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AnHOTaMs

AbesmeBa rpyTa HA3BIBAETCS MOJIYIIPOCTOM, €CIN OHA SIBJISIETCS A TUTHB-
HO#l I'PYIIIONl HEKOTOPOTO MOJIYIIPOCTOro KoJjibiia. [Ipobsiema ommcanus mosty-
IIPOCTHIX rpyIii ObLIa cchopmytupoana P. A. Beromontom u 1. A. Jloysepom.
Hacrositiiast pabora mocBsinena n3yIeHuIo MOy IPOCTBIX BEKTOPHBIX I'PYIIIL.

BekropHoit rpynnoii HaseiBaeTcsi npsimoe npoussejenue || R; abeseBbix
i€l
rpynn 6e3 kpydenusi R; (i € I) panra 1. B crarbe ommcanbl HOIyIpOCTbIE
IPYIIBI B KJIACCE PEJIYIMPOBAHHBIX BEKTOPHBIX rpymi | [ R; B ciaydae He 6o-
i€l

Jiee, UeM CUYETHOI'0 MHOKecTBa 1.

YMHOKeHIEM Ha abejieBoii rpyiire G HasbiBatoT romoMopdusm p: GRG —
— G, 970 yMHOXKeHIE 0003HATACTCS TAKXKe 3HAKOM X, TO €CThb (g1 ® g2) =
= g1 X g2 JUIsd g1, g2 € G. I'pynna G ¢ 3ajaHHBIM Ha Heil YMHOYXKEHUEM X Ha3bl-
BaeTCs KOJIBIOM Ha rpymie G, kotopoe obosuadaercs (G, x). [Tokazano, 1to
JII0b0€e YMHOXKEHUE Ha TIPSMOM [IPOU3BEICHUN IPYII paHra 1 OmpeessieTcs ero
OTpaHUYEHUEM Ha CYMMY 3THX IPYIIl. B 9acTHOCTH, UMEET MECTO CJIeIyoInee
yTBEpPXK/JIEHUE.

JIEMMA 3. Ilycrs I He Gosiee, uem cuerHoe MHOxkectBo, G = [[ Ry —
icl
BeKTOpHas rpymma, S = P R;. Ecam B kosbie (G, X) Bemonmsercs S xS = 0,
el

10 (G, X) — KOJIBIO C HYJIEBBIM YMHOYKEHUEM.

[ycrs [] R; — BekropHas rpymmna, t(R;) — tun rpynmnsr R;. O6o3Hadnm
el

4yepe3 [y MHOXKECTBO MHJEKCOB ¢ € I, jist koropwix t(R;) — njemMrnoreHTHbII
TUI ¢ OeCKOHEIHBIM uncsioM Hyqeil. Ecom k € I, to Ip(k) — MHOXKecTBO HH-
JIeKcoB ¢ € Iy, mist koropbix t(R;) > t(Ry).

TEOPEMA 1. [Iycrs I e 6ostee, 4eM cIEeTHOE MHOXKECTBO. PemymupoBanHast
BeKTOpHas rpynmna | [ R; sIBJIsSIeTCs HOIyIIPOCTON TOT/ia U TOJIBKO TOLJIA, KOI/ia

1€l

1) cpenn rpyun R; (¢ € I) HeT TPy NAEMIOTEHTHOTO THUIIA ¢ KOHETHBIM
4UCJIOM HYJIei,

2) jyist sr06o# rpytibl Ry, HemjemioreHTHOro tuna Muoxectso Io(k) Gec-
KOHEYHO.
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Bamerum, uto Habop Tunos rpyun R; (i € I) B ciaydae He Gosiee, ueM cueT-
HOro MHOXKecTBa I siByisiercst uBapuanTom rpyiisl G = [[ R;, mostomy oru-
i€l
caHue MOJIyIPOCTBIX TPYII B TeopeMe 7 He 3aBUCHT OT PA3JIOXKEHUS TPYIIIIbI
G B npsiMoe IIpon3Be/ieHue TPy paHra, 1.

Karouesvie carosa: abesieBa rpyiiia, BEKTOPHAasi TPYIIA, KOJIBIO Ha abesieBoit
TPYIITIe, MOIYITPOCTOE ACCOIMUATHBHOE KOJIBIIO, MTOIYIIPOCTAsT TPYTITIA.
Bubauvoepagua: 17 nazBanuii.

