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AnHOTaMs

Iesbro cTaThby siBJIsSIETCsT 0030p HEKOTOPBIX BaXKHBIX PE3YJIBTATOB B TEOPUH
KBaJIPATUIHBIX (POPM U ajIrebpandecKux IPYIIl, KOTOPbIE OKa3aJ/Ii U OKa3bIBa-
0T BJIMsiHUE Ha pas3BuTue Teopun uncesi. CraTbsl OpUEHTUPOBaHA Ha M30paH-
HbIE 3aJa491 U He ABJIsIeTCs ncaepibiBatonieil. [IpegcraBienbl MareMaTHuIecKue
CTPYKTYPBI, METOJIbI U Pe3yJIbTaThl, B TOM YHCJ/I€ U HOBBIE, CBSI3aHHBIE B TOI
1M UHOI cremeHn ¢ uccaenopanusmu B. I1. IlmaTonosa.

Conepxkanue crarbu ciejyiomiee. Bo BBefeHUN OOpaIlleHO BHUMAaHHUE HAa
KJIaccuvaeckne nccienoBannsg Kopkuma, 3omotapeBa m Bopomoro mo Teopun
9KCTPEMAJIBHBIX (DOPM U HAITOMUHAIOTCS COOTBETCTBYIOIIUE OlpejiesieHns. B
pazaene "Ksagparuunbie popMmbl U perierkn IIpeacTaB/IeHbl HEOOXOAUMbIE
OIpeJIe/IEHNs, PE3YAbTAThl O PEIIeTKaX W KBaAPATUIHBIX (DOPMaX HaJll ITOJIEM
BEIECTBEHHBIX YHCEJ U HaJ[ KOJBIIOM IIeJIBIX PalliOHAJbHBIX 4dncesl. Pasmen 3
"Anrebpandeckue rpynnbl" COAEPIKUT MPECTABICHIE KJIACCOB PEIIETOK B Be-
IIIECTBEHHBIX MPOCTPAHCTBAX KaK (paKTOPOB ajredpandecKux TPYII, a TAKKe
BapuaHT Kpurepus MaJiepa KOMIAKTHOCTH Takux (akTopoB. IlpuBenen pe-
3yJIbTAT O KOMIIAKTHOCTH (PaKTOPOB OPTOIOHAJBHBIX I'PYII KBAJIPATUIHBIX
dopM, He TPEeACTABIAIONINX PAINOHAIBLHO HYJIdA, 8 TaKKe ONpeIeTeHnsT U I10-
HSITHSI, CBA3aHHBIE ¢ KBATEPHUOHHBIMU ajiredpaMu HaJ| PAIMOHAIbHBIMY YHC-
samu. [IpuBenentble pe3yabTaThl SIBHO WM HESIBHO HCIIOJIL3YIOTCS B paboTax
B. II. ILnaTonosa, a Takxke B pazjenax 4 u 5. Paznen 4 "Touku Xurnepa u ux
06001menusa" CoaepKUT Kparkuil 0030p HOBLIX UCCAEJOBAHUI B HAIIPABJICHUN
HaxOXKJIEHUs ToYeK XHurHepa W UX o0000menuii. B pasmenre 5 kparko mpen-
CTaBJIEHbI HEKOTOPhIE HOBBIE UCCJIEIOBAHUSI U PE3YJIHTATHI 110 MIPUHITAITY XAacce
151 ajrebpamdeckux rpyir. st 9TeHnst crarbi MOXKeT OBITH IOJIE3HBIM 3Ha-
KOMCTBO CO CTaTbeil aBTOPa, OIyb/JInKOBaHHOM B 3-M BbIycKe " UeObIIeBCcKOro
cobopuuka" 3a 2015 rog.

4 ryboko npusnaresnien H. M. JIo6poBo/IbCKOMY 3a IIOMOIIb U MOIIEPAKKY
B IIPOIIECCe TOATOTOBKH CTaThU K IEYATH.

Knouesvie caosa: TOTOKUTENHHO OIpPEIeIeHHAs KBAJApaTUIHas (HopMa;
TeJIO HaJ| MOJIeM PAIMOHAJBHBIX UHCEs; KOHEUYHOMEpHAasi ajredpa; MPUHITUI
Xacce; dKEeCTKOCTh; TOUYKa XHUTHEPA.

