Teopus paccesuus st Harpykeanoro ypasuenus Kopresera—ae @pusa. . . 169

YEBBIINEBCKNIT CBOPHUK
Towm 25. Beimyck 2.

YK 517.946 DOT 10.22405/2226-8383-2024-25-2-169-180

Teopusa paccesgHus ajsa Harpy»KeHHOTO YpPaBHEHUS
KopreBera—mae ®@pusa oTpuniaTeIibHOTO MOPAIKA

I. Y. ¥Ypazboes, 1. U. banraesa, O. b. Ucvounos

¥Ypazooes laiipat ¥YpazanmeBud — 10KTOp PUBHKO-MATEMATUIECKUX HAYK, Y PrEHUCKUN TOCY-
JapcTBeHHnlil yaupepcurer; Mucturyr maremaruku uM. B.J. Pomanosckoro Akanemun mayk Pec-
ny6smkm Ysbekucran (Xopesmckuii humman) (. Yprenu, Ysbexkncran).

email: gayrat71@mail.ru

Banraesa NUpona UcmanmosHa — kaugugar GU3NKO-MATEMATHIECKAX HAYK, ¥ PreHUCKW TOCY-
JMApCTBEHHBIH yHUBepcuTeT (r. Yprerd, Y30eKHcTaH).

email: iroda-b@mail.ru

Ucmonnos Oxynmkon Baxpowm orsabl — UncruryT maremarunku uMm. B.M. Pomamnosckoro Aka-
naevun Hayk Pecybauku Ys6ekucran (Xopesmckuit dbuamasn) (r. Yprenda, Ysbexucran).

e-mail: bakhromboyevich. ozunjon@gmail.com

AnHOTan M

B mammnoit pabore Mbl paccMarpuBaeM HarpyzkerHoe ypasmenne Kopresera—me ®pmuza or-
punaresbaoro mopsizka. Oupenenena 3BOTIONMS CIHEKTPATbHBIX JaHHBIX oneparopa Lryp-
Ma—J/IuyBUILIS € OTEHIMAIOM, CBA3AHHBIM C DEIIEHWEM HAIPY2KEHHOrO ypaBHeHus Koprese-
ra—ne ®pusa OTpUNATETHHOTO MOpsiaka. 1lomydeHHbie pe3yabTaThl TO3BOJISIOT TPUMEHUTH Me-
TOZ, OOPATHON 3a/a49u [IJIsT PEIeHus HarpyKeHHoro ypasuenusi Kopresera—ne ®@pwusa orpura-
TeILHOrO TOPSAIKA B Kaacce ObIcTpo yobiBaoomux GyHKIuii. [IpuBeaen mpuMep HITIOCTPHPYIO-
I IOy 9eHHbIE PE3YJIbTATHI C IPaUKAMU.

Karwuesne caosa: Oneparop Iltypma—JInysusis, HarpyKeHHOE YpaBHEHUE, HATPYKEHHOE
ypasuenne Kopresera—ne ®@pusa oTpuIaTesbHOTO MOPSiKA, COJUTOHHOE pelieHue, oOpaTHbie
3a/1aYU PACCEeSTHMUS.

Bubauozpagus: 23 HazBanuii.

s muTupoBaHus:
I Y. VYpasboes, U. U. Banraesa, O. B. Ucmousnos. Teopust paccesitust j1ijist HATPYKEHHOTO YpPaB-

nernns Kopresera—ne ®pusa orpunarensroro nopsaka // Hebobimesckuii coopuuk, 2024, 1. 25,
BbIIL. 2, ¢. 169-180.



170 I Y. ¥Ypazboes, . U. Baaraesa, O. B. Ucvonnos

CHEBYSHEVSKII SBORNIK
Vol. 25. No. 2.

UDC 517.946 DOT 10.22405/2226-8383-2024-25-2-169-180

Scattering theory for the loaded negative order
Korteweg—de Vries equation

G. U. Urazboev, 1. 1. Baltaeva, O. B. Ismoilov

Urazboev Gayrat Urazaliyevich — doctor of physical and mathematical sciences, Urgench State
University; V. I. Romanovsky Institute of Mathematics of the Academy of Sciences of the Republic
of Uzbekistan (Khorezm Branch) (Urgench, Uzbekistan).

email: gayrat71@mail.ru

Baltaeva Iroda Ismailovna — candidate of physical and mathematical sciences, Urgench State
University (Urgench, Uzbekistan).

