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AnHOTanusa

B nmammoit craThe mpeacTaBiieHa KOHIEMINSA WHIeKca cioB @ubonadun FWI, HoBoro Tormo-
JIOPUYECKOrO WHJIEKCA, TOJyIeHHOrO0 Ha OCHOBE MHIEKCa AJBOEpTCOHA, MPUMEHUTEIHHO K JIe-
PeBbsM, MOCTPOeHHBIM U3 cj10B Pubonaudn. Onupasich HA KIACCHIECKYIO MOCIEI0BATEIHHOCTH
Qubonaudn u ee 00OOIIEHMSI, MBI MCCIEAyeM CTPYKTYPHBIE CBOMCTBA JepeBbeB u3 0B Pu-
OoHa4Y4YM M MEPbl UX HEPeryJsiPHOCTH, OCHOBaHHbIE HA creneHsx. Mbr onpenensem FWI u ero
BAPUAHTHI, BKJIIOYAS TOJTHYIO0 HEPETYISPHOCTH ¥ MOAMMDUIINPOBAHHBIN HHIEKC c10B Dubonaddmn,
T7e OH OIIPEIE/SIeTCS KaK

FWI*(Z)= Y [degF: —degFy],
nmeE(T)

7 ycraHaBiuBaeM (byHIaMEHTAJIbHbIE HEPABEHCTBA, CBA3BIBAIOIINE ITH WHIEKCHI C MAKCHMAJIb-
HOU CTeleHbI0 HUXKEJEeXKAIUX JepeBbeB. Halm pe3yabrarsl pacinpoCTPAHSIOT U3BECTHBIE WH-
BapuaHTHI IpadoB HA KOMOMHATOPHKY cJIoB PuOOHAYTYIH, IMO3BO/IAS [IO-HOBOMY B3TJISHYTDL Ha
X aJredpamvecKkre W TOTMOJOTMYECKHE XApaKTepUCTuku. Kpome TOro, MbI MPUBOANM AHAJIU-
THUYECKUE BBIPDAXKEHUsT i duces PuboHaudn U UX MOPOXKIAOIINX (DYHKIIWIA, TOIKPEIIEHHBIE
dopmysoit Bune, 9T0OBI 00/IErYUTh BBIYUC/IEHWE ITUX WHIEKCOB. leopermdeckue pa3pabOTKu
WLTIOCTPUPYIOTCS TIPUMEPAMHU, BKIIOUast TOAPOOHBIE KOHCTPYKITUH CJIOBECHBIX JiepeBbeB Pubo-
HAY9U U UX CTENEHHBIX pacupejenenuii. JlaHHas paboTa OTKPHIBAET BO3MOXKHOCTH JIJTsl JIAJIb-
HEHIIero u3yYeHusi THBAPUAHTOB I'PAdOB HA OCHOBE CJIOB U MX IPUMEHEHHS B KOMOMHATOPHUKE
¥ TEOPETUYEeCKOo# nupOpMaTUKe.
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Abstract

This paper introduces the concept of the Fibonacci Word Index FWI, a novel topological
index derived from the Albertson index, applied to trees constructed from Fibonacci words.
Building upon the classical Fibonacci sequence and its generalizations, we explore the structural
properties of Fibonacci word trees and their degree-based irregularity measures. We define the
FWI and its variants, including the total irregularity and modified Fibonacci Word Index where
it defined as

FWI(Z)= Y [degFy: —degFy],
n,meE(T)

and establish foundational inequalities relating these indices to the maximum degree of the
underlying trees. Our results extend known graph invariants to the combinatorial setting of
Fibonacci words, providing new insights into their algebraic and topological characteristics.
Additionally, we present analytical expressions involving Fibonacci numbers and their gene-
rating functions, supported by Binet’s formula, to facilitate computation of these indices.
The theoretical developments are illustrated with examples, including detailed constructions
of Fibonacci word trees and their degree distributions. This work opens avenues for further
investigation of word-based graph invariants and their applications in combinatorics and
theoretical computer science.
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1. Introduction

