2(2). O

REMARK 1.2.2. 1. The function H is piecewise linear; it is calculated in §3.3 as well.

2. It suffices to assume that o1 and oo generate G to compute the smallest [ such that
(01 — 1)%(o2 — 1)7 € 4 for each (3,5) : 0 < 4,5 < p — 1; see Theorem 3.3.2(1) and Remark
3.3.3(3).

Now, let us say something about the general results and methods of this paper.

We develop much general theory for specifying “nice” bases of various associated Galois modules
(and orders). Whereas most of this theory is inspired by the examples considered in [2], our
definitions and statements related to these graded-independent and diagonal bases appear to be
completely new.

However, some of the statements and methods that we use for studying these bases have
much in common with [2]. In particular, some of the calculations are based on the isomorphism
¢: K ®; K — K|G] introduced in [1], and we prove some new statements related to it.

In §2 we introduce some notation and recall some theory of associated Galois modules. Most of
the statements in this section are related to ¢ and K ®; K.

In §3 we develop the theory of graded bases; they allow us to construct “compatible” bases for
all v;. We also make some general calculations and prove Theorem 1.2.1.

In §4 we define and study relative Galois modules of the sort 49 (see Remark 1.1.3(2)). They
allow us to extend Theorem 1.2.1; see Theorem 4.1.3(2).

Next we define some more associated Galois modules (and orders; we define v°(i, j) =
= {f € k[G] : f(OM') C M}). Next we study those (graded) bases that are convenient for
constructing bases of modules of this type; we call them diagonal bases. We describe an algorithm
that allows to describe bases of all v°(4, §) in terms of a diagonal base, and also prove that certain
tame lifts of Galois extensions contain graded bases.

Some more information on the contents can be found in the beginnings of sections.

REMARK 1.2.3. It appears that computation of associated orders in the cases where no freeness
results are known to hold (cf. Remark 1.1.1(2)) are rather rare. The only example of this sort known
to the authors is the (main) Theorem 2.4 of [5].
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2. Some notation and basic associated Galois module theory

In this section we recall some basics of the theory of associated Galois modules.

In §2.1 we mostly introduce notation.

In §2.2 we recall the theory of the isomorphism ¢ : K ®j K — K[G]. The results of this section
do not differ much from the corresponding statements of [2]; yet the exposition is new. We will not
really need the results of this section till §3.3.

2.1. Basic notation and definitions

K/k is a totally ramified Galois extension of complete discrete valuation fields, G is its Galois
group, and n is its degree.

We set d = v(D5/%) —n+1 be the ramification depth of K/k; here DK/ is the different of this
extension.

We will write 9, C o (resp. M C O) for the maximal ideal and the rings of integers of & and
K, respectively.

k= 0/M, = O/M is the residue field both of k and K. Denote by r the canonical epimorphism
O — k.

p > 0 is the characteristic of k, v is the discrete valuation on K.

The characteristic of K may be either p or 0.

trg/r is the trace operator corresponding to a finite extension E/L (of complete discrete
valuation fields); we will mostly need tr = trg .

7w will be a fixed uniformizing element of K.

LEMMA 2.1.1. rotr yields a k-linear isomorphism 9~ /9!—4 — k.

PrOOF. Essentially by the definition of the different, tr(9t'=%) = 9, and tr(M~?) = o. Hence we
get a non-zero map which is obviously k-linear. Since the multiplication by 7% gives an isomorphism
M4 /M= — k, rotris an isomorphism indeed. O

Consequently, the element ¢, = tr(7~¢) belongs to o*.

Now let us define some associated Galois modules; we will define more of them in §4 below.

For ¢ € Z we set

¢ ={f € K[G]: min(v(f(z)) —v(2)) > i}; % = & NK[G];
here we take the obvious action of the set K[G] on K.! Obviously, ¢; (resp. ;) give a separated
exhaustive filtration on K[G] (resp. k[G]).

Clearly, for 0 € G we have 0 — 1 € ~; if and only if i > h, where h is the (lower) ramification
jump for o (see Definition I1.4.5 of [6]); cf. the proof of Theorem 3.2.2(1) below.

We will write d(f) =i whenever f € K[G]\ {0} and f € €14\ €;1q41; we will justify this shift
by d (along with the r(c,)~! multiplier below) in §2.2. Obviously, this definition gives a well-defined
function K[G]\ {0} — Z.

Let us also describe functions corresponding to factors of the filtration ;.

Fori € Z and f € €; we set

n—1

pi(f) =rlex)™ Y r(f(w? ) /a)) X7 € Ry = KIX]/(X" = 1). (1)

=0

!Note that the usual group algebra multiplication in K[G] does not correspond to the composition of
endomorphisms of K. Yet this problem does not occur if one multiplies elements of k[G] only; thus k[G] acts on
K as a ring.
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We will write p;(f) ~ g € Ry if there exists ¢ € k \ {0} such that p;(f) = cg.
Moreover, if f € & \ €41 then we set p(f) = pi(f). Thus p gives a well-defined function
K[G]\ {0} — Z.

LEMMA 2.1.2. p; gives a k-linear isomorphism €;/€; 1 — Ry (of k-vector spaces).

ProOOF. Immediate from our definitions. O

2.2. Definitions and statements related to K ®; K

The algebra K ®; K is really important for our paper. Some of its properties extend to more
general field extensions, and we will start from statements of this type.