email: iroda-b@mail.ru

Ismailov Oxunjon Bakhrom ugli — V. [. Romanovsky Institute of Mathematics of the Academy
of Sciences of the Republic of Uzbekistan (Khorezm Branch) (Urgench, Uzbekistan).

e-mail: bakhromboyevich.oxunjon@gmail.com

Abstract

In this paper, we consider the loaded negative order Korteweg-de Vries equation. The
evolution of the spectral data of the Sturm-—Liouville operator with a potential associated
with the solution of the loaded negative order Korteweg—de Vries equation is determined. The
obtained results make it possible to apply the inverse problem method to solve the loaded
negative order Korteweg—de Vries equation in the class of rapidly decreasing functions. An
example of the given problem is given with graphs of the solution.
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1. Introduction

In 1967 American scientists Gardner, Green, Kruskal, and Miura [1] proposed the inverse
scattering problem method for the Sturm-Liouville equation as a method for solving the Cauchy
problem for the Korteveg-de Vries (KdV) equation.

U — Uty + Ugpr = 0.

Shortly thereafter in 1968, Lax |[2] generalized their ideas substantially. Namely, he gave the
compatibility condition for linear problems a convenient operator form, presenting the compatibility
condition in the form of a commutativity condition for linear differential operators and auxiliary
linear problems:

L, =L, A]



Teopus paccesuus st Harpykeanoro ypasuenus Kopresera—ae @pusa. . . 171

where [L, A] = LA — AL commutator of operators L and A, L - Sturm-Lioville operator
Ly = —y" +u(z,t)y,

a A - some skew-symmetric operators act in a Hilbert space. This method is called the method
of the inverse scattering transform (IST) since it essentially uses the solution of the problem of
reconstructing the potential of the Sturm-Liouville operator on the entire axis from scattering data
(the inverse problem of scattering theory). The use of the Lax abstract form of the compatibility
conditions turned out to be very useful and convenient for many questions related to nonlinear
equations integrable by the inverse problem method. Thus, the universality of the method of the
inverse scattering problem was shown by considering other operators instead of the operator for
which the solution of the inverse scattering problem is known. Soliton equations with self-consistent
sources have an important part of physical applications, for example, the KdV equation with a self-
consistent source describes the interaction of long and short capillary-gravity waves [3, 4, 5, 6, 7, §].

Most of the studies about the study of integrable equations with a self-consistent source are
related to nonlinear evolution equations of positive order. The works |9, 10| are devoted to the
study of the KdV equation of negative order. In particular, J. M. Verosky [9], when studying
symmetries and negative powers of a recursive operator, obtained the following KdV equation of
negative order:

Ut = Vg,
Vg + 4uvy, + 2uv = 0.

S. Y. Lou [10] presented additional symmetries based on the invertible recursive operator of the
KdV system, and, in particular, derived the KdV equation of negative order in the following form:

Ut = 20V, VUge +uv =0, <= (vvﬂ)t + 2vv, = 0.
The study of integrable hierarchies of negative order plays an important role in the theory of
pointed solitons.The works [11, 12, 13] studied the hierarchy, the Hamiltonian structure, an infinite
set of conservation laws, N-soliton, and quasi-periodic wave solutions for the negative-order KdV
equation. The problem of soliton solutions for the negative order KdV equation in the class of
rapidly decreasing functions was considered in [14].

In connection with intensive research on problems of optimal control of the agro-economical
system, long-term forecasting, and regulating the level of ground waters and soil moisture, it has
become necessary to investigate a new class of equations called “loaded equations”. Knezer [15] and
Lichtenstein [16] investigated such equations for the first time. Then the term “loaded equation”
was used and introduced Nakhushev in [17]|, where the most general definition of a loaded equation
is given, various loaded equations are classified in detail, and numerous applications are described
in [18, 19].

Recently works [20, 21, 22, 23] studied integration of the loaded nonlinear equations where has
many applications in arterial mechanics via the (G'/G) - expansion method and Inverse scattering
problem method.

This paper aims to study the integration of the loaded negative order Korteweg-de Vries equation
in the "rapidly decreasing"class via the inverse scattering problem.

2. Statement of problem

We consider the following loaded negative order Korteweg-de Vries equation

{ut = 2uvg, + (t)u(0, t)u,,

Vxz = UV,
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where «(t) is a given continuous function. Under initial conditions
uli=0 = uo(z), = € R, (2)

The initial function up(x) has the following properties:

Lo [% (14 |2]) |uo(z)|dz < oo.
2. The operator L(O)y = —y" +ug(x)y = A\y,z € R' has exactly N number of negative
eigenvalues A1 (0), A2(0), ..., An(0).

