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AnHoranus

B sToit pabore MbI IPUBOIMM aHAJOTH HAITUX MHOTOYHUCJICHHBIX PE3yJIbTa-
TOB O CJIeJIaX U JUCTAHIUSX B aHAJUTHICCKUX (DYHKIIMOHAJILHBIX ITPOCTPAH-
crBax B C", IOJIyYE€HHBIX paHee, B TEDMUHAX UHTErpaJioB u sijiep Maprunesm
— BoxHepa. 9T0 1mepBble pe3yJIbTATHI TAKOI'O THUIIA B TEPMUHAX ITHX UHTErDa-
J10B U sijiep. Takske HAMU OYIyT 006CYKIATHCS HEKOTOPBIE HOBBIE YTBEPKICHUST
st maTerpasoB tTuna Maprunemin — Boxuepa, cBs3aHHbIE C KJIaCCAMU THUIA
lenbiepa u Toukamu Jlebera.

B nocsteinue rosibl B 60J1b1I0M 1THKJIE pabOT IIEPBOIO aBTOPA OBLI IMOJTy YeH
PsIJT HOBBIX TOYHBIX PE3yJILTATOB, CBSI3AHHBIX CO CJIEIAMU U PACCTOSHUSIMU B
pasmIHbIX (QYHKIMOHAJIBHBIX ITPOCTpaHCTBaX. Bo Bcex aTmx paborax Baxk-
HYIO POJIb UTI'PAIOT CBOMCTBA sIJep TUlla beprMana u mHTErpaJjbHbIe [IPEICTaB-
sienus tuna Beprmana. B 9T0it cTaThe MbI OJIyIUM HEKOTOPBIE aHAJIOTH STHUX
pPEe3yJIbTATOB B TepMHUHAX OoJiee OOIUX WHTErPAJIbHBIX MPEJCTaBJIeHUN U 0O-
Jiee OOIIUX s/Iep B AHAJIMTUYIECKUX (DYHKITHOHAILHBIX ITPOCTPAHCTBAX OOIbIIIEH
pPa3sMepHOCTH. DTO TaK Ha3bIBAEMOE MHTErPaJIbHOE IpejicTaBjienne Maprune)-
sin — Boxuepa u siyipa Maprunesmm — Boxuepa B C™.

Hama pabora cocrour m3 Tpex dacteit. B mepBoit wacTu MbI 0000IIaeM
[IOJIy9E€HHBIE paHee Pe3y/bTaThbl O cjenaM. Bo BTOpOil YacTu MbI IOJTy4Ya-
eM oleHKN (DYHKINU PAcCTOgHUS B TepMmMunax siiuep Mapruneim — Boxuaepa
u naTerpangos Maprunesn — Boxuepa. B Tperbeit yacTu mpesicTaBiieHbl pe-
3yJLTATHI [ uHTerpajgoB Maprunesin — Boxuepa, cBI3aHHBIE ¢ KJIaCCaMU
lenbiiepa u Toukamu Jlebera. Tu BOIPOCHI €CTECTBEHHO BOZHUKAIOT U3 HEJIAB-
Heli cepun paboT IMEPBOro aBTOPa O MHOTO(YHKIMOHAJIBHBIX AHAJIATUIECKUAX
IIPOCTPAHCTBAX U CBSI3aHHBIMHU C HUMU BOIIPOCAMH.

Hammu jokazaresnbreBa MOAUMDUIUPYIOT METOIBI M PACCYKJICHUS H3BECT-
HBIX paHee Pe3y/bTaTOB U TEOPEM JIJisi CIydasi HHTEerpasoB u dajaep tuna Map-
TuHeJUN — boxHepa.

Kmoueswie carosa: Naterpabl n sgapa Maprunennu — BoxHepa, aHAIUTH-
qeckas (PYHKIWUs, CJIebI, TUCTAHIIUN, ICEBIOBBIIYKJIbIe 00JIACTH.

Bubauoepagun: 20 HanMeHOBAHMIA.
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TRACES AND DISTANCES IN ANALYTIC
FUNCTION SPACES IN ¢" AND MARTINELLY
— BOCHNER INTEGRALS

R. Shamoyan, S. Kurilenko (Bryansk)

Abstract

In this note we provide some analogues of our numerous recent results on
traces and distances in terms of Martinelly — Bochner integrals and kernels.
These are first results of this type in terms of such kernels. Some assertions
for Martinelly — Bochner integrals related with Holder classes and Lebegues
points will be also discussed.

