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AnbHoTanus

OrneHKr CHU3Y MEPBI HPPAIUOHATLHOCTH JIOTAPUPMOB PAITMOHATBHBIX U~
cesl pacCMaTPUBAJINCh MHOTUMHU 3apyOexkHbiMu aropamu: M. Bajbaimmuar
[1], A. Beiixep u 1. Bycrosbrr [2], A. Xeitmonen, T. Marana-axo, K. Baana-
uew 3], K. By [4], 1. Pun [5] u II. Toddun [6]. B cBoux pabGorax oHu HpuMeHsi-
JIX Pa3/nvdHble HHTEIPAIbHbIE KOHCTPYKIIUH, JIAIOIUe MaJjble JuHelHbIe hop-
MBI OT JIOTAPUMMOB U JIPYTUX TUCEJT, BLITUCISIN ACHMITOTHKY WHTETPAJIOB 1
K03 DUITUEHTOB JIUHEHHBIX (DOPM C IIOMOIIIBIO METO/Ia ITepeBaJia, TeopeMsr Jla-
IIaca, ONEHUBAJIM 3HAMEHATE b KO3(PDUIMEHTOB JIMHEHHBIX (POPM C UCIIOJIb-
30BAHUEM PA3/IMIHBIX CXeM ''cokpareHus npocThix unces". O630p HEKOTOPBIX
MEeTOJIOB U3 Teopuu AuOMaHTOBBIX TPUOINKEHUH JIorapudMOB PaAIHOHATHHBIX
quces Toro Bpemenu 0wur npejcrasieH B 2004 roay B crarbe B. B. 3yauiun-
na [7].

Barem B. X. CanuxoB B pabotre (8|, 0CHOBbIBasICb HA TeX Ke ACHMITOTHU-
YeCKUX METOJ/IaX, HO WCIIOJIb30BAB HOBBIH BHJI WHTEIPAJILHON KOHCTPYKITHH,
obJsiatatonieil CBOMCTBOM CHUMMETPUU, 3HAYUTENBHO YJIYUIINI OIEHKY MepbI
upparnuoHajbHocTu uucia log 3. Brociencrsun B. X. CanuxoBy, Giraromgaps
HCTIOTBE30BAHMIO YK€ KOMILIEKCHOTO CUMMETPU30BAHHOTO MHTETPAJIA, YIATIOChH
YAy UIIUTH ONEHKY Mepbl uppalmonaibnoctr dnciaa 7 9], B nanbueiimem nan-
HBIT MeTos; (HPUMEHNTENHHO K JHOMAHTOBBIM NPUOJIMZKEHUSIM JI0OrapudMOB
paIMOHABHBIX YHCEN) Oy pa3puTue B paborax ero yuenukon: E. C. 3o-
noryxusoit [10, 11|, M. 0. JIyuuna [12, 13|, E. B. Tomamesckoit [14]. D10
[IPUBEJIO K YJIYUIICHUIO OIEHOK MEP MPPAIHOHAJBLHOCTH IIEJION0 PsJia IUCEJI:

p(log (5/3)) < 5.512... [14], u(log (8/5)) < 5.9897 [12], u(log (7/5)) <
4.865... [14], p(log (9/7)) < 3.6455... [10], u(log (7/4)) < 8.1004 [13].

B nannoit pabore ¢ MOMOIIBIO CHMMETPU30BAHHOTO BEIECTBEHHOI'O WHTE-
rpajia moJydeHa HOBasl ONEHKA MEPbI HPPAIMOHATHHOCTH THC/IA

T =1og (37/30), u(r) < 65.3358.