Throughout this paper,! let 7 be a tree of Fibonacci word F, the Fibonacci sequence, recursively
defined by f1 = fo =1 and f, = fr_1 + fan_o for all n > 3, has been generalised in several ways.
In 2000, Divakar Viswanath in [8] studied random Fibonacci sequences given by ¢; = to = 1 and

!The paper was supported by the Russian Science Foundation under grant no. 22-11-00177.
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tn = *tn—1 £ ty—o for all n > 3. Here each + is chosen to be + or with probability 1/2, and are
chosen independently. Viswanath proved that

lim {/|t,| = 1.13198824. ..

n—oo
The Fibonacci word is a sequence of binary strings over the alphabet {0, 1}, constructed recursively
in a manner analogous to the Fibonacci sequence but using string concatenation instead of numerical
addition. It is defined as Sy = 0, S; = 01, and S,, = S,-15,—2 for n > 2, where concatenation
combines the strings, furthermore see [1, 3, 5]. In 1997, M. O. Albertson in [19] mention to the
imbalance of an edge uv by imb(uv) = |d,, — dy|, we considered graph G regular if all of its vertices
have the exact same degree, then irregularity measure define in [19, 10, 17] as:

weE(G)

Let M1(.7) and M>(.7) be the first and the second Zagreb index of Fibonacci word are defined
(furthermore see [16, 13, 19]) as:

M(7) =) degF}, and My(G)= Y degp, (7)degp, (7).
=1

n,meN

DEFINITION 1. The length of the word |w| is the number of letters contained in it. The empty
word s denoted by €.

DEFINITION 2. Infinite words as functions w : N — Y. The set of all finite words over % is
denoted by ¥, and T = X*\{e}; the set of all infinile words is denoted by XN,

In 2013, Ramirez, J.L, et al. In [11] mention to k-Fibonacci Words are an extension of the
Fibonacci word notion that generalises Fibonacci word features to higher dimensions. These words
were investigated for their distinct curves and patterns. Recently, in 2023 Rigo, M., Stipulanti,
M., & Whiteland, M.A. in [2] mentioned the Thue-Morse sequence, which is the fixed point of the
substitution 0 — 01,1 — 10, has unbounded 1-gap k-binomial complexity for k > 2. Also, we want
to mention for a Sturmian sequence and g > 1, all of its long enough factors are always pairwise
g — gapk-binomially inequivalent for any k£ > 2. Furthermore, for Fibonacci sequence with trees see
in [14, 2, 6].

This paper is organized as follows. In Section 1, we observe the important concepts to our
work including literature view of most related papers, in Section 2 We have provided a preface
through some of the important theories and properties we have utilised in understanding the work,
in Section 3 we introduced the main result of our paper and the goal of this paper about Fibonacci
word, in Section 4 we computing the advanced result in density of Fibonacci word.

2. Preliminaries

The infinite Fibonacci word, obtained as the limit n — oo, is a Sturmian word with a
slope related to the golden ratio ¢ = 1+—2‘/5 This construction makes the Fibonacci word a
significant object in combinatorics, with applications in coding theory and the study of non-
repetitive sequences. The inclusion of negative indices is meant to simplify the computation of

F,, forn=23,...,p.

PROPOSITION 1. [25] For 1 < n <p, the term F,, is given by 2" 2.
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DEFINITION 3 (Standard Fibonacci words [12]).  Let ¥ be an alphabet with |X| > 2 and let
u,v € L1, The n'* standard Fibonacci words are defined recursively as:

fl(u7v> =u, fg(U,U) =,
fa(u,v) = fo1(u,v) - fn_2(u,v),n > 3.

A natural way to generalize this sequence is to consider a recursion where each term is the sum
of the previous p terms. For a positive integer p, the p-generalized Fibonacci numbers, denoted by
F), 1, are defined by the recursion:

P
Fp,n = ZFp,n—i) n>1,
=1
with the initial values F},, =0forn=—-p+2,-p+1,...,0,and F,,, =1 forn = 1.
TEOPEMA 1 (Binet’s Formula [18]). The n-th Fibonacci number F, is given by:

gbn_wn

Fy = :
RV

where ¢ = 1+T‘/5 (the golden ratio), b = 1_2\/5 = —¢ ', and n is a non-negative inleger.