In recent years various new sharp results on traces and distances were
provided in a big series of papers of the first author. In all these papers
properties of Bergman-type kernels and Bergman-type integral representations
are playing a critical role. The intension of this paper to find some analogues of
these results in terms of or with the help of more general integral representa-
tions and more general kernels in analytic function spaces in higher dimension
so-called Martinelly — Bochner integral representations and Martinelly —
Bochner kernels in C™.

Our work consists of three parts. In the first part we partially generalize
our results on traces. In the second part we provide estimates of distance
function in terms of Martinelly — Bochner kernels and Martinelly — Bochner
integrals. In the third part we present results on Martinelly — Bochner integrals
related with Holder classes and Lebegues points. This type of issues arise
naturally in view of recent series of papers and new results of the first author
on multifunctional analytic spaces and related issues.

In our proofs we modify the methods of earlier results and theorems for
the case of Martinelli-Bochner integrals and kernels.

Keywords: Martinelly — Bochner integrals and kernels, analytic function,
traces, distances, pseudoconvex domains.

Bibliography: 20 titles.

Introduction

In recent years various new sharp results on traces and distances were provided in
a big series of papers of the first author (see [4], [9], [10], [11], [12], [13]). In all these
papers properties of Bergman type kernels and Bergman-type integral representations are

!This work was supported by the Russian Foundation for Basic Research (grant 13- 353
01-97508) and by the Ministry of Education and Science of the Russian Federation (grant
1.1704.2014K).
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playing a critical role. The intension of this paper to find some analogues of these results in
terms of or with the help of more general integral representations and more general kernels
in analytic function spaces in higher dimension so-called Martinelly — Bochner integral
representations and Martinelly — Bochner kernels in C" (see [5]). Some new results on
Martinelly — Bochner integrals related with the Lebegues points and Holder functional
classes will be also presented.

1. Traces in pseudoconvex domains and Martinelly —
Bochner integrals.

In this section we partially generalize our results on traces. The goal of this section
is to provide a class of analytic functions on products of bounded strictly pseudoconvex
domains D X - -- x D so that their traces allows Matrinelly-Bochner integral representation.
To be more precise we first need standard definitions (see 5] and references there).

We define the unit ball in C™ by B Let U be an open set in C", we say f € Ck(U) if
[ is complex valued function and f®) e CO(U ) = C(U). We denote by H(U) the set of all
analytic in U functions. U™ = U x --- x U, m > 1 is a product domain and H(U™) is a
space of all analytic function on (U m) (see [4], [9], [10], [11], [3]) or D™. Using definitions
of analytic function spaces in a domain, we define analytic function spaces in product
domains in a natural way (see [10]).

We denote by D in C" a region with D boundary of C* class in some neighborhood
of closure of D and dp # 0 on 0D. The p function we call as usual the defining function of
D (see [10]). We consider an outer differential form (Bochner-Martinelly kernel) U((, z) of
(n,n — 1) type of the following form (see [5])

(n— DI & g1 Ch — =
U(C,2) = 2 1)1 Sk 72k g A de
(€)= T LV
where d¢[K] = d{y A+ ANdCp—1 ANdCri1 A+ ANdCm, dC = dly A -+ - AdCy,. For n = 1 we have
Causchy kernel U((,z) = 5 (Cd—CZ) Obviously coefficients of U are harmonic in C™\{z}
and d¢:U(C,2)=0

Moreover (see [5]) if g(, z) is a fundamental solution of Laplace equation then we have

(62 = S0 P ag(i) e = (1o A S dElK] i
k=1 b k=1

where 0 = >"}_, 8@.%.
We denote various constants in estimates in this paper by C or by C with indexes,
these constants are independent of functions in estimates.

THEOREM 1 (A. (see [5]).). Let D be a bounded region in C" with partially-smooth
boundary and let f be holomorphic in D of C(D) class then

f(z), z€ D

0, zz¢D. W)

FOU(C, 2) :{

oD

This is a Martinelly — Bochner integral representation.
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This theorem was obtained by Bochner then by Bochner then by Martinelly indepen-
dently and by different methods. This formula is now classical and can be seen in various
textbooks on complex analysis. Note for n = 1 we have classical Causchy formula, but
for n > 1 we can easily see that the U((, z) is not analytic by z or (. We will need the
mentioned formula for Hardy spaces. We need some definitions. Below we omit the index
of space if it is zero. Let D be a bounded region, 9D € C'*® o > 0. We say that analytic
function f belongs to Hardy space HP(D), p > 0 if

sup /8 UfC=er(O)Pdo(c) < x.

e>0
where do is a Lebegues measure on dD. And v(¢) vector field of outer normals to 0D
(see [5]). For bounded pseudoconvex D domains we have another definition, for a defining
function p, D = {z € C" : p(z) < 0}; let D. ={z € D : p(z) < —e} for ¢ > 0. Then

e>0

H?(D) = {f € H(D) : sup /8 1H(OPdr. < ock

0<p<oo.
We define the same space in product domains in a natural way as we define Hardy
spaces in polydisk using definitions in the unit disk see [3], [4].

