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Abstract

In this article we introduce the concept of strongly star I-compactness and study some of
its topological features. We represent some finite intersection like properties for both I-compact
spaces and strongly star I-compact spaces. Lastly we establish a relation between the countably
Iyin-compact space and the strongly star Iy;,-compact space. In order to identify the difference
between the different versions of compactness we represent some counter examples. And some
open problems are also posed in this article.
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1. Introduction

The the year 1933, the concept of ideals in topological spaces were considered by Kuratowski
[15] and has been studied extensively by Vaidyanathaswamy [21] in the year 1946. An ideal [ in a
topological space (X, 7) is a non empty family of subsets of X which satisfies the following properties

() X ¢TI,

(i) AABel=AUBEel,

(i) Ac Tand BC A= Bel.

If I is an ideal in a topological space (X, 7), then the ordered triplet (X, 7, 1) is called an ideal
topological space (in short ideal space). If I N7 = {0}, then I is called a condensed ideal or a
boundary ideal [10]. Some simple ideals on a space (X, 7) are {0}, P(X) (power set of X) and
Itip, collection of all finite subset of X The concept of compactness modulo an ideal (also called
[-compactness) was first established by Newcomb [17] in the year 1967. Recently this generalization
of compactness has attracted a lot of mathematicians in this field [12, 20].
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On the other hand, Douwen et. al. [9] generalized compactness with the help of the star operator.
In a topological space (X, 1), if M C X and U is a collection of subsets of X then star of M with
respect to U is denoted by St(M,U) and is defined as St(M,U) = {U e U : UNM # (}. If
M = {z}, we write St(x,U) instead of St({z},U). In recent days, this operator is being used in the
study of selection principles [1, 3, 14|, covering properties |2, 4, 5, 8, 6, 7, 19]. In this paper we will
use the concept of ideal and star operator simultaneously to generalize the study of compactness of
an ideal space.

2. Preliminaries

If AC X, A will denote closure of A. For general symbols and notation of topology, we follow
[11].

A subset A of a space (X, ) is said to be a g-closed [16] set if A C U, whenever A C U € 7.
Every closed set is a g-closed set but converse may not be true.

ProrosiTioN 1. [17]If f: (X, 7,I) — (Y,0) is a function, then f(I)={f(I1): 11 € I} is an
ideal of Y.

PROPOSITION 2. [17] If I is an ideal of subsets of X and Y C X, then Iy ={Y NI, : I, € I}
1s an ideal of subsets of Y.

Although Newcomb [17] introduced the concept of I-compactness, Rancin [18|, Hamlett and
Jankovic [13] studied the concept extensively.

DEFINITION 1. [17] A subset A of an ideal space (X,T,1I) is said to be compact modulo I
or I-compact subset, if for every T-open cover {U, : o« € A} of A there ewists a finite subset
{Ug, 11 =1,2,3,...k} such that X \ Ule Ua, € I. If X itself is a I-compact subset, then (X, ,1)
1s called an I-compact space.

DEFINITION 2. [9] A topological space (X, T) is called a strongly star compact space if for every
open cover U of X, there exists a finite subset F' C X such that St(F,U) = X.

3. I-compactness

Since () € I for every ideal I of X, every compact space is an I-compact space.

REMARK 1. There exists an ideal space (X, T,1) which is I compact but not compact.

Let X = N,A={1,3,5,..},7={0, X} U{X/P :pe P(A)} and I = P(A).

Clearly (X,7,I) is an ideal space. Let U be an arbitrary non-trivial open cover of X
and U = {ui,ug,...,up} is a finite subset of U. Then there exist p, € P(A) such that
Upo=X/P, Yne{1,2,3,...k} andUd =JF_,u, = U_(X/P) = X/(NE_, P.) = X/(NE_,P,)
Therefore, X/ UU =nk_ P, € P(A) = 1I.

Hence (X, 7,1) is an I-compact space.

Now consider the countable open coverV={V, : n € N}, where V,,=X/{2n—1,2n+1,2n+3, ...}.

If possible let V' = Vi Vi, Vg ooy Vi b is a finite sub cover of X. Then there exists
Nmaz = {N1,n2,n3,..n%+ € N.

Therefore, UV =Vy,, = X/{2n00 — L, 200w + 1200000 +3, . F # X

So, V can not have finite sub cover. Hence (X, 7,1) can not a compact space.