Bubauoepagus: 31 nHazBaHuii.
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QUADRATIC FORMS, ALGEBRAIC GROUPS
AND NUMBER THEORY

N. M. Glazunov (Kiev)

Abstract

The aim of the article is an overview of some important results in the
theory of quadratic forms, and algebraic groups, and which had an impact
on the development of the theory of numbers. The article focuses on selected
tasks and is not exhaustive. A mathematical structures, methods and results,
including the new ones, related in some extent with research of V.P. Platonov.
The content of the article is following. In the introduction drawn attention
to the classic researches of Korkin, Zolotarev and Voronoi on the theory of
extreme forms and recall the relevant definitions. In section 2 "Quadratic forms
and lattices"presented the necessary definitions, the results of the lattices and
quadratic forms over the field of real numbers and over the ring of rational
integers. Section 3 "Algebraic groups"contains a representation of the class of
lattices in a real space as factors of algebraic groups, as well as the version
of Mahler’s compactness criterion of such factors. Bringing the results of
the compactness of factors of orthogonal groups of quadratic forms which
do not represent zero rationally, and the definitions and concepts related to
the quaternion algebras over rational numbers. These results explicitly or
implicitly are used in the works of V. P. Platonov and in sections 4 and 5.
Section 4 "Heegner points and their generalizations" provides an overview of
new research in the direction of finding Heegner points and their generali-
zations. Section 5 summarizes some new research and results on the Hasse
principle for algebraic groups. For the reading of the article may be a useful
another article which has published by the author in the Chebyshevsky sbor-
nik, vol. 16, no. 3, in 2015.

I am deeply grateful to N. M. Dobrovolskii for help and support under the
preparation of the article for publication.

Keywords: positive definite quadratic form; finite-dimensional associative
division algebra over rationals; Hasse principle; rigidity; Heegner point.
Bibliography: 31 titles.

1. Introduction

Korkin and Zolotarev have investigated positively defined quadratic forms [1, 2]
and proved [3| that every extreme form is perfect. Voronoi [4] has proved that
every extreme form is eutactic and that perfect eutactic form extreme. Recall some
definitions. We follow [1, 2, 3, 4, 5, 6, 7, 10| (and references therein).

Let K be a field of characteristic not 2. An n—ary quadratic form over K is the
expression of the form

n

flz) = fxg, ..., 2,) = Z Qi T;x, (1)

3,j=1
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for a;; € K, a;; = aj;. The n x n symmetric matrix A = (a;;) is called the matriz of
the quadratic form f. The matrix and the row vector x = (x1,...,z,) give f(x) =
= xAx" ( tr denotes the transposition). The determinant d = d(f) = det(f) of the
quadratic form f is called the determinant of the symmetric matrix A determined
by f. Two quadratic forms f and g are called equivalent if there exists a nonsingular
homogeneous linear change of variable i.e. if there exists C' € GL,(K) such that
g(x) = f(xC). Or in matrix notations B = CAC™ and d(g) = d(f)det(C)?.
Let f(z) be a positive defined quadratic form in n variables. For real €, set

m(fs€) = min f(z +¢),
x
where minimum being taken over integer z,

m(f) = maxm(f;e),

€

u(f) = m(f)/d"/".

It is said that f is extreme if p(f) is a local minimum.

Blichfeld have investigated minimum values of quadratic forms and packing of
sphere. Recall that by Blichfeld [8] the spheres of the packing cannot be displaced
without increasing the total volume occurred by them. Extreme forms correspond to
packings that are rigid. A positive quadratic form corresponding to a densest lattice
packing is called an absolutely extreme.

It is said that two n— ary forms f and ¢g with matrices A and B are properly or
improperly integrally equivalent if their matrices are related by

B = MAM"

for some M with integer entries and determinant +1 or —1 respectively. We will
consider mainly rings Z and Z,.

The norm of the vector x = (x1,...,1,) is denoted by N(x) = (x,x) = 22+
+.. 22

The aim of the article is an overview of some important results in the theory of
quadratic forms and algebraic groups, and which had an impact on the development
of the theory of numbers. The article focuses on selected tasks and is not exhaustive.
A mathematical structures, methods and results, including the new ones, related in
some extent with research of V. P. Platonov [12, 13, 14, 11].

Further contents of the article the following.