PRrROPOSITION 1 (B. (see [5]).). Let D be bounded strongly pseudoconvexr domain with
smooth boundary. For allp > 1 and all f, f € HP(D) Martinelly — Bochner representation
15 valid.

Proof of proposition B.

Note first (see [5]) our proposition is valid for all bounded domains with 9D € O,
a > 0. For each f, f € HP, p > 1, f has boundary values almost everywhere on 0D so
that these values are in LP(0D). This is a classical fact together with representation via
boundary values

f(z)= [ F(QP(C, 2)do,
oD

where P is Poisson kernel of D domain.

Note the G Green function admits representation G((,z) = ¢({,z) + h((, z), where g
is a solution of Laplace equation and where h for all fixed z € D is a harmonic function in
D of C1T(D) class hence

oh

P(C7 Z)dU = U(C, z)/aD + Z(_l)k—l
k=1
but note

n

/8 HO(0) = | 10 SR O ey g =

oD Pt Ik

_ L O _
= [ 1@ (;} 1 dgde[K]/\dC> 0.



258 R. SHAMOYAN, S. KURILENKO

This follows directly from the fact that

1 Oh
;;( D e K] A

is a closed form (see [5]). And this gives directly what we need for each f, f € HP(D),
p > 1 Martially-Bochner represention is valid. O

The intention of this section to show such type results for other spaces in unit ball or
general bounded strictly pseudoconvex domains D, based on our previous results and on
embeddings from [1].

The natural question is the following:

Let X be a space of analytic functions, X C H(D™). Let also

Tr X ={f(z,...,2), f € X}.

Can we say there is a function gg, go € Tr X so that it admits Martinelly — Bochner
integral representation (1). Below we provide a general scheme of a solution for case of
unit ball and bounded domains.

We define for a D — differential operator in pseudoconvex domain D (see [1]), 0 <
p,q < oo Hardy-Sobolev and Bergman—Besov spaces of analytic functions

1

H? (D) = {f € H(D) : sup (/aD y[)af(g)\pda(y o < oo} L B>0,a>0.

e>0

70 ~ % q_ 6>0
p,q — . e P 617 1 )
A(D)={ fe H(D): E:/O (/{)D 1D£(C)| da<> Pl <o, T

o <k

We define same spaces in product domains in a natural way as we did in polydisk using
definitions of spaces in the unit disk see [2], [3], [4].
We give a typical result in this direction on traces. Note for case of unit ball we have

(see [2], [3], [4])-

THEOREM 2 (C.).

1. Letp<1, B>a >0, then AfLyrI:LJr(ﬁfa)pmfn(B) C Trace Hflﬁ(Bm)}.
Yy , ,
2. Letp < 1; oj > 0, t > === then Afnlermn—n—ZT:laj(B) C Trace (Afyg(Bm));

ﬁj:aj—i—l,j:l,...,m.

Obviously we have also (see [1], [3], [4]) the following embeddings (0 < p < oo, p > ¢
and s1, so > 0).
A B) C HY (B) C H?(B) C HY(B)

(82781)782(

then we have (APP = AP, HY = HP)

A? 5(B) C A7 4(B) = AL(B), B> 0.
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Now according to proposition B for any analytic f function, f € HP(B), 1 < p < oo the
Martinelly — Bochner integral representation is valid. This in combination with embeddings
above gives

THEOREM 3.
1. Letp<1, a> 3 then TraceHiB(Bm) contains a [ function for which

f(z)= [ QU z2); z€ D (M)

oD

2. Letp<1l,a;>0,0j =a;+1,t> zo‘j, j=1,...,m then Trace Afg(Bm) contain

m
a f function for which (M) integral representation is valid.

REMARK 1. Note previously this assertion was known for Bergman representation and
Bergman kernels.