Brepssie onieHKy Mepbl upparponaabrocTn dncia log(37/30) nosryamnan B 1993
rony A. Xeiimonen, T. Marana-axo u K. Baananen [1|. B cBoeii pabore onn
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BBIBE/IM OOIIUN KPUTEPUH, MO3BOJISIONINN OIEHUTH MEPY UPPAINOHAJIHLHOCTU
aucent Buja log(l —(r/s)), tne r/s € [—1, 1) (r,s € N). B kadecrse npumepa,
OHU MPUBEJIH TabJINILy C MMOJIYYEHHBIMU OICHKAME IIPU OTIE/IbHBIX 3HAYEHUSIX
r/s. OJHUM U3 IPUBEJCHHBIX 3HadYeHuil Obu10 dncso r/s = —7/30, KoTopoe u
JaBaJso caeryontyio onenky: p(log(37/30)) < 619.5803....

OTMernM TakzKe, UITO JJIsI MOJIYYCHUsT HOBON OIMEHKN ONTHMAJLHBIE mapa-
MEeTPbI UHTErPAJIbHON KOHCTPYKIIMH BBIYUCIISAJINCH C TOMOIIBIO pa3paboTaHHOIM
aBTOPOM KOMITLIOTEPHOM ITPOrpaMMbl, UCIOJIL3YIONel Boraunciaenns Mathcad.

Karoueswie caosa: muodaHTOBBI TPUOIHNKEHUSI, MEPA UPPAITMOHAILHOCTH,
METO/T TIEPEBAJIA.

THE ESTIMATE OF THE IRRATIONALITY

MEASURE OF NUMBER logg—g

M. Yu. Luchin (Bryansk)

Abstract

Lower estimates of the irrationality measure of logarithms of rational num-
bers considered by many foreign authors: M. Waldschmidt [1], A. Baker and
G. Wiistholz [2|, A. Heimonen, T. Matala-aho, K. Vaananen [3], Q. Wu [4],
G. Rhin [5] and P. Toffin |6]. In their works they used various integral construc-
tions, giving small linear forms from logarithms and other numbers, calculated
asymptotic of integrals and coefficients of the linear forms using the saddle
point method, Laplace theorem, evaluated the denominator coefficients of the
linear forms using various schemes "reduction of prime numbers". Review of
some methods from the theory of diophantine approximation of logarithms of
rational numbers at that time was introduced in 2004 by V. Zudilin [7].

Then V. Kh. Salikhov in [8| considerably improved estimate of the irratio-
nality measure of log 3, based on the same asymptotic methods, but used a new
type of integral construction, which has property of symmetry. Subsequently,
V. Kh. Salikhov due to usage of already complex symmetrized integral impro-
ved estimate of the irrationality measures of 7 [9]. In the future, this method
(as applied to diophantine approximation of logarithms of rational numbers)
was developed by his pupils: E. S. Zolotuhina [10, 11|, M. Yu. Luchin [12, 13|,
E. B. Tomashevskaya [14]. It led to improvement estimates of the irrationality
measure following numbers: p(log(5/3)) < 5.512... [14], u(log(8/5)) < 5.9897...
[12], n(log(7/5)) < 4.865... [14], n(log(9/7)) < 3.6455... [10], u(log(7/4)) <
8.1004... [13)].

In this paper due to usage the symmetrized real integral we obtain a new
estimate of the irrationality measure of

7 =1og (37/30), u(r) < 65.3358.

First time estimate of the irrationality measure of log (37/30) was received in
1993 by A. Heimonen, T. Matala-aho, K. Vaananen [1]|. In their work they
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received a common criterion that allows to evaluate irrationality measure of
numbers of the form log(1 — (r/s)), where r/s € [-1, 1) (r,s € N). As an
example, they led a table with the resulting estimates at some values r/s.
One of these values was the number r/s = —7/30, which gave following
estimate: p(log (37/30)) < 619.5803... We also note, that for obtain a new
estimate the optimal parameters of integral construction were calculated using
the developed by the author of a computer program, which uses the Mathcad
calculations.

Keywords: diophantine approximations, irrationality measure, saddle point
method.