DEFINITION 4 (Correlation [21]). For every pair of words (u,v) € A™ x A™, the correlation of
u over v is the word Cy,, € A" such that for all k € [n],

Conll] = {1 if Yien], jem], withi=j+k, when uli] =v[j],

0 otherwise.

S. A. Hosseini et al. in [27] was introduced the formal definition of a Kragujevac tree. Since all
the researches [4, 7, 9] were done at the University of Kragujevac. Let By, ..., By be a branches of
tree given in [27].

DEFINITION 5. A proper Kragujevac tree is a tree possessing a central vertex of degree at least
3, to which branches of the form By and/or By and/or B3 and/or ...are attached.

ProproOSITION 2. Let F,, be a Fibonacci word, and let k > 0 an integer number, then

3 FonaiFon—t _ Lan(e —1) — (e —1)— (e ® 7 = 1)

k!.2n 52"
k=1

1S

where Lyy = Fyp—o + Fynyo,d = 1+2

HOKABATEJIBCTBO. Let F, be the n-th Fibonacci word. Typically refers to the n-th Fibonacci
number, defined by Fy =0, F1 = 1 and F,, = F,,_1+ F,,_o for n > 2. Fibonacci words are sequences
over an alphabet (e.g., 0,1) generated by a substitution rule, but they are less commonly used in
such analytical sums. Given the structure of the sum, involving factorials and numerical operations,
it’s reasonable to interpret F;, as the Fibonacci number sequence. Thus, we proceed assuming Fi,

is the Fibonacci number. The Fibonacci numbers by using Binet’s formula: F,, = M, where

V5
p="50and p =155 = 1 with g+ ¢ =1, — ¢ = V5, and ¢ = —1.

Using Binet’s formula, we write:

¢2n+k _ w2n+k (Z)ank _ ,(/}271716
FQn—‘rk’:Tv FQn—k:T'
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Thus,
(¢2n+k _ ¢2n+k>(¢2n—k _ ,(/}271—}6)

F2n+kF2nfk = 5 .

Expanding the numerator as <¢2n+k_w2n+k> (¢2nfk_w2nfk) — ¢4n_¢2n+kw2n7k_¢2n7kw2n+k +¢4n_
Since @2 tky2n=k = (¢pyp)2n—kp2k = (—1)2n—kp2k = (—1)k*T1¢% (because 2n — k is odd when k is
odd and even when k is even), and similarly for the other term, we need to handle the sum carefully.
Instead, let’s compute the term:

FonikFon—k 1 2tk _ o ontky( 2n—k _ o on—k
Wl B g @ T (e T,
The sum becomes:
i FopiiFon—k _ 1 & (¢2n+k _ ,¢2n+k)(¢2nfk _ w2nfk)
k!-2n 5-2n k! '
k=1 k=1

Expand the product inside the sum: (¢2"HF — 2ntk)(@2n—k _ 2n=hy = gin _ g2ndhy2n—k _
_ ¢2n7kw2n+k +w4n' So the summand is: % (¢4n _ ¢2n+k,¢2nfk _ ¢2nfkw2n+k 4 ¢4n) We split the
sum: 2120:1 ¢4n_¢2n+k¢2n7k;!¢27L7k:w2n+k+,¢)4n . Then

o0

An k _ k 4n
Zqﬁ (¢/¢) = (V/d)" +

-2

=¢Me—1)— (¥ 1)~ (e ~ 1)+ (e —1).
k=1

Asb desire. O

3. Main Result

In this section, Fibonacci Word Index FWI is defined in Definition 6, a novel topological index
derived from the Albertson index, applied to trees constructed from Fibonacci words. Building
upon the classical Fibonacci sequence and its generalizations. The maximum degree A of FWI in
Proposition 3 defined as: A(7) = {max(degV(7) |V € T}.

3.1. Fibonacci Word Index

In this subsection, we will introduce a “Fibonacci Word Index” according to the important
topological index, it known a “Albertson Index” and its variants, including the total irregularity
and modified Fibonacci Word Index, and establish foundational inequalities relating these indices
to the maximum degree of the underlying trees.