The case of general D domains (pseudoconvex) can be considered similarly. It is based
on our recent results from [11| and [12] and similar embeddings for pseudoconvex domains
from [1]. Analytic Herz type spaces can be considered similarly (see [13]).

We need some definitions to formulate a theorem we need. Let K (w) be entire function
of one variable w = u +iv, K : R — R, K(u) # 0 for all u € C. Let

o2 K(ia+ Im z,)

cn K (Im 2,)®(C, 2) = Hsn—2 ma(ia +1Im (¢, — ZTL))’

n—1
§= Z ‘Ck - Zk‘Qv o =s+ Re(Cn - Zn)v Cn = (_1)n71(27”.)n'
k=1

THEOREM 4 (D1. (see [5]).). Let n > 1 then ®((,z) = g((,2) + h((,2) where g is
fundamental solution of Laplace equation, h((,z) is harmonic by ¢ in C™ for all fized z.

We need an extension of Martinelly — Bochner integral to unbounded domains D in
C™ then for tubular domains the same problem can be posed and solved based on our
recent results on traced in Bergman type spaces in tubular domains over symmetric cones
with smooth boundary.

If f € H(D)NC(D) and if h € C’(D) and h is harmonic by ¢ for all z € D. Then ji;,

form is closed in D

- - _1\n k—l@ -
A=) (1) S dCIK] AdC

and

F(QmR(C) =0, f € H(D)NC(D).

Note in bounded domain then we have (see [5])

f(z) = an(C)[U(Caz)+ﬁE(C)]7 z€D (G1)

with coefficients (K x K) matrices x,t € R™.
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REMARK 2. Note if K =1 then & = g.

THEOREM 5 (D2. (see [5]).). If D is unbounded domain in C™, n > 1 with smooth
boundary, f € H(D) N C(D) where B(0, R) is a ball of radius R then if

Jim. ( L 7O z)) ~0 (K0)
for all fired z € D then

f(z)= [ f(ONC2) (K)
oD
where
N —~, h [00 _
6.9 = 30 (g, ) acl e
Proof.

Just use Gy for domain D N B(0, R) then pass R — co.

To formulate our theorem 6 we will need basic facts of theory of analytic function
spaces in tubular domains over symmetric cones (see [20]).

A subset Q of R or V, so that dim V = n to be a cone if Ax € Q, for all z € Q,
A >0, if e+ py € Q for all x,y € Q, A\,u > 0 then it is convex. Let in addition
O ={y e R": (y/z) > 0,Yx € Q\{0}} and Q* = Q. This type open cone is selfdual (Q*
is dual cone).

Let G(Q) = {g € GI(R™) : g2 = Q}, where GI(R"™) denotes the group of all linear
invertible transformation of R™. If for all z,y € Q, y = gz, for some g € G(£2) then our
open convex cone 2 is homogeneous, if also 2* = ) then it is symmetric cone.

If the equation €2 = €21 + 9 is not possible for each V73 C R™, V5 C R™, then our cone
is irreducible, here V; # @, i = 1,2 (21, {2 are symmetric cones), where also Q; C V;,
i=1,2.

We need also determinant A*(Im z), z € C", ¢ € (0,00). We fix V — a simple Euclidean
Jordan algebra with rank r.

If € V, m(z) = min{k > 0 : (I,z,2%,...,2") are linearly dependent}, then 1 <
m(z) < dimV and r = max{m(x) : € V'}, we say rank of V is r.

According to spectral theorem if V' has rank 7, then = >\ | A\i¢;; \i € R; ¢; — are
elements of so called Jourdan frame, and {\;} are determined uniquely by x (with their
multiplicities). We fix now a Peirce decomposition of V' = ®1<;<j<,Vij; (we formally look
at V as a space of symmetric matrices (Vj;), Vi; = Rc;, where R is a special mapping,
Vij = V(e 1/2) NV (e, 1/2) = {z € V : ez = cjo = £}, i < j, dim Vij = d = 27721,
We denote by P;; the orthogonal projection of V onto V;; for 7 < j. Finally we denote by
Aj(x), 7 =1,...,r, the principal minors of € V' with respect to the fixed Jordan frame
{c1,...,¢}. That is Ag(x) is the determinant of the projection Pyx of z in the Jordan
subalgebra V(k) = @1§i§j§7“/ij'

It is well-known that Q@ = {x € V : Ag(z) >0: k=1,...,r}. We have also Ag(mz) =
Ag(x), z €V, me Z;, m > 0. See other properties of Ay in [20].