ASSOCIATIVE RINGS ON VECTOR GROUPS

E. I. Kompantseva (Moscow)

Abstract

An abelian group is called semisimple if it is the additive group of a
semisimple ring. R. A. Beaumont and D. A. Lawver have formulated the
description problem for semisimple groups. We consider vector semisimple
groups in the present paper. Vector groups are direct products [[ R; of torsion

i€l
free abelian groups R; (i € I) of rank 1. The semisimple vector groups [] R;
are described in the present paper in the case where [ is a not greaterﬁﬁan
countable set.

A multiplication on an abelian group G is a homomorphism p: GRG — G,
we denote it as pu(g1 ® g2) = g1 X g2 for g1,92 € G. The group G with a
multiplication X is called the ring on the group G and it is denoted as (G, x).
It is shown that every multiplication on a direct product of torsion free rank-1
groups is determined by its restriction on the direct sum of these groups. In
particular, the following statement takes place.

LEMMA 3. Let I be a not greater than countable set, G = [] R; and
i€l
S = @ R;. Let x be a multiplication on the group G. If the restriction of this
i€l

multiplication on S is zero, then the multiplication itself is zero.

Let [] R; be a vector group. We use the following notations: ¢(R;) is the

i€l

type of the group R;, I is the set of indices ¢ € I such that ¢(R;) is an
idempotent type with an infinite number of zero components. If £ € I, then
Io(k) is the set of indices i € Iy such that t(R;) > t(Ry).

THEOREM 1. Let I be a not greater than countable set. A reduced vector
group [] R; is semisimple if and only if

i€l

1) there are no groups R; (i € I) of an idempotent type, where the number
of zero components is finite;

2) the set Iy(k) is infinite for every group Ry of the not idempotent type.

Note that the set of types of groups R; (i € I) is an invariant of the group
G = [] R, if I is a not greater than countable set. Therefore, this description

el

doesn’t depend on the decomposition of the group G into a direct product of
rank-1 groups.
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1. BBeagenne

B nacrosiei pabore IpOJI0IZKEHO UCCIEI0BAHIE OJIYIIPOCTHIX IPYII, HAYATOE
B [1, 2]. AGesieBa rpymna Ha3bIBAETCsI TIOJYIPOCTOMN, €CJIU OHA ABJIAETCS aJ|IUTUB-
HOII I'PYIIIIOH HEKOTOPOTO HOJIYIIPOCTOrO KoJiblia. [Ipobiiema orucanust oty mpocThix
rpymn 6bi1a cdhopmynuposana Beomorrom P. A. u Jloysepom /1. A. B [3], ee pere-
HUIO TIOCBAIIEHB! paboTsl [4-9] n ap.

BekTopHO# TpyIION Ha3bBAIOT TpsiMoe IpousBejenue || R; abeneBbix rpyri
iel
6e3 kpyuenus R; (i € I) panra 1. BekropHbIe IPYIIIIbI IMUPOKO U3YYaJUCh B paboTax
arebpancToB, CPeJin KOTOPBIX ciejpyer orMeTuTh crathb Mumunoit A. T1. [10, 11]
u Jloca /1. [12].
B nacrosimeit paboTre onmucanbl MOJIYIPOCTHIE TPYIIIBI B KJIACCE PEIYIIMPOBAHHBIX

BeKTOpHBIX rpymn G = [[ R; B ciiydae He 6GoJiee, 4eM CIETHOTO MHOXKeCTBa, 1.
i€l

2. ACCOI_II/IaTI/IBHbIe KOJIbIIa Ha BEKTOPHBIX I'DYIIIIaX

B crarbe paccmarpuBaioTcs TOJBKO abesieBbl IPYIIILI, U CJIOBO “TPyIIa’ BCIOILY
B JlaJibHeliIeM o3HavuaeT “‘abesieBa rpymnmna’. YMHOKeHHeM Ha rpyiire G Ha3bIBAETCs
romoMopdusm p: G ® G — G. D10 yMHOXKeHHEe 0003HATAETCA TAKXKe 3HAKOM X,
To ecThb (g1 ® go) = g1 X go A Bcex ¢p,g2 € G. I'pynma G ¢ 3aJaHHBIM Ha
Hell YMHOXKEHHEeM X Ha3bIBaeTCsi KOJIbIOM Ha rpymmne G u obosnadaercst (G, X),
J(G, x) — pagukai JIzkekob6coHA TOTO KOJIbIIA.

