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Аннотация

В этой статье мы вводим понятие сильно звездной I-компактности и изучаем неко-
торые ее топологические особенности. Мы представляем некоторые свойства конечных
пересечений как для I-компактных пространств, так и для сильно звездных I-компактных
пространств. Наконец, мы устанавливаем связь между счетно 𝐼𝑓𝑖𝑛-компактным простран-
ством и сильно звездным 𝐼𝑓𝑖𝑛-компактным пространством. Для того чтобы выявить разни-
цу между различными версиями компактности, мы приводим несколько контрпримеров.
Также в статье поставлены некоторые открытые проблемы.
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Abstract

In this article we introduce the concept of strongly star I-compactness and study some of
its topological features. We represent some finite intersection like properties for both I-compact
spaces and strongly star I-compact spaces. Lastly we establish a relation between the countably
𝐼𝑓𝑖𝑛-compact space and the strongly star 𝐼𝑓𝑖𝑛-compact space. In order to identify the difference
between the different versions of compactness we represent some counter examples. And some
open problems are also posed in this article.
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1. Introduction

The the year 1933, the concept of ideals in topological spaces were considered by Kuratowski
[15] and has been studied extensively by Vaidyanathaswamy [21] in the year 1946. An ideal 𝐼 in a
topological space (𝑋, 𝜏) is a non empty family of subsets of𝑋 which satisfies the following properties
:

(𝑖) 𝑋 ̸∈ 𝐼,
(𝑖) 𝐴,𝐵 ∈ 𝐼 ⇒ 𝐴 ∪𝐵 ∈ 𝐼,
(𝑖𝑖) 𝐴 ∈ 𝐼 and 𝐵 ⊆ 𝐴⇒ 𝐵 ∈ 𝐼.
If 𝐼 is an ideal in a topological space (𝑋, 𝜏), then the ordered triplet (𝑋, 𝜏, 𝐼) is called an ideal

topological space (in short ideal space). If 𝐼 ∩ 𝜏 = {∅}, then 𝐼 is called a condensed ideal or a
boundary ideal [10]. Some simple ideals on a space (𝑋, 𝜏) are {∅}, 𝑃 (𝑋) (power set of 𝑋) and
𝐼𝑓𝑖𝑛, collection of all finite subset of 𝑋 The concept of compactness modulo an ideal (also called
I-compactness) was first established by Newcomb [17] in the year 1967. Recently this generalization
of compactness has attracted a lot of mathematicians in this field [12, 20].
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On the other hand, Douwen et. al. [9] generalized compactness with the help of the star operator.
In a topological space (𝑋, 𝜏), if 𝑀 ⊆ 𝑋 and 𝒰 is a collection of subsets of 𝑋 then star of 𝑀 with
respect to 𝒰 is denoted by 𝑆𝑡(𝑀,𝒰) and is defined as 𝑆𝑡(𝑀,𝒰) = {𝑈 ∈ 𝒰 : 𝑈 ∩ 𝑀 ̸= ∅}. If
𝑀 = {𝑥}, we write 𝑆𝑡(𝑥,𝒰) instead of 𝑆𝑡({𝑥},𝒰). In recent days, this operator is being used in the
study of selection principles [1, 3, 14], covering properties [2, 4, 5, 8, 6, 7, 19]. In this paper we will
use the concept of ideal and star operator simultaneously to generalize the study of compactness of
an ideal space.

2. Preliminaries

If 𝐴 ⊆ 𝑋, 𝐴 will denote closure of 𝐴. For general symbols and notation of topology, we follow
[11].

A subset 𝐴 of a space (𝑋, 𝜏) is said to be a g-closed [16] set if 𝐴 ⊆ 𝑈 , whenever 𝐴 ⊆ 𝑈 ∈ 𝜏 .
Every closed set is a g-closed set but converse may not be true.

Proposition 1. [17] If 𝑓 : (𝑋, 𝜏, 𝐼) → (𝑌, 𝜎) is a function, then 𝑓(𝐼) = {𝑓(𝐼1) : 𝐼1 ∈ 𝐼} is an
ideal of 𝑌 .

Proposition 2. [17] If 𝐼 is an ideal of subsets of 𝑋 and 𝑌 ⊆ 𝑋, then 𝐼𝑌 = {𝑌 ∩ 𝐼1 : 𝐼1 ∈ 𝐼}
is an ideal of subsets of 𝑌 .

Although Newcomb [17] introduced the concept of I-compactness, Rancin [18], Hamlett and
Jankovic [13] studied the concept extensively.