For this purpose we introduce the following notation.

We will always assume below that K'/k' is a totally ramified extension of complete discrete
valuation fields,2 n' is its degree, Ok (resp. o’) is the ring of integers of K’ (resp. k'), 9’ is the
valuation ideal of K’, k is the residue field of K’ and &', and 7/ € 9 is an uniformizing element.

For i € Z we set X,* ¥ =S, i @M ¢ K @y K.

Below we will omit the upper index K’ ®;s K’ in all the notation in the case K'/k = K/k. We
write just ¢ for the automorphism of K’ ® K’ (or of K ®; K) that swaps the factors of the tensor
square.

By default, all tensor products below are that over the ring 0. Yet when we will write ® when
treating subsets and elements of K’ ®;s K’ then we will assume that this symbol means ®,.

PROPOSITION 2.2.1. Assume i,j € Z.
1 XK/®k/K/ . K,®k/K, CXK,(X)k/K,

{ X] i+j
K'@uK' . : K'@uK' . K'@u K’
Consequently, X, “ 8 is a subring of K’ ®y K’ and X, B i an X, 5 module.

K'@uK' | K'@uK' . : : : K'® K’
2. Moreover, X, D /Xl'+1®k/ is a one-dimensional free module over the ring X, B
K'@y K’
1 :

/X
K'®uK' _ ?;61 7T/l ® m/z’fl_
4. For any € € O we have e ® elel+ XIK B K
1% * . K’®k/K/ K/®k,/K/

Consequently, for z € K™ and €1,e2 € O}, the class of 17 ® e227" in X /X
equals that of e1eo (7’ @7/ ~1)" (@) where o/ is the discrete valuation on K’, and the class of z @z~
is Tif n/ [ V'(2).

5. There exist a unique isomorphism

3. X

i

P X O O R = FIX] /(X - 1)

of k/-algebras with a unit that sends 7/ ®7'~! into X. Moreover, this element of X(f O K /XlK O K
along with the aforementioned isomorphism do no not depend on the choice of 7’.

6. t is a ring automorphism that restricts to XiK O K

Moreover, for any a € Xg( DK e have rK'®w K’ (t(a)) = rK' @K (@) (X~1); note here that
X is invertible in Ry /.
ProOOF. 1. Obvious. / / ) ) ) )

2; The/ previous assertion implies that XiK O K /Xﬁf@’“’K is a module over Xé( SR
/XlK @K indeed. It remains to note that the multiplications by 1 ® 7/ and 1 ® 7/~ give

In several statements we don’t need K'/k’ to be Galois. Note however that we don’t really need non-Galois
extensions in this paper.
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K'®uK' /XK Q@ K’ K/®k,K//X1K'®k,K’ and

mutually inverse X, -module isomorphisms between X

x [ K e K

3. Since {n"*% 0 < a < n' — 1}, give a o’-base of M" for any | € Z, and M C K,
Do<acn—1 o't @y ML = M @y Mt ¢ K’ @ K'. Summing up these equalities for all
I, 0 <1< n' —1, we easily deduce the statement in question.

4. Firstly, K'/k' is totally ramified; hence £ can be presented as &'(1 + §), where ¢ = k' and
€M Henceewe = - (1+H)(1+8)t=01+0)e(1+6) e 1+XK K i deed.
This immediately implies £1(z ® ng*I — 82(71'/ @' ~HY@) ¢ X1K,®’“'K

Lastly, if v'(z) is divisible by n’ then x = 2’e, for some 2’ € k' and e, € O7%.; hence the images
of z@z land 2’ ®@2'~! =1in XK®’“'K /XK®’“'K

5. Assertion 3 easily implies that X is generated by the classes of 7! ® 7/,

[ > 0, as an k’-vector space, and the classes of 1, 7@, ..., 7 te@r " are k’-independent in it.
K ®1€/K

coincide.
K’ ®k/K /XK R K

Hence to construct the isomorphism in question it sufﬁces to verify that 7" @7n'~" € 1+ X,
Now, this statement is given by the previous assertion, that also immediately implies the
independence statments in our assertion.

6. All the statements in question except the last one are obvious.

The equality is easy as Well. We clearly can present a as ) ocjcpr 1 a @ 7't + o for some

a; € o' and o € XK B ; see assertions 3 and 5. Hence it suffices to verify the statement for

a=7"®@ 7'l and in this case it is obvious.

O

Now we return to the extension K/k and relate K ®j K to K[G]. We recall a definition that is
important for our arguments.

THEOREM 2.2.2. Assume i,j € Z.

1. The k-vector space homomorphism K ®j; K — K|[G] that sends z ® y (for z,y € K) into
Ty ,ec:0(y)o, is bijective.?

2. Forany Y z;®y; € K ®; K and z € K we have ¢(>" z; @ y;)(2) = >, i tr(yi2).

3. For any o, 8 € K ®; K we have ¢(a) * ¢(8) = ¢(af), where we set Y as0%)  cobs0 =
- ZO’EG anUU'

4. Cipq = d(X5).

5. For any ¢ € Z the following two functions on X; coincide: riK OrK
and pas; 0 6.

6. o(t(r)) = > ,ecq ola,-1)o, where ¢p(a) = o as0.

PROOF. Assertions 1—4 are given by Lemma 1.1.1, Proposition 1.3.1, and Proposition 2.4.4 of [2],
respectively.

