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Abstract

In the paper we give complete classification of two classes of two-dimensional PI-algebras
over any basic field. The choice of these two classes is predicted by the polynomial identities of
the classes: the identity of one of them is given by using the binary operation of the algebra
another one involves the bracket operation in the identity. The list of the representatives of
isomorphism classes are provided. We compare our list with that obtained earlier, where such
a classification was given under certain constraints on the basic field.
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1. Introduction

The classification problem of a given class of algebras is a challenging and significant task in
algebra. It is well-known that complete solution to the classification problem of finite-dimensional
algebras remains open. Currently, two approaches have been identified for solving this problem.
One approach is the structural (basis-free, invariant) method. Examples of this approach include
the classification of finite-dimensional simple and semi-simple associative algebras by Wedderburn,
as well as the classification of simple and semi-simple Lie algebras by Cartan. However, it becomes
increasingly difficult to apply this approach when dealing with more general types of algebras.
Another method to solving the problem is a coordinate base approach. Many researchers have
employed this approach to classify various classes of algebras, primarily finite-dimensional ones.
For example, Leibniz algebras see [4], [6], [7], [13], Lie algebras see [9], [15], [16], [17], [18], Jordan
algebras see [10], and associative algebras refer to [12], [14]. The previous attempts have been
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made to classify algebras of fixed dimensions under a very strict condition on basic field (most
of the results obtained were over algebraic closed fields). In [19], the method of classification of 2-
dimensional algebras was based on the basis-free approach. One drawback of the basis-free approach
is its limited applicability to the classification of specific classes of algebras. In this regard, the
coordinate-based classification approach has an advantage. For the coordinate-based approach, one
can refer to [1], [8], [11] for the classification of all 2-dimensional algebras over fields with certain
constraints, and [2], [3] for its different applications. Recently, we encountered (see [5]) a result on
complete classification of all 2-dimensional algebras over any basic field. We make use the result of
[5] to classify two classes of two-dimensional algebras over any basic field.

The outline of the paper is as follows. Section 2 gives preliminaries on classification of two-
dimensional algebras over any basic field. This section contains as well as the idea that was used in
the classification of all two-dimensional Well-defined cube (WDC) and Mixed-associative (MAA)
algebras. In Section 3 we provide computations to classify WDC over an arbitrary basic field F. The
results are given as Theorems 4,5 and 6 for F of Char(F) # 2,3, Char(F) = 2 and Char(F) = 3,
respectively. Then in Section 4 we give a complete classification of MAA over any basic field F. The
results here are given as Theorems 7,8 an 9 over the field F of Char(F) # 2,3, Char(F) = 2 and
Char(F) = 3, respectively.

2. Preliminaries

2.1. Algebras

DEFINITION 1. A wector space V over a field F with a function - : V@V =V ((x,y) — x-y)
such that

(ax+By) z=a(x-z)+B(y-2), z(ax+By)=a(z-x)+B(z"y)
whenever x,y,z €V and o, 5 € F, is said to be an algebra A = (V).

DEFINITION 2. Two algebras A = (V,-4) and B = (V,-p) are said to be isomorphic if there is
an invertible linear map f : A — B such that

fxeay) = f(x) B f(y)
for all x,y € A.

Let A be an n-dimensional algebra over F and e = (e, eg, ..., €,,) be its basis. Then the bilinear
map - is represented by a n x n? matrix (called the matrix of structure constant, shortly MSC)

1 1 1 1 1 1 1 1 1

ay; Gy . Gf, Qg1 Qyy . Gy e Gpp Gpg o e agn

A — all a/12 e alTL a/21 a/22 e azn e anl a/n2 e a/nn
n n n n n n n n n

azll a/12 e aln a/21 a/22 e a/2n e anl a/n2 e a/nn

as follows

n
ej-ej = g afjek, where 4,7 = 1,2, ..., n.
k=1

Therefore, the product on A with respect to the basis e is written as follows
x-y=eA(r®y) (1)

for any x = ex,y = ey, where x = (1,22, ...,7,)", and ¥y = (y1,%2,...,¥n)’ are column coordinate
vectors of x and y, respectively, x @ y is the tensor(Kronecker) product of the vectors x and y. Now
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and onward for the product “x-y” on A we use the juxtaposition “xy”. Further we assume that the
basis e is fixed and we do not make a difference between the algebra A and its MSC A.