Definition 1. [17] A subset 𝐴 of an ideal space (𝑋, 𝜏, 𝐼) is said to be compact modulo I
or I-compact subset, if for every 𝜏 -open cover {𝑈𝛼 : 𝛼 ∈ Λ} of 𝐴 there exists a finite subset
{𝑈𝛼𝑖 : 𝑖 = 1, 2, 3, . . . 𝑘} such that 𝑋 ∖

⋃︀𝑘
𝑖=1 𝑈𝛼𝑖 ∈ 𝐼. If 𝑋 itself is a I-compact subset, then (𝑋, 𝜏, 𝐼)

is called an I-compact space.

Definition 2. [9] A topological space (𝑋, 𝜏) is called a strongly star compact space if for every
open cover 𝒰 of 𝑋, there exists a finite subset 𝐹 ⊆ 𝑋 such that 𝑆𝑡(𝐹,𝒰) = 𝑋.

3. I-compactness

Since ∅ ∈ 𝐼 for every ideal 𝐼 of 𝑋, every compact space is an 𝐼-compact space.

Remark 1. There exists an ideal space (𝑋, 𝜏, 𝐼) which is 𝐼 compact but not compact.

Let 𝑋 = 𝑁,𝐴 = {1, 3, 5, ...}, 𝜏 = {∅, 𝑋} ∪ {𝑋/𝑃 : 𝑝 ∈ 𝑃 (𝐴)} and 𝐼 = 𝑃 (𝐴).

Clearly (𝑋, 𝜏, 𝐼) is an ideal space. Let 𝒰 be an arbitrary non-trivial open cover of 𝑋
and 𝒰 ′

= {𝑢1, 𝑢2, ..., 𝑢𝑘} is a finite subset of 𝒰 . Then there exist 𝑝𝑛 ∈ 𝑃 (𝐴) such that
𝑈𝑛 = 𝑋/𝑃𝑛 ∀𝑛 ∈ {1, 2, 3, ..., 𝑘} and 𝒰 ′

=
⋃︀𝑘
𝑛=1 𝑢𝑛 =

⋃︀𝑘
𝑛=1(𝑋/𝑃𝑛) = 𝑋/(

⋂︀𝑘
𝑛=1 𝑃𝑛) = 𝑋/(∩𝑘𝑛=1𝑃𝑛)

Therefore, 𝑋/ ∪ 𝒰 ′
= ∩𝑘𝑛=1𝑃𝑛 ∈ 𝑃 (𝐴) = 𝐼.

Hence (𝑋, 𝜏, 𝐼) is an 𝐼-compact space.

Now consider the countable open cover 𝒱={𝑉𝑛 : 𝑛 ∈ 𝑁}, where 𝑉𝑛=𝑋/{2𝑛−1, 2𝑛+1, 2𝑛+3, ...}.
If possible let 𝒱 ′

= {𝑉𝑛1 , 𝑉𝑛2 , 𝑉𝑛3 ..., 𝑉𝑛𝑘} is a finite sub cover of 𝑋. Then there exists
𝑛𝑚𝑎𝑥 = {𝑛1, 𝑛2, 𝑛3, ...𝑛𝑘} ∈ 𝑁 .

Therefore, ∪𝒱 = 𝑉𝑛𝑚𝑎𝑥 = 𝑋/{2𝑛𝑚𝑎𝑥 − 1, 2𝑛𝑚𝑎𝑥 + 1, 2𝑛𝑚𝑎𝑥 + 3, ...} ̸= 𝑋

So, 𝒱 can not have finite sub cover. Hence (𝑋, 𝜏, 𝐼) can not a compact space.

Definition 3. In an ideal space (𝑋, 𝜏, 𝐼), a family {𝐻𝛼 : 𝛼 ∈ Λ} is said to have idealized finite
intersection property if for every finite subset Λ0 ∈ Λ,

⋂︀
𝛼∈Λ0

𝐻𝛼 /∈ 𝐼
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Theorem 1. For an ideal space (𝑋, 𝜏, 𝐼), following statements are equivalent:

1. Every family ℋ of closed sets having idealized finite intersection property have
⋂︀
ℋ ̸= ∅

2. (𝑋, 𝜏, 𝐼) is 𝐼-compact.

Proof.

(1) ⇒ (2)

Let condition (1) holds and 𝒰 = {𝑈𝛼 : 𝛼 ∈ Λ} is an open cover of the ideal space (𝑋, 𝜏, 𝐼)
Therefore, ℋ = {𝐻𝛼 = 𝑋/𝑈𝛼 : 𝛼 ∈ Λ} is a family of closed sets and⋂︀

ℋ =
⋂︀
𝛼∈Λ𝐻𝛼 =

⋂︀
𝛼∈Λ(𝑋/𝑈𝛼) = 𝑋/

⋃︀
𝛼∈Λ 𝑈𝛼 = 𝑋/𝑋 = ∅

Therefore by condition (1), the family ℋ of closed sets must not have IFI property. Thus there
exists a finite subset Λ0 ⊆ Λ