5. Both of these functions are clearly additive and annihilate Xg4;11. Moreover, they are
obviously k-linear if considered as functions from Xgy;/Xqys11. Hence it suffices to compare their
values on 7/ @ 707 for 0 < j < n— 1. Now, rX®K (17 @ 777) = XJ; see Proposition 2.2.1(4). Next,

=z rEOK (z. (1o 1)

n—1
pari(d(r @ 770 = r(cp) ! Zr (79 tr(rt I =h X1
1=0

Applying Lemma 2.1.1 we easily obtain pg,;(¢(7/ ® 78=7)) = X/, and this concludes the Proof.
6. Obviously, it suffices to verify this equality for a« = z ® y, where z,y € K. Now,
6D 2) =YY e 0@)0 = X 000 (1))0 = 3 e 0(ap1)o indeed.

|

3And ¢ is also K-linear if we multiply elements on K by the first component in K ®; K.
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REMARK 2.2.3. 1. In |2, Definition 2.8.1] d;(f) for f € €; 14 was essentially defined as Tf{®’“K (see
Theorem 2.2.2(5)). Thus we have just checked the compatibility of the two definitions.

2. Now we will study the relations between distinct extensions and the corresponding K’ @y K'’s.
We are mainly interested in the case of Galois extensions, and it will be convenient for us to denote
the bigger extension by K/k. Note hower, that Proposition 2.2.4(1,2) below is clearly valid without
assuming that the extension K/k is Galois.

PROPOSITION 2.24. Assume k' ¢ K' C K, k¥ C k C K, k/K is a finite extension, and
o € XiK,®’“'K, for some i € Z.

Denote the ramification index of K/K’ by e and the image of o’ in K ®; K by «.

1. Assume that o = > o un”? ® 7=t + 3 for some f € Xﬁ/f@’“’K, and a;; € o (cf.
Proposition 2.2.1(3)). Then a € X, and ri}e(@’fK(a) = ¢ S r(ay) X", where ¢ = r(n’/7°).

2. Assume p 1 [k : k'], n is a power of p, and K = K'k. Then n =n’ and o’ € Xﬁlfa’“'l(,
only if @ € X(j41)e-

3. Assume that £k = k¥’ and K'/k is a Galois subextension of K/k.
Then ¢(a) = K@K (o/) o trg K-

if and

PRrROOF. 1. Once again, it clearly suffices to verify this statement in the case o/ = 7' ® n® for
0<!<n,a>i-l.Now,ifa > i—[ then we obviously have a € X(;1).; thus we can assume a = i—I.
In this case @ € Xj. and 71 %55 (o) = KO K (7l @ (7171 [n€l)) = pKEOK (7 /ne)i@ 1 - wle @ e .
(n)7e) T @ (7 /7€)t = ¢! X' indeed; see Proposition 2.2.1(4).

2. Since the degrees of K'/k' and k/k' are coprime, these extensions are linearly disjoint. Hence
n = n' indeed.

To verify the equivalence in question is suffices to apply the previous assertion and note that
the corresponding homomorphism Xg(,@’“'K,/XlKl&“’K/ — Xo/X is injective.

3. Clearly, it suffices to verify that for any z € K we have ¢(/)(z) = ¢K/®k’K/(o/)(trK/K/).

Now if o/ =" x; ® y; for x;,y; € K’ then (by Theorem 2.2.2(2)),

o) (2) = Z z; tr(yiz) = Z witrg i (Yi bt e 2) = ¢ O K (o) (tr g e 2)

indeed.
Od

3. Main associated Galois modules calculations

This section is devoted to constructing o-bases of the modules ;.

In §3.1 we introduce some new and rather simple theory for constructing bases of this sort; we
call the corresponding notions graded-independent sets and graded bases.

In §3.2 we study the graded independence and the values of the functions d and p for elements
of the form [[{ ,(c; — 1) for a < p — 1.

In §3.3 we apply all the earlier theory to the study extensions with Galois group (Z/pZ)?. We
are able to construct a ("simple") graded base in the case where the ramification jumps of K/k are
distinct modulo p?; see Theorem 3.3.2.

3.1. On graded-independent sets and bases

Let us give some more simple definitions related to associated Galois modules.

DEFINITION 3.1.1. Assume B C K[G] \ {0}.
1. For i € Z we set B; = {f € B, d(f) =imodn}.



Bazucer accoruuposannbix mozyseit [amya. . . 79

2. We will say that B is graded-independent if for any i € Z the set p(B;) C Rgyy, is linearly
independent over k.

3. We call B a graded base for K/k whenever B is graded-independent and generates k[G] as a
k-module (so, B C k[G]).

PROPOSITION 3.1.2. Assume B C K[G] \ {0} is a graded-independent set.
1. Chose a non-zero function ¢ : B — k and set m = ming(v(cp) + d(b)).
Then d(} e cpb) = m and p(3_, cpb) = > yep, 7(ch)p(D)-
2. For any i € Z we have &; N (Pycpk-b) = Pyep WL(i_d_d(b)_l)/nHlb - 0.
Moreover, if B contains n elements and B C k[G] then B is a graded base for K/k.