1. BBenenue

HamomunM, 9T0 Mepoil HppallOHAILHOCTH [i(7T) BEIIECTBEHHOIO YNC/Ia T HA3bl-
BAETCsA HUZKHAS I'DAaHb MHOYKECTBA YHUCENT A, JJIS KOTODBIX, HAYHHAS C HEKOTOPOI'O
HOJIOXKUTEILHOTO ¢ 2 ¢o(A), BBIIOIHSIIETCS HEPABEHCTBO

T —= >q”\, p€eZ, qeN.

OTMeTHM, 9TO OIEHKH CHU3Y MePhl HPPAIHOHAJIBLHOCTH JIOTAPH(MMOB PAITHOHAIb-
HBIX THCeT paccMaTpuBauch MuormMu asropamm: Heimonen A., Matala-aho T.,
Vaananen K. [1], Rhin G. u Toffin P. [2], Wu Q. [3], Bomoryxuna E. C. [4]. A
OIEHKY Mepbl WPPAIMOHAJIBHOCTH HYHUCTIA log% IepBOHAYAJIBHO TToJIyanan B 1993
rogy K. Baanamen, A. Xeiimornen u T. Marana-axo [1]. B cBoeit pabore onn BbIBe-
JI OO KPUTEPHi, O3BOJISIONIUI OINEHUTh MePY HPPAIMOHATHHOCTH YUCES BH-
na log(l — (r/s)), tme r/s € [—1,1) (r,s € N). B kauecTBe npumepa, oHu npuBe-
7 TabJIMIY € TIOJIYIeHHBIMU OTeHKaMU [PU OTJEIbHbIX 3HaueHnsax r/s. Omaum u3
[PUBEJIEHHBIX 3HaUeHuit 66110 dncio r/s = —7/30, KOTopoe n ABAJIO CJIEIYIOILY O

OIICHKY'
pu(log (37/30)) < 619.5803...

[lenbio jannoii paboThl SBJISETCS IMOJTyYIeHne HOBON OIEHKH MePhbl MPPAIHOHAJb-
noctn uucia log(37/30): u(log (37/30)) < 65.3358. OTMeTHM, 9TO B HPUBEICHHOM
HITZKE JIOKA3aTeIbCTBE NCIIOIB3YETCsl METO, CUMMETPU30BAHHBIX HHTErPAJIOB, BIIED-
Bole Beesennbrii B. X. Camuxosbiv [8]. ITocrpoernne gokazarenberBa MIPOBOANTCS
AHAJIOTUYHO [IPUBEJCHHOMY B pabore [13]| mpu yuIydimeHnu OneHKH Mepbl HPPAaIno-
HasibHOCTH dncia 1og(7/4), ojpHako 3/1eCh Mbl IPUMEHSIEM JPYTO# WHTErpaJl.

TEOPEMA 1. ITyecmv p, ¢ € N, q > qg, 2de gy — docmamouro 6osvuLoe “uco.
Tozda:
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37 p
log == — £| >
%530 q’

1
65.3358 "
q

2. Jloka3zaTeJIbcTBO TeopeMbl 1.

,L[JIH JO0Ka3aTe/IbCTBa TEOPEMbI PaCCMOTPUM CJIG,HyIOHleI nHTerpaJi:

(2 — 99)9" (2 — 100)*" (2 — 105)™™(z — 110)®"(x — 111)%"
J = / o X
99
110

792% — 16590z + 870240)%4™
X (( 210 — 2)r1 ) ) dr = /R(:p)d:p, (1)

99

rJe n — TakoBO, 4To Bce a;n € N, n — 400, a;n — 9etHo, a; = 0.9, as = az = 0.55,
ay = 0.45.
[Mopprarerpanbhas dyuknus R(x) B (1) obiagaer cBORCTBOM CUMMETPHUH, & UMEHHO

R(210 — z) = R(x).
Pasnioxkenne pannonasbhoii dyuknuu R(x) B cymmy npocreiimux gpobeii uMeer BUL

n+1

) = P+ (_ ; W> , 2)

raescec; €Q, j=1,2,...n+1, P(x) € Z[z], deg P(x) = (a1 +2a2+2a3 +2a4)n—

2n — 2 =2n — 2.
2n—2

P(z)= > dya", d, €L (3)

v=0

JIEMMA 1. Cnpasedauevi caedyroujue npedcmasierusn 0an kKoapduyuenmos pas-
nootrcenus ¢j us (2):

cj = 37]'71 . 110.1n+j71 . 770.2n+j72 . 52]'73 A 32]’*3 . 22]’73 . A]a (4)

tne A, €Z, 7=1,2,..,n+ 1.