In section 2 "Quadratic forms and lattices" presented the necessary definitions,
the results of the lattices and quadratic forms over the field of real numbers and
over the ring of rational integers [15, 16]. Section 3 "Algebraic groups" contains a
representation of the class of lattices in a real space as factors of algebraic groups,
as well as the version of Mahler’s compactness criterion of such factors. Bringing the
results of the compactness of factors of orthogonal groups of quadratic forms which
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do not represent zero rationally, and the definitions and concepts related to the
quaternion algebras over rational numbers. These results explicitly or implicitly are
used in the works of V. P. Platonov and in sections 4 and 5. Section 4 "Heegner points
and their generalizations" provides an overview of new research in the direction of
finding Heegner points and their generalizations. Section 5 summarizes some new
research and results on the Hasse principle for algebraic groups. For the reading of
the article may be a useful another article which has published by the author|31] in
the Chebyshevskii sbornik in 2015.

2. Quadratic forms and lattices

2.1. Quadratic forms over fields and quadratic spaces

IfC =(c,...,¢n), ¢ = (Criy-..,Cni) then by; = f(c;, cj), where f(u,v) = uAv"”
is the bilinear form that corresponds to f.

Let K™ be the linear space of the dimension n? over K with coordinate
(a11, . . ., Gnn). The moduli space M F(n, K) of quadratic forms (1) is defined in K™
by the system of equations

aij—aji:(), 1<’L,j<n

The dimension of M F'(n, K) is equal to @ Operation of the group GL,(K) on
forms (1) defines an operation on M F(n, K).

To any quadratic form f = f(x) = xAx" and V = K" it is possible to associate
a map xAx" : V — K and the foregoing bilinear form ¢ = f(u, v). The space (V, ¢)
is called the quadratic space [9]. If (V, ¢), (V',¢') are quadratic spaces then it is said
that they are isometric if there exists a linear isomorphism o : V' — V' such that
¢ (o(u),o(u)) = ¢(u,u) for all u € V. There exists a one-to-one correspondence
between equivalence classes of n—ary quadratic forms over K and isometry classes

of n—dimensional quadratic spaces over K.

2.2. Lattices and quadratic forms over reals

Let
f(l’) = f(xlv s 7xn) = Z Qi T; T,
ij=1

be a real quadratic form.

PROPOSITION 1. Let f = f(x) be a real positively defined (non degenerate)
quadratic form and S = {s} not empty set of integer points (i.e. points with integer
coordinates). Then the function f(x) reaches a minimum on the set S. There is
point sg € S with a condition f(s) = f(so) for alls € S.
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PROOF. For the proof of the lemma 1 it is enough to present f as the sum of
squares:

" n 2
0= (Z Cij$j> , det(cij) # 0
i=1 \i=1
and to notice, that from the boundness of f(x) follows the boundness of | ¢;;x;],
i = 1,...,n. From this as det(c;;) # 0 follows boundness of xy,...,x,. The next
statements are consequences of discreteness of a lattice.

COROLLARY. Let {a} be a non empty set of vectors of a lattice A. Then there
is a vector ap € {a} of the least length.

Let A be a lattice of points of n-dimensional Euclidean space; ay, ..., a; linear
independent vectors of the lattice A (k < n). The set of vectors ay, ..., ay is called
a primitive system of vectors of the lattice if from

aja) + -+ agag € A,

where oy, ..., a; are real numbers, follows that aq, ..., a; are integers. In particular
for k = 1 the vector forms primitive system in only case when it is primitive, i.e. it
cannot be presented as a=caa’,a € A, a > 1.

PROPOSITION 2. [7] Let A be a lattice of points of n—dimensional Euclidean
space; k < n; ay,...,a, linearly independent vectors of the lattice A. It is necessary
and sufficient that aq, . .., a, made primitive system of vectors of a lattice A so, that
ai,...,a, was possible to add to a basis of the lattice A.

For a lattice A = Afay,...,a;], k< n,theset |[A| =v(d], 72,0 <z <1)is
called the fundamental parallelepiped of the lattice A of the volume |A].

Let A =Alay,...,a,| be a full lattice of n—dimensional Euclidean space, A(A)
the determinant of the lattice. Correspond to the lattice A with bases [a;, ..., a,]
the positive quadratic form f(x) in n variables with real coefficients:

f@) = flzy,...,2,) = (auwy + ... +a,2,)° = Z(ai,aj)xiajj.
ij=1
Conversaly for a positive definite quadratic form f in n variables with real coefficients
it is possible correspond a lattice A such that A(A) = Vd, where d is the determinant
of f.