Recently in [5] the following result on the classification of two-dimensional algebras over any
basic field was obtained.

THEOREM 1. Any non-trivial 2-dimensional algebra over a field F (Char(F) # 2,3) is
1somorphic to only one of the following listed, by their matrices of structure constants, such algebras:

ar a2 l+ar oy 4
A = = F
e Ai(c) (51 ey 1oy —a2> , where ¢ = (a1, g, ay, f1) € F*,

(o 0 0 (87} _ 3
0A2(C)<1 B 1—a 0>,whe7"ec(a1,a4,62)€]F and oy # 0,

e Aye) = (@ 00 aa) (o 00 dlay
T 0 By 1—a; 0) N0 B 1—an 0
a €T and a # 0,

> , where ¢ = (ay,ay, B2) € F3,

e Aylc) = (501 ;2 } _01) , where ¢ = (B, B2) € F2,

(a0 0 0
'A5(C)_<1 21 —1 1-m 0)’

where c =ay € F,

o (651 0 0 (7] _ 2
oAG(c)—<1 o —ay 0),wherec-(a1,a4)€F and ay # 0,

(o 0 0 ) _ (1 0 0 d’ay _ 2
oA7(c)_<0 o oy 0)_<0 a1 —a; 0 ),wherec—(al,a4)€IF,

a€F and a+#0,

0 1.1 0
.AS(C):<51 1o _1>,wher60251€IF7

1
10 0 0
‘A9:<§ 2 1 0>,
3 3

cana= (50 ) =(0 b L),
(B

where ¢ = B1 € F, the polynomial (B1t> — 3t — 1)(B1t? + Byt + 1) (B3 + 65112 + 361t + B1 — 2)
(B3t3+681>+3B11+ 51 —2)*
(B1t2+B1t+1)3 ’

has no root in ¥, a € F and Bl( ) =

(0 0 0 1\ _ 0 0 0 1 . 3 .
e Aji(c) = (51 0 0 0) ~ <a361ﬂ 00 0) , where the polynomial 51 — t° has no root in

F, a,c=p1 € F and a, 51 # 0,

0 11 0 0 1
* Ale) = ([31 0 0 —1) = <a251 0
00 00
* A13_(1 0 0 0>'
THEOREM 2. Any non-trivial 2-dimensional algebra over a field F (Char(F) = 2) is isomorphic
to only one of the following listed by their matrices of structure constants, such algebras:

[

0

_1> , where a,c = 51 € F and a # 0,

@)
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a1 oy 14+oas ay 4
A = = F
1,2(c) (51 o 14 as 042> , where ¢ = (aq, g, ag, B1) € F?,

[ ar 0 0 Q4 . 3
Aso(c) = < 1 B 1ta 0> , where ¢ = (a1, ay, B2) € F° and ay # 0,

A o(0,0,1) = (Oil (1) . 4?061 8) , where a1 € F,

Ag(c) = a; O 0 ag\ (o 0 0 alay
PR TA0 B 14a; 0) N0 B 14+a; 0
a €T and a # 0,

) , where ¢ = (ay,ay, B2) € F3,

A (C)_ aq 1 1 0 ~ aq 1 1 0
WO B B 1tar 1) T B (L B)ata® B 14+an 1)
where ¢ = <a17517ﬁ2) € F37

. a1 0 0 (7] _ 2
Aso(c) = <1 ltar a 0) , where ¢ = (a1, 4) € F? and oy # 0,

1 00 0
A572(1’0):<1 0 1 0)’

(o 0 0 ) _ (o 0 0 a’ay _ 2
A6,2(c)—<0 ltar a 0>_<0 lbar a1 0 >,wherec-(a1,a4)elﬁ‘,

a€F and a#0,

Ar2(c) = o ! R a L 1o where ¢ =
P TAB 14 an 1) \Bitav+a+a® 1+ aq 1)° o
= (a1,p1) €F? and a € F,

0 1 11 0 1 11 ‘
Ago(c) = <51 00 1> o~ <51((1) 00 1) , where the polynomial
_ (Bt +Bit+p1)?