*®) (0
JTOKABATEJILCTBO. O6ozuaunm Dy (f(z)) = / k:'( ) Cornacuo dopmyiie jud-
dbepennmposanus JlefiGauIA T TOOBIX (DYHKIMH Uy, Usg, ..., Uy, AHAJATHYHBIX B
Touke x=0,
Di(uy - ug - ... - uy) = > Dy (w) - Diy(ua) - ... Dy (uy).

k1+ko+...+kr=k,
k>0

r=
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Crenosaressao u3 (1) mveem

¢j = Dpy1j (R(x) - 2"*) =

= Dy, (x = 99)" - Dy, (x — 100)™" - Dy, (2 — 105)™™ - Dy, (x — 110)*"-
k
Dy, (x — 111)%"™ . Dy, (792 — 16590z + 870240)™™ - Dy, (210 — ) "1,

vie k = (ki,ka, ... kr), k1, ks < agn, ko, ks < aon, ks < ain, ke < 2aan, ky + ks +
Jasee goKazkeM, ITO
Dy, (7922 — 16590z + 870240)" =g7en—ko . 720an—ho . saan—lzk] . gan—{zkol.
3aan=2ks /e Vo€ Z.

()

Cornacuao ¢opmyste bmaoma HeroToHa:

(792% — 165902 + 870240)™" =

|
= ¥ @)l 702y (~165000) - (870240) =
o 81!82!83!

s1+32;r§3—a4n

= § V (51,89, 83) - 51152 . 3758 . 7satdss  gpsatss  gsatss gsatdss ()

s1+s2+s3=aan

8i=

|
rie V (s, s9,83) = (a4n)! 79SS L (1)%2 . 2258 ¢ 7, Mmeem
81!82!83!
11
{ 251 + 89 = kg N 81_5 6_532
= 1
Sl+82+83 asn S3 = 4N — §k6_ 582 2 a4n—k:6.

U3 (6) mosmyanm

Dy, (792% — 16590z + 870240)™™ =

— E V(Sl, S9, 83) . 3788 . 7s2t2ss  psatss  gsatss | 9satiss (7)
s1+s2+sz=aqn
e
HHamee:

So + 283 = 2(1471 - k?@. (8)

4 L+ Sy > L ()

S S3 = Q4N — = =S89 =2 4N — | = .
2 3 4 9 6 9 2 4 9 6

1 1
So + 383 = a4n — 5]%'6 —+ 582 —+ 2(1471 — kG — So 2 30/471 — 2]{76 (10)
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Taxum obpazom u3 (7), (8), (9) u (10) cremyer yrBepxaerue (5).
C yuerom (5) mosyamm

¢j =) Ap-99°n R 1007 k2 L 105k L 10k L 111k L 7R,
k

'72a4n—k6 . 5a4n—[%k6] . 3&471—[%/%} . 23a4n—2k6 . 210—n—1—k‘7 . V

rie

N = (1 yhrthabths 13[ (am(am — 1) (an — ki — 1)) .

|
i=1 kil

'(n+1)-(n—|—l{:2)'-...-(n+k7)’ —
7

B nrore IIOJIy9YUM

cj:ZAE-:s?Nl-11N2-7N3-5N4-3N5-2N6-V. (11)
k
[Tpuaem:
Ni=agn—ks+amnm—ke=n—(ks+ks) =2n—(n+1—75)=75—1.
No=asn—ki+am—ky=11n— (ki +ky) >21In—(n+1—-75)=01n+j— 1
Ny=amnm—k3s+2an—ks—n—1—k, =
=08n—1—(ks+ks+k;)>208n—1—(n+1—j)=-02n+j—2.