DEFINITION 3. In an ideal space (X, 7,1), a family {H, : « € A} is said to have idealized finite
intersection property if for every finite subset Ag € A, ﬂaer H,¢1I
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THEOREM 1. For an ideal space (X, 7,I), following statements are equivalent:
1. Every family H of closed sets having idealized finite intersection property have (\H # ()
2. (X,7,1) is I-compact.

PROOF.

(1) = (2)

Let condition (1) holds and U = {U, : @ € A} is an open cover of the ideal space (X, 7,1)
Therefore, H = {H, = X/U, : @ € A} is a family of closed sets and

NH= naeA Ho = maeA(X/Ua) =X/ UaEA Uoa =X/X =0

Therefore by condition (1), the family H of closed sets must not have IFI property. Thus there
exists a finite subset Ag C A

Such that. (\,ep, Ha € 1
= naer(X/Ua) el=X/ Uaer(Ua) el

So{Uqa : @ € Ag} is a finite subset of U such that X/|J,cp, (Ua) € I. Hence (X, 7,I) is an
I-compact space.

(2) = (1)

Let (X, 7,I) is an I-compact space and H = {H, : a € A} is a family of closed sets having
finite intersection property. If possible let N"H = ().

Then U = {U, = X/H, : « € A} is a family of open sets such that

U=Uper(X/Ha) = X/ Nper Ha = X/0 = X.

U is an open cover of X. But (X, 7,I) is I compact.

Therefore, there exists a finite subset Ag C A Such that X/,cp, Ua € 1

So, {Hy : o € Ag} is a finite subset of H and (,c), Ha € I Which is a contradiction to the fact
that H has IFI property. Hence, (H # 0 O

4. Strongly star I-compact space

DEFINITION 4. In an ideal space (X, 7,1), a subset B C X is said to be strongly star I-compact
subset if for every T-open cover of B, there exists a finite subset M C B Such that X/St(M,U) € I.
If X it self is strongly star I-compact, then we say that (X, 7,I) is a strongly star I-compact space.

Since O € I, every strongly star compact space is a strongly star I-compact space. But the
converse may not true.

REMARK 2. There exists a strongly star I-compact space which is not strongly star compact.
Let X =N, p={0tU{{n} :ne2N}U{{1,2n — 1} : n € N},I = P(2N) and 7 be the topology
generated by 5.

Let U be an arbitrary open cover of X. Then for F' = {1}, N/2N C St(F,U) = X/St(F,U) C
C2N = X/St(F,U) € I.

Therefore, (X, 7,1) is a strongly star I-compact space Now, consider the basic open cover 3, then
for every finite subset F' C X,

St(F,f) CFU(N/2N) # X
Therefore, (X, 1,I) can not be a strongly star compact space.

PROPOSITION 3. Ewery I-compact space is a strongly star I-compact space.

= Let (X,7,I) is an I-compact space and U be an arbitrary open cover of X. Then there exists
a finite subset U = {Uy,Us, Us, ...,Ux} CU such that X/ UF_ Uy €1

If we take z; € U;,Vi = 1,2,3,...,k then F = {z1,x2,23,....,205} C X 1is finite and
UF_ Uy, C SHF,U)
= X/St(F,U) C X/ Uk U el
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Therefore, X/St(F,U) € T
Hence (X, 1,1) is strongly star I-compact space. But the converse of the above proposition may
not be true.

REMARK 3. There exists a strongly star I-compact space which is not strongly star compact. Let
X =N,p={0u{2N}u{{l,2n—1} :ne N} , I =P(2N) and 7 be the topology generated by [3.
Clearly, for every open cover U of X, if we take F' = {1}, then N/2N C St(F,U)
= X/St(F,U) C 2N
= X/St(F,U) € I Therefore (X, 7,1) is a strongly star I-compact.
Now consider the countable open cover U = {U, : n € N} Where U, = 2N U{1,3,5,...,2n — 1}
Suppose that {Up,, Uny, Ung, ..., Up, } is a finite subset of X. Then there exists a npmaq such that
Nmaz = Max{ni, ng, ...,nk}.
Therefore, Uk_ U, = U,,... = 2N U{1,3,5,.... 2nyas — 1}
= X/ U Un, = {204z + 1, 20maz + 3, 270maz + 5, ..}
= X/UF_, U, ¢ I U can not have a finite subset U such that X/ UU € I.
Therefore (X, 1,1) is not I-compact.