(B1t® +t + 1)(B1t? + Bit + 1) has no root in F, a € F and B (t) = AL

0 0 01 0 0 0 1
A9’2<C)_<ﬁ1 00 0>_<a35%1 0 0 0),wherea,c-ﬁleFanda7é0,

the polynomial B1 + t3 has no root in F,

1110 1
A10’2(C)_<5l 1 1>_<Bl+a+a2

0 10 0
Ar12(c) = <51 0 1) = (bz(& + a?)

0000)

—_
—_

(1)> , where a,c = B € F,

—_
—_
—_

=
—_
_

?) , where a,b € F and b #£ 0,

@)
)
)

'A12»2:<1 00 0

THEOREM 3. Any non-trivial 2-dimensional algebra over a field F (Char(F) = 3) is isomorphic

to only one of the following, listed by their matrices of structure constants, such algebras:

¢ Auale) = <51 200 14201 +209

a1 Qo ag +1 (071
> , where ¢ = (a1, 2, a4, 1) € F4:
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[ ar 0 0 Yy . 3
As3(c) = (1 By 1420 O) , where ¢ = (a1, oy, f2) € F°, and ay # 0,

(a1 O 0 as) (o 0 0 a’oy - 3
b A3,3(C) - (0 62 1+ 20 0) — <0 62 1—aoy 0 >7 where ¢ = (041,044,62) cF )
a €T and a # 0,

0O 1 1 0
o Ays(c) = , where ¢ = , € F?,
43(c) (ﬂ1 B 1 2) (B1,52)
{0 0 0 .
* A573<C)_<1 201 +2 142 0>’“’h€r€c*a1€m’
e Ags(c) = o1 0 0 oy where ¢ = (a1, 04) € F? and ay # 0
’ 1 142017 204 0)° ’ 7
(o 0 0 g\  (a 0 0 a*oy _ 2
o A73(c) = <0 142y 20 O> ~ <0 14920 2 0 >,wherec—(a1,a4)€F,
a €F and a # 0,

0O 1 1 0
.A8,3(C)—<Bl 1 0 2>,wherec-ﬁ1€IF,

0 1 11 0 1 11 .
o Ag3(f1) = <51 0 0 2> ~ <Bi(a) 0 0 2) , where the polynomial

(B1 — t3) (Bt + Bt + 1) (B33 + B1 + 1) has no root in F, a € F and B, (t) = (BEO+61+1)°

= (B2 +Bit+1)3
0 0 0 1 0 00 1
* Alo*?’(c)_(ﬁl 0 0 0)—<a3ﬁfﬂ 0 0 0>’

where the polynomial B1 + 2t3 has no root, a,c = 1 € F and a, By # 0,

0 1 10 0 1 10
.AH’S(C)_(ﬁl 0 0 2>_(6L2ﬁ1 0 0 2>,whe7‘ea,c_ﬁle]F,a7é0,

1000
o Apps = <1 9 0>,

000 0
°A1373:(1 00 0)'

The next sections are devoted to the classification of all two-dimensional WDC and MA-algebras
over any basic field relying on the theorems above.

N O

2.2. Well-defined cube algebras
DEFINITION 3. An algebra (A, ) is said to be a well-defined-cube (WDC) algebra if

x’x = xx?, Vx € A. (2)

Consider two-dimensional case, i.e., A is represented by a 2 X 4 matrix

. a1 Gy a3 04
A_<ﬂ1 B2 B3 54)
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as a matrix of structure constants (MSC) of A on the basis e = (e1,e2), i.e.,
xy = eA(z @ y)

for any x = ex,y = ey, where e = (e, e2) is a basis of A, x = (21,22)7, and y = (y1,y2)” as above
with n = 2.
Let write
x? = eAr®?
x’x = eA((Az®?)® ) (3)
xx? = eA(r ® (Az®?))

Then, the WDC algebra axiom

is written as

eA((Ar®?) @ ) = eA(x ® (Az®?))

and in terms of the elements of A it can be rewritten as follows

Pi(az —a3z) = 0
(1 — P2 —B3)(az —a3) = 0
(g + a3 —Bs)(aa—a3) = 0
a4(a2 — Oég) = O
Bi1(B2—pB3) = 0 )
(a1 —pP2—PB3)(Bf2—B3) = 0
(ag+a3—B4)(f2—B3) = 0
as(Be—P3) = 0

So, we use this system of equations to classify two-dimensional well-defined-cube algebras.
2.3. Mixed-associative algebras

DEFINITION 4. An algebra (A,-) is said to be a mized-associative algebra (MAA) if

[x,v]z = x[y,z], Vx,y,z€ A, (5)

where [u,v] = uv — vu, foru,v € A.