IIycrs G = [] R; — BekTopHag rpymma, s1eMeHT g € G OyeM 3aluchiBaTh B

i€l

Bujie g = (§;)ier, @ Tak:Ke B BUjIE g = (g1, g2, - - .), ecyu I coBnajiaer ¢ MHOKeCTBOM N
HATYypaJbHBIX ducesl. Kpome Toro, 6yjieM HCHOIb30BATH CJIEIYIONe 0OO3HATEHUST:
t(R),t(g) — Tumbl OJHOPOAHOM TPYIIBI R U 9j1eMeHTa g COOTBETCTBEHHO; X(g) —
XapaKTEePUCTUKA JIEMEHTa ¢; T; — MpoeKnus rpyunsl G Ha noArpynmny R;; ecu
G = A® B, to m4 — npoekiug rpyunsl G #Ha noarpymnmny A. Bygem paccmarpusath
caenytomue muoxkectsa: Iy = {i € I|t(R;) — MIEeMIOTEHTHBIH THI ¢ GECKOHETHBIM
qucsioM Hyneit}, I, = {i € I|t(R;) — memmemnorentusiii tun}; lo(k) = {i €
€ Io|t(R;) > t(Ry)} mua k € I. Kak 00bIvHO, Z — MHOMXKECTBO HEJIbIX IUCEJT; eCJIU
a,b € Z, to 3amucsk alb(a 1 b) o3nagaer, uro a meaur b (a we mesnut b). 3a Bcemu
OIpEJICICHUSIMU 1 ODO3HAYCHUSIMU, €CJIU HE OFOBOPEHO IIPOTUBHOE, MbI OTCBHLIACM
x [13-15].

JIEMMA 1. ITyemv G = [[ Ry u npu ecex k > 2 epynna Ry, umeem udemno-

keN
mernmuod mun t(Rg) ¢ 6eckoneunvim wucaom nyaset marot, wmo t(Ry) = t(Ry).

Tozda epynna G noaynpocma.
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JIOKABATEJILCTBO. 3amumiem rpynny G 8 Buge G = [ Rgex, Tae npu Beex
keN
k > 2 xapakrepucruka x(ey) COCTOMT TOJBKO U3 HyJeil U CUMBOJIOB 00, Ry — 10/

KOJIBIIO C €JUHUIECH M0JI PAIMOHAJIBHBIX IHCET, aIMTHBHAS I'PYIIa KOTOPOTO CO-
JIEpKUAT norpymiry [y.

IIycts k > 2, Torga no yciaosuio t(er) > t(ey) u, caeoBaTe/ILHO, CYIIECTBYET
TaKoe HATYPAJIbLHOE TUCTIO My, UTO My 1 e 1 X (myex) = x(e1). [pu stom x(miey) =
= x(mgex) - x(myer) = x(e1) - x(e1). Tax kax t(eg) comepKuT GECKOHETHOE THUCIIO
HyJIeli, TO CYIIEeCTBYeT MIPOCTOe UHCIIO Pg TaKOe, U4TOo

pk:)(ekz,pk/rﬁ (1)

pr [ .. (2)

Taxum 0Opa3zoM MOTYIUM TIOC/IEI0OBATETLHOCTD ITPOCTHIX YHUCET

P2,P3, - (3)

[Tpu sToM st Kaxkoro k > 2 qucen py, yAoBJIeTBopsomux yciosuio (1), cymie-
crByer Geckonedno muoro. [Tosromy mocemoBaresbHOCTD (3) MOXKHO BBIOpATH TaK,
4TOOBI B Heil BCe 4nca ObLIN Pa3/INIHbL.

OmnpenenmnM Tenepb OMHApPHYIO onepanuio X Ha (G, MOJIOKUB

e1 X ey = (0,m3eq, ..., miek,...);
e1 X (0,age9,...,aek,...) = (0,a0e9, ..., are€g,...) X €] =
= (0, (agmaps)eéa, . . ., (axmepr)e, - - .);
(0,ageq,...,ake,...) X (0,bseq,. .., breg,...) =