Forms which are equivalent under a integer unimodular transform is united into

a single class

2.3. Integral lattices and quadratic forms

A lattice or a quadratic form is called integral if the inner product of any two
lattice vectors is an integer, or if the Gram matrix has integer entries.
Any n—dimensional lattice A = A [ay, ..., a,] has a dual lattice A* given by

A ={xeR":(x,u) € ZforalueA}.
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3. Algebraic groups
For algebraic groups GL,(R) and GL,(Z) the factorgroup
GL,(R)/GL,(Z)
is the set of all n-dimensional lattices in R". Let
L C GL,(R)/GL,(Z)

be a subset of the set of lattices.

3.1. Compactness criteria

Recall that there is the function

F:GL,(R) - R, F(g) = |detg|,|detg| : GL,(Z) — 1.

3.1.1. Fundamental parallelepipeds of a lattice and its sublattice
If (A:A") =k then |[A'| = Kk|A].

3.1.2. Hadamard inequality
If A=Alay,...,a,], then |A| < |ay|---|a,].

3.1.3. Minkowski lemma

Let T be a convex central symmetric body and A be a full lattice in real space

R™ o(T) > 2" |A|. Then AT # 0.

3.1.4. Compactness criteria

Recall the definition.

DEFINITION A lattice A C L is relatively compact if

1) Al <b, AC L

2) |x|>a,xe AC L,x#0.

Below we give a variant of Mahler’s compactness theorem:

THEOREM 1. Let lattices from the set L are relatively compact. Then each lattice
Alay, ..., a,| that satisfies conditions of the definition 3.1.4 has the bases such that
|al-| < C(a,b), 1=1.... , n.

SKETCH OF THE PROOF. The proof is by induction on n with applications of
Minkowski lemma, Hadamard inequality and fundamental parallelepipeds of lattices
and their sublattices as well as their volumes. Let n = 1. By denote. Consider n—ball
of the radius r > 2(b/V,,, )*/™, where V,, is the volume of the unit n—ball.
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By Minkowski lemma there is an element a # 0 of the lattice, a; € A, a = may,
m € Z,|a| < C,aiQA = [ay].

By the induction hypothesis there are aj,...,a, 1 € A such that |a;| < C and
(a1Q+ ... +a, 1QNA =[ay,...,a, 1]. In the inductive step Minkowski lemma
and Hadamard inequality are used. We omit the proof.

PROPOSITION 3. Let f(x) be the quadratic form which do not represents zero
rationally, G = O(f) the orthogonal group of the quadratic form. Then

G(R)/G(Z)

18 compact.

3.1.5. Finite-dimensional associative division algebras over rationals

Let D = Qa;q + - - - + Qa,, be finite-dimensional associative division algebra over
rationals. For any u € D put T,(x) = ux,x € D. We have Ty,., = Ty, T.,. Put
det T, = N(u).

It is well known that N(ujuz) = N(up)N(uz), and N(u) = 0 if and only if
u = 0.

LEMMA 1. Suppose that G is the set of all d € D such that N(d) = 1. Then
GY = G is the group.

Proof. For x = x1aq+- - -+ 2,0, we can write the group in the space of dimension
n + 1 in coordinates (xy,...,x,,t) as N(xioq + - - + )t = 1. Denote the group
by Gp. When N(d) = 1 we obtain the group G%.

PROPOSITION 4. Put G = GY. Then
G(R)/G(Z)

18 compact.

3.1.6. Quaternion algebras over rationals

Let B={u=xz+vyi+z2j+tk, z,y,2t € Q} be the quaternion algebra over Q
with relations i? = a,j? = b,a,b € Q,ij = k,ji = —k.

Denote by u* the conjugate quaternion. Then n(u) = uu* is by definition the
reduced norm of u. It is easy to see that N(u) = (22 — ay? — b2% + abt?)? = n(u)?.

3.2. Algebraic groups and critical lattices

Extreme lattices and Mahler’s compactness theorem are connected with critical
lattices |7, 29]. In this subsection we recall the connection between critical lattices
and algebraic groups. In the two-dimensional real case after complexification of the
space and critical lattices in it we obtain the interesting class of complete one-
dimensional projective algebraic groups. These are elliptic curves which correspond
to the critical lattices [28, 29|.
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4. Heegner points and their generalizations

Heegner points on elliptic curves have defined by Birch and Heegner-like points
have defined by several authors (see [18] and references therein). There are open
problems in the theory of Heegner-Stark (Darmon) and Darmon-like points in elliptic
curves E over Q of conductor N with a prime p such that N = pDM, where D is
the product of even (possible zero) distinct primes and (D, M) = 1, namely:

Suppose K be a real quadratic field in which all prime dividing M are split, and
all primes dividing pD are inert and let H, = K, \ Q, be the K,— points on the
p— adic upper half plane.