Such that.
⋂︀
𝛼∈Λ𝑜 𝐻𝛼 ∈ 𝐼

⇒
⋂︀
𝛼∈Λ𝑜(𝑋/𝑈𝛼) ∈ 𝐼 ⇒ 𝑋/

⋃︀
𝛼∈Λ𝑜(𝑈𝛼) ∈ 𝐼

So,{𝑈𝛼 : 𝛼 ∈ Λ0} is a finite subset of 𝒰 such that 𝑋/
⋃︀
𝛼∈Λ𝑜(𝑈𝛼) ∈ 𝐼. Hence (𝑋, 𝜏, 𝐼) is an

𝐼-compact space.
(2) ⇒ (1)

Let (𝑋, 𝜏, 𝐼) is an 𝐼-compact space and ℋ = {𝐻𝛼 : 𝛼 ∈ Λ} is a family of closed sets having
finite intersection property. If possible let ∩ℋ = ∅.

Then 𝒰 = {𝑈𝛼 = 𝑋/𝐻𝛼 : 𝛼 ∈ Λ} is a family of open sets such that
𝒰 =

⋃︀
𝛼∈Λ(𝑋/𝐻𝛼) = 𝑋/

⋂︀
𝛼∈Λ𝐻𝛼 = 𝑋/∅ = 𝑋.

𝒰 is an open cover of 𝑋. But (𝑋, 𝜏, 𝐼) is 𝐼 compact.
Therefore, there exists a finite subset Λ0 ⊆ Λ Such that 𝑋/

⋃︀
𝛼∈Λ0

𝑈𝛼 ∈ 𝐼

So, {𝐻𝛼 : 𝛼 ∈ Λ0} is a finite subset of ℋ and
⋂︀
𝛼∈Λ0

ℋ𝛼 ∈ 𝐼 which is a contradiction to the fact
that H has IFI property. Hence,

⋂︀
ℋ ̸= ∅ 2

4. Strongly star I-compact space

Definition 4. In an ideal space (𝑋, 𝜏, 𝐼), a subset 𝐵 ⊆ 𝑋 is said to be strongly star 𝐼-compact
subset if for every 𝜏 -open cover of 𝐵, there exists a finite subset 𝑀 ⊆ 𝐵 Such that 𝑋/𝑆𝑡(𝑀,𝒰) ∈ 𝐼.
If 𝑋 it self is strongly star 𝐼-compact, then we say that (𝑋, 𝜏, 𝐼) is a strongly star 𝐼-compact space.

Since ∅ ∈ 𝐼, every strongly star compact space is a strongly star 𝐼-compact space. But the
converse may not true.

Remark 2. There exists a strongly star 𝐼-compact space which is not strongly star compact.
Let 𝑋 = 𝑁 , 𝛽 = {∅} ∪ {{𝑛} : 𝑛 ∈ 2𝑁} ∪ {{1, 2𝑛 − 1} : 𝑛 ∈ 𝑁}, 𝐼 = 𝒫(2𝑁) and 𝜏 be the topology
generated by 𝛽.

Let 𝒰 be an arbitrary open cover of 𝑋. Then for 𝐹 = {1}, 𝑁/2𝑁 ⊆ 𝑆𝑡(𝐹,𝒰) ⇒ 𝑋/𝑆𝑡(𝐹,𝒰) ⊆
⊆ 2𝑁 ⇒ 𝑋/𝑆𝑡(𝐹,𝒰) ∈ 𝐼.

Therefore, (𝑋, 𝜏, 𝐼) is a strongly star I-compact space Now, consider the basic open cover 𝛽, then
for every finite subset 𝐹 ⊆ 𝑋,

𝑆𝑡(𝐹, 𝛽) ⊆ 𝐹 ∪ (𝑁/2𝑁) ̸= 𝑋

Therefore, (𝑋, 𝜏, 𝐼) can not be a strongly star compact space.

Proposition 3. Every 𝐼-compact space is a strongly star 𝐼-compact space.
⇒ Let (𝑋, 𝜏, 𝐼) is an 𝐼-compact space and 𝒰 be an arbitrary open cover of 𝑋. Then there exists

a finite subset 𝒰 , = {𝑈1, 𝑈2, 𝑈3, ..., 𝑈𝑘} ⊆ 𝒰 such that 𝑋/ ∪𝑘𝑖=1 𝑈𝑘 ∈ 𝐼

If we take 𝑥𝑖 ∈ 𝑈𝑖,∀𝑖 = 1, 2, 3, ..., 𝑘 then 𝐹 = {𝑥1, 𝑥2, 𝑥3, ..., 𝑥𝑘} ⊆ 𝑋 is finite and
∪𝑘𝑖=1𝑈𝑘 ⊆ 𝑆𝑡(𝐹,𝒰)
⇒ 𝑋/𝑆𝑡(𝐹,𝒰) ⊆ 𝑋/ ∪𝑘𝑖=1 𝑈𝑘 ∈ 𝐼
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Therefore, 𝑋/𝑆𝑡(𝐹,𝒰) ∈ 𝐼
Hence (𝑋, 𝜏, 𝐼) is strongly star 𝐼-compact space. But the converse of the above proposition may

not be true.