2 2
= (07 (a2b2p2)62a SRR (akbkpk)eku - )
Henocpeicreennast mpoBepKa IOKA3bIBACT, YTO OlEpalldsd X SABJISCTCA aCCOIUATHB-
HBIM YMHOYKEHUEM.
o
Ouerujro, A = [[ Rrer — unearn koubia (G, X ). DTOT ujieal aBageTCs TPIMbIM
k=2
npousseenneM koser (Riey, X), Ta€ €, X e = piep, KOTOPbIE MOIyNpocThl |3].
CirenoBaTeIbHO, U A A IOTyIPOCT.
[Mokazkem, aro koJibio (G, X) mosytpocto. [lycrs

a = (are1, ases,...) € J(G, X) (ax € Ry).
Be3 norepu obmuocT MOXKHO CUUTATh, YTO a1 € Z. Ilycrs Tenepb

c= (e, €9,...,6x...) €EG.
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Torna
axc=(a1e1,...,a5e5 ...) X (€1,... €p...) =
=aje; X ep +ae; X (0,e9,... €k, ...)+
+(0, ages, ..., ageg,...) X eg + (0,a0ea, ..., arek,...) X (0,e9,...,€x,...) =
= (0,aym3e, . .., armie, . ..) + (0, aymapses, . . ., aymppger, . . )+
+(0, agmapses, . . ., apmypier, - . .) + (0, axpses, . . ., apprer, . ..) =

= (0, (a1m3 + a1maps + azmapy + aspzles, .. .,

(a1my + aymypy + agmipy + @y )ex, - - -)-

Bnaunt, ax c € J(G, x)NA = J(A, x) = 0 [15]. CnenoBarensuo, — aymi—+a;mypg+
+apmgpr + akpi = 0 gyra moboro k > 2.
[Iycrs k € Z. Tak kax py, [ eg, TO CyIECTBYeT HATYPaJIbHOE YUCIO Sg TAKOe, U4TO

P [ Sk 1 Spay, € Z. (4)

Tak kak skalmi + S A1 MEPK + SKAEMEDK +skakpi =0, To pk|ska1mk. Tak kak pk)(sk,
prfmg B cuty (2) u (4), To pgla; npm Beex k > 1. Buaunt, a1 € (\ppZ = 0, u,

k
caenoBaresibio, a = (0,ases, ..., axe,...) € J(G,x)NA = J(A, x) = 0. Takum
obpasom, J(G, x) = 0, u, 3Haunt, rpymma G MOJIyIpoCTa.

JIEMMA 2. ITyemwv [ — ne 6oaee, uem cuemnoe mnoocecmso, G = [[ Ry —
i€l
pedyuuposarnan sexkmoprasn epynna u (G, X) — accoyuamusnoe xorvyo va G. To-
20a das nobozo k € I cywecmeyem konewnoe nodmmootcecmeo Fy, mmoorcecmea [
maxoe, 4mo
1) das mobozo s € Fy, natidemcesa undexc i € I maxod, wmo m(Rs X R;) # 0 uau
Wk(Ri X Rs) 7é 0,’
2) m(Gx ] Rs)=m( [ RsxG)=0.
s€I\Fy, sel\Fy
JTOKABATEBLCTBO. 3amumem rpynny G B Buge G = [] R;e;, u Oynem pac-
iel
cMaTpuBaTh R; KaK HMOAPYIIIBI aIUTHBHON I'PYIIILI PAMOHAIBLHBIX unces. Ilycrs
k,s € I, oboznadum
Li(s) ={i eI |me; x es) # 0},
Mi(s) = {i € I | m(es x e;) # 0},
Ly =UserLi(s) ={i € I | (3s € I)mp(e; x e;) # 0},
My = UserMi(s) ={i € I | (3s € I)m(es x €;) # 0}.

[Tokaxkem, uro mHOXKecTBa Ly u My koneunsl npu Bcex k € I. Ilycts k,s € 1.
PaccmoTrpum romomopduzm

Ph,s G — Rkek
x = (T X ey). (5)
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Tak kak Ryej y3kas rpymma [14], o ¢gs(e;) = 0, To ectb mi(e; X e5) = 0, s
nouru Beex i € I. CrenoBarenbHO, MHOKECTBO Li(s) KoHeuno. Auasoruano, My(s)
KOHEYHO.