We define Ag(z) = [] Ajj_5j+1(x) = A2 (z) ... A (z), » € Q, s € C". We have
j=1

,
that [Ag| = A(Im z) and A > aici = [[aj;a;, >0,i=1,...,r.
i=1
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Let Q be an irreducible symmetric cone in the Euclidean space V', and T = V + i§2
the corresponding tube domain in the complexified space VC, T =To x ... Tg.

As combination of this theorem D2 and theorems on traces [16] in tube we have

THEOREM 6. Let T be tubular domain over symmetric cone, then let

AP (TS = feH(TgT):/T /T ]f(zl,...,zm)]pHAa(Imzj)dv(zj)<oo ,
Q Q j=1

0<p<oo,a>—1. Then TraceAl, = {f(z,...,2), [ € AL(TH")} contain a function, so
that representation (K) is valid if (Ko) holds.

Similar results can be obtained based on integral representation based on second Green
formula (see [5]) and our recent results on traces of Bergman harmonic function spaces in
the unit ball (see [17]) B = {|z| < 1} € R" and R

We give more detail on this integral representation.
m

Let in R™, m > 1 us consider a differential operator in R™ A = _ Aja%j, where A;
=1

]:
are matrices of order [ x K on C, Sy, = {|z| = 1,2 € R™} if

0 £t
ATA; + ATA; = .

20, ifi=j.
where i,j € [1,n], AY = Al complex conjugate of A;, Ij is unit matrix. Then A is
Dirac operator. For solutions of Dirac operator we have analogue of Martinelly — Bochner
theorem

For definition of vector function space in theorem E we refer the reader to [5].

THEOREM 7 (E. (see [5]).). Let A be Dirac operator, D C R™ is a bounded domain
with smooth boundary then if f € [C(D)NCYD)J*, Af =0 then

) f(x) ifxeD
R

where Uy is a special Martinelly — Bochner type kernel in R™ see [5] a differential form
type of (n — 1) type

t. — .
I ).
|t —z|™

_ 1 .~ i—1 pA* g .
UA(tax) - VOl(Sm) jzl i:1( 1) A]AZ

Details of proofs of these assertions analogues of previous theorems 3, 6 for harmonic
function spaces based on theorem E we leave to readers (see [12], [13]).
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2. Distance functions and Martinelly — Bochner in-
tegrals

The goal of this section to provide estimates of distance function in terms of Martinelly
— Bochner kernels and Martinelly — Bochner integrals based on methods and results of
[9], [10] and [11] and our earlier work cited there.

Note previously we obtained such type theorems in various spaces of analytic and
harmonic functions of one and several variables in various domains in terms of Bergman
kernel and Bergman-type projections (see [9], [10], [11] and various references there). The
line of our proof is rather similar however to those simpler cases but it is based on some
results on more general kernels as Martinelly — Bochner kernels and Martinelly — Bochner
integrals (see [5| and references there).

Let D be bounded domain in C". X, Y be quazinormed subspaces of H(D), where
H(D) is the space of all analytic functions in D. Let X C Y, let f € Y. We search for those
estimates of a function disty (f, X') which generalize previously known such type estimates
obtained via similar Bergman type kernels.

We have the following result in this direction. First if X C HP, p > 1 then the problem
of estimates of distyr(f, X), f € HP appears naturally. In our previous papers to role of
Bergman type kernels for this problem was critical.

Let HP C X, X C H(D™), then let f € X. We also can consider a problem of finding
estimates of function distx(f, H?), 1 < p < oo, HP = HP(D™) on product domains in
terms of Martinelly — Bochner kernels or integrals.

We have following results following arguments of proofs of our previous papers [10],
[11], [14], [15].

Let X € HP(D™),1 < p < oo, m € N, we assume X is a quazinormed subspace of
H(D™). To estimate distyr(f, X), f € HP, 1 < p < oo we follow our arguments from [14]
in the unit disk {|z| < 1} and unit ball.

Since f € HP(D™), then applying Martinelly — Bochner representation by each variable

ferem) = [ s@UE= [ [ g [v6.5)

zj€D,j=1,...,m where

HP(D™)={fe H(D™): sup/ / F(Cr)|Pdo < o0}, 1 < p < o0
R>0J0D oD

is a Hardy space on products of D domains, m € N, D is bounded in C", 9D € C'*<,
a > 0 (note these are Banach spaces) and where (g = (¢1 — Rv((1),...,Cm — Rv(Cn)), v
is a vector field of outer unit normals to 0D.