DEFINITION 6. Let F,, F,, be a two Fibonacci word, let T be a tree of Fibonacci word, then
Albertson index of Fibonacci word given us a Fibonacci Word Indez, define by:

FWI(Z)= Y |degF, — deg Fy|.
n,meE(T)

The total irregularity of Fibonacci Word Index FWI,(.7) is given by:

FWIL(Z7)= Y |degF, —degFy|.
{n,m}CE(T)
The modified Fibonacci word index FWI*(.7) is define as:

FWI'(Z)= Y [degFy; —degF}].
n,meE(T)



262 K. Xamyq, 1. Abpymnna

Furthermore, see [26] for understanding clearly both of Proposition 3,4 and Lemma 1. The star S,
graph of Fibonacci word defined by:

FWI*(Sp) = > (deg(F,)? —deg(F,)?) = > (deg(u)® — deg(v)?) .

u,vEE(Sp) (u,0)EE(Sn)

PROPOSITION 3. Let F be a tree with mazimum degree A then FWI*(7) > A(A? — 1)
with equality if and only if T is isomorphic to either a path or a tree containing only one vertex of

deg(V (7)) > 2.

JOKA3ATEJILCTBO. Assume A < 2, in this case, the result is clear and hence we assume that
A > 3. Ifv € V() has maximum degree then there are P pendant vertices namely wy, wa, - - - , wy
in 7 such that the paths v — w1, v —wa, -+ ,v — wp are pairwise internally disjoint. Then,

v

|(Pv)2 - (Pw1,1)2| + ‘(Pwl,l)Z - (Pwl,z)z‘ + et |(Pw1,r)2 - (Pw1)2’
= [(PU)Q - (Ple)Q] + [(Pw1,1)2 - (Pw1,2)2] +-+ [(PwLT)Q - (Pw1)2] - AZ —-1.

We note that the equality
}(PU)Z - (Pw1,1)2} + ‘(Pw1,1)2 - (Pw1,2)2‘ + 4+ ‘(Pw1,r)2 - (Pw1)2| =A*—1

holds if and only if the degrees of successive vertices along the path from v to w; decrease
monotonously. O Actually, Proposition 3 provided us a new results shown in Proposition 4 for
the path P, and the star S, of tree .7. This results will be employee in Lemma 1. In fact, for
extended more we show in Figure 1 Fibonacci word Fig as an example of tree of Fibonacci word.

Fig
0100101001001

R HTT"
01001010010 01001010
o100t o001 W\ o
101001010 0100101 0100101 010010
| Fr ‘ [ F ‘ ‘ Fy ‘ FE} ) ‘ Fs5 ‘ FJ}
0100101 | 010010 010010 01001 010010 01001 01001 010
F{,-]J | F (Bl B | s F F4 ‘ 7
101001 0100{ 01001 | 010{01001| 010 010 01 01001 010 010 010

Puc. 1: An example of Tree 7 of Fibonacci word for base Fig.
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PROPOSITION 4. Let P,(7) be the path of a tree T of n-vertex where n > 5, let S,(7) be
the star of 7, then FWI*(P,) < FWI*(.7) < FWI*(S,,).

Let « be a fixed vertex of 7. Let N(«), be a set of fixed number let L(a), E(a), R(«) be a
sets of fixed vertices in .7 according to base N(«), where

L(a) = {8 € N(a) : deg(Fs) < deg(Fa)},
E(a) ={B € N(«a): deg(Fp) = deg(Fu)},
R(a) = {B € N(a) : deg(Fp) > deg(Fa)}

PROPOSITION 5. The number of elements in L(c), E(a) and R(a) are denoted by l,, eq and
To , respectively. Clearly, deg(Fy) = lo + €q + Ta.

JIEMMA 1. Let . be a tree of Fibonacci word, let o and  are non-adjacent vertices in 7
where deg(F, > deg(Fp) then

FWI*(7) = FWI*(J — af) + 2[(2deg(F,) + 1)ro + (2deg(F3) + 1)rg] — '(.7),
where I'(.7) = 3deg(F,)(deg(F,) + 1) — deg(Fp)(deg(F3) + 1).