T

‘I -compact space‘ ‘ Strongly star I-compact space‘
‘Compact space‘ - ‘Strongly star compact space‘

~_

Puc. 1: Relation among several variations of compactness.

THEOREM 2. g-closed subset of a strongly star I-compact space is strongly star I-compact subset.

PROOF. Let B be a g-closed subset of a strongly star I-compact space (X, 7, ), and let
U be a T-open cover of B.ie., B C Ul. But B is a g-closed. Therefore, B C UU.

So, X/(LU) C X/B.
Now, V = U U (X/B) become an open cover of X. But X is a strongly star I-compact space.
Therefore, there exists a finite subset F' C X Such that X/St(F,V) € I.

= X/(St(F,U) U (X/B)) eI or X/St(F,U) € I.

= (X/St(F,U))NB)) € I or B/St(F,U) C X/St(F,U) € I.

= (X/St(F,U))NB)) € I or B/St(F,U) € 1.

= B/St(F,U) € I or B/St(F,\U) € I.

= B/St(F,U) € I Therefore, B is a strongly star I-compact subset.
O

COROLLARY 1. Ewery closed subset of a strongly star I-compact space is a strongly star I-
compact subset.

THEOREM 3. If A and B be two strongly star I-compact subset in an ideal space (X, 7,I) then
AU B is also an strongly star I-compact subset.
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PrOOF. Let U = {Uq : « € A} be an 7-open cover of AU B, where A and B are strongly star
I-compact subset in the ideal space (X, 7, I).
Therefore, U is an 7-open cover of A as well as for B. Thus there exists a finite sets
M C A and N C B such that A/St(M,U) =1, € I and B/St(N,U) =1, € I.
Therefore, A = St(M,U) U I; and B = St(N,U) U I5.
= AU B = St(M,U)U St(N,U)U (I; U Iy)
= AUB = St(MUN,U)U (I UIs)
= AUB/St(MUN,U)=(LUIL) el
Since M and N are finite, Hence M U N C AU B is also finite.
Hence AU B is a strongly star I-compact subset of X.
O

COROLLARY 2. Finite union of strongly star I-compact subset is a strongly star I-compact
subset.

THEOREM 4. In a strongly star I-compact space (X,7,1) if B C X is a clopen subset of X,
then (B, Tp,IB) is a strongly star Ig-compact space.

PROOF. =Let (X, 7,1) is strongly star I-compact space and B C X is cl-open. Let U be a 75
open cover of B. But B is open, therefore, Y C 7. Also B is closed. Hence V = U U {X/B} is a
7 open cover of X. But (X, 7,1) is strongly star I-compact. Therefore, there exists a finite subset
M C X such that X/St(M,V) € I = B/St(M,V) € Ig. We take P = M N B C B Which is a
finite subset of B.

Now St(M,V) = St(P,U) U (X/B) or St(M,V) = St(P,U) In both cases B/St(P,U) =
= St(M,V) € Ig Hence, (B, 1p,Ip) is strongly star Ip-compact space. O

THEOREM 5. f : (X,7,I) — (Y,0) be function from a strongly star I-compact space to a
topological space (Y,0) If f is continuous then f(x) is strongly star f(I) compact subset of Y.

PROOF.

Let f:(X,7,I) = (Y,0) is a continuous function and (X, 7, ) is strongly star I-compact.

Let, U = {U, : « € A} be o open cover of f(X).

Therefore, V = {f1(U,) : « € A} is an open cover of X. But X is strongly star I-compact.
Therefore there exists a finite set ' C X, such that X/St(F,V € I. = f(X/St(F,V)) € f(I)
= [(X)/f(SL(F,V)) € f(X/SU(F,V)) € f(I)
= f(X)/f({fH(Ua) €V FO f7HUa) #0}) € f(I)

e F(X)/ U {Ua U J(F) U £ 0) € £(1)
= F(X/SHF.U) € £(1)
Here, |f(F)| < |F|, therefore f(F) is finite. Hence, f(X) is a strongly star f([)-compact space.

O

5. Modified and idealized finite intersection property:

In an ideal space (X, 7, 1), a family H of subsets of X is said to have MIFIP if for every finite
subset PC X, if "{HeH:PN(X/H)#0} ¢ 1

THEOREM 6. In an ideal space (X, 7,1), following statements are equivalent:
1. Every family of closed sets having MIFIP has non empty intersection.