Let ng ={¢€aD™):V()|f()| >e}; ¥ e CHI(D™)) fixed. Then f = f1 + f2

ae = [, 1O TloG. fz(2)=/8(Dm\X LD

Jj=1
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Assuming fo € HP and it is norm is less than e, we get
m
distus(f,X) < cinf d e > 0+ H/ FOTIU G 2o < o0
X\I/
e, f ]=1

Since distyr (f, X) < c||f — fillar = || f2||m»-

THEOREM 8. Letp > 1. Let U € C1(9(D™)), ¥ > 0, be fived function, let f € HP(D™),
i FOTIL UGy 2) € HP and it is norm is less than €. Then
O(DMN\XY

distge(f,Y) <cinf{e>0: OTIU .2 < o0

Jj=1 Y (D™)

where
X2 ={CeaD™): W(OIf ()] > e},

where Y C HP is a quazinormed subspace of HP(D™) for any bounded D domain with
oD € Ct o > 0 boundary.

REMARK 3. Similar results are valid for Martinelly — Bochner type integrals and harmonic
function spaces in Rfrl and unit ball in R™. See [17] where similar problems where solved
via Bergman kernel.

Theorem 8 is a typical assertion, other assertions of such type in terms of U(z, ¢) kernels
can be also formulated similarly.

3. Some remarks on Martinelly — Bochner integrals
related with Holder classes and Lebegues points.

The goal of this section is among other things from [5] related with expressions like
|®f(21)—Pf(22)| to the case of two functional similar type expressions like [® ¢(21) —P4(22)],
where ® is a certain operator, f, g are certain functional class members, z1, z0 € D, where
D is a fixed domain in C".

This type of issues arise naturally in view of recent series of papers and new results
of the first author on multifunctional analytic spaces and related issues (see [8], [17] and
various references there).

To obtain this natural tranfsormation of known results from one functional case to
two functional case we follow the proof of [5] and at the same time modify proofs from
there to our case. First we provide certain equalities (A), (B), (C), (D), which can be
checked directly, then use them in our proofs. We alert the reader that in those places
where arguments are close or the same as in [5], we omit details making the exposition of
this note rather concise we note also that our problems we considered below is an attempt
to provide natural extensions of known one functional results to two functional case.
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Let
(M=) = /8 HOUC):
(M) (=) = /a QUG

then we have following equalities

(Mf)(z") = (Mg)(z7) = f(2) — g(2) =/ (f(¢) = FNU(C,2") = U(C27))—

oD

- / d(QUC =) — / gAUCH) —UC N+ [ FOUEG) = (A)
oD oD

oD

- /B O = ST = U627 + M(f = 9)(=7) — g(2);

(MAED - (M9E) = [ (10) = 1DV )
oD

- / (FO—FENUCE) + £(2) / U5~ U 5)) - / JQOUC, 5 )+
oD oD oD
(B)

[ roueE) = /8 O~ SN - / (F(O) — FENU(C 27 )+

oD oD

LHD) /a WG = U2 + M = 9)E )

we omit technical calculations leaving them to readers. Note all equalities are based on
simple properties of Martinelly — Bochner integrals (see [5]).
It can be checked directly that

(F(O) — FOYU(C,2) — / (9(0) - 9(O)U(C,0) =

8D OD\B(0,¢)

- / (F(O) = FO)U(C2) — UC.0) + / (F(O) — FO)U(C, =)
8D\ B(0,¢)

ODNB(0,¢)

- / (9(0) — 9(O)U(C,0) + / (F(O) — FO)T(C,0) =
8D\ B(0,¢) 8D\ B(0,¢)

= [ Q)= FO)UEA) - U0+ (©)
OD\B(0,¢)

+ / (F(O) — FO)U(C,2) + / (f — 9)(C) — (f — )O)U(C,0):
ADNB(0,) OD\B(0,¢)

[ O EWEE + [0 - )
O0D\os

OD\os
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= /8D\ (9(¢) — g(z2))(U(C722) _ U(C,Zl)) + (f(zl) _ f(zQ))/ U(C721)+ (D)

OD\os

w0 = [ e e [ v -
=/ (9(¢) = g(NWU(¢,2%) = U(¢,2))+
OD\os

LU - £() /a o UGN + gyt By g =

_ / (9(0) — g(2NWU(C,22) — UG, 2Y) + (F(Y) — F(22) / U M)+
OD\os 0

D\os

T / (9= DO — (g — HENUE )
OD\os

where o5 is arc on 0D and B(0,¢) is a standard ball in a domain.