Hamee ormernM, uro ecam Ly, — komednoe mmoxkectBo, T0 My = |J M(s)
s€ly
TOXKe KOHedHO, n Haobopot. Jdomycrum, Ly u My 6eckonednnl. OmupenesimmM moceno-

BaTEJIBbHOCTH 11, 2, ... € Ly U j1, Ja, ... € M}, ciaemyiommm oOpa3oM: i; — IPOU3BOJIb-
HBII 971eMeHT Ly, j; — npousBosibHbiil aeMent My (iq). Ilyets iy, ... 0, u j1,. .., jn
ounpezenensl. Tak kak My = |J My(i) 6eckoneqno, a My (i) KOHEUIHO TpPH BCEX
i€Ly

i€ I, ro Mi(i) ¢ Mg(iy) U... U Mg(i,) qs 6eckoneanoro uncia ¢ € Li. Cpe-
JII TAKUX ¢ HaWIeTCs SJIEMEHT %,11, HE IPUHAJIEKAIUN KOHEYHOMY MHOYKECTBY
Lk<j1) Uu...u Lk(]n) Taxk kak Mk(’LnJrl) gZ Mk<Z1> u...u Mk@n)a TO BbI6epeM
Jna1 € Mi(ing1) \ (Mi(i1) U ... U My(iy)).

[TokazkeM, arto my(e;, X €;,) # 0 u m(e;, X €;,) = 0 mpnu Bcex s # n. Tak kak
Jn € Mi(in), T0 Tk (€4, X €;,) # 0. Ecim s > n, 10

Js € Mi(is) \ (My(iy) U... U Mg(is_1))-

Crenosarensno, js ¢ My(in), orkyna mg(e;, X e;,) = 0. Ecin s < n, 10 i, & Li(Js),
Tak Kak i, € Li(j1) U ... U Lg(jn—1). CnegoBarensmo, my(e;, X e;,) = 0. Ilo Teope-

me 94.4 B [14] umeenm 7, ( [ Ry ei, X €j,) = 0 upu so6om n € N.
s#EN
s xaxzgoro g € G onpegesnnM romoMopbusm

wk,g: G — Rkek
x— mp(g X x). (6)

[ee]
Pacemorpum smement a = (€5, )neny € [] Rivei, C G. Qs Becex n € N umeem
n=1
Vrales,) = me(a x €;,) = m(es, X €5,) + m((a— e;,) X €5,) = mi(es, X €;,) # 0, Tax
Kak a —e;, € [] R;,. Dro nporuBopeunt Teopeme 94.4 B [14]. CiemoBaresnbho, MHO-
s#EN
xkectBa Ly u My xoneunsl. [losoxuB Fy = Ly U My, oayduM, 9TO 9TO MHOYKECTBO
YZIOBJIETBOPSIET YCIOBHIO 1).
ITokazkem, aro BeimosHstercs yeosue 2). [lycrs k € I, s € I\ Fy.. Torna ¢y s(e;)

0,

= m(e; X es) = 0 st Beex ¢ € [, tak kak s ¢ M. CrenoBarensuo, ¢y (P R;e;)
il
oKy Pks(G) = Yrs(I] Rie;) = 0. Snaunr,
i€l
71(g X es) = 0 upu 06X g € G u s € I\ Fy. (7)

Badukcupyem teneps g € G 1 paccMOTPUM roMOMOPMU3M Yy, 4, OLIPEIeJICHHbIIH
B (6). U3 (7) mmeem ¢y 4( €D Rses) = 0, orkyma ¢ ,( [[ Rses) = 0, 1o ecrn
SEI\Fk SEI\Fk
(g x ] Rses) = 0. B cuny npoussosbHOCTH 371eMeHTa g € G TIOJydaeM, 9TO
SEI\F%
(G x ] Rses) =0. Ananorununo, mx( [[ Rses x G) = 0.

SEI\Fk ie[\Fk
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JIEMMA 3. ITyems mnoorcecmeso I ne boaee, wem cuemno, G = [[ R;, S = @ R;.
i€l il
Ecau 6 koavue (G, X) evnoansemea S x S =0, mo (G, X) — K0abyo ¢ HYAEEDLM
YMHONCEHUEM.

JIEMMA 4. IIyemv I — ne 6oaee, uem cuemmnoe mmooicecmeo, G = [[ Ry —
iel

pedyyuposarnasn sexmophas epynna. Ecau cpedu epynn R; (i € I) ecmwv epynna

UdEMNOMEHMHO20 MUNG C KOHEYHBIM YUCAOM HYyael, mo epynna G He ABAAEMCA

NoAYNPOCcmot.