Let A be a two-dimensional MA-algebra and

A:<a1 as Qs a4>
i B2 B3 Pa
be its MSC on a basis e = (e, e2). Then
xy = eA(z ®y)

for any x = ex,y = ey, x = (v1,22)” and y = (y1,y2)”. Hence, one has

x,y] = xy—yx = eA((z®y) - (y®x))

[v,2] = yz—zy = eA((y®z) - (2@y)) (6)
xylz = (xy—-yx)z = eA(A((z®y) - (y® 7)) ®2)

xly,z] = x(yz—zy) = eAlz®@A((y®z2) - (2®@y)))

Therefore, the MAA axiom
[x,ylz = x[y, 7]
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in terms of the elements of A turns to

(201 + B2 — P3)a — a3(20q — P2 + f3)
a3 — agaz + ay(Ba — B3)

(a1 + P2 — B3)ae — azay

sy — o + aq(B2 — B3)

ajag — az(a; — P2 + B3)

a5 — a3 + 204(Ba — B3)

(a2 — a3 + 2f4) 2 + B3(az — a3 — 2f34)
BafB3 — B3 + Bi(az — ag)

B2Ba + B3(ag — az — f4)

B3 — Baf3 + Bi(az — ag)

(a2 — a3 + B4) P2 — B354

B35 — B3 + 261 (a2 — 3)

=N eleoNaoBoeoNoNeoNeoRel el

[an}

So, this is a system of equations which we make use to classify two-dimensional MA-algebras.
Further, for the sake of simplification, W} and M stand for two-dimensional WDC-algebra
and MA-algebra (MAA), respectively, where a is the number of the class from [5] and b is the

enumeration in this paper.

3. Classification of two-dimensional WDC-algrbras

3.1. The characteristic is not 2 and 3

THEOREM 4. Any non-trivial 2-dimensional well-defined-cube algebra over a field F, (Char(F #
# 2,3)) is isomorphic to only one of the following listed by their matrices of structure constants

algebras:
112
Lwle=1(3 % 3 1|
0 -3 3 3
2. WQ(C).—< 1 1-a; 1-a; 0 ), where ¢ = (a1, 04) € F7,
3 L a7 0 0 Yy . 2
3. W3(c).—< 0 1-a; 1—a; 0 >, where ¢ = (a1, a4) € F?,
oo (a0 0 0
4. W3(a1).—< 0 214 -1 1-a 0), where a1 € TF,
0 1 1 0
5. WP (Br) ::(61 L1 _1>, where 51 € F,
2
0 00
6._ 3
ow=(1310)
1
z 0 0 O
7. (3
(58 4 0)
0O 1 1 1
8 WISO(/Bl) = ﬁl 00 -1 >7 where ﬁlE]F;
0 0 01
9. W(B1) == ( B 0 0 0), where 51 € F,
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0 11 0
10. Wi{(61) :-(Bl 00 —1 ), where B € F,
11. Wln::<(1) 8 8 8).
PROOF.

We check each algebra from Theorem 1 one by one to be a WDC algebra.

(a1 as 14ar oy . . . _ .
Ai(c) = <ﬁ1 o 1-ay —a2> is WDC if ag = 1/3, ao = —1/3, au, 51 = 0.

. a1 0 0 g . . 1 _ . 2
AQ(C)—(l B 1-on 0>1sWDC1f52—1 a1, ¢ = (a1,ayq) € F=.

(a1 O 0 a4Na10 0 a?ay) . . .
As(c) = <O By 1—an O) o~ (O B 1—a; 0 > is WDC algebra in the following

two cases:
e fa=1-m
e 5 =1—2a; and ay = 0.