REMARK 4. For those cases when g = f all equalities (A), (B), (C), (D) can be seen in
[5] (see lemma 5.3, theorem 6.1, 6.2).

Let © be a domain, we say f is Holder class « if |f(¢) — f(2)| < ¢|¢ — 2|%, (,z € Q,
a > 0. We consider bounded domains with smooth boundary, f € L'(0D), D = {z €
C",p(z) < 0}, p € CHC™), dp # 0 on dD. Let V(0D) be a neighborhood of D. We
assume f can be extended to V(9D). Consider integrals

Dy(z) = /8 O = 1),

Note if z ¢ 9D then the integral has no singularity, if z € 9D, then

1F(Q) = F) X UG, 2)| < el¢ = 2[*H72do(¢) (2)

if f is a Holder class function. The natural question is let f is of Holder class v in V(9D)
then can we say ®f(z) is of same class a. The answer is positive (see [5]).

The next more general question is if f, g are of Holder class a then what can we say
on |®r(21) — Pg(22)|, 21,22 € V(9D). We will use formula (D) for our proof. But first note
that the following simple observation is valid.

Let 21, 22 € V(0D), |21 — 2% = §, § is small, if B(21,28) C V(dD), o5 = 0DNB(z1, 26).
Then (see [5])

]/ f(HU (CzJ]<cl/K—zJ]1+°‘ Mo < 6,5 = 1,2.

This follows from (2) directly and the fact that o5 is smooth. So for f = g case it
is remains to estimate integrals by D\os to get estimate for |®¢(z1) — ®f(22)]. But for
|®(21) — Py(22)| we have formula (D) and estimates

Ar=1 [ GO-1EUE N @ 0<axt
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By= [ Q) =g WECA <a0 0<a<t
o5
Since obviously we have
[®f(21) — Pg(22)| =

- ' [ 0@ =1 - [ 66 - sepv =)
oD

oD

< Ap+ By +Chyg;

|Cf,g =

?

/ (F(O) = UG 1) - / (9(0) — g(z2))U(C, 22)
OD\os

0D\os

Using (D) we have now that ¢, < ¢ + C?c + ¢+ C;lc + C?c- Note ¢} + c;% + C?c =
Jomno; (9 = H)Q) = (9= /)(Z%); U, 2") = @yg(z1,22).

REMARK 5. Note we also have

| 1o (21, 22)| < |y p(22)| + &,

or= [, (9= DO~ 6= NENE ) -V )
So we have that
@ f(21) = Pyl22)] < g+ gy + ¢ + 0% + 8Py p(20)].

We will stop on estimate with ®, ;. We have C?p < ¢0“ since |f6D\05(U(<’Zl))|
see [5]. We estimate ¢} and E;_ ;- This is based on simple estimates of U(C, 22) - U(C,
21,29 € V(0OD).

We have that (see [5])

/ (9(0) — 9NV 2) UG )| <35 [ |¢— 2o do < &(5),
O0D\os 0D\os
/ (F = 9)(O) — (g — NENUEG Y —UC, )] <
O0D\os
<& ¢ — 2H* 2 do < E(6%).
O0D\os

Since [y, 1€ — Ze=2nde < 6%t (see [5]).
So finally we have an estimate

|Pf(21) = Py(22)| < 0 + |Pg p(21,22)], 0 < x < 1

and
(1) — By(z2)] — [ By (1, 22)] < 5

Note if f = g this obtained in [5] and [6].
We now formulate the final result.
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THEOREM 9. Let f, g be of Holder class o, 0 < a < 1 in V(0D). Then in V(0D) we
have the following estimate

[Df(21) — Pg(22)] < 6% + [Rg f(21, 22)[; 21,22 € V(OD),
|2t — 22| =6, § < by, for some fized &, dp > 0.

We assume M f(z) = [, f(QU((, 2), z ¢ 0D, f € C'(D) below.

Now we use (A), (B), (C) to obtain such type results for other mentioned assertions
from [5]. Note to get the proof we must follow one functional proof from [5] modify it to
use mentioned equalities (A), (B), (C).

Let D be bounded domain with C! boundary and f € L'(dD) and z° € 9D and V.o
be a cone with 20 as peak (vertex), with conic angle equal or less to m/2. Let z € DN V0.
We say 2" is a Lebegues point for f if (see [5])

i <t Q) = F(0)]dor = 0.
ODNB(20¢)

e—+0
We will be using (C) and arguments from proof of theorem 5.2 [5]. We note first (see

[5])

<K £ (¢) = f(0)|do — 0;
ODNB(0,¢)

/ FO) — FOIUC.2)
aDNB(0,¢)

C2
K:—2 ase — 0.
gn—l

This and (C) lead to theorem.
So based on (C) we have the following.