HOKABATEJIBCTBO. Firstly, we provided a motivation to stabilise the Fibonacci word by
Proposition 3,4 as FWI*(.7) > A(A? — 1), then we have:

FWI*(7 — af) — FWI*(7) = (deg(F,) + 1)* — (deg(Fj) + 1)

s ( (deg(Fa) + 11 — (des( ) - |(des( )P~ (dee(F2)
€N (

+ Z ( (deg(Fp) +1)% — (deg(F, ‘—’ deg Fﬁ)) (deg(Fy))2|>
yEN(B)

Now, consider N(«) = L(a) U E(a) U R(cr). We aim to determine the union of the sets L(«), E(«),
and R(«), defined as follows:

L(a) ={B € N(«a) : deg(Fp) < deg(Fa)},
E(a) = {8 € N(a) : deg(F) = deg(Fn)},
R(a) = {f € N(«) : deg(Fp) > deg(Fu)},

where N(«) is a set containing elements 3, and Fj and F, are polynomials associated with elements
B and a, respectively, with deg(-) denoting the degree of a polynomial. The objective is to compute
L(a) U E(a) U R(«). The sets L(a), E(a), and R(«) are subsets of N(«), defined based on the
degree of the polynomial Fjg relative to the degree of F,,. Specifically:

e L(a) contains all 5 € N(«) such that deg(Fp) < deg(Fu).
e E(a) contains all € N(«) such that deg(Fp) = deg(Fy).
e R(«a) contains all B € N(a) such that deg(Fj3) > deg(Fn).

For any 8 € N(«), the value of deg(Fj) must satisfy exactly one of the following mutually exclusive
conditions relative to deg(Fy):

1. deg(Fp) < deg(Fy), placing 8 in L(«),
2. deg(Fp) = deg(Fy), placing § in E(a),



264 K. Xamyq, 1. Abpymnna

3. deg(Fjp) > deg(Fu), placing 8 in R(«).
Same results if we consider N(a) = L(5) U E(8) U R(B), then we have:
FWI* (7 — af) — FWI*(7) = (deg F, — deg Fj3)(deg F, + deg F3 + 2)

+ (2deg Fiy + 1)(eq + lo — Ta)
+ (2deg Fg+1)(eg+ g —1p),

which is equivalent to

FWI' (T — aB) — FWI*(7) = 3deg F,(deg Fy + 1) + deg Fz(deg Fjg — 1)
—2[(2deg Fy + 1)rq + (2deg F3 + 1)rg] .

As desire. O

JIEMMA 2. Let 7 = (V,E) be a tree of Fibonacci word, let FWI(.T) be a Fibonacci word
index, let m = |E ()| then

FWI(.7) < Vm (FWI*(.7) — 2My(7)).
TEOPEMA 2. According to Lemma 2, let k > 1 is an integer, then we have:

FWI(Z) < (m — 1) % (FWI*(Z))% .

JIOKABATEILCTBO. In fact, from Lemma 2 we have FWI(.7) < /m (FWI*(7) — 2My(7)).
Thus, we have:

FWI(7) = Z |deg F,, — deg Fy,,|
n,meE(T)

=

<| Y [degF?-degF2)| < (m—1)(FWI(7))*.
n,meE(T)

TEOPEMA 3. Let T be a tree of Fibonacci word, let n > 1, k > 2 are an integer, let S, the
star graph of Fibonacci word, then we have:

=

FWI*(S,) > irr(Sy,) > 2.