1
N4:2a2n—2k:2—|—a1n—k3+a2n—k:4—|—a4n— |:§k36:| —TL—]_—]{?'y:
1
:2n—1—(2k2+k3+k4+ |:§k6:| —|—]€7)>2n—1—2(n+1—j)22j—3
1
N5:2a3n—2k1+a1n—k3+a3n—k5—i—a4n— |:§l€6:| —n—l—k7:

1

Ng = 2asn — 2ky + aogn — kg + 3ayn — 2kg —n — 1 — ky =
=2n—1— 2k +ka+2ks+kr) =>22n—1-2(n+1—j)=25—-3.

Ho rorpa u3 (11) cremyer (4), n gemma jgokazana. O

Jajee ycTtaHOBUM HEKOTOpbIe apudMeTuvdecKne cBoiicTBa KodduiimeHTos b, B

Pa3JIOZKECHU N
2n—2

P(z) = b(x—99)", see b, € Z. (12)

Cnenytomast emma anasiornara jgemme 2.10, mokazannoit E. C. 3omoryxuHoit
[10]. OTmeTnm Takzke, 9TO 110J00HasT KOHCTPYKIWMs Oblta npumMenena B. X. Casxo-
BBIM DU YJIyUIIEeHUH OIEHKU Mepbl UPPAIMOHAJILHOCTH Yucya 7 [9)].
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JIEMMA 2. Jlas koofdunyuernmos b, uz (12) cnpasedauso npedcmasaerue euda:
b, = 11%1""v=1AL, 20e M, € Z, v <0.1n — 1.

JTOKABATEJILCTBO. OueBnjiHO, 9TO JJId HOABIHTerpasabHOil dbyakmmn — R(x)
CIIPABEJIJINBO Pa3JI0yKEHUE BUJIA:

= ) B,(x-99".B, €Q (13)

v=asn

IJe x NPUHAIEXKUT HEKOTOPO OKPEeCTHOCTH ¢ IeHTpoM B Touke 99. /lajee mpu
7 =1 ...n+1 nveem

1 —1
medmzj(]+ )-Gtv-1 .

Buaunt, coracuo (2), (12) u (13) nosyuum

2n—2 n+1
Zb (z — 99) +299jz (z — 99)"+

n+1

— 99 (14)

111J 111

Nz (13) u (14) gt v = 0, ..., 0.1n — 1 caeayer, 9To

n+1 1
Z d”J( QQv+j 111y+j)' (15>

Cormacuo (4) nmeem

M.
c; = 1191 FJ rne M; € Z,N; € N, (N;,11) = 1. (16)
J
Taxkum obpasoMm, yanTeiBas, 910 b, € Z, umeem u3 (15) u (16) Tpebyemoe B jiemme
2 npejicraBjieHne Jijid Ko3pdumenTos b, .

JIEMMA 3. Cnpasedauso caedyrowee npedcmasaerue unwmezpanra (1) 6 sude
AUHETHOTE POPMbL:

I=J-210-1170n. 7020 g — A'logg—g + B,

2de ¢, = HOK(1,2,...,m) daam € NJA = qo, - 210 - ¢; - 117017 7020 A B € 7.
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JTOKABATEJILCTBO. U3 (3) u (12) momy«anm

110 110 2n—2 0.1n—1 111/+1 2n—2 117/+1
AOZ/p dx-/(Zb (z — 99) )dx— Z byt D b

99 99 v=0 v=0.1n

N3 nemmer 2 crepyer, uro 1170174, . 11" € Z, v =0, ..., 0.1n — 1. IIpu v > 0.1n:

117%".p, . 11" € Z, tax kak b, € Z.