Remark 3. There exists a strongly star 𝐼-compact space which is not strongly star compact. Let
𝑋 = 𝑁 , 𝛽 = {∅}∪{2𝑁}∪{{1, 2𝑛−1} : 𝑛 ∈ 𝑁} , 𝐼 = P(2𝑁) and 𝜏 be the topology generated by 𝛽.
Clearly, for every open cover 𝒰 of 𝑋, if we take 𝐹 = {1}, then 𝑁/2𝑁 ⊆ 𝑆𝑡(𝐹,𝒰)
⇒ 𝑋/𝑆𝑡(𝐹,𝒰) ⊆ 2𝑁
⇒ 𝑋/𝑆𝑡(𝐹,𝒰) ∈ 𝐼 Therefore (𝑋, 𝜏, 𝐼) is a strongly star 𝐼-compact.

Now consider the countable open cover 𝒰 = {𝑈𝑛 : 𝑛 ∈ 𝑁} Where 𝑈𝑛 = 2𝑁 ∪ {1, 3, 5, ..., 2𝑛− 1}
Suppose that {𝑈𝑛1 , 𝑈𝑛2 , 𝑈𝑛3 , ..., 𝑈𝑛𝑘} is a finite subset of 𝑋. Then there exists a 𝑛𝑚𝑎𝑥 such that

𝑛𝑚𝑎𝑥 = 𝑚𝑎𝑥{𝑛1, 𝑛2, ..., 𝑛𝑘}.
Therefore, ∪𝑘𝑖=1𝑈𝑛𝑖 = 𝑈𝑛𝑚𝑎𝑥 = 2𝑁 ∪ {1, 3, 5, ..., 2𝑛𝑚𝑎𝑥 − 1}

⇒ 𝑋/ ∪𝑘𝑖=1 𝑈𝑛𝑖 = {2𝑛𝑚𝑎𝑥 + 1, 2𝑛𝑚𝑎𝑥 + 3, 2𝑛𝑚𝑎𝑥 + 5, ...}
⇒ 𝑋/ ∪𝑘𝑖=1 𝑈𝑛𝑖 /∈ 𝐼 𝒰 can not have a finite subset 𝒰 ′

such that 𝑋/ ∪ 𝒰 ′ ∈ 𝐼.
Therefore (𝑋, 𝜏, 𝐼) is not 𝐼-compact.

Strongly star 𝐼-compact space𝐼-compact space

Compact space Strongly star compact space

— —

/

/

Рис. 1: Relation among several variations of compactness.

Theorem 2. 𝑔-closed subset of a strongly star 𝐼-compact space is strongly star 𝐼-compact subset.

Proof. Let 𝐵 be a 𝑔-closed subset of a strongly star 𝐼-compact space (𝑋, 𝜏, 𝐼), and let
𝒰 be a 𝜏 -open cover of 𝐵. i.e., 𝐵 ⊆ ∪𝒰 . But 𝐵 is a g-closed. Therefore, 𝐵 ⊆ ∪𝒰 .

So, 𝑋/(∪𝒰) ⊆ 𝑋/𝐵.
Now, 𝒱 = 𝒰 ∪ (𝑋/𝐵) become an open cover of 𝑋. But 𝑋 is a strongly star 𝐼-compact space.
Therefore, there exists a finite subset 𝐹 ⊆ 𝑋 Such that 𝑋/𝑆𝑡(𝐹,𝒱) ∈ 𝐼.

⇒ 𝑋/(𝑆𝑡(𝐹,𝒰) ∪ (𝑋/𝐵)) ∈ 𝐼 or 𝑋/𝑆𝑡(𝐹,𝒰) ∈ 𝐼.
⇒ (𝑋/𝑆𝑡(𝐹,𝒰)) ∩𝐵)) ∈ 𝐼 or 𝐵/𝑆𝑡(𝐹,𝒰) ⊆ 𝑋/𝑆𝑡(𝐹,𝒰) ∈ 𝐼.
⇒ (𝑋/𝑆𝑡(𝐹,𝒰)) ∩𝐵)) ∈ 𝐼 or 𝐵/𝑆𝑡(𝐹,𝒰) ∈ 𝐼.
⇒ 𝐵/𝑆𝑡(𝐹,𝒰) ∈ 𝐼 or 𝐵/𝑆𝑡(𝐹,𝒰) ∈ 𝐼.
⇒ 𝐵/𝑆𝑡(𝐹,𝒰) ∈ 𝐼 Therefore, 𝐵 is a strongly star 𝐼-compact subset.