Then in the case D = 1 there is the conjecture by H. Darmon [19] that local
points P, € E(K,) associated to elements 7 € K (|, defined as certain Coleman
integrals of a modular form attached to E to be rational over specific ring class field
of K, and to behave in many aspects as the classical Heegner points arising from
imaginary quadratic fields;

in the case D > 1 there is a construction of Darmon-like points on E(K),), by
means of certain p—adic integrals related to modular forms on quaternion division
algebras of discriminant D. Greenberg conjectured that these points behave in many
aspects as Heegner points and, in particular, that they are rational over ring class
of K.

The authors of the paper [20] developed the (co)homological techniques for
effective construction of the quaternionic Darmon points on E(K,).

They use the reinterpretation of Darmon’s theory of modular symbols and mixed
period integrals by M. Greenberg [21]and relate p—adic integration to certain over-
convergent cohomology classes in order to derive an efficient algorithm for the
computation of quaternionic Darmon points.

In the Introduction authors describe the contents of the paper under review and
fixes notation.

The second Section is devoted to preliminaries on Hecke operators, the Bruhat-
Tits tree, and measures.

In Section 3 Greenberg’s construction of quaternionic p—adic Darmon points is
dealt with. The main results of the paper [20] are presented in Sections 4-6.

In Section 4 the explicit algorithms that allow for the effective calculation of
the quaternionic p—adic Darmon points are presented (Theorem 4.1, Theorem 4.2).
Theorems and their proofs describe the algorithms and contain a correctness proof
of the algorithms.

Section 5 treats the integration pairing via overconvergent cohomology. Authors
of the paper [20] reduce the problem of computing integrals under consideration
to that of computing moments and give an algorithm for computing the moments
by means of the overconvergent cohomology lifting techniques by D. Pollack and
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R. Pollack [22|. Finally last section treats results of extensive calculations and
numerical evidence obtained by the authors of the paper [20] in support of the
conjectured rationality of Greenberg’s Darmon points.

5. Hasse principle

Let M be a class of algebraic varieties over algebraic number field F'. The Hasse
principle by[16, 17| for the class M is the next assertion: Suppose that V€ M and V
is nonempty for all places v of the field F. Then V(F') is nonempty. For algebraic
number field there exists an exact sequence 0 — Br(F') — @, Br(F,) - Q/Z — 0,
where Br(F') is the Brauer group of F. The injectivity of Br(F) — @, Br(F,) is
called the Hasse principle for central simple algebra over F'.

Let Qx denotes the set of (normalized) discrete valuations of rank 1 over a
field K.

Yong in his paper [17] proves the conjecture by Colliot-Thelene, Parimala, Suresh
[24] on the triviality of the natural map H'(K,G) = [[,eq, H'(K,,G) (Hasse
principle with respect to Qg for G-torsors over K) for groups of some classical types,
where K is a field and G is a smooth connected linear algebraic group over K.

The main results of the paper [23| are two theorems. Theorem 1.6: Let K be
a function field of p-adic arithmetic surface and G a semisimple simply connected
group over K. Assume p # 2 if G contains an almost simple factor of type 2A* of
even index. If every almost simple factor of G is of type 'A% 2 A% B,,C*, D*, Fred
or Gy, then the natural map H'(K,G) = [[,cq, H'(K,, G) has a trivial kernel.

Some results in the direction has also been proven by Preeti [25].

In Theorem 1.7 the author of [23] obtains (with applications of the Rost invariant)
sufficient as well as necessary and sufficient conditions for the Hasse principle with
respect to Q0 when the field K is a function field of a local henselian surface with
finite residue field of characteristic p.

The important tools in the proofs are theory of involutions and hermitian forms
over central simple algebras, Witt groups, exact sequence of Parimala, Sridharan
and Suresh by Bayer-Fluckiger and Parimala [26], invariants of hermitian forms,
norm principle for spinor norms by Merkurjev [27].

6. Conclusion

(Classical and novel results on quadratic forms and algebraic groups which have
influenced the development of the theory of numbers are presented.
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