Ay(c) = 0 1 10 is WDC algebra if and only if B2 = 1.
B B2 1 —1

1 200—1 1—0a7 O
2
Ar(c) = (al 0 0 a4> ~ <a1 0 0 a a4> where ¢ = (a1, 4) € 2,

As(ar) = <a1 0 0 0) , is WDC algebra if o = % i

0 1-— a1 —OQq 0 0 1-— a1 —Qq 0
a € F and a # 0, gives a WDC algebra only for a; = % and ay = 0.
0 1 1 1 0 1 1 1 .
A(B1) = (51 0 0 _1) ~ (5/1(@) 0 0 _1> , where 81 € IF, the polynomial
(B1t3 — 3t — 1)(B1t? + Bit + 1)(B%3 + 6612 + 361t + B1 — 2) has no root in F, a € F and

1oy (B346B18743B11461-2)% .
Bl(t) - L (ﬁlt2+61t+1)3 5 1S WDC.

(0 0 01 0 0 0 1 . 3 )
A11(B1) = <51 0 0 0> ~ (a3ﬁ1ﬂ 0 0 0> , where the polynomial 51 — ¢t has no root in
F,a, f1 € Fand a,5; # 0, is WDC.
0 1 1 O 0 1 1 0 .
Aa(Br) = (51 0 0 _1> o~ <a2ﬁ1 00 _1> , where a, 1 € F and a # 0, is a WDC.

0 0 0 0.
Ajs .-(1 0 0 O)lsaWDC algebra.

Note that the last four cases all the equations of (4) become identities. O
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3.2. Comparison

In this section we compare the list of Theorem 4 with that of Theorem 4.7 (I5) from [2].

WDC algebra from [2| | Isomorphism | WDC algebra from this paper
A (3,-%,0,0) = wi
1 0
- A (o, 1,1 — o) <0 1> Wi(ar, o), g = 7
- B1
N Az (B1,1) = Wi (51)
g A4(a1,1—a1), 04175% = Wg’(c), C:(Oél,O)E]FQ,Oél?é%
\g A4 (041, 2041 — 1) = Wf(al)
£ A3 (3) ~ e
O A i ~ W7
8 (3) - 1 7
A10 = WlQO(O)
An = Wi3(1)
Ay =~ Wis

3.3. The characteristic is two

The following result holds true.

THEOREM 5. Any non-trivial 2-dimensional well-defined-cube algebra over a field F, (Char(F =
= 2)) is isomorphic to only one of the following listed by their matrices of structure constants
algebras:

~ 0 1 1 0
N <b2(51+a2) 0 0 1>’ where a,b, 31 € F and b # 0,

1 110
3. Wipa(61) 32( 11 1), where B € T,

N
o
o
(]
—

4. W9,2(51) = < B 0 0 0 ), where B1 € F,

0 1
5. WgS,Q(Bl) = < B 0 0 1 ), where B1 € F,

1000
g Wf?ﬁ:z(o 0 1 0)’

7 [ ™ 1 1 0 o o1 1 1 0
7 Wiglar, £1) ‘_<51 ar+1 ag+1 1>_<51—|—(a1—|—2)a—|—a2 ar+1 ap+1 1
where a,ay, 1 € F,

8 (n._ (a1 0 0 ar)y o (a0 0 a’ay
8. Ws,z(c)-—< 0 a1+1 a;+1 0 )’_ ( 0 ag+1 oy +1 O ’

where ¢ = (a1, a4) €F?a € F,a # 0,
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a; 0 0 0
9. W§72(c):_< 01 1 a1 0), where o € T,

. (a0 0 0
10. W272(a1).—< 1 ar i1 aptl 0), where ay € I,

11. Wy5(c) := ( 1 artl art1 0 ) , where ¢ = (aq,aq) € F2 ag # 0,

00 0O
11 .
12. W272._<1 11 0),
1 1 00
12 .
15. WLQ._(O 10 1).
PROOF.

Let check each algebra from Theorem 2 one by one to be a WDC algebra.
Ajg9 = < 0000 > is a WDC algebra.

’ 1 0 00
0 1 10 -~ 0 110 .
A2 = B 0 0 1) = <b2(/81+a2) 0 0 1>,wherea,b€Fandb#OlsaWDC
algebra.
A = Lo here 81 € F is a WSC algebra
10,2 = g1 1 1 , where D 1 gebra.
0 0 0 1 .
Ag o .—<51 0 0 0), where 51 € F is a WDC algebra.
Ago = 0 111 here g € F is a WDC algebra
8,2 = B0 0 1 , where 0j 1 gebra.
Ag2is WDCif a3 =1 and ay =0, i.e.,

) = (5 +clz+a2 (1) é (1)>’ where a, 1 € F. Az5 is WDC if
1

a1 0 0 (67}
ar+1 ag+1 0
A2’2 is WDC if B = aq + 1, ie.,

( a1 0 0 0 > , where a1 € F is MSC of a WDC algebra.