2

Corollary 1. Every closed subset of a strongly star 𝐼-compact space is a strongly star 𝐼-
compact subset.

Theorem 3. If 𝐴 and 𝐵 be two strongly star 𝐼-compact subset in an ideal space (𝑋, 𝜏, 𝐼) then
𝐴 ∪𝐵 is also an strongly star 𝐼-compact subset.
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Proof. Let 𝒰 = {𝒰𝛼 : 𝛼 ∈ Λ} be an 𝜏 -open cover of 𝐴 ∪ 𝐵, where 𝐴 and 𝐵 are strongly star
𝐼-compact subset in the ideal space (𝑋, 𝜏, 𝐼).

Therefore, 𝒰 is an 𝜏 -open cover of 𝐴 as well as for 𝐵. Thus there exists a finite sets
𝑀 ⊆ 𝐴 and 𝑁 ⊆ 𝐵 such that 𝐴/𝑆𝑡(𝑀,𝒰) = 𝐼1 ∈ 𝐼 and 𝐵/𝑆𝑡(𝑁,𝒰) = 𝐼2 ∈ 𝐼.

Therefore, 𝐴 = 𝑆𝑡(𝑀,𝒰) ∪ 𝐼1 and 𝐵 = 𝑆𝑡(𝑁,𝒰) ∪ 𝐼2.
⇒ 𝐴 ∪𝐵 = 𝑆𝑡(𝑀,𝒰) ∪ 𝑆𝑡(𝑁,𝒰) ∪ (𝐼1 ∪ 𝐼2)
⇒ 𝐴 ∪𝐵 = 𝑆𝑡(𝑀 ∪𝑁,𝒰) ∪ (𝐼1 ∪ 𝐼2)
⇒ 𝐴 ∪𝐵/𝑆𝑡(𝑀 ∪𝑁,𝒰) = (𝐼1 ∪ 𝐼2) ∈ 𝐼

Since 𝑀 and 𝑁 are finite, Hence 𝑀 ∪𝑁 ⊆ 𝐴 ∪𝐵 is also finite.
Hence 𝐴 ∪𝐵 is a strongly star 𝐼-compact subset of 𝑋.

2

Corollary 2. Finite union of strongly star 𝐼-compact subset is a strongly star 𝐼-compact
subset.

Theorem 4. In a strongly star 𝐼-compact space (𝑋, 𝜏, 𝐼) if 𝐵 ⊆ 𝑋 is a clopen subset of 𝑋,
then (𝐵, 𝜏𝐵, 𝐼𝐵) is a strongly star 𝐼𝐵-compact space.

Proof. ⇒Let (𝑋, 𝜏, 𝐼) is strongly star 𝐼-compact space and 𝐵 ⊆ 𝑋 is cl-open. Let 𝒰 be a 𝜏𝐵
open cover of 𝐵. But 𝐵 is open, therefore, 𝒰 ⊆ 𝜏 . Also 𝐵 is closed. Hence 𝒱 = 𝒰 ∪ {𝑋/𝐵} is a
𝜏 open cover of 𝑋. But (𝑋, 𝜏, 𝐼) is strongly star 𝐼-compact. Therefore, there exists a finite subset
𝑀 ⊆ 𝑋 such that 𝑋/𝑆𝑡(𝑀,𝒱) ∈ 𝐼 ⇒ 𝐵/𝑆𝑡(𝑀,𝒱) ∈ 𝐼𝐵. We take 𝑃 = 𝑀 ∩ 𝐵 ⊆ 𝐵 Which is a
finite subset of 𝐵.

Now 𝑆𝑡(𝑀,𝒱) = 𝑆𝑡(𝑃,𝒰) ∪ (𝑋/𝐵) or 𝑆𝑡(𝑀,𝒱) = 𝑆𝑡(𝑃,𝒰) In both cases 𝐵/𝑆𝑡(𝑃,𝒰) =
= 𝑆𝑡(𝑀,𝒱) ∈ 𝐼𝐵 Hence, (𝐵, 𝜏𝐵, 𝐼𝐵) is strongly star 𝐼𝐵-compact space. 2

Theorem 5. 𝑓 : (𝑋, 𝜏, 𝐼) → (𝑌, 𝜎) be function from a strongly star 𝐼-compact space to a
topological space (𝑌, 𝜎) If 𝑓 is continuous then 𝑓(𝑥) is strongly star 𝑓(𝐼) compact subset of 𝑌 .

Proof.