Let’s assume that, the functions u(z,t) is sufficiently smooth, and u(z,t), v(z,t) tends to its
limits rapidly enough when x — +o0o and satisfying following conditions:

/OO ((1+ |z|) Ju| + ‘gZD dx < o0.,

v (z,t) = 1, ve(2,t) = 0, vgp(x,t) =0, in |z| = oo. (3)

3. Scattering problem

In this section, the dependence of the function u(z,t) on t will be omitted. Consider the Sturm-
Liouville equations on the axis

Lg=—¢" +u(z)g =kg9, —oo<z< o0, (4)

with potential function u(z) satisfying the condition of "rapidly decreasing"

/OO (1+ Ja|) [u(z)| dz < co. (5)

— 00

This section contains information on the direct and inverse scattering problems for problem (4)-(5)
which is necessary for our further exposition. Condition (5) provides that equation (4) possesses
the Jost solutions f(z, k) and g(z, k) with the following asymptotic formulas

lim g(z, k)e*® =1, li_}m f(z, k)e*® =1, Imk =0. (6)

T——00

When k are real, the pairs {f(z,k), f(x,—k)} and {g(x,k),g(x,—k)} are of pairs of linearly
independent solutions for equation (4).
Therefore,

9(@, k) = =b(=k)f(z, k) + a(k) f(z, —k). (7)

The Jost solutions f(x,k) and g(z, k) admits an analytic continuation into the upper half-plane
Imk > 0 via variable k.
The coefficients a(k) and b(k) have following properties:

1
a(k) = — 5 W {£.9}. ®)
where W {f,g} = fg' — f'g, and for real k
la(k)[* =1+ [b(k)[*. (9)

The function a(k) admits an analytic continuation into the upper half-plane Imk > 0 and has a
finite number of simple zeroes k,, = ixn, n =1,2,..., N, meanwhile, \,, = —x2 is an eigenvalue of
Lo.
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For I'mz > 0 the function a(z) recovers from its zero ix,, n = 1,2,..., N and r (k) = bz(z(_k]? N
given function in I'mk = 0,

» =ﬂ g, [ 1 /oo In (1— \r+(k:)|2> .
; .

:lz—l-ixj 2mi k—=z

From (7), (8) and properties the function’s a(k)

Solutions f(x, k), g(x, k) have the following representations

f(z, k) = etk +/ AT (z, k)e**dz,

gz, k) = e o 4 / A~ (z, k)e”**dz, (11)

where the kernels A1 (z,z), A= (x,2) are real functions and connected with the potential function
u(z) by the equalities

u(z) = —Q%fﬁ(:c,x), u(z) = 2%147(%:0). (12)

The kernel AT (x,y) in representation (11) is a solution of the Gelfand-Levitan-Marchenko integral
equation

Qo)+ AT ) + [ AT =0, (> ), (13)
where
N ) L oo '
Z | —————exp(—x;x) — o /OO rt(k)e*®d,
J=1 Z=1X;

a a(z)— analytic continuation of the function a(k), (Imk = 0) into the upper half plane.

Then, the potential function u(z) is determined from the equality (12).

The set {r*(k), B1, B2, ..., BN, X1, X2, -+, Xn} 18 called scattering data for the problem (4)-(5).
The direct problem consists of determining scattering data by the potential function wu(z), and
the inverse problem consists in recovering the potential function u(x) of the equation (4) by the
scattering data.

It’s easy to check that, the functions

tafe) = BT =BTl (1

are solutions of the equations Loy = —x2y. By equality (14), we obtain the following asymptotic
expressions
hy ~ eX"* in x — oo, (15)

hp ~ —Bpe X" in . — —o0. (16)
Using (15) and (16) we obtained
W Ahn(z), f(2,ixn)} = —2Xn,

WAhn(2),9(z,ixn)} = =2BpXxn, n=1,2,...,N. (17)
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4. Evolution of scattering data
In this section, we will consider the system of equations:
U = 200, + G, Vgpr = UL, (18)
where G(z,t)— sufficiently smooth function for any non-negative ¢ satisfying the conditions
G(z,t) = 0(1) in x — +o0.