) , where a1, a4 € F is MSC of a WDC algebra.

1 og+1 o +1 0
foq O 0 0
Aza(1,0,1) = <1 1 14a; 0
MSC of a WDC algebra.

a1 oy l1+as oy 4 :
A1a(c) == here ¢ = F'is WDC if a1 = 1, ap = 1
1,2(c) <51 or 14 as a2> , where ¢ = (a1, a2, a4, /1) € F* is WDC if oy , Q9 ,

. . . 0 00 0Y).
>,Wherea1EFlsWDlealz(),l.e.,<1 11 0)15

ay =0, 1 =0, ie., ( (1) 1 8 (1) > is a MSC of a WDC algebra.

a

3.4. Comparison

This section is a comparison of the result of Theorem 5 with that of Theorem 4.9 (I5) from [2].
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WDC algebra from [2] Isomorphism WDC algebra from this paper
A1 (1,1,0,0) = w3
Az2 (au, f1,1+ aq) = W39 (ar, B1)
- Az (a1, 14 aq) = W{s(au1,0)
Il A472 (Oél,l—l-al), Q) # % = W§,2(a1,0), c= (al,O) 6]F2,Oé1 75%
3 Ag2(oq,1) = Wiy(an)
3 As,2(0) = W3k
@) Asz2 (1) = Wgs
Ao & Wi 2(0)
A1 = Wio,2(0)
A2 = Wiy s

3.5. The characteristic is three

In this case WDC algebras come out from the following classes of Theorem 3. It is immediate
that the algebras Ag 3 - A3 3 are WDC algebras. In these cases all the equations of the system (4)
turn into identities. The algebra A7 3 is WDC if a1 = 1 and oy = 0 and the algebra A4 3 is WDC if
B2 = 1. Finally, the algebras Az 3 and Ay 3 are WDC if 82 = 1 — ay. The other classes of algebras
in Theorem 3 do not produce WDC algebras. Thus, we get the following theorem.

THEOREM 6. Any non-trivial 2-dimensional well-defined-cube algebra over a field F, (Char(F)=
= 3) is isomorphic to only one of the following listed by their matrices of structure constants algebras:

1. W2’3(C) T (1 1—0[1 1—0&1 0

2 _ [ 0 0 ag\ (o 0 0 a’ay
. W3v3(c)'_<0 -1 1- o)‘(o l—ay 1—ay 0 )

where ¢ = (a1, 04) €EF?, a €F and a # 0,

3 _ (@™ 0 0 ag) _ [oa 0 0 a’ay
5 W373(C)‘_<0 201 +2 201 +1 0)‘(0 201 +2 209 +1 0 )’

where ¢ = (a1, 04) €F%, a €F and a # 0,

) , where ¢ = (a1, a4) € F2, and oy # 0,

) , where 1 € F,

, 1 000
6- W76’3 = <O 0 2 0>}

0 1 1 1 0 11 1
7 — ~ ma
7. ”9,3(51) = <51 00 2) o~ (61(“) 00 2) , where the polynomial

(B1 — t3)(B1t? + Pt + 1)(B3% + By — 2) has no root in F, a € F and B, (t) = (045 —2)°

(Bt ABitH1)
0 001 0 0 01
”78 o ~
8. 10,3(51) T <61 0 0 0> - <a361i1 00 0) ’

where the polynomial B1 — t3 has no root, a,31 € F and a, 1 # 0,
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0 1 10 0 110
9 o N
9. W11,3(51) = (51 0 0 2> ~ (a251 9 0 2) , where a, 1 € F, a # 0,

~
)
w
Il
7N\
=
N O
N O
o o
N

0
11. Wiy = (1

o O
o O
o O
N———

3.6. Comparison

Now we compare the list of Theorem 6 with that of Theorem 4.10 (I5) from [2].