Let 𝑓 : (𝑋, 𝜏, 𝐼) → (𝑌, 𝜎) is a continuous function and (𝑋, 𝜏, 𝐼) is strongly star 𝐼-compact.
Let, 𝒰 = {𝑈𝛼 : 𝛼 ∈ Λ} be 𝜎 open cover of 𝑓(𝑋).
Therefore, 𝒱 = {𝑓−1(𝑈𝛼) : 𝛼 ∈ Λ} is an open cover of 𝑋. But 𝑋 is strongly star 𝐼-compact.

Therefore there exists a finite set 𝐹 ⊆ 𝑋, such that 𝑋/𝑆𝑡(𝐹,𝒱 ∈ 𝐼. ⇒ 𝑓(𝑋/𝑆𝑡(𝐹,𝒱)) ∈ 𝑓(𝐼)
⇒ 𝑓(𝑋)/𝑓(𝑆𝑡(𝐹,𝒱)) ⊆ 𝑓(𝑋/𝑆𝑡(𝐹,𝒱)) ∈ 𝑓(𝐼)
⇒ 𝑓(𝑋)/𝑓(∪{𝑓−1(𝑈𝛼) ∈ 𝒱 : 𝐹 ∩ 𝑓−1(𝑈𝛼) ̸= ∅}) ∈ 𝑓(𝐼)
⇒ 𝑓(𝑋)/ ∪ {𝑈𝛼 ∈ 𝒰 : 𝑓(𝐹 ) ∩ 𝑈𝛼 ̸= ∅} ∈ 𝑓(𝐼)
⇒ 𝑓(𝑋/𝑆𝑡(𝐹,𝒰)) ∈ 𝑓(𝐼)
Here, |𝑓(𝐹 )| ≤ |𝐹 |, therefore 𝑓(𝐹 ) is finite. Hence, 𝑓(𝑋) is a strongly star 𝑓(𝐼)-compact space.

2

5. Modified and idealized finite intersection property:

In an ideal space (𝑋, 𝜏, 𝐼), a family ℋ of subsets of 𝑋 is said to have MIFIP if for every finite
subset 𝑃 ⊆ 𝑋, if ∩{𝐻 ∈ ℋ : 𝑃 ∩ (𝑋/𝐻) ̸= ∅} /∈ 𝐼

Theorem 6. In an ideal space (𝑋, 𝜏, 𝐼), following statements are equivalent:

1. Every family of closed sets having MIFIP has non empty intersection.

2. (𝑋, 𝜏, 𝐼) is strongly star 𝐼-compact space.
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Proof. (1) ⇒ (2)
Let condition 1 holds and 𝒰 = {𝑈𝛼 : 𝛼 ∈ Λ} is an open cover of 𝑋. Then ℋ = {𝑋/𝑈𝛼 : 𝛼 ∈ Λ}

is a family of closed sets such that ∩ℋ = 𝑋/
⋃︀
𝛼∈Λ 𝑈𝛼 = 𝑋/𝑋 = ∅.

Since, intersection is empty. The family ℋ Must not have MIFIP. Therefore there exists a finite
set 𝑃 ⊆ 𝑋 such that⋂︀

{𝐻 ∈ ℋ : 𝑃 ∩ (𝑋/𝐻) ̸= ∅} ∈ 𝐼
⇒
⋂︀
{𝑋/𝑈𝛼 : 𝛼 ∈ Λ and 𝑃 ∩ 𝑈𝛼 ̸= ∅} ∈ 𝐼

⇒ 𝑋/
⋃︀
{𝑈𝛼 : 𝛼 ∈ Λ and 𝑃 ∩ 𝑈𝛼 ̸= ∅} ∈ 𝐼

⇒ 𝑋/𝑆𝑡(𝑃,𝒰) ∈ 𝐼.
Therefore (𝑋, 𝜏, 𝐼) is a strongly star 𝐼-compact space.

(2) ⇒ (1) Let (𝑋, 𝜏, 𝐼) is a strongly star 𝐼-compact space and ℋ = {𝐻𝛼 : 𝛼 ∈ Λ} be a family of
closed sets having MIFIP. If possible assume that cap ℋ = ∅.

Then for the family 𝒰 = {𝑈𝛼 = 𝑋/𝐻𝛼 : 𝛼 ∈ Λ} is a family of open sets and
∪𝒰 = 𝑋/(∩𝛼∈Λ𝐻𝛼) = 𝑋/∅ = 𝑋.

Therefore, 𝒰 is an open cover of 𝑋. But 𝑋 is strongly star 𝐼-compact space. So, there exists a
finite subset 𝑃 ⊆ 𝑋 such that 𝑋/𝑆𝑡(𝑃,𝒰 ∈ 𝐼.
⇒ 𝑋/

⋃︀
{𝑈 ∈ 𝒰 : 𝑃 ∩ 𝑈 ̸= ∅} ∈ 𝐼.