THEOREM 10. Let z € D NV, be Lebegues point for f and g, f,g € L*(OD). Then

i, [ (5 - 1) - [ (9() — 9D (¢, ) =
ZZG_)ViO oD OD\B(2Y,]z—29])
~ lim (f = 9)(0) — (f — DENU(C, 22).

2—20 JOD\B(20.|2—20
st Jop\B o2

Using (A) and (B) and following the proof of theorem 6.1, 6.2 (see [5]). We can have
assertions concerning

lim Mf(zt) — Mg(z") — f(z°) — g(2°),

2t—20

where, f,g € LY(0D), 2" is a Lebegues point of f and g simultaneously and
| M5 = M) - ) - gl o
oD
if D is bounded, 0D € C!, f € LP(0D), p > 1, v(() is a unit vector of outer normal to D

on(, 2t =z —ev(z), 27 = z + ev(z). We omit details here.
So based on (B) we have the following
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THEOREM 11. Let zo_be Lebegues point of f and g, f € L*(0D), g € L*(0D), z*
VieND, z= =V, ,N(C™"\D), alzt —2° < |27 =2 < bzt —2Y, a,b € R, a < b, 29 € 0D,
D is bounded, 0D € C', 29 is a peak of cone V.o, cone angle is B < m/2. Then

lim (M (%) = Mg(=7)) = f(z0) + lim (M(f - g)(z7)).

220 220
REMARK 6. For f = g this is a theorem from [5].
Based on (A) we have the following theorem 12.

THEOREM 12. Let D be a bounded domain with smooth boundary. Let f,g € LP(OD),
p>1. Let 2%, 27 belong to D and C™\D for & small enough. Then

Apg= [ 1S = 0(2)) - Mo(s + ev(z))Pdo <
oD

<e /a Ufpdo + /a IM(f )P

lim | Mf(z—ev(z)) = Mg(z +ev(2)) = f(2) = g(2)[Pdo <
E— oD

<lim |[|[M(f —g)(z7)lze + gl ze-
e—0

REMARK 7. At the end of this paper we find interesting to suggest another idea related
from one hand to Martinelly—Bochner integrals from the other hand to our recent work on
traces in analytic functions Bergman spaces. In [7] the role of expanded Bergman projection
based on expaned Bergman kernel was crucial for solution of certain problems related with
traces of anlytic functions in polyballs. It will be nice to study their analogues expanded
Martinelly—Bochner kernels and based on them expanded Martinelly—Bochner integrals
based in particular on the following simple idea.

Let as usual ¢((,z2) =
0}, dp;ré00n(9D,p€C1

Py, s be a complete orthonormal system of homogeneous harmonic polynomials in L?(9),
n o
* is well-known Hodze operator for differential forms see [5] o(¢) = 32 (—1)F~1(dl[k] AdC.
k=1
We suggest to study kernels of type on product domains (expanded Martinelly —
Bochner kernels)

e Z‘Qn 5, > 1, p be defining function of D C C", D = {p <

n m

U 215 2m) = Y _(=1D)F! 6 Hg(,z] dC[K] A dC

k=1 j>1

n m. —2]?
ﬁ((,zl,...,zm):(n_ )Zap dea

™ 18ij:1 [
_ Pk75(2'1) Pk,s(()
U(C,zl,...,zm): _Zn—i—k—l *a’d2n+2k—2
k,s
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_Z Pk;,s(zm)
i n+k—1

) Pk,s(() ]

|C|2n+2k—2

Note for m = 1 these kernels coincide with classical Martinenelly—Bochner integrals
(see [5]). Same idea used for Bergman kernel in series of papers of first author (see [7] and
references there).

m
(1 =1z

j .
B(z1, ..., Zm,w Il 1—zwaﬂ+2’aj>_1’ ziiweD, j=1,...,m

These types of extensions of Bergman kernel was considered by author in |7].

4. Conclusion.

In our paper we got some analogues of our numerous recent results on traces and
distances in terms of Martinelly — Bochner integrals and kernels. These are first results
of this type in terms of such kernels. We also discussed some assertions for Martinelly —
Bochner integrals related with Holder classes and Lebegues points.
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