WDC algebra from [2] | Isomorphism | WDC algebra from this paper
Aoz (a1, B1,1 — o) = Wj 3
Az 3 (B1,1) = Wis(61)
o Asz3(0,-1) = Wi
Il A473 (Oq, 1-— Oq) = W3273(041, 0)
g A473 (051, 2051 — 1) = W§3(0¢1, 0)
EE Ag 3 = WP (1)
O A10,3 = WP, 5(0)
A3 = Wids
A12,3 = W113},3

4. Classification of two-dimensional mixed-associative algebras

4.1. The characteristic is not two and three

The following classes from Theorem 1 produce MAA as follows:

(o 0 0 ay _ 3
AQ(C)—(l oy 1-ay O),WhereC—(al,a4,Bg)EF,oz4750,

Ag(c) = oq 0 0 ag\ (o 0 0 alay
W7\ 0 1—ag 1—a; 0) 7 \0 By 1—aq 0 )7
where ¢ = (a1, 4, 42) €F3, a € F,a # 0,

(0 11 0 (a0 0 0
A4(C)_(51 11 —1)’andA5(C)_<1 201 -1 1—a 0)’

under the conditions f2 = 1 — oy (in Az(c)), B2 = 1 — oy (in As(c)), S2 = 1 (in Ay(c)) and
o = % (in As(c)) respectively, i.e.,

Ay = <011 1 —Oal ] —Oal 064> , where ¢ = (a1, a4) € F3, ay #0,
aq 0 0 Quy a; 0 0 a’oy
Ag(c>:<0 l—ap 1—-m 0>2<0 By 1—a; O >,wherec:(a1,a4)eIF3,
a€lF a+#0,

0 1 1 0
A4—<51 11 _1>, where g1 € F
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and

2
— (3
a= (]

Wi O
wl= O

are mixed-associative algebras.

It is immediate to check that the algebras

0

o Ap(pr) = <51

0

o Ay (pr) = (31

0

o App(fBr) = <B1

0000
"413:(1000

o O S =

O =

1
0

o O

)

_11> where g1 € F,

é) where 1 € F,

_01) where 81 € F,

from Theorem 1 also are mixed associative. Thus, we get the following result.

THEOREM 7. Any non-trivial 2-dimensional mized-associative algebra over a field F,(Char(F) #
# 2,3) is isomorphic to only one of the following listed by their matrices of structure constants

algebras:
1. M(c) = (011
2. M2(c) := <061
3. M (B) = (50
5. (o) =
6. My (6) = (
7wy o=
8. MY, m <(1) 0

0

1—o

0

1—051

wi— O
(e} —

)

—_

O =

0 064 _ 2

- ay O),wherec—(al,a4)€F,a47$O,
0 og)  [oa 0 0 a’oy

1-— aq 0 o 0 ﬁz 1— a1 0 ’

where ¢ = (a1, 04) €EF?, a €F, a #0,
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4.2. Comparison

Let compare the list of Theorem 7 with that of Theorem 7.4 from [2] as below.

MMA from |[2]

Isomorphism

MMA from this paper

Ay

Char (F) # 2,3

Ay (o, B1,1 —aq)

Az (B1,1)
(041,1 —Oél), a1 7&
A5 (3)
Ao
A
Arg

2

3

11111111 1R

Mj(c), c=(a1,aq) € F?
gy 75 0
M (1)
M32(a170)a aq # %7

Mg

M1:2(0)

Mi(1)
M13

4.3. The characteristic is two

The list of MA-algebras appear among the classes of Theorem 2 as follows. For the classes
Ao e ( 0 000
12,2 i=

A11,22=<601 (1) (1) ?) = (bg(BIO_HZQ) (1) (1) ?),wherea,bEFandb;&O,

A2 = ( 511 i i (1) > , where 5 € F,

Ago = ( 501 8 8 (1) > , where 51 € F,

Ago = < 501 (1) (1) 1 ) , where 81 € F,

all the equations of (7) become identities.

Asgis MAA if By = ay + 1, ie., < 061 a10+ . ali . ‘64 ) , where a1, a4 € F is MAA.
Agy is MAA if By = g + 1, ie., < Cil ali . ali . 8 ) , where a; € F is MAA.