JOKABATELCTBO. Eciu cpenn rpynn R; (i € I) ecTh rpynia njaeMIOTeHTHO-
ro THIA ¢ KOHEYHBIM YUCJOM HYJIeil, TO CPe/iin 9TUX TPYII CYIecTByeT rpymna R,
takast, 910 t,, = t(R,) — WIEMIOTEHTHBI TUI ¢ KOHEYHBIM YUCJIOM HYJIeil, MaKcu-
MaJIbHbIH B MHOXKecTBe {t(R;) | i € I}.

[Iyctrs Gy = [] Ri, Torga rpyumna G cenapabesbua [11], B [2] mokaszamo,
t(Ri)Ztn
70 pajgukai Jxekobcona Jiroboro kosbia Ha Gy copepzkut noarpymmy [|pGy # 0.
P
B cuy slemmbr 2 rpynma (7 gBiisieTcd ujeasioM B JIIOOOM KOJblle Ha rpymme G,

3HAYHT, B JIIOOOM KOJibIle Ha (G €CcTh mjeas ¢ HeHyJIeBbIM pajnKajoMm JIxkekobcoHa.
[Tosromy rpynna G He ABJISIETCs HOJIYIIPOCTOIA.

JIEMMA 5. ITyecmo I — ne 6oaee, wem cuemnoe mmoocecmso, G = [[ Ry u
iel
nycmo ece epynnot R; umerom neudemnomernmmuuiti mun. Toeda arboe accoyuamus-
Hoe xoavuo Ha G padurasvro.

JTOKABATENBLCTBO. Ilycrs (G, X) — acconumaruBHoe Kouiblo Ha G u k € 1.
Ob6ozHaunm

A, ={9€ G| Va,b e G)mp(a x g) = (g X a) = mx(a x g x b) = 0},

OueBnnno, A, — wmpean xonbna (G, x). Ilyers Sy, = @ R;, By = [] R,
i€Fy i€l\Fy

Cp, = Sy NA,. Torna B, C A, u G = Sy & By, Ay, = Cy @& By. Oupeneynm
YMHOXKEHHE X Ha Sy, HOIOKUB @ X, b = 7mg, (a X b) mna Beex a,b € S. Torga
HEIOCPEJCTBEHHOI IIPOBEPKOH MOXKHO yOeAuThesa B TOM, uTo C} — HMIeas KOJbIA
(Sk, Xg) 1 (G/Ag, X) = (Sk/Ck, Xx) upu uzomopdusme g + Ay — g, (g) + Cy. Ilo
teopeme 2.2 B [17] Kombro (Sk, Xx) Huabnorentao. CiemoBarensho, (G/Ag, X) —
TaKzKe HUJIBLIIOTEHTHOE KOJIbIO. IlosToMy

(In, € N)(Vg € G) g™ € Ay,
(3mech g™ — crenenn s1eMenTa g B Koable (G, X)), oTcioaa

(Vn>nyg)(Vg € G) m(g") = 0. (8)
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BnaunT, 1719 06010 v1eMenTa g € G oupeeaeH sjeMent ¢ = —g — g — g3 — .. .,
10 ectb ¢’ = (gi)rer, T gr = Te(—g — g% — ... — g"™). Tlokaskem, uTo ¢’ — KBaszu-
obparHblil K 37aeMenTy ¢ B Kosble (G, X). B cuy (8) umeem:

(Fmg = ng)(Vn > my)(Vg € G) mg,(¢") = 0.
[Mosromy —g™+t —gmet2 — € By ump(g') = me(—g — g*> — ... — g"™). Kpome
TOrO, U3 JIEMMBI 2 TOJTYTaeM

2

T(gxg)=m(gx (—g—g*—...—g™) + g x (—g™F — g™+t — ) =

=m(gx (—g—9"— ... —g™) =m(=g>— 9" — ... —g™).
CienoBaTesbHO,
m(g+9 —gxg)=mlg) +m(—g—9g>—...—g™)—
—me(—g* —g° = ... —g™) =0.

B cuy npousBosibHOCTH WHjeKca k € [ sj1eMeHT ¢’ sIBJIsSIeTCsl KBA3HOOPATHBIM K (.
Buaunt, Koiblo (G, X) paguKaIbHO.

JIEMMA 6. Iyemv I — ne 6oaee, uem cuemmnoe mnooicecmeo, G = [[ R; —
i€l

pedyyuposarnas epynna. ycmo cpedu epynn R; (i € I) ecmv epynna neudemno-

MEHMH020 MUNA U AUULD KOHEYHOE YUCAO 2PYNN UMeeM UJEMNOMEHMHBIT MUN €

beckoneunvim wucaom nyaet. Toeda epynna G ne asasemces nosynpocmod.