PROOF. 1. Both equalities are easy. Obviously, d(3_,cp cpb) = m and d(}_ e\ g, cvb) > m. Thus
it remains to apply Lemma 2.1.2.
2. Follows from assertion 1 immediately. O

REMARK 3.1.3. Consequently, if B is a graded base for K/k then the restriction of the function d
(resp. p) to B completely determines the values of these functions on k[G] \ {0}.

3.2. Simple calculations for “short compositions” of (o; — 1)

Starting from this moment we will always assume that n is a power of p.
First we recall a statement on ramification jumps in this case.

LeMMA 3.2.1. [[8, Proposition IV.11]]
All ramification jumps of K/k are congruent modulo p.

So we set h, 0 < h < p, to be the common residue of the ramification jumps of K/k modulo p.

THEOREM 3.2.2. Let 05, 1 <i < a, belong to G (we do not assume o; to be distinct). We will write
h(o;) for the ramification jumps corresponding to o, > = > ¢ h(os), [[ =11i=,(0s — 1) € k[G].

Then the following statements are valid.

L T] € 5 and p<([T) ~ S0=A (Lo (G — () X7 (see (1)),

2. Assume in addition that a < p. Then (X —1)"7*"! | ps~([]) and (X —1)""% { ps~(]]); hence
M =5-d _ )

Moreover, if h # 0 then ps~([]) ~ (Xh —1)n—a-l,

3. Assume that p* < n, h # 0, and for any i, 1 <i < a—1 we have h(o;.1) —h(o;) = p's;, where
si € Z \ pZ. Set B to be the set of [[(o; — 1)™ for (n;) running through all sets of non-negative
integers such that »_ n; < p.

Then for any s € Z the corresponding set B, consists of at most one element. Consequently, B
is graded-indepent.

PROOF. 1. Assume (o; — 1)(7) = c;mMe)H e, for some ¢; € 0* and g; € 1+ 9. Then for any j € Z

we obviously have (o; — 1)(77) = cgwh(‘”)*'jsij for some ¢;; € 1+ 9; recall here that h(c;) > 0 since
K /k is wildly ramified. Combining this statements for all powers of 7 and all o; we easily obtain
py-(ID =r(ITe) 22510 — Ih)X7. Since r(]] c;) # 0, we obtain the result.

2. Since X" — 1 = (X — )" in k[X], for b > 0 we have (X — 1) | ps(ID) if
and only if (X — 1)’ps~(T[) = 0. Now, the previous assumption implies that the coefficient
of ps>([I) at X7 is a non-zero polynomial in r(j) of degree > < p. Next, in R we have
(X — )X 9()XY) = S (g(i — 1) — g(i))X?. Hence the well-known formula for the sth
difference of a polynomial of degree s gives the divisibility statements in question.

The “moreover” statement is just a simple calculation of coeflicients.
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3. According to Proposition 3.1.2, if all the sets By consist of at most one element then B is
graded-independent indeed.

Thus for two sets of non-negative integers (n;) and (n;) whose sums do not exceed p — 1 it
suffices to verify that Y n;h(o;) = > nih(o;) modn implies (n;) = (n}) .

Now, for any numbers o; we have Y ;| 0;h(0;) = qih(o1) + Z?;ll qj+1p°sj, where ¢ = >%_, 0;
for any I, 1 <1 < a. Now we take o; = n} —n;; then for any j > 0 clearly ¢;is an integer that is zero
if it is divisible by p. Applying obvious induction we obtain that all g; vanish; hence (n;) = (n})
and we obtain a contradiction. O

REMARK 3.2.3. The case h = 0 is rather “rare”. This can only happen if char K = 0 and G is cyclic;
see Proposition I11.2.3 of [6] and Exercises IV.2.3(c,f) of [8].* Moreover (see Proposition 111.2.3 of
[6] once again), if G = Z/pZ and h = 0 then for any other Galois extension K’/k with Galois group
Z/pZ the ramification jump in it is at most p.

3.3. Calculations in the case G = (Z/pZ)*

Now we pass to to more specific statements. We assume that K = K; Ko, where K;/k are degree
p extensions whose ramification jumps are hy > hy > 0. Thus n = p?, G = (Z/pZ)?, and simple
ramification theory calculations give the following statement.

PROPOSITION 3.3.1. Set o1 (resp. o2) to be a non-trivial element of G whose restriction to Ks
(resp. K1) is trivial.

1. Then p{ hy.

2. The ramification jumps corresponding to o1 and o9 equal h; and hy = pha — (p — 1)hq,
respectively. Moreover, these ramification jumps are prime to p and h; # ho modp if and only if
hl §é hjg mod p2.

3.d = (p—1)(pha + h1), and the ramification depths of K;/k and K>/k equal (p — 1)h; and
(p — 1)hg, respectively.

PROOF. 1. hp is prime to p since h; < hs; see Remark 3.2.3.

2. The calculation of jumps in this case is really easy; see Exercise I11.3.2b of [6]. It immediately
yields the equivalence in questions.

3. We apply the (definition of the depth of ramification along with the) well-known formula for
the different given by Proposition 4 in [8, §IV.1]. We immediately obtain the values of ramification
depths of K1/k and K»/k, and it remains to note that d = (p —1)(pha — (p — 1)h1) + (p*> —p)h1. O

Now we pass to the main specific theorem of this paper. We set a = i + j (for integer
i,7, 0 <1i,7 < p—1) and define the following (piecewise linear) function: we set H (i, j) = hiit+hej—d
whenever a < p — 1 and H(i,5) = (pi — (p — 1)?)h1 + phoj otherwise.