THEOREM 8. Any non-trivial 2-dimensional mized-associative algebra over a field ¥, (Char(F =

= 2)) is isomorphic to only one of the following listed by their matrices of structure constants

algebras:
- (2000)
2. M2 ,(B1) = ( gl (1) (1) (1’> ~ <b2(510+a2) é (1) ‘f) where a,b € F and b # 0,
3. Mfw(ﬁl) = 511 1 i (1)) = <51+c11+a2 i 1 (1)>, where a, B € F,
4. Mgg(ﬁl) = </31 8 8 (1)) ~ (a3glﬂ 8 8 (1)), where a,B1 € F, a # 0, and the

polynomial By + t> has no root in F,
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0 1 1 1 0 1 1 1
5 e ~
o M&?(ﬁl)'_(ﬁl 0 0 1)‘(51(@ 0 0 1)’
_ (B3H34B1t+B1)?

where the polynomial B1t3 +1+1)(B1t? + B1t + 1) has no root in F and 3} (t) = PR

o1 1 1 0 a1 1 1 0

6 ._ o~ 2
o M4’2'_<ﬁ1 l+a 1+a 1>_<51—|—a1a+a2 l+a1 14+a 1),(11,/31615‘,

7 _ [ o 0 0 o\ o [ 0 0 a0y
7. M372(c).—< 0 ar+1 aj+1 0 >_< 0 a1+1 artl 0 , where a1,a € F
and a # 0,
00 0O
8'M28:2::<1 11 0)’

9. M272(a1) = ( 1 artl art1 0 > , where a1, a4 € F and oy # 0,

4.4. Comparison

Below is a comparison of the list of Theorem 8 with that of Theorem 4.9 (Ig) from [2].

MMA from [2] Isomorphism MMA from this paper
Az (a1, B1,1+ aq) = MQ{Q(C), c = (ar,ay) € F?
™ Azz (o1, 1+ aq) = M3 5(B1)
/”\ Ago (o, 14+0q), aq # % = M3772(Oz4:()), oy # %,
& As 2 (0) = M3,
;53 Ao = M121,2(0)
®) A2 = M%O,Q(O)
A2 = My,

4.5. The characteristic is three

In this case MAA come out from the following classes of Theorem 3. It is immediate that the
algebras Ag 3 - Ai33 are MAA algebras. In these cases all the equations of the system (4) turn
into identities. The algebra A4 3 is MAA if 85 = 1. Finally, the algebras A3 and Ag 3 are MAA if
B2 = 1 — ay. The other classes of algebras of Theorem 3 do not produce MAA algebras. Thus, we
get the following theorem.

THEOREM 9. Any non-trivial 2-dimensional mized-associative algebra over a field F,(Char(F)=
= 3) is isomorphic to only one of the following listed by their matrices of structure constants algebras:

1 . [oa 0 0 (67}
L M2:3(C)'_<1 1420 1+2a; 0

s (a1 0 0 ) (a1 O 0  a’ay
2. M373(c).—<0 1+2a1 1+ 2aq O>_<0 1+20 14201 0 )7

where ¢ = (a1,04) €F?, a € F and a # 0,

) , where ¢ = (a1, a4) € F2, and oy # 0,

0O 1 1 0
8. Mi4(B1) = ( L1 2) , where 81 € T,
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0 1 1 1 0 1 1 1
4 o - ‘
4. M973(/81) = (51 0 0 2) ~ (ﬁi(a) 0 0 2) , where the polynomial

, 2,3 N2
(B1 — t3) (112 + Bit + 1)(B2t2 + By — 2) has no root in F, a € F and B,(t) = %7

0 0 0 1 0 0 01
5 — ~
5' MlO,S(ﬁl) T (Bl 0 0 O) - <a3ﬁlil O 0 0> 9
where the polynomial f1 — t> has no root, a,B1 € F and a, 31 # 0,

0 1 1 0 0 1 10
6. M161,3(51) = <51 0 0 2> o (agﬁl 0 0 2) , where a, 1 € F, a # 0,
1 0 0 O
7 Miyy i (1 2 2 0)’

0 00O

4.6. Comparison

Here is a comparison of the list of Theorem 9 with that of Theorem 4.9 (Ig) from |2].

MMA from |[2] Isomorphism MMA from this paper
A273 (al, 61,1+ 20&1) = M2173(C), c : (al, Oé4) c F?
e Az s (B1,1) = M3 5(51)
I Ay (a1, 14 200), a1 # 3 = My(aa = 0), a1 # 3,
S Ag3 = M7, 5(1)
g Avo3 = M7, 5(0)
© A11,3 = M172,3
A123 = M183 3
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