2. (X, 1,1) is strongly star I-compact space.
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Proor. (1) = (2)

Let condition 1 holds and U = {U, : « € A} is an open cover of X. Then H = {X/U, : o € A}
is a family of closed sets such that N"H = X/ J,cp Ua = X/X = 0.

Since, intersection is empty. The family ‘H Must not have MIFIP. Therefore there exists a finite
set P C X such that

(WHeH:PN(X/H)#0} el

= (W{X/Uy:a€Aand PNU, #0} €1

= X/ J{Us:a€ANand PNU, #0} eI
= X/St(P,U) € I.
Therefore (X, 7,1) is a strongly star I-compact space.

(2) = (1) Let (X, 7,1) is a strongly star I-compact space and H = {H,, : « € A} be a family of
closed sets having MIFIP. If possible assume that cap H = (.

Then for the family 4 = {U, = X/H, : a € A} is a family of open sets and
UU = X/(NaeaHy) = X/0 = X.

Therefore, U is an open cover of X. But X is strongly star I-compact space. So, there exists a
finite subset P C X such that X/St(P,U € I.
=X/ J{UelU:PNnU#0}el.
= (W{X/U:Ueldand PNU #£0} € 1.
= (\{H € H: PN (X/H) # (0} € I, which is a contradiction to the fact that the family H has
MIFIP. Therefore, "H # () O

6. Countably I-compact

DEFINITION 5. An ideal space (X, 7,I) is called an countably I-compact space if for every
countable open cover U, there exists a finite subset {Uy, Us, Us, ..., Uy} C U such that X/(UF_,U;) € T

THEOREM 7. Ewvery closed subspace of a countably I-compact space is countably I-compact.

PROOF. Let (A, 74) be a closed subspace of a countably I-compact space (X, 7, ).
Let, Uy = {Ua, : n € N} be a 74-open cover of A.
Therefore, for every Uy € Ua there exist U € 7 such that Uy = U N A.
Assume that U = {U, : U, N A €Uy}
Clearly, V =U U (X/A) is an open cover of X. But X is countably I-compact.
Therefore, it has finite subset {X/A, V1, Vo, V3, ..., Vig} € V such that X/((UE_,V;) U (X/A)) =
=hLel
(U Vi) U (X/A) U Ty = X
An{(U V) u(X/A)uL}=A
= (AN (U Vi) UAN(X/A)U(ANTL)=A
= U (ANV)Ubu(Anh)=A
= Uk Us,U(ANL)=A
= A/UE Up,=ANTL €1y
Therefore (A, 74)is an countable compact subspace of (X, 7,I). O

THEOREM 8. Ewvery countably Ig;,-compact space is strongly star Ir;,-compact space.

Proor. Suppose that (X, 7, 1) is countably I-compact but not strongly star I;,-compact. Let
U be an arbitrary open cover of X then for every finite subset B C X, X/St(B,U) ¢ Ii. ie.
X/St(B,U) #£ 0

Consider a point zg € X

Set other points as x, € X/St({xo,z1,...,xn—1},U) and construct a countable open cover
YV ={V, = St(xp—1,U) :n € N}
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Let, A = {z,_1 :€ N}. If y € A, we have an open set U € U (since U is an open cover)such
that y € U. But y € A, therefore, ANU # 0.
Let, xx_1 € ANU = U C St(zi_1,U) =y € St(xg_1,U) = y € V}, for some k € N.
Therefore, V is a countable cover of A. But A is a closed subspace of (X, 7, 1), A is also countably
I¢in-compact (by Theorem 7). Therefore, there exists finite subset {V;,;, Vi, Viug, .., Vi, } € V such
that
A/ (Ui Vo) = T € Ly,
= ( f:lvni)UIl =A
= AC ( le an) U .
But the construction of V, each V,,, can contain only one element of A also I, is a finite subset of
X which contradicts the fact that A is a countable infinite set.
Hence, (X, 7,I) is an strongly star I;,-compact space.
O
Open Problem Does there exists a strongly star [;,-compact space which is not countably
I't;,-compact.

7. Conclusion

Strongly star I-compactness has a very unique structure in comparison to other variations of
compactness. This covering property can also be expressed in terms of family of closed sets by
means of modified and idealized finite intersection property. All countably I;,-compact spaces
are strongly star Iy;,-compact space although their structures are very different. These topological
properties can further be used in the study of selection principles and topological games involbing
ideals.
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