JIOKABATEJBLCTBO. It is clear to see FWI*(S,,) > 2k according to Theorem 2 and Lemma 2, then
for n > 2 we have irr(S,) = (n — 1)(n — 2), when n > k we have irr(S,,) > 2% . Now, in both cases
we have 2% at last, we need to prove FWI*(S,,) > irr(S,). Recall that for the star graph S, the
degree sequence consists of one central vertex ¢ with degree deg(c) =n — 1, and n — 1 leaves each
with degree 1. By definition,

FWI*(S,) = ) (deg(u)? — deg(v)?) .
(u,v)EE(Sn)

Since every edge connects the central vertex c to a leaf v, we have

FWI*(Sp) = Y (deg(c)® = deg(v)®) = (n—1) ((n — 1) = 17).
UEV(Sn)\{C}



Heperyasapuocts u Tomoiorudeckne MHIACKCH B jepeBbax cioB Oubonadqu. . . 265

Simplifying the expression,
FWI*(S,) = (n—1) (n—1)> = 1) = (n — 1)(n* — 2n) = n(n — 1)(n — 2).
Recall the irregularity irr(Sy). It is known that

irr(Sy,) = Z | deg(u) — deg(v)| = (n —1)(n — 2) when n > k,irr(S,) > 2%
(u,w)EE(SR)
Thus
FWI(S,) —im(S) = 3 [F2— F2]— (n—1)(n—2)

n,meE(T)

= Z [deg F? —deg F2] — (n — 1)(n — 2).
nmeE(T)

=nn—-1)n-2)—(n—-1)(n—2)

=(n—1)*(n—2).

Since n > 2, we have (n —1)2 > 0 and n — 2 > 0 for n > 2, hence
FWI*(S,) — irr(S,) > 0,

which implies
FWI*(S,) = irr(Sy).
As desire. O

CneactBuE 1. Let KT, () be a Kragujevac tree of Fibonacci word with n vertices, let then
1

k &
FWI*(KTFn(ﬂ)):<n_k+1+Z< (di — 1) +\d—k+1|>+z 2d; + 1) + d; +3)> .
1

CAEACTBUE 2. According to Corollary 1, let p be a pendent vertices of a Kragujevac tree of
Fibonacci word, then we have:

B =

n—k+1
2

Actually, bot of corollary 1,2 had based on results in [27] but we development it for Fibonacci
word index. In Table 1 we show the length of Fibonacci word up to Fig

FWI*(KTg, (7)) = ( +(k(k—=1)P+|k—p+1))+(2k+1)+k+ 3))

F, | Length | F, (Fibonacci word)

) 1 1
B 1 0

Iy 2 01

Fy 3 010

Iy 5 01001
Fy 8 01001010

Fr 13 0100101001001

Fy 21 010010100100101001010

Fy 34 0100101001001010010100100101001001

Fi 5%) 0100101001001010010100100101001001010010100100101001

Tabaura 1: Fibonacci words F;, up to Fig, their values, and lengths.
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For extended this results, the code of generate all Fibonacci words up to the user-specified order
n, and saves the results to a text file named by the user, had given by:

def fibonacci_words_up_to(n):
nin

Generate all Fibonacci words from F_1 up to F_n.

Parameters:
n (int): The maximum order of Fibonacci words to generate (n >= 1)

Returns:

list of tuples: Each tuple contains (order, fibonacci_word)
nmn

if n < 1:
raise ValueError("Order n must be a positive integer (>=1).")

fib_words = []

if n >= 1:
fib_words.append((1, "1™))
if n >= 2:

fib_words.append((2, "0™))

for i in range(3, n + 1):
prevl = fib_words[-1][1]
prev2 = fib_words[-2][1]
fib_words.append((i, prevl + prev2))

return fib_words

def main():
try:
n = int(input("Enter the maximum order n of Fibonacci words
to generate (n >= 1): "))
filename = input("Enter the filename to save the results
(e.g., output.txt): ").strip()

fib_words = fibonacci_words_up_to(n)

with open(filename, ’w’) as file:
file.write(f"Fibonacci words from F_1 to F_{n}:\n\n")
for order, word in fib_words:
file.write(f"F_{order} (length {len(word)}): {word}\n")

print(f"\nResults successfully saved to ’{filename}’.")

except ValueError as e:
print (f"Error: {e}")
except IOError as e:
print(f"File error: {el}")
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if __name__ == "__main__":

main()

4. Advanced Results in Density of Fibonacci Word

Actually, according to Lemma 4 and Lemma 3 we notice that for the concept of density. As we
show that in Theorem 4.