JTOKA3ATELCTBO. Eciu cpequ rpyni R; (i € 1) ecTb TpyIiia njaeMIOTeHTHOTO
THUIA ¢ KOHETHBIM IHCJIO HyJI€eft, TO 10 jiemme 4 rpynmna G He gB/IAeTCs MOy IIPOCTOIA.
[Tycts Teneps cpenn rpynn R; (i € ) Her Ipyni ¢ yKa3aHHBIME TUIIAME, U IIYCTh
R;,, ..., R;, — BCce IrpymIbl, UMEIOIIHE UIEMIOTEHTHBI THII.

Hormycrum, Tun XoTst ObI OJIHON U3 9TUX IPYIINI HE sIBJISIETCS] MAKCHMAJIbHBIM B
muoxkectse {t(R;) | ¢ € I}. Torma cpemn rpynn Ry, ..., R; cymiecTByer rpyimia
(ycTb, mu1st ompesesieHHoCTH, 3T0 R, ) Takas, uro J = {j € I | t(R;) > t(R;,)} # @
u t(R;,) # t(R;) mna Beex | = 2,n. Torpa t(R;) HEeMIEeMIOTEHTHBIH THII DU BCEX
JjEJ.

[Tycrs (G, x) — accormarusHoe Koublo Ha G, A = [[ R;. Herpyauo Bujers,

Jj€J
qro A — wmpean xombua (G, x). HeitcrBurenbHo, mycth a = (a;)ic; € A, g =
= (¢i)ier € G u k € I. Torna me(g X a) = m( >, ¢; X a;) no jgemme 2. Tax

i,jEFy
Kak t(g; X aj) > t(a;) > t(R;,) upu Bcex ¢ € I, j € J, 10 t(mp(g X a)) > t(R;,).
Cnenoaresnbho, g X a € A.
Buaunt, J(G, x) N A = J(A, x) = A no nemme 5. Ilostomy kosbuo (G, X) u,
CJIeJIOBATENILHO, Ipytiia G HE SBJISIIOTCH HOJIYIPOCTBIME.
IIycTp Tenepb THI KaxKkjioit u3 rpyun R, ,...,[R; dABigercd MaKCHMaJbHBIM B
muoxkectse {t(R;) | i € I}. Torma B = Ry, & ... ® R;, — nean koubia (G, X).

in
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B camom mene, mycts b = b, + ...+ b, € B, g € G, k € I. Torna (b x g) =
= mi(biy X g+ ...+ b, X g). Ipu srom ¢(b;, X g) > t(b;,) upu Beex | = 1,n. B cuy
MakcuMasbaocTn tunos t(R;, ) nomydaem, uro b;, X g € R;,, otkyna b x g € B.

Ecin upean B He siBjisieTcst MOJIyIPOCTBIM, TO U rpyina G e nosynpocra. Jlormy-
cruM, uaeasa B nosaynpoct. Torga oH MOXKeT OBITh BIOXKEH B KA4eCTBE HOAKOJIbIA B
koub1i0 (B, X ) Ha jesumoit 060s10uKe B TPpyHIIbl B, KOTOpOoe TaKyKe ABJIfeTcs MOTy-
npocthiM. Clie1oBaTesIbHO, 10 OCHOBHOI TeopeMe Beiepbepra [15] o koHedHOMED-
HBIX CerapabesIbHbIX ajredpax B IIPeicTaBUMO B BHJE CyMMBI HOTHBIX MATPUUHDIX
KOJIET] HaJl TeJIOM. 3HauuT, B Kojiblle (B, X) ecTh eaununa, e.

Pacemorpum dakropkosbio (G/B, X), ero ajpaurusaas rpynmna G/B = G =

= JI Ry, vme Bce rpynmsl R; mMeror HenjieMoTeHTHEI Tutl. Ciie1oBaTesIbHO, 110
i1 ein
aemme 5 kouiblio (G/ B, X) pagukanbho. Kosbio (G, X) MoXkKeT ObITh €CTECTBEHHBIM

06pazoM BI0KeHO B Koo (G @ B, x). Ilpu atom J(G1 & B, x) = {a—axe|a €
€ G1} =T #0 [2]. [Tycrb m — HaTypaibHOe YuCI0, Ipu KotopoM me € B. Torma

mT = {ma —a x (me) | a € G} C G.