We also define the following P(i, j) € Ry, for (integer) 4, j > 0: we set P(i, j) = (XM —1)n—a-lif

a<p—1. Next, for i-+j>p—1 weset P(i, ) = (5728 ([T (s — 1)) XP) (S (T, (1~ Tha)) X7).

THEOREM 3.3.2. Adopt the notation and assumptions of the previous proposition. For 0 < 4,5 <
<p—1weset fijj = (01 —1)(02 — 1) € k]G], a =i+ .

1. Then for 0 < i,j < p—1 we have d(f;;) = H(i,7) and p(fij) ~ P(3, 7).

Consequently, p | d(fi;) if and only if a > p — 1.

2. Moreover, if pt ho — hy then B = {f;; : 0<14,j <p— 1} is a graded base of K/k.

Proor. 1. We start from the study of d(fi;) and p(fi;)-
In the case a < p — 1 the corresponding statements are given by Theorem 3.2.2(2).

“Here we also use the well-known fact that there exists a degree p subextension in K/k whose ramification jump
equals the smallest ramification jump of K/k.
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Now assume a > p—1. This calculation is the main application of the multiplication * (and of the
other statements related to K ®j K) in our paper. We note that fi; = (1 — 1)’ otry (G2 — 1)7 otry,
where @ (resp. @2) is the restriction of o1 (resp. o2) to Kj (resp. Ka), trio are the trace
operators from K into K; and Ko, respectively, and * is the coefficientwise multiplication on
K|[G] introduced in Theorem 2.2.2(3). Next, Theorem 3.2.2(2) allows us to make the corresponding
computations in Kj/k and Ky/k easily. We obtain d¥1/*(@; — 1)) = (i — p 4+ 1)hy (see
Proposition 3.3.1(3)), p /(@1 — 1)" ~ S PZo([Ti—, (s — 1h1)) X*, d¥2/F(Gy — 1) = (j — p + 1)ha,
pfe/k(Gy — 1) ~ Zg;é( {:l(s — lh2))X?®. Hence Theorem 2.2.2(3,4) along with Proposition
2.2.4(1,3) imply that fi; € vg( ) and pg(j)+a(fij) ~ P(i, j). It remains to note that P(i,j) # 0
(in R) since it is not divisible by (X — 1)"; see Theorem 3.2.2(2).

Lastly, if a < p — 1 then H(i,j) = hii + hoj —d =hia—d=h(p—1-— d) # 0mod p; see
Proposition 3.3.1. It remains to note that p obviously divides H(i,5) if a > p — 1.

2. Firstly, f;; obviously give a k-base of k[G]. So, it remains to verify that for any s € Z the set
p(Bs) C Ry, is linearly independent over k, where Bs = {f € B: d(f) = smodn}.

We consider two cases.

First assume p { s. By assertion 1 the corresponding By is contained inside the set
B ={fij: 0<14,j, i+ j <p— 1}; hence the set By consists of at most one element according to
Theorem 3.2.2(3).

Now we pass to the case p | s. The argument is similar to the Proof of Theorem 3.2.2(3).
According to assertion 1, Bs={fi; : 0 <4,7 < p—1, i+j = p—1, (pi—(p—1)*)h1+phej = smodn}.
Hence if (i1, j1) and (i9, j2) are distinct elements of B then s—p(ho—h1)j1 Z s—p(ha—h1)j2 mod n.
Consequently, phi(iy + j1) # phi(iz + j2) mod s. Since p 1 hy, it follows that for distinct elements
of By the corresponding values of i 4 j are distinct; hence P(i, j) are divisible by distinct powers of
XP — 1 (see assertion 1). This immediately implies the k-independence in question.

O

REMARK 3.3.3. 1. It is easily seen that the argument used for the computing of d(f;;) and p(fi;)
for i +j > p — 1 can be vastly generalized. Indeed, assume that totally ramified field extensions
Ks/k, 1 < s < m (for m > 1), are linearly disjoint, that is, K = K; ®f K Q -+ Qk Kp, is a
field (and their composite). Then the same argument as above implies for any as € XC[§S®’€KS
we have [[as € X. and rX®K([Tas) = g, where ¢ = n.cs/ns, ns = [Ks : k], and
g = [[rE:®eKs(a)(X™/™). Moreover, one can easily express ¢([] as) in terms of ¢//%(ay).

2. The main question here is whether this g is not zero. Moreover, one would certainly like a
large collection of elements of this sort to be graded-independent and their images with respect to
¢ to belong to k[G]. We note that n/n, | d5/*(é(as)) and p%/*(p(as)) is a polynomial in X™/™s.
Thus, if ng are powers of p then one doesn’t have much chance to obtain a big graded-independent
set if m > 2.

Now let us describe a setting generalizing that considered in Theorem 3.3.2(2). We assume
m=2,ny > ng, ag € XEOKs for ¢; # comod p and both [[rE«®xKs(ay) are divisible by (X —1)
but not divisible by (X — 1)2. Then a straightforward generalization of the arguments used in
the Proof of Theorem 3.3.2(2) yields that the set ¢(a? - ag) is graded-independent if (¢,7) runs
through non-negative integers such that nai + n1j < n. This set consists of (n + n1)/2 elements.
Unfortunately, the authors have no idea how to complete these elements to a graded-independent
base (unless n; = p).