1
Hanee g, - ] € N, rak xaK v + 1 < 2n. ITostomy 117017 . g9 - Ay € Z.

IIpu j =1
110

A= /1+# . v
tmal\GTeo—2) "% \210—2

99

110 | 37
0 1OB30

U3 (4) umeewm, uto ¢y - 210 - 117010 . 7020 ¢ 7,
Ipu 7 > 2

\ / 1,1 ¢ (1 1 ‘110
=) —+— ) == — — : =
b i (210 — x)d j—1\zi=t (210 — )71 ) log

g 1 1 1 1
-1\t 5l 11l 222 5%-2 3%-2. 1151 + 3i—1.37i-1 )"

[TockobKy anl € N, rak kak j—1 € {1,2,...,n}, To ucnosib3ys (4) mosy4um, 4ro

A, 210 -
1170 gy, € Z.
B nrore u3 (1) u (2) oKOHYATEIBHO HOJTYINM

J=210-11"%1". 702 g0 At

n+1
— n 2N —u.1n 2N 37
+210 - 11701 . 702 -an-;:QAj+210-11 0-In-, 70.2 -q2n-cl-log%,

e j € Z, n geMMa 3 JoKa3aHa.
B ocHoBe najbHEHINNX PacCyzKIEHUI JIEXKUT CJIeAyoIas JieMMa, J0Ka3aHHas
M. Xara [15].

JIEMMA 4. Ilyecmv © € R, © — uppayuornarvro, €, = ¢,© — Pn, Gn, Pn € Z;

lim sup — log|5n| —7, lim sup — log|qn| = 0.
n—oo n—oo

Tozda p(©) < 1+ &
T
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37
[Ipumennm stemmy 4 s aucen: © = log 30’ en=14J, ¢, = A, p, = B. Acummro-
110

THUKY MHTerpaJia R(x)dx HeC10KHO BBIYUCIIUTD C IIOMOIIBIO TeopeMsbl Jlamraca,

a ACUMIITOTUKY Gy ¢ IIOMOIIIBIO METO/Ia TIepeBala.
Pacemorpum crenyromntyio dyakimo (cm. (1)):

fz) =
_ ((2=99)% (2 —100)*2 (x—105)" (x —110)*2(x — 111) (7922 — 16590z +870240) ™
B ( 7(210—2) )

[ycrs t = (x — 105)?. Torpga:

B t2% (¢t — 25)92(t — 36)% (79t — 735)%
a 11025 — ¢ '

flz) = g(t)

Haiinem wymun ¢'(t), ommmansie ot wyneit ¢(t). B pesynbrare momyanm, dro ¢ ~
3.670692, t, ~ 16.3451, t3 ~ 31.428361, t4 ~ 22031.122936. Torna:
T=-2+0.1-logll —0.2-log7— log(max(|g(t1)],|g(t2)|, |g(ts)])) ~= 0.23017.
0=2-0.1-logll+0.2-log7+ log(|g(ts)|) ~ 14.808146.

37
ITo nemme 4 pu(0) < 1+ 7 ~ 65.3357. CienoBarenpHO [ (log %> < 65.3358 n
T

TeopeMa 1 JloKazaHa.

3. 3akJIroueHue

B nanHoii pabore OBLIO JI0Ka3aHO, YTO Mepa WPPAIMOHAJIBHOCTA YHUC/Ia
log(37/30) cocrasuser: u(log(37/30)) < 65.3358. OTmeTnM TakKe, ITO MOAOGOD OIl-
TUMAJILHBIX CTENeHeil aj, as, ag u a4 B uHTErpajie (1) ocymecTBIIsIICs CIeUaJIbHO

pa3paboTaHHOIl ABTOPOM KOMITBIOTEPHO ITPOrPpaMMOi, UCIIOIB3YIOIIEH BHIYUCICHUS
Mathcad.

ABTOp BbIparkaeT UCKPEHHIOI 0JIarogapHOCTh CBOEMY HAYIHOMY PYKOBOIUTETIO
B. X. CanuxoBy 3a MHOTOYHCJIEHHBIE COBETHI U IIOMOIIb B paboTe.
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