TEOPEMA 4. Let F,, Fy be the Fibonacci word with a < b, then we have:
DF(F,, Fy) = DF(F.).
where ¢ = ged(a, b).

JIOKABATEJBLCTBO. According to [15] we have The ged of F, and F,, is Fj, where k is the gcd of
m and n, we have in |23, 24| the density given by:

DF(m) = lim [{F(n) mod m*: n > 0}|

A—00 mA

Now, this matches the classic density of Fibonacci word as:

DF(E, F, )zgcd(lim [{F(n) mod m* : n > 0} lim \{F(m)modn%mEO}])

A—00 m)‘ A—00 Tl’\

= DF(Fgcd(n,m))
— DF(F,).

we have for r be number of 1 ’s where r = ged(n, m), for any subwords the density satisfying:

n2<z52
|Tfnd_)2m| <1 of length m.
O In Table 2 we analyse these results in Theorem 4 where n € {1,...,10}, m € {1,...,10} and
r = ged(n,m) when n > m as we show that, if we cancelling the term n > m the result must be

equals 0, thus the rang is [0.0477,0.3819], the term n > m is important:

{]M’Q”\ <1 of length n,

(n,m) | DF | (nm) | DF | (n,m)| DF | (nm)| DF
(1,1) | 03819 | (1,2) | 03810 | (L,3) | 03819 | (7.4) | 0.3819
(14) [ 03819 | (1,5) | 03810 | (L6) | 03819 | (7.5) | 0.3819
(2,3) 103819 | (2,4) |0.1909 | (2,5) | 0.3819 | (7,6) | 0.3819
(2,6) |0.1909 | (2,7) | 0.3819 | (2,8) | 0.1909 | (8,3) | 0.3819
(3,2) 03819 | (3,3) | 0.1273 | (3,4) | 0.3819 | (8,4) | 0.0954
(3,5) |0.3819 | (3,6) | 0.1273 | (3,7) | 0.3819 | (8,5) | 0.3819
(4,1) | 03819 | (4,2) | 0.1909 | (4,3) | 0.3819 | (8,6) | 0.1909
(44) [ 0.0954 | (4,5) | 03819 | (4,6) | 0.1909 | (8,7) | 0.3819
(5,3) | 03819 | (5,4) | 0.3819 | (5,5) | 0.0764 | (8,8) | 0.0477
(5,6) | 03819 | (5,7) | 03819 | (5,8) | 0.3819 | (9,2) | 0.3819
(6,2) |0.1909 | (6,3) | 0.1273 | (6,4) | 0.1909 | (9,3) | 0.1273
(6,5) |0.3819 | (6,6) | 0.0636 | (6,7) | 0.3819 | (9,4) | 0.3819
(7,1) ]0.3819 | (7,2) | 0.3819 | (7,3) | 0.3819 | (10,7) | 0.3819
(9,5) |0.3819 | (9,6) | 0.1273 | (9,7) | 0.3819 | (10,8) | 0.1909

Tabmuia 2: Density of subwords
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SAMEYAHUE 9. The sequence of standard Fibonacci words in Definition 3 is defined as
F(u,v) = {fn(u,v)},51, that is, F(u,v) = {u,v, vy, vuv, vuvvu, vuvvavuy, vavvuvuvvuavvi,. .. }.
Similarly, the n'' reverse Fibonacci words are defined recursively as:

f{(u7v) = u, fé(uﬂj) =,

f;L(u,v) = frlz—Q(ua U) ’ frlz—l(ua U)a n =3,

and the sequence of reverse Fibonacci words is defined as F'(u,v) = {f}(u,v)},~,, that is,
F'(u,v) = {u,v,uv, vuv, uvvuv, vuvuvvuv, uvvuvvuvuvvuy, ...}.

JIEMMA 3.  Let T (u,v) € A™ X A™ be pair of words, where n,m € N, then we define Fibonacci
word by:

T (u,v) = T (u—1,0)T (u,v —1).