Recall that a vast class of extensions Kg/k that contain «; satisfying the properties in question
was introduced in |2, §3|; these extensions were called semistable extensions. Moreover, Theorem 3.5
and Proposition 3.4.1 of ibid. can be used to construct semistable extensions explicitly (for p 1 cs)

Alternatively, if chark = 0, k contains all roots of 1 of degree p" (r > 0), and K; = K(m),
where 1 = #/7y, (cf. Remark 3.2.3) then for a! = m; @7, — 1 one can easily check that ¢*1/#(al)
belongs to k[G] as well, a® € Xéﬁ@’cKl, and 7“5(1@’“1(1(0[1) =X-1
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3. Note that the elements ¢(al - o) can be expressed as products of ¢(ay) and ¢(az) with
respect to the multiplication *; see Theorem 2.2.2(3). It appears that one can replace the elements
fij in Theorem 3.3.2 by elements that can be computed similarly (for certain ¢(o) and ¢(az) of a
rather simple form). Yet we do not use bases of this form in this paper since they are not compatible
with (the general) Theorem 3.2.2.

4. Some more associated modules and orders

Throughout this section we will assume that kg C k, k/ko is a totally ramified extension of
complete discrete valuation fields (yet cf. 4.1.4 below).

In §4.1 we develop the theory of the modules 7Y = ~;Nko[G]. This enables us to prove an analogue
of Theorem 3.3.2(2) in the case where the two ramification jumps are distinct but congruent modulo
.

In §4.2 we consider various associated orders and some more associated Galois modules (we
define v0(i,7) = {f € ko[G] : f(OMM) C M’}). We define and study those graded bases that are
convenient for constructing bases of modules of this type; we call them diagonal bases. Moreover,
we prove that a graded base becomes a diagonal base if we lift the original extension by a tamely
ramified extension of degree that is at least n — 1.

4.1. On relative associated Galois modules

We set eg = [K : ko], 0p = 0Nk is the ring of integers of ko, my € 0g is an uniformizing element.
Now we define associated Galois modules inside ko[G].

DEFINITION 4.1.1. Assume ¢ € Z, B C K[G] \ {0}.

1. We set 7 = €; N ko[G].

2. For i € Z we set BY = B{(K/ko) = {f € B: d(f) =imodeg}.

3. We will say that B is ko-graded independent if for any s € Z the set p(BY) C Ry i, is linearly
independent over k.

4. We call B a graded base for (K/k, ko) whenever B is kp-independent and generates ko[G] as
a ko-module (so, B C ko[G]).

PrOPOSITION 4.1.2. 1. Assume B C K[G] \ {0} is a ko-graded independent set.
1. Chose a non-zero function ¢ : B — ko and set m = miny(v(cp) + d(b)).

Then d(} e cvb) = m and p(3_, cpb) = > 4ep, 7(ch)p(D)-

2. For any i € Z we have &; N (Pycp ko -b) = Piep w([)(i_d_d(b)_l)/"]ﬂb. 00.

II. Assume that L is a ko-vector subspace of K|[G].

Then there exists a kg-graded independent set B C L such that L = @be B, ko - b.

Proor. 1. The Proof is easy; it suffices to generalize the Proof of Proposition 3.1.2 in the obvious
way.

II. We take B to be the union BY, 0 < s < eg. Here we set each BY to be a lift to L of any
k-base of (LN &,)/(LNCsiq).

Obviously, B is kp-independent. The number of elements in it clearly equals the length of the
k-module L N €y/L N &, = (LNE&)/mo(LN¢&). Hence it also equals the ko-dimension of L, and
we obtain the result in question. O

Now we are able to generalize Theorem 3.2.2(3) and extend Theorem 3.3.2(2).

Once again we assume that n is a power p. We will use the notation v, of the p-adic valuation
of integers; w = vp(eq).
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THEOREM 4.1.3. 1. In each of the following two cases and for any s € Z the corresponding set
BY C Z|G] consists of at most one element.

1. 05, 1 < i < a, belong to G, and for the corresponding ramification jumps we have
vp(h(o2) — h(o1)) < vp(h(o3) — h(og)) < -+ < vp(h(oy) — h(oa—1)) < w. We take B to be the
set of [[(o; — 1)™, where (n;) run through all sets of non-negative integers such that > n; < p.

2. The assumptions of Theorem 3.3.2(1) are fulfilled and 0 < vp(ha — h1) < w — 1. We take
B={(o; — 1) (oa—1)7: 0<i,j<p-—1}.

I1. Consequently, in case I(2) the set B is a kg-graded base of (K /k, ko).

Proor. I. The Proofs of both assertions are easy and similar to that of Theorem 3.2.2(3). The
corresponding values of [[(o; — 1)™ were calculated in Theorem 3.2.2(2) and 3.3.2(1). Now we
proceed to our cases using simple modifications of the corresponding arguments above.

1. According to Theorem 3.2.2(2) (and similarly to part 3 of that theorem), it suffices to
verify for two sets of non-negative integers (n;) and (n}) whose sums do not exceed p — 1 that
it Y nih(o;) =3 nih(o;) modeg then (n;) = (n}).