⇒
⋂︀
{𝑋/𝑈 : 𝑈 ∈ 𝒰 and 𝑃 ∩ 𝑈 ̸= ∅} ∈ 𝐼.

⇒
⋂︀
{𝐻 ∈ ℋ : 𝑃 ∩ (𝑋/𝐻) ̸= ∅} ∈ 𝐼, which is a contradiction to the fact that the family ℋ has

MIFIP. Therefore, ∩ℋ ̸= ∅ 2

6. Countably I-compact

Definition 5. An ideal space (𝑋, 𝜏, 𝐼) is called an countably I-compact space if for every
countable open cover 𝒰 , there exists a finite subset {𝑈1, 𝑈2, 𝑈3, ..., 𝑈𝑘} ⊆ 𝒰 such that 𝑋/(∪𝑘𝑖=1𝑈𝑖) ∈ 𝐼

Theorem 7. Every closed subspace of a countably 𝐼-compact space is countably 𝐼-compact.

Proof. Let (𝐴, 𝜏𝐴) be a closed subspace of a countably 𝐼-compact space (𝑋, 𝜏, 𝐼).
Let, 𝒰𝐴 = {𝑈𝐴𝑛 : 𝑛 ∈ 𝑁} be a 𝜏𝐴-open cover of 𝐴.
Therefore, for every 𝑈𝐴 ∈ 𝒰𝐴 there exist 𝑈 ∈ 𝜏 such that 𝑈𝐴 = 𝑈 ∩𝐴.
Assume that 𝒰 = {𝑈𝑛 : 𝑈𝑛 ∩𝐴 ∈ 𝒰𝐴}
Clearly, 𝒱 = 𝒰 ∪ (𝑋/𝐴) is an open cover of 𝑋. But 𝑋 is countably 𝐼-compact.
Therefore, it has finite subset {𝑋/𝐴, 𝑉1, 𝑉2, 𝑉3, ..., 𝑉𝐾} ⊆ 𝒱 such that 𝑋/((∪𝑘𝑖=1𝑉𝑖)∪ (𝑋/𝐴)) =

= 𝐼1 ∈ 𝐼
(∪𝑘𝑖=1𝑉𝑖) ∪ (𝑋/𝐴) ∪ 𝐼1 = 𝑋
𝐴 ∩ {(∪𝑘𝑖=1𝑉𝑖) ∪ (𝑋/𝐴) ∪ 𝐼1} = 𝐴
⇒ (𝐴 ∩ (∪𝑘𝑖=1𝑉𝑖)) ∪ (𝐴 ∩ (𝑋/𝐴)) ∪ (𝐴 ∩ 𝐼1) = 𝐴
⇒ ∪𝑘𝑖=1(𝐴 ∩ 𝑉𝑖)) ∪ ∅ ∪ (𝐴 ∩ 𝐼1) = 𝐴
⇒ ∪𝑘𝑖=1𝑈𝐴𝑖 ∪ (𝐴 ∩ 𝐼1) = 𝐴
⇒ 𝐴/ ∪𝑘𝑖=1 𝑈𝐴𝑖 = 𝐴 ∩ 𝐼1 ∈ 𝐼𝐴
Therefore (𝐴, 𝜏𝐴)is an countable compact subspace of (𝑋, 𝜏, 𝐼). 2

Theorem 8. Every countably 𝐼𝑓𝑖𝑛-compact space is strongly star 𝐼𝑓𝑖𝑛-compact space.

Proof. Suppose that (𝑋, 𝜏, 𝐼) is countably 𝐼-compact but not strongly star 𝐼𝑓𝑖𝑛-compact. Let
𝒰 be an arbitrary open cover of 𝑋 then for every finite subset 𝐵 ⊆ 𝑋, 𝑋/𝑆𝑡(𝐵,𝒰) /∈ 𝐼𝑓𝑖𝑛. i.e.
𝑋/𝑆𝑡(𝐵,𝒰) ̸= ∅

Consider a point 𝑥0 ∈ 𝑋
Set other points as 𝑥𝑛 ∈ 𝑋/𝑆𝑡({𝑥0, 𝑥1, ..., 𝑥𝑛−1},𝒰) and construct a countable open cover

𝒱 = {𝑉𝑛 = 𝑆𝑡(𝑥𝑛−1,𝒰) : 𝑛 ∈ 𝑁}
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Let, 𝐴 = {𝑥𝑛−1 :∈ 𝑁}. If 𝑦 ∈ 𝐴, we have an open set 𝑈 ∈ 𝒰 (since 𝒰 is an open cover)such
that 𝑦 ∈ 𝑈 . But 𝑦 ∈ 𝐴, therefore, 𝐴 ∩ 𝑈 ̸= ∅.