Equation (18) is considered with initial condition (2). Similar to the work |7] we can bring the
following main lemma:

LEMMA 6. If the potential of the operator L(t) = —% + u(x,t) are solutions of problem (18)-
(2) in the class of functions satisfying conditions (3), then the scattering data of the operator L(t)
changes over t as follows:

ort i L 1 o0
It - Gg’dx, Imk =0
ot~k 2ika(k) /_oo g fmE =

dB, B, 1 [® .
it Xn 2xn /_oo Gg(@,ixn, t)hn(z,t)dz,
dxn 1

[ee]
- G®?(x,t)dx. n=1,2.3.....N.
x 2xn/_m 2 (2, t)dz. n=1,2,3,...

where @, (x,t) is the normalized eigenfunction of the operator L(t) corresponding to the eigenvalue
Ap = _X%(t)'

We apply the result of Lemma 1 for

G(z,t) = v(t)u(0,t)u,. (19)

Let’s find the evolution of the eigenvalues of the operator L(t) :

ot i u0) [,
o0k ‘W/“fg o
/ upgide = ug? |, —2 / ugg'de = —2 /(/{:29 + 9" g dx =
R
=— lim [ [K*(g")" + ((¢)*) Jdz = 4k a(k)b(—F).
— 00
-R
Consequently, for Imk = 0 we get
ort i
— = (- +2 * 2
5 ( . + Zkv(t)u((),t)) r (20)
Let us apply Lemma 1 for
dxn _ ()u(0,1) 2
= - T d )
dt 2Xn /u Ondz

—00
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according to the following calculation

/ Up P dr = —2 / upp @, dr = —2 /(x,%an + ¢ dx =
-2 [ (@) + (2))do =0,

Hence,

dxn

— =0 =1,2,3,...,N. 21

dt ) n ) ) ) ) ( )
According to the representation (11) and by virtue of asymptotic formulas (16), (17) we have:

/ Uz Gnhndr = — / u(g;hn + gnh/n)dl‘ - - /(g/(hz + )\nhn)7L
0+ Mg = = [ (G0 + Aalgultn) o = 42,

With a glance at this calculation, we get

1

By,
ddt __ < + zxw(t)u(o,t)) Bnn=1,23,..,N. (22)
Xn

By using the obtained equalities (20), (21), and (22), we have to infer the following theorem.

are a solution to the problem (1)-(3), then the

THEOREM 1. If the functions u(x,t),v
= dd— + (a:,t) change in t as follows

scattering data of the operator L(t)

ort 1 . +
e <_/~c + 21/{:7(t)u(0,t)> r*, Imk =0,

dB,, 1
Don (4o (Du(0,8) ) By,
2o -~ (4 2 u)

dxn _
dt

We note that for the nKdV equation, this result was obtained in [14]|. The resulting equality
completely determines the evolution of the scattering data, which makes it possible to apply the
inverse problem method for solving problems (1)-(3).

4.1. Example
We will solve the following Cauchy‘s problem:

Uy = 200, + ’Y(t)u(o,t)uz7 Vgg = UV,

where

1) = VI BT E - 2)
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For finding the general solution to this problem we use the inverse scattering problem method. First
of all, we find a solution of the Direct Problem for the following equation:

y = k*y, —oco < & < o0,

_y_

cosh? z
We find the Jost solutions —
_ R — T ikx
f(ll?k)_ ’L]C*].e )
k, — 1RT
According to equalities (8) and (9)
alk) = — W {f(xK)g(e. k) = - b(k) =0
~ 2k IR = e

Since the function a(k) has only one zero k = to x1 =1, N = 1. In addition,

1+th 1—th
Flai) = = gl i) = e
2 2
Thus (2.4)
g\r,1?
B = - =1
[z, )
As a result, we obtain the following Scattering Data
k—i
N = 1, a(k) = r—’—_, T (k,O) = 0, Bl(o) = 1, Xl(o) =1.
i

Using Theorem 1 we find the evolution of Scattering Data depending on ¢:
rt(k,t) =0, Bi(t) =exp®®, xi(t) =1,

here
t

5(t) = —g - / ~(0)u(0, t)dt.
0

We find a solution to the Inverse scattering problem using this Scattering Data. The solution
of considering equation is defined by the following formulae:

) epr:rfy+26(t)

1 + exp—20+26(8)

At (z,y;t) =

As a result, from (12) the general solution u(x,t) and v(x,t) of the considering problem are
expressed as follows:

2
cosh?(x +t — arcsinh(t))

u(z,t) = — ,v(x,t) = tanh (x + t — arcsinh(t)).
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Puc. 1: Soliton solution of the loaded negative order KdV equation
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