Once again, for any numbers o; we have > .0 o;h(0;) = qih(o1) + Z;’;ll gj+1p’sj, where
q = >0 forany I, 1 <1 < a. We take o; = n} — n;; then for any j > 0 clearly ¢; is an
integer that is zero if it is divisible by p. Applying obvious induction we obtain that all g; vanish;
hence (n;) = (n}) and we obtain a contradiction.

2. Once again, if p 1 s then the corresponding values of i + j are less than p — 1; see Theorem
3.3.2(1). Hence the statement in question is given by the previous assertion.

Now assume p | s. According Theorem 3.3.2(1), we should count the pairs (0 <i<p, 0<j <
< p) such that i + 5 > p—1 and (pi — (p — 1)?)hy + phej = smodeg. Now, if we have two pairs
(i,4) and (i, ") satisfying this congruence then p*~! | hy(i — ') + ha(j — j'). Since h; = ha mod p,
we obtain i — i’ = j — j. Lastly, if p*~! | (i —i')(hy — ho) then p | i —4’; hence i =4’ and j = j'.

II. Immediate from (case 2 of) assertion I combined with Proposition 4.1.2(I). O

REMARK 4.1.4. It can make sense to modify Definition 4.1.1 to obtain more general results. Yet
the authors did not check the details here.

1. Firstly, one can try to avoid the assumption that k/kg is totally ramified. Then one should
take the corresponding base field extension into account; this does not seem to be hard.

2. Secondly, one can probably extend the results of this section to the case where kg does not
lie in k£ (but lies in K). The main difficulty here is our definition of the function p; note that
p(mf) = X®p(f) for any s € Z and f € K[G]\ {0}. It appears that this problem can be avoided if
one considers the function o' : f — p(¢(t(¢~1(f)))) instead of p° and applies Proposition 2.2.1(6)
(and possibly Theorem 2.2.2(6)).

4.2. Some more associated modules (and orders) and their relation to tame lifts

Unfortunately, the associated order v(Og) = {f € k[G] : f(Ok) C O} does not have to be
equal to any of the ~;. For this reason, we introduce some more types of associated modules. We
modify slightly the notation of [2]. We also extend it to relative modules; however, the reader may
ignore this (and assume ko = k till the end of this paper).

Below a,b,a’, b, 4,7 will always denote arbitrary integers.

We set €(i,J) = {f € K[G]: f(ON) C M} (i, ) = €(7, ) N k[G] and (i, J) = € ) N
N ko [G]

PROPOSITION 4.2.1. 1. &(i,j) = ¢(IM @ Mi—d—nt1),
2.¢; C&i,j) CCjit1-n.

SRecall that ¢ is the automorphism of K ®; K that swaps the factors of this tensor square
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PROOF. 1. Recall that the following well-known statement: the different of K/k equals O4+n—1,
Combining it with Theorem 1.2.1 of [2] we obtain the result.
2. Obvious. O

REMARK 4.2.2. 1. Consequently, 7°(,7)/7°(j — i) is an k-vector space; it obviously equals the
kernel of the k-linear map 7?7i+17n/7§)7i — €_it1-n/€(7, 7). Now, a graded base B for (K/k, ko)
yields an explicit base of 7?—1‘—}-1—77,/7?—1‘ (see Proposition 4.1.2(1.2)) and to compute the values on
this map on this base. The authors do not think that there exists any nice way for doing this in
general. However, if B is “nice enough” then the function p is sufficient for this computation.

Below we will essentially demonstrate this in Propositions 4.2.4 and Propositions 4.2.6(1,3). Yet
we will work in K ®; K instead of K[G]; thus one has to apply the map ¢! (along with Theorem
2.2.2(4) and Proposition 4.2.1(1)) to make the corresponding “translation”.

2. One may call 4°(i,i) C ~(i,4) the associated orders of the ideal 9. The “most traditional”
of them is the ring (0, 0).

Now we study the filtration on K ®;, K corresponding to 9 @ M? for a,b € Z. The first simple
observation here is the following one.

LEMMA 4.2.3. Define the following two relations of Z2: (a,b) <%° (a’,¥) if and only if a < a’ and
b <V and (a,b) ~%* (a/,¥) if and only if a — a’ = ¥ — b = nc for some c € Z.

Then the following statements are valid.

1. <Z2 is a partial order relation, and ~2 is an equivalence relation.

2. Set X = 72/ ~%*; we will write [(a,b)] for the ~%*-equivalence class of (a,b). Then <%
induces a well-defined partial order relation <X on X; here we set [(a,b)] <¥ [(a’,)] if and only
if (a,b) <% (a”,¥") for some (a”,b") ~%* (d', V).

3.9 @ MP > MY @ M if and only if [(a,b)] <¥ [(a/,V)].

PROOF. Assertions 1 and 2 are obvious. Assertion 3 is very easy as well; cf. the Proof of Proposition
2.2.1(4). O

We will write pX for the projection Z? — X.

Now we associate certain subsets of X to elements and “ideals” of K ® K.

PROPOSITION 4.2.4. 1. Then a can be presented as - ; jyeqr(a) €ij - 7 @7, where g;; € (D ® O)*
and G’(a) is a subset of Z? such that the images of any two its distinct elements in X are (distinct
and) incomparable.

2. The set G(a) = p*(G'(a)) is canonically determined by a.

3. a € M @ MY if and only if (a,b) < (d/,b') for each (a’, V') € G(a).