Tax kak M1 — HeHyJIeBOW KBAa3UPEryJIIPHBIN uiaeas kosbia (G & B, X), o m1T —
Takoii ke uieas B kKojblle (G, X ). CiuemoBarebHo, rpyiiia GG He SBJISIETCS OJIYIIPO-
CTOM.

TEOPEMA 1. Ilycmo I ne boaee, uem cuemmoe mmoxcecmso. Pedyuyuposarmasn

sexmopnas epynna [[ R; asasemcea noaynpocmot mozda u mozda, ko2da
icl
1) epedu epynn R; (i € 1) nem epynn udemnomenmmozo muna ¢ KOHEWHbLM 4UC-
AOM HYyaed,
2) das 0600 epynnv, Ry, neudemnomenmmozo muna mroocecmeo Iy(k) becko-

HEYHO.

JIOKA3ATEJILCTBO. Ilycth rpynmna (G mosymnpocTa, TOT/Ia B CHTYy JeMMBbI 4 BbI-
noststercs yesaosue 1. lomycrnm, yemosue 2 me Boinosmeno, Torga (k) — koned-
HOe MHOKECTBO IIpH HEKOTOpoM k € [ takoM, 4uto t(Ry) = ty — HEWIeMIOTCHTHBIIT
tuir. O6osnaunm G =[]  R;Ilycrs (G, X) — kosbio #Ha G, UCIOIB3Ys JIEM-

t(R;)>ty
My 2, MOXKHO IIOKa3aTh, 9T0 G’ — njeas 9Toro Koybla, IPUIeM B CeMeficTBe TPYIII
{R;|t(R;) > ty} yuib KOHETHOE MOACEMEHICTBO TPYIII UMEET UIACMIIOTEHTHBIN THII.
[To emme 6 uaean G’ He siBjsieTcs TOYPOCThIM. OTCIO/IA TOIYIIPOCTBIM HE sIBJIsI-
erca n Koiblo (G, X).

ITycts Teneps rpynma G yaosrerBopsier yeaosusam 1) u 2). ITo Teopeme 8 B [1]
cymecrByet cucrema {Ji|k € I,,;q} monapHo HemepeceKamuxcs CYeTHBIX MHOXKECTB

Jp C Io(k). g kaxgoro k € I,y obosnaunm Gy, = Ry @ [[ R;. Torma rpymny G
1€ Jy
MOKHO TipejicraBuTh B Bujie G = [[ G @ [] Ri, rie K — HeKoTOpoe mojMHOZKe-
k€l ia ieK
crBo muoxkectsa Iy. Corsacuo [3|, rpynmnst R; nosynpocrtst ipu Beex ¢ € K. B cuy
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nemmbl 1 kaxgag u3 rpynn Gy (k € I,;q) Takske sBiagercs nosynpocroii. Ompe-
nensgs na G KOJIBIO, ABJIAIONIEECS MPSIMBIM TPOU3BEICHUEM ITOJIYIPOCTHIX KOJIEII,
nojtydaeM, 4to rpyima (G IoIyIpocTa.

Bamerum, uro Habop THOB rpymn R; (i € 1) B caydae He Goiee, YeM CUETHOTO

MHOX)KecTBa [ siBisiercst mHBapuanToM rpyminel G = [[ R;, mosroMy onmcanue mo-
i€l

JIYIPOCTBIX TPYII B TeopeMe 1 He 3aBUCUT OT paszjioxKeHus rpynnbl G B IpsMoe

[IPOU3BE/IeHNE TPy paHra 1.

3. 3akJIroueHue

N3 Teopemnr 1 ciiejtyeT, 9To BIOJIHE pa3ioxKuMasd rpyiima G KOHEYHOT'O paHra 11o-
JIYIIPOCTa TOTJIa U TOJIBKO TOTJIa, KOTJIa THUIIBI ee TPSIMBIX CJIaraeMbIX panra 1 mMeroT
UJIEMIIOTEHTHBIN TUI ¢ OECKOHEYHBIM YUCJIOM HYJIEH. DTOT pe3ysibTaT COIJIacyeTcs ¢
OBIUM OIHMCAHUEM IMOJIYIPOCTHIX BIIOJIHE PA3JIOKUMBIX TPy B [1].
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