Let, 𝑥𝑘−1 ∈ 𝐴 ∩ 𝑈 ⇒ 𝑈 ⊆ 𝑆𝑡(𝑥𝑘−1,𝒰) ⇒ 𝑦 ∈ 𝑆𝑡(𝑥𝑘−1,𝒰) ⇒ 𝑦 ∈ 𝑉𝑘 for some 𝑘 ∈ 𝑁.
Therefore, 𝒱 is a countable cover of 𝐴. But 𝐴 is a closed subspace of (𝑋, 𝜏, 𝐼), 𝐴 is also countably

𝐼𝑓𝑖𝑛-compact (by Theorem 7). Therefore, there exists finite subset {𝑉𝑛1 , 𝑉𝑛2 , 𝑉𝑛3 , ..., 𝑉𝑛𝑝} ⊆ 𝒱 such
that
𝐴/(

⋃︀𝑝
𝑖=1 𝑉𝑛𝑖) = 𝐼1 ∈ 𝐼𝑓𝑖𝑛

⇒ (
⋃︀𝑝
𝑖=1 𝑉𝑛𝑖) ∪ 𝐼1 = 𝐴

⇒ 𝐴 ⊆ (
⋃︀𝑝
𝑖=1 𝑉𝑛𝑖) ∪ 𝐼1.

But the construction of 𝒱, each 𝑉𝑛𝑖 can contain only one element of 𝐴 also 𝐼, is a finite subset of
𝑋 which contradicts the fact that 𝐴 is a countable infinite set.
Hence, (𝑋, 𝜏, 𝐼) is an strongly star 𝐼𝑓𝑖𝑛-compact space.

2

Open Problem Does there exists a strongly star 𝐼𝑓𝑖𝑛-compact space which is not countably
𝐼𝑓𝑖𝑛-compact.

7. Conclusion

Strongly star 𝐼-compactness has a very unique structure in comparison to other variations of
compactness. This covering property can also be expressed in terms of family of closed sets by
means of modified and idealized finite intersection property. All countably 𝐼𝑓𝑖𝑛-compact spaces
are strongly star 𝐼𝑓𝑖𝑛-compact space although their structures are very different. These topological
properties can further be used in the study of selection principles and topological games involbing
ideals.
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5. Bal, P., LDR Kočinac. 2020, “On Selectively Star-ccc Spaces”, Topology Appl., 281: 107181

6. Bal, P., De, R. 2023, “On strongly star semi-compactness of topological spaces”, Khayyam
Journal of Mathematics, 9(1): 54–60.

7. Bal, P. “On the class of I-𝛾-open cover AND I-St-𝛾-open cover”, Hacettepe Journal of
Mathematics and Statistics(accepted).



46 П. Бал, Р. Дас, С. Саркар

8. Bonanzinga, M., Maesano, F. 2022, “Some properties defined by relative versions of star-covering
properties”, Topology and its Applications, 306: 107923.

9. Douwen, E.K.V., Reed, G.M., Roscoe, A.W., Tree, I.J. 1991, “Star covering properties”, Topology
Appl., 30(1): 71-103.

10. Devi, V.R., Sivraj, Chelvam, T.T. 2005, “Codense and completely codense ideals”, Acta. Math.
Hungar., 108(3): 197-205.

11. Engelking, R. 1980, “General Topology”, Sigma Series in Pure Mathematics. Revised and
complete ed Berlin: Heldermann, 1980.

12. Gupta, A., Kaur, R. 2014, “Compact spaces with respect to an ideal”, International Journal of
Pure and Applied Mathematics, 92(3) : 443-8.

13. Jankovic, D., Hamlett, T.R. 1990, “New Topologies from old via ideals”, Amer. Math. Monthly,
97: 295-310.

14. Kocinac, L.D. 2015, “Star selection principles: A survey”, Khayyam Journal of Mathematics,
1(1); 82–106.

15. Kuratowski, K. 1933, “Topologie I”, Warszawa.

16. Levin, N. 1970, “Generalised closed sets in topology”, Rend, Circ. Mat. Palermo, 19: 89-96.

17. Newcomb, R.L. Topologies which are compact modulo an ideal. Ph.D. Thesis, Uni. Of Cal. At
Santa Barbara, 1967.

18. Rancin, D. V. 1972, “Compactness modulo an ideal”, Soviet Math. Dokl., 13: 193-197.

19. Song, Y. K., Xuan, W. F. 2019, “More on selectively star-ccc spaces”, Topology and its
Applications, 268 : 106905.

20. Tyagia, B. K., Singh, S., Bhardwaj, M. 2019, “Ideal Analogues of Some Variants of the Hurewicz
Property”, Filomat, 33(9): 2725–2734.

21. Vaidyanathaswamy, R. 1946, “Set Topology”, Chelsea Publishing Complex.

Получено: 28.02.2024
Принято в печать: 04.09.2024