JIOKABATEJILCTBO. Assume: 7 (0,v) = (a,a) for all v, 7 (u,0) = (b,b) for all u. Then, compute
7 (1,1) we have

7(1,1)=7(0,1) - 7(1,0) = (a,a) - (b,b) = (ab, ad).
Actually, word 7 (u,v) consists of a pair of words and in order to realise the Fibonacci word, we

need to return to the Fibonacci sequence-based recursive function from which we observe the given
condition. O

JIEMMA 4.  According to Lemma 3. The asymptotic growth rate of n(u,v) and m(u,v) are:
n(u,v), m(u,v) ~ C - "7,

JOKABATENBCTBO. Let n(u,v) and m(u,v) denote the lengths of the words generated by the
two-dimensional Fibonacci-type recurrence:

n(u,v) =n(u—1,v) + n(u,v — 1).

with suitable initial conditions (e.g., n(0,v) and n(u, 0) specified). We need to answer on question:
What is the asymptotic growth rate of n(w,v) and m(u,v)?. In this case, this recurrence is
equivalent to the one satisfied by Delannoy numbers or central binomial coefficients (depending
on the boundary values). The solution grows exponentially with u + v. In Figure 2, we show lattice
grid as:

v=4 1 5 |15 |35 | 70

v=3 1 4 11020 35

v=2 1 3 6 [ 10 | 15

v=1 1 2 3 4 5

v=0 1 1 1 1 1

u=0u=lu=2u=3u=14

Puc. 2: Lattice grid

Specifically, for large v and v, the dominant term is:

n(u,v) ~ C - \"1?



Heperyasapuocts u Tomoiorudeckne MHIACKCH B jepeBbax cioB Oubonadqu. . . 269

where ) is the unique positive root of 2 = x + 1, i.e., the golden ratio ¢ = % ~ 1.618. Thus,

1
lim N Inn(N,N) =1np =~ 0.4812

N—o0

This matches the classical Fibonacci sequence’s exponential growth rate. The same argument applies
to m(u,v) if it satisfies the same recurrence and initial conditions. The asymptotic growth rate of
n(u,v) and m(u,v) is exponential in u + v, with base equal to the golden ratio ¢, so

n(u,v),m(u,v) ~ C - "7,
for some constant C depending on the initial conditions. O

JIEMMA 5. [21] Let u € A", v € A™, with n < m. Then Cyuk] = 1 if and only if
ulk,k +1,---,n—1] =v[0,1,--- ;n — k — 1]; i.e. the overlapping blocks are the suffix of u and
the prefix of v of length n — k.

TEOPEMA 5. Let T (u,v) € A™ x A™ be pair of words, where n,m € N, then the density of
T (u,v) given by:
DF( .7 (u,v)) = log ¢.

PROPOSITION 6. 2 Let F,, be a Fibonacci number, then we have:

> (e -x[EH) s

n=0

1

where the generation function is: ———.
1—2z-=2

JIOKABATEJBCTBO. we have:

S (20) () S [fL S () s

n= n=0

then

B (1+2)"12 & Z\" dz
B j{zlzl 21/2 ZFH <_§> 2mi

f Z1/2 dz

lzj=1 V1+ 2 (22 — 22 —4) 2mi

B C Ly L R
0

VIt (a2 —20—4)2m V1+z (22 — 22 —4) 2mi

2 (! 2l/? 1
:—/ dz
7)o 1—za?+2x—4

00 2
_ 10422 / S
T J_oo 4+ 682+ 4

~ 0.6325

[an)

The last integral can be straightforward evaluated in the upper half complex plane (UHPC). The
poles in the UHPC at V3 +£+5i. O

2By Felix Marin, 10Mar2025 at https://x.com/seriesintegral /status/189900877787401015867s—61.
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4.1. Open questions

The question that should be at the centre of any research of which this research is the basis is:
What is the maximum value of the Fibonacci word index and what is the minimum value of the
Fibonacci word index?

Through the Albertson index we can test this on the Fibonacci word index and compare these
results.

5. Conclusion

The theoretical developments are illustrated with examples, including detailed constructions
of Fibonacci word trees and their degree distributions. This work opens avenues for further
investigation of word-based graph invariants and their applications in combinatorics and theoretical
computer science.
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