PrOOF. All these statements are rather simple and easily follow from the results of [2, S2.4]; see
also Proposition 2.5.2 of ibid. O
Now we define sets that are “graded independent in a strong sense”.

DEFINITION 4.2.5. 1. We say that « is diagonal if the number a + b is constant on the set
G(a) = {([a,0])}-

Moreover, if this is the case then we will also say that ¢(«) is diagonal.

2. We say that a set B C k[G] \ {0} is ko-diagonal whenever it is ko-graded independent (see
Definition 4.1.1) and for any s € Z any non-zero ko-linear combination of elements of B? is diagonal.

3. For a totally ramified extension K'/k’ and a € K’ @ K’ we will write d¥<'®» & () = i
whenever o € X; \ Xj41.

PROPOSITION 4.2.6. Assume « is diagonal and dX®+% () =i € Z.
1. Assume TK®’“K(a):Z?:_01 a; X' (see Theorem 2.2.2(5)). Then G(a)={ ([(1,5 — 1)])| a; #0}.

7



Bazucer accoruuposannbix mozyseit [amya. . . 85

2. Assume f € X;1,_1. Then G(a) = G(a + B).

3. If B is kg-diagonal and ¢ : B — kg is a non-zero function.

Set G’ to be the union of G(Xpepo ¢(b)b) for s running through all those integers such that not
all ¢(b) are zero for b € BY.

Then G(3",c c(b)b) equals the set of <*-minima of G'.

ProoF. 1. Immediate from our definitions.

2. The statement easily follows from the following simple observation: if a +b > n — 1 then
Mered®O.

3. Choose a representative in Z2 for each v € G'; denote the set of these representatives by G'.
Then we can present ), pc(b)b = Z(i,j)eé’ gij - m @7, where g;; € (O ® 9)*; Lemma 4.2.3(3).
Moreover, if G C G’ is the subset corresponding to all <X-minima then this lemma allows to
convert this expresion into »-; o & €f; - m' @7, where £]; = emod M ® O + O @ M. According to

Proposition 4.2.6(2), this yields G(> ;.5 c¢(b)b) = px(G), and this concludes the Proof. O
Now relate these notions to tame lifts.

THEOREM 4.2.7. Assume that K'/kj is a totally ramified extension of complete discrete valuation
fields whose degree is a power of p, k[, C k' C K, K'/k" is a Galois extension of degree n with
Galois group G, ko/k(, is a tamely ramified extension of degree e, and B C K'[G] is a k{-graded
independent set. We take k = kok', K = koK'.

1. Then K'/kj is linearly disjoint with ko/k.

2. B is also a kop-independent set in K[G]. Consequently, it is a ko-graded base for (K/k, ko) if
it is a k{-graded base of (K'/K', k().

3. Assume in addition that e > n — 1. Then B is also ko-diagonal in K|[G].

Proor. 1. Obvious.

2. Immediately follows from Proposition 2.2.4(1,2).

3. Clearly, it suffices to consider the case B = BY(K'/kl) for some s € Z. Moreover, we can
clearly assume that d% ® ' (b) = s for all b € B. Fix a non-zero linear combination o = > ben Cob,
where ¢ € k.

Set m to be the minimum of v(cp). Then Proposition 4.2.6(2) allows us to replace ¢, by

m/

n
op for some

. _ K/ .K/
op € 09. Now, if b € B and b = 0" + > 0y eyt @ 57t for some b € XS+?"/ then

dE@E(H) > se + e > se +n — 1; see Proposition 2.2.4(2). Thus it remains to verify that the
element o = ng/n > beB. o<i<n—1 cpm @7’ is diagonal (in K ®j, K). Now, applying Proposition
2.2.4(2) one again we obtain that G(«) (is non-empty and) consists of all those [(me+le, —le)] such
that v(3_,cp cw) > 0, and this concludes the Proof. O

any ¢ such that ¢, — ¢, € DM N ky. Consequently, we can take ¢, = m

REMARK 4.2.8. 1. Combining Theorem 4.2.7 with Theorems 3.2.2(3), 3.3.2(3) and 4.1.3 we obtain
certain kg-diagonal set of elements in extensions that can be obtained as tame lifts of large enough
degrees. In particular, this gives an explicit algorithm for computing all associated orders whenever
G = (Z/pZ)?, the ramification jumps in K'/k’ are distinct, and the degree of ko/kj, is at least p* —1;
see Remark 4.2.2.

2. However, the authors suspect that the elements (o7 — 1)¥(oy — 1)/, 0 < 4, < p — 1 give a
diagonal base “much more often”. Yet we doubt that these elements are “optimal“ in all cases; they
possibly fail to be diagonally independent if the ramification jumps are “too large” (and char k = 0).
Moreover, there probably exist totally ramified Galois extensions such that no diagonal bases exist
for them (in contrast to Proposition 4.1.2(I1)).

3. Checking that any non-zero ko-linear combination of elements of B? is diagonal is rather
simple if BY consists of at most one element. However, it appears that k-diagonal bases satisfying
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this assumptions for all s are rather rare. The only family of examples of this sort known to the
authors is the one of stable extensions introduced in |2, 4.1]. This is a rather big subclass of that of
semistable extensions (cf. Remark 3.3.3(2)), and one can easily construct examples of extensions of
this sort.

Respectively, our Theorem 4.2.7 essentially generalizes the implication (1) = (5) in Theorem

4.4